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Abstract

Transverse coupled-cavity vertical-cavity surface-emitting lasers (TCC-VCSEL)
have emerged as a promising platform for beam steering, on-chip terahertz genera-
tion, and for surpassing the intrinsic modulation bandwidth limitations of conven-
tional VCSELs through the photon–photon resonance (PPR) mechanism. Despite
this potential, their practical exploitation remains strongly constrained by high
sensitivity to technological imperfections, dynamical instabilities, and the absence
of predictive design methodologies.

This thesis introduces a comprehensive, physics-based modeling framework
for the multimode dynamics of VCSELs, derived from a modal expansion of the
scalar wave equation. The resulting formulation provides a unified description of
the rich phenomenology of TCC-VCSELs and, unlike existing phenomenological
approaches, explicitly connects geometric and material parameters to the modal
coupling coefficients governing device dynamics.

The model is validated through comparison with recent experimental measure-
ments on bow-tie providing physical interpretation of the observed behaviors.

This work establishes a theoretical foundation for the systematic design of
next-generation TCC-VCSELs as well as providing general, transferable insights
into the multimode dynamics of VCSELs.
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Chapter 1

An introduction to VCSELs

Vertical-cavity surface-emitting lasers (VCSELs) are a class of semiconductor lasers that
emit light perpendicularly to the wafer surface [1]. First demonstrated in 1977 [2], they
differ from the earlier family of edge-emitting lasers (EELs) [3], which emit laterally. This
fundamental difference enables on-wafer testing, simplifies fabrication by eliminating the
need for facet cleaving, and allows straightforward implementation of large-scale VCSEL
arrays. Over time, these technological advantages have established VCSELs as the leading
platform across a wide range of applications. Fig. 1.1 illustrates a schematic cross-section of
the refractive index profile of a typical circular AlxGa1−xAs VCSEL, together with typical
dimensions. Such a structure can be described from two complementary perspectives.
From the optical standpoint, it acts as a resonant cavity, i.e., a dielectric structure capable of
confining light. Vertical confinement (i.e., along the z-direction, perpendicular to the wafer
surface) is provided by two distributed Bragg reflectors (DBRs), consisting of alternating
high- and low-refractive index layers of λ/4 optical thickness, realized by varying the
aluminum molar fraction in the AlGaAs alloy. Lateral confinement is provided by the
oxide aperture (shown on the left of Fig. 1.1), formed by a selectively-oxidized Al2O3

layer with a refractive index lower than that of AlGaAs. The device is typically grown
epitaxially on a GaAs substrate and terminated with a GaAs cap layer, which protects the
structure from unintentional oxidation. Additional surface-relief structures or gratings [4]
are often implemented on top of the cap layer to tailor modal or polarization properties.
From the electrical standpoint, the VCSEL is a forward-biased p-i-n junction. The intrinsic
region contains multiple quantum wells MQWs of AlGaAs with a reduced aluminum
concentration, resulting in a lower bandgap energy. Under typical operating conditions,
holes are injected from the p-side (top) and electrons from the n-side (bottom). These
carriers relax into the quantum wells, leading to carrier accumulation and enabling the

1
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Figure 1.1: Sketch of the cross section of the refractive index of a typical VCSEL
(right), and top view of the oxide aperture (left), together with device typical
dimensions.

onset of population inversion. In this regime, the MQWs act as an optically amplifying
medium.

Under steady-state operation, the optical gain provided by the quantum wells balances
the optical losses, thereby sustaining stable light emission. This condition is commonly
referred to as the lasing or threshold condition. Optical losses arise from two primary
mechanisms: photon escape through the finite reflectivity of the DBRs (mirror losses) and
absorption within the material (intrinsic losses).

Such a dielectric structure supports discrete resonant frequencies, each of which con-
stitutes a distinct optical mode characterized by a specific electromagnetic field topography.
Because of material anisotropies within the cavity, each mode is typically found in two
almost degenerate orthogonally polarized states.

In some application domains discussed in the next section, the device must operate in a
single-mode (SM) regime, meaning that the emitted beam is formed of only one transverse
mode. In other contexts, the VCSEL typically operates in a multimode (MM) regime,
where the output consists of a superposition of multiple modes supported by the cavity.
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1.1 VCSEL applications, market, and future devel-
opments

Thanks to their low-cost and scalable manufacturing process, compact footprint, and
compatibility with array integration, VCSELs have become the leading light sources across
numerous technological fields. According to market analyses reported by Fortune [5], the
main application domains include:

• data communication (datacom) for short-reach optical links,

• 3D sensing for smartphone facial recognition,

• LiDAR systems for autonomous driving and security,

• industrial heating and laser printing,

• infrared illumination,

• additional applications (e.g., optical mice, gas sensors, quantum gyroscopes).

The report also highlights that datacom VCSELs constitute the largest share of the
manufactured devices, whereas overall market growth is increasingly driven by automotive
applications. To meet the specific requirements imposed by these diverse application
spaces, the conventional circular VCSEL geometry shown in Fig. 1.1 has been extensively
modified in both structure and material composition. An overview of these application
areas therefore provides useful insight into current front-line VCSEL research.

VCSELs have recently gained particular relevance in LiDAR systems, enabled by
their low-cost manufacturability and ease of integration into dense arrays [6]. For such
systems, light sources must provide high peak optical power to detect distant targets,
operate in the nanosecond pulse regime, and exhibit low beam divergence together with
high slope efficiency (i.e., optical power–to–current conversion efficiency). Multi-junction
(MJ) VCSELs address these requirements by stacking multiple active regions connected
through tunnel junctions, enabling carrier recycling and thereby boosting slope efficiency
and output power [7, 8]. This architecture has demonstrated power-conversion efficiencies
exceeding 70% [9, 6] and high-power single-mode operation, with continuous-wave output
powers up to 14 mW at 940 nm [10]. The main trade-offs of the multi-junction approach
are the increased operating voltage and more demanding thermal management, though
the latter is mitigated under nanosecond pulsed operation. Moreover, as the number
of junctions increases, the presence of multiple oxide apertures and enhanced optical
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confinement may lead to higher beam divergence or to excitation of higher-order transverse
modes [6, 7].

VCSEL-based quantum sensors, including atomic clocks, magnetometers, and quantum
gyroscopes [11–22], require single-mode, high-power emission. Increasing the oxide
aperture improves the maximum output power but rapidly leads to multimode (MM)
behavior. Surface-relief engineering offers a partial solution by introducing modal-selective
reflectivity in the top DBR. For example, [23] reports a high-power single-mode rectangular-
aperture VCSEL employing complex surface patterning that simultaneously achieves modal
and polarization selection while collimating the output into a circular fiber.

In many quantum-sensing schemes, VCSELs are used to drive atomic transitions be-
tween spin states, whose energy splitting matches the photon energy. Angular-momentum
selection rules therefore require circularly polarized excitation. This is typically achieved
by combining a linearly polarized VCSEL with a quarter-wave plate. Linear polarization
can be enforced using the grating-relief (GR) technique [4], which provides both modal
and polarization control. However, this approach requires a bulky external component
and precise alignment, undermining the intrinsic compactness advantages of VCSELs.
For this reason, extensive research is being devoted to realizing monolithic circularly
polarized emitters through chiral cavity materials [24], chiral dielectric patterning [25–29],
or interacting rotated gratings [30, 31].

SM operation is also essential for coherent applications relying on the monochromatic
nature of light, such as optical coherence tomography [32], Doppler interferometry [33],
and a wide range of spectroscopic and sensing techniques. In these scenarios, an even
more stringent specification is required: the laser must exhibit a stable emission frequency
with low linewidth (or low phase noise), which directly determines the coherence length of
the emitted beam.

In contrast, MM operation is desirable for heating and laser-printing applications.
Breaking the symmetry of a large-area oxide aperture has been shown to produce rich multi-
mode behavior and high output power [34]. MM emission is also valuable in neuromorphic-
computing architectures [35, 36], where complex nonlinear transverse-mode dynamics are
exploited for spatial reservoir computing.

Material systems used in VCSELs have likewise evolved beyond the conventional Al-
GaAs alloy to access new wavelength regimes. GaN-based materials are under investigation
for UV–green emission [37, 38], while GaSb-based platforms target the far-infrared [39].
In these systems, current confinement is typically achieved using a tunnel junction rather
than oxidation, due to the difficulty of forming stable oxide apertures [40]. For datacom



1.2. TCC-VCSELS AND MOTIVATION FOR THIS THESIS 5

applications, InGaAs quantum wells have been introduced to enhance the differential gain
of the active region [41].

A large fraction of VCSEL production is driven by optical-fiber datacom [42–45]. A
fundamental distinction in optical communication is the link length. In long-haul systems
(several kilometers), the laser must provide high output power to compensate for fiber
attenuation and low frequency chirp to mitigate chromatic dispersion. Despite considerable
progress, VCSELs currently cannot satisfy the required performance. As a result, long-
range systems typically rely on external modulation of a high-power single-mode CW
laser.

Short-reach links, in contrast, relax these constraints and enable low-cost direct modu-
lation, where the data stream is encoded directly into the injection current of a high-speed
VCSEL without resorting to external modulators. Examples include automotive networks,
inter-chip communication, and, most prominently, intra-datacenter links. For such applica-
tions, an effective datacom VCSEL must combine high modulation bandwidth, low noise,
and low power consumption to mitigate critical self-heating.

Traditional bandwidth-enhancement techniques include minimizing carrier-transport
delays, improving thermal management, optimizing carrier and optical confinement, engi-
neering the photon lifetime and the active-region material [46–49]. Although effective,
these approaches face fundamental trade-offs and limitations [50], discussed in Sec. 2. Cur-
rent state-of-the-art VCSELs exhibit small-signal modulation bandwidths around 40GHz
[51, 52], enabling transmission rates up to 200 Gbps when combined with advanced
modulation schemes [53–56].

To overcome this limit, several unconventional architectures are being explored, includ-
ing integrated electro-optic modulators [57], spin-injected VCSELs [58], and transverse
coupled-cavity (TCC) VCSELs [59–62]. The latter exploit the coupled resonances of later-
ally arranged cavities to enhance modulation bandwidth via the photon–photon resonance
(PPR) mechanism [63]. Further details on TCC-VCSELs are provided in the next section.

1.2 TCC-VCSELs and motivation for this thesis

Fig. 1.2 illustrates a sketch of some typical TCC-VCSELs geometries. These devices
employ a standard epitaxial structure but incorporate oxide apertures that differ substantially
from the conventional circular design shown in panel (a). Panel (b) shows a configuration
composed of two laterally connected circular apertures, commonly referred to as a bow-tie
or two-aperture VCSEL. The geometry in panel (c) features a central aperture connected
to multiple elongated lateral cavities, manufactured in [62].
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Figure 1.2: Left: sketches of the oxide apertures of (a) a circular standard VCSEL,
(b) a two-aperture (bow-tie) VCSEL, and (c) a multi TCC-VCSEL. Right: the
standard epitaxial structure typically implied in TCC-VCSELs.

Such geometries have become a major focus in VCSEL research because they offer
attractive functionalities, including high modulation speed, beam steering, and terahertz
generation, while also introducing significant challenges and trade-offs.

The first demonstration of a TCC-VCSEL was reported in [64], where a two-contact
bow-tie device was realized. In that design, each aperture is individually biased and
electrically isolated by ion implantation. The modulation scheme biases both apertures at
a static operating point while applying RF modulation to only one of them; emission is
collected from a single aperture. Using this approach, the authors showed a modulation
bandwidth three times larger than that of an equivalent circular VCSEL.

This improvement was modeled by using a feedback mechanism originally described
in [65] for edge-emitting lasers. According to this interpretation, a portion of the optical
field leaks from the actively driven cavity (the one receiving the larger bias current) into
the second cavity, propagates there with a certain group velocity, and eventually couples
back, thereby enhancing the modulation response. For the feedback to be effective, the
secondary cavity must exhibit a transverse group velocity much smaller than that of free
space (i.e., slow-light propagation).

Feedback-based models describe external reflections in edge emitters as the sum of
multiple optical paths. Under the weak-feedback approximation, the Lang–Kobayashi
model [65] retains only the dominant contribution of the first reflection. For TCC-VCSELs,
the weak-feedback assumption was removed in [66], where a multiple-reflection model
was introduced. This idea was later extended to multi TCC-VCSELs, featuring oxide
geometries like that in Fig. 1.2(c), in [60].
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Although such reflection-based models qualitatively reproduce the observed bandwidth
enhancements, they rely on phenomenological parameters that are difficult to extract from
electromagnetic simulations or experimental measurements. For instance, the coupling
strength between cavities, well defined in edge emitters, is rather ambiguous in trans-
versely coupled geometries. Likewise, the assumption of slow-light propagation is not
straightforward to justify within a modal description. Additional parameters, such as the
effective transverse cavity length, critically affect the predictions but cannot be directly
deduced. Furthermore, temperature effects, believed to play a key role in photon–photon
resonance (PPR) experiments, are typically neglected. Device-specific considerations, such
as the asymmetric pumping and probing schemes employed in [64], also remain difficult
to interpret within such a framework.

Other examples of TCC-VCSELs have been demonstrated using photonic-crystal
structures [59, 61, 67–69]. Here, the two apertures are again individually pumped and
isolated via proton bombarding. Several studies (e.g. [61]) show that such devices may
operate either in a decoupled regime, in which each cavity emits at a distinct wavelength,
or in a coherent regime, in which both cavities lase at the same wavelength. The coherent
regime is typically observed when the injected currents in both cavities are similar. In
this regime, beam steering [70] and excellent modulation bandwidths [59] have been
reported. Such ultrabroadband operation has been tentatively described exploiting rate
equations under external optical injection [59]. Subsequently, coupled-mode theory [70]
was employed to explain the formation of supermodes and beam steering, incorporating
concepts from parity–time symmetry and exceptional points [71]. More recently, a complex
waveguide model was introduced [72]. These works offer a detailed characterization of
near fields, optical spectra, steering properties, and dynamic behavior.

Another bow-tie VCSEL design was recently proposed in [73, 74], featuring an oxide-
defined bow-tie aperture biased through a single central contact. In [74], temporal mea-
surements of the emissions from the two apertures revealed antiphase beating oscillations.
In [75], we demonstrated that coherent emission can be achieved under single-contact
operation by increasing the input current, and observed a modest bandwidth enhancement.
A detailed comparison with modeling was presented, including spectrally and spatially
resolved near-field measurements, optical spectra, time-domain traces, and frequency
responses. In [76], the wavelength difference between the two cavities was converted
directly into an RF signal, an operation that conventionally requires two independent lasers,
thus eliminating the need for thermal or current synchronization.

Despite substantial progress, existing models still rely heavily on phenomenological
descriptions, making it difficult to develop predictive design tools capable of starting from
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a target geometry and accurately forecasting the resulting device performance. Moreover,
present approaches lack a self-consistent treatment of the coupled carrier and optical field
dynamics, an essential ingredient behind phenomena such as PPR [63] and frequency-
dependent stability effects reported in [77–79].

The objective of this thesis is to obtain, starting from the scalar wave equation, a
comprehensive set of coupled equations capable of reproducing the wide range of physical
phenomena observed in TCC-VCSELs, and to relate key device-level characteristics to the
underlying geometry. The resulting model is then used to interpret recent experimental
results. The remainder of this thesis is organized as follows:

• Chapter 2 reviews high-speed VCSEL design strategies and their corresponding
modeling.

• Chapter 3 discusses the weakly guiding approximation in VCSELs, enabling scalar
modeling of device dynamics.

• Chapter 4 begins with the scalar wave equation, whose domain of validity is
discussed in Chapter 3, and derives a complete, ready-to-use set of governing
equations for the dynamics of the transverse modes of a VCSEL.

• Chapter 5 applies the developed model to the bow-tie device, first in the ideal
symmetric case and then including asymmetries and thermal effects, and compares
the results with experimental observations.

• Chapter 6 develops a lumped model and analyzes its behavior under the perfectly
symmetric approximation, providing a closed-form expression for PPR dynamics
and a stability analysis revealing frequency-dependent modal competition.



Chapter 2

High-speed VCSELs modelling

This section provides a review of the main optimization strategies applied to datacom
devices and supports the findings of the literature with the corresponding simulation
modeling. VCSELs are commonly studied by means of a rate-equations model [1, 3, 80],
consisting of two ordinary differential equations, which read, neglecting the spontaneous
emission:

dS
dt

=
(
Γvgg−L

)
S,

dN
dt

=−N
τ
− vg g(N)S+

ηI
qVact

.
(2.1)

Here, S is the photon density, N is the carrier density in the active region, τ is the carrier
lifetime in the quantum well, vg is the group velocity in the quantum well, Vact is the
volume of the active region, i.e., the volume of the region where the optical gain takes
place, q is the charge of the electron, g(N) is the carrier-dependent material gain, Γ is the
confinement factor, i.e., a coefficient that accounts for the effective overlap of the mode
with the active region, and L are the modal losses and η is the injection efficiency. The
latter quantity is the sum of the mirror losses αm, which arise due to the openness of the
cavity, and the intrinsic losses αi, which arise due to material absorption, and are usually
reported as its reciprocal, defined as the photon lifetime τp:

L = αm +αi =
1
τp
. (2.2)

In order to find analytical solutions of (2.1), a linear form of the gain is usually adopted:

g(N) =
Gd(N −Ntr)

1+ εS
. (2.3)

9
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where Gd is the differential gain, Ntr is the transparency carrier density, and ε is the spectral
hole-burning factor. The threshold carrier density can be defined as the value of N for
which the lasing condition is met (g−L = 0), which, within this approximation, reads:

Nth =
L

GdΓvg
+Ntr =

Gth

Gd
+Ntr, Gth ≜

L
Γvg

, (2.4)

where Gth is defined as the threshold gain and represents the value of the gain provided
from the active region to compensate the threshold losses. Consequently, the threshold
current is defined as the value that provides Nth for S = 0 and d

dt = 0:

Ith =
qVactNth

ητ
. (2.5)

The steady-state solution of (2.1) reads, neglecting ε:

N = Nth, S = η
τp

Vopt

I − Ith

q
for I > Ith, S = 0 for I < Ith, (2.6)

where the optical volume Vopt is defined as Vact/Γz. The photon density is then converted
into an output power:

P =
Eph

q
αm

αm +αi︸ ︷︷ ︸
≜η0

(I − Ith) for I > Ith, P = 0 for I < Ith. (2.7)

Here, Eph is the photon energy, η0 is referred to as the outcoupling efficiency and tends to
1 (ideal slope) for increasing mirror losses.

To evaluate the dynamic performance of the device, a small-signal analysis is usually
carried out. This consists of superimposing a small time-varying current on top of the bias
one, leading to small sinusoidal changes of the unknowns:

I(t) = I0 + Ĩ(t) ⇒ N(t) = N0 + Ñ(t), S(t) = S0 + S̃ (2.8)

where the quantities denoted with subscript 0 are the static ones. The nonlinear system (2.1)
can therefore be turned into a linear one by Taylor expansion. Finally, assuming harmonic
excitations of the form eiωt , and consequently d

dt = iω , a complex linear system is obtained,
whose solution, varying the value of ω , provides the frequency response of the VCSEL for
the quantities of interest S and N. The latter consists of a second-order response, whose
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resonant frequency is found by [3]:

fr ≈ D
√

I − Ith, with: D =
1

2π

√
ηΓvg

qVact
Gd. (2.9)

or expressed as a function of the photon density:

fr ≈
1

2π

√
vgGd

τp
S. (2.10)

The damping factor is given by:

γ ≈ K f 2
r , with: K = 4π

2
(

τp +
ε

vgGd

)
. (2.11)

As a figure of merit, f3dB, i.e., the frequency at which the transfer function falls by −3dB
with respect to its value at f = 0, is usually reported. Its value is linked to the quantities
defined so far by the useful approximation, valid for low currents:

f3dB ≈ 1.55 fr,

(
γ

ωr
≪ 1

)
, (2.12)

while it is expected to saturate at high currents roughly at:

f3dB,max ≈
2π

√
2

K
. (2.13)

From inspection of (2.9), it can be observed that large bandwidth can be reached at low
bias current by high differential gain, high optical confinement, and small active volume,
ultimately resulting in a low-power high-speed optical source. The first factor depends
on the choice of the active material [41]. The second one can be optimized by careful
electromagnetic design, while the third is constrained by technological feasibility. In
principle, the active volume could be reduced by shrinking the oxide aperture. However,
this approach is difficult to control and typically leads to poor device yield. A promising
alternative is the use of lithographically defined apertures [81], which offer significantly
improved fabrication precision.
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2.1 Thermal limitations

The formulas derived so far suggest that the modulation speed can be enhanced by in-
creasing the injected current. However, this concept holds true until self-heating produces
a saturation effect. In [48], a fit of the K and D parameters is performed, from which a
maximum intrinsic bandwidth of roughly 60GHz is inferred. Experimental observations,
however, show a saturation at roughly 30GHz. These observations suggest that thermal
effects are essential limitations, which should be included in high-speed VCSEL modeling.
In doing so, at least the interplay of three elements should be considered: a temperature in-
crease, assumed as ∆T = kthI, kth being a phenomenological factor, a thermally dependent
expression for the material gain [1, 82], and a non-ideal description of the active region.
In this example, the material library of [83], which is a function of the wavelength, holes,
electrons, and temperature, will be used. For the active region description, a phenomeno-
logical injection-efficiency term is introduced to account for the limited carrier density that
the quantum well can support:

η(N) =
1

1+ e(N−N2)/N0
. (2.14)

where N2 is the maximum carrier density, used as fitting parameter, and N0 is a phenomeno-
logical coefficient set to N0 = 1024 m−3. Fig. 2.1 (left) shows the simulated output power
versus the current (LI-characteristics) obtained with the ideal model (2.1) compared to
the one obtained by including the described non-ideal effects. In the first case, the power
has a linear trend above threshold (2.7), while in the second case it is constrained by the
characteristic roll-off behavior.

The intensity modulation response (IMR) can be computed by evaluating the fast
Fourier transform (FFT) of the impulse response of the photon density. Fig. 2.1 (right)
shows the −3dB frequency as a function of the square root of the current. It can be seen
that the linear trend predicted in (2.9) is found for low currents. For high currents, instead,
the thermal effects limit the bandwidth. The simulated results are in qualitative agreement
with the reported experiments [48].

Thermal limitations arise from the temperature dependence of the quantum-well gain,
which exhibits a peak at a specific wavelength. As temperature increases, the gain peak
shifts and progressively detunes from the cavity’s resonant wavelength [1]. Consequently,
the threshold carrier density increases until it approaches the maximum allowed carrier
density N2. Beyond this point, further increases in current can no longer compensate
for the growing threshold carrier density, causing the photon density to decrease. The
consequent saturation in the photon density ultimately leads to reduced damping and
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a reduction of the resonance frequency, as described in (2.10). This problem could be
partially mitigated through careful thermal design of the laser and by introducing an
appropriate detuning offset [83], which compensates for the temperature-induced shift of
the gain peak. Nevertheless, additional temperature-dependent mechanisms, not included
in this example, such as the increase in intrinsic optical losses, are still expected to arise.
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Figure 2.1: LI-characteristics (left) and f3dB (right), obtained with the ideal rate-
equation model (blue) and by assuming self-heating, temperature-dependent gain,
and non-ideal capture behaviour (2.14).

2.2 Photon lifetime engineering

Eq. (2.12) suggests that the reduction of the photon lifetime, or equivalently the increase
of the threshold gain, results in an enhanced maximum f3dB. Again, this is only true
for ideal linear gain and neglected self-heating. Experimental observations show indeed
the existence of an optimum value: reducing it beyond this point results in degraded
dynamical performance [47]. Fig. 2.2a shows the simulated LI-characteristics for varying
photon lifetime, with the top left inset highlighting the threshold region. The effect is
twofold: first, the threshold current is higher for lower photon lifetime, as described in
Eq. (2.5). Second, the slope efficiency increases, in agreement with (2.7). Fig. 2.2b
shows the maximum f3dB for each threshold gain, calculated with the ideal model (blue)
and including the thermal effects (red). For low threshold-gain values (corresponding
to long photon lifetimes), the bandwidth is intrinsically limited by the K-factor in both
ideal and non-ideal models, as described by (2.12). As the photon lifetime is reduced, the
3dB bandwidth initially increases, reaches a maximum, and then drops sharply for the
non-ideal model, while it increases for the ideal one. This decline cannot be captured by
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Figure 2.2: Left: LI-characteristics for varying threshold gain. Right: max f3dB as
a function of Gth, computed with accounted thermal effects (red) or with the ideal
model (2.1) (blue).

simple analytical expressions, as it originates from an interplay of gain and temperature.
These modeling results are in qualitative agreement with the experiments reported in the
literature [46, 47].

2.3 Carrier transport delays beyond circuital models

In addition to the intrinsic limitations described so far, the high-speed performance of the
device is also limited by carrier transport delays. These effects are usually included in
the rate-equation model (2.1) by multiplying the transfer function of the VCSEL with a
parasitic response:

H(ω) = Hp(ω)Hi(ω). (2.15)

where H(ω) is the total response, Hi(ω) is the intrinsic response computed with the small-
signal analysis described in the previous sections, and Hp(ω) is the parasitic response, the
latter usually inferred by means of a lumped circuital model [84].

To go beyond this phenomenological approach, a much more complex model is needed
[83, 49], which consists of solving the drift-diffusion model governing the transport of
carriers in semiconductor devices, coupled to the photon rate equation and the quantum
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well capture problem:

−∇
2
φ =

q
ε

(
p3D −n3D + p2D −n2D +N+

D −N−
A

)
, (2.16)

∂n3D

∂ t
=

1
q

∇·J3D
n −U3D

n , (2.17)

∂ p3D

∂ t
=−1

q
∇·J3D

p −U3D
p , (2.18)

∂n2D

∂ t
=

1
q

∇·J2D
n −U2D

n , (2.19)

∂ p2D

∂ t
=−1

q
∇·J2D

p −U2D
p , (2.20)

∂Sq

∂ t
= Γz

(
gq −Lq

)
Sq, q = 1, . . . ,Nmodes, (2.21)

where n and p are electrons and holes, respectively, φ is the electrostatic potential, Jn,p

are the electron and hole current, whose expressions are reported in [83], Un,p are the
generation rates, ε is the dielectric constant, and the subscript q labels the modes. In this
model, the carriers are divided into bulk, labeled with the superscript 3D, and confined
ones, i.e., captured in the quantum well, labeled with the superscript 2D. The 2D and 3D
populations are linked by capture rates Ccap,n,p, embedded into the recombination terms
Un,p. The active quantum-well current Iqw can therefore be defined as the integral of the
capture rate converted into a current, restricting the integral to the oxide region, where the
modal envelope is different from zero:

Iqw,np = q
∫∫∫

ox. aperture
Ccap,np dV. (2.22)

where Ccap,np is the spatial distribution of the capture rate. Since the only carrier population
that contributes to the modal gain is the confined one, Iqw,np is the quantity that must be
considered in the lumped rate equation as injected current I in (2.1). Equations (2.16)–
(2.21) are discretized by means of finite element methods and transformed into a nonlinear
system, whose general form is:

∂tu = f (u)+ t. (2.23)

where u is the vector of the discretized unknowns, f is a function depending on the
discretization technique, and t is the forcing term, related to the injected current. Further
details on the discretization are found in [83]. If a perturbative time-harmonic contribution
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Figure 2.3: Top: sketch of the VCSEL under investigations, with a single (a) and
double (b) oxide aperture. Bottom: integral of the current density contributions as
defined in (2.27) as a function of z for the single (c) and double (d) oxide aperture,
at a modulation frequency of 25GHz.

t̃eiωt is added to the static value of the forcing term t, a small-signal analysis of (2.23)
provides:

ũ(ω) = (iωI − J)−1t̃, (2.24)

where the tilde refers to the time-harmonic variations with respect to the static value and
J is the Jacobian matrix of the function f . The transfer function can be computed, based
on (2.22), as:

H(ω) =
P(ω)

I(ω)
=

P(ω)

Iqw(ω)︸ ︷︷ ︸
Hi

Iqw(ω)

I(ω)︸ ︷︷ ︸
Hp

. (2.25)
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In order to give a spatial visualization of the parasitic sources that give rise to Hp(ω),
(2.20) + (2.18) - (2.19) - (2.17) is considered. Taking the time derivative of (2.16), and
after some algebraic substitutions, the usual time-varying divergence condition on the
current is obtained:

∇ ·
(

∂tεE︸︷︷︸
≜Jd

+Jn + Jp

)
= 0. (2.26)

where Un = Up and E = −∇φ have been used. The quantity Jd is normally referred to
as displacement current. Let z be defined as the epitaxial direction, i.e., the direction
perpendicular to wafer surface, as in Fig. 1.1. By taking the volume integral of (2.26) on a
large enough cylindrical volume, and applying Gauss theorem, one obtains:

Icontact(t) =
∫∫

S
Jd,z(z, t)+ Jn,z(z, t)+ Jp,z(z, t)dxdy. (2.27)

where S denotes a surface at an arbitrary z coordinate, denoted by a versor on ẑ direction.
This expression highlights an important physical interpretation. Firstly, the total current
flowing through the structure is conserved at every z. The particle current (Jn + Jp) does
not necessarily equal the externally measured terminal current at every section inside
the device, the difference being supplied by the displacement current. In other words,
charge storage within the device, which gives rise to Jd, allows the displacement current
to “substitute” for the conduction current locally, in the same way of a shunt capacitor.
Equation (2.27) therefore represents a distributed equivalent of a parallel configuration of
a capacitive branch (the displacement current) and conductive branches (the electron and
hole currents).

This modeling strategy is applied to a toy example of oxide-capacitance reduction: the
multi-oxide VCSEL architecture [85]. Figures 2.3a and 2.3b illustrate the two simulated
device geometries: on the left, a conventional VCSEL with a single oxide layer, and on the
right, a modified structure that incorporates a secondary, thicker oxide. The aperture of
this additional oxide is large enough to avoid perturbing the fundamental mode. Figs. 2.3c
and 2.3d show the integral on the transverse plane of each contribution as a function of
z, computed at f = 25GHz. As described in Eq. (2.27), the sum of the contributions is
constant. The displacement current component exhibits a peak at the oxide(s) locations,
which indicates that, under high-frequency operation, a large fraction of the current is
given by displacement current through the oxide. Fig. 2.4 shows the normalized profile
of the z component of the displacement and total currents at the active region, together
with the sketch of the fundamental mode for the case of single and double oxide. It can be
seen that in the single oxide the current profile is more spread outside the oxide aperture
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Figure 2.4: Plot of the z component of the normalized profiles of total current
(solid), displacement current (dotted) for the single (red) and double (blue) oxide.
The black vertical line denotes the oxide aperture, while the magenta curve is the
plot of the intensity distribution of the fundamental mode.

due to the poor high-frequency oxide carrier confinement effect. Fig. 2.5 shows the partial
contributions and the total response, as defined in (2.25) for both devices. It can be seen
that the single oxide device is severely limited by the parasitic response. The addition of
the second oxide takes the parasitic response from roughly 8GHz to 15GHz, confirming
the multi-oxide bandwidth improvement. Further optimizations of this concept rely on
placing more oxide layers, which however requires a careful design and alignment with the
nodes of the optical standing wave, in order to not interfere with the optical mode, which
goes beyond the scope of this work. Finally, it has to be remarked that such approach
naturally handles any capture delay [86], arising from the interplay of transport and capture
problems. The specific reported example does not include the pad capacitance, as it is
excluded from the simulation box.



2.3. CARRIER TRANSPORT DELAYS BEYOND CIRCUITAL MODELS 19

10 20 30

frequency, GHz

10
0

H

H
p

H
i

Figure 2.5: IMR response for the single oxide (solid) and double oxide (dashed).
In particular, the yellow curve represents Hp, the red curve represents H, and the
blue curve represents Hi, as defined in (2.25).



Chapter 3

The scalar approximation in VCSELs

This section reviews the scalar approximation of Maxwell’s equations, which reduces the
full vectorial electromagnetic problem to a simpler scalar formulation. This approximation
has been adopted in several laser modeling studies [77, 87, 88] under conditions in which
the vectorial nature of the optical field does not play a dominant role.

In VCSELs, the optical cavity is realized as a stratified dielectric structure, in which
lateral confinement is typically provided by a single transversely varying layer. This
concept underlies effective-index models [89], which map the vertical cavity structure onto
an equivalent dielectric waveguide. Because the oxide aperture occupies only a fraction
of the full epitaxial stack (see Fig. 1.1), VCSELs can be regarded as weakly guiding
waveguides.

These considerations motivate a preliminary investigation of an equivalent dielectric
waveguide in order to review the weakly guiding approximation. The considered waveguide
consists of a core with refractive index ncore = n1 embedded in a cladding with refractive
index nclad = n2. Its transverse cross section has a bow-tie aperture geometry, as illustrated
in Fig. 3.1. The aperture is formed of two circular regions of radii Rl and Rr, whose
center-to-center separation is denoted by Lbr, and by a central connecting region referred
to as the bridge, with thickness tbr. The refractive index profile is assumed to be invariant
along the propagation direction z.

In the general procedure described in [90], the six components of the electric and
magnetic fields are expressed in terms of the two longitudinal unknowns Hz and Ez. Within
each homogeneous region of the core and cladding, where the material parameters are
constant, these longitudinal components satisfy a scalar wave equation that follows directly
from Maxwell’s equations in a uniform medium. The transverse field components are
then obtained from Ez and Hz through the corresponding constitutive relations. However,

20
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the continuity of the transverse field components at material interfaces must still be
enforced explicitly. Imposing these continuity conditions generally requires fully vectorial
modal solutions, i.e., modes in which all six field components contribute and vary across
the transverse plane, aside from a few special cases. In other words, in a piecewise-
homogeneous waveguide, the coupling among field components that enforces the vectorial
character of the modes arises exclusively from the boundary conditions at the dielectric
interfaces.

When the refractive index jump is small, i.e., n1 ≈ n2, a great simplification is possible.
Maxwell’s equations in the frequency domain at frequency ω are considered, assuming a
refractive index that depends only on the transverse coordinates x and y:

∇×E = iω µ0 H, ∇×H =− iω ε(x,y)E. (3.1)

In standard waveguide theory [90, 91], the solutions that propagate in the longitudinal
z direction are found:

E i(x,y,z,ω) = E i(x,y,ω)eiβi(ω)z, β ≜
ω

c
neff, (3.2)

where Ei(x,y,ω) is the transverse mode, β (ω) is the propagation constant, and neff is the

Figure 3.1: Sketch of the considered waveguide

effective index. The guided mode features an neff between the cladding and core refractive
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indices, which in the low-contrast approximation means:

neff ≈ ncore ≈ nclad, (3.3)

from which one can approximate:

β ≈ ω

c
ncore → kt ≜

√
β 2 − ω2

c2 ε ≈ 0. (3.4)

The transverse component of the fields for each mode is related to the longitudinal
ones by [90]:

Et =
i

k2
t
[β∇tEz +ωµ ẑ×∇tHz] , (3.5)

Ht =
i

k2
t
[β∇tHz −ωε ẑ×∇tEz] . (3.6)

Assuming for the i-th mode ∇t ≈ ikt,i [91], it can be seen that the ratio between the
transverse and longitudinal components scales as β/kt, tending to infinity in low-contrast
regimes. For this reason, in order to have finite transverse components, the longitudinal
one must be zero. The solution of the full set of Maxwell’s equations can be obtained
by reducing the problem to the scalar wave equation for an arbitrary component of the
transverse electric field:

∇
2
t Ei +

ω2

c2 n2Ei = β
2Ei. (3.7)

Since the field E is assumed to be continuous and differentiable, explicit enforcement
of boundary conditions is not required. This follows from the quasi-homogeneity of the
material system, see Eq. (3.3), which ensures that the scalar formulation automatically
satisfies the appropriate continuity relations.

It is important to note that the unknown E may represent any transverse field com-
ponent: the specific polarization orientation is not important, and the light is treated as a
scalar. The corresponding modes are commonly referred to as "linearly polarized" (LP)
modes, as they exhibit a single dominant transverse field component.

Fig. 3.2a shows neff versus λ , usually referred to as dispersion curves, computed with
a full-wave optical waveguide solver, denoted with markers, for the first four guided modes
compared with the curves obtained by solving the scalar Helmholtz equation (3.7) with
a finite element modelling (FEM) method, denoted with solid lines. The comparison is
performed in two cases: in panel (a) a weakly constrast waveguide, with n1 = 1.61 and
n2 = 1.6, and in panel (b) a high-contrast case, with n1 = 1.8 and n2 = 1.6. The modes
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Figure 3.2: neff as a function of wavelength for the considered waveguide in small
(a) and large (b) refractive index jump.

of the full-wave solver are divided into two classes: those denoted with a circle feature a
dominant component along the x direction, while those denoted with “+” have a dominant
y component. It can be seen that, in the weakly guiding case (a), excellent agreement
between the scalar theory and the full-wave analysis is found. Furthermore, the x and y
dominant modes are degenerate, meaning that the vector orientation of the light is not
important. In the high-contrast case, the scalar method does not approximate well the
full-wave solutions, and, in general, the x and y modes are not degenerate.

The standard weakly guiding approximation is typically formulated for dielectric
waveguides with slowly varying transverse refractive-index profiles. More recent studies
[92–95] have extended the analysis of vertical-cavity surface-emitting lasers (VCSELs)
through the adoption of exact coupled-modes formulations. This approach, described in
detail in [96], leverages the fact that a VCSEL is composed of a large number of layers
stacked along the longitudinal z direction, with only a limited subset exhibiting transverse
ε(x,y) inhomogeneities, (see Fig. 1.1). This structural property enables an optimized
numerical strategy in which the global resonance problem is constructed by considering z
as a propagation direction, and cascading the individual transmission matrices associated
with each layer. The transmission matrix for each layer is represented on a vectorial
cylindrical-wave basis defined in a homogeneous reference medium of relative permittivity
εr [90].

The basis elements are labeled by the order in the azimuthal direction m, a label l
that determines the choice of angular functions, sine or cosine, a label that determines the
polarization, TE or TM, the transverse wavenumber ktr, and a label s that determines the



24 CHAPTER 3. THE SCALAR APPROXIMATION IN VCSELS

Figure 3.3: First two supported modes for the investigated bow-tie geometry, for x
and y polarizations and for neglected electro-optic anisotropy.

forward or backward propagation. Within this framework, [92] derives a scalar approxima-
tion by assuming a distribution of small ktr, yielding simplified coupled-mode equations,
in analogy with Eq. (3.4).

Figure (3.3) shows the first two transverse modes of a bow-tie VCSEL with geometric
parameters Lbr = 5µm, tbr = 1.2µm, and Rr,l = 1.5µm, based on a standard epitaxial
structure [97]. As in the waveguide case, the modes are classified according to whether the
dominant electric field component is oriented along the x or y axis.

Under this assumption, the computed x- and y-polarized modes are nearly degenerate,
with a frequency separation, birefringence, of only a few GHz. This value is negligible
compared with the modal spacing of a circular oxide aperture, but it is comparable to the
separation between the first two transverse modes in a bow-tie geometry. The electro-optic
anisotropy introduces a further birefringence on the order of tens of GHz [31].

The key point is that the obtained modes remain essentially LP, so that each one can be
assumed as governed by an independent scalar wave equation for the x and y components.
Spin-flip model (SFM) [98, 99], treats this condition as a two sets of equation for the time
evolution of x and y modes, whose dynamics is coupled only by gain anisotropy induced by
an imbalance of spin-up and spin-down populations in the active region. This imbalance
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can be obtained by spin-polarized pumping [100], which lies outside the scope of this work,
or can be self-induced by dynamical instability, leading to polarization switches [101].

In the context of this work however, the phenomena of interest, such as photon–photon
resonance and transverse mode locking, are not expected as a result of the interaction
between x- and y-polarized modes. The vectorial treatment of the SFM is thus omitted,
and the scalar wave equation (SWE) is adopted as the starting point for the analysis of the
device dynamics. This choice prevents the observation of polarization related dynamical
instabilities, [102], which might be present in the device under investigation. In particular,
Eq. (3.7) is considered by transforming −β 2 = ∂ 2

z , and −ω2
0 = ∂ 2

t . Furthermore, the
effect of the electron-hole injection is accounted for by a material polarization term at the
right-hand side of the SWE [87].

Within this approximation, polarization switching and other secondary polarization-
related effects cannot be captured. In datacom VCSELs however, polarization suppression
is commonly achieved using a surface grating relief [4, 103, 104]. In such devices, the
grating selects a single linear polarization, allowing the field to be described by a SWE
for that single component. This further supports the scalar approximation as a reasonable
basis for the present study.



Chapter 4

Multimode rate equation

In this section a ready-to-use set of equations for the investigation of the multimode
dynamics in VCSELs is derived.

As discussed in the previous section, the inhomogeneous SWE, which governs the
time evolution of the LP modes, is considered, where the unknown field E represents the
dominant transverse component of the electric field:

∇
2E (rrr, t)− εr(rrr)

c2 ∂
2
t E (rrr, t) =

1
ε0c2 ∂

2
t P(rrr, t), (4.1)

where εr(rrr) is the refractive-index distribution of the unpumped VCSEL and P denotes
the material polarization induced by the optical response of the active region, ultimately
related to electron–hole pair injection.

A slowly varying envelope phasor transformation is applied, in which the field ampli-
tude is a complex, time-dependent quantity. The electric field is written as

E (rrr, t) = ℜ
[
Es(rrr, t)eiω0t] , (4.2)

where ω0 is an arbitrary carrier frequency and Es is a slowly varying complex envelope.

Under this transformation, the temporal derivative becomes ∂t → iω0 +∂t due to the
chain rule:

∂tE = ℜ
[
(iω0 +∂t)Es(rrr, t)eiω0t] . (4.3)

The polarization is assumed to depend linearly on the electric field through the electric
susceptibility χ . Since the envelope dynamics are slow compared to the optical oscilla-
tion, the field effectively probes the material response at ω0. In the phasor domain, the

26
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polarization can therefore be approximated as:

P → ε0χ(ω0)Es(rrr, t). (4.4)

To relate the optical response to carrier dynamics, the susceptibility is expressed in terms
of the material gain [87]:

χ = in
g(N)

k0
, (4.5)

where n is the refractive index and g(N) is the carrier-density-dependent gain and k0 =
ω0
c .

Typically in lasers, light–matter interaction is described by the semiclassical Maxwell–Bloch
equations, involving coupled dynamics for the polarization and carrier population [105].
Due to the fast polarization relaxation in semiconductors, the polarization dynamics can be
adiabatically eliminated, justifying the simplified treatment.

Applying the phasor transformation to the scalar wave equation yields:

− εr

c2 ∂
2
t E →− εr

c2

[
(iω0)

2Es +2iω0 Ės + Ës
]
, (4.6)

∇
2E → ∇

2Es(rrr, t), (4.7)

while the polarization term becomes:

1
ε0c2 ∂

2
t P → ing(N)

ω0c
[
(iω0)

2Es +2iω0 Ės + Ës
]
, (4.8)

where the dotted symbols denote the time derivative. The electric field envelope is expanded
as a sum of the lasing modes:

Es(rrr, t) = ∑
i

φi(rrr)Ei(t). (4.9)

To leverage the modal expansion, the principle of operation of the optical solver has to
be recalled. The latter finds that a stable time-harmonic mode exists provided that a specific
gain distribution is applied within the quantum-well region. The i-th electromagnetic mode
is described by:

φi(rrr)cos(ωit) = ℜ
(
φi(r)eiωit

)
, (4.10)

where φi is the spatial modal profile and ωi is the emission frequency. In representing
the i-th mode in the frequency domain, the reference frequency of Eq. (4.2) has been set
arbitrarily to ω0 = ωi, in such a way that the envelope Es is steady (i.e., Es = 1). The
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equation for the i-th mode can be therefore written by combining (4.6),(4.7),(4.8):

∇
2
φi − (iωi)

2 εr

c2 φi =−ink0gth,i(rrr)φi, (4.11)

where gth,i is the spatial gain distribution sustaining the i-th mode, and k0 =
ω0
c . Assuming

that ωi lies close to ω0, a first-order expansion gives:

(iωi)
2 ≃ (iω0)

2 −2ω0∆ωi, ∆ωi = ωi −ω0. (4.12)

The term of Eq. (4.7), accounting for the modal expansion (4.9) and for the approximation
of Eq. (4.12), becomes:

∇
2Es(rrr, t) = ∑

i
∇

2Eiφi(r) =
εr

c2 ∑
i

Eiφi(r)
[
(iω2

i )− ink0gth(r)
]

≈ εr

c2 ∑
i

Eiφi(r)
[
(iω2

0 )−2ω0∆ωi − ink0gth,i(r)
]
.

(4.13)

Combining Eqs. (4.6)–(4.8), using Eq. (4.13) yields:

− εr

c2 ∑
i

φi
[
2ω0∆ωiEi +2iω0 Ėi + Ëi

]
= ∑

i
φi

ing(N)

ω0c
[
(iω0)

2Ei +2iω0 Ėi + Ëi
]

−∑
i

φiEi ink0 gth,i(rrr).
(4.14)

Under the slowly varying envelope approximation (SVEA):

|Ėi| ≪ ω0|Ei|, |Ëi| ≪ ω0|Ėi|, (4.15)

only the first-order terms in ω0 are retained, yielding:

ε ∑
i

φi
[
−i∆ωiEi + Ėi

]
=

nc
2

[
∑

i
φiEi g(N)−∑

i
φiEi gth,i(rrr)

]
. (4.16)

The power orthogonality, which is true only in closed cavities, is assumed i.e.,:∫∫∫
εrφiφ

∗
j dr = δi j, (4.17)

where integration domain is restricted to the VCSEL volume. Such a choice could seem
arbitrary and therefore is justified in Sec. 4.2. Assuming separability of the eigenmodes:

φi(rrr) = Ψi(x,y)b(z), (4.18)
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where z denotes the direction perpendicular to the wafer surface, and n ≃ n(z), the orthogo-
nality relation becomes: ∫

n(z)2|b(z)|2 dz
∫∫

ΨiΨ j dxdy = δi j. (4.19)

By multiplying (4.16) by φ ∗
j and integrating yields, accounting the modal orthogonality

(4.17):

Ė j = i∆ω jE j +
c
2 ∑

i
Ei

∫∫∫
φi(r)φ j(r)∗ng(r)dr− c

2 ∑
i

Ei

∫∫∫
φ j(r)∗φi(r)ngth,i(r)dr.

(4.20)
Since the gain is confined to the quantum wells:

gth(rrr) = p(z)Gth, g(rrr) = p(z)g(x,y), (4.21)

where p(z) is a port function different from zero only at the active region, the second
integral at the RHS becomes:

− c
2 ∑

i

∫∫∫
φ
∗
j (rrr)φi(rrr)Ei ngth,i(rrr)dr =

−Gth

na

c
2 ∑

i

∫
qw

n2
a|b(z)|2 dz︸ ︷︷ ︸
≜Γz

∫∫
Ψ

∗
jΨi dxdy︸ ︷︷ ︸
=δi j

Ei =−L j
E j

2τp
. (4.22)

where the modal losses L j are defined as:

L j =
1

2τp
≜ ΓzvgGth,j (4.23)

The first integral on the right-hand side yields an analogous expression:

c
2 ∑

i
Ei

∫∫∫
φi(rrr)φ

∗
j (rrr)ng(rrr)dr =

Γzvg

2 ∑
i

Ei

∫∫
ΨiΨ

∗
j g(N)dxdy

= ∑
i

ki jEi.
(4.24)

The coupling terms ki j arise from spatial distribution of the gain on the transverse plane:

ki j =
vgΓz

2

∫∫
Ψ

∗
jΨig(x,y)dxdy. (4.25)
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Also variations on the refractive index profile δn, due to self-heating or variation from the
nominal structures can be accounted by an equivalent gain [106]:

g = g(N)− ik0δn (4.26)

The dynamical equations finally read:

∂tEi =

(
i∆ωi −

1
2τp,i

)
Ei +

Nm

∑
j=1

ki jE j (4.27)

4.1 Carriers diffusion equation

To complete the set of equations (4.27), the evaluation of the carrier distribution in the
active region as a function of time is needed. For this reason, the carrier diffusion equation,
corrected with the stimulated recombination term, is considered [107]:

∂tN(x,y) =−N/τ − vgℜ(g)S(x,y)+Dn∇
2N +

J(x,y)
qW

(4.28)

where Dn is the diffusivity, J is the current density injection profile in the active region, W
is the width of the active region, τn is the carriers lifetime, S is the photon density:

S = |∑
i

EiΨi|2. (4.29)

The carrier diffusion equation is solved by means of a finite-element method (FEM),
self-consistently with the electric field equations, on a mesh generated with the software
gmsh [108]. An evaluation of the carrier diffusion allows the simultaneous investigation of
multi-mode dynamics and modal competition accounting for the spatial hole burning.

4.2 Modal normalization and orthogonality

To get a set of equations for the i-th mode, Eq. (4.16) has been multiplied by Ψ∗
j and

integrated. This crucial operation, usually referred to as projection on the j-th mode,
requires an orthogonality relation in order to retrieve a diagonal system for the unperturbed
(ki j = 0) system of equation. However, the orthogonality condition of Eq. (4.17) is, in
general, not guaranteed in open cavities. This section revisits this aspect using a simplified
one-dimensional SWE. Starting from (4.11) for the i-th and j-th modes, and taking the
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complex conjugate of the equation for the j-th mode, one obtains

d2
φi

dz2 +ω
2
i

εr(z)
c2 φi(z) =−ink0 gth,i(z)φi(z), (4.30)

d2
φ ∗

j

dz2 +ω
2
j
εr(z)

c2 φ
∗
j (z) = ink0 gth, j(z)φ

∗
j (z). (4.31)

Multiplying the first equation by φ ∗
j (z) and the second by φi(z), subtracting the resulting

expressions, and integrating over the cavity region, denoted by the interval [z1,z2], Green’s
identity yields:

ω2
i −ω2

j

c2

∫ z2

z1

εr(z)φi(z)φ ∗
j (z)dz = ink0 (gth,i +gth, j)

∫ z2

z1

g0(z)φi(z)φ ∗
j (z)dz

−
∫ z2

z1

(
φ
∗
j (z)

dφi(z)
dz

−φi(z)
dφ ∗

j (z)

dz

)
dz.

(4.32)

The two terms on the right-hand side of Eq. (4.32) arise from the open nature of the
cavity. In particular, the boundary term, upon setting d

dz = ik, is proportional to an output
power, whereas the volume integral is associated with the power generated in the active
region to sustain optical gain. In the case of a closed cavity, both contributions vanish.
Consequently, modal power orthogonality strictly holds only for closed cavities, and lasing
modes in open systems cannot, in general, be used as an orthogonal basis.

In the specific case considered here, namely an oxide-defined VCSEL, the transverse
lasing modes can be reasonably treated as orthogonal, allowing the desired orthogonality
relation to hold. This is not a general property of VCSEL resonators, but rather an empirical
assumption that applies to the particular geometry under investigation.

Another problem in evaluating the integral in (4.22), is the infinite support of the lasing
modes, which do not decay outside the cavity. In this work, as a reasonable approximation
the integration box is restricted to the VCSEL region. This choice, which might seem
arbitrary, finds a justification in quasi-normal modes theory [109–113] which provides a
regularization of the modal normalization by including boundary contributions:

∫ R

−R
n2(z)Ψ

2
i (z)dz+

i c
2ωm

[
n(z)Ψ

2
i (z)
]R
−R = N0 = 1. (4.33)

Equation (4.33) is independent of the truncation boundary R, provided that R lies
within a homogeneous region outside the cavity. Notably, no complex conjugation appears,
implying that the confinement factor can, in general, be complex. In VCSELs, however,
the conjugation in (4.22) has no practical effect, since the electric field within the active
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region can be assumed real. Moreover, the boundary contributions in (4.33) are negligible
due to the high reflectivity of the distributed Bragg reflectors.

For these reasons, this work adopts a quasi-closed cavity approximation. Under this
assumption, modal confinement and orthogonality are treated as in a closed cavity, despite
the intrinsically open nature of the VCSEL. While this approximation is adequate for the
phenomena investigated in this work, it is expected that a more general treatment will be
required for strongly open cavities or for VCSEL geometries with unconventional or highly
asymmetric shapes, where the transverse mode orthogonality cannot be assumed, which
will be the subject of future investigation.

4.3 The incoherent approximation for large frequency
separation

Eqs. (4.27) are considered with two modes (Nm = 2), featuring a large frequency spacing
∆ω . The following solution is assumed:

E2 = E2,0ei∆ωt , E1 = E1,0, (4.34)

meaning that both modes are lasing and that kii = Li. The stimulated emission term in the
carrier equations reads:

vgg(N)S =−vgg(N)[|E1,0Ψ1|2 + |E2,0Ψ2|2 +2ℜ(E1E∗
2 Ψ1Ψ2ei∆ω)] (4.35)

while the electric field equations read:

∂tE1,0 =−L1E1,0 + k11E1,0 + k12E2,0ei∆ωt (4.36)

∂tE2,0 =−L2E2,0 + k22E2,0 + k21E1,0e−i∆ωt (4.37)

if ∆ω is big enough, the oscillating term in (4.35) is cut off from the carrier dynamics.
Furthermore, the beating of these modes is not visible in the photodetector bandwidth. The
same reasoning holds for the oscillating term of (4.37) (4.36). As a rule of thumb, one can
neglect the cross terms if:

ki j

∆ωi j
≪ 1 (4.38)
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This means that, if the frequency separation is big enough, one can solve the following
simplified system for the modal amplitudes:

∂tEi,0 = (vgΓzgi −Li)Ei,0, gi =
1
2

∫∫
AR

Ψ
∗
i Ψig(N)dxdy, (4.39)

and compute the photon density incoherently as:

S = ∑
i
|ΨiEi,0|2 (4.40)

Equations (4.40),(4.39) represent the textbook rate equations that are normally implied in
the investigation of multimode devices [83] when coherent effects are not important.

4.4 Overview of the modelling chain

The dynamical equations used in this work are:

E ′
i = ΩiEi +∑

j
ki jE j, Ωi =−Li + i∆ωi, (4.41)

ki j = kg + kox + kth, (4.42)

kg =
vgΓz

2

∫∫
AR

Ψ
∗
j(x,y)g(N)Ψi(x,y)dxdy︸ ︷︷ ︸

carrier-induced coupling

, (4.43)

kox,th =− ivg
2πΓ′

z

λ0

∫∫
AR

Ψ
∗
j(x,y)Ψi(x,y)δnox,th(x,y)dxdy︸ ︷︷ ︸

thermal and technological-index perturbations

, (4.44)

∂tN(x,y) =−N
τ
− vg ℜ

(
g(N)

)
S(x,y)+Dn∇

2N +
J(x,y)

qW
, (4.45)

S(x,y) =

∣∣∣∣∣∑i
Ei(t)Ψi(x,y)

∣∣∣∣∣
2

, (4.46)

∫∫
AR

|Ψi(x,y)|2 dxdy = 1. (4.47)

Here, Γ′
z is the longitudinal confinement of a refractive-index perturbation δn. The overall

simulation workflow is summarized in Fig. 4.1, and consists of two main stages:
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Figure 4.1: Schematic overview of the modelling chain.

• Optical modal solver: the device geometry is provided as input to our in-house
VCSEL eigenmode solver VELMS [92]. The solver returns the electromagnetic
modal envelopes, photon lifetimes, emission frequencies, and confinement factors.

• Dynamical equations: the above coupled-mode and carrier-diffusion equations are
solved using the modal data, spatial distributions of refractive-index perturbations
(thermal or technological), current-injection profiles, and the relevant material
parameters.

Equations of this type were previously derived in [114, 115] and used to analyze
the formation of supermodes in coupled VCSEL arrays, including cases of asymmetric
pumping. These approaches, however, rely on the eigenmodes of isolated cavities as a basis,
which requires inferring a coupling coefficient. Similarly, [70] presents an experimental
and theoretical study of mode hopping and beam steering in a 1× 2 photonic-crystal
VCSEL array, again using a framework based on diagonalizing an effective coupling
matrix.

The present work emphasizes that the modal-coupling terms ki j are, in general, com-
plex, time-dependent quantities that originate from the spatially nonuniform and dynami-
cally evolving gain distribution. Accounting for this dependence naturally incorporates
dynamical effects such as PPR and frequency-dependent instabilities, supported by a
nonzero imaginary part of the gain, as discussed in [79, 78].
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A related modeling framework was introduced by [116] for edge-emitting lasers, in
which the cross-coupling coefficients arise from longitudinal gain-field overlap integrals,
where carrier evolution is treated by means of a polynomial expansion. An analogous
formulation for VCSELs was recently applied in [117, 118] to analyze relative-intensity
noise, employing a Gauss-Laguerre modal basis, and in [102] for the investigation of the
coupled polarization-multimode dynamics.

In this work, the access to a full electromagnetic modal basis, obtained through
the in-house solver VELMs [92], allows the framework to be applied to devices with
nonconventional apertures, such as bow-tie geometries.

Furthermore, this work examines the range of validity and intrinsic limitations of the
model, such as the quasi-closed cavity approximation, and explores possible extensions,
including perturbative terms kox,th. The results demonstrate that a wide range of experimen-
tally observed phenomena, including PPR, self-heating, technological variations, beam
steering, terahertz generation, and modal locking, traditionally treated using disparate
modeling approaches, emerge naturally from the same unified set of dynamical equations.



Chapter 5

Bow-tie VCSELs

5.1 Optical modes

Figure 5.1: Oxide aperture photo and schematic for the considered bow-tie geome-
try, taken from [75]

The considered oxide aperture is sketched in Fig. 5.1 (right) together with a photograph
of a manufactured device [73] (left). The latter consists of two apertures of radii Rl,r,
connected by a central region referred to as the bridge, whose thickness is denoted by tbr.
The distance between the centers of the two apertures is defined as the bridge length Lbr.

As a first step in analyzing this nonconventional geometry, the optical modes of
the structure are computed. To comply with the dynamical equations, which have been
developed in a scalar framework, the modes are computed within the LP approximation [92].
Modes are numbered from lower to higher emission frequency, with the i-th mode featuring
i−1 zeros along the x direction. In addition, the origin of the transverse axis is fixed at the
center of the bow-tie, as indicated in Fig. 5.1.

36
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the first four modes on the threshold gain–emission frequency plane.
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Figure 5.3: Left: frequency splitting as a function of the bridge length. Right:
threshold gain separation, taken from [119].

Figure 5.2 (left) shows the envelope of the first four computed optical modes of a
perfectly symmetrical bow-tie VCSEL, featuring Rl,r = 1.5µm, Lbr = 5µm, and tbr = 1.2µm
and a standard epitaxial structure emitting at 850 nm, reported in [73]. The first two modes
are usually referred to as even and odd supermodes and are usually derived within a
perturbative picture [115, 114]. Figure 5.2 (right) shows the threshold losses versus the
emission frequencies, where the first-mode frequency is set to zero. The inspection of
this plot reveals the peculiarity of the investigated device, which lies in the presence of
almost-degenerate even and odd modes, suggesting strongly coupled dynamics.

The analysis performed in the following sections shows that the relevant modal param-
eters are the threshold gain separation ∆G and the frequency separation ∆ f of the even
and odd supermodes, which can be controlled by electromagnetic design. The quantity
∆ f can be varied up to approximately 100GHz by the bridge length, as shown in Fig. 5.3
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Figure 5.4: Right: threshold gain separation as a function of the etching depth,
starting from the beginning of the eighth DBR pair from above, as schematically
depicted in the left part of the figure.
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Figure 5.5: Cut of the two first optical modes for a symmetric device (a), an
asymmetric device with Rl = 1.5µm and Rr = 1.4µm (b), and an asymmetric
device with an added thermal profile (c), taken from [75].

(left). This modification has only a minor impact on the threshold gain separation, reported
in Fig. 5.3 (right). The threshold gain separation ∆G can instead be increased by etching
a trench, which worsens the reflectivity at the center of the device, where only the even
mode differs from zero, as shown in Fig. 5.4. For the sake of readability, the threshold-gain
separation is reported throughout this work in normalized percentage form, defined as:

∆g =
Gth1 −Gth2

Gth1
·100(%). (5.1)

In particular, the etching is performed starting from the eighth DBR pair, as sketched in the
left part of the figure, enabling values of ∆G up to 100% without significantly altering ∆ f .
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Based on these electromagnetic simulations, ∆ f and ∆G are assumed to be independently
controllable by design within the ranges reported above.

In a realistic experimental scenario, a slight asymmetry Rl ̸= Rr must be considered,
arising from the poor controllability of the oxidation process. Figure 5.5 (b) shows the
even and odd supermodes for Rl = 1.4µm and Rr = 1.5µm. Such an asymmetry tends
to localize the modal envelopes, with the second mode confined in the smaller cavity,
leading to a decoupled operation. The third and fourth modes are not shown because they
remain approximately unchanged. Another important effect is self-heating: panel (c) shows
the computed modes for the asymmetric bow-tie of panel (b), with an added Gaussian
temperature profile. The latter has three main effects: it tends to recover distributed
supermodes, it localizes the modes toward the center of the bridge due to thermal lensing,
and it increases the frequency separation, as observed in [120]. These results highlight
the opposing interplay between temperature and geometrical asymmetries, the former
promoting coupled operation and the latter leading to decoupled emission of the two
cavities. This behavior will be investigated in more detail in the next section by introducing
the coupling terms kox and kth, as defined in Eq. (4.44).

5.2 Perfectly symmetric bow-tie

As a first step, the model derived in the previous section is applied to investigate a perfectly
symmetrical device with neglected self-heating effects, i.e., kox = kth = 0. The simulation
is driven to a steady state by a static current whose transverse profile is assumed to
coincide with the oxide aperture. The second (odd) mode is assumed to feature a larger
photon lifetime. For this reason, the steady-state solution, provided that the threshold
gain separation is sufficiently large to ensure stable operation, results in sole lasing of
the odd mode, while the amplitude of the even mode is zero. Once the turn-on transient
is completed, a current impulse is applied and FFT of the photon density is evaluated to
compute the IMR.

Figure 5.6a shows the IMR in three cases. The blue curve represents the IMR obtained
by probing the light only at the left cavity and injecting the current impulse only into
the left cavity. The black curve represents the IMR response under the same excitation,
but with total probing of the emitted light. The dotted yellow curve represents the IMR
obtained by probing the left cavity while injecting the current impulse into both cavities.
It can be observed that the yellow and black curves correspond to the response of an
isolated VCSEL, whereas the blue curve exhibits a photon–photon resonance (PPR) effect
that enhances the modulation bandwidth. This example shows that, in order to observe
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Figure 5.6: Panel (a): comparison of the IMR obtained by an RF excitation applied
at the left cavity, probing the left cavity (blue) or both cavities (black). In the
latter case, the IMR is comparable with that obtained under uniform modulation
(yellow). Panel (b): modal contributions to the IMR as defined in (5.2). Panel (c):
IMR for varying threshold gain separation. Panel (d): IMR for varying frequency
separation.

a PPR bandwidth enhancement, the perfect symmetry of the device must be broken by
asymmetric pumping and partial probing, which can be achieved through schemes such as
those reported in [121].

Figure 5.6c shows the effect of the threshold gain separation on the IMR. It can be
observed that the PPR oscillations are increasingly damped as ∆G increases. This aspect is
crucial, since datacom VCSELs require a flat frequency response in order to avoid signal
distortion. If ∆G is too small, the PPR oscillations become underdamped and ultimately
lead to modal beating (i.e., both even and odd supermodes lasing) which is detrimental for
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datacom applications [117]. Figure 5.6d shows that the position of the PPR peak can be
controlled by the frequency splitting ∆ω .

In order to gain a better understanding of the PPR mechanism, the photon density at
the left aperture, denoted as LA, is considered:

Sl =
∫∫

LA

∣∣EeΨe +EoΨo
∣∣2 dxdy ≈ 1

2
|Ee|2 +

1
2
|Eo|2 −ℜ

(
E∗

e Eo
)
, (5.2)
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Figure 5.7: Time-resolved modal response to the impulse, as defined in (5.2).

Figure 5.7 shows the step response resolved into the three contributions of (5.2). It
can be observed that the even mode is suppressed, but it remains sufficiently close to
threshold to be activated during modulation and to participate in the transient response, as
pointed out in [63]. These quantities can also be analyzed as a function of the modulation
frequency. Figure 5.6b shows the contributions of the three addends of (5.2) to the IMR.
The modal power of the suppressed mode is negligible. In addition, the carrier–photon
resonance (CPR) dynamics is dominated by the power of the lasing mode, while the PPR
is dominated by the cross-power term.

5.3 Effect of structural asymmetry
In order to understand the effect of structural asymmetries, such as Rl ̸= Rr, a perfectly
symmetric structure is first considered and the oxide-induced coupling terms kox defined
in (4.44) are introduced. The cold cavity structure is considered by setting the gain kg = 0
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and neglecting self-heating, i.e., kth = 0. The carrier rate equations can therefore be
dropped, leading to purely electric-field temporal equations of the form:

∂tEi = ΩiEi +
Nm

∑
j=1

ki j E j, ki j =−ivgk0Γ
′
z

∫∫
AR

Ψ
∗
i Ψ j δnox(x,y)dxdy. (5.3)

Here Ωi =−L+ i∆ωi, Nm = 4, and Γ′
z = 0.01. This system can be written in compact form

as:
∂tE = AE, (5.4)

The modes of the asymmetric cavity are obtained as linear combinations of the cold-cavity
modes featuring time-harmonic evolution,

∂tE i = λi E i. (5.5)

By combining (5.4) and (5.5), the eigenvalue problem:

AE = λ E (5.6)

is obtained, where the real part of λi represents the attenuation of the i-th perturbed-cavity
mode, while the imaginary part corresponds to its emission-frequency offset with respect
to the carrier frequency ω0. The modal envelopes are reconstructed as weighted sums of
the cold-cavity modes,

Ψpert,i =
Nm

∑
j=1

VjiΨ j, (5.7)
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Figure 5.8: Modes of the nominal cavity (dotted) and perturbed cavity (solid).
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Figure 5.9: Expansion coefficients of the computed modes of Fig. 5.8b.

where Ψ j are the nominal cavity eigenfunctions and Vji is the j-th component of the i-th
eigenvector of the matrix A.

Figure 5.8a shows a cut of the asymmetric-cavity modes computed by diagonalization
of (5.6). The coupling matrix A is assembled by evaluating the overlap integrals numerically
on a mesh [108], assuming as an equivalent larger cavity a refractive-index perturbation
δn = ∆ng(x,y), where g(x,y) is a port function different from zero over the left aperture,
as in [122], and ∆n = 0.01. The matrix A is then assembled and diagonalized numerically,
and the perturbed-cavity modes are reconstructed using (5.7). It can be observed that
the first two modal envelopes tend to localize, whereas the third and fourth are almost
unaffected, in agreement with the rigorous electromagnetic simulations shown in Fig. 5.5.

Figure 5.9 shows the spectral composition of the computed modes, obtained by plotting
the i-th eigenvector of the matrix A. Its inspection shows that the third and fourth modes
are not mixed, whereas the first and second perturbed cavity modes are superpositions of
the first two nominal-cavity modes.

To further clarify this result, an analytic investigation of (5.6) is carried out. The third
and fourth modes are neglected, and the resulting 2× 2 system obtained from (5.6) is
considered: [(

k11 k12

k21 k22

)
+

(
Ω1 0
0 Ω2

)](
E1

E2

)
= λ

(
E1

E2

)
. (5.8)

By dividing the first equation by E1 and the second one by E2, and subtracting the
latter from the former, the following equation is obtained:

(
A11 −A22

)
+A12χ − A21

χ
= 0, (5.9)
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Figure 5.10: Approximated solution (5.12) (black dots) compared with the numeri-
cal solution of (5.6).

where χ ≜ E1/E2. The factor χ quantifies the degree of mixing between the first two
modes and therefore the localization effect. By inspection of the integrals defining ki j,
the envelopes |Ψ1|2 and |Ψ2|2 are very similar, so that k11 ≈ k22. Furthermore, since the
eigenfunctions are real, k12 = k21. Assuming χ ̸= 0, multiplying (5.9) by χ and applying
the above approximations yields:

χ
2 +

∆Ω

κ
χ −1 = 0, (5.10)

where κ = k12 = k21 and ∆Ω = Ω2 −Ω1. Equation (5.10) has the solutions:

χ1,2 =
∆Ω/κ ±

√
(∆Ω/κ)2 +4
2

. (5.11)

Since ∆Ω/κ ≫ 1, a simplified expression can be obtained by Taylor expansion of the
square root,

χ1 ≈
κ

∆Ω
=−k0

vgΓ′
z

∆ω

∫∫
Ψ1Ψ2δndxdy, χ2 ≈

1
χ1

. (5.12)

Where ∆Ω ≈ i∆ω has been used. The ideal unperturbed operation corresponds to
χ1 → 0. Eq. (5.12), in accordance with perturbative analyses, shows that the mixing of
two modes is stronger for small frequency separations, which explains the unavoidable
uncertainty of the modal parameters in the investigated bow-tie oxide aperture. Finally,
Fig. 5.10 compares the numerical solution of (5.6) with the approximated analytical
expression (5.12).
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5.4 Effect of self-heating
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Figure 5.11: Cold-cavity (dotted) and hot-cavity (solid) modes.

The self-heating terms (k = kox + kth) are now introduced and the eigenvalue problem
of Eq. (5.6) is solved. The assumed thermal profile is a Gaussian centered at the bridge
center, whose expression reads:

T (x,y) = T0 exp

(
− x2

σ2
x
− y2

σ2
y

)
, (5.13)

where T0 is the peak self-heating temperature and σx,y are the standard deviations, both
chosen as fitting parameters. The temperature profile is then converted into a variation of
refractive index by a phenomenological coefficient dn

dt = 2.2 ·10−4K−1. The same procedure
of previous section is carried out to compute the hot cavity modes. The corresponding
envelopes are shown in Fig. 5.11a. The main effects predicted by the electromagnetic
simulations of Fig. 5.5 are reproduced: the modes tend to be less localized and are lensed
toward the center of the device.

This analysis also provides useful insights into thermal lensing in a standard VCSEL.
For a nominal symmetric device (kox = 0), thermal lensing acts as an even perturbation
and therefore does not couple even and odd modes. Consequently, a treatment analogous
to Eq. (5.12) can be carried out:

χ ≈ ik0
vg Γth

∆Ω13

dn
dT

∫∫
Ψ1Ψ3T (x,y)dxdy, (5.14)

and a similar expression holds for modes 2 and 4. Here, Γth is a phenomenological
confinement factor of the temperature, set to 1. Despite ∆Ω13 being large, the thermal
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coupling is much stronger than the kox-induced coupling due to the higher longitudinal
confinement. Eq. (5.14) shows that VCSELs with small modal frequency separations
exhibit a stronger thermal-lensing effect. This conclusion is reasonable, because small
frequency separation arise in weakly guiding structures, where indeed a stronger impact of
the thermal lensing on the modes is expected.

5.5 Characterization and modeling of transverse modal
locking

Figure 5.12: Frequency-resolved near field for I = 7mA (a) and 8mA (b). In panel
(a), each cavity features a dominant frequency, denoted by (1) and (2), while in
panel (b) the cavities are frequency locked. Taken from [75].

In this section, the experimental characterization and numerical modeling of a bow-tie
device are presented. The investigated structure corresponds to the one fabricated and
reported in [75]. The oxide aperture profile, sketched in Fig. 5.1, includes an asymmetry
inferred to reproduce the experimentally observed behavior, specifically Rl = 1.5µm and
Rr = 1.4µm.

The device exhibits two distinct regimes. At low injection currents, it operates in the
weakly coupled regime (WCR), in which the two cavities lase at different wavelengths. At
higher injection levels, the system transitions into the coherent regime (CR), characterized
by frequency locking, such that both cavities emit at a common wavelength. The minimum
current required to induce the transition between these two regimes is denoted by I0, and for
the device under consideration it lies in the range 5–8mA. Figure 5.12 shows the frequency-
resolved near field (FRNF) for injection currents I below and above the transition current
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(a) (b)

Figure 5.13: Panel (a): measured IMR for varying current, highliting PPR and
plasma-assisted beating (PAB). Panel (b): measured optical spectrum for the WCR
(blue) and CR case (red). Top part of panel (b): FF for the WCR (left) and CR
(right). Taken from [75].

I0, in the left and right panels, respectively. Contributions from higher-order transverse
modes are omitted for sake of clarity. This measurement highlights the distinct signatures
of the two operational regimes: for I < I0, each cavity exhibits a dominant and spectrally
separated emission peak, while for I > I0 the two cavities are frequency locked and emit
at a common wavelength. This behavior is also evident in the measured optical spectrum
reported in Fig. 5.13b: for I > I0, the two lowest-order spectral peaks merge into a single
line. In the CR, the spatial profile of the locked mode exhibits a central node, suggesting
an odd-like supermode configuration. The far-field (FF) pattern in the WCR, shown in
the upper inset, corresponds indeed to that of an out-of-phase near field. Figure 5.13a
reports the intensity modulation response at each current. In the WCR, the response is
that of a standard VCSEL plus a narrow peak, due to the beating of the first two modes.
Such an effect is detrimental in datacom applications [117], but can be used to generate
a radio-frequency signal by means of a photoconductive antenna [76]. As the current
increases, the beating peak shifts toward higher frequency, until I0 is reached. It has to be
remarked that such a measurement, performed by a streak camera, tends to underestimate
the amplitude of the beating peak, as discussed in [100]. In the CR, the beating peak is
not visible, and the response is enhanced by a broader PPR feature, which, however, does
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(a) (b)

Figure 5.14: Simulated FRNF for the WCR (a) and CR (b). Taken from [75]

not provide an effective improvement of the high-speed performance since it is below the
minus 3dB line. For currents close to the transition, an intermediate regime, where both
features are present, is visible.

The observed behavior is now reproduced and interpreted by means of the developed
modeling chain. For sake of clarity, the simplified form of the material gain of Eq. (2.3) is
considered. The modes of an asymmetric structure with an added thermal profile of Fig. 5.5
(c) are considered. Since the oxide asymmetries and self-heating are already taken into
account by the modal solver, kox = kth = 0 is set. The device is simulated for I = 7mA and
8mA. The adopted model can naturally handle the transition from the WCR (I = 7mA) to
the CR (I = 8mA) as a transverse-mode phase locking thanks to the presence of the modal
coupling terms ki j. In particular, the solutions of the electric field can be generally written
as:

Es(r, t) = |A1(t)|eiφ1(t)Ψ1 + |A2(t)|eiφ2(t)Ψ2 + · · · , (5.15)

which can be classified, for the CR and WCR, respectively, as:

∂t(φ1 −φ2) = 0, (CR) ∂t(φ1 −φ2) ̸= 0 (WCR). (5.16)

The first expression corresponds to a frequency-locked solution, where the two first modes
oscillate at the same frequency. In the CR case, the solution can be expressed as:

Es(r, t) ∝ (kΨ1 +Ψ2)︸ ︷︷ ︸
coherent near field

eiω12t + · · · , (5.17)
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Figure 5.15: Top: Modal amplitudes for I = 7mA (WCR) and 8mA (CR) at left
and right panels, respectively. Bottom: corresponding photon densities at the right
and left cavities, with and without a numerical low-pass filter that eliminates the
high-order beating.

where k is a complex number and ω12 is a locking frequency, both to be found as a solutions
of the dynamical problem. Figure 5.14 shows the simulated FRNF for I = 7mA (left)
and 8mA (right). The latter is obtained by considering the electric-field amplitudes as a
function of frequency:

FRNF(x,ω) =
Nm

∑
i=1

Ei(ω)Ψi(x,0). (5.18)

In particular, once the turn-on transient is finished, each modal amplitude is processed
by a bandpass filter centered at a selected frequency ω and featuring a passband of a
few gigahertz, in order to emulate the spectral resolution of the measurement instrument,
and the resulting signal is subsequently weighted by the corresponding wavefunction in
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order to incorporate spatial resolution. It can be seen that an excellent agreement with the
experimental observation of Fig. 5.12 is found.

To gain more insight about the description of both dynamical regimes, Fig. 5.15
shows the modal amplitude as a function of time for the CR and WCR. In the WCR
(left), the modal amplitudes feature an oscillation due to the modal beating (i.e., both
supermodes lasing), while in the CR (right) the modal amplitude can be considered
steady, as the separation frequency with high-order modes is sufficiently large to cut
off the multimodal interaction, as in the incoherent approximation described in Sec. 4.
The resulting photon densities are reported in the bottom part of Fig. 5.15. The thicker
lines correspond to the low-pass-filtered photon density, which is introduced to mimic
the receiver bandwidth and eliminate the contribution of high-order modal beating. It
can be observed that, in the first case, a pronounced antiphase oscillation appears in the
integrated photon density of the left and right cavities. Such antiphase oscillations have
been experimentally reported in [74] by means of streak-camera measurements. In that
configuration, however, the beating oscillations become visible only when an external
optical pumping is applied. This limitation arises from the intrinsic operating principle of
the streak camera, as discussed in [75]. The measurement procedure indeed performs an
averaging over multiple acquisitions. Since the relative phase of the beating oscillations
varies randomly from acquisition to acquisition, the streak-camera averaging suppresses
the beating signature unless an optically injected pulse enforces phase synchronization.
Nevertheless, the existence of anti-phase beating, even without external excitation, has been
confirmed in [76]. Consequently, streak-camera measurements tend to underestimate the
beating amplitude in the IMR, while this is significantly more visible in network analyzer
measurements [73]. Finally, the IMR is simulated at I = 2mA, 7mA, and 8mA. Such a
simulation is performed by emulating the operating principle of a network analyzer. In
particular, for each investigated frequency, an input sinusoidal current is superimposed on
the static bias. The output is then filtered at the same frequency by means of a heterodyne
receiver. For the I = 2mA case, self-heating is neglected, and therefore the modes of
Fig. 5.5 (a) are used. In the WCR, when selecting a frequency close to the frequency
separation, the beating peak falls into the receiver bandwidth. This explains the presence
of the sharp feature in Fig. 5.13. It has to be remarked, however, that this feature does
not represent any bandwidth improvement and it is solely an artifact of the adopted
measurement and simulation technique. When the simulated VCSEL switches to the CR,
a modest broader PPR feature is present, which, however, is too small to provide any
bandwidth improvement. This happens due to the quasi-perfect symmetry of the cavity,
which, as explained in Sec. 4.4, prevents having a single-contact PPR scheme. The three
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Figure 5.16: Panel (a): simulated IMR responses for I = 2mA, 7mA, and 8mA.
Panel (b): simulated optical spectrum at I = 7.5mA (WCR) and 8mA (CR), from
[75].

different regimes reported in Fig. 5.16a are reproduced with qualitative agreement. Finally,
Fig. 5.16b shows the simulated optical spectrum for I = 7mA and 8mA, obtained by a
FFT of the sum of the modal amplitudes. It can be seen that, when the CR takes place, the
first two lines merge into a single one, Additionally, the third mode which lies in the bridge
region of the bow-tie, takes advantage, while the fourth one is suppressed.

The conditions for which a stable CR solution is found are complex and depend on
several factors, such as the modal overlap, which is related to self-heating and structural
asymmetries, the material parameters, such as the linewidth enhancement factor, the
injected current, and most importantly the frequency separation. Regarding the latter
parameter, CR is possible only for sufficiently small frequency separations, in analogy to
injection-locking theory [123]. Further insights are provided in the next chapter by means
of a simplified and less computationally demanding lumped model.

5.6 Hot-cavity modes

In the previous section, the coherent regime was interpreted as a transverse mode locking,
in which the spectral lines associated with the first two transverse modes collapse into
a single emission peak. At first glance, this interpretation appears to conflict with the
operating principle of PPR devices, which relies on the presence of two distinct modes
separated by a characteristic frequency spacing ∆ f . Other examples of PPR effect in the CR
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Figure 5.17: Plot of the hot cavity modal envelopes, defined as (5.20) in the
coherent regime.

are observed in the noise spectrum in [61]. Moreover, from an experimental standpoint, it
may seem natural to associate each observed spectral line with a nonzero modal amplitude.
To resolve this apparent inconsistency, it is necessary to shift the focus from the optical
modes, used in this work primarily as a mathematical basis for the field expansion, to the
so-called hot-cavity modes, which are defined as follows.

If the carrier density does not vary significantly in time, as is the case in the coherent
regime (CR), the coupling matrix K, which depends on the gain and therefore on the carrier
density, may be treated as time-independent. Under this assumption, the electric-field
dynamics can be written as

∂tE =
[
D+K(N)

]
E = A(N)E. (5.19)
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Figure 5.18: Amplitudes of the hot-cavity modes as a function of time

The time-harmonic field configurations that remain stable in the CR, referred to here
as hot-cavity (HC) modes, correspond to specific linear combinations of the cold-cavity
modes that diagonalizes the matrix A = K +D:

Ψ
hc
i =

Nm

∑
j=1

Vi j Ψ j, (5.20)

where Vji is the j-th element of the i-th eigenvector of the matrix A. The imaginary parts of
the eigenvalues of A determine the oscillation frequencies of the HC modes, while the real
parts describe their net losses.

Figures 5.17a–5.17d show the four HC modes found in the CR. The second HC
mode corresponds to an odd supermode, which is also the experimentally observed stable
configuration, whereas the first HC mode represents an alternative coherent solution with
even symmetry. Specifically, these mode profiles closely resemble those of a perfectly
symmetric device.

An effective mode spacing can be defined as

∆ feff =
ℑ(λ1 −λ2)

2π
, (5.21)

where λ are the eigenvalues of the matrix A. For the present device yields ∆ feff ≈ 32 GHz,
therefore PPR effects are expected to occur at this characteristic frequency.

Fig. 5.18 reports the modal amplitudes expressed in the basis of the hot-cavity modes.
In this representation, after an initial turn on transient, the number of nonzero modal
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amplitudes coincides with the number of spectral peaks, thus restoring the intuitive cor-
respondence “one spectral line for one (hot cavity) mode”. The formation of hot-cavity
modes takes place when multimode interactions are relevant, i.e., for small frequency sepa-
ration. This is also the case of large area VCSELs, where the hot-cavity modes approach
might explain the localization of the optical modes induced by current crowding at the
edge of the oxide aperture [34].

5.7 Unbalanced current injection

In this section, a device similar to those reported in [70, 61, 59] is simulated to provide
an additional experimental benchmark. This geometry consists of a two-aperture laser
defined by a photonic crystal, with the key difference that the two cavities are pumped
independently. This configuration can be implemented, for example, via double electrical
contacts combined with proton bombarding [59].

Specifically, the current distribution is modeled as

J(x,y) = J1 al(x,y)+ J2 ar(x,y), (5.22)

where al,r(x,y) are port functions equal to 1 within the left and right apertures, respectively,
and zero elsewhere.

The asymmetric geometry of Fig. 5.5 (b) is considered, and is then perturbed through
the thermal coupling coefficients kth. The thermal corrections kth depend on the temperature
distribution, which is phenomenologically linked to the injection currents through

T (x,y) = tl(x,y) Il + tr(x,y) Ir, tl,r(x,y) = k exp

(
−(x− xl,r)

2

σ2
x

− y2

σ2
y

)
, (5.23)

where xl,r denote the centers of the left and right apertures, respectively, and k is a phe-
nomenological coefficient set to 7.5KmA−1.

Figure 5.19 shows the optical spectrum associated with the first two modes as a function
of Ir, for a fixed left-cavity current Il = 3mA. The third and fourth transverse modes remain
below cutoff in this configuration, unlike in the previously analyzed device. This difference
arises from the modified injection profile, in particular from the absence of carrier injection
in the bridge region. Superimposed on the optical spectrum, the green and red curves
represent the emission wavelengths of the first and second hot-cavity modes, as defined in
the previous section. The dotted green line denotes the region where the correspondent
HC-mode is not lasing.
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Figure 5.19: Simulated optical spectrum for varying Ir, at fixed Il = 3mA. The
green and red lines are the emission wavelengths of the hot-cavity modes, as
defined in the previous section, from [106].

Figure 5.20 reports the corresponding frequency-resolved near fields (FRNFs) for
different current combinations. Starting from the left side of Fig. 5.19, for Ir < Il the device
operates in the weakly coupled regime (WCR), as illustrated in panel (a) of Fig. 5.20. In
this regime, the temperature imbalance between the two cavities produces a frequency
separation that is too large to allow coherent locking.

When Ir becomes comparable to Il, the device transitions into the coherent regime. As
extensively observed experimentally [59, 61], the CR region is not symmetric with respect
to the point Ir = Il, reflecting the structural asymmetry of the apertures. In particular,
coherent coupling is observed when the smaller cavity is hotter. This suggests that small
structural asymmetries can be compensated by thermal effects.

Finally, for Ir > Il, the device returns into the WCR: the right cavity becomes the
hottest and therefore emits at a longer wavelength. The computation of the HC modes
eigenvalues allows to visualize a frequency separation also in the CR, where only one
spectral line is present.
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Figure 5.20: FRNF for I = 2.8mA (a), 3.3mA (b), and 3.6mA (c).



Chapter 6

Lumped model

The perturbative analysis performed in the previous sections 5.4 and 5.3 suggests that mul-
timode interactions are relevant for small frequency separations. Specifically, truncation of
the electric field to the first two modes is sufficient to study most of the effects investigated
in this work, such as PPR and frequency locking. The field is therefore expanded as:

ES = EoΨo +EeΨe, (6.1)

where the subscript o denotes the odd mode and the subscript e denotes the even mode.
The dynamical equations read:

∂tEe = keeEe + keoEo −LeEe, (6.2)

∂tEo = kooEo + koeEe −LoEo + i∆ωEo, (6.3)

It is assumed that the carrier distribution is piecewise constant in the right and left
cavities, with values Nr and Nl, respectively:

N(x) =

Nl, x < 0,

Nr, x > 0,
(6.4)

A linear form of the gain is also assumed:

gl,r = (1+ iαh)Gd
(Nl,r −Ntr)

1+ εS
. (6.5)

57
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The coupling coefficients k can therefore be computed as:

ki j = (1+ iαh)GdvgΓz

Nr

∫∫
RC

Ψ
∗
i Ψ j dxdy︸ ︷︷ ︸

≜αi j,R

+Nl

∫∫
LC

Ψ
∗
i Ψ j dxdy︸ ︷︷ ︸

≜αi j,L

 , i ̸= j, (6.6)

kii = (1+ iαh)GdvgΓz

Nr

∫∫
RC

Ψ
∗
i Ψi dxdy︸ ︷︷ ︸

≜αii,R

+Nl

∫∫
LC

Ψ
∗
i Ψi dxdy︸ ︷︷ ︸

≜αii,L

 , (6.7)

where RC and LC denote the Right and Left cavities. All the information on the spatial
profile of the mode is compacted in the coefficients α . The photon density is computed as
an integral over the Right and Left cavities of |E|2:

Sl = αee,l|Ee|2 +αoo,l|Eo|2 +2ℜ
(
αoe,lEeE∗

o
)
, (6.8)

Sr = αee,r|Ee|2 +αoo,r|Eo|2 +2ℜ
(
αoe,rEeE∗

o
)
. (6.9)

The model is completed with the carrier equations:

∂tNl,r =−Nl,r

τn
+Gd

(Nl,r −Ntr)

1+ εSl,r
Sl,r +

Il,r

qVa
, (6.10)

where Va is the active volume associated with one cavity, and Il,r is the current injected into
each cavity. The lumped model presents all the features of its distributed counterpart [119],
but lacks a quantitative description of spatial hole burning and modal competition. The
presented strategy allows computationally efficient large parametric investigation of the
equations under investigation.

6.1 Transverse mode locking maps

In Sec. 5.5, the characterization and modeling of transverse mode locking have been
presented. The conditions for stable mode locking include a sufficient degree of coupling
among the modes, i.e., a sufficiently large spatial overlap, a suitable range of frequency
separations ∆ω , and material parameters such as αh.

In order to gain further insight into the stability ranges of the parameters yielding
stable mode locking, a set of simulations has been performed by varying the aforemen-
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tioned quantities, which are now treated as input parameters. Realistic estimates of the
modal envelopes have been obtained by linear superposition of the even and odd modes,
analogously to what has been reported in Sec. 5.3:

Ψ1 =
1√

1+χ2

(
Ψe +χΨo

)
, Ψ2 =

1√
1+χ2

(
−χΨe +Ψo

)
, (6.11)

where the square-root factor provides normalization, and χ = 0 corresponds to a perfectly
symmetric device.

A double sweep over χ and ∆ω has been carried out, both quantities being treated
as free parameters. The coupling coefficients α have subsequently been computed, and
the corresponding set of lumped equations has been assembled. The simulations have
been performed under symmetric current injection, i.e., Il = Ir = 4mA. Once the transient
regime has finished, the optical spectrum has been evaluated by applying an FFT to the
sum of the modal amplitudes. If the optical spectrum exhibits two distinct peaks, the
corresponding solution has been classified as the weak coupling regime (WCR), while if a
single peak is observed, the solution has been classified as the coupling regime (CR).

Figure 6.1 reports the classification of the obtained solutions as a function of ∆ω and
of the modal coupling k, defined as 2|αeo,l|. The simulations have been performed both
including and neglecting spectral hole burning ε . In the left panel, a zero threshold-gain
separation between the modes has been assumed. Under this condition, the governing
equations are symmetric with respect to ∆ω = 0, therefore, only the upper half of the
parameter space is shown. It can be observed that the CR is allowed only for sufficiently
large values of the coupling, and that spectral hole burning significantly enlarges the
parameter region in which the CR is stable. However, the underlying description of this
mechanism is phenomenological, therefore, the resulting predictions must be interpreted
with caution.

In the right panel, a threshold gain separation of 20% is considered, selecting the odd
mode. Remarkably, in this case the CR region plot resembles that of phase locking in an
optically pumped laser [124], featuring its typical frequency asymmetry [125]. In particular,
the coupling is associated with the injected optical power, while ∆ω is associated with the
frequency detuning. It can be seen that, for a preferred frequency detuning, the required
coupling is much lower than that needed in the left panel. An analytical investigation of
the stable CR regions is carried out for the condition k = 1 in Sec. 6.3, where the concept
of CR reduces to single-mode emission, and by neglecting spectral hole burning, revealing
the mechanism of the frequency asymmetry of the presented equations.
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(a) (b)

Figure 6.1: Dynamical regime (CR or WCR) for varying the coupling k and the
frequency separation ∆ f for threshold gain-degenerated modes (a) and assuming a
20% separation (b).

6.2 Analytical investigation of the bandwidth enhance-
ment

In this section, an analytical investigation of the derived lumped model is carried out to
provide an interpretation of the findings outlined in Sec. 5.2. In order to obtain analytical
solutions, the perfectly symmetric case is considered, i.e.,:

αee,l,r = αoo,l,r =
1
2
, αeo,l ≈

1
2
, αeo,r ≈−1

2
. (6.12)

In addition, spectral hole burning is neglected (ε = 0). The static solution for the current
Il = Ir = I can be obtained by solving Eqs. (6.3)–(6.10), with ∂t = 0:

S =
−Nth/τn + I/(qVa)

vgGd(Nth −N0)
, E1 =

√
2S, kii = (1+ iαh)L1, ki j = 0,

E2 = 0, Nl,r = Nth, Nth =
1

τp1vgΓpR
+Ntr.

(6.13)

where E1 is the amplitude of the lasing mode, which, without loss of generality, can be the
even or the odd one and can be considered real. The modal loss difference ∆L ≜ L1 −L2

is negative: indeed solution (6.13) is physically meaningful only if the losses of the first
mode are the smallest. The quantity ∆ω = ω2 −ω1 is positive or negative in the case of
even or odd mode lasing, respectively, according to the nodes theorem, which states that
the odd mode has a higher frequency.
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As normally done in small-signal analysis, a small time-varying current is superim-
posed on the static one. This implies a small variation of the unknowns around their static
values (marked with a tilde):

I(t) = I + Ĩ, Ei(t) = Ei + Ẽi, Nl,r(t) = Nl,r + Ñl,r, (6.14)

where all variations are assumed to be much smaller than the static values. By substituting
this E(t) into the definition of the photon density of Eq. (2.21), and by neglecting higher-
order terms, Sl,r = S+ S̃l,r is obtained with:

S̃l =
1
2

E1Ẽ∗
2 +

1
2

E∗
1 Ẽ2 +

1
2

E1Ẽ∗
1 +

1
2

E∗
1 Ẽ1,

S̃r =−1
2

E1Ẽ∗
2 −

1
2

E∗
1 Ẽ2 +

1
2

E1Ẽ∗
1 +

1
2

E∗
1 Ẽ1.

(6.15)

By substituting these small-signal versions of the unknowns, by neglecting higher-order
terms, and by subtracting the static equations, the small-signal model of the equations
under study is obtained:

∂t Ẽ1 = ΓzGdξ vgE1Ñs,

∂t Ẽ2 =

vgΓzGdNs︸ ︷︷ ︸
=L1

− 1
2τp2

+ i∆ω

 Ẽ2 + vgΓzξ E1Ñd,
(6.16)

where ξ = 1
4(1+ iαh)Gd, and Ns and Nd are the sum and difference carrier densities,

defined as:
Ns ≜ Nl +Nr, Nd ≜ Nl −Nr. (6.17)

It can be seen that the small-signal dynamics of the lasing mode depend only on the sum
carrier density Ns, while the dynamics of the side mode depend only on Nd.

The carrier equations can be expressed in terms of Ns,d by taking the sum and difference
of Eq. (6.10), and by neglecting higher-order terms. In this way, two decoupled subsystems
are obtained, one for Ñs and the lasing-mode amplitude Ẽ1:

∂tÑs =− Ñs

τn
+

Ĩs

qVa
− vgGd

[
ÑsS+(Nth −Ntr)(E1Ẽ∗

1 +E∗
1 Ẽ1)

]
, (6.18)

∂t Ẽ1 = ΓzGdξ vgE1Ñs, (6.19)
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and another one for Ẽ2 and Ñd, which reads:

∂tÑd =− Ñd

τn
−2kdÑd +

Ĩd

qVa
− vgGd

[
ÑdS+(N −Ntr)(E1Ẽ∗

2 +E∗
1 Ẽ2)

]
, (6.20)

∂t Ẽ2 = (∆L+ i∆ω)Ẽ2 + vgΓzξ ÑdE1. (6.21)

where Ĩs ≜ Ĩl + Ĩr and Ĩd ≜ Ĩl − Ĩr. The first subsystem is a well-known complex field
rate equation for a standard laser [3], which therefore describes the usual carrier–photon
resonance (CPR) dynamics. The second one instead describes the PPR dynamics and
therefore is the object of investigation of this section.

A phasor transform is applied to study the frequency response of Eqs. (6.21) and (6.20).
Since the treated equations are complex, the complex conjugate of Eq. (6.21) is considered.
Transforming the time derivative as iω yields a complex 3×3 system. To further simplify
the model, the complex field equations can be considered (for ∆ω < 0) at ∂t = iω = i∆ω:

E∗
∝

Ñd

∆L
, E ∝

Ñd

∆L+2i∆ω
. (6.22)

A similar result holds for ∆ω > 0. Equation (6.22) shows that, for ω approaching |∆ω|,
one of the two electric fields is much greater than its complex conjugate. If the system
has to be investigated around ∆ω , one of the two complex conjugated equations can be
dropped and a two-dimensional complex system, which is an approximation of Eqs. (6.21)
and (6.20), can be obtained:

[iωI − J]

[
Ñd

Ẽ2

]
=

[
Ĩd/(qVa)

0

]
. (6.23)

with:

J11 =− 1
τn

− vg Gd S, (6.24)

J12 =−vg Gd (N −Ntr)E1, (6.25)

J21 = vg Γξ E1, (6.26)

J22 = ∆L− i |∆ω|. (6.27)

It can be noted how the modulus of ∆ω appears in J22, which is a compact equivalent to
drop the non-resonating electric field equation (See Eq. (6.22)). The real and imaginary
parts of the determinant of J read, neglecting the recombination term, and expressing the
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Figure 6.2: Left: comparison of IMR computed with numerical integration and the
3×3 model of Eqs. (6.21) and (6.20), with the 2×2 approximation of Eq. (6.23).

negative quantity ∆L =−|∆L|:

ℜ(ω) =−ω
2 + |∆ω|ω +α|∆L|+K, (6.28)

ℑ(ω) =−(|∆L|+α)ω +α |∆ω|+αh K, (6.29)

with:
K = v2

gGdΓℜ
(
ξ
)
(N −Ntr)E2

1 , α = vg Gd S. (6.30)

Since the peak of the PPR is found approximately at ω = ∆ω , a good estimate of the
maximum value of |Ẽ2| can be obtained by evaluating the determinant at this frequency
and applying Cramer’s rule, yielding:

|Ẽ2,peak| ≈
|Ĩd|
qVa

vgΓ|ξ |E1√
(−∆ω|∆L|+αhK)2 +(α|∆L|+K)2

. (6.31)

Simple considerations on the derived analytical model can be made in order to explain the
trends outlined in Sec. 5.2, specifically:

• Eq. (6.31) shows that the PPR peak is attenuated by the threshold-gain separation
and the frequency separation.

• From inspection of Eq. (6.15), it can be seen that the dynamics of Sl + Sr do not
depend on the side mode Ẽ2. For this reason, probing both cavities does not result
in any bandwidth enhancement.
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• The PPR dynamics are enabled by the current difference Ĩd, therefore in-phase
modulation of both cavities does not produce any bandwidth enhancement.

Fig. 6.2a shows a summary of the derived approximations for ∆ f =−30GHz and ∆L
of 30%. The black curve is the solution obtained with numerical integration, which is used
as the benchmark. The red dotted curve is the total response obtained with the complex
3×3 system of Eqs. (6.21)–(6.20), which introduces no approximations. The yellow curve
is the total response obtained by considering the 2×2 approximated system. It can be seen
that the approximation is accurate only for f close to |∆ f |. Figure 6.2b shows a detailed
view around ∆ f of the sole contribution of Ẽ2 for all the presented cases.

6.3 Stability and frequency-dependent modal com-
petition

To investigate the stability of the static solutions of Eq. (6.13), the eigenvalues of the
Jacobian associated with the nonlinear system of Eqs. (6.21) and (6.20) should be computed.
This results in a three-dimensional eigenvalue problem, which would yield excessively
complex expressions. To exploit the Routh stability criteria, which are well established
for systems of equations with real coefficients, the real and imaginary parts of the electric
field are chosen as the unknowns. This can be done by taking the sum and the difference
of Eq. (6.21) with its complex conjugate. In doing so, the Jacobian reads:

J′ =

 J11 2J12 0
ℜ
(
J21
)

∆L ∆ω

−αhℜ
(
J21
)

−∆ω ∆L

 . (6.32)

Its associated characteristic polynomial is of the form λ 3 +bλ 2 + cλ +d, where:

d = vgGdS (∆L2 +∆ω
2)−K (2∆L+2αh∆ω),

c = ∆L2 +2J11∆L+∆ω
2 +2K,

b =−2∆L− J11.

(6.33)
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The Routh criterion states that the following quantities must be positive in order for the
system to be stable:

r1 = b, r2 =
cb−d

b
,

r3 = d.

(6.34)

A recall of the sign of the various terms is useful for reading the stability criteria, specifi-
cally:

• ∆L is assumed to be negative in order for the static solution to be reasonable,

• J11 is negative (see Eq. (6.27)),

• K is positive (see Eq. (6.30)),

• αh is assumed positive.

Given these considerations, b is always positive, so the analysis can be restricted to the
terms:

r′1 = cb−d

= (−2∆L)∆ω
2 −2∆L3 −4J11 ∆L2 +

(
−2K −2J2

11
)

∆L−2J11K︸ ︷︷ ︸
positive

+2K αh ∆ω > 0,

r′2 = d > 0.
(6.35)

As a preliminary observation, note that for αh = 0 the stability condition is always satisfied,
because both r′ terms are sums of positive contributions. When αh ̸= 0 (a positive value is
assumed), additional dynamical instabilities arise. Starting from r′2, it can be seen that for
negative ∆ω , which means that the higher-frequency mode is selected, this can become
negative. The higher the optical power of the lasing mode, the stronger this effect becomes,
since the αh term is multiplied by K, which contains the photon density S. It can be seen
that, for sufficiently large ∆L, this quantity can be made positive. The value of ∆L necessary
to suppress this instability for each ∆ω is referred to as ∆L0. The analytical expression of
∆L0 would require computing the discriminant of r2, which is a second-order expression
of ∆ω , and finding the minimum value to make the latter negative. Such a procedure is
performed numerically, and its results are shown in Fig. 6.5, which reports the value of
∆G0 ≜−∆L0/(Γzvg) as a function of the injected current and of αh. Such values can be
obtained by means of an etching, as illustrated in Fig. 5.4.

If the condition ∆L > |∆L0| is met, the boundaries of the unstable region can be found
by computing the roots of r′2, which yields an analytical expression for the boundaries of
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the unstable region:

∆ω1,2 =
αh

2τp
±

√(
αh

2τp

)2

−∆L2 − |∆L|
2τp

. (6.36)

In particular, the static solution is unstable if the frequency lies between ∆ω12. The stability
condition obtained in Eq. (6.36) can be met through three distinct mechanisms:

• by introducing a sufficiently large threshold-gain splitting, which makes the ∆ω12

complex. This value however is not reachable with standard modal selection tech-
niques. In particular, the solution is stable for ∆L values that fall outside the limit
values:

∆L± =±

√
1+4α2

h −1

4τp
. (6.37)

the negative side however would not satisfy the condition on r′1.

• For sufficiently large ∆ω , although in this regime no PPR effects are observed,

• for negative ∆ω , which means by selecting the odd mode.

Despite the analysis being performed for the perfectly symmetric device, this picture can
be extended to explain the stability of the odd mode observed experimentally and reported
in Fig. 5.12, which cannot be interpreted only in terms of gain-field overlap.

The condition on r′2 can be approximated, for small ∆L, as in devices where no modal
selection is implied, as:

∆ f12 = 0,
αh

2πτp
. (6.38)

Figures 6.3 and 6.4 show, respectively, the real and imaginary parts of the three
eigenvalues of Eq. (6.32) as functions of ∆ω for two different values of ∆L. The unstable
regions are identified by the presence of an eigenvalue with a positive real part. The roots
of the characteristic polynomial include a complex conjugate pair, labeled with subscripts
2 and 3, and a purely real eigenvalue, labeled with subscript 1. Regarding the complex
conjugate pair, this can be unstable for ∆ω < 0, therefore it can be associated with the
coefficient r′1. The effect of increasing ∆L is visible: for a reasonable value of threshold-
gain separation, this is made stable at each frequency. The imaginary part of the complex
conjugate pair is approximately equal to ±∆ f . For this reason, this mechanism can be
identified as an unstable PPR oscillation. Furthermore, this root features many similarities
to the one observed and investigated in [77], usually referred to as the Bogatov effect. In
particular, such instability favours the lower-frequency mode, is more relevant the higher
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the power of the lasing mode, and features a characteristic shape of the real part of the root
(see Fig. 6.3) which is similar to the one reported in [77].

The purely real root instead can become unstable for ∆ω > 0, that is when the lower-
frequency mode is selected, and therefore can be associated with the coefficient r′2. The
mechanism underlying this instability is the following: a perturbation of Nd excites the side
mode E2; the excitation of E2 modifies the photon densities Sl and Sr and burns carriers,
thereby increasing Nd again and forming a positive feedback loop. This instability presents
analogies with the ones reported in laser arrays [78, 79], arising from the coupled dynamics
of carrier and electric field.

Finally, Fig. 6.6 shows the boundary values of such an instability region, f12, obtained
from Eq. (6.36). Even under pessimistic assumptions, such as αh = 3, the predicted unstable
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region is unlikely to be observable in standard devices, where typical frequency detunings
are on the order of a few hundred GHz. However, large-area VCSELs [23, 35] exhibit
significantly smaller frequency spacings, potentially placing them within the unstable
region identified by the present analysis. Consequently, the proposed expression may have
practical implications for modal-selection mechanisms in such devices and requires further
attention.



Chapter 7

Conclusions and future developments

In this thesis, a comprehensive and physically grounded modeling framework for the
investigation of TCC-VCSELs has been developed, with particular emphasis on bow-tie
geometries, representing a promising alternative for overcoming the intrinsic modulation
bandwidth limitations of conventional VCSELs while simultaneously enabling functionali-
ties such as beam steering and on-chip terahertz generation. However, such performance
enhancements are accompanied by challenges, including dynamical instabilities and poor
technological yield.

Previous modeling approaches to TCC-VCSELs have largely relied on phenomenologi-
cal descriptions based on feedback, external optical injection, or perturbative coupled-cavity
formulations. These approaches introduce fitting parameters that cannot be directly linked
to the device geometry and therefore lack predictive capability. As a consequence, these
models cannot be used to guide systematic design optimization, nor can they rigorously
address the impact of self-heating and fabrication tolerances on device-level performance.

The present work introduces a paradigm shift in the modeling of TCC-VCSELs by
treating them as single unconventional optical apertures rather than as assemblies of
coupled sub-cavities. From this perspective, the defining feature of these devices is the
unusually small frequency separation between supported transverse modes, typically on the
order of tens of gigahertz rather than the hundreds of gigahertz characteristic of standard
circular VCSELs. Starting from the scalar wave equation, a slowly varying envelope
approximation and a modal expansion over cold-cavity eigenmodes yield a complete set of
coupled rate equations governing the time evolution of the complex modal amplitudes.

In this formulation, modal coupling terms arise naturally from the spatial distribution
of the carrier-induced gain and from refractive-index perturbations associated with thermal
and technological effects.
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Remarkably, all parameters entering the dynamical equations are modal quantities,
such as field envelopes, resonance frequencies, and photon lifetimes, which can be directly
extracted from electromagnetic modal simulations familiar in the VCSEL community. This
establishes a direct and quantitative link between the device geometry and system-level
performance, enabling predictive modeling and geometry-driven optimization. Further-
more, it is shown how the vast phenomenology of TCC-VCSELs can be understood within
a unique set of equations.

The developed framework shows that the modulation response can be enhanced by the
PPR and can be systematically engineered by controlling the separation between modal
frequencies and threshold gains. However, analytical investigations reveal that, in perfectly
symmetric devices, symmetry-breaking mechanisms, such as asymmetric pump–probe
excitation schemes, are required to activate broadband PPR dynamics. Novel bow-tie
geometries, such as the partially covered configuration [126], which may remove the
aforementioned need for an asymmetric pump–probe scheme, can be investigated within
the developed framework.

Beyond reproducing experimental behavior, the modal nature of the equations provides
a clear analytical framework for the investigation of TCC-VCSELs. The analysis reveals the
presence of frequency-dependent modal competition arising from the coupled carrier–field
dynamics, where either higher-frequency or lower-frequency modes may be favored. This
explains experimental observations of out-of-phase modal configurations that cannot be
interpreted by conventional gain–field overlap arguments alone.

The impact of this work extends beyond TCC-VCSELs. The developed formalism is
directly applicable to conventional VCSELs for quantifying the influence of temperature
variations and fabrication tolerances, and to devices with small transverse-mode separations,
such as large-area VCSELs.

In general, this thesis establishes a unified, geometry-linked, and predictive modeling
platform for multimode VCSEL dynamics, providing both fundamental insight and a
practical design methodology for next-generation VCSEL devices.
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