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Abstract—This paper presents a novel non-iterative 

numerical quadrature method designed for integrands with 
singular/irregular behaviors well-approximated by generalized 
polynomials with real exponents potentially combined with 
logarithmic singularities. The procedure can be implemented 
easily at negligible computational cost and memory in finite 
methods for Multiphysics computing based on PDE and IE 
formulations. 

I. INTRODUCTION 

Fast, accurate numerical integration is a continuous 
bottleneck in high-performance computational physics 
implementing finite methods, especially in large multiscale 
FEM/BEM simulations. The computational cost rises for 
irregular or singular integrands that can be present in integral 
kernels (in (1) weakly-singular potential integral for div-
conforming surface elements), additive singular basis functions 
in PDE/IE formulations modelling abrupt discontinuities (in (2) 
wedge type EM behavior of physical quantities), testing 
integrals (in (3) double surface integrals with the outer being 
the testing one) or a combination of them [1-5].  
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As an alternative to quadratures for specific multivariate 
integrals over standard regions (see for instance [6-8]) and to 
high precision computationally expensive 
adaptive/iterative/transformed/generalized-Gauss quadrature 
techniques (see for non-exhaustive description [9-14]), we 
propose a novel non-iterative quadrature scheme (thus more 
efficient) based on ad-hoc transformations of Gauss-Legendre 
(GL) quadrature capable of securing prefixed precision up to 
machine precision for integrands well-approximated by 

generalized polynomials with real exponents potentially 
combined with logarithmic singularities [15-16]. The 
considered types of integrands are encountered in finite 
methods exhibiting singularities due to the physical models (2) 
and/or integral formulations (1) and (3) [1-5]. 

Starting from irregular behaviors like the ones of 
generalized polynomials with real exponents, we enlarge the 
set of integrands to be treated to the ones containing 
logarithmic singularities. The methodology is effective for all 
functions well-approximated via these sets of functions often 
encountered in Computational Electromagnetics.  

The implementation [16] of the proposed quadratures is 
with a-priori formulas built at run-time with negligible 
computational cost and memory use, in particular with respect 
to adaptive/iterative schemes and capable of exceeding 
flexibility of other generalized Gauss type rules. The total cost 
of the quadrature is just the one due to transformations applied 
to tabulated GL points and weights.   

II. SCOPE AND METHODOLOGY 

The scope of the algorithm is to compute multivariate 
integrals with irregular or singular behavior up to an a-priori 
prescribed precision, considering one-dimensional nested 
integrals using slice-by-slice integration, as often implemented 
in numerical integration if an appropriate multivariate 
quadrature is not available on specific domains. For this 
reason, we focus our attention on 1D quadratures.  

In the following, we consider integrands that can be 
approximated using generalized polynomials built on 
monomials with real exponents and potentially combined with 
logarithmic singularities 
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The design of the quadrature relies on the two asymptotic 
error estimation of Gauss-Legendre quadrature rule performed 

respectively on x and log( )x x  and obtained with the help 
of complex analysis. The closed form error estimates are 

parametrized by ( 1, ]     and Fig. 1 reports the one for x

that overlaps the actual relative errors obtained considering 
quadruple precision in Gauss-Legendre implementation with n 
samples. A similar analysis can be repeated for log( )x x . 



 
Figure 1. Plots of the actual relative error of GL quadrature integrating 

monomials x with n=16, 24 samples in quadruple precision and its asymptotic 
estimates [15] reported in log10 scale. The curves coincidence except that the 
actual value is limited to 31-digits precision as expected. The constant black 
solid line is the double precision (IEEE format) relative accuracy level 
log10(eps)=−15.6536, eps=2E−52.  

The design of the quadrature is based on  

1) the definition of min and max in (4) for each kind of 
monomials  

2) the analysis of performance of GL quadrature given a 
prescribed precision through asymptotic analysis of closed 
form error estimates  

3) based on (1) and (2) the selection of the monomial 
transformation order r (5) such that the monomials with  min 
and max  fall in the region of the asymptotic estimates that is 
below the selected precision treeshold. 
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We obtain the quadrature {xi,wi} (i=1,…,n) in the original 
domain x using 
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where {ti,wi
(t)} (i=1, . . . ,n) are points and weights of the 

classical GL quadrature in (0,1). 

The algorithm for x case is available in [16] and released as 
open source numerical library MTQR in C++ language for 
Windows and Linux platforms available at CPC Mendeley 
Library https://data.mendeley.com/datasets/276f78wzsw/1 and 
at the developer's repository https://github.com/MTQR/MTQR 
under GNU General Public License 3. 
Examples of validation are available in [15-16] and will be 
presented at the conference. Implementations in FEM/MoM 
applications demonstrated efficacy in CEM as reported at 
[16],[4]. 

III CONCLUSION 

The paper aims at presenting and distributing the concepts 
at the base of the algorithm and of the open source library 
MTQR for building fast and reliable quadrature rules at run-

time capable of integrating singular and irregular behaviors 
with a prescribed precision in Multiphysics computational 
methods with negligible computational cost and memory use. 
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