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A new mixed model based on the enhanced-Refined Zigzag Theory for the 
analysis of thick multilayered composite plates 
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Department of Mechanical and Aerospace Engineering – Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy   
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A B S T R A C T   

In this paper, a new mixed model based on the enhanced Refined Zigzag Theory for thick multilayered composite 
plates is formulated. The kinematics is assumed cubic for the in-plane displacements and parabolic for the 
transverse one. The set of kinematic variables are reduced by using a partial constraint on the transverse shear 
stress, and a new set of enhanced cubic zigzag functions are obtained. The transverse normal stress is assumed as 
a smeared cubic function along the laminate thickness. The assumed transverse shear stresses profile is derived 
from the integration of local three-dimensional equilibrium equations involving a new set of strain variables. The 
entire formulation is developed by involving the Hellinger-Reissner functional and a penalty term for the strains 
compatibility; the governing equations and the consistent boundary conditions are derived. Finally, to assess the 
proposed model’s predictive capabilities for general multilayered laminated and sandwich plates, results are 
compared with exact three-dimensional solutions available in the literature.   

1. Introduction 

In the recent years, the use of composite materials has widely 
increased in various engineering fields (aerospace, automotive, marine, 
military, civil, …) due to their excellent properties, such as high 
stiffness-to-weight ratio and good fatigue behaviour under cycle loads. 
On the other hand, they exhibit high transverse anisotropy and trans-
verse shear deformability that have to be taken into account during the 
design in order to prevent failures, such as delamination. 

Among the numerical models existing in the literature framework, 
very few works on analytical three-dimensional solutions have been 
provided. In Pagano’s works [1,2], a solution for the cylindrical bending 
and bending of simply supported multilayered and sandwich plates has 
been proposed. For more general laminated plates, such as symmetric 
and unsymmetric angle-ply, Pagano [3] provided a three-dimensional 
analytical solution under the hypothesis of cylindrical bending and 
simply-supported edges. Among the exact elasticity solutions for anti-
symmetric laminate plates, Noor and Burton [4] have developed a mixed 
formulation for stress and free vibration problems. Later, Savoia and 
Reddy [5] have used a variational approach for the three-dimensional 
static solution of rectangular antisymmetric angle-ply multilayered 
plates with simply supported edges. Although the exact elasticity solu-
tions are desirable in order to describe the correct behaviour of 

multilayered composite and sandwich plates, unfortunately, simply- 
supported boundary conditions are rarely found in industrial applica-
tions. Without involving the use of solid finite element models for 
complex structures, since they are affected by prohibitive computational 
costs, it is necessary to develop other structural models to achieve a 
reliable solution. 

In order to pursue this aim, axiomatic displacement-based theories 
are the most used for structural analysis. They can be grouped into two 
main categories: the Equivalent Single Layer (ESL) theories and the 
Layerwise (LW) ones. The displacement field assumed in the ESL the-
ories is independent of the number of layers. Generally, they provide 
accurate results for global quantities (transverse displacements, natural 
frequencies and buckling loads), but they are quite inaccurate for the 
through-the-thickness displacements, strains and stresses. In the LW 
theories, an independent displacement field is assumed for each layer, 
with the continuity of displacements at the layer’s interfaces. 

Moreover, it is also possible to enforce the through-the-thickness 
transverse shear stresses continuity that cannot be obtained in the ESL 
theories. Among the most used ESL theories the Classical Laminate 
Theory (CLT), the First-Order Shear Deformation Theory (FSDT) and the 
Third-Order Shear Deformation Theory (TSTD) have been widely used. 
More details on the hypotheses, formulations and numerical examples of 
these models can be found in the book of Reddy [6]. Although the LW 
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are more accurate than the ESL ones, the computational cost is not 
affordable for structures with several layers. The interested reader is 
referred to the reviews of Di Sciuva and Abrate [7,8] and Li [9] for a 
more general overview on existing ESL/LW theories. 

In recent years, the Zigzag Theories (ZZT) have been widely used as 
alternative structural models with respect to the ESL and LW theories. 
Generally, the kinematic field of these models regarding the in-plane 
displacements is represented by a superposition of a coarse distribu-
tion (such as in the ESL assumptions) and a finer one described by zigzag 
functions. Zigzag models have more kinematic variables than the ESL 
ones but are computationally efficient with respect to the Layerwise. In 
the open literature, several ZZTs have been developed that differ from 
one another for the methodology implemented to derive the zigzag 
functions. This enhancement in the displacement field leads to a more 
accurate prediction of through-the-thickness quantities, particularly for 
the transverse shear stresses. In the past, several researchers have 
developed zigzag models (Di Sciuva [10,11], Cho and Parmerter [12], 
Murakami [13] and Icardi [14], that represent the first contributions in 
this field). 

The Refined Zigzag Theory (RZT), originally developed by Tessler 
et al. [15,16], has been widely used in recent years for the analysis of 
multilayered and sandwich beams [17–20], plates [21–24] and shells 
[25–27], revealing to be very accurate for displacements and in-plane 
stress through-the-thickness distributions. In RZT, the global first- 
order kinematic, typical of the FSDT, is enriched with continuous 
piecewise linear zigzag functions, whose slope is a piecewise constant 
function with jumps at the interfaces. The linear zigzag functions are 
then derived through a partial fulfilment of the transverse shear stress 
continuity at the layer interfaces. Moreover, an attractive aspect for 
efficient finite element implementation is that the RZT requires only a C0 

continuity for the seven kinematic variables. 
Recently, the standard zigzag kinematic has been enriched with two 

additional zigzag functions in order to consider the coupling effect of in- 
plane displacements typically present in angle-ply stacking sequence. 
This peculiar behaviour was observed firstly by Whitney [28], more 
recently, by Di Sciuva [29] using a zigzag model and by Loredo and co- 
workers [30–33] that developed a new model in which a set of warping 
shear functions obtained from the three-dimensional elasticity are used 
to improve the kinematic field. The new set of enhanced zigzag func-
tions, formulated according to the procedure of RZT, does not increase 
the number of (seven) kinematic variables of the standard RZT. This new 
model, the enhanced-RZT (en-RZT), has shown [34,35] to generally 
predict displacements, frequencies and through-the-thickness distribu-
tions of stresses in angle-ply laminates. 

The transverse shear stress distributions coming from the material 
constitutive relations in the RZT are not accurately represented, since 
this theory fails to guarantee the full through-the-thickness stress con-
tinuity at the layer interfaces. As a consequence, the transverse shear 
stresses are more often obtained by the integration of the local equi-
librium equations providing highly accurate distributions for the RZT 
model. Moreover, the exact elasticity solutions have shown that the 
transverse normal deformability is no more negligible, and the in-plane 
displacements have a more complex distribution [36] for sandwich 
laminates, especially if the plate is moderately thick to thick. 

In order to include these effects, among the existent works on the 
RZT, the in-plane kinematics has been enriched by Barut et al. [37,38] 
by using a quadratic through-the-thickness variation of the in-plane and 
transverse displacements. In their model, the transverse normal stress is 
assumed as a continuous cubic function related to an independent field, 
then a least-square statement is used to enforce the transverse normal 
strain compatibility. In a similar way, Iurlaro et al. [39–42] have 
enriched the RZT in-plane kinematics with a smeared parabolic contri-
bution and layerwise cubic terms in the thickness coordinate, whereas, 
for the transverse displacement, a smeared parabolic distribution has 
been assumed, which depends on the top, bottom and average transverse 
displacements. The number of kinematic variables is reduced by 

enforcing the top/bottom transverse shear stress-free conditions, 
resulting in an in-plane kinematic field with piecewise cubic zigzag 
functions. In this model, called RZT(m)

(3,2), the transverse normal stress is 
assumed as an independent field, with a smeared cubic distribution that 
satisfies the equilibrium stress conditions on the outer surfaces. Ac-
cording to the assumption proposed by Tessler [43], the transverse shear 
stresses have been assumed as independent fields where the through- 
the-thickness the transverse distributions are obtained directly by inte-
grating the local three-dimensional equilibrium equations under the 
hypothesis of cylindrical bending. The Reissner’s Mixed Variational 
Theorem (RMVT) [44] is then used to relate the independent stress 
variables to the kinematic ones. Although this procedure has been 
demonstrated to provide accurate results for multilayered composite 
and sandwich plates [42], the cylindrical bending hypothesis is a strong 
reduction and simplification of the plate behaviour, especially for angle- 
ply laminates. This assumption developed to avoid over-fitting trans-
verse shear stress distributions (as shown by Auricchio and Sacco [45] 
for the FSDT) is no longer valid when more general stacking sequences 
are considered, i.e. angle-ply. 

In a similar way, Groh and Weaver [46] have used the linear RZT 
with a third order expansion of the in-plane displacements in conjunc-
tion with the use of the Hellinger-Reissner (HR) mixed variational the-
orem to investigate the static behaviour of highly heterogeneous 
laminated beams. It has shown that the HR formulation was able to 
capture the transverse stresses very accurately (over-performing the 
RMVT) without involving any post-processing procedure. The previous 
two field mixed formulation has been extended by the same authors to 
investigate the three-dimensional static behaviour of heterogeneous 
laminated plates [47,48]. The same theory has been used by Thurnherr 
et al. [49] to accurately predict the stresses in curved multilayered 
beams. Köpple and Wagner [50] have formulated a quadrilateral plate 
element involving the RZT kinematic and a modified HR functional 
where the displacements and the transverse shear stresses are involved 
as independent variables. The new variables have been statically con-
densated at the element level in order to maintain the same number of 
variables as in the classical quadrilateral RZT element. It has been 
revealed the great accuracy of these formulated element at an affordable 
computational cost. Moreover, Thrinh et al. [51] have enhanced the 
previous higher-order zigzag mixed beam model with the modified 
stress theory for the analysis of laminated beams, confirming the great 
improvements in the stress predictions using the HR functional. 

In this paper, a new mixed model based on the en-RZT kinematic is 
formulated to analyse thick multilayered and sandwich structures. The 
main aim is to obtain an enhanced zigzag plate model that can include 
the nonlinear distributions of displacements for thick multilayered 
structures with general lamination schemes. Furthermore, the use of a 
mixed formulation does not involve the stress recovery technique to 
describe the correct distribution of the transverse normal and shear 
stresses. As done by Iurlaro et al. [41] for the original RZT, in this model, 
the in-plane en-RZT displacement field is enriched with a second and a 
third order power-series in the thickness coordinate and the transverse 
displacement is assumed as a second-order polynomial expansion. A new 
set of higher-order zigzag functions is obtained by enforcing the trans-
verse stress-free condition at top and bottom surfaces, reducing the 
existing kinematic variables. Moreover, the transverse normal stress is 
assumed as an independent field, with a smeared cubic through-the- 
thickness distribution that fulfils the traction boundary conditions on 
the bottom and top external surfaces. Without using the cylindrical 
bending assumption and introducing a new set of independent strain 
variables, the transverse shear stress distributions are derived by using 
the integration of local equilibrium equations. The Hellinger-Reissner 
functional is then used to enforce in a weak form the strains compati-
bility between the strains from the kinematic field and those from the 
assumed stresses. By following the procedure explained by Auricchio 
and Sacco [45], a penalty term is added to the energy functional in order 
to enforce in a weak form the compatibility between the new strain 
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variables and the strains from the kinematic relations. The new strain 
variables in conjunction with the penalty functional have been demon-
strated [45] for the FSDT to avoid the over-fitting problem in the mixed 
models. Then, the equilibrium equations and the consistent boundary 
conditions are derived from the variational functional and specialized 
for the simply-supported boundary conditions of thick multilayered 
laminated and sandwich plates under bi-sinusoidal transverse pressure. 
The accuracy of the proposed model is investigated through a compar-
ison with existing elasticity solutions, when available. 

2. The (3,2)-mixed enhanced Refined Zigzag Theory (en- 
RZT(m)

{3,2}) 

In this Section, the (3,2)-mixed enhanced Refined Zigzag Theory 
(herein named as en-RZT(m)

{3,2}) for multilayered composite and sandwich 
plates is formulated, and the equilibrium equations and consistent 
boundary conditions are derived. 

2.1. Geometrical preliminaries 

We consider a multilayered flat plate made of a finite number N of 
perfectly bonded layers, V is the volume of the plate and h the total 
thickness. The points of the plate are referred to an orthogonal Cartesian 
coordinate system defined by the vector X = {xi} (i = 1,2,3), where the 

vector x = {xα} (α = 1,2)is the set of in-plane coordinates on the 
reference plane, here chosen to be the middle plane of the plate, and x3 
being the co-ordinate normal to the reference plane (see Fig. 1a), so that 
x3 is defined in the range x3 ∈

[
− h

2,+
h
2
]
. Let us defineS = Su ∪ Sσ the total 

cylindrical edge surface, comprised of Su, the portion on which 
displacement restraints are imposed (or prescribed), and Sσ, the portion 
on which a traction vector, F = {Fi} (i = 1,2, 3), is prescribed. More-

over, let p(B) =
{

pi(B)

}
and p(T) =

{
pi(T)

}
(i = 1,2, 3) be the vectors of 

the prescribed tractions on the bottom (B) and top (T) bounding surfaces 
of the plate, along the coordinate axis xi. Furthermore, Ω represents the 
set of points given by the intersection of the plate with the plane x3 =

0 and Γ = S ∩ Ω = Γu ∪ Γσ (Γu ∩ Γσ = ∅) its contour line, with Γu = Su ∩ Ω 
and Γσ = Sσ ∩ Ω. (See Fig. 1a.) 

The thickness of each layer, as well as of the whole plate, is assumed 
to be constant, and the material of each layer is assumed to be elastic 
orthotropic with a plane of elastic symmetry parallel to the reference 
surface and whose principal orthotropy directions are arbitrarily ori-
ented with respect to the in-plane reference frame. 

If not otherwise stated, in the paper the superscript (k) is used to 
indicate quantities corresponding to the kth layer (k = 1, …,N), whereas 
the notation(.)(k) (k = 1, …,N-1) stands for (.) valued for x3 = z(k), i.e., at 
the kth interface (k = 1, …,N-1) between the kth and the (k + 1)th layer. 
Also, we use the subscript (B) and (T) to indicate the bottom and top 

Fig. 1. General plate notation: (a) plate geometry, loads, and coordinate system, (b) layer numbering.  
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surfaces, respectively, of the single layer/whole plate; specifically, z(1)
(B) =

z(B) = − h
2 and z(N)

(T) = z(T) = h
2 denote the co-ordinates of the bottom and 

top surfaces of the whole plate; thus, h = z(T) − z(B) = z(N) − z(0)is the 
plate thickness and h(k) = z(k) − z(k− 1) = z(T)

(k) − z(B)
(k) (k = 1,2,…,N), the 

thickness of the kth layer (see Fig. 1b). 
Furthermore, the symbol (⋅),i =

∂(⋅)
∂xi 

refers to the derivative of the 
function (⋅) with respect to the xicoordinate. In the paper, if not other-
wise specified, the Einsteinian summation convention over repeated 
indices is adopted, with Latin indices ranging from 1 to 3, and Greek 
indices ranging from 1 to 2. 

The prescribed quantities are indicated in the paper with an overbar. 

2.2. Kinematic field, strains and stresses 

The kinematic field assumption of the en-RZT(m)
{3,2} involves the use of 

the en-RZT field for the in-plane displacements in conjunction with a 
second and third order power-series terms of the thickness coordinate. 
The transverse displacement is approximated by a second-order power- 
series expansion in the thickness coordinate. The complete kinematic 
field can be represented as follows: 

U(k)(X) = u⌣G(X) + u
⌣(k)

L (X)
U3(X) = w(0)(x) + zw(1)(x) + z2w(2)(x)

(1)  

where 

u⌣G(X) = u(x) + zθ(x) + z2χ(x) + z3ω(x)
u⌣(k)

L (X) = φ(k)(z)ψ(x)
(2)   

uα(x) and θα(x) are the global uniform displacements and rotations of 
the normal to the reference plane about the positive x2 and the negative 
x1 directions, respectively; ψα(x) are the zigzag rotations, whereas χα(x), 
ωα(x), w(1) and w(2) are the additional kinematic unknowns that take into 
account the effect of non-linear distribution of in-plane and transverse 
displacements along the thickness direction. 

Moreover, in Eq. (3) the expression of the linear zigzag functions 
(such as in Ref. [34]) reads: 

φ(k)(z) =
(
z − z(B)

)
β(k) +

∑k

q=1
h(q)( β(q) − β(k)

)
(k = 1,…,N) (4)  

where β(k) =
[

β11 β12
β21 β22

](k)
is the matrix of zigzag slopes, i.e. β(k)(z) = φ, 

z
(k)(z), computed by the partial enforcement of the transverse shear 

stress continuity at the layers interfaces. 
Consistent with the linear strain-displacement relations, the en- 

RZT(m)
{3,2} strain components can be computed as follows: 

ε(k)11 (x, z) = U(k)
1,1(x, z); ε(k)22 (x, z) = U(k)

2,2(x, z); ε33(x, z) = U3,3(x, z);

γ(k)12 (x, z) = U(k)
1,2(x, z) + U(k)

2,1(x, z);

γ(k)13 (x, z) = U(k)
1,3(x, z) + U3,1(x, z);

γ(k)23 (x, z) = U(k)
2,3(X) + U3,2(x, z);

(5) 

Assuming that each layer is linear elastic and orthotropic, as defined 
by Ref. [42], the mixed constitutive relation written in a convenient 
form for the formulation of the model can be written as follows 
⎧
⎪⎪⎨

⎪⎪⎩

σ11(x, z)
σ22(x, z)
ε33(x, z)
τ12(x, z)

⎫
⎪⎪⎬

⎪⎪⎭

(k)

=

⎡

⎢
⎢
⎣

Q11 Q12 R13 Q16
Q12 Q22 R23 Q26
− R13 − R23 S33 − R63
Q16 Q26 R63 Q66

⎤

⎥
⎥
⎦

(k)⎧
⎪⎪⎨

⎪⎪⎩

ε11(x, z)
ε22(x, z)
σ33(x, z)
γ12(x, z)

⎫
⎪⎪⎬

⎪⎪⎭

(k)

(6)  

τ(k)t (x, z) =
{

τ13(x, z)
τ13(x, z)

}(k)

=

⎡

⎣C
⌢

44 C
⌢

45

C
⌢

45 C
⌢

55

⎤

⎦

(k){
γ13(x, z)
γ13(x, z)

}(k)

= C
⌢(k)

t γ
(k)
t (x, z)

(7) 

Where, Qij (i, j = 1,2,6) are the in-plane transformed elastic reduced 

stiffness coefficients; C
⌢

ij (i, j = 4,5) are the transformed transverse shear 
elastic stiffness coefficients and Ri3 = S33Ci3 (i = 1,2,6) are transformed 
mixed coefficients [42]. 

The kinematics shown in Eq. (1)–(3) involves thirteen unknown 
variables that are independent by the number of layers. In order to 
reduce the number of variables, the procedure described by Iurlaro et al. 
[41] is adopted for condensing some of the global unknowns and 
introducing a new set of higher-order zigzag functions, that are expected 
to be piecewise cubic along the thickness direction. In the Section 2.3, 
the procedure adopted by Iurlaro et al. [41] is applied in a more general 

way to the enhanced zigzag functions. 
The final reduced kinematic can be expressed as follows: 

U(k)(x, z) = uG (x, z) + u(k)L (x, z)
U3(x, z) = w(0)(x) + zw(1)(x) + z2w(2)(x)

(8)  

where 

uG(x, z) = u(x) + zθ(x)
u(k)L (x, z) = μ(k)(z)ψ(x)

(9)  

and 

μ(k)(z) =

⎡

⎣
μ(k)

11 (z) μ(k)
12 (z)

μ(k)
21 (z) μ(k)

22 (z)

⎤

⎦ (10)  

is the new set of higher-order, piecewise cubic zigzag functions, that are 
null at the top and bottom external surfaces and continuous at the layer 
interfaces. It should be noted that the coupling extra-diagonal terms in 
Eq. (10), i.e. μ12

(k)(z) and μ21
(k)(z), are null for cross-ply multilayered and 

sandwich plates and the expressions for the other functions are the same 
as those written by Iurlaro [42]. 

According to the displacement field defined in Eq. (8), by using the 
strain-displacement relations of Eq. (5), the strains can be defined as 

U(k)(X) =

⎧
⎨

⎩

U(k)
1 (X)

U(k)
2 (X)

⎫
⎬

⎭
; u(x) =

{
u1(x)
u2(x)

}

; θ(x) =
{

θ1(x)
θ2(x)

}

; χ(x) =
{ χ1(x)

χ2(x)

}

; ω(x) =
{ω1(x)

ω2(x)

}

;

φ(k)(z) =

⎡

⎣
ϕ(k)

11 (z) ϕ(k)
12 (z)

ϕ(k)
21 (z) ϕ(k)

22 (z)

⎤

⎦; ψ(x) =
{ψ1(x)

ψ2(x)

}
(3)   
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follows; 

ε(k)p (x, z) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ε(k)11 (x, z)

ε(k)22 (x, z)

γ(k)12 (x, z)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

= Iεm(x) + zIεθ(x) +М(k)(z)εψ(x)

ε33(x, z) = [0 1 2z]

⎧
⎪⎪⎨

⎪⎪⎩

w(0)(x)

w(1)(x)

w(2)(x)

⎫
⎪⎪⎬

⎪⎪⎭

= Hz
,3(z)w(x)

γ(k)t (x, z) = Hz(z)∂w(x) + ∂μ(k)(z)
∂z

ψ(x)

(11)  

where Iis the identity matrix, Hz(z) =

[
H
⌢z

(z) 0
0 H

⌢z
(z)

]

, H
⌢z

(z) =

[
1 z z2

]
, ∂w(x)T =

[

w(0)
,1 w(1)

,1 w(2)
,1 w(0)

,2 w(1)
,2 w(2)

,2

]
and 

М(k)(z) =

⎡

⎣
μ11(z) 0 0 μ12(z)

0 μ22(z) μ21(z) 0
μ21(z) μ12(z) μ11(z) μ22(z)

⎤

⎦

(k)

. Moreover,εmT =

[ u1,1 u2,2 u1,2 + u2,1 ],εθT = [ θ1,1 θ2,2 θ1,2 + θ2,1 ] and εψ T =

[ψ1,1 ψ2,2 ψ1,2 ψ2,1 ]. 

2.3. Enhanced higher-order zigzag functions 

In this Section, the procedure to obtain the enhanced higher-order 
zigzag functions is shown in details. The expression of transverse 
shear strains, according to Eq. (5), can be written as follows: 

γ(k)13 (x, z) = U3,1(x, z) + θ1(x) + 2zχ1(x) + 3z2ω1(x) + β(k)
11 ψ1(x) + β(k)

12 ψ2(x)
γ(k)23 (x, z) = U3,2(x, z) + θ2(x) + 2zχ2(x) + 3z2ω2(x) + β(k)

21 ψ1(x) + β(k)
22 ψ2(x)

(12) 

Introducing the definition of the auxiliary strain measure, η1, η2 [15]: 

θ1(x) + U3,1(x, z) − ψ1 = γ1(x) − ψ1(x) = η1(x, z)
θ2(x) + U3,2(x, z) − ψ2 = γ2(x) − ψ2(x) = η2(x, z)

(13)  

and substituting (13) into Eq. (12), we rewrite: 

γ(k)13 (x, z) = η1(x, z) + 2zχ1(x) + 3z2ω1(x) +
(

β(k)
11 + 1

)
ψ1(x) + β(k)

12 ψ2(x)

γ(k)23 (x, z) = η2(x, z) + 2zχ2(x) + 3z2ω2(x) + β(k)
21 ψ1(x) +

(
β(k)

22 + 1
)

ψ2(x)

(14) 

In a more convenient matrix form, 
⎧
⎨

⎩

γ(k)13 (x, z)
γ(k)13 (x, z)

⎫
⎬

⎭
= γ(k)t (x, z) = η(x, z)+ 2zχ(x)+ 3z2ω(x)+

(
β(k)(z)+ I

)
ψ(x)

(15) 

By using the constitutive relation for material, Eq. (7), and the 
transverse shear strains in Eq. (15), the transverse shear stresses can be 
expressed as follows: 

τ(k)t (x, z) = C
⌢(k)

t

[
η(x, z) + 2zχ(x) + 3z2ω(x) +

(
β(k)(z) + I

)
ψ(x)

]
=

= C
⌢(k)

t η(x, z) + C
⌢(k)

t

[
2zχ(x) + 3z2ω(x) +

(
β(k)(z) + I

)
ψ(x)

]
=

= dτ(k)(x, z) + cτ(k)(x, z)
(16)  

with 

dτ(k)(x, z) = C
⌢(k)

t η(x, z)

cτ(k)(x, z) = C
⌢(k)

t

[
2zχ(x) + 3z2ω(x) +

(
β(k)(z) + I

)
ψ(x)

]
(17) 

By using the same procedure to obtain the zigzag functions formu-
lated for the enhanced-RZT [34], the continuity of the transverse shear 
stress as defined by Eqs. (16) and (17) is limited to cτ(k)(x,z). Thus, the 
continuity conditions at the N-1 interfaces read as follows: 

C
⌢(k)

t

[
2z(k)χ(x)+ 3z2

(k)ω(x)+
(
β(k) + I

)
ψ(x)

]

= C
⌢(k+1)

t

[
2z(k)χ(x)+ 3z2

(k)ω(x)+
(
β(k+1) + I

)
ψ(x)

]
(18) 

In order to reduce the number of variables, the vanishing condition 
on the top and bottom external surfaces for the continuous part of the 
transverse shear stresses can be enforced: 

cτ(k)13 (x, z)
⃒
⃒
⃒

z=±h/2
= 0; cτ(k)23 (x, z)

⃒
⃒
⃒

z=±h/2
= 0 (19) 

Developing Eq. (19): 

C
⌢(1)

t

[

− hχ(x) + 3
4
h2ω(x) +

(
β(1) + I

)
ψ(x)

]

= 0

C
⌢(N)

t

[

hχ(x) + 3
4
h2ω(x) +

(
β(N) + I

)
ψ(x)

]

= 0
(20) 

After some mathematical manipulations, here not reported for sake 
of brevity, the following relations are obtained: 

ω(x) = −

(
β(1) + β(N) + 2I

)

3
2
h2

ψ(x) = − ω0ψ(x)

χ(x) = −
1
2h

(
β(N) − β(1)

)
ψ(x) = − χ0ψ(x)

(21) 

The relations in Eq. (21) allow to reduce the number of kinematic 
variables, relating the new one introduced for the parabolic and cubic 
terms in the in-plane displacement field to the zigzag rotations. 

By substituting the relations of Eq. (21) into the kinematic field of Eq. 
(1), the reduced kinematic field can be obtained as shown in Eqs. (8) and 
(9), where the higher-order zigzag functions are defined as follows: 

μ(k)(z) =
(
− z2χ0 − z3ω0 +φ(k)(z)

)
(22) 

It can be noted that the new set of higher-order zigzag functions are 
dependent on the thickness coordinate and on the linear zigzag slopes, i. 
e. β(k). In order to compute the β(k) values for each layer, Eq. (18) is 
enforced at each layer interfaces. The last conditions required to 
completely define the functions in Eq. (22) is the zero values of on the 
top/bottom external surface of the higher-order zigzag functions. Thus, 

μ(1)(z = − h/2) = μ(N)(z = + h/2) = 0 (23)  

2.4. Assumed transverse normal stress 

In this Section, the assumed transverse normal stress is defined and 
briefly described. 

The transverse normal stress is assumed as a third-order power 
function of the transverse coordinate [40]: 

σa
33(x, z) = σz

0(x)+ zσz
1(x)+ z2σz

2(x)+ z3σz
2(x) (24) 

Enforcing at the top and bottom external surfaces the traction 
boundary conditions, i.e. 

σa
33(x, z = − h/2) = − p3(B)

σa
33(x, z = h/2) = p3(T)

(25)  

and after some straightforward manipulations, the assumed transverse 
normal stress is written as follows: 

σa
33(x, z) = Pσ(z)qσ(x)+L(z)qz(x) (26)  

where 

M. Sorrenti and M. Gherlone                                                                                                                                                                                                                 



Composite Structures 311 (2023) 116787

6

L(z) =
[(

z
h
−

1
2

) (
z
h
+

1
2

) ]

; Pσ(z) =
[(

z2 −
h2

4

)

z
(

z2 −
h2

4

) ]

;

qz(x)T =
[

p3(B) p3(T)
]
; qσ(x)T = [ σz

2 σz
3 ]

(27)  

2.5. Assumed transverse shear stresses 

The assumed transverse shear stresses, following the formulation 
proposed by Auricchio and Sacco [45], is derived by the integration of 
the local three-dimensional equilibrium equations, i.e. 

σ(k)
11,1(x, z) + τ(k)12,2(x, z) + τ(k)13,3(x, z) = 0

τ(k)12,1(x, z) + σ(k)
22,2(x, z) + τ(k)23,3(x, z) = 0

(28) 

According to the derivation reported in [45], the assumed transverse 
shear stresses are deducted by Eq. (28) in which the in-plane stresses are 
those coming from the constitutive relation expressed in Eq. (6), but the 
strains quantities are assumed independently with respect to the kine-
matic field. This assumption can be reported as follows: 

ε(k)p (x, z) = Iεm(x) + zIεθ(x) +М(k)(z)εψ (x)→

→Ie(x) + zIk(x) +М(k)(z)kψ(x)
(29)  

where the vectors of the new assumed strain variables are defined as 
follows:eT = [ e11 e22 e12 ]; kT = [ k11 k22 k12 ]; kψT =

[ kψ
11 kψ

22 kψ
12 kψ

21 ]. 
The new independent expressions for strain quantities are then used 

in combination with the constitutive relation Eq. (6), and the Eq. (28). 
After some mathematical passages reported in the Appendix B for sake of 
brevity, the final expression of the assumed transverse shear stresses is: 

τa
t (x, z) = Zp(z)qp(x)+Zt(z)qt(x)+Zqz(z)∂qz(x) (30)  

where ∂qz(x) represent the derivatives of the transverse distributed load, 
i.e.∂qz(x)T =

[
p3(B),1 p3(T),1 p3(B),2 p3(T),2

]
; qp(x) is the vector of the 

prescribed tractions in the x1 and x2 direction at the bottom and top 
external surfaces, i.e. qp(x)T =

[
p1(B) p2(B) p1(T) p2(T)

]
; qt(x)T =

[
∂e(x)T ∂k(x)T ∂kψ (x)T ∂w(x)T ]

is the vector of the derivatives of 
the strain unknowns, their full expressions are reported in Appendix B. 

2.6. Variational statement, equilibrium equations and boundary 
conditions 

In this Section, the en-RZT(m)
{3,2} is developed by using the variational 

statement as described by Auricchio and Sacco [45]. Neglecting the 
virtual work done by the inertia forces, the first term (δΠint) is the work 
done by the internal stresses. The second term (δΠHR), related to the 
transverse shear and transverse normal stress is represented by the 
Hellinger-Reissner (HR) functional in which the weak compatibility 
constraint for the transverse strains obtained by the assumed indepen-
dent stress fields, as it has been shown by Eqs. (26) and (30), has been 
enforced. Since the assumed transverse shear stresses are dependent on 
the new strains quantities, a new penalty functional is added to the 
variational statement (δΛ). This penalty term guarantees the weak 

enforcement of the compatibility relations between the strains coming 
from the displacement field and the new independent strain variables. 
According to these assumption the variational statement can read as 
follows: 

δΠ = δΠint + δΠHR + δΛ − δΠext = 0 (31)  

where δΠintis the virtual work done by the internal stresses defined as 
follows: 

δΠint =

∫

V

[(
δε(k)p

Tσ(k)p + δγ(k)t
Tτa

t + δε33σa
33

) ]
dV (32)  

δΠHR is the virtual variation of the Hellinger-Reissner functional for the 
transverse shear and the transverse normal stress and it reads: 

δΠHR =

∫

V

[
δτa

t
T ( γ(k)t − γ(k)at

)
+ δσa

33

(
ε33 − ε(k)a33

) ]
dV (33)  

δΛ is the virtual variation of the penalty functional, introduced to assure 
the compatibility condition between the assumed strain field and the 
strains obtained by the assumed displacement field. Thus, it reads: 

δΛ=
1
η

∫

V

[
(δεm − δe)T

(εm − e)+(δεθ − δk)T
(εθ − k)+(δεψ − δkψ )

T
(εψ − kψ )

]
dV

(34)  

δΠext is the virtual variation of the external applied traction loads (the 
traction forces Fare neglected): 

δΠext =

∫

Ω

p1(T)U
(N)

1 (z = h/2)dΩ +

∫

Ω

p1(B)U
(1)
1 (z = − h/2)dΩ

+

∫

Ω

p2(T)U
(N)

2 (z = h/2)dΩ +

∫

Ω

p2(B)U
(1)
2 (z = − h/2)dΩ+

+

∫

Ω

p3(T)U
(N)

3 (z = h/2)dΩ +

∫

Ω

p3(B)U
(1)
3 (z = − h/2)dΩ+

(35) 

In the previous expressions, the a superscript denotes the quantities 
related to the assumed fields and δ defines the arbitrary virtual variation. 
η is the penalty parameter in the penalty functional. As defined by Eq. 
(11), in Eq. (32), ε(k)p

T
=
[

ε(k)11 ε(k)22 γ(k)12

]
is the vector of in-plane strains 

obtained by the displacement field; σ(k)p
T
=

[
σ(k)

11 σ(k)
22 τ(k)12

]
is the 

vector of in-plane stresses; γ(k)t
T
=

[
γ(k)13 γ(k)23

]
is the vector of the 

transverse shear strains computed by the assumed displacement field 
and ε33 is the transverse normal strain according to the strain- 
displacement relations. 

In virtue of the independent assumption of the kinematics, Eq. (8), 
and the transverse normal stress, Eq. (26),the variational statement can 
be split into two contributions: 

δΠσz =

∫

V

[
δσa

33

(
ε33 − ε(k)a33

) ]
dV (36)  

and 

∫

V

[(
δε(k)p

Tσ(k)p + δγ(k)t
Tτa

t + δε33σa
33

) ]
dV +

∫

V

δτa
t

T ( γ(k)t − γ(k)at

)
dV+

+
1
η

∫

V

[
(δ∂u − δe)T

(∂u − e) + (δ∂θ − δk)T
(∂θ − k) + (δ∂ψ − δkψ)

T
(∂ψ − kψ )

]
dV − δΠext = 0

(37)   
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that can be solved separately. Firstly, Eq. (36) is solved as a weak form 
compatibility constraint between the transverse normal strain expressed 
in terms of the kinematic variables and that coming from the assumed 
transverse normal stress. Secondly, Eq. (37) is solved. It represents the 
variational expression of the work done by strains and stresses and that 
done by external forces, and it contains a contribution deriving from the 
weak form compatibility constraint between the transverse shear strains 
plus the penalty constraint of the strains quantities. Performing the 
integration by parts, it results into the governing equations with the 
variationally consistent boundary conditions. 

According to the procedure, the Eq. (36) is solved (for sake of 
brevity, the final results are here reported, for more details refer to 
Appendix A) and the assumed transverse normal stress has the following 
expression: 

σa
33(x, z) = Au

σ(z)εm(x)+Aθ
σ(z)εθ(x)+Aψ

σ (z)εψ (x)+Aw
σ (z)w(x)+A

qz
σ (z)qz(x)

(38)  

where Aσ
u(z), Aσ

θ(z), Aσ
ψ(z), Aσ

w(z), Aσ
qz(z) are the shape functions of the 

transverse coordinate and their definition is reported in Appendix A. 
By introducing the assumed transverse normal stress defined by Eq. 

(38) and the assumed transverse shear stresses defined by Eq. (30) into 
the variational statement (37), and performing the conventional inte-
gration by parts, the governing equations of the en-RZT(m)

{3,2} plate can be 
obtained as follows (the full expression of the terms are reported in 
Appendix C): 

δu1 : N11,1 +N12,2 +
1
η
(
u1,11 − e11,1

)
+

1
η
(
u1,22 + u2,12 − e12,2

)
+ p1 = 0

(39)  

δu2 : N12,1 +N22,2 +
1
η
(
v,yy − e22,y

)
+

1
η
(
u1,12 + u2,11 − e12,1

)
+ p2 = 0

(40)    

δθx : M11,1+M12,2 − Q1+
1
η
(
θ1,11 − k11,1

)
+

1
η
(
θ1,22+θ2,12 − k12,2

)
+m1=0 (44)  

δθy : M12,1 +M22,2 − Q2 +
1
η
(
θ2,22 − k22,2

)
+

1
η
(
θ1,12 + θ2,11 − k12,1

)
+m2

= 0
(45)  

δψx : Mϕ
11,1 +Mϕ

12,2 − Qϕ
1 +

1
η

(
ψ1,11 − kψ

11,1

)
+

1
η

(
ψ1,22 − kψ

12,2

)
= 0 (46)  

δψy : Mϕ
21,1 +Mϕ

22,2 − Qϕ
2 +

1
η

(
ψ2,22 − kψ

22,2

)
+

1
η

(
ψ2,11 − kψ

21,1

)
= 0 (47)  

δe11 : −
1
η
(
e11 − u1,1

)
+EHR

11 = 0 (48)  

δe22 : −
1
η
(
e22 − u2,2

)
+EHR

22 = 0 (49)  

δe12 : −
1
η
(
e12 − u1,2 − u2,1

)
+EHR

12 = 0 (50)  

δk11 : −
1
η
(
k11 − θ1,1

)
+KHR

11 = 0 (51)  

δk22 : −
1
η
(
k22 − θ2,2

)
+KHR

22 = 0 (52)  

δk12 : −
1
η
(
k12 − θ1,2 − θ2,1

)
+KHR

12 = 0 (53)  

δkψ
11 : −

1
η
(
kψ

11 − ψ1,1
)
+KHR

ψ11 = 0 (54)  

δkψ
22 : −

1
η
(
kψ

22 − ψ2,2
)
+KHR

ψ22 = 0 (55)  

δkψ
12 : −

1
η
(
kψ

12 − ψ1,2
)
+KHR

ψ12 = 0 (56)  

δkψ
21 : −

1
η
(
kψ

21 − ψ2,1
)
+KHR

ψ21 = 0 (57) 

δw(0) : Qw0
1,1 + Qw0

2,2 − Nz
1 − Q

⌢w0
+

−
(

D̂
p
11p1(B),1 + D̂

p
12p2(B),1 + D̂

p
13p1(T),1 + D̂

p
14p2(T),1 + D̂

p
41p1(B),2 + D̂

p
42p2(B),2 + D̂

p
43p1(T),2 + D̂

p
44p2(T),2

)
+

−
(

D̂
q
41p3(B),12 + D̂

q
42p3(T),12 + D̂

q
43p3(B),22 + D̂

q
44p3(T),22 + D̂

q
11p3(B),11 + D̂

q
12p3(T),11 + D̂

q
13p3(B),12 + D̂

q
14p3(T),12

)
+ q3 = 0

(41)  

δw(1) : Qw1
1,1 + Qw1

2,2 − Nz
2 − Q

⌢w1
+

−
(

D̂
p
21p1(B),1 + D̂

p
22p2(B),1 + D̂

p
23p1(T),1 + D̂

p
24p2(T),1 + D̂

p
51p1(B),2 + D̂

p
52p2(B),2 + D̂

p
53p1(T),2 + D̂

p
54p2(T),2

)
+

−
(

D̂
q
11p3(B),11 + D̂

q
12p3(T),11 + D̂

q
13p3(B),12 + D̂

q
14p3(T),12 + D̂

q
51p3(B),12 + D̂

q
52p3(T),12 + D̂

q
53p3(B),22 + D̂

q
54p3(T),22

)
+

h
2

(
p3(T) − p3(B)

)
= 0

(42)  

δw(2) : Qw2
1,1 + Qw2

2,2 − Nz
3 − Q

⌢w2
+

−
(

D̂
p
31p1(B),1 + D̂

p
32p2(B),1 + D̂

p
33p1(T),1 + D̂

p
34p2(T),1 + D̂

p
61p1(B),2 + D̂

p
62p2(B),2 + D̂

p
63p1(T),2 + D̂

p
64p2(T),2

)
+

−
(

D̂
q
31p3(B),11 + D̂

q
32p3(T),11 + D̂

q
33p3(B),12 + D̂

q
34p3(T),12 + D̂

q
61p3(B),12 + D̂

q
62p3(T),12 + D̂

q
63p3(B),22 + D̂

q
64p3(T),22

)
+

h2

4
q3 = 0

(43)   
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The consistent boundary conditions are (for sake of brevity, the full 
expressions of some terms are reported in the Appendix C): 

In Eq. (58), n1 = cos (x1,n)and n2 = cos (x2,n) are the components 
(direction cosines) of the unit outward normal vector to the cylindrical 
plate edges. 

The resultant forces and moments are defined as: 

(
N,M,Mϕ) =

∫+h/2

− h/2

(
1, z,M(k)T )σ(k)p dz;

Nz =

∫+h/2

− h/2

Hz
,3

T σa
33dz

(
Qw,Q,Qϕ) =

∫+h/2

− h/2

(
HzT , I, ∂μz

T)τa
t dz

(59) 

Moreover, in Eqs. (39)–(45), 

p1 = p1(B) + p1(T); p2 = p2(B) + p2(T);

m1 =
h
2

(
p1(T) − p1(B)

)
; m2 =

h
2

(
p2(T) − p2(B)

)
;

q3 = p3(B) + p3(T)

(60) 

By using the mixed material constitutive relations, i.e. (6), and the 

expressions for the assumed transverse normal and shear stresses, i.e. 
Eqs. (38) and (30), the following constitutive relations for the en- 

RZT(m)
{3,2}, are expressed as follows: 

N = Ãεm + B̃εθ + Ã
ϕ
εψ + Ã

w
w+ Ã

qz
qz

M = C̃εm + D̃εθ + B̃
ϕεψ + B̃

w
w+ B̃

qz
qz

Mϕ = Ẽ
ϕεm + F̃

ϕεθ + G̃
ϕ
εψ + C̃

w
w+ C̃

qz
qz

(61)  

Nz = ANzεm +BNzεθ +CNzεψ +DNzw+ENzqz (62) 

u1 = u1 on Γu ∨ N11n1 + N12n2 +
1
η
(
u1,1 − e11

)
n1 +

1
η
(
u1,2 + u2,1 − e12

)
n2 on Γσ

u2 = u2 on Γu ∨ N12n1 + N22n2 +
1
η
(
u2,2 − e22

)
n2 +

1
η
(
u1,2 + u2,1 − e12

)
n1 on Γσ

w(0) = w(0) on Γu ∨ Qw0
1 n1 + Qw0

2 n2 +
HRQ

w0

1 n1 +
HRQ

w0

2 n2 on Γσ

w(1) = w(1) on Γu ∨ Qw1
1 n1 + Qw1

2 n2 +
HRQ

w1

1 n1 +
HRQ

w1

2 n2 on Γσ

w(2) = w(2) on Γu ∨ Qw2
1 n1 + Qw2

2 n2 +
HRQ

w2

1 n1 +
HRQ

w2

2 n2 on Γσ

θ1 = θ1 on Γu ∨ M11n1 + M12n2 +
1
η
(
θ1,1 − k11

)
n1 +

1
η
(
θ1,2 + θ2,1 − k12

)
n2 on Γσ

θ2 = θ2 on Γu ∨ M12n1 + M22n2 +
1
η
(
θ2,2 − k22

)
n2 +

1
η
(
θ1,2 + θ2,1 − k12

)
n1 on Γσ

ψ1 = ψ1 on Γu ∨ Mϕ
11n1 + Mϕ

12n2 +
1
η
(
ψ1,1 − kψ

11
)
n1 +

1
η
(
ψ1,2 − kψ

12
)
n2 on Γσ

ψ2 = ψ2 on Γu ∨ Mϕ
21n1 + Mϕ

22n2 +
1
η
(
ψ2,2 − kψ

22
)
n2 +

1
η
(
ψ2,1 − kψ

21
)
n1 on Γσ

e11 = e11 on Γu ∨
HRE

e11

1 n1 +
HRE

e11

2 n2 on Γσ

e22 = e22 on Γu ∨
HRE

e22

1 n1 +
HRE

e22

2 n2 on Γσ

e12 = e12 on Γu ∨
HRE

e12

1 n1 +
HRE

e12

2 n2 on Γσ

k11 = k11 on Γu ∨
HRK

k11

1 n1 +
HRK

k11

2 n2 on Γσ

k22 = k22 on Γu ∨
HRK

k22

1 n1 +
HRK

k22

2 n2 on Γσ

k12 = k12 on Γu ∨
HRK

k12

1 n1 +
HRK

k12

2 n2 on Γσ

kψ
11 = kψ

11 on Γu ∨
HRK

k11ψ
1 n1 +

HRK
k11ψ
2 n2 on Γσ

kψ
22 = kψ

22 on Γu ∨
HRK

k22ψ
1 n1 +

HRK
k22ψ
2 n2 on Γσ

kψ
12 = kψ

12 on Γu ∨
HRK

k12ψ
1 n1 +

HRK
k12ψ
2 n2 on Γσ

kψ
21 = kψ

21 on Γu ∨
HRK

k21ψ
1 n1 +

HRK
k21ψ
2 n2 on Γσ

(58)   

Fig. 2. Rectangular plate dimensions and coordinate system.  
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Qw = Â
wT

∂e+ B̂
wT

∂k+ Ĉ
wT

∂kψ + D̂
wT

∂w+ Ê
w
∂qz

Q = Â
θT

∂e+ B̂
θT

∂k+ Ĉ
θT

∂kψ + D̂
θT

∂w+ Ê
θ
∂qz

Qϕ = Â
ψT

∂e+ B̂
ψT

∂k+ Ĉ
ψT

∂kψ + D̂
ψT

∂w+ Ê
ψ
∂qz

(63) 

Appendix D reports, for sake of brevity, the definition of the matrices 
of the constitutive relations, Eqs. (61)–(63), and the other matrices that 
appear in the governing equations, Eqs. (39)–(57), and in the boundary 
conditions, Eq. (58). 

For simplicity, numerical examples are related to rectangular flat 
plates with the edges parallel to the axes (x1,x2). The length of the plate 
(in the x1 direction) is denoted with a, and the width (in the x2 direction) 
is denoted with b. The origin of the axes corresponds to the lower-left 
corner of the plate. 

According to the plate dimensions (See Fig. 2), the previous 
boundary conditions used in this numerical analysis are the following 
ones:  

• SS-1 ➔ Simply supported symmetric cross-ply and sandwich plates 

@x1=0,a

u2=w(0)=w(1)=w(2)=θ2=ψ2=e11=k11=kψ
11=0

N11+
1
η
(
u1,1 − e11

)
=M11+

1
η
(
θ1,1 − k11

)
=Mϕ

11+
1
η
(
ψ1,1 − kψ

11
)
=HRE

e22

1

=HRE

e12

1

=HRKk22
1 =HRKk12

1 =HRKk22ψ
1 =HRKk12ψ

1 =HRKk21ψ
1 =0@x2=0,b u1=w(0)=w(1)

=w(2)=θ1=ψ1=e22=k22=kψ
22=0 N22+

1
η
(
u2,2 − e22

)
=M22+

1
η
(
θ2,2 − k22

)

=Mϕ
22+

1
η
(
ψ2,2 − kψ

22
)
=HREe11

2 =HREe12
2 =HRKk11

2 =HRKk12
2 =HRKk11ψ

2 =HRKk12ψ
2

=HRKk21ψ
2 =0

(64)    

• SS-2 ➔ Simply supported antisymmetric angle-ply    

3. Numerical analysis 

In this Section, the en-RZT(m)
{3,2} is used to study the elasto-static 

behaviour of multilayered thick plates. 
In order to assess the accuracy of this newly developed mixed model, 

the results are compared with exact three-dimensional solution avail-
able in literature framework. More specifically, for multilayered cross- 
ply and sandwich plates, the solution obtained by Pagano [2] has 
been used as reference, whereas, for angle-ply lamination schemes in 
which the effect of shear coupling is typically present, the other solution 
developed by Pagano [3] for cylindrical bending has been used as 
reference. 

By using the Navier’s method to obtain the solution, for cross-ply or 
orthotropic rectangular plates with simply supported boundary condi-
tions (SS-1) under bi-sinusoidal transverse pressure, the equilibrium 
equations and the BCs can be satisfied by the following set of trigono-
metric functions:  

Table 1 
Material properties (all Young and shear moduli are expressed in MPa).  

Material Name E1 E2 E3 ν12 ν 13 ν 23 G12 G13 G23 

A 25 1 1 0.25 0.25 0.25 0.5 0.5 0.2 
B 110,000 7857 7857 0.33 0.33 0.49 3292 3292 1292 
C 40.3 40.3 40.3 0.3 0.3 0.3 12 12 12  

Table 2 
Laminated composite and sandwich plates (the layer-stacking sequence starts 
from the bottom surface).  

Name Materials h(k)/h Lamina Orientation [deg] 

L1 A/A/A 0.25/0.5/0.25 0/90/0 
L2 A/A 0.5/0.5 − 15/15 
L3 A/A/A/A 0.25/0.25/0.25/0.25 − 30/30/− 30/30 
S1 B/B/C/B/B 0.05/0.05/0.8/0.05/0.05 0/90/Core/90/0  

@x1 = 0, a

u1 = w(0) = w(1) = w(2) = θ2 = ψ2 = e12 = k11 = kψ
11 = 0

N12 +
1
η
(
u1,2 + u2,1 − e12

)
= M11 +

1
η
(
θ1,1 − k11

)
= Mϕ

11 +
1
η
(
ψ1,1 − kψ

11
)
= HRE

e11

1

= HRE

e22

1

= HRKk22
1 = HRKk12

1 = HRKk22ψ
1 = HRKk12ψ

1 = HRKk21ψ
1 = 0@x2

= 0, b u2 = w(0) = w(1) = w(2) = θ1 = ψ1 = e12 = k22 = kψ
22 = 0 N12 +

1
η
(
u1,2 + u2,1 − e12

)
= M22 +

1
η
(
θ2,2 − k22

)
= Mϕ

22 +
1
η
(
ψ2,2 − kψ

22
)
= HREe11

2

= HREe22
2 = HRKk11

2 = HRKk12
2 = HRKk11ψ

2 = HRKk12ψ
2 = HRKk21ψ

2 = 0
(65)   
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Table 3 
Percentage errors for maximum deflection and strains.   

η 1.00E-02 1.00E-03 1.00E-04 1.00E-05 1.00E-06 1.00E-07 1.00E-08 1.00E-09 1.00E-10 

deflection L1 3.941E-01 3.404E-02 3.893E-03 − 3.151E-03 − 4.242E-03 − 4.402E-03 − 4.422E-03 − 4.424E-03 − 4.424E-03 
L2 2.210E-01 2.118E-01 2.104E-01 2.103E-01 2.103E-01 2.103E-01 2.103E-01 2.103E-01 2.103E-01 

strains 
L1 1.55E+04 8.63E+03 1.83E+03 2.09E+02 2.12E+01 2.12E+00 2.12E-01 2.12E-02 2.12E-03 
L2 4.08E+01 4.63E+00 4.71E-01 4.72E-02 4.72E-03 4.72E-04 4.72E-05 4.72E-06 4.72E-07  

Fig. 3. Normalized through-the-thickness distributions for displacements and stresses in a simply supported (SS-1) square (a/b = 1) thick (a/h = 4) three-layered 
cross-ply under bi-sinusoidal pressure on top surface. 

u1(x) = Ucos(λmx1)sin(λnx2); u2(x) = Vsin(λmx1)cos(λnx2);

w(0)(x) = W(0)sin(λmx1)sin(λnx2); w(1)(x) = W(1)sin(λmx1)sin(λnx2); w(2)(x) = W(2)sin(λmx1)sin(λnx2);

θ1(x) = Θ1cos(λmx1)sin(λnx2); θ2(x) = Θ2sin(λmx1)cos(λnx2);

ψ1(x) = Ψ1cos(λmx1)sin(λnx2); ψ2(x) = Ψ2sin(λmx1)cos(λnx2);

e11(x) = E11sin(λmx1)sin(λnx2); e22(x) = E22sin(λmx1)sin(λnx2); e12(x) = E12cos(λmx1)cos(λnx2);

k11(x) = K11sin(λmx1)sin(λnx2); k22(x) = K22sin(λmx1)sin(λnx2); k12(x) = K12cos(λmx1)cos(λnx2);

kψ
11(x) = Kψ

11sin(λmx1)sin(λnx2); kψ
22(x) = Kψ

22sin(λmx1)sin(λnx2);

kψ
12(x) = Kψ

12cos(λmx1)cos(λnx2); kψ
21(x) = Kψ

21cos(λmx1)cos(λnx2)

(66)   
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Fig. 3. (continued). 
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where λm = mπ/a; λn = nπ/b (m, n are half-wave number in x1 and x2 

directions, respectively). 
For antisymmetric angle-ply laminated plates simply supported on 

all edges, a solution for both the governing equations and the boundary 
conditions can be obtained by using the Navier’s method with the 
following trigonometric functions (SS-2):   

Moreover, in the following examples, the in-plane prescribed trac-
tions on top and bottom surfaces are null and only a transverse load 
pressure has been considered: 

p1(B) = 0
p1(T) = 0
p2(B) = 0
p2(T) = 0

(68) 

Fig. 4. Normalized through-the-thickness distributions for displacements and stresses in a simply supported (SS-1) square (a/b = 1) thick (a/h = 4) sandwich with 
cross-ply face-sheets and soft core, under bi-sinusoidal pressure on top surface. 

u1(x) = Usin(λmx1)cos(λnx2); u2(x) = Vcos(λmx1)sin(λnx2);

w(0)(x) = W(0)sin(λmx1)sin(λnx2); w(1)(x) = W(1)sin(λmx1)sin(λnx2); w(2)(x) = W(2)sin(λmx1)sin(λnx2);

θ1(x) = Θ1cos(λmx1)sin(λnx2); θ2(x) = Θ2sin(λmx1)cos(λnx2);

ψ1(x) = Ψ1cos(λmx1)sin(λnx2); ψ2(x) = Ψ2sin(λmx1)cos(λnx2);

e11(x) = E11cos(λmx1)cos(λnx2); e22(x) = E22cos(λmx1)cos(λnx2); e12(x) = E12sin(λmx1)sin(λnx2);

k11(x) = K11sin(λmx1)sin(λnx2); k22(x) = K22sin(λmx1)sin(λnx2); k12(x) = K12cos(λmx1)cos(λnx2);

kψ
11(x) = Kψ

11sin(λmx1)sin(λnx2); kψ
22(x) = Kψ

22sin(λmx1)sin(λnx2);

kψ
12(x) = Kψ

12cos(λmx1)cos(λnx2); kψ
21(x) = Kψ

21cos(λmx1)cos(λnx2)

(67)   
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Fig. 4. (continued). 
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Fig. 5. Normalized through-the-thickness distributions for displacements and stresses in a simply supported (SS-2) thick (a/h = 4) antisymmetric two-layered angle- 
ply [− 15/15] under bi-sinusoidal pressure acting on top and bottom surfaces. 
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If not otherwise specified, the transverse applied load pressure has 
the following expression; 

p3(B) = q3(B)sin(λmx1)sin(λnx2)

p3(T) = q3(T)sin(λmx1)sin(λnx2)
(69)  

where q3(B)and q3(T) are the maximum values. 
The materials used in this analysis are defined in Table 1. Material A 

and B are orthotropic and material C is an isotropic polymeric soft foam. 
Table 2 reports the layer stacking-sequences for the plates investi-

gated in this numerical assessment. 
The non-dimensional quantities, if not otherwise specified, are 

defined as follows: 

{U1,U2} = 1000
E2h2

p3a3
1
{U1,U2}; U3 = 100

E2h3

p3a4
1
U3;

{σ11, σ22, σ33, τ12} =
h2{σ11, σ22, σ33, τ12}

p3a2
1

; {τ13, τ23} =
10h{τ13, τ23}

p3a1
;

(70) 

Note that p3 = q3(B) + q3(T), and for sandwich structures E2 is 
considered the Young’s modulus in the transverse direction of the face- 
sheet material. 

3.1. Penalty parameter evaluation 

By observing the equilibrium equations (see Eqs. (39)–(57)), it is 
clear that the accuracy of the results can be dependent on the value of 
the penalty parameter η related to the penalty functional for the 
enforcement of the compatibility between in-plane strain quantities. 
Generally, when the numerical value assumed by η in the penalty 
functional (see Eq. (34)) is low, that term in the variational statement 
has an important role to ensure the compatibility between the new strain 
variables and those derived from the kinematic field. Otherwise, if η 
assumes high values, the penalty term is less relevant and there can be 
discrepancies in the in-plane strain compatibilities. In order to evaluate 
the best range of η values that can guarantee a good accuracy of the 
results, a parametric investigation has been done. For the simply sup-
ported (SS-1) cross-ply laminate L1 and the simply supported (SS-2) 
anti-symmetric angle-ply L2, both under a bi-sinusoidal transverse 
pressure, the through-the-thickness averaged central deflections and the 
other strain quantities are computed using the Navier’s method. Ac-
cording to Pagano [2,3] analytical three-dimensional solutions as 
reference results, Table 3 provide the percentage errors for the through- 
the-thickness averaged central deflections. Furthermore, for each value 
of the penalty parameter, the sum of the absolute errors in the strains 
compatibilities is evaluated for both plates. The errors on the deflection 
is decreasing with the decreasing of the penalty parameter value and 

Fig. 5. (continued). 
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Fig. 6. Normalized through-the-thickness distributions for displacements and stresses in a simply supported (SS-2) thick (a/h = 4) antisymmetric four-layered angle- 
ply [− 30/30/− 30/30] under bi-sinusoidal pressure acting on top and bottom surfaces. 
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after η = 10− 5 is almost stable. As expected, the lower the value of the 
penalty parameter the better enforcement of the strain compatibility 
between the new strain variables and the strains obtained by the kine-
matic field. 

Thus, the selected penalty parameter value for this numerical anal-
ysis is η = 10− 10, that is able to guarantee a good accuracy on the 
maximum displacement and a good compatibility on the strains 
quantities. 

3.2. Cross-ply multilayered and sandwich plates 

In this first numerical example, a three-layered cross-ply plate (L1) is 
considered. The squared (a/b = 1) plate is simply supported (SS-1) on all 
edges and the length to thickness ratio is here considered as a/h = 4. 

In order to obtain a non-negligible transverse normal deformation, 
the transverse distributed load is applied on the top surface only, i.e., 
q3(B) = 0. 

In Fig. 3 (a-i), the through-the-thickness distributions of the 
normalized quantities are shown for the simply-supported three-layered 
symmetric cross-ply. 

It is clear from Figs. 3 a) and b) how the en-RZT(m)
{3,2} is able to match 

the exact three-dimensional distributions for in-plane displacements. 
Moreover, the parabolic expansion for the transverse displacement 
assumed in the kinematic field can predict with good agreement the 

exact result. As expected, the non-linear distributions for in-plane 
stresses obtained using the constitutive relation of the en-RZT(m)

{3,2} are 
very close to the exact three-dimensional ones and the transverse normal 
stress. Moreover, the transverse shear stress distributions are in very 
good agreement with the three-dimensional solution. 

The next example considers a multilayered thick sandwich plate with 
cross-ply face-sheets (S1) and simply-supported (SS-1) edges. The 
length-to-thickness ratio is a/h = 4 and a/b = 1, with a the ratio between 
the core’s thickness and each face’s thickness equal to hc/hf = 8. Like in 
the previous example, the bi-sinusoidal transverse load is applied only to 
the top surface of the sandwich plate. 

Fig. 4 (a-i) shows the normalized through-the-thickness distributions 
of non-dimensional displacements and stresses for the simply-supported 
square multilayered sandwich plate. 

As expected, in sandwich structures with a soft core, the effect of 
transverse normal deformability is more pronounced, affecting the 
through-the-thickness distribution of the transverse displacement and 
leading to more complex distributions of in-plane displacements and 
stresses. The assumed transverse normal stress is still able to follow the 
three-dimensional distribution. Also, the parabolic transverse displace-
ment provided by the present model is very close to the exact one, but 
the in-plane displacements approximation is accurate only in the face- 
sheets. The higher-order zigzag functions are not able to represent the 
non-linear and non-symmetric distributions of displacements in the 

Fig. 6. (continued). 
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core. On the other hand, the in-plane stresses are very close to the exact 
ones, especially at the layer interfaces. Also, the prediction of the 
transverse shear stresses is very accurate. 

3.3. Antisymmetric angle-ply multilayered plates 

In this Section, the family of angle-ply multilayered structures is 
investigated. 

In this first example, a two-layered antisymmetric angle-ply plate 
(L2) is considered. The simply-supported conditions (SS-2) are consid-
ered here, and to use the Navier’s solution and to compare the results 
with the exact analytical solution provided by Pagano [3] for the cy-
lindrical bending assumptions, the length b (along the x2 direction) is 
assumed to be much higher than the size along the x1 direction (b/a =
1000). The length-to-thickness ratio here is a/h = 4, typical for a thick 
plate. As observed in the previous numerical examples, the transverse 
normal stretching effect is typical of sandwich structures, where the core 
has a very low stiffness with respect to the face-sheets. In fact, in the 
monolithic multilayered structures, the transverse normal deformability 
has an almost negligible effect on the laminate behaviour. For this 
reason, in the next examples, the bi-sinusoidal transverse pressure has 
been equally divided between the top and the bottom surfaces. 

Fig. 5 (a-i) show the through-the-thickness normalized quantities for 
the antisymmetric two-layered angle-ply plate. 

From Fig. 5, for through-the-thickness in-plane displacements and 
stresses, it is observed the same accuracy of the en-RZT(m){3,2} with 
respect to the three-dimensional solution. The novelty of this mixed 
model in the transverse shear stresses assumption can provide a 
remarkable accuracy in predicting these quantities. As observed in 
Figs. 5 h) and i), the percentage errors between the en-RZT(m)

{3,2} and the 
exact results for the peak values are 1.93% and 6.54% for τ13 and τ23, 
respectively. 

In order to assess the ability of the present mixed model to predict 
more complex transverse shear stress distributions for angle-ply multi-
layered structures, an anti-symmetric angle-ply laminate with more 
layers is considered (L3). Also for this case the simply supported con-
dition (SS-2) and cylindrical bending assumption for the exact three- 
dimensional solution is considered to compare the numerical results 
with Pagano’s solution [3]. Fig. 6 shows the results for normalized 
through-the-thickness quantities. 

As expected, the en-RZT(m)
{3,2} is able to provide very accurate results 

for transverse shear stress distributions also with more complex lami-
nation schemes. The higher-order zigzag functions are able to provide 
the non-linear through-the-thickness distribution for in-plane displace-
ments and in-plane stresses. The parabolic transverse displacement, as 
well as all the transverse stress distributions, are in a very good agree-
ment with the exact three-dimensional solution. 

4. Conclusions 

In this paper, a new mixed model has been developed based on the 
enhanced Refined Zigzag Theory and enhanced with cubic in-plane 
displacements and a parabolic transverse displacement. A new set of 
cubic zigzag functions have been obtained from the original kinematic 

field, enforcing the transverse shear stress to vanish on the top and 
bottom external surfaces. This new mixed model, en-RZT(m)

{3,2}, has the 
transverse normal stress assumed a-priori as a through-the-thickness 
continuous cubic function and the transverse shear stresses assumed 
from the three-dimensional local equilibrium equations by involving an 
independent strain field. The Hellinger-Reissner functional has been 
used to enforce the compatibility of the transverse normal and shear 
strains between those coming from the independent field and those from 
the displacement one. Furthermore, a penalty term has been added to 
the governing functional in order to enforce the compatibility between 
the assumed strain variables used for the transverse shear stresses and 
the strains derived from the kinematic field. 

The accuracy of the en-RZT(m)
{3,2} has been assessed by comparing its 

results with the exact three-dimensional solutions available in the 
literature for simply-supported thick multilayered and sandwich plates. 
The numerical investigation reveals the remarkable accuracy of the 
proposed model in computing the trough-the-thickness distribution of 
displacements and in-plane stresses for cross-ply and angle-ply multi-
layered and sandwich structures. Moreover, the cubic terms in the in- 
plane displacements are able to represent the typical through-the- 
thickness nonlinear distributions for displacements and stresses. 

The assumed transverse shear stresses with the combination of in-
dependent strain variables and the compatibility strain condition 
through the penalty functional can accurately predict a distribution very 
close to the three-dimensional elasticity one. Moreover, this model is 
able to predict the effect of shear coupling typically present in multi-
layered angle-ply plates. In fact, with respect to the procedure developed 
in the previous mixed RZT models, in the present one, all the derivatives 
of the kinematic variables introduced as new strain variables are 
considered, thus allowing to predict the transverse shear stress distri-
butions accurately. 

As a final consideration, it is possible to formulate efficient and 
computationally attractive finite elements with appropriate reduction 
methods, using the en-RZT(m)

{3,2}, since in the governing functional, it is 
required only the C0-continuity of all the unknowns (kinematic variables 
and strains variables for the transverse shear stresses). 
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Appendix A 

Derivation of the assumed transverse normal stress 

In this appendix are given the details for the solution of the weak form of the compatibility constraint between the transverse normal strain derived 
from the kinematic field and that derived from the assumed transverse normal stress. This procedure described is similar to that developed by Iurlaro 
et al. [41] but here is recalled and used for a more general lamination scheme that involves the presence of the enhanced higher-order zigzag functions. 

Due to the arbitrary variation of the unknown stress vector qσ(x), the Eq. (36) can be solved as follows: 
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∫

V

δσa
zz

(
εzz − εa

zz

)
dV =

〈
δσa

33

(
ε33 − εa(k)

33

)〉
= 0 (A.1) 

where the symbol 〈…〉 denotes the integration over all the plate thickness. 
Using the material constitutive relation for the transverse normal strain, see Eq. (6) and here reported for simplicity, it reads: 

εa
33(x, z) = S(k)

33 σa
33(x, z) − R

(k)ε(k)p (x, z) (A.2) 

Where R(k) =
[
R(k)

13 R(k)
23 R(k)

63

]
is extrapolated by the constitutive relations Eq. (6). 

Performing the virtual variation of the transverse normal stress and substituting the expression of Eq. (A.2) into Eq. (A.1), it follows: 
〈

δqσ(x)TPσ
T(z)

(
Hz

,3(z)w(x) − S(k)
33

(
L(z)qz(x)+Pσ(z)qσ(x) − R(k)ε(k)p

(
x , z)

))〉
= 0 (A.3) 

Substituting the expression for in-plane strain quantities as defined by Eq. (11), it results into the following equation: 
〈
Pσ

THz
,3

〉
w −

〈
S(k)

33 Pσ
TL〉qz −

〈
S(k)

33 Pσ
TPσ

〉
qσ+

〈
Pσ

TR(k) 〉εm +
〈
Pσ

TR(k)z
〉
εθ +

〈
Pσ

TR(k)М(k) 〉εψ = 0 (A.4) 

From which it is possible to solve in terms of the vector qσ(x)that contains the unknown stress quantities: 

qσ(x) =
〈

S(k)
33 Pσ

TPσ

〉− 1〈
Pσ

THz
,3

〉
w(x) −

〈
S(k)

33 Pσ
TPσ

〉− 1〈
S(k)

33 Pσ
TL〉qz(x) +

〈
S(k)

33 Pσ
TPσ

〉− 1〈
Pσ

TR(k) 〉εm(x)+

+
〈

S(k)
33 Pσ

TPσ

〉− 1〈
Pσ

TR(k)z
〉
εθ(x) +

〈
S(k)

33 Pσ
TPσ

〉− 1〈
Pσ

TR(k)М(k) 〉εψ(x)
(A.5) 

The substituting the expression (A.5) into (26) after some mathematics, it is possible to write the final expression: 

σa
33(x, z) = Au

σ(z)εm(x)+Aθ
σ(z)εθ(x)+Aψ

σ (z)εψ (x)+Aw
σ (z)w(x)+A

qz
σ (z)qz(x) (A.6)  

where 

Au
σ(z) = Pσ(z)

〈
S(k)

33 Pσ(z)TPσ(z)
〉− 1〈

Pσ(z)TR(k) 〉;

Aθ
σ(z) = Pσ(z)

〈
S(k)

33 Pσ(z)TPσ(z)
〉− 1〈

Pσ(z)TR(k)z
〉
;

Aψ
σ (z) = Pσ(z)

〈
S(k)

33 Pσ
TPσ

〉− 1〈
Pσ(z)TR(k)М(k)(z)

〉
;

Aw
σ (z) = Pσ(z)

〈
S(k)

33 Pσ
TPσ

〉− 1〈
Pσ

THz
,z

〉
;

Aqz
σ (z) =

[

L(z) − Pσ(z)
〈

S(k)
33 Pσ(z)TPσ(z)

〉− 1〈
S(k)

33 Pσ(z)TL(z)
〉]

(A.7)  

are the shape functions of the thickness coordinate for the transverse normal stress. 

Appendix B 

Derivation of the assumed transverse shear stresses 

In this appendix is reported in details the formulation of the transverse shear stresses by performing the integration of the local equilibrium 
equations. 

Using the assumed transverse normal stress expression defined by Eq. (38) and substituting into the material constitutive relations (see, Eq. (6)), 
the in-plane stress quantities are here defined in a compact matrix form: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

σ(k)
11 (x, z)

σ(k)
22 (x, z)

τ(k)12 (x, z)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

= σ(k)p = Q(k)
p ε(k)p (x, z) + R(k)σa

33(x, z) =

= Q(k)
p εm(x) + zQ(k)

p εθ(x) +Q(k)
p М

(k)εψ (x)+

+R(k)(Au
σ(z)εm(x) + Aθ

σ(z)εθ(x) + Aψ
σ (z)εψ (x) + Aw

σ (z)w(x) + A
qz
σ (z)qz(x)

)
=

=
(
Q(k)

p + R(k)Au
σ(z)

)
εm(x) +

(
zQ(k)

p + R(k)Aθ
σ(z)

)
εθ(x)+

+
(
Q(k)

p М
(k) + R(k)Aψ

σ (z)
)
εψ (x) + R(k)Aw

σ (z)w(x) + R
(k)Aqz

σ (z)qz(x)

(B.1) 

Before substituting into the expression of local equilibrium equations defined by Eq. (28), it will be performed the substitution of the strain 
quantities with the new set of independent variables as defined by Eq. (29). This procedure results in: 

σ(k)p =
(
Q(k)

p + R(k)Au
σ(z)

)
e(x) +

(
zQ(k)

p + R(k)Aθ
σ(z)

)
k(x)+

+
(
Q(k)

p М
(k) + R(k)Aψ

σ (z)
)
kψ (x) + R(k)Aw

σ (z)w(x) + R
(k)Aqz

σ (z)qz(x)
(B.2) 
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Deriving the expression of Eq. (B.2) with respect to x1 and x2 directions and substituting into Eq. (28) the integration along the thickness direction 
is performed, resulting into the following expression: 

τa
t (x, z) = − p(B)(x)+Az(z)∂e(x)+Bz(z)∂k(x)+Dz(z)∂kψ (x)+Ez(z)∂w(x)+Fz(z)∂qz(x) (B.3)  

where Az(z), Bz(z), Dz(z), Ez(z), Fz(z)are the shape functions in the transverse direction, and the derivative of the independent strain variables are 
defined as follows: 

∂e(x)T = [ e11,1 e22,1 e12,1 e11,2 e22,2 e12,2 ];

∂k(x)T = [ k11,1 k22,1 k12,1 k11,2 k22,2 k12,2 ];

∂kψ (x)T =
[

kψ
11,1 kψ

22,1 kψ
12,1 kψ

21,1 kψ
11,2 kψ

22,2 kψ
12,2 kψ

21,2
]
;

∂w(x)T =
[

w(0)
,1 w(1)

,1 w(2)
,1 w(0)

,2 w(1)
,2 w(2)

,2

]
;

∂qz(x)T =
[

p3(B),1 p3(T),1 p3(B),2 p3(T),2
]

(B.4) 

The shape functions are expressed as follows: 

(B.5)  

(B.6)  

(B.7)  

Ez(z) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−

⎡

⎢
⎣

∫z

− h/2

R(k)
13 Aw

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
13 Aw

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
13 Aw

σ13dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aw

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aw

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aw

σ13dz

⎤

⎥
⎦

−

⎡

⎢
⎣

∫z

− h/2

R(k)
63 Aw

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aw

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aw

σ13dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
23 Aw

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
23 Aw

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
23 Aw

σ13dz

⎤

⎥
⎦

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(B.8)  

Fz(z) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−

⎡

⎢
⎣

∫z

− h/2

R(k)
13 Aqz

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
13 Aqz

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aqz

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aqz

σ12dz

⎤

⎥
⎦

−

⎡

⎢
⎣

∫z

− h/2

R(k)
63 Aqz

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
63 Aqz

σ12dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
23 Aqz

σ11dz

⎤

⎥
⎦ −

[ ∫z

− h/2

R(k)
23 Aqz

σ12dz

⎤

⎥
⎦

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(B.9) 

Since the expression (B.3) is not able to satisfy the traction condition at the top surface, a further term is added: 

τa
t (x, z) = − p(B)(x)+Az(z)∂e(x)+Bz(z)∂k(x)+Dz(z)∂kψ (x)+Ez(z)∂w(x)+Fz(z)∂qz(x)+ a(z+ h/2) (B.10) 

Performing the integration along the entire thickness, it is possible to compute the expression of a as follows: 

a = −
1
h
(
p(T) + p(B)

)
−

1
h
〈Az〉∂e − 1

h
〈Bz〉∂k − 1

h
〈Dz〉∂kψ +

1
h
〈Ez〉∂w+

1
h
〈Fz〉∂qz (B.11) 

Substituting the expression of Eq. (B.11) into (B.10) it is possible to obtain: 

τa
t (x, z) = p

(B)(x)
(

− 1 −
1
h
(z + h/2)

)

−
1
h
(z + h/2)p(T)(x) + A

⌢z
(z)∂e(x) + B

⌢z
(z)∂k(x) + D

⌢z
(z)∂kψ(x) + E

⌢z
(z)∂w(x) + F

⌢z
(z)∂qz(x) =

= Zp(z)qp(x) + Zt(z)qt(x) + Zqz(z)∂qz(x)
(B.12) 

Where, the terms of (B.12) and (30) are defined as follows: 
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A
⌢z

(z) = Az(z) − (z + h/2)
1
h
〈Az〉

B
⌢z
(z) = Bz(z) − (z + h/2)

1
h
〈Bz〉

D
⌢z

(z) = Dz(z) − (z + h/2)
1
h
〈Dz〉

E
⌢z
(z) = Ez(z) − (z + h/2)

1
h
〈Ez〉

F
⌢z
(z) = Fz(z) − (z + h/2)

1
h
〈Fz〉

Zp(z) =
[(

− 1 −
1
h
(z + h/2)

)

−
1
h
(z + h/2)

]

Zt(z) =
[
A
⌢z

(z) B
⌢z
(z) D

⌢z
(z) E

⌢z
(z)

]

Zqz(z) = F
⌢z
(z)

qp(x)T =
[
p(B) p(T)

]
=

[
p1(B) p2(B) p1(T) p2(T)

]

qt(x)T =
[

∂eT ∂kT ∂kψT ∂wT
]

(B.13)  

Appendix C 

Full expression of the equilibrium equation and boundary condition terms 

In this appendix are reported the full expressions of the terms appeared in the en-RZT(m)
{3,2} equilibrium equations, i.e. Eqs. (41)–(57): 

Q
⌢w0

= −
(

D̂
w
11w(0)

,11 + D̂
w
12w(1)

,11 + D̂
w
13w(2)

,11 + D̂
w
14w(0)

,12 + D̂
w
15w(1)

,12 + D̂
w
16w(2)

,12 + D̂
θ
11θ1,1 + D̂

θ
12θ2,1 + D̂

ψ
11ψ1,1 + D̂

ψ
12ψ2,1

)
+

−
(

D̂
w
41w(0)

,12 + D̂
w
42w(1)

,12 + D̂
w
43w(2)

,12 + D̂
w
44w(0)

,22 + D̂
w
45w(1)

,22 + D̂
w
46w(2)

,22 + D̂
θ
41θ1,2 + D̂

θ
42θ2,2 + D̂

ψ
41ψ1,2 + D̂

ψ
42ψ2,2

)
+

+Â
kw
11 e11,11 + Â

kw
21 e22,11 + Â

kw
31 e12,11 + Â

kw
41 e11,12 + Â

kw
51 e22,12 + Â

kw
61 e12,12+

+B̂
kw
11 k11,11 + B̂

kw
21 k22,11 + B̂

kw
31 k12,11 + B̂

kw
41 k11,12 + B̂

kw
51 k22,12 + B̂

kw
61 k12,12 + Ĉ

kw
11 kψ

11,11 + Ĉ
kw
21 kψ

22,11 + Ĉ
kw
31 kψ

12,11 + Ĉ
kw
41 kψ

21,11+

+Ĉ
kw
51 kψ

11,12 + Ĉ
kw
61 kψ

22,12 + Ĉ
kw
71 kψ

12,12 + Ĉ
kw
81 kψ

21,12 + D̂
kw
11 w(0)

,11 + D̂
kw
12 w(1)

,11 + D̂
kw
13 w(2)

,11 + D̂
kw
14 w(0)

,12 + D̂
kw
15 w(1)

,12 + D̂
kw
16 w(2)

,12+

Â
kw
14 e11,12 + Â

kw
24 e22,12 + Â

kw
34 e12,12 + Â

kw
44 e11,22 + Â

kw
54 e22,22 + Â

kw
64 e12,22+

+B̂
kw
14 k11,12 + B̂

kw
24 k22,12 + B̂

kw
34 k12,12 + B̂

kw
44 k11,22 + B̂

kw
54 k22,22 + B̂

kw
64 k12,22 Ĉ

kw
14 kψ

11,12 + Ĉ
kw
24 kψ

22,12 + Ĉ
kw
34 kψ

12,12 + Ĉ
kw
44 kψ

21,12+

+Ĉ
kw
54 kψ

11,22 + Ĉ
kw
64 kψ

22,22 + Ĉ
kw
74 kψ

12,22 + Ĉ
kw
84 kψ

21,22 + D̂
kw
41 w(0)

,12 + D̂
kw
42 w(1)

,12 + D̂
kw
43 w(2)

,12 + D̂
kw
44 w(0)

,22 + D̂
kw
45 w(1)

,22 + D̂
kw
46 w(2)

,22+

(C.1)  

Q
⌢w1

= −
(

D̂
w
11w(0)

,11 + D̂
w
12w(1)

,11 + D̂
w
13w(2)

,11 + D̂
w
14w(0)

,12 + D̂
w
15w(1)

,12 + D̂
w
16w(2)

,12 + D̂
θ
11θ1,1 + D̂

θ
12θ2,1 + D̂

ψ
11ψ1,1 + D̂

ψ
12ψ2,1

)
+

−
(

D̂
w
51w(0)

,12 + D̂
w
52w(1)

,12 + D̂
w
53w(2)

,12 + D̂
w
54w(0)

,22 + D̂
w
55w(1)

,22 + D̂
w
56w(2)

,22 + D̂
θ
51θ1,2 + D̂

θ
52θ2,2 + D̂

ψ
51ψ1,2 + D̂

ψ
52ψ2,2

)
+

+Â
kw
12 e11,11 + Â

kw
22 e22,11 + Â

kw
32 e12,11 + Â

kw
42 e11,12 + Â

kw
52 e22,12 + Â

kw
62 e12,12+

+B̂
kw
12 k11,11 + B̂

kw
22 k22,11 + B̂

kw
32 k12,11 + B̂

kw
42 k11,12 + B̂

kw
52 k22,12 + B̂

kw
62 k12,12+

+Ĉ
kw
12 kψ

11,11 + Ĉ
kw
22 kψ

22,11 + Ĉ
kw
32 kψ

12,11 + Ĉ
kw
41 kψ

22,11 + Ĉ
kw
52 kψ

11,12 + Ĉ
kw
62 kψ

22,12 + Ĉ
kw
72 kψ

12,12 + Ĉ
kw
82 kψ

21,12+

+D̂
kw
21 w(0)

,11 + D̂
kw
22 w(1)

,11 + D̂
kw
23 w(2)

,11 + D̂
kw
24 w(0)

,12 + D̂
kw
25 w(1)

,12 + D̂
kw
26 w(2)

,12+

+Â
kw
15 e11,12 + Â

kw
25 e22,12 + Â

kw
35 e12,12 + Â

kw
45 e11,22 + Â

kw
55 e22,22 + Â

kw
65 e12,22+

+B̂
kw
15 k11,12 + B̂

kw
25 k22,12 + B̂

kw
35 k12,12 + B̂

kw
45 k11,22 + B̂

kw
55 k22,22 + B̂

kw
65 k12,22+

+Ĉ
kw
15 kψ

11,12 + Ĉ
kw
25 kψ

22,12 + Ĉ
kw
35 kψ

12,12 + Ĉ
kw
45 kψ

21,12 + Ĉ
kw
55 kψ

11,22 + Ĉ
kw
65 kψ

22,22 + Ĉ
kw
75 kψ

12,22 + Ĉ
kw
85 kψ

21,22+

+D̂
kw
51 w(0)

,12 + D̂
kw
52 w(1)

,12 + D̂
kw
53 w(2)

,12 + D̂
kw
54 w(0)

,22 + D̂
kw
55 w(1)

,22 + D̂
kw
56 w(2)

,22+

(C.2)  
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Q
⌢w2

= −
(

D̂
w
31w(0)

,11 + D̂
w
32w(1)

,11 + D̂
w
33w(2)

,11 + D̂
w
34w(0)

,12 + D̂
w
35w(1)

,12 + D̂
w
36w(2)

,12 + D̂
θ
31θ1,1 + D̂

θ
32θ2,1 + D̂

ψ
31ψ1,1 + D̂

ψ
32ψ2,1

)
+

−
(

D̂
w
61w(0)

,12 + D̂
w
62w(1)

,12 + D̂
w
63w(2)

,12 + D̂
w
64w(0)

,22 + D̂
w
65w(1)

,22 + D̂
w
66w(2)

,22 + D̂
θ
61θ1,2 + B̂

θ
62θ2,2 + D̂

ψ
61ψ1,2 + D̂

ψ
62ψ2,2

)
+

+Â
kw
13 e11,11 + Â

kw
23 e22,11 + Â

kw
33 e12,11 + Â

kw
43 e11,12 + Â

kw
53 e22,12 + Â

kw
63 e12,12+

+B̂
kw
13 k11,11 + B̂

kw
23 k22,11 + B̂

kw
33 k12,11 + B̂

kw
43 k11,12 + B̂

kw
53 k22,12 + B̂

kw
63 k12,12+

+Ĉ
kw
13 kψ

11,11 + Ĉ
kw
23 kψ

22,11 + Ĉ
kw
33 kψ

12,11 + Ĉ
kw
43 kψ

21,11 + Ĉ
kw
53 kψ

11,12 + Ĉ
kw
63 kψ

22,12 + Ĉ
kw
73 kψ

12,12 + Ĉ
kw
83 kψ

21,12+

+D̂
kw
31 w(0)

,11 + D̂
kw
32 w(1)

,11 + D̂
kw
33 w(2)

,11 + D̂
kw
34 w(0)

,12 + D̂
kw
35 w(1)

,12 + D̂
kw
36 w(2)

,12+

+Â
kw
16 e11,12 + Â

kw
26 e22,12 + Â

kw
36 e12,12 + Â

kw
46 e11,22 + Â

kw
56 e22,22 + Â

kw
66 e12,22+

+B̂
kw
16 k11,12 + B̂

kw
26 k22,12 + B̂

kw
36 k12,12 + B̂

kw
46 k11,22 + B̂

kw
56 k22,22 + B̂

kw
66 k12,22+

+Ĉ
kw
16 kψ

11,12 + Ĉ
kw
26 kψ

22,12 + Ĉ
kw
36 kψ

12,12 + Ĉ
kw
46 kψ

21,12 + Ĉ
kw
56 kψ

11,22 + Ĉ
kw
66 kψ

22,22 + Ĉ
kw
76 kψ

12,22 + Ĉ
kw
86 kψ

21,22+

+D̂
kw
61 w(0)

,12 + D̂
kw
62 w(1)

,12 + D̂
kw
63 w(2)

,12 + D̂
kw
64 w(0)

,22 + D̂
kw
65 w(1)

,22 + D̂
kw
66 w(2)

,22+

(C.3)  

EHR
11 = Â

w
11w(0)

,11 + Â
w
12w(1)

,11 + Â
w
13w(2)

,11 + Â
w
14w(0)

,12 + Â
w
15w(1)

,12 + Â
w
16w(2)

,12 + Â
θ
11θ1,1 + Â

θ
12θ2,1 + Â

ψ
11ψ1,1 + Â

ψ
12ψ2,1+

+Â
w
41w(0)

,12 + Â
w
42w(1)

,12 + Â
w
43w(2)

,12 + Â
w
44w(0)

,22 + Â
w
45w(1)

,22 + Â
w
46w(2)

,22 + Â
θ
41θ1,2 + Â

θ
42θ2,2 + Â

ψ
41ψ1,2 + Â

ψ
42ψ2,2+

−

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Â
p
11p1(B),1 + Â

p
12p2(B),1 + Â

p
13p1(T),1 + Â

p
14p2(T),1 + Â

e
11e11,11 + Â

e
12e22,11 + Â

e
13e12,11 + Â

e
14e11,12 + Â

e
15e22,12 + Â

e
16e12,12+

+Â
k
11k11,11 + Â

k
12k22,11 + Â

k
13k12,11 + Â

k
14k11,12 + Â

k
15k22,12 + Â

k
16k12,12+

+Â
kψ
11 kψ

11,11 + Â
kψ
12 kψ

22,11 + Â
kψ
13 kψ

12,11 + Â
kψ
14 kψ

21,11 + Â
kψ
15 kψ

11,12 + Â
kψ
16 kψ

22,12 + Â
kψ
17 kψ

12,12 + Â
kψ
18 kψ

21,12+

+Â
kw
11 w(0)

,11 + Â
kw
12 w(1)

,11 + Â
kw
13 w(2)

,11 + Â
kw
14 w(0)

,12 + Â
kw
15 w(1)

,12 + Â
kw
16 w(2)

,12+

+Â
p
41p1(B),2 + Â

p
42p2(B),2 + Â

p
43p1(T),2 + Â

p
44p2(T),2 + Â

e
41e11,12 + Â

e
42e22,12 + Â

e
43e12,12 + Â

e
44e11,22 + Â

e
45e22,22 + Â

e
46e12,22+

+Â
k
41k11,12 + Â

k
42k22,12 + Â

k
43k12,12 + Â

k
44k11,22 + Â

k
45k22,22 + Â

k
46k12,22+

+Â
kψ
41 kψ

11,12 + Â
kψ
42 kψ

22,12 + Â
kψ
43 kψ

12,12 + Â
kψ
44 kψ

21,12 + Â
kψ
45 kψ

11,22 + Â
kψ
46 kψ

22,22 + Â
kψ
47 kψ

12,22 + Â
kψ
48 kψ

21,22+

+Â
kw
41 w(0)

,12 + Â
kw
42 w(1)

,12 + Â
kw
43 w(2)

,12 + Â
kw
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q
12p3(T),11 + Â
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w
21w(0)

,11 + Â
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k
25k22,12 + Â
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kψ
53 kψ

12,12 + Â
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w
31w(0)

,11 + Â
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e
31e11,11 + Â
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k
32k22,11 + Â
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kψ
34 kψ

21,11 + Â
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k
56e22,22 + Â
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θ
11θ1,1 + Ĉ
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w
51w(0)

,12 + Ĉ
w
52w(1)

,12 + Ĉ
w
53w(2)

,12 + Ĉ
w
54w(0)

,22 + Ĉ
w
55w(1)

,22 + Ĉ
w
56w(2)

,22 + Ĉ
θ
51θ1,2 + Ĉ

θ
52θ2,2 + Ĉ

ψ
51ψ1,2 + Ĉ

ψ
52ψ2,2+
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⎜
⎜
⎜
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⎜
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Ĉ
p
11p1(B),1 + Ĉ

p
12p2(B),1 + Ĉ

p
13p1(T),1 + Ĉ

p
14p2(T),1 + Â

kψ
11 e11,11 + Â

kψ
21 e22,11 + Â

kψ
31 e12,11 + Â

kψ
41 e11,12 + Â

kψ
51 e22,12 + Â

kψ
61 e12,12+

+B̂
kψ
11 k11,11 + B̂

kψ
21 k22,11 + B̂

kψ
31 k12,11 + B̂

kψ
41 k11,12 + B̂

kψ
51 k22,12 + B̂

kψ
61 k12,12+

+Ĉ
kψ
11 kψ

11,11 + Ĉ
kψ
12 kψ

22,11 + Ĉ
kψ
13 kψ

12,11 + Ĉ
kψ
14 kψ

21,11 + Ĉ
kψ
15 kψ

11,12 + Ĉ
kψ
16 kψ

22,12 + Ĉ
kψ
17 kψ

12,12 + Ĉ
kψ
18 kψ

21,12+

+Ĉ
kw
11 w(0)

,11 + Ĉ
kw
12 w(1)

,11 + Ĉ
kw
13 w(2)

,11 + Ĉ
kw
14 w(0)

,12 + Ĉ
kw
15 w(1)

,12 + Ĉ
kw
16 w(2)

,12+

+Ĉ
p
51p1(B),2 + Ĉ

p
52p2(B),2 + Ĉ

p
53p1(T),2 + Ĉ

p
54p2(T),2 + Â

kψ
15 e11,12 + Â

kψ
25 e22,12 + Â

kψ
35 e12,12 + Â

kψ
45 e11,22 + Â

kψ
55 e22,22 + Â

kψ
65 e12,22+

+B̂
kψ
15 k11,12 + B̂

kψ
25 k22,12 + B̂

kψ
35 k12,12 + B̂

kψ
45 k11,22 + B̂

kψ
55 k22,22 + B̂

kψ
65 k12,22+

+Ĉ
kψ
51 kψ

11,12 + Ĉ
kψ
52 kψ

22,12 + Ĉ
kψ
53 kψ

12,12 + Ĉ
kψ
54 kψ

21,12 + Ĉ
kψ
55 kψ

11,22 + Ĉ
kψ
56 kψ

22,22 + Ĉ
kψ
57 kψ

12,22 + Ĉ
kψ
58 kψ

21,22+

+Ĉ
kw
51 w(0)

,12 + Ĉ
kw
52 w(1)

,12 + Ĉ
kw
53 w(2)

,12 + Ĉ
kw
54 w(0)

,22 + Ĉ
kw
55 w(1)

,22 + Ĉ
kw
56 w(2)

,22+

+Ĉ
q
11p3(B),11 + Ĉ

q
12p3(T),11 + Ĉ

q
13p3(B),12 + Ĉ

q
14p3(T),12 + Ĉ

q
51p3(B),12 + Ĉ

q
52p3(T),12 + Ĉ

q
53p3(B),22 + Ĉ

q
54p3(T),22
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(C.10)  

KHR
ψ22 = Ĉ

w
21w(0)

,11 + Ĉ
w
22w(1)

,11 + Ĉ
w
23w(2)

,11 + Ĉ
w
24w(0)

,12 + Ĉ
w
25w(1)

,12 + Ĉ
w
26w(2)

,12 + Ĉ
θ
21θ1,1 + Ĉ

θ
22θ2,1 + Ĉ

ψ
21ψ1,1 + Ĉ

ψ
22ψ2,1+

+Ĉ
w
61w(0)

,12 + Ĉ
w
62w(1)

,12 + Ĉ
w
63w(2)

,12 + Ĉ
w
64w(0)

,22 + Ĉ
w
65w(1)

,22 + Ĉ
w
66w(2)

,22 + Ĉ
θ
61θ1,2 + Ĉ

θ
62θ2,2 + Ĉ

ψ
61ψ1,2 + Ĉ

ψ
62ψ2,2+

−

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Ĉ
p
21p1(B),1 + Ĉ

p
22p2(B),1 + Ĉ

p
23p1(T),1 + Ĉ

p
24p2(T),1 + Â

kψ
12 e11,11 + Â

kψ
22 e22,11 + Â

kψ
32 e12,11 + Â

kψ
42 e11,12 + Â

kψ
52 e22,12 + Â

kψ
62 e12,12+

+B̂
kψ
12 k11,11 + B̂

kψ
22 k22,11 + B̂

kψ
32 k12,11 + B̂

kψ
42 k11,12 + B̂

kψ
52 k22,12 + B̂

kψ
62 k12,12+

+Ĉ
kψ
21 kψ

11,11 + Ĉ
kψ
22 kψ

22,11 + Ĉ
kψ
23 kψ

12,11 + Ĉ
kψ
24 kψ

21,11 + Ĉ
kψ
25 kψ

11,12 + Ĉ
kψ
26 kψ

22,12 + Ĉ
kψ
27 kψ

12,12 + Ĉ
kψ
28 kψ

21,12+

+Ĉ
kw
21 w(0)

,11 + Ĉ
kw
22 w(1)

,11 + Ĉ
kw
23 w(2)

,11 + Ĉ
kw
24 w(0)

,12 + Ĉ
kw
25 w(1)

,12 + Ĉ
kw
26 w(2)

,12+

+Ĉ
p
61p1(B),2 + Ĉ

p
62p2(B),2 + Ĉ

p
63p1(T),2 + Ĉ

p
64p2(T),2 + Â

kψ
16 e11,12 + Â

kψ
26 e22,12 + Â

kψ
36 e12,12 + Â

kψ
46 e11,22 + Â

kψ
56 e22,22 + Â

kψ
66 e12,22+

+B̂
kψ
16 k11,12 + B̂

kψ
26 k22,12 + B̂

kψ
36 k12,12 + B̂

kψ
46 k11,22 + B̂

kψ
56 k22,22 + B̂

kψ
66 k12,22+

+Ĉ
kψ
61 kψ

11,12 + Ĉ
kψ
62 kψ

22,12 + Ĉ
kψ
63 kψ

12,12 + Ĉ
kψ
64 kψ

21,12 + Ĉ
kψ
65 kψ

11,22 + Ĉ
kψ
66 kψ

22,22 + Ĉ
kψ
67 kψ

12,22 + Ĉ
kψ
68 kψ

21,22+

+Ĉ
kw
61 w(0)

,12 + Ĉ
kw
62 w(1)

,12 + Ĉ
kw
63 w(2)

,12 + Ĉ
kw
64 w(0)

,22 + Ĉ
kw
65 w(1)

,22 + Ĉ
kw
66 w(2)

,22+

+Ĉ
q
21p3(B),11 + Ĉ

q
22p3(T),11 + Ĉ

q
23p3(B),12 + Ĉ

q
24p3(T),12 + Ĉ

q
61p3(B),12 + Ĉ

q
62p3(T),12 + Ĉ

q
63p3(B),22 + Ĉ

q
64p3(T),22
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(C.11)  
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KHR
ψ12 = Ĉ

w
31w(0)

,11 + Ĉ
w
32w(1)

,11 + Ĉ
w
33w(2)

,11 + Ĉ
w
34w(0)

,12 + Ĉ
w
35w(1)

,12 + Ĉ
w
36w(2)

,12 + Ĉ
θ
31θ1,1 + Ĉ

θ
32θ2,1 + Ĉ

ψ
31ψ1,1 + Ĉ

ψ
32ψ2,1+

+Ĉ
w
71w(0)

,12 + Ĉ
w
72w(1)

,12 + Ĉ
w
73w(2)

,12 + Ĉ
w
74w(0)

,22 + Ĉ
w
75w(1)

,22 + Ĉ
w
76w(2)

,22 + Ĉ
θ
71θ1,2 + Ĉ

θ
72θ2,2 + Ĉ

ψ
71ψ1,2 + Ĉ

ψ
72ψ2,2+

−

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
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⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Ĉ
p
31p1(B),1 + Ĉ

p
32p2(B),1 + Ĉ

p
33p1(T),1 + Ĉ

p
34p2(T),1 + Â

kψ
13 e11,11 + Â

kψ
23 e22,11 + Â

kψ
33 e12,11 + Â

kψ
43 e11,12 + Â

kψ
53 e22,12 + Â

kψ
63 e12,12+

+B̂
kψ
13 k11,11 + B̂

kψ
23 k22,11 + B̂

kψ
33 k12,11 + B̂

kψ
43 k11,12 + B̂

kψ
53 k22,12 + B̂

kψ
63 k12,12+

+Ĉ
kψ
31 kψ

11,11 + Ĉ
kψ
32 kψ

22,11 + Ĉ
kψ
33 kψ

12,11 + Ĉ
kψ
34 kψ

21,11 + Ĉ
kψ
35 kψ

11,12 + Ĉ
kψ
36 kψ

22,12 + Ĉ
kψ
37 kψ

12,12 + Ĉ
kψ
38 kψ

21,12+

+Ĉ
kw
31 w(0)

,11 + Ĉ
kw
32 w(1)

,11 + Ĉ
kw
33 w(2)

,11 + Ĉ
kw
34 w(0)

,12 + Ĉ
kw
35 w(1)

,12 + Ĉ
kw
36 w(2)

,12+

+Ĉ
p
71p1(B),2 + Ĉ

p
72p2(B),2 + Ĉ

p
73p1(T),2 + Ĉ

p
74p2(T),2 + Â

kψ
17 e11,12 + Â

kψ
27 e22,12 + Â

kψ
37 e12,12 + Â

kψ
47 e11,22 + Â

kψ
57 e22,22 + Â

kψ
67 e12,22+

+B̂
kψ
17 k11,12 + B̂

kψ
27 k22,12 + B̂

kψ
37 k12,12 + B̂

kψ
47 k11,22 + B̂

kψ
57 k22,22 + B̂

kψ
67 k12,22+

+Ĉ
kψ
71 kψ

11,12 + Ĉ
kψ
72 kψ

22,12 + Ĉ
kψ
73 kψ

12,12 + Ĉ
kψ
74 kψ

21,12 + Ĉ
kψ
75 kψ

11,22 + Ĉ
kψ
76 kψ

22,22 + Ĉ
kψ
77 kψ

12,22 + Ĉ
kψ
78 kψ

21,22+

+Ĉ
kw
71 w(0)

,12 + Ĉ
kw
72 w(1)

,12 + Ĉ
kw
73 w(2)

,12 + Ĉ
kw
74 w(0)

,22 + Ĉ
kw
75 w(1)

,22 + Ĉ
kw
76 w(2)

,22+

Ĉ
q
31p3(B),11 + Ĉ

q
32p3(T),11 + Ĉ

q
33p3(B),12 + Ĉ

q
34p3(T),12 + Ĉ

q
71p3(B),12 + Ĉ

q
72p3(T),12 + Ĉ

q
73p3(B),22 + Ĉ

q
74p3(T),22
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(C.12)  

KHR
ψ21 = Ĉ

w
41w(0)

,11 + Ĉ
w
42w(1)

,11 + Ĉ
w
43w(2)

,11 + Ĉ
w
44w(0)

,12 + Ĉ
w
45w(1)

,12 + Ĉ
w
46w(2)

,12 + Ĉ
θ
41θ1,1 + Ĉ

θ
42θ2,1 + Ĉ

ψ
41ψ1,1 + Ĉ

ψ
42ψ2,1+

+Ĉ
w
81w(0)

,12 + Ĉ
w
82w(1)

,12 + Ĉ
w
83w(2)

,12 + Ĉ
w
84w(0)

,22 + Ĉ
w
85w(1)

,22 + Ĉ
w
86w(2)

,22 + Ĉ
θ
81θ1,2 + Ĉ

θ
82θ2,2 + Ĉ

ψ
81ψ1,2 + Ĉ

ψ
82ψ2,2+
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⎜
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⎝

Ĉ
p
41p1(B),1 + Ĉ

p
42p2(B),1 + Ĉ

p
43p1(T),1 + Ĉ

p
44p2(T),1 + Â

kψ
14 e11,11 + Â

kψ
24 e22,11 + Â

kψ
34 e12,11 + Â

kψ
44 e11,12 + Â

kψ
54 e22,12 + Â

kψ
64 e12,12+

+B̂
kψ
14 k11,11 + B̂

kψ
24 k22,11 + B̂

kψ
34 k12,11 + B̂

kψ
44 k11,12 + B̂

kψ
54 k22,12 + B̂

kψ
64 k12,12+

+Ĉ
kψ
41 kψ

11,11 + Ĉ
kψ
42 kψ

22,11 + Ĉ
kψ
43 kψ

12,11 + Ĉ
kψ
44 kψ

21,11 + Ĉ
kψ
45 kψ

11,12 + Ĉ
kψ
46 kψ

22,12 + Ĉ
kψ
47 kψ

12,12 + Ĉ
kψ
48 kψ

21,12+

+Ĉ
kw
41 w(0)

,11 + Ĉ
kw
42 w(1)

,11 + Ĉ
kw
43 w(2)

,11 + Ĉ
kw
44 w(0)

,12 + Ĉ
kw
45 w(1)

,12 + Ĉ
kw
46 w(2)

,12+

+Ĉ
p
81p1(B),2 + Ĉ

p
82p2(B),2 + Ĉ

p
83p1(T),2 + Ĉ

p
84p2(T),2 + Â

kψ
18 e11,12 + Â

kψ
28 e22,12 + Â

kψ
38 e12,12 + Â

kψ
48 e11,22 + Â

kψ
58 e22,22 + Â

kψ
68 e12,22+

+B̂
kψ
18 k11,12 + B̂

kψ
28 k22,12 + B̂

kψ
38 k12,12 + B̂

kψ
48 k11,22 + B̂

kψ
58 k22,22 + B̂

kψ
68 k12,22+

+Ĉ
kψ
81 kψ

11,12 + Ĉ
kψ
82 kψ

22,12 + Ĉ
kψ
83 kψ

12,12 + Ĉ
kψ
84 kψ

21,12 + Ĉ
kψ
85 kψ

11,22 + Ĉ
kψ
86 kψ

22,22 + Ĉ
kψ
87 kψ

12,22 + Ĉ
kψ
88 kψ

21,22+

+Ĉ
kw
81 w(0)

,12 + Ĉ
kw
82 w(1)

,12 + Ĉ
kw
83 w(2)

,12 + Ĉ
kw
84 w(0)

,22 + Ĉ
kw
85 w(1)

,22 + Ĉ
kw
86 w(2)

,22+

+Ĉ
q
41p3(B),11 + Ĉ

q
42p3(T),11 + Ĉ

q
43p3(B),12 + Ĉ

q
44p3(T),12 + Ĉ

q
81p3(B),12 + Ĉ

q
82p3(T),12 + Ĉ

q
83p3(B),22 + Ĉ

q
84p3(T),22
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(C.13) 

Furthermore, the terms shown in the boundary condition expression, i.e. Eq. (58), can read: 

HR
E = Â

w
∂w+ Â

θ
θ+ Â

ψ
ψ −

(
Â

p
p+ Â

e
∂e+ Â

k
∂k+ Â

kψ
∂kψ + Â

kw
∂w+ Â

q
∂qz

)HR
K

= B̂
w
∂w+ B̂

θ
θ+ B̂

ψ
ψ −

(
B̂

p
p+ Â

kT
∂e+ B̂

k
∂k+ B̂

kψ
∂kψ + B̂

kw
∂w+ B̂

q
∂qz

)HR
K

ψ

= Ĉ
w
∂w+ Ĉ

θ
θ+ Ĉ

ψ
ψ −

(
Ĉ

p
p+ Â

kψT
∂e+ B̂

kψT
∂k+ Ĉ

kψ
∂kψ + Ĉ

kw
∂w+ Ĉ

q
∂qz

)HR
Q

= D̂
w
∂w+ D̂

θ
θ+ D̂

ψ
ψ −

(
D̂

p
p+ Â

kwT
∂e+ B̂

kwT
∂k+ Ĉ

kwT
∂kψ + D̂

kw
∂w+ D̂

q
∂qz

)
(C.14)  

where 

HR
E

T
=

[
HRE

e11

1
HRE

e22

1
HRE

e12

1
HRE

e11

2
HRE

e22

2
HRE

e12

2

]
;

HR
K

T

=
[

HRK
k11

1
HRK

k22

1
HRK

k12

1
HRK

k11

2
HRK

k22

2
HRK

k12

2

]
;

HR
K

ψ T

=
[

HRK
k11ψ
1

HRK
k22ψ
1

HRK
k12ψ
1

HRK
k21ψ
1

HRK
k11ψ
2

HRK
k22ψ
2

HRK
k12ψ
2

HRK
k21ψ
2

]
;

HR
Q

T

=
[

HRQ
w0

1
HRQ

w1

1
HRQ

w2

1
HRQ

w0

2
HRQ

w1

2
HRQ

w2

2

]

(C.15)  

Appendix D 

Matrices definition of the en-RZT(m)
{3,2} constitutive relations 

In this appendix are resumed the matrices definitions of the constitutive relations for resultants of forces and moments: 
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Ã =
〈
Q(k)

p + R(k)TAu
σ

〉
; B̃ =

〈
zQ(k)

p + R(k)TAθ
σ

〉
; Ã

ϕ
=

〈
Q(k)

p M
(k) + R(k)TAψ

σ

〉
;

Ã
w
=

〈
R(k)TAw

σ
〉
; Ã

qz
=

〈
R(k)TAqz

σ
〉
;

C̃ =
〈

zQ(k)
p + zR(k)TAu

σ

〉
; D̃ =

〈
z2Q(k)

p + zR(k)TAθ
σ

〉
; B̃

ϕ
=

〈
zQ(k)

p M
(k) + zR(k)TAψ

σ

〉
;

B̃
w
=

〈
zR(k)TAw

σ
〉
; B̃

qz
=

〈
zR(k)TAqz

σ
〉
;

Ẽ
ϕ
=

〈
M(k)TQ(k)

p +M(k)TR(k)TAu
σ

〉
; F̃

ϕ
=

〈
zM(k)TQ(k)

p +M(k)TR(k)TAθ
σ

〉
; G̃

ϕ
=

〈
M(k)TQ(k)

p M
(k) +M(k)TR(k)TAψ

σ

〉
;

C̃
w
=

〈
M(k)TR(k)TAw

σ
〉
; C̃

qz
=

〈
M(k)TR(k)TAqz

σ
〉

ANz =
〈
Hz

,z
TAu

σ

〉
; BNz =

〈
Hz

,z
TAθ

σ

〉
; CNz =

〈
Hz

,z
TAψ

σ

〉
; DNz =

〈
Hz

,z
TAw

σ

〉
; ENz =

〈
Hz

,z
TAqz

σ

〉

(D.1) 

From the HR statement linked to the transverse shear strain compatibility, it appears the following constitutive matrices: 

Â
w
=

〈
A
⌢zT
Hz

〉
; Â

θ
=

〈
A
⌢zT〉

; Â
ψ
=

〈
A
⌢zT

∂zμ(k)
〉
; Â

p
=

〈
A
⌢zT
S(k)t Zp

〉
; Â

e
=

〈
A
⌢zT
S(k)t A

⌢z 〉
;

Â
k
=

〈
A
⌢zT
S(k)t B

⌢z 〉
; Â

kψ
=

〈
A
⌢zT
S(k)t D

⌢z 〉
; Â

kw
=

〈
A
⌢zT
S(k)t E

⌢z 〉
; Â

q
=

〈
A
⌢zT
S(k)t F

⌢z 〉
;

B̂
w
=

〈
B
⌢zT
Hz

〉
; B̂

θ
=

〈
B
⌢zT〉

; B̂
ψ
=

〈
B
⌢zT

∂zμ(k)
〉
; B̂

p
=

〈
B
⌢zT
S(k)t Zp

〉
; B̂

e
= Â

kT
=

〈
B
⌢zT
S(k)t A

⌢z 〉
;
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[22] Eijo A, Oñate E, Oller S. A four-noded quadrilateral element for composite 
laminated plates/shells using the refined Zigzag Theory. Int J Numer Methods Eng 
2013;95(8):631–60. 

[23] Iurlaro L, Gherlone M, Di Sciuva M. Bending and free vibration analysis of 
functionally graded sandwich plates using the refined Zigzag Theory. J Sandw 
Struct Mater 2014;16(6):669–99. 

[24] Di Sciuva M, Sorrenti M. Bending, free vibration and buckling of functionally 
graded carbon nanotube-reinforced sandwich plates, using the extended refined 
Zigzag Theory. Compos Struct 2019;227:1–20. 

[25] Versino D, Gherlone M, Mattone MC, Di Sciuva M, Tessler A. C0 triangular elements 
based on the refined Zigzag Theory for multilayered composite and sandwich 
plates. Compos Part B Eng 2013;44(1):218–30. 

[26] Versino D, Gherlone M, Di Sciuva M. Four-node shell element for doubly curved 
multilayered composites based on the refined Zigzag Theory. Compos Struct 2014; 
118:392–402. 

[27] Gherlone M, Versino D, Zarra V. Multilayered triangular and quadrilateral flat shell 
elements based on the refined Zigzag Theory. Compos Struct 2019;233:1–16. 

[28] Whitney JM. Bending-extensional coupling in laminated plates under transverse 
loading. J Thermoplast Compos Mater 1969;3(1):20–8. 

[29] Di Sciuva M. A refined transverse shear deformation theory for multilayered 
anisotropic plates. Atti Accad Delle Sci Torino 1984;118:279–95. 

[30] Loredo A, Castel A. A multilayer anisotropic plate model with warping functions 
for the study of vibrations reformulated from Woodcock’s work. J Sound Vib 2013; 
332(1):102–25. 

[31] Loredo A, Castel A. Two multilayered plate models with transverse shear warping 
functions issued from three dimensional elasticity equations. Compos Struct 2014; 
117:382–95. 

[32] Loredo A. A multilayered plate theory with transverse shear and normal warping 
functions. Compos Struct 2016;156:361–74. 

[33] Loredo A, D’Ottavio M, Vidal P, Polit O. A family of higher-order single layer plate 
models meeting Cz

0-requirements for arbitrary laminates. Compos Struct 2019;225: 
14. 

[34] Sorrenti M, Di Sciuva M. An enhancement of the warping shear functions of refined 
Zigzag Theory. J Appl Mech 2021;88(8):7. 

35. Sorrenti M, Gherlone M, Di Sciuva M. Free vibration analysis of angle-ply laminated 
and sandwich plates using enhanced refined Zigzag Theory. In: 19th International 
Conference of Numerical Analysis and Applied Mechanics, Rhodes, Greece; 2021. 

M. Sorrenti and M. Gherlone                                                                                                                                                                                                                 

http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0005
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0005
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0010
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0010
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0015
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0015
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0020
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0020
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0025
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0025
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0030
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0030
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0035
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0035
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0035
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0040
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0040
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0045
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0045
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0050
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0050
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0050
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0055
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0055
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0060
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0060
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0065
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0065
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0070
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0070
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0075
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0075
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0080
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0080
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0080
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0085
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0085
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0085
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0090
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0090
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0090
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0095
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0095
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0100
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0100
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0105
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0105
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0105
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0110
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0110
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0110
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0115
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0115
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0115
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0120
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0120
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0120
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0125
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0125
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0125
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0130
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0130
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0130
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0135
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0135
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0140
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0140
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0145
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0145
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0150
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0150
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0150
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0155
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0155
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0155
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0160
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0160
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0165
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0165
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0165
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0170
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0170
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0175
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0175
http://refhub.elsevier.com/S0263-8223(23)00131-9/rf0175


Composite Structures 311 (2023) 116787

27

[36] Noor AK, Burton WS, Bert CW. Computational models for sandwich panels and 
shells. Appl Mech Rev 1996;49(3):155–99. 

[37] Barut A, Madenci E, Tessler A. A refined Zigzag Theory for laminated composite 
and sandwich plates incorporating thickness stretch deformation. In: 53rd AIAA/ 
ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference. 
American Institute of Aeronautics and Astronautics; 2012. 

38. Barut A, Madenci E, Tessler A. C0-continuous triangular plate element for laminated 
composite and sandwich plates using the {2,2} – refined Zigzag Theory. Compos 
Struct 2013;106:835–53. 

[39] Iurlaro L, Gherlone M, Di Sciuva M, Tessler A. A multi-scale refined Zigzag Theory 
for multilayered composite and sandwich plates with improved transverse shear 
stresses.. In: 5th International Conference on Computational Methods for Coupled 
Problems in Science Engineering. Ibiza, Spain: COUPLED PROBLEMS 2013; 2013.. 

[40] Iurlaro L, Gherlone M, Di Sciuva M. A mixed cubic zigzag model for multilayered 
composite and sandwich plates including transverse normal deformability. In: 
Proceedings of the 11th World Conference on Computational Methods, Barcelona, 
Spain; 2014. p. 2. 

[41] Iurlaro L, Gherlone M, Di Sciuva M. The (3,2)-mixed refined Zigzag Theory for 
generally laminated beams: theoretical development and C0 finite element 
formulation. Int J Solids Struct 2015;73–74:1–19. 

[42] Iurlaro L. Development of Refined Models for Multilayered Composite and 
Sandwich Structures: Analytical Formulation, FEM Implementation and 
Experimental assessment. 2015. PhD Thesis, Politecnico di Torino, Italy. 

[43] Tessler A. Refined Zigzag Theory for homogeneous, laminated composite, and 
sandwich beams derived from Reissner’s mixed variational principle. Meccanica 
2015;50(10):2621–48. 

[44] Reissner E. On a variational theorem in elasticity. J Math Phys 1950;29(1–4):90–5. 
[45] Auricchio F, Sacco E. Refined first-order shear deformation theory models for 

composite laminates. J Appl Mech 2003;70(3):381–90. 
[46] Groh RMJ, Weaver PM. On displacement-based and mixed-variational equivalent 

single layer theories for modelling highly heterogeneous laminated beams. Int J 
Solids Struct 2015;59:147–70. 

[47] Groh RMJ, Weaver PM. A computationally efficient 2D model for inherently 
equilibrated 3D stress predictions in heterogeneous laminated plates. Part I: model 
formulation. Compos Struct 2016;156:171–85. 

[48] Groh RMJ, Weaver PM. A computationally efficient 2D model for inherently 
equilibrated 3D stress predictions in heterogeneous laminated plates. Part II: model 
validation. Compos Struct 2016;156:186–217. 

[49] Thurnherr C, Groh RMJ, Ermanni P, Weaver PM. Higher-order beam model for 
stress predictions in curved beams made from anisotropic materials. Int J Solids 
Struct 2016;97–98:16–28. 
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