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ABSTRACT

The numerical convergence of plasma boundary simulations with kinetic neutrals in SOLPS-ITER is studied by performing a cross-
parameter scan on the time step At and the number of Monte Carlo particles per iteration P. A low-power D-only DEMO case, a high-power
D + He + Ar DEMO case and a D + He artificial slab case are used to perform the analysis. The numerical scans reveal that for a given time
step, the bias error scales with 1/P, as expected from theory. For a given P, the bias error scales with Atr, with 7 € [1,2]. It is found that the
D + He + Ar DEMO case requires a large amount of impurity Monte Carlo particles per iteration to achieve acceptable numerical errors.
Furthermore, it is explained that neutral-neutral collisions introduce an additional bias contribution, but that it is negligible compared to the
bias due to the plasma-neutral coupling for the studied cases. Additionally, it is shown that global particle imbalances are linked to the
numerical convergence. Finally, it is shown that an underrelaxation scheme for the kinetic neutral source terms is able to reduce the bias
errors by one to two orders of magnitude.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0292725
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I. INTRODUCTION

Plasma boundary codes such as SOLPS-ITER""” are used to study
the power exhaust in magnetically confined fusion devices. The two
main physics modules of SOLPS-ITER are B2.5 and EIRENE. B2.5 is a
finite-volume (FV) fluid code that solves transport equations for the
plasma.” EIRENE is a kinetic particle-tracing Monte Carlo (MC) code,
which simulates the neutral particles in the plasma edge.”

This paper investigates the numerical errors arising from the cou-
pling of the stochastic MC neutrals with the FV plasma model, hence-
forth abbreviated as the FV-MC coupling. Because plasma boundary
simulations can be very demanding in terms of computational cost, it
is of great interest to know how one can achieve a desired numerical
accuracy with the least amount of computational resources. The trade-off
between numerical accuracy and computational cost has already been
studied and optimized intensively in the work of Ghoos et al. >* However,

important questions remain that were not yet answered there, but
that are relevant for realistic simulations of, for example, ITER and
(EU-)DEMO. All 1D and 2D simulations performed in the afore-
mentioned works”  were deuterium-only cases without neutral-
neutral collisions. Furthermore, the vast majority of the analyses
were performed with a fixed time step for the plasma model.
Hence, three unanswered questions are: (i) What is the effect of
neutral-neutral collisions on the error scaling? (ii) What is the
effect of the time step of the plasma solver on the error scaling?
(iii) What is the effect of impurity species on the error scaling?
Additionally, we will study the performance of an underrelaxation
scheme, which can further improve the numerical convergence.
The paper is structured as follows: Sec. II gives an overview of the
FV-MC coupling, the different numerical error contributions in FV-
MC plasma boundary models with their expected scalings, and the
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proposed underrelaxation scheme. Next, Sec. 11T details the case setups
used for the convergence studies and error estimations. We use a
(EU-)DEMO geometry with a deuterium-only model and a D + He +
Ar model. Furthermore, we employ a D + He artificial slab case, which
is less physically relevant but which is convenient for numerical experi-
ments. In Sec. IV, the results of the convergence studies are analyzed
and discussed. Finally, Sec. V ends with the conclusions and recom-
mendations for future work.

Il. THE FLUID-KINETIC COUPLING IN SOLPS-ITER
AND ITS NUMERICAL ERROR CONTRIBUTIONS

A. FV-MC coupling

The B2.5-EIRENE coupling scheme is represented schematically
in Fig. 1. B2.5 provides incident fluxes and plasma backgrounds to
EIRENE. EIRENE then performs the particle tracing and ultimately
provides sources of particles, momentum, and ion/electron energy for
the right-hand side of the plasma equations. In a single B2.5 inner iter-
ation, an update is performed for the density and parallel velocity of
each ion species, the electron temperature, the combined (over all ion
species) ion temperature, and the plasma potential when including
currents. This update is performed by using a segregated semi-implicit
false-time-stepping approach, with time step At and relaxation
factor o. It is possible to perform multiple B2.5 inner iterations per
EIRENE call, but this option is not considered here, as explained in
Sec. II H. When EIRENE includes neutral-neutral collisions, it is also
possible to perform inner iterations on EIRENE. This is typically not
done in SOLPS-ITER, as explained in Sec. IT E.

This paper focuses only on finding the steady-state solution of
the FV-MC system; hence, we run EIRENE in steady-state mode,
meaning that all neutral particles are followed from birth until death
(i.e., ionization, pumping, or crossing the core boundary). Hence, the
time step At in this paper refers exclusively to the plasma model.

B. Numerical error contributions

The total numerical error on the plasma solution, €pym, can be
written as’

Enum = &d 1+ & + & + &c. (1)

&4 is the discretization error, resulting from the finite resolution of the
FV mesh. This error was recently studied for a series of EU-DEMO

SOLPS-ITER outer iteration
B2.5 outer iteration EIRENE outer iteration
Plasma

background
EIRENE inner iteration

&
incident fluxes

B2.5 inner iteration

Segregated semi-implicit
FV timestep with At & a to
update continuity,
momentum, energy and

potential equations
Approximate
scaling of

K EIRENE sources /

FIG. 1. Schematic representation of the F\-MC coupling scheme between B2.5 and
EIRENE in SOLPS-ITER.

Kinetic neutral solution
using MC particle tracing

Sources

BGK neutral
background
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cases with a fluid approximation for the neutrals.” There, &3 was found
to be in the 4%-25% range for the 96 x 36 grid that is used here. In
this contribution, all simulations are performed on the same 96 x 36
mesh. We do not study the discretization error here, but expect it to be
of the same order as in Ref. 9.

& is the statistical error, following directly from the Monte Carlo
noise of the kinetic neutral solver EIRENE. ¢, has zero mean, and
scales with \/Lﬁ,‘: where P is the number of MC particles launched per
iteration. & can be made arbitrarily small by averaging the plasma
solution over sufficient iterations, once a statistical steady state is
reached (see Sec. I1 C).

The finite-sampling bias error, &y, is the deterministic error which
arises due to the coupling of the statistical noise with the non-linear
plasma model. Contrary to the statistical error, it does not disappear
when time-averaging the plasma solution. The convergence error, &, is
the remaining imbalance in the discretized conservation equations in
the statistical steady state. Similarly as the finite-sampling bias, it does
not disappear when averaging the plasma states in the statistical steady
state. The finite-sampling bias and the convergence error are often
summed as &, = &, + &, henceforth called the bias error. In the work
of Ghoos et al, it was shown that the bias error is theoretically
expected to scale with 1—13, and this was confirmed in each numerical
experiment.

C. Random noise averaging strategy

Random Noise Averaging (RNA) emerged from the work of
Ghoos et al. as the most efficient method to minimize the numerical
error for a given computational time.” Random seeds are used for each
EIRENE iteration (as opposed to the correlated sampling approach),
and the neutral sources are not averaged over the iterations at runtime
(as opposed to the Robbins-Monro approach). The simulation is run
until a statistical steady state is reached, where all plasma variables and
residuals oscillate around constant average values. Then, a post-
processing average of this statistical steady state is calculated. The sta-
tistical error then reduces as ﬁ, where I is the number of iterations in
the post-processing average, and T is a correlation time between suc-
cessive iterations. Hence, the statistical error can be effectively removed
by averaging over sufficient iterations. The remaining bias error was
found to be acceptable, unless a very low number of particles per itera-
tion is used. However, RNA may not be the optimal strategy for cases
that do suffer from large bias errors.

D. Effect of At on the bias

For a given number of particles per iteration, the statistical error
and bias error also depend on the time step At of the plasma solver. In
Ref. 10, it was shown analytically that the statistical error is expected to
scale with v/At and the bias with At. This was confirmed with both 0D
and 1D numerical experiments. A smaller time step leads to reduced sta-
tistical noise on the plasma quantities, because in each time step the
plasma adapts less to each particular instance of the randomly noisy
EIRENE sources, hence better filtering out the noise. In this paper, we
will quantify the effect of At on the bias error for 2D SOLPS-ITER cases.

E. Effect of neutral-neutral collisions

Presently, it is common to include neutral-neutral collisions
(NNCs) in EIRENE simulations, especially if the (sub-)divertor neutral
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densities are expected to be high. Consider, as an example, the steady-
state kinetic Boltzmann equation for the atoms with ionization, recom-
bination, charge exchange, and atom-atom elastic collisions

v Vfi(v) = fiv)neK, — fi(v)nKi

£ oex(EIv — VL)

v

+ﬁ<v>[ oex(B)[Iv — V| fu(v)dV

]
v Jv)

X (hWMfa(v1) — (Y )fa(v))dV AV dvy).  (2)

Here, v is the particle velocity vector, f,(v) is the atom velocity distri-
bution function (the spatial dependence is omitted everywhere in the
notation), f;(v) is the ion velocity distribution function assumed to be
a drifting Maxwellian distribution based on ion density, velocity, and
temperature. 7. is the electron density, n; is the ion density, K is the
ionization rate coefficient, K. is the recombination rate coefficient, ocx
is the microscopic cross section for charge exchange, E, is the center-
of-mass kinetic energy, and ¢q is the differential cross section for
atom-atom elastic collisions. v/ denotes the pre-collisional particle
velocity vector.

Without elastic collisions (g = 0), the kinetic equation is linear
in f,(v). In practice, this means that EIRENE can find the steady-state
solution in a single iteration on a given plasma background. When
NNCs are included, Eq. (2) becomes non-linear in f,(v). NNCs in
present-day EIRENE are not treated as collisions between different test
particles, as this would destroy the trivially parallel nature of the MC
procedure. Instead, EIRENE makes use of the BGK (Bhatnagar-
Gross-Krook) approximation:' "

v Vi(v) = fi(v)neK: — fu(v)neK;
~ 59| sex(Eiv = VY)Y

J (ea(V, Vv, vi)|[vV = v,]...
Vi

+ [,GCX(EC)HV VWAV

— vpek(fa(v) — fapck(V)), (3)

where vpgx is the collision frequency and f, ek (v) is the BGK neutral
background. It is a perfect drifting Maxwellian based on the moments
of f,(v). Equation E is then still non-linear in f,(v) because f, gk (V)
depends on f, (v). The final step to ensure that EIRENE does not have
to consider interaction between different Monte Carlo neutrals during
the particle tracing in a given iteration k is to base f, ek (V) at iteration
k on f,(v) of the previous iteration k — 1. {5 (v), is given by

3
k k— m : m Je— 2
fapox(V) =1, 1<2nk3;k—1) exp (_ZTka_l vyt —=vl| >7 (4)
a a

where m, is the atom mass and where

= Jf;‘”(v)dv, (5)

Vil = LJ V< (v)d, ©)

k-1
na
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The non-linearity of the kinetic equation with BGK NNCs can thus be
resolved by performing inner EIRENE iterations for a given plasma
background, as shown in Fig. 1. However, this is not common practice
in SOLPS-ITER. Instead, the plasma and the neutral BGK background
are relaxed together in a single loop. The non-linearity of the kinetic
equation with BGK NNCs introduces an additional component to the
bias error. This bias is also expected to decrease with 1, but from Fig. 1
it is evident that this bias contribution is independent of the time step
and relaxation factor used in the plasma model.

F. Effect of impurity species

The way in which the numerical errors scale with respect to P
and At is not expected to change when going from D-only to multi-
species cases. However, the absolute values of the errors can differ. For
example, in Ref. 13 it was shown that the global particle imbalance
(which is a symptom of non-convergence) for helium was substantially
larger than for deuterium.

EIRENE has been optimized throughout the years to efficiently
deal with highly collisional neutrals such as charge-exchange-domi-
nated deuterium atoms. However, the Monte Carlo techniques used in
EIRENE might not be optimal for absorption-dominated impurity
neutrals. Although absorption-dominated particles require less CPU
time per particle, they also provide less statistical information per par-
ticle, potentially resulting in a poorer ratio of statistical error to CPU
time (see, for example, Ref. 14). The details of the Monte Carlo techni-
ques are, however, not the focus of this paper, and we use the default
EIRENE settings in this regard.

G. Underrelaxation scheme for the kinetic source
terms

In this paper, we study an additional scheme to reduce the noise
by averaging the source terms over multiple iterations before inserting
them back into the plasma equations. The general idea is that plasma
boundary simulations typically use small time steps, such that the neu-
tral sources calculated on the plasma background of some 10 or 100
iterations ago still contain useful information, especially when nearing
or in the steady-state phase. The concept of using a form of runtime-
averaging of the MC sources to reduce the noise and bias is not novel.
A variant of the scheme that will be used here (using the true moving
average and resetting this average after N iterations) was described in
Ref. 13, and multiple variants were implemented in the code around
the time of that report. It is also mentioned there that time-averaging
of MC sources is applied in the code SOLDOR/NEUT2D according to
Ref. 15. However, there is a lack of rigorous assessment of these
schemes in the context of comprehensive convergence analyses.

1. Definition of the underrelaxation scheme

Let S7, SZ‘H, and Sf be the particle, parallel momentum, and ion
energy source for each plasma species a and SE the electron energy
source. We refer here specifically to the noisy sources due to neutral
interaction as calculated directly by EIRENE, before the ion sources
are summed over all species and before the conversion from total
energy sources to internal heat sources as required by B2.5. For each
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Se {SZ, SZ’H, Sf, Sf }, we obtain at iteration i a noise-reduced source
term S by recursively taking

;= %S,- + %si_l, with N = min(i, Ny,), 8)
where Ny, determines the degree of underrelaxation. We will refer to
this scheme simply as underrelaxation in the remainder of the paper.
It can also be described as a recursive approximation to a moving aver-
age. The difference is that for a true moving average, the weights would
be equal to 1/N for the last N source terms, and zero for older contri-
butions. However, then, all sources S, $”/l,; S¢, and S¢ have to be
saved N times. In the underrelaxation scheme, the contribution from

i is L (Nu—l
each previous source term is - ( o

of iterations that have passed. Because of the recursive nature, the
required data storage does not scale with Ny;.

When N, is set to the total number of iterations, the scheme
becomes the Robbins-Monro approach.'® In that case, all noise will
eventually be removed, but convergence becomes extremely slow.’
Indeed, as more iterations pass, the rate at which the averaged sources
can still change keeps decreasing. In this paper, we consider the under-
relaxation scheme with a fixed Ny, e.g., 10, 100, or 1000. In that case,
source terms from many iterations ago (j > Ny,) are eventually forgot-
ten, and the rate of change of the averaged source terms remains con-
stant. For the simulations in this paper we only consider the
underrelaxation scheme and not other variants such as the true mov-
ing average, a moving average that is reset after a certain time, or the
Robbins-Monro approach.

S

Y, where j indicates the number

2. Correction for improved flux conservation

A correction to the scheme is employed to improve global parti-
cle, momentum, and energy conservation. EIRENE employs stratified
sampling, i.e., the source terms in the domain are calculated as a sum
of contributions from Ny, so-called “strata.” The types of strata used
here are (i) the recombination of each isonuclear sequence on each
solid surface or plasma-void interface; (ii) gas puff sources; (iii) neutral
sources due to volumetric recombination. The stratified sampling
allows to define for each stratum s the normalized sources S, = %,

sl = SFH, SE = SFLW, and SF = SFL, where T is the particle flux
strength of stratum s. The final form of the underrelaxation scheme is
to apply Eq. (8) to the normalized sources §', and afterward multiply
by the stratum-specific particle flux corresponding to the most recent

plasma state.

3. Expected behavior

The advantage of the underrelaxation scheme is that it provides
noise reduction without any increase in computational cost or memory
requirements. The disadvantage of the scheme is that the moving-
averaged source terms, which are plugged back into the plasma equa-
tions, are lagging behind on the most recent plasma state. This could
potentially slow down the convergence, or create instabilities that lead
to oscillations or code divergence. The performance of the underrelax-
ation scheme will be studied here in detail. To the best of the knowl-
edge of the authors, these schemes have fallen out of use. A possible
reason is that in Ref. 13 it was shown that the source averaging does

ARTICLE

pubs.aip.org/aip/pop

not work well in conjunction with inner B2.5 iterations, and it was
chosen to further pursue the path of inner iterations. The authors are
not aware of any publication providing a detailed report of the perfor-
mance of the underrelaxation scheme in the form presented here.

It can also be considered to apply the underrelaxation scheme to
the BGK neutral background. However, the results of this paper will
indicate that this is not a priority and hence this has not yet been done.

H. Note on internal iterations

A popular approach to speed-up B2.5-EIRENE simulations is to
use internal iterations, whereby multiple B2.5 false time steps are per-
formed after a call to EIRENE. In the simplest form, the source terms
from EIRENE are kept constant during the inner iterations. This
method quickly leads to instabilities and is not used in practice. A first
improvement is to linearly scale the stratum-based sources with the
flux strengths of the most recent plasma state, identically as explained
in Sec. I.G.2. Even with this improvement, the use of internal itera-
tions was found to severely limit the maximum allowable time
step.”'” Therefore, advanced internal iteration cycles were developed,
with single internal iterations on all equations but multiple (up to 99)
internal iterations for only the continuity equations. The details of this
advanced iteration scheme are described in chapter 5.2-5.4 of Ref. 13.
Despite their proven benefits, we decide not to use internal B2.5 itera-
tions in this work, for three reasons:

First, while (advanced) inner iterations were shown to
decrease residuals and improve the global balances,'”'” they are
expected to increase the finite sampling bias, because at each itera-
tion the plasma solution adapts more to a particular instance of the
noisy sources, partially undoing the filtering effect discussed in
Sec. IT D. This was also concluded in Ref. 18. This makes it very dif-
ficult to estimate the net effect of inner iterations on the different
error contributions from a theoretical point of view. Especially the
advanced iteration schemes make it difficult to predict how the
solution will be precisely affected.

Second, the analysis performed here is already multi-dimensional
(time step, number of particles, inclusion/exclusion of NNCs, and
underrelaxation parameter). Adding an additional dimension for the
internal iterations would make the study untractable.

Third, it was shown that the source averaging does not work
well in conjunction with internal B2.5 iterations, as mentioned in
Sec. I1G. We choose to focus on the underrelaxation scheme
here.

l. Global particle balances

It is common practice in B2.5-EIRENE simulations to study the
global (i.e., over the entire computational domain) balances for par-
ticles, parallel momentum, and energy of the coupled fluid-kinetic sys-
tem. In the steady state, the net influx of particles, momentum, or
energy should be equal to the sum of the net outfluxes and dissipation
terms. If these global balances are not satisfied, it is an indication of the
presence of numerical errors. The advantage of tracking the global
imbalances is that it does not require a more computationally expen-
sive reference solution. The disadvantage is that it provides no infor-
mation on the magnitude of local error contributions and no strict
guarantee of convergence. Indeed, it is theoretically possible that the
global balances would be closely satisfied, while the residuals at the
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level of individual cells or regions are not satisfied. However, in prac-
tice, it can be assumed that there is some proportional relationship
between the global imbalances and the convergence errors.

In this paper we will only focus on the particle balances, assuming
that qualitatively similar trends would be observed for momentum and
energy. The particle balances were found to be most critical to satisfy
in previous work.' ' In this work, the global imbalance of particles is
defined as

L

AT*
S

©)
where I' represents the sum of all inputs of particles belonging to iso-
nuclear sequence o and I';,, represents the output. I';; consists of gas
puff injection and core boundary fluxes. Wall sputtering and pellet
fueling are not considered here. I';, , is dominated by the pumped neu-
trals. Minor contributions are neutrals that cross the core boundary
and ions that are directly absorbed at a surface. Note that in high-
recycling and detached regimes, the net influxes and outfluxes of par-
ticles can be one to two orders of magnitude smaller than the target
recycling fluxes. This adds to the numerical challenge of satisfying the
balances to a high accuracy.

lll. SIMULATION SETUP

We perform numerical convergence analyses on three different
cases. Two cases employ an EU-DEMO geometry (Fig. 2), taken from
Ref. 19. At the time of writing, the EU-DEMO equilibria are being
revised. However, the important point is that the numerical tests are
performed on a reactor-sized geometry. The first case is deuterium-
only while the second contains deuterium, helium, and argon, and has
a fusion-relevant core power flux. The third case is an artificial slab
geometry containing deuterium and helium. The test cases are
described in more detail in the following sections. All cases are run
without drifts and currents. The considered atomic and molecular
reactions are identical to the ones in Ref. 19.

A. D-only DEMO case

The D-only DEMO case has strongly simplified boundary condi-
tions. We impose a fixed core temperature of T; = T, = 1000 eV, a fixed
core ion density of 5 x 10 m~3, and a D, gas puff of 1 x 10®s71.
0.6% of incident neutrals are pumped away at the bottom of the divertor.

The anomalous transport is defined through the anomalous diffusion

i(AN), the anomalous viscosity n§AN> = Vi(AN)nimi, and the

anomalous ion and electron heat conduction ;ci(AN) = Xi(AN>ni and
(AN) (AN) #1e. The anomalous transport coefficients are spatially con-

Ke = Je
stant with Di(AN) = Xi(;zN) = VfAN) =1m?/s.

coefficient, D

B. D + He + Ar DEMO case

The D + He+ Ar DEMO case is based on Ref. 19. It contains
deuterium, helium, and argon, with all their charge states. A total heat
flux of 150 MW enters the domain from the core, equally distributed
among ions and electrons. The core particle flux of deuterium ions is
7.5 x 1021 s71, and that of He" ions is 7.1 x 102 s~ !, Zero-flux
boundary conditions at the core are imposed for He* and for all argon
ionization stages. The same D, gas puff of 1 x 10%s™! is present,
together with a 1.5 x 10 s~ puff of argon atoms. The locations of

ARTICLE pubs.aip.org/aip/pop

z
=
/i //////;///

Z [m]

R [m]

FIG. 2. Computational mesh used for the presented DEMO cases. In red, the B2.5
FV plasma grid. In blue, the triangle mesh for EIRENE. Inside the B2.5 mesh, each
quadrilateral is split into two triangles.

the gas puffs are given in Fig. 2. To mimic an H-mode transport bar-
rier, radially dependent transport coefficients are used, identically as
the ones in Ref. 9.

C. D + He artificial slab case

Some of the findings in this paper are supported by simulations
on an artificial slab case, as shown in Fig. 3. The details of the slab
geometry are explained in earlier work.”””' The slab case lends itself
excellently to numerical experiments, due to its fast convergence and
high mesh quality near the target plates. The fast convergence means
that many simulations can be performed at acceptable computational
cost and time. The high mesh quality ensures that conclusions about
the FV-MC coupling are not contaminated by artifacts arising from
poor mesh quality.

The slab case contains deuterium and helium. A fixed core parti-
cle flux of 2.5 x 102s7! is imposed for deuterium ions and 2.5
% 10?! s! for the He?" ions. 4 MW enters from the core, equally dis-
tributed among ions and electrons. The artificial slab case does not have
void regions. Each quadrilateral is split in two triangles for EIRENE. The
artificial cuts make sure that the core and private flux regions are mag-
netically separated. At the private flux boundaries, 5% of incident
neutrals and ions are pumped away. Because the case is poloidally
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FIG. 3. B2.5 computational mesh for the artificial slab cases.

symmetric, we do not make a distinction between the top and bottom
targets in the result discussion. The anomalous transport coefficients are

<AEN) =1and /™Y = 02m?/s.

i/

spatially constant with Di(AN> =y

D. Scan on numerical parameters

To answer the research questions posed in Sec. I, we perform a
cross-parameter scan on the time step of the plasma fluid solver, At,
and the number of particles per iteration, P.

The D-only DEMO case and the artificial slab are scanned with
At={10"*,1075,107%s} and {P/100, P/10, P, P x 10}, where,
for example, P/10 means that the reference particle distribution is
reduced by a factor 10 for each stratum. The reference particle distri-
bution for each case is given in Table . Because the multi-species
DEMO cases are most demanding in terms of computational cost and

TABLE 1. Reference particle distribution P for the three cases.

ARTICLE pubs.aip.org/aip/pop

time, only a subset of the scans is performed for them. The relaxation
factor o is kept constant at 0.5. Inside the separatrix, the time step is
increased by a factor 1000 for the D-only DEMO cases and by a factor
100 for the D 4 He 4+ Ar DEMO cases. It was checked that this multi-
plication has no effect on the numerical errors, because almost no neu-
tral particles reach this region.

Furthermore, the scans for the D-only DEMO case and the
artificial slab are performed both with and without neutral-neutral
collisions. The multi-species DEMO cases are only run with NNCs
included. The simulations are performed in the new unstructured
version of SOLPS-ITER,”” but the FV meshes are still structured.

IV. RESULTS
A. D-only DEMO case
1. Effect of neutral-neutral collisions on solution

The physical interpretation of the effect of NNCs is not the focus
of this paper. What is important is that the NNCs have a non-
negligible effect on the solution; otherwise, there would be no point in
analyzing their effect on the numerical convergence. Figure 4 displays
the ion temperature and electron density along the inner and outer tar-
get with and without NNCs for the numerically most accurate case
(P x 10 and At = 107%s). Target quantities in this paper are plotted
as a function of s — sep, where s is the length along the target plate
running from private flux to scrape-off layer, and s, is the length cor-
responding to the strikepoint location. The NNCs have a distinguished
impact on the steady-state solution, causing, for example, a ~ 50% dif-
ference on the peak inner target electron density.

2. Bias contribution due to neutral-neutral collisions

In this section, we study the bias error of the BGK NNC mecha-
nism in an isolated way, by performing inner EIRENE iterations on a
fixed plasma background. Figure 5(a) shows the ion heat source term
coming from EIRENE, along the bottom-most flux tube of the plasma
grid in the inner private flux region. The statistical noise is removed by
averaging over [ iterations, once the neutral model is in a statistical
steady state. For the case with P x 10, we used I = 100, and for the
cases with less particles I is determined by keeping P x I constant.
Without NNGCs, the result is independent of the number of particles
per iteration, as expected. With NNCs, we indeed observe a

D + He artificial slab D-only DEMO D+ He+ Ar DEMO

D He D D He Ar
Inner target 2.5 x 10* 2.5 x 10* 2.5 x 10* 2.5 x 10* 2.5 x 10° 2.5 % 10°
Outer target 2.5 x 10* 2.5 x 10* 2.5 x 10* 2.5 x 10* 2.5 x 10° 2.5 x 10°
Inner PF 2% 10* 2 % 104 2x10° 2x10° 2% 10* 2% 10*
Outer PF 2% 10* 2% 10* 2% 10° 2% 10° 2% 10* 2% 10*
MCW 2x10* 2x10* 2x10° 2x10° 2% 104 2x10*
Vol. Rec. 1x10* 1% 10* 7 % 10° 7 % 10° 7 % 10* 7 x 10*
Gas puff 1x 10* 1x 10* 1.10°
Tot/species 12x10° 12 x10° 7.3 x 10* 7.3 x 10* 6.3 x 10° 7.3 % 10°
Total 24x%10° 7.3 x 10* 1.43 x 10°
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deterministic difference depending on P. This is the bias due to the
non-linearity of the kinetic equation with NNCs. This bias follows the
expected 1/P scaling, as shown in Fig. 5(b). However, the bias is small,
with only ~10% difference between the case with P x 10 and P/100.
The differences become even smaller further away from the sub-
divertor.

3. Bias error estimation for coupled plasma-neutral
simulations

Figure 6 displays the converged and post-processing-averaged
target profiles for the case with NNCs with different numerical inputs.
Qualitatively, there is convergence to a unique solution for sufficiently
high P and sufficiently small At. The predicted interdependence of the
bias, the time step, and the number of particles is clearly visible in the
results. For At = 1075, even the case with P/100 is already quite
accurate, whereas for At = 107* and At = 107" s, P/100 leads to a
large numerical error, pushing the solution to a completely different
regime. However, increasing the number of particles drives the solu-
tions with large time steps to the correct solution. Clearly, the same
number of particles leads to a lower bias in combination with a smaller
time step. The relative differences between the solutions are analyzed
quantitatively in Figs. 7 and 8. For P — o0, the steady-state result
should be independent of At. However, here we observe a stagnation
toward slightly different solutions. The reason for this is analyzed in
Sec. IV AS5.

To summarize the accuracy of each simulation in a concise way,
we consider the relative L2-norm error on the electron density over
the entire plasma grid

N

Z Vi (ne; — ne,REFj)Z
" : (10)

N
2
E Vi« g jer
i

where N is the number of cells, V; is the volume of cell i, n.. is the elec-
tron density, and #. rer is the electron density of a reference solution
(on the same grid) obtained with a larger number of particles, smaller
time step, or both. Because all simulations are performed on the same
grid, and because we average over a large number of iterations in the
statistical steady state, we can say that ¢, 1, is a good approximation
for the bias error &.

Figures 7 and 8 summarize the results of the cross-parameter
scan on P and At. Figures 7(a) and 7(c) shows, for each At separately,
the relative error compared to the case with P x 10, with and without
NNCs, respectively. The bias clearly decreases with 5. There is no
noticeable effect of the NNCs on the convergence behavior. When
comparing each simulation with the most accurate result (At = 1076
and P x 10) in Figs. 7(b) and 7(d), we initially also observe a 4 scaling,
but the decrease flattens because of the stagnation toward slightly dif-
ferent solutions. Figures 8(a) and 8(c) shows, for each P separately, the
relative error compared to the case with At = 10~° s, with and without
neutral-neutral collisions, respectively. Figures 8(b) and 8(d) again
compares each result to the most accurate solution with At = 107%s
and P x 10. From these figures, it is clear that for a given P the bias
increases monotonically with the time step, but the increase is weaker
than the theoretical prediction of ~ At made in Ref. 10. Again, the
neutral-neutral collisions do not cause any significant difference in
convergence behavior.

En. L2 =
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FIG. 5. lon heat source due to neutral interactions as calculated by EIRENE on a
fixed plasma background, in the bottom-most flux tube of the inner divertor leg (a).
Relative difference compared to the result with P x 10 for the ion heat source terms

encircled in magenta, black, and green (b).

4. Global particle balance

Figure 9 compares the influx and outflux of particles over 1000
iterations in the statistical steady-state phase for the simulations with
At = 107* s. The influx of particles consists of the gas puff and the

ARTICLE pubs.aip.org/aip/pop

core particle flux. Because the D-only case employs a fixed core density,
the resulting core particle flux depends on the solution. In the plot we
use the value from the most accurate simulation, but it was checked
that the influxes for the other cases differ only a few percent. The figure
shows how the global particle balance evolves from being off by an
order of magnitude for P/100, to being perfectly satisfied for P x 10. It
was double-checked that the code guarantees perfect particle conserva-
tion for a given plasma background, ie., for each isonuclear sequence
the sum of all EIRENE ionization sources is exactly equal to the sum of
the incident fluxes minus the pumped fluxes. The global imbalances
arise due to the non-linear plasma-neutral coupling throughout the
iterations. For completeness we mention that the target recycling flux is
roughly 5.5 x 10* 571, a factor 34 larger than the influx.

5. Investigation of convergence anomaly

For the limit of P — o0, the steady-state solution should converge
toward a unique solution, regardless of the false time step. However, we
observe a stagnation in the P— scan toward slightly different solutions
for different time steps. Upon deeper investigation, this was traced back
to radial oscillations in the parallel ion velocities (V;)|). Figure 10 shows
a radial cross section of the plasma grid, 8 cells upstream of the inner
target (corresponding to ~ 2 cm upstream of the strikepoint along the
separatrix), where the encountered anomaly is most pronounced.
Although the profiles of n (shown in the figure) and temperatures (not
shown in the figure) are smooth throughout the iterations, there are
radial oscillations in the parallel ion velocity. These oscillations are ran-
dom in time, because they disappear when averaging the result.
Furthermore, the magnitude of the oscillations increases quickly with
At, but decreases only slowly with P. This is surprising, because it was
checked that a deterministic fluid neutral case on the same grid with the
same time step does not lead to such oscillations. We appear to have
encountered a numerical oscillation that is triggered by any amount of
statistical noise, but does not linearly decrease with the magnitude of
the statistical noise. This causes the offset in the solution for different
time steps for P — oo. A possible underlying cause is that the EIRENE
sources for parallel momentum are much more noisy than those for
particles and energy, because EIRENE uses a collision estimator instead
of a track-length estimator for the charge-exchange collisions.

B. D + He artificial slab case

We again perform a cross-parameter scan over At and P for the
D -+ He artificial slab case. The effect of the underrelaxation scheme of
Sec. 11 G is studied in detail here. To keep the number of simulations
tractable, the underrelaxation is only performed for the cases with
P/100. Section IV B 1 investigates the impact of the underrelaxation
scheme on the convergence speed, Sec. IV B2 discusses the cross-
parameter convergence scan, and the global particle balances are stud-
ied in Sec. IV B 3. These first three subsections consider only the case
without NNCs, while a subset of the analysis is repeated with NNCs in
Sec. IVB 4.

1. Impact of underrelaxation on convergence speed and
stability

A first question is whether the underrelaxation scheme has an
impact on the convergence time. Figure 11 shows the time evolution
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starting from a flat initial state (T, = T; = 100eV, np+ = 10 m™3,
Nper = N+ = 10°m™3, and zero parallel velocity). Clearly, the
underrelaxation parameter Ny, does not cause any significant delay of
the transient phase.

A second question is to what extent the underrelaxation can be
increased. As Ny, increases, the Monte Carlo noise reduces, but the
time-lag between the underrelaxed sources and the most recent plasma
state increases. This time-lag can lead to oscillations and divergence.

126 ——P/100
P/10
—P
1or . Px10
" .
— — influx
X 8 7
S
™
6+ -
4+ _
2 L -
0 1 1 L 1
0 200 400 600 800 1000

iteration

FIG. 9. Comparison of the influx (thick black line) to the outflux of particles (thin col-
ored lines) for different numbers of MC particles, over 1000 iterations in the statisti-
cal steady-state phase. Case: At = 10~ without NNCs.

10° 108

1/(At) [1/s] (d)

Table 11 gives an overview of which cases worked and which cases
diverged. These findings indicate that there is roughly an inverse pro-
portionality between the time step and the maximum allowable Ni.
This is expected, as the product of At and Ny, is proportional to the
time-lag between the averaged sources and the plasma state.

2. Convergence analysis

Figure 12 displays the ion temperature and electron density along
the target for the cross-parameter scan of the cases without underrelax-
ation. The findings are qualitatively similar to those for the D-only
DEMO case, although the magnitudes of the largest bias errors are
smaller. For the larger time steps, the cases with P/100 end up in a dif-
ferent solution, while for At = 107 s, the case with P/100 is already
quite close to the most accurate result. The anomalous radial oscilla-
tions on the parallel velocity as observed for the DEMO D-only case
do not occur here, likely due to the simple geometry and high mesh
quality of the artificial slab. Therefore, the cross-parameter scan now
does converge to a truly unique solution.

Figure 13 provides an example of how the underrelaxation can
reduce the noise and the bias. The figure shows a timetrace of over
1000 iterations of the electron temperature at the strikepoint in the
steady-state phase of the simulation. For At = 10~* s and At = 107>
s, the standard cases with P/100 and P are compared to the case with
P/100 combined with N, =100. The underrelaxation scheme success-
fully reduces the noise and brings the averaged solution much closer to
the correct result, without any increase in CPU time or memory.

We again use the relative L2-norm of the electron density to esti-
mate the bias error. Figure 14(a) gives the estimated bias error based
on the case with P x 10, for each At separately. Figure 14(b) uses the
most accurate result as the reference for all cases. It is again confirmed
that the bias decreases with 1/P.
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In Fig. 15, the convergence is plotted as a function of At.
Similarly as for the D-only DEMO cases, there is for a given P a mono-
tonic decrease in bias for decreasing At, but the decrease is generally
weaker than ~ At. Figure 15(b) also includes the estimated bias errors
for the cases with underrelaxation. The underrelaxation succeeds in
reducing the bias by 1-2 orders of magnitude compared to the cases
with P/100 without underrelaxation [triangles vs red squares in
Fig. 15(b)]. However, the cases with underrelaxation exhibit less clear
trends with respect to the time step and Ny,. A possible explanation is

TABLE II. Convergence results for different combinations of time step and Ni.
Green: successful convergence, also when starting from a flat state. Red: diver-
gence, even when starting from an almost-converged state. Orange: success from
an almost-converged state, but crash from a flat state. Yellow: successful conver-
gence from a almost-converged state. When starting from a flat state, a temporary
increase in the minimum allowable temperatures was needed to prevent a crash.

At=10""*s At=10""s At=10"Cs
N,,=10
N,, =100
N,, = 1000

t [s]

that if Ny, gets too close to the stability limit, oscillations of larger mag-
nitude arise, which again reduce the accuracy.

3. Global particle balances

This section studies the convergence of the global particle balan-
ces and the effect of the underrelaxation on the balances. Figure 16
compares for a subset of cases the influx of D and He particles to the
outfluxes over 1000 iterations in the statistical steady state. Both for D
and He, the global balances converge to the correct solution for
increasing P. The pumped flux calculated by EIRENE is not explicitly
averaged through the underrelaxation scheme, so the statistical vari-
ance for P/100 is of the same magnitude with and without underrelax-
ation. However, the averaged result with underrelaxation is much
closer to the correct value due to the decreased bias error.

Finally, the relative imbalances for all cases are given in Table III.
These results show how the global balances generally improve with
increasing number of MC particles, decreasing time step, and increas-
ing underrelaxation. By comparing the global particle imbalances from
Table I1I to the estimated bias errors in Fig. 15, one can see that they
are qualitatively related. These findings confirm that tracking the
global balances is useful. Although they do not provide information on
the precise magnitude of local error contributions, they give a crude
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tron density (right) along the target plates
of the D + He artificial slab case, for differ-
ent combinations of the number of MC
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cases with smaller time steps and more
particles become visually indistinguishable
because they converge toward a unique
solution.
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indication about the numerical convergence, without needing a com-
putationally more expensive reference solution.

4. Inclusion of neutral-neutral collisions

When including BGK neutral-neutral collisions in the slab case,
the target ion temperature changes about 5%. This is a smaller effect
compared to the D-only case (Fig. 4), but still sufficient to determine if
the NNCs have an effect on the convergence behavior. We now

0 2 4 6

s-ssep [ecm]

include a single case with underrelaxation (At = 10~°s, P/100, and
Ny = 100). Notice that for now, the underrelaxation scheme is only
applied to the plasma source terms and not yet to the BGK neutral
background. The latter can be considered for completeness, but the
results of this paper indicate that this is not a priority. Figure 17 dis-
plays the target ion temperatures for a subset of the combinations of
At and P and for the case with underrelaxation. Again, the interdepen-
dence of the time step and bias is clearly visible. The underrelaxation
scheme (magenta dashed line) succeeds in reducing the bias, leading to
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FIG. 14. Relative L2-norm errors of n, compared to different reference solutions.

a solution that is almost identical to the numerically most accurate
ones, while simulating only very few particles per iteration. This is fur-
ther clarified in Fig. 18, which shows the relative L-2 norm error on 7.
Comparing Figs. 18 and 14(a), there is no noticeable impact of NNCs
on the convergence behavior. Because the bias error due to NNCs is
negligible compared to that of the plasma-neutral coupling, the under-
relaxation scheme achieves a large bias reduction, although the BGK
neutral background itself is not averaged.

C. D + He + Ar DEMO case

Because of the high computational cost of the multi-species cases,
we study only the runs with At = 107 s for P/10, P, and P x 10, one
case with underrelaxation: At = 10~ s, P /10, Ny = 100, and the case
with At = 107¢ s and P/10. Because of the limited number of cases it
is not possible to present a quantitative convergence assessment, but
the findings of Secs. IV A and IV B can be qualitatively confirmed.

Initially, the number of particles per stratum for He and Ar were
taken the same as for D. However, it was then observed that the bias
errors were up to two orders of magnitude larger than for the D-only
case. Because the average EIRENE CPU time per particle is a factor 4
lower for He than for D, and a factor 12 lower for Ar than for D for
these cases, it was decided to increase the number of impurity particles
with a factor 10, as shown in Table I. This partially resolved the issue.

The case indicated with “IMP/10” in Fig. 19 provides an example of

the very large numerical errors that were observed when the number
of impurity particles were not multiplied with a factor 10 compared to
deuterium.
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FIG. 15. Relative L2-norm errors of n, compared to different reference solutions.

1. Target profiles

Figure 19 shows the target profiles corresponding to the different

numerical settings. The inner target is deeply detached, with ion tem-
peratures below 1.6 eV along the full length of the target plate. The outer
target is partially detached, with an ion temperature around 1€V at the

strikepoint but increasing to above 20 eV toward the baffle. Several con-
clusions can be made about the numerical convergence. Since the cases

with P and P x 10 for At = 10" differ less than 5 %, we can safely

assume that P x 10 is close to convergence. The interdependence of the

time step and bias is again proven, as the case with P/10 is closer to the

correct solution with At = 107 s than with At = 107> s. Comparing
Fig. 19 with Fig. 6, the bias error for P/10 and At = 10> s is much

larger for the high-power multi-species cases than for the low-power

D-only case, although we had already increased the number of impurity

MC particles by a factor of 10. On the outer target, the underrelaxation

scheme successfully reduces the bias. On the inner target, however, there
remains an offset. It is expected that here the underrelaxation scheme is
close to the stability limit.

2. Particle balances

Figure 20 shows how increasing the number of MC particles per
iterations generally improves the global particle balance. Similarly, as
before, the underrelaxation scheme improves the balance as well
However, contrary to the D-only DEMO case (Fig. 9) and the slab case
(Fig. 16), the outfluxes for He and Ar now seem to converge toward a
slightly wrong value, corresponding to an imbalance of 5%—6%. This was
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traced back to limits imposed on the density and parallel velocity. In
SOLPS-ITER, it is a common problem that the parallel velocities of cer-
tain impurities achieve unrealistically high values in regions where their
density is low. These exuberant parallel velocities can further lead to artifi-
cial viscous heating, eventually leading to the crashing of the code. For
now, this is resolved by imposing a minimum density #y, and maxi-
mum Mach number M. In the set-up of the multi-species DEMO
cases, Nmin = 10* m ™3 and M, = 2 were selected. It was found that for

TABLE Ill. Relative global particle imbalances for the D + He slab cases. The pre-
cise values below 0.1% are not listed because they are dominated by residual statis-
tical noise.

D global particle imbalance (%)

At=10""%s At=10""s At=10"°s

P/100 28.6 15.4 16

P/10 2.1 0.8 0.25
p 0.2 0.13 <0.1
Px10 <0.1 <0.1 <0.1
P/100, N,,, = 10 0.26 0.22 <0.1
P/100, N,,, = 100 0.13 0.12 <0.1
P/100, N,,, = 1000 o e <0.1

He global particle imbalance (%)

At=10""s At=10""s At=10"%s

P/100 38.5 26.2 11.4
P/10 5.6 3.08 1.02
P 0.65 0.41 0.29
Px10 0.15 0.11 0.16
P/100, N, = 10 0.87 0.82 1.0

P/100, N,, = 100 <0.1 0.19 0.5

P/100, N,,, = 1000 e e <01

every ionization stage of argon, the minimum particle density limit is
reached in part of the domain. Additionally, it was found that the Mach 2
limit is reached in a substantial part of the divertor legs for the helium
ions. A subset of these findings is displayed in Fig. 21. When such user-
imposed limits are reached, the global balances cannot be satisfied
perfectly, even for P — oco. Mainly, the choice of My, = 2 was, in hind-
sight, too restrictive.

D. Accuracy vs computational cost

A detailed optimization of total CPU cost vs total numerical accu-
racy is not performed here. A methodology to do this was already

Ti along target [eV]

1.8 \ ‘ ; .
16 e T 1
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FIG. 17. lon temperature along the target plates of the D + He artificial slab case,
for different combinations of the number of MC particles P and the time step At,
and one case with underrelaxation. Case with NNCs.
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FIG. 18. Relative L2-norm errors of n, for the D + He slab case with NNCs.

proposed in Ref. 8. In this paper, we limit ourselves to some useful
pointers.

The increase in bias with At does not mean that it is generally
advised to reduce the time step, because the required number of

ARTICLE pubs.aip.org/aip/pop

iterations scales with 4, linearly increasing the total CPU cost required
by both EIRENE and B2.5. In contrast, increasing P only effects the
EIRENE CPU time. Furthermore, the EIRENE wall time can be easily
reduced by parallelizing over a large number of cores. However, the
time step is often limited due to the stability of the plasma model, par-
ticularly when drifts and currents are included. Without drifts, larger
time steps are typically possible, but a too large time step can still result
in numerical issues, such as the oscillations on the parallel velocity that
were observed here. An important insight is that, when one is forced
to reduce At due to the stability of the plasma model, one can reduce
P, while still retaining the desired accuracy. The effect of the non-
linearity of the neutral-neutral collisions on the convergence behavior
was found to be negligible compared to the non-linearity of the
plasma-neutral coupling, hence this effect must not be taken into
account when optimizing the CPU cost. The underrelaxation scheme
introduces an additional dimension to the optimization problem. The
stability limit of the underrelaxation, which in itself depends on the
time step, further complicates matters. Based on the results of this
paper we recommend for now Ny, = 10 for At = 10~ s and N,; =
100 for At = 107> s or At = 107 s. The stability limit is likely case
dependent, so more research is needed to find generalized recommen-
dations for Ny;.

V. CONCLUSIONS AND FUTURE WORK

The numerical convergence behavior of SOLPS-ITER plasma
boundary simulations with kinetic neutrals was studied by performing
a cross-parameter scan on the time step At and the number of Monte
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=10"° s. The fluxes are shown over 100 iterations in the statistical steady-state
phase.

Carlo particles per iteration P. This was done for a low-power deute-
rium-only DEMO case, a D + He artificial slab, and a D+ He+ Ar
high-power DEMO case. The paper focused on the bias error, which is
the deterministic offset in the expected value of the solution upon con-
vergence to a statistical steady-state. The interdependence of At, P, and
the bias error was clearly exposed. For a given time step, the bias error
reduces with 1/P, as expected from theory. For a given P, the bias error
increases monotonically with At, but the precise scaling is less clear,
typically varying between At and v/At. This knowledge can be
exploited when one is forced to take a small time step on account of
the plasma model, for example when drifts and currents are included.
Inversely, the combination of a large time step and a low number of
particles produces large numerical errors. Increasing the time step
from At = 1077 to At = 107 s (for example, when switching from a
case with drifts to a case without drifts) will increase the bias error by a
factor 10-100 if the number of particles per iteration is kept the same.
It was shown that BGK neutral-neutral collisions lead to an addi-
tional component to the bias error. However, this bias contribution
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appeared to be negligible compared to the one arising from the
plasma-neutral coupling for the studied cases. If in the future cases are
discovered where the bias contribution due to neutral-neutral colli-
sions is not negligible, then the underrelaxation scheme should be
implemented for the neutral BGK background as well.

On an identical DEMO geometry, the bias errors for the high-
power D + He + Ar case were found to be roughly one order of mag-
nitude larger than for a low-power D-only case, although the number
of MC particles for the impurities themselves was already increased by
a factor 10. The reason is not precisely known; possible explanations
are that the Monte Carlo techniques used by EIRENE are not
optimized for absorption-dominated argon neutrals, or that stronger
non-linearities are present in the plasma-neutral coupling in the more
reactor-relevant case. The large bias errors encountered for the
D + He + Ar DEMO case prove that the study of this numerical error
remains highly relevant.

The performance of an underrelaxation scheme for the noisy
kinetic neutral source terms was investigated. The scheme appears
promising to speed up the convergence of SOLPS-ITER simulations, at
least for steady-state cases. It was shown that the number of iterations
needed to reach steady state does not increase when using the scheme
with a fixed underrelaxation parameter (contrary to the Robbins-
Monro approach, where the neutral sources are averaged over all itera-
tions). The scheme successfully reduced the bias errors by one to two
orders of magnitude, without requiring any additional computational
cost or data storage. However, it was shown that the underrelaxation
scheme can become unstable or reduce accuracy if the product of the
time step and the underrelaxation parameter is too high. A deeper
understanding of the stability of the scheme should be the goal of
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future work. The performance of the scheme should be tested for more
cases. An important shortcoming of the presented work is the absence
of drifts. Drifts and currents are not expected to affect the scaling of
the numerical errors, but they can affect the absolute values. In princi-
ple, the underrelaxation scheme can be applied to drift cases without
change, but the stability could be affected. Investigation of drift cases
should be a priority for future research. The underrelaxation scheme
should then also be compared to the use of inner iterations, which is
currently the most popular strategy to reduce the computational cost
of EIRENE for drift cases.”””*

For now, we have used a spatially constant time step (except for
the core multipliers). When searching for a steady-state solution, this
is not required.”” The effect of spatially varying timesteps on the bias
errors and on the stability of the underrelaxation scheme should also
be investigated in future work.

It was shown that the global particle balances are qualitatively
linked to the bias errors and can hence be used to get a rough idea
about the numerical convergence of a simulation case. For the D-only
DEMO case and for the D+ He slab case, global imbalances of
less than 0.1% were achieved with the numerically most accurate
cases. The underrelaxation scheme improves the balance. For the
D+ He+ Ar DEMO case, global particle imbalances of 5% — 6%
remained for the most accurate case. This was traced back to user-
imposed limits on the minimum particle density and maximum Mach
number.

Finally, it should be investigated why the observed scaling of the
bias error with At in the presented SOLPS-ITER simulations does not
precisely follow the theoretical predictions made in previous theoreti-
cal work."” This can be done by starting from the 1D simulations of
Ref. 10 and step-by-step elaborating the physical and geometric
description toward that of SOLPS-ITER.
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