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MAXIMALLY LOCALIZED GABOR ORTHONORMAL
BASES ON LOCALLY COMPACT ABELIAN GROUPS

FABIO NICOLA

ABSTRACT. A Gabor orthonormal basis, on a locally compact Abelian
(LCA) group A, is an orthonormal basis of L2(A) that consists of time-
frequency shifts of some template f € L?(A). It is well known that,
on R?, the elements of such a basis cannot have a good time-frequency
localization. The picture is drastically different on LCA groups contain-
ing a compact open subgroup, where one can easily construct examples
of Gabor orthonormal bases with f maximally localized, in the sense
that the ambiguity function of f (i.e., the correlation of f with its time-
frequency shifts) has support of minimum measure, compatibly with
the uncertainty principle. In this note we find all the Gabor orthonor-
mal bases with this extremal property. To this end, we identify all the
functions in L?(A) that are maximally localized in the time-frequency
space in the above sense — an issue that is open even for finite Abelian
groups. As a byproduct, on every LCA group containing a compact
open subgroup we exhibit the complete family of optimizers for Lieb’s
uncertainty inequality, and we also show previously unknown optimizers
on a general LCA group.

1. INTRODUCTION

Let A be a locally compact Abelian (LCA) group, and denote by A
its dual group. We will write (x,¢), with x € A and £ € A, for the
corresponding duality; hence |(z,£)] = 1. For z € A, £ € A we define
the translation and modulation operators T, and Mg on L?(A), and the
corresponding time-frequency shifts 7(x, &) as

(L1 Tef(y) = fly—a), Mcf(y) =y, Of (), n(x,&)f(y) = MTaf(y),
where y € A.

A Gabor orthonormal basis on A is an orthonormal basis of L*(A) of the
type
(1.2) G(f,I) :={m(2)f: z€T}

where f € L2(A) and T is a (possibly uncountable) subset of A x A. The
function f is called window. In other terms, a Gabor orthonormal basis is
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2 F. NICOLA

an orthonormal basis in an orbit of the Schrodinger representation of the
Heisenberg group associated to A.

There is a considerable amount of work on the construction of Gabor
orthonormal bases on R; see [2, [7, 12| 22] [41], 42, 47,146, 53] and also [27] for
far reaching generalizations on nilpotent Lie groups. The focus is mainly on
windows that are characteristic functions of some compact subset, hence
with a poor frequency localization. In fact, the celebrated Balian-Low
theorem states, roughly speaking, that there are no Gabor orthonormal
bases on R? generated by a window with a good time-frequency localization
(see, e.g., the survey [4]), and similar obstructions also apply to LCA groups
having no compact open subgroups [13] [36]; see also [26] for the issue of
the time-frequency localization of Riesz bases on R

The situation is drastically different for LCA groups containing a com-
pact, open subgroup. Indeed, if H C A is such a subgroup, the function
f = |H|7"?xy (where |H| stands for the measure of H) generates an or-
thonormal basis as in if I' is any set of representatives of the cosets
of Hx H: in A x A (namely, I' contains exactly one element of each
coset) [23] 28], and this window is, in a sense, maximally localized in the
time-frequency space. To explain this latter point properly, we need some
terminology.

For f,g € L?(A), the short-time Fourier transform of f with window ¢
is the complex-valued function on A x A given by

(1.3) Vol (@,) = (f,m(2,0)g) 21y (2,6) € Ax A

It is known that, if ||g||z2(4) = 1, then Vj : L?*(A) — L*(A x A) is an
isometry, so that the quantity |V, f|*> can be regarded as a time-frequency
energy density of f (see [23] 24, 44]). More generally, the time-frequency
localization of a function f € L?(A) can be measured in terms of the LP-
norm of Vy f — the so-called ambiguity function — and corresponding versions
of the uncertainty principle, such as Lieb’s uncertainty inequality, can be
stated (see [23, [43] and Section [7| below). We recall, in particular, the
following elementary result (see [I8], 23, B38], Theorem below, and also
[5, 25] for other formulations of the uncertainty principle in terms of the

short-time Fourier transform), which corresponds to a limiting case of an
LP-estimate as p — 0 (cf. Remark [7.3) below):

Let f € L*(A) \ {0}. Then

(1.4) {ze Ax A:V;f(z) £ 0} > 1.

Here we used the notation |S| for the measure of a set S C A x A, where
the Haar measures on A and A are chosen so that the Plancherel formula
holds true. The inequality can be regarded as a time-frequency version
of a lower bound for the product of the measures of the supports of f and
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f, first proved by Matolesi and Szfics in [48] (see also [0, 111, 57, B8, [60])
and usually referred to as the Donoho-Stark uncertainty principle.

The inequality is sharp on every LCA group containing a compact,
open subgroup H. Indeed, for the function f = |H|™'/?xy considered
above, we have Vif = xgxme (cf. [23] and Proposition below) and
therefore f is maximally localized in the time-frequency space, in the sense
that the inequality is saturated (|[H x HY| = 1 by the Plancherel
formula). This is a desirable property that guarantees that the “analysis
operator” associated with the corresponding basis G(f,I') (cf. (L.2)), that
is L?(A) > h + V;h(z), with z € T, is able to resolve the “blobs” of energy
of h in the time-frequency space, with the highest possible resolution — at
least in the measure theoretic sense.

This discussion raises the problem of identifying all the Gabor orthonor-
mal bases generated by a function f maximally localized in the above sense,
namely such that the set where Vyf # 0 has measure 1 (this implies that
the same extremal property holds for every element of the basis). This
issue is also motivated, on one hand, by the recent advances [I3] on the
Balian-Low theorem on general (second countable) LCA groups having no
compact open subgroups and, on the other hand, by the recent, consider-
able interest in optimizers of uncertainty inequalities on Euclidean spaces
and Riemannian manifolds [1} 10} 2], 35 37, 39, 40}, 45 50, (1) (2], 54]. In
a sense, the results in this note can be regarded as complementary to the
no-go results in [13].

The main problem therefore lies in the identification of all the functions
f € L*(A) for which equality occurs in (1.4]), which is an open issue even for
finite Abelian groups. This should not come as a surprise, in light of other
extremal problems, e.g., for the Young and Hausdorff-Young inequalities,
which are notoriously difficult even on LCA groups containing a compact,
open subgroup (see [20, Theorem 3] and [30, Section 43]). Indeed, for
the finite cyclic group Zy all the optimizers for the inequality were
obtained only recently, in [49]; see also [I8] for a particular case.

Our first result (Theorem provides the complete answer to this prob-
lem and can be summarized as follows:

Equality occurs in (1.4)) if and only if f = Ty h, for some c € C\ {0},
zg € A and some subcharacter of second degree h of A. In this case,
||f||Z§(A)fo is a subcharacter of second degree of A x A, and its support is

a maximal compact open isotropic subgroup of A X A.

A subcharacter of second degree of A is a continuous function h: A — C
such that, for some compact open subgroup H C A, the restriction of h to
H is a character of second degree of H in the sense of Weil [59] (see Section
below) and h(z) =0 for x € A\ H. The term “isotropic” refers to the

standard symplectic structure of A x A (see Section . Hence, maximal
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compact open isotropic subgroups of A x A are the minimum uncertainty
phase-space cells — the so-called “quantum blobs” — and play the role of
the symplectic images of the unit ball (or box) in R? x R [9] [15]. Also,
notice the formal analogy with the extremal problem for the Hausdorff-
Young inequality (on LCA groups), where the optimizers are the constant
multiples of translates of subcharacters [30, Theorem 43.13].

The study of the cases of equality in on Zy [49] relies on the explicit
description of the subgroups of order N of Zy x Zy and the equally explicit
construction of “finite chirps”, which is available in that case (see [8] [16]).
In the present generality we have to follow a more conceptual pattern.
To give a flavour of the argument let us briefly outline how the above
mentioned subcharacter of second degree arises. By using the covariance
property for the short-time Fourier transform we will show that, if the set
G={z¢€ Ax A Vif(2) # 0} has measure 1, then G is a maximal
compact open isotropic subgroup of A x A. The projection onto the first
factor allows us to regard G as an extension of a compact open subgroup H
of Aby H+ C A. This induces, in a natural way, a continuous symmetric
homomorphism H — H , to which we can associate the desired character h
of second degree of H — here we use an extension theorem for characters of
second degree from [31]. The analogous problem for the short-time Fourier
transform V f is addressed in Theorem [5.2]

Let us now come back to the above problem of maximally localized Gabor
orthonormal bases. We anticipate here the main result (Corollary ,
which provides the desired, full characterization.

Let f € LX(A), |fleay) = 1 and G := {z € Ax A : V;f(z) # 0}.
Let T C Ax A. Then G(f,T) (cf. (L-2)) is an orthonormal basis of L*(A)
and |G| = 1 if and only if f = ¢TI, h for some ¢ € C, xy € A and some
subcharacter h of second degree of A, and I is a set of representatives of

the cosets of G in A X A.

The subsets of A x A defined by Vi(m(z)f) # 0, with z € T, are precisely
the cosets of the maximal compact open isotropic subgroup G, and define
therefore a tiling of A x A In fact, it turns out that for every tiling of
this type there is a corresponding Gabor orthonormal basis (see Remark
6.3)). However the main point of the above result is clearly represented by
the necessary condition. We refer the reader to [32, [61] and the references
therein for other constructions of (not necessarily maximally localized) Ga-
bor orthonormal bases in the setting of finite Abelian groups and to [13]
for general LCA groups.

In Section [7] we will show that, on any LCA group containing a compact
open subgroup, every extremal function for the uncertainty inequality
is also an extremal function for Lieb’s uncertainty inequality [23], 43] and
vice versa. This will also provide, as a byproduct, previously unknown
optimizers for Lieb’s inequality on every LCA group, because such a group
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is topologically isomorphic to R? x A, for some integer d > 0 and some
LCA group Ay containing a compact open subgroup. It would certainly be
interesting to identify all the optimizers for Lieb’s uncertainty inequality —
as well as for related uncertainty inequalities — on a general LCA group,
but that would lead us too far, so that we decided to postpone this issue
to a future work. We also refer the reader to |21, 40] and the references
therein for recent advances on Lieb’s inequality on Euclidean spaces and
Riemannian manifolds.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. We use the notation introduced at the beginning of the
introduction. Hence A denotes a locally compact Abelian group, and Aits
dual group. The pairing A x AT (the multiplicative group of complex
numbers of modulus 1) given by (z,&) — (z,€) is therefore well defined. We
will write the group laws in A and A additively, hence (x+y,&) = (x,)(y, &)
and (z,& +n) = (x,&)(x,n). The groups A, A are equipped with Haar
measures related so that the Plancherel formula holds true. The Haar
measure on A x A is given by the Radon product measure. The inner
product in L?(A) is denoted by (-, -)12(4). We denote by |S| the measure of

a subset S (of A or /Al, or A x 121\), and by g its characteristic function.

We refer to ([1.1)) for the definition of the translation operators T, = € A,
the modulation operators M, £ € A, and the phase-space shifts m(x,§) =

M¢T,. They are unitary operators on L?*(A). The short-time Fourier trans-
form V, f, for f,g € L?(A), was defined in (1.3)); more explicitly

(2'1) V;,f(x,é”) = <f777<x?5)g>L2(A)
_ /A DOy —1)dy  ceA EcA

2.2. Preliminaries from time-frequency analysis. We recall some ba-
sic results about time-frequency analysis on LCA groups. We refer the
reader to [I7, 23] for details (see also [24] for the analogous results in R9).

The following result generalizes a well known property of the short-time
Fourier transform in R¢ [24].

Proposition 2.1. Let f,g € L*(A). Then V,f is a continuous function on
A x A, which vanishes at infinity.

Proof. Since the unitary representations A > = — T, and A> § — M
are strongly continuous on L?(A), V, f is a continuous function on A x A.
Moreover, by the definition of V, f in (2.1)) we have |V, f(z,&)| < |f] *|g|(z)
and similarly, |V, f(z,§)| < \ﬂ «|9](£), with §(y) := g(—y). On the other
hand, functions in L? x L? tend to zero at infinity. O



6 F. NICOLA

As a consequence, we also see that the set {z € A x A V,f(z) # 0} is
o-compact.

We will need a few elementary formulas concerning time-frequency shifts
and the short-time Fourier transform.

First, for x,y € A, £,n € A we have the commutation relations

(2.2) m(z, E)m(y,m) = (v, &) (x,m)m(y, n)7(z,§).

As a consequence, the following covariance-type properties hold true, for
r,y €A EneA:

(2.3) Vo(m(2,8) f)(y,m) = (2, )z, mVefly — 2, — &)
and
(2.4) Vi) (m(@,€) ) (y,n) = (, &) (@, mV, f(y,m).

An application of the Cauchy-Schwarz inequality gives at once the fol-
lowing pointwise estimate:

(2.5) Vol @, Ol < [ fllzllgllzny  z€A €A
We finally recall the Parseval equality

(2.6) Vol 2 axay = Lz gl z2cay-

The following uncertainty inequality was first proved in [38] in the case of
finite Abelian groups; see also [18] 23, [49].

Theorem 2.2. Let f,g € L2(A)\ {0} and S={z € Ax A: V,f(z) # 0}.
We have |S| > 1. If |S| = 1 then |V, f| = cxs, with ¢ = || fllz2(a) 9]l 2(a)
and therefore S is compact and open.

Proof. We can suppose ||l = lgllizcy = L. By @8) and @5), we

have
= V 2dx d dx d€ = .
1 /S| of (2, &) dx SS/S v d§ = |S]|

If equality occurs in the above inequality, then |V, f(z)| = 1 for almost every
z € S, and therefore for every z € S, since V, f is continuous (Proposition
, and S is open. Hence |V, f| = xg, which implies that S is also closed.
Moreover, since V,f tends to zero at infinity, S is contained in a compact
subset, and therefore is compact. Il

We will also need the following uniqueness result for the ambiguity func-
tion Vi f.

Proposition 2.3. Let f,g € L*(A). Then Vi f = Vyg on A X A if and only
if f=cg for someceC, |c|=1.

Proof. For the sake of completeness we provide a proof similar (but not
exactly equal) to that given in [24, Section 4.2] for A = R
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For every x € A, we can regard V; f(x,-) as the Fourier transform of the
L' function fT, f. Hence, if V; f = V,g, by the Fourier uniqueness theorem,
for every x € A we have

fW)fly—x) =g(w)gly —x)
for almost every y € A. By the Fubini theorem (both sides vanish on the
complement of a o-compact set in A x A; cf. [I9, page 44]), the above
equality holds for almost every (z,y) € A x A. Multiplying by f(y—z) and
integrating with respect to x yields Hf||2L2(A)f = (f,9)12(a)g, which gives
the desired conclusion.

The converse implication is obvious. Il

2.3. Characters of second degree. We recall from [59] (see also [55])
the notion of character of second degree.

Definition 2.4. Given a continuous symmetric homomorphism ¢ : A — A
(hence (x,¢(y)) = (y,¢(x)) for z,y € A) a character of second degree of

A, associated to ¢, is a continuous function f: A — T such that

[ +y)=[f@)f(y)zoy)  =yecA

The following result provides the existence and uniqueness, up to multi-
plication by characters, of characters of second degree associated to a given
homomorphism ¢ as above.

Theorem 2.5. Given a continuous symmetric homomorphism ¢ : A — A
there exists a character of second degree associated to ¢. Two characters
of second degree associated to the same ¢ differs by the multiplication by a
character.

The uniqueness is an immediate consequence of the definition. The exis-
tence was first proved in [31], Lemma 6] (see also [55] page 37| for an easier
proof due to M. Burger, and [3, Theorem 2.3] for generalizations). Explicit
constructions are available in particular cases; for example, if multiplica-
tion by 2 is an automorphism of G then one can take f(z) = (x,¢(27'z))
[59, page 146]. We refer the reader to [55], Section 7.7] for an explicit con-
struction when G a finite dimensional vector space over a local field, [16]
for Zy, and [34] for finite Abelian groups.

3. SOME SYMPLECTIC ANALYSIS ON A x A

In this section we prove some auxiliary results concerning subgroups of

A X A in connection with the standard symplectic structure of A x A that
is the bicharacter o : (A x A) x (A x A) — T given by (cf. (2.2))

3.1 ol(@,8),(ym) = W, wm) (2,6, (y,n) € Ax A

The following description of the compact open subgroups of A x A will be
crucial in the following.
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Proposition 3.1. Let H C A, K C A be compact open subgroups, and let
¢: H— A/K be a continuous homomorphism. Then the set

(3.2) G={(z,§) € AxA: ze€H, ¢cpz)}
is a compact open subgroup of A x A, and |G| = |H||K|.

Every compact open subgroup of A x A arises in this way for a unique
triple (H, K, ¢) as above.

Proof. Tt is easy to see that the set G in ({3.2) is indeed a subgroup of
A x A. Since H and K are compact and ¢ is continuous it follows from
some general (not completely trivial) results from the theory of topological
groups (cf. [29, Note 5.24]), that G is compact. However, since H and K
are open, we can apply a more direct argument, that also has the advantage
to give some more information, namely that G is in fact a finite union of
pairwise disjoint compact open subsets of A x A of product type. Precisely,
since K is open, A/K is discrete, and ¢(H) C A/K is compact, therefore
finite. On the other hand we have

G = Upegn) ¢~ ({B}) x B.

The sets B C A above are compact and open, because they are cosets of
K in A. The subsets ¢~'({B}) C H are open and closed and therefore
compact, because H is compact. This shows that GG is compact and open.

For every z € H, ¢(z) is a coset of K in A, and therefore has the same
measure as K. Hence

mz// dé de — | H||].
H J ¢(x)

Now, given any compact open subgroup G C Axﬁ, let 7 : G — A bethe
projection onto the first factor, and set H = my(G) and K = GNA = Ker m,
(where A is regarded as a subgroup of Ax A). It is clear that K is a compact
and open subgroup of Aand H is a compact open subgroup of A, because
the projection A x A— Ais an open map. Hence we have the short exact
sequence

0—-K—-G—H—=D0.

The map G — H is open, and therefore the algebraic isomorphism g :
G/K — H is in fact a topological isomorphism ([29, Theorem 5.27]) (this
also follows from the fact that § is a continuous bijection, G/K is compact
and H is Hausdorff). Now set ¢ = m) 0 8!, where 7}, : G/K — A/K is
the natural epimorphism induced by the projection m : G — A onto the
quotient spaces. Then ¢ : H — A\/ K is a continuous homomorphism, and

clearly (3.2)) holds for the triple (H, K, ¢).

Finally, it is clear from (3.2)) that the triple (H, K, ¢) is uniquely deter-
mined by G. U
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Remark 3.2. [t is easy to see that G and H x K in Proposition |3.1] are
homeomorphic. Indeed, with the notation of the above proof, choosing a
representative & out of any [§] € ¢(H) (p(H) is a finite set), yields a
continuous section o : ¢(H) — A and therefore a lifting ¢ == aog: H — A
of ¢. We now extend ¢ to A by setting p(z) =0 forxz € A\ H. Since H is
both open and closed, ¢ : A — Ais continuous, and the map A x A— AxA
given by (z,€) — (x,¢(x) + &) is a homeomorphism (although not a group
homomorphism) which maps H x K onto G.

We now single out a class of subgroups and provide a convenient char-
acterization in the spirit of Proposition |3.1]

Definition 3.3. A subgroup G C A x A is called isotropic if o(z,w) = 1
(cf. (3.1)) for every z,w € A x A.

Consider a triple (H, K, ¢) as in Proposition [3.1]and assume, in addition,
that K C H*. Then a natural epimorphism A/K — A/H*+ ~ H is
induced. Hence, for x € H, we can regard ¢(z) € /Al/ K as a character of
H, whose value at y € H will be denoted by (y, ¢(x)). In concrete terms,

(y,d(x)) := (y, &) forany & € ().

Definition 3.4. If K C H*, a continuous homomorphism ¢ : H — A\/K
15 called symmetric if

(z,0(y)) = (y, 6(x)) =,y H.

We recall, for future reference, that if H C A is a compact open subgroup,
then H is a compact open subgroup of A (see e.g., [23, Lemma 6.2.3 (b)]).

Proposition 3.5. Let G C A x Abea compact open subgroup of A x A
and let (H, K, ¢) be the corresponding triple (cf. Proposition . Then
G is isotropic if and only if K C H+ and ¢ : H — A\/K 15 symmetric.
Moreover |G| < 1.

Proof. Let G be isotropic. Let © € H, £ € ¢(x) and n € K, so that
z=(2,8) € Gand w = (z,§ +n) € G. We have

1 =o0(z,w) = (z,§){x, £+ n) = (x,n),

)
and therefore K C H+. Now, if 2,y € H and £ € ¢(z), n € ¢(y), so that
z = (z,§) € Gand w = (y,n) € G, we have 1 = o(z,w) = (y,&){(x,n),
which means that ¢ is symmetric.

Vice versa, it is clear from the above computation that if K C H* and
¢ is symmetric then G is isotropic.

Finally, by Proposition 3.1} |G| = |H||K| < |H||H*| = 1, where the last
equality follows from the Plancherel formula (see [56, Formula (4.4.6)]). O
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We finally characterize the compact open isotropic subgroups of maxi-
mum measure.

Proposition 3.6. Let G C A x A be a compact open isotropic subgroup
and let (H, K, §) be the corresponding triple (cf. Propositions|3.1] and[3.5).
The following statements are equivalent:

(a) 1G] = 1.
(b) K = H*.

(¢) G is a mazximal compact open isotropic subgroup, i.e., if G' C A x A
is a compact open isotropic subgroup with G C G’ then G' = G.

Proof. (a) = (b). We know from Proposition that K C H*. If this
inclusion were strict then |K| < |H*|, because |H*| < oo and |H* \ K| >
0, being H+ \ K open. Hence, since 0 < |H| < oo, by Proposition
|G| = |H||K| < |H||H*| = 1, which is a contradiction.

(b) = (c). Let G’ C A x A be a compact open isotropic subgroup with
G C G'. Let (H', K', ¢') be the corresponding triple, as in Propositions
and 3.5 Since G C G’ we have H C H' and K C K’. On the other hand,
by Proposition and the assumption, we have H' ¢ K'* ¢ K+ = H.
Hence H = H' and K = K'. Since, for z € H, ¢(x) and ¢'(x) are two
cosets of K in A and ¢(z) C ¢(z) we have ¢(z) = ¢/(z) and therefore
G =G.

(c) = (a). Suppose, by contradiction, that |G| = |H||K| < 1. Then the
inclusion K C H* is strict. Consider the subgroup G’ C A x A associated
to the triple (H, H*,¢'), with ¢/ = a0 ¢ : H — A/H*, where a : A/K —
A /H* is the natural epimorphism. Since ¢ is symmetric, the same holds for
¢ Hence, by Proposition 3.5, G’ is a compact open_isotropic subgroup of
Ax Aand G C G' with strlct mcluSlon because GNA = K C H- =G'NA
strictly. This is a contradiction. Il

Corollary 3.7. Every compact open isotropic subgroup of A X A is con-
tained in a maximal compact open isotropic subgroup.

Proof. Let G C A X Abea compact open isotropic subgroup and (H, K, ¢)
be its associated triple (Propositions and , hence K C H* and ¢ is
symmetric. Then the compact open isotropic subgroup associated to the
triple (H, HY,¢), with ¢/ : H — H as in the proof of “(c) = (a)” in
Proposition 3.6 is maximal by Proposition and contains G. Il

Remark 3.8. Notice that the result of the above corollary is no longer
valid if we drop the adjective “isotropic”. For example, consider the p-
adic field Q,. Its topological dual @p can be identified with Q,. The balls
By :={z € Q,: |z|, <P}, j € Z, are compact open subgroups of Q,.
Hence the sets B; x Bj, are compact open subgroups of Q, X @p. However,
if K C Q, X @p is a compact subset, then K C Bj x B; for some j, and
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K C Bji1 X Bjiy strictly. We refer to [14] for a quick review of the p-adic
number system from the perspective of time-frequency analysis.

We conclude this section with a result which will be useful below.

Proposition 3.9. Let G C A x A be a mazimal compact open isotropic
subgroup, hence |G| = 1 (cf. Proposition[3.6). Let (H,H* $) be the cor-
responding triple (cf. Pmpositions and @ If f is a character of
second degree of H associated to ¢ (cf. Definition , then the function
G — T given by L
(,8) = flz) (2.8 G
is a character of second degree of G associated to the continuous symmetric
homomorphism ¢ : G — G given by

(3:3) (2,8, ¢ (y,n) = (z.m)  (2,6),(y,m) €G.
Proof. For (z,£), (y,n) € G we have

flx+y) = f(=) fy) (z, 0()) = f(x) fy) {z,m)

because 1 € ¢(y) (where ¢(y) € H ~ A/H* is now regarded as a coset of
H+ in A). O

4. OPTIMIZERS FOR THE AMBIGUITY FUNCTION

From (2.5 we see that, for f € L?*(A) and z € A x A,
Vi f()] < Vif(0) = [ fII72)-

The following result provides some properties of the set where |V f| attains
its maximum value.

Proposition 4.1. Let f € L*(A) \ {0}, and
G={zeAxA: [Vif(2)] = V3 f(0)}.

Then G is a compact isotropic subgroup of A x A and the restriction of the
function ||fHZQ2(A) Vif to G is a character of second degree associated to the

continuous symmetric homomorphism ¢' : G — G given in (3.3)).
Indeed, for (z,§) € G, (y,n) € A x A we have
(4.1) Vif(y + o+ &) = 1 fll 2 Vif (@ OVif (y,m) (. m).

In particular, |V f| is constant on every coset of G in A x A.

Proof. Without loss of generality we can suppose || f| 24y = 1, hence
Vif(0) = 1fllf2a) = L.

Since V; f is a continuous function which vanishes at infinity (Proposition
, G is compact.

For z € GG we have

‘<f77r(z)f>L2(A)‘ = 17
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and therefore
m(2)f =c(2)f

for some ¢(z) € C, |c(2)| = 1. As a consequence,
Vi(r(2) ) f(w) = e(2)Vi f(w)
for w € A x A. Setting z = (x,&) and w = (y,n), by we have

Setting y = 0,7 = 0, we obtain

<ZL‘,€>fo(—[L', _5) = C(l’,f),
which gives
(4.2) Vifly—x,n—&) =Vif(—z, =V f(y,n){x,n)
for (z,€) € G, (y,n) € A x A.

On the other hand, it is clear from the very definition (2.1f) of Vf, that

\Vif(—w)| = |Vif(w)] for w € A x A, and therefore if (z,£) € G then
(—z, =€) € G as well.

Hence we obtain

(4.3) Vif(y +z,n+8&) = Vif(z,Vif(y,n){z,n)
for (z,&) € G, (y,n) € A X A, which proves ([@.1).

By (4.3)), if (z,€), (y,n) € G then (x+y,&+n) € G, hence G is a subgroup
of Ax A ((0,0) € G, of course). Finally, exchanging the roles of (z,&) and
(y,m) in (4.3) yields that G is isotropic. O

Remark 4.2. For A = R? we recapture the well known radar correlation
estimate 24, Lemma 4.2.1]: if f € L*(R?) \ {0} and z € R*?, 2 # 0, then
Vi f(2)] < V5 f(0).

We now introduce the notion of subcharacter of second degree. This ter-
minology — in fact non-standard — is inspired by the definition of subchar-
acter [30, Definition 43.3], that is a character of a compact open subgroup
H C A, extended by 0 on A\ H.

Definition 4.3. Let H C A be a compact open subgroup and let ¢ : H — H
be a continuous symmetric homomorphism. A function h : A — C is called
subcharacter of second degree associated to (H, ¢) if its restriction h|y is a
character of second degree of H associated to ¢ and h(x) =0 forx € A\ H.

The following result provides the ambiguity function of a subcharacter
of second degree.

Proposition 4.4. Let h : A — C be a subcharacter of second degree as-
sociated to (H,¢) (cf. Definition [4.3); hence H C A is a compact open
subgroup and ¢ : H — H 1s a continuous symmetric homomorphism. Then

(4.4) Vih(z,€) = [H[h(—2)xe(z,6)  (2,6) € Ax A,
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where G is the maximal compact open isotropic subgroup of A X A corre-
sponding to the triple (H, H+, ¢) (cf. Propositions and @)
Moreover the function |H|'V,h is a subcharacter of second degree of

A x A associated to the pair (G,¢'), where ¢' : G — G is the continuous
symmetric homomorphism in (3.3)).

Proof. Since h|g is a character of second degree of H associated to ¢, for
x,y € H we have

(4.5) h(y — x) = h(y)h(=z)(z, o (y))-
We now compute V,h. Observe that, if z € A\ H, £ € A\,
Vih(z,&) = (h, McTyh) 24y = 0,
because H N (z + H) = () in that case.
On the other hand, if x € H, £ € fAl, by ,

Vih(z,€) = /H 0, Eh(y)hly — ) dz
— () /H W h(y) Py, 6(x)) dy
Ih(—:v)/H<y,n—€>dy,

where 7 is any element of the coset ¢(z) C A (recall ¢ : H — H ~ AJHL).
Now, in the last integral the measure dy can be regarded as a Haar measure
of the compact open subgroup H. Therefore, the integral does not vanish
if and only if £ and 7 induce the same character of H ([29, Lemma 23.19]),
namely if n — £ € H*, that is £ € ¢(z). This proves (4.4).

From (4.4)) we see that
wh(z,§) = [H[h(=z)  (2,£) € G,

It is easy to see that the function h(—z), x € H, is still a character of
second degree of H associated to the same homomorphism ¢. Hence, it
follows from Proposition that the function |H|™'V,h(z,£), restricted

to G (that is h(—=z)) is a character of second degree associated to the

homomorphism ¢ in (3.3)). O

We can now state the main result of this section.

Theorem 4.5. Let f € L*(A) and let G = {z € Ax A: V;f(z) # 0}.
The following statements are equivalent:

(a) 1G] = 1.
(b) G is a mazimal compact open isotropic subgroup of A X A.

(c) There ezist ¢ € C\ {0}, xo € A and a subcharacter h of second
degree of A such that f = T}, h.
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If any of the above condition is satisfied, the function HfHZQQ(A)fo is a

subcharater of second degree of A X A associated to (G,¢), where ¢’ : G —
G is given in (3.3)).

Proof. We can assume, without loss of generality, that || f||.2(a) = 1.

(a) = (b) By Theorem[2.2 we have |V} f| = x¢, and G is a compact open
subset of A x A. By Proposition , (G is an isotropic subgroup of A x A.
Since |G| = 1, it is maximal by Proposition [3.6]

(b) = (c) By Proposition .6 we have that |G| = 1 and therefore |V} f| =
Xc by Theorem 2.2 In fact, by Proposition [.1], the restriction of Vy f to G
is a character of second degree of A x A associated to the homomorphism
¢ G — G in (B-3).

Let now (H, Ht, ¢) be the triple associated to G (cf. Propositions
and , and let h be a subcharacter of second degree of A associated
to (H,¢) (cf. Definition [4.3)), which exists by Theorem 2.5, We know from
Proposition that the function |H|~'V}h, restricted to G, is a character
of second degree associated to the same homomorphism ¢ as above. Hence
by Theorem there exists a character g of GG such that

Vif(2, &) =g(x, O|H| 'Vih(z,§)  (2,€) €G.

The character g extends to a character of A x A ([29, Corollary 24.12]) and
therefore there exist y € A, n € A such that

9(z,8) = (x,n)(y, ).
We deduce that
Vif(, &) = H| Y, n)(y, Vah(z,&) (2,6 € G.

In fact, this formula holds for every (z,£) € A x A because both sides
vanish on A x A\ G, by (4.4)) and the fact that |V f| = x¢. By comparison
with (2.4)) we deduce that

Vif = [H|[ " Vagmn(m(y, n)h).
By Proposition [2.3| we obtain
f=clH|"r(y.mh
for some ¢ € C, |c| = 1.

Setting h' := M,h, we have f = J|H|"Y?T,W, |d| = 1, and K is a
subcharacter of second degree associated to (H, ¢), which gives the desired
conclusion.

(¢) = (a) This is clear by Propositions [4.4] and [3.6]

The last part of the statement is also clear by Proposition [4.1] U
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5. OPTIMIZERS FOR THE SHORT-TIME FOURIER TRANSFORM

In this section we identify the functions f,g € L?(A) such that
{zeAx A: Vof(z) #0} = 1.

The following result will reduce the problem to the case f = g, that we
addressed in the previous section.

Proposition 5.1. Let f,g € L*(A), with ||f|lr2ca) = ||9|lr2ay = 1. Let
S={zeAxA: |V,f(z)|=1} and G={2€ Ax A: |Vyg(z)| =1}. Let
20 € S. Then f = cr(z9)g for somece C, |c| =1, and S = 2+ G.

Proof. Since |(f,7(20)9)r2a)] = |Vyf(20)] = 1, we have f = cm(2)g for
some ¢ € C, |¢| = 1. Hence, if z € A,

VoS (2)] = [(m(20)9, m(2)g) L2y | = [Vag(z — 20)],
which implies S = 2y + G. O

We therefore obtain the following characterization.

Theorem 5.2. Let f,g € L*(A) and let S = {z € A X A Vyf(z) # 0}.
The following statements are equivalent:

(a) S| = 1.
(b) S is a coset in A X A of a mazximal compact open isotropic subgroup.

(c) There exist c1,co € C\ {0}, 21,20 € A x A and a subcharacter h of
second degree of A such that f = c;m(z1)h and g = cam(29)h.

Proof. The result follows easily from Theorem [2.2] Proposition [5.1] and
Theorem [4.5] O

6. MAXIMALLY LOCALIZED (GABOR ORTHONORMAL BASES

We recall that a Gabor orthonormal basis of L?(A) is an orthonormal
basis of the form G(f,T') (cf. (1.2)), where f € L*(A) and T is a (possibly
uncountable) subset of A x A.

The following result characterizes the Gabor orthonormal bases with f
maximally localized, in the sense that the subset

Gy —{zeAxA: Vif(z) # 0}
has measure 1. Observe that, by (2.4), Gy = Gy for every w € A x E,

so that all the elements of the basis are then maximally localized.
Theorem 6.1. Let f € L*(A), || fllz2(a) = 1, with |G| = 1; hence Gy is a

mazimal compact open isotropic subgroup of A X A (by Theorem . Let
cAxA.
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G(f,T) is an orthonormal basis of L*(A) if and only if T is a set of
representatives of the cosets of Gy in A x A.

Proof. We know from Theorem 4.5 that [V} f| = xq;, .

Let I' be a set of representatives of the cosets of G in A x A. Since

[(m(2) f, (W) frza) = [Vif(w = 2)],

we see that w(z)f and w(w)f are orthogonal if z,w € ', 2z # w, because I'
contains at most (in fact exactly) one element of each coset of Gy.

Let us verify that the set G(f,T") is also complete. We claim that
span({m(z)f: z €'}) =span({m(z)f: z € Ax ﬁ})

To see this, observe that if 2 € A x A there exists w € I such that 2 —w €
Gy, hence |V;f(z — w)| = 1, which means that 7(2)f = cr(w)f for some
c € C, |c| = 1, which yields the claim.

Now, the set {m(z)f : 2z € A x A} is clearly complete, because if g €
L*(A) and (g, 7(2) f)r2(a) = Vyg(z) = 0 for every z € A x A then g = 0,
since the short-time Fourier transform is injective (cf. (2.6)).

Conversely, suppose that G(f,I') is an orthonormal basis. If z,w € T,
z # w, since 7(z)f and w(w)f are orthogonal, we have V;f(z —w) = 0,
namely z — w € G, i.e., z and w belong to different cosets. Moreover,
if I' did not contain any element of some coset zy + G, then the function
7(z0) f would be orthogonal to all the functions 7 (z)f, with z € I', which
is impossible since G(f,I") is a complete set by assumption. O

Combining Theorems [4.5] and [6.1] we deduce the desired characterization
of the maximally localized Gabor orthonormal basis.

Corollary 6.2. Let f € L*(A), ||f||l2a) =1, and T C A x A,

Then G(f,T) is an orthonormal basis of L*(A) and |G| = 1 if and only
if f = cTyh for some c € C\ {0}, 2o € A and some subcharacter h of
second degree of A, and I is a set of representatives of the cosets of Gy in
Ax A,

Remark 6.3. Observe that, in Corollary[6.9, the sets {Vy(m(z)f) # 0} =
2+ Gy, zel (cf. , define a tiling of A x A and |z + Gyl = |Gyl = 1.
Vice versa, if G C A X A is a mazimal compact open isotropic subgroup
(hence |G| = 1), (H, H+, $) is the triple associated to G (cf. Proposition

and h is a subcharacter associated to (H, ¢), the function f = |H|~'/?h

generates a Gabor orthonormal basis corresponding to the tiling generated
by G.

Example 6.4. Let N > 1 be an integer and let Zy = Z/NZy be the
cyclic group of order N, equipped with the counting measure. We coherently
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choose the counting measure multiplied by N~ as the Haar measure on the
dual group.

On Zn a subcharacter of second degree has the form h = M¢hy,,, where
€ €Zn,b>11isa divisor of N, pe {0,...,b— 1}, and,

mipz2b(1+b)

hb (l‘) _ exp (T) T e CLZN
" 0 z € Zy \ aZy,

where a = N/b (see [49, Remark 2.1] and [16, Section 3 (iii)]). We also
have

Gnp={(ma,nb+mp): m=0,....b6—1, n=0,...,a— 1},

(see the proof of [49l Theorem 1.2]), which is indeed a subgroup of Zy X ZN
of cardinality N, hence of measure 1 (incidentally, all the subgroups of
cardinality N have this form), and Comllary applies.

Of course, on Zy there are Gabor orthonormal bases G(f,T") which are
not mazimally localized, e.g., we can take f = 27%x 1y and T = 2Zy X
(N/2)Zn, assuming N > 4 even. A straightforward computation shows
that

Gf = ({07 I 1} X ZN) \ {(O7N/2)}a
so that |G¢| =3 —1/N > 1.

We also obtain the following result for finite Abelian groups.

Corollary 6.5. Let A be a finite Abelian group and S C A X A The
following statements are equivalent, for the family of operators {m(z): z €

S}:
(a) There exists a common eigenfunction.

(b) The operators w(z), z € S, commute.

(¢) There is a Gabor orthonormal basis, which consists of common
eigenfunctions, generated by a function f € L*(A), with |G| = 1.

Proof. (a)=(b) If f € L*(A) is a common eigenfunction, with || f|| z2(4) = 1,
then |V f(2)| =1 for z € S, because the eigenvalues of 7(z) have modulus
1. Hence S C &' :={z € Ax A: |V;f(2)] = 1}, and G is an isotropic
subgroup of A x A by Proposition . Hence the operators m(z), with

z € S, commute by (2.2)).

(b)=(c) Since the operators 7(z), z € S, commute, the subgroup gener-
ated by S is isotropic. It is moreover contained in some maximal isotropic
subgroup G (whose existence is obvious, because A is finite; see also Corol-
lary . Let (H, H*,¢) be the triple associated to G (cf. Propositions
and and let h be a subcharacter of second degree associated
to the pair (H,®) (cf. Definition [4.3), which exists by Theorem (see
also [34]). By Proposition for the function f = |H|"Y/2h we have
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|| fllz2(ay = 1 and |V} f| = xq, and by Theorem f generates a Gabor
orthonormal basis G(f, "), for a suitable subset I' C A x A. Since S C G,
[(f,m(2) )2y = [V f(2)| = 1for z € S, so that f is a common eigenfunc-
tion of the operators m(z), z € S, and therefore, by , every function
m(w)f, with w € A x A, is a common eigenfunction too.

(c)=(a) This is obvious. O

We point out that extensive numerical experiments on eigenfunctions of
time-frequency shifts were done by H. Feichtinger (private communication),
in connection with the work [33].

7. LIEB’S UNCERTAINTY INEQUALITY

The following result was first proved in [43] for the group A = R, and
then extended to a general LCA group in [23], following essentially the
same proof.

We recall that every locally compact Abelian group A is topologically
isomorphic to R? x Ay, for some integer d > 0 and some LCA group A,
containing a compact open subgroup, and the dimension d is an invariant
[29, Theorem 24.30].

Theorem 7.1 (Lieb’s uncertainty inequality). For f,g € L*(A), we have

2\ d/p
A0 Wallaan < () Il lollizy — 2<p <o
and

2\ d/p
12 WVflwaen = () W lewlolizn — 1<p<2

Using only (2.5 one easily obtains similar estimates — in fact weaker, if

d > 1 — with the constant (%)d/ " replaced by 1 (see Theorem below),
namely

(7.3) Vol llpoaxay < M fllzeyllglizzey 2<p<oo
and
(7.4) Vo fllpoaxay 2 Il llgllizzay  0<p <2,

where now the case 0 < p < 1 is also included. These estimates are sharp
if A contains a compact open subgroup (i.e., d = 0).

We are going to prove that the pairs of functions f, g for which equality is
attained in (7.3)) or ((7.4) are precisely those for which the set where V, f # 0
has measure 1, which have been characterized in Theorem

Theorem 7.2. Let A be any LCA group. Then (7.3) and (7.4) hold true.

Equality holds in (7.3)) for some p € (2,00) and f,g € L*(A)\ {0} if and
only if there exist ¢1,co € C\ {0}, 21,20 € A X A and a subcharacter h of
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second degree of A such that f = cym(z1)h and g = com(z2)h. In that case,
equality occurs in (7.3) for every p € [2,00).

A similar uniqueness result holds true for the inequality (7.4), for 0 <
p<2.

Proof. We can suppose || f|| r2a) = [|gllr2a) = 1.

Let 2 < p < oo and set S = {ZGAXA\: V,f(z) # 0}. Using (2.5 and
(2.6) we see that

/ IV, f (2, )P da dé — / WV, [ (. )2V, (2, €) der d
S S
< / IV, f(z, &) du de =1,
S

which proves ([7.3)). If equality occurs in the above inequality and 2 < p <
oo then |V, f| = xs and |S| = 1, which implies the desired conclusion for
the functions f and g by Theorem [5.2

The result for the inequality ((7.4)), hence 0 < p < 2, is analogous, using
L= [ Vot P dede = [ Vofa )PV, P do de
S S
< / IV, . €)1 der de.
S

g

Remark 7.3. If f,g € L*(A), we have V,f € L™(A x A\) by (2.5)). Hence,
by monotone convergence,

lim [ |V f(x, )] dedé = |{z € Ax A: V,f(2) # 0}].
p—=0t JaAxA

As a consequence, raising to the power p both sides of (7.4) and taking the

limit as p — 0%, we obtain that, if f and g are non-zero,

{ze AxA: V,f(z) #0} >1,
that is the inequality in Theorem [2.3.

It is easy to check that, on a general LCA group A = R? x A, for
fi,91 € LA(RY) and fy, g2 € L*(Ap), we have

Varog (i ® f2) = Vi, f1 @V, fo.

As a consequence, for fixed p € [1,00), if f1, ;1 is a pair of optimizers for
Lieb’s LP-inequality in R¢ (Theorem and similarly for f5, g0 on Ag,
then f1 ® f2, 91 ® go is a pair of optimizers for the Lieb’s LP-inequality on
A. We now show a family of such optimizers. To this end, we need some
terminology, inspired by [43].
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Definition 7.4. A function f on R? is called a Gaussian if
f(z) =exp(—az -z +ifx-z+v-z+9),

where « is a real symmetric positive definite d X d matriz, § is a real
symmetric d x d matriz, v € C* and 6 € C. Two functions f,g are called
a matched Gaussian pair if f and g are both Gaussian with the same a’s
and (3’s but with possibly different ~v’s and d’s.

Similarly, a pair of functions f,g on a LCA group A is called a matched
pair of subcharacters of second degree if f = cym(z1)h and g = com(z2)h for
some c¢y,09 € C\ {0}, 21,20 € A x A and some subcharacter h of second

degree of A.

It is easy to check that for a matched Gaussian pair f, g, equality occurs
in (7.1) and (7.2)) (A = R9). For A = R it was proved in [43] that these are

in fact the only pairs of non-zero optimizers if p # 2.

The previous discussion therefore leads to the following result.

Proposition 7.5. Let fi, g1 be a matched Gaussian pair on R? and let
f2, g2 be a matched pair of subcharacters of second degree on Ay. Then, for
the functions f == f1® fo and g := g1 ® g» on A = R% x Ay, equality occurs

in (7.1) and (7.2)) for every p € [1,00).

The optimizers where f; and g; are time-frequency shifts of the Gaussian
exp(—m|z|?), and f, and g, are time-frequency shifts of the characteristic
function of some compact open subgroup of A, were already known from
[23].

We postpone to a future work the problem of identifying all the optimiz-
ers on a general LCA group — as already observed, the case A = R was

addressed in [43], whereas the case A = Ay is the content of Theorem
above.
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