POLITECNICO DI TORINO
Repository ISTITUZIONALE

Hardy spaces and Riesz transforms on a Lie group of exponential growth

Original

Hardy spaces and Riesz transforms on a Lie group of exponential growth / Sjogren, P., Vallarino, M.. - In:
PROCEEDINGS OF THE EDINBURGH MATHEMATICAL SOCIETY. - ISSN 0013-0915. - STAMPA. - 68:3(2025), pp.
731-762. [10.1017/S0013091524000920]

Availability:
This version is available at: 11583/3008411 since: 2026-03-20T13:49:04Z

Publisher:
Cambridge University press

Published
DOI:10.1017/S0013091524000920

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright
Cambridge University Press postprint/Author's Accepted Manuscript

This article has been published in a revised form in PROCEEDINGS OF THE EDINBURGH MATHEMATICAL SOCIETY
http://doi.org/10.1017/S0013091524000920. This version is free to view and download for private research and study
only. Not for re-distribution or re-use. © copyright holder.

(Article begins on next page)

30 June 2026



HARDY SPACES AND RIESZ TRANSFORMS
ON A LIE GROUP OF EXPONENTIAL GROWTH

PETER SJOGREN AND MARIA VALLARINO

ABSTRACT. Let G be the Lie group R? x Rt endowed with the Riemannian
symmetric space structure. Take a distinguished basis Xg, X1, X2 of left-
invariant vector fields of the Lie algebra of GG, and consider the Laplacian
A= — 222:0 Xf and the first-order Riesz transforms R; = X;A~1/2 4 =
0,1,2. We first show that the atomic Hardy space H! in G introduced by the
authors in a previous paper does not admit a characterization in terms of the
Riesz transforms R;. It is also proved that two of these Riesz transforms are
bounded from H' to H'.

1. INTRODUCTION
Let G be the Lie group R? x R where the product rule is the following:
(1,72,a) - (2, 25,d") = (x1 + az), 20 + axh,aa)

for (z1,22,a), (2},z5,a’) € G. We shall denote by x the point (z1,z2,a), and it
will be convenient to write

|z| = m for x=(x1,22,a).

The group G is not unimodular; a right and a left Haar measure of G are given by

dp(z) = ™! dz; dao da and d\(z) = a3 dzy dzy da,

respectively. The modular function is thus §(x) = a~2. Throughout this paper,

unless explicitly stated, we use the right measure p on G and denote by L?, || - ||,
and (-,-) the LP-space, the LP-norm and the L2-scalar product with respect to p.

The group G has a Riemannian symmetric space structure, and the correspond-
ing metric, which we denote by d, is that of the three-dimensional hyperbolic half-
space. The metric d is invariant under left translation and given by

a+at+a tz)?

9 5
where r(z) = d(x,e) denotes the distance of the point x from the identity e =
(0,0,1) of G. The measure of a hyperbolic ball B, centred at the identity and of

(1.1) coshr(x) =
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radius r, behaves like
o ifr<1
e ifr>1.

Thus G is a group of exponential volume growth, and so nondoubling. In this
context, the classical Calderén—Zygmund theory and the classical definition of the
atomic Hardy space (see [7, 8, 32]) do not apply. But Hebisch and Steger [13] have
constructed a Calderén—Zygmund theory which applies to some nondoubling spaces,
in particular to our space (G,d, p). The main idea is to replace the family of balls
in the classical Calderén—Zygmund theory by a suitable family of parallelepipeds
which we call Calderén—Zygmund sets. The definition appears in [13] and implicitly
in [12], and reads as follows.

Definition 1.1. A Calderén-Zygmund set is a parallelepiped P = [x1 — L/2, 21 +
L/2] x [xg — L/2,29 + L/2] X [ae™",ae"], where L > 0, r > 0 and (z1,22,a) € G
are related by

e2ar < L < edar ifr<1,

ae’ <L <ae ifr>1.

The point (1,22, a) is the center of P, and we call r the parameter of P.

We let P denote the family of all Calderén-Zygmund sets, and observe that P is
invariant under left translation. In [13] it is proved that every integrable function
on G admits a Calderén—Zygmund decomposition involving the family P, and that
a Calderén—Zygmund theory can be developed in this context. Using the Calderén—
Zygmund sets, it is natural to introduce an atomic Hardy space H' on the group
G, as follows (see [33] for details).

For 1 < p < 0o, a (1,p)-atom is a function A in L' such that

(i) A is supported in a Calderén-Zygmund set P;
(i) J[All, < p(P)~ 117

(ii) [Adp=0.

The atomic Hardy space is now defined in a standard way.

Definition 1.2. The atomic Hardy space HP is the space of all functions f in L'
which can be written as f = >, A\; A;, where the A; are (1,p)-atoms and \; are
complex numbers such that >, [A;] < co. We denote by [|f|z1» the infimum of
> |A;] over such decompositions.

By [33, Theorem 2.3], for any p € (1,00) the space HP coincides with H1:>
and their norms are equivalent. In the following we shall simply denote this space
by H! and its norm by || - || .

The Calder6n—Zygmund theory from [13] has turned out to be useful to study the
boundedness of singular integral operators related to the distinguished Laplacian
on G, defined as follows.

Let Xo, X1, X5 denote the left-invariant vector fields

onaaaa X1:a8w17 X2:a8x27

which span the Lie algebra of G. The Laplacian A = —(X? + X7 + X3) is a left-
invariant operator which is essentially selfadjoint on L2. It is well known that the

heat semigroup (e_m)t>0 is given by a kernel h;, in the sense that e *2f = f % h,
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for suitable functions f. Let M} denote the corresponding heat maximal operator,
defined by

(1.2) My, f(z) = sup |f*hi(2)] Ve eG.

We then define the heat maximal Hardy space H}nax’h as the space of all functions
f in L' such that M, f is in L', endowed with the norm

Ifllmy,, = IMufl-

max,h

The authors proved in [31] that H! C Hrlna)gh and that this inclusion is strict.
Similarly, one can consider a maximal Hardy space H}naxm on G by means of
the Poisson maximal function. It also strictly contains the atomic Hardy space, see
[34]. Thus there is no characterization of the atomic Hardy space by means of the
heat or the Poisson maximal operator, in our setting.
We shall now consider the first-order Riesz transforms associated with A, defined

by R; = X; A™Y2 i =0,1,2. The associated Hardy space is
Hpjeoy = {f € L' : Rif € L', i=0,1,2},

endowed with the norm

[Ralre

Riesz

2
= Ifll+ > IRif -

i=0
The authors proved in [30] that the operators R;, i = 0, 1,2, are bounded from H'
to L'. Thus H'! is included in Hg;..,. We prove the following.

iesz"
Theorem 1.3. The inclusion H' C Hy,., is strict.

Thus in our setting there is no characterization of the atomic Hardy space by
means of Riesz transforms, in contrast to the situation in the Euclidean and many
other cases, as we explain below.

In this paper, we also prove the following H'-H' boundedness result.

Theorem 1.4. The Riesz transforms R;, i = 1,2, are bounded from H' to H'.

This theorem is analogous to other boundedness results for Riesz transforms
in different contexts known in the literature, but its proof is very different since
the Hardy space H' has only an atomic definition in our setting. Thus the proof
requires an explicit construction of the atomic decomposition of R;A for an atom
A. This will be based on a delicate argument of “mass transport” given in Section
4. It is still an open problem whether also R is bounded on H!.

The relation between Hardy spaces and Riesz transforms has been studied in
different settings in the literature. Here we shall only mention papers where ei-
ther a characterization of an atomic Hardy space in terms of Riesz transforms or
a boundedness result for Riesz transforms on an atomic Hardy space has been
investigated.

In the Euclidean case, the atomic Hardy space H!(R™) can also be characterized
by means of the first-order Riesz transforms, with equivalence of norms (see [32,
Chapter 3]). Moreover, all Riesz transforms are bounded from H*(R") to H'(R™).
Analogous results have been proved on nilpotent Lie groups [16] and more generally
on Lie groups of polynomial growth [28] for the first-order Riesz transforms asso-
ciated with a sub-Laplacian and for the atomic Hardy space defined in this setting
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(see [8]). See [2, 5, 17, 27] and the references therein for boundedness results on
Hardy spaces for first-order Riesz transforms on various doubling Riemannian man-
ifolds. The relation between Riesz transforms and Hardy spaces associated with
particular classes of operators has also been studied, for instance in [3, 10, 11, 25].

To the best of our knowledge, there are no results of this kind in the literature for
Hardy-type spaces on nondoubling Lie groups. Results on the H'-L' boundedness
of Riesz transforms on some Lie groups of exponential growth can be found in [23]
and [30], but it seems that the H'-H?! boundedness of such operators has not been
investigated. Some results on the H!'-L' boundedness of Riesz transforms for a
flow Laplacian on infinite trees equipped with flow measures of exponential growth
are obtained in [15, 22, 21]; these can be thought as a discrete counterpart of the
results on Lie groups mentioned above.

Finally we mention some negative results which recall in some sense the negative
result in our Theorem 1.3.

On homogeneous trees, [6] says that the Hardy space defined in terms of the
first-order Riesz transform associated with the standard combinatorial Laplacian
does not admit an atomic decomposition. Santagati recently showed in [29] that
the natural atomic Hardy space defined on homogeneous trees equipped with the
canonical flow measure and the flow Laplacian does not admit a characterization
in terms of the Riesz transform, proving a discrete counterpart of Theorem 1.3.

In the setting of Riemannian manifolds of exponential growth with bounded
geometry and spectral gap, it was proved in [24] that the first-order Riesz transform
is not bounded from the atomic Hardy space introduced in [4] into the space of
integrable functions; hence it does not provide a characterization of this Hardy
space. However, on the same class of manifolds, the Hardy space defined by means
of the first-order Riesz transform was recently characterized as a suitably modified
Hardy space of Goldberg type [19, 20, 26].

Our paper is organized as follows. Section 2 contains explicit formulas for the
convolution kernels of the first-order Riesz transforms R; and some of their deriva-
tives. In Section 3, we prove Theorem 1.3, and Theorem 1.4 is proved in Section 4.

In this paper, C' denotes a positive, finite constant which may vary from occur-
rence to occurrence and may depend on parameters according to the context. Given
two positive quantities f and g, we mean by f < g that there exists a constant C
such that f < Cg, and f ~ g means that ¢ < f < g.

2. THE CONVOLUTION KERNELS OF THE RIESZ TRANSFORMS

In this section, we write the formulas for the convolution kernels of the Riesz
transforms of the first order and some of their derivatives, which were computed in
[30]. First recall that the convolution of two (suitable) functions f, g on G is

(2.1) f o) = /G flay ™) o) doly)  Vred.

The convolution kernel from the right of the operator R; = X; A~/ is the dis-
tribution pv k;, where k; = X;U, and U is the convolution kernel of A~/2 given
by

1

(2.2) Ulw) =55 62 (x)

v
r(z) sinhr(z)
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The integral kernel of R; is given by the function

(2.3) Ri(z,y) = d(y) ki(y 'z)  x#y,
in the sense that for every f € C5°(G)
(2.4 Rif(r) = f+pv kila) = lim ki),

where for every ¢ > 0, k§ = k;jxp: (see [30] for the details).
The explicit formulas for k; were obtained in [30, formulae (2.7), (2.8)] by means
of (2.2) and the fact that for z # e

2 sinh r(z) sinh r

Sinhzi’(:v) if i = 17 2,

a_ail_ail(xf-i-xg) _ a—coshr ifi=0
(2.5) Xr(x) :{ o
where r = r(z) = r(z1, 22, a) (see [30, Lemma 2.1]).

Fori=1,2and x # e

inh h
(2.6) omki(z) = —a~Lz; Sl T T OSAT
r2 sinh” r
and
sinh 7 + 7 coshr _y coshrsinhr +r

2.7 2m2ko(z) = — o T O | ot ORI T T
27) o(@) 2 sinh®r 2 sinh®r
as verified in [30, formula (2.8)]. For all  # e the derivative X1k1(x) can be
computed using (2.6) and (2.5):

(2.8) 27% X1k (z)

_, 2% 2r?cosh®r 4 r? + 2sinh®r + 3rsinhrcoshr  sinh7 + rcoshr
sinh r 73 sinh* 7 r2sinh® r

In particular
x? 1 1

rsinh®r  rsinh?r ~ rsinh?r

(2.9) | X1kt ()| Sa? Vx € BY,
the last step since a™! |x]? < 2coshr(z) ~ sinhr for these z.

Instead of computing the derivative Xiko(z) by means of formulas (2.7) and
(2.5), we estimate it for z € Bf. We need only observe that when we differentiate a
power of coshr or sinhr with respect to r, the order of magnitude does not change
for r > 1, whereas a power of r gets smaller when differentiated. From (2.7) we
then get

|71 1 = _1 ||
r sinh® r 2 sinh? r rsinh® r’

The last term here is no larger than the first term, since a=' < 2coshr ~ sinhr,
and we conclude that

[ X1ko(z)| S

|1 1w

2.10 Xiko(z)| <
( ) Xiko(@) 5 r sinh®r r2 sinh? r

Vx € BY.

In the sequel we shall repeatedly use the following integration formula (see for
instance [9, Lemma 1.3]): for any radial function f such that §'/2f is integrable

(2.11) / 62 fdp = /OO f(r)r sinhrdr.
el 0
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3. PROOF OF THEOREM 1.3

We recall a family of functions in the atomic Hardy space, which we introduced
in [31]. Let L > 2 be large, and consider the rectangles Py = [—1,1] x [-1,1] x [, ]
and P, = (L,0,1)-Py = [L—1, L+1]x[—1,1]x [, e]. We then define f1 = xp, —xp,-
Obviously f, is a multiple of an atom and it was proved in [31] that || f1,|| g2 ~ log L
for L > 2. We claim that there exists a positive constant C such that for L > C

(3.1) IRifrll1 < loglog L, 1=0,1,2.
Once this has been verified, we deduce that
i el

L=oo || fL |l

Riesz

=00,

which proves Theorem 1.3.

When we now prove (3.1), we will neglect the case i = 2, since it is completely
analogous to i = 1.

Denote by 2P, the rectangle [—2,2] x [—2,2] x [%, %] and by 2P, the rectangle
(L,0,1)-(2P). Fori = 0 and 1 we shall estimate the L!-norm of R; f;, by integrating
over different regions, in four steps.

Step 1. Since R; is bounded on L? and p(2Py) = p(2P) ~ 1, we get by applying
the Cauchy—Schwarz inequality

(3.2) IRifLllLtepovzps) S P(2Po U2PL) Y | Ryl|as2 || frlla = 1.

Step 2. Choose a ball B = B(e,rg) with rg = (log L)?. Then (1.1) implies that
B D 2Py U2Py if L is large enough. For any =z

63 Ron@l =] [xn) kG2 0| S sup ),
y&rlo
since A\(Py) ~ 1. If © = (21, 22,a) € (2Py)° and y = (y1,y2,b) € Py, then
r(y~'a) —r(@)] = ld(y, ) — d(z,e)] < d(y,e) < C.
We will often use the following simple quotient formula:
(34) yilm = (y17 Y2, b)il(xh Z2, Cl) = (bil(xl - yl)a bil(x2 - y2)7 abil) .

Since here ab™! ~ a and b=}|z; — y1| < max(1, |z1]), applying (2.6) and (2.7) we
obtain for x € (2P)°

_ _ 1+ |z
(3.5) Rixm(@) S sup by o) S o=t — 1
y€Po r(z) sinh® r(x)
and
(3.6)  [Roxp, ()| < sup |ko(y'a)| < SIS S S
S ~ r(z) sinh® r(z) r(x)?sinhr(z)

We shall now integrate these quantities over the set B\ 2F,. For a point = ¢ 2P,
it is elementary to verify that (1.1) implies r(z) > 1. If also z = (21, 22,a) € B,
the same formula shows that e™"2 < a < e"8 and also

a+a~t < coshr(z) ~ sinhr(x).
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For the expression in (3.5) we get

1 e'® d 1
/ ol +—|32C‘ dp(z) 5/ ¢ — / 5 + 1] 55 dr
B\2P, r(z) sinh® r(z) o5 log(a+a™1) (a® + 1+ |z|?)

e"B
N / da
~ Je—rs (a4 1)log(a+a™")
<logloge™®

<loglog L.

The argument for the first summand in (3.6) is similar and left to the reader. For
the second summand in (3.6), we use the integration formula (2.11) and the fact
that B(e, 1) C 2P,. This gives

1 "B prsinhr
-1

T et 4 S ——dr <1 ~ loglog L.
/B\QPO “ r(z)? sinhr(z) plx) N/1 r2 sinh r 5 logrp =~ loglog

We conclude that fori=1and ¢ =0
(3.7) | Roxaldp S loglog L.
B\2P,

Here we observe that this inequality remains true, with the same proof, if B is
replaced by the doubled ball 2B = B(e, 2rp).

The inequality (3.7) implies a similar estimate for R;xp, in B\ 2Pr. Indeed,
Rixp,(z) = Rixp,(Trx), where 7,z = (—L,0,1) - z, for any x in G. Using the
facts that 7, P, = Py and 7, B C 2B for large L, and changing variable 7,z = v,
we obtain

/ Rixp, (@)] dp() = / IR: xpo (r12)| dp(2)
B\2Pp

B\2P,

-/ [Rixe (0)]8(-L,0.1) dp(v)
TLB\TL(QPL)

2B\2P,

<loglog L.
From (3.7) and (3.8), it now follows that

(3.8)

/ |R;frldp Sloglog L, i=0,1,
B\(2P,U2Py)
which ends Step 2.

Step 3. To deal with the complement of the ball B, we will use cancellation between
the two parts of fr,. For a point € B¢, we write the convolution fy, * k;(x) as

(3.9) Jo k() = /P k(v ') dA(y) — /P ki(y™ ) dA(y)
_ /P (ki (5~ (~L, 0, 1)) — ki(y~"2)] dA(y).-

Let now y~! = (y1,¥2,b) be any point in (Py)~! and x = (21, 22,a) any point in

B¢. Then y~*(~L,0,1)x =y~ *(—L,0,1)y-y 'z = (=bL,0,1) y~ 'z, and the Mean
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Value Theorem implies
(3.10) ki(y '(—L,0,1)z) — ki(y~'z) = —bL O1k; ((s5,0,1) y '),

for some s € (—bL,0).
By the triangle inequality,

Ir((s,0,1) -y_lsc) —r(2)] = |d(z,y - (—s,0,1)) — d(z,e)]|
< d(y -s,0, 1)76)
<d(y - (=s,0,1),y) +d(y,e)
= d((=s,0,1),¢) +d(y,e)
5 log L,
where we also used (1.1). Now r(z) > (log L)? implies ((s,0,1)y~' z) ~ r(z), and
also r((s, 0,1)y~! x) > 1, since L is large. Further,

sinhr(z)
—

In the rest of this step, we will deal only with the case i = 1.
The estimate (2.9) now implies, since X; = ad; and b~ 1,

1
T((S‘, 0,1)y~! x) sinh? 7“((5, 0,1)y! x) :
We deduce from (3.10) and (3.11) that for z € B¢ and y € P
(3.12)

|k1 (y*l(—L,O7 1)3:) — kl(yflzc)| <La !

(3.11) sinhr((s,0,1) -y~ '2) > sinh (r(z) —log L) 2

|01k ((5,0, )y~ 'z)| < (ba) ™!

1
r((s,0,1)y~ ' z) sinh? r((s,0,1)y~ ' z)
_
r(z) sinh? r(z)
The same bound holds for |R; fr| in B¢ because of (3.9).
By applying the integration formula (2.11), we finish Step 3 concluding that

< L3a !

e 1 L3
(3.13) / |R1fL|dp§L3/ ————r sinhr drgﬁgl.
Be T

5 T sinh”r

Step 4. It remains to take ¢ = 0 and estimate the integral of R f1, over the com-
plement of B. This requires some modifications from the argument in the preceding
step.
We split B€ into the following three parts:
I ={z=(x1,79,a) € B°: a<a* and |z|< f(a)},
Iy ={z = (z1,22,a) € B°: a>a"},

Ty ={o=(1,22,0) € B: a<a’, || = f()},

where a* = e~"5/% and f(a) = exp(loga=")3/%.
To integrate Ro fr, over I';, we consider Rox p, and Roxp, separately, and apply
(3.6). Observe that any point x € I'; satisfies sinh7(z) ~ coshr(z) > a=1(1 +
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|z|?)/2 and thus r(z) > loga™!. Starting with Roxp, and the last term in (3.6),
we have

1 a
[ s s [ e | -
r,  r(@)*sinhr(z) 0o @ lzl<f(a) (loga=)" a=t (1 + |]?)
N / da log f(a)
0

a (loga—1)*

Y QR
0 a(loga—1)5/4

The first term in (3.6) can be treated in a similar but easier way, and so

ROXP() dp S L.
'

A translation argument like (3.8) shows that the same estimate holds for Roxp, ,
and thus for Rq fr.

In order to estimate the integrals over I's and I's, we will use (3.9) and (3.10),
with 4 = 0. Combining (3.10) and (2.10), we see that

_1 s 4 y1 + by
r sinh®r

_o |54 y1 + by

O1ko((s,0, 1)y~ "z)| < (ba)
|01ko ((5,0, 1)y~ "z)| < (ba) 2 sinh? r

+ (ba)

where 7 = r((s,0,1)y~'2) 2 1. Using (3.11) and the facts that b ~ 1 and
0 < s < L, we conclude that

(3.14)
- 1+ || L+ [z
k ~L,0,1 ko(y'z)| S LC +L¢ ’
| 0( )z ) oly m)‘ ~ ar(x) sinh® r(x) a?r(x)? sinh® r(z)
for some C.

To integrate the first summand here, we neglect the factor r(x) and apply the
following estimate, valid for r(z) > rp,

(3.15) sinhr(z) =~ coshr(z) > €™ +a+a ' (1+ |z]?).

Further, we extend the integration to B¢ which contains I's UT'3, and get

/ po_ L+l 1+ |z <LC/ da/ 1+ |z
e ar(z) sinh® r(z ) (e +a+a= (1 + |z[2))’

1
:LC/ ada/ + |21 3
0 (ae™8 +a? + 1+ |x]?)

<LC / a(ae™® +a2)73/2 da
0
"B 00

SLC/ a_1/2e_3TB/2da+Lc/ a?da
0 e

"B

<LCemE <1,
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To integrate the second term in (3.14), at first over I'y, we use (3.15) and argue
almost as above. Thus

/ I 14 |z _IC / da/ 1+ |z
r,  a?r(x)? sinh? r(m) aers + a2+ 1+ |z]2)?
gLC/ da
a* a (ae™B + a2)1/2
e"B o
<L¢ / a 32 e m8/2 4o 4+ L¢ / a?da
a* e™B

< L¢ (a*)*l/2 e~ "B/2 4 [C e <1

Integrating the same term over I's in a similar way, we get at most

*

Lc/ da/ REa _do ,SLC/G da :Lc/a da
o> f(a) (1+|z)2)? o af(a) o aexp(loga=1)3/4

3

og(a*)—1)3/4 e’

o (log(a)"H)!?
exp(log (a*)~1)3/4] ~

here the change of variables used is s = (loga~")%/%.

Summing up Step 4, we conclude

/ Rofuldp < 1.
BC

The combined results of Steps 1-4 now prove (3.1) and thus also Theorem 1.3.

4. PROOF OF THEOREM 1.4

In this section we give the proof of Theorem 1.4 only for ¢« = 1, since the case
1 = 2 is completely analogous. To do so, we first prove a lemma.

Lemma 4.1. Every atom A satisfies [ R1A dp = 0.

Proof. 1t is enough to prove the lemma for an atom A supported in a Calderén—
Zygmund set R = [—~L/2, L/2]? x [e~®, %] centred at (0,0,1). For every 7 > 0 large
and € > 0 we let x,. denote the characteristic function of the set {x = (z1,22,a) :
1/t <a<T, r(x)>e} Set

RTFA=Ax (ki xre)
Then [R7°A dp = 0 by Fubini’s theorem and the cancellation condition of the

atom. We now claim that R]°4 — R5A in L'(p) as 7 — oo, where R§A = R7™°A.
Indeed, for z = (21,22, a)

R} A(x) / 5(y) ka(y™12) xXre(y~'2) Aly) do(y),

and y = (y1,y2,b) € supp A implies e < b < e If a > e*r or a < e~*7~ !, then
RTA(z) =0, and if e*77! < a < e™%7 then R7°A(x) = R5 A(z).

For every € > 0, RA = R1A € L*(p) in the set {z : d(x,supp A) > e}, while
R{A is given by the convolution of the atom and a bounded kernel on the compact

4 0o 1/3
= fLC/ s
(1

<1;
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set {x : d(z,supp A) < €}, so that R§A is in L'(p). Hence to prove the claim it is
enough to verify that

(4.1) / RaA(z)] dp(z) = 0
e “rla<e”
and
(4.2) / |R1A(z)| dp(x) — 0
e~ l<a<err 1
as 7 — 00.

We estimate kq(y~'z), with 2 as in (4.1) or (4.2) and y € supp A. Then |z; —

y1| < C(|Jz1| + 1). Here and below constants C' may depend on A, thus on L and
a.

For z as in (4.1), we have b~'a ~ 7 and coshr(y~'x) ~ 771(72 + |2|?), and
r(y~tx) 2 logT.

From (2.6) we get

_ +1 1 T o] +1
k 1 < |$1| <
kaly™ @)l 5 T 772(72 + |z]?)2 logT ~ logT (T + |z])*’
and thus
_ 1
ws do(e) [ 8(0) sy ) 1A dply) £ oo
e rla<e®T OgT

which implies (4.1).
If instead x is as in (4.2), we have b~'a ~ 77! and coshr(y~'z) ~ 7(1 + |z|?),
and r(y~1'z) > log7. Then
1 < 1 1
72 (14 [z]?)? logT ~ 7 logT (14 |z])3’

lkr(y~ ") S 7 (Jaa] + 1)
and

ad [ ) [ )] AW o) S

T logT’

From this, (4.2) follows, and the claim is proved. Since [R]7°A dp = 0, this implies
that [R5A dp =0.

Notice that R§A = R1A on {z : d(z,suppA) > 1} and by (2.4), |R54A — R1 4|
converges to 0 pointwise and is dominated by sup,.,|RjA| which is square inte-
grable and then integrable on the compact set {z : d(z,suppA) < 1}. Hence

/RlA dp = / RiAdp + lim RiAdp
{z:d(z,suppA)>1} =0 {z:d(z,suppA)<1}

= hm/RiAdp =0,
e—0

as required.

Proof of Theorem 1.4. It is enough to show that
(4.5) sup{||R1A||g: : Ais a (1,00)—atom} < co.
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Indeed, let f € H' and write f = 37, \;A;, where A; are (1,00)-atoms and
> 1Al < 2[fl[#. Since by [13, Theorem 2.3] Rq is of weak type (1,1) and the
sum Zj \;jA;j is convergent in L',

le == Z )\leA]
J

with convergence in L, so that (4.5) would imply

[Rifller < C Y INI < Clflla
J
and thus Theorem 1.4.
To prove (4.5) we take a (1, 00)-atom A supported in a Calder6n—Zygmund set
R=[-L/2,L/2)? x [e~®,e*] centred at (0,0,1). We call A a large atom if o > 20,
a small atom if o < 1 and an intermediate atom if 1 < o < 20.

For each x € G, we have
(4.6)

R1A( |</|A ) [k (v ) 18(s) dp(y) < p(R /|k1y 12)[6(y) dp(y) -

With y € R, we will use (2.6) to estimate the value of k; at the point z = y~ !z, in

a way depending on the position of x in the group G. We first observe that (1.1)
implies for a point z = (21, 22,d) such that d < 1/2
sinhr(z) ~ coshr(z) ~ d~' (1 + |2]?)
and r(z) 2 1. From (2.6) we then get
1 d|z|

(4.7) () S 477 r(2) sinh?r(2) : (1+[22)?

On the other hand, if d > 2 then

(4.8) coshr(z) = % (1 + O(ﬁ)) )

and the same equality holds for sinhr(z). Further,

2 2
(4.9) r(z) ~ log il

From (2.6) we conclude when d > 2
(4.10)

d+d *z|? d+d " *z|?

pd e (1 +O(7d2+1|z\2)) +r(z) (1 +O(d2+1|7\2>

3
d+d—1)z|?
r2(2)( +d 1) ) (1+O(7d2+1|z|2))
_ 4dz 1+r(z)<1+0< 1 ))
@+ PR 20) BT TP
Since A has vanishing integral, so has R1 A. Moreover, we shall see that R A is

integrable and has vanishing integral on each horizontal plane R? x {a} for a < e™®

and for a > e®. We first verify that the function z — k;(y~1z) has these properties
for any y = (y1,¥y2,b) € R.

2> logd.

271'2]€1 (Z) = 7d712'1
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If 2 = (21, 22,a) with a ¢ [e™®,e*] and y € R, we see from (3.4) that r(y~'x) >
1. Then (2.6) implies that

/|k1 CEl,.ZQ, )| dzidxs < 00.

Now 7(y~tx) is a function of a, b and (21 — y1)? + (2 — y2)?, and from (2.6) we

see that ki (y~1(x1,22,a)) is an odd function in z1 — y;. Thus
(4.11) /k;l (z1,22,a)) dzy dxgy = 0.
Integrating this equality against A(y)d(y) dp(y), we conclude that
(4.12) /RlA(xl,xg,a) dzy dze =0, a ¢ e, e,

and the integral is absolutely convergent.

We treat the three atom sizes separately.

Case I: large atom . In this case e?® < [ < €8, We will construct an atomic
decomposition of R A.

Let us first give a rough description of the idea. We will split G into slices of

type S, = R? x I, for disjoint intervals Iy, k € Z. Then (4.12) and Lemma 4.1
will imply that

(4.13) R1A dp =0,
Sk
which will make it possible to decompose R1A xs, into atoms.

For each k, the slice Sy will be split into disjoint sets By ; = By X Iy, j =
0,1,..., where the Bkm j=0,1,..., form a partition of R? and expand exponen-
tially towards infinity as j — +o0o. We want to make each R1A4 xp, ; into an atom
multiple, supported in a suitable Calderén-Zygmund set Zj, ; 2 By ;. The Zj, ; will
not be disjoint but increasing in j. Then

XZ,;
R1AXB, , — R1A dp J
7 B, P(Zk ;)
has moment 0 and is an atom multiple. But these functions do not sum up in j to
R1Axs, as we want. Instead, we will modify R1A4 xp, ; by two quantities involving
By, ¢ for all £ > j. This can be seen as a way of transporting the “mass” ka . R1A dp

in the innermost By, o step by step through By, 1, By 2, ... towards infinity. At each
step one leaves in By ; the mass —fB RiA dp needed there. This leads to a

telescopic sum, and produces atom multlples summing up to R14 xs, -
Since the slice Sy will contain the support of A, the case k = 0 will require a
special treatment.

Let us now go into the details of this construction. We decompose G as the
union of the following three regions:

Q) = {z = (z1,29,0) €G: a < e 1732}
Oy = {z = (z1,29,0) € G: e 173%/2 < g < e!F3/2)

Q3 ={z = (z1,22,0) €G: a> e1+30‘/2},
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For a point = in any of these regions, we will derive size estimates of R A(z) via
estimates of the kernel k; (y~'z), where y = (y1,y2,b) € R. Observe that if || > 2L
then L < |z —y| ~ |z|, but if |x| < 2L then |z —y| < 3L.

Let z € Qy, so that b~'a < 1/4. Consider first the case |x| > 2L. With z =y~ !z
n (4.7), we get
b=tab |z — y| < ab?
L+b=2z —y?)? ™ 2>
We conclude from (4.6) that for |x| > 2L

2
o maeis [ S
Sl wi<z/2 || TN

In the case when |z| < 2L, we s1m11arly conclude from (4.7) and (4.6)

RA@) S oo [ [ e
al? y\<L/2 (14 02|z —y|?)? b
_a / / b=t  dvdb
(4.15) Cal? Joa Jpp<anny L+ [02)?2 D
a [ db
@/e_a 2

ae®
al?’

k(™ 2)| < (

N

IN

Let for k = —1,-2,...
S = R? x |:e_2‘k‘_30‘/2 e—Qlk‘fl—Ba/2:|
and
By ={r € Sp: 2/ 'L < |z| <2e'L}
for 5 =1,2,..., but for j = 0 instead
Byo={z € Sy : |z| <2L}.

Except for boundaries, Sy is the disjoint union of the By ;, and € is the disjoint
union of the Sj,. The measure of By ; is p(B,;) ~ €21 221kl For z € By,,; with
j >1, (4.14) implies that

—2lkl=1_34/2 6—2“”71—(1/2

(4.16) RUA@)| S 55— 5
The last bound here holds also for j = 0, since (4.15) yields
872“""_1701/2
R1A(z)| < 12

ifx € Bo. For k< —1 and j > 0, we define
Iy = [—2ejL,2ejL]2 X [e_3‘2lk‘71_3“_j/2,e‘2w|71ﬂ/2].

Y

This set contains By, ; and is a Calderén-Zygmund set centered at (O, 0, 6*2'2‘“_1’30‘/2)

of parameter 2/¥I=1 4 3a//2 + j/2 and of measure p(Z ;) ~ e* L2 (2l + o + 7).
We define for k < —1 and 57 =0,1,...

frj= p(Zk,j)il)(Zk‘j
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and
o

me; =Y [ RiAdp.
= By
Observe that (4.12) implies (4.13) for each k& < —1, which means that my o = 0.
For j > 1 we get from (4.16)
o o—2*"l—a/29lkl =2t —a/2 k|

(4.17) | S ~

et el

(=j
The functions

Ag,j = R1AXB,; — Mk,j fr,j + M1 frj+
are bounded and supported in Zj j11, and they are easily seen to have integrals 0.
Thus they are multiples of (1, 00)-atoms. Their sum over j is

> Apj=RiAxs, —Mko fro = Ri1Axs,-
7=0

Thus we have an atomic decomposition of R4 A xs,. Summing over k = —1,—2,...,
we get a decomposition of R1 A xq,. Combining (4.16) and (4.17), and multiplying
(4.16) by p(Zy j+1), we obtain

—2M g—a/2 (9lkl 4 o 4 j 4 1) N e=2"1 7" gma/2 9lk]

eJ el

e
[ Ak jll o <

The right-hand side here is summable in j and &, and we conclude that

(418) ||R1AXQ1HH1 5 1.

We next consider the region €3, and estimate RiA there. Let x € Q3 with
|z| > 2L, and take y = (y1,y2,b) € R. Setting g = (0,0,b) we decompose R A as

7%A@r3@A@meﬂmaw—waa*@awumm

+ [ AWk 950) ~ ka@)ldo(y)
R

=R A(z) + RYA(z).
In this case b~ta > 2, and from (4.8) we get for any z = (z1, 22, b) with |z;| < L
a |zl

TR

coshr(y~tz) ~coshr(z7'z) ~ b ta+ ba b2z — 2> ~
and also

2
) mr(z 1) ~log (& 4+ 20 > t0ga — logh ~ 1
r(y~ z) ~r(z7 x) ~log (b + o ) >loga —logh ~ loga,

since loga > 3a/2 and logb < a. By the Mean Value Theorem
lkr(y~e) — k(5 )| < Lo7H(|00k1 (27 )| + Ok (271 2)])
for some z = (z1,29,b) with |z;| < L. Now apply the estimate (2.9) for X1k; =
a01kq to obtain that
1

(4.19) |01k ()| < ar(z) coshZ 1 (z)

for r(z)>1.
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The same estimate holds for |O2k1|. We then have

1 Lab?
’kl(y_la:) - kl(?j_lx)’ S Lyt 2 ) 2)2 ’
b—1a<% + %) loga (a% + |2[*)* log a

so for |z| > 2L and = € Q3

(4.20)
1 Lab? dydb La
1A(z)| £ — -2 < )
Ty A R e i e e
For RY A we use (4.10) to see that
~, daz1b®>  1+r(glz) b2 _
2 1 2
2 k(5 2)00) = ~ G e ) @*Ogu¢m»b'

This must be compared with 272 k; (2), which is obtained by replacing b by 1 and
thus g by e here. Observe that

L) L) o) o)) ¢ s

r2(y~tx) r?(z) r@to)r(z) "~ (loga)?”

where we applied the triangle inequality and (4.9). Using this and estimating the
O(...) terms, we obtain

k(5™ 2)o(y) = ki(2)| <

We then deduce that for |z| > 2L

ala | 1+ |logd]
(a® + [z[*)? (loga)?

1 alz| 1 L/‘ /N“
RYA(z)| £ — 1+ |logh
RACNS o0 @ 127 Toga)? Jyiersa Jooo 18

< aalz|
™ (a® + |z[*)? (log @)’
Take now z € Q3 with |z| < 2L. If also y € R, (4.10) implies

dbdy
(4.21) b

ab®|x — y|
(a2 + |z —y|?)? loga

k1(y~"2)| S

For R1A we then obtain

a [ |z — y| dy db
R s [ f
RIA@IS 5T [ e Jyere @ F e =922 Toga b
1

 db
(4~22) < 7/ Ldv/ i
~ al?loga Jiy<sp/2qa (14 [0]?)? e b

1 . 3
S I?loga (min(1, L/a))” .
From this estimate we get for € Q3 and |z| < 2L
L .
2 if a>1L
4.23 RiA(z)| < { @ lose ’
( ) | 1 ()|N{L2110ga if el+%a§a§L'

The atomic decomposition of R1 A in Q3 is analogous to that in €. But since the
estimate (4.23) distinguishes between the cases a > L and a < L, we need to do
the same when we define the slices Sy.
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For this, we first choose an integer £ > 1 and a number @ € (2,3) such that
Q" =log L — 3a;/2. This is possible, since the equation amounts to

log(log L — 3c:/2)
K =
log @
and log L—3a/2 > /2 > 10. One can therefore choose x between (log(log L — 3a/2))/log 3

and (log(log L — 3c/2))/log 2, and then @ will be determined.
For k=kx+1,k+2,..., we define slices

Sp =R x [eF7F71L PR ).
But for k£ =1, ...k, the slices are instead

Sp=R2x [!=@" "L @ ).

It is easily verified that (Sj)$° is a partition of Q3, except for boundaries, and that
with x € Sk the cases k > k and k < k correspond to a > L and a < L, respectively.
For k > x we define

By ={rx € Sp: 2" T < |z <2eF7FHILY 5 =1,2,...

and
Bro={ze€S;: |z| < 2ek*"L};
we also define
Zp,j = [~2eF R HIL 26k TR HI[)2 « [ekfnflfj/2L7ek7n+j/2L] 7 j=0,1,....
The measures of these sets are given by
(4.24) p(Bij) ~F D2 and  p(Zk ) ~ FTRHDL2(5 4 1),

and Zj ; is a Calderén-Zygmund set, with center (0,0,ek”{*lﬂL) and parameter

(j+1)/2.
For k > k and j > 1, we conclude from (4.20) and (4.21) that for x € By, ;

< 1 n Q
S L23 R edi (k—rta)  L2e2hR 63 (k—k+a)?
Observe that this holds also for j = 0 because of (4.23).

(4.25)  |[RiA(z)

For 1 < k < k, we set instead
Brj={ze€Sy: 2 'L <|z|<2L}, j=1,2,...

and
Bro={zr € S;: |z| <2L},
and also
Zy; = [—207L,267 [)? x [} Q" T HI/2L 1@V 2L =01,
The measures are now given by
(4.26) p(Byj) ~ e¥ [2Q F and p(Zi;) ~ HL2(QF + ),

and Zj, ; is again a Calderén-Zygmund set, with center (0, 0, Lel=@ " (Q+1)/2) anq
parameter j/2 + Q" F (Q —1)/2.

If1 <k <rkandj> 1, we derive from (4.20), (4.21) and the inequality loga > «
that

k—k

e

(4.27) R1A@) S To574
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for any « € By, ;. However, when « € By ¢ we get from (4.23)

(4.28) R1A(z)| S 20’
For k> 1 and j > 0, we let as before fj ; = p(Z;w-)’l)(Zva and
mg,; = Z RlA dp.
0=j B¢

Notice that my o = 0 for all k¥ > 1, because of (4.12). From (4.25) and (4.24), we
obtain for £ > k and j > 0

1 «
ek—re2 (k — Kk + ) + ed (k— K+ a)?
For 1 <k <k and j > 1, we similarly get from (4.27) and (4.26)

(4.29) M ;| S

—Qrk Qn—k
e
< %
(4‘30) |mka.] ~ ejOé
We now come to the atoms, and define for £ > 1 and j >0
(4.31) Apj = RiAXBy; = M jfg + Mk g1 frgra

Then Ay ; is supported in the Calderén-Zygmund set Zj ;11 and has vanishing
moment. Further

(4.32) DY Apj=RiAxa,.
k=1 ;=0

The Ay ; are multiples of (1,00)-atoms. We estimate their norms in H'. When
k> kand j >0, (4.25), (4.24) and (4.29) imply

14k sl S j+1 _(j+Da
7 ~Mebmredi(k—r+a) e (k—k+a)?
1 o

+ ek—re2 (k— K+ ) + el (k— K+ a)?
Summing, one obtains
(4.33) [ Z ZAk,jHHl S L
k>k j>0

For 1 <k <k and j > 1, we similarly see from (4.27), (4.26) and (4.30) that

7@&7}@ (Qﬁik .
e +7)
Al :

ela

Again, we can sum and get

(4.34) 1Y Y Al S 1

1<k<r j>1
For Ay o with 1 <k < k, we have in view of (4.28), (4.26) and (4.30)

k—k
Qn—k e—Q Qn—k
Akl S +

« «

)
and since Q" ~ «, this implies

(4.35) | Z Apollm S 1.

1<k<k
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Summing up, we have an atomic decomposition of the restriction of R1A to Q3
with control of the norm.

To deal with the region 5, we first derive estimates for the kernel and R, A
there. For = (21, 22,a) € Qs with |z| > 2L and y € R, one has |z — y| ~ |z| and
e~ 1750/2 < p=lg < e!52/2 5o that |z|? > 4L% > 4e*® > 2(a® + b?) and

a b b |z|?

h —1 ~ = e e b—2 2 ~ o

coshr(y™ x) 7 + . + . || o
This implies that by (2.6)

and  r(y 'z) ~log|z|.

_ b /PN ab?
1 < 2 (I
)] < 2ot (1)

for |x| > 2L, and by (4.6)

b? dy db
(436)  [RiA()] < p(R / / W2 Wl o O s L
ly|<L/2 |5L‘| b :E|3

We proceed mainly as before, and define
SO _ QQ — R2 % [67173a/2761+3a/2].

The argument is split into two subcases, depending on the size of L € [e?*,e5%).
Subcase (i): L > e3>*. Here we let

Bo;={r€0y: 2 'L < |z| <2e'L}, j=1,2,...

and
BO,O = {fE ISR ‘.’E| < 2L}
Further, we define
Zo = [—26j+2L, 2ej+2L]2 « [e—1—304/2—j/27 el+3a/2+j/2]’ i=0,1,....
Then By j C Zo,j, and since L > e3* the Z; ; are Calderén-Zygmund sets, centered

at (0,0,1) and of parameter 1 + 3c/2 + j/2. The measures of these sets are given
by

(4.37) p(Bo ;) ~ e L*a and p(Zo,;) ~ e L*(a + j).
Now (4.36) implies that for z € By ;, j > 1

o30r/2
(4.39) iAW) S S

As before, we define for j = 0,1, ...

(4.39) Mo, = Z R1A dp.

Bo,e
Since (4.12) and Lemma 4.1 imply fSo R1Adp = 0, so that mgo = 0. Further,
(4.37) and (4.38) imply

e3o¢/2

a
- j > 1.

el )=

We again let fo; = p(Zo,;) ' xz,, for j =0,1,... and define

(440) AOJ‘ = RlAXBO7j — moyj fO,j -+ m07j+1 f07j+1.

Imo,j| <
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Then

o
Z Ao = RiAxa, — Mmoo foo =Ri1A xq,.
j=0
Each Ay ; is supported in Zj ;41 and has integral 0. Because of (4.38), Ao ; is
bounded for j > 1 and is thus a multiple of a (1, c0)-atom, with
eSa/Z e3(1/2 @ j

ST S izh

) < @272 ;
[ ol S L3+ j) sl

since L > e3® in this subcase. Thus

o0
15 Aol 51
1

It only remains to consider Ag o, which need not be bounded. We use now the
boundedness of R; on L2, which implies

[ Ao0ll2 S IR1All2 + [mo,1] p(Zo.1) /2

(4.41) 30/2

e

Q _ _
S A2 + p(Zo1)M* < p(Zoa) Y2,

Thus Ay is a multiple of a (1, 2)-atom.
Summing up, we conclude that Ry A xq, € H' with bounded norm. This ends
Subcase (i).

Subcase (ii): L < e**. Here we divide Sy into two slices, defining
So— =R? x [6_1_30‘/2, ea/2]
and
Sor = R? x [6‘1/27 el+3a/2].
Further, we let for j =1,2,...
Bo_j={x€So_: 27 'L < |z| <2/}
and
Boyj={r € Spy: 2¢/7'L <|z| < 2L},
but for j = 0, as before,
Byt ={z € Sox : |z| <2L}.
Then
Zo_j = [—2e7T2L, 263 T2 L)% x [em1730/270/2 0/20/2) =01,
are Calderén-Zygmund sets of center (0,0, e (®+1)/2) and parameter a4 (j +1)/2
containing By_ ;. Almost similarly,

Zoyj = [=207 2L 20 P2 L] x [/270/2, IHB0BHIZ = 0,1,

are Calderén-Zygmund sets of center (0,0,e*t1/2) and parameter (a + 1 + 5)/2
containing By ;. The measures of these sets are
p(Bos,;) ~ e* L*a and  p(Zox ;) ~ e L*(a+ j).
For x € By ; with j > 1, the estimate (4.36) implies
a/2
e

(4.42) R1A(z)| S ISR
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and for x € By; ; with j > 1

eSa/Q
(4.43) RiA@ S 555
Proceeding as before, for j = 0,1,... we define foi ; = p(Zo+,;) " 'xz,. , and

mo+,j = Z/ R1A dp.
g_j Boi,f

and for j > 1 also

(4.44) Aotj = R1AXBy. ; — Mo+, fot,j + Mo+ j+1 fox,j+1-

These A+ ; are multiples of (1, co)-atoms, because they are bounded and supported
in Zy+ j+1 and have vanishing integrals. Since (4.42) and (4.43) imply

e3o¢/2a

J=1

|m0:t,j S ejL ) =

one finds that

eSa/Q(a+j) eSa/Qa < j

[ Aox,jllzr < oI ST S j>1.
The sum of these Ay ; is thus an H' function, and
oo
ZAO:I:,j = R1AXUBos —/ R1A dp.
Jj=1 U3® Boxt,j

These two sums form a large part of the desired atomic decomposition of R1Axs,-
What is missing is

(445) RlAXSO - Z AO_J' - Z AO-‘rJ
Jj=1 j=1

=R1AXBy_ o + R1AXBos 0 +/

Us® Bo—;

Ur® Bo+,j

Comparing with Subcase (i), we have So— U So+ = Sy and By_ ;U By ; = By, ; for
7 =0,1,..., and we observed there that fSo R1A dp = 0. Tt follows that the last
two terms in the right-hand side of (4.45) sum up to — fBo,o R1A dp, and the first
two terms amount to R1 A x g, ,. This means that the expression in (4.45) coincides
with the atom multiple Ag o from Subcase (i), and the estimate (4.41) holds in both

subcases. We thus have an atomic decomposition of R1 A xs, in Subcase (ii), which
ends the proof of Case I in Theorem 1.4.

Case II: intermediate atom. In this case 1 < a < 20 and e?® < [ <
e3*. We consider A as a function supported in the larger Calderén-Zygmund set
[—L/2,L/2]? x [e=2°, %], where L = max{L,e*’}. Considered with this support,
A will be a multiple of a large atom, and the preceding argument applies.
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Case III: small atom. Here o < 1 and e?a < L < e®a. We use a slightly different
decomposition of the space into regions, as follows

0, = {(z1,22,a) : a < e_g},

Q2 = {(z1,22,a) : e ? <a<e?},
03:{(1'1,1’2,(1) : 0262}.

Starting with Qy, we let z € Oy and y = (y1,92,b) € R. Then b~la < e7!, and
(4.7) shows that

ki(y~'z)| S [

a a
d R1A < =
an | 1 (x)|N1+|£C|3

We can construct an atomic decomposition of R1Axg, using the following sets for
k<O0andj>0:

Brj ={27 < || <2¢/} x [e 2" 72 072" >,
Bjo={lz] <2} x [e72" 722" "2

Zyy = [-27, 2072 x [ #2120/ o722/ s,

The Zj ; are Calderén—Zygmund sets, centered at (0, O,e_2'2‘k|71_2) and with pa-
rameters 2/¥1=1 + j/2. The relevant measures are p(By ;) ~ e*2/Fl and p(Z; ;) ~
e (211 + 5). We then have in the set By,

_olkl—1

RAA| S C

T k<0, j>0.

From here, we proceed as in the case of the region ; for a large atom. The
details are left to the reader, since the construction is quite similar. We will have
IR Axa, Il S 1.

In the case of Q3, we argue as we did to obtain the estimates (4.20) and (4.21),
to show that for 2 = (21,22,a) € Q3

La alzy|a

R1A S
| 1 ($)| ~ (ag + \x|2)210ga + (a2+ |x‘2)2(10ga)2»

|z > 2,

and (4.10) leads to
1

R1A(2)] < loga’ || < 2.

We now construct an atomic decomposition of ’RlAXQS, using the following sets for
k>1and j>0:
Bk,j — {ek+j+1 < |Z‘| < ek+j+2} % [ek+l’ek+2]
Bro = {la] < "2 x [eFF1, "2

Zk,j _ {\35| < ek+j+2} % [ek+1—j/2vek+2+j/2].

)

Jj=1,

Here each Zj ; is a Calderéon—Zygmund set of center (070,ek+3/ 2) and parameter
(j + 1)/2 containing By, ;. The measures satisfy p(By ;) ~ e***27 and p(Z ;) ~
e?*+2i(j +1). In By ; we will have

1 1
<
AlS B T 2Rrarge

R4
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Again, we can now follow the procedure used for a large atom in the region ;.
In particular, fr, my ; and A ; will be as there, although k is now positive and
the By ; and Zj ; are those we just defined. The relevant estimates will now be

oo
1 2k+2¢ 1 2k+2¢
il S <63k+4ék € T hragz ©
=
<o k2 4 o L
~ k2
and
[ Al 1
1 2k+25 ( 2k+25 ( —k—2j | —j L
Sme J(]+1)+We J(]+1)+e T +e ]ﬁ
k2 _ij+1
Se " H(j41)+ed R
These quantities are summable over j > 0 and k£ > 1, and so ||R1Axg, |z < 1.

To treat the region Q) we will construct a sequence of sets By ; expanding from R
in all three coordinates until they reach essentially unit size. Then they will expand
only in the coordinates x;, z2. More precisely, we never let the a width of any By ;
be larger than [e™2, e?], so that By ; stays in Q. A sequence of Calderén—Zygmund
sets Zy ; will be defined accordingly. It is not restrictive to suppose that o = 270 for
some integer jo < 0. The definition of a Calderén—Zygmund set then implies that
€2 <2790 < €8 The By ; and the Zy ; will be defined for j = jo +1,j0 +2,...,
as follows.

We start by setting By j, = () and recursively for j > jo + 1

By, = <{|x| < 20 ILY ¢ [e min(272j)’emin(2,2j)]) \ Boj_1,
For jo + 1 < 7 <0 (which occurs only if jo < 0 ), we let
Zoj = [~2/~907 L 211012 x e &%),
but for j > 0
Zo; = [_2j*jo+2L7 2j*jo+2L]2 > [6*2*3'/2’ 62+j/2] .

Then By ; C Zy; for each j > jo + 1, and the Zy; are Calderén-Zygmund sets
centered at (0,0,1) and of parameter min(2,27) + j, /2. The measures of these
sets are p(By ) ~ 2%79- and p(Zy ;) ~ 2%(27- + j;). Here j; = max(j,0) and
j- = min(j,0).

Suppose now that jo +2 < j < 0. We bound R1A4 in the set By ; by means of
estimates similar to those for the Riesz transforms in the Euclidean setting. Observe
first that each point z = (x1,22,a) € By, ; is at some distance from any point y

in R, so that r(y~x) ~ r(z). Then simple computations together with formulas
(2.6), (2.8), (2.7) and (2.5) show that

lki(y )| S r(x)7°,
| Xik1(y )| S r(x)™*, i=0,1,2.

Notice that when r(x) is small, it is essentially the Euclidean distance from x to
e; indeed 7(z) ~ \/x? + 23 + (loga)? as seen from (1.1). From the Mean Value
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Theorem and the fact that 6(y) =1 + O(a) here, it now follows that for x € By ;
RiA@ S [ 1Ak (5" 2)3(0) ~ s 0] o)

< /R AWk (5™ ) — ka(2)] dply) + a /R AWk (") dp(y)

27373

< <
et e <
Suppose now instead that j > 0. Then (4.36) shows that for each « € By ;

1 .
RiA(z)| S — <279
RiAW) £ 1 S
But we can also apply the Mean Value Theorem as in the preceding case. Then we
need (2.9) to estimate X;k; for i = 1,2, and by means of (2.6) and (2.5) one can
verify that the same estimate holds also for Xyk;. The result will be

o a2~

Ri1A(x)| S S -
R1A) 2 R ogla] © 5

We now argue essentially as in Subcase (i) above. In particular, we define my_;
by (4.39) and Ao ; by (4.40), for all j > jo + 1. Then 3272 . | Agj = R1Xg,, and
mo,jo+1 = fBQ RlA dp = 0.

2

Using these estimates for R1 A, we estimate my ;, first when jo +1 < j < 0.

Then

O 0 s —2¢
_ . _ a2
Imo ;| S Z/B [R1A|dp < Z a2-30930 4 me <2 392ty = 2%6)
l=j 0,¢ l=j l=1
Sa(l+logl/a),
the last step since the number of terms in the finite sum is at most |jo| < 1+log 1/«

and the last sum is easy to control.
If j > 0 we have instead

mo | S 273220 S 279
l=j
Our estimates for R1 A and p(Zy ;) now show that
[ Aol S (1 41logl/a), Jo+1<7<0,
Aol $2775 5 >0.
Finally, we use the L%-boundedness of R as in (4.41) to deduce that Ag j, 11 is a
multiple of a (1, 2)-atom. We can now sum the H'-norms of all the 4¢ ; and obtain
IR1AXg, lm S 1.
This concludes the proof of Theorem 1.4.
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