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Michele Goano(1,2), Simona Donati Guerrieri(1), Fabrizio Bonani(1), and Giovanni Ghione(1)

(1) DET, Politecnico di Torino, Torino, Italy and
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Advanced applications based on semiconductor nanostructures require accurate modeling tools for
the description of coherent and dissipative quantum processes, but, crucially, also microscopic fluc-
tuations and their propagation to the contacts. Being the two aspects, conduction and fluctuations,
intimately related by the fluctuation-dissipation theorem, the analysis of carrier transport and noise
properties should be addressed at the same level of approximation to obtain a complete and unam-
biguous understanding of the quantum system. Starting from a quantum transport model based
on the nonequilibrium Green’s function formalism, we identify a set of microscopic noise sources in
terms of fundamental current and charge fluctuations in the presence of dissipative processes. The
noise sources are added to the relevant conservation equations, and the power spectra of the short-
circuit current fluctuations are evaluated through a linear perturbation theory equivalent to the
classical impedance field method for noise analysis. Numerical examples with textbook structures
are shown to establish a connection with semiclassical noise theories. Application to a resonant
tunneling diode shows the potential of the proposed model as a tool to probe the electron kinetics
in highly nanostructured devices. The present work concerns fluctuations associated with intra-
band scattering processes. The extension to number fluctuations due to interband scattering could
provide information on the technological quality and physical origin of degradation mechanisms in
state-of-the-art optoelectronic devices such as type-II superlattice photodetectors.

I. INTRODUCTION

A unified description of carrier transport and noise
properties beyond semiclassical approximations is needed
to assess the potential of advanced optoelectronic appli-
cations based on highly nanostructured materials. Prob-
ing fluctuations in nanostructures may provide valuable
information on carrier transport properties that would
not be directly accessible to (average) DC steady-state
characterizations [1]. For example, carrier mobilities are
intimately related to noise, and in fact “noise diffusivity”
in bulk materials is usually evaluated from the autocor-
relation function of velocity fluctuations in Monte Carlo
simulations [2]. The Fano factor, the ratio of the shot
noise power to its full Poissonian value, is highly indica-
tive of the nature of carrier transport. Deviations from
the shot noise behavior have been studied in resonant
tunneling diodes [3, 4] and superlattices [5–7], revealing
the relative importance of coherent propagation, and dis-
sipative, phase-breaking processes in different bias condi-
tions. Correlations between 1/f noise and specific dark
current components (shunt, generation–recombination,
and trap-assisted tunneling currents) have been observed
in type-II superlattice (T2SL) infrared detectors [8]. Fi-
nally, low-frequency noise characterization is also a sensi-
tive tool to investigate device quality, reliability, and the
physical origin of degradation mechanisms [9, 10].

Physics-based noise analysis in semiconductor devices
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is usually carried out in the drift-diffusion (DD) approx-
imation, assuming small fluctuations and converting the
linearized physical model into a Langevin equation, i.e., a
partial differential equation complemented with stochas-
tic forcing terms, the Langevin forces [11, 12]. The drift-
diffusion model is just the starting point of a hierar-
chy of hydrodynamic transport models [13], which can
be formally derived, including microscopic noise sources,
from the statistical moments of the Langevin–Boltzmann
equation (LBTE), the fundamental equation for particle
transport and noise in semiclassical physics [14, 15]. Be-
sides moment-based methods derived from the LBTE,
Monte Carlo simulations have been extensively used to
evaluate velocity and population fluctuations in bulk
materials and devices by solving directly for the BTE
[2, 16, 17]. By mimicking the physics of scattering, the
method directly provides microscopic variables as real-
ization of random processes, thus allowing to separate
fluctuations from averages [18]. However, the common
semiclassical origin of these models makes them unsuit-
able for the analysis of noise in highly nanostructured
devices [19].

Among genuine quantum approaches, the nonequilib-
rium Green’s function (NEGF) formalism is the most ver-
satile and powerful. With foundations in advanced con-
cepts of many-body and quantum field theories, NEGF
has found wide-spread application in the modeling of ad-
vanced (opto)electronic nanodevices [20–22]. Being noise
essentially a two-particle property [23], [24, Ch. 13], con-
ventional expressions in terms of single-particle Green’s
functions obtained from Wick’s theorem are formally ex-
act only in the noninteracting limit [3, 25–28], in which
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the Landauer-Büttiker noise formula based on the scat-
tering matrix formalism [29] is recovered. In the presence
of scattering processes breaking the coherent propagation
of the carriers, additional vertex corrections should be
added to the mean-field contribution of noise. Although
scattering processes are somehow included in mean-field
expressions if Green’s functions and self-energies are com-
puted self-consistently, omitting these vertex corrections
would lead, even in the limit of weak interaction, to a vio-
lation of the fluctuation-dissipation theorem [30]. A very
elegant formalism to overcome the limitations of mean-
field theories, is the full counting statistics, a theory origi-
nally introduced in the 90’s by Levitov and Lesovik, moti-
vated by studies on photon counting [31]. An extension of
the standard NEGF scheme incorporating counting fields
allows to address current correlations and higher-order
current cumulants, while taking consistently into account
all contributions due to electron-phonon coupling up to
a given order in perturbation theory [30, 32].

Recently, we proposed an accurate, yet computa-
tionally efficient nonequilibrium Green’s function model
of dissipative carrier transport to study DC and AC
small-signal properties of semiconductor nanostructures
[33, 34]. As the model features a strong connection with
conventional drift-diffusion solvers, it is tempting to for-
mulate the problem of noise along the same lines of the
drift-diffusion approach [11, 35], i.e., to treat the fluctu-
ations generated by microscopic noise sources within the
device as small perturbations within respect to a steady-
state solution, and then propagate these fluctuations to
the contacts by means of the transfer function obtained
from the linearized model (a similar approach was re-
ported in [36]). Being the linearized model already avail-
able from the small-signal analysis [34], the remaining
task is the calculation of the microscopic sources, i.e.,
the Langevin forces.

The crucial approximation that enables the numeri-
cal evaluation of the Green’s functions and their func-
tional derivatives needed in the small-signal model – a
local, Büttiker-probe description of carrier-phonon scat-
tering within the self-consistent Born approximation –
is also the key to define the microscopic noise sources:
the Büttiker probes can be simply regarded as additional
terminals, whose charge and current fluctuations can be
computed with the multi-terminal scattering matrix the-
ory developed in [29]. The resulting microscopic noise
sources are spatially correlated and colored, as opposed
to the uncorrelated and white sources usually adopted
in Langevin-based approaches based on the DD approx-
imation. Moreover, the NEGF model accounts also for
charge fluctuations and more in general for long-range
Coulomb correlations [17, 37], when the electric field pro-
file is solved self-consistently.

II. THEORY

A very general form of the conservation equations valid
for both NEGF and drift-diffusion models reads for one-
dimensional nanostructures

∂

∂z

(
ϵ
∂

∂z
ϕ

)
= −e (p− n+ND) (1a)

∂n

∂t
= +

1

e

∂Jn
∂z

− Un (1b)

∂p

∂t
= −1

e

∂Jp
∂z

− Up, (1c)

where ϵ is the background dielectric constant, ND is the
net donor impurity concentration, n and p are the carrier
concentrations within the nanostructure, Jn,p the elec-
tron and hole current densities, and Un,p the net electron
and hole recombination rates, whose expressions depends
on the generation-recombination mechanisms included in
the simulation. Before we proceed with the lineariza-
tion procedure, it is convenient to include two additional
equations to define the circuit-oriented noise parameters.
Assuming that the device is voltage driven [38] and choos-
ing the left contact as the active one, we complement the
equations above with the circuit equation

VL = Vbias, (1d)

and the current equation (including both particle and
displacement components)

IL = A
[
Jn + Jp + ϵ

∂

∂t

∂ϕ

∂z

]
z=zL

, (1e)

where A is the device cross-sectional area. Analogous
equations for the right contact have been introduced in
our numerical implementation to verify the conservation
of noise spectra, but are not included here for the sake of
brevity. The inclusion of (1d) in the model equations may
appear redundant for a nanostructure driven by ideal
voltage sources. The constitutive relations of the em-
bedding circuit are strictly needed only in mixed-mode
simulations, but, as will be discussed in the following,
the inclusion of the additional variable VL simplifies the
calculation of the small-signal admittance needed for the
evaluation of the Nyquist noise limit.
Assuming as unknowns the electrostatic potential ϕ,

the electron and hole quasi-Fermi levels µn, µp (the Fermi
levels of the Büttiker probes in the NEGF formulation),
the voltage drop VL across the device, and the current
IL, the model equations (1) can be compactly written as

Fα(ϕ, µn, µp, VL, IL) = 0, (2)

where α = ϕ, µn, µp, VL, IL labels the equations from
(1a) to (1e). In order to perform the noise anal-
ysis, a small-amplitude stochastic forcing term, the
Langevin force ξα(z, t), is added to the right-hand side
of (2), thus perturbing the DC noiseless operating point
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(ϕ0, µn0, µp0, VL0, IL0), and resulting in the Langevin
equation

Fα(ϕ0 + δϕ, µn0 + δµn, µp0 + δµp, V0 + δVL, IL0 + δIL)

+
∂δn

∂t
δαµn

+
∂δp

∂t
δαµp

+ ϵ
∂

∂t

∂δϕ

∂z

∣∣∣∣
zL

δαIL = ξα.

(3)

Under the condition of small-amplitude time-varying per-
turbation of the source term, the device equations can be
linearized around the DC working point, thus yielding the
small-signal system in the frequency domain:

Λα(δϕ, δµn, δµp, δVL, δIL)

+Dα(δϕ, δµn, δµp, ω) = ξα(ω), (4)

where the linearized functionals Λα and Dα are defined
as

Λα(δϕ, δµn, δµp, δVL, δIL) =

∂Fα

∂ϕ
δϕ+

∂Fα

∂µn
δµn +

∂Fα

∂µp
δµp +

∂Fα

∂VL
δVL +

∂Fα

∂IL
δIL

(5a)

Dα(δϕ, δµn, δµp, ω) =

iω

[(
∂δn

∂ϕ
δϕ+

∂δn

∂µn
δµn

)
δαµn

+

(
∂δp

∂ϕ
δϕ+

∂δp

∂µp
δµp

)
δαµp

+
∂ILd

∂ϕ
δαIL

]
,

(5b)

where ILd is the displacement current at the left con-
tact, and all derivatives are evaluated at the steady-state
solution. In order to compute the short-circuit current
fluctuation spectra, let us define the transfer field GIβ as
the small-signal response of the terminal current to an
impulsive source term δIβ δ(z − z′) added to right-hand
side of the linearized current equation. Then, the fluctu-
ation of the terminal current induced by the microscopic
noise source ξβ is given by

δIL(ω) =
∑
β

∫
dz GIβ(z, ω)ξβ(z, ω), (6)

with β = ϕ, µn, µp, VL, IL. Application of the Wiener-
Lee theorem delivers the desired power spectrum of the
current fluctuations

SII(ω) =∑
γ,δ

∫∫
dz1dz2GIγ(z1, ω)Kξγξδ(z1, z2, ω)G∗

δI(z2, ω), (7)

where Kξγξδ(z1, z2, ω) are the correlation spectra of the
microscopic noise sources to be defined later.

The discussion so far was intentionally very general
to emphasize the common framework of DD and NEGF
noise models based on the impedance field method. In

order to proceed further, we need to express the relevant
quantities in terms of nonequilibrium Green’s functions.
For brevity, from this point forward, we report only the
equations for electrons in the conduction band. A finite-
difference discretization [39] of the steady-state Dyson
and Keldysh equations gives the matrix equations (we
assume a uniform mesh with spacing ∆ [40])

GR(E) =
[
E1−H − ΣR(E)

]−1
(8a)

G<(E) = GR(E)Σ<(E)GA(E), (8b)

where GA = (GR)†, 1 is the identity matrix, and H is the
(tridiagonal) Hamiltonian matrix (i is the nodal index){

Hii = ℏ2/(m∗
n∆

2)− eϕi +∆EC,i

Hii±1 = −ℏ2/(2m∗
n∆

2),
(9)

m∗
n is the electron effective mass, ∆ is the mesh spacing,

and ∆EC is the conduction-band discontinuity (nonzero
only for heterostructures). The retarded self-energy ΣR

includes boundary components to describe the coupling
with the contacts, as well scattering components to model
phase-breaking processes. Originally introduced to pro-
vide a simplified, phenomenological description of scat-
tering, the Büttiker-probe formalism was recently ex-
tended to provide a more rigorous treatment of electron-
phonon scattering within the self-consistent Born approx-
imation [41]. We follow this approach to compute the
self-energy ΣR

BP due to deformation potential scattering
mediated by acoustic and optical phonons, as described
in [34].
To avoid nonphysical reflections at the boundaries [42],

we include scattering also in the contacts. Extending the
scattering self-energy ΣR

11 associated to the first Büttiker
probe to the left contact, the recursive relation for the cal-
culation of the corresponding boundary self-energy gives
(h = E1−H) [43]

ΣR
L (E) =

h11 − ΣR
11 ±

√(
h11 − ΣR

11

)2 − 4h2
12

2
. (10)

A similar expression holds for the boundary self-energy
ΣR

R of the right contact. The choice of the solution is de-
termined by the requirement Im

{
ΣR

L,R

}
< 0 for a causal

Green’s function.
One of the advantages of the Büttiker-probe formal-

ism is that the retarded components of the self-energies
can be computed from the retarded Green’s functions
alone, while the lesser components are obtained from a
fluctuation-dissipation relation, thus decoupling the cal-
culation of retarded and lesser components. Since the
Büttiker probes may be considered as additional con-
tacts with Fermi levels µn, their self-energies being local
in space as those describing the coupling to the contacts,
we can use a unified notation for both physical and scat-
tering contacts to write the diagonal entries of Σ< as

Σ<
α (E) = iFα(E)Γα(E), (11)
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where Γα = i
(
ΣR

α − ΣA
α

)
is the broadening function and

Fα(E) is the occupation factor computed as the integral
over the transverse energy Ek of the Fermi-Dirac function
fα(E) = fFD(E−µα), multiplied by the two-dimensional
density of states N2D = 2sm

∗
n/(2πℏ2) (2s being the spin

factor)

Fα(E) = N2D

∫
dEk fα(E + Ek), (12)

the index α running over the physical terminals of the
device, i.e., the left and right contacts (α = L,R), and
the scattering terminals (α = 1 · · ·N), i.e., the Büttiker
probes.

With the definitions above, the finite-difference version
of (2) is (i = 1 · · ·N is a nodal index)∑

j

Pijϕj +
i

∆

∫
dE

2π
G<

ii(E)−ND,i = ξ
(i)
ϕ (13a)

1

∆

∫
dE

2πℏ
2Re{GR(E)Σ<

BP(E)−G<(E)ΣA
BP(E)}ii

+ iω
−i

∆

∫
dE

2π
G<

ii(E)− Un,i = ξ(i)µn
(13b)

VL − Vbias = ξVL
(13c)

IL − e

∫
dE

2πℏ
2Re{GR

11(E)Σ<
L (E)−G<

11(E)ΣA
L (E)}

− iωϵ1
ϕ1 − ϕ0

∆
= ξIL , (13d)

where P is the tridiagonal stiffness matrix arising from
the finite-difference discretization of Poisson’s equation{

Pii = (εi−1 + 2εi + εi+1)/(e∆
2)

Pii±1 = −(εi + εi±1)/(e∆
2).

(14)

Notice that the self-energies appearing in (13b) include
only the scattering component associated to the Büttiker
probes. At equilibrium, we set µn = 0, and we are left
only with the Poisson’s equation (13a), which is solved
with floating boundary conditions for ϕeq [34]. Out of
equilibrium, the full set of equations is first solved in
steady-state conditions by means of a Newton algorithm
to find the noiseless working point. Then, an augmented
version of the small-signal model presented in [34] is
solved for the transfer fields. The sum over the index
j in (13a) is extended from 0 to N+1 to shift the Dirich-
let boundary conditions one mesh step away from the
boundaries on either side of the nanostructure

ϕ0 = ϕeq
1 + VL (15a)

ϕN+1 = ϕeq
N , (15b)

so that the transfer fields will be defined over the whole
simulation domain, including also the first and last node.

The current conserving boundary conditions introduced
in [34] for the continuity equation (13b) are modified ac-
cordingly: the Fermi levels of the contacts are now fixed
by the applied bias V

µL = −eVL (16a)

µR = 0, (16b)

while the Büttiker-probe Fermi levels at the contacts are
considered as variables to accommodate current conser-
vation. The net recombination rate Un describing, e.g.,
radiative and SRH transitions, may be computed using
semiclassical expressions in terms of carrier densities [33],
or from appropriate interband scattering self-energies if a
multiband model of the electronic structure is employed
[44]. Since the focus of this work is on noise due to intra-
band scattering processes, we will not discuss Un further.
We will postpone the study of population fluctuations to
a future work.
Separating the system variables into two sets, the un-

knowns x = ϕ, µn, VL, and the observable IL, the lin-
earized small-signal system in block matrix form reads
(see [34] for analytical expressions of the functional
derivatives)(

Jxx 0
JIx −1

)(
δx
δIL

)
=

(
ξx
ξIL ,

)
, (17)

where Jxx and JIx are block components of the
frequency-dependent Jacobian matrix. A direct evalua-
tion of all the transfer fields relating the noise fluctuations
ξα with all the system variables would be computation-
ally inefficient, since for the noise analysis we need only
the elements GIβ connecting the terminal current fluc-
tuations with unit excitations in the model equations.
Originally developed for the sensitivity analysis of cir-
cuits, and later applied to noise models of semiconductor
devices [11, 45], Branin’s method allows to compute the
required transfer fields with a negligible overhead with
respect to the small-signal analysis. Solving for δx, and
substituting in the equation for the current fluctuations,
we find

δIL = yTξx − ξIL , (18)

where the column array y is the solution of the transposed
problem

JT
xxy = JT

Ix. (19)

Comparing (18) with (6), we find the transfer fields re-
quired for noise analysis: the elements of y correspond-
ing to the Poisson and continuity equations are the
short-circuit transfer fields GIϕ and GIµn

, respectively,
GII = −1, and the element of y that corresponds to the
voltage V provides the small-signal admittance GIV .
Having computed the transfer fields GIβ , we now turn

our attention to the calculation of the microscopic noise
sources ξα that appear in the right-hand-side of (13).
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Assuming no external noise sources (ξV = 0), inspection
of the fluctuating quantities in (13) gives

ξ
(i)
ϕ = δni (20a)

ξ(i)µn
=

δIi
e∆

+ iωδni (20b)

ξIL = δIL, (20c)

where δIi and δni are the current and charge fluctuations
of the Büttiker probes, respectively, and δIL is the cur-
rent fluctuation of the left contact. The average current
Ii flowing in the i-th Büttiker-probe may be computed as
Ii,i−1+Ii,i+1, where Ii,i+1 is the current flowing between
nodes i and i+ 1 [28]

Ii,i+1 =
e

ℏ

∫
dE

2π
2Re

{
Hi,i+1G

<
i+1,i(E)

}
. (21)

Current conservation implies that Ii must be zero upon
integration over energy, but the corresponding operator
fluctuates. The fluctuation of Ii,i+1 is characterized by
its spectral density, defined as the Fourier transform of
the correlation function (curly brackets indicate anticom-
mutators)

KδIi,i+1δIi,i+1
(t− t′) =

1

2
⟨{δIi,i+1(t), δIi,i+1(t

′)}⟩

= ⟨{Ii,i+1(t), Ii,i+1(t
′)}⟩ − 2⟨Ii,i+1⟩2. (22)

Following the procedure for the calculation of quantum
statistical averages [23], (22) can be expressed in terms of
two-electron Green’s functions, which are then approxi-
mated as the sum of products of two one-electron Green’s
functions according to Wick’s theorem [25, 26, 28, 46],
giving, in the zero-frequency limit (disconnected dia-
grams exactly canceling −2⟨Ii,i+1⟩2)

KδIi,i+1δIi,i+1
= e2H2

i,i+1

∫
dE

2πℏ
[G<

i,i+1(E)G>
i,i+1(E)

−G<
i+1,i+1(E)G>

i,i(E)−G<
i,i(E)G>

i+1,i(E)

+G<
i+1,i(E)G>

i+1,i(E)]. (23)

A more general expression valid at finite frequencies can
be found in [25]. In the ballistic limit, when no Büttiker
probes break the coherent propagation of the carriers,
and in the absence of Coulomb correlation effects, the
power spectrum defined in (23) is position-independent
and already provides the final result. However, in the
presence of phase-breaking processes, or even in the co-
herent limit when the electrostatic potential is computed
self-consistently to account for space-charge effects, the
complete set of microscopic noise sources (20) should
be defined and propagated to the contacts to recover
the Nyquist limit at equilibrium. The noise spectra of
these sources may be computed in terms of products of
lesser and greater Green’s functions following the same
approach used to derive (23), but the results are quite
lengthy. Moreover, difficulties arise in the integration

over the transverse energy that appears in the arguments
of the Fermi functions, which are encoded in the corre-
lation Green’s functions G≶. However, the calculation
of correlation spectra from the scattering matrix is more
transparent and compact, as the unitarity of the scat-
tering matrix expressing current conservation simplifies
the derivation [29]. Therefore, we find it more convenient
to move to a description based on scattering theory us-
ing the Fisher-Lee connection between Keldysh Green’s
functions and scattering matrices [47, 48],

sαβ(E) = −δαβ + iℏ
√
vα(E)vβ(E)GR

αβ(E), (24)

where the indices α and β run over the physical and scat-
tering terminals of the device, and the group velocities
are defined by

vα(E) = ∆Γα(E)/ℏ. (25)

Then, the zero-frequency power and correlation spectra
of the elementary noise sources δIα and δnα can be com-
puted from the multiterminal Landauer-Büttiker theory
[29]. We define a position- and energy-resolved power
spectrum of the current fluctuations in the zero-frequency
limit as

KδIαδIβ (E) = e2
∑
γδ

Aγδ(α,E)Aδγ(β,E)Fδγ(E) (26)

with the current matrix elements given by [29]

Aγδ(α,E) = δαγδαδ − s∗αγ(E)sαδ(E). (27)

Within scattering matrix theory, charge fluctuations are
usually described in terms of the local partial density
of states, which can be computed from the change of
the scattering matrix due to a local perturbation of the
electrostatic potential [49]. However, in the present ap-
proach, in which the functional derivatives of the scatter-
ing matrix are not immediately available (the Jacobian is
expressed in terms of steady-state Green’s functions), we
prefer to derive the charge fluctuations spectra directly
from the field operators introduced in [29], to obtain

Kδnαδnβ
(E) =

∑
γδ

Bγδ(α,E)Bδγ(β,E)Fδγ(E), (28)

where the charge matrix elements are defined as

Bγδ(α,E) = [δαγδαδ + s∗αγ(E)sαδ(E)

+ δα,γsαδ(E) + δαδs
∗
αγ(E)]/vα(E), (29)

while for the cross-correlation spectra we find

KδIαδnβ
(E) = e

∑
γδ

Aγδ(α,E)Bδγ(β,E)Fδγ(E). (30)

All integrals over the transverse energy Ek are now iso-
lated in the factors (a closed form expression can be found
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with symbolic integration tools, but it not reported here
for brevity)

Fδγ(E) = N2D

∫
dEk {fγ(E + Ek)[1− fδ(E + Ek)]

+ fδ(E + Ek)[1− fγ(E + Ek)]} . (31)

Following [50, Ch. 2] we decompose Fδγ in the sum of
two terms, a thermal noise component that vanishes at
zero temperature

F (th)
δγ (E) = Fγγ(E) + Fδδ(E), (32)

and a shot noise contribution that vanishes for zero cur-
rent [51]

F (sh)
δγ (E) = N2D

∫
dEk[fγ(E)− fδ(E)]2. (33)

From the energy-resolved spectra of the elementary fluc-
tuations, we can finally evaluate the (coloured) spectra
of the microscopic noise sources in (20), which are then
substituted in the discretized version of (7), to provide
the desired short-circuit current fluctuations

SII(ω) =
∑
γ,δ

GIγ(ω)Kξγξδ(ω)G
†
Iδ(ω). (34)

A similar procedure can be used for the calculation of the
open-circuit voltage fluctuations, the two representations
being related by the small-signal admittance.

III. RESULTS

According to Landauer–Büttiker scattering theory
[29], noise in a ballistic nanostructure is understood as
a mix of thermal emission noise from the reservoirs and
shot noise due to current partitioning between transmit-
ted and reflected flows. Shot noise is most pronounced
when the current results from statistically independent
electrons tunneling through a low-transparency barrier,
but may be significantly suppressed with respect to the
full Poissonian value 2eI in the presence of carrier cor-
relations due to either Fermi statistics, when electrons,
under degenerate conditions, are forced to pass through
the conductive channels of the nanostructure one by one,
or/and long-range Coulomb interactions, if carrier trans-
port is charge-controlled [37].

In application contexts in which quantum effects do not
play an essential role, Monte Carlo simulations have been
used by many authors [2, 16, 17] to study noise fluctua-
tions in semiconductor devices. Compared to scattering
matrix methods, particle-based techniques for the solu-
tion of the Boltzmann transport equation have the advan-
tage of including phase-breaking, scattering processes, as
well as long-range Coulomb interactions between carri-
ers. Monte Carlo simulations with self-consistent poten-
tial profiles computed from Poisson’s equation showed

that Coulomb correlations are expected to be significant
when the nanostructure is long enough compared to the
Debye length corresponding to the charge density in the
contacts, but not too long with respect to the mean free
path (the average distance between scattering events), as
the presence of scattering mechanisms reduces Coulomb
correlations, washing them out completely when the car-
rier transport becomes fully diffusive [52]. Moreover, in-
spection of the different contributions to the autocorre-
lation function of the instantaneous current fluctuations
revealed that the main contribution to noise suppression
originates from velocity-number correlations induced by
the self-consistent field [17, 53, 54]. The Monte Carlo
simulations were performed for a lightly doped active re-
gion of a semiconductor sample embedded between two
heavily doped contacts injecting carriers in the active re-
gion. Quantum corrections were not included (tunneling
across the barrier may be considered negligible for this
structure).
With the aim to compare our results with these semi-

classical studies, we consider a GaAs n-i-n diode con-
sisting of a 30 nm intrinsic layer between highly doped
contacts. The limited height of the barrier and a contact
doping of 1018 cm−3 ensures the degeneracy injection nec-
essary to observe the interplay of Fermi and Coulomb cor-
relations. Restricting our attention to the zero-frequency
limit, we partition the microscopic noise sources (20) into
two sets, the first including current fluctuations at phys-
ical and scattering terminals (corresponding to the dif-
fusion noise sources due to velocity fluctuations in the
DD formalism), and the second one including only charge
fluctuations (absent in DD-based noise models). Then,
we can decompose the total current noise spectrum SII

into three contributions

Svv =
∑

γ,δ=µn,I

GIγKξγξδG
†
Iδ (35a)

Svn =
∑

γ=µn,I

2Re
{
GIϕKξϕξγG

†
Iγ

}
(35b)

Snn = GIϕKξϕξϕG
†
Iϕ, (35c)

corresponding to current, current-density and density
correlations, respectively. Fig. 1a shows the decompo-
sition of the zero-frequency current noise spectrum as
a function of the applied bias. All spectra are nor-
malized with respect to the equilibrium thermal noise
Seq = 4kBTGeq, Geq being the small-signal conductance
at equilibrium. Also shown for reference is the Poissonian
power spectrum computed with the conventional expres-
sion used to describe the crossover from thermal to shot
noise [55, Ch. 6]

SP = 2eI coth

(
eV

2kBT

)
. (36)

At equilibrium, the Nyquist limit is recovered with ma-
chine precision accuracy, which represents a stringent test
for any microscopic noise model. For this fundamental
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FIG. 1. (a) Decomposition of the zero-frequency current noise spectrum (solid black line) of the n-i-n diode into velocity
(dashed red line), velocity-number (dashed-dotted green line), and number-number (blue dots) contributions versus applied
voltage. The Poissonian expression (36) is also shown for reference (magenta dots). (b) Thermal (dashed blue curve) and shot
noise (dashed-dotted red curve) components of the current noise (solid black line). (c) Current noise suppression factors ΓC,
ΓF, and Γ = ΓCΓF, computed as a function of the applied bias. All calculations were performed at room temperature. Spectra
are normalized with respect to the equilibrium thermal noise.

law to hold exactly, the Jacobian matrix must be com-
plete and accurate, and the transfer fields must be well
defined also at the boundaries, which lead us to reformu-
late the current conserving boundary conditions intro-
duced in [34] as discussed in Section II. For low applied
voltages, the overall current noise spectrum can be en-
tirely ascribed to local current fluctuations, as density
and current-density fluctuations are not propagated by
the equilibrium transfer fields (from a Monte Carlo per-
spective, Snn and Svn are zero at equilibrium because
they are both proportional to the average velocity [52]).
At higher applied voltages, both Snn and Svn contribute
to the total noise with opposite signs, their magnitude
peaking just before the current saturation [56].

The contribution Svn due to current-density correla-
tions is negative and only partially compensated by Snn,
leading to noise suppression, in agreement with [17].
When the coherent limit is approached, our NEGF cal-
culations are also in agreement with analytical results
based on the solution of Vlasov’s equation (the collision-
less Boltzmann transport equation) with a self-consistent
field: for lower scattering strengths, the noise spectrum
SII is suppressed below the equilibrium Nyquist limit
predicted by the fluctuation-dissipation theorem, a con-
dition known as “negative excess noise” [37, 57].

The current spectrum may also be decomposed in ther-
mal and shot noise components according to the defini-
tions (32) and (33). At low applied voltages, the thermal
component dominates, converging to the Nyquist limit at
equilibrium, while the shot-noise component becomes sig-
nificant when the current starts to saturate, see Fig. 1b.

In order to disentangle Fermi and Coulomb correla-
tions, we fix the electrostatic potential in the calculation

of the transfer fields by setting to zero the corresponding
off-diagonal blocks in the Jacobian matrix in (19). Defin-

ing S
(uncor)
II as the current spectrum obtained by switch-

ing off Coulomb interactions, we introduce the suppres-
sion factors

ΓF = S
(uncor)
II /SP (37a)

ΓC = SII/S
(uncor)
II (37b)

due to Fermi and Coulomb correlations, respectively.
Fig. 1c shows ΓF, ΓC, and the total suppression factor
Γ = ΓCΓF as a function of the applied bias. While ΓF

decreases almost monotonically, ΓC exhibits a more pro-
nounced minimum, after which it increases approaching
unity as the potential barrier disappears under satura-
tion conditions when space-charge effects do not modu-
late anymore the random injection of the carriers from
the contacts [17], in qualitative agreement with analyti-
cal results obtained from the solution of the collisionless
Boltzmann equation coupled with Poisson’s equation and
complemented with stochastic boundary conditions [37].
Coulomb correlations usually lead to shot noise sup-

pression, but enhancement is also possible in the pres-
ence of a negative differential conductivity (NDC) re-
gion. As an example, we consider the resonant tunnel-
ing diode (RTD) studied in [34], consisting of a 5 nm
In0.53Ga0.47As quantum well between 1.5 nm-thick AlAs
barriers. The intrinsic double-barrier quantum well het-
erostructure is embedded in lightly doped spacer layers
(20 nm, ND = 1017 cm−3), followed by heavily doped
contact layers (20 nm, ND = 1019 cm−3). If the RTD
is biased in the NDC region, when the resonant energy
is falling below the conduction band at the emitter con-
tact, the presence of one electron inside the quantum well
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FIG. 2. (a) Decomposition of the (normalized) current noise spectrum (solid black curve) of the RTD structure into velocity
(dashed red curve), velocity-number (dashed-dotted green curve) and number-number (blue dots) contributions versus applied
voltage. Expression (36) is reported for reference (magenta dots). (b) Thermal and shot noise components of the current noise.
(c) Current noise suppression factors ΓC, ΓF, and Γ = ΓCΓF computed as a function of the applied bias.

raises the potential energy of the well, thus facilitating
the crossing of other electrons [58]. The electrons cross-
ing the barrier are therefore positively correlated, leading
to a Fano factor higher than one, i.e., super-Poissonian
noise. On the other hand, if the structure is biased before
the resonant peak, the presence of an electron inside the
quantum well obstructs the transport of the second one,
leading to sub-Poissonian noise.

Fig. 2a shows that the contributions Snn and Svn are
negligible over the whole bias range, as expected from
the low average carrier velocity in the nanostructure. In
the NDC region, where carrier transport across the bar-
rier is assisted by phonon scattering, shot noise dom-
inates, while beyond the resonance peak, where Fermi
and Coulomb correlations are absent, both thermal and
shot noise components contribute to reach the Poisso-
nian value (36), see Fig. 2b. The negligible role of num-
ber fluctuations does not imply that Coulomb correla-
tions are absent, since space-charge effects are encoded in
GIµn

. The suppression factors ΓC, ΓF, and Γ are shown
in Fig. 2c as a function of the applied voltage. Notice
that ΓF remains always less than one (dashed-dotted red
line), i.e., there is no noise enhancement in the absence of
Coulomb correlations, in agreement with analytical cal-
culations based on capacitance models [58] and quantum
simulations based on Bohm trajectories [59].

Inspection of the relevant spectrally resolved observ-
ables and transfer fields provides insight in the origin
of the noise enhancement. Fig. 3a shows the spectral
current computed for Vbias = 0.4V in the NDC region.
The sudden interruption in the otherwise almost coher-
ent propagation of the electrons is indicative of sequen-
tial tunneling assisted by phonon emission processes [34].
The power spectra of the local current fluctuations away
from the average are represented in Fig. 3b. While the

average current flows mostly at the energy of the bound
state, fluctuations in the Büttiker-probe currents can be
noticed below the Fermi window on both sides of the
quantum well. The transfer fields GILµn

, GIRµn
prop-

agating the local current fluctuations to the contacts,
computed with (solid lines) and without (dashed lines)
space-charge effects, are shown in Fig. 3c. In the non-self-
consistent case, the transfer fields are always bounded in
the interval [-1,0].

If the nanostructure is designed to absorb an optical
signal, we may interpret GILµn (GIRµn) as the probability
that a carrier photogenerated at a specific point in the
detector is collected by the contact on the left (right),
contributing to the photocurrent after diffusion. In the
self-consistent calculation, the transfer fields exceed the
interval [-1,0] within the quantum well, meaning that a
current pulse injected in the well will be collected by the
right contact, but it will also induce an electron flow from
the left contact, providing a current gain. In both cases,
with and without space-charge effects, the sum of the two
transfer fields associated to the left and right contacts is
always equal to -1, expressing current conservation. In
conclusion, shot noise enhancement due to Coulomb cor-
relations is indicative of an internal gain mechanism when
a current fluctuation is injected into the structure. In-
deed, photodetectors based on resonant tunneling struc-
tures operating at relatively low applied voltages have
been proposed as an alternative architecture to avalanche
photodetectors for the detection of weak or even single-
photon infrared signals [60].

One of the original motivations for noise analysis has
been its potential to evaluate the strength and nature of
the scattering processes acting in the nanostructure. The
coherent and scattering components of the current noise
spectra cannot be unambiguously separated, since the
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FIG. 3. (a) Spectral current density (grayscale maps) computed for V = 0.4 V in the NDC region. (b) Noise spectra of the
microscopic noise sources KδIαδIα(E) describing the current fluctuations in the Büttiker probes. Only the power spectra of the
fluctuations are shown, but cross correlations between different probes (negative for a system of fermions [29]) exist up to a
distance of few nanometers. (c) Transfer fields describing the current response at the terminals due to a unit, spatially impulsive
current injected in the electron continuity equation, with Coulomb correlations (solid lines) and in frozen field conditions (dashed
lines). The self-consistent transfer fields indicate a current gain for current injection in the quantum well.
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FIG. 4. Current noise Fano factors ΓC, ΓF, and Γ = ΓCΓF

computed as a function of the applied bias for the RTD with
polar optical phonon scattering strength artificially decreased
by a factor of four. Approaching the coherent limit, the
noise enhancement due to Coulomb correlations is more pro-
nounced.

microscopic noise sources associated with the Büttiker
probes (used for the description of the scattering pro-
cesses) and with the physical contacts (the only noise
sources that survive in the coherent limit) are spatially
correlated. So, we follow the conventional approach of
looking for signatures of scattering in the Fano factor.
As sequential tunneling assisted by optical phonons is
the dominant transport mechanism in the NDC region of
the RTD [34], it is not surprising that the Fano factor is

mostly affected in this region by polar optical scattering,
while (elastic) acoustic phonon scattering plays a negli-
gible role. A strong enhancement of the Fano factor ΓC

associated with Coulomb correlations can be observed if
the scattering strength is artificially decreased by a fac-
tor of four, see Fig. 4. This result is consistent with the
expectation that the action of inelastic scattering mech-
anisms tends to counteract the effect of self-consistent
field fluctuations [52]. The noise enhancement observed
when the coherent limit is approached is also partially
related to the noiseless DC working point [61], as a re-
duced scattering-induced broadening leads to a more pro-
nounced resonance in the I-V characteristics compared to
fully scattered simulations [34].

So far we have presented zero-frequency current noise
spectra. Fig. 5 shows the equilibrium voltage noise spec-
trum (red line) of the RTD under study computed as a
function of the AC driving frequency ω. As expected,
the equilibrium noise provides the same information of
the small-signal analysis: the Nyquist limit (not shown
for clarity) is superimposed to the calculated spectrum
at all frequencies. Although the elementary noise sources
(26), (28), and (30) are white, the resulting current noise
spectrum is colored, due to the dependence of Langevin
forces and transfer fields on frequency. A circuit represen-
tation of the small-signal impedance of the RTD, see e.g.,
[62, 63], suggests a simple interpretation of the noise fre-
quency behavior. The adopted equivalent circuit model
includes the contact resistance Rs in series with the par-
allel combination of the (intrisic) RTD capacitance Cn

and conductance Gn. The conductance Gn dominates
the real part of the low frequency impedance (and con-
sequently the equilibrium voltage noise spectrum) up to
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FIG. 5. Equilibrium voltage noise spectrum of the resonant
tunnelling diode obtained from the present approach (red
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lines represent the thermal noise associated to Rs and Rn+Rs,
respectively (Rn = 1/Gn). The circuit parameters were ex-
tracted from the NEGF small-signal impedance.

the corner frequency f = 1/(2RnCn) ≈ 0.2THz, beyond
which the intrinsic part of the device is short-circuited
by Cn. In the high-frequency limit, the noise spectrum
should converge to the thermal contribution of the series
resistance, but a clear saturation of the noise spectrum to
4kBTRs could not be observed due to the presence of the
dielectric capacitance Cd in parallel with the equivalent
circuit of the RTD (the simulation window employed in
the NEGF simulation of the RTD was just few tens of
nanometer wide due to computational restrictions).

The noise spectrum is shown for completeness up to
1015 Hz, but the small-signal model used for the calcu-
lation of the transfer fields is valid only at sub-terahertz
frequencies due to simplifications adopted to the avoid
the difficulties arising from the two-times structure of
the NEGF formalism [34]. A more rigorous treatment
would require a formalism based on a double-time Fourier
transform, in which the matrix elements (27) and (29) are
evaluated from the product of two scattering matrices at
different energies, E and E + ℏω [64]. While this more
rigorous approach accounts for the generation of side-
bands in the Green’s functions at integer multiples of the
driving frequency (photon-assisted tunnelling), it repre-
sents a significant departure from the simplified small-
signal model proposed in [34]. Therefore, in analogy with
impedance-field noise calculations based on the DD for-
malism [65, 66], we adopt zero-frequency expressions for
the spectra of the elementary noise sources. The pro-
posed NEGF formulation provides a more fundamental
description of noise sources and transfer fields with re-
spect to DD schemes, but a significant extension of the
formalism presented here would be required to perform a
study of the corner frequencies associated with the differ-

ent scattering mechanisms. We will postpone this anal-
ysis to a future work.

IV. CONCLUSION

We have presented a unified description of carrier
transport and noise properties of semiconductor nanos-
tructures within the NEGF formalism. With respect to
conventional impedance-field approaches based on the
drift-diffusion approximation [11], the microscopic noise
sources associated to intraband scattering processes are
computed in a consistent way, directly from the Green’s
functions, rather than being postulated in homogeneous
bulk conditions neglecting spatial correlations. In agree-
ment with Monte Carlo simulations, the proposed model
shows that shot-noise suppression due to long-range
Coulomb interactions may persist in a wide range of ap-
plied voltages under quasi-ballistic conditions, which rep-
resents a common scenario in modern nanodevices.
Possible applications include noise analysis in highly

nanostructured optoelectronic devices such as T2SL
infrared photodetectors, in which different transport
regimes such as miniband propagation, sequential tun-
neling and Wannier-Stark hopping may coexist [67, 68].
As generation/recombination processes are treated in the
present NEGF model by including appropriate semiclas-
sical rates in the continuity equations [33], the additional
microscopic noise sources needed to describe interband
transitions may be evaluated in the same way as popula-
tion fluctuations in DD models [12, Ch. 1]. Noise in in-
frared T2SL detectors is usually investigated by means of
empirical approaches based on the Hooge model, in which
the noise spectra are obtained by superimposing differ-
ent current contributions (diffusion, SRH, trap-assisted
tunneling, and band-to-band tunneling) with appropriate
fitting parameters to reproduce the observed dependence
on temperature and bias [8, 69, 70]. The detectivity of
infrared imaging systems is ultimately limited by the ex-
cess noise above the shot noise floor, which may lead to
frequent calibrations of the detector or pixel blinking in
the presence of random telegraph noise. The proposed
NEGF model should provide a more physically sound
perspective on the origin of microscopic fluctuations and
their propagation in T2SL detectors.
Finally, the small-signal transfer fields derived in this

work can be used to study the variability of nanos-
tructures due to structural and compositional variations
[71, 72].
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D. Pardo, “Microscopic simulation of electronic noise in
semiconductor materials and devices,” IEEE Trans. Elec-
tron Devices, vol. ED-41, no. 11, pp. 1916–1925, Nov.
1994.

[3] V. Nam Do, P. Dollfus, and V. Lien Nguyen, “Phonon-
induced shot noise enhancement in resonant tunneling
structures,” Appl. Phys. Lett., vol. 91, no. 2, p. 022104,
2007.

[4] D. Li, L. Zhang, F. Xu, and J. Wang, “Enhancement of
shot noise due to the fluctuation of Coulomb interaction,”
Phys. Rev. B, vol. 85, no. 16, p. 165402, 2012.

[5] B. H. Wu, J. C. Cao, and K.-H. Ahn, “Reduction of
shot noise in superlattice structures by nonequilibrium
Green’s function calculations,” Phys. Rev. B, vol. 74,
no. 19, p. 195316, 2006.

[6] W. Song, A. K. M. Newaz, J. K. Son, and E. E.
Mendez, “Reduction of shot noise in superlattice struc-
tures by nonequilibrium Green’s function calculations,”
Phys. Rev. Lett., vol. 96, no. 12, p. 126803, 2006.

[7] B. H. Wu and J. C. Cao, “Keldysh Green’s function ap-
proach to the noise properties of semiconductor superlat-
tices,” Physica E, vol. 40, no. 5, pp. 1319–1321, 2008.

[8]  L. Ciura, A. Kolek, J. Jureńczyk, K. Czuba, A. Jasik,
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[17] T. González, O. M. Bulashenko, J. Mateos, D. Pardo, and
L. Reggiani, “Effect of long-range Coulomb interaction
on shot-noise suppression in ballistic transport,” Phys.
Rev. B, vol. 56, no. 11, p. 6424, 1997.

[18] M. Fischetti and W. G. Vandenberghe, Advanced Physics
of Electron Transport in Semiconductors and Nanostruc-
tures. Berlin: Springer-Verlag, 2016.

[19] Case in point are antimonide-based T2SLs, which are
recently emerging as a possible alternative to the well-
established infrared imaging technology based on mer-
cury cadmium telluride [73]. While vertical mobilities
and minority carrier lifetimes determine the collection
efficiency, the excess noise above the shot noise floor ul-
timately limits the detectivity of the infrared imaging
system, which may lead to frequent calibrations, or even
pixel blinking in the presence of random telegraph noise
[74].

[20] M. Luisier, “Atomistic simulation of transport phenom-
ena in nanoelectronic devices,” Chem. Soc. Rev., vol. 43,
no. 13, pp. 4357–4367, 2014.

[21] C. Jirauschek and T. Kubis, “Modeling techniques for
quantum cascade lasers,” Appl. Phys. Rev., vol. 1, no. 1,
p. 011307, 2014.

[22] U. Aeberhard, “Photovoltaics at the mesoscale: insights
from quantum-kinetic simulation,” J. Phys. D, vol. 51,
no. 32, p. 323002, 2018.

[23] F. M. Souza, A. P. Jauho, and J. C. Egues, “Spin-
polarized current and shot noise in the presence of spin
flip in a quantum dot via nonequilibrium Green’s func-
tions,” Phys. Rev. B, vol. 78, no. 15, p. 155303, 2008.

[24] H. Haug and A.-P. Jauho, Quantum Kinetics in Trans-
port and Optics of Semiconductors, 2nd ed. Berlin:
Springer, 2008.

[25] Z. Wang, M. Iwanaga, and T. Miyoshi, “Current noise
in semiconductor quantum dots,” Jpn. J. Appl. Phys.,
vol. 37, no. 11R, pp. 5894–5901, 1998.

[26] A.-P. Jauho, “Nonequilibrium Green’s function mod-
elling of transport in mesoscopic systems,” in Progress
in Nonequilibrium Green’s Functions II, Dresden, Ger-
many, Aug. 2002.

[27] J.-X. Zhu and A. V. Balatsky, “Theory of current and
shot-noise spectroscopy in single-molecular quantum dots
with a phonon mode,” Phys. Rev. B, vol. 67, no. 16, p.
165326, 2003.

[28] T. Miyoshi, H. Tsuchiya, M. Ogawa, A. Asanuma, and
T. Okauchi, “Current noise in semiconductor nanoscale



12

devices,” in Proc. SPIE 5470, May 2004, pp. 28–36.
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