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INTRODUCTION

This thesis is devoted to the study of certain regularity properties for a class of weighted
partial differential equations, where the coefficients fail to satisfy the standard uniform ellipticity
condition.

Starting from the very beginning, partial differential equations (PDEs) have proven to be an
effective mathematical tool for modelling a wide range of natural phenomena. Some of the earliest
and most well-known examples of PDEs are the Laplace equation,

—Au =0,
introduced by Pierre-Simon Laplace in his Traité de Mécanique Céleste |92], and the Poisson
equation,

—Au = f7
formulated by Siméon Denis Poisson in his work on the theory of magnetism [1241]. These

equations describe stationary phenomena such as gravitational and electrostatic potentials, and
form the basis of the classical theory of elliptic PDEs. Another fundamental example is the heat
equation,

ou — Au =0,

introduced by Joseph Fourier in his seminal monograph Théorie analytique de la chaleur [71],
which models the evolution of temperature in a medium over time, given initial conditions.

Since then, over the past two centuries, the theory of PDEs has grown immensely, enriched
by a vast body of results and theoretical developments. When studying a partial differential
equation, two fundamental questions naturally arise. First: does a solution exist? Second: if
so, how good is the solution? The first question concerns existence, while the second concerns
regularity - that is, the smoothness and qualitative behaviour of the solution. In the classical
cases of the Laplace and heat equations, regularity is well understood. For instance, thanks to
explicit representation formulas - such as integral expressions involving fundamental solutions - it
is often straightforward to show that solutions inherit the smoothness of the data.

However, many physical processes exhibit anisotropic behaviour, meaning that the diffusion
depends on the direction. Such anisotropies can be modelled by replacing the Laplacian operator
with a more general divergence form operator:

— div(A(z)Vu) = f,

where A(x) is a symmetric, positive-definite matrix whose entries may vary with the spatial
variable x, reflecting how the directional dependence influences the behaviour of solutions.

To obtain meaningful regularity results in this more general setting, one typically requires that
the matrix A(z) satisfies a uniform ellipticity condition: there exist constants 0 < A < A such
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that
AEP? < A(z)€ - € < AJEP,

for all vectors & € R? and for almost every point x, which ensures that the operator avoids
degeneracies or singularities.

Similarly, in the study of time-dependent processes such as heat diffusion, anisotropic behaviour
can be described via parabolic operators in divergence form

Ou — div(A(z, t)Vu) = f,

where the matrix A(z,t) again satisfies a uniform ellipticity condition.

The regularity theory for elliptic and parabolic operators in divergence form (although analogous
results also hold for operators in non-divergence form) was developed after the initial studies on
classical equations such as Laplace’s and Poisson’s equations. There is a rich body of results
in this area, among which the Schauder estimates stand out as a fundamental breakthrough.
Schauder estimates, developed by Juliusz Schauder in the 1930s [131, |, originally dealt with
elliptic operators in non-divergence form, providing a priori bounds on the Holder continuity of
the second derivatives of solutions in terms of the Holder regularity of the coefficients and the
forcing term. Specifically, if the coefficients of the operator and the right-hand side are Hoélder
continuous, then the solution itself enjoys an improved Hoélder regularity. Beyond characterizing
the regularity of solutions, Schauder estimates have proven to be an analytic tool for establishing
existence results through the Schauder fixed point theorem [130]. The regularity theory was
further advanced in the 1960s by Campanato [30, 31], who introduced an approach based on
controlling mean oscillations, giving rise to what are now known as Campanato spaces. This
approach allowed for extending regularity results to elliptic operators in divergence form. Today,
Schauder-type estimates form a fundamental part of regularity theory for elliptic and parabolic
operators, both in divergence and non-divergence form, and have been extensively studied and
generalized. For a modern and comprehensive presentation of Schauder estimates and related
topics we refer to |91, 75, 96, 69].

The regularity results mentioned above rely crucially on the assumption that the coefficients of
the operator are at least continuous. When this assumption is dropped, the problem of obtaining
regularity results for PDEs with bounded measurable and uniformly elliptic coefficients was

resolved by the breakthrough works of De Giorgi [76] and Nash [116], where they established that
solutions to such elliptic and parabolic equations are Holder continuous. These results were later
complemented by Moser’s contributions [112, |, where he established the Harnack inequality

for such equations. We emphasize that the optimal regularity for solutions to elliptic equations
in divergence form with bounded measurable coefficients is currently known only in dimension
d = 2, as proved by Piccinini and Spagnolo in [123]. In higher dimensions d > 3, the problem
remains open. One of the main motivations for studying these problems comes from Hilbert’s
XIX problem, which asked whether the minimizers of regular variational problems are necessarily
analytic. As previously mentioned, this question was independently solved by De Giorgi and
Nash.

While the regularity for uniformly elliptic operators is by now well understood, new challenges
arise when the assumption of uniform ellipticity is no longer satisfied. In such case, the operator
may become degenerate or singular in certain regions of the domain, meaning that the ellipticity
constants A could be 0 and/or A could be oco. A prototypical example is the weighted divergence
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form equation

—div(wA(x)Vu) =0,

where A satisfies the uniformly ellipticity condition as before, while the weight w is a nonnegative
function that may vanish or diverge. One of the cornerstone result in the study of such weighted
equations is due to Fabes, Kenig, and Serapioni in their seminal work [65], where they extended
the De Giorgi-Nash-Moser theory to the previous degenerate weighted elliptic equations, assuming
that the weight w either arises from quasiconformal mappings or belongs to the Ay Muckenhoupt
class (we remark, however, that these are not the only admissible classes of weights for which
similar regularity results can be established).

More generally, for 1 < p < oo, a nonnegative, locally integrable function w is said to belong
to the A, Muckenhoupt class, introduced in [114], if there exists a constant C' > 0 such that for

every ball B C R,
1 1 1 p—1
— d — -1d <C.
(\B|/Bw ”“’)(yB|/B°’ ’ x) =c

Under the As assumption, Fabes, Kenig and Serapioni established weighted versions of key
analytic tools such as Sobolev and Poincaré-Wirtinger inequalities, which allow them to derive
Harnack inequality and Holder continuity of solutions. Along these lines, we refer to the works
[63, 64, 86] for the elliptic case, to [36] for the parabolic case, and to the monograph [$2] for a
general overview.

A classical and widely studied example of a degenerate weight is
w=y* fory>0, whereaec (—1,1)is a fixed parameter.

The weight w vanishes on {y = 0} if a > 0, and diverges if a < 0. Nonetheless, the range of
the parameter a guarantees that w belongs to the Ao Muckenhoupt class. As we explain in a
moment, this kind of weight naturally arises in the study of the fractional Laplacian through the
Caffarelli-Silvestre extension.

The fractional Laplacian is the prototypical example of a nonlocal operator. Up to this point,
all the PDEs under consideration involve local operators, in the sense that the behaviour of the
solution at a point depends only on its values in a neighbourhood of that point. In contrast,
nonlocal operators take into account the interaction of the function with values far away from the
point under consideration.

For s € (0,1), we denote by (—A)* the fractional Laplacian, which can be defined, for sufficiently
regular functions u : R? — R, by the singular integral

u(x) — u(z)

(—A)Su(x) = Cd73 P.V. T — Z’d+28

dz,
R |
where P.V. denotes the Cauchy principal value and Cy , is a normalization constant.

Alternatively, it can be defined via the Fourier transform as

FI(=A)*u](€) = [¢** Flu](€),

which shows that the fractional Laplacian is a pseudo-differential operator with symbol |£|?5.
For a general background on fractional calculus and nonlocal operators, we refer to [129, 52].

A celebrated approach to study the fractional Laplacian (—A)?®, introduced by Caffarelli and
Silvestre in [28], consists in realizing it as a Dirichlet-to-Neumann map for an extension problem
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in one higher dimension. More precisely, for s € (0,1), one considers the solution U(z,y) to the
degenerate elliptic problem

—div(y'=2*VU) =0 in R? x (0, 00),
U(x,0) = u(x) on RY,

and the fractional Laplacian of u is then recovered via the formula

95 OU

(—A)*u(z) = —c lim_y'~ @(x,y),

y—0t
where ¢ > 0 is a normalization constant. This extension problem transforms the nonlocal operator
into a local degenerate elliptic operator in one more dimension, allowing the use of the PDE
techniques for local operators to analyse the fractional Laplacian.

Analogously, in the context of evolution equations, one of the most studied nonlocal operators
is the fractional power of the heat operator, denoted by (9; — A)® with s € (0,1). There are
several ways to define such operators. One natural approach is via the Fourier transform, through
the formula

FI(0 — A)*ul(0,€) := (i0 + [€[*)° Flu](6,€),
where 6 € R and ¢ € R

As remarked by Caffarelli and Silvestre in [25] for the fractional Laplacian, a similar extension
principle holds for the fractional heat operator, which can be realized as a Dirichlet-to-Neumann
map for a suitable degenerate parabolic equation in one higher dimension. This result was
rigorously established by Stinga and Torrea in [111], and independently by Nystrém and Sande
in [120]. In particular, the extended function U = U(z,y,t) satisfies the following equation

y'720,U — div(y'"*VU) =0, inR?x (0,00) x R

and oU

O — AYu(z,t) = —c lim y' 25— (z,y, t).

(t ) ( ) y~>0+y ay( 'Y, )
Regarding these fractional operators, their extension techniques, and their wide range of ap-
plications, there is an extensive literature on the subject, and it is therefore impossible to
cite all the relevant contributions. Nevertheless, we would like to mention some representa-

tive results: [19, 29, | for the fractional Laplacian without relying on extension methods,
[21, 26, 28, 27, 34, 48, 66, 68, 73, 74, , | for the elliptic case through the extension approach,
and [4, 6,9, 11, 13, 14, 17, 25, 44, ) | for the parabolic case.

Introducing the exponent a := 1 — 2s, defining the elliptic operator L,u := —div(y*Vu)

and the parabolic operator Hyu := y®0yu — div(y*Vu), we observe that a € (—1,1), which is
equivalent to stating that the weight y® belongs to the As Muckenhoupt class, as remarked earlier.
Consequently, the regularity results discussed above apply to the extension operators in both
elliptic and parabolic settings.

One may wonder what happens when a > 1 or a < —1, that is, when the weight y* no longer
belongs to the As Muckenhoupt class. In this direction there are some new results showing that
the Schauder regularity theory still holds true. In particular we refer to 138, , , O5] for
an elliptic theory of weak solutions to weighted equations with y®, where the authors shows
an exhaustive answer to the Schauder regularity theory of such elliptic equations and to the
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work [56-00], where complementary results are proved for both elliptic and parabolic weighted
equations under weak regularity assumptions on the data of the problem.

Motivated by these developments, the following section outlines the results of this thesis. In
Chapter 1, we study degenerate and singular parabolic equations with weight y® in the range
a > —1, and we analyse some consequences of the corresponding regularity theory, including the
parabolic Higher Order Boundary Harnack Principle. In Chapters 2 and 3, we address degenerate
and singular elliptic equations on lower dimensional manifolds, where the weight appears as |y|®
with y € R™, n > 2. These results extend the previous theory to this new setting, introduce new
challenges, and provide a basis for further applications and connections, which are discussed in
detail later.

Summary of the results

In Chapter 1, based on the joint works [7, 8] with A. Audrito and S. Vita, we develop a complete
Schauder regularity theory for weak solutions to a class of degenerate or singular parabolic
equations satisfying a conormal-type boundary condition on the flat boundary. This condition
plays a crucial role in ensuring the smoothness of solutions whenever the data are smooth, as will
be clarified later.

More precisely, let us introduce coordinates (z,y,t) € R? x R x R, the upper unit half ball
Bf = {|(z,y)| < 1, y > 0}, the upper unit half cylinder Qf := B{" x (—1,1) and the flat part of
boundary 30Qf :=Q1N{y=0}. For a > —1, we consider the degenerate parabolic equation

YO — div(y*AVu) = y f + div(y*F) in Qf

lim y*(AVu+ F)-eq41 =0 on 9°Q7, (1)

y—07+
where A = A(z,y,t) is a uniformly elliptic matrix, f is a scalar function, and F' is a vector field.
The main result consists in establishing a complete Schauder theory for weak solutions to this
problem up to the boundary {y = 0}, and under minimal assumptions on the data and the
coefficients. A simplified formulation of the main theorem, under the assumptions f = 0 and
F =0, is given below.
Theorem. Let u be a weak solution to (1) with f = 0, FF = 0. Let « € (0,1), Kk € N and
A€ CE*(Q7F) (for the definition of parabolic Holder spaces see Section 1.2.1).

Then, u € ChTH9( ;r/z) and

HUHCSH‘“(QT/Q) < Cllull gt yoy:

for some constant C' > 0 depending on the data of the problem.

The previous theorem is proved in two steps. The first one is establishing the C;’a regularity
of weak solutions to (1). To achieve this, we adopt a perturbative method following the elliptic
counterpart developed in [138]. Specifically, for € > 0 we introduce the family of regularized
weights p? := (2 + y2)a/2, which satisfies p? — y* a.e. as ¢ — 0, and consider the regularized
equations (with f =0 and F = 0)

pLoiu. — div(y*AVu.) =0 in Qf
lim pfAVu, -eq41 =0 on 80Qf.

y—0t
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The advantage of introducing these regularized equations is that they are uniformly parabolic, in
the sense described in the first part of the introduction, so that the classical Schauder regularity
theory applies. However, the constants involved may depend on the parameter ¢.

The crucial steps in our analysis are therefore the following:

i) Prove that the Schauder estimates for the regularized problem are uniform in e (a stability
property). This is achieved via a contradiction argument in the spirit of [136], relying on
new Liouville-type theorems for entire solutions to the corresponding equation in the whole
space.

ii) Establish suitable approximation results ensuring the existence of a family {u. }. of solutions
to the regularized problems that converges, in an appropriate sense, to the weak solution of
the degenerate equation (1) as ¢ — 0.

Once the C;’a regularity is established, the second part of the proof addresses higher order
regularity for solutions to (1), providing C}f “ estimates for k > 2, and emphasizing that these
estimates fail to be stable with respect to the regularization of the weight. The strategy of the
proof presented here is substantially different from the classical literature on uniformly parabolic
equations and weighted elliptic equations, in which such estimates are generally obtained by
iteration methods relying on difference quotients and ODE techniques. In our setting, a new
regularization scheme is required, together with a priori estimates and a fine analysis involving
second-order weighted derivatives of the solution. Further details on this method are provided
later.

In addition to the significant applications of the extension of the fractional heat equation
already discussed, one of the main motivations for studying such equations, particularly in the
superdegenerate regime a > 1, comes from their applications to the Boundary Harnack Principle,
as shown in [143]. The classical Boundary Harnack Principle states that, given two positive
harmonic functions that vanish on the same portion of the boundary of a domain, their ratio
remains bounded near the boundary. This principle holds under very general assumptions on
the regularity of the domain: in fact, it is valid in Lipschitz domains (see [37, 12, 3]), NTA
(non-tangentially accessible) domains (see [30]), and Holder domains (see [16, 15]). In the first
two cases, the ratio of the harmonic functions is also Holder continuous up to the boundary. We
quote also the works [50, 51, , |. In the parabolic setting, the Boundary Harnack Principle
has been extensively studied for the heat equation, as well as for operators in divergence and
non-divergence form; we refer to |38, , 5, 83, , ].

All the previous results regarding the Boundary Harnack Principle are proved under mild
regularity assumptions on the boundary of the domain (Lipschitz, NTA, or Hélder). If the
boundary is smoother, one expects that the ratio of solutions to elliptic and parabolic equations
enjoys improved regularity, in accordance with the regularity of the boundary itself. This type of
result is known as the Higher Order Boundary Harnack Principle and has various applications, for
instance in the study of the regularity of free boundary problems. For such results and applications,
we refer to the works |19, , , 85, , , 20] in the elliptic case and |12, 90, 51] in the
parabolic one. We also cite the works [100, , 98, , | where regularity results are obtained
for the ratio of solutions to elliptic PDEs sharing the same zero set, without any assumption on
the sign of these solutions.

In the final part of Chapter 1, we establish results on the parabolic Higher Order Boundary
Harnack Principle, obtained as a corollary of the Schauder regularity estimates for the degenerate
parabolic equations introduced earlier. This result can be summarized as follows.
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Theorem. Let k € {1,2,3,...}, a € (0,1), A € Cg’a, Q a domain of class C’;,Hl’a and u,v such
that
oy — le(AVU) =0, inQNQE,

O —div(AVe) =0, in QNQy,
U>O, inQﬂQl?
U:UZO, 11189(7@1

Then, v/u € Cp ™" (2N Qy/2) and

v

u

< C|v ,
Cyth N QNQyye) lollz@nan

for some constant C' > 0 depending on the data of the problem.

After addressing in Chapter 1 the parabolic setting with weight y® and its consequences for the
Boundary Harnack Principle, we now turn to the second part of this thesis. Chapters 2 and 3 are
based respectively on the paper [70], written by the author, and on the joint works |38, 37| with
G. Cora and S. Vita.

Let 2 < n < d and consider coordinates z = (z,y) € R¥™" xR". We define the lower dimensional
manifold
So:={z=(z,y9) R :y =0},

and we study the elliptic equation
—div(|y|*"AVu) = |y|*f + div(|y|*F), (2)

where A = A(z,y) is a uniformly elliptic matrix, f is a scalar function, and F' is a vector field. In
this setting, the coefficients of the operator fail to satisfy the uniform ellipticity condition along
the lower dimensional set ¥, so the equation is said to be degenerate or singular, depending on
the value of the parameter a € R, on lower dimensional manifolds.

In most of the results, we work under the assumption a+n > 0, which is equivalent to requiring
that the weight |y|* € Llloc(Rd). We emphasize that the weight |y|* belongs to the Muckenhoupt
class As if and only if —n < a < n. Nevertheless, even beyond this range, we show that the
weight is still 2-admissible as long as a +n > 0; see for instance [$2] for a precise definition.
This admissibility condition ensures that the theory developed by Fabes, Kenig and Serapioni in
[65] applies to such operators, and in particular, Holder regularity of solutions - under suitable
assumptions on the data - is guaranteed.

The new results presented in this work allow us to establish higher regularity for such solutions.
In particular, depending on the value of the parameter a and on the codimension n of ¥y, we
prove C%® and even C1® regularity results which, under suitable assumptions on the elliptic
matrix A, turn out to be optimal.

More specifically, Chapter 2 is devoted to the analysis of the regularity of solutions to (2) that
satisfy a Dirichlet boundary condition on the lower dimensional set Yy, namely

u =1, on Yo N By.

We assume that the parameter a satisfies a + n € (0,2). Under this condition, the weighted
capacity of Y is locally finite and positive, which guarantees that the trace of weak solutions to
(2) is well defined (see [118, Theorem 2.3]). Consequently, the Dirichlet boundary condition is
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well posed. The principal result of Chapter 2, in the case f =0, F = 0 and the matrix A =1, is
presented below.

Theorem. Let u be a weak solution to

—div(|y|*Vu) =0, in By \ X,
u = 1, on Yo N Bj.

Then the following holds true.

e Let a+n € (0,2) and a € (0,1) N (0,2 —a—n). If ¢ € C™ (S N By) then u € C*(By s)
and

[ullgoacs, ) < Cllull2s, yle) + 1¥llcorsenm)

for some constant C' > 0 depending on the data of the problem.

e Let a+n e (0,1) and o € (0,1 —a—n). If y € CH*(X9 N By) then u € CH*(Byj9) and

[ulloracs, ) < Clllullzs, jyjo) + 1¥llctazonsy)):
for some constant C' > 0 depending on the data of the problem.

In Chapter 3, we instead focus on solutions to (2) across the thin set ¥, which is equivalent to
requiring that a formal homogeneous conormal condition is satisfied on ¥g. In this setting, we
work under the assumption a +n > 0, and the main result can be summarized as follows in the
case f =0, FF =0 and the matrix A =L

Theorem. Let a +n > 0 and set

N ::2—a—n+\/(2—a—n)2+4(n—1).

2

Let u be a weak solution to
—div(|y|*Vu) =0, in Bj.

Then the following holds true.

o If a € (0,1) N (0, ) then u € C%*(By3) and

[ullco.a (s, ) < Cllullrzp, jy)e)
for some constant C' > 0 depending on the data of the problem.

e If a, >1and o € (0,1) N (0, — 1) then u € CH*(By j9) and

lullcra(s, ) < CllullLzs, ),
for some constant C' > 0 depending on the data of the problem.

The proof of the previous theorems follows a perturbative approach, as done in the parabolic
case. However, the regularization we adopt here is different. At first glance, one might expect
that regularizing the weight by introducing (2 + |y|?)%/?
of the parameter a, this approach leads to a loss of information. For instance, in the Dirichlet
problem where u = 9 on the lower dimensional set Y, this trace condition is well defined since

could suffice. However, in some ranges
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weak solutions belong to a suitable energy space, as previously remarked. After regularizing the
weight, it is no longer possible to impose boundary data on X, since its classical H'-capacity is
zero.

To overcome this issue, we adopt a regularization scheme at the level of the domain. For small
e > 0, we introduce ¥, := {|y| < ¢} and we approximate the lower dimensional set ¥, which has
dimension d — n, with a classical boundary 0X. = {|y| = ¢} of dimension d — 1. Therefore, we
consider the following equation (in the case f =0, FF =0 and A =1)

—div(Jy|*Vue) = 0, in By \ X

and we associate to it the homogeneous Dirichlet boundary condition u. = 0 on 0%, N By for the
first theorem, or the conormal boundary condition Vu. - v = 0 on 0¥, N By for the second one.

In order to carry out this analysis, we introduce a general framework for the study of these equa-
tions and establish regularity estimates that remain stable as ¢ — 0 via a contradiction argument
involving Liouville-type theorems. By combining these estimates with suitable approximation
results, we are able to prove the main theorems.

The study of such operators can be viewed as a natural continuation of the codimension-one
theory. However, there are several additional motivations for developing a corresponding regularity
theory in higher codimension. In this thesis, we highlight several areas closely related to the
degenerate equations introduced above, which may be enriched by the methods and results
developed here. Some of these connections are well established in the literature - for instance,
harmonic maps with prescribed singularities in general relativity [148-152, 93-05, |, or the
, 43]. Other
connections are more recent or less explored, such as the study of the regularity of critical points

Dirichlet problem and harmonic measure on lower dimensional boundaries [15—

for Caffarelli-Kohn—Nirenberg inequalities |24], higher codimensional extensions of the fractional
Laplacian, and very thin free boundary problems. We shall return to these topics and discuss
them further in the later sections of this thesis.

We conclude this introduction by mentioning that the results presented in this thesis are based
on the following works.

[7] A. Audrito, G. Fioravanti, and S. Vita, Schauder estimates for parabolic equations with
degenerate or singular weights, Calc. Var. Partial Differential Equations, 63 (2024).

[3] A. Audrito, G. Fioravanti, and S. Vita, Higher order Schauder estimates for degenerate or
singular parabolic equations, Rev. Mat. Iberoam., 41 (2025), pp. 1513-1554.

[70] G. Fioravanti, The Dirichlet problem on lower dimensional boundaries: Schauder estimates
via perforated domains, Nonlinear Analysis, 263 (2026).

[38] G. Cora, G. Fioravanti, and S. Vita, Schauder estimates for elliptic equations degenerating
on lower dimensional manifolds, Preprint arXiv:2501.19033, (2025).

[37] G. Cora, G. Fioravanti, and S. Vita, Remarks on elliptic equations degenerating on lower
dimensional manifolds, Preprint arXiv:2505.16534, (2025).
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CHAPTER
ONE

REGULARITY FOR DEGENERATE OR SINCULAR PARABOLIC
EQUATIONS

1.1 Introduction

The first chapter of this thesis is based on the two papers [7, &], written in collaboration with
A. Audrito and S. Vita. We study a class of weighted parabolic equations in which the weight
degenerates or blows up on a characteristic hyperplane ¥, behaving like dist(-, ¥)?, where a > —1
is a fixed parameter. More precisely, we provide Schauder type regularity for solutions to the
following equation

Yo — div(y*AVu) = y f + div(y*F) in Qf
lim y*(AVu+ F)-eg41 =0 on 9°Q7 . (1.1)
y—0t

Here d > 1, (2,t) = (z,y,t) € R*x R xR, ¥ = {y = 0} and dist(P, ¥)* = y¢ is locally integrable
whenever a > —1. By C R4*! denotes the unit ball with center at 0 and Bf := By N {y > 0}
the unit upper-half ball. Similar, if I; := (—1,1), then @Q; := By x I is the unit parabolic
cylinder, Qf := B} x I is the unit upper-half cylinder, while 3°Qf = Q; N {y = 0}. The
operators V and div denote the gradient and the divergence with respect to the spatial variable
z, respectively. Furthermore, A4 : Qf — R4 L4+1 is a symmetric (d + 1)-dimensional matrix
satisfying the following ellipticity condition: there exist 0 < A < A < 400 such that

MEP < Az, )€ - € < AP, (1.2)

for all ¢ € R4! and a.e. (z,t) € Q7 , while the forcing terms in the r.h.s. f: Q7 — R and
F . Qf — R4 are given functions belonging to some suitable functional spaces.

In the simplest case where A =1 and f = |F| = 0, problem (1.1) (posed in the whole space) is
nothing more than the gradient flow of the energy

/Rd+l y“\Vv[zdz, vE Hl(Rfl,y“).

So, as one may imagine, the natural functional setting involves the weighted Sobolev spaces
involving time. Precisely, we say that u is a weak solution to (1.1) if u € L(Iy; HY(B;,y%)) N
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L>=(I1; L*(B;,y*)) and satisfies

/ y*(— udpp + AVu - Vo)dzdt = / y*(fo— F-Vo)dzdt,

Qf Qf

for every test function ¢ € C2°(Q1) (cf. Definition 1.2.18). Notice that weak solutions formally
satisfy the conormal boundary condition

lim y*(AVu+F)-eqy1 =0 on X, (1.3)
y—0t
appearing in (1.1): as standard in Neumann-type problems, one can easily check this integrating
by parts and use the fact that the test functions ¢ need not to vanish on ¥. Actually, as a
consequence of our main theorem (see (1.7)), we will obtain that, under suitable regularity
assumptions on the data, weak solutions satisfy

(AVu+F)-e441 =0 onX,

which is stronger than (1.3) (at least when a > 0) and, when A =1 and F' = 0, reduces to the
classical Neumann boundary condition.

As pointed out above, the regularity theory for uniformly parabolic equations - corresponding
to the case a = 0 - is by now well established (see, for instance, |91, 96]). For weighted equations
where the uniform ellipticity condition (1.2) fails, we refer to the pioneering works [65, 36, 78],
which extend the De Giorgi-Nash—Moser theory to the setting of As-Muckenhoupt weights - both
in the elliptic and parabolic case - ensuring Holder continuity of weak solutions with some implicit
exponent a. In our case, the weight y® belongs to the A class if and only if @ € (—1,1). However,
we point out that such regularity results can still be extended to the whole range a > —1.

The peculiar geometry of the degeneracy /singularity set of our weight - the characteristic
hyperplane 3 - allows us to get more information compared to the general theory quoted above.
In fact, as already done in [138, |, in the elliptic setting, the approach we follow here allows us
to cover the full range a > —1 and eventually will allow us to show Schauder C’;,f “ estimates for
any k € N. It is important to remark here that the regularity we obtain strongly relies on the
natural conormal boundary condition (1.3) we impose on the characteristic hyperplane ¥. As one
may imagine, different boundary conditions lead to different regularity estimates: for instance,
v = y' =% weakly solves —div(y*Vv) = 0 in Bfr with homogeneous Dirichlet boundary condition
at ¥ whenever a € (—1,1), but it is no more than Cl!=al1=a=l1=a] yeoylar,

Within the broad literature on the regularity theory for degenerate parabolic equations, we
highlight the contributions [5&, 60], where the authors established Sobolev-type regularity estimates
for a wide class of parabolic equations, including those of the form (1.1). Further recent
developments can be found in [109—111, 117].

Moreover, the analysis of weighted problems such as (1.1) is closely related to the theory of edge
operators [104, |, as well as to the nonlocal operators (9; — A)PT& and their extension theory,
as discussed in the introduction (see |13, , ). In this context, Schauder estimates for
solutions to fractional parabolic equations involving operators of the form (9, — divx(A(a;)Vw))liTu
have been obtained in [17]. In terms of our notation, this corresponds to regularity estimates in
the (z,t)-variables on X, with a € (—1,1) (see also [19, 29, 57, 134]). Let us also mention that
space analyticity (in the full z variable) and smoothness in (z,t) of solutions to equation (1.1)
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were already available by [11] when a € (—1,1) and coefficients are analytic and satisfy suitable
extra assumptions.

It is worth noting that the study of such operators has played a central role in a number
of recent works, including [0, 25] (reaction-diffusion equations), [11, 1, 11] (obstacle problems),
[137, 9] (nodal set analysis), and [34] (nonlocal harmonic map flows), among others.

Furthermore, as observed in [143], such superdegenerate equations find notable applications
in the context of the Higher Order Boundary Harnack Principle; we refer to [12, 90| for the
corresponding developments in the parabolic setting. We will return to this topic later in the
introduction.

Notably, the weighted elliptic Schauder theory developed in [138, | has been recently applied
in |2, | to establish higher regularity of free boundaries in certain semilinear free boundary
problems of Alt—Phillips type. It is then natural to ask whether the parabolic Schauder theory
developed in the present work could lead to similar results in the parabolic setting as well.

1.1.1 Main results

The main result we aim to prove is a complete Schauder theory for weak solutions to (1.1).
Following the approach of [7, 8|, we split the main theorem into two parts. In the first part, we
establish regularity in the spaces C’S’O‘ and C’;’O‘ (Schauder estimates). Then, we prove regularity
in the spaces C'Zlf T2 for any k € N (higher order Schauder estimates). Afterward, we discuss some
applications of our results, including equations with degenerate or singular weights on cylindrical
curved characteristic manifolds and the parabolic Higher Order Boundary Harnack Principle.

Schauder estimates

In the first part of the chapter we prove Cg’a and C’;’O‘ regularity estimates - up to the characteristic
hyperplane ¥ - for weak solutions to (1.1). The main idea is to extend to the parabolic framework
the regularization argument used in [138, 139] in the elliptic one: for € € (0, 1), we introduce the
family of smooth weights

pey) = (2 + )2,

and we consider weak solutions to

pLOpu — div(plAVu) = ptf +div(plF) in Qf
lim p2(AVu+ F)-eqi1 =0 on 9°Q7, (14)
y—0~+

which corresponds to the problem associated to the regularized weight (notice that by construction
pl(y) — y® almost everywhere as ¢ — 07). Since p? is (locally) bounded and bounded away
from zero, problem (1.4) is uniformly parabolic. Consequently, the classical Schauder regularity
theory applies (see for instance [96, 91]) and one obtains Cp® and Cp® regularity estimates with
constants possibly depending on the parameter €. The idea is to show that that such estimates
are uniform in € € (0,1) and pass to the limit as e — 07. We refer to this property as e-stability
of the estimates. The latter, together with a fine approximation procedure (see Section 1.4) yields
the following result.

Theorem 1.1.1. Let a > —1, r € (0,1), A satisfying (1.2) and u be a weak solution to (1.1), in
the sense of Definition 1.2.18. Then,
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i) If A is a continuous matrixz, w is a modulus of continuity such that

A —A 1 4l
||AHLOO(Q+) + sup ‘ (Z,t/) <z ,f1)/|2 < L,
1 (z,t),(Z/,t,)EQIL (.U(|Z —Z ‘ =+ ‘t —t | )

f e LP(Qf,y*) with p > W, F e LYQT,y")™ with ¢ > d+3+at, a € (0,1)N
(0,2 — W] N(0,1— W], then there exists a constant C > 0, depending on d, a, A,
A, p,q, r, L and a such that

lullgseary < C(Iullpagt oy + 1ot oy + IF N pagt oy )- (1.5)

ii) If A,F € Cp*(QF), f € LP(QT,y") withp > d+3+a*, a € (0,1)N (0,1 — L] fhen
there exists a constant C' > 0, depending on d, a, A\, A, p, a, r and HAHCO,Q(Q+) such that
P 1

lullgreary < C (Il pagt yoy + 1ot oy + IFlgoeor))- (1.6)
In addition, u satisfies the conormal boundary condition

(AVu+F)-eqi1 =0 on 3°Q7. (1.7)

Moreover, the estimates (1.5) and (1.6) are e-stable in the sense of Theorems 1.6.1 and 1.7.1.

As a first comment, we would like to remark that the e-stability of the C,].f“’a estimates with
respect to the regularization described above cannot be valid, see |138, Remark 5.4]. Secondly,
the integrability and regularity conditions required on the data A, f, F' are the standard ones (see
[138, |, in the elliptic setting), in terms of the natural scaling of the problem (one can also
recover the regularity results for uniformly parabolic equations, that is without weight terms, by
taking a = 0). Moreover, let us stress again the fact that the C’g’a regularity above is comparable
to the regularity theory in [60] but, respect to this, our approach for the C’;’O‘ regularity requires
the e-stability of the Cg’a estimate: to the best of our knowledge, this is completely new in
the parabolic setting. Regarding the C’;’a regularity, other approaches, such as the Campanato
method, may also work, see for instance [17] (range a € (—1, 1), trace regularity) and [25] (elliptic
setting). In contrast, we opt for a different strategy: the proof of our main theorem is based on a
contradiction argument combined with a blow-up procedure (in the spirit of the classic paper by
Simon [136]), which crucially exploit the Liouville-type Theorem 1.5.1, which ensures a rigidity
result for entire solutions with a certain growth-control at infinity.

Higher order Schauder estimates

After the Schauder estimates are established, the goal is to iterate them to prove higher order
Schauder estimates for weak solutions to (1.1). Below is the statement of this result.

Theorem 1.1.2. Leta > —1,r € (0,1), a« € (0,1) and k € N. Let A € C’SH’O‘(QT) satisfying
(1.2), f € CE*QF) and F € CEH*(QF) and let u be a weak solution to (1.1). Then, there

exists C > 0 depending only on d, a, A\, A, v, a and ]\A\|Ck+1,a(Q+) such that
p 1

HUHCgHva(Qj) < C(”uHL%Qi‘,ya) + ||f||c]’;va(Q1) + ”FHCJISH‘“(QQ)' (1.8)
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As mentioned earlier, the Cg’a (or higher order) estimates cannot rely on the e-regularization
scheme of the weight y® used to prove Theorem 1.1.1, since the e-stability of the Cg’a estimate is
generally false, even in the elliptic framework. For more details, see [138, Remark 5.4].

Before sketching the main steps of the proof of Theorem 1.1.2, it is important to highlight the
following facts, which substantially differ our strategy from the existing literature:

e In the weighted elliptic framework (see [138, 143]), as soon as the C'1< regularity is available,
one can iterate it on derivatives. This is obtained in two steps: first, one notice that,
since the weighted elliptic operator commutes with all but one derivatives, 0,u is also a
solution for any ¢ = 1, ...,d (and so 0, u gains regularity); then, the operator itself gives the
regularity of the last derivative J,u. Formally, this is because, in the special case A =1,
one can re-write the equation as

a :
—Oyyt — OyF' - eq41 — ;(Oyu +F-eqr1) = f+divy F + Agu,

and thus, if Ayu is smooth, then dyu is smooth by ODE methods (of course, provided that
the data are smooth as well).

e In the non-weighted parabolic framework (see [90]), the idea is roughly the same: if A u is
smooth, then the equation
Ou = f+divE + Azu

yields smoothness of dyu.

e In the present degenerate parabolic setting, the degenerate variables are two, y and ¢, and the
above strategies do not apply. In particular, the induction argument requires, as starting
point, the Cz’a regularity of weak solutions (see Proposition 1.10.2).

Given the above remarks, our approach relies on a priori estimates and a regularization procedure
by convolution with standard mollifiers. More precisely:

For the C2* regularity:

i) We establish some a priori C’g’a estimates in Proposition 1.10.2 using a blow-up argument
combined with a Liouville theorem (see Theorem 1.9.1 below), in the spirit of [130] (see
also [138] in the weighted elliptic setting).

ii) We prove C2* regularity of weak solutions when the data are C* (see Lemma 1.10.3). In
this step, the C’;’a regularity of weak solutions (see Theorem 1.1.1) is crucial.

iii) We use an approximation scheme to regularize (1.1), by convolution of the data with a family
of standard mollifiers. Along the approximating sequence, the C’g’a regularity estimate
extends to weak solutions with f € C’S’a and A, F € C;’a. In other words, we prove the a
posteriori regularity estimate in Theorem 1.1.2 when k£ = 0.

For the C**2: regularity for every k > 1:

iv) When the forcing term is zero, i.e. f = 0, we iterate the regularity estimates previously
obtained - i.e. the Cp® and C2** regularity - on partial derivatives of solutions, by using
the same scheme as in the proof of Lemma 1.10.3 and Theorem 1.1.2 follows quite easily.
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v) In the case of general forcing terms f € C'f; *“ the argument of iv) doesn’t apply (at least for
k = 1), and hence we proceed as follows: we use the procedure described at points 1), ii), iii)
at any order k. To be more precise, the CSH’O‘ a priori estimates are obtained inductively
on k, starting from the Cg’a a priori estimates proved at point i). This part crucially uses
a delicate analysis of a second order weighted-type derivative of solutions in y (see Lemma
1.11.3). The CZI,CH’O‘ regularity when the data are smooth (the analogous of point ii)) is also
proved by induction in Lemma 1.11.2. Finally, with the same regularization argument in
iii), we finally obtain Theorem 1.1.2.

Cylindrically curved characteristic manifolds

As a consequence of our main theorems, we can treat more general equations with weights behaving
as distance functions to a regular hypersurface I' € R (curved characteristic manifolds) that
we introduce below in Section 1.12 (see (1.139)). Such equations are set in cylindrical domains
OF x (=1,1) of R¥*2 which live on one side of T" x (—1,1). The family of weights § = §(2)
we consider behave as a distance function to I' in the sense of (1.140). We consider weighted
equations of the form

(1.9)

590 — div(6*AVu) = 6% f + div(6®F) in (QT N By) x (=1,1),
0*(AVu+F)-v=0 on (I'NBy) x (—1,1),

where v is the unit outward normal vector to QT on I'. See Definition 1.12.1 for the definition of
solutions to (1.9).

Corollary 1.1.3. Let a > —1, A satisfying (1.2), ¢ be the parametrization defined in (1.139) §
satisfying (1.140) and u be a weak solution to (1.9), in the sense of Definition 1.12.1. Then,

i) If o € CY(Bin{y = 0}), § € CQF N B, A F € (27 N Bi) x (-1,1)),
f € LP((QF N By) x (=1,1),0%) with p > d+3+a*, a € (0,1) N (0,1 — L] ypen,

there exists a constant C > 0, depending on d, a, A, A, p, «, cg, HA\|CO,Q((Q+mBl)X(_1 1)
p )

lellotea s nfy=0y) and [|0]lcra@+np,) such that

HUHC;’D‘(((HﬁBl/z)x(—1/2,1/2)) < C(HUHLQ((QerBl)x(—171),5«1)
+ Ll ze(@+nBryx(~1,1),80) + ||F||Cg,a((g+m31)x(,171)))-
In addition, u satisfies the conormal boundary condition
(AVu+F)-v=0 on (I'NB;)x(—1,1),

where v is the unit outward normal vector to QT on T.

i) Let k € N and a € (0,1). If p € C**(Bin{y = 0}), § € C*>*(QT N By), A F €
CSHQ((QJF NB1) x (=1,1)), f € C}];’a((QJr N By) x (—1,1)), then, there exists a constant
C > 0, depending on d, a, A, A; «, Cop, ||A||C§+l‘a((Q+ﬂBl)><(—1,1))’ ”90H0k+2""(310{y:0}) and
H5Hck+z,a(g+m]31) such that

Hu||C,’§+2’a((Q+ﬁBl/2)><(—1/2,1/2)) < C(H“||L2((Q+ﬂBl)X(—171)75“)

I llogerapyx1y + ”F”c;f“’“«mm&)x<—1,1>>)'
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Parabolic Higher Order Boundary Harnack Principle

Finally, following the program of the elliptic setting (see [143]), we provide an alternative proof of
some parabolic Higher Order Boundary Harnack Principle as in [12, 90]. Such kind of regularity
comparison principle between two caloric functions w, v (or solutions to more general parabolic
equations), vanishing on the same fixed boundary, can be viewed as the Schauder regularity of
their quotient w = v/u which, in turns, satisfies a parabolic equation with degenerate weight 12,
see (1.142). After proper diffeomorphic transformations of the domain, the Schauder theory for
the ratio w follows as a byproduct of our main Theorem 1.1.2.

The regularity comparison principle is localized at boundary points which lie on the lateral
parabolic boundary of a space-time domain. In other words, let us consider u, v solutions of

Ou — div(AVu) =g+ Vu+b-Vu in QNQ;
o —div(AVv) = f+Vu+b-Vo in QNQ;
u(z,t) > cody((2,1),00N Q1) in QN Q@
u=v=0 on 90N Q1,

(1.10)

where A, V, b, g and f are suitable data (see Theorem 1.1.4 below). Here, up to rotations,
dilations and translations, 0 belongs to the parabolic lateral boundary of €2; that is, there exists a
parametrization ¢ such that

QN1 ={y > )},  02NQ1={y = (1)} (1.11)

with ¢(0) = 0 and V;p(0) = 0. Moreover, the parabolic distance to the boundary is defined as

B(=0.000Q) = inf dy((1).(C.7),

and the parabolic distance between points is defined in (1.12).

We will present here the parabolic Higher Order Boundary Harnack Principle for equations in
divergence form in C£+2’a—domains, k € N. However, let us stress the fact that the regularity
assumptions we make on boundaries, coeflicients and right hand sides, always allows to pass
from non divergence to divergence form equations and viceversa, interchangeably. So, we are
considering the same conditions set in [12], which are slightly more general compared to [90],
where the assumptions on the drift terms are suboptimal. Actually, our approach allows us to
treat equations with nontrivial forcing terms ¢ in the right hand side of the equation of w.

Theorem 1.1.4. Let k € N, a € (0,1) and u, v be solutions to (1.10). Let o € Cp >*(Q, N {y =
0}) be the parametrization defined in (1.11). Let A, f,g € CI],CJFI’Q(Q N Q1), with A satisfying

(1.2), Vb e CHQN Q).
Then, there exists a positive constant C > 0, depending on d, \, A, ¢y, «, HAHC;@H,Q(QQQ ,
p 1)

||g||C’,’§“’°‘(QmQ1)’ ||V||C§,Q(QOQ1), ”bHC,’;’”‘(Qle)’ ||<,0H05+2,a(Qm{y:0}) and ||ul|z2(0nq,) such that

v
— < a .
ol agesengs < € (lizanay + Wlegesona,)
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1.1.2 Organization of the chapter

This chapter is divided into two parts as follows: from Section 1.2 to Section 1.7, we establish
the Schauder estimates; from Section 1.8 to Section 1.13, we prove the higher order Schauder
estimates and derive the corollaries of the main theorems.

In Section 1.2, we set up the problem by introducing the functional framework and the
definition of weak solutions to (1.1). In Section 1.3, we prove some uniform estimates - namely,
the Caccioppoli inequality and local L* bounds - using De Giorgi’s iteration technique. Section
1.4 is devoted to proving the approximation results, that is, the convergence (in suitable energy
spaces) of regularized solutions to weak solutions of (1.1). In Section 1.5, we establish a Liouville-
type theorem for entire solutions satisfying a sub-quadratic growth condition. Finally, in Sections
1.6 and 1.7, we prove the e-stability of the Cp*® and Cp*® regularity estimates mentioned above,
and conclude with the proof of Theorem 1.1.1.

In Section 1.8, we establish additional energy estimates that will be instrumental in the
subsequent analysis. In Section 1.9, we extend the Liouville-type theorem to entire solutions
satisfying a general polynomial growth condition. Section 1.10 is devoted to proving the C’g’a
regularity of weak solutions. In Section 1.11, we iterate this result to obtain C’g “ regularity for
all integers k£ € N, thus completing the proof of Theorem 1.1.2. In Section 1.12, we generalize the
previous regularity results to the case of weights degenerating along curved manifolds. Finally, in
Section 1.13, we establish the parabolic Higher Order Boundary Harnack Principle (Theorem
1.1.4).

1.1.3 Notation

Let d € N an integer and consider coordinates (z,t) = (z,y,t) € R? x R x R. We define the
characteristic manifold ¥ := {y = 0}. Given r > 0, we denote by B,(2) the ball of radius r
centered at zg. When 2y = 0 we simply write B,.. Moreover, we denote by B;' := B, N {y > 0}
the upper half ball of radius r centered a 0. We denote by Q,(z0, o) := Br(20) x (tg — 2, tg +1?)
the parabolic cylinder of radius r > 0 and centered at (zo,t9) € R4T! x R. When 29 = (0,0) we
write Q, = Q,(0,0) = B, x I, where I, := (—r2,72). We denote by Q;' := B,} x I,. the upper half
cylinder of radius r centered a 0 and by 0°Q;f = Q, N X the flat lateral boundary of the cylinder.
Given a € R and ¢ € [0,1), we define the family of weights

pey) = (2 + )2,

noting that pf(y) = |y|*. For e > 0, the weight is uniformly bounded from above and below (with
constants depending on ¢); instead, when € = 0, the weight may either explode or vanish on the
characteristic manifold ¥, depending on the value of a.

1.2 Functional setting

The present section is primarily dedicated to establishing the functional framework of the problem,
presenting preliminary results on the relevant spaces, and providing the definitions of solutions to
our problem.
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1.2.1 Parabolic Holder spaces

In this section, we introduce parabolic Holder spaces, following [91, 96] (see also [90]). These
spaces are the appropriate functional setting to establish Schauder-type regularity results, as they
respect the natural scaling of parabolic equations.

Given an open set  C R¥! x R we define the parabolic distance dp: Q2 xQ —Ras
dP((Zat)v<Ca7_)) = (’z_C‘Q—i_‘t_TDl/zv (112)

for all points (z,t),(¢,7) € Q, where z,¢ € R¥! and t,7 € R. We notice that the parabolic
distance is parabolically 1-homogeneous, in the sense that

dp((rz,r%t), (r&,r1)) = |r|ldy((2,1), (¢, 7)), for every r € R.
Given a function u : Q — R and « € (0, 1] let us define the seminorms

u(z,t) = u(C,7)| u(z,t) — ul(z,7)|

[u] 0,00y :=  Sup , [u] 00y = sup )
GO e (le=CPHlE=rDo2T T T Gy cnea fE =TI
(z,0)#(¢7) t#T
and the C’g’a norm
Hu”cg!"‘(g) = HUHLOO(Q) + [U]Cg,a(m-

For every multi-index 8 € N1 and k > 1, we define the seminorms

= Z [afagu]CO,HTa )

[u}cz’fv”‘(g) = Z [8587{“]02""(9) + [u] k—1,1ta ) [u] kHTO‘ @
18]+25=k ¢

Prey o @ e @

and the norm

lullghoy = D sup|820]ul + [u] o q-
|Bl+25<k

Hence, we set

C’]’f’a(Q) ={u:Q—->R: ||u|]01;;‘,o¢(Q < oo}

)

Finally, we recall some useful interpolation inequalities in parabolic Holder spaces (for the elliptic
version of this results we refer to [75, 69]).

Lemma 1.2.1 (|96, Proposition 4.2|). Let d > 1, and 0 < § < o < 1. Then, for every e > 0
there exists C' > 0 depending only on d and € such that
||UHCZ‘}5(Q) < CHUHLOO(Q) +5||U||cg’a(g)a
19l sy < Cllull ey + eltle . (1.13)
1D ull Loe 2y + 190l oo () < Cllull e () + [t 2 -
We present two auxiliary results on parabolic Holder functions, which extend to the parabolic

setting the elliptic counterparts given in [113, Lemma 2.3, Lemma 2.4, Remark 2.5] and [138,
Theorem 7.5].

Lemma 1.2.2. Let k € N and let v € C,];H’Q(QT) such that v(z,0,t) = 0. Thenv/y € CS’Q(QT)
and [v/ylcre gy < Wlgpriaghy:
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Proof. The proof follows its elliptic counterpart and we skip it. O

Lemma 1.2.3. Leta > -1, ke N, a € (0,1) and let g € C}’;’a(Qf). Then the function
1 v,
P08 = oz /0 s2g(z, 5,)ds

belongs to Ci*(QF) and [¢]
Moreover, the function

< Clgl, k1o , for some C' > 0 depending only on a.

Cp (@) @f)
1 Yy
Ve t) = / s g(a,,0)ds
0

satisfies Oy1p € C’k QT and | Wb o
a.

@b < C[g]Cgﬂ’a(QT)’ for some C > 0 depending only on

Proof. First, notice that the second statement follows immediately from the first since 9y =
—ap +g.

We prove the first statement by induction. Let k =0 and g € Cg’a(Qf). The parabolic Holder
continuity in x and ¢ is trivially verified. Indeed, let P, = (x1,y,t1) and P> = (z2,y,t2), then

9lcoe(or)
1+a

1 )
lp(P2) — o(P1)] < y1+a/0 s%g(z1,8,t1) — g(w2, s, t2)|ds < dp( Py, P1).

For § > 0, let us consider
Si={(y1,92) 1 0 <y1 <y2 <1, and y2 — y1 > 6y},

Sz = {(y1,42) : 0 <y1 <y2 <1, and y2 — y1 < Sy}

Taking y1,y2 € S1, one has

1 Y2 1 1
|Q0(£L',y2,t) —‘P(l‘a?/l,t” = | Ta¥1 / Sag(IE,S,t)dS— a+1 / Sag(ﬁﬂ,s,t)dé”
Y2 0 % 0

1 y2 1 Y1
= | TaF1 / Sa(g(l‘,s,t) - g($,0,t))ds - cH—l/ Sa(g(xa Sat) - g(xa())t))ds‘
Yo h 0
[g] Oa( + Y2 [g] 0, —+ Y1 [g] 0, +
Q) Cy™(@Q7) Cp™(Q7)
< ya“/o satags 4 yI:’“l/o srads = — 0 (5 + )
2 1
< Megran o Meran (e
ata+1 72 =6 a+atl) '
Let now y1,y2 € So. Then,
‘@(%,yg,t) - (p(xvylvt)‘
1 vz 1 o
== | s tates) = gt 0.0s - T [ stotw.s0) = gta.0.0)ds
2 1
1 Y2 “ 1 1 a “
SE ) S ‘g(xa‘g?t)_g(xvovt)’ds—l_(y?ﬂ_ngrl) 0 S ’g(xvsat)_g(x70at)’d8
1
_ [g]Cg’a(Qf) (yg-i-a-i-l oot ( 1 )ya+a+1>
~a+a+1 yg+1 ytllJrl ngrl 1
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O a

araet s () (- (3)7))
1 (2L
a+a—|—1 v T Y2
COa Q+ ( Y1 a+1
- e ()
a+a+1 V2 Yy Y2
COa Q+ ( U1 a+1
v+ (1= () )
a—l—a—{—l ys — Yy Y1 s

[g]co,a( +
Q )( o fo a( yl))
< —2 s —y¥+C 1—- =
S U faxri1 Y2 — U1 a¥1 yal )

where C, > 0 is a constant which depends only on a. Consequently, since by definition y; /ys >
1 — 4, we have

o, y2.t) = el )| _ logeian) < s —yt Yt (y2 — 1) )
(y2 — y1)™ Tata+l \(y—y)*  “yalye —p)”
[9] oo
< CP (Ql ) (1 + Ca(sl—oc)’
a+a+1

and hence, the case k = 0 follows.
Next, let us assume that the our claim is true for some k € N and let us prove it for k + 1: we
assume g € C’,].fH’a(Qf) and show that ¢ € CSH’O‘(QD.

Since

1 v a . 1 v a
8a:z(p = y1+a A S 8$ig(xasat)dsv 1= 17- . -adv 8t()0 = WA S 8tg(x737t)d87

4o
we immediately have that ¢ is C¥*! in x and t. Moreover, the boundedness of the C, > -seminorm

of the mixed-derivates follows as the case k = 0.
We are left to prove that d,p € Cllf’a(Qf). To do this, we can rewrite ¢ as

1

Y
a g(z,0,t
o(x,y,t) = yH“/o s*(g(z,s,t) — g(x,0,t))ds + g

a+1

)

and observe that

L/ t) —g9(,0,¢ t) — g(z,0,t
15) go(x,y,t) = _CL + Sa-i-lg(xvsv ) g(l’, ) )dS + 9(%3/7 ) g(x, s )
Y y2+a 0 S y

By Lemma 1.2.2, one has that w eCy *(QF) and our claim follows by the inductive
assumption. O
1.2.2 Sobolev spaces

In this section, we introduce weighted Sobolev spaces that do not depend on the t-variable, along

with some basic properties of these spaces.



12 Regularity for degenerate or singular parabolic equations

We define the following spaces of smooth functions.

C>*(By) ={uy ‘u€ C>® (R},

C(By) ={y, ‘ue C*°(R¥1) and spt(u) cC B,},
CZ(B\ L) == {uy, :uecC®R"™") and spt(u) cC B, \ L},
Cr(Br\X) ={y, ‘ue C*°(R41) and spt(u) cC B, \ L},

Next, we introduce weighted the LP-space. For r > 0 and p > 1 we set

LP(B,, p?) :=={u: B, — R measurable: / pllulPdz < oo},

r

a 1/p
fallis ey = ([ otlulraz) ™

T

equipped with the norm

For fields, we define

LP(B,, p2)™! .= {U : B, - R measurable: / peUPdz < oo},

r

normed by [|U|[zr(p, poyat1 = [[|Ullzr (B, p2)-
Following the definition in [115] (see also [138]), we define the Sobolev space H*(B,, p?) as the
completion of C°°(B,) with respect to the norm

1/2
i = ([ ootz s [ perwopaz)”, (1.14)

while the space H} (B, p?) is the completion of C2°(B,.) with respect to the seminorm

. 1/2
”””H(%(Br,pg):(/B ot vedz) . (1.15)

We denote by H (B, p?) the topological dual space of H} (B, p). When ¢ = 0, so that p& = |y|?,
we write H!(B,, |y|*) and H}(B,,|y|*), instead of H(B,, p&) and H}(B,, p2), respectively.

Let us make some remarks on how the weight affects the nature of the spaces defined above. For
a fixed € € (0, 1), the weight p? is bounded both from below and above (with constants depending
on €). Therefore, the space H'(B,, p?) is equivalent to the standard Sobolev space H'(B,). On
the other hand, as observed in [138], when € = 0, the nature of these spaces is intrinsically related
to the degeneracy or singularity of the weight |y|*, which may vanish or explode on ¥, depending
on whether a > 0 or a < 0, respectively. Heuristically, when a < —1 the weight |y|* is not locally
integrable and thus the functions in H'(B,,|y|*) are forced to have zero trace on X. Conversely,
when a > 1, the weight has a strong degeneracy and the traces on ¥ of functions in H'(B,, |y|%)
have no sense in general (this is due to the zero H'(B,., |y|%)-capacity of ). These observations
suggest to introduce the space H'(B,, p%), defined as the completion of C°(B, \ ¥) with respect
to (1.14) and similarly HJ (B, p?) as the completion of C°(B, \ ¥) with respect to (1.15). As
above, when ¢ = 0, we set H'(B,, |[y|*) := HY(B,, p§) and H}(B,,|y|*) := H (B, pg).

The Sobolev spaces can be defined using weak derivatives in L? spaces, and in the unweighted
setting, this definition turns out to be equivalent to the one using the density of smooth functions.
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We introduce the space
WY(B, |y|*) := {u € L*(By, |y|*) : Vu € L*(B,, [y|") ™'},

where Vu denotes the weak gradient of u, in the sense that u € Wli’cl(Br).

These considerations are summarized in the following proposition, which characterizes the space
H(B,,|y|%), in the various ranges of the parameter a € R.

Proposition 1.2.4 (|89, Theorem 2.5], [138, Proposition 2.2|). Ifa € (—1,1), then:
HY(B, |y|") = W"(By, [y|*).
If a € (—oo0,—1] U [1,00), then:
H'(By,|y|*) = H' (B, ly|*),
Hy(By, [yl*) = Hq (Br, ly|*);
in particular, C°(B, \ X) is dense in HY(B,,|y|*) and CX(B, \ X) is dense in HL (B, |y|*).

The spaces introduced above enjoy interesting Sobolev embedding properties, depending on the
value of the parameter a.

Theorem 1.2.5 (|79, Theorem 6], 138, Theorem 2.4|). Let e € [0,1) and r € [1/2,1]. Assume
either a > —1 and d > 2, or a > 0 and d = 1. Then there exists C' > 0 depending only on d and

a such that
([ smiias)™ <o [ gz [ peivutas).
Br By B

for every u € H' (B, p%), where
ot 2(d+1+at)
@ d+at—1
Further, if d =1 and a € (—1,0], the above inequality holds with 2 replaced with any p € [1,0)
and a constant C > 0 depending only on d, a and p.

Theorem 1.2.6 ([138, Theorem 2.5], and [139, Lemma B.5|). Let a < —1,d >2, ¢ €[0,1) and
r € [1/2,1]. Then there exists a constant C > 0 depending only on d and a such that

* * 2/2*
(/ (P9 /2 |u)? dz) < C(/ pqudz—&—/ p?!Vu\%iz), (1.16)
By By By

for every u € H(B,, p), where
2(d+1)

2% =
d—1

Moreover, the inequality (1.16) implies that

(/BT P?|U’2*d2)2/2* < C(/BT P?quz—l—/Br p?\Vu|2dz).

Further, when d = 1, the above inequalities hold with 2* replaced by any p € [1,00) and a constant
C > 0 depending only on d, a,p.
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Remark 1.2.7. It is worth mentioning that the theorem above (range a < —1) follows as a
consequence of a fine analysis of the isometry

T%: HY(B,,p%) — H'(B,) u— v :=/plu, (1.17)

where H'(B,) is the completion of C°(B, \ ¥) with respect to the norm

air- e | (5 ol |, e

which turns out to be equivalent to the classical H'(B,)-norm, uniformly in € € [0, 1) (see [139,
Lemma B.1]). This fact allows to apply the classical Sobolev inequality to v = T%u and recover
(1.16) in terms of w.

Remark 1.2.8. Notice that the definitions and theorems above hold true replacing the ball with
any open bounded domain €, including the case of the half balls B;'.

Remark 1.2.9. Let Q ¢ R be an open bounded set such that @ cc R\ ¥ and, for every
e €10,1), let H}(£2, p2) be the completion of C2°(£2) with respect to the seminorm

" 1/2
lullyiagey = ([ ptiuaz) "

H3(Q, p2) = H(9). (118)

Then, for every € € [0, 1),

Indeed, dist(€2,%) > § for some § > 0 depending only on 2, and thus § < p? < =1 in R4*!
uniformly in €, up to taking § smaller. This shows that || - ”H&(Q,pg) ~ - ||H(}(Q) which, in turn,
readily implies (1.18) by the definition of H}(2) and H}(€, p2).

1.2.3 Sobolev spaces involving time
Let a € R, e €[0,1) and p,q € [1,00). We define
LI LP(By, p2)) :={u: I, — LP(B,, p?) measurable: / Hu(t)H%p(B poydt < 00},
I e

equipped with the norm

1/q
Il et ez = ([ 10O, )

The special case p = ¢ is the most relevant for our results. In such case, we set LP(Q,, p?) :=
LP(I’I”; LP(B;, Pg)) and

1/p
ull (@ pe) = Il Lo(r,00 (B, ) = (/Q p?!u\pdzdt)

T

Similarly, for fields we define

a1 dt < oo},

Li(I,; LP(B,, p2)) .= {U : I, — LP(B,, p»)*™! measurable: / U (%) HLP(B 29)
I
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normed by

1/q
10ty = ([ IO, pyrdt)

As above, when p = ¢, we set LP(Q,., p2)®+! := LP(I,; LP(B,, p)%*1) and

alrrp 1/p
[0Nir(@upeyies = WU losaogerion = ( | pEUPdzde) ™
We set

L(1,; LP(By, p2)) := {u : I, — LP(By, p¢) measurable: esssup [[u(t)||r(p, pa) < 00},
tel,

equipped with the norm

HUHLoo(IT;Lp(BT,pg)) = estseslup Hu(t)HLP(Br,P?)a

T

and

C(Iy; LP(By, p2)) := {u : I, = LP(B,, p?) continuous: max ||u(t)|| s (s, pe) < 00},
tel,
normed by

lullod, oo (B, poy) = max [w(®)| Lo (B,,p2)-

T

Analogously to the previous section, we define the spaces of smooth functions C*(Q,), C(Q,),
CX(Q,\X), and C(Q, \ X). The space L?(I,; H*(B,,p?)) is defined as the completion of
C*°(Q,) with respect to the norm

1/2
st = (| WO ) = ([ otz [ pervupazar)”

(1.19)
while L?(I,; H} (By, p2)) is the completion of C2°(Q,) with respect to the seminorm

. 1/2
lull 21,12 (B, p2) / [|lu(t) ”HlB 2) dt) = (/Q pE|Vu\2dzdt>

Notice that by the Riesz’s representation theorem, the topological dual space of L?(I,; H} (B, p%))
satisfies
L2(Ir§ H&(Bra pe))" = LQ(ITQ H_I(Bh pe))-

Remark 1.2.10. Later on we will use the following classical fact, see [99, Proposition 2.1,
Theorem 3.1|: there exists C' > 0 depending only on r, such that

||U||c (I;L2(By,pa)) = C(H“HL? Tr;:H (Br,p2)) + ”&tuHL2 (In;H (Br,p?)))7

where d;u denotes the weak time derivative of u. That is, if u € L?(I,; H} (B, p%)) and dyu €
L*(I; HY( By, p2)), then u € C(I,; L*(B,, p2)).

Exploiting the Sobolev inequalities above, one can prove their parabolic versions (see for
instance [30], or the more recent [(]).
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Theorem 1.2.11. Let ¢ € [0,1) and r € [1/2,1]. Assume either a > —1 and d > 2, or a > 0
and d = 1. Then there exists C' > 0 depending only on d and a such that

/Qr pul?dzdt < C(/Qr P (u2 + |Vu|2> dzdt) €ss sup </Qr pqudzdt>7_l, (1.20)

tel,

for every u € L*(IL.; H (B, p%)), where

Further, if d =1 and a € (—1,0], the above inequality holds with ~ replaced with any p € [1,2)
and a constant C > 0 depending only on d, a and p.

The same isometry in (1.17) can be easily extended to the parabolic setting as a map
T¢: L*(I,; HY(B,, p.)) — L*(I,; HY(B,)) u— v := /pu. (1.21)

Notice that T is still an isometry if L2(I.; H'(B,)) is normed by

1/2
1ol 2,500 () = (/I Qs(”(t))dt> ;

and L2(I.; H'(B,, p.)) stands for the completion of C°(Q, \ ) with respect to (1.19). Working
as in the stationary (time-independent) framework, one can see that such a norm is equivalent
to the standard L?(I,; H'(B,))-norm, uniformly in ¢ € [0,1). As a consequence, we obtain the
following Sobolev embeddings when a < —1.

Theorem 1.2.12. Leta < —1,d > 2, €[0,1), r € [1/2,1]. Then there exists C > 0 depending
only on d and a such that

/ pllul?dzdt < C(/ pe (u2 + ]Vu|2)dzdt) €ss sup (/ p?quzdt)v_l,

r Qr tel, r
for every w € L?(I,; HY(B,, p%)), where

2*—1

=2 .
Y o

Further, if d = 1, the above inequality holds with v replaced with any p € [1,2) and a constant
C > 0 depending only on d, a and p.

Remark 1.2.13. As explained in Remark 1.2.8, one can define the spaces L(I,; LP(B;}, p%)),
Li(1; LP(B}, p2)™1) and C(I,; LP(B;}, p%)), and the Sobolev spaces L?(I,; H'(B;},p¢)) and
L3(I; HY (B}, p2)), by considering the upper half cylinder Q;F instead of Q,..

1.2.4 Weak solutions

The energy spaces introduced above allow us to give the notion of weak solutions for our class
of problems. Before that, we introduce the space of test functions we will use in the definitions
below: such space takes into account the integrability /non-integrability of the weight |y|* when
e=0.
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Definition 1.2.14. Let a € R, r > 0 and € € [0,1). We define

C(Qr) if either € € (0,1), ore =0 and a € (—1,1)

D(@r) = {CCOO(Qr \Y) ife=0andaé€ (—o0,1]UJl,00).

Notice that, in light of Proposition 1.2.4, the set D°(Q,.) is dense in L*(I,; H} (B, p%)) for every
e€[0,1).

Definition 1.2.15. Let a € R, » > 0, £ € [0,1) and f € L?(Q,, p%), F € L*(Q,, p2)?*. We say
that v is a weak solution to

peoru — div(plAVu) = pl f + div(plF) in Qy, (1.22)

if we L2(I; HY(B,, p%)) N L*®(I,; L*(B,, p%)) and satisfies

r

/ peudrpdzdt + / P2 AV - Vgdzdt = / pe(fo— F - Ve)dzdt, (1.23)
QT‘ Qr

for every ¢ € D°(Q,). We say that u is an entire solution to
P20y — div(plAVu) = pof + div(peF) in R x R,
if, for every r > 0, u is a weak solution to (1.22).

Next, we provide the definition of solutions that satisfy a zero boundary condition on the lateral

boundary 0B, x I, and assume a prescribed initial value at t = —r2.

Definition 1.2.16. Let a € R, r» > 0, ¢ € [0,1) and f € L*(Q,,p%), F € L*(Q,,p%)"*,
ug € L*(B,, p?). We say that u is a weak solution to

ployu — div(pl AVu) = p¢ f + div(plF) in Q,
u=0 in 9B, x I, (1.24)
U = uQ in B, x {—r?},
if u € L2(I; H} (B, p2))NL>(I,; L*(B,, p2)), satisfies (1.23) for every ¢ € D°(Q,) and u(—r?) =
ug in L?(B,, p).

Remark 1.2.17. Let ¢ € [0,1) and let u be a weak solution to (1.24). Then, by the Holder
inequality, (1.2) and the Poincaré inequality (for the degenerate/singular case we refer to [25,
Lemma 3.2, [139, Lemma B.5| and [65, Theorem 1.3|), we have

—/Q peudepdzdt < C(Alull 2,13 (B, .poy) + 1 lL2(@rpe) + 1F N L2(@upeyas ) DN L2153 (B, o))

for every ¢ € D(Q,), for some C > 0 depending on d, a and . Consequently, a standard density
argument, shows that the distribution

(O, ¢) = — /Q pudyddzdt, &€ L3Iy Hy(By, o)

is well-defined and dyu € L*(I.; H 1(B,, p2)). In particular, u € C(I,; L*(B,, p%)) by Remark
1.2.10 and thus the equation u(—r?) = ug in L?(B,, p%) makes sense.
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Finally, we provide the definition of solutions on the upper half-cylinder, which satisfy a
conormal boundary condition on 8°Q;" = Q, N {y = 0}.

Definition 1.2.18. Let a > —1,7 >0, € [0,1) and f € L?(Q;", p%), F € L*(Q;, p»)?t. We

T T
say that u is a weak solution to

pou — div(pl AVu) = p2 f +div(peF)  in QF

1.25
pg(Avu+F) ceap1 =0 in 9°Q7, (1.25)

if we L2(L; HY (B}, p2)) N L= (1,; L*(B;}, p¢)) and satisfies
- / peudipdzdt + / PLAVuY - Vdzdt = / p2(fo— F - Vo)dzdt,
Qf Qf Qf

for every ¢ € C°(Q,). We say that u is an entire solution to

plopu — div(p2 AVu) = pof + div(plF) in RE™T xR
P8 (AVu n F) cegp1 =0 in ORI X R,

if, for every r > 0, u is a weak solution to (1.25).
Remark 1.2.19. A key tool in the study of weak solutions are the Steklov averages, defined as

1 t+h 1 t
up(z,t) := h/ u(z,s)ds, u_p(z,t):= h/ u(z, s)ds,
t t—h

where h > 0 and v is a given function. It is well-known that if e € (0,1), u € L?(I,; H*(B,, p%))

and § > 0, then
up = u, Vup — Vu in L*(B, x (=r2,r% = §), p%),

as h — 0 (see for instance [96, Lemma 3.2, Lemma 3.3]). Furthermore, if u is a weak solution to
(1.22), then wuy, satisfies

/Q P2 (Orund + (AVa)y - V)dzdt = /Q o (fond — F - Vo)dzdt, (1.26)

for every ¢ € C2°(B, x (—r%,72—h)): the proof is a standard adaptation of the classical framework
(see for instance [96, Theorem 6.1]). Similar for the case € = 0 and for weak solutions to (1.24) or
(1.25). We quote [91], [96] and the more recent [33] for further properties of Steklov averages.

1.3 Energy estimates I and local boundedness of solutions

In this section we provide some energy type estimates, which allows us to obtain L? — L*
estimates of weak solutions to (1.22), by employing a standard De Giorgi-Nash-Moser iteration
technique (we refer to [113, 30, , 13, 6] in a related context). We begin with the following
Caccioppoli-type inequality.

Lemma 1.3.1. Leta € R, € € [0,1), p,q > 2 and A satisfying (1.2). Let f € LP(Q1,p?) and
F € L9Qq,pY)% and let u be a weak solution to (1.22). Then there exists C > 0 depending
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only on d, a, X\ and A such that for every 1/2 < r' < r <1 there holds

ess sup / pgu2+/ P2 Vul?
te(—r2,r'2) JB,, Q. (1 27)

1 2 2
<= /Q o 4 v 9l gy + /Q EIFX o0y

Moreover, for every £ € R and for functions of the form v := (u — £);+ = max{u — ¢,0} and
v:=(u—{)_ =max{—u+ {0}, the following inequality holds
g+ [ pEvef

ess sup /
t€(77‘,277‘,2) Br’ Qr (]. 28)

1 ) 2
< C(m /Qr pev” + [ fllze(@e o 10l Lo (@, ) +/QT p%|F| X{v>0})-

Proof. To simplify the notation, let p = p%. As in [13], we may work with the Steklov average uy,
of u and later take the limit as h — 0: equivalently, we may assume that d,u € L?(Q1, p) and
directly work with u which is what we do next.

Fix 1/2 < 1" <r < 1. We test the equation of u with n?u, where 7 is a smooth cut-off function
we will define later. Then:

A (w?n?) 2
/1/)(24-17 AVu~Vu)

29, (2
:/ p<%(n)_QnUAVu-Vn+fn2u—772F-Vu—2nuF-Vn).
1

By (1.2), the Holder’s and the Young’s inequalities, we get

1
2/ pﬁt(u2n2)+k/ o’ | Vul?
1 1

<5 [ ooy 2n( [ o) ([ otnR) " Inslisen il

+ (/ PnQ\FPX{ubo})l/Z(/ anIVuIQ)l/2 +2</ P772F|2X{u|>o})1/2</ pu2|v”|2>1/2
N o, ’ o o)

< ;/1 puldy(n) + % /Q1 p?|Vul® + % /Q1 pu? [N ? 0 | o @r.p 10l 1o 4y

+ % o1 PP | FPX (juj>0y + % /Ql PVl + /Ql P F X uj>0y + /Q1 Vil

Hence, we have

1 2,2 1 2 2
5 [ PO(u )+ =X [ 07Vl
2 6 )

1

1 372
<5 [ o)+ (B +1) [ pienp (1.29)
Q1 Q1

1
+ anHLP(QLP)”nu”LP’(th) + <1 + ﬁ) /Q /0772‘F‘2X{|u\>0}~
1
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A standard approximation technique (see [113], [13, Theorem 5.1|) allows us to integrate over a
cylinder of the form By x (—1,1), for any # € (—1,1). Now, let t* € (—/,7') such that

1
— esssup /
2 te(_,,,/277-/2) B

and take the test function n = ¥ (|z|)¥2(t), where

pu2§/B pu?(t*), (1.30)

/
7’/ T

sz)l =1lin B?"’v 0 S d)l S 1lin Bla Spt(¢1) — BTa |v¢l’ S IR (]-3]-)
rTr—r
Yo =1in (=12, t%), 0 <1 <1in (—1,t%),
C (1.32)

sptlia) = (12 #), [l <

By (1.31) and (1.32) we have
¢
(r—r")?’

and thus by (1.29), (1.30) and the last inequality we obtain

() + |Vn|* <

1
s [ ot <O( o [ o+ Wl livig,m + [ AFPXn).

t€(7r12’7n/2) B

Combining this inequality with (1.29), then (1.20) follows.

To prove (1.28), let v = (u — k)4 and test the equation of u with n?v. Since du = d;v and
Vu = Vv on {v > 0}, we obtain

/‘A&Mﬁw+vam%%ﬁm%wuﬂvm%D

1

N / p(Brw(?v) + Vo V(2v) = f(rv) + F - V(i) ),

1

and thus, (1.28) follows from the same argument above. The case v = (u — k)_ is analogue,
noticing that d;u = —dyv and Vu = —Vo. O

The second step for proving the local boundedness of solutions is the following no-spikes estimate
type.
Lemma 1.3.2. Letc €[0,1), a € R, p > d‘*'“Tm, q>d+at +3 and A satisfying (1.2). Then
there ezists a constant 6 € (0,1), depending on d, a, A, A, p and q, such that if

HfHLP(Ql,pg) + HFHL"(Ql,P?) <1
and u is a weak solution to (1.22) with

/ puy)dzdt < 0,

Q1

then
u S 1 m Q1/2'
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Proof. Fix € € [0,1), set p = p?, and assume either d > 2 and a > —1, or d = 1 and a > 0 (the
other cases are analogous). For every integer j > 0 define

i i
Cji=1-27, rji=5+277 Bji=By, Qji=Qr.

Notice that C; 11, 7; 1 1/2 as j = oo, and rj — 141 = 27772 Define

Vim(u-C)ee Eyi= [ pViduat

J

and observe that, for every j > 0, E; < FEy < 0 by assumption. Applying the Caccioppoli
inequality (1.28) to Vjii, with 7' =r;;; and r = r; we have

csssup [ gV [ plVVaP
Bjt1

te(—r? 1,2, )) Qj+1

(2 | Va Wisiliigun + [ AP o0).
J r

Consequently, using the Sobolev embedding (1.20) (with v =1+ ﬁ),

(/Qj+1 p|1/}+1|27>1/7

1y =1/~
<o [ wrar [ ovvnP)” s ([ o)
41

Qj+1 Qj+1 te(=r?, ,r2, )

< 0(223'/(2 PV}Q-H + H‘/}'—l—IHLP’(Qj,p) +/Q p|F|2X{Vj+1>0}>‘
i v

Now, by the Holder inequality

9 2\ /7 1/
Ejy1 = PViig < ( pIVjs1l ) ( PX{w+1>0}> , (1.34)
Qj+1 Qj+1 Qj+1
where v = W is the conjugate exponent of v and, using the Hélder inequality again, we
obtain
1/2 (r—2)/2p
Wil @n = ([ ov2) ([ pgeso)
Qj+1 Qj+1 (1 35)
1/2 (p—2)/2p '
< Ej ( pX{Vj+1>0})
Qj+1
and

2/q (a—2)/q
[oorxsg < ([ arm) ([ pen)
Qj+1 Qj+1 @i+ (1.36)

< (/Qj+1 PX{\/;+1>0}>(q_2)/q-



22 Regularity for degenerate or singular parabolic equations

Further, using the definition of Vj, it is easy to see that V;1 > 0 if and only if V; > 273~ for
every j and thus

/ PX{v; >0 = / PX(v2so-2i-2) < 22j+2/ pV} = Ej. (1.37)
Qj+1 Qj+1 ! Qj
Combining (1.33), (1.34), (1.35), (1.36) and (1.37), we obtain

_ 1

RS i+L 1-24+1
Ej+1§01+j<Ej ”/+Ej b ”'+Ej a 7/>,

where C' depends only on d and a. By the assumptions on p and ¢ it follows that 1/4" —1/p > 0
and 1/ —2/q > 0. Let us denote by 4 the minimum of such two positive numbers. Taking into
account that F; < for every j, we have

{Ej+1 < CWET,
Ey <0,
which implies
E; < CZfzoi(1+’y)i*iE(()1+’y)i < o1+ Y, Ty 5+ < (C5)a+Y
since ZLO ﬁ < 00. Now, take ¢ such that C'd < 1. Then E; — 0, as j — oo and thus,

by definition of V;, F; — me p(u —1)% = 0, which yields v < 1 in Q1/2, as claimed in the
statement. Ul

Finally, by combining Lemma 1.3.1 and Lemma 1.3.2 we get the L? — L> estimates, which
are uniform in the parameter €.

Proposition 1.3.3. Leta € R, £ € [0,1), p > dJraTm, d>d+at + 3 and A satisfying (1.2).
Let f € LP(Q1,p%) and F € LI(Q1, p2) and let u be a weak solution to (1.22). Then there
exists C' > 0 depending only on d, a, X\, A, p and q such that

@y < C(Iuliz@upmy + 1 15@upe) + 1P lzscue)
Proof. Define

V6
et llz2@upe) + I lzr(@u00) + 1 ElLac@upe)”

V+ = 9+U+, 9+ =
where § > 0 is as Lemma 1.3.2. The hypothesis of the Lemma 1.3.2 are satisfied, so

1
[t 1o (@, ) < %(HU—FHLQ(thg) + 1 fllr(Qu,pe) + HFHL‘Z(Ql,pg))'

Repeating the same reasoning with V_ and taking into account that both the estimate (1.28) and
Lemma 1.3.2 hold also for the negative part of solutions, it follows

1
lu—llzo=(@y) < %(HW”L?(QW?) 1 lr @iy + 1 @i )
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So, putting together these two inequalities, the thesis follows choosing C' = %. OJ

The last result of this section is an energy estimate for weak solutions to the Cauchy-Dirichlet
problem (1.24), which depends only on the data of the problem.

Lemma 1.3.4. Leta € R, ¢ € [0,1) and f € L*(Q1,p:), F € L?(Q1, p®), ug € L?(By, p2).
Let ue be a weak solution to (1.24) in Q1. Then there exists C > 0 depending only on d, a and A
such that

||u8||L°°(71,1;L2(Bl,Pg)) + HUEHLQ(fl,l;Hé(Bl,pg)) (1.38)

< O fl2(@u,pe) + 1 1 L2(0y 02y + w0l 2By p2))-

Proof. Let us set u := u. and notice that u € C([—1,1], L?(B1, p%)) by Remark 1.2.17. In what
follows, we prove the existence of C' > 0 depending only on a, d and X such that

/,ogu2(r)dz+/ / pg|vu|2dzdtgc(/ p?(f2+|F|2)dzdt+/ pgugdz), (1.39)
B1 -1 Bl Ql Bl

for every 7 € (—1,1). The bound in (1.38) easily follows by the arbitrariness of 7.

So, let us fix 7 € (—=1,1), h € (0,1 —7) and consider the Steklov average uy, (see Remark 1.2.19).
Using a standard approximation procedure (see [96, Theorem 6.1]) and recalling that D°(Q,) is
dense in L2(I.; H} (B, p%)), we may test (1.26) with ¢ := upX[—1,7] to deduce

/ / pe(Orupup, + (AVu)p, - Vup)dzdt = / / pe(frun — Fp - Vuy,)dzdt.
—1 Bl -1 Bl

Now, using Fubini-Tonelli theorem and integrating with respect to ¢, we obtain

T 1 T 1 1
/ / pLOupupdzdt = / pg/ Op(u})dtdz = / pus (T)dz — / plus(—1)dz,
~1/B, 2)p ") 2 /B, 2 /m

and thus, passing to the limit as h — 0 and recalling that u € C([—1,1], L*(Bi, p2)), it follows

1 T T 1
/ pu?(T)dz + / / peAVu - Vudzdt = / / pe(fu— F - Vu)dzdt + / pluddz.
2 /B, -1JB -1.JB 2 /B,

Recalling that A satysfies (1.2) and applying both Holder’s inequality and Young’s inequality, it
turns out

1 T
/ pguZ(T)dz—i—)\/ / P2V ul*dzdt
2 /B ~1/B,

T a, 2 1/2 T a 2 1/2 1 2
1122010 / / ) 4 WP lue ([ [ 196R) " Sl
-1 Bl -1 Bl
1 2 1 i a, 2 1 2 )‘/T/ 2 1 2
a a a aN F a a (Zv a a s
Mo g [ [ oo 5P g + 5 [ [ oI+ S0l

that is

IN

IN

H(T)—i—)\/ / pg\vuy2dzdt§/ H(t)dt + K,
—-1JB;

’
-1
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where
. a, 2 o 2 1 2 2
)= [ gt and K= 17, e + 5 IF e + 1],
1

Finally, since the second term in the right hand side is nonnegative, the Gronwall’s inequality
yields [T, H(t)dt < K(1+¢€") < K(1 + e) which, in turn, proves (1.39). O

1.4 Approximation results

The purpose of this section is to establish some approximation results, in the spirit of [135]
(elliptic framework). The main fact is that any weak solution w to (1.22) with ¢ = 0 can be
locally approximated with a family of classical solutions {ue}.c(o,1) to (1.22) (with & > 0), that
is u. — uw as € — 0, in a suitable sense (see Lemma 1.4.1 and Lemma 1.4.2). This is a key step of
our work that will play an important role in the proofs of the Hélder and Schauder estimates.

In what follows, we will repeatedly use the following elementar fact:
P lyl* i i (R ),
ase — 0.

Lemma 1.4.1. Let a € R, p,q > 2, A satisfying (1.2), R > 0 and Ig := (—R? R?). Let

{fe}ee01) C LP(Qr, p2), {Fr}eeo1) € LUQR, p2)™™ and let {uc}.co1) be a family of weak
solutions to

peopue — div(pe AVu) = p fe +div(pfFe)  in Qr. (1.40)

Assume that there exist C > 0 independent of €, f € LT (Qr\X) and F € L (Qgr\ )41 such

loc loc
that

uell L2 (1g; 1 (Brope)) T [Uell Loo (102 (BRop2y) < O (1.41)
I fellLr(@rope) + 1 FellLa(Brope) < C, (1.42)
fe=f in L} (Qr\X) and F.—F in L] (Qr\X)*™ (1.43)

ase — 0. Then, f € LP(Qr,|y|*), F € LYQg,|y|*)™, and there exist a weak solution u to
(1.22) in Qp (with e = 0) and a sequence e — 0 such that ue, — u in LE (Ig; HL .(Br\ X)) as

loc

k — oo. Moreover, if we assume that {u.} C L*(Ig; H}(Bg, p2)), then u € L*(Igr; H} (B, |y|?)).

Proof. By scaling, we may assume R =1 and set [ := (—1,1).

Step 1. We have f € LP(Q1,|y|%) and F € LY(Q1, |y|*)**!. This easily follows by Fatou’s lemma,
(1.43) and p? — |y|* a.e. in Q;.

Step 2. In this step we show the existence of u € L?(I; H}\

1oc(B1\ X)) and a sequence €5 — 0 such
that

Ue, —u in L*(LLE (B \ X)), (1.44)

loc

as k — oo. Further, for every open set w CC By \ &, u is a weak solution to (1.22) in w x I.

Let Q,Q C R4 be open sets such that @ CC Q cC By \ ¥ and let £ € C2(Q) with 0 < € < 1,
&=11in Q and |V¢| < Cp, where Cy > 0 depends on d, Q2 and €.
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Define v, := &u.. By (1.41), we have v. € L*(I; H} (Q; p2)) N L% (I; L?(; p2)) with

lvell L2 (r;m (,00)) + 10l oo (1:22(02,00)) < € (1.45)

for a new C > 0 independent of €. Setting @ := Q x [ and fixing ¢ € C°(Q), we compute
— / pPRuOrpdzdt + / pe AV, - Vpdzdt
Q Q
=— / plu 0L (Ep)dzdt + / P2l AV u, - Vpdzdt + / plu.AVE - Vpdzdt
Q Q Q
—— [ srudneorzde + [ praTu. - V(goydz
Q Q
— / pLPpAVu, - VEdzdt +/ peuAVE - Vpdzdt
Q Q
- /Q 2 (60 — 2 V(€0) — 6AVus - VE + u-AVE - V) dzdt
- /Q 0 (.66 — EF. - V6 — GF. - V& ~ 6AVue - VE + u AVE - V) dedt,

that is,
pLowe — div(pf AV ) = plfe +div(plF:) in @,

in the weak sense, where we have set

f; = [l = F. -V — AVu. -V, F.:=F.{ —uAVE.

Proceeding as in Remark 1.2.17, one combines the uniform estimates (1.41), (1.42) and (1.45)
with the Holder’s and Young’s inequalities, to deduce

- | prvdnsdzat < Clolsgnyam

for some new C' > 0 depending only on d, €2, Q, a and A. Notice that, respect to Remark
1.2.17, C is independent of &: this is because H} (€2, p%) = H}(2) and we can make use of the
Poincaré inequality with constant independent of €, see Remark 1.2.9. As a consequence of the
above inequality, it follows dyv. € L*(1; H1($2, p2)) with [|0sve|| 2(1, -1 (0,pe)) < C and so, since
H=YQ, p%) = H71(Q) by Remark 1.2.9, we obtain

||3tve||L2(I;H—1(Q)) <C. (1.46)
At this point, combining (1.45), (1.46) and Remark 1.2.9 again, it follows
HUEHL2(I;H01(Q)) + H@%HL?(I;H%(Q)) <20,

and thus the Aubin-Lion lemma (see for instance [135, Corollary 8]) yields the existence of v €
L%(I; H}(Q)) such that v. — v in L?(Q), along a suitable sequence. Further, since by (1.41) there
is u e L2(I; HY(Q)) such that u. — win L2(I; H*()) (along a suitable sequence) and £ = 1 in €,
we deduce v = u in L*(Q x I). A standard diagonal argument yields both u € L?(I; HL (B1\ %))
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and (1.44) (take for instance Q = Q; := By \ {|y| < ]%} and Q = Q; := B% \ {ly| < ]%},
j €N).

Now, fix w CC By \ ¥. Combining (1.44) and u., — u in L?*(I; H'(w)) and recalling that
p2, — |yl in L?(w), and testing (1.40) with ¢ € C°(w x I), we may pass to the limit as k — oo
into (the weak formulation of) (1.40) and deduce that u is a weak solution to (1.22) in w x I.

Step 3. Now we prove that
Vaue, — Vu in LE ((B1\ %) x I), (1.47)

as k — oo, up to passing to a suitable subsequence.

Let Q CC B1\X, 1€ CX(Q), -1 <t; <tz <1landh € (0,1 —t2) and let (u., ) and up
be the Steklov averages of u., and u, respectively (see Remark 1.2.19). Similar to the proof of
Lemma 1.3.4, we test the equation of (u., ), with 772X[t1,t2](usk)h to obtain

to
| (e du e s+ (AVe - VP e )0)
1
to
= [ [ o (30 e ) + wE AT - Ve )+ 200 (AT e ) - V)
t1
1 t £ t2
= /p6k17 uEk / /pEk Avuf-?k) v(uek)h+2n(u€k)h(Avu€k)h'V77>
t1

:/tw/ﬁsk fEk w* (ue)n + (Fo)n - V(0 (ua’“)h)>’

which, rearranging terms, becomes

to ) 1 tt2 to
| [ty V=3 [ st 2 =2 [ [ st naVa -
1 - 1

/ttz/pgk fek 1w (e, )n 4 (Fe)n - V(02 (uek)h))

(1.48)
Using the properties of the Steklov averages (see Remark 1.2.19), we can take the limit as h — 0

n (1.48) to obtain
to
T 2/ / Pz, e, AV U, - V1
=1

to
/t /pEk QAVUEk Vg, = — /pskn Ue
1

to
+/ /ngk f5k772u5k + Fey - V(”2U5k>)7
t1

for every k € N. Now, by testing the equation of u with "72X[t1,t2]uh and repeating the very same
argument, one shows that

to 9 1 5 o t=to to
/ /‘y’aﬂ AVU'VUZ—/ ly|“n"u ‘ —2/ /|y[“nuAVu.Vn
t Ja 2 Jo t=t, t Jo
b2 2 2
+/ /Iy“<fn u+F-V(n u)),
t1 Q
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for a.e. t1 and t as above. Recalling that Vu., — Vu in L2( x T) and using both (1.44) and
pt, = ly|* in L?(Q), we find

1 a 2 2 t2 r2 a
T2 Jo P ekl iy, 2 t stknuekAvugk v

1 a2 2|70 & a
— =5 [ lyl*n7u \ -2 ly|“nuAVu - Vn,
Q t=t1 t1 JQ

as k — oo, for a.e. 1 and t2 as above. On the other hand, since in addition f;, — f in L2(Q x 1)
and F., — F in L2(Q x I)%*1 ] it follows

to t2
/ /p?k (fetPuey + Py - V(nus,)) —>/ / gl (frPu+ F - V(o).
t1 Q t1 Q

as k — oo, for a.e. t; and ¢y as above. Consequently,

k—o0

to to
lim / pgkn2AVuEk -Vug, = / / ly|*n?AVu - Vu.
t1 Q t1 Q

Since p? is bounded and bounded away from 0 in Q uniformly in e and u., — u in L2(I; H()),
and A satisfies (1.2), we may let n — xq and use the triangular inequality to deduce Vu., — Vu
in L2(2 x (t1,t2)) as k — oo. A diagonal argument as above then shows (1.47).
Step 4. Next, we prove that u € L2(I; H'(By, |y|*)) N L (I; L*(By, |y|?)).

By (1.41), (1.44) and Fatou’s lemma, we have that u € L>(I; L?(By,|y|*)). Indeed, for a.e.
t € I, one has

/B ‘y|au2(z7t)dz < hIIlklIlf/B pgkugk (z,t)dz < HUEkHLoo(I;LQ(Bl’pgk)) <C.
1 1

To show that u € L?(I; H*(By, |y|*)) we distinguish three cases, depending on the value of a.
Assume first @ > 0. Since |y|* < p?(y) for every € € (0,1), one has

uell L2 (2,11 By Jylo)) < NuellLe (1 By pay) < €

by (1.41). Then, the family {uc}.c(o1) is uniformly bounded in L*(I; H*(By, |y|*)) and thus
u € L*(I; HY(By,|y|*)) by weak convergence. Moreover, if {uc}eeo1) C L*(1; Hj(By, p2)) C
L2(1; HY(By, [y1%)), then {u}ec(oy © LT3 HE(By, [y|*)) and u € L3(T; Hy(By, [y]?)) by weak
convergence.

Second, fix —1 < a < 0. In this case |y|* belongs to the Muckenhoupt class A and, since a < 0,
one has |y|* > 1. Therefore,

uell L2 (1)) < el Lo By pe)) < O,

and so u., — u L?(I; H'(Bj)) and that u possesses weak gradient. Now, since u., — u and
Vue, — Vu a.e. in Qq by (1.44) and (1.47), we may invoke Fatou’s lemma again to conclude u
and |Vu| belong to L?(Q1, |y|*). This shows our claim thanks to Proposition 1.2.4.

Furthermore, if {uc}eeo1) € L*(I; Hy(B1, p2)), then {uc}tee1) € L*(I; Hy(B1)) and thus
there exists a sequence satisfying u., — u weakly in L?(I; H}(B1)). So, u € L*(I; HY(By, [y|*)) N
L3(I; H}(By)).
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Now, fix 6 > 0 and consider ¢ € C2°(Q1) such that |[u — || L2(,m1(5,)) < 5, where 6 € (0,1)
will be chosen in a moment. Let ¢ € (0, 1) small. Then

[owevu=vop = [ plrva-vep s [ v - vof
Q1 {lyl=g} {lyl<a}
<i* [ [Vu- VP +8() <95+ 50),
1

where ¢'(§) — 0 as § — 0, since the function |y|*|Vu — V|?> € L'(Q1). Choosing § <
8 (9)/4* and g such that §(y) < /2, we finally obtain ||u — Ul L2 (1013 (By Jylay) < 0 that is,
u € L2(I; H} (B, |y|*)) thanks to the arbitrariness of §.

Finally, let @ < —1. In this case, we consider the isometry T2 defined in (1.21) and we
set ve 1= \/pZu.. By Remark 1.2.7 and (1.41), the family {vc}.c(o,1) is uniformly bounded in
L*(I; HY(By)) and so v., — v weakly in L?(I; HY(By)). Further, by (1.44), we have

b [ o ¢=/ N qH/ 1]/ 2ug,
/Ql Q1 g Q1 o Q1

for every ¢ € C°(Q1), which implies v = |y|*/?u a.e. in Q;. So, noticing that u = (T8)~to
and applying Remark 1.2.7 again, we conclude that u € L?(I; H'(By,|y|*)). Moreover, if
{ucteeo1) C L*(I; Hy(B1, p2)) then {ve}eco1y C L*(I; Hi(By)). So, ve, — v weakly in such
space, which implies that u € L?(I; H} (B, |y|)).

Step 5. In this last step we show that u satisfies (1.22) (with € = 0) in the weak sense. Let us fix
a test function ¢ € D°(Q1), see Definition 1.2.14 with ¢ = 0. By (1.44) and (1.47), we have both
pe, (e, 0 + AVug, - Vo) — |y|*(—udip + AVu-V¢) ae. in Q;

and
P (fer® — Iy - Vo) = y|*(fo — F-V¢) ae in @,
as k — oo. Now, let E C )1 be measurable. By (1.2), (1.41) and the Holder inequality, we get

1/2
/Eﬂgkl — g, 019+ AV, - Vo| < CH“é’LQ(I;Hl(Bl,pgk))va,t¢HL°°(Q1)</ P?k) < (E),

Enspt(¢)

where 0(E) > 0 satisfies 6(£) — 0 as |[E| — 0. Indeed, when a < —1, we have p¢ < [y|* € L>(EN
spt(¢)), by the definition of Dg°(Q1). Instead, when a > —1, one has pg, < Cly|™in09) ¢ LY(By).
In particular, it follows that the family —pg u., 0:¢ + pg, AVue, - V¢ is uniformly integrable and
the Vitali’s theorem (see |18, Theorem 4.5.4]) yields

/@1 pgk(—uekatqﬁ—i-AVuek-Vqﬁ) N /Ql \y|a<—u8t¢+AVu-Vq§>,

as k — oo. With a very similar argument, we obtain

[ e (teo - rv0) o [ (g0 - F-90),

as k — oo, and our statement follows. O
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Lemma 1.4.2. Let a € R, p,q > 2, A satisfying (1.2), R > 0 and Ig := (—R? R?). Let
f € LP(Qr,|y|®), F € LYQRr, ly|*)™! and let u be a weak solution to

ly|*Opu — div(|y|*AVu) = |y|*f + div(Jy|*F)  in Qg.

Then, for every r € (0,R), there exist {uc}oc(0,1), {fe}eeo,1) and {Feleco,1) satisfying the
assumptions of Lemma 1.4.1 in Q.. Moreover, there exists e, — 0 such that u., — u in
L (I;HL (B \ X)) as k — occ.

loc

Proof. By scaling, we may assume R =1 and set [ := (—1,1).

Step 1. Let us fix 7 € (0,1) and set B := B,., Q := B x I, B := B+ and Q := B x I. Consider
2
a cut-off function £ € C2°(By) such that

spt(§) c B, €=1inB, 0<¢<1in By, |VE <,

for some Cy > 0 depending on d and r, and define @ := &u. Now, given ¢ € D°(Q), the same
computations of Lemma 1.4.1 show that

/ yl”(— adro + AVa- Vo)
Q
= /Q [yl (f€6 — §F - V6 — 6F - V¢ — 6AVu - VE + uAVE - Vo),
and thus, setting
fi=f¢ F:=F¢ §:=—F -V&—AVu-VE, G:=—uAVE,
we obtain that @ is a weak solution to
Y00 — div(ly|" AVa) = [y|(f + 3) + div(ly|*(F + G)) in Q,

where we have used that @ € L2(I; Hi (B, |y|*)) N L*(I; L*(B,|y|*)) by construction. Moreover,
since u € L2(I; HY(By, |y|*)) by definition and p, ¢ > 2, then f € LP(Q, |y|?), F € L(Q, |y|*)*T,
g € L*Q,|y|*) and G € L*(Q,|y|*)*'. Therefore, by Remark 1.2.17, it follows that @ €
C(I; L*(B, |y|*)). In particular, @ := @),__, = uy,__, € L*(B,]y|*) is well-defined and @ is a
weak solution to

|0t — div(|y|*AVi) = [y[*(f + §) + div(jy|*(F + G)) in @,
=0 on dBxI, (1.49)

:ﬂo on B.

Step 2. In this step, we construct a family of smooth approximations u. of @, as in the statement.
We distinguish between two cases, depending on the value of a.

First, let a > 0. We define
fo= (il;)l/pf, o (‘il;)l/qp, - (|y’a)1/2§,

G. <|y,a>1/2é’ v = <\y|a)1/2a0’ ”

pa pe
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and consider the family of weak solutions {uc}.c(,1) to

pLOpus — div(pl AVue) = p2(fe + ge) + div(pe(Fe + Ge))  in @
ue =0 on O0BxI,

u8|t:,1 = uO,E on B.
By construction, we have

Ifellzr@upe) + 9ellz2(@upe) + el La(@upe) + [1GellL2(@upe) + [[w0ellL2 (B p2) < C, (1.50)

for some C' > 0 independent of ¢ and f. — f, F. > F, ge — g, Ge — G ae. in Q and Up,e — U
a.e. in B. Furthermore, since a > 0, we may apply the Lebesgue’s dominated convergence
theorem to deduce that

fo=f inIP (B\Z)xI), F.—F inLl ((B\X)xI)™,

N 1.51
g-—§ I (B\Y)xI), G.—G inLi ((B\X)x )%, (1.51)
and uge — Gg in L (B\ X) as e — 0.

The case a < 0 is easier: we set
fé‘ = fa FE = Fv ge ‘= gv GE = G7 Uge ‘= ’17/0.

Since p? < |y|®, we immediately deduce (1.50), while (1.51) is obvious by definition.

Step 3. Combining Lemma 1.3.4 and (1.50), we deduce that the family {uc}.c(o,1) is uniformly
bounded in L?(I; H} (B, p?)) N L°(I; L?(B, p2)). Consequently, by (1.50) again and (1.51),
{tuetee0,1)s 1fe + geteco,1) and {F: + Getog(o,1) satisty the assumptions of Lemma 1.4.1 in @ and
so there exist e, — 0 and @ € L?(I; H} (B, |y|*)) N C(I; L*(B, |y|*)) (see Remark 1.2.17) such
that u., — @ in L2 (I; HL (B \X)). Since ug. — g in L (B \ X), ili=—1 = G in L*(B, |y|*)
and therefore u is a weak solution to (1.49).

As consequence, we obtain @ = @ a.e. in ) by uniqueness of @ (uniqueness of weak solutions to
(1.49) follows by the classical theory of the Cauchy-Dirichlet problem in abstract Hilbert spaces,
see [99]) and our statement follows since & = w a.e. in @ by definition. O

Remark 1.4.3. Let a > —1 and R > r > 0. Then, Lemma 1.4.1 and Lemma 1.4.2 hold for weak
solutions to (1.25) in QF. That is, if {uc}.e(0,1) is a family of weak solutions to (1.25), such that
Ue, fe, Fz and A satisfy the same assumptions of Lemma 1.4.1 in QE, then u. — w in the sense of
Lemma 1.4.1 and u is a weak solution to (1.25) in QE with € = 0. Further, if u is a weak solution
(1.25) in QF, with e = 0, we can construct families {uc}ee(0,1), {fe}tee(0,1): {Fe}tee(o,1) such that
the assumptions of Lemma 1.4.1 in @Q;' and u. — u in the sense of Lemma 1.4.2.

Indeed, fixed ¢ € [0,1), let us consider a solution u. to (1.25) in QF and let ¢ € C°(Qr) be a
test function. Let us define

I, O - -
Ji= (00 D) Ay = JA@w g0, e,y t) = (e, =y ),

fE(xayat) = fs(xa _yat)7 F€($,y,t) = _Fs(xv_yvt)v gb(x,y,t) = (Zs(l', _yvt)v
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for (x,y,t) € Q. By changing variables,
| (ot AV Vo o+ F o) = [ (= e+ AV V- b+ F- VD),
Qt Qr
where @, := Qr N {y < 0}. Hence, if we define
. J’_ _ A . + _ . + _ F . +
S SOUD LI P8 S N A Sl N S LA
Ue, in Qp A inQp fe inQp F. inQp

we have that A is a symmetric matrix satisfying (1.2) and, by the conormal boundary condition
in (1.25), u. is a weak solution to

pLoyie — div(p?AViae) = plfe + div(plF.), in Qg.

Then, Lemmas 1.4.1 and 1.4.2 apply to 4. in Qg and, by definition of ., are valid for weak
solutions to (1.25) in QF.

1.5 Liouville theorems I

In this section, we establish a Liouville-type theorem for entire solutions exhibiting sub-quadratic
growth. The result applies to both the singular/degenerate weight (¢ = 0) and the regularized
one (¢ > 0). This result extends the Liouville theorems established in [9], and can be compared
with the elliptic counterparts in [138, ) |. Later on, in Section 1.9, we refine this result for
the case € = 0, generalizing it to every polynomial growth condition and providing a complete
characterization of the polynomial solutions to (1.52).

Theorem 1.5.1. Leta > —1, e € [0,1), v € [0,2) and let u be an entire solution to

plopu — div(p2Vu) =0 in RE x R (1.52)
ployu =0 on ORI x R. '
Assume that
lu(z,8)| < CA+ (|22 + )2 for ace. (2,t) € ]Rffrl x R. (1.53)

Then w is a linear function depending only on x. Moreover, if v € [0,1), then u is constant.

The proof of the theorem above is obtained by iterating a Caccioppoli-type inequality, following
the approach in [113], which involves difference quotients in the x-variable, and by applying a
duality principle between u and its weighted derivative pZ0,u, which solve equations with weight
p- @, respectively, as in [27].

We begin with the following standard lemma.

Lemma 1.5.2. Leta € R, € € [0,1) and let u be an entire solution to
plopu — div(plVu) =0 in RT x R.

Then, for everyi=1,...,d, the function Oy,u is an entire solution to the same problem.
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The proof combines difference quotients in x and energy estimates, similar to the elliptic setting,
see [113, Corollary 2.2|. The next lemma was established in [111, 13] for a € (—1,1) and € = 0.
We extend it for all values of @ € R and ¢ € (0,1), with an independent proof.

Lemma 1.5.3. Let a € R, € € [0,1) and let u be an entire solution to
p20u — div(ptVu) =0 in RS x R. (1.54)
Then the function v = p0yu is an entire solution to
p= 0w — div(pZ?Vu) =0 in R xR, (1.55)

Proof. The case ¢ € (0,1) follows by explicit computations, since weak solutions are smooth.

When ¢ = 0, we proceed by approximation as follows. Fix R > 0 and let I := (—R? R?).
By Lemma 1.4.2, there exist a family of solutions {uc}.c(o,1) to (1.40) in Q3g (with f. = 0 and
F. = 0), uniformly bounded in L?(Iyg; H'(Bag, p?)), and a sequence ¢, — 0 such that

Ug, — U in LIQOC(IQR; Hlloc(BQR \ 2))a (156)

as k — oo. Now, since g, > 0, the function vy := pZ dyuc, is a solution to (1.40) in Q2r
(with fe = 0 and F. = 0), with weight p_*. Further, since {uc}.¢ (1) is uniformly bounded in
L*(Iyr; H'(Bar, p2)), we have

Q2R Q2r Q2r

for some C' > 0 independent of € and thus, using the Caccioppoli inequality (1.27), it follows

1kl oo (1; 2B o5y T 1V Okl 2@,y < €

for some new C' > 0 independent of . As a consequence, the family {vj}ren satisfies the
assumptions of Lemma 1.4.1 which, in turn, allows us to conclude that, up to a subsequence,
vg = v in LY (Ir; HL.(Br \ X)), for some weak solution v to (1.22) in Qg (withe =0, f =0

and F' = 0). By (1.56), we deduce v = |y|*0yu and, since R > 0 is arbitrary, our statement
follows. .

Proof of Theorem 1.5.1. First, we point out that it is enough to prove that w is linear and depends
only on z. Then the second part of the statement automatically follows combining (1.53) with
the extra-assumption v € [0, 1).

Step 1. By Remark 1.4.3, we notice that the even extension with respect to y of v is an entire
solution to (1.54). Therefore, it is enough to establish our statement for an entire solution u to
(1.54) which is even in y and satisfy (1.53) a.e. in R¥"! x R. Choosing 7' = R and r = 2R in the
Caccioppoli inequality (1.27), we get

C
/Q P2 Vul?dzdt < 2 0 pludzdt, (1.57)
R 2R

for some C' > 0 independent of € and R. We will repeatedly use the above inequality in the next
steps.
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Step 2. In this step, we show that w is linear in z. By Lemma 1.5.2, for every multi-index 8 € N9,
the function 95 u solves (1.52). Fixed R > 1, by (1.57) and (1.53), it follows

c C
/ pg(axiu)Q < / p?\Vu|2 < 2/ p?u2 < TRCL++2V+d+3,
Cr Qr B* Jor R

for every i = 1,...,d. So, setting
Fi=at+2y+d+3,

and iterating, it follows
| siodp < ore,
Qr

for every multi-index 3 € N¢. Consequently, taking 3 such that 2|3| > 4 and passing to the limit
as R — oo, we get 85 u = 0, and therefore we easily obtain that u is polynomial in the variable x.
By (1.53), it follows that u must be linear in z.

Step 3. In this step we show that u is independent of y. By Lemma 1.5.3, v := p20,u is an entire
solution to (1.55) while, by Lemma 1.5.3 again,
(p2)’

a
(3

wy = pz“Oyv = p-“0y(pLOyu) = Oyyu + Iyu (1.58)

is an entire solution to (1.54). So, using (1.57) twice, we deduce that

C C C -

2 —a 2 —a, 2 a 2 a, 2 —4
pawlg/ p |Vv|§/ p vg/ ,0|Vu|§/ peu® < CR'™*.
/ : Qr : R? Q2r : R? Q2R : R Qar :

Setting oy
Pe
a
&g

Wjg1 = Oyywj + Oywj, (1.59)

and noticing that w;; is an entire solution to (1.54) for j € N>, we may iterate the argument
above to show the existence of k € N such that ¥ — 4k < 0 and

/ plwy, < CRY™IF,
Qr

Hence, taking the limit as R — oo, we obtain wy = 0, that is

(p2)
a
13

OyyWi—1 + Oywy—1 = 0.

This ODE can be explicitly solved:

y
Wp_1 = C%_l(x,t)/ pz “(s)ds + cop—o(z, 1), (1.60)
0
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where cop—1(x,t) and cop—o(z, t) are unknown functions, linear in z. Now, let us define

g1(y) = [§ p=(s)ds,
92(y) = [op="(s) [ p2(T)dT (1.61)
9i(y) = [§ p=2(s) [ p2(T)gi—2(T)dT, for i € Nx3,

which are linked by the relationship
pe “0y(p20ygi) = gi—2, for i € Nxj.
An iterative argument combined with (1.60) and (1.59) shows that

2(k—j)—1
wj =@, t)+ D> giy)esjpil, ),
i=1

for every j =1,...,k — 1, and thus, by (1.58),

2k—1

u=co(z,t)+ »_ gi(y)ei(x,t),

i=1
where ¢;(z,t) are unknown functions, linear in x.

We claim that ¢; = 0 for any ¢ = 1,...,2k — 1, which implies that u doesn’t depends on y.

First, since g;(y) are odd functions for odd ¢, one has that ¢;(z,t) = 0 for odd 4, being u an
even function in y. Moreover, for every ¢ > 1 the functions go; are asymptotically equivalent to
biy? for y — 400, where b; € R. Indeed, by using twice de I'Hopital rule and by observing that

Yy——+00 Yy
we have that
—a —a Y a d a 1
i 2@ et Waly) o pet() Jo pE(s)ds o pe(y) .
y—+oo Y2 y—r+oo 2y y—+oo gy @ 2ylta y=+o0 2(1+a)y®  2(1+a)

By using an inductive argument and (1.61), we can prove that

)

; 1
lim gzl(.y) =b;, whereb; = H .
lyl—o0 Y o2 2m(2m — 1+ a)

Hence, go; is asymptotically equivalent to b;y?* for y — 4o0. This immediately implies that
co2; = 0 for every i > 1, by the parabolic sub-quadratic growth condition (1.53). Then, u does not
depend on y and it is linear in x. Using the equation satisfied by u, we have that 0;u = 0, hence
the thesis is proved, that is, u = u(z) is a linear function. O

Remark 1.5.4. Let us highlight that when a = 0 (and therefore p¢ = 1), Theorem 1.5.1 remains
valid for entire solutions to the heat equation d;u — Au = 0 in R%*2 and the proof above works
in this setting as well, with minor changes. Furthermore, Theorem 1.5.1 still holds for entire
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solutions u to

plopu — div(p2AVu) =0 in RT™ x R,
p2(AVu) - eq41 =0 on GRiH x R,

where A is a constant symmetric positive definite matrix (and w satisfies (1.53)). Under such
assumptions, u must to be a linear function depending only on z. This is a standard result, which
immediately follows by a change of coordinates: since A is a symmetric positive definite matrix,
we can consider the change of variables 2/ = A'/2z, which allows us to reduce to the case A = L.

1.6 C’g’o‘ regularity estimates

In this section we prove the following uniform-in-¢ Holder estimates.

Theorem 1.6.1. Let a > —1, r € (0,1), p > H3° ¢ > d 13 +at, a € (0,1)N (0,2 -
W] N(0,1— W]. Let A be a continuous matriz satisfying (1.2) and w be a modulus of

continuity such that

Az, t) — A(Z ¢
Al + s AGOZABI
(), yeor Wiz — 2+ [t —1]1/2)

As e — 07 let {u:} be a family of solutions to

pLOopus — div(plAVu,) = plfe + div(plF:) in ij (1.62)
p2(AVue + F;) -eq41 =0 on 3°Q7. .
Then, there exists a constant C' > 0, depending on d, a, X\, A, p, q, r, L and « such that
el oo iy = Cllellraor ooy + 1 felloiar ooy + Izl oot o)) (1.63)

Proof. Without loss of generality we can assume that » = 1/2 and there exists a constant C' > 0,
which is uniform in € — 0T, such that

luellz gt pmy + 1 felloqor ooy + el Laor o) < €

Otherwise (1.63) is trivially verified. From now on, we split the proof into several steps.
Step 1: Contradiction argument and blow-up sequences.

Consider a cut-off function n € C°(Q7) such that
n=1 inQj, 0<n<l1, sptn)=Qy,

By smoothness of 7, it immediately follows that n € Cg’l(Qf’); that is, there exists a constant
M > 0, which depends only on d, such that

|77(P) - 77(@)\ < Mdp(Pa Q)v for every P = (th)vQ = (577_) € Qfa

where d, (-, -) is the parabolic distance, which is defined in (1.12).
We argue by contradiction. Let us suppose that there exist p > W, g>d+3+at,
a € (0,1)n (0,2 — W] N (0,1 — W] and a sequence of solutions {uy}y := {ue, }i as
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er — 0T to (1.62), such that

Ly := [nug] 0,0,y = sup — 00.
(@) P,QeQT dp(Pa Q)~
P#£Q

Now, by the definition of the parabolic Holder seminorm of uj, we can take two sequences of
points Py = (2x,tx), P = (£, k) € Q;/‘l such that

|Opur) (Pi) = Oua) (Po)| o Le
dp(Pk,Pk)O‘ - 2 ’

Defining r := dp(Pk,Pk), one has that r, — 0 as £k — oo. Indeed, by the local uniform
boundedness of solutions, see Proposition 1.3.3, one has

4llnugll oo oF
o py < melieey

Tk
Let 7 := 4/5. For k large let us define the blow-up domains

+ _ _72 72 _
Qk) = B — z y (=7 t, T tk)7

Tk 7’2.

and set Q*° := limy_,~, Q(k) along an appropriate subsequence. We define two blow-up sequences
as

n(rez + 2k, r,%t + tr)
LkT?

n(zk, t)
Lkrg

vp(z,t) == (ug(rgz + 2, r,%t + t) — ug (2, tr)),

wg(z,t) = (ur(Trz + 2, Tit + ) — w(2k, te),
for (z,t) € Q(k). Then, we distinguish two cases:
Case 1:
Yk dp<Pk7 E)

=2 o0,
Tk Tk

as k — 0o. In this case we have Q> = R%+2,
Case 2:
Y _ dp(Pr, X) <C,
Tk Tk
uniformly in k. In this case, one has y;/ry — [ and so Q®° = R% x {y > I} x R.
Step 2: Estimate of the parabolic Hélder seminorm of vy.

Let us fix a compact set K C Q*°. Then, K C Q(k) for any k large. For every P = (z,1),
Q= (7)€ K, P#Q, we have

|(nui) (riz + 25, T3t + ) — (qug) (1K€ + 25, 72T + 1)
Lkrg

N lwk (2ks )| [N(Tk2 + 21, T3E 4 ) — N(TkE + 28, 72T + tg)|
Lkrg

ok (2,t) = vk(&,7)] <
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el ot Mgl (v, 738), (2 727)

< dp(P,Q)" Tt
11—«
< dy(P, Q) + N BDE)
Ly
Then, as k — oo
vk (P) — v (Q)] < 1+o(1). (1.64)

dp(P7 Q)a
Step 3: The sequences v and wy converge to the same limit w.

Notice that v (0) = 0 for every k. Then, by (1.64), we have that ||Uk||co,a(K) is uniformly
p

bounded for every compact subset K C Q. By the Arzela-Ascoli theorem, we can pass to

a subsequence vy, satisfying vy — w uniformly in K and, taking the limit in (1.64), one has

w € Cy®(K) with [w]Cg’a(K) < 1. Moreover, by a countable compact exhaustion of Q°°, we have

that w is globally Cg’a—continuous in Q°°, that is,

[] o gy < 1. (1.65)

Furthermore, fixed K C Q% compact, for every P = (z,t) € K one has

|(wr(rrz + 21, T2t + ) — wk(2is t)) (M (T2 + 21, TRE + ) — (2, )|
Lkr?

|0k (P) — wi(P)| =

2||uk||L°°(QI/5)TkMdp(P7 0)

— 0.
- LkTg‘

In other words, the sequences vi and wy have the same asymptotic behavior as & — oo on
K C Q and this implies that wy — w uniformly in K.

Step 4: w is not constant.
First, w(0) = 0, since vi(0) = 0 for every k. Let us consider the sequence of points

Sy = <€k_zk:,7'k —th> € Q(k).

Tk L

Since dp(Sk,0) = 1 for any k, we have Sy — S, up to consider a subsequence. Then, as k — 0o

n(Pr) (ue(Pr) — up(Pr))

ok (Sk)| = Tord ‘
kTg
_ | (nuw) (P) — (i) (P) + (k) (Pr) — n(Pk)uk(Pk)’
Lkrz‘
o | Grue) (Pr) — (nuk)(Pk)‘ B ‘Uk(Pk)(n(pk) = U(Pk))‘
B LkT,o; LkT?
1 ||Uk||Loo(Q; 4)M7"k 1
e R et R O

Then, as k — 0o, we obtain that w(S) > %; that is, w is not constant.

Step 5: w is an entire solution to a homogeneous equation with constant coefficients.
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First, we observe that, defining Ax(z,t) := A(rgz + 2k, r%t + t) and (Z,1) := limg_yo0 (2k, tk),
by continuity we can define A := limy_,o A(2,t) = A(Z,%), which is a constant coefficients
symmetric matrix satisfying (1.2).

Let us consider ¢ € C2°(Q), such that spt(¢) C Q(k) for any k large, and define (z,t) =

(55, t;Zt’“) € C(Q7). Since uy, is a solution to (1.62), by explicit computations, we have
k

- / e, (Tky + yr)wiOrd + / PL, (rry + yr) A Vwy, - Vo
Q(k) Q(k)

(nur) (2, tr) /
=0 pe (Try + yr)0s @
Lyre Q(k) el o
n(zk, t) / - / N\ g1
ALY a a () A )
+ Lkrg ( QF Pey, (y)ukat¢ + ot Pey, (y) Vuy ng)rk
n(ze te)rg o - .
= Lk QT ng(y)(fskﬁz)—ng qu))
2k, t P2
— n(zk Lk) k / pgk (rey + i) fe, (riz + 25, r,%t +tr)o
k Q(k)
(2, te)ry © a 9
S — P2 (rey + yr) Fep (rrz + 21, 15t + 1) - V.
k Q(k)

So, wy, is a solution in Q(k) to

s, (rk - +yr) 0wy — div(pf, (rr, - +yr) AxVwg)

“ Nz, te)ry ©
= Peg, (rk : +yk>Tk~f5k (rk C 2k, Tl% : +t/€) (166)

«

Nz, ti)Ty

+ T

div(p2, (rk - +yr) Fey, (11 - +2k, 77 - +ti).
Notice that in Case 2 the function wy, satisfies a conormal boundary condition on the hyperplane
{y = yr/r} too.
Next, we normalize the equation (1.66) in the following way: let us define T’y := (g, yx, ri) and
vy := |T'g|, which is bounded from above, since 1, — 0, ¢ — 0 and yx — 3 € [0,1). Let
= Dk (5k Yk Tk

Fk = Ty T 7) = (€~kagkafk)'
Vg Vg Vg Vg

Since ]fk| =1 for every k, up to consider a subsequence, I, > = (¢,9,7). Denoting

e (kY + Yi)

ST @+ ey + D)
k

Pr(y) :

and
p(y) = (&% + (Fy + )12,
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a

we have that g — p% a.e. in Q°°. By multiplying the equation (1.66) by v, * we get that wy,

solves

2—a
~ . o N2k, L)
o, — div(5AcTuy) = g L Lk) :
[e3

N Nz, ti)ry
Ly

foro (- +2p, 77 - +11)
(1.67)

div(pEEs, (g - 21,77 - +15)).-

We claim that the right hand side of (1.67) vanishes in a distributional sense as k — oo. Indeed,
fixed ¢ € C°(Q>) with spt(¢) C Q(k) for any k large, we have the following estimate

[ Pk ) e+ 2 )0t i
spt

< Wollwquaey ([

a 2 pl/p a /v
o, rny o)l fe (i + 2Bt e0P) () g v )

spt(¢) spt(¢)
a —(d l/p a /
< CH¢||L00(RCI+2)</Q+ (e2 + §§+1) /2|f5k(5,7),prk( +3)d§dr) ,/k/p
ti+3 a d+3 a

v ol

P D

_dt3 g _
SCHfEk”LP(QT,pg)Tk P V]f Scrk

So, we can estimate the first member of the right hand side of (1.67) as follows

a. —a

n(zk, te)ry v
Ly,

/ “ % (1Y + Yi) fo (T2 + 2, Tt + ti) d(2, ) dzdt
spt(¢

2—« +
aM(zp, ty)r ¢ -2 4 2—04—‘“3%(

+
7,.(1
<Cvy, r. Pyl <Cr,

Ly

1
L) "o,

a
Vi

since 1, < v and o < 2 — W. Similarly, the second term of the right hand side of (1.67)
vanishes as well.

Finally, we prove that the left hand side of (1.67) converges in the following sense

/ pr(—wi0ip + AxVuwy - Vo) — ; P (—wdp + AVw - V). (1.68)
Let us fix R > 0 such that spt(¢) C Qr N Q° and observe that Q> = B> x R. Since {wy} is
uniformly bounded in L>®(Q2rNQ>) one has that {wy} is uniformly bounded in L*(Q2rNQ>, 57).
Then, by using the Caccioppoli inequality (1.27), we get that {wg} is uniformly bounded in
L*(—R* R%* H'(Br N B>, p¢)) N L™®(—R?% R? L?*(Br N B>, %)). Using the a.e. convergences
Ap(z,t) — A and Py — p*, we are able to apply Lemma 1.4.1, with minor changes, and the
convergence (1.68) follows. Hence, we have proved that w is an entire solution to

pOw — div(p*AVw) =0, in RH2, (1.69)

in Case 1 while, in Case 2, w is an entire solution to

(1.70)

PP Opw — div(p*AVw) = 0, in RT! x R,
pPAVW - egp1 =0 on R? x {y =1} x R.

Step 6: Liouville theorems.
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Summarizing, we have that w solves (1.69) or (1.70), is globally C’g’a-continuous in Q% and is
not constant. By the global Cg’a—continuity (1.65), it follows that

[w(z, )] < Jw(z,t) = w(0,0)] + [w(0,0)] < (|=* + [¢)*/2.

In Case 1, since yi/rp — 0o, we have

A = (Gt (Zr+1))" = @i (1)) > @4t
Vi Yk Yk
which is a positive constant. Then, by the classical Liouville theorem for the heat equation, see
Remark 1.5.4, and the above growth condition, the solution w must be constant and this is a
contradiction.

In Case 2, yi/rry < C, uniformly in k and y/7x = yr/rx — y/7 = . Up to consider a
translation of /7 = I, we can assume j = 0 and then p%(y) = (82 4+ #2y?)*2. There are three
possibilities:

i) €=0,7#0, p%(y) = [y|*
i) £40,7 =0, 5*(y) = 1.
iit) &#0,7#0, p*(y) = (1 +3>)¥2, up to a dilation of &/7.

In any case, we can invoke Liouville Theorem 1.5.1 in ]R‘fl x R and by Remark 1.5.4 we obtain
again a contradiction. The proof is complete. O

1.7 C)“ regularity estimates

In this section, we first prove the following uniform-in-¢ Holder estimates for the gradient. Then,
we establish the main theorem in the spaces Cg’a and C’;’O‘.

Theorem 1.7.1. Leta > —1,r€ (0,1) p>d+3+at, a € (0,1 - W), Let A € CS’Q(QT)
be a matrixz satisfying (1.2). As e — 0 let {u:} be a family of solutions to

{ peOus — div(plAVue) = plfe + div(peF.) i Q7 (1.71)

p2(AVu. + F)-eq11 =0 on °Q7.
Then, there exists a constant C > 0 depending on d, a, A\, A, p, r, o and ||A”CO,Q(Q+) such that
p 1
lucllcpe gy, < Cllluellzz g ooy + Ifell ot ooy T el coogpy)-
Proof. 'To simplify the notation, let 9; := 0, for i = 1,...,d and 9441 := Jy. As in Theorem
1.6.1, without loss of generality, we can assume that » = 1/2 and there exists C' > 0, which is
uniform in € — 07, such that

el o oy + 1 oot o + 1Pl oy < C-

Step 1: Contradiction argument and blow-up sequences.
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Consider a cut-off function n € C2°(Q7) such that
n=1 inQy, 0<n<l, spt(n)=Qy,
By smoothness of 7, it immediately follows that n € C;J(Qf); that is, there exists a constant

M > 0, which depends only on d, such that HT]||CI,1(Q+) < M.
P 1

By contradiction, let us suppose that there exist p > d+ 3+ a*t, a € (0,1 and a

sequence of solutions {ug} := {u., } as ey — 0 to (1.71), such that

_ d43+at )
p

Ikl e oy = o0

Define

L ::max{ O;(nu o e=1,...,d+ 1}, |nu 1t },
b {[0i(nur)] co.e oty $n k]cf’15 @
and distinguish two cases: first, let us suppose that there exists i € {1,...,d + 1} such that

Ly = [ai(nu/f)]cg,a(@) (later we will deal with the second case, when L, = [nUk]nglga (QT)).
Notice that it cannot be Hv(n“k’)HLw(Qf) — 00 and [nuk]cé’a(Qj) remains bounded, since the

functions nuy are identically zero outside Q;/ 4> for every k.

Next, we take two sequences of points Py, = (2x,t), Pe = (&, 1) € Q;/‘l such that

|0: () (Pe) — 03 (nuw) (Pr)|
dp(le Pk)a

> —L; — oo.

N | =

Let 14 := dp(Py, Pr), 2k := (&k, Jk) € B;r/4 be a sequence of points which will specify below. Let
7:=4/5. For k large let us define

Bf —2 —F2 —ty, T2 —t
QU = Br =5 T Z i ),

Tk Tk.

and set Q™ := limy_, o Q(k). We define two blow-up sequences as follows

n(rez + Zi, r,%t + tg)

Uk(Z, t) = Tra (uk(rkz + ZA'k, th + tk) — uk<?:’]€, tk>),
Lyr,
(e ti) (1.72)
2k, Uk A ~
wi(z,t) = W(uk(rkz + Z, it 4 ) — ur(Zh, ),
ETE

for (z,t) € Q(k). Then, we distinguish two cases:

Case 1:

dp( Py, 2
% frd 717( k> ) — OO,
Tk Tk

as k — oo. Since yj, is uniformly bounded, we have that rj, — 0 and Q°° = R%*2. In this case we
set 2 = zg.
Case 2:
Yk dp(Pk’ E)

S LY
Tk Tk
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uniformly in k. We set Zx = (x,0) and we will show later that also in this case r; — 0, which
implies that Q> = Rf‘l x R.
Step 2: Parabolic Hélder estimates.

Let us fix a compact set K C Q*°. Then, K C Q(k) for any k large. For every P = (z,t),Q =
(&, 7)€ K, P+# @ and for every j =1,...,d+ 1, we have

10 (nuk) (T2 + 2k, Tt + t) — 05 (qug) (ri€ + 2k, 2T + 1))

|0jur(P) — 0jur(Q)| <

Lkr?
n [uk (2, t)||00(rez + 2i, T3t + ti) — O (i€ + 2, 727 + t)|
Lkr,‘j
1—
[aj(nuk)]cgva(Qir)dp(R Q)~ HukHLO"(QLﬁM)T’f “Mdy(P, Q)
< +
Ly Ly

CM
S dp(Pv Q)CY + 7
Ly,
since [aj(nuk)}cg’a(cgf) < Ly, rp, <C, HukHLOO(Q;M) < C and dy(P, Q)" < C in K. By dividing
the previous inequality by d,(P, Q)“ and using Lj — oo, we get

|00 (P) — 05ur(Q)]

A X0 (173)
“Q

as k — oo. On the other hand, for every P = (z,t),Q = (2,7) € K, t # 7, we have that

lup(P) — vp(Q)| < |(quk) (riz + 2k, T2t + te) — (nug) (Tez + 2, 727 + tr)|

Lkri'm
N lug (Zk, te)|In(rez + 2k, rit + tr) — n(rez + o, 7’]%7' + tx)]
Lkr}c"'o‘
e, Wl M
Ly
ST
sup R0 = Qfﬁff”)' <1+o0(1). (1.74)
(z,t),t(;,:)eK |t — 7|2

Putting together this inequality with (1.73), we obtain the uniform boundedness of [vg] 1.0 (K)’
P
noticing that these considerations are valid in both Case 1 and Case 2.

Step 3: Convergence of blow-ups.
For P = (z,t) € Q(k), let us define

U (P) := vi(P) — Vug(0) - z,  wg(P) := wi(P) — Vwg(0) - z. (1.75)

Notice that v5(0) = 0 = wx(0) and |Vg(0)| = 0 = |Vwg(0)]. For every K C Q°° compact, since
[ﬁk]C;,Q(K) = [vk]C;,Q(K), we have that H,DkHC;’Q(K) is uniformly bounded. Then, we can apply
the Arzel4d-Ascoli theorem and infer that ¥, — 7 in C;’W(K ), for any v < a.. Now, passing to the
limit in (1.73) and in (1.74) and by a countable compact exhaustion of Q°°, we obtain that the
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limit function v satisfies

['D]C;Q(Qm) <C,

that is, v is globally C’;’a—continuous in Q.

Next, we want to show that the sequence {w} converges uniformly to ¥ on compact sets.
Let us fix K C Q°, such that K C Q(k) for any k large. Since Vg (0) = Vwg(0), for every
P = (z,t) € K, we have

|0k (P) — wi(P)| = vk (P) — wg(P)|

< In(rez + Zg, it + tr) — (G, t)| - Jun(riz + 2, it + ) — ug(Zg, )|
- Lkrifra

o Oridy(P,0) - Mrdy(P,0)* _ CMdy(P,0)"*

o Lkr,?o‘ Lk ’

as k — oo, by the properties of  and the Theorem 1.6.1, which ensures local uniform bound of
Uuj in C’g’a—space. This implies that w; — v uniformly in K.

Step 4: VU is not constant.
Let us define two sequences of points as

Sy = (5’“_2%,7’“ _zt’f), Sp = (Z’“T_é’“,o) € Q(k).

Tk T k

In Case 1, one has 2;, = 2, then S, — S € Q>, up to consider a subsequence, and S, = 0. Let
i€ {l,...,d+ 1} be the one that realizes the maximum of Lj. We can compute, as k — oo

|0;01(Sk) — 0i0k(Sk)| = |95k (Sk) — Dsvr(0)]

_ |03 (nur) (Pi) — 9i(nuge) (Pr) — uge(Pe) (9in(Pr) — 0 (Py))|
Lkrg

1—
"uk”Loo(Q;/4)M7"k « 1

- = §+0(1).

1
> Z
-2 Ly

Then, as k — 0o, we obtain that [0;0(S) — 9;v(0)| > 1, which implies that Vv is not constant.
Instead, in Case 2, we have S, = Yr/Tked+1, which converge to a point S, up to consider a
subsequence, by the fact that y/rr < C uniformly in k. The sequence S, can be written as

§k — 2k Tk — tk Yk
Sk ( P 2 > €d+1,
% T‘k Tk

and still converges, up to a subsequence, to a point S € Q°°. So, also in this case, we have
_ 1
|0; 0k, (Sk) — 00k (Sk)| = |0ivk(Sk) — O;vr(0)] > B +o(1),

which allows us to conclude that v has non constant gradient exactly as in Case 1.

Step 5: rp, — 0 in Case 2.
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By contradiction, let us suppose that, up to consider a subsequence, rp, — 7 > 0 in Case 2.
Then, if K C Q% is a fixed compact set, we have

171l poo oy 1wkl oo (@
sup [oe(P)| < 2 @) ! @
PeK Lyr,

as k — oo, which means that vy — 0 uniformly on compact sets of Q. For every P = (z,t) € K,
by using the convergence v — v obtained in Step 3, one has

u(P) = kll}ngo Vi (0) - 2.

We claim that the sequence {Vvg(0)}y is bounded. Indeed, assume by contradiction that there
exists j € {1,...,d+ 1} such that {0;v;(0)} is unbounded. Fix R > 0 sufficiently small such that
Q; is contained in Q°°. Then

|o(Rej)| =R klim |Vui(0) - e;| = R|0jvk(0)] — oo,
—00

which is in contradiction to the fact v € C;’Q(QE) and hence bounded in QE. Hence, up to
consider a subsequence, we have that Vv,(0) — v € R¥! and 9(z,t) = v - 2z, which is in
contradiction to the fact that v has non constant gradient. So, we have shown that r; — 0 also
in Case 2, which implies that Q*° = R x R.

Step 6: U is an entire solution to a homogeneous equation with constant coefficients.

First, we look at the equation satisfied by wy in Q(k). As in Theorem 1.6.1, let us define
v = |(ek, Uk, Tr)| and (&g, Y, Tk) = (i—’;, g—:, Z—’;), which converges, up to consider a subsequence,
to (&,9,7). Defining

_ Pe ey +9x)
Vi

~Q

Pk (y) a/2’

= (& + (Fey + 91)?)

and
() = &+ 7y +9)1),
we have that pi, — p% a.e. in Q.
Let us fix ¢ € C°(Q>), with spt(¢) C Q(k) for any k large. Then,

/ ﬁi(y)( — WpOpp + A(rgz + B, Tt + ty) Vg, - Wﬁ)
spt(¢

02, te)ry v ° . X
= 7 Eb P2 (riy + Gk) fer (P2 + 2, TRE + )@
k spt(e)

2 ti)vy a N . .
_ ety i ()X ‘ / P, (rey + Gr) (Fk (riz + 2, it + ti) — Fuy (B, tk)) Vo (1.76)
kT spt(¢)

n(Zk, tr)vy “ “ . . . .
- (le / PL, Ty + Uk) (A(Tkz + 2, it + ) — A(Zk, tk)>VUk(Zk:, tr) - Vo
ETE spt(¢)

0z, tr)vg

D [t i 00 (AGe ) V(s t) + P () - 96,
kT spt(¢)
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Next, we show that the right hand side of (1.76) vanishes in a distributional sense as k — oo.
The first member can be estimate exactly as in Theorem 1.6.1, and by the hypothesis on p and «,
we obtain the desired convergence to zero. The second can be bounded as follows

Nk, tr)vy X R )

(Lik / ng (Tey + Jk) (ng (rez + Zg, r,%t +tg) — FEk(zk7 tk)) . v¢‘
KTk spt(4)

< vy, IV oo (o0

B Lyry, spt(e)

. c
P, (ry + ge) Crit (|| + 1]'%)* < Y

as k — 0o. In the previous inequalities, we have used the uniform boundedness of F, in Cg “_space
and the estimate fspt(d)) pr < C.
Next, we show that the fourth member vanishes. First, we can rewrite it as

02k, te)vy

T o / oL, (rey + Ur) (A(ék, te)Vug(Zp, tr) + Fzp (2, tk)) V¢
kT spt(¢)

v @ ) “ R R R R
= W / div (Pek (1Y + Jx) (ACk, te) Vug (2r, tr) + Frp, (2, tk))¢> (1.77)
ETk spt(e)

N2k, tr)vy *

B [0, (a8, (g + 00)) (AL ) Vit (B 10) + Foy Gste)) - e
kg spt(¢)

By using the divergence theorem, we can rewrite the first member in (1.77) as
/ “ div (ng (rey + ) (A(Zk, te) Vg 2k, te) + Fey (2, tk))¢> dzdt
spt(¢
= / <p§k (rey + Or) (ACk, te) Vug (Zr, tr) + Fr (2, tk))¢> do,
o{spt(¢)}

and observe that this is equal to zero. In fact, in Case 1 we have Q> = R%2 and ¢ has compact
support. Instead, in Case 2, since Z; lies on the flat boundary, the term vanishes by the conormal
boundary condition satisfied by wuy.

The second term in the right hand side of (1.77) vanishes too. In Case 2 it is identically zero
since (AVuy + Fr, )(2k,tr) = 0 by the conormal boundary condition. Let us consider Case 1 and
recall that g = yx and 7 /yr — 0 as k — oo. Then, on compact subsets of R%*2_ one has the
following estimate

) B TRY + Yk
aa a = ‘ @ N ‘
Vi “ Dyl (riy + wi)]| = |y “arkpl, (riy + yk) i, + (riy + yr)?

Tk
wyt1 <ol

Tk
yki (Lk )2_ Yk
y£+ yky+1

< lalpi(y)

Next, let (g, tr) = (x,0,tr) be the projection of (2x,tx) = (2, tx) on the hyperplane {y = 0}.
By the conormal boundary condition, we have that [n(AVuy + Fr, )] (Ck, tr) - €441 = 0, so

n(Zk, tr)vy @

b Th) / By (P (rey + 90)) (AVup + Foy) o ) - a1 (2, t)dzdt
kT spt(o)
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v, @ . R
— o |0y ey 00)) [ AV e+ Fo)] G ) - a6z, i
ETk Jspt(e)
V—a
b / Ay (P2, (riy + 9r)) [N(AVug, + F2,)] (Crs tr) - ea10(2, t)dzdt.
Lty Jopt(o)

We can estimate
| [n(AVug + F.,)] 2k, tr) — [n(AVug + F2,)] (G tr) | < |AV (qur) (i, tr) — AV (nug) (Ces )|
+ |ur AV (2, tr) — uk AV (Cry tr)| + |0F%, (B tr) — 1F%, (Cro tr)| < CLpygy

We remark here that in order to estimate the second term above we have used the uniform 03’7

regularity of uy for some chosen v € (o, 1). Finally, we obtain that
r l—«a
—k) — 0.

02k, te)vy, . ) )
1k, tr)Vg " /Spt(¢) By (0 (rky + 1)) (AVk + Foy) (B tr) - a1 (2, £)dzdt < C(yk

LkTg
So, also in Case 1 we obtain that the fourth member of the right hand side of (1.76) vanishes.

To conclude, we prove that the third member of (1.76) goes to zero as k — oo. Notice that
‘n(é’k, tk) (A(rkz + Zp, T,zt + tk) — A(ik, tk))Vuk(zf’k, tk)‘
< |(Alrez + 20,73+ 1) = Ak ) ) T (ue) (G )|
+ ‘ (A(rez + 2, rit + tr) — Ak, te)) V0 (B, ti) uge (B, tk)‘

(6% (0% «
< Ty ||V(77Uk)HLoo(Q;r/4) + 7 HVUHLoo(Q;rM)HUkHLoo(Q;rM) < Cri Ly,
where we have used the parabolic Holder interpolation inequality (1.13), that is,
HV(T]Uk)HLoo(Q;/4) S C(HnukHLoo(Q;rM) + [TIUk]C;,a(Q;/AL)) S C(l + Lk)

Then, in order to make vanish the full term we need to reason in two steps: first, one proves a
uniform C'# estimate with a given suboptimal 3 € (0, ). In fact, in this case the third term

vanishes as follows
2y t)vy © u . . . .
’77( 2 / s, (Try + Uk (A(rkz + Z, it + 1) — ARk, tk))Vuk(zk, tr) - Vo(z,t)dzdt
spt

LkT;f (¢)
<p2 P / t ALV oo (geydzdt < Cry™? — 0,
sp

as k — 0o. Then we can proceed with the suboptimal exponent 5 up to the end of the present
proof. This provides uniform boundedness of the sequence Vug. Then, restarting the proof with
the optimal « and the additional information above, in the previous computation we get

N2k, te)vg

T o / P2, (rry + Ur) (A(Tkz + 2, Tt + ) — A2k, tk)>vuk(2k7 tk) - Vo(z,t)dzdt
kT spt(¢)

C
kaHkaHLOO(Q;'M))
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which converges to zero. Putting together all previous information, we have proved that the right
hand side in (1.76) vanishes as k — oc.

Let (2,1) = limg_y00(Zk, tx) and A := limy_,o0 A(Tp2 + 2k,r,%t + tx). Arguing as in Theorem
1.6.1, we can prove the convergence of the left hand side of (1.76) in the following sense

/ ﬁ%( — w0 + A(rpz + 2, r,%t + tr)Vwy, - Vqﬁ) — / ﬁa( — 00y + AV - V(b),
spt(¢) spt(¢)

and obtain that v is an entire solution to
90 — div(AVD) =0 in R (1.78)

in Case 1 and v is an entire solution to

{ §0y0 — div(p*AVe) =0 in R x R, (1.79)

prAVG - egiq =0 on R% x {0} x R,

in Case 2.
Step 7: Liouville theorems.

Since v is globally C;’a—continuous in Q°°, it follows that

20(2,t)| < |20(z,1) — 0(0,) = Vo(0,1) - 2 = 9(2,0)| + [0(0, 1) + [V(0,1) - 2| + |(2, 0)]
<l|v(z,t) —0v(0,t) = Vo(0,t) - 2| + |v(2,t) — 0(2,0)| + C + C|z| + C
< Cl2|" e + Ot 2" + C(1+]2))

1+«

<O+ (22 + 1) =,

The estimate above exploit a first-order expansion in the spacial variable z for ¢ fixed. However,
the constant C' > 0 can be chosen independently from the point (z,t).

Hence, as in Theorem 1.6.1, by the growth condition above, we can apply the Liouville Theorem
1.5.1 in both Case 1 and Case 2, keeping in mind Remark 1.5.4, and obtain that v is a linear
function, independent of ¢, in contradiction with the fact that Vo is not constant.

Step 8: The case Ly = [nuk]CS,HTa(QD,

In this case, the argument is similar with minor differences. As above, we take two sequences

of points Py = (21, tx), Pr = (2x,7k) € Q;)r/4, such that

t —
| (nuk) (2k, th) (735)(%%” > ko, (1.80)
|tk — skl 2 2

Defining 7 := dp( Py, Pr) = [t — Tk’1/2, by (1.80) and the local uniform boundedness of solutions,
see Proposition 1.3.3, we get rp — 0.

We define two blow-up sequences vg and wy as in (1.72), centered in the new blow-up sequence
Py, defined on the domains Q(k), which are the same as above and set Q> := limy_, o, Q(k).

Since [aj(nUk)]CO,a(Q+) < Ly, for every j = 1,...,d+ 1, we obtain that the estimates (1.73) and
p 1
1.74) holds; that is, [vi] ~1.a < C, uniformly in k, for every compact set K C Q°°. Defining
Cp(K)
p
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7y, and @y, as in (1.75), we can use the Arzeld-Ascoli theorem to obtain o, — o in Cp7 (K), for
any v € (0, «), Wy, — v uniformly on K and that v is globally C;’a continuous in Q.

The crucial difference between this case and the previous one is in Step 4: in this case we claim
that v is non constant in the variable ¢. Indeed, we have that

o (o, u) ~ 5(0.0)| = oy (0, t — Tk)‘ [ 7h) (2 k) — i (2, )|

i i Ly, e
|(nuk) (ze, 7o) — () (s te) | [0z, 7o) — M2k Th) Juk (25, )|
o Lkrl+a LkT’lJra
> 1 M ||uk||Loo Q+ ) 1 N (1)
9~ L. e

as k — o0o. Observing that %5 — £ =£ 0, up to consider a subsequence, we can take the limit as
k

k — oo in the previous computation to obtain |5(0,¢) — ©(0,0)| > 1 ; that is, v is non constant in

the t-variable.

With the same argument of Step 6 we can prove that v is an entire solution to (1.78) or (1.79).
Moreover, since v is globally C;’a—continuous in Q°°, then it satisfies a parabolic sub-quadratic
growth condition. Hence, by the Liouville theorem 1.5.1, we find that © should be a linear function
not depending on t, and this is a contradiction. O

1.7.1 Main result in C)* and C)* spaces

By combining the approximation results from Section 1.4 with the uniform estimates in ¢ in the
parabolic Holder spaces, we are able to prove the main theorem in the spaces Cg’a and C;’a.

Proof of Theorem 1.1.1. Let u be a weak solution to (1.1) in Qf in the sense of Definition 1.2.18.
We prove that (1.5) and (1.6) hold in QT/Q (the case for a general r € (0, 1) is analogous).

By Lemma 1.4.2 and Remark 1.4.3, we can find sequences {uc, }x, {fe, bk, {Fe, b as e — 0T,
such that every u., is a solution to

pgkatu% dlv(pskAquk) - pek fak + le(pEk ) in Q;,r/4
P?k (Avuek + FEk) ~edg+1 =10 in 9 3/47

and u;, — u in Lloc(I3/4’ loc(B3/4 \ X)) as e — 0". Furthermore, f., and F;, satisfy the
assumptions of Theorem 1.6.1 (respectively of Theorem 1.7.1): this implies uniform boundedness
of the Cg’a(Qfﬂ) norm of ue, (respectively of the C1 O‘(Ql/2) -norm). Then, by the Arzela-Ascoli
Theorem and by the a.e. convergences ue, — u and Vu,, — Vu, we obtain that the estimates
(1.5) and (1.6) hold true.

Finally, in the Cj’* case, the boundary condition (1.7) follows by the C( ] /2) convergence
Ug, — U. O

1.8 Energy estimates II

At this point, we have proved the Theorem 1.1.1, which corresponds to the main result in the
paper [7]. From now on, we will establish the higher order Schauder estimates (Theorem 1.1.2),
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which are contained in [3], and we will no longer work with the regularized weights p%, but only
with y®.

We begin with a local L? bound for difference quotients of weak solutions with respect to the
time variable.

Lemma 1.8.1. Let a > —1 and let A satisfying (1.2) such that A € L>®(Q7). Let f €
L2(Qf,y") and F € L2(Qf,y")™! such that 0,f € L*(Qf,y*) and O,F € L*(Qf,y*)**, and
let u be a weak solution to (1.1). Consider the difference quotient of u with respect to to t:

b (z 1) = U E hg —u®l s, (1.81)

Then, there exists C > 0 depending only on d, a, X and A such that, for every r',r € R satisfying
1/2 <" <r<1andh >0, there holds

1
a/, h\2 2
/Qtyw) §C<(T_T,)2/Q VIV 4 17 gt oy 112 0

(1.82)
18AL < 1) / UV 102 g5 oy + IOF Bt )

Proof. Fix r,r’ such that % <7’ <r<1. For h >0, such that r < 1 — h, let us consider the

Steklov average of u
1 t+h
n(z,t) = / u(z, s)dz
h Ji

h

which, by definition, satisfies dyuj, = v’ a.e. in (1 and the equation

[t @uno+ AV Vo) = [ o Fi- Vordsdr, voeCEQD. (189)

7"

Now, for simplicity of the exposition, we assume f = 0, F' = 0, and we discuss how treat the
general case in a second step.

Let us take ¢ = n?u” as test function in (1.83), where 7 is a smooth cut-off function which will
define later. Using the Holder and Young inequalities, the properties of Steklov averages and
(1.2), we obtain

[ ot = [ (v Vil + 2u (49w, - V1)
Qf Qf
1/2 1/2
< / Y (AVu), / YVl ?
< Qf ) ( Qf >
1/2 1/2
+2 / Y ()2 / Y (AVu), 2 V)2

C 1
<5 [ v / YVl ? 4 L / Y (uh)? + O / Y2V,
0 2 Jor Qf

(1.84)

for any fixed 4 > 0 and C > 0 depending only on d, a, A and A.

In the spirit of |56, Lemma 3.3, we set

n
r—r Tn + Tn+l
"”0:7",7 TTL:T/+§ ’ Sp = . 2n+’ n€N>
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and notice that r, and s, are increasing sequences satisfying r, < s, < rp41, 1, — 7 and s, — 7.
For a given n € N, taking a cut-off function 7, € C°(Qf) in (1.84) such that

we deduce

Now, noticing

we may apply

for some C’ >
follows

Tn

Now, multiplying both sides by

n

2
SptnnCQ;:, M =1 man? 0<mn, <1, |V77n’§CT_T,v

1
2 Jo+

™n n

(r

that u” is a weak solution to
Yol — div(y*AVul) = div(y?A"Vu) in Q)
the Caccioppoli inequality (1.27) to u”, to obtain

a h|2 0/22n a/. h\2 / al rh 2
yIVur |t < —— y*(u")” +C y*|A"Vul?,
Qf (r—1")% Jor QF

sn Tn41

yi(u)? <6 y“\Vuh\2+C(22n+1>/ Y| Vul?.
- + -2 8/ Jor

(1.85)

(1.86)

0 independent of h,r,r’. Then, setting § = %( ") in (1.85) and using (1.86), it

C'922n

Tn4+1

372" and summing over n, we see that

00 00
Zg—?n/+ ya(uh)Q < 23—2n—2/+ ya(uh)Q
n=0 Qrp n=0

+

Q"“n«‘ﬁl
o0

~ Cllo.Al}

n=0 n=0 T

which implies that

C
a h2< 2 2 a 2
ot < o | CloAl g, [ w1

for some new C > 0, which is exactly (1.82) in the case f =0 and F = 0.

¢ 2\e [ ~ (@) a
mz (5) /my [Vul + Z@ﬂiQ/Qﬁ/ Vul’

a 1 a 022n a CHatAHLoo Q+)
/+y(uh)2§9/Q+ y(uh)2+(r_r/)2/Q+y|VUIQ+2gn/ 4 Vul?.

For non-trivial f and F in the right hand side, we have two additional terms: one in (1.84)

and one in (1.86). Both of them can be estimated using the arguments above, namely

a
Jor”

1

< CIIfI

(o + Fy, - V(n*u™))

L2(Q+ a) +C(5”F||

1 a, 2¢ h\2 a, 2 h|2
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for every § > 0, where we have implicitly used that

L@+ < [ (@ + o),
Q Q

1 1

for every h € (0,1). With such estimate at hand, the argument above can be slightly adapted to
obtain (1.82) in the general case. O

An immediate consequence of the above estimates is that, under suitable regularity assumptions
on the data, derivatives (with respect to ¢ and z) of weak solutions to (1.1) are still weak solutions
(of a suitable problem of the class (1.1).

Lemma 1.8.2. Leta > —1, r € (0,1) and let A satisfying (1.2) such that O A € L>®(Q7). Let
f e L*Qf,y*) and F € L2(QT,y*)?t! such that 0:f, O F € L*(Qf,y*)*, and let u be a weak
solution to (1.1). Then v := Owu is a weak solution to

Yo — div(y*AVv) = y*OLf + div(y*(0;AVu + O.F)) in Q;F,
lim y*(AVv + O, AVu + O F) - eg41 =0 on Q.

y—0t

(1.87)

Proof. Let us fix 0 <7 <7’ <r” <1 and h > 0 such that ” < 1 — h. Let u” be the difference
quotient of u with respect to to ¢ defined in (1.81). By Lemma 1.8.1, ||uh||L2(Q+ ya) s bounded

h

independently of h > 0. Further, since u" is a weak solution to

y o — div(y*AVa™) = y* " + div(y*(F" + A"Vu)) in Q}, (1.88)

we may use Lemma 1.3.1 to deduce that Huh”Lw(h L2(B o) and HuhHL?(I,/ HI(BY yo)) 8Tr€
bounded independently of h > 0 as well. ' '

Now, let £ € C°(B,/) be a cut-off function such that 0 < ¢ < 1 and £ = 1 in B, and set

vh = gul e LQ(IT/,H&(B:,ya)). Arguing as in Lemma 1.4.1 and Remark 1.2.19, we obtain that

vl is a weak solution to

Y29 — div(y®AVol) = yof + div(y®F), in Q,
where
fo=fhe —(F" + A"Wu) - vE— AV - Ve, F = (F" + AMWu)¢ —uh AV,

satisfying also [|9;v"| ;. (1), H-1(BY yoy) < € for some €' > 0 independent of /> 0. Consequently,

h h
v ”LQ(IT/,H(%(B:},:L/“)) + 10w HLQ(I,J,H*l(B:},y“)) <C,

for some C' > 0 independent of h > 0. Consequently, the Aubin-Lion lemma (see e.g. [135,
Corollary 8|) yields the existence of v € L*(I,», H}(B,,y%)) such that v" — v in L}(Q},y%)
and Vo — Vo in LQ(Qj,ya). Since ¢ = 1 in Q;', one has that u" — 9u in L?(Q;,y*) and
Vul — V(du) in L2(Q;',y*). Furthermore, by the (H=W) property (see [155, 143]), one has
o € L*(1,, HY(B;,y*)) and dyu € L>=(I,, L*(B;},y%)) by Fatou’s lemma.

Finally, let us fix a test function ¢ € C°(Q,) if a € (—1,1) or ¢ € C°(Q;}) if a > 1. By the
same argument of Lemma 1.4.1, we can take the limit as A — 0" in the weak formulation of
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(1.88), to deduce
0 :/+ y* (—ulgy + AVU" Vo — [ + (F" + A"Vu) - V)
Qf

-/ y*(— Orugy + AVOu - Vo — i fd + (0 F + 8, AVu) - V),
QF

as h — 07, that is dyu is a weak solution to (1.87). O

Analogously, we obtain the equations of the partial derivatives with respect to x.

Lemma 1.8.3. Let a > —1, r € (0,1), i € {1,...,d} and let A satisfying (1.2) such that 05, A €
L®(QF). Let f € L*(QF,y*) and F € L*(QF,y*)4*! such that Oy, f, 0, F € LA(QT,y*)?H, and
let u be a weak solution to (1.1). Then v; := Oy, u is a weak solution to

Y Opv; — div(y*AVu;) = y20,, f + div(y*(0x,AVu + 0., F)) in Q;,

1im+y“ (AVv; + 05, AVu + 0y, F) - €q41 =0 on 9°Q;t. (1.89)
y—0
Proof. The proof closely follows the above one and we skip it. O

1.9 Liouville theorems II

In this section, we establish a Liouville-type theorem for entire solutions that satisfy a polynomial
growth at infinity.

Theorem 1.9.1. Leta > —1, m €N, v € [0,m + 1) and let u be an entire solution to

y*ou — div(y®Vu) =0 in Riﬂ x R,

a8 — d+1 (1.90)
y1_1>r51+y Oyu =0 on ORY™ x R.
Assume that
lu(z,t)] < O+ (|2 +t))Y?  for ace. (2,t) € RET x R. (1.91)
Then u is a polynomial with degree at most m in z and at most || in t.
Proof. Let us fix R > 1 and define
ji=at +2y+d+3.
Step 1. Choosing ' = R and r = 2R in (1.27) and using (1.91), we get
a 2 ¢ a, 2 y—2
Y Vul* < —5 y'u® < CR'™%, (1.92)
<k B Jag,

for some C > 0 depending only on d and a. On the other hand, choosing ' = R and r = 2R in
(1.82) and combining (1.92) and (1.91), we obtain

a c a =
/Q+y (Ou)? < R4/Q+ yu? < CRV™4, (1.93)
R

4R
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for some new C > 0.

Step 2. In this step we prove that u is a polynomial in x. By Lemma 1.8.3, for every multi-index
B e N 05u is a weak solution to (1.90). Then, by iterating (1.92), one has

/ Y (00u)? < / Y4 Vul? < CRI-2181
QR QR

Consequently, taking /5 such that 4 — 2|8| < 0 and passing to the limit as R — oo, it follows
85 u = 0 and therefore u is a polynomial in the variable x, with degree less or equal than m (the
bound on the degree immediately follows by (1.91)).

Step 3. A slight modification of the above argument, which uses (1.93) instead of (1.92), shows

that u is a polynomial in the variable ¢, with degree less or equal than [ |.

Step 4. The last step is to prove that w is polynomial in y. By Remark 1.4.3, we notice that the
even extension of u with respect to y is an entire solution to

ly|0u — div(Jy|*Vu) =0 in R¥! x R. (1.94)
Further, by Lemma 1.5.3, v := |y|*0,u is an entire solution to

ly| "0 — div(|Jy|*Vu) =0 in RT! x R,

while 9
wy = |y| “Oyv = Oyyu — a%u, (1.95)

is an entire solution to (1.94). Now, applying (1.27) twice, we deduce

_ C _
[ owlwt< [ wrerwep g [l
Qr Qr Q2r

C ~
< | WeIveR < g [ pind < o
R? Q2r R Qur
Setting 5
"y
Wjt1 = 6yywj +a yy j, (196)

and noticing that w;;; is an entire solution to (1.94) for j € N4, we may iterate the argument
above to show the existence of k € N such that ¥ — 4k < 0 and

/ ly|%wy, < CRT™,
R

Hence, taking the limit as R — oo, we obtain wy = 0, that is

8ywk,1 —0

8yywk,1 +a
The above ODE can be explicitly solved:

w1 = Cop—1(x, )yly|~* + cop—a(w, 1),



54 Regularity for degenerate or singular parabolic equations

where cop_1(x,t) and cop_o(x,t) are polynomials. Now, iteratively solving the ODEs in (1.96)
and (1.95), we obtain an explicit formula for u:

u=co(x,t) + ZyQiC%(aﬁ, t) + Z vy " egi 1 (1), (1.97)
i>1 i>1

where ¢;(x,t) are polynomial. All solutions to (1.94) satisfying a polynomial growth condition
(without imposing any symmetry condition) have the form (1.97). Since u is an even solution
(which comes from the conormal condition at the hyperplane), co;—1 = 0 for every i > 1. Therefore,
our statement follows from the growth assumption (1.91). O

In the following proposition, we also provide a classification of the entire solutions to (1.90)
satisfying the growth condition (1.91). Such classification was already obtained in |11, Lemma
3.2] in the range a € (—1,1) (see also |74, Lemma 5.2| in the elliptic setting). We present the
proof for completeness.

Proposition 1.9.2. Let a > —1 and let qx = qx(x,t) be a polynomial of parabolic degree k in
RIx R. Then, there exist a unique polynomial G, = G (x,y,t) of parabolic degree r in R4 xRy x R
such that . satisfies (1.90) and G.(x,0,t) = qu(x,t) for every (z,t) € R x R. Moreover,

|x/2] y% ' i 2 —1
qNH(xayvt) = q,.g(a:,t) + ; ﬁCQi(at - Aw)lq/e(xat)v where cg; = 31;[1 m-

(1.98)

Proof. We denote with A(, ) the Laplacian in the variables (z,y), A, the Laplacian in the
variable x and (0; — A)" the heat operator applied i times. Let M := |x/2].

If such a polynomial ¢, exists and satisfies the Neumann boundary condition y?0,G. — 0 as
y — 0T, then

M
Ge@y,t) = aule t) + 3 P ailx, ),
i=1
where ¢;(x,t) are polynomials such that y?¢;(x,t) have parabolic degree at most . Indeed,

according to Theorem 1.1.1, g satisfies the stronger Neumann boundary condition 9y¢, = 0
on y = 0. This implies that g, cannot contain a non-trivial term yq;(z,t). As in the proof of

Theorem 1.9.1, we may iterate this argument to show that any term of the form y?*1¢;(z,t) is
identically zero.
Notice that
~ a, .
0= (at - A(x,y))QH - gay%
L/ M ‘ M ‘
= (O — Do) + D y* (00 — A)gs — > 2i(2i — Dy¥ g —a ) 2iy* g
i=1 i=1 i=1 (1.99)
M-1
= (0 — Aa)g — 2+ 20)q1 + Y y* (0 — Ag)gi — (26 +2)(2i + 1 + a)gis1)
i=1

+ yQM(at - Am)QM
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Now, by iteratively solving the equation in (1.99) we obtain

_ (at - Aa:)‘]fi
= 90 1a)
_ (81% - Am)Ql _ (6t - Az)QQR
2= 83+a)  4B3+a2(+a) (1.100)
- P 1 (O - Ay 251
4= (0= Aa) qk"jl;[l 2j(2j —1+4a) 2l ]1;[12j—1+a’

for i € {1,...,M}. By construction, the function ¢, defined in (1.98) satisfies our statement.
The uniqueness of G, immediately follows by the explicit formula (1.100) and the linearity of the
differential operator. O

1.10 C’g’o‘ regularity estimates

The goal of this section is to prove Theorem 1.1.2 when k = 0. Specifically, we establish the
following result.

Theorem 1.10.1. Let a > —1, r € (0,1), a € (0,1). Let A € C;’Q(Qf) satisfying (1.2),
fe CS’O‘(Qf) and F € C;’Q(Qf) and let u be a weak solution to (1.1). Then, there exists C > 0
depending only on d, a, A\, A, r, o and HAHC;"I(QT) such that

HUHCP?»‘*(Qj) < C(H“HLQ(Qlﬂya) + ”fHCZQvO‘(Ql) + ”FHC;"N(Ql))' (1.101)

The proof is based on some a priori estimates and an approximation argument we present
below.

1.10.1 A priori C>* estimates

We begin by showing the a priori Cg’o‘ estimates, which is stated in the following result.

Proposition 1.10.2. Let a > —1, a € (0,1) and r € (0,1). Let A € Cy*(QT) satisfying (1.2),
fe Cg’a(Qf), F e C;’Q(Qf) and let u € Cg’a(Qf) be a weak solution to (1.1). Then, there
exists C' > 0 depending only on d, a, \, A, r, a, HAHC1,Q(Q+) such that (1.101) holds.

p 1

Proof. The proof is divided in several steps as follows.
Step 1. Preliminaries.

Without loss of generality we prove the statement for r = 1/2. To simplify the notation, let
Tap1 =Y, 0; := 0y, fori =1,...,d+ 1, and 0;j := 0;0; for i,j = 1,...,d + 1. In the following,
we will refer to the variable y as either y or x441 depending on what seems more convenient. We

begin with some preliminary observations.

e By the regularity assumptions and Theorem 1.1.1, one has that u satisfies the equation pointwise
in Q7, and so

d+1 d+1
a a .
(8t“ = D AijOiju— " ZAdH,jajU) = (9 + ;Fd-kl) in Qy, (1.102)
j=1

1,j=1
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where g := Zflj:ll 0;A; j0u+ f + Zfill o F € CS’C“(Q{) satisfies

l9leg=@p) < 3l4lcy=@pllley=or) T lleg=@p T 1¥lop=@p) (1.103)
< C(IIuIILm(QD + 1D ull oo 1y + 1Fll g gy + ||F||C;,Q(Ql+))’

for some C > 0 depending on HAHcl,a( thanks to the interpolation inequality (1.13).
P

Qf)’
e By the regularity assumptions on the data and w, and using the conormal boundary condition
n (1.1) (which is satisfied pointwise by Theorem 1.1.1), we can take the limit as y — 01 in

(1.102) to get

d+1 d+1
a 1 Agg1,;05u + Fy T, y,t
hm+ (Z] et +1)( ) = aay(z Agi1,;05u + Fd+1) (x,0,t)
. Y i=1 (1.104)
= (&t’u =) AijOiu— 9) (z,0,t),
,J

for every (x,0,t) € 0°Q7 .

e It is enough prove that for every § > 0 sufficiently small,

Mezer,) = ezt

) (1.105)
+ G5 (ID%ull e o) + lleqaty + I legpy + I1F o))

for some Cs > 0 depending only on 0§, d, a, A, A, «, \|A||C;,Q(Ql+). We will show later how (1.101)
follows by (1.105).

Step 2. Contradiction argument and blow-up sequences.

By contradiction we assume that there exist a € (0,1), A®) F() ¢ C’;’O‘(Qf), fr € Cg’a(Qf)
with HA(]“)HCLQ(QJ,) < C and uy, € CA*(Q7F) such that
P 1

Y2y, — div(y* AP Vug) = yo fr + div(y®F*®))  in QF,
lim y* (A(k)Vuk + F(k)) ceqr1 =0 on 9°Q7,

y—0t

and there exists a small dg > 0 such that

[“k]@%*“(c@w > doluklcze o)

, . (1.106)
+ h(ID%uk e ) + Ikl oy + il o @iy + IF® ooy )-

Let us define
Ly = max{{[aijuk}cg,a(qr )= 1,...,d+ 1}, Wtuk]CS’“(Ql*ﬂ)’

1/2
{101ug] 11e

=1, d+1 }
o 1 + }
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and distinguish two cases: first, we assume that there exist i,j € {1,...,d + 1} such that

Lk = [aijuk}cg,a(QJF (1107)

1/2).

Later we will deal with the case Ly = [0;uk] tHTa (sz). The case L = [at“k]c,?’“(czjﬂ) is very
similar to (1.107) and we skip it.

Now, we consider two sequences of points Py (2x,tx), Pi(&k, ) € Q;F/Q such that

|0ijur(Py) — ?z‘juk(pk)\ S L
dp(Pk,Pk)o‘ - 27

and define ry := d,(Py, Py). Notice that it must be 7, — 0 as k — oo, since

L _ [05ur(By) — Oijun ()| < QHaijukHLw(Qf/z) < Q[Uk]cz?’a(@f/z) < otk
2~ dy(Py, Py)~ - e - ok =Yk
where we have used (1.106) and the definition of Ly.

Let 2, = (Zk, Uk) € BT/Q to be specified below. For k large, let us define
Bf — % (=1 —tg,1—tg)
Qk) :== X )

Tk T‘Z,

and set Q™ := limy_,» Q(k), along an appropriate subsequence. For (z,t) € Q(k), consider the
blow-up sequence
ug(rgz + 2k, rit +tr) — Ti(2,1)

wi(z,t) == o , (1.108)
[uk‘]cg’a(Qf)rk “
where T}, is the quadratic parabolic polynomial
d+1 T2 d+1
Tk(z, t) = Uk(é’k, tk) + 1L Z &;uk(ék, tk)xi + Ek Z &;juk(ék, tk)xiiﬁj + T,%atuk(ﬁk, tk)t.
i=1 ij=1
Notice that w;, satisfies
wi(0) = |Vwg(0)] = [D*wy(0)| = dywi(0) = 0. (1.109)

At this point we distinguish two cases:

Case 1: (PSS
%:7”( k) )%oo, as k — oo.
Tk Tk

In this case we set 2, = 25, and we have Q™ = R4+2,

Case 2:
% — dp(Pkyz)

Tk Tk

<C,

for some C' > 0 independent of k. In this case we set 2y = (x,0) and we have Q> = Riﬂ x R.

Step 3. Hélder estimates and convergence of the blow-up sequences.
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Let us fix a compact set K C Q*°. Then, K C Q(k) for any k large enough. By definition
of the Cg’a seminorm and the parabolic scaling, for every P = (z,t), @ = (§,7) € K and
i,j €{1,...,d+ 1}, we have

|0;juk (riez + 2, Tt + tr) — Osjup(rié + 2, 72T + 1)

[uk}cgva(Qj)r?

\&jwk(P) - az]wk(Q)‘ <

< dp(P, Q)"
and thus o P)—9
sup [0 wr(P) — Oun( @] _ (1.110)
PQeK dp(P7 Q)a
P#Q
In a similar way, it is not difficult to obtain
P) —
sup 120wr(P) = Orwi(@)] _ (1.111)

Further, for every (z,t),(z,7) € K and ¢ € {1,...,d + 1}, there holds

|Osug, (T2 + Zi, Tt + t) — Ojug(rez + 2, o7 + ty))|
jE
[uk]cﬁva(Qj)rk “

]&-wk(z,t) - @-wk(z,T)\ <
14+«
S ‘t — 7'|T7

which implies
|8iwk(z’ t) - 8iwk(zv 7_)‘

sup T <1. (1.112)
(2,t),(z,7)EK t =712
t#T
Combining (1.110), (1.111) and (1.112), we deduce that [Wk]CZ,a(K) is uniformly bounded in &, for
p

every compact set K C Q> (notice that the estimates above are valid in both Case 1 and Case
2, by definition of Q°°). Consequently, in light of (1.109), [|wg| 2.« (k) 18 uniformly bounded
p

as well, and so we may apply the Arzela-Ascoli theorem to conclude that wy — @ in Cg"y (K),
for every v € (0, ). Finally, a standard diagonal argument combined with (1.110), (1.111) and
(1.112), shows that

Wi — W in C’g”(K), for every K CC Q°°,

up to passing to a suitable subsequence, and

(]2 gy < C- (1.113)

for some C > 0 which depends only on d, by the definition of the Cg’a seminorm.
Step 4.

The next step is to prove that 0;;w is not constant, where 4, j are the indexes fixed in (1.107).
To do this, we consider two sequences of points in Q(k), defined as

So= (BB BB g (275 G) e

Tk 7“% Tk
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In Case 1, one has 2;, = 2, then S, — S € Q°°, up to passing to a subsequence and S, = 0 for
every k. Then, using the definition of L and (1.106), it follows

_ _ L
10550k (Sk) — Bijwi(Sk)| = |0ijur(Pr) — ijur(Pr)| > ——— > Cd,
2ukleze o)

for some C' > 0 independent on k and thus, passing to the limit as k& — oo, we obtain |09;;w(S) —
0;;w(0)| > Cép, that is, 9;;w is not constant.

In Case 2 we can argue in a similar way: we have 2; = (z,0) and so S, = —enﬂ Recalling
that y: is uniformly bounded by definition, Sj, — S, for some S, up to passing to a subsequence.
On the other hand, the sequence S can be written as

Sk — 2k Tk — t Yk
Sk = < ) > + =edt1-
rL L rL

Therefore, S, — S as kK — oo, for some S € Q°°, up to passing to a subsequence and so, as above,
we have |0;;w(S) — 9;;w(S)| > Cdp which shows our claim.
Step 5. The equation of the limit w.

In this step, we derive the equation of w: as in the steps above, we divide the proof in two
additional steps (Case 1 and Case 2).

Case 1: In this case, we have 7, /yp — 0 as k — oo and 2, = 2. Further, if A®)(z,t) :=
A®) (rpz + 2, r2t 4+ tx), pr(y) := rey + yk and (z,1) := limg—00(Zk, L), then, by the regularity
assumptions on A% one has A®) — A as k — oo, where A := limj_,o0 A(k)(i, t) is a symmetric
matrix with constant coefficients satisfying (1.2).

We claim that w is an entire solution to
Oy — div(AVw) =0 in RT2, (1.114)

Let us fix a compact set K C Q. By (1.102) and using estimates in parabolic Holder spaces,
wy, satisfies

d+1 *k;
‘(%U]k — Z (Al(-yj)aijwk)‘
i,j=1
1 d+1
- (riz + 2, 7ot + 1) — Z (A( )@juk)(rkz—i—zk,rkt—i—tk)
(] 2o Qh)Th ij=1
d+1
— Gtuk Zk,tk Z A rkz—i—zk,rkt—i-tk)&juk(zk,tk)‘
1,j=1

v
[ug] 2a(Q+)Tk
(Zd“ AP Bjui + F) (rz + 2,73t + )

TRY + Yk

d+1 d+1 . L

+ Z A &Juk 2k, tk) + Z (Az(,j) (T'kZ + 2k, T’zt + tk) — Az(',j) (zk, tk))&-juk(zk, tk)
1,j=1 i,j=1

(rez + 2, rkt + tr)

— Opup (2, tr)
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1
S -
[uk] 2 )Tk

(Zd“ AP 0gui + FD) (e + 2 vt + 1)

(rez + g, rkt + tx)

_ 2k, t
Tky+yk gk( ' k)
(Zd“AdH]a up, + FS)) (2 1) ‘ +C%
U luklez )

2
gk (rez + 2, it 4 ) — gz )| N Clp UkHLoo(Q{r)

[kl czegp)f ulezeop
H 2+t H t
N a _ k(rez + 2k rt + k) Hi(zg, t) =1+ I1+1II,
[uk] 2o gy kY + Yk Yk

where C' > 0 is a new constant independent of k (here and below the constant C' > 0 depends on
K: we omit this dependence to simplify the exposition) and

d+1
Hi(z,t) = Y (A 05u) (2, 1) + i (2,1),
j=1

which satisfies Hk(l‘k, O,tk) =0, VHk(ﬂjk, O,tk) = aka(l'k, O,tk)ed+1, Hk(z,t)/y S CO’O‘(Q;F) by
Lemma 1.2.2 and [Hk/y}cova(c)j) < C[VHk]Claa(Qj) < C[uk}c,f’a(Q;“y by the assumption (1.106).

Now, by (1.106) and (1.103), we can estimate I as follows

[ {gk(rkz + Zk,T,%t + tk) — gk(zk,tk)} < [gk]Cg’a(Qf) < 1 -0
[uk](jgv”(Q{r)rg N [uk]cgﬁa(Qj) —k ’

as k — oo. The term II vanishes as well as k — oo, by similar considerations. Finally, let us
prove that III vanishes as k — co. First,

‘Hk(rkz + zk, T‘]%t + tk) _ Hk(zk, tk)

TRY + Yk Yk
B ‘Hk(rk;z + 2 it +te)  Hy(zgotr)  rey He(ze, ) ‘
B 1Y + Yk TRY Yk Yk TRY Yk
< ‘Hk(rkz + 2k, T%t + tk) B Hk(zk, tk) B VHk(Zk,tk) . ’I“kZ’
o TrY + Yk TkY + Yk TEY + Yk
+ ‘VHk(zk’tk) ke ey e )| gy
TkY + Yk Yk TEY T Yk

By using the parabolic first order expansion of Hy, (1.106) and 7,y + yr > yx/2, one has that

Hk]cl a(Q+)fr]i+a

TRY + Yk

[
;| < C < Clug] ez Q(Qﬂr}f oyt (1.115)
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Instead, we estimate the term III; in the following way

‘HI“’ < ‘VH]C Zk,tk) TkRZ VHk(l‘k,O,tk)-Tkz‘
TEY T+ Yk TEY + Yk
‘VHk(xkvoatk) TRE @Hk(zkytk)’ (1.116)
TrY + Yk Yk TRY + Yk

—1 -1
< ClHklgpognymbk < Cludezeonmade

where, in order to estimate the second term in the previous inequality we have used the properties
of Hy, stated above. Hence, combining (1.115) and (1.116) we have that

11—«
| <o’ ¢ C(T—k> 0, ask — oo,
Uk Uk

since in Case 1, r;/yr — 0.

d+1 d+1
Oywy, — Z (AE’;)aijwk) — Oy — Z fli,j&jﬂ) locally uniformly in R42,
i,j=1 6,j=1

as k — oo and hence, passing to the limit as k& — oo into the equation of wy, above (1.114) follows.
Case 2: In this case, we have 7}, = (x,0) and 7 /yx < C for some C' > 0 independent of k. We
claim that w is a entire solution to

y20pw — div(y*AVw) =0  in RT™ x R,

lim y* AV - eqyq = 0 on aRi“ x R.
y—0+t

(1.117)

Let us fix a compact set K C Q°°. By using (1.102), (1.104) and the fact that (2, t;) belongs to
80Qf, wy, satisfies

d+1 d+1

- a
Lwy, := Oywy, — Z (Ag?@ijwk) - — Z (Agjma wk)
ij=1 Y=
1 d+1 N
- ['LL]—Y’ [&tuk(rkz + Zk7 Tkt + tk) Z (Aij)awuk) (rkz + ﬁ’k, T’]%t + tk)
Kope@h'k by
a d+1 .
T S (A, 05u) (rkz + 2k 1Rt + tr) — Opun(Zr, te)
7j=1
d+1
- Z Az(',];')(rkz + 2, it + ) Osjun (i, )
.7]._1

+ ZAd+1] iz + 2, it 4 t)Ojug Bk, t)

d+1

Z Ad+1 J Lz + 2, Tkt + tk)@]uk(zk, tk)rkxl

+
ky” 1

{gk(TkZ + 2k, Tt + tg) — g2k, tr)
[“k]cgva(cgj)rl?
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k . k) (s 5
Zg;‘r:ll (Az(',j) (rez + 2, th 1) — Az(,j)(zk’ t"“)>6’juk(zk’ )
[kl czeoiyi
Féf_)l (rez + 2, ’I“]%t + tg)

[uk]oi’“(Qf)T? TeY

d+1
— ay ( Z Ad+17j6ju + Fd+1) (2k7 tk)

j=1

d+1

+ @ Z Ad+1 R Lz + 2k, Tkt + tk)a uk(zk, tk)

_l’_

d+1

1
+ @ Z Agfgl ](rkz + 2k, rkt + t) Oijur (2, tk)rkxl} =J+JJ.
kY~
7,7=1
Similar to Case 1, J vanishes as k — oo (see the proof for I and I above). We are left to treat
JJ. By Lemma 1.8.3 and Theorem 1.1.1, we may differentiate uj with respect to z; (i =1,...,d)
and O;u satisfies the following conormal boundary condition

d+1
lim 9 AdH]B up + F)) =0, (1.118)

y—0+

and thus, recalling the conormal boundary condition of uj, we deduce

d+1
1 +

= [ (AR j05ur) G t) + ELY, (s )
j=1

d+1

Z ZAUH_Ua uy, + Fé ) )(ék,tk)rka:i} = 0.

Adding JJ and JJJ, expanding F*) and A%®) at order one and using the estimates in parabolic
Holder spaces, we obtain

F® (ryz + 2, r2t + 1) =
’ - TRY : — 9y ( Z Ag+1,505u+ Fd'H) (3 1)
j=1
dt1
n @ Z AR (k2 =+ 2, it + 1) Ojun (2, 1)
d+1
1
* TRY > Ad+1 5wz =+ 2y it 1) Dy (B, ti) e
i,5=1
oo k) o
— ‘ ch+)1 (rkz + 2k, Tt + t) — F§+)1(Zk7 te) — 20 0 (Fé+)1)(zk, be)r ki
TrY
dt1

1 A
+ @ Z Ojur (2K, tr) (AElle j(rkz + 21, rkt +tr) — A&’?Lj(zk, tr)
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d+1
k .
- Z aiAEszLj(Zm tk)%%)

i=1

1 d+1

k . i A X
+ @ Z (Agpzlg(mz + 2, r;%t +t) — A514217j(2k, tk)>ai,juk(2k, )R
3,j=1

< O ([F¥) ez o) + AW o) IVulpoopy + 1AW cas o) 1Dkl o)

Cri[ug] 2. 2@t ,)

k .

<

Consequently, |Lwy| = o(1), as k — oo. As in Case 1, by Step 3, one has

d+1 d+1
_ a _
Lwy, — 0w — E A; 0w — & g Agy1,;0jw  locally uniformly in ]Rffrl,
ij=1 j=1

as k — 00, and so w satisfies the equation in (1.117) in the classical sense. It remains to prove that

w satisfies the conormal boundary condition in (1.117). Since uy satisfies (1.118) and following
the arguments above, we find

S 1 SG
N 2

‘Z(Adﬂja wk)‘ [ ] 1+Q’Z(Ad+1j8 uk)(rkz+zk,rkt+tk)
J=1 Uklcze@hH e =1

d+1 L

_ Z Az(i—‘zl,j (rkz + Zp, T]%t + tk)f)juk(ék, tk)
j=1
d+1

k ~
_ Z A£l+)1 J TkZ + Zg, Tkt + tk)aijuk(zk, tk)Tka‘

1 k N
— [uk] T rHa‘ F£+)1(rkz+zk,r,%t+tk)
Cy* (@) k
d+1

— Z Bjuk(ék, tk (A((iJr)l ](Tkz + Zk, Tkt + tk> Afilfgl’j(ék, tk)

d+1

Z (AL, ) s tk)rwi)

d+1 d+1
- Z d+130 ug) 2k, t) — Z (0 Aéﬁlja k) (Zk, t) TR

1,j=1
d+1
Z d+1] 2] )(Zkatk)rkxz
,j=1
d+1

k A k A ~
_ Z (Aéll,j(rkz + 2k, T]%t +tg) — Aglle,j(zk’ tk))aijuk(zk, g )TET;
ij=1
1
1+a’

(k)
F
(U] 2, 20(QH) Tk

~ k) /4
< d+1(rkz+zk,r,%t+tk)+F(§+)1(zk,tk)
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d+1 d+1

+ D OFL) G tr)rnm — > OF Sy (B ti) i
=1 i=1
d+1

B Z 0 d+1]6 ur) (2, tr)rrei| +o(1)
1,j=1

’8;/( d+1 Agi)l 0wk + Fc§+)1> (Zkytr) Tky’

[u] 2 a(Q+)Tk+

+o(1) = o(1),

as k — oo. Thus, passing to the limit as y — 0", we obtain

d+1
: (k)
ylg(r)l+ ; (Adﬂﬂa w) ’ < o(l),

and thus, taking the limit as k — oo, it follows

lim AV - eg4q = 0.

y—0+
Combining this with the fact that w € C’;’a by (1.113) and recalling that a > —1, we have

AV - e
lim AV - eqrq = hm yt e lim oY tddl
y—0t —0t y—0t Yy

= %(AV@D c€qq1)|y=o - lim y't* =0,
y—0+t

and so the proof of (1.117) is completed.
Step 6. Liouville theorems.
Since w € Cp®(Q™), see (1.113), it satisfies the growth condition

[@(z, 1) < C(L+ (| + [t)>F) /2,

Moreover, w has at least one non-constant second derivative and is an entire solution to (1.114)

r (1.117). Then, in Case 1 we can invoke the Liouville Theorem for the heat equation (see
Remark 1.5.4) and in Case 2 we can invoke the Liouville Theorem 1.9.1 to reach the desired
contradiction.

Step 7.
We complete the analysis, considering the case when

Lk = [81 u} 1+a s
CS’ 7 (Qf/z)

for some ¢ € {1,...,d + 1}. We give a short sketch, pointing out the main differences respect to
what did above.

We take two sequences of points Py, = (2x,tx), Py = (21, ) € QT/? such that

|O5ug (2k, tr) — Ojug(2k, k)| _ Lk
1+a Z ) )

|tk — skl 2
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and set 1y, := dy(Py, Pr,) = [ty — 7%|"/2. We define the blow-up sequence wy, as in (1.108), centered
in Pk

The Steps 3, 5, 6 are the same as above. The only crucial difference is in Step 4: in this case,
one has that J;w is non-constant in ¢. Indeed,

Ly,

Cr (@)

tp — Tk
2
Tk

> Cndp.

Oiwy, <0, ) — aiwk(o,o)‘ >

2[uy]

Taking the limit as k — oo, we obtain that |0;w(0,t)—d;w(0,0)| > Cndo, where ¢ = limy_, oo t’“T_QT’f :
k

This allows as to conclude the proof of (1.105) by applying Theorem 1.9.1.

Step 8. Conclusion.

Finally, we briefly explain why (1.105) implies (1.101) (see [69, Theorem 2.20, Lemma 2.27| in
the elliptic setting). First, by using a covering argument and the interpolation inequalities in
(1.13), we have that (1.105) is satisfied in every QF(Py) C Q7 that is,

(< Olulezegpemy T Cs(lullieopy + 1 lcpaar) T 1Flcpaor) - (1:119)

[u] e (Q;/z

Now, let us define the seminorm

[U]S:C’GQT =  sup p*T] (1.120)

u]CQ,a —+ P .
QF (Po)CQf r (@)

By using the sub-additivity of the Holder seminorms respect to unions of convex sets, one can
prove that
W, or <C  sup  p*[u]

' ot (1.121)
@ QF (P)CQF

CrQ) 4 (Po))

for some constant C' > 0 depending only on d and «. Then, by (1.119) and (1.120), we obtain

PQ+Q[U]C§1Q(Q+ (Py)) < 5[“];7Q,Q1+ =+ C5(HU||L°°(Q1+) + HfHCgva(QD + HFHC;Q(QT))-

p/4
Taking the supremum over Q} (Py) C Q7 and recalling (1.121), it follows

1 * *
5[“]27Q,Q1+ < 5[“]27Q7Q1+ + CzS(Hu”Loo(Qj) + Hf”cg’Q(Q;r) + HFHCI{’Q(QT))

Hence our statement follows by taking § > 0 small enough and using the interpolation inequality
(1.13). O
1.10.2 A regularization scheme

In this second step, we proceed with a regularization argument: this allows to apply the a priori
estimates above and prove Theorem 1.10.1.

Lemma 1.10.3. Let a > —1, r € (0,1), a € (0,1). Let A € C®(Q7) satisfying (1.2) and
f, F € C®(QY), and let u be a weak solution to (1.1). Then u € Cz’a(Qﬂ').

Proof. We fix 0 < r <1’ < 1. For every i = 1,...,d, by the regularity assumption on A, f and
F and Lemma 1.8.3, we have that 0,,u solves (1.89) in Q;C and, by Theorem 1.1.1, we deduce
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that 0y,u € C;’Q(Qj). Analogously, by Lemma 1.8.2, dyu solves (1.87) in Q; and, by Theorem
1.1.1, we deduce that d;u € Cp*(Q;F). To conclude, we need to prove that d,u € Cp*(Q;).

Using the regularity of Vu and d,u obtained above, we may rewrite the equation of u as
d
9y (ya(AVU + F)) ced+1 = y* [&U —f- Zaxi((Avu +F)- €i)] =1y, (1.122)
i=1
in the weak sense, where g € CS’Q(Q,JF). Then, integrating in y and using that

lim (AVu+ F) -eqq =0,

y—0t
see Theorem 1.1.1, one has
1 [V
w(%yﬂf) = (Avu + F) : €d+1(x7y7t) = ya/ Sag(.%'73,t)d$.
0

Since Oy, u, Oyu € C;’Q(Qr*), we have 0,1 € Cg’a(Q:F) by definition, for every i = 1,...,d, and

1ta
A € CY™(Q;F). Consequently, ¥ € C’?’ 2 (Q;). Now, since g € Cy®(Q;), Lemma 1.2.3 yields
dyv € C*(Q;F) and thus ¢ € Cp*(Q;"). Noticing that, by (1.2), we have

Y- Z?Zl Agr1,05u — Fapq

Oy
y
Adt1,d+1

, (1.123)

it follows d,u € Cp™(Q;") and thus u € Cp™(Q;"). O
We are now ready to show Theorem 1.10.1.

Proof of Theorem 1.10.1. Let us fix 0 < r < R < 1 and let u be a weak solution to (1.1). Let
us consider a smooth cut-off function £ € C°(Bpg), such that 0 < ¢ <1 and £ =1 in B,. Then,
v := £u is a weak solution to

y 0w — div(y*AVv) = y°g + div(y"G) in QFf

lim y*(AVv+ G) - eq41 =0 on 9°Q%F

y—0+

v=0 on 8BE x Ig

v =nu on B} x {—R?},

where

g:=&f —F-V¢E— AVu -V, G:=EF —uAVE.

Let us denote with A, f and F the even extensions of A, f and F with respect to y, respectively
and let A. := A*p., fo .= f*p. and F. := F * p., where {p-}e~0 is a family of smooth
mollifiers. Then, up to choose ¢ small enough, A., f-, F: € C2°(Q};) and A, satisfies (1.2). For
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every € € (0,1), let v. be the weak solution to

Y20 — div(y®A.Vo.) = y°g. +div(y?G.) in QF

lim y*(A:Voe + G.) -eqgr1 =0 on 8OQE

y—0t

ve =0 on 0B}, x Ig

Ve =0 on B} x {—R?},

where

ge :=&fe — F.-VE— A Vu -V, G: = EF. —uAVE.

By the same compactness argument of Lemma 1.8.2 (see also Lemma 1.4.2 and Remark 1.4.3),
and by the classical theory of the Cauchy-Dirichlet problem in abstract Hilbert spaces, see [99],
we have that v. — v in L?(Q}, y®), which implies that v. — u in L?(Q;\, ) by the definition of
v. On the other hand, since £ =1 in B,, one has that v. is a weak solution to

Yy Ove — div(y*D:Vue) = y* fo + div(y®F.) in Q,
lim y*(D:Vve + F.) - eq41 =0 on °Q;F.

y—0t

So, up to rescaling, Lemma 1.10.3 yields that v, € C’g’a(Qf). On the other hand, by Proposition
1.10.2, we deduce that v. satisfies the desired estimate (1.101) in Q;, uniformly in € > 0. By
the Arzela-Ascoli theorem, we may thus take the limit as ¢ — 0% and complete the proof of
(1.101). O

1.11 CJ regularity estimates

In this section, we prove Theorem 1.1.2 for any £ > 1 by combining some a priori estimates and
an approximation argument. As anticipated in the introduction, we first deal with the case of
a zero forcing term in the equation (1.1), i.e. f = 0. In this case, the main result follows by a
simple iteration of the C;’a and Cg’o‘ estimates on partial derivatives. Secondly, we treat forcing
terms f € C’;f’a. In this case, the strategy is more involved and requires some additional and
delicate steps (see Lemma 1.11.3).

1.11.1 Higher order Schauder estimates when f =0
We begin by treating the simpler case f = 0.

Proof of Theorem 1.1.2 when f = 0. We proceed by induction. The initial step & = 0 follows by
Theorem 1.10.1.

Let us fix 0 < r < 7/ < 1 and assume that A, F € C37>*(Q;") imply that (1.8) holds for
j=0,...,k and prove it for kK + 1. By Lemma 1.8.3 and the induction step we may differentiate
the equation of u with respect to z; to obtain 0,,u € C;.f”’a(Qj) for every i = 1,...,d and

10sull g2 gy < O (10null 27, oy + 10:F Nl e o) (1.124)
< C(HUHL%QT,ya) + HFHC;I;JFZO‘(QT))’
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for some C' > 0 which depends on d, a, A\, A, r, @ and ”AHCkJrQ,a(Q+). On the other hand, By
p 1
Lemma 1.8.2 and the induction step (noticing that in the case k = 0 we use Theorem 1.1.1) we

may differentiate the equation of w with respect to ¢ to obtain dyu € C’gﬂ’a(Qj) and

19l gere iy < C Ul L2, yay + 10 F ll o)) (1.125)
< C(H“||L2(QIL’ya) + HFHC,’;”’Q(QT))’

d,a, A\, A\, r, « and HAHCHz,a(Qﬂ. Repeating exactly the same argument of Lemma 1.10.3 we
p 1

obtain that the function g defined in (1.122) belongs to C§+1’Q(Qj) and thus dyu € 054'2’&(@7?)

which, in turn, implies u € CET*(Q:). Moreover, by using (1.123), (1.124), (1.125) one has

”ayuHCSHA(Q?}) < C(HUHB(QT,ya) + ”F”c]’;“va(Qlﬂ)’ (1'126)

d, a, \, A, r, a and ||A||Ck+2,a(Q+). Then, combining (1.124), (1.125) and (1.126) our statement
P 1
follows. O

1.11.2 Higher order Schauder estimates

Now, we consider the case f € C]],f’a. As remarked in the introduction, when k& = 1, we can not
use the same argument of the case f = 0, since the function 0;f is not well defined. In order to
overcome this problem, we prove a priori Cg’a—estimates and combining these with Lemma 1.11.2
and Lemma 1.11.3, we obtain our statement in the case kK = 1. For the general case k > 2, one
could possibly iterate the estimates obtained to prove the main result, as done in the case f = 0.
However, in order to keep the presentation uniform, we choose to iterate the full procedure (a
priori estimates plus approximation) at any step.

Proposition 1.11.1. Let a > —1, a € (0,1), r € (0,1) and k € N. Let A € C’;f“’a(Qf)

satisfying (1.2), f € CH(QT) and F € CFT(Q) and let uw € CFT>(Q7) be a weak solution

to (1.1). Then, there exists C > 0, depending on d, a, A\, A, r, a and ||A”C}c+l,a(Q+) such that
p 1

lellgpsae gy < Cllull 2o yoy + I lcioory + IFllgpsragr))- (1.127)

The proof of Proposition 1.11.1 crucially uses Lemma 1.11.3 below. In turn, in the proof of
Lemma 1.11.3, we exploit an approximation argument which relies on the following auxiliary
result.

Lemma 1.11.2. Let a > —1, r € (0,1), k € N. Let A € C’,’f”’a(Qf) satisfying (1.2), f €
C>®(Q7), F e Cg—’_z’a(Qf), and let u be a weak solution to (1.1). Then u € C’g+37a(Qﬁ).

Proof. 1t is enough to slightly modify the arguments of the proof of Theorem 1.1.2 in the case
f=0. O

Lemma 1.11.3. Leta > —1, a € (0,1) and k € N. Let D € CSH’O‘(QD be a diagonal matriz
satisfying (1.2), f € CSH’Q(QT) and F € 05+2’Q(Qf), Let jt := Dgy1,441 and g := Fyiq. Let
u € C£+3’Q(Qf) be a weak solution to

y*Ou — div(y*DVu) =y f + div(y*F)  in Q7,

lim y*(pdyu+g) =0 on °Q7. (1.128)
y—0+
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Then, the function
—a a g «
we=y~9y (y* (o + 7)) € Of@1),

1s a weak solution to

yOyw — div(y*DVw) = div(y®F)  in Q;,

lim y*(DVw + F) ceqr1 =0 on °Q;, (1.129)
y—0t
where
n AN g
F = 0,0V (9yu+ M) + [f+ayuy(ayu+ M)}edﬂ, (1.130)
and p g
[ =0y f + 0ydiv g+ div(0,DVu) + 0, (;) —div (DV(;)) (1.131)
Moreover,
1Fl ety < C(||f|!c§+1,a(Ql+) + [ Fll grzegry + ||u|]c§+2,a@r+)), (1.132)

for some C > 0 depending only on d, a, X\, A, r, a and ||A||Ck+2,a(Q+).
P 1

Proof. Step 1. First, we prove that
e 2) =+ ) + 2w £) i

By (1.2), we have g > X > 0 and so dyu + % € Cg“”(@f), thanks to the regularity assumptions
on u,g and pu. By Theorem 1.1.1, u satisfies the conormal boundary condition

lim pdyu+g =0, (1.133)
y—07+
and hence, by Lemma 1.2.2, we deduce that (0yu + £) € CETL(QF), which implies that
w e CptH(QF) by definition of w.
By similar considerations, it follows that f € C;.f “(Q7), where f is defined in (1.131). Conse-
quently, F € CS’O‘(QD (defined in (1.130)) and (1.132) directly follows by definition.

Step 2. From this point we distinguish two cases as follows. If kK = 0, we assume that D, f, F' €
C>®(Q7) and thus, by Lemma 1.11.2, u € C*®(Q}) as well. We will recover our statement
under the weaker assumptions D € Cy*(Q7), f € Cp*(QF) and F € Cp*(Q7) throughout an
approximation argument (see Step 3). If k > 1 we such approximation argument is not needed
(this is because, when k > 1, the equation of w is satisfied in the classical sense).

We may rewrite (1.128) as

a

Oy — div(DVu) y(,uayu +g)=f+divF in Q7.

Differentiating the above equation with respect to y, we obtain

0,(8,u) — div(DV(9yu)) — div(d,DVu) — 9, (%(uﬁyu v g)) = 9,f +0,divF in QF. (1.134)
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Taking in account (1.134) and setting v := y* (ay“ + %), we obtain the equation of v

Y9 — div(y~*DVv) = 9y(9yu) + Oy (%) — div (Dv (ayu n %)) ~ 9, (g(,uayu n g))

= 8,(dyu) + at(%) — div(DV(8,u)) — div (DV(%)) _ ay(g(uayu +9))
= 8,f + 0, div F + div(d,DVu) + 8, (%) — div (DV(%)) =7 inQf
and thus, recalling that ¢ > A > 0 and (1.133), v satisfies

{y—aatv — div(y™*DVv) = y(y*f) in Q, (1.135)

v=20 on GOQT.
Differentiating (1.135) with respect to y, we get
0:0yv — div(DVoyv) — div(9,DVv) — 0y (g(,uayv)> = @(y“f) in Q7.
Consequently, w = y~*0,v and satisfies

y*opw — div(y*DVw) = 0;0yv — div(DVIyv) + (%(uayv))
= 8,(y*f) + div(8,DVv)
_ af : a g a E g . +
= 0y(y*f) +div (y 8yDV<8yu + ,u>> + 0y (y o <8yu + M)> in Q7.
We need to establish that w satisfies the boundary condition in (1.129). By the regularity

assumptions and the fact that v = 0 on {y = 0}, we can take the limit as y — 07 in the equation
(1.135) to get

d

lim [uayyv — S,u(?yv + Oy Oyv + yaﬂ = lim [8751) — Z O, (Di7i8$iv)] =0,

y—0t y—0t P
which turns out to be the boundary condition

0= lim [y“(uayw + f) + ayuayv}

y—0t

- lim 4 (10w + f + 0,0, (90 + %) + ayug (9 + %)} .

Hence, defining F as in (1.130), it follows that w is solution to (1.129) as claimed.
Step 3. In this final step, we present the approximation argument which allows to complete the

proof when k = 0. First, by Theorem 1.10.1, we have that

||FHCS7“(Q7T) < C(HfHC;aa(Qlﬂ + ||FHC§»Q(Q1+) + ”uHcﬁwﬂ(Qj)) (1 136)
< C(Hf”oéﬂ(@f) + HF”Cﬁ’“(Qj) + ||UHL2(Q1"7ya))7

for some C' > 0 depending only on d, a, A, A, r, @ and HDHC“(QT)'
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The proof follows the approximation scheme done in the proof of Theorem 1.10.1: it is enough
to replace the matrix A with the matrix D. Indeed, after regularizing the data (which we
call f., F., A; € COO(QT)), and using Lemma 1.11.2, we can find a family of smooth solutions
ve € C°(Q;))) to

Yy Ove — div(y*D.Vu.) = y* f. + div(y®F.) in Q;,
lim y*(D-Vov: + F.) - eg41 =0 on 3°Q;F.
y—0t

which converges to the original solution u as ¢ — 0*. Consequently, Step 2 yields that
O —a a .fE
we =y Oy y*(Oyve + —
He

is a solution to (1.129) (with D and F replaced by D. and F.) and E., defined accordingly to
(1.130), satisfies (1.136). By Proposition 1.10.2 and the Arzel4-Ascoli theorem, one has that
ve — w in C*(Q;), which implies that w, — w in Cy®(Q;"). Then a slight modification of the
argument in Lemma 1.4.1 shows that w. converges to w in the energy spaces and that w is a
weak solution to (1.129), as claimed. O

Proof of Proposition 1.11.1. Let 0; := 0y, for i« = 1,...,d. We proceed with an induction
argument. The step £ = 0 has been proved in Proposition 1.10.2. Let us assume that (1.127)
holds for j = 1,...,k € N and let us prove that it is valid for k + 1. So, let u € C]];Jrg’a(Qf),
A F e O (QF) and f e CFTH Q).

Let us fix 0 < r < r’ < 1. First, for every 2 = 1,...,d, by Lemma 1.8.3, one has that u; := d;u
solves (1.89) in @Y. Noticing that u; € C’II,HQ’Q(QIF), A€ CII,HZQ(Q;F), o f € 05"1(@1*) and
O;F,0;AVu € C]’fﬂ’a(Qf), we can use the inductive step to obtain

HuiHCj’;”‘a(Qﬂ §0(||Ui|‘L2(Q:7ya) + HaifHCg’a(Qj‘) + ||aiF||C;§+l’a(QT)> (1.137)

<O (llull gt yoy + Il + 1Fllgrzeor, )

where C' > 0 depends only on d, a, a;, A, A, HA”Ck+2,a(Q+). It remains to prove that
p 1

+ [uty]cj’:’a(Qj) + [ut] K, 1t

[uyyy]cgya(Qi) + [uyy]cf’l‘gg C-f T2 (Q;r)

Q1)
< c(||u|yL2(Ql+,ya) [ llgreraggr + HF|yC§+2,a(QD).

Let D := diag(A). It is immediate to check that u solves

y*O0pu — div(y*DVu) = y° f + div(y®F) in QF
lim y*(udyu + g) = 0, on 0°Q;
y—0t

i,j=1 %A
and pt = Agy1,4+1. Furthermore, by (1.137) and the definition of F and
F c C£+27OA(Q:)’ f c C£+17Q(QI) and

where F':= ((A — D)Vu - eqy1)eqr1 + F and [ := f + Zd+1 95((A — D)i,j?ju)a 9 = Fip
f, we have that

||FHC§+2’O‘(Q;L,) + ||f||C§+l’°‘(Q:/) < C(HUHLQ(QT,yG) + HfHC‘/;Jrl,a(QIL) + ||F||C§+2‘Q(QIL))’ (1138)
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for some C' > 0 which depending only on d, a, a, A, A, ||A||Ck+2,a(Q+).
p 1
By Lemma 1.11.3, the function w := y~d, (y*(dyu + g/p)) belongs to C;,CH’O‘(Q:C) and is a
weak solution to 3
y*0w — div(y*DVw) = div(y"F) in Q)
lim y*(DVw + F) - eg41 = 0 on 0°Q7,
Sy ( ) - €ds1 Q;
where F' is defined in (1.130), with f and F replaced by f and F respectively. Furthermore,
Fe C’;f’a(ij,), so, by the inductive assumption (noticing that in the case k£ = 0 we use Theorem

1.1.1), by (1.132), (1.137) and (1.138), we obtain that w € CA™"*(Q;) and
Hw”q’;ﬂ«ﬂ(Qj) < C(Hu”m(Qlﬂya) + HfHC;’j*'lvﬂ(Qir) + ”F||C§+2«Q(Q1+))a

for some C' > 0 which depends only on d, a, o, \, A, |]AHCk+2,a(Q+). Now, by the same arguments
p 1
of Lemma 1.10.3 and by Lemma 1.2.3, it follows

1 Yy
@yt aln)(e.v.t) = / sw(z, s, £)ds,
0

satisfies 9, (Oyu + f/u) € CF+Le and, by the regularity of ¢ and y, we deduce

[yl ooy + o] wige o S Cllullagr yoy + M leperegp + IFlgpragr)):

Gy @)

for some C > 0 depending only on d, a, a, A, A, |]AHCk+2,a(Q+).
p 1
To conclude the proof, it is sufficient to observe that

Ou =y *div(y*(AVu+ F))+ f € C§+1’Q(QT+),

which immediately implies
||8tu”01’f+1va(Qj') < C(|’“HL2(Q1"7ya) + HfHCz];Jrl’a(QT) + HF|’CZIf+2vO‘(Q1‘-))>

for some C' > 0 depending only on d, a, a, A, A, ||A||Ck+2,a( O
p

Q)
Proof of Theorem 1.1.2. Once established Proposition 1.11.1 and Lemma 1.11.2, our statement
follows by approximation as in in Theorem 1.10.1. O

1.12 Weights degenerating on curved manifolds

In this last section, we show how to extend the C1“ regularity estimates to weak solutions of a
class of equations having weights vanishing or exploding on curved characteristic manifolds I', as
in (1.9). Let us begin with the notion of weak solutions to (1.9).

Specifically, we consider equations set in cylindrical domains of the form QF x (—1,1) ¢ R%+2,
which lie on one side of T' x (—=1,1). Here, I' C R%! is a C! hypersurface parametrized by
¢ € CY(B1 N {y = 0}), in the sense that, up to perform a dilation, a translation and a rotation,
one has

p(0) =0, Vup(0)=0, Q" NB={y>p@)}NB1, T'NB={y=gp()}nB. (1139
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The family of weights § = §(z) we consider behave as a distance function to I' in the sense that

0>0 in Q+ﬂB1
IVd| > ¢y >0 inQTNB (1.140)
0=20 onI'N Bj.

Hence, we give the definition of weak solutions to (1.9).

Definition 1.12.1. Let a > —1. Let ¢ € C'(B; N {y = 0}) be the parametrization defined
in (1.139), 6 € CY(QF N By) satistying (1.140), f € L*((Q" N By) x (=1,1),6%) and F €
L2((QF N By) x (—1,1),6%)%1. We say that u is a weak solution to (1.9) if uw € L?(I;; H'(Q+ N
B1,0%) N L (I1; L(QF N By, %)) and satisfies

—/ 59Uy + / §UAVY - Vo = §9(f— F - Vo),
(Q+NB1)x(~1,1) (Q+NB1)x(~1,1) (QFNB1)x(~1,1)

for every ¢ € C°(Q1).

Proof of Corollary 1.1.3. We divide the proof into several steps. First, we establish the C';’O‘
regularity. Then, using an inductive argument, we prove the higher order regularity.

Step 1. Reducing to flat characteristic manifolds by a local diffeomorphism. Let ¢ € CY%(BiN{y =
0}) and consider a classical diffeomorphism which straighten the hypersurface T,

O(z,y) = (z,y + p(z)),

which is of class C%® and then C;’a extending constantly in the time variable. Actually, ®~!
locally flattens I' to X. In fact, there exists a small radius R > 0 such that ®(Br N {y > 0}) C
Bin{y > p(x)}, ®(0) = @71(0) =0 and ®(BrN{y =0}) C B1N{y = ¢(x)}. The Jacobian
associated to @ is

La 0 ), with | det Jp| = 1.

Jo(w) = ( Vo(z)T 1

Up to a dilation, one has that @ := uo (®(x),t) is a weak solution to

59yt — div(0°AVa) = 0°f + div(6®F), in Qf,
lim 0%(AVi+ F) - egi1 =0 on 9°Q7 .
y—0t
where 6 =50 ®, f = fo(®(x),t) and F = J5'F o (®(x),t) and A = (J3)(Ao (®(x),t))(J5") .
By [143, Lemma 2.3 (equivalently, by Lemma 1.2.2), 6 € C*(B;") and satisfies

5 B . )
6>0in Bf, §=00nd"Bf, 9,0 >00n "B}, - € C"(B),
Yy

< | o

> > 0in By,

where the last nondegeneracy condition is a consequence of the assumption |Vd| > ¢y > 0. Now,
noticing that o is a weak solution to

y“(g)aﬁtﬁ — div(y?*AVa) = yof + div(y®F), in Q7,

_ _ 1.141
lim y*(AVa+ F) - eqy1 =0 on 9°Q7 . ( )
y—0+
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where A = A(§/y)® € CS’Q(Qf), f=F/y)®* e P(QF,y*) and F = F(5/y)* € CB’“(Qf)
are taken back to an equation with the standard degenerate or singular weight y® as in (1.1), but
with a new nondegenerate term (6/y)® in front of the time derivative.

Step 2. Regularity for flat characteristic manifolds with an extra term in front of the time
derivative. In what follows we show that our regularity theory applies with minor changes to
weak solutions to (1.141); that is, where an extra term b appears in front of the time derivative
in the parabolic equation. The term needs to be uniformly continuous in Bf and bounded away
from zero b > p > 0. In the present case b(z) := (8(z)/y)®, which is even Holder continuous.

First, the energy results obtained in Sections 1.2, 1.3, 1.4 can be easily extended just using
the fact that the positive term b is bounded and bounded away from zero. These bounds ensure
invariance of the norms involved in the functional setting.

Let us focus on the only difference, respect to the proof of Theorem 1.7.1; that is, the C';’O‘
e-stable regularity of solutions with regularized weights p¢ (the proof of Theorem 1.6.1, the
e-stability for the C’g’a estimate, is analogous): in order to prove that the blow-up sequence {wy}
(see (1.75)) converges to an entire solution with constant coefficients, one considers the limit in
the equation (1.76) satisfied by wy with the necessary modifications for the present case. The
L.h.s. converges in the following sense: by using the same considerations of Lemma 1.4.1 we have
that

/ (0 (= blraz + 20 @0+ Alriz + 2,2t + ) Vay - V) — / 7(— bodug + AVo - V),

where b = limy_,o (132 4 ;) is a positive constant and A = limy_,oc A(732 + 2, rit 4+ tg) is a
constant coefficient matrix. Therefore, the contradiction argument ends up again with the use of
the Liouville Theorem 1.5.1. Finally, by Lemma 1.4.1, with the same considerations done in the
proof of Theorem 1.1.1, the statement follows.

Step 3. Higher order reqularity. Let ¢ € C*¥T2%(By N {y = 0}), where k € N. At this step, the
function b(z) := (8(2)/y)* € C*+12(B]"), by Lemma 1.2.2, so b¢ is an admissible test function in
(1.141). Hence, we compute

0:/+yab(—aat¢+[1va-v¢—f¢+ﬁ-v¢)

1

= / y* (= adh(¢b) + AV - V(¢b) — AV - Vbo — f(¢b) + F - V(¢b) — F - Vbo),
Qf

that is, & is a weak solution to

y? oy — div(y* AVa) = y*§ + div(y*F), in Qf,
lim y*(AVa+ F)-egpq =0 on 9°
y—0t
where - .
- s AVu-Vb F-Vb
g:=f+ 2 + p

k42,

Finally, we apply a recursive argument to prove the Cj, -regularity of @, which in turns extends

to the same regularity for the original u by composing back with the diffeomorphism ®~*.
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For k = 0, we observe that u € C’;’a by Step 1 and Step 2. Consequently, after composing with
the Cp* diffeomorphism, we obtain Vi € Cp®, which implies that § € Cy®. The Cy®-regularity
of 4 then follows from Theorem 1.1.2.

Finally, this argument can be iterated for any k > 1, replacing the initial result from Step 1
and Step 2 with Step & at a lower step. O

1.13 Parabolic Higher Order Boundary Harnack Principle

This last section, is devoted to the proof of the Higher Order Boundary Harnack Principle in
Theorem 1.1.4 (see also [12, 90]).

Proof of Theorem 1.1.4. First, the regularity assumptions of boundaries, coefficients and data for
the equations in (1.10) do guarantee that u,v € Cﬁ:z’a(ﬁ N Q1), by classical theory of uniformly
parabolic equations (for instance, see [96]). Hence, the equations in (1.10) are satisfied both in
the weak sense and pointwisely in 2N Q1. From this, we deduce a pointwise equation for the
quotient w = v/u in Q N @Qq; that is,

u?opw — div(u? AVw) = uf — vg + u®b - Vw, (1.142)
Now, let us define the standard diffeomorphism
O(z,y,t) = (z,y + ¢(x, 1), 1),
which is of class C;.f“’a. Let usset 4t =uo®,0=vo®, f=fod §=go®d and define
A=(J3) (Ao®)J g, b=J gbo®,

where J, ¢ is the square block [c;;i j=1,... a+1 of the Jacobian Jo := [cijlij=1,.. d+2-

Since w solves (1.142), then, up to dilations, w = w o ® = /4 solves
S . ;U . .
Y2 2o — div(y? 2 AVi) = y(,uf — ig) + 921%b - Vo + e - Vb, (1.143)

pointwisely in Qf, where p = a/y and ¢ = dypeqr1. Now we need to do some remarks on
regularity of the data of the weighted equation above. First, by Lemma 1.2.2 and the non
degeneracy condition u(z,t) > cod,((2,t),02N Q1) in (1.10), we can infer that

0<c < peCyB).
Thanks to the previous information, we can rewrite (1.143) dividing by u? as
Y20 — div(y? AVad) = yh + y*b - Vb, (1.144)
where
- = -V 120
b=b+ct2dT L ke =2 _v7
K K
Moreover, since
v/y

a/y’

&
Il
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C’Z’erQ’a-regularity of 4,v, we have w € Cf;“’a(Qf) which has

two implications: first, the drift term in (1.144) can be considered as a forcing term; that is,
b-Vio=fe Cg’a(Qf); secondly, @ belongs to L2(I1; H(B;,y%)) N L>=(Iy; L*(Bf,y%)) and, by
multiplying the equation (1.144) by test functions ¢ € C2°(Q7) and integrating by parts, one
gets that @ is a weak solution to

again by Lemma 1.2.2 and the

Y200 — div(y2AVw) = div(y?H) + y%f, in Qf,
lim y?(AVa 4+ H) - eqq1 = 0, on 9°Q7,
y—0+

where the field

Y
H(z,y,t) = GZ—;I sh(x,s,t)ds
0

belongs to CAT(Q7) by Lemma 1.2.3.

Then, the regularity C’,’.erQ’a—regularity of w follows by Theorem 1.1.2. Finally, the same
regularity is inherited by w by composing back with the diffeomorphism. O



CHAPTER
TWO

REGULARITY FOR THE DIRICHLET PROBLEM ON LOWER
DIMENSIONAL MANIFOLDS

2.1 Introduction

The second chapter is based on the paper [70] by the author. Let 2 < n < d be two integers and
z = (z,y) € R¥™™ x R™. Let us define the lower dimensional manifold

So = {(z,y) € R: |y| = 0},

which has dimension d — n, and the weight [y|* = dist§; (), where the real parameter a satisfies
a+n € (0,2). We study the following equation

{ —div(|y|*AVu) = [y|"f +div(ly|*F), in By \ %, 1)

u =1, on Yo N By,

where By C R? denotes the unit ball with center at 0,A: B — R4 ig a symmetric d-dimensional
matrix satisfying the following ellipticity condition

NEP? < A(2)€- € < AP, (2.2)

for all ¢ € R? and a.e. z € By, where 0 < A < A < 00 are fixed constants.

The terms f : By = R, F: B — R? and ¥ : £y N B; — R belong to suitable spaces, which
will be introduced later. We notice that, when n = d, the lower-dimensional boundary ¥y = {0}
reduces to a single point. In this case, we assume the boundary condition is simply «(0) = 0.
The operators V and div denote the gradient and the divergence with respect to the variable
z, respectively. Weak solutions to this equation are naturally defined within the framework of

weighted Sobolev spaces, which will be introduced in Section 2.2.1. Thus, we say that u is a weak
solution to (1.1) if u € HY*(By) := HY(B, y|®dz), satisfies

/ Y*AVu - Vdz = / W*(fé — F-V)dz,
By

By

for every ¢ € C°(B1 \ Xo) and u = 1 in the sense of the trace (see Definition 2.2.6).
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Our primary goal is to establish local regularity estimates up to ¥¢ for weak solutions to (1.1).
Specifically, we show that, under suitable assumptions on the data, solutions are C%%(B; /2) and,
in some cases, may be C1%(B, /2). As we will see later, our results are sharp with respect to the
assumptions on the data. Specifically, the function |y|>~¢~" is a solution to (1.1), when A =T,
f=0 F=0and ¥ =0anditis C*"ifa+nc[l,2) and C*'=* " if a +n € (0,1). The
idea behind our theorems is that this solution is the worst regular solution to (1.1) when A =1,
f=0,F=0and ¢ =0.

The Dirichlet boundary condition u = v on Yy requires some clarifications. For general values
of a € R, the trace of functions which belongs to H%(B;) on X might not be well defined. In
the paper |1 18], the author shows the existence of a trace operator for a large class of weighted
Sobolev spaces on lower dimensional boundaries. Specifically, the following result holds: let I' be
a (d — n)-dimensional C''-manifold, distr be the distance from I' and a + n € (0,2). Then, there
exits a unique bounded linear operator

T : HY(By,dist}) — L*(I' N By)

such that
Tu =y,

for every u € C*®(By).

Hence, the restriction we impose on the parameter a + n € (0,2) ensures that the boundary
condition v = ¥ on ¥y makes sense. In other words, introducing the weight as a power of the
distance to the boundary provides a natural framework for studying the Dirichlet problem for
linear elliptic operators on lower-dimensional boundaries. Without such a weight, the solutions
do not see the lower-dimensional sets due to capacitary reasons: for instance, a harmonic function
in B; \ X is the same as a harmonic function in the whole Bj.

As previously observed in the introduction of this thesis, the study of such equations falls
within the theory of non uniformly elliptic operators, as the presence of the singular weight causes
the operator’s coefficients to blow up on the manifold ¥y. In the seminal paper [65], the authors
extended the De Giorgi-Nash-Moser theory to weighted elliptic equations, where the weight
arises from quasi-conformal mappings or belongs to the Muckenhoupt Ay class. In particular,
under suitable assumptions, they proved the validity of the Harnack inequality, ensuring Holder
regularity of solutions with a non explicit Holder exponent. Our weight |y|* belongs to the
Muckenhoupt A class when a +n € (0,2n), so our assumption a + n € (0,2) ensures that the
known results for this class of weights apply, guaranteeing that the solutions to our problem
satisfy some Holder estimates. However, the peculiar geometry of the singular set of our weight
|y|*, combined with its homogeneity property, allows us to obtain more refined results compared
to the general theory mentioned above.

In recent years, there have been significant contributions to the study weighted elliptic equations,
where the weight behaves like the power of the distance from the boundary of a set. The most
notable case is n = 1, which is closely related to the extension theory for fractional operators
developed by Caffarelli and Silvestre in their seminal paper [28| (we refer also to [34], where the
authors study fractional operators in conformal geometry). This setting is now well understood,
and there is a rich literature on the regularity properties of such equations. Concerning Schauder
type estimates, a notable reference can be found in [29]. Moreover, we highlight the works
[138, , , 55], where the authors establish a complete Schauder regularity theory for
degenerate/singular elliptic equations, and its parabolic counterpart |7, ]. Additionally, we
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mention [58-60], where elliptic and parabolic weighted equations are studied, yielding alternative
regularity results.

In the paper |16], David, Feneuil and Mayboroda developed an elliptic theory for equations
which are degenerate/singular on lower dimensional boundaries. In particular, in [13], the
authors extensively studied our operator in the case a + n = 1, under weaker assumptions on
the coefficients A. They proved the solvability of the Dirichlet problem in this setting. We also
refer to [17] and the references therein for a broader overview of this topic. Recently, in [61], the
authors investigated the boundary behaviour of solutions in this high-codimensional setting and
established estimates on the singular set near the boundary. Moreover, our class of operators
also arises in the context of singular harmonic maps to study equations related to black holes
(see [148, , 93-95]). In particular, in [119], the author highlights the connection between these
singular harmonic maps and differential operators like ours, in the case where a < 0. Additionally,
our work is related to Mazzeo’s theory of edge operators [104, |, which emerges in boundary
problems with higher codimensional boundaries and provides essential insights into solution
regularity by establishing Fredholmness in degenerate Holder or Sobolev spaces.

Finally, it seems that our operator could be a good model for free boundary problems of the
obstacle type (see, for example, the classical papers |22, 23]), where the obstacle is very thin
(with dimension less than d — 2), see also [658]. As already noted above, classical elliptic operators
do not allow for such problems, as they cannot see small sets like these due to capacitary reasons.

2.1.1 Main results

The main goal of the chapter is to establish local C%® and C1® regularity estimates up to the
singular set 3 for weak solutions to (2.1). These results are presented in two main theorems: the
first provides Holder estimates for the solutions, while the second establishes Hélder estimates for
the gradient.

Theorem 2.1.1. Let2<n<d,a+ne€ (0,2), p>d/2, ¢>d and
a€(0,2—a—n)n(0,2—-d/p]N(0,1—d/q)N(0,1). (2.3)

Let A be a continuous symmetric matriz satisfying (3.5) and w be a modulus of continuity such

that A(2) ()]
A(z) — A(z
A w = ||Al| 700 + — 7 < L.
H HCQ (B1) H HL (B1) z,z’ESBufz7éz’ w(|z Z/D

Let f € LP%(By), F € L%%(B1)? and ¢ € C%Y (3o N By). Let u be a weak solution to (2.1).
Then, u € C’O’O‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, \, A, p, q,
a and L such that

[ullcoa(s, ) < c(lull 2aemyy + 1l pacyy + 1F | Laacs) + ¥l corsena))- (2.4)
Theorem 2.1.2. Let2<n<d,a+ne€ (0,1), p>d and
ac(0,1-—a—n)n(0,1—d/p. (2.5)

Let A be a a-Hdlder continuous matriz satisfying (2.2) and ||Allco.ap,y < L, f € LP*(B1),
F € CY%Y(By) and ¢ € C1*(XoN By). Let u be a weak solution to (2.1).
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Then, u € C’l’o‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, A\, A, p, «
and L such that

lulloracs, ) < c(lullzzasy) + 1flLrasy) + 1Fllcoas,) + [¥llorasons,))- (2.6)

In addition, u satisfies the following boundary condition

Vx ,0 = vac 70 ’ ]
{ u(,0) ¥(@,0) for every (x,0) € XN Byjy, andi=1,...,n. (27)

(AVu + F)(x,0) - ey, =0,
Before presenting the proof idea, we recall a method developed in [110, | to establish
regularity estimates for weighted elliptic equations that are degenerate or singular on a set of
codimension one, that is, when n = 1. We notice that this method extends well to parabolic
equations, as shown in the previous chapter. This case, where the singular set is an hyperplane
of dimension d — 1, does not fall under the scope of our study, which focuses on n > 2. The
authors develop a regularity theory for such equations by regularizing the weight and using an
approximation argument: they first establish e-stable regularity results for solutions with the
regularized weight (2 4+ 42)%2, and then take the limit as ¢ — 0. However, this approach seems
not to work in our case, where n > 2. Indeed, by regularizing the weight, that is, considering
p2(y) := (€2 + |y|>)*/? and solutions to uniformly elliptic problems with this type of weight, the
H!(p%)-capacity of ¥y will be zero. As we discussed earlier, in this situation, the classical Sobolev
spaces will fail to capture information about the boundary condition on the lower dimensional set
>g. Consequently, the approximation problem with this type of weight loses critical information
about the boundary condition, making it impossible to recover uniform regularity estimates for
the weighted problem.

We adopt a different approach based on perforated domains, aiming to establish uniform
estimates in this framework. For small 0 < ¢ < 1, we define 3. := {|y| < €} as the e-
neighbourhood of ¥y, noting that its boundary 9%, = {|y| = ¢} has dimension d — 1 and
0% — 3o as € = 0. The central idea is to approximate the lower dimensional boundary, which
has dimension d — n, with a classical boundary of dimension d — 1 and impose the Dirichlet
condition on this set. Hence, we consider solutions to the problem

—div(|y|*AVu) = |y|*f + div(|y|*F), in B\ X,

u =0, on 0¥ N By.
In this context, since the singular set ¥ is sufficiently far from B; \ ¥., we can apply classical
regularity theory to obtain 0070‘(B1/2\ZE) and Cl’a(Bl/2 \ X¢) regularity estimates, with constants
that may depend on €. The crucial step is proving that these estimates are uniform as ¢ — 0,
as shown in Theorems 2.6.1 and 2.7.1. Once we have these uniform estimates, we employ an

approximation argument (see Section 2.4) to pass to the limit as ¢ — 0, thereby recovering the
desired regularity results for the original problem.

We emphasize that proving C%* regularity for solutions to (2.1) requires a refined approach.
Specifically, the uniform estimates in perforated domains require an additional assumption on the
field F', as highlighted in Remark 2.7.2. Consequently, proving the main theorem necessitates
a double approximation strategy: the first via perforated domains and the second through a
standard mollification argument. This is combined with some a priori estimates for solutions to
(2.1) under an additional boundary condition on X, as detailed in Proposition 2.7.3.
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The strategy for establishing the e-uniform estimates is based on a contradiction argument
combined with a blow-up procedure, drawing inspiration from Simon’s work [130]. A key
component of this approach is the Liouville-type Theorem 2.5.1, which applies to entire solutions
satisfying a specific growth-control condition at infinity.

Finally, as a consequence of our main theorems, we extend our results to more general weighted
equations, where the weight § behaves like a distance function from a regular manifold I" of
dimension d — n (see Definition 2.8.1). Specifically, in Corollaries 2.8.3 and 2.8.4, we are able to
prove local C%%(B, /2) and clo(B; /2) regularity estimates for weak solutions to the following
equation

(2.8)

—div(d*AVu) = 6°f + div(0*F), in B\ T,
u =1, on I'N Bj.

The precise definition of solutions to (2.8) will be given later in Section 2.8.

2.1.2 Organization of the chapter

The chapter is organized as follows. In Section 2.2, we introduce the problem by defining the
appropriate weighted Sobolev spaces, discussing their fundamental properties, and presenting
the notion of weak solutions to our equation. Section 2.3 is devoted to establishing uniform
boundedness of solutions. In Section 2.4, we prove a key approximation lemma. Section 2.5
contains the proof of a Liouville-type theorem, both in perforated and non-perforated domains.
In Sections 2.6 and 2.7, we prove the main results - Theorems 2.1.1 and 2.1.2 - concerning the
C% and CH* regularity of solutions, respectively. Finally, in Section 2.8, we extend these results
to solutions of the more general equation (2.8).

2.1.3 Notation

Let d,n € N be two integers such that 2 < n < d. Let us consider coordinates z = (x,y) €
R4 x R™. Given R > 0, we denote by B r(z0) the ball of radius R centered at zg. When zg =0
we simply write Br. We define the lower dimensional characteristic manifold

Yo :={y =0}

We write ¢ < 1, to denote that there exists a small 9 > 0 such that € € (1,¢p). Hence, for e < 1
we define the e-neighbourhood of ¥ as

Ve i={lyl < e},

and its topological boundary
0% :={ly| = ¢},

noticing that 03¢ = 3.



82 Regularity for the Dirichlet problem on lower dimensional manifolds

2.2 Functional setting and preliminary results

2.2.1 Weighted Sobolev Spaces

Let a+n € (0,2) and R > 0. For p € [1,00), let us define the weighted Lebesgue spaces
LP*(Bg) := LP(Br, |y|"dz),

and for vector field
LP(Br)! = L7 (Br, lyl"d=)",

The Sobolev space H%(Bg) is defined as the completion of C°°(Bg) with respect to the norm

oo = ( |

where C®°(Bg) = {u|BR cu € CX(RY)}.

Since we are interested in functions which vanish on ¥y = {|y| = 0}, we define the Sobolev

1/2
yl*u?dz + /B | Vuldz)
R

R

space HY*(Bp) as the completion of C2°(Bg \ Xo) with respect to the norm || - | F10(BR)-

Additionally, we define the Sobolev space H& “(Bpg) as as the completion of C°(Bg \ Xo) with
respect to the norm | - || g1.0(py), which contains functions having zero trace on d(Bg \ o).

2.2.2 Weighted Sobolev Spaces in perforated domains
Let a+n € (0,2), R>0and ¢ < 1. For p € [1,00), we set
LPY(Br\ %) == LP(Bgr \ Ze, |y|*dz),

and
LP%(Bgr\ X.)% := LP(Bg \ ., |y|%dz)".

Let us define the norm

1/2
a, 2 a 2
ul| g1,a )= y|udz +/ y|*|Vul|“dz
|| HH (Br\X:) (/;R\EE | | Ba\s. | | | | )

We define Sobolev spaces in perforated domains as follows.
H%“*(Bg \ ¥.) as the completion of C*°(Bg \ ¥.) w.r.t. the norm || - | 71e(Br\S)
HY%(Bg \ ¥.) as the completion of C°(Bg \ ¥.) w.r.t. the norm || - [ Fre(BR\S.)
Hé’a(BR \ X¢) as the completion of C2°(Bg \ ¥¢) w.r.t. the norm [| - | gra(g,\5.)-
When ¢ = 0, we identify the spaces
LP*(Br\ %) = LP*(Bg), H"““(Br\%o) = H"“*(Br), Hy"(Br\ o) = Hy"(Bg).

Moreover, since the Poincaré inequality holds true (see Proposition 2.2.2) in H“%(Bg \ X.) for
every 0 < e < 1, we have that

1/2
a 2
oy = (| wvutaz)
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defines an equivalent norm to || - | g1.a(g,\ 5. in HY(Bg\ %.).

Remark 2.2.1. For € > 0, functions in H%*(Bg \ ¥.) can be identified with their trivial extensions
in the whole Bgr. Consequently, we have the following inclusion of spaces:

HY(Bg\ .) Cc H"%(Bg).

The following Proposition establishes several fundamental inequalities in the space H La(Br\X.),
namely the Hardy inequality, the Poincaré inequality, the Poincaré trace inequality, and a Sobolev-
type inequality, which are uniform with respect to the parameter . All these results are, in fact,
based on the Hardy inequality (which is nowadays a standard result). We also refer to [10, |
for other functional type inequalities in this direction.

Proposition 2.2.2. Let2<n <d,a+n € (0,2), R>0 and 0 < e < 1. Then, there exist a
constant ¢ > 0, depending only on d, n, a and R such that

[ etz <e [ evaee, (29)
Br | | Br
/ ly|*u?dz < c/ [y|*|Vu|?dz, (2.10)
Br Br
/ ly|*u’do < c/ ly|%|Vu|?dz, (2.11)
OBg Br
.\2/2F
(/ Iy dz> dz < c/ 1% Vu|2dz, (2.12)
Bg Bg

for every u € C°(Br\ X:). In the last inequality 2* := 2d/(d —2) if d > 2 and 2* can be replaced
by any p € [1,00) if d =2, and in this case, the constant ¢ > 0 also depends on p.

Proof. The Hardy inequality (2.9) is well known nowadays, see, for example [101].

The Poincaré inequality (2.10) immediately follows by the validity of the Hardy inequality (2.9),

in fact
| e <e | e,
BR BR ||

for some ¢ > 0 depending only on R.

By using the classical embedding H'(Bg) <+ L*(0Bg) to the function |y|*/?u € C°(Bg \ X.),
the Hardy inequality (2.9), combined with Holder and Young inequalities, we have that

2
[ wiis <o [ wuirtipa < e [ (w4 il o)
OBR Br Bgr ‘ | ly ‘

<c[ peivapas,
Br

and (2.11) holds.

Finally, let’s prove the Sobolev embedding (2.12). By using a < 0, the classical Sobolev
embedding H'(Bg) — L?* (Bg) to the function |y|*/?u € C°(Bg \ X.), the Hardy inequality
(2.9), the Poincaré inequality (2.10), combined with Holder and Young inequalities, we obtain

. 2/2* « 2/2*
([ werpa)™ <e( [ (ul=u)™as)™ <c [ (o + 19 y2u)R)as
Br Br Bgr
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2 2
a u u
<cf (w17 + 1 9uf? + Syl + alyl 14 ul)dz < o | weivupas.
Br 477yl | Br

Hence, the proof is complete. O

2.2.3 Trace inequality on lower dimensional manifolds

In the paper [118], the author shows the existence of a trace operator for a large class of weighted
Sobolev spaces on lower dimensional boundaries. Specifically, the following result holds.

Theorem 2.2.3 ([118, Theorem 2.3]). Let 2 <n < d, T be a (d — n)-dimensional C'-manifold,
dr be the distance from T', a +n € (0,2). Then, there exits a unique bounded linear operator

T:HY(By,d:) — L*(I'N By)
such that
Tu =y,
for every u € C*°(By).

We would like to remark that the condition a + n € (0,2) cannot be removed in the previous
theorem. Moreover, let us stress the fact that in the straight case, that is, when I' = ¥ and
dr = |y|, the trace operator

T:H"(B;) — L*(XoN By)

is well defined, linear and continuous.

2.2.4 Weak solutions

In this section we give the definition of weak solutions.

Definition 2.2.4. Let 2 <n <d,a+n € (0,2), R>0and 0 < e < 1. Let A be matrix
satisfying (2.2), f € L>*(Br\ X.) and F € L>%(Bg \ ¥.)¢. We say that u is a weak solution to

—div(jy[*AVu) = |y|*f + div(|y|F), in Br\ X, (2.13)
u =0, on 9% N Bg,
if u € HY*(Bg \ ¥.) and satisfies
| wlaAvu-ods= [ (o~ F- o (2.14)
Br Br

for every ¢ € C°(Bgr \ X¢).

We say that v is an entire solution to

—div(|y|*AVu) = [y|*f + div(|y|]F), n R\ D,
u=0, on 0%,
if u is a weak solution to (2.13) for every R > 0.

Remark 2.2.5. Using the validity of the Poincaré inequality (2.10), we have existence and
uniqueness for solutions to (2.13) which also satisfy a boundary condition on 0Bpg \ .. In fact,
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if u is a weak solution to (2.13) satisfying u — u € Hé’a(BR \ %), for some @ € H"*(Bg \ ¥.),
then v is a minimizer to the functional

A .
= [l (T o Feve) e
BR\ZS 2

over
X :={ve H"Br\%.) :v—a e Hy*(Br\ 2.)},

and J is coercive. By a standard application of the Weierstrass Theorem, we have existence and
uniqueness of solutions to (2.13) with prescribed trace on 0BR \ .

When € = 0, recalling the trace Theorem 2.2.3, we also give a definition of weak solutions with
prescribed trace on the lower dimensional boundary 3.

Definition 2.2.6. Let 2<n <d, a+n € (0,2), R > 0 and A satisfies (2.2). Let f € L*%(Bg),
F € L*>*(Bg)? and v € L?(Xo N Bgr). We say that u is a weak solution to

—div(jy|"AVu) = [y|*f + div([y|"F), in Br\ Zo,

u =1, on Yo N Bg,

if u € HY(Bg), satisfies (2.14) for every ¢ € C>°(Bg \ o) and u = v on ¥y N Bg, in the sense
of the trace.

2.3 Local boundedness of solutions

The goal of this section is to prove L2 — L estimates for weak solutions to (2.13). The proof is
fairly standard and employs an iterative technique based on a Caccioppoli-type inequality and
the Sobolev embeddings (2.12) (see the proof of Proposition 1.3.3 in the parabolic setting and,
for instance, see also [117]). We include the proof for completeness. We start with the following
Caccioppoli-type inequality.

Lemma 2.3.1. Let2<n<d,a+n€(0,2), R>0,0<e<1,p>(2") andq>2. Let A be a
matriz satisfying (2.2), f € LP*(Br\X.), F € L¥(Br\ X:)? and u be a weak solution to (2.13).
Then, there exists ¢ > 0 depending only on d, A and A such that for every 0 < Ry < Ro < R there
holds

1
aly 2d < - a 2d “ .
/Bal . ly|*|Vu|*dz < C[(Rg AP /BRQ\ZE ly|“lul*dz + || f|l e (BBRQ\EE)HuHLPv (B, \5e)

+/ |y|a|F|2X{|u|>o}dZ]
B

BR2 e

(2.15)

Moreover, for every b € R and for v := (u—b); = max{u—>b,0} orv:= (u—b)_ = max{—u+b,0}
the same inequality (2.15) holds, with u replaced by v.

Proof. Fix 0 < R; < R2 < R and consider a smooth cut-off function n € C2°(Bg) such that

C
spt(n) C Br,, nm=1onBg, 0<n<l1, Nn‘ﬁm7
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for some constant ¢ > 0 depending only on d. Let us test the equation satisfied by u with n?u
(which is an admissible test function). Then, we obtain

/ ly|*n?AVu - Vudz = / |y|a( — 2quAVu - Vi + fn?u — n*F - Vu — 2nuF - Vn)dz.
Br Br

By using (2.2) and applying Holder and Young inequalities, we obtain

1/2 1/2
A [ wvaas <ea( [ peavaas) ([ il ienpa:)
Bgr Br Br
. 1/2 " 1/2
e msolnd sy + ([ WORFR ) ([ o)
R R

a 1/2 u 1/2
o [P saydz) ([ ol lPvas)
Br Br

2

5 . 3A .
< 6A/ [y | Vul*dz + A/ Y1 [ul?|VnlPdz + 0] | Loe Bz 176l 1o a (50 5
Br Br

1 “ .
(1 g5) [ WP sz + [yl fVaRas
Bgr Br

Hence, we have

)\/ 5 3A? c 5
— y|*|Vul|*dz < (1 + / y|*|u|*dz
5y, W< (14 ) s | i

1 a
1 2oy o lll gy sy + (14 35) / W1 F2X 50y 2.
Br,

that is, (2.15) holds true.

Finally, to prove that (2.15) holds true for v := (u — b), it is enough to choose n?v as test
function in (2.13), noting that Vv = Vu on the set {v > 0} and performing similar computations
as above. The case w = (u—b)_ is analogous, observing that Vw = —Vwu on the set {w > 0}. O

The next lemma is to establish a no-spike estimate type.

Lemma 2.3.2. Let2<n<d,a+n€(0,2),0<r<R,0<e<1,p>d/2, q>d. Let A be a
matriz satisfying (2.2), f € LP*(Br\ X.), F € L9*(Bgr \ X.)? satisfying

[ £z Bp\ss) + 1 F N Lae(Bps.y < 1.

Then, there ezists a constant 6 € (0,1), depending only on d, n, a, A\, A, p, ¢,  and R, such that
if u is a weak solution to (2.13) and it satisfies

/ [l Pz < 5,
BR\EE

u<l ae inB,\ 2.

then

Conversely, if

[ e paz <
BR\EE
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then
u>—-1 a.e in B\ ..

Proof. Let us assume that d > 3 (the case d = 2 is similar and relies only on the Sobolev-type
inequality (2.12)) and consider the positive part u4 (the case u_ is exactly the same).

For every j € N, set
Cj=1-277, rj:=(R-r)27+r, Dj:=B,\%,
noting that Co =0, 79 =R, C; 11, 7r; L7, Dj D Djyq and rj —rj1q = (R— r)2_(j+2). We define

Vim - Cve Byi= [ Vi

J

which satisfy, for every j € N, ;1 < E; < Ey < J by assumption.

Applying the Sobolev inequality (2.12) and the Caccioppoli-type inequality (2.15) to Vj41, with
R1 =17j11, Rz = rj, thanks to the assumption || f| zr.a(py\5.) < 1, We get

(/ ’y\a’Vjﬂ
D

J+1

. N\2/2F
Ya:) <o [ vl

Dy (2.16)
< e [ WPVl Winlamy + [ PG00

J

Next, by using Holder inequality in the definition of E;4; it follows that

v . N7 . (2% —2)/2*
Bin= [ lol'Viads < ( Vi az)" |l X(v, 1502 - (2.17)
i+ i+ i+
Again, we use Holder inequality, noting that V1 < Vj, to estimate
1/2 (p—2)/2p
Wil < ([ 1VAa) ([ 0% m0d)
J J
L2 ) (r-2)/20 (2.18)
<E; ( o Y| X{\/j+1>0}dz> :
J
and, by also using [|F||za.e(py\x.) < 1, we obtain
2/q (g—2)/q
/D VI F X v 150y 2 < (/D Iy\“IqudZ) (/D Iy\“X{Vj+1>o}dZ)
’ ’ ’ (2.19)

IN

u a—2/q
(/ WXy s0dz)
Dj

Moreover, one has that
Vi1 > 0} = {u— Cpay > 0} = {fu— G5 > 270D}y = (1 > 270+,

hence,

/D |y’ax{vj+1>0}d2’ = /D |y\“X{Vj2>2,2(H1)}dz < 22(j+1)/ ]y|“V]2dz = 22(j+1)Ej' (2.20)

J J DJ
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Putting together (2.16), (2.17), (2.18), (2.19) and (2.20) we obtain

. 1—

Ej1 < C]H(Ej + Ej j

2*2:2 — % > 0 and 2*2:2 — % > 0 by the assumptions p > d/2 and g > d. By denoting with
4 > 0 the minimum of these two numbers we have that

where

. 145
Ej+1 < CJ+1E]'+77
EO < 57

which implies | |
Ej < (o000 g0 < (05) 1+,

Finally, by choosing d such that C6 < 1, and taking the limit as j — oo we obtain that E; — 0,
that is, [\ [y|*(u —1)% = 0, which yields u < 1 a.e. in By \ . O

Finally, the next lemma states the L{¥ boundedness of weak solutions to (2.13).

Lemma 2.3.3. Let2<n<d,a+n€(0,2), R>0,0<e<1,p>d/2,q>d. Let A be a
matriz satisfying (2.2), f € LP*(Bgr\ X¢), F € L¥(Bg \ %) and let u be a weak solution to
(2.13). Then, for every r € (0, R), there exists ¢ > 0 depending only on d, n, a, A\, A, p, ¢ and r
such that

ull oo (5 < e(llullp2apsy + 1l raBasy) + 1 FllLaeBas.)- (2.21)

Proof. Let us define

Ve

vi="0u, 0:= ,
ullp2.aBp\s.) + 1 fllLreBr s + 1F ] Laa(BRr\S.)

where § > 0 is as in Lemma 2.3.2. One has that v satisfies the hypothesis of Lemma 2.3.2, hence,
v+ < 1in B, \ X, which implies

1
U]l Loo(B\50) < %(HUHLZG(BR\EE) + [ fllzreBp\s) + 1] LoeBr\s2))-
Repeating the same argument with v_ one has that
1
lu—lLoo(B\50) < %(HUHLM(BR\&) + | fllzeeBrrz.) + 1 FlLaa(BR\S.))-

Hence, we have that (2.21) holds true, by choosing C' = 2/+v/8. The proof is complete. O

2.4 Approximation result

In the spirit of Lemma 1.4.1 and [138, Lemma 2.12, Lemma 2.15], the goal of this section is to
provide an approximation result, which allows us to construct a family of solutions to (2.13) in
perforated domains (0 < £ < 1), which converges in a suitable sense to weak solutions of (2.13),
when € = 0.
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Lemma 2.4.1. Let 2 < n <d, a+n € (0,2), R > 0. Let A be a matriz satisfying (2.2),
f € L>%Bg), F € L>%(Bg)? and let u be a weak solution to (2.13) with ¢ = 0.

Then, for every r € (0, R), there exists a family {uc}o<e<1, such that u. are weak solutions to

—div(|y[*"AVue) = |y|*f + div(ly|*F), in B, \ Z, (2.22)
u =0, on 0% N By, '
satisfying
ucll o sas.) < e(llullgresyy + 1 fl22amr) + 1FllL208,) (2.23)

for some constant ¢ > 0 depending only on d, n, a, A, A, R, r and, up to consider the trivial
extension of ue in the whole B, (see Remark 2.2.1), there exists a sequence € — 0 such that

ue, — u in HY*(B,).
Proof. Let us fix r € (0, R) and consider a cut-off function £ € C°(Bg) such that

§=1in B, spt(§) C Bryr, 0<E<1, [V <o,
2

for some ¢y > 0 depending only on d, R and r, and define @ = &u € H&’G(BR).
Fixed ¢ € C°(Bgr \ Xo), and using the equation (2.14) satisfied by u, we get

/ y|“AVa - Vodz = / yy\a(gAw - VqﬁuAV{-Vqﬁ)dz

Br Br

:/ |y\a(Avu.V(¢g) - ¢AVu-V§+uAV£-V¢)dz
Br

= | Wit (#o — P V(6€) - 9AVu- VE +uaVE- Vo) iz

:/ |y\a(f¢5 _E(F -V — ¢F - VE — pAVU - VE + uAVE - ws)dz,

Br

that is, @ is a weak solution to

—div(|y|*AVa) = |y|*f + div(jy|"F), in Br\ o,
u=0, on 0Bg \ Xo, (2.24)
u =0, on Yo N Bg,

where we have set

f=f6—F VE—AVu-VE,  F=F¢—uAVE.
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We estimate the right hand side in (2.24) in the following way
[ oweias<z [ (R + (Ve + (aVu- vER)ds
Br Br
< 2/ I (2 + GBI + | AVEP|Vul?)dz (2.95)
Br
<c [ yle(s 4 PP+ V),
Bgr
for some ¢ > 0 depending only on d, A, R and r. By performing similar computations, we get

[ wpeeas <c [ ue(Re+ )i (2.26)
Br Br

for some ¢ > 0 depending only on d, A, R and r

Fixed 0 < g¢g < 1, for every 0 < € < €, recalling Remark 2.2.5, let u. be the unique weak
solution to

—div(|y|*AVuc) = [y|*f + div(|y|"F), in Bg\ %,
ue =0, on OBR \ X, (2.27)
ue = 0, on Y. N Bp.

By using u. € HS’Q(BR \ X¢) as test function in (2.27), up to consider the trivial extension in
the whole B, (see Remark 2.2.1), combined with (2.2), Poincaré inequality (2.10) and Hélder
inequality, we get

)\/ ly|*| Vu.|*dz < / ly|*AVu, - Vu.dz = / ]y|“”(fuE +F- Vu5>dz
Br Br Bgr

< e (] s ™ s (] i) ([ rreersd”
<o [ weivudas) " (1o + 1Flem)
R

and then, by using (2.25) and (2.26), we have that there exists a constant ¢ > 0 depending only
on d, n, a, A and A such that

uellgresps.y < c(1flzesr) + 1F |l L2aB,) + lullgras,))- (2.28)

So, we get that {u.} C Hé’a(BR \ 2g) C Hé’a(BR) is uniformly bounded. Hence, there exists
u € Hé’a(BR) and a sequence €5 — 0, such that

ue, — U, weakly in H"*(Bg). (2.29)

Next, we prove that @ = 4. Let ¢ € C°(Bgr \ Xo) be a test function in the equation (2.27)
satisfied by u.. Then, spt(¢) C Bgr \ ¥ for every € small enough. By using (2.29), we have

/ ly|®fo — F -V = ly|*AVue, - Vo — ly|* AV -V, asep — 0,
spt(¢) spt(¢) spt(¢)
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so, U is a weak solution to

—div(|y|*AVa) = [y|*f + div(jy|F), in Br\ o,
0, on aBR \ Eo,
0, on Yo N Bg.

N|
Il

N|
Il

By uniqueness of weak solution to (2.24) (see Remark 2.2.5), we get that @ = @ in H&’G(BR).
Finally, we prove that u., — 1 strongly in H%(Bg). By testing (2.24) with @, we get

/ Y| AV - Vadz :/ yy\a(fa—ﬁ.va)dz, (2.30)
Bgr Bpr
and, by testing (2.27) with u. combined with (2.29), we have
/ Y| AV, - Vuedz :/ yy|“(fa€ —F-Vﬂ5>dz —>/ |y|a(fa—ﬁ-va)dz, (2.31)
Br Bgr Br
along a subsequence €, — 0. Putting together (2.30) and (2.31) we obtain

lim ly|*AVue, - Vue, dz = / ly|*AVa - Vadz.

ex—0 Br Br

Since A satisfies (2.2), one has that [|[Vue, [|2.0(5,) = V@l p2.a(,)- This, combined with (2.29),
allows us to assert that
us, — i, strongly in H'*(Bg). (2.32)

Finally, since 4 = u, f = f, F = F in B,, we have that u. is a weak solution to (2.22) in B,
and, by using (2.28) and (2.32), our statement follows. O

2.5 Liouville theorems

In this section we prove the following Liouville-type theorem. The proof is based on a spectral
trace inequality which is stable with respect to €, using an argument similar to [138, Theorem
3.4].

Theorem 2.5.1. Let2<n <d,a+n € (0,2), e >0. Let A be a constant symmetric matrizc
satisfying (2.2) and u be an entire solution to

{— div(|y[*AVu) =0, inR9\ ¥, (233

u =0, on 0%,
(see Definition 2.2.4). Assume that there exist constants ¢ > 0, v € (0,2 —a —n) such that
lu(z)| < c(1+|2]"), for a.e. z € R4\ X, (2.34)
Then, u is identically zero.

We start with a couple of results which are crucial to treat the case n = d.
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Lemma 2.5.2. Letn =d, a+n € (0,2), 0 <e < 1 andr > 0. Let A € R™™ be a positive
definite symmetric matriz and define Q. := {A7 1y -y < r?}. Then,

/ ly|*AVv - Vodz > (2 —a —n) / ly|*v?do,
Qr 0Q,

for every v € C(Q, \ ).

Proof. We provide the result for »r = 1. The case for generic r > 0 follows by a scaling argument.

Since A is a positive definite symmetric matrix, it is well defined the square root A2, which is
a positive definite symmetric matrix too. The homogeneous function

a(y) = |AT 2y,
is solution (in a point-wise sense) to
—div(|y[*AVa) =0, in R™\ 5, (2.35)
and satisfies
Vi(y) = (2 —a—n)|A72y|7 " ATy, Va(y) y = (2-a—n)uly).  (2.36)

Indeed, equations (2.35) and (2.36) are verified by a straightforward computation.
Fix v € C°(Q \ X¢). Then,

/91 |y|“AVﬂ-V(U2>dy - /91 |y|a(Avu-vu—‘Al/Qvu—%Al/QVaf)dy < /91 ly|® AV - Vudy,

U
(2.37)
On the other hand, by using the divergence theorem, (2.35) and (2.36), we have
v? v?
/ ly|*AVa - V(T)dy = / ly|*—AVu - vdo = (2—a—n) / ly|*v?do, (2.38)
1971 u o u o
so, putting together (2.37) and (2.38), our statement follows. O

Lemma 2.5.3. Letn=d, a+n € (0,2), R>0and 0 < e < 1. Let A € R™" be a positive
definite diagonal matriz and define Q. := { A= y-y < r2}, for every r > 0 such that 9. C Br\Xe.
Let w be a weak solution to

{_ le(’y|aAVu) = 07 m BR \ 257 (2 39)

u =0, on 0% N Bpg,
Up to consider the trivial extension of u in the whole Bg (see Remark 2.2.1), let us define
1 a
E(u,r) := et ly|*AVu - Vudy,
. 1 a, 2
H(u,r) = rn+a—1/m ly|“u2do.

Then,
2
OrH(v,r) = ;E(U, r),  for everyr e (0,R).
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Proof. When € > 0, classical regularity theory ensures that the function w is smooth in , \ X..
Consequently, the result immediately follows trough explicit computations.

When ¢ = 0, we proceed by an approximation argument. Fixed 0 < § < 1, by using the
approximation Lemma 2.4.1, we find a family {u.}o<c«1 of solutions to (2.39) in Br_s \ X
such that u;, — v in H'%(Bpr_s) along a sequence ¢; — 0 and, by applying the trace Poincaré
inequality (2.11) (which also holds in ©,) we get that v., — v in L?%(dS2,.). Hence, we have that

/Q [y|“AVug,, - Vue, dy — /Q ly|* AVu - Vudy,

(2.40)
/ \y|“ugkda —>/ ly|*u?do.
oy o
By utilizing the result obtained in the case € > 0 one finds that
2
OpH(ug,,r) = ;E(ugk,r). (2.41)

By applying (2.40), we can take the limit as e — 0 in (2.41) to obtain 9, H (u,r) = 2E(u,r). O

;
The following lemma allows us to handle the unweighted variables x. Its proof relies on the

method of difference quotients and an iterative application of the Caccioppoli-type inequality
(2.15). For a detailed proof, see [113, Corollary 4.2, Lemma 4.3] in a quite similar context.

Lemma 2.5.4. Let 2 <n <d,a+n € (0,2), e > 0. Let A be a constant symmetric matriz
satisfying (2.2) and u be an entire solution to (2.33). Then, the following holds true.

i) For everyi=1,...,d —n, the function Oy,u is an entire solution to the same problem.

ii) If u satisfies the growth condition (2.34) for some v > 0, then u must be a polynomial in
the variable x of degree almost |7y|.

Proof of Theorem 2.5.1. Let u be an entire solution to (2.33) and let us suppose that n = d and
soz =y €R™

By contradiction let us suppose that u # 0. Let 79 > 0 such that ¥, C Q, := {471y .y < r?}
for every r > rg and define

1
E(u,r) = 7"”+a_2/9 ly|*AVu - Vudy,

1
H =—— “u?do.
(1) = ey [ it
By applying Lemma 2.5.2 and Lemma 2.5.3, we get

22—a—n)

2
OprH(u,r) = —E(u,r) > H(u,r),

r
which implies

H(u,r) > H(u,r0)r??=%™)  for every r > rg,
by Gronwall’s inequality. On the other hand, since A satisfies (2.2), the growth condition (2.34)
implies
H(u,r) < c(1+7%).
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Combining these two inequalities we get
H(u,rq) < er?0=(2=a=n)),

Taking the limit as r — oo and using v < 2—a —n we get H(u,r9) = 0. Since 9 > 0 is arbitrary,
we deduce that v = 0 in R?\ ©,,,. Moreover, since u is a solution to (2.33) and satisfies u = 0 on
0(2y, \ X:), we apply the existence and uniqueness result (see Remark 2.2.5) to conclude that
u =0 in Q,, \ .. Therefore, u = 0 in R%\ ., which leads to a contradiction.

Let us consider the case n < d. By Lemma 2.5.4, one has that u is polynomial in the variable
x. Hence, if v € (0,1), the function u must be constant in x, so u(z,y) = u(y) and our statement
follows by using the result obtained in the case n = d. If v € [1,2), we have that u must be linear
in z, that is

d—n
u(e,y) = uily) + > wwi(y),
i=1
for some unknown functions wu;(y). First,

luo(y)] = [u(0,y)] < (1 +[y]7).

On the other hand,
|ulea;, y)| = |ui(y) +uo(y)| < c(1+[y[7),
and so
ui(y)] < luo(y)] +c(1 + [y[7) < (X +[y]).
Hence, every u; satisfies the growth condition (2.34) for every i =0,...,d — n.
Next, for every i = 1,...,d —n, by applying Lemma 2.5.4 we have that 0, u(z,y) = u;(y) is an
entire solution to (2.33) and satisfies (2.34). Then, the result obtained in the case d = n allows

us to conclude that u; = 0 for every i = 1,...,d —n and so u(x,y) = up(y). Hence, using again
the case d = n, we have that v must be zero and our statement follows. O

2.6 (" regularity estimates

The goal of this section is to prove Theorem 2.1.1, which we obtain as a by-product of e-uniform
Holder estimates for solutions in perforated domains and the approximation Lemma 2.4.1.

Theorem 2.6.1. Let2<n<d,a+n€(0,2), p>d/2, ¢ >d and o satisfying (2.3). Let A be
a continuous symmetric matriz satisfying (3.5) and w be a modulus of continuity such that

A — A(Z
lAllesy +  sup AEZAE)]

< L.
2,2/ €B1,z#2! w(\z - Z,D

Let f € LP%(By) and F € L9%(By1)?%. For 0 < e < 1, let {u:} be a family of solutions to

{— div(|y[*AVue) = [y|* f + div(|y[*F), in B\ %, (2.42)

ue =0, on 0X. N Bj.
Then, there exists a constant ¢ > 0, depending only on d, n, a, \, A, p, q, « and L such that

[uellcoa(s, o\ < cllucllrzamsy + 1l Lrasy) + 1F | Laes,)e)- (2.43)
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Proof. By classical regularity theory, we know that solutions to (2.42) are C’O’O‘(BI/Q \ X¢) and
that (2.43) holds with a constant ¢ > 0 that may also depend on e. Our goal is to show that it is
possible to provide a constant ¢ > 0 that is uniform in e.

Without loss of generality, we can assume that

[uellz2aB\s) + [ fllpasy) + 1 FllLaeis)e < ¢

for some ¢ > 0, which not depends on . Moreover, by using the local uniform bound of weak
solutions in (see Lemma 2.3.3), it follows that

||u€||L°°(B3/4\EE) <ec, (2.44)

for some ¢ > 0, which not depends on e.
Step 1. Contradiction argument and blow-up sequences.

By contradiction let us suppose that there exist p > d/2, ¢ > d, « satistying (2.3), {ug}r :=
{ue, }i as e — 0 such that

{— div(ly|*AVug) = [y|*f + div(|y|*F), in Bi\ X, (2.45)

up, = 0, on 0%, N By,

and
HukHCO’a(Bl/Q\zgk) — 00.

Let us fix a smooth cut-off function n € C2°(By) such that
Spt(¢) CB3/47 77:1 in Bl/27 OSTIS 1.

By (2.44), one has that

Lk = [nuk]co,a(Bl\Esk) — OQ.
By definition of Holder seminorm, take two sequences of points zx = (2, yk), 2k = (T, Jk) €
By \ X, such that

|(puge) (zx) — (ug) (Ze)l o L
‘Zk — ék’a - 27

(2.46)

define ry := |z — 2| and observe that at least one of zj or Z; belongs to B3 /4 \ ¢, . First, by
using the local uniform bound of weak solutions (2.44), we have that r;, — 0, in fact

_ Anurll Lo (B;4\5.,) _c

k> = a0

Tk Tk
which implies
cl/a
Tkﬁil/a—)O, as k — oo.
Lk

From now on we distinguish three cases.

Case 1: @ — 00, Lk’ LN 00,
Tk Tk
Case 2: @ — 00, Lk' — k<

— )

Tk Tk
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for some constant ¢ > 0 which not depends on k. Let zlg = (o, yg) be the projection of z; on

0%, and define
(zk,yr), in Case 1,
Ze = (Tky Ui) = (xk,yg , in Case 2,
(rx,0), in Case 3.

Define the sequence of domains

- Bl \ Zsk - 2’(:
: —Tk

o ={z= @)t 3+ mzl < 1 and [+ iyl > e,

and, for every z € €, let us define the sequence of functions

(mug) (Zx + 732) — (k) (Zk) n(Zr) (un (2 + riz) — uk(Zr))

vp(2) == oLy ; wi(z) = oLy ’
in Case 1 and Case 2, and
o (nuk)(ék + rkz) o n(%k)uk(ik + rkz)
'Uk(Z) = Tng s 'UJk(Z) = T’ng )
in Case 3.
Step 2. Blow-up domains.
Let us define
Qoo :={z2=(z,y) € R? : exists k such that z € , for every k > l%} (2.47)

In this section we show who is the limit domain €4 := limy_, o 2, along a suitable subsequence.
First, in every case, for every z € R%, one has that

|Zk + riz] < |zk| +relz] <3/440(1) < 1.
Hence, to prove that z € Q, we only need to show that z; + .2 € ¥, , that is,
|9k + TRY| > e (2.48)

Let us start with Case 1, recalling that %, = z;. Fix z € R? and by contradiction let us suppose
that (2.48) does not hold. Then, since | - | is a Lipschitz function, one has that

lyk| — e < Y| — |y + Tyl < cly|
T Tk

Y

and taking the limit as k& — oo, it follows
|yl = oo,

which is a contradiction. Hence, Qs = R%.
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Next, let us consider the Case 2 and recall that Z, = (xk,yg), |y2\ = ek, rt/ex — 0. Defining

0
e := lim y—’é,

we claim that Qo = II := {(z,y) : y - € > 0}, which is an half-space. We observe that, for every
y € R,

0 0 0
+ eyl —
e + eyl — lyel y*'S <™ Lo, (2.49)
Tk |yk’ €k
as k — oo. Indeed, by using Lagrange’s Theorem to the function | - |, there exists y* (which could

depend on k) such that |y*| < |y| and denoting y} := y? + rgy*, we have

‘|y2+rky!—!y2| _y;?-y’ YUY (Y'Y YR ’y;’;-y_y;?;-y
T lypl el R Tl Tyl 77—
O _ o, * .0

Sc"yk’ Olyk| +c“yk Oyk’)gcrg:crkﬁo, as k — 0o,

so (2.49) holds true. Let us fix z = (z,y) such that € -y = § > 0 and suppose by contradiction
that (2.48) doesn’t hold, that is

g+ eyl = lpl v Yo
. B Syt Sh oy <0
Tk |yk |yk

So, by taking the limit as k — oo and using (2.49), we obtain

which is a contradiction. In analogous way, we have that every z = (x,y) such |e-y| = =0 <0
satisfies z & Q. Hence, since § > 0 is arbitrary, the claim follows, that is, Q. = II.

Finally, let us consider the Case 3, recall that e < |yx| < crp and Z; = (zg,0). First, up to
consider a subsequence, the following limit is well defined

£i= lim £ € [0,¢].
k—o0 T'f

Let us fix z = (z,y) such that |y| = £+ d for some d > 0 and suppose by contradiction that (2.48)

doesn’t hold. Then, -
L

E+o=|yl >
Tk

which is a contradiction, so z € Q. Instead, fixed z = (x,y) such that |y| = & — ¢ for some § > 0,
one has z & Q. Since § > 0 is arbitrary, we have that

Qoo =R\ 22 = {(,9) : [y| > &}
Resuming, we have shown that the limit domain is

R, in Case 1,
Qo = ¢ 11, in Case 2, (2.50)
R?\ ¥, in Case 3,
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where IT := {(z,y) € R?: &-y > 0} is an half-space.
Step 3. Hélder estimates and convergence of the blow-up sequences.
Let us fix a compact set K C 4. For every z,2’ € K such that z # 2/, we have

|(nur) (2 + 12) — (ug) (Zr + r12")]
rg‘Lk

S ’Z - Z/’a7

ok (2) — vr(2)] =

that is,
[Uk]COvQ(K) < 1. (2.51)

In Case 1 and Case 2, by using v;(0) = 0, we get the uniform bound [|vg[|co.«(xy < ¢, for every
compact subset K C Q. Instead, in Case 3, since ¢ /7, < ¢, one has that

ok (@, )| = |ve(@,y) = vk (0, 42/re)| < [velcoa ) (2] + |y — v /ri))* < e,
for some ¢ > 0 which depends only on K, where we have used the boundary condition nui = 0 on
0%, . Hence, we have that |[vg| p(x) < ¢, which implies that [[v | co.e(x) < ¢ also in this case.

By applying the Arzela-Ascoli Theorem we conclude that vy, — ¥ uniformly in K. By a standard
diagonal argument, we can take the the limit as k¥ — oo in (2.51) to obtain
(U)o <1,

which implies that v satisfies the growth condition

|9] <ec(1+|2]%), ae. in Q. (2.52)

Moreover, since u., = 0 on 0%, , and then vy = 0 on (0X,, — Z)/rk, by employing the local
uniform convergence we have that © = 0 on 91l in Case 2 and ¥ = 0 on 9% in Case 3.

Furthermore, the sequences vy and wy converge to the same limit function. Let us fix a compact
set K C Q. For every z € K, by using (2.44), we have

(n(Zk + 1r2) — 77(219))””76“L°°(Bg/4\2 ) crp @
€k < k

- <
luk(2) — wi(z)| < oL =TI

— 0, ask — oc.

Hence, the sequences vi and wy, have the same asymptotic behavior as k — oo on every K C Q,
which implies that w; — v uniformly on K.

Step 4. The limit function v is not constant.

Let us consider the sequences of points

1 2k — 2k 2
= ——) &

Tk Tk

2k — 2k

By (2.46), we have

1 oy _ |(mur) (k) — (nue)(zx)] _ 1
_ > —.
vk (&) — vi (&)l oL, 2 3
In Case 1, we have that

2 — 2,

=0, &=

€ 0B1,

Tk
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then, & — 0, &2 — £2 £ 0.
In Case 2,
1 (ank_y]g) 2 (i.k_xkvgk_ylg)
§e=—"—"" &= :
Tk Tk
Since (Jyk| — ex)/rr < c uniformly in k, £} — £2| = 1, we have that & — €1, €2 — ¢2 and ¢! #£ €2,

In Case 3,

B o (Zk — 2, k)
gk’ - ™~ ’ gk - :
Since |yx|/rk < ¢ uniformly in k, |¢} — 2| = 1, we have that & — &', & — €2 and ¢! # &2
Hence, by the local uniform convergence v, — o we get that |o(£) — 0(€2)] > 1/2, so © is not
constant.

Step 5. U is an entire solution to a homogeneous equation with constant coefficients.

Let us define Ag(z,y) := A(Zx + rgz) and (Z,y) = limg—yo0 (Zk, Uk ). By using the continuity of
A, we can define A := limy,_,o, Ax(2) = A(Z,7), which is a constant coefficients symmetric matrix
satisfying (2.2). Next, set

Uk + TRy

pi(y) = |9k |
lyl, in Case 3,

, in Case 1 and Case 2,

observing that in Case 1 and Case 2

lpk(y)] =1+ o(1), (2.53)

as k — oo on every compact subset K C R%,

Fix ¢ € C°(Qso). since uy is a weak solution to (2.45), a straightforward computation shows
us that

e “n(Z)
[ AV Vo =" [ s+ o)
spt(®) k spt(¢) (2.54)
0 (Z)

[ PFG ) Vo)

Now, we aim to prove that the right-hand side of (2.54) vanishes as k — oco. First, we focus on
the term involving the function f. Let us consider the Case 1 and Case 2 together. By using
the Holder inequality, (2.53) and a < 0, we get

+reyl® L.
’/ 1 :y‘ f(Zk+TkZ)¢(Z)dZ‘
spt(¢ ’yk|

—dy~ - 1/p Uk +rEyl® VP d
Scuebnm(rkﬂym O R e
Bl spt(e) Ukl

Hence,

2—a, (3

r z —a— —

e 7o) ’“)] / AW G+ ri2)o(=)dz| < erf 7Lt o,
spt

as k — oo, by the hypothesis (2.3), which implies o < 2 — d/p.



100 Regularity for the Dirichlet problem on lower dimensional manifolds

Let us consider now the Case 3. By using the Holder inequality and a < 0, we get

‘ /Smm lyl*f (2 + rkz)¢(2)dz)

—a—a a 1/p a 1/p —
< clloll (i [ wrigras) ([ i) < e
1 Sp

and then . )
W TE [ g ne)e| < e L o,
Ly, spt(9)

as before.

The second member of the the right hand side of (2.54) vanishes as k — oo by using similar
computations. In fact, in every cases, we have

l—a, (3
T’“M)( / PR F (B + 1r2) - V(2)dz| < ery”* LY — 0,
Ly spt(e)

by the assumption (2.3), which implies that & < 1 —d/q.

Finally, we prove that the left hand side of (2.54) converges in the following sense

/ AW A Vur(z) - Vo()dz = | "W)AVE(z) Vé(2)dz,  (2.55)
spt(e) spt(¢)

where
_ 1, in Case 1 and Case 2,
ply) =

lyl, in Case 3.

Let us fix R > 0 such that spt(¢) C Bar N Qy for every k large enough. Since wy is uniformly
bounded in L>®(Bsg N Qs), one has that wy, is uniformly bounded in L?(Bag N Qeo, pi(y)dz)
and, by applying the Caccioppoli-type inequality (2.15), we get that wy, is uniformly bounded in
HY(Bag N Qeo, pe(y)dz). Using p¢ — p and Ay — A a.e. in Qo and arguing as in the proof of
Lemma 2.4.1, we can conclude that (2.55) holds true and v € H'(Bgr N Qoo, p%).

Hence, recalling the definition of the limit domain Q, see (2.50), and using Step 3 for the
boundary condition, we conclude that

in Case 1, U is an entire solution to

—div(AV7) =0, in R,
in Case 2, v is an entire solution to

—div(AVo) =0, in I,

v =0, on OII,
in Case 3, ¥ is an entire solution to

—div(]y|*AVD) =0, in R?\ X,
v = 0, on 825
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Step 6. Liouville Theorems and conclusion.

By (2.52) we have that v satisfies the growth condition
[0(2)] < (1 + |2]%),

for every z € Qu, where & < min{1,2 — a — n} by hypothesis (2.3). In Case 1 and Case 2, by
invoking the classical Liouville Theorem, we can conclude that ¥ must be constant and this is a
contradiction since ¥ is not constant by Step 4. In Case 3, we have that v satisfies the hypothesis
of the Liouville Theorem 2.5.1 and so ¥ must be identically zero, which is a contradiction. Then,
Li < ¢ uniformly in k, which implies that [uc]co.0(p, 2\5e) S € The proof is complete. O

Proof of the Theorems 2.1.1. Let u be a weak solution to (2.1) and consider the trivial extension
of ¢ in By, that is, ¥(x,y) = ¥ (x), for every (z,y) € By. Let us define

vi=u—.
Since 1 is a Lipschitz function, we have that v € H La(By) and v is a weak solution to

—div(|y|*AVv) = [y|*f + div(|y|*(F — AVY)), in By \ X,
v =0, on Yo N Bj.

By applying Lemma 2.4.1 we find a sequence {v., } as e — 0, such that every v, is solution to

—div([y|*"AVue, ) = [y|*f + div([y|*(F — AVY)), in By \ I,
Vg, = O’ on 825k N B3/4,

and v;, — v in Hl’a(33/4) as € — 0. By applying the Theorem 2.6.1 to the sequences {v., },
combined with (2.23), we get that

[V llcoe (B, 5.,y < elllullrzacs,) + I fllzras) + 1FllLaas)e + 1¥]lcorsenm)),

for some ¢ > 0 depending only on d, n, a, A\, A, p, ¢, « and L.
By applying Arzela-Ascoli Theorem, we get that v., — w in CO”Y(Bl/Q\EO), for every v € (0, ),

loc
and by the a.e. convergence v, — v it follows that v = w. Furthermore, by taking z, 2’ € Bi/2\%o

such that z # 2/, we have that

o(z) v () — v ()
|z — 2/|« er—0 |z — 2/|*

< c(lullp2apy) + 1fllpesy) + 1 F I paa(se + 19 lcorsonm))

which implies that

[v(z) = v(Z)]
[W]co.a(B, ,\50) = sup
(B1/2\2o) 2,2'€B1 9\ X0 ‘Z - Z/‘a
222

< c(llullpzazy) + 1 fllzrasy) + 1F | paas)e + 1@llcorsonsyy) -

By continuity, we can extend v to the entire By /5 in such a way that [’U]Co,a(Bl/z) = [’U]Co,a(Bl/Q\ZO).

o0

Finally, combining the previous estimates with the LS.

bounds of solutions (see Lemma 2.3.3),
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we obtain
lullgow (s, p) < Vllcoas, ) + 1¥llcoasons, )
< c(llull 2z + 1 fllzras) + 1F | paas)e + 19l corsonsy) -
that is, u € C%*(By3) and (2.4) holds true. O

2.7 C1% regularity estimates

This section is devoted to the proof of the Theorem 2.1.2, which establishes the C’llo’f‘ regularity
for weak solutions. To achieve this result, we proceed as follows: first, as in Theorem 2.6.1, we
prove e-uniform estimates for solutions in perforated domains, with an additional assumption
on the field F. As we will see in Remark 2.7.2, this condition cannot be removed. Next, we
show a priori estimates for solutions, which also satisfy an additional boundary condition on
Yo. Afterwards, we establish the main result through a double approximation process: the
first involves perforated domains and using Lemma 2.4.1, while the second one is a standard
approximation via convolution with a family of mollifiers.

Theorem 2.7.1. Let2 <n <d,a+n € (0,1), p > d and « satisfying (2.5). Let A be a a-Holder
continuous matriz satisfying (2.2) and ||Al|co.a(p,) < L, f € LP*(By), F € C%*(By) be a field
such that F(z,0) - ey, = 0 for every (z,0) € By and for everyi=1,...,n. For 0 <e < 1, let
{us} be a family of solutions to (2.42).

Then, there exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, a and L such that

[elloras, p\20) < ellucllzamey + 1 lLras) + [1Fllcoxs,))- (2.56)
In addition, u. satisfies
[Vue(z)| < C(HUEHLQ,a(Bl\EE) + HfHLp,a(Bl) + HFHCO,a(Bl)>6a, for every z € 0% N By 5. (2.57)

Proof. Under the assumptions of the theorem, classical Schauder theory ensures that solutions to
(2.42) are C1*(By 3 \ Xc) and that (2.56) holds with a constant ¢ > 0 that may also depend on ¢.
Our goal is to show that it is possible to provide a constant ¢ > 0 that not depends on &.

Without loss of generality, we can assume that

uellz2aBi\s) + 1 fllrasy) + 1 Lae(s,)e < ¢

for some ¢ > 0, which not depends on €. Moreover, for every 5 € (0, 1), the assumptions of
Theorem 2.6.1 are satisfied, so

HUEHCO’B(B;;M\EE) S c, (258)
for some ¢ > 0, which not depends on &.
Step 1. Contradiction argument and blow-up sequences.

By contradiction let us suppose that there exists p > d, « satisfying (2.5), {ug}r = {ue, }r, as
er — 0 such that uy is solution to (2.45) and

HvukHCO""(Bl/g\ng) — OQ.
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Let us fix a smooth cut-off function n € C°(B;) such that
spt(¢) C Bgjy, m=1inByp, 0<n<1

One has that
[nuklcress.,) = oc
Let us define
L := [V(nug)lcoe (5., )
and notice that it cannot be possible that [V (nug)]co.«(p,) < ¢ and ||V(nug)||Leo(p,) — 00, since
V(nux) = 0 outside of By \ X, . Hence, Lj, — oo.

By definition of Holder seminorm, take two sequences of points zx = (2, Yk ), Zx = (Zk, Uk) €
By \ ¥, such that

IV (nu) (z1) —Y(nuk)(5k>\ > 27 (2.59)
|2k — Zp|* 2

define 7y, := |23, — 2| and observe that at least one of zj or 2, belongs to Bs s\ X, . We distinguish
three cases.

Case 1: @ — 00, Lk’ LN 00,
Tk Tk

Case 2:@—>oo, mgc,
Tk Tk

Case 3: @ <eg,
Tk

for some constant ¢ > 0 which not depends on k. We notice that r; — 0 in Case 1 and Case 2
and we show later that r, — 0 also in Case 3.

Let z,g = (xk,yg) be the projection of z; on 0%, , define

(xk,yx), in Case 1,
Zr = (Tk, Uk) == (xk,y,g), in Case 2,
(zx,0), in Case 3,
and the sequence of domains
= M
Tk )

Qk:

For every z € Qy, let us define the sequence of functions

(nuk) (B + rez) — (muk) (Bk) — V(qug) (Zk) - 12

Uk(z) = Lkr;-&-a )
wi(2) = n(Zk)uk (2 + re2) — (nug) (Zk) — (MVur) (Gi) - re2
K(2) : Lol 7

in Case 1 and Case 2, and

uk(2) = (nur)(Zx + r12) wy(2) = n(Zk)ug (G + 712)

14+« ’ 14+« ’
Lyry, Lyr,
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in Case 3. Furthermore, let us define the limit domain ., as in (2.47).
Step 2. Gradient Hélder estimates and convergence of the blow-up sequences.
Let us fix a compact set K C Q4. For every z,2’ € K such that z # 2z’ we have

|V (nug) (2 + 7r2) — V(nug) (Zg + ri2")|

Von(z) = Vor(2)| = o

S ‘Z o Z/‘a

)

that is
[Vvk]co,a([() < 1. (2.60)

In Case 1 and Case 2, since vx(0) = 0 and |Vvg(0)| = 0, we get the uniform bound of the norm
lvkllorex) < e

In Case 3 we use a different argument to show a uniform bound of [[v||c1,0 (k). First, for every
point zj, = (2}, y;,) € 0%, N Bsy, one has that one has that (nuz)(z;,) = 0 and, recalling that
the normal vector to 9., at the point 2} is the vector (0,v;)/|y.| € S¥~1, it follows that

V(nug)(z;,) - €=0, for every vector & L (0, y}).

Let us fix i, h € {1,...,n} such that i # h. Then,

|V (nur) (@), yge) - ey | = [(V(nun) (@, yi) — V(nug) (), exey, ) - ey,

(2.61)
< [V(nug)|coa(p,\s.,) 1Yk — ekey, |* < 27 Lyt
and
|V (nug) (2, yy,) - €x;| =0, forevery j=1,...,d—n. (2.62)
Hence, by using (2.61) and (2.62), it follows that
|V (ur) (), Y| < eLey;- (2.63)
By using interpolation inequality in Holder spaces |75, Lemma 6.35], one has
vkllcrexy < e(llvellpe k) + [Vklota )
and, by using the first order expansion of vy at the point (0,yY/ry) we obtain
o (2, y)| < or(a, y) — ok (0,92 /ri) — Vo0, 52/7x) - 2| + [Vor (0, 43 /r)| (2.64)

< |z + |y — yo/mi]) T + Ve (0, 43 /)| < e+ [Vor(0, ¥ /7)),

for some ¢ > 0 which depends only on K, noticing that |y /rg| = ex/rr < ¢ uniformly in & in
Case 3. So, if
Vo (0, yp/mi)| < ¢, (2.65)

uniformly in k, we can take the supj in (2.64) to obtain a uniform of ||vg| e (&) which implies
vk llc1.0(xy < e Then, by using (2.63) and recalling that (zk,y)) € 08, N Bsy, we get that

IV (ur) (2, y)| _ £

<c <ec.
Ty Ly, T

IVoe(0, yp /7)) =
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So, (2.65) holds true and |vg||c1.e(x) < ¢ uniformly in k.

Then, we may apply the Arzela-Ascoli Theorem to infer that vy — o in C17(K) for any
v € (0,a). By a standard diagonal argument, we can take the the limit as k — oo in (2.60) to
obtain

[Vi]cre@y.) < 1,
which implies that
[5(2)] < e(1+]2)"T), ae. in Q. (2.66)

Moreover, v; and wj converge to the same limit function w. Let us fix a compact set K C Q.
In Case 1 and Case 2, for every z € K, by using (2.58) and exploiting the first order expansion
of n, we have

|(nur) (B + rez) — n(Z)uk (G + rr2) — (V) () - Tx2|

lug(2) — wi(2)] =

r,ljo‘Lk
o |u(Er £ rez)CGr 4 182) = 0(Zk) = V() - 712))| N C!V??(ik)\luk(fk + r2) — ug(Z)|
B Ti+aLk Tng
11—« B—a B—
- C||Uk||Loo(Bg/4\zgk)7“k +c”“k||co,ﬁ(33/4\zgk)7"k o o Lo
Ly, Ly, Ly,

as k — oo, since we can choose 3 € (a,1). In Case 3, one has that

112k + rr2) — (Zk)] - Jur (2 + 732)]|
7‘]1€+O‘Lk

ok (2) — wi(2)] =

- = 0 -
< clug(Zg + rpz) — ug(2))| < CHUk”COﬁ(B:sM\EEk)Vk + ez — 2| - r,f “ o

- Tng - T’ng - Ly ’
where we have used the facts that ug(z9) = 0 and |Z+rpz—20| < rglz|+rely|+ly}| < crpter < ery
in Case 3. Hence, the sequences v, and wj have the same asymptotic behavior as k — oo on
every K C o, which implies that wy — ¥ uniformly on K.

Step 8. VU is not constant.

Let us define the sequence of points

1. Rk — 2k o Ek— Zk
é-k; = s fk = .
Tk Tk

By using (2.59) we get

IV (nug) (2x) — (Vnug) (2¢)]
T Ly,

Vur(€h) — Vo(ed)| = > ; > 0. (2.67)

Arguing as Theorem 2.6.1, Step 4, we have that 5,}: — & and f,% — & and &' # €2, Since
Vv — Vo uniformly on compact set by Step 2, we can take the limit in (2.67) to obtain
[Vo(Eh) = Vo(€?)| > do/2.

Step 4. r, — 0 in Case 3.



106 Regularity for the Dirichlet problem on lower dimensional manifolds

By contradiction let us suppose that r, — 7 > 0. Fixed z € 0, we have that

z 2 Uk oo e
|17(Z)’ _ ‘khm vk(z)‘ _ ‘ lim (nuk)(zk +’I”kZ) < H HL (33/4\2 k) < C N 0’
—00

k—o0 Lyrte - rp Ly, T Ly

hence, v = 0, which is a contradiction with Step 3, where we have proved that Vv is not constant.
Then, r, — 0. By arguing as in Theorem 2.6.1, Step 3, we have that the limit domain ., is
defined by (2.50).

Step 5. v satisfies a homogeneous Dirichlet boundary condition in Case 2 and Case 3.

First, in Case 3, since v = 0 on 9% and v — v uniformly on every compact set K C (o,

ek /Tk
one can conclude that v = 0 on 0X;.

In Case 2, recalling that z, = zg € 0%, , let us fix a boundary point z € (0%,, — yg)/rk and
denote by z+ = (x,y*) the projection of z on the hyperplane II, = {y - yY = 0}. Recalling (2.49)
and observing that |y + rgy| = |y2] = e, one has that

0 0 ) 0

=yt = |y Y| = e + eyl = el g <o (2.68)
0 0
’yk| Tk ‘yk’ €k

Then, by using (2.68), (2.63), and noting that V(nug)(2)) -y = V(nur)(z2) - (y — y+), we obtain

|V (nue)(2R) -yl _ |V () ()]
T?Lk B T?Lk

ok (2)] =

€k)0‘7°k

Iy—yL\Sc( -0,
re) en

as k — oo. Therefore, since vy — v uniformly on every compact set K C {24, we conclude that
v =0 on OIL

Step 6. v is an entire solution to a homogeneous equation with constant coefficients.

Let Ag(z) := A(Z + riz) and Z := limg_, Zx. By using the a-Holder continuity of A, we can
define A := A(Z) = limj_,o, Ax(2), which is a constant coefficients symmetric matrix satisfying
(2.2). Let us define

Yk + 71y

pr(y) = [
lyl, in Case 3,

, in Case 1 and Case 2,

and fix ¢ € C°(Q). Since uy is a solution to (2.45), we have that

3 1«
/ Pe(y) Ai(2) Vg (2) - Vo(z)dz = n(Zk[),rk/ Pr(Y) f (B + rrz)p(2)dz
spt(¢) k spt(¢)
Ui ¢ (y)F (3 i . (2.69)
R /Spt(¢) Pr(Y)F (Z + 1x2) - Vo(2)dz — I /spt(¢) P2 (y) A (2) Py - Vo(2)dz
=1+ 11+ 111,

where we have set

P (nVug)(Z¢), in Case 1 and Case 2,
b 0, in Case 3.
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We want to show that the right hand side vanishes as & — co. The term I vanishes exactly as
in the Theorem 2.6.1, Step 5, by using the integrability assumption f € LP*(By), with p > d and
a € (0,1 —d/p] by (2.5).

Next, by using the divergence theorem, we have
[ P+ n) - Vo]
spt(¢)

|
. /SM AWIFG ) — FEIVoE: + | [

spt

PR () - V(z)dz
(9)

(2.70)
< cllFllcoeqsyri+| | Voi) - Fa)e(z)dz|
spt(4)
<ap+| [ V) P,
spt()
In Case 3, since F'(z,0) - e,, = 0, one has that
v’y‘a ’ F(’gk) = a"y’a_zF(xlw O) Yy =0,

for every z € spt(¢), so the second term in (2.70) is zero and

c

I < — — 0, ask — 0.

Ly,

Instead, in Case 1 and Case 2, since |gx + 7ry| > |gx|/2 for y € spt(¢), we have that
. arkpi(y) Uk + Ty . .
Vi) - F(z)| = | DDA (py ) - R(EL0)
|9k + kY]
crg[Fleoe gy Tkl 271)
— < erglge|*
|G|
Thus, by using (2.70) and (2.71), one has that
<S4 T et < S (1 () ert 0, as ko
> 7 Tk|Yk = 7 =1 xcC ; as 00,
Ly Ly Ly, |k | g

in Case 1 and Case 2, since 11 /|gx| < c.

Finally, we prove that the third member of (2.69) goes to zero as k — oo. In Case 3, P, =0
so IIT = 0. Instead, in Case 1 and Case 2, one has

| < |- /spt@) P () A(Z) (1Y) (31) - Vo (2)dz -

- ‘TL’“: /spt(¢) PN (AGK + rr2) — AGGR)) (Vg (3) - Vo(2)dz|.
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First, we show that the first member in (2.72) vanishes. Recall that r/|yx| — 0, p¢ — 1 and
(zk,yY) is the projection of z; on d%.,. By using (2.58) and (2.63) we get

|(nVur) (Zk)| < [V (nur) (@r, gr) | + | (ue V) (T, Gr )|
<V (ui) (T, ) = V (we) (@, y) |+ 1V () (e, 90)|

O o 0 (2.73)
< cLy|gk — yp|* + eLref + clGr — ypl* < cLilgil™.
On the other hand, since |y + 7ry| > |gk|/2 for y € spt(¢), it follows
V)] = | L)) T (2.74)
g |9k + Ty =l

hence, by combining (2.73) and (2.74), and using the divergence theorem, it follows that

T “ . . T\ 1o
b T AGETu Gz < () T o

that is, the first member in (2.72) vanishes. Next, we show that the second member vanishes as
k — oo. In this case, we need to reason in two steps (as done in Theorem 1.7.1 and [138, Remark
5.3]): first, we prove uniform estimates in Ch gpace for some suboptimal o € (0, @); then, by
using these estimates, we conclude the optimal regularity with exponent a. Let us fix o/ € (0, ).
By using interpolation inequality in Holder spaces [75, Lemma 6.35], we can estimate the second
term of (2.72) as follows

!
—Q
Tk

L /spt(¢>) pr(Y)(A(Z + riz) — A(Zk))(nVur) (Zk) - Vo(2)dz

a—a’ —a!
< Tk (V) Lo (By,0\5.,) < crp”

< I < I (lueVnll Lo (B, 052, ) + IV (1w | oo (B, 005, )
_ (lukll oo By a\50) + [V (k)] oo s,,05.,) <t g,

= Ln

since o/ < a. If we have uniform estimates in C space, then MV Ukl Lo (B;,,\5.,) < ¢ Hence,
restarting the proof with the optimal o and the additional information above, in the previous
computation we get

—
Tk

Ly, /sm(@ PR AL +112) — A(Z) 0V ur) (3) - V(z)dz

< CH(UVUk)||L°°(B3/4\E€k) < < S0
Ly, Ly

Combining all the previous results, we conclude that the right-hand side of (2.69) vanishes as
k — oo.

Finally, by the same considerations of Theorem 2.6.1, we obtain that the left hand side of (2.69)
converges in the following sense

/ prAVwy - Vodz — p* AV - Vodz,
spt(e) spt(e)
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where
B 1, in Case 1 and Case 2,
ply) ==

ly|, in Case 3,
and ¥ € HL (Qoo, p*(y)dz).

Then, recalling who is Q, see (2.50), and using the Step 5 for the Dirichlet boundary condition,
we conclude that

in Case 1, v is an entire solution to
—div(AV7) =0, in RY,
in Case 2, v is an entire solution to

—div(AVy) =0, inII,
v =0, on JII,,

in Case 3, v is an entire solution to

—div(|y|*AVD) =0, in R?\ X,
=0, on 0Xg,

Step 7. Liowville Theorems and conclusion.

Since v satisfies the growth condition (2.66) with 1+ « € (0,2) N (0,2 — a — n), invoking the
classical Liouville Theorem in Case 1 and Case 2 shows that v must be a linear function. In
contrast, applying the Liouville Theorem 2.5.1 in Case 3 implies that v must be zero.

This contradicts Step 3, as Vv is not constant. Consequently, Ly = [V(nuk)]co,a(Bl\zsk) must
be bounded, which implies that ||nuc||c1.a(p,\5.) < ¢ Thus, (2.56) holds true.

Furthermore, recalling (2.63) and using (2.56), we conclude that (2.57) follows. This completes
the proof. O

Remark 2.7.2. The homogeneous Dirichlet condition on 0% is too restrictive to handle all possible
fields F', thus preventing the validity of e-uniform C® estimates in the general case.

Let us suppose that n = d = 2, =2 < a < —1 and consider the function u(y) = u(y1,y2) :=
y1 + yo which is a weak solution to

{— div(|y[*Vu) = div(|y|*F), in By \ X0,

u =0, on Yo N By.

where F':= —Vu = (—1,—1) . By applying Lemma 2.22 we find that there exists a family wu,
which are weak solutions to

—div(|y|*Vus) = div([y["F), in B3\ %,
U:O, on Zsﬂ33/4,

and satisfies Hu6|]H1,a(BS/4\EE) < cand u; — u in H*(B34). If Theorem 2.7.1 holds true for this
equation, we obtain that (2.57) works (since it depends only on the Dirichlet boundary condition
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satisfied by uc), that is
[Vue| < e, on 0% N By,

and then, taking the limit as € — 0 in a suitable sense (see the proof of the Theorem 2.1.2), we
deduce that Vu = 0 on ¥ N By /5, which contradicts Vu = (1,1).

The next proposition provides a priori estimates for solutions that additionally satisfy an extra
boundary condition on the lower dimensional boundary 3.

Proposition 2.7.3. Let2<n <d,a+n € (0,1), p > d and « satisfying (2.5). Let A be a a-
Hélder continuous matriz satisfying (2.2) and ||Al|co.a(p,) < L, f € LP*(B1) and F € CY(By).
Let u € CY%(By) be a weak solution to

—div(|y|*"AVu) = [y|*f + div(Jy|*F), in Bi\ X,
u=0, on Yo N By,

such that u satisfies the boundary condition

Vi ,0) =0, .
{ u(@,0) for every (x,0) € ¥gN By, andi=1,...,n. (2.75)

(AVu+ F)(x,0) - ey, = 0,
Then, there exists a constant ¢ > 0, depending only on d, n, a, A\, A, p, « and L such that

lullera(s, ,) < cllullzzam) + [fleam) + [Fllcoams,))- (2.76)

Proof. The proof is quite similar to the one of Theorem 2.7.1, so we avoid some details. Without
loss of generality, let us suppose that

lullp2.amy) + [ fllrasy) + [ Fllcoes,) < c

By contradiction let us suppose that (2.76) doesn’t holds, hence, there exist p > d, « satisfying
(2.5), {Ar}r, {fx}r, {Fr}r, {uk}r, such that uy is solution to

—div(|y|*AxVug) = |y|* fr + div(|y|®Fk), in By \ 2o,
ug = 0, on Yo N By,

satisfies the boundary condition (2.75) in ¥y N B; and
Huk”cl,a(31/2) — Q.
Let us fix a smooth cut-off function n € C2°(By) such that
spt(¢) C Bgjy, m=1in By, 0<n<1,

hence, we have
Lk = [V(nuk)]co,a(gl) — Q.

By definition of Hélder seminorm, take two sequences of points zp = (zk, Yk), 2k = (Zk, k) € B1

such that R
|V (u) (k) = V0ue) (Ge)| o Lk
‘Zk — ik’a - 27
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and define ry, := |z — Zx|. Now we distinguish two cases:
Case 1: ’y—k| — 00, Case 2: M <e,
Tk Tk

for some ¢ > 0 which not depends on k. Let us define

(zk,yx), in Case 1,
(zg,0), in Case 2,

Zp = (Tp, ) == {

the sequence of domains
B\ Xo— Z
Q= 7\ ,
Tk

the sequences of functions

(muk) (B + rez) — (mug) (Bk) — V(qug) (Zk) - 12

vg(z) == Lkr,ﬁ“‘ :
wi(2) = n(Zr)uk (2 +re2) — (nug) (Zk) — (MVur) (i) - re2
K(2) Lo :

for z €  and set Q as in (2.47).

By following the argument in Theorem 2.7.1, Step 2, we have that [|vg|[c1.a(x) < 1 for every
compact subset K C 2. Therefore, we can apply the Arzela-Ascoli Theorem to conclude that
v, — 0 in CYY(K) for every v € (0, ), and that |9(2)| < ¢(1+]z|'1?), for a.e. 2 € Quo. Moreover,
it follows that w, — v as well.

Next, by the same reasoning used in Theorem 2.7.1, Step 3, we obtain that Vv is not constant.
Continuing as in Step 4 of Theorem 2.7.1, we conclude that r; — 0, which implies that the limit
domain €2 is given by

. R4, in Case 1,

T Re \ ¥p, in Case 2.

Eventually, we prove that ¥ is an entire solution to a homogeneous equation with constant coeffi-
cients and we reach a contradiction by invoking a Liouville type Theorem. Since || Ag||co.e(p,) < L,
we have that Ay (2 +rr2) — A(2) := A, which is a constant matrix satisfying (2.2). Let us define

Yk + TrY|

pr(y) = |
vl in Case 2.

, in Case 1,

and fix ¢ € C°(Qs). A straightforward computation show us that

z 11—«
[ @A+ ne) Vo) Volents = T [ )z +n)ot)ds
spt(¢) k spt(¢)

- o A (FG 1)~ Fu(3) - Vo(e)is
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—
Tk

- L—pi(y) (nARVur, +nFy) (Zk) - Vo(z)dz =T+ 1T+ I+ 1V.
k

The terms I, II, III vanishes as k — oo exactly as in Theorem 2.7.1, Step 6.

Next, we show that the fourth member goes to zero. By using the divergence theorem, we get

/ pr(y) (NANVu, + nFy) (Z) - Vo(z)dz = / Voi(y) - (nArNVug + nFy) (Ze)d(2)dz.
spt(¢) spt(e)

In Case 2, since, Zj = (x,0) € Yo, uy satisfies the boundary condition (2.75) we have that
n(Zk) (ApVug + F;)(Z) - ey, =0, foreveryi=1,...,n,

so IV= 0.

Let us consider the Case 1, recalling that Z, = 2, 7/|yx] — 0 and pfi — 1. Arguing as
Theorem 2.7.1, Step 6, we have that

Tk
Vi (y)] < cwp%(y),

and by using the boundary condition (2.75)

Yk +TrY
ApNVuy +nFy)(z) - 7
(e 4P e S
Yk + TrY
< ‘ ApVur +nF)(zi) — (mALVug + nFy)(xx,0)) - ———=
((n nF) (21) — (1 1) (xr,0)) T
< ARV ug + nFk]co.e (B, ) lyk® < cLilye|®-
Hence, combining these two inequalities we obtain
r
V) - AT+ nF) ()| < e T L
SO
T/;a a e\
V=2 [ D) - (AT + 0B (z)o()dz] < o) =0,
Li 1 Jspi(o) |yk|
as k — oo.

On the other hand, arguing as in the Step 5 of the Theorem 2.6.1, we have that

[ A na V) Vo)ds » [ AV Vo
spt(¢) spt(e)

where

A(y) = 1, in Case 1,
P ly|, in Case 2.

Then, we have that
in Case 1, v is an entire solution to

—div(AV7) =0, in R,
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in Case 2, v is an entire solution to

{—div(|y|aAW) =0, inR%\ %,

v =0, on X,

where A is symmetric constant matrix satisfying (2.2). From this point on, as in Theorem 2.7.1,
Step 7, by invoking appropriate Liouville type Theorems we get a contradiction and the thesis
follows. 0

Proof of the Theorems 2.1.2. As in the proof of Theorem 2.1.1, without loss of generality, we
may consider the function u — 1 and provide the proof of the theorem for solutions to (2.1) with
homogeneous Dirichlet boundary conditions. Once this is established, the general case follows
directly. We divide the proof in two steps.

Step 1. First, we claim that if A € CV*(By) and F € Ch*(B;) then u € C1*(By ) and u
satisfies the boundary condition (2.75) in g N By /.

Let us split the matrix A in blocks as follows

=4 )

where Ay : Bp — R& ™4 Ay . Bp — R4“™" Az : Bp — R™". Let us consider the
decomposition F' = (F, F,), where F, = (Fy,..., Fy, ) and Fy = (Fy,,...,Fy,) and define
the scalar function

d—n

g(z,y) = Az (2,0)Fa(x,0) - y,
which belongs to C1®(By), since the block A3 satisfies the uniformly elliptic condition (2.2), and

9(2,0) =0,  Vg(x,0) = (0, (43" F2)(x,0)).
The function v :=u — g € HY*(By) is a weak solution to

—div(|y[*AVv) = [y|*f + div(|y|*(F — AVg)), in By \ o,
v =0, on Yo N By,

where the field F' — AVg € C*°(B) satisfies
(F — AVg)(z,0)-ey =0.

Arguing as in the proof of Theorem 2.1.1, by applying Lemma 2.4.1, we can find a sequence {v., }
as € — 0, such that every v, is solution to

—div([y|*"AVue, ) = [y|*f + div(|y|*(F — AVyg)), in By \ Xe,,
Vg, = 0’ on 825k N 33/4,

and v, — v in Hl’“(Bg/4 \ Xo) as e, — 0. By applying the Theorem 2.7.1 to the sequences {vg, },
combined with the estimate (2.23), we get that

[vey llora(s, ., < lvllzzas,y) + 1flLrasy) + 1F = AVgllcoas,)),
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for some ¢ > 0 which not depends on ¢.
By applying Arzela-Ascoli Theorem we get that v., — w in C’ﬁ)’Z(Bl 2\ o), for every v € (0, ),
and by the a.e. convergences v., — v it follows that w = v. Moreover, by taking z, 2’ € B2\ %o

such that z # 2/, we have that

Vo(z) = Vo) _ | (Vo (2) = Vo, ()

|z — 2|« e —0 |z — 2/|@

< c([lvllr2a(sy) + 1f e + I1F = AVgllcoais,)),

which implies that

[Vu(z) = V(&)
[V]lcte(B, \x) = sup
(B1/2\%o) 2,2'€B1 9\ X0 |Z - Z/‘a
22z

< c(lvllpzepyy + 1flzras) + 1F = AVgllcoas,)),

By continuity, we can extend v to the whole By /5 in such a way that ['U]Cl,a(Bl/Q) = [0]01,a(31/2\20).

Combining the previous inequality with the L{<. bound of solutions (see Lemma 2.3.3) and

interpolation inequality in Holder spaces |75, Lemma 6.35|, we get

||UHOLC«(31/2) < C(||U\|L°°(Bl/2)+[U]0170(31/2)) < C(||UHL2’“(B1)+HfHLPvﬂ(B1)+HF_AVQHCOaQ(Bl))‘

Hence, v € Cl’a(Bl/Q), which immediately implies u € Cl’a(Bl/Q).

Next, let us prove that u satisfies the boundary condition (2.75). Let us fix z = (z,y) € By/2\ %o
and let 22 be the projection of z on 9%, N By /. By using Theorem 2.7.1 and (2.57), we get

[Vo(2)| < [Vu(z) = Ve, (2)] + Ve, (2) = Voo, ()] + [ Ve, (27)]
< [Vu(z) = Vg, (2)] + [UEk]Clva(Bl/z\Egk)’Z — 2zl + C[Uak}clva(Bl/Q\zek)fg
<o(1) + c(vllp2a(my) + [ fllLrasy) + II1F = AVgllcoa(p,))lyl®,  as ex — 0.

By taking the limit as |y| — 0 in the previous inequality, we conclude that Vv = 0 on Xy N By o
and, by construction, it follows that

0= V,v(z,0) = Vyu(z,0) — Vyg(z,0) = Vyu(z, 0),

and
0= (AVv)(z,0) - ey, = (AVu — AVyg)(2,0) - ey, = (AVu + F)(x,0) - ey,

that is, (2.75) holds true.

Step 2. Finally, we prove that if A,F € C%*(By), then u € C**(B;);) and satisfies (2.6),
(2.7). Up to consider the function u — ¢ € ﬁl’“(Bl), we can suppose that u satisfies a Dirichlet
homogeneous boundary condition v = 0 on ¥y N Bj.

Let {ps}s>0 be a family of smooth mollifiers and define As := A % ps and Fs := F x ps, which
satisfies || Asl|co.e(, ) < [[Allcoe(p,) and [|F5lco.a s, ,
argument similar to the one in Lemma 2.4.1, but with a more standard approach, and following a

)y < 1F'[|co.e(p,)- Using an approximation
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method analogous to the one in Theorem 1.10.1, we construct a family {us}s~o of solutions to

—div(|y|*AsVus) = |y|*f + div(|y|*F5), in By \ Yo,
u =0, on 200B4/5,

satisfies the following properties
[usl| e, 5) < clllullmrasy) + 1 lLzas) + 1FllLzas,)),

us — u strongly in Hl’a(B4/5),

for some ¢ > 0 depending only on d, n, a, A and A.

Since As, Fs € C°°(Byys), by using Step 1, we get that u € Cl’a(33/4) and u satisfies the
boundary condition (2.75) on ¥y N Bs /4. Hence, the assumptions of the Proposition 2.7.3 are
satisfies, which implies that us satisfies (2.76), which immediately implies that

luslloracs, z) < elllullL2asy + 1 f L2 + 1F] 220 5))),

and the Arzela-Ascoli Theorem allows us to taking the limit as § — 0 to infer that u € C1*(B, /2)s
satisfies (2.6) and the boundary condition (2.7). The proof is complete. O

2.8 Regularity on curved manifolds

In this section, we prove how to extend Theorems 2.1.1 and 2.1.2, namely the local C%® and C'1*
regularity of weak solutions to (2.1), to a class of equations with weights that are singular on
(d — n)-dimensional manifolds, that is, for weak solutions to (2.8).

For 2 <n < d, let I' C R? be a (d — n)-dimensional C'-manifold such that 0 € T and there
exists a parametrization ¢ € C*(Xg N B1;R™) such that, up to perform a dilation, we have

BinT ={(z.y) :y = p(x)} N B1, (0) =0. (2.77)

The diffeomorphism
O(z,y) = (z,y + ¢(2)), (2.78)

whose inverse straightens the lower dimensional boundary I' to Xy, satisfies ®(X9 N B1) C I'N By
and the Jacobian associated to ® is

Ig—n O
Jq>(.'1?,y) :( !

o ) with | det Jp| = 1.
© n

Given a (d — n)-dimensional manifold I' parametrized by ¢, we give the definition of admissible
weights with respect to .

Definition 2.8.1. Let 2 <n < d and a € [0,1). Let I be a (d — n)-dimensional C'**-manifold
and ¢ € CY*(Zy N By;R™) be a parametrization of I’ in the sense of (2.77) and define the
diffeomorphism @ as in (2.78).

We say that d is an a-admissible weight with respect to the parametrization ¢ if § € C%!(By)
and the two following condition holds true.
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i) There exist constants 0 < ¢y < ¢; such that

co < ;1“ <c. (2.79)
ii) 5o
6(z,y) = (‘(;y)) e CY(By). (2.80)

We point out that the condition i) in the Definition 2.8.1 implies that ¢ in a equivalent distance
from I' to the standard distance function dr. So, given 0, which satisfies condition 7), similarly to
what was done in Section 2.2.1, we can define the functional spaces H'(B1,d%), which is equivalent
to H'(By,d%). Then, by Theorem 2.2.3, it follows that it is well defined the bounded linear
trace operator T': H'(By,6%) — L?(I' N By) such that Twu = Ulpp, » fOT every u € C*®(By). In
light of this, we define a notion of weak solutions for the equation (2.8), which satisfy a Dirichlet
boundary on T

Definition 2.8.2. Let 2 < n < d, a+n € (0,2), A be a matrix satisfying (2.2). Let I" be a
(d — n)-dimensional C'-manifold and p € C*(Xy N B1;R™) be a parametrization of I' in the sense
of (2.77), 6 € C%'(By) satisfying i) of the Definition 2.8.1. Let f € L?(By,d%), F € L?(By,6%)¢
and ¢ € L?(I'N By).

We say that u is a weak solution to (2.8) if u € H'(By,§%), satisfies

SUAVU - Vdz = | §°(fp — F - V)dz, (2.81)

B1 B

for every ¢ € C2°(B; \T') and u = v in L?(I' N By), in the sense of the trace.

Finally, we can state the main results of this section, namely Cloo’g and C’ﬁ)’? regularity for weak
solutions to (2.8).

Corollary 2.8.3. Let 2 <n <d, a+n € (0,2), p > d/2, ¢ > d and « satisfying (2.3). Let
© € CY(Zo N By;R™) be the parametrization defined in (2.77). Let & be a 0-admissible weight
with respect to ¢ in the sense of Definition 2.8.1 and define & € C°(By) as in (2.80). Let
A be a continuous symmetric matriz satisfying (3.5), f € LP(B1,6%), F € Lq(Bl,éa)d and
Y € COYT N By). Let u be a weak solution to (2.8), in the sense of Definition 2.58.2. Let us
suppose that there exists a modulus of continuity w such that

[Allco.w By + [10llcow sy + llellcresonp rny < L.

Then, u € C’O’O‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, A\, A, p, q,
a and L such that

HUHCOva(BI/Z) < C(H“HL2(Bl,6“) + 1l ze(By,69) + 1| La(By 50ye + )l corrnmy))-

Corollary 2.8.4. Let 2 < n < d, a+n € (0,1), p > d and « satisfying (2.5). Let ¢ €
CH¥(Xo N By;R™) be the parametrization defined in (2.77). Let § be a a-admissible weight with
respect to ¢ in the sense of Definition 2.8.1 and define & € C%%(By), as in (2.80). Let A be a
a-Hélder continuous matriz satisfying (2.2), f € LP(By,6%), F € C%¥(By), ¥ € CH*(I' N By)
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and u be a weak solution to (2.8), in the sense of Definition 2.8.2. Let us suppose that
[Allco.e(my) + I6llcoa (s + llellcresonprn < L.

Then, u € C’l’o‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, \, A, p, a
and L such that

[ulloras, ) < c(llullzp sy + 1fllzr(s, 60y + 1 Fllcoas,) + 14llcramns,))- (2.82)

Moreover, denoting by T,I" the tangent space to I' at the point z € I', we have that u satisfies
the following boundary condition for every z € I' N By g,

(2.83)

{Vu(z) -7(2) =V(2) - 7(2), for every 7(z) € T,T,
(AVu+ F)(z) -v(z) =0, for every v(z) L T.T.

Since the proofs of Corollaries 2.8.3 and 2.8.4 are quite similar, we will only provide the proof
of the second one, as it is more involved.

Proof of Corollary 2.8./. Let us define the diffeomorphism @® as in (2.78), which is of class
CY®(By), by the assumption ¢ € C1*(Xg N By). Defining

u(z,y) = uo®(x,y), Y(x) = o ®(x,0) € CH¥(To N By).

we have that & € HY*(B;) and @ = 1 on ¥ N By in the sense of the traces. Since § is an
a-admissible weight in the sense of Definition 2.8.1, the conditions (2.79) and (2.80) implies that

Iy 5(q)<x7y))a

6%z, y) = we e CO(By), 6*>¢é >0, (2.84)

for some constant ¢y > 0, where §=080d.

Let ¢ € C°(B; \T') be a test function in (2.81). By taking the change of variables z = ®(z,y)
it follows that

o:/ 5“(AVu-V¢—f¢—|—F-V¢)dz:/ y|*(AVi -V — fo+ F - Vo)dz,
Bl Bl

where
A=Y Jg ) (Ao ®)(JgHT, fi=0"%od, F:=6(Jg)Fod, ¢:=¢od.  (2.85)
By using (2.84), we have that
A € C%*(By) and satisfies (2.2), f € LP%B;), F e C%(B).

Hence, we have proved that @ is a weak solution to

—div(|y|[*AVa) = [y|*f + div(|y|*F), in By \ o,
=1, on ¥y N By,
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and @ satisfies the hypothesis of the Theorem 2.1.2. Hence, @ satisfies (2.6) and composing back

with the diffeomorphism ®~! we get that u satisfies (2.82).

Eventually, let us prove that u satisfies the boundary condition (2.83). By Theorem 2.1.2, we

have that @ satisfies the boundary condition

Vi = Vb, (AV&—F F) ey, =0, on XgN By, foreveryi=1,...,n.
Since u(z) = u(®(z)), one has that

Vi(z) = Jg (2)Vu(®(2)).
and, noting ®(z,0) = (z,¢(z)) € I, we have that
Vi(z,0) - ey, = Jg (z,0)Vu(®(z,0)) - ex; = Vu(z, p(z)) - Jo(x,0)e,;.
Thus, for every j =1,...,d —n, and (z,0) € Xo N By, we have
Vu(z, o(x)) - Jo(v,0)er; = V(z,0(z)) - Jo(x,0)ey;.

Next, recalling (2.84), (2.85) and (2.86), we find

0=0"%AVi+ F)(z,0) - e, = J3 (2,0)(AVu + F)(z,0(2)) - ey,
= (AVu+ F)(z,0(2)) - (Jo 1) (2, 0)ey,.

Finally, observing that the tangent space to I' at the point z = (z, ¢(x)) is given by
Ta @yl = {(&, Jo(2)€) : £ e R,
and noting that

Jo(z,0)ey; - (qul)T(:U,O)eyi =0, foreveryj=1,....,d—n, i=1,...,n,

it follows that (2.87) and (2.88) implies that (2.83) holds true. This complete the proof.

(2.86)

(2.87)

(2.88)



CHAPTER
THREE

REGULARITY FOR EQUATIONS DEGENERATING ON LOWER
DIMENSIONAL MANIFOLDS

3.1 Introduction

The last chapter of this thesis is based on the two works [38, 37|, written in collaboration with G.
Cora and S. Vita. We study local regularity properties, Holder C%% and Schauder C1'* estimates,
of weak solutions to

—div(|y|*A(z,y)Vu) = |y|*f + div(|y|*F) in B; c RY. (3.1)

Here z = (z,y) € R xR", 2 < n < d are two integers and a € R. The second order equation in
divergence form above is uniformly elliptic far from a characteristic flat manifold of low dimension
0<d—n<d-2

Yo ={z=(z.y) eR? | |y| = 0},

and the weight term is a power of the distance to ¥g; that is, |y| = dist(z, Xp). In other words,
there exist 0 < A < A such that the symmetric d-dimensional matrix A : B; — R%? satisfies

Myl < |y|A(2)€ - € < Aly|@|€]? for almost every z € By, for every & € RY.

The weak solutions to the above problem are elements of the weighed Sobolev space H1(B;) =
H'(By, ly|®dz) which satisfy

[ weava- Vo= [ Wiro-FVe)  forevery 6 € CX (). (3.2)
By By
The equation is satisfied across the thin manifold ¥y, and this implies a formal homogeneous
conormal condition at X
lim [y|**" " (AVu+ F) - 2 =0, (3.3)
lyl—0 |yl
see Remark 3.4.2 for the precise meaning of the above expression. Notice also that, when A =1
and F' = 0, (3.3) corresponds to a vanishing weighted radial derivative with respect to the
degenerate variables.

The weighted H“%-capacity of the thin manifold ¢ is key to understanding what kind of
solutions one may face. Depending on the value of the parameter a +n € R, the local weighed
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capacity of the characteristic manifold is infinite when a + n < 0, positive and finite when
a+n € (0,2) and zero when a + n > 2. Consequently, weak solutions must vanish at ¥g in the
supersingular case a +n < 0, and naturally satisfy (3.3) in the superdegenerate case a +n > 2.
Finally, in the mid-range case a+n € (0,2), many different boundary conditions can be prescribed
at Yo, and this corresponds to inhomogeneous Dirichlet and inhomogeneous conormal boundary
problems (the first one is addressed in the second chapter of this thesis).

We mostly work under the assumption a +n > 0 - which makes the weight term locally
integrable - and deal with functions which solve (3.1) across ¥y in the sense of (3.2); that is,
we study the homogeneous conormal boundary problem. We will see that the regularity for
the inhomogeneous conormal problem in the mid-range a + n € (0, 2) follows as a consequence
of the theory for the homogeneous one. Concerning Dirichlet type boundary conditions, the
inhomogeneous problem in the mid-range a + n € (0, 2) is studied in the previous chapter of this
thesis, while the analysis of the homogeneous case, when a + n < 2, is partially carried out via a
boundary Harnack type principle.

The local regularity theory for weighted degenerate elliptic equations starts with the seminal
works by Fabes-Jerison-Kenig-Serapioni [63—65]. Among their motivations for such a regularity
theory, the connection with the study of fine qualitative properties of harmonic functions at
the boundary of rough domains through quasiconformal mappings from a ball. In [65], the
authors extend the De Giorgi-Nash-Moser theory to degenerate elliptic equations where the
degeneracy/singularity is carried out by a weight term w which arises either from quasiconformal
mappings or belongs to the As-Muckenhoupt class. The latter indicates a combined local
integrability property between the weight and its reciprocal. Their regularity theory includes
Harnack inequalities and local Hélder continuity of solutions. These results rely primarily in the
validity of a general functional framework in weighted Sobolev spaces comprehending Poincaré-
Wirtinger and Sobolev inequalities. Later, the conditions which provide this setting have been
summarized into four main properties of the weight, characterizing the so-called 2-admissible
weights, see for instance |32] and later discussions in Section 3.2.6. The general regularity theory
for weighted equations also ends with [65], since Holder continuity is the optimal regularity if no
further geometric assumption on the zero/infinity set £g = {w(z) =0 V w(z) = oo} is done.

In recent years, there have been significant contributions to the study of degenerate elliptic
equations where the weight behaves like a power of the distance from a (d — 1)-dimensional
manifold. The model equation is

~div(y*A(z,y)Vu) = RHS  in B c R%. (3.4)

Here 2 = (z,y) € R xRy = R4, Bf = Bin{y >0}, a € Rand ¥y = {y = 0} is an
hyperplane, i.e. it has codimension n = 1. This theory has profound connections with the edge
calculus developed in [105, |, see also |97, 80, 81] and the references therein. However, the
recent interest in this problem primarily relies in the connection with fractional Laplacian due to
an extension theory via Dirichlet-to-Neumann maps |25].

Concerning the general equation (3.4), it is crucial to comment here its possible connection
with Grushin operators. As it is highlighted in [25], a change of coordinates moves the operator
into a Grushin type one. However, this is true only for a particular small range of the exponent
a, and in any case both the transformation and the power term in the Grushin operator are not
smooth. So, hypoellipticity and the Hérmander regularity theory are not valid in general. In fact,
the indicial root y'~® always solves the homogeneous (RH S = 0) isotropic (A = I) equation (3.4)
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whenever a < 1. This prevents general harmonic functions for the degenerate operator from being
smooth.

However, the regularity of the solutions may strongly improve by imposing certain boundary
conditions at Yg. In fact, solutions with a homogeneous conormal boundary condition at Xy enjoy
a Schauder theory in C*® spaces whenever a > —1, which in turns leads to smoothness if data
are smooth. The literature on the regularity is extensive. We cannot provide a comprehensive list
of all contributions on this topic here; however, we refer to the following works [138, , , 7,

) ) ) ]

Let us consider now the higher codimensional case presented in the present chapter. The
study of (3.1) can be seen at a first glance as a natural continuation of the codimension 1 theory.
However, there are many other motivations for developing such a regularity theory. We would
like to focus our attention on some topics which strongly relates to the degenerate equation
(3.1) and may have further developments due to our results and approach. Some of them are
known topics, and have a literature: harmonic maps with prescribed singularities in general
relativity, the Dirichlet problem and harmonic measure on lower dimensional boundaries. Some
other connections are new: critical points for Caffarelli-Kohn-Nirenberg inequalities, higher
codimensional extensions of fractional Laplacian, very thin free boundary problems. We will
spend some other words on these topics in the last part of this introduction. Finally, we would
like to mention some unique continuation results for Grushin-type operators which are degenerate
on lower dimensional manifolds, see for instance |1, 72, | and many references therein.

3.1.1 Main results

The main results we are presenting here concern the homogeneous conormal problem for (3.1) in
the range a+n > 0. The solutions we are referring to are elements of H%(B;) which weakly solve
(3.2). Our main objectives are certain Holder C%* and Schauder C1© local regularity estimates
up to Yo for this class of weak solutions. In order to state precisely our main results, we need to
be more specific regarding the uniform ellipticity properties of the variable coefficient matrix A.
The latter is a symmetric d-dimensional matrix satisfying the global uniform ellipticity condition

MEP < A(2)€-€ < A[E’,  for ae. z € By and for all ¢ € RY, (3.5)

for some ellipticity constants 0 < A < A. Moreover, A satisfies the restricted-to-3y uniform
ellipticity condition

M€ < As(z,0)€ - € < A, €)%, for a.e. (z,0) € B; NYg and for all £ € R”,  (3.6)

with ellipticity constants 0 < A < A\, < A, < A, where A3 is the (n x n)-dimensional block located
in the lower-right corner of the matrix A, see (3.18). Then, let us introduce the exponent

2—a—-n++/(2—a—n)?+4dpu.

s = ax(a,n, \/Ay) = 5

(3.7)

with ol
(t)Q(n—l) ifn>3,
(2 arctan (22) )" irn—z.

Mx = M*(aana)‘*/‘/\*) =
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Notice that both «, and p, are monotone increasing with respect to 0 < A./A, < 1. Notice also
that in case \./A, = 1 (which happens in particular if A =1), pu, = n — 1 which corresponds
to the first positive eigenvalue of the Laplace-Beltrami operator on S"~!. Then, our first main
result is the following.

Theorem 3.1.1 (Holder C%“ estimate). Let a+n >0, p> (d+ay)/2, ¢ >d+ay. Let A be
a uniformly elliptic matriz satisfying (3.5) and (3.6) with constants 0 < A < A\, < A, < A. Let
ax = ax(n,a, \c/Ay) be defined as in (3.7). Let

a € (0,1)N(0,ax) N (0,2 = (d+a4)/p] N (0,1~ (d+a)/q]. (3.8)
Let A be continuous with

Allgow(py) == [|Allpeo(By) + SUp —————
[Allcow sy = Al (By) z,ci%l (|2 — ¢))

<L for some modulus of continuity w.

Let f € LP%(By), F € L9%(B1)* and u be a weak solution to (3.1) in By.
Then, u € Co’a(Bl). Moreover, there exists a constant C' > 0 depending only on d, n, a, A, A,

loc

p, q, L and a such that

[ullcoa(s, ) < Clllullzas,) + 1 fllrais) + 1 FllLaas,))-

Let us notice here that Holder regularity for some small implicit exponent follows by [65] in the
Aa-Muckenhoupt range a +n € (0,2n) or by the 2-admissibility of the weight (see [32]) even in
the full range a +n > 0 again by [(65], once the 2-admissibility condition is established in Section
3.2.6. The latter is true even when the variable coefficient matrix is only assumed to be bounded
measurable. However, the above result proves an estimate which comes with an explicit Holder
exponent. As we will see, this additional information is due to the homogeneity property of the
weight term together with the peculiar geometry of its nodal set .

Then, our second result, is the following Schauder estimate, which holds true any time the
exponent a, exceeds 1.

Theorem 3.1.2 (Schauder C1® estimate). Let a+n > 0, p > d +ay. Let A be a uniformly
elliptic matriz satisfying (3.5) and (3.6) with constants 0 < A < A\, < Ay < A. Assume that
ay = ax(n,a, Ao /Ay) defined as in (3.7) is such that o, > 1. Let

ae(0,1)N(0,as — 1) (0,1 (d+as)/p]. (3.9)

Let A be a-Hélder continuous with |Alco.ep,y < L, f € LP*(By), F € C**(B1) and u be a
weak solution to (3.1) in By.
Then, u € C2%(B1) and satisfies

loc
(AVu+F)-ey,, =0, on3¥oNBi, foreveryi=1,...,n. (3.10)
Moreover, there exists a constant C' > 0 depending only on d, n, a, A\, A, p, L and « such that

lullore s, ,) < Clullr2as,) + 1 fllLram) + 1Fllcoas,))- (3.11)

Let us now comment on the above results and explain the techniques involved. The main idea
is to take advantage of a e-regularization-approximation scheme, which aims to address the loss
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of uniform ellipticity on the characteristic manifold by approximating with uniformly elliptic
problems. In this way, the estimates become available for the e-approximating problems, and the
goal is to prove their uniformity (stability) as the regularization parameter & — 0. Returning to
the codimension 1 case, in |138] the regularization proposed is at the level of the weight term.
Specifically, replacing |y|* with p%(y) = (2 + |y|?)2 one immediately obtains a uniformly elliptic
problem, and stability can be established as ¢ — 0. This approach is not the most effective in
this context. To approximate a given solution with a possible boundary condition at ¥, the
same boundary condition must be prescribed at the level of the regularized equation. However,
the local H!(p2)-capacity of ¥ - which coincides with the classical local unweighted H!-capacity
- is always zero. As a result, no boundary condition can be imposed on the thin set. This fact
becomes particularly evident in the mid-range a +n € (0,2), especially in case of inhomogeneous
conditions.

Next, we propose a general strategy suitable for any boundary value problem and valid across
different capacitary ranges. The regularization we introduce is performed at the domain level,
using e-perforations around Y. In the isotropic case A = I, the approximating problems are
described as follows

{—div(\yr“w = |y|*f +div(|y|*F) in B\ X (3.12)

(Vu+F)-v=20 on By N 9%,

where

Ye ={ly| < e} and 0% = {ly| = ¢}.

As one can see, the conormal boundary condition is now prescribed on a codimension 1 boundary
that shrinks toward ¥g. Given a particular solution of the limiting problem, one can construct
an approximating sequence of solutions for the regularized problems as ¢ — 0. If the regularity
estimates for (3.12) are shown to be uniform in €, the same regularity is transferred to the limit.

Adding variable coefficients makes things harder, as anisotropy directly affects the approximation.
As we will see, the stability of the estimates relies on Liouville theorems on the complementary of
a hole, after blow-up. For general variable coefficients, adjusting the shape of this hole to the
anisotropy proves to be convenient, and this requires the domain to be perforated accordingly at
a macroscopic scale; that is,

Z? = {Agl(xvy)y Yy < 52} and 82? = {Agl(x,y)y cy = 52},

However, a preliminary regularization of the coefficients through convolution with mollifiers is
also needed at this point. In fact, the approximating problems

{—div(|y|aAVU) = ly*f +div(jy|*F) in Bi\ % (3.13)

(AVu+F)-v=0 on B; No¥4,

enjoy the desired Holder C%® and Schauder C1® estimates only requiring additional regularity of
coefficients, respectively C'!' and C1®, since the latter ensures the right regularity of the shrinking
boundaries (see Remark 3.3.2). This is suboptimal when compared with the requirements stated
in Theorems 3.1.1 and 3.1.2. However, this additional regularity is necessary to ensure stability
of the estimates with respect to domain perforation. On the other hand, stability with respect to
mollification does not require any perforation and holds true under the optimal requirements on
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coefficients; that is, respectively the C° and C%® regularity imposed by the natural scaling of the
equation.

The validity of Theorems 3.1.1 and 3.1.2 is based on the following main result.

Theorem 3.1.3 (Stable regularity estimates in perforated domains). Let a +mn > 0. Let A be
a uniformly elliptic matriz satisfying (3.5) and (3.6) with constants 0 < A < A\ < A, < A. Let
ax = ax(n,a, \./Ay) be defined as in (3.7). Then the following points hold true:

i) Let p > (d+ay)/2, ¢ > d+ay. Let o € (0,1) satisfying (3.8). Let A be C' with
[Allc1.o(Byy < L for some modulus of continuity w, f € LP*(By) and F' € L%%(By)?%. Then
there exists eg < 1 and a constant C > 0 depending only on d, n, a, A\, A, p, q, L, g9 and «
such that for every € € (0,e9) and for every solution u. to (3.13) it holds

[ucllgoa(s, \na) < Cllluell2amsay + 1 fllras) + 1l Laes,)) -

ii) Let p > d+ay. Let assume that a, > 1. Let o € (0,1) satisfying (3.9). Let A be CH with
[Allcrapy < L, f € LP(By) and F € C%%(By). Then there exists eg < 1 and a constant
C > 0 depending only on d, n, a, A\, A, p, L, €9 and « such that for every e € (0,e9) and
for every solution u. to (3.13) it holds

[ucllcra(s, \na) < Cllluecllrzamasay + 1 fllLram) + 1Fllcoas,))-
Moreover, for every points z € 954 N Bi; and for every i =1,...,n, it holds

(AVee + F)(2) - e < O (uelloamins) + 1 lmozy + IFleoagsy).  (3:14)

First of all, we would like to point out that the above result remains valid even if the additional
C' or Cb* regularity is only assumed for the block A3, see Remark 3.3.1. However, to simplify
the notation, we assume the higher regularity for all entries of the matrix A.

Let us also observe that the quantitative condition (3.14) is the key for obtaining the effective
conormal boundary condition (3.10) in Theorem 3.1.2, which is a much stronger information
compared to the weighted conormal condition (3.3) enjoyed by weak solutions.

The above result, as far as we know, is new even in the case of the Laplacian (a = 0 and
A =1), and provides stability of classical Holder estimates in perforated domains with Neumann
boundary condition on the boundary of the hole. Since our estimates can be extended to second
order elliptic equations with general lower order terms, Theorem 3.1.3 i) has a remarkable link
with the quantitative spectral stability for the Laplacian in domains with holes with prescribed
Neumann boundary conditions, see for instance |67, , | and many references therein. In
particular, we can imply stable a-Ho6lder bounds (for any « € (0, 1)) for eigenfunctions in the
Neumann-perforated domains, see Remark 3.6.1.

Notice that the stability of the Schauder estimate can not be valid for the Laplacian, since the
effective conormal condition that would follow, i.e. V,u =0 on Xy, is not a general property of
harmonic functions.

In the spirit of the work of Simon [136], the stable estimates are obtained, in both the
regularization procedures (Theorem 3.1.3 and Proposition 3.7.1), by a contradiction argument
involving a fine blow-up procedure and the classification of entire profiles. The latter is expressed
in terms of rigidity results; that is, Liouville type theorems for both uniformly and degenerate
elliptic problems on the blow-up domain, which can be the entire space, the half-space, or the
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space minus an unbounded cylinder around ¥y. The latter result is of independent interest and
can be stated as follows.

Theorem 3.1.4 (Liouville). Let a+n > 0, € > 0, and let A be a constant coefficient d-dimensional
matriz which satisfies (3.5). Let us denote

2—a—-n++/(2—-a—n)2+4u

’Yf_ = /Yi‘r(avn)A) = 92 )

where py = py(a,n, A) is a constant, which will be precisely defined in Lemma 3.5.2. Let u be an
entire solution (see Definitions 3.4.1 and 5.4.3) to

—div(|y|*AVu) =0 in R?\ 24 (3.15)
ly|*AVu - v =0 on 9%4,
and assume that there exist two constants ¢ > 0 and v € (0,7]") such that
lu(2)] < e(1+12]7). (3.16)

If v < 2, then u s linear. Moreover, if v < 1, then u is constant.

The above result is derived by using spherical coordinates with respect to the degenerate
variable y and expressing the solution through a Fourier-type decomposition. This approach
requires the anisotropy of the coefficients to align with the geometry of the hole, as radial-in-y
(axial) symmetry must emerge after a linear change of coordinates.

Let us elaborate on the regularity results in connection with the Liouville theorem discussed
above. The exponent «, is a threshold for local regularity. It represents the lower bound of the
possible homogeneity degrees vf that one may encounter at the microscopic scale of the blow-up.
Then, we would like to highlight the unexpected similarity between . and the optimal Holder
continuity exponent of solutions to equations with bounded measurable (possibly discontinuous)
coefficients, see [123]. In the present case, the (restricted-to-¥) ellipticity ratio A./A, also plays
a role in the expression for ay, reducing its value compared to the isotropic case A = I. It remains
an open question whether this interference is intrinsic or not, as we currently lack examples of
solutions with such reduced regularity.

Let us now comment on the possible higher regularity of solutions. As a becomes more and
more negative, depending also on an increasing codimension n, a, can be made larger than any
integer k > 2. Therefore, C** regularity of solutions is expected for any k > 2, under suitable
assumptions on the data and within certain ranges of (a,n).

Unfortunately, we currently lack a general strategy for higher order Schauder estimates, which
remains an open problem. On one hand, the regularity estimates obtained in Theorems 3.1.1 and
3.1.2 cannot be directly iterated on derivatives, since the operator is translation invariant only in
the tangential directions to ¥ (the x variables). This implies that the operator commutes only
with the derivatives in € R4 and not in y € R™. However, if one knows additionally that the
solution is axially symmetric with respect to ¥¢ (radial-in-y), i.e. u(z,y) = u(z, |y|), the iteration
procedure works and one can prove smoothness at least in the isotropic homogeneous case, see
Theorem 3.9.3.

On the other hand, one could attempt to construct a regularization-approximation scheme
for any order k, by smoothing the data, perforating the domain and finally shrinking at the
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characteristic manifold. However, this strategy also fails, as the stability of the C*® estimate
with respect to e-perforation does not hold, see Remark 3.6.2.

The inhomogeneous conormal problem

In the mid-range a + n € (0,2), the positive weighted capacity of the thin set ¥ enables the
imposition of inhomogeneous conormal boundary conditions; that is, solutions to

—div(|y|*Vu) =0, in By,
— lim |y|*™ 'V - L. g(x), on ¥gN By,
ly|—=0 |l

are well defined (see Definition 3.10.1) as elements of H'%(Bj) which satisfies

/ ly|*Vu - Vodz = wn/ g(x)p(z,0)dx, for every ¢ € C2°(By).
B YoNB1

Then, we prove some regularity results for solutions of the above problem, as a corollary of our
main theorems, together with the regularity of axially symmetric solutions, see Proposition 3.10.2.

Curved characteristic thin manifolds

As a second corollary of our main theorems, we can deal with the case of curved regular
characteristic thin manifolds. Let 2 < n < d and consider a (d — n)-dimensional C** manifold T’
locally embedded in R? with a € [0,1). Then Corollaries 3.8.4 and 3.8.5 provide the extension of
the main Theorems 3.1.1 and 3.1.2 to weak solutions (see Definition 3.8.3) to

—div(0*AVu) = 0*f + div(0*F), in By,

where the weight d behaves as a particular distance function to I', chosen in accordance to the
local parametrization of the thin manifold. See Definition 3.8.1 for detailed assumptions on the
defining function 6.

The homogeneous Dirichlet problem

As another corollary of our main theorems, whenever a +n < 2, one can provide regularity results
for solutions to the homogeneous Dirichlet problem

{_div(yyWu) =0 in By \ %o (3.17)

u=20 on B N Xg.

As we will explain later in the introduction, the problem above has connections with the work
of Nguyen on harmonic maps with prescribed singularities in general relativity |1 19]. Moreover,
it has also profound connections with the works of David-Feneuil-Mayboroda on the Dirichlet
problem on lower dimensional boundaries [15, 16], see also |13, 17].

In the same spirit of [139], as a + n < 2 one can provide regularity results for solutions u to
(3.17) by considering the ratio w = u/ug between u and the characteristic Dirichlet solution

’2—a—n

up(y) = ly

I
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which solves again (3.17). The ratio w is a solution of a degenerate problem —div(|y|*Vw) =0
with exponent b = 4 — a — 2n which lies in the superdegenerate range since b+n=4—a—n > 2.
Hence, C%® and C™® estimates for w are implied by Theorems 3.1.1 and 3.1.2, see Corollary
3.11.2. This improves some results in [119], and also slightly improves some regularity results
of the second chapter of this thesis, ensuring the sharp C?~%~" regularity of solutions under
additional requirements on the codimension n. For instance, in the case a +n = 1 and whenever
n > 4, solutions to (3.17) are provided to be Lipschitz continuous, see Remark 3.11.3.

Higher codimensional extensions of fractional Laplacian

Motivated by [28], one might wonder whether it is possible to extend functions u defined in
R~ having a well-defined s-fractional Laplacian (s € (0,1)) to the whole of R, introducing n
additional variables. Under the assumption d — n > 2s, which allows for the definition of suitable
energy spaces, in Section 3.10 we show that such an extension is given by the convolution u * P
with the Poisson-type kernel

F( d—n+2s )

ly
P(a:,y) = P(|x‘> |y|) = dan d—nt2s
2 I(s) (|2 +[y[*) 2

‘23

(z,y) € R&™ x R",

The extension is a radial-in-y solution (axisymmetric with respect to ¥g = R4™) to

—div(|y|*Vu) =0 in R\ X
— Tim |y V- L = dyn(~A)u(z,0) on S,
lyl—0 [yl

where a +n =2 —2s € (0,2), and d, , is an explicit positive constant. As it can be seen through
the change of variables |y| = r, we recover exactly the classical Caffarelli-Silvestre s-harmonic
extension.

Some further motivations and applications

In the final part of this introduction, we aim to elaborate further on some noteworthy motivations
and significant applications of our theory.

Harmonic maps with prescribed singularities in general relativity

The study of axially symmetric stationary multi-black-hole configurations and the force between
co-axially rotating black holes involves an analysis on the boundary regularity of the reduced
singular harmonic maps, see [118, , 93-95]. In [119], this analysis is carried out by considering
those harmonic maps as solutions to some homogeneous divergence systems of partial differential
equations with singular coefficients. Then, the model single equation of the system is given by

—div(w(z)Vu) =0 in By \ o,

where ¥ is a (d — n)-dimensional submanifold with n > 2, w is a weight that satisfies

%dist(z, 0)® < w(z) < Cdist(z, 5o)?
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for some negative power a < 0 and some constant C' > 0. It is worth noting here that the weight’s
singularity, caused by the negative exponent a, does not confine us to a particular capacitary
range. Instead, all three ranges may be crossed since a + n might be any real number.

The Dirichlet problem and harmonic measure on lower dimensional boundaries

In a series of works, see [13, 15—17] and many references therein, David-Feneuil-Mayboroda and
collaborators start an elliptic theory on weighted non uniformly elliptic operators which naturally
catch the capacity of very thin boundaries. The peculiar operator considered in these works has
a weight behaving as w(z) = dist(z, $¢)! ™™ where ¥ is a (d — n)-dimensional manifold, i.e. the
power of the weight belongs to the mid-range since a +n = 1. Notice that with this choice of the
exponent and when n = 1 one recovers the classic Laplacian. The main target of the works quoted
above is the study of the Dirichlet problem on the lower dimensional boundary, the associated
harmonic measure, and its reciprocal absolute continuity with the (d — n)-dimensional Hausdorff
measure [15], in the spirit of Dahlberg [12]. Although in general the interest in these works relies
on rough boundaries, i.e. Lipschitz or less, if the manifold is more regular, C' or more, one may
infer almost Lipschitz type regularity for the solutions of the inhomogeneous Dirichlet problem
(see Chapter 2), or even the sharp Lipschitz regularity for the homogeneous one when n > 4, see
Corollary 3.11.2 and Remark 3.11.3.

Critical points for Caffarelli-Kohn-Nirenberg inequalities

In the particular case n = d, semilinear equations involving degenerate weights appear in
connection with Caffarelli-Kohn-Nirenberg inequalities [21], i.e. for certain values of a, f,p
equations like

—div(|z|72Vu) = |2| P8 |ulP 2.

Here —2a 4+ n > 2, and so the weight is superdegenerate and solutions naturally satisfy a
homogeneous conormal boundary condition at ¥y = {0}. Even if the minimizers in the space R?
are classified and they are bubbles, the study of the above degenerate equation allows us to imply
regularity properties for sign-changing solutions too and for minimizers in domains attaining the
singularity at the boundary of a domain [35].

Very thin free boundary problems

Due to the natural property of these degenerate operators of capturing the capacity of very
thin sets in the mid-range a + n € (0,2), it is possible to formulate obstacle-type free boundary
problems with an obstacle that has arbitrary dimension d —n € {0,...,d —2}. In other words, it
is possible to minimize the energy functional

/ 1y Vuf? dz,
B1

where u satisfies a trace condition v = g on 0B; and the obstacle condition v > 1 on the
(d — n)-dimensional set ¥y. We refer to the seminal works of Caffarelli [22, 23| for classical
obstacle problems and to the more recent (5], where the authors propose an alternative definition
of a very thin obstacle problem (obstacles of dimension d — 2), related to the Caffarelli-Silvestre
extension operator in the regime a € (—1,0).



3.2 Functional setting 129

3.1.2 Organization of the chapter

In Section 3.2 we introduce the weighted functional framework for the problem, and we provide
many functional inequalities. In Section 3.3, we extend the results of the previous section to
a setting for perforated domains. In Section 3.4 we introduce the notion of solutions, and we
provide some approximation lemmas for both the regularization procedures. Moreover, we provide
stable L* bounds of solutions in perforated domains. Section 3.5 is dedicated to the proof of
the main Liouville Theorem 3.1.4. Section 3.6 is the main core of the chapter: it contains the
proofs of the main C%® and C™“ stable estimates in perforated domains, i.e. Theorem 3.1.3. In
Section 3.7 we prove the a priori estimates of Proposition 3.7.1, which imply stable estimates
with respect to standard smoothing of data. This leads to the proof of the main Theorems 3.1.1
and 3.1.2. Then, in Section 3.8 we generalize our results to the case of curved characteristic thin
manifolds. In Section 3.9 we improve the regularity of axially symmetric solutions, achieving
smoothness. In Section 3.10 we extend the regularity theory to the case of inhomogeneous
conormal boundary problems in the mid-range. In Section 3.11 we prove some regularity results
for the homogeneous Dirichlet problem by a boundary Harnack type principle. Finally, in Section
3.12 we establish the connection with fractional Laplacian through Dirichlet-to-Neumann maps,
as a higher codimensional analogue of the Caffarelli-Silvestre extension theory. In Appendix 3.A
we collect many important technical results concerning the geometry of the perforated domains.

3.1.3 Notation

We establish the notation that will be used throughout the chapter.

Let d,n € N be two integers such that 2 < n < d. Let us consider coordinates z = (z,y) €
R4 x R™. We denote by {e,, }, where £ = 1,...,d, the canonical basis of R?. To distinguish
between the variables x and y, we will often denote the basis as {ezj €y, b, where j=1,...,d—n
and i = 1,...,n. For a vector G = (G, Gy) € R x R?, we write G = G + G2, where
G1 = (G4,0) and Go = (0,Gy). We express d-dimensional symmetric uniformly elliptic matrix

A: Q — R% in block form as
A= (j& ﬁi) : (3.18)

where Aj : Q — RI74= 0 4y 0 O — R and A3 : @ — R™™. For m € N we denote by BF(()
the open m-dimensional ball of radius R > 0 centered at ( € R™. To ease the notation, we simply
write B = B#(0) when ¢ = 0, and Bg(¢) = B%(¢), when the dimension m = d. In particular,
Br = B%(0). We write 0 < & < 1 to denote that there exists a small g9 > 0 such that ¢ € (0, ).

3.2 Functional setting

3.2.1 Weighted Sobolev spaces

Given a smooth domain Q C R?, we define the Sobolev space HY*(Q) = H (9, |y|®dz) as the

completion of C*°(2) with respect to the norm

1/2
ooy = ([ ol + V) dz) (319)
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Here, C*°(Q) consists of the restrictions to Q of smooth functions in R?. For our purposes,
will be mostly a ball Br with radius R > 0. Therefore, from now on we will focus on the space
HY“(Bg). Moreover, we say that u € H-*(R?) if u € H-*(Bg) for every R > 0.

loc
Next, we define the homogeneous space HS "*(BRr) as the completion of C2°(Bpr) with respect
to the norm given above. In light of the Poincaré inequality (see Proposition 3.2.3), HO1 “(Bg)
can be equivalently defined as the completion of C'S°(Bpg) with respect to the Dirichlet seminorm

1/2
_ _ a 2
(U] gria(By) = [IVullL2.0(B,) = (/BR [yl Vul dZ) :

The weight term |y|® is locally integrable at ¥y whenever a+n > 0. Conversely, when a+mn < 0
the weight is supersingular; that is, it is not integrable at Yy. As we will see in Proposition
3.2.5, this lack of integrability forces elements in the Sobolev space to vanish on the characteristic
manifold in order to maintain finite energy.

We recall that a weight w € LIIOC(Rd), w > 0 is said to belong to the As-Muckenhoupt class if
and only if

1 1
M, := sup _ wdz )| ——— wtdz) < .
20€RL, R>0 (’BR(ZOM Br(z0) ) (‘BR(’ZO)’ Br(z0) )

In our case, the weight w = |y|® belongs to the As-Muckenhoupt class if and only if 0 < a+n < 2n.

Proposition 3.2.1 (As-Muckenhoupt weight). Let 0 < a+n < 2n. Then the weight |y|* belongs
to the As-Muckenhoupt class.

Proof. Since for every zy = (29,%0) € R x R™ it holds Br(z9) C B4™(xq) x B™(yo), we have

M,<e sup R jyl°dy / gl dy.
yoER™, R>0 B (yo) B%(yo)

for a constant ¢ > 0 depending only on d,n. To complete the proof, we show that
R~ ]y\“dy/ ly| *dy <c, foreveryyy€R", R>0, (3.20)
B (yo) B (yo)

for a constant ¢ > 0 not depending either on R or .
We distinguish two cases. If |yo| < 2R, then B} (yo) C B}p. Thus

3R
/ ly|*dy < / ly|*dy = C/ r e = eROT
Bji(w0) By 0

3R

where in the last equality we used that a +n > 0. Moreover, using that a + n < 2n, we obtain

/ ly|~%dy < cR™*™",
B%(yo)

thus showing that (3.20) holds in this case.
On the other hand, if |yo| > 2R then |yo|/2 < |y| < 3|yo|/2 for any y € B (yo). Hence we get

/ Iylady/ ly|~dy < cR*".
B%(yo) B%(yo)
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Therefore, (3.20) holds also in this case. O

3.2.2 Hardy-Poincaré and Poincaré inequalities

The following Hardy-Poincaré-type inequality is well known (see, for instance, [104, §2.1.7,
Corollary 2|). The proof of this result is postponed, as it will be included in the proof of the more
general Proposition 3.3.4.

Proposition 3.2.2 (Hardy-Poincaré inequality). Let R > 0 and 6 € R\ {—n}. Then

i) if § +n >0, then for every u € C*°(Bg) it holds that

0+ mn\2 d+n
(2 [ iz <25 [ peeipas [ e
BR 8BR BR

2

ii) if § +n <0, then for every u € C°(Bg \ Xo) it holds that

0+ n\2
(=) / yl%uldz < / [yl72|Vul?dz
Br Br

As a corollary, we also recover the Poincaré inequality. The proof of this result is similarly
postponed, as it will be included in the proof of the more general Proposition 3.3.5.

Proposition 3.2.3 (Poincaré inequality). Let R > 0 and a € R. Then

i) ifa+n>0 and u € C(BR), it holds that
a—+n\2 2 / 2
“u|*dz < @ d
() [ it as < [ upras,

ii) ifa+n <2 and u € C°(Br\ Xo), it holds that

a—l—n—2)2/ al 12 / a 9
PR — y|%ul“ dz < Y| Vul|“dz .
(“55) [, Witz < [ v

3.2.3 Weighted capacity

In this section, we examine how the properties of the weighted Sobolev space H%(Bg) depend
on the natural weighted capacity of the characteristic manifold.

Given R > 0 and a bounded domain §2 such that g N Br C 2, we define the local weighted
capacity of ¥¢ in the box 2 as

Cap, (3o N Bgr; ) = inf{ / ly|*|Vul|?dz | v € CX(R), u=1on X OBR} .
Q

Thanks to Proposition 3.2.3, one could equivalently consider, in the definition above, the minimiza-
tion of the full norm in (3.19). As next Lemma shows, we can identify three distinct capacitary
ranges: when the weighted capacity of the characteristic manifold is infinite, i.e. a+n < 0, we call
the weight |y|* supersingular, as we said before; when the weighted capacity is zero, i.e. a+mn > 2,
we call the weight |y|* superdegenerate; finally, when the weighted capacity is locally finite and
positive, i.e. 0 < a+n < 2, we call the weight |y|* mid-range. Notice that, since n > 2, the
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Ag-Muckenhoupt range 0 < a + n < 2n intersects both the mid-range and the superdegenerate
intervals. We also note that, within the mid-range interval, the capacity depends significantly on
both the radius R and the diameter of the box €.

Lemma 3.2.4 (Capacitary ranges). Let R > 0, and let Q be a open set such that o N Bg C ).

i) if a+n <0, then
Capa(zo N Bpg; Q) = 00;

i) if a+n > 2, then
Cap, (X0 N Br; ) = 0;

ii1) if 0 < a4+ n < 2, then there exists a constant ¢ > 0 depending only on a, d, n such that
0 < ¢ diam(Q)*"™ 2R < Cap,(Xo N Br; Q) < co.
Proof. The proof of i) is straightforward since, when a + n < 0, it holds that

/ ly|*|Vul?dz = 0o for all u € C°(R), u=1on ¥y N Bg.
Q

Indeed, assume by contradiction that there exists u € C°(€2) such that u =1 on ¥y N Bg and
Jo lyl*IVuldz < co. Since a +n < 0 implies that |y|* ¢ L} .(Q), we infer that Vu =0 on 3o N Q.
Therefore, u = 1 on g N 2, which means that u can not be compactly supported on €2, leading

to a contradiction.

Let now prove 4i). Call Qy = {z € R¥™" | (2,0) € Q}, and take ¢ € C°(Qq) such that
p(z) =1 for every x € B&™ C Q. Moreover, let € C°(R) be such that 0 <7 < 1, n(t) = 1
for t € (2,00) and n(t) =0 for t € (—o0,1). For h € N, we introduce

Un(2) = p(@)m(y)  where  mp(y) = n(_lohgm) : (3.21)

One can readily see that, for h sufficiently large, ¥, € C(92), ¥p(z,y) = 1 if |[x|] < R and
ly| < e~2" (and in particular U5 =1 on ¥g N Bg) and ¥y (x,y) = 0 if |y| > e~". Moreover,

—log |y [l oo @a-ny 7' l| oo (=
1V, 04(2)] = fo(a) | (2 () L)

Y
< Xfe- —hy .
h )h|y]2‘ = hly| fe=2h<Jyl<e~"}

Using cylindrical coordinates we obtain

/ ][V, 2z — / Vapl?da / gl l*dy + / p[2de / 1V 2y
Q Qo Rn Qo R™

—h

e c e
<c ratr=lge 4 5 ratn=3dr .
0 h/ e—2h

Thus, since a +n > 2, it holds that ||¥p||g1.e(q) — 0 as b — oo, which proves 7).

Finally, we prove iii). Let u € C2°(Q2) be such that w = 1 on ¥y N Bpg, that is, u(x,0) =1
whenever |z| < R. Since |y|* € L{ () it is clear that ||ul| 1.« < oo, and thus Cap(XoN Br) < co.

loc
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Next, let p = diam(€2), so that Q C B,. Fix xz € B;i{”. By the fundamental theorem of calculus
and Hélder’s inequality we have that, for every o € S, it holds

1 = |u(z, po) — 11* = |u(z, po) — u(x,0)* = ’/ Vu(z, so) Uds / |Vul|(z, so) ds)
p
§/ s |y 2 (:U,sa)ds/ 1ma=ngs < ¢p? “_”/ 59T (2, so)ds
0 0 0

where ¢ > 0 depends only on a, n. As a consequence we have that

o0
nwy, = / do < cp2a"/ / §" T V| (x, so)dsdo = cp2“”/ y|%|Vul*dy
S§n—1 Sn—1 Jgo Rn

and finally, integrating over = € Bf{” we find

mon B <ot [yl Vel < ot [ iV,
B " xRn R4

R

The conclusion readily follows. O

As we have previously remarked, in the supersingular setting a + n < 0, the weight term is not
locally integrable. This phenomenon leads to the following result.

Proposition 3.2.5 (Deunsity of smooth functions in the supersingular setting). Let a +n < 0.
The space H“*(BR) can be equivalently defined as the completion of C°(Bgr \ o) with respect to
the norm given in (3.19).

Proof. Tt suffices to show that for every u € C*°(Bg) N H%%(Bg), there exists a sequence {u.} in
C°(Bg \ Xo) such that [[ue — ul| gra(p,) — 0 as e — 0.

Let u € C*°(Bg) be such that |[ul|g1.a(p,) < co. Since |y|* & L, (Bgr), it follows that u = 0
on Br N Y.

Now, let n € C*°(R) be such that n(¢) = 0 for |t| < 1, n(t) =t for |t| > 2, and |n(¢)| < |¢| for
any t € R. Define
us(z) = en(e tu(z)).
Clearly, u: = 0 whenever |u| < &, which implies that u. € C°(Bg \ Xo). Moreover, u. = u
whenever |u| > 2¢, and Vu. = 7/(e 7 u)Vu. Thus

/ ly|*lue — ul*dz < 4/ ly|*|lul?dz =0 ase—0,
Br BrN{|u|<2e}\{u=0}

since |Br N {|u| < 2¢} \ {u =0} — 0. We can estimate the gradient part as

/ y|*V (ue — u)dz < C/ ly|*|Vul’dz — 0 ase—0,
Br BrN{|u|<2e}\{u=0,Vu|=0}

since |Bg N {Ju| < 2¢} \ {u = 0,|Vu| = 0}| — 0, given that B N {u = 0,|Vu| # 0} is a set of
Hausdorff dimension at most d — 1.

To prove this, assume u € C1 and define Qy := Bg N {u = 0,|Vu| > 1}, which is a compact
set. For each z € €, there exists r, > 0 such that B, (z) Ny is a (d — 1)-dimensional
regular hypersurface by the implicit function theorem. Then, selecting a finite subcovering of
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Qi C Ufil B, (2i) N Q, we have that for any arbitrarily small § > 0 it holds
A1 (0,) = 0.
Thus, since Br N {u =0, |Vu| # 0} = Ugey O, we have
HIH(Br 0 {u=0,|Vu| #0}) = 0.

The arbitrariness of § > 0 implies that Bg N {u = 0, |[Vu| # 0} is (d — 1)-dimensional. Notice
that the (d — 1)-Hausdorff measure could be infinite. O

Similarly to the supersingular setting, i.e. Proposition 3.2.5, whenever the weight is superde-
generate one has the following density result.

Proposition 3.2.6 (Density of smooth functions in the superdegenerate setting). Let a +n > 2.
Then the space H“*(BR) can be equivalently defined as the completion of C°(Bg \ o) with
respect to the norm in (3.19).

Proof. Tt suffices to prove that for every u € C*™(Bg) N H“*(BR) there exists a sequence
u, € C°(BR \ Xo) such that [Jup — ul| gr.e(py) — 0 as h — oo.

Let W), € C*°(Bg) be the family of functions introduced in (3.21). We recall that ¥}, = 1 in
BrN{Jy| < e "} and ¥, = 0 in BRN{|y| > e~"}. Moreover, if a+n > 2 then [|[ V| r.a(p,) — 0
as h — oo.

Let us define

up = u(l — Uy).

Since obviously uj, € C°(Bg \ ¥o) and

lun — ullgra gy < cllYnllmrasg) »

for a constant ¢ > 0 which depends on [|ul|pe(By); [Vl Lo (By), the proof is complete. O

3.2.4 H=W property

Sobolev spaces can be defined in terms of weak derivatives in IP spaces. In the unweighted case,
this definition is equivalent to the one based on the density of smooth functions (which we used to
introduce H%(Bg)). However, establishing this equivalence in the context of weighted Sobolev
spaces is not as straightforward.

Following the approach of [155], we introduce the set
W = {u € Wii2(Br) | |[ull (5, < o0}

loc

We then define
W1 (Bg) := the completion of W with respect to || - | E10(BR)-

We have the following characterization. Note that the two cases intersect.

Lemma 3.2.7. Leta € R, R > 0. It holds
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i) if a+n < 2n, then

W (Br) = {u € W, (Br) | ullasy < oo},

loc
ii) if a+n > 2, then

W (BR) = {u € WL (Br\ S0) | lulliraag < oo}

loc

Proof. Let us prove 7). The inclusion W C W4(Bg) is straightforward.

To prove the reverse inclusion, let us take a Cauchy sequence u C W. We note that uy, and
Vuy, are Cauchy sequences in L?%(Bg) and L?%(Bg)?, respectively. Due to the completeness of
L*%(Bg), there exist u € L>»%(Bg) and V € L?%(Bg)? such that

up — win L**(Bg),  Vu, — V in L>%(Bg)?. (3.22)

In particular, we note that

/ \y|“\u|2dz+/ ||V 2dz < oo.
Br Br

By Holder inequality, we have that for every compact set K C Bp it holds that

[ itz < ([ 1uetraz) ([ wieaz)* <

Here we used that |y|~ € LL (Bg) due to the assumption a + n < 2n. Performing the same

loc

computation for V, we obtain that u,V € L (Bg).

loc

To conclude, it remains to show that V is the weak gradient of u. Fix ¢ € C2°(Bpg). Using
(3.22) we get

‘/BR(Uk B U)vwdz‘ S (/BR |y’a|uk - U’2d2’);</BR y|_a|V<,0|2dz>; N 0’
3 1
‘/B (Vur = V)pds] < </B [yl Vuy - V[2dz)” (/B [y~ Jel?dz)* = 0.
R R .

Hence, since uy, € Wli’cl(B Rr), we have
/ (uVo+ ¢V)dz = / (ug Ve + pVug)dz 4+ o(1) = o(1).
BR BR
Therefore, V' = Vu, and i) is proved.
Let us now prove #i). To show that

Wh(Br) C {u € Wioe (Br \ o) | l|ullmrie(sy) < oo}

we can proceed in a manner similar to the proof of 7), with a few minor modifications. Note that if
a+n > 2, then in general |y|=® & L' (Bg); however, it is always true that |y|~® € LL (Bg\ ).

Next, let us prove that

{u€ Wit (Br\ %0) | |[ullrr.e(s,) < 00} € WH(Bp).
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Let u € W (Bg \ $o) with |u]| e,y < 0o be fixed. Moreover, let ¢ > 0. For k € N, consider

loc
the sequence uy, defined as

k fu>k
U =< U if —k<u<k
-k ifu<—k

It is standard to see that u, € L*(Br) N Wlicl (Br\ o) and [|u — ugl|gr.e(p,) — 0 as k — oo.
In particular, there exists 4 := uy, for some sufficiently large ko such that [[u — @[l g1.a(p,) < €/2.
Let W¥j, € C*°(Bg) be the family of functions introduced in (3.21). We recall that 0 < ¥, <1,
Uy, =1in Bpn{ly| <e 2"} and ¥;, = 0 in Br N {|y| > e "}. Moreover, since a + n > 2 then
¥l gre(By) — 0 as h — oo.
Define
up = u(l — Up).

1

ioc(BR), even when

We point out that spt(uz) C {|y| > e™"}. As a consequence, uy, |Vuy| € L
ly|~* & L _(Bg). Moreover, for every ¢ € C°(Bg) it holds

loc

/ (nVep + oV )dz = / V(1 — Tp)g] + [(1— W) Virdz =0,
Br Bgr

where we used that (1 — )¢ € C2(Bg \ %) and 4 € W, (Bg \ %9). Hence, uj, € I/Vll’l(BR).

loc oc
By Lebesgue dominated convergence theorem (recall that |¥| < 1 and ¥; — 0 a.e. on Bp as
h — oo) and since ||V g1.a(p,) — 0 We obtain, as h — oo,

Ji = ooy <2 [ WI(VaP + [aP) 0Pz +2 [ ol [T
BR BR
< o(1) + 2/[@ll oo (B Vnll Hr10(BR) = (1)
In particular, fix hg € N such that (|4 — upg || g1.e(py) < 5-
Since uyp, € Wllo’cl(BR) and
v = ung lte(Br) < lu—@llgrapg) + 16— ungll ey < €5

thanks to the arbitrariness of ¢ we conclude that u belongs W¢(Bg), thus completing the
proof. O

It is now straightforward to show that the H = W property holds, at least when a +n > 0.

Lemma 3.2.8 (H=W). Ifa+n >0, then
H"“"(Bg) = W"“(Bg).

Proof. If 0 < a +n < 2n the weight |y|* belongs to the Muckenhoupt class Az, see Proposition
3.2.1. Therefore, the result is classical; see for instance [89, Theorem 2.5] or [155, §4].

If a +n > 2, we first note that every u € WH%(Bg) can be approximated by functions
up, € VVli)’Cl(BR) which are supported away from Y; see the proof of Lemma 3.2.7, i7). In turn,
the functions uy can be approximated by functions in C°(Bg \ ¥o) using a standard mollification
technique. O
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3.2.5 Trace inequalities and compact embeddings

Next we show a trace-type inequality. To this aim, we introduce the projection
II:RY 5 R* I(z2) =y,
and we notice that, using polar coordinates, for any z =ro, r = |z| > 0, 0 = ‘—z' € S%1 it holds

y =rllo.

Lemma 3.2.9 (Trace inequality). Let R > 0 and a +n > 0. Then for any u € C*°(Bgr) and
0<r <R itholds

¢ / Iy]°uf2ds < / || Vul?dz + ! / 1y]°uf?dz,
OB, Bgr Br

for a constant ¢ > 0 depending only on d and a.

Proof. Let 0 < p <r < R. By fundamental theorem of calculus and Hoélder’s inequality we have
that for any o € S~ it holds

r 9 r r
lu(ra) — u(po)|* < </ |Vu\(7'0’)d7) S/ Tl_a_dd’r/ 79T ) (ro)dr .
P P p
Therefore

/ Lo |%|u(ro) — u(po)|?do < / Tl_a_ddr/ ly|%|Vu|?dz
Sd—1 p B, \B,

/Tl_a_ddT/ |y|a|Vu|2dz,
p Br
and thus

rl—a—d/ yy\ayu\st:/ TTo|*[u(ro)|2do
0B, §d-1

< 2/ o |*|u(ro) — u(po)*do + 2/ Tlo||u(po)|*do
Sd—1 Sd-1

IN

< 2(r = p)max(r ==y [ peigupdz 2 [ ol uoe) .
) )

Next, we multiply both sides by p2+d—1

Since

and integrate over p € [0, r], using that a+d > a+n > 0.

T
/pa—l—d—l/ ,Ha|a|u(pg)\2dadp=/ [yl [ul*dz,
0 Sd-1 By

the proof is complete. O

Lemma 3.2.10 (Compact embedding H'® < L*9). Let R> 0 and a +n > 0. Let {ux},u in
HY%(BR) be such that u, — u in H"*(Bg). Then, up to subsequences, ux — u in L>%(BR).

Proof. Whitout loss of generality, we can assume that uj — 0 in H%(Bg). Morever, since uy, is
weakly convergent in the Hilbert space H'%(Bg), it is bounded.
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Let § > 0 be fixed, and consider o5 € C°°(Bg) such that 0 < 5 < 1 with ¢ = 1 when |y| < d
and ¢ = 0 when |y| > 2. In particular, on the support of s and for every o > 0 it holds
1 S 20’50|y’—0.

We compute
[ wltaPaz<z [ - eolthul 2 [ il
Br Br Br

Fix 0 < 0 < 2 such that a — o +n > 0. Using Proposition 3.2.2, i) with § = a — o, we find

/ Rl < 67 / W17 ur? < 67 B2 g g 5
Br Br

where in the last inequality we also used Lemma 3.2.9.

In particular, since {u} is a bounded sequence in H1%(Bg), we infer that

/ g Pdz < 2 / 1%L — @5) il + 5,
Br Br

for a constant ¢ > 0 not depending on k.

Next, we notice that (1 — ps)uy is a sequence supported in Bg \ X5, where the weight |y|*
is bounded and bounded away from zero. Thus, via a standard argument, we can see that
(1 — @s)uy, — 0 in the unweighted Sobolev space H'(Bg), and therefore

/ ly|(1 = @5)?|ug]* < C/ (1—5)2|up)> = 0 as k — oo,
Br Br

by the classical Rellich-Kondrakov theorem. Summing up, we have proved that

lim Y| ur|? dz < 67,
—00 BR

and the conclusion easily follows due to the arbitrariness of 4. O

As a consequence of the previous two results we have the following trace theorem.

Lemma 3.2.11 (Trace operator). Let R >0 and a+n > 0. Then there exists a unique bounded

linear operator
Tg: H"*(Bg) — L**(0Bg),

such that for all u € C*°(BR)

Tru = ujpBy-

Moreover, the following characterization holds
Hy“(Bg) = {u € H"**(Bg) | Tru = 0}.

Proof. Since C*°(Bg) is dense in H'*(Bg), the first part of the lemma is a direct consequence
of Lemma 3.2.9 and a density argument.

As for the second part, it is obvious by the above definition that every u € Hg “(Bgr) satisfies
Tr(u) = 0. Let then u € HY%(Bg) be such that Tru = 0. Since Tru = 0, u can be trivially
extended to zero outside of Bp.
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Now let us consider, for A € (1,2) the functions
u(z) = u(Az),

which, by construction, are such that uy(z) = 0 if & < [2| < R. As a consequence, one can
casily see that |[ux||gi.epy) < cflullgrapy) for a constant ¢ > 0 not depending on A. Thus
uy € Wh¢(Bg) by Lemma 3.2.7, and in fact uy € H"*(Bg) by Lemma 3.2.8. Moreover, since
ux(z) = 0 if % < |z| < R, each uy can be approximated by functions in C°(Bg), that is,
Uy € H&’G(BR).

Since Hé’a(BR) is complete, to conclude it suffices to show that [[ux — ul|g1.ap,) — 0 as
A — 17, Since u) is bounded in Hé’a(BR), it converges weakly to v € Hé’a(BR) and, thanks to
Lemma 3.2.10, it also holds uy — v a.e. in Bg. In fact, since u)y — u a.e. in B by definition,
v = u. Finally, we observe that |[uxl|g1a(p,) — llullgies,) as A — 11, and this is enough to
obtain strong convergence. The proof is complete. O

3.2.6 Poincaré-Wirtinger inequality and 2-admissible weights

In this section we establish the 2-admissibility of the weight term |y|® whenever a +n > 0.
The definition of 2-admissible weights can be found in |32, §1.1|, and can be resumed into four
properties, in order: the doubling condition on the measure du = |y|*dz, a condition on the
well-definedness of the weak gradient, a Sobolev inequality, which is proved later in Lemma 3.3.7
in a more general form, and the Poincaré-Wirtinger inequality, which is stated and proved below.
Checking the first two conditions is easy and we omit the proofs.

Proposition 3.2.12 (Poincaré-Wirtinger inequality). Let a +mn > 0 and R > 0. Then there
exists a positive constant ¢ > 0 depending only on d, a such that for any u € H“*(Bg)

o[ it RPde < B [ lypvud: (3.23)
Bpr Br
where )
u)% :—/ y|*u dz, and 1a(BRr —/ y|* dz.
= o Br) = [
The proof is classical and can be found for instance in [62, §5.8.1]. However, we report it in

order to show why the inequality holds true whenever the weight is locally integrable and the
codimension n > 2 while it does not hold in the superdegenerate setting when n = 1.

Proof. Let us prove the inequality in the unitary ball; that is,
e[ ol Pz < [ lylvala, (3:24)
B1 Bl

Then, one can recover (3.23) by scaling. Assume by contradiction that (3.24) does not hold.
Then, along a sequence {u;} C HY%(B)

luk — (ug) il L20(By) > klIVukl p2.a(z))-

Let
_ ug — (ug)§
Vg = a .
lur — (ur)fll L2.0(By)
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Then
JvkllL2ay =1, (vp)] =0, and [Vug|pzem,) < 1/k.

By Lemma 3.2.10, there exists v € HY%(Bj) such that, vy — v in H%%(B;) and v, — v in
L?%(By) up to subsequences, with |[v[|;2.0(5,) = 1, (v)§ = 0 and Vv = 0 almost everywhere in
Bj. Since the weak gradient is defined as a L{ (B1) function whenever a +n < 2n and as a
LIIOC

B or By \ X, one can conclude that v must be constant almost everywhere in By. Then, the
two conditions ||v]|z2.6(p,) = 1 and (v){ = 0 are in contradiction. O

(B1 \ o) function whenever a +n > 2, in any case, due to the connectedness respectively of

Notice that, when n = 1 and in the superdegenerate setting, i.e. a > 1, B; \ Xy is not connected.
Then, the proof above is not valid. In fact, the Poincaré-Wirtinger inequality is not valid too.
Consider the jump function u = 1 on By, u = 0 on By, see [13%, Example 1.4]. However, we
would like to stress the fact that in the codimension 1 case, the weight |y|® is still 2-admissible
from one or the other side of the hyperplane .

3.3 Functional setting with stability in perforated domains

In this section, we provide the functional setting in perforated domains.

Let us consider a symmetric matrix A € C'(Bg;R%?) which satisfies the uniform ellipticity
condition (3.5) and express A in blocks form as in (3.18); that is,

. A1 A2
4= (A; Ag) ’

where A; € CY(Bg;R¥™4) Ay € CY(Bg;R*™") and Az € C'(Bg;R™").

Remark 3.3.1. The regularity assumptions stated above can be relaxed as follows: A; €
CO(Bg;RI=™4=1) " Ay € C°(Bg;R™") and A3z € C'(Bg;R™"). In other words, the only block
that actually requires one additional degree of regularity is As. However, since we will smooth
the original coefficients by convolution with standard mollifiers and to simplify the notation,
we will assume the stronger condition A € C1(Bp;R%?). In the same way, when we assume
A € OY(Bg;R%4) for some a € (0,1) we could instead assume A; € C%¥(Bg;RI—d—),
A € Co’a(BR; Rdfn’n) and Ag € Cl’a(BR;Rn’n).

Let us consider a small £g > 0 such that Lemma 3.A.1 holds true. The latter depends on R, A,
A and L where ||Al|c1(p,) < L. For every € € (0,¢0), let us define the (g, A)-neighborhood of ¥
as
S8 = {(z,y) e R X R" | A7 (z,y)y -y < €7},

€

and its boundary
052 = {(z,y) e R x R" | A3} (z,y)y -y = £°}.

When A =1 we simply write
So= Xl =yl <} 0% =0l = {Jy| = }.

Moreover, let us point out that for every matrix A one has that {y = 0} = 3¢ = GEOA.
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Remark 3.3.2. The choice of g, given by Lemma 3.A.1, ensures that the normal vector to 32?
is continuous and well defined in Bg. Hence, the boundary %2 is locally of class C! whenever
A € CY(Bg) and of class C1® whenever A € C1%(Bg) for any given a € (0, 1).

We write 0 < ¢ < 1 to denote that there exists a possibly small ¢ such that we consider
e € (0,e0). Moreover, in the context of perforated domains, we always assume that the matrix A
is at least C'! to guarantee that the boundary 82? is C'1.

3.3.1 Functional spaces on perforated domains
Smooth functions

For R > 0, 0 < ¢ < 1, we define the following spaces of smooth functions.

C=(Br\ES) ={u, . | ue C*(RY)},

Ce(Br\ 2 ={ psa | UE C*(R?) and spt(u) cC R*\ 21,
Ce(Br\ 22 = { . | uwe C™(RY) and spt(u) CC Bgr},
Ce(Br\ ) = { s | UE C*(R%) and spt(u) CC Br\ =2}

Weighted LP spaces

For a € R, and p € [1,00), we define the space
LP*(Br\ T2 := LP(Bgr \ B2, |y|*dz),

and for fields
LP9(Bp\ 52Y! = LP(B\ 54, y|*d2)".

In both cases we denote the norm as || - [|Lp.a(p,\5a), for sake of simplicity.

Weighted Sobolev spaces

Let us define the norm

1

_ ag, 2 2 2
lnaen = (f, 101G+ Vuz)” (3.25)

R\XZE

We define the following Sobolev spaces:

HY“(Bp \ ) = the completion of C*®°(Bg \ £4) with respect to the norm in (3.25);
HY(Bg \ ©4) = the completion of C°(Bg \ £2) with respect to the norm in (3.25);
HY“(Bg \ £4) = the completion of C°(Bp \ ©4) with respect to the norm in (3.25);
Hé’a Br \ £4) = the completion of C2°(Bg \ £4) with respect to the norm in (3.25).

Note that the following inclusion of spaces hold true

Hy“(Br\ =2) ¢ HY(Br\ 2) c H"(Bg\ 22,
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Hy(Br\ $2) € HY(Br\ 24) € H"(Br \ £2).
Remark 3.3.3. We point out that for every a € R it holds

H“*(Bgp\ o) = H"*(Bg),  H"““(Br\ %) = H"*(Bg)
H"“(Bg \ $o) = Hy“(Br \ To) = Hy"(Br) -

If a+n € (—o0,0] U[2,00), by Proposition 3.2.5 and Proposition 3.2.6 we also have

H“(Bg) = H"*(Bg \ %), Hy"(Br) = Hy*(Br \ %) .

3.3.2 Stable Hardy-Poincaré and Poincaré inequalities

Proposition 3.3.4 (e-stable Hardy-Poincaré inequality). Let R > 0,0 <e < 1 and 6 € R\{—n}.
Then

i) if 6 +n >0, for every u € C®°(R?) it holds

0 2 )
(55 [Pl S [ pds s [l upa:
2 Bp\xg 2 dBRr\ZZ Br\Z4

ii) if 6 +n <0, for every u € CX(R?\ £4) it holds

2
(28 wlPas< [ v
2 Br\sA Br\s4

€

Proof. First we prove i). Let 6 +n > 0, § # —2. Using that Aly|%*? = (6 4 2)(6 + n)|y|® and
integrating by parts, we find that for every u € C°°(R?) it holds

(0 + n)/ ly|° |u|?dz = —2/ ly°uVu -y dz
Bpr 4 BR\EEA

€

+/ \y!‘”lw?da—/ %y - v(2)|u*do (3.26)
dBr\%4 4

F OXANBR

<2 WPTliulde s [ P,
Br\x2 OBR\x2

5

where we used that v(z) -y > 0 on %4 by ii) in Lemma 3.A.1. In fact, letting § — —2 we see
that (3.26) holds also for § = —2.

Next we apply Holder and Young inequalities to get

o+n
2 [ WPelde < S5 [ Pl [ PV,
Bp\B2 BR\oA " JBr\x2

€

€

and 1) follows.
Let now § +n < 0 and u € C°(R%\ £2). Arguing exactly as in the proof of (3.26) we find that

6+ / lylPfufdz = — / I+ uf2do + 2 / P uVu - yde
BR\E? aBR\Z? BR\EA

<9 / 1+l [Vl dz,
Br\Z&

€
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and thus we obtain i) via Holder’s inequality. O

Proposition 3.3.5 (e-stable Poincaré inequality). Let R >0, 0 <e < 1 and a € R. Then

i) ifa+n>0 and u € C(BR) it holds

a+n 2/ 9 / 9
ylu” < Y|4 Vul. 3.27
(5%) s R (3.27)

i) if a+n <2 and u € C R\ $2) it holds

_9\2
() [ s [ e
2R Br\£4 Br\EA

£

Proof. Case i) follows from ¢) in Proposition 3.3.4 with § = a, while case ii) follows from i) in
Proposition 3.3.4 with § = a — 2. O

3.3.3 Stable trace inequalities on the boundary of the hole

Lemma 3.3.6 (e-stable trace inequality on the boundary of the hole). Leta+n >0, R >0
given by Lemma 3.A.3 and 0 < ¢ < 1. There exists a constant ¢ = c(a,n, R, \,A) > 0 such that
1t holds

¢ yl%[uf?do < G. / WO Vuldz,  we HY(Br\ 54,
9%ANBR Bp\xZg

where
e a+n>2
G:=(cloge a+n=2
gdtn=l < ag4+n<2.

Proof. First, we consider the case A = 1. The proof is similar to the proof of Lemma 3.2.9, so we
omit some details.
- be fixed, and

By density, it suffices to prove the result for u € C>°(Bg \ .). Let € Bii/_];j
notice that (z,y) € Bg \ 3. if and only if ¢ < |y| < Ry, where R, = /R% — [z]2 < R. We point
out that u(z, Ryo) = 0 for any o € S"~!. Thus, using the fundamental theorem of calculus and
the Hoélder inequality we get

Ry R
lu(z,e0) > = Ju(z, Ryo) — u(z,e0)* < / T“+"1]VU|2(TU)dT/ rl=enqr.
3 3

Integrating over o € S"~! we find

R
| wltuPdo =t [ jueco)Pdo < (<2t [Tetemar) [ pyeivuay,
OB Sn-1 e B

o \BZ
(3.28)
Notice that

R
5a+”_1/ =g < ¢ G,
€

for a constant ¢ > 0 depending only on a, n and R. To conclude, we integrate (3.28) over

d—n
T E B\/W'
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Let us now consider the general case. Let u € C2°(Bpg \ E?), and define % = v o ®~! where ®
is the C'-diffeomorphism from Lemma 3.A.3. For every z € Bg, we have |®(2)| < c¢R with ¢ > 0
depending only on A and A. Thus @ € C}(Beg \ 3.). Moreover, taking into account ii) and iii)
from Lemma 3.A.3, and using the change of variables (z,7) = ®(z), we obtain

_1
/ |T“|Vﬂ(:v,7)|2d:vdT:/ A 2 (2)y|*(Ja Js) "V - Va det Jod=
RA\Z, Rd\Z?
< c/ ly|%|Vu|?dz .
R\TA

On the other hand, by taking the same change of variables in the integration over 0%, for
instance see [102, §11], and using Lemma 3.A.3, iv), we get

_1
/ 7|, ) Pdo(z, 7) = / A2 (2)y]"uf?] det(IL. © J3 Ji o IL.)|dor(2)
)N oxnA

€

e lufdots).
anA
To conclude, apply to @ the previous step, which holds also for functions in C}(B.g \ 25) O

3.3.4 Stable Sobolev inequalities

Lemma 3.3.7 (e-stable Sobolev embeddings). Let a +n >0, R > 0 given by Lemma 3.A.3 and

0<ex1l. Set
2(a++d)

p i L /A
a a++d—2

i) if ap +d > 2, then for any 2 < q < 2} it holds

2
([ lalluraz)’ < [ livuPds,we (B )
Br\¥4 Br\Z4
for a constant ¢ not depending on € nor q.

it) if d=mn=2 and a <0, the same result holds true for every q € [2,00).

The proof is a consequence of some lemmas. The first lemma is an e-stable L'-version of the
Caffarelli-Kohn-Nirenberg inequality.

Lemma 3.3.8 (e-stable L'-CKN). Let a+mn >0, ¢ > 0. Then for any 1 < q < —Io it holds

l a+n
o[ wiladn) < [l Valdy, e c2l@n)
R\ Br R\ Br

for a constant ¢ > 0 that does not depend on € or q.

Proof. Let 1 < ¢ < % be fixed. Set, for € > 0,

atn
Jemygn ol YV uldy

1

E (S lylfuldy)”

Sq,e - 0,1
ueCy’
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Our aim is to show that S, . > ¢ > 0, for a constant ¢ not depending on € or g.

First, we notice that by a standard scaling argument it holds that S, . = S, 1 for any € > 0. In
fact, given u € C2H(R™), it suffices to consider v € Co'H(R™) as v(y) = u(cy).

Next we show that S, ¢ < ¢Sg1 for a constant ¢ > 0 independent from g. Let u € C’g’l(R”) be

fixed. Arguing as in the proof of Lemma 3.3.4 (take |u| instead of |u|? in (3.26)), we see that the
following Hardy-type inequality holds:

atn / Iy =5 " uldy < / Iy =D Tl dy (3.20)
T R™\ B}

Next, we extend v in the unitary ball B} by the Kelvin transform

i) = {U(y)z(m) lyl > 1

lyl o u(l(y) |yl <1,

where I(y) = |y|~2y is the inversion map. Clearly, @ € CO''(R"). Since JrJ; = |y|™*I,, and thus
|det J;| = |y|~2", a standard computation yields

/ 1y[?[a]9dy = 2 / 9]l 9dy
R™ R\ B}

and

[l waday <e [ WOy [l )
R® R"\ B} R™\BY

< c/ ly| 5D Tuldy .
R7\ B

where we also used (3.29). Notice that the constant ¢ > 0 can be taken independent of 1 < ¢ < 7.
Thus we infer that

g g)d g 11T O [ Tuldy
50 < e T OWVdy ey e
(i lylelfody)" (i lolelady) "
for any u € c? ’I(R"), that is, Sq0 < ¢Sg,1. Since by the classical Caffarelli-Kohn-Nirenberg
inequality [24] we have Sy ¢ > 0 uniformly in g, the proof is complete. O

The second lemma we need is an equivalence between weighted Sobolev-type inequalities and
the L'-Moser weighted inequality. The unweighted version of this equivalence for functions defined
on all the space is well known; see, e.g., [10] and the references therein. The presence of the
weights and the restriction to subsets does not add any difficulty; nevertheless, we present the
proof for the sake of completeness.

Lemma 3.3.9. Let d > 1 and let A C R be a set with smooth boundary and non empty interior.
Let p,v € L%OC(A), w,v > 0. Moreover, let ¢ > 1. Then

co</A,u(z)|f]qdz>q S/AV(Z)|Vf|dz, for every  f € COL(RY) (3.30)
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if and only if
o [ I i< ([ uelnds) [ v@Osas gorevery fecRlRY, @31)

for the same constant cg > 0.

Proof. If ¢ =1 the two inequalities coincide. Then, let ¢ > 1.

Since (3.30)=-(3.31) simply follows by the Holder inequality, we only need to show (3.31)=(3.30).
Assume then that (3.31) holds, and fix f € CS’I(R”), 6 > 1, and for k € Z define

5k |f| > 5k+1
fr(z) = S Ifl =0k % < |f| < oFH1
0 |f] < o".

Notice that f € CO'(R™) and fj, > 0. Next we define

ay = 5’1]“/ w(z)dz, and by :/ v(z)|Vfldz.
An{5E<|f1} An{sh<|fl<o+1)

We have
-1 -1
/M(Z)|fk|1+qq dz > 6T,
A

/ H(2) | fi] < Sy
A

Therefore, applying (3.31) to fi we infer

1 ?+g-1 =l
apy1 <cg 0 9 bray? .

Summing over k € Z and using the Holder inequality we get

1 *+q-1 a1 1 ¢®+q-1 q % q%ql
Yoar= ap <cg's 0 Y bra” <l (Zbk) (Z%) ,
keZ keZ keZ keZ keZ
hence
1 2 1 2 2
i q“+q-1 P 9°+g-1 9~ +g—1
(M) <o (Do) <qglo™ Y be=cgla /u(z)|Vf|dz.

keZ keZ keZ L

Finally, since

[ roisiaz =3 [ u(=)|f17dz < 693 ay.,

kez ) AN{SF<| fl<dt+1} keZ

we infer that )
q2 +2q—1

oo /A p()Iflidz) " < 5" /A v(2)|V f|dz.

Letting § — 1 we obtain (3.30) and complete the proof. O
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The final preparatory lemma is an L'-version of Lemma 3.3.7, in the case A = I. In its proof,
a technique introduced in [11] is crucial; see also [77]. This allows us to recover L!-Sobolev
inequalities on weighted spaces which are Cartesian products of weighted spaces.

Lemma 3.3.10. Leta+n >0, R>0,c€[0,R), and 1 < ¢ < aiﬂ;fl. It holds

1
o[ wluaz)t < [ livalds, we CE(Ba).
Br\Ze Bgr\X:

for a constant ¢ not depending on q or .

Proof. The case d —n = 0 derives directly form Lemma 3.3.8 by noticing that for

1§q§min{ a+n }_ at +n

n—1"a+n—-1 ay+n-1
it holds . .
atn_ (1 arTn_(g+n—1
[yl " T <yl R T < ey
where ¢ > 0 depends only on a, n, R.

Let then d —n > 1. By classical and well known results (one can use, for instance, the classical
Caffarelli-Kohn-Nirenberg inequality when d —n > 1 and |32, Proposition 1] for the case d—n = 1)
we have that for every p > 1, (d —n — 1)p < d — n, it holds

1 —n
a [, Jra)” < [l T, fe cme,
Rd—n Rd—n

for a constant ¢; > 0 not depending on p. Thus, using Lemma 3.3.9 we get that

= el —-n
o [ AT ([ inde) T [ el e, e e,
Rd-n Rd—n Rd—n
(3.32)
whenever p > 1, (d—n—1)p <d—n.

On the other hand, by Lemma 3.3.8 and Lemma 3.3.9 we have that for every g € C’g’l(R”) it
holds

q—1

a-1 atn_(,_
o R O A ) A Bl ¥ T PO CE )
R\ B Rn\ B Rn\ B

whenever 1 < ¢ < %5, where the constant cz > 0 does not depend neither on ¢ nor ¢.

The inequalities (3.32) and (3.33) are equivalent, respectively, to the F-Sobolev and G-Sobolev
inequalities

don_(gope Y
L, (HfHL‘J;L)) dos [l forevery f € COURET)

a g a+n_n_ n
Lo 016 (e Y= [ 10 gty for ey g e 021,
E 6 E (3.34)

where
g—1

F(s) = clspr%l and G(t) =cot « .
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Let u € C'g’l(Rd). Arguing as in the proof of |11, Proposition 3.3] with minor modifications,
thanks to (3.34) we obtain

a U M— —n— a atn n—
/R o, ‘“'H(W(‘Rd\z))dﬂcdf‘fﬁ /R o, 17Ol ) uldady

where

H(r)= itnf [F(s)+G(1)].

St=r
After some standard computations, we see that forp>1, (d—n—1)p<d—n,1<q< Py, it
holds
Tpg—1

H(r) > min{cy, co}r
where ( 0 ( 0

plg—1)+q(p—

= =1.
f)/pvq pq — 1 ’ ’)/171

Thus

. 14220
mln{Cl,CQ}/ ly|“lu|” " ea dady
RIS,

Tp.g 1 d—n _ —n— atn n—
< ([ tolfuldy) [ (el T gy D) Fuldady
R4\ ¥, RI\X,

Applying Lemma 3.3.9 once again, we infer that, for every u € e ’I(Rd) it holds

L d—n

o [, whareeds) ™0 < [l T Oy ) Tz, (335)
RA\Z, RI\X,

for some constant ¢ > 0 not depending on p, ¢, €.
Now, let us take 1 < 7 < d%‘ll, and put g = % in (3.35). Further, let p = df:jl
if d —n > 1 or take the limit p — oo if d —n = 1. We find that for every 1 < 7 < d%ll and

u e COH(RY) it holds

% at+d—7(at+d—1)
o( [, ltulrdz)" < [yl ) e,
RA\ X, RA\Z,

Let now u € C¢°(Bg). To conclude it suffice to notice that for

1§T§min{ d a+d }_ ar +d

d—1a+d—-1) a  +d—1
it holds
at+d—7(a+d—1) atd—7(atd—1)
|y’d7n77(d7n71) S Rdfnf‘r(dfnfl) S c,
for a constant ¢ > 0 not depending on ¢ nor gq. 0

Proof of Lemma 3.5.7. The proof is divided in two steps.

Step 1: The case A =1. Fix g such that 2<¢<2*ifar +d>2o0r ¢>2if ay +d = 2. Let us
denote
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CL+ +d
ayr+d—1-°

and notice that r < gand 1 <r <

We fix u € C2°(Bg) and define v = |u|7. Since ¢ > r, then v is smooth and we can compute

[ wthirae= [ gerde<e( [ i)
BRr\X Br\Xe Br\X:

where the last inequality holds true thanks to Lemma 3.3.10.
Next we use that |Vov| = %\u|qri |Vu| and the Holder inequality to obtain

C</BR\E€ |y|&|U|qu>i : </B \5. WW“WZ)%(/BR\EE ly |l d2>§,

R
2(q — 1 1
o=r) _ g oL L
r r 2 q

and since

we readily conclude.

Step 2: the general case. Let u € C°(Bg), and define & = u o ®~!, where ® is the C'-
diffeomorphism from Lemma 3.A.3. For every z € Bg, we have |®(z)| < ¢R with ¢ > 0 depending
only on A\, A. Thus @ € C!(B.r). Moreover, taking into account ii) and #ii) from Lemma 3.A.3,
and using the change of variables (z,7) = ®(z), we obtain

_1
/ (71, 7)Y dwdr = / A5 2 (2)y[?ul?] det Ja|dz > ¢ / ] ultdz
R4\ 3, R\ 3 A R\ DA

_1
/ 7 |° | Vii(e, 7)|2dadr _/ A7 2 (2)y|"(JT )"V - Vu det Jo|d=
RA\S, Rd\£A

< c/ ly|*|Vu|?dz .
RA\ZZ

The conclusion follows applying to % the previous step. Notice that the latter holds true for
functions in C! by a standard density argument. O

3.4 Solutions, stable L™ estimates and approximation results

In this section, we provide the notion of weak solutions to (3.1). We define the regularized
problems for (3.1), and we prove some approximation lemmas. Moreover, we prove local stable
L™ estimates for the regularized solutions.

3.4.1 Notions of solutions

Definition 3.4.1. Let a+n > 0, R > 0 and A satisfying (3.5). Let f € LP%(Bpr) where p = (2%)’
ifd+ay >2o0rp>1ifd+a, =2and F € L9%(Bg)? where ¢ > 2. We say that u is a weak
solution to

— div(jy®AVu) = [y f + div(jy|"F), in Br (3.36)

if w € HY%(Bg) and satisfies

/ Y AVY - Vo = / Wl (fé - F - V), (3.37)
Bgr Br
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for every ¢ € C°(Bg).

We say that u is an entire solution to
—div(Jy|*AVu) = |y|*f + div(Jy|*F), in R,

if v is a weak solution to (3.36) for every R > 0.

Remark 3.4.2. We highlight that our notion of weak solution implies a weighted conormal
boundary condition on the lower-dimensional set ¥y. This is a consequence of the fact that the
weak formulation (3.37) involves test functions whose support may touch the thin manifold ¥.
We refer to these solutions as solutions across ¥g. Let us assume for sake of simplicity that f = 0,
F =0, and fix ¢ € C°(Bgr). Multiplying (3.36) by ¢ and integrating by parts in Bg \ 2., we
obtain

0= / —div(|ly|*AVu)pdz = / ly|*AVu - Vodz — / ly|*¢AVu - vdo.
BR\EE BR\EE

0X:NBR

Formally, taking the limit as € | 0, we find

/ WAV -V dz = / Du(a)(z,0) du,
Br

d—n
BR
where

Dy(z) == — 15%1@1—" /wn Y| "2 AV U - y do(y).

Hence, in the weak formulation of (3.36), we are assuming that D,, = 0. It is worth noting that if
a+n > 2, due to the zero weighted capacity of the thin manifold, only solutions to (3.36) make
sense, since one could not impose any different boundary condition at . Conversely, when
a—+n € (0,2), the weighted capacity of ¥ is positive and locally finite, allowing the imposition
of both inhomogeneous Dirichlet and inhomogeneous conormal boundary conditions, respectively
u =g and D, = h on Y.

Definition 3.4.3. Let a +n >0, R > 0, A € C'(Bg; R%?) satisfying (3.5) and 0 < ¢ < 1. Let
f € LP*(Br\ 22), where p = (2%) ifd >2o0rp > 1if d =2 and F € LB\ 32)¢ where
q > 2. We say that u is a weak solution to

{— div(|y|*AVu) = |y|*f + div(|y|*F), in Bg\ %2 (3.38)

(AVu+F)-v=0 on 9¥4 N Bp

if u € H*(Bp\ £4) and satisfies

/ [ AV - Védz = / y[*(fé — F - Vé)dz,
Br\¥Z2 Br\ZA

€

for every ¢ € C°(BR).

We say that v is an entire solution to

—div(|y|*AVu) = [y|*f + div(|y|*F), n R\ 22
(AVu+F)-v=0 on ¥4

if u is a weak solution to (3.38) for every R > 0.
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Moreover, we adopt the convention that solutions to (3.38) with € = 0 coincide with those of

(3.36).

Remark 3.4.4. Fixed u € H%%(Bg), a weak solutions to (3.36) satisfying the boundary condition
u—1u€ HS’G(BR) is a minimizer of the functional

AVv -V
E(v) ::/ |y|“(# —fv—l—F-Vv)dz,
Br

over X := {v € H"*(Bg) | v—1u € Hy"*(Bg)}.

By the Poincaré inequality and the Sobolev type embedding, see Proposition 3.2.3 and Lemma
3.3.7 respectively, the assumption on the data allows us to obtain that the functional £ is coercive,
so by the Weierstrass theorem, we have existence and uniqueness of solutions to (3.36) with
prescribed trace on OBp (see also Lemma 3.2.11).

3.4.2 Caccioppoli inequality and local boundedness of solutions

In this section we provide local L? — L estimates for weak solutions to (3.38) that are uniform
with respect to €. We note that, since the weight |y|® is 2-admissible, the local L® bounds for
weak solutions to (3.36) (when ¢ =0 and A € L*°) follows from [65].

Furthermore, assuming that the matrix A € C'(Bg), where the radius R > 0 is taken small
enough in order to ensure that the e-stable Sobolev embedding holds true (see Lemma 3.3.7), we
obtain e-stable L* bounds for weak solutions to (3.38) (when & > 0). This result is established
through a standard argument based on an iteration technique involving the Caccioppoli-type
inequality below and Sobolev embeddings. The proof is omitted here, as it has been carried out
in a similar context in the previous chapter, see Section 2.3.

Lemma 3.4.5 (Caccioppoli inequality). Leta+n >0, R>0,0<e<1,p> (22 ifd+ay > 2
orp>1ifd+ay =2, ¢q>2andlet A € C'(BR) satisfy (3.5). Let f € LP*(Bgr \ X2),
F € L%(Bp \ =%, and let u be a weak solution to (3.36) if ¢ = 0 or to (3.38) if ¢ > 0.
Then, there exists a constant ¢ > 0 depending only on d, n, a, A and A such that for every

0 < Ry < Ry < R it holds

/B 4 [y|*|Vul?dz < C((R2 - Rl)_QHUH%za(BRQ\zg) + ||f||ip,a(BR2\gg) + ||F\|%q,a(BR2\zg)) :
R e
1 (3.39)

In the case d+ a4 = 2 the constant ¢ depends also on p. Moreover, if e = 0 it is enough to assume
that A € L*(BR).

Proposition 3.4.6 (s-stable L™ bounds). Leta+n >0, 0 <e < 1, and A € CY(Bg) satisfy
(3.5), where R > 0 is given by Lemma 3.A.5. Furthermore, let p > (ay +d)/2, ¢ > a4 +d and
let f € LP*(BR\ £2) and F € L¥%(Bg \ )% and let u be a weak solution (3.38).

Then, for every 0 < r < R, there exists a constant ¢ > 0 depending only on d, n, a, A\, A, p, q,
7, |Allcr () and R such that

ull Lo 24y < c(lull L2eppsa)y + 1l Lraspsa) + 1FllLoeasa))-

In addition, if e = 0 and u is a weak solution to to (3.36), the same estimate holds under the
assumption that A € L*°(Bgr) and the constant does not depend on || Al c1(py)-
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3.4.3 Approximation results

In this section, we establish two approximation results. The first one, inspired by [138, Lemma
2.15] and Lemma 1.4.2, asserts that any solution u of (3.36) (¢ = 0) can be approximated by

a family of solutions wu. of the conormal problem on e-perforated domains (3.38) (0 < ¢ < 1).

Here, we assume that the matrix A € C, in order to have a C'!' boundary BZ?, see Remark

3.3.2. The second result shows that any solution u of (3.36) (¢ = 0) can be approximated by a
family of solutions to the same problem but with smooth coefficients, via a standard mollification
technique.

Lemma 3.4.7. Let a+n > 0, R > 0 given by Lemma 3.A.3, r € (0,R) and A € C'(Bg)
satisfying (3.5). Let f € LP*(Bg) where p > (2%) ifd+ay > 2 orp > 1ifd+ay = 2,
F € L9%(Bg)?% where ¢ > 2 and let u be a weak solution to (3.36).

Then, there exists a family {ue}o<e<1, such that ue. are weak solutions to

—div(|ly|*AVue) = |y|*f + div(|y|*F), in B, \ Z?
(AVu+ F)-v =0, on 0¥2 N B,,

el grragsay < c(lull ey + 1 fllreg) + 1FllLoaBr)) » (3.40)

for some constant ¢ > 0 depending only on d, n, a, A\, A, r, R, ||Allc1(p,) and there exists a
sequence e, — 0 such that
Uz, — u in Hb (B, \ Zo).

Moreover, in the case d + a4 = 2 the constant ¢ depends also on p.

Proof. We consider the case d + a4 > 2, as the other one can be treated analogously. The proof
is divided into several steps.

Step 1. Cut-off solution 1.
Let us consider a cut-off function £ € C°(Bp) such that

¢=1on B,, spt(ﬁ)CB%, 0<&E<T, V¢l < e,
for some ¢y > 0 depending only on d, r and R. Define @ := £u, and notice that @ € HS’Q(BR) by
construction.
Fix ¢ € C°(Bgr). Then,
/ y|"AVa - Vo dz = / yy\a(gAvu Ve + uAVE - V¢) dz
Bpr Br
- / \y|a(Avu V(¢€) — pAVU - VE + uAVE - v¢>) dz
Br

= [ Wit (fo¢ — P V(66) - 6AVu - VE +uAVE - Vo) ds

:/B |y|a(f¢g—5F-v¢—¢F-V5—¢Avu.vg+uAvg-v¢>) dz



3.4 Solutions, stable L*° estimates and approximation results 153

that is, @ is a weak solution to

—div((yl*AE) = yI°] +div(gF) in B, o
u =0 on 0Bg .
where we have set
f=f¢—F -Vé—AVu-VE, — F=F¢—uAVE.
Step 2. Construction of the approximating solutions u. in perforated domains.
Let us consider the family of weak solution {u.}occc1 to
—div(|y|*AVu.) = [y|*f + div(|y|*F), in B\ X2
ue =0 on 0Bg \ 24 (3.42)

(AVu. 4+ F)-v =0 on ¥4 N Bg.

By testing (3.42) with u., using (3.5), the Poincaré inequality (3.27), the Sobolev type embedding
in Lemma (3.3.7), Holder and Young inequalities, we get

A/ ly|*| Vue|* dz S/ ly|*AVu, - Vue dz
Br\%4 Br\oA

5

_ /B - \y[“(f{us _F-Véu. — AVu - Véu, — FE - Ve — uAVE - Vug) dz
R £

1
7

1
< y|| fIPdz)” / Y|P dz) "
([, evas) ([ et a:)
1 1
e [ wepas) ([ P+ VP dz)’
Bp\Z# Bp\Z#

1 1
ve( [l vy ) ([l 4 V) dz)
Br\zg Br\zg

R

A a 2
< 2/ || Vue|* dz + c(l|ull o sry + |l LreBr) + 1F |l Loasm)
Br\Z4

for some ¢ > 0 depending only on d, n, a, A, A and R. Hence, combining this inequality and the
Poincaré inequality (3.27), we have

a 2
/ R (luel? + [Vue?) dz < c(llullgrasgy + [ flzresr) + 1FlLoasg)” - (3.43)

BR\EE

Step 8. Strong convergence of the sequence ue, in H (Bg\ o).

Let us fix two compact sets K C K’ C Br \ Xo. Then, for every £ small enough, we have
K' c Bp\ 22 Since |y|® is uniformly bounded and bounded away from zero on K’, by (3.43)
we have that |ue| g1 () < ¢ for some constant ¢ > 0 that does not depend on e. This implies
that there exists a sequence e — 07 and @ € H'(K’) such that
— @ weakly in H'(K'), ue, — u strongly in L?(K"). (3.44)

Ug,,
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By testing the equation (3.42) with ¢?(u. — @), where ¢ € C>°(K’), we obtain
/K/ ly|"¢? AV, - Vue dz = /K ]y\a<q§2AVu5 Vi — 2(ue — @)pAVu, - Vo + f¢? (ue — @)
— *F - V(ue — @) — 26(us — @) F - v¢) dz.
By (3.44) we can take the limit as €, — 0 in the right hand side and obtain

lim [ |y|%¢*AVue, - Vue, dz = / ly|®¢> AV - Vidz . (3.45)
K/

ex—0 St

Fix § > 0. Take ¢ € C°(K’) such that 0 < ¢ <1, ¢ =1 in K and |spt(¢) \ K| < 1 so that,
noticing that |y|*AVa - Va € L'(Bg), we have |||y|* AV - V|| 1 spr(s) k) < - Then,

c/ V., — Vil dz < / ly|*A(Vue, — Vi) - (Vue, — Va) dz
K K
= / ly|*AVue, - Vue, + y|*AVa - Vu — 2|y|*AVa - Vu,, dz
K
< / ly|“AVue, - Vue, ¢ + |y|*AVi - Va ¢? dz — 2/ ly|*AVa - Vu,, dz
K’ K
< ‘/ ly|*AVu,, - Vue, ¢* dz —/ ly|*AVa - Vi ¢ dz) + 2/ ly|* AV - Va ¢* dz
K’ K’ KN\K
< ‘ / ly|*AVue, - Vue, ¢* dz — / ly|*AVa - Vi ¢ dz) +2§ — 26, as e — 0,
K’ K’

thanks to (3.45). By to the arbitrariness of §, we infer that Vu., — Vu in L?(K)9, and thus
ue, — @ strongly in H(K). Finally, a standard diagonal argument yields that

ue, — 4 strongly in HL (Bg\ o). (3.46)

Step 4. The limit function @ € H*(Bg).

Let us now prove that 4 € H*(Bg). Let us fix ¢ € C°(Bg) if a+n € (0,2) or ¢ € C°(Bgr\Xo)
if a +n > 2. For every ¢, fixed, one has that u., € Wl’l(BR \ Eg), so it holds

loc

/ 0z, Ue, @ dz = —/ Ue, Oz, P dz +/ Ug, P do, (3.47)
BR\XZ, Br\Z4, 0S4 NBR

for every £ =1,...,d.
Ifa+n>2, spt(¢) C Br\ Zéﬁ for every ) small enough, so

/ Ug, Ppdo = 0.
aszﬂBR

On the other hand, let us fix a measurable set E C Bg. By using (3.43) and observing that
ly|=* € L>=(spt(s)), we get

fosad < ([ womapa) ([ iioras)’
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1
< CQS(HUHHL“(BR) + 1 fllpa(By) + HFHL‘M(BR))|E|2 )

where the constant Cy depends on ||¢||L~ and spt(¢), which implies that 0,u., ¢ is uniformly

integrable. By the a.e. convergences Vue, — Vu and xp,\xa — XBg, the Vitali convergence
€k

theorem yields

/ Oz Uue, P dz — 0., updz .
Br\XZ, Br

By employing a similar argument, one has that
/ Ug, Oz, P dz — ud,,pdz,
BR\Z&, Br
so, by taking the limit as e — 0T in (3.47) we have
0.,u¢ dz :/ udy,pdz, (3.48)
Br Br

which means that @ € VVli’Cl(BR \ Xo).
If a+n € (0,2), by using Lemma 3.3.6 combined with (3.43), we obtain

1 1
2 _ 2
[ wasde| < ([ Pl Pae) ([ ek o)
0% NBr 934 NBR 054 NBr

1 1
<car ([ PIvuPa) ([ wvep )’
BR\E?k BR\ZA

€k
< ce"  (llullgre sy + 1 flzrasr) + 1F |l paa(sg)) -

and taking the limit e, — 0% we get that the term [jo4 By, Usy @ do vanishes.
€k

Using the same argument as for the case a + n > 2 and noting that |y|~® € L'(Bg), we can
take the limit as e — 07 in (3.47). This allows us to conclude that (3.48) holds true, which
means that @ € W, (Bg).

loc
Now, using the Fatou Lemma and (3.43), we have

/ yl*(jal? + |Vaf?) dz = / lim Jy1*(fuey | + [Vte, )X ppma dz
Br Bp €k—0T k

< lim inf/ Y19 (e, |2 + Ve, [2) dz
ep—0% Bp\X2,

2
< c(llull gresyy + 1 fllraBr) + 1FllLaesy)”
which means that ||i]|g1.a(p,) < o0. Thus, by Lemma 3.2.7 and Lemma 3.2.8, we conclude that
u € HY(BgR).
Step 5. U has zero trace on OBR.
Finally, we prove that @ has zero trace on dBpg, meaning that Tru = 0. First, notice that for
any fixed § < 1, it follows from (3.46) that u., — @ strongly in H'(Bg \ £4). Consequently,

we also have Tru., — Tgru strongly in L?(0BpR \ Eg‘). Since Tru, = 0 by construction, we
immediately get that Trti = 0 L?-a.e. in 9Bg \ Xo.
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Now, let us fix v > 0. Since, by Lemma 3.2.11, it holds |y|%|Tgu|*> € L*(0Bg), the absolute
continuity of the integral ensures that there exists a sufficiently small p such that

/ || TraPds < v
dBRrNE}

Thus

| weireapds<ve [ ylimeaPds<vee [ (TaPas v,
dBR OBR\S# OBR\Ef

where in the last equality holds because Trt = 0 L?-a.e. on OBg \ Xo. Since v is arbitrary, we
conclude that Tru = 0. Therefore, again by Lemma 3.2.11, we have u € H&’G(BR).

Step 6. u = U and conclusion.

Next, we prove that « = @. Let us test (3.42) with ¢ € C°(Bg). Then, we have

/ ly|*AVu,, - Vodz — ly|*AVa-Vodz, asep— 0. (3.49)
BR\SA Br

In fact, let us fix E C Bg measurable. By using (3.5), (3.43) and |y|* € L'(Bg), we have that

/ " AV, - Vo dz:/ Y%AV, - Vo|Xprsa da
E\ZA E k

€k

< el oo V0l o) [ 191°d= < 5D,

where 0(|E|) — 0 as |E| — 0. Combining this with the a.e. convergence Vu,, — Vu we
can conclude that (3.49) holds true by applying the Vitali convergence theorem. With similar
computations, we get

/ W(F6— F-Voydz— [ |yl(fé— F-Ve)dz, aser—0%. (350
Br\SA Br

Combining (3.49) and (3.50) we get
| wiava-vods = [ (o~ F-vo)ds.
Bgr Br

and since u € H&’G(BR), we get that @ is a weak solution to (3.41). By uniqueness of solutions
(see Remark 3.4.4), we get that © = @ a.e. in Bg. Since & = u, f = f and F = F in B,, and by
using (3.43), (3.46) we obtain that our statement holds true. O

The next approximation lemma provides the convergence of solutions of equations with regular-
ized coefficients through convolution with standard mollifiers.

Lemma 3.4.8. Leta+n > 0, R > 0, r € (0,R), and A € C°(Bgr) satisfying (3.5). Let
f € LP*(Bg) where p > (22) ifd+ay >2 orp > 1 ifd+ay =2, F € L9%(Bg)? where ¢ > 2,
let u be a weak solution to (3.36). For § >0, let {ps} be a family of smooth mollifiers and let us
define As :== A x ps. Then, there exists a family {us}o<s<1, such that us are weak solutions to

— div(|y|* AsVug) = y|"f + div(ly|"F), in B,.
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usllmres,) < c(Ifllzrasa) + I1F | Laamy + 1wl masgy) -

for some constant ¢ > 0 depending only on d, n, a, X\, A, r, R, and there exists a sequence § — 0
such that
ug, — u in HY*(B,).

Moreover, in the case d + a4 = 2 the constant ¢ depends also on p.

Proof. We consider the case d + a4 > 2, as the other one can be treated analogously. Let us fix
0 <r < R < R and consider a smooth cut-off function £ € C°(Bg) such that

lem Br, Ogggl, Spt(¢)CBR/

Arguing as in Lemma 3.4.7, the function @ := £u is a weak solution to

{_ div(|y[*AVa) = |y|*f + div(|y|*F), in Bp (3.51)

&:0, on (9BR/,

where, we set

f=f6—F -Vé—AVu-VE  F=F¢&—uAVE.

For 6 > 0, let {ps} be a family of smooth mollifiers and let us define A5 := A x ps, which is
a uniformly elliptic matrix in Bg/ (choosing d small enough). For every 0 < § < 1, recalling
Remark 3.4.4, let us be the unique weak solution to

(3.52)

—div(|y|*45Vus) = |y|*f + div(|y|*F), in Bg
ug = 0, on 0Bp.

By testing (3.52) with us and arguing as in Lemma 3.4.7, we obtain
lusll rra(sy) < cllullesy + 1 fllresg) + 1F | Loasg)),

for some ¢ > 0 depending only on d, A\, A and R. Hence, {us} is uniformly bounded in Hé ““(Bpr)
and by using Lemma 3.2.10, we get

us — v strongly in L**(Bg/), Vus — Vo weakly in L?>%(Bp)?, (3.53)

for some v € Hé’a(BR). Taking us — v as test function in (3.52), using (3.53) and recalling that
As — A uniformly, we get

| ol asvus vus = |
By B

Hence, since Ag satisfies (3.5), we have that Vus — Vo strongly in L?>%(Bpg/)%.
Finally, let us fix ¢ € C°(Bgs). Then,

ly|*(AsVus - Vo + f(us—v) = F-V(us— v)) — / ly|*AVv - Vo.

R’ Bpry

/ ly*(fo — F - Vo) :/ |y!aA5VU5'V¢—>/ ly|*AVv - Vb,
Bpy Bp/ By

that is, v is a weak solution to (3.51) and by uniqueness of solutions (see Remark 3.4.4), it follows
that v = %. Next, since f = f, F' = F and @ = u in B,, we have proved that us — u in H"%(B,)
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and ugs solves
—div(|y|*AsVus) = |y|*f + div(Jy|*F) in B,.

The proof is complete. O

3.5 Liouville theorems

The aim of this section is to prove the Liouville Theorem 3.1.4 for entire solutions to (3.15),
see Definition 3.4.3. First, we need some preliminary results. The first result addresses the
unweighted tangential variables 2 € R4, for which the operator is invariant under translation.
Its proof uses a standard difference quotients technique and involves an iterative argument based
on the Caccioppoli inequality in Lemma 3.4.5 (see for example [113, Corollary 4.2, Lemma 4.3]),
and is therefore omitted here.

Proposition 3.5.1. Let u be an entire solution to (3.15). Then

i) for every j =1,...,d —n, the weak derivative O, u is also an entire solution to (3.15);

i1) if there exists constants ¢,y > 0 such that
u(z)] < e(1+|2[7),

then u is a polynomial of degree at most || in the variable x € RY™, with coefficients
depending only on the variable y € R™.

In the following crucial lemmas we provide a characterization of the solutions to (3.15) with
polynomial growth at infinity in the case n = d. The first lemma gives us a basis of L?(S"1)
which depends on the matrix A.

Lemma 3.5.2. Let A € R™" be a constant matriz which satisfies (3.5). The following holds:

i) there exists an increasing, diverging sequence of eigenvalues {px(A)} x>0, corresponding to
critical levels of the quotient

o1 [A20|%V o g[2do

R(g) =
Jnr |AZa]2|g|2do

FEach eigenvalue has finite multiplicity, denoted by m(ux(A));

it) let g j, for j =1,...,m(ur(A)), be the normalized eigenfunctions associated to p(A). The
eigenfunctions gy ; satisfy the following properties:

1 1 _
| 1420V Vando =) [ Aboaumdo. e HUE™Y),
" 1 s (3.54)
/ A2 gk g9 5 do = Ok by

where d;; is the Kronecker delta.
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Moreover, gy ; provides a basis of L2(S™™1), which is also orthonormal with respect to the

scalar product (u,v) p2sn-1) := [gn_ \A%a|“ wvdo. Thus, for every u € L?(S"™1) it holds

oo m(pk(A

)
)= 3 ([ 1Atelrumnmn).0);
k=0 j=1

i11) the eigenvalue pig(A) = 0 is simple and go = go,1 is constant;

iv) the first nontrivial eigenvalue pi(A) is such that

(2>|;(n—1) ) ifn>3,

(4) =
" - (%arctan (%)7)2 ifn=2.

Proof. By condition (3.5), we have that
A< ‘A%UF <A, foreveryoeS" . (3.55)

Thus
/ |A20](|Vogl + |g*)do
Sn—1

provides a norm equivalent to the standard one in H*(S*~1). Keeping this in mind, we obtain ),
i1) by a standard application of Hilbert-Schmidt theorem.

Since 4ii) is trivial, it remains to prove iv). Given g € H*(S"™!), let us denote

(91 = ( / Abol?de) ! / Adol?gdo,
Sn—l Sn—l

and recall that

it [ Aboltly - o = [ |abollg— (g)aPdo (3.56)
£€R Sn—1 sn—1
We have that )
1 |A20|*Vgl2d
pi(A) = inf Jy | 20["Vagl"do. (3.57)
geHI S \OL0)a=0 [, [A3o|a|g]2do

Notice that the eigenvalues g (I) of the Laplace-Beltrami operator on the sphere are well known,
and in particular uq(I) = n — 1. Now, set

NS (AVEY A
me=min{(5)"(3)"1 = (§)
and let ¢ € H'(S"!) be an eigenfunction associated to p1(A). Notice that (1)) 4 = 0. Thus, by
(3.56) we have that
[ 1atelriopas < [ abolly — w)Pdo
S§n—1 S§n—1
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As a consequence, thanks to (3.55) we have

 Jonr [A2019 Vo Pdo  feui [AZ0|* Vo (4 — ($)1)[2do
= >
Jonr [A202do [ [ARolol — ($)iPdo
fgn—l Ve (th — W))H)‘Qda _
L S Ty R PG

where in the last inequality we used that (¢» — (¢)1)1 = 0 and (3.57) with A = L.

The improved estimate in the case n = 2 is a consequence of [123, Lemma 1|. O

pa(A)

Lemma 3.5.3. Leta+n >0, >0, and let A € R™" be a constant matriz which satisfies (3.5).
Let piy(A), grj be as in Lemma 3.5.2, and define

L 2—a—-nt/(a+n—2)2+4u,(A)
e = B .

Let u be such that u € H"(Bg \ ©2) for any R > 0 and
/ ly|*AVu -V =0, forany ¢e CZR").
R™M\Z2

Assume there exist constants ¢,y > 0 such that

lu(y)] < c(1+y[7). (3.58)

k 1
I T S A2y
u(y) =C+ > 3 (1A o lA Ry g (L), (3.59)
k=1 j=1 |A™2y|

for some constants c,j;j, Cj € R. In particular, if € =0, then

o omug) o Aty
u(y) =C+ Z c;:’j|A*§ka g;w»( — ) . (3.60)
k=1 j=1 |A™2y|

Moreover, if v < ’yfr, then u 1s constant.

Proof. Since the proof we assume d = n, we will simply write Bg instead of B}% to denote general
balls in R™. Let us define v(§) = u(A%f). Performing some standard computations using the
change of variables £ = Aféy and the uniform ellipticity of A, we see that v € H“*(Bg \ ¥.) for
any R > 0 and satisfies

/ |A%§|avv -Vo=0, forany ¢eCPR"). (3.61)
R\,

The remaining part of the proof is divided in three steps.

Step 1: Spectral decomposition.
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In the following we extensively use polar coordinates & = ro, where r = |{| > 0 and 0 =
€|71¢ € S*7L. Since v € HY(Bg \ X¢) for any R > 0, then by the Fubini-Tonelli theorem it
holds that v(r-) € HY(S"~!) for a.e. 7 > . Thus, for a.e. > ¢, we can decompose v(r-) via the
basis {gx ;} (see Lemma 3.5.2, 7)), obtaining

m(pi;)

Z Uk gk,J( o),

k=0 j=1

=
LTS

where the coefficients vy, ; depend on r € [g,00), and are such that
Uk, (r) = / A0 | u(ro) gy, do . (3.62)
Snfl

By previous discussions, the functions vy, ; : [€,00) — R are well defined for a.e. > . Moreover,
using once again that v € H%%(Bg \ ) for any R > 0 we can see that

vk € H'((e, R), 7" dr) for any R >0, vy (1) = / |A%0]‘IVU(TU) ~ogy;(o)do.
S§n—1
(3.63)
Step 2: Solutions of an associated ODE.

Let us rewrite (3.61) in polar coordinates as
/ / 7"“+"_1\A%a]“<arv&«¢ + 172V, - VU¢) drdo =0, forany ¢ € C°(R"). (3.64)
€ Sn—1
Now, let us take any f € C2°([0,00)) such that

1 (A) / PO 12y < oo (3.65)
€

Notice that (3.65) is always satisfied if ¢ > 0, or if k¥ = 0 (by Lemma 3.5.2, 7i¢)). Thanks to (3.54)
and (3.65) we have that ¢(ra) = f(r)gr,;(c) € H"*(Bg \ X¢) for any R > 0. Moreover, ¢ is
compactly supported, and we can use it as a test function in (3.64). Recalling also (3.62) and
(3.63), we obtain that vy, ; satisfies

/ 7'“+"_1(f'v;€’j + 7 2ug(A) fog )dr =0, for every f € C°([e, 00)) satisfying (3.65) .

(3.66)
Now, let us take any ¢ € C°(R), and test (3.66) with f(r) = ¢(log(r)). Notice that such f is
admissible. Performing the change of variables r = €7, we find that the function wy, ;(7) = vy j(€7)

satisfies
o0

1 e (w1 + i (A)wy ) dr =0, for all p € CE(R).
oge

Equivalently, we have that wy ; is a solution to the elementary equation

wy ;4 (a+n—=2)wy,; — pp(A)wp; =0 in  [loge,00).
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Recalling that the multiplicity of the first eigenvalue m(uo(A)) = 1, one has that

1+ cor? @ if2—a—n#0,
1)071(7‘) = . (367)
c1+ cologr, if2—a—n=0,
for some constants c1, co € R. Furthermore, defining
v 2—a—-n*x/(a+n—2)2+4u(A)
’yk - 2 9
we readily get that vy ; is in the form
v (1) = cgjr%j + cl;jr%;, ifk>1,
for some constant c,": 7 Crj € R. We point out that
Yo =+(2-a-n)x, and >0, 4, <0 ifk>1. (3.68)

Step 3: Conclusion.

First, let us show that vg; is constant. Since pg(A) = 0, condition (3.65) is always satisfied.
Thus, we can take f € C2°([e,00)) such that f(e) =1 in (3.66) and recalling (3.67), we find

0= / T‘H”_l(f/val + T_2[L0(A)f1)071) dr =c2(2—a— n)/ fldr =cy(a+n—2),
€ €

if 2—a —n # 0, which implies that co = 0. Instead, if 2 —a —n = 0, we find

0= / ra+n71(f’1)(l)71 + r72NO(A)fUO71) dr = 02/ f/ dr = —cy .
) €

and we conclude as well.

Let us now focus on the case k¥ > 1. First, let us assume ¢ = 0. By (3.63) we have that
Uy € L?((0,1),7¢"=1dr). As a consequence,

1
— )2 a+n—3+2v,
(k%) /0 r Tk dr < 00

Thanks to (3.68), this readily implies ¢, ; = 0. Now, by condition (3.58) and thanks to (3.5) we
have that

1
vk 5] 5/ ) |A2a|*|v(ro)l|gk,jldo < e(14717).
N

Therefore, since for every ~ there exists k such that ’yg > ~, we easily infer that c; ;= 0 for every
k > k, that is, v,; = 0 for every k > k. Recalling that u(y) = v(Aféy), we readily get (3.60).

Let now consider the case e > 0. Arguing as before, we find that condition (3.58) implies that
there exists k such that for every k > k it holds 7,': > ~ and

C— a7
Uk, = Cp ;7% -
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Let k > k be fixed. Since e > 0, condition (3.65) is always satisfied. Thus we can take
f € CX([e,o0)) such that f(e) =1 in (3.66) and we find, integrating by parts and performing
some standard computations
C;j7;6a+n—2+7; =0.

Since k£ > 1, then v, # 0 and we infer that Crj = 0, that is, vy ; = 0. Also in this case we use
u(y) = v(A_%y) to complete the proof of (3.59).

Finally, we notice that if v < 7" then in both cases it holds vg,; = 0 for every k > 1. Since we
have already proved that vg 1 is constant, then v is also constant, and u too. O

Proof of Theorem 3.1.J. Let A be as in the assumptions, and recall the notation (3.18). We first
assume that 4 < 1. Thus, by Proposition 3.5.1 we have that u = u(y) does not depend on z,
which implies that u is an entire solution to (3.15) with d = n and A = A3. Hence, u satisfies the
assumptions of Lemma 3.5.3, and using that v < ’yf , we conclude that u must be constant.

Let now assume that v < 2. By Proposition 3.5.1 we have that u is a polynomial of degree at
most 1 in the z variable; that is, u can be written in the form

d—n
u(w,y) = u(y) + Y (y)z;.
j=1

First, we notice that by (3.16) it holds

W) = [u(0,)] < c(1+]y[").

Thus A
W (y)] = [ulea;,y) —u®(y)] < e(1+[y"); (3.69)

that is, each component u’, u/ still satisfies the growth condition (3.16).

On the other hand, we have that u/(y) = Ogz;ufor j =1,...,d—n and thus, again by Proposition
3.5.1, they are entire solutions to (3.15). Keeping (3.69) into account, and using that any u’/ does
not depend on z, we can argue as in the previous part of the proof and conclude that they are
constant.

Summing up, we proved that there exists o = a(u) € R¥™ constant such that
u(z,y) =u’(y) +a-z.
We claim that the function u* given by
ut(z,y) = a-x— (A7 Az a) -y
is an entire solution to (3.15). Indeed, we can easily compute
AVu* = (Aja — As A1 AJ ,0),

and thus for every ¢ € C°(R?) it holds

/ ly|*AVu* - Vo dz = / L ly|“(Ara — Ag Az Aj @) - ( qubdx)dy =0,
RA\TA Rd-n

|A;§m25
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where in the last equality we used the divergence theorem.

By linearity, the function @ = u — u* is an entire solution to (3.15). Moreover, since we are
assuming v € [1,2), it holds

jaf < ful + o] < e(l+|2]7) + clz] < e(1+[2]7),

that is, 4 satisfies (3.16). Since by construction @ = 4(y) does not depend on z, we can argue
as in the v < 1 case and infer that @ is constant, by Lemma 3.5.3 and using that v < fyf. In
conclusion, we showed that

u=ut+u =c+a-z+p5-y,

as needed. O

3.6 Stable regularity estimates in perforated domains

In this section we prove Theorem 3.1.3, namely, the stable regularity estimates in perforated
domains for weak solutions to (3.13), that is, for the problem

—div(Jy|*AVu) = |y|*f + div(|y|*F) in By \ %2
(AVu+F)-v =0 on B; NoxA.

For simplicity, we set this section in the unit ball Bj; however, the analysis should be carried out
in a smaller ball Br, where R > 0 is specified in Proposition 3.4.6. We divide the proof into two
parts, obtaining first the Holder estimate for solutions and then the Holder estimate for their
gradient.

3.6.1 Stable C%* estimates

Proof of Theorem 3.1.3, i), stable C%®-estimates. Let u. be a family of solutions to (3.13). Since
the weight |y|¢ is uniformly elliptic away from Y, and since the boundary 92 is of class C! by
the assumption A € C! with |Allg1.e(By) < L for some modulus of continuity w (see Remark
3.3.2), well-known results in elliptic regularity imply that for every 0 < e < 1, there exists a
constant C; (depending only on d, n, a, A\, A, p, ¢, @, L and ¢) such that, for any solution u. to
(3.13), the following estimate holds:

[ucllgo.n (s, \na) < Ce(luellL2a\na)y + [ fllLrasy) + 1FllLaas,))- (3.70)
Our goal is to show that C. remains uniformly bounded as ¢ — 0. The proof proceeds by
contradiction and is divided into several steps.
Step 1. Contradiction argument and blow-up sequences.

Assume, for the sake of contradiction, that there exist two sequences e and uj such that
ex — 0 as k — oo, the functions wuy are non trivial, satisfy (3.13) with € = ¢ and it holds that

lurlicoa(s, sy = k(llurlreapisa ) + 1o + 1Flloes)- (3.71)

By Proposition 3.4.6, inequality (3.71) implies the existence of a constant ¢ > 0, independent of
k, such that

[url oo (B, \0a ) = Ckl[ukllLo(s, n\2a ) -
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Now, let n € Cg°(Bs/4) be a function satisfying 0 <7 < 1 and n =1 on By /5. We define

Mk = [UUk]CO,a(Bl\Z?k) 5
and observe that
My 2 [ug]coe(p, \z4) 2 ckllugl Lo s, 04 ) - (3.72)

Consider two sequences of points zx = (zk, Yk ), 2k = (Tk, Uk) € B1 \ Zi such that

| (nuk) (z1) — (nuk) (Zx)|
|2k — 2x|®

Y

1
M- (3.73)

Without loss of generality, we may assume that 2 € B3/y. Define ry = |2 — Z¢|. From (3.72)
and (3.73) we obtain

() () = () i)l 2kl 04 )
T]C; - 7’? )

A

C/“?HUkHLoo(BSM\zgk) <

This implies
1
ry <ckToa >0, ask—o0.

Let us define dj, = dist(z, 825‘1). From now on we distinguish three distinct cases:

Case 1: ;l:—>ooask—>oo,
Case 2: T—: < ¢ uniformly in k£, and ‘i{:’ — o0 as k — .
Case 3: ":{:‘ < ¢ uniformly in k.

Define

Zp = (Tk, Yi) = (%J%) ;

where 7 is chosen such that Z, € 32?}6. Such a point exists, is unique, and satisfies 7 < |yx],
thanks to Lemma 3.A.1 point ii). Therefore,

lyk| > ykl — 7 = lyx — Yi| = |26 — Zi| > di .

As a result, along a suitable subsequence, the three cases are mutually exclusive and collectively
exhaustive, covering all possible scenarios. Heuristically, in Case 1, the blow-up scale does not
capture 82‘6‘2; in Case 2, 8221 is visible, but ¥y is not; and in Case 3, both ¥ and 82& are
visible (although they may or may not coincide in the rescaled limit).

Let 22 = (CL‘%, yg) denote a chosen projection of z; onto 82;2, and define

(z,yx), in Case 1,
Ze = Tk, Ok) = § (29,1)), in Case 2,
(2, 0), in Case 3.

We observe that, by construction, |z — Zx| < crg.
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)

Z;

Fig. 3.1 This image describes Case 1 when n = d = 2. In this case we have dj/r, — oo and Zj = zj.

)

Fig. 3.2 The images on the left and on the right describe respectively Case 2 and Case 3 when n = d = 2.
In Case 2 we have di/r, < c, |yg|/rr — o0 and Z; = 2. In Case 3 we have |y|/ry < c and Z; = 0.

We introduce the sequence of rescaled domains

_ BI\Z4 — %

Tk

Qi = {Z = (2,y) € R? | |Zp+rpz| < 1, A3 (Ztre) @ +rey) - (Ge+rry) > Si},

and the limit blow-up domain
Qoo = {2z = (z,y) € RY| exists k,r > 0 s.t. B.(z) C Q, for every k > k}. (3.74)

Note that, by this definition, {2, is an open set.

Then, we introduce the sequences of functions

() (Br 4 Trz) — (nug) (2)
vg(2) =

o , forzeQy,
k

and
n(zk) (ug (Z + riz) — ug(zi))
T‘?Mk

wi(z) = ,  for z e Q.

Step 2. Blow-up limit domains.
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Our goal is to characterize (o, along a suitable subsequence. As previously noted, the three
distinct regimes described in Cases 1, 2, 3 correspond to different scenarios, leading to distinct
limit blow-up domains. In Case 1, we do not see the rescaled boundary of the perforation at any
scale of the blow-up. Thus, the hole moves farther and farther away from the blow-up centers
and the limit domain Q. coincides with the entire space R?. In Case 2, we see the rescaled
boundary of the perforation at all scales, whereas the rescaled center of the perforation remains
invisible and increasingly distant. As a result, the rescaled boundary flattens progressively and
the limit domain 2., becomes a half-space. Finally, in Case 3, both the rescaled boundary and
the center of the perforation are visible at all scales, leading, as limit domain, to a (potentially)
perforated space. In the next part, we will rigorously justify this visual intuition, suggested by
Figures 1 and 2.

Notice that for every z € R? we have |%; + 72| < 1 for sufficiently large k. Indeed, since
|z — Zk| < e and 1, — 0, then

. N 3
1Zk + iz < lzk| + |26 — 26| + 15|2| < 1 +erp<1.

Thus, to characterize Qoo, it suffices to determine, for a given z € R%, whether a neighborhood of
the point zp + 71z lies inside or outside Zg.

We claim that Q. = R? in Case 1, that is, for every z € R%, a neighborhood of zj + 712 lies
outside of Eg for sufficiently large k. Indeed, let z € R? be fixed, and assume by contradiction
that zp + rpz € Zi. Since zj & Efk, there exists a point Py = tpzr + (1 — t) (2 + 712) with
tr € [0,1), such that Py € 82?}5 As a consequence,

o 2= Bl (L= t)rez]

oo% < |7/,
T‘k Tk Tk

which leads to a contradiction.

Let us now consider Case 2. Recall that z, = z,g and dy = |z — z2| < ¢ry. Furthermore, note
that by the uniform ellipticity condition,

.0 0
ol v — il y’“|+@§%+ci’“§c(1+i’f).
Tk Tk Tk Tk Tk Tk

Therefore, in this case, we have e /ry — o0 as k — oco.
Since zk, )

Ek)

a point z € R? satisfies 22 +rpz & Zi if and only if

VAT G+ )W+ i) - 0+ 1) — VA3 Gl
Tk

> 0. (3.75)

To proceed, we must analyze the behavior of (3.75) as k — oo.
We define the function ¥ : R? — R as

It follows that
U(z) =ep, for every z € 9XZ
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Moreover, the gradient of W is given by
(0,45 (2)y) | G(2)
U(z) =
VST NE e

where the function G : R? — R? is given by

1, < : _
G(z) = 5( Z Oz ij(2)YiYj) oy g With  Ag Y(2) = (b3,j(2))ij=1,...n-
ij=1
As a result, ¥ € C%Y(B;) N CY(B1 \ o), and it satisfies V| 00(p,) < cL. Next we show that,

for every z € R?, it holds
A—l 0y,,0
3 (Z’g)yk =0, ask— 0. (3.76)

W20 +rpz) — W(2D) B
(zp)

Tk

By the mean value theorem, there exists a point z; = (2}, y;) € R? of the form 2y = zg + Oz

with 6 € [0,1], such that
U(zp +rez) — ¥(2p) A3 (20 G(21)
=VU(z) 2z = “y+ -z 3.77
Using (3.5), we estimate
Gz .
(S0 | < eyl < eL(lyhl + ere) < ele+74) 3.73)
and
‘Asl(Z?;)y}i _ Agl(z}byi)‘ - ’Agl(ZZ)yZ _ A @D, ’A?? (Z)ve _ A ()
V(=) U(z) 171 (z) U(zp) W(z) U(z)
—1/ %\, * —1/,0y,* —1/,0y,* =1/,0
< ’Ag (%)Z/k _ Az (Z]:)yk 4 ’Ag (ziz)yk _ Az (Zlg)yk‘ + 9 Z_ylg (3.79)
193] (W(zp) — W) | T
< clzf — 2| —~ + clyi] = tc— <crp+c—
SR TER] TIUEDICEDN T e
Combining (3.77), (3.78), and (3.79), we obtain
Wz +rez) = O(a)  Ag' () Tk
— Syl < — 0
\11(22) Yy —C<rk+€k+€k)_> )

Tk

since 1 /e — 0. This completes the proof of (3.76).
Next we define, up to subsequences (recall that z{ € By),

A—l 0y,,0
é:lim3_1<7zg)yg€S”_l, and Iz ={z=(x,y)|e-y>0}.
koo | Az~ (23)

We claim that 2, = Ilz, which corresponds to a half-space.
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Fix z € IIz. Suppose by contradiction that (3.75) does not hold. Then, by (3.76), we have
U(z) V(g +raz) — U(zp)

A*l 0y,,0
|A3 (zk)yk;| Tk |A3 (Zk)yk|

-y —e-y>0,

where we used that, by the uniform ellipticity condition,

A

< .

Az (z0)ypl
Therefore we reach a contradiction, and we infer that ITz C Q4.
Now, fix z € R?\ TIg, that is, such that € -y < 0 and assume that (3.75) holds. Then,

0< V(Y)W + ) — U(2))
T AT )Y Tk

—e-y<0,

which is a contradiction. Hence 2, C Iz and the claim is proved.

Finally, let us consider Case 3. Recall that in this case Z; = (zg,0), and |yx| < crg. Moreover,
we note that .
-1 _1
er < Az * (zr)ykl < A7 2[yk| < ery,

which implies that e /ry < ¢ in this case. Thus we define the following limits

(7,0) = lim (z5,0), A= A(%,0) = lim A(3), &= lim £ €[0,00).
k—o0 k—o0 k—roc0 Tk
We claim that Qq = R\ 4. Let us fix z € R\ ©4, that is, such that Aly -y > &2 Assume
by contradiction that Zy + rpz € ¥4 that is,

K
A3 (E + re2)rey ey < e

Dividing the previous inequality by 7’,% and taking the limit as k — oo, we obtain

a contradiction. Thus R?\ E;.fi C Qu. By performing similar computations, we get that every
z € E? does not belong to . Therefore, Qs € R4\ E? and the claim is proved. To summarize,
we have shown that

R, in Case 1,

Qoo = ¢ 15, in Case 2, (3.80)
R4\ x4, in Case 3.

Step 8. Hélder estimates and convergence of the blow-up sequences.
Let z,2" € Q. It holds

|(nug) (Zx + rz) — (nur) (2 + ri2’)|

< _ /Oé'
ra M, <lz =7

ok (2) — vk (2)] =

Therefore,
[Uk]oo,a(ﬂk) S 1. (381)
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Now, fix a compact set K C (), and observe that K C §Q, for sufficiently large k. Let z € K,

and consider the sequence of points
2k — 2k
&k = :

Tk

Note that & € Qp, || < ¢ uniformly in &, and v (&) = 0 for every k. Then, by (3.81), we obtain

e (2)] = [or(2) — vk (&r)] < [2 = &[* < e(K),

which implies that [lvg[lcoe(x) < ¢(K). Hence, we can apply the Arzela-Ascoli theorem to
conclude that vy — v uniformly in K. By an exhaustion of 0o, via compact subsets K C Q4
and a standard diagonal argument, we extend v to the entire )., and obtain that v satisfies
[@]CO’O‘(QN) <1. (382)
Let us now show that wy — ¥ uniformly on compact sets. Fix a compact set K C Q. We
claim that
sup |vg(2) —wi(z)| = 0  as k — oo. (3.83)
zeK
Let z € K C Q) be fixed. Since z € €, for large k, we have Zx +rpz € BT\ZI“Sc for some 7 < 4/5
depending only on K. Thus, recalling also that |z — 2| < crg, we get

[u(Zr + 22)|In(Ze + rr2) — n(z)|

v (2) — wi(2)] =

’I“I?Mk
cllullzmssaylon = Bl +relel)
< o <ck7r Y,
’l“kMk

where in the last inequality we used (3.72). Since a < 1, we immediately get (3.83). Therefore,
since v — ¥ uniformly, we conclude that wy — ¥ uniformly as well.

Step 4. The limit function is not constant.

Let us consider the sequences of points

=2k o Ek— Zk
& = y k=

Tk Tk

As already pointed out, & € Qp, |€k| < ¢ uniformly in k, and vg (&) = 0 for every k. In fact,
it also holds & € Q for every k, and since £ — &| = 1, we also have || < ¢ uniformly in k.
Moreover, by (3.73) (recall that ry = |z — 2|) we get

[k (zx) — nuw(Ze)|

vk ()| = |vk (&) — v ()| = T %

Now, using that ||, \£k| < ¢, one can see that there exist &, € € Qu such that & — £, & — € and
& # £, Thus, by a simple continuity argument, v < § in a neighbourhood of £, and v > 1/2 —§ in
a neighbourhood of &, for some small § € (0,1/10). Therefore v is not constant.

Step 5. The limit function is an entire solution to a homogeneous equation.
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Let us denote Ay(z) = A(Z, +ryz). Since Z, € By and A € C(By), up to consider a subsequence
the Arzela-Ascoli theorem yields that

z=lim z, and A= A(2)= lim Ag(z),

k—o00 k—o0

where A is a constant coefficients symmetric matrix satisfying (3.5). Next, we define

U + Y|

pr(y) = |9k
Yl in Case 3,

, in Case 1 and Case 2,

noticing that, in Case 1 and Case 2, 71/|yi| — 0, and thus p;, — 1 a.e. in every compact set
K C R%

Let us fix ¢ € C°(R%), and notice that for k large, spt(¢) C Blrij’“. Since uy is solution to
(3.13) with € = €, we obtain that wy, satisfies

2 )T
[, o441 Vn(e) - Vote) dz = BRI [ i) f 5+ o)

(s

g (3.84)
M, /Qk Py F (Zk +1r2) - V() dz .

First, we prove that the right-hand side of (3.84) vanishes as k — oo. We compute

AOIG P ([ o)

spt(e)

[ s+ nao] < ([

< clllman( | A G+ )z
k
By (3.71) and (3.72), and using that r; < ¢|gk| in Case 1 and Case 2, we get

d+a

1
(/Q PrW)IF e+ 7”l~2»’«’)|pdf") P <ckTlr, P M.
k

Therefore, thanks to the assumption o < 2 — H#, we get

2—a

‘W(Zk)rk
M,

[ A+ n2)oez] < ddligoh T 0.

Performing similar computations, we see that

11—« d+a
2k )T a ~ 4 1l-—a—
O [ )P G+ e) - V(2) ] < eVl a7 0.
k

thanks to the assumption oo <1 — CH%. Thus, the right hand side in (3.84) vanishes as k — oc.

It is useful to keep explicit track of the dependence of ¢ in the previous computation. Let R be
such that spt(¢) C R. Previous part of the proof can be reformulated in the following way: there
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exists d; > 0 such that d; — 0 and
/Q Pr(Y) A (2)Vw(2) - Vo(z) dz < 5k(H¢HL°®(Rd) + HV¢HL2(Rd,pgdz))- (3.85)
k
We are now in position to show that the left hand side of (3.84) satisfies

/ prArVwy - Vodz — p* AV -Vodz, (3.86)
QrNspt(¢) Qoo Nspt(¢)

where

B 1 in Case 1 and Case 2,
ply) = .
ly] in Case 3.

First, observe that since uj, € H%%(By \ Z?k), it follows that wy € H'(Qg, pidz). Fix R > 0. By
Step 3, the sequence wy, is uniformly bounded in L*°(Q) N Bagr). Let ¢ € C°(Bagr) be such that
0<@<1and ¢ =1in Bg. Testing (3.85) with ¢ = wrp?, and applying (3.5) along with Hélder
and Young inequalities, standard computations yield

/ A1V (2w P dz < ([ whlZm oy + 1)

Q

Using the uniform L®-bound of {wy} in Q N Bag, and the fact that ¢ = 1 in Bg, we conclude
that {wy} is uniformly bounded in H'(), N Bg, pidz). Finally, arguing as in Lemma 3.4.7 with
minor adjustments, and using that A (z) — A, py — p* almost everywhere, we conclude that
(3.86) holds, and that © belongs to H'(Qs N Bg, p%dz) for every R > 0. Summing up, we proved
that

/ pPAVT -Vdz =0 for every ¢ € C®(RY).

Hence, recalling the definition of the limit blow-up domain Q, see (3.80), we infer that v is an
entire solution to:

Case 1
—div(AV3) =0, in R%;
Case 2 -
—div(AVo) =0, inIls
AVG-v =0 on Ollg;

Case 3,if =0
—div(|y|*AVs) =0, in R?,

Case 3,if >0 .
—div(Jy|*AVo) =0 in R4\ %4,
AVi-v=0 on E? .

Step 6. Liouville theorems and contradiction.

From (3.82) we have that v satisfies

[o(2)] < C(1+|2])%,
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for every z € Qo, where o < min{ay, 1}, by the assumption (3.8). By invoking appropriate
Liouville-type Theorems we get that ¥ must be constant. In Case 1, we use the classical Liouville
Theorem in the whole space; in Case 2, we use the Liouville Theorem in an half space with an
homogeneous conormal boundary condition (for instance, see |13, Theorem 1.6]); in Case 3, we
use Theorem 3.1.4. Hence, we reach a contradiction, since v is not constant by Step 4. Thus,
(3.70) holds with a constant C' uniformly bounded in €. The proof is complete. O

Remark 3.6.1. We point out that our theory can be extended to equations including lower
order terms. In particular, we highlight its connection to the study of eigenvalue problems for
the Laplacian in domains with small holes (see |67, ) | and the references therein) - which
corresponds to our case d = n. More generally, for 2 < n < d, let us consider the eigenvalue
problem

(3.87)

—Aue = Aue, in Q\ X,
Vue - v =0, on 0% N .

Theorem 3.1.3, 7), which establishes local e-stable Holder estimates, extends naturally to equations
like (3.87), yielding
[uellcoemis.y < CAelluell 2@\ 5.

for every a € (0,1) and compact set K C Q. The constant C' > 0 depends only on d, n, «,
dist(K, 0Q).

3.6.2 Stable O estimates

Proof of Theorem 3.1.3, ii), stable C“*-estimates. Let u. be a family of solutions to (3.13). Since
the weight |y|* is uniformly elliptic away from X, well-known results in elliptic regularity imply
that for every 0 < ¢ < 1 (so that %2 N By is of class OV being A € C1 with [Allcresyy < L,
see Remark 3.3.2), there exists a constant C. (depending only on d, n, a, A\, A, p, o, L and ¢)
such that for any solution u. to (3.13) the following estimate holds

[ucllora(s, \ma) < Ce(luell2a\na)y + [fllLrasy) + 1 Fllcoas,))- (3.88)

Our goal is to show that C. remains uniformly bounded as ¢ — 0. The proof proceeds by
contradiction and is divided into several steps.

Step 1. Contradiction argument, preliminary estimates and blow-up sequences.

Assume, for the sake of contradiction, that there exist two sequences €5 and uj such that
er — 0 as k — oo, the functions wuy, are non trivial, satisfy (3.13) with ¢ = ¢} and it holds that

lurllcracs, \sa) = k(luklr2emasa ) + 1 lleas) + 1 Fllcoes,))- (3.89)

Consider ¢ € Byjs \ Egﬁ such that

1
QHVWHLw(Bl/Q\zgk) < [Vug(Ce)l
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and compute

Vg (Cr)

1
([ i) V(e P
By 5\28, Bi/2\22,

< C(/ y|*| Vug(2) — Vug(G)|*dz + /
BI/Z\XPEA]C

[y V)
Byj2\E4,

2 " N
< C([VUk]COqa(Bl/Q\zg\k) +/Bl/2\EA ly|*| V| dz).
<k

Combining the last two inequalities with the Caccioppoli inequality (3.39), we conclude that
there exists a constant ¢ > 0 independent on k such that

IVurll oo (B, 4 ) < e([Vurlcoas, pysa) + el zemasa ) + 1 f v + 1Fllcoes,)) -

Therefore, by also applying Proposition 3.4.6, we deduce that inequality (3.89) implies the
existence of a constant ¢ > 0, independent of k, such that

(Vurleonmy ey > eh(lullzzoss ) + 1 floes,) + 1Flcoss,))
Now, let n € C2°(B3/4) be a function such that 0 <n <1 and n =1 on By/;. We define
My, = [V(nuk)}cova(&\zg]@) )
and observe that
My 2 [Vug]coas, p\2a) 2 Ck(HukHLZa(Bl\zgk) + 1 fllppa(my) + ||F||00,a(31)) : (3.90)

It is worth noting that, by combining (3.90) with Theorem 3.1.3, i), for every 7 < 1 and 8 € (0, 1)
it holds
||Uk||00,5(37\2§k) < ck™ ' My, . (3.91)

Additionally, since nuy = 0 in By \ Byjy, we also have
HV(WUk)HLoo(Bl\zgk) < M. (3.92)
As a consequence of (3.90), (3.91), and (3.92), we immediately infer that

lnAVuy + 77F||co,a(31\2g‘k) < cMj. (3.93)

Crucially, the boundary condition satisfied by wug on 82\’% gives us an estimate on the y-components
of the field nAVuy, + nF. In fact, by Lemma 3.A.2 and (3.93), for every point z} € 82{% N B
and for every ¢ = 1,...,n, it holds

|(nAVug +nF)(25) - ey,| < celnAVuy + TIFHCO,Q(Bl\ZEAk) < cep M. (3.94)

Next, consider two sequences of points z; = (g, yk), 2k = (Zx, Jk) € B1\ Zi such that

|V (nug) (2x) — V(qug) (Zx)]
|2k — 2x|®

> M. (3.95)

1
2
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Without loss of generality, we can always assume that z; € Bgy. Let 74 = [z, — Z;|. Unlike the
proof of Theorem 3.1.3, i), establishing that r; — 0 as k — oo is not straightforward here, so we

have to proceed more carefully. Let us denote dj, = dist(z, 82?16). From now on, we distinguish
three cases.

Case 1: — —oc0ask — oo,

d
Case 2: - < c uniformly in £, and @ — oo ask — .
Tk Tk

Case 3: @ < ¢ uniformly in k.

Tk

We refer to the proof of Theorem 3.1.3, i) for remarks on these cases. We recall that dj < |yx/,
and we note that in Case 1 and Case 2, r;, — 0.

Let zg = (:vg, yg) denote a chosen projection of z; onto 82(‘%, and define

Zks in Case 1,
Zr = 22, in Case 2
(zg,0) in Case 3.

We observe that, by construction, |z — Zi| < crg. Moreover, in Case 2 and Case 3 it holds
0 3
lzi| < |zx| + di < 1 + crg,

so that for sufficiently large k there exists 7 < 4/5 such that z) € B, \ ka.

As done in Theorem 3.1.3, 7) let us define the sequence of domains

_ BI\Z4 — %

Tk

Qg

and the limit domain Q. as in (3.74). Next we introduce the points

2k — Zk
& = .

Tk

Notice that &, € €, for every k, and [£] < c¢. Thus, up to subsequences, & — & € Que.
Finally, we introduce the sequences of functions

N2k + m12) (uk (Zx + re2) — uk(zx)) — n(ze) Vug(zk) - (2 — &)

vp(z) = EEY: ,  forzeQy,
k k
and B 3 b
wi(z) = n(Zk) (uk (2 + T12) :fj(zk)) — Py gz — 51@)’ for 2 € O .
Tk Mk
where
n(zk) Vur(2x), in Case 1,
P, = n(zg)VUk(Z,?), in Case 2,

AN (Z) (nAVug)1(2D) — (nF)2(20)), in Case 3.
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Thanks to (3.90), (3.91), and (3.92), we readily infer
[Pl < IV (pun) || oo (\sa ) + ellukll oo sa ) + €l FllLes,) < Mk, (3.96)

where, in Case 2 and Case 3, we used that z,g € B;\ ch for some 7 < 4/5.
Step 2. Hélder gradient estimates and convergence of vy.

Let z,2" € Q. We have

|Vug(z) — V()] < |V (qur) (Zr, + re2) — V(nug) (2 + 732")|

T?Mk
n [u(zp)| V(2K + 112) — V(2R + 132")|
aMk
HUHL % (Bg/4\ZA )
<lz— 2+ 3/4\ ey, 1 o S

< (L+ck 7tz =217z = 2|2,

where the last inequality follows from (3.91). Therefore, for every fixed compact set K C R?, we
can choose k sufficiently large so that [Vug]co.aq,nr) < 2. Moreover, since Vug(§) = 0 and
€| < ¢, it follows that

IVoell Loy = sup  [Vog(2) = Vor(e)| <2 sup |z — &|* < ¢(K). (3.97)
z€QENK 2€QENK

Next, we prove that for every compact set K C Q, it holds [[vg[|pec(x) < ¢(K). We claim
that there exists a compact set K’ D K such that, for every z € K and all sufficiently large k,
there exists a curve 7y, depending on z, satisfying

Wi (0,1) = Qe W(0) =&, () =2, [wmlcoron < el +]z]), spt(w) C BN K,
(3.98)
for some constant ¢ > 0 independent of z and k. Assuming the claim, we use (3.97), (3.98), and
v (&) = 0 to obtain

1

@)= | [ Vaon(®) 40| < IVerllmioonerllilonony < o +124) < e(),

" (3.99)
which implies [|vg || poo (k) < c(K).

We now prove the claim. In Case 1 we take 74 to be the straight-line segment from z to &.
Since Qs = R? (see Theorem 3.1.3, i), Step 2), it follows that v, C Qy for sufficiently large k.
The set K’ can then be chosen accordingly, noting also that [§| < c.

In Case 2, consider the point & := & + yx/|yx|. By Lemma 3.A.1, ii), the segment joining
&, and & lies entirely within €. We next show that & € Qo = {y - € > 0}. Recalling that
& — &€ {y-&>0}and A3 (2D)y0/| A5 (20)y)| — €, we compute, for sufficiently large k,

A7 (Dl A
HCEE I (\y) 6 =€ 2 e 1 <Zzil‘+

|
0y,,0 0 0 by _
(Z'S)ylé Un &_%’_i_o(l)zi_‘yk‘yﬂo kalyk‘JrO(l)
A EDYL Rl Mkl Ty Ypllyk]
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ALy — vl A d Tk A
> K—ZW—{—O(I) = K—2a@+0(1) > K+O(1)v
where we used the uniform ellipticity condition (3.5) and the assumptions of Case 2, namely,
di/ri < c and |yg|/r, — oo. Therefore, for sufficiently large k, we have that &} - & > ¢ > 0, which
implies that £ € Q. Since Q0 is convex, the segment connecting z and & lies entirely in 2o,
hence in €, for sufficiently large k. We thus define ~; as the concatenation of the segment from
&k to &, and the segment from £ to z, and we easily see that v, satisfies (3.98).

We now focus on Case 3. Given a point ¢ € g, let (** denote its projection onto the cylinder

= 822A1f8k _ = {Z S RY | |y| = 2A1/25k/rk} .
k

Note that, by Lemma 3.A.1, 77), the segment joining ¢ and ¢** lies entirely within €y, at least for
sufficiently large & (otherwise it may intersect the spherical part of 9€). Now, fix z € K C Q.
Consider a path contained in Cj, M €2 that connects z** to £;*. This path consist of a translation
in the z-variable, followed by a geodesic on the n-dimensional sphere dByp, /. We then define
vt as the concatenation of the segment connecting z to z**, the aforementioned path connecting
z** and &* within Cj, and the segment connecting &;* to . Since in Case 3 we have ¢ /r, < ¢,
it is straightforward to verify that -, satisfies (3.98). To conclude, it suffices to choose a compact
set K’ D K large enough so that spt(vyx) C K’ N Qy for every z € K and all sufficiently large k.
The claim is proved.

Summing up, we have shown that for every K C Qo it holds vk |lc1.e(x) < ¢(K). Applying
Arzela-Ascoli theorem, together with an exhaustion of Q0o by compact subsets and a standard
diagonal argument, we conclude that, for every v € (0, «), it holds vy — ¥ in C’llo’Z(Qoo). Moreover,
using (3.99) we obtain the growth estimate

|5(2)| < (1 + |2|1T%). (3.100)
Step 3. Convergence of wy.
First, we show that for sufficiently large k, there exists a constant ¢ > 0 such that

(k) Vg (2r) — Pi| _ .
T?Mk -

(3.101)

In Case 1, this result is straightforward. In Case 2, recall that zk,zg € B:\ Eéc for some
T <4/5 and |z — 29| < erg. By (3.91) and (3.92), we have

09) () — (V) ()] 9 o)) = Vo) )] N0 T) ) — (T )
i My B i Mg M
o il + cHUkHCO’Q(BT\Z?k) |2 — zl°
= ro M, Ty

<ec.

(3.102)
For Case 3, note first that |22 — Zk| < di + |yk| < erg, ex < crg, and

A7 (E) (nAVuR) () — P = WAV 4+ 1F)2(2]).
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Therefore, using (3.102), (3.92) and (3.94), we have
(V) (zr) = Pl [(0Vui) (z) = (0Vu) ()] JAT (=) = AT (@)l (n AV ur) (23)]
T?Mk B O‘Mk T‘?Mk

+‘A (Zk)(UAkV]\Z:)(Zk) Pk\ (1 4 \(nAVuigka)g(zg)\) < c<1 N (%:>a> e

Thus, in all three cases, (3.101) is satisfied. As a consequence, up to subsequences, we can define

V = lim n(zx) Vug(zx) — Py
k—o0 7“,3‘]\4']g

and w(z)=0(z) =V -(2=¢). (3.103)

where & € Q) is such that & — & To conclude, we show that w;, — @ uniformly on every
compact set K C . Indeed, we have

n(Zk + re2) — n(Zk)||ur (Zk + rr2) — ug(zi)|

sup [u(2) = V- (2 — €) — wg(2)] < sup

2eK 2€K T My
2k)Vug(z
i [HETR) B yJs -+ Vil -
k
- (Huklcw BARA) ) < of5=1 4 o1} 5 0
<c N, +o(l)) <e(k™ +o(1)) = 0.

Finally, we observe that from (3.100) and (3.103) it follows that

[w(2)| < e(1+ |2]T9). (3.104)

Step 4. The limit function is not linear.

Let us consider the sequences of points

Z2r — Zk A 2L — 2k
& = y k= .
Tk Tk

As previously noted, fk € Q, |&k| < ¢ uniformly in k, and vk(ﬁk) Vg (&) = 0 for every k. In
fact, it also holds that fk € Q for every k, and since |§ — §k| = 1, we have ]{k] < ¢ uniformly in
k. Moreover, by (3.95) (recall that ry = |z — 2x|) we get

[V Orun) (1) = V(nuw) (Z)l_ Julz) Vo) = Vnla)l 1 0 1
re My, o M =2 4

Vo (&) >

Since &, — &, ék — f with 5,5 € Oy and & # é, a simple continuity argument implies that
Vo < ¢ in a neighbourhood of &, and Vo > 1/4 — ¢ in a neighbourhood of &, for some small
9 € (0,1/10). Therefore V@ is not constant and, by (3.103), we conclude that V@ is not constant
either.

Step 5. rp, — 0 in Case 3.

Assume by contradiction that, up to a subsequence, 1, — 7 € (0,2]. Since 7 > 0, it is
straightforward to verify that Qo = By/7(c) \ Xo for some ¢ € R?. Let K C Qu be a compact
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set. For every z € K, using (3.91), we estimate

n(Zk + riz) (ug(Zk + rez) — ug(zr)) ‘ - ||UHL°°(BS/4\Eg‘k) < ol

T]%;—i_aMk — >cC ;

where in the last inequality we used that ry > ¢ > 0 for sufficiently large k. Moreover, from (3.91)
and (3.92), we obtain

n(2k) Vug(21)

Tg—Mk

Cc

<= <e

/,704
Hence, recalling the definition of vj, and thanks to Step 2, we infer that there exists W € R? such
that
v(z)=-W-(2-¢).
This contradicts the fact, established in Step 4, that Vo is not constant. Therefore, we conclude

that rp — 0. At this point, arguing as in Theorem 3.1.3, i), Step 2, we find that the limit domain
Qo is given by (3.80).

Step 6. The limit function is an entire solution to a homogeneous equation.

Let us denote Ag(z) = A(Z + rrz). Since Zx € Bsjy, and A € CY(By), we have, up to
subsequences
zZ=(z,9) = klim (g, Jk) and A= A(2) = lim Ag(z),
— 00

k—o0

where A is a symmetric matrix with constant coefficients that satisfies (3.5). Next, let us define

Ui + TRy

pr(y) = |k |
lyl, in Case 3,

, in Case 1 and Case 2,

noting that, in Case 1 and Case 2, p; — 1 uniformly on every compact set K C R? as k — oo.

Let us fix ¢ € C°(R%), and observe that for sufficiently large k, spt(¢) C Blrij’“. Since uy, is
solution to (3.13), we find that wy, satisfies

/Q PeW)Ak(2)Vwi(2) - Vo(z)dz =5 — I — I3 — I, (3.105)

where

h="4 [ OGS+ o)

I r’;a/
2 = ——
My, Qkp

A /Q PN AGE +107) — A(Z)) P - Vo(2) dz

(nCGr) (F(Zr +711r2) — F(Z)) - Vé(2) dz,

>

My,
L= A'}k /Q ) AG) P + (G F () - Volz) dz.

Following the same argument as in Step 5 of the proof of Theorem 3.1.3, i), we observe that as

k — oo,
_d+a+

11—«
11| < || oo mayk ™"y, Po=0,
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due to the assumption @ < 1 — CH%.

Next, using (3.90), we find that as k — oo,

IA
<
>

i< [ PG R - FE| V) d:
k Qkﬂspt((b)

1 F||coes _
< HV¢HL1(Rd,pkdz)Tk(l) <ck ' =0.

VAN

For I3, using (3.96), we obtain

r, ¢ ~ ~
Bl [ pWIAG ) - AR dz
k JQpnspt(¢)
d\v4 L 1—a|Pk| < ppl-o 0
<l ¢\|L1(Rd,pgdz) Tk E scer,  — 0.

Finally, it remains to prove that I, vanishes as k — oo.

Let us first examine Case 1. Here, recall that Zx = z, ri/|yx| — O, pg — 1, and Qy = R,
Notice that |y + rry| > clyk| for sufficiently large k. Using this, we estimate

arep(y) (ye + rry) Tk
L - < c——pi(y)
lyk + Try k|

Vi)l = |

Moreover, we know that spt(¢) CC Qy for sufficiently large k. Integrating by parts, we obtain
e ] / Y) AV +0F) () - Vo(z) dz|
spt(¢

= ‘/t Vpi(y) - MAVuy, +nF)(zk)é(2) dz‘
spt(

7CM

< C”¢HL°<>(Rd | |(nAVuy +nF)a(2k)| -

yk|Mk

As pointed out in Theorem 3.1.3, 3), Step 1, there exists Z = (z, Yx) € 62;1 such that |Yx| < |yk|
and yi - Y = |yk||Yx|. Moreover, it holds

dr < |2k — Zi| < |yl
and, by construction, Z; € Bs/s. By using (3.94) and (3.93), we get

|(nAVug +nF)2(z)| < [(nAVug +0F))(26) — AV, +0F)(Zg)| + [(nAVug + nF)2(Z)|
< Mk|zk — Zk|a + CMkS? < ch|yk|°‘

As a consequence we have

(e
|I4|§c(‘rk’> —0 ask— oo,
Yk

as needed.
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Let us now turn to Case 2. Here, recall that Z, = zg, where zg is such that dy = dist(zy, OZ?IC) =
|z — 29| < crg, |yg|/ri — oo and p¢ — 1. Additionally, since |yx| < |2k — 20| + [yY] < cr + |y,
it follows that both |y?|/rx — oo and ej/r, — oo in this case.

Integrating by parts we find

/),,—Ot
=" [ V) 1AV + F)(f)o(2) dz
kJay,
T,—a
+ 3 [ @AY+ nF) ) v )0l de.
k Jogy
where v(z) is the normal vector to 82“%. Using (3.94) and arguing as in Case 1, we readily
obtain
r ¢ a TR\ 17
e | i) - AV + nF)a()6(2) dz| < el ey (1) 0.
My Ja, Y|

Next, using that wuy satisfy a conormal boundary condition on 02, we compute

(NAVuy +nF)(2)) - v(z) + r12) = WAV +nF)(2)) - (v(z)) + m32) — v(2]))
= (nAVug +1F)2(2p) - (N (2} + 752) = N()) + (0AVug +0F)() - (7(2 + rz) = 2(23))

where N(z) and o(z) are as in (3.134).

As done in Theorem 1.7.1, we split the proof into two parts. Assume to restart the present
proof, keeping exactly the same assumptions, but aiming to prove estimates in the form

HUeHcl»a’(Bl/Q\zgl) < C(luellpzassay + 1 flleas) + 1Fllcoes,)) (3.106)

with a suboptimal exponent o/ < a. Then, at this point of the proof, using (3.93), (3.94) and
Lemma 3.A.1, that is, | N[[co1(gza np,) < ce;, ! and [7]lco.0om:4 nB,) < ¢, we would obtain
€k k

|(nAVuy, +nF) () - v(z + rr2)| < My,

Tk
T T cMyry; (3.107)
k

which implies that

% /ag P (MAVw, + F) (=) - V(=] + 12)d(2) d=

Tk 1-af a—a'
S CH(ﬁ”Loo(Rd)(<a) +’f’k ) — 0.

Therefore, we conclude that |I4] — 0, as required. From this point on, we can complete the proof
of the theorem and obtain stable C1® estimates. This, in turn, implies a uniform L bound for
Vuy in Byjg \ ¥e,, -
We can now return to our previous computation with o’ = . Thanks to (3.106) and (3.72),
we get
InAV Uy, + nF || oo (5,) < k™ My



182 Regularity for equations degenerating on lower dimensional manifolds

Thus we can improve (3.107) and get

|(nAVuy, +nF)(2) - vz + r2)| < My — 1 — + Mk~
€k

As a consequence,

o [ A @AV YD) 6 o] < el (2) T+ 5) 0,

and we can conclude that |[I4] — 0.

Finally, we address Case 3. Recall that Z; = (2, 0), pr = |y|, and g < c|yg| < crg. Let us call

="E [ W (AG) P+ )R - To(e) de

My,
We have .
/r‘ ~
1= =% [l (@P)E) — @P)ED) - Vol ds
k
| F||coas,) - o —a _
< CHVCbHLl(RdJy\adz)#V — 2 <kt =0,

where we used that in Case 3 it holds
2k — 20) < |2k — 26| + |2k — 20] = ye] + di < orge.

Due to our choice of P, an integration by parts yields

]\’}/ ly|*(nAVuy, + nF)1(2)) - Vé(z) dz
k Ja,
r. @ i
= ]\Ij_[/ y|*(nAVuy, +nF)1(2p) - v(Zk + re2)(2) dz .
k J oy

Recall that at a point z € GEQC, the normal vector is given by v(z) = (0, N(2)) 4+ v(2), see (3.134),
where |P(z)| < ceg. Therefore, by (3.93), we get

r .
1< e [yl AV nE D GNP+ el [6(2)] d
k Joo,
€L\ 1_
< ()6l ey [yl dz.
Tk Spt(d))man
Notice that there exists R > 0 such that
oxA — 3
spt(¢) N Oy, = spt(¢ {\/A (Zk +1i2)y -y = i—:} C (B;l{" x R™)N 6’;% i

Thus, denoting Ej = Bfl:g(—rk_lék) x R™, we have

/ Iy“dzé/ oma o [yl dz =TT “/ ly|*dz .
Spt()NIQ (B%*"an)mgfikk Enosa



3.6 Stable regularity estimates in perforated domains 183

On the other hand, using Lemma 3.A.3, iv) and performing the change of variables (z,7) = ®(z)
(for instance see [102, §11]), we obtain

/ rltdo(, 7) = / (A5 (2)y - 1) | det(IL,, 0 I3 Jp o TL,, )|do(2)
EkﬂaEEk Ekﬂasz

e o yldoe).
Ekﬂaz)?k

Summing up, we have that

a 1-d—a a _ l—-n—a a — 87]‘3 atn—t
ly|*dz < cry, |T|%do (z,7) = cry, |T|%do(T) = ¢ .
spt(¢)NoQy, ErNd%e,, Br, Tk
Therefore

a+n
|| < c(g—k) T <er =0,
Tk
which implies that |I;] — 0 also in Case 3. Hence, the right hand side of (3.105) vanishes as
k — oo.

From this point on, arguing as in Theorem 3.1.3, i), Step 5, we obtain that the left hand side of
(3.84) satisfies

/ PEAL YWy - Ve dz — / 7 AV@ -V dz,
QpNspt(¢) QooNspt(¢)

where
_ 1 in Case 1 and Case 2,
ply) =

ly| in Case 3,

and @ belongs to H'(Qu N Bg, p*dz) for every R > 0. Hence, recalling the definition of the limit
domain Q, see (3.80), we infer that w is an entire solution to:

Case 1
—div(AV@w) =0, in R%;

Case 2 -
—div(AVw) =0, inll;
AV -v =0 on Ollg;

Case 3,if =0
—div(|Jy|*AV@) =0, inR?,

Case 3,if >0

—div(jy|*AVw) =0 in R4\ B4,
AVw-v=0 on E{g .

Step 7. Liowville theorems and contradiction.

Since w satisfies the growth condition (3.104), with 1 + o < min{2, ..}, by the assumption
(3.9), by invoking the classical Liouville Theorem in Case 1, the Liouville Theorem in an half
space with an homogeneous conormal boundary condition (for instance, see [1413, Theorem 1.6|)
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in Case 2, and the Liouville Theorem 3.1.4 in Case 3, we get that w must be a linear function:
this is a contradiction with the Step 3, since Vw is not constant. Thus, (3.88) holds with a
constant C' uniformly bounded in €. Moreover, recalling (3.94), we get that (3.14) holds true.
The proof is complete. O

Remark 3.6.2. The exponent «a, given by (3.7) is always strictly positive. In general, given
an integer k > 1, a, > k if and only if p,. > k(k + a +n — 2). This implies in particular that
ay > 1lifand only if @ < py +1 —mn <0, since 0 < pyx < n — 1. Hence, when o is greater than 2,
the regularity of solutions to (3.1) is expected to be higher than C1* (C?“ or even more). In
this remark, we give a simple example which shows that our method fails to prove higher order
Schauder estimates which are stable in € with respect to domain perforation.

For a 4+ n # 2 such that a, > 2, let us consider the family of functions

ue(,y) = (a +n)at — |y + ey

)

2 —

which are solutions to

—div(|y|*Vu:) =0, in By \ X,
Vue -v =0, on 0%, N By,

and satisfy [|uc||po(p,\x.) < ¢ Fixed i,j € {1,...,n} such that i # j, we compute

0y, ue(w,y) = —2(a +n)e" "y yiy;

Let us fix the points
€ B
21 = ﬁ(eyi + eyj)J 22 = ﬁ(eyi + eyj)?

where 3 € (0,1). One has that 21,22 € By s \ X and, for every a € (0, 1), we have

\8§iy.u€(z1) — 8§iy_u€(zQ)| 1 — gla+n)(1-p)
j J :(a+n)—€a6|1_6175|a —

o, ase—0,
|21 — 22|

since 1 — 3 > 0 and a +n > 0. Then, we have proved that e-uniform C%® estimates fail.

3.7 A priori estimates and proof of the main result

In this section we prove a priori regularity estimates, which imply stable estimates with respect
to standard smoothing of data. This leads to the proof of the main Theorems 3.1.1 and 3.1.2.

3.7.1 A priori estimates

Proposition 3.7.1 (A priori estimates). Let a +mn > 0. Let A be a uniformly elliptic matriz
satisfying (3.5) and (3.6) with constants 0 < A < A\, < Ay < A. Let a = as(n,a, \/Ay) be
defined as in (3.7). Then the following points hold true:

i) Let p > (d+ay)/2, ¢ > d+ay. Let a € (0,1) satisfying (3.8). Let A be C° with
[Allcow(py) < L for some given modulus of continuity w, f € LP*(By) and F € L% (By)?.
Let u € C%*(By) be a weak solution to (3.1) in By. Then, there exist a constant C > 0
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depending only on d, n, a, A\, A, p, ¢ @ and L such that
[ullcoa(s, ) < Cllullzzais,) + 1 fllzras) + 1FllLaas,))-

ii) Let p > d+ay. Let assume that o, > 1. Let o € (0, 1) satisfying (3.9). Let A be C%% with
|Allcoa(py) < L, f € LP%(By) and F € C%*(By). Let u € CY*(By) be a weak solution to
(3.1) in By such that

(AVu+F)-ey,, =0, onXoNBi, foreveryi=1,...,n. (3.108)
Then, there exist a constant C' > 0 depending only on d, n, a, X\, A, p, a and L such that

lulloracs, ) < Clllullzais,) + 1 fllras,) + 1 Fllcoas,))-

We provide the proof only for the estimates in C1®-spaces, as the proof for the other case
follows the same argument and is easier to establish.

Proof of Proposition 3.7.1, ii). The proof is similar to that of Theorem 3.1.3, ii), so we omit
some details.

By contradiction, let us suppose that there exist sequences {ug}r, {fx}tr, {Fk}r and {Ag}x,
such that Ay € C% with | Akllcoa(m) < L, fx € LPY(B1), F, € C%*(By), and every uy is a
weak solution to

—div(Jy|*AxVug) = |y|* fr + div(|y|*Fk), in By,

which satisfies the boundary condition (3.108) and
lukllcra(s, p) > k(lluellzee s, + el wras) + 1kl coas,))-

Let us fix a smooth cut-off function n € C2°(Bs/4) such that =1 in Byp and 0 < n < 1. Then,
arguing as in Step 1 in Theorem 3.1.3, ii), we have

My = [V (que)]co.a(sy) = [Vurlooas, ) = ck(llurllzzas,) + [1fill ooz + 1 Fslcoas,)) -
Take two sequences of points z = (zk, Yk), 2k = (Zk,Ux) € By such that

|V (nug) (z) — V(nug) (Zr)|

M
’Zk _ék’a k>

1
>
-2

and define 7 = |2 — Z;|. Without loss of generality, we can assume that 2z; € Bs/4. From now
on, we distinguish two cases:

Case 1: @%ooask:%oo,
Tk

Case 2: @ < ¢ uniformly in k.
Tk

Unlike the proofs of the stable estimates in Section 3.6, here we do not introduce any perforation
around Y. Consequently, we have only two blow-up regimes: in Case 1, the blow-up scale does
not capture Yy, whereas in Case 2, it does.



186 Regularity for equations degenerating on lower dimensional manifolds

Let (x = (x,0) be the projection of z; onto ¥g. Let us define

B (Fas ) zk, in Case 1, ¢ 2E — 2k
k= Tk, Yk) = . k= )
(x, in Case 2, Tk

the sequence of rescaled domains
By — Z
Q= ————,
Tk

and the sequences of functions

0z + r2) (un (2 + 712) — ur(Zk)) — 1(2) Vur(2k) - 76 (2 — &)

vp(z) = RETTYA ,  for z € Q,
k
wp(z) = () (kB + 7k2) = ur(Ze)) = V) (3) 1wz
14+a
T O My

and set the limit blow-up domain Q4 as in (3.74).

By arguing as in Theorem 3.1.3, 41), Step 2 one has that [vi]crekno,) < 2 and [Jvg[lcrek)y <
¢(K) for every Compact set K C Q. Therefore, by applying the Arzela-Ascoli theorem, we infer
that vy, — 0 in C'27(Qso) for every 4 € (0, @) and

loc
o] < (1 + |2]"*).

Moreover, employing a similar argument as in Theorem 3.1.3, iz), Step 3, it follows that also
wy, — U uniformly on compact set of Q. Next, repeating the argument of Theorem 3.1.3, ii),
Step 4, Step 5, we conclude that Vv is not constant and r; — 0, which immediately implies that
Qs = R? in both Case 1 and Case 2.

Finally, we prove that v is an entire solution to a homogeneous equation with constant coefficients.
Since || Akllco.a(p,) < L, we have that Ag(zx + 1p2) — A(2) = A, which is a constant matrix
satisfying (3.5) and z = limg_,o Z;. Let us define

" w, in Case 1,
Prw) =1 vl
ly|®, in Case 2.
Fixed ¢ € C°(R%), we have that
/ Y)Ap(Zk + rpz)Vuwg(2) - Vo(2)dz =11 — Iy — I3 — 1y,
where .
r 3 _
=" | o)A G+ i) ()
ko Jo,

I = 7;\;4: / Pe(W)n(zr) (Fr(Zr + rr2) — Fr(Zk)) - Vo(2)dz
fs = Z\ka /Qk P )n(Ze) (Ar(Zx + r12) — Ap(Z)) Vug(Zx) - Vo(2)dz

Iy = Z\’ka /Q ) (AT ) () - Vo)
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The terms I, I» vanishes as k — oo exactly as in Theorem 3.1.3, Step 6.

To show that the term I3 vanishes, we proceed in two steps, as in the proof of Theorem 3.1.3,
i), Step 6. First, we establish local O estimates for some suboptimal o/ € (0,a). Once this
is done, we can then obtain the regularity with the optimal exponent «, using as additional
information a L* bound for the gradient of the solutions. Hence, in the first step, we have

!
—Q
Tk

M,

|13

/Q P (W) (Ze) (A (Zr + 1r2) — Ap(Zk))Vur(Zr) - Vo(2)dz

o el (il oo sy + 1V () | o= (51))
< A

/
<clry™™ — 0, ask — oo.

Next, restarting the proof with the optimal exponent «, a priori estimates with a suboptimal
exponent imply that ||V (nu)| pe(p,) < My/k and we can conclude in the following way

cL(lInukll Lo (By) + IV (nug) | Lo (By))

1] <
[I3] < A

<cLk™' =0, ask— cc.

Finally, we show that the term I goes to zero. Let us consider the Case 1, recalling that
Z = 2z, Tk/|yk] = 0, pf — 1 and ¢ = (zx,0) € Xo N By. Arguing as in the proof of Theorem
3.1.3, 4i), Step 6, and using the boundary condition (3.108), we have that

|(nARVur, +nFp)2(zr)| = [(nARVur +1Fr)2(2) — (nARVur +nFr)2(C)| < cMlyrl®,

and thus ,
Vi (y) - (nARVu, + nFy)(zk)| < CW%MI«
Hence, by using the divergence theorem, one has that
r @ rE \ 11—
1= | [ Vo) AT nE) s <o) 0. ask o,
My | Jq, Y|

In Case 2, since uy, satisfies (3.108) and Z; = (x1,0), the divergence theorem allows us to
conclude directly that Iy = 0. In fact,

/Q Pe(Y) (AxVuy, + Fy)(Z) - Vo(2)dz = — i Voi(y) - (ApVug + Fi)(Z)o(2)dz = 0.

From this point on, arguing as in Theorem 3.1.3 i), Step 6, we obtain that
| A+ 1) Vone) - Vo) - [ 5 )AT) - Vot)dz,
k

where

(1) 1, in Case 1,
pPY) =
ly|, in Case 2.

Then, we have proved that v is an entire solution to

—div(AV7) =0, inRY in Case 1
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and v is an entire solution to
—div(|y|*AVs) =0, inR? in Case 2.

Finally, as in Theorem 3.1.3, ii), Step 7, by invoking appropriate Liouville type theorems we get
a contradiction and the thesis follows. O

3.7.2 Proof of Theorems 3.1.1 and 3.1.2

We will prove Theorem 3.1.2 only, as the proof of Theorem 3.1.1 follows by a similar argument.

Proof of Theorem 3.1.2. We divide the proof into two steps.
Step 1. First, we prove that if the matrix A € C1*(By), then u € C*(B3,4) and satisfies (3.10)
n B3/4.

Let u be a weak solution to (3.1). By applying Lemma 3.4.7 there exists a family of functions
{ueYo<e<1, such that every u. is a weak solution to

—div(|y|*AVue) = [y|*f + div(|y|*F), in By \ 2
(AVu. + F)-v =0, on 82?034/5,

and a sequence g — 0 such that ue, — u in H (By/5 \ o).
By applying Theorem 3.1.3, 7i) to the sequence {u., }, combined with (3.40) and (3.39), we get

||u5kHCL“(Bg/4\2ék) < C(”UHLM(Bl) + ”f”LPaa(Bl) + HFHcOya(Bl)),

for some ¢ > 0 depending only on d, n, a, A, A, p, & and L. By using the Arzel4-Ascoli Theorem

and the a.e. convergence u., — u, we get that u., — v in 0110’2(33/4 \ Xp), for every v € (0, ).

Moreover, by taking z, 2" € Bs/4 \ Xo such that z # 2’, we have that

Vu(z) = Va()| _ | [Vae,(2) = Vue, ()

|Z — Z’|a om0+ ’Z — Z/|a < C(||UHL2*‘1(B1) + ||f||Lp’a(Bl) + ||FHC'O*°‘(Bl))'

Hence, by taking the supremum, we get

Vu(z) — Vu(Z
1.7 51

Byy\5 2 — 2] < c(llull p2asy) + 1 fllpais) + I Fllcoe(sy))-
2,2'€B3;4\0 -

By a continuity argument, we can extend v in the whole Bs /4 in such a way that [Vv]co,a( Bya) =

[Vv]co,a(33/4\20), hence, we have that u € Cl’o‘(B3/4).

Further, let us prove that u satisfies the boundary condition (3.10). Fix z = (x,y) € B34 \ Xo
and let 2% be a chosen projection of z onto X2 N Bsy. For every i = 1,...,n, by using (3.14),
we get

|(AVu + F)(2) - ey,| < |(AVu)(2) — (AVue)(2)| + [(AVue + F)(2) — (AVue + F)(2°)|
+[(AVue + F)(2%) - ey,
< AVu(z) = Vue(2)| + e(llull p2a(sy) + 1 fl sy + 1F lcoes) (12 — 25| +€%).
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By taking the limit as € — 07 in the previous inequality, we get

|(AVu+ F)(2) - ey, | < c(llullp2aiy) + 1 fllzeamy) + 1F lcoes) [yl

therefore, by taking |y| — 0 it follows that (AVu + F)(z,0) - ey, = 0, that is, (3.10) holds true.

Step 2. Finally, we prove that if A € C%%(By), then u € Cl’a(Bl/g), satisfies (3.11) and (3.10).

Let u be a weak solution to (3.1). For 6 > 0, let {ps}s>0 be a family of smooth mollifiers and
let us define A5 = A * ps. Choosing ¢ small enough, we have that As € C°°(By5), satisfies (3.5)
and ||A5|]Co,a(34/5) < [|Allgo.a(p,)- By using the approximation Lemma 3.4.8, we have that there
exists a family {us} such that every us is a weak solution to

—div(|y|*AsVus) = |y|*f + div(|y|*F), in Bys,

satisfies
lusll e, 5) < clllullgras,)) + 1f1lL2em) + 1Fl120(81);

and, up to consider a subsequence, us — u in HL“(B4/5).
By applying Step 1, we have that us € 017“(33/4) and satisfies (3.10). Hence, by using
Proposition 3.7.1, ii), it follows that

luslloras, ) < c(llullzas) + 1 fllzoa(s) + [1Fllcoe ), (3.109)

for some ¢ > 0, depending only on d, n, a, A, A, p, @ and L. Hence, we can apply the Arzela-Ascoli
theorem to get that us — u in C’l’V(Bl/Q) (for every v € (0, «)) and passing to the limit as § — 0
in (3.109) we obtain that u satisfies (3.11). Moreover, by Step 1 every ug satisfies (3.10), so u
also satisfies (3.10), and our statement follows. O

3.8 Equations degenerating on curved manifolds

This section is devoted to the extension of Theorems 3.1.1 and 3.1.2 to a class of equations whose
weights are degenerate/singular on lower-dimensional curved manifolds.

Let 2 < n < d and consider a (d — n)-dimensional C!-manifold I which is locally embedded
in R? and parametrized by ¢ € C1(Zo N By;R™), in the sense that, up to perform a dilation, a
translation and a rotation, one has

T'NB={(z,y) ERY|y=p(x)}NB1, 0T, ¢0)=0, J,(0)=0. (3.110)

Let us define the diffeomorphism
D(z,y) = (z,y + »(z)), (3.111)
which satisfies ®(3y N Bg) C T'N By for some R > 0, ®(0) = ®1(0) = 0 and the Jacobian

assoclated to @ is

I, O
J¢($7y) = ( Jd(x) I > , \det JCI)| = 17 J@(O) = Hd‘
© n

Next, we define the class of admissible weights with respect to the parametrization (.
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Definition 3.8.1 (a-defining function). Let 2 < n < d, a € [0,1) and ¢ € C1*(3g N By; R™) be
a parametrization in the sense of (3.110). We say that 0 is an a-defining function with respect to
the parametrization ¢ if 6 € C%(Bj) and the two following condition holds true:

i) there exist two constants 0 < ¢y < ¢; such that

< )
C
0= distp

< c1;
i)
: §(2(z,y))

d(z,y) = o c C%(By). (3.112)

Remark 3.8.2. Let us consider a variable coefficient matrix A € C°(By) satisfying the global
uniform ellipticity condition (3.5) with ellipticity constants 0 < A < A and satisfying the
restricted-to-I" uniform ellipticity condition

MEP < A(2)E-€ < ALJE2,  forae. z€ ByNT and for all £ € RY, (3.113)

for some constants 0 < A < A\, < A, < A. Given a 0-defining function ¢, let S as in (3.112) and

define the matrix )
A=6Tg) (Ao ®)(Jgh T, (3.114)

which is symmetric, continuous and satisfies the global uniform ellipticity condition (3.5). The
latter condition follows by i) and i) in Definition 3.8.1, which implies 6 > ¢ > 0. In addition,
since J(0) = I, one has that A(0) = §%(0)A(0) has ellipticity constants restricted to 3¢ given by

0 < 6%(0) A < 6%(0)A.,.

By using the continuity of A, for every o € (0,1) there exists a small radius 7 € (0,1) such that
A has ellipticity constants restricted to Br N ¥g given by

54 (0) A — 0 < 6%(0)A, + 0.

That is, in a local scale, A and A have the same ellipticity ratio restricted to the thin space, up
to an error

0% (0) Ay — Ae L
POM—0 A o

5“(0)/\* + (o2 A*
where ¢ > 0 is arbitrarily small.
As done in Section 3.2.1, we can define the spaces LP(By,8%), LP(By, %)% and H'(By, 6%).

Definition 3.8.3. Let a +n > 0, A satisfying (3.5) and 6 be a 0-defining function in the sense of
Definition 3.8.1. Let f € L)' (By,6%) and F € L?(By, 6%)%. We say that u is a weak solution to

— div(6*AVu) = 6°f + div(6°F), in By, (3.115)

if u € H'(B1,0%) and satisfies

/ §"AVu-Vedz = | §%(f¢ — F-Ve)dz,
B1 Bl
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for every ¢ € C°(By).

The main results of this section are the following corollaries, which establish local C%® and
C1@ estimates for weak solutions to (3.115).

Corollary 3.8.4. Let a+mn > 0, p > (d+a+)/2 and ¢ > d+ ay. Let f € LP(By,46%),
F € LBy, 6%, A € C%By) be a continuous matriz satisfying (3.5) and (3.113) with constants
0 < X< A <A <A o = ax(n,a, A\ /Ay) defined in (3.7) and « satisfying (3.8). Let
¢ € CY(Xo N B1;R™) be a parametrization in the sense of (3.110). Let § be a 0-defining function
with respect to ¢ in the sense of Definition 3.8.1 and set 6 € CO(By) as in (3.112).

Let u be a weak solution to (3.115) in the sense of Definition 5.8.5 and let us suppose that there
exists a modulus of continuity w such that

1Al o s,y + 1o (sy) + I@lere monmgn) < L

Then, there exists T € (0,1/2), depending only on o and L, such that u € C%*(B;) and there
exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, q, a and L such that

lullcoosny < c(llull L2y 50y + 1flLe(By50) + 1 FllLa(By 60))-

Corollary 3.8.5. Leta+n >0 andp > d+ ay. Let A be a matriz satisfying (3.5) and (3.113)
with constants 0 < A < A\ < Ay < A, a = a(n, a, A\ /Ay) defined in (3.7) and « satisfying (3.9).
Let o € CY*(3g N By;R™) be a parametrization in the sense of (3.110). Let § be a a-defining
function with respect to o in the sense of Definition 3.8.1 and set § € CO*(By) as in (3.112). Let
us suppose that A is CO%-continuous, f € LP(By,6%), F € C%%(By).

Let u be a weak solution to (3.115) in the sense of Definition 3.8.5 and let us suppose that
[ Allco.a(pyy + [10llcoe(myy + [lellctesonsirny < L.

Then, there exists ¥ € (0,1/2), depending only on o and L, such that u € CY%(B;) and there
exists a constant C' > 0, depending only on d, n, a, X\, A, p, a and L such that

lullcrosyy < Cllull L2y 60y + 1l Loy ,50) + [ Fllcoe(s,))- (3.116)

Moreover, denoting by T,I' the tangent space to I' at the point z € I', we have that u satisfies the
following boundary condition for every z € I' N By,

(AVu+ F)(z) -v(z) =0, for every v(z) L T,T. (3.117)

Since the proofs of Corollaries 3.8.4 and 3.8.5 are quite similar, we merely provide the proof of
the Corollary 3.8.5. Additionally, we refer to Section 2.8, where the same results are proved in a
closely related context.

Proof. The proof relies on making changes of variables to reduce the problem to the flat case,
where the weight becomes |y|*. The desired result then follows by applying Theorem 3.1.2.

Let ® be as in (3.111), and define & = w o ®. Let 7 € (0,1) to be chosen later, and let
¢ € C°(Bar). Using the change of variable z = ®(z), we obtain that

o:/ 5@(Avu.v¢f¢+F-v¢)dz=/ y|*(AVa - Vo — fo+ F - Vo)de,
B1 Bl
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where A is defined in (3.114) and

f:=08"fo® € LP*(By), F:=0"(Jg")Fo®ecC¥(By), ¢:=¢od.

By using the properties of the defining function (see Definition 3.8.1), one has that A € C%(By;).
Moreover, by Remark 3.8.2, for every o > 0 there exists 7 > 0 such that A has ellipticity constant
restricted to Bar N Yg given by

0 < 0%0)\, — o < 6%(0)A4 + 0.

Let us consider 7 small enough such that

a < a*(n,a, M) — 1,
0%(0)Ax + 0o

where a, is defined in (3.7). This choice is always possible since A(0) has ellipticity constant
3*(0) A < 0%(0)As on 3 and « < ax(n,a, As/Ay) — 1 (see Remark 3.8.2).

Resuming, we have shown that @ is a weak solution to
— div(ly*AVa) = |y|*f + div(yl*F), in By

By the choice of 7, after rescaling the domain, the assumptions of Theorem 3.1.2 are satisfied.
Hence, we have that @ satisfies (3.11) and (3.10) and composing back with ®~! we get that u
satisfies (3.116) and (3.117) in By. O

3.9 Smoothness of axially symmetric solutions

In this section, we prove that axially symmetric - with respect to g - solutions (radial-in-y) are
locally smooth, by establishing a one-to-one correspondence with solutions to an equation that
degenerates on a hyperplane.

Definition 3.9.1. We say that a function u : B; C R? — R is axially symmetric in y (i.e. with
respect to Y) if there exists a function @ : B € R4™"*! — R such that u(x,y) = a(z,|y|),
where B := BT n{(z,r) € R xR | 7 > 0} denotes the unitary upper half ball in R4—"+1,

Lemma 3.9.2. Let a+n > 0 and let u be an axially symmetric in y function. Then, u is a weak
solution to
—div(|y|*Vu) =0, in By, (3.118)

if and only if the function u(x,r) is a weak solution to

—div(r¢t"=Va) = 0, in B,
lim ¢t 19,4 = 0, on By N{r =0},

r—0

(3.119)

in the sense that @ € HY (B, r*™~tdzdr) and

/+ ratIVG - Vo dadr = 0, for every ¢ € C°(B).
Bl
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Proof. First, we notice that, by taking the spherical-in-y change of variable, one has

/ P12 4 |Vaf?)dedr = ¢, / P (@ 4 [Vaf)dedrdo
B Bf

S§n—1

e / y19(u? + [Vul?)dedy,
B

where ¢, = |[S"71|7L. Then, v € HY*(By) if and only if & € HY (B, r**"~dzdr).
Next, let us suppose that u is a weak solution to (3.118). Fix ¢ = ¢(z,r) € C°(B ") and
call $(,) = ¢z, ly]). Then,

/ rotn=lygyg . qu dxdr = ¢,
Bl+ gn—l

/ r*t=IvG - Vo dedrdo
Bf

= cn/ ly|*Vu - Vo dedy = 0.
B

Hence, @ is a weak solution to (3.119).

Instead, let us suppose that @ is a weak solution to (3.119), fix ¢ = ¢(z,y) € C°(B1) and
define ¢(x,r) := [gu_1 ¢(x,70)do. Then, one has

/ y|*Vu - Vé dzdy = / / ro Y a0, 0,10) - (Y, 0r0) dodadr
B B Jgn-1
- / 7‘“+"+1(Vxﬂ,8r12)-< / (ngﬁ,@rgb)da)d:pdr
B?’ sn—1
- / PNV, 0,0) - (V,6,0,6)dedr =0
Bl

Therefore, u is a weak solution to (3.118). The proof is complete. O

Theorem 3.9.3 (Smoothness of axially symmetric solutions). Let a +n > 0 and let u be an
axially symmetric in y weak solution to (3.118). Then, u € C22.(By).

Proof. By definition u(z,y) = @(x, |y|), for some function @ : B” ¢ R¥™"*! — R and by using
Lemma 3.9.2 one has that & = @(z, r) is a weak solution to (3.119). By using the regularity theory

of weighted equations degenerating on a hyperplane (see [113]), noting that a +n —1 > —1, we
get that @ € C2,(B,), for every r € (0,1).
Next, by using [138, Lemma 7.3], the function o(z,7) := r~10,4(z,) is a weak solution to

—div(r*t"*tlve) =0, in B;/ 4

}% rat g5 =0, on By N{r =0},

Applying again Lemma 3.9.2, the function

Vu(z,y) -y

v(z,y) = 0(x,|y|) = Y2

9

is a weak solution to
—div(Jy|*™*Vv) =0, in By (3.120)
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Next, we prove that Vu € L*(B ;). For every j =1,...,d — n, Proposition 3.5.1 ensures that
Oz,;u is a weak solution to (3.118). By using Theorem 3.1.1 we get that 0,,u € CO’O‘(Bl/Q) and
then 0,,u € L>°(By/2). On the other hand, since u is an axially symmetric in y function, one has
that

V() = Oy, lyl) - € L (Buya),
so Vu € L*(By5). Hence, we have proved that u € 00’1(31/2) C H! (Bi/2) and we can rewrite
equation (3.118) as

—Au=av, in Byp. (3.121)

Since v is a weak solution to (3.120), by using Theorem 3.1.1 one has that v € C%*(B ;) for
some « € (0,1). Then, by applying classical Schauder regularity theory to (3.121), we get that
u € 0270‘(31/3).

Resuming, we have shown that if u is an axially symmetric in y weak solution to (3.118), then
u € C*Y(B; /3). Therefore, since v is an axially symmetric in y weak solution to (3.120), we get
that v € 2 (B /3), for some o’ € (0,1) and, by using again classical Schauder regularity theory
to (3.121), this implies u € C4’a/(B1 /4). By iterating this procedure and using a covering lemma
our statement follows. O

3.10 Inmhomogeneous conormal problem

In this section, we extend our regularity results by considering equations that satisfy a non-
homogeneous conormal condition on the thin set ¥ in the case A = 1. As discussed in Remark
3.4.2, the weak formulation of equation (3.36), which holds across ¥, implies the fact that the
solutions formally satisfy a homogeneous conormal condition on ¥¢. In the mid-range a+n € (0,2),
it is possible to impose inhomogeneous conormal boundary conditions on .

Definition 3.10.1. Let 2 <n < d and a +n € (0,2). We say that u is a weak solution to

—div(|y|*Vu) =0, in By,
— lim |y|*™ 'V - Y- g(x), on ¥oN By, (3.122)
[yl—0 [yl

if we H(B;) and satisfies
/ ly|*Vu - Vodz = wn/ g(x)p(z,0)dx, for every ¢ € CZ°(B),
B1 YoNB1

where wy, = [S"71|.

Before stating the main result of this section, we first discuss the expected regularity for
the solutions of the equation. Specifically, the function solves equation (3.122) with
g(x) = cost, and this provides an upper bound on the regularity. In particular, when a+n € (1,2),

|y‘2—a—n

we expect Holder continuity of solutions, and when a +n € (0, 1), we expect Holder continuity
‘Zfafn

of their gradient. Let us remark that |y
(3.123) whenever a +n < 2, see Section 3.11.

also solves the homogeneous Dirichlet problem

Proposition 3.10.2. Let 2 <n <d, a+n € (0,2) and u be a weak solution to (3.122). Then,
the following holds true.
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i) Let g € LP(SoNBy), withp > 55" and a € (O,2—a—n—d_7”]ﬂ(0, 1). Then, u € CO%(B)

2—a—n loc
and there exists a constant C' > 0 depending only on d, n, a, p and « such that

[ullgoacs, ) < Cllullzas,) + 9]l Lo(sonsy))-

it) Let us suppose that a +n € (0,1). Let g € LP(¥9 N By), with p > di”n and o €

l—a—
(0,1—a—n-— d_T”]. Then, u € Cﬁ)’ca(Bl) and there exists a constant C' > 0 depending only
ond, n, a, p and o such that

lulloracs, ) < Cllullzas,) + 9]l Lo(sonsy))-

i1i) Let us suppose that a +n € (0,1) and let a € (0,1 —a —n). Let g € C%*(3ogN By). Then,
u € Cl’a(Bl) and there exists a constant C' > 0 depending only on d, n, a and a such that

loc
HUHCLD‘(Blﬂ) < C(lullp2a(my) + llgllcoesonn))-

Proof. We provide the proof of iii) only, as the proofs of 7) and i7) follow from the same arguments.

Let us consider the weak solution @ = @y (x,7) : B C RT"F1 - R to

—div(r*t"1vVa,) = 0 in B,

—lim " 19,4 = g(x), on By N{r =0},

r—0
a1 =0, on 9B N{r > 0}.
By [138, Theorem 8.4], it follows that d,4; = 0 on ¥p N By and

||ﬂ1HC’1»0¢(B;L/2) < C"Q"C()*O‘(EoﬂBl))

where C' > 0 depends only on d, n, a and a. Hence, by applying Lemma 3.9.2 with a minor
modification, one has that uy(z,y) := 41 (z, |y|) is an axially symmetric in y solution to

—div(|y|*Vu;) =0, in By,

— lim |y|*™ 'V, - Y g(x), on ¥yN By,
ly|—=0 |yl

up =0, on OB;.

Since 0,11 = 0 in X N By, following computations analogous to those in Lemma 1.2.3 and in
[138, Lemma 7.5], we conclude that u; inherits the same regularity as ;; that is,

[utlloras, ) < Cllglicoesonn)-
Next, let us define us := u — w1, which is a weak solution in the sense of Definition 3.4.1 to
—div(|y|*Vug) =0, in Bj.

Noticing that a, = ax(n,a,1) given by (3.7) satisfies a,, —1 > 1 —a —n > «, Theorem 3.1.2
yields that
luzllcras, ) < Cllullpzes,)-

Hence, u = uy + uo satisfies the desired estimate and the proof is complete. O



196 Regularity for equations degenerating on lower dimensional manifolds

3.11 Homogeneous Dirichlet problem via a boundary Harnack
principle

In this section, we prove Holder C%® and Schauder C® regularity for solutions to the homogeneous
Dirichlet problem

—div(|y|*Vu) =0 in B1\ X

{ (Il Vu) 1\ Zo (3.123)

u=20 on BNy,

whenever a +n < 2. The solutions we are referring to are elements of H*(Bj), which is defined
as the completion of C2°(By \ ¥o) with respect to the norm || - || g1.a(p,) and satisfies

/ ly|*Vu-Védz =0, for every ¢ € C2°(B1 \ Xo).
B,

We remark that in the supersingular case a + n < 0, any function in H%(B) is forced to have
trace u = 0 on X (see Proposition 3.2.5). Instead, in the mid-range a + n € (0,2), the trace
condition u = 0 on X is well-defined, since ¥y has positive local weighted capacity. See also [115]
for some trace type theorems on lower dimensional sets.

The idea is to obtain regularity as a corollary of Theorems 3.1.1 and 3.1.2 via a boundary
Harnack principle, in the same spirit as [139]. In fact, the ratio w := u/ug between a solution u
to (3.123) and the characteristic solution to (3.123)

uo(y) = yl* "
solves the equation
—div(Jy[’Vw) =0  in B (3.124)

with exponent b = 4 — a — 2n lying in the superdegenerate range since b+n=4—a —n > 2.

Lemma 3.11.1. Let a +n < 2, u be a solution to (3.123) and ug = |y|>~*~". Then, w = u/ug
solves (3.124).

Proof. The equation is trivially satisfied far from Xy in a classic sense. Moreover, due to the
superdegeneracy of the weight |y|?, and combining Lemma 3.2.8 with the density of C2°(B; \ o)
in H'?(By), the result is trivially true if one shows that the H'?(Bj)-energy of w is finite.
Recalling the Hardy inequality (see Proposition 3.2.2), we easily compute that

2 2 2
[ vk s <e [ (T - ) g
B B,

Juol? Juol*
:c(/ \y|a\Vu|2dz+/ |y|*2u? dz) < c/ ly|*|Vul? dz .
B1 B1 B
Furthermore, [[wl[z2.5(p,) = |lull12.0(p,), hence w € H'“"(By) and the proof is complete. O

Let us recall that the homogeneity degree appearing (3.7), related to the new exponent b, is
given by

au(b,n) = au(byn, 1) = 207" V(@ _2b —n)tdn-1) (3.125)

Then, Theorems 3.1.1 and 3.1.2 imply the following result.
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Corollary 3.11.2. Leta+n < 2 and b =4 — a — 2n. Let a,(b,n) > 0 be the homogeneity
exponent in (3.125) and
a € (0,1) N (0, ax(b,n)).

Let u be a weak solution to (3.123) in By and ug = |y[*=". Then, u/ug € C’IOO’?(Bl) and there
exists a constant ¢ > 0 depending only on d, n, a and o such that

|5
Uug

a€ (0,1)N(0,ax(b,n) —1),

< a .
ooz © WlEecE

If moreover a,(b,n) > 1 and

then u/ug € C'llo’g(Bl) and there exists a constant ¢ > 0 depending only on d, n, a and o such that

5]
Uo

Remark 3.11.3. The previous result improves [1 19, Theorem 1] in the flat case, which corresponds

< .
Cro(Byy) elfullzeem,)

to a L*>-bound of u/ug. Moreover, it slightly improve Theorems 2.1.1 and 2.1.2 in the present
homogeneous case. The exponent a..(b,n), given by (3.125), satisfies a,(b,n) > 2—a—n whenever

n—1>22-a—n) (3.126)

In particular this implies that, under (3.126), one can imply the sharp C?~%~" regularity of
solutions to (3.123). In fact, if w = u/ug has C® regularity with 8 > 2 — a — n, then

u = wuy € C?74m,

In particular, when a + n = 1, which corresponds to the exponent studied by David, Feneuil
and Mayboroda (see [15] and its related works), one can prove the sharp Lipschitz continuity of
solutions whenever the codimension n > 4.

3.12 Higher codimensional extensions of fractional Laplacian

The aim of this section is to establish a connection between the degenerate equations discussed
before and fractional Laplacian on the very thin set ¥g, in the sense of Dirichlet-to-Neumann
maps, in the spirit of [28]. Let s € (0,1) and 2 < n < d. The s-fractional Laplacian of sufficiently
regular functions can be defined in R4 equivalently as a integro-differential operator

u(z) — u(§)

(—A)su(x) = Cd—n,s lim €|dfn+23 dé-a

e—=0" JRd—n\ B, () ‘ZL' —

or via Fourier transform

—

(—A)su(€) = [€*a(E).

Assuming d —n > 2s, and using the fractional Hardy inequality, we can set fractional problems
in D*(R?"), defined as the completion of C>°(R4~") with respect to the norm

Jullbeqiny = [ 18 u@)P.
Rd—n
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Let a = 2 — n — 2s, which satisfies a + n € (0,2). This corresponds to the mid-range regime,
where the local weighted capacity of ¥ is positive and finite, see Lemma 3.2.4. Next, we define
DL¢(R?) as the completion of C2°(R%) with respect to

2 _ a 2
01y = [, 17VUP,

which is a norm due to an Hardy-type inequality, see for instance |10, Theorem 1]. In the following
result, we establish the existence of a trace operator from D%(R%) to D*(R?~"). We refer also
to |1 18] for some related local trace type results.

Lemma 3.12.1. Let 2 <n < d and a+n € (0,2). Then, there ezists a constant Co, > 0 such
that

Canlldisyllpsra—ny < @l pra(may (3.127)
for any ¢ € CX(R?) with s = (2 —a—mn)/2 € (0,1). Moreover, ifd+a > 2 (i.e. d—n > 2s),
(3.127) defines the continuous trace operator

Tr : DV4(RY) — D3 (RE™).

Proof. The proof is an adaptation of [39, Theorem 3.8|, so we omit most of the details. Let
¢ € CX(RY), and let ¢ denote the Fourier transform of ¢ with respect to the x variables. Then
we have

a 2 _ a 21712 712
Lowrvefds= [ [ l(sPIolR + 19,67 dude

Next, define v(€,t) = @(&, |€|71t), and perform the change of variables y = |€|~'t in the integral
above. This leads to

/ ly|*|Vo|*dz = / > / [t (Jv]* + [Vev[*)dt d€ .
]Rd Rd_” Rn
We now claim that

inf / (0] + |Vevl)dt = Con > 0.
veCe B, o(0)=1 Jgn

Assume that this claim is true. Then, recalling that v(£,0) = ¢(&,0), we obtain

/ Y IVé2dz > Can / P 19(€,0)PdE = Ca / (D)2, 0)2de
R Rd—n Rd—n

with s = (2—a—mn)/2 € (0,1). This completes the proof of (3.127). The rest of the proof follows
in a standard way.

Let us now prove the claim. To do this, we argue by contradiction. Assume that C,, = 0.
Then, for every § > 0 there exists vy € C2°(R"™) such that vs5(0) = 1 and

/ [t (Jo]* + |Vw[?)dt < 6. (3.128)
RTL
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Using computations similar to those in the proof of part #i:) of Lemma 3.2.4, we find that for
every p > 0,

mon = [ Jos(0)Pdo < gt [ ep st +2 [ Jus(po)Pdo.
Snfl R™ Snfl

a+n—1

Multiplying by p , integrating over p € (0,1), and using (3.128), we obtain

NWn,

< c/ t]“|Vtv(;\2dt+2/ |t|*|vs|?dt < ¢d,
Rn B1

a-+n

which is a contradiction for sufficiently small §. Therefore, the claim holds true and the proof is
complete. ]

As a dual result, we define a unique minimal energy extension in D¢(R?) for functions in
D3 (RI—™).

Lemma 3.12.2. Let 2 <n <d withd+a>2 and a+n € (0,2). Let s=(2—a—n)/2. Then,
for any u € D*(RI¥™) the minimization problem

3 2
UEDl’a(ﬁg}ig,TYU:u HUHDL“(Rd) (3129)

admits a unique minimizer. Moreover, (3.129) defines an extension operator
Ext : D*(R4™") — DLY(RY).

Proof. Fix u € D*(R?"). The existence of a minimizer U for (3.129) follows from standard
variational arguments. In particular, U satisfies

/ y|*VU - Védz =0, for every ¢ € DV*(RY), Trep = 0. (3.130)
]Rd

Finally, to prove the uniqueness of U, it is sufficient to use a standard contradiction argument to
show that (3.130) admits an unique solution in the set {U € DV¢(R") | TrU = u}. O

Then, the extension result can be summarized as below.

Proposition 3.12.3. Let2 <n < d withd+a > 2 and a+n € (0,2). Let s = (2—a—n)/2 € (0,1)
Then for any u € D*(R¥™"), the extension U = Ext(u) is given by

D(=52) ly
d—n+2s

72T (s) (]2 + |y[2) >

‘23

U(z,y) = ux P(z,y), P(z,y) =

and s solution to

—div(|y|*VU) =0 in RY\ 3
— lim |y|*™~ VU - - dan(—A)*u on Xy,
ly[—0 ||

in the sense that U € DV*(R?) and satisfies

/ ly|*VU - Vo drdy = dam/ (=AY ug(x,0)dx, for every ¢ € C(R?),
R4

Rd—n
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where dg p = 2a+n_1r(a-gn)/r(2—aT—n)'

Proof. Let u € D*(R"). Notice that P(z,y) = P(|z|,|y|), and hence U(z,y) = U(z, |y|), where

U(z,r) = ux* P(z,r) for r > 0. From the codimension 1 extension theory in [28], we have that
U € DM1=25(R4=") and

—div(r'=2VU) = 0 in R{"
- (1 —

—lim r'=29,U = 21_257( 5) (=A)*u  on R,
r—0 F(S)

or, equivalently, that

/d 1 VO Vo da dr = da,n/ (—A)*ud(z,0)de, for every ¢ € C°(RITHT)
R Rd—n

where we used that s = (2 — a —n)/2. Thus, adapting the argument of the proof of Lemma 3.9.2
we infer that U € DV%(R?), TrU = u and

/ ly|*VU - Vo drdy = dam/ (=AY u¢(x,0)dx, for every ¢ € C°(RY).
Rd

Rd—n

In particular, U is the unique solution of (3.130) in the set {U € D“(R") | TtU = u}, and
thus, the unique minimizer of (3.129). It immediately follows that U = Ext(u), and the proof is
complete. ]

Remark 3.12.4. Let u € D*(R4™). As shown in Proposition 3.12.3, it holds

/ ly|*VExt(u) - Vo dr dy = dam/ (=A)u¢(z,0)dr, for every ¢ € DV4(RY).
Rd

Rd—n

By taking ¢ = Ext(u), we immediately infer |Ext(u)||pi.amay = danllt|lps@e—n). As a conse-
quence, Cgq p, = dgpn, Where C, j, is the constant in Lemma 3.12.1.

Appendix 3.A Geometry of perforated domains

In this section, we work in the unit ball B; to simplify the notation, but the same results hold at
any scale R > 0, in which case the constants involved also depend on R.

Let A € CY(By;R%?) (see Remark 3.3.1 for the sharp requirement) be a symmetric matrix
satisfying the uniform ellipticity condition (3.5), and recall the notation (3.18). The block As is
still symmetric and satisfies

M < A3(2)¢- ¢ < A|¢]*, forae. z€ By andevery ( € R",

where A\ and A are the uniform ellipticity constants of A. By the ellipticity condition, Ag is
invertible, and A3' € C(By;R™"). The matrix A;' is also symmetric and satisfies

ATHCPE < AZH(R)C- ¢ < A TH¢?,  forae. z€ By and every ( € R™. (3.131)
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_1
The square root of A3_1, denoted by A 2, is well-defined and belongs to C*(By; R™") (see for
instance |53, Theorem 2.5]). It is also symmetric and satisfies

_1
A"2|¢2 < A32(2)C-C < A 2[¢[?, for ae. z € By and every ¢ € R". (3.132)

We will frequently use the following properties, which follow directly from (3.131) and (3.132).

1

-1 Z _1 -1 _1 _ _ _
A3 2 (2)yl = VA Ry y, A2yl < [Ag2(2)yl < A72lyl, Ayl < JAF'(2)yl < Ayl
(3.133)
In the following lemma, we describe some properties of the (e, A)-neighborhood of ¥

S ={z| A (2)y -y <%},

and its boundary
08 = {z| 43 (2)y -y = 7.

Lemma 3.A.1. Let A € CY(By;R%*) and L := HA?:IHCI(Bl). There exists eg > 0, depending
only on d, n, L, \ and A, such that for every ¢ € (0,eq] the following properties hold:

i) the normal vector v(z) to X2 at z € By N X2 is well-defined. In particular,

v(z) =(0,N(2)) +v(z), (3.134)
where A_l( )
_ 3 WY n—
N(z) = |A§1(z)y| es !, (3.135)
and
|7(2)] < ce,

for some constant ¢ = ¢(d,n, A, L,eg) > 0;
i1) it holds

y(z).iz

m (3.136)

A .
2N
ii1) there exists a constant ¢ > 0 depending only on L, d, n, A\ and A such that

[Nlcoa(nosa) < ce™ !

i) if in addition A € CYP(By;R4?) for some B € (0,1), then
[Plco.s(,noxa) < ¢,
where ¢ > 0 depends only on HA3_1HC1,5(31), d, n, A and A.

Proof. Define the function
U(z) =/A;'(2)y - y. (3.137)

From (3.133), we have ¥ € C%Y(By) N CY(B; \ ), and ¥(z,y) = 0 if and only if y = 0.
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Since 0X4 = {¥(z) = €}, the normal vector v(z) at a point z € X2 is given by
€ &€

—

VU (z) V(A

v(z) = 3 .
VUG V(A3 (2)y - y)]
Let Agl(z) = (bij(2))ij=1,..n- We define the functions G : By — R? and H : B; — R as follows
1, « _ _
G(z) = 5( D 0ubii(2)iys) g H(Z) =145 (2)yl = (0,431 (2)y) + G(2)].
ij=1
Using this notation, the normal vector can be expressed as

oy — AT ) + G
451Gy — H2)

There exists a constant ¢; = ¢1(d,n) > 0 such that
|H(2)| < |G(2)| < e1Lly|?, for every z € By. (3.138)

Fix &g such that A — c1LAgg > 0. Thus, if e < g9 and 2z € By N 9%, thanks to (3.133) and
(3.138) we have

1A7 1 (2)y| — H(z) > A Vy| — cLly|> > e(A"'A2 — cLAg) > ce. (3.139)

Therefore, v is well-defined.
Define v(z) := v(z) — (0, N(z)), where N(z) is as in (3.135). Then

HENGE  G)

v(z) = A5 (2)yl — H(z)  |A5'(2)y| — H(2)

It follows that

where ¢ = ¢(d,n, A, A\, L,g9) > 0. Thus 1) is proved.

To prove ii), we compute

Taking if necessary a smaller g, so that |7| < A\/2A, we obtain (3.136).
For #ii), note that for every z = (x,y),2' = (2/,y') € By it holds

451 (2)y — A3 ()] < 1457 (2) = A3 (Il + 145 (Nlly —y'I < 2Lz = 2. (3.140)

Therefore, for all z, 2’ € B; N 0X2, we have

A—l _A—l N,
|N(Z)*N(Z/)|§ | 3 (Z)y_ 3 (Z)y| §C€_1|Z*Z/|,
A5 ()|

where ¢ > 0 depends only on L, A, A.
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Finally, we prove iv). Assume that Agl € C1B(By;R™™). Using similar computations as before,
we obtain
|G(2) = G(2')| < ez — #'|P,  forevery 2,2/ € Binaxd, (3.141)
where ¢ depends on d, n, A, A, ||A§1||C1,3(Bl),50.

Define the function

N(z)-G G(2)]?
ey =2 NE-GE) | IGG)
1Az (2)yl A5 (2)yl
By combining (3.138), (3.140), (3.141), and 4ii), we deduce

\h(z)| < cly| forall z€ By, and |h(z) —h(2)| <clz—2|P forall 2,2/ € By.  (3.142)
Thus, when ¢ is sufficiently small, we can apply the Taylor expansion for (1 +t)% to |(0, Agl(z)y) +
G(z)], yielding for every z € By N 9X4,

H(z) = A3 (2)y] Y eih?(2),
j=1

where ¢; are the coefficients of the expansion. Using (3.138) and (3.142), we infer that
|H(z) — H(Z')| < ce|z — 2| (3.143)
Finally, combining (3.138), (3.139), (3.140), (3.141) and (3.143), we obtain
9(2) = ()] < ellz — 2| + e H (2) — H()| + Y G(z) = GE)) < oz — /)7,
and the thesis follows. O

Lemma 3.A.2. Let G : By \ 22 — R? be such that G € C%¥(By \ £2) for some o € (0,1), and
G(2)-v(2) =0 for every z € By NOX2. Then, there exist a constant ¢ > 0 depending only on d,
n, A\, A, @ and L := HA§1HC1(31) such that for every 0 <e <1 andi=1,...,n, it holds

G - @yi”Loo(Bl/Qmazgl) < CEO‘HGHCM(BUQ\EQ .

Proof. We recall that by Lemma 3.A.1, for £ < gg, the normal vector to the surface 9X2 at
z = (x,y) € By NIX4 is given by v(z) = (0, N(z)) + #(2), where #(z) < ce and

A3 (2)y
A5 (2)y]
In what follows, we show that there exist §; = d1(gp,A), d2 = d2(L, A), such that for every

T € Bil/an and for € < gg there exist T € Bil/E” and n vectors {y;}j=1,..n C R" (depending on z)
such that, defined 7; = N(Z,y;), it holds

N(z,y) = €R".

|z —Z| < 1€, (a’:,yj)EBl/ZﬂaE?, |7; - 75| < doe, for every i # j.
Note that this implies that span{7;} = R"™. Take d; > 0 such that A2 <8y < (229) ! and define

T = (1 — 2516)1’.



204 Regularity for equations degenerating on lower dimensional manifolds

By construction 1 — 281 > 0 and |z — Z| < §1. Moreover, let y € R? be such that (z,y) € 984,
It holds 1 1
1
(@ y)l < |2l + [yl = (1= 26| + |y < 5 = (61 = A2)e < 5.
Hence (7,y) € By N 0x4, as needed.

Now, let us fix any point (Z,y;) € %2, and define 71 = N(z,y;). One can choose gy € S"~1
such that g - A32(Z,y1)y1 = 0 (where A;% = (A31)? = (43)7!), and define yo = 209, where 7o
is chosen in such a way that (Z,y2) € X2,

To show that such rg exists, consider the function f(r) = ¥(x,ro), where VU is defined in (3.137).
Since f is continuous, f(0) = 0, and lim,_,~ f(r) = oo, there exists ro such that f(ry) = ¢, that
iS, Yo = Tro0.

Let us define 79 = N(&,y2). Note that, by construction,

A7 (@, y)yn - ASHE ) ye = 1A% (T, y1)yn - 02 = 0.

Therefore

&

| A5 (2, y1)us - A_l(fi,y2)y2|
1Az (2, 1)1 1| A5 (2, y2)12]
_ 145 (@) — AT (@, y0) [yl
- A5 1 (2, y2) el

‘7_1 : 7-2| = |N(:Z'7y1) ’ N(jvy2)| =

< LAlys — 1] < 02¢e,

where d9 depends only on L, A.

Next, fix y3 such that (z,y3) € 954 and ys is orthogonal to both A3 2(Z, y1)y1 and A3 2(Z, y2)ys,
and define 73 = N(Z,y3). Performing the same computation as before, we find that 73 - 7 < dae,
T3 - 7o < doe. To conclude, it suffices to iterate this argument a finite number of times.

We are now in position to prove the lemma. Fix z = (z,y) € By N 0x4. Recall that
7j = N(Z,y;), where (Z,y;) € By N %4, Let T = (t;;) denote the matrix with entries
tij = 7i - 7;. Let || - ||gn.n be a chosen matrix norm. By construction, we have |1 — L, ||gn.n < ce,
where ¢ depends only on n, d. Thus, for e sufficiently small, det T" > 0 and T is invertible.

Fix i € {1,...,n}. We can decompose e,, = > "_; a;7; with respect to the basis 7;, where the
coefficients o = (o) j=1,..n satisfy the linear system T'a = 3, with 8 = (ey, - 7j)j=1,...n. Since T'
is invertible, it follows that |a;| < ¢, where ¢ does not depend on e. Therefore, we have

G(2) - ey, Zam! <cZ\G N(z,9))]
(i @)l + 3216 - 7))
Next, using that G(z) - v(z) = 0 for every z € By, N 0¥4, and that 7(z) < ce, we get
G(2) eyl < c(Z\ G, 7)) - (@, 45)| + £l (5, 115 )

< C([G]CO’Q(BI/Q\E;‘) 2(516 +ly —y;)* + €||G\|Loo(31/2\zgl)) :
j=1
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where we used that, by construction, (7,y;) € By/s N 04, Finally, since |y|, lyj| < ce by the
uniform ellipticity condition, we obtain

G(2) - ey| < eI G| coa(p, p\54) -

Lemma 3.A.3. Let A € C'(By;R%?Y), and let & € C'(B1;RY) given by

D(2) = (2, A3 > (2)y)..

Then, there exists 0 < R < 1 which depends on L := ||Allc1(p,), A, A, d, n such that the following
holds:

i) the function ® : Br — R? is injective. Moreover, there exists ¢ > 0 such that

¢ a1 — 2o <|®(21) — B(22)| < clzs — 20|, for every z1, 20 € B; (3.144)

ii) ® : B — ®(Bgr) is a C*-diffeomorphism and it holds

w3

1 n
§A_§ < det Jp(z) <

N W

ATz
iii) the matriz J(;]q) is symmetric and uniformly elliptic. In particular
1
5 in{L AT < g Ja(2)C - ¢ < 2max{1 AT for every ¢ € RY

A

€

iv) Let € < gg, where gy is as in Lemma 3.A.1. Given z € BR N 90X
map M.(z) : RY = T,0524 ~ R~ given by

consider the projection

I.(2)6 =& — (§-v(2))v(z), EeRL

Then
(27 min{1, A71})¢ T (2max{1, \"1})?
< det (Il II,) < .
2max{1,A"1} eIl o Jp Jp oL) < 2= min{1,A"1}

_1
Proof. Let us prove i). To ease the notations, we call P = A, *. Denote P = (p;j)i j=1,.n and

L =|P|¢c1(p,)- Let 21,22 € Bp,, where 0 < R; <1 will be specified later. Obviously
[©(21) — (22)] < |z — 2| + [(P(21) — P(22))y1] + [P(22) (91 — 42)]
1
< z1 = @o| + Llz1 — 22| + A7 2[y1 — yo| < clz1 — 22,

where ¢ > 0 depends only on L, .

By similar computations,

_1
|P(21)y1 — P(22)y2| > [P(21)(y1 — y2)| — [(P(21) — P(22))y2| = A2 |y1 — ya| — L|z1 — 22|yl

hence,
1
|®(21) — P(22)| > min{l, A" 2}|z; — 29| — LRy|21 — 22| > c_l\zl — 29/,



206 Regularity for equations degenerating on lower dimensional manifolds

by choosing R; > 0 small enough, such that min{1, Afé} — LRy > ¢! Then, (3.144) follows
and the map ® is injective.

Let us prove 7). The Jacobian of ® is given by
Iin 0
J =
? ( P, P+ Py> ’

where .
Py = (pij)i=1,.nj=1..d-n Py = Zamjpi,k(z)yka
=1

n
Py = (p?j)i,jzl,...,n p?fj = Z Oy, i k()Y -
k=1

_1
We compute (recall that P = Ag * is invertible)

det Jp = det(P + P,) = det(P)det(I, + P~'P,). (3.145)
First we notice that, thanks to (3.132), it holds
A73 <detP(z) < A2 (3.146)

Let now | - |gn.n be a chosen matrix norm. We have
IP~EPy [rnn < | P7H [ | Pyllznn < cL2[y].

Since the determinant is continuous with respect to any matrix norm, we infer that there exists

Ry < Ry such that for every z € Bp, it holds

1

5 < det(L, + P7'p) < ; : (3.147)
By (3.145), (3.146) and (3.147) we readily get that

1, n 3. .n

A% <detJa(z) < DA (3.148)

holds for every z € Bg,, thus proving 7).
Let now prove ). Call M = JJ Jp. Obviously, M is symmetric and thanks to (3.148) is
invertible in Bg,. Moreover, via a straightforward computation (recall that P is symmetric and

P? = A;") we find that M = M; + M, where

Iyer, O PP, (P+P)'P,
My = M, = @ y .
! ( 0 Agl) and My (PJ(P +P) P'P,+P]P+P]P,

We immediately see that there exists a constant ¢ = ¢(L) > 0 such that ||Mz|lgaec < cly].

Moreover, thanks to (3.131) we have

min{1, A7 }H([* < My(2)¢ - ¢ < max{1, A7 }¢[>.
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Thus
(min{1, A~} — ely[)|¢]* < M (2)¢ - ¢ < (max{1, A"} + cly])|¢[*.

Hence, there exists R < Ry such that for every z € Bgr the matrix M satisfies

%min{l,A_1}|C|2 < M(2)¢-¢ < 2max{1,\"1}¢|> for every ¢ € RY.

As for iv), let us call N = II. o M o II.. We can represent II. via a R4~1% matrix Q. Thus,
N =QMQ" € RI=14=1 By the Cauchy interlacing theorem (also known as Poincaré separation
theorem), the eigenvalues {y;};=1, 4 of M are related to the eignevalues {fi;}i=1.4-1 of N via
the formula

Hit1 < i < pg

Therefore, using iii), we infer

1. - —1\\d —11\d
(27 min{1,A™"}) < det M < det N < det M < (2max{1,\"})

2max{1,\"1} T g~ d 271 min{l,A=1}

This completes the proof of iv) and of the lemma. O
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