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ESTIMATES FOR MATRIX COEFFICIENTS OF
REPRESENTATIONS

TOMMASO BRUNO, MICHAEL G. COWLING, FABIO NICOLA,
AND ANITA TABACCO

In memory of Elias M. Stein

ABSTRACT. Estimates for matrix coefficients of unitary representations
of semisimple Lie groups have been studied for a long time, starting
with the seminal work by Bargmann, by Ehrenpreis and Mautner, and
by Kunze and Stein. Two types of estimates have been established:
on the one hand, L? estimates, which are a dual formulation of the
Kunze-Stein phenomenon, and which hold for all matrix coefficients,
and on the other pointwise estimates related to asymptotic expansions
at infinity, which are more precise but only hold for a restricted class of
matrix coefficients. In this paper we prove a new type of estimate for
the irreducibile unitary representations of SL(2,R) and for the so-called
metaplectic representation, which we believe has the best features of,
and implies, both forms of estimate described above. As an application
outside representation theory, we prove a new L? estimate of dispersive
type for the free Schrodinger equation in R™.

1. INTRODUCTION

Let 7 be a strongly continuous unitary representation of a locally compact
group G on a Hilbert space H,. A matrix coefficient of 7 is a function on
G of the form = — (m(z)&,n), where £, € H,. These matrix coefficients
encode the properties of .

We consider the particular case where G := SL(2,R). This group has two
special subgroups A and K: the former consists of diagonal matrices and
the latter of rotation matrices; more precisely, we set

e 0 _ [ cost sin0
(1.1) a’"'_(o er) and ko = (—sin9 cos@)

for all ,0 € R. Note that every element z of G admits a Cartan decomposi-
tion, that is, we may write x = kg, a,kg, where 01,02 € R and r ¢ R* u {0}.
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2 BRUNO, COWLING, NICOLA, AND TABACCO

We are going to prove estimates for matrix coefficients of irreducible rep-
resentations 7 of the form

T ™ 1/2
12 ([7 [ ko arka)6ml” a61d82) < C el Il exp(-Ar)

for all £,m € H, and all r € R"; the real parameter A depends on 7. These
generalise and extend various estimates that have been proved over the years,
which we now describe in more detail.

The unitary representations and harmonic analysis of G have been stud-
ied for many years, starting with the fundamental paper of Bargmann [2],
which identified three families of irreducible unitary representations of G,
namely, the principal series, the discrete series, the complementary series,
and one additional representation, the trivial representation. We describe
these in detail below. Amongst many other things, Bargmann found ex-
plicit formulae in terms of special functions for the “generalised spherical
functions”, that is, the matrix coefficients (7(-)&, n) of these representations
7w when the vectors £ and 7 are particular normalised vectors that transform
by scalars under the action of K, that is, m(kg)¢ = €9¢ and m(kg)n = ™.
These led to asymptotic formulae of the form

(m(kgyarke, )&, n) ~ Cr(m,m,n)exp(=Air) + Co(m, m,n) exp(—Aar)

as r — +oo; the (possibly complex) parameters A\; and A2 depend on which
representation is under consideration, and in some cases only one term is
present. These formulae were instrumental in his proof of the Plancherel
formula, which involves the representations of the principal and discrete
series only.

Bargmann observed that all the generalised spherical functions associated
to the discrete series belong to L?(G); those associated to the principal series
belong to L**(G), by which we mean that they belong to L*"(G) for all
e € R*; those associated to the complementary series belong to LP*(G) for
some p depending only on the representation. The matrix coefficients of the
trivial representation are all constants that do not decay at infinity at all.
The estimates that follow from his analysis do not seem to be uniform in r
when we consider different “K-types” m and n and different representations.

Another great leap forward was the work of Kunze and Stein [18]. They
showed that every matrix coefficient of every representation involved in the
Plancherel formula, and hence every matrix coefficient of the regular rep-
resentation, lies in L?*(G). This is a dual formulation of a convolution
estimate | f * g, < C(p) [ fll, |l for all p € [1,2), now known as the Kunze-
Stein phenomenon; see [7] for more details of this equivalence. Kunze and
Stein also established LP* estimates for the complementary series. A typical
estimate is of the form

H{w (S mly < C(mya) 1€llay, [nllay,  VEmeHs Vge(p,+oo).

As time went on, other forms of decay estimates were established for
SL(2,R) and for more general groups. We mention in particular the point-
wise estimates of Howe and Tan [15] for SL(2,R) and the estimates of Howe
[14] for more general groups, as well as the L” estimates of the second author
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[8]. The asymptotic formulae found by Bargmann (see also Ehrenpreis and
Mautner [10]) have been generalised to general semisimple Lie groups to give
asymptotic expansions of K-finite matrix coefficients of irreducible represen-
tations by Harish-Chandra. See Warner [24] or Casselman and Mili¢i¢ [5] for
a comprehensive exposition; see also Knapp [16] and Wallach [23]. These
pointwise estimates are very precise “at infinity”, but they only hold for
some matrix coefficients and it is hard to see the sort of uniform behaviour
that the Kunze—Stein phenomenon tells us must occur. On the other hand,
LP* estimates hold for all matrix coefficients of a given irreducible unitary
representation, but as students of Lebesgue integration know, the fact that
a function lies in some L4-space does not mean much. Despite this, LP* es-
timates have also found applications in representation theory and in related
areas; see, for example, [19] and [4].

The aim of this paper is to present a new form of estimates for matrix
coefficients, which we believe has the best features of both of the forms of
estimate above. These estimates were inspired by similar estimates for the
free group due to Haagerup [12] that have been extended to estimates for
representations of groups of isometries of trees, and in particular, therefore,
to groups such as SL(2,Q,); see [9] for more information. We treat only
SL(2,R) and some special representations of the metaplectic group. We
prove estimates for all matrix coefficients that reduce to sharp forms of the
pointwise estimates of Howe [14] for K-finite matrix coefficients and imply
similar estimates to the LP estimates of Kunze-Stein [18] for SL(2,R). It
would be nice to extend these to more general semisimple Lie groups in the
future, and we envisage applications in representation theory for these.

As an application outside representation theory, we present some multi-
dimensional dispersive estimates that go beyond the current fascination with
dispersive estimates for the Schrédinger equation (see Tao [20] and also [6]
for a representation theoretic perspective).

Here is a plan of the rest of this work. In Section 2, we describe the
principal and complementary series, and in Section 3 the discrete series.
In Section 4 we prove estimates of the form (1.2). For the principal and
complementary series, we use the approach of Astengo, Cowling and Di
Blasio [1]; for the discrete series, we use that of Bargmann [2]. In Section
5, we consider the matrix coefficients of the metaplectic representation and
we provide the above mentioned application to the Schrodinger equation.

We write A < B to indicate that there is a constant C' such that A < CB.
The implied constants C' do not depend on explicitly quantified parameters.
All “constants” are positive.

2. THE PRINCIPAL AND COMPLEMENTARY SERIES

We write elements of R? as row vectors, so that G acts on R? by right
multiplication, and o for the origin. For ¢ € C and € € {0,1}, we define V.
to be the space of smooth functions on R? \ {0} such that

F(v) =sgn(8) |0/ L f(v)  YveR <{o} VieR~ {0},
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and the representation m¢ . of G on V¢, by
e e(x) f(v) = f(vz) VoeR*\ {0} VzeG.

Observe that the functions in V.. are determined by their values on the
unit circle. Hence the space V¢ . is spanned topologically by functions whose
restriction to the unit circle is a complex exponential. For every u € Z, we
denote by f¢ , the function in V. such that

1 .
feu(cost,sind) = mewe Vo e R.
This forces p — € to be even.
We may define the pairing (see [1, Lemma 3.2])

1 ™
(f,9) = 5[ f(cosB,sinf)g(cosb,sind)do

/2
(2.1) =f s f(cosB,sin@)g(cosf,sinf)dd

- /Rf(l,t)g(l,t)dt.

We recall that if either Re¢ = 0 (the principal series), or ¢ € +(0, %) and
e =0 (the complementary series), then V¢ . may be endowed with an inner
product whose completion is a Hilbert space on which the representation
m¢,e acts unitarily and, except when ¢ =0 and ¢ = 1, is irreducible.

2.1. The principal series. If ( = %is, where s € R (the so-called principal
series), the completion of the space V1, _ with respect to the inner product
2 b

(f,9)=(f.9)
is a Hilbert space H1,, . on which 71, _ acts unitarily. Moreover, the func-
2 K b}
tions f1,, u form an orthonormal basis, and each transforms under the action
2 b

of K by a complex exponential (recall the definitions (1.1) of A and K).
Theorem 2.1. For all s e R~ {0}, all e € {0,1} and all p,v € 2Z +¢,

ls|+1
<

~

e VreR".

|<7T%is,a(a"")f%is,u7f%is,l/) |S|

Proof. The result is trivially true if 7 € (0,1), so we may and shall assume
that r € [1,+00). We abbreviate f1,, , to fu.
2 b

From the properties of f,,,
(Fyinc @ fo) = [ Fule DL (L1t
e fR Fule™ ) fou (1,678 dt
(2.2) 1 / (=2 + 2 (is=D)/2giparctan(er)
T R

% (1 + e—27“t2)—(i5+1)/2€—i1/arctan(e_’“t) dt

1 +00 1 0
:—efrf ...dt+—e7rf ... dt.
s 0 s —00
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The second integral on the last line is the same as the first with the signs
of p and v changed; since we are looking for estimates that are uniform in
w and v it is enough to consider only the first integral, and bound it by a
multiple of (|s| +1)/|s|; we change variables, setting ¢ := eV, and rewrite the
integral in the form

f (e—2r i e2y)(is—l)/Zeiuarctan(ey”) (1 4 e—2r62y)—(is+1)/26—iu arctan(ey_'")ey dy
R

= /Rozr(y) exp(i@rs,u (y)) dy,

where o, (y) is equal to [(1+e72972")(1 + e2¥~2")]"Y2 which lies in (0,1),
and ¢, (y) is equal to

%[2@/ +log(1+e 272 —log(1+e* 2] + parctan(e?™") — varctan(e¥™").

The right hand side of the last integral changes to its complex conjugate
when s, p and v all change signs, so we may suppose that s € R".
For brevity, we write 7 :=7—1. Now

f_ ar(y)dySf_ ey =e,
oo e
[ ar(y)dyS[ eV dy =e,

7 1 F
/~ 1-a,(y)dy < 3 f~ e T2 L QT2 oA gy
=T

1 . 1
2e2  4ed’

and

= ¢ ¥ sinh(27) + e M7 <
since 1 - [1+2] /2 < %z when z € R*. Because

‘[Rar(y) eXP(Wr,s,u,y(y))dy‘
< [:|Oér(y)| dy + ff*‘” o (y)] dy + [:|04r(y) ~1| dy

[f eXp(i(Pr,s,u,V(y)) dy’ s

it will suffice to show that

.
I=| [ explinesn () dy
174
Ty8,h,V
Corput’s Lemma applied to the integral over {y € [-7,7]: ‘cp;’syﬂy,,(y)‘ > s/2}
and the trivial estimate applied to the complementary integral show that

+

s+1

S
s

Let N(u,v,r,s) be the number of zeros of ¢ in [-7,7]. Then van der

N ) A ~ o~
15 YUV 1y €17 gl )] < 512

An easy computation shows that
e72(y+7‘) e2(y7,r) N M v
1+e2wtr)  1+e2(w-) [ 2cosh(y+r) 2cosh(y-r)

Or oY) = 5|1
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Now 90;7 s, 18 @ rational function of ¥ with coefficients that depend on r,
s, i and v, so the same holds for 4,0;,'75%1,; therefore the number of zeros
of ¢y s, 18 uniformly bounded with respect to these parameters. Thus

N(p,v,r,8) < N for a universal constant N. It remains only to show that

(2.3) Hy e [=7,7] 2 |0 uw ()] < 8/2}] S 1.
Observe that
6*2(y+7") e2(y77') 1- 67474

Tlve2) 112w 14 e 252 4 e2y-2r 4 gdr
and to minimise this last expression for y in [-7, 7], we take y = 7 and obtain

e—2(y+r) e?(y—r) 1- e—4r

_ _ > .
1+e2wr)  14e2(y7) ~ 14+e24r ye2 4o dr
As a function of r, the numerator of this function is increasing while the
denominator is decreasing, so we conclude that

-2(y+r) 2(y-r) 4
151 e e 1-e

=tanh(1) >

> w

- - >
1+e2+)  14+e2m) ~ 1+e2+e 246
for all r € [1,+00) and all y € [-7,7]. Define

V() = g = ot
ra Y= 2cosh(y—-7) 2cosh(y+7r)’

then ‘Lp;7s7“7y(y)‘ < 5/2 implies that 1., (y) € [s/4,35/2]. We consider two
cases.

If pv > 0, then 4., , is monotone (increasing if either both >0 and v > 0
or both p =0 and v > 0; decreasing if either both u < 0 and v < 0 or both
p <0 and v =0). Moreover, |{y € [-7,7]: ¥y, (y) € [s/4,3s/2]}] is equal to

{y € [-7,7] : Yrpw(y) > 0, log(¥r . (y)) € [log(s/4),1og(35/2)]}].

To prove that this quantity is bounded by a constant independent of r, s,
, and v, it suffices to show that the derivative of log(t, . (-)) is bounded
away from 0, uniformly in r, y, and v, that is,

|1/};“,,u,l/(y)| 2 ¢r,u,u(y)-

There are various cases to consider; for instance, if > 0 and v > 0, then

1 W) =, () =

vsinh(r —y) . pwsinh(r +y)
2cosh?(r—y)  2cosh?(r +)

v u
- Y tanh(r-y)+ — tanh(r+
2 cosh(r —y) anh(r -y) 2 cosh(r +y) anh(r +y)
v
> tanh(l) —————— > tanh(1)9, 4. (y).
anh(1) s > tanh (1) 1)

The other cases that arise when pr > 0 may be treated analogously.

If pv <0, then the set {y € [-7,7] : ¢y ., (y) € [s/4,3s/2]} is empty unless
p <0 and v >0. In this case, ¥y, > 0. Moreover, for y in [-7,7], there are
uniform estimates

1 1
§e”y <cosh(r+y) <e™ and §eT7y <cosh(r—y) <e"v.
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Hence if s/4 <r ;. (y) < 3s/2, then se” /4 < ve¥ — pe™ < 3se”, and so

se” < e¥t® eV % 3se”
12 = 2 12

<
8 |pv] 2|pv|

where z = %log(y/|,u|) > 0.
We claim that
{y € R:cosh(y + 2) € [a,b]}| < 2log(2b/a)
whenever 0 < a < b < +o00 and z € R. From this claim, it follows immediately
that
{y e [-7,7]: rpp(y) € [s/4,35/2]}] < 2log(24),
as required. So we need to establish our claim.

Evidently, the truth (or otherwise) of the claim does not depend on z,

so we shall assume that z = 0. By symmetry, the size of the required set is
twice [{y € R* : cosh(y) € [a,b]}|. But

H{y e R :a<cosh(y) <b}| < [{y e R :a<e¥ <20} =1log(2b) -log(a),

and the claim follows.
The proof of (2.3) and thus of the theorem is complete. O

2.2. The complementary series. Let Re( ¢ (—%, 0), and define the inter-
twining operator J¢ . by setting Je o f(cos ¢, sinp) equal to

1 ™ N
2(C.2) [ﬂ f(cos,sin @) sgn’ (sin(y — 0)) sin(6 — )| d
where ¢((,¢e) = iEWl/zTQCF(l(ﬂl(i{:Q);glo- It is known (sce, for instance, [,

Lemma 3.6]) that, for these ,
e J¢. maps V. bijectively and bicontinuously onto V_¢ ¢;

r
o Jeefen=d(C e, 1) f¢ pr where d(C e, p) = 22X THE*H,

o Jeemee(x) =7 ¢ (x)Jc . for all x € G;

further, the map ¢ ~ J¢. extends analytically to {C eC:Re(e (—%, %)}
and the three properties above continue to hold in this region. Therefore if

Re ¢ € £(0, %), for all f,g € V¢ the pairing (as in (2.1))

1,7 . .
(Jeefr9) = 3 [ﬂ Jee f(cos p,sinp)g(cos p,sinp) dp

is well defined.

Now take ¢ = X ¢ :i:(O,%) and € = 0, and write 7y, V\ and Jy for my,
Vy0 and Jy g respectively. This corresponds to the so-called complementary
series. In this case, one may define on V, an inner product, written (-,-) to
distinguish it from the previous one:

(f,9) = (Irf.9),

and the completion of V) with respect to this inner product is a Hilbert
space H on which 7y acts unitarily (see, for example, [1, Lemma 3.4]). We
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write d(\, p) for d(A,0, ), and then

[Frillzg, = (s Pri) = (Infrss Fa) = dOG 1) (s Fose)
= d()‘v M) (f*/\,,u: f)\,f,u) = d(/\7ﬂ)

With respect to the inner product {-,-)), the functions fy, are not nor-
malised. By the previous computation, it is clear that d(\, u) > 0. This may
be seen explicitly using the recurrence formula for the gamma function,
which implies that

DO/2E N+ p)2) T /240 p2)

D(1/2-X+p/2) T(1/2-X-p/2)
where, in our case, p is even since € = 0 (see, for instance, [1, eq. (2.8)]).
Hence we may define

1

~(dO )
We shall prove the following.

Theorem 2.2. For all A€ +(0,3), allr € R* and all p,v € 2Z,

f/\,u-

Ixp

1 ra-2n)y
A

Proof. Again, we may and shall assume that r € [1,+00). Observe first that
for all x € G,

(ma(@)gr g 970 ) = (AT (@) 00 G20)

(7 (ar)gap gru )| S

1 —
:w@umuuwﬂwm“”ﬁwhﬁ
1
) (d()\ u)d()\ V))1/2 (77_)\($)J)\f>\7u’f)\7_u)
d(A, p)

) (d()\ u)d()\ I/))l/2 (W—A(lﬁ)f_)\w,f/\,_y)

1/2
(BN [ @ a0

If = a.,, then, proceeding as in (2.2), we see that

<<7r>\(air)g)\,;u g/\,zz»

1/2
= (38’ 5;) fRf,,w(e*’",e”t)f%,y(l,t) dt

1/2

d(A, p) e”[ F2r | 2\ 2 i arctan(e*”

_ ) L iparctan(e*"t)
(d()\,y)) T R(e v e

”\;1 —1 Fr
% (1 +e¥2rt2) e ivarctan(e¥"t) dt

1/2
) A)\,,u,u(ir)-
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We claim that

1
(2.4) | Ay o (21)] S e (1-2A))

Al

Assuming the claim, we prove the theorem. Since

<<7r)\(ar)g)\,uag/\,u>> = <<g)\,;u WA(afr)g)\,u» = <<7T/\(afr)g)\,uag)\,,u>>

and

d(A, 1)
d(\,v)

1/2
<<7r)\(ai7")g)\,,uag)\,u>> = ( ) A)\#’V(:I:T),

we have, by the claim,

|<<7T)\(a7")g)\,,ua g)\,u>>| = |<<7T)\(ar)g)\,;u g)\,u» <<7T)\(a—7")g)\,l/7 g)\,p>>|1/2

12 1 .-
= (Anpw (M) Ar (1)) e (1-2JA)

Therefore it remains to prove the claim.
To do this, we first observe that it is enough to prove (2.4) for Ay , . (7),
since

A%u,v(_r) = A—A,—V,—u(r)-

Thus, consider Ay, ,(r). First,
W‘A/\,u,u(r)‘ <o [(6—27" +t2)—(2>\+1)/2(1 +e—2rt2)(2)\—1)/2 dt
R

=0T f+°° (€72 +12)"AD/2(1 4 o 2r2)(AD/2 g
0

T (a

e e +00
:ze-’“(fo odte [ats [ ...dt)

= 2677”(141 + AQ + A3),

say. Then

—r

e
Ay < [0 (6727 44212 qp < 2rOW1/2) g _ (20N

while

A2 < [e (e—2r +t2)—)\—1/2 dt < /e t—2)\—1 dtS ﬁeﬂ/wr’
e e~

and finally
+00
As < f (146 2r2) 12221 gy

+oo
= 2T / (14 2N V25 201 g < 2V
1

which completes the proof of the claim and of the theorem. O
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2.3. Optimality. Theorem 2.1 is best possible, in the sense that the term
(|s|+1)/|s| cannot be significantly improved. Indeed, the asymptotic formu-
lae of Bargmann [2] imply that

) , ~ |s|71/2 coth'/?(x|s|)  when € =0,
hmsupe ‘(ﬂ-%is,s(ar)f%is,ua f%is,y) =C {|8|_1/2 tanh1/2(77]s|) when e = 1.

r—>+00

This implies immediately that we cannot do better when |s| < 1, but suggests
that (|s|+1)/|s| may not be optimal when |s| > 1. However, it is evident that

‘<7T%is,€(a0)f%i87#’ f%i57ﬂ>| = 1,

and so no bound that vanishes when |s| - +oco can be valid.
Howe and Tan [15] found a uniform estimate for the principal series which
also holds when s = 0, namely,

‘(ﬂ-%is’s(ar)f%ishu? fsJ/)

for all e € {0,1}, all r e R* and all y,v € 2Z +¢.
The proof of this estimate goes as follows; we first show that

<o /(e—Qr F2) V(14 e P2 2 gy,
R

S(1+r)e™

|<7T%is,€(a7")f%is,u’ f%is,u>

by estimating as in the proof of Theorem 2.2, and then break this integral
into three parts and estimate each, much as we estimated A;, As and Ag
above. However, the integral corresponding to A, is estimated as follows:

e’ e’
f (e +12) 12 at < f s
e” e "

when r € [1,+00). This approach also gives complementary series estimates
that do not blow up when the parameter A approaches 0.

3. THE DISCRETE SERIES

()

converts SL(2,R) into the group SU(1,1) of complex matrices of determi-
nant 1 that preserve the quadratic form B defined by B(w, z) = |w|* - |2|*.
We follow Bargmann [2] (with minor notational differences), and refer in
particular to [2, §9]. Hence, we identify the elements of G with the matrices

(3.1) T = (g g)

where |of?> - |B|> = 1. For £ € Z*, we denote by H, the Hilbert space of
holomorphic functions on the unit disk D = {z € C:|z| < 1} endowed with
the inner product

(Foe= ot [ -1PY 2 (2)g(2) do(2)

Conjugation with the matrix
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if £>1, and when ¢ =1,
. é - 1 €7 —
(figh = Jim — [ (1= [z1)2[(2)9(2) do(2).
-1+ T D

where o denotes Lebesgue measure in C. Write h for %E.
3.1. The discrete series D;. Consider the action of G on D given by
_az+f3
C Bz+a

Tz VzeD,

and the representation m; on H, given by

i (x) f(2) = pt (z, 27 2) f (712) VxeD VzeD,
where p*(z,2) = fz + a. Then 7, is an irreducible unitary representation
of G on Hy, and we say that it belongs to the class Dy . The functions
{-1+m-h

1/2
) Zmh Vmeh+N,
m-—h

()= (-1

form an orthonormal basis of H,. Define now

~ . [coshr sinhr q . e 0
@ =\ ginhr coshr an R N

for all » €e R and 6 € [—-m, 7). We shall prove the following theorem.
Theorem 3.1. For allr e R*, all £ € Z*, and all m,n € %E +N,

(9 s 7 (@) 980 )e] < (coshr) ™.
Proof. In this proof, we omit the superscript * and hide the dependence on
L. Define
Um,n(x) = <g€,ma7ré(x)g€,n>ﬁ VreG,
y =sinh?r and Wy, 1(y) = Vm.n(@,). Then by [2, (11.2)],

(-1)h I'(m+h)['(n+h)
I'(2h) \T'(m+1-h)I'(n+1-h)
x F'(h—=m,h—-n,2h,-1/y)
~ (—1)"’h T(m+h)L'(n+h)
- T(2n) \I'(m+1-h)L'(n+1-h)
x F(h—n,h—m,2h,-1/y)
(3.2) ) (~1)nh T'(m+h)D(n+h) 172 Y (m+n)/2
TTE) \Tm+1-mTm+i-hy) Y <y+1)

. (n+h— 1)‘1( Y )h‘” p2h-1m-n) (y— 1)
n—-nh y+1 n=h y+1

(T )T (1 =R\ Ly P2
=D h(F(n+h)I‘(m+1—h)) h(y-l—l)

(2h-1,m-n) (Y — 1
X Pn—h (—y " 1) ,

Winn(y) =
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where Plsa’ﬁ ) is the usual Jacobi polynomial, by the symmetry of the hyper-
geometric function and [3, p. 170].
Following Koornwinder et al. [17, eq. (4.4)], we define

(a,8) ~ Fv+)I'(v+a+p+1) 1/2 1—_55 al2 1+_33 B/2 (@)
v (x)_(F(V+a+1)F(u+ﬁ+1) (2) (2) B (@)

for all o, 8,v €N and all x € [-1,1]. By [17, eq. (4.8)],
(3.3) |g&? ()] <1.

(This is an immediate consequence of relating this function to a matrix
coefficient of a unitary representation of SU(2), an observation which goes
back at least as far as Vilenkin [22].) Now take a = 2h -1, f = m —n,
v=n-h, and

y—-1 1-z 1 I+ gy

, whence —— = and .
2 y+1 2 y+1

x =
y+1
Then x € (-1,1) when y € R*, so (3.2) implies the equality
_ D" s
Wm,n(y) - (y + 1)1/2 gV (x) )
and (3.3) yields the desired inequality immediately. O

Haagerup and Schlichtkrull [13] found sharper estimates for gia”g )(ac),
but these do not seem to yield better inequalities for all matrix coefficients.

3.2. The discrete series D;. The construction is similar to that of D;;.
We start from the group action of G on D given by
_az+f

Tz = =
Bz+a

VeeG VzeD,

and consider the representation 7, on H, given by

my (2) f(2) = - (2,27 2) f(a7h2),

where 1~ (x,2) = a+ Bz. Then 7, is irreducible and acts unitarily on H,,
and we say it belongs to the class D, with h = %E. The functions

l-1-h-m

iy = (L e,

where m € —h — N, form an orthonormal basis of H,. Evidently

(glzmﬂrl_(x)gf_,n)f = (_1)—m+n<gz—7_m’ WZ(x)gZ_nh
(see [2, eq. (10.29¢)]), so the next result follows from Theorem 3.1.

Theorem 3.2. For allr e R*, all £ € Z*, and all m,n € —%8 -N,

‘(gf_,ma ﬂé_(ar)gﬁ_,n>€| < (COSh’I")_l.
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4. FROM POINTWISE TO INTEGRAL ESTIMATES

In this section, we prove integral versions, as in (1.2), of the estimates of
Theorems 2.1, 2.2, 3.1 and 3.2. We begin with a general result.

Proposition 4.1. Let m be a unitary representation of G on the Hilbert
space H, P be a subset of Z, and X be a real number. Suppose that H has
an orthonormal basis of vectors e, where p € P, such that w(kg)e, = ei"eeu
for all peP. Then the following are equivalent:

1. for all r e R* and p,v € P,
(7 (ar)en, )| < Ce™;

2. for allr e R* and f,geH,

T T 1/2
([ [ i acko 1. a)f dnaos) < 0o [l

Proof. It is trivial that the second condition implies the first, so we need
only prove the opposite implication.
Let f,g € H. Then we may write

f= Z bueu and g= Z CLey;
pelP veP

initially we suppose that only finitely many of the coefficients b,, and ¢, are
nonzero. Thus

|(7T(k:91ark92)f,g>|2
= <7T(ar)7r(k92)fv W(kéf)g)(ﬂ'(ar)ﬂ'(k:@)f? 7T(k53)g>

_ Z buguléucyleiez(u’_ﬂ)ei91(y’_u) (m(ar)ew, en)(m(ar)eu, en).
Nv,U'vaV'EP

Now, integrating twice,
Trr 2 2,12 2
[0 r G acka) £.0)P 461062 = % (bl e m(ar)ens ).
T p,velP
A limiting argument using Fatou’s Lemma proves the general case. ([l

For the principal and complementary series of representations, we use the
notation of Section 2.

Corollary 4.2. For all se R~ {0}, €€{0,1}, reR* and f,g ¢ ’H%

iS,€7

r 2 12 sl+1 _,
([0 [ mpcthoackar s aoran) s Ete iy, gl
-7 -7 518, is,e

51

For all X € (0, %), reR" and f,g € Hy,

T ™ 1/2 1
(L [W [(m (ko arko,) £, 9)I* 461 d92) S Ne—“‘?W 1132, 1903, -

For the discrete series, we use the notation of Section 3. Proposition 4.1
obviously also holds when we replace a, and kg by a, and kg, so the next
result is also immediate.
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Corollary 4.3. Let £ € Z*. Then for all T e R* and f,g € Hy,

™ T ~ - 92 1/2 B
(L L|<f,ﬁ(kelark92)g>z| d91d92) < (coshr) ™ fllag, lglp, -

Sharper estimates, where (coshr)™! is replaced by (coshr) 179 for some
positive §, cannot hold. Indeed, suppose that 7 is a unitary representation
of G and ® is a K-bi-invariant L?(G)-function such that

[ lmtkoha,) 1.9 61 a6z < 9 ()
for all f,g € H, of norm 1. Define the compact subset Sg of G by
Sg = {ke,arke, : 7 € [0, R], 01,02 € R}.
Then for all 6 in R*, there exists R € R* such that

fG\SR (m(2)f,9)* dw <6

for all f and g in H, of norm 1 (where the integral is with respect to
the Haar measure). But the set of matrix coefficients is invariant under
translation and so this cannot be. Similarly, it is not possible for all the
matrix coefficients of a unitary representation 7 to belong to LP(G) for some
pe[1,2) (sce [7)).

Bargmann [2, eq. (12.8)] observed that, if 7 belongs to the discrete series
class Dj, then

1/2
@y ([lr@rafdz) = -1, gl

for all f,g € Hr. It seems unlikely that our pointwise estimate can hold with
an additional constant such as (2h—1)71.

Later it was shown that equality (4.1) holds for all “square-integrable”
representations of all locally compact groups, provided that 2h—1 is replaced
by a suitable constant, called the formal degree of the representation, and
that in many cases the matrix coefficients (7 (-) f, g) are integrable for a dense
set of vectors f and g. See Warner [24, Chapter 4] for more details.

5. THE METAPLECTIC REPRESENTATION

Let G be the group Sp(n, R) of 2nx2n real matrices S such that ST.JS = J,

where
(0 I
J = (—I O) ’

Let U(2n,R) = Sp(n,R) n O(2n,R) and recall the Cartan decomposition
G =KA'K, where K =U(2n,R) and

AT = {diag( Aty A AT A D) P A 2 Ao 22 A > 1
The matrix map 1: M(n,C) - M(2n,R), given by
A —B)

L(A+iB) = (B A



ESTIMATES FOR MATRIX COEFFICIENTS 15

identifies U(n,C) with U(2n,R). Then T" is a maximal torus of K, where

e . 0
T =, : o 201,...,0,€[-m,m) ;.
0 ... ¢ifn

We normalise the Haar measures on K and T".

Denote by p: G — U(L*(R™)) the (projective) metaplectic representation,
see [11, 25], and (-,-) the inner product in L?(R™).

The aim of this section is to prove the following theorem.

Theorem 5.1. Let g = diag(A1,..., A\, AL, ., A1), where Ap, ... A\, €
[1,+00). Then for all 1,02 € L*(R™),

1/2
(fn fwI(p(tlglfz)<p17<pz)l2 dt dtg) S A1) 2 orlly Il -

Before the proof, we need some preliminaries. We define the cross-Wigner
distribution W (i1, p2) of @1 and ¢ in L2(R™) by

Wen o)+ in)=n) ™ [ oo+ Hale-3)ds Vo eR"
see, e.g., [25, formula (3.1.2)]. We recall the Moyal identity [25, Theorem 3.2]

<W(§017 902)7 W(Gla 52)) = (Spla 51)(9027 @2)7
and the covariance property [25, Theorem 29.13]

W (p(9)e1,p(9)p2)(2) = W(p1,02)(g7'2)  VgeG VzeCm

We shall write W () for W (e, ¢).
Denote by h,, where n € N, the Hermite functions on R. We recall that,
if z€ C and n,k € N, then (see [25, p. 113])

W (ha)(2) = 2(-1)"(2m) 2L (2[2)
(5.1) W (ks hn ) (2) = C(n, k) 2" L8 (21]2%)
W (hy, b ) (2) = C(n, k)ZFLE) (2]2))

where the Laguerre functions £¥ are normalised in L*(R*) and L, = £,
Therefore

(5:2) LW s ) 72 0 = {

0 if m #n,
27W (hn)(z) if m=n.

Denote now by hg, where 5= (81,...,5,) € N", the tensor product of one-
dimensional Hermite functions, that is,

ha(z) =[] ks, (z¢) Vo= (21,...,7,) € R™.
=1

Since the cross-Wigner distribution is sesquilinear and compatible with ten-
sor products,

W (hs, ha)(=) = p Wik ho) () VA7 €N
=1
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(where z = (z1,...,2,) € C"), and in particular
(53) W(hs)(2) = [TW () 0.
Thus, by (5.2),
)0 if B+,
(5.4) fw W (hg, o) (k=) dk = {W(hﬁ)(z) )

The idea of the proof of Theorem 5.1 is to reduce the estimate to the case
where n = 1. The following lemma will be the key to treating this case.

Lemma 5.2. Suppose that p; € L*(R") and Fj(z) = [ We;(e2)do,
where j =1,2, and that X € [1,+00). Then

[ B Bae+ Xy dady s ol el

Assuming the lemma, we prove the theorem.

Proof of Theorem 5.1. By the Moyal identity and the covariance property,
(p(krgka)er, @2)* = (W (p(kgha)er), W (2))
= LW e (5" T W (p2)(2) do(2)
= LW e (5 W (92) (k) do(2).
Thus
65 [ | etgt)en el dtvdts= [ Fig™2)Fa(2) do(2),
where

Fi(2)= [ Wey)(kz) dk.

We now decompose the functions ¢; as sums of Hermite functions hg, where
peN™. By (5.4), if o1 = Xgbghg and @2 = ¥, c¢yh, then

2
(5.6) [ w2y dk = 2 bsf* W () (2),
B
and an analogous result holds for p2. By (5.5) and (5.3), then,
[n an (p(tigta)er, o) * dty dts

_ 2 2 _
= Zleal e L W) (g W (h)(2) do(2)

2 n _ . .
= 2 [bsl ey P TT ffw W (hg,) (A e+ ideye) W (hyy, ) (g + iye) dag dye,
ﬁ)’y =1

where z = (z1,...,2,) and z; = x¢ + iyg. Thus Theorem 5.1 boils down to
the estimate

/]R? W (hg, )\ e+ ideye) W (hoy ) (g +iye) dag dye s Ay
for all £€{1,...,n}, which follows from Lemma 5.2. O
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It remains to prove Lemma 5.2.

Proof of Lemma 5.2. When X belongs to a bounded subset of [1,+00), the
desired bound follows at once from the Cauchy—Schwarz inequality and the
Minkowski inequality for integrals, since |[W (@;)|, = [¢; ||§ from the Moyal
identity. Hence we may suppose that X is large.

We begin by decomposing ¢1 and 9 in terms of Hermite functions hy,.
We write

P1= 2 bmhm  and @y =Y cphn.

By (5.6) and (5.1), it will be necessary and sufficient to prove that

| En(20722 ) L0207 + A726%)) dadg

<1
for all sufficiently large A and m,n € N, or equivalently

+00 +00
(5.7) /0 fo Lon( N2 +19) L (r + )\_27"2)7“;1/27”2_1/2 dry drg

517

which, by the change of variables A 720 417y = u, r1+ A 2py = v, is in turn
equivalent to

<1

/]S Lo (W) Lo (v) (v = eu) Y2 (u-ev) Y2 dudo

for all small positive e, where S, = {(u,v) eR* xR :ev<u< E_l’l)}. We
will in fact show that

(5.8) ffs Lo ()| 1n (0] [0 = £u[ 2 1 = 0] 2 dudo < 1

for all € € (0, %]
The first step is an estimate for one integral. We know that

|ILn(2)| S An(z) + By(z) + C(x) Vo e R*,
where, by [21, pp. 27-28],

(5.9) Ap(@) = (vo) M1, (2),
(5.10) Bu(z) = v = a1 0 50 (),
(5.11) C(x)=e%

here v :=4n + 2 and 7 is a suitable (positive) constant. Hence

(5.12) me Lo (@) — 5|2 da s 1

for all n € N and s € R. Indeed, set s := vt and z = vy; then
= [y 50

uniformly in ¢; moreover, similarly,

3v/2 3/2
f V_1/4\1/—a;|_1/4 |a:—s]_1/2 dz = f \l—a;\_l/4\a;—t|_1/2 dz 51
v/2 1/2
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uniformly in ¢; and finally,
+0oo
/ e x—- s|_1/2 dr g1
0

uniformly in s.
By symmetry, it will suffice to estimate the integral (5.8) over the region
T. = {(u,v) :ev <u<v}. In this region, v —eu > v/2 since € € (0, 1], and so

S ol 0o e - ol duc
< ] e el = o 2 duc
< [ el = ol duc
< me L) dv s 1,
by two applications of (5.12), as required. 0

Before stating a corollary, we recall that K = U(2n,R).

Corollary 5.3. Let g € G and let Al,...,An,/\;Ll,...,/\Il be its singular
values, arranged so that \i,...,\, € [1,+00). Then for all o1,y € L*(R™),

1/2
([ [ Mothagh)enal diraka) 5 Oucod) ™ gl feal

Proof. By the Cartan decomposition of g and a change of variables, we see
that it suffices to consider the case where g = diag(\1, ..., Ay, AT ..., ALY
and Ay >---> A\, > 1. Then

kogk 2 Ak, dk
[ [ totagha)or, o)l iy ks

= kotogt k 2 Aty dto dky dk
fK/K_[n[TnKP(2291 1)@1,p2)|” dty dty dky dko,

as the Haar measure on K is invariant under translations on both sides.
Now

(p(katagtikr) o1, 2) = (p(tagts)p(k1)er, p(ks " )p2),

so that the statement follows by applying Theorem 5.1 to the functions
p(k1)p1 and p(ky')epa, which have the same norm as o1 and @9 since p is
unitary. O

Now we present, as a consequence of the above results, a new fixed-time
estimate of dispersive type for the Schrédinger equation in R™. In fact
the propagator of the free Schrodinger equation is a particular metaplectic
operator (see, e.g., [11, 25]).

Theorem 5.4. Let t € R. Then for all @1, s € L?(R")

itA 2 12 -n/2
([ [l otmer pleyen akadi) s (14 16) 72 finl
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Proof. Up to a constant of modulus 1, ¢®® = p(g;), where

I, 2tI
I

where I, is the n x n identity matrix, see [25, Proposition 29.10]. Hence we
may apply Corollary 5.3. To compute the singular values of g;, we observe
that g; is similar to a direct sum ¢; @ --- ® ¢; (with n summands), where

(1 2t . v (1 2
Ct = 0 1 whnence Cy Ct = ot 1+4t2 .

The eigenvalues of ¢/ ¢; are 1+2t2 +2(t* +t2)1/ 2. Hence the n singular values
of g; that are at least 1 are all equal to (1 +2t2 +2(t* + t2)1/2)!/2 and the
desired estimate follows. O

Remark 5.5. The estimate of Theorem 5.4 is similar to the usual dispersive
estimate for ¢ from L' - L*°, but averaging on K gives an L? estimate.

Note that, when the dimension n is 1, the group K is just the circle group
T! and for kg € T!, the metaplectic operator p(kg) is just the fractional
Fourier transform, where 6 € [-7, 7).
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