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Wave-Based Power Flow Method Using the

Zhong–Williams Scheme for Periodic and Assembled

Structures

Abstract

This paper presents a guided-wave power flow calculation method based on
the Zhong–Williams scheme. A numerically stable power orthogonality be-
tween wave modes is established based on symplectic orthogonality (SO) and
symplectic adjoint orthogonality (SAO), and subsequently extended to the
Zhong–Williams eigenvalue problem. This leads to a generalized symplec-
tic adjoint orthogonality (GSAO), which enables the formulation of transfer
relations between eigenvectors of adjacent periodic substructures. These de-
velopments enable the Zhong–Williams scheme to independently compute
both the forced response and the associated power flow. Four power flow
calculation methods within the wave finite element (WFE) framework, in-
cluding the Mead scheme, are summarized and validated on a beam and a
cylindrical shell. An assembled electric motor housing is used as a case study,
in which the proposed approach establishes a wave-mode power flow network.
The network reveals the dominant energy transmission paths and a localized
energy circulation from a wave-based perspective. The method provides the-
oretical support for wave-informed energy regulation and vibration control
in complex assembled structures.

Keywords: Zhong-Williams scheme, symplectic orthogonality, power flow,
guided wave, wave finite element method

1. introduction

Guided waves provide an intrinsic perspective for understanding struc-
tural vibration and acoustics. A sound knowledge of guided waves is crucial
for the accurate comprehension of their propagation features, including dis-
persion relations, wave shapes, power flow, and scattering/diffraction. This



facilitates the application of guided waves in many areas such as vibration
suppression [1, 2], structural health monitoring [3, 4, 5], and acoustic meta-
materials [6, 7].

Analytical formulations have been developed to derive dispersion rela-
tions in plate and cylindrical structures. A common approach to deriving
the dispersion relation is to assume a time-harmonic and spatially sinusoidal
displacement field, which transforms the elastodynamic equations into a fre-
quency–wavenumber relation under appropriate boundary conditions [8, 9].
For isotropic plates, Lamb [10] derived such a relation in 1917 based on
time-harmonic motion under plane strain and traction-free boundary condi-
tions, leading to a transcendental dispersion equation later evaluated numer-
ically by Gazis et al. in 1958 [11]. This formulation was later generalized
to multilayered and anisotropic plates by expressing closed-form solutions
within each layer and imposing continuity of displacements and tractions at
the interfaces, yielding transcendental dispersion relations solvable via state-
space or stabilized transfer matrix methods [12, 13, 14]. For cylindrical shell
structures, the seminal work by Leissa provides a comprehensive review of
the acoustic characteristics of various shell types, including thin/thick shells
and open shells [15]. For certain anisotropic cylindrical shells, the displace-
ment fields are expanded using Chebyshev or Legendre polynomials instead
of Fourier series, enabling better representation of high-order coupling and
localized variations under complex boundary conditions [16, 17]. While these
analytical approaches remain effective for regular configurations, waveguide
geometries that involve discontinuities, such as damage, joints, or geometric
complexities, often require the development of numerical methods.

The wave finite element method (WFEM) is a mature numerical approach
for computing dispersion relations in periodic structures [18, 19]. It requires
only a finite element model of the unit cell, the smallest repeatable substruc-
ture, whose dynamic stiffness matrix can be obtained via commercial software
and transformed into a transfer matrix [20]. Solving its eigenvalue problem
yields both wave vectors and mode shapes. However, this transformation in-
volves inverting a block matrix, which may cause numerical instability even
when the matrix is theoretically invertible [21]. To overcome this, Mead pro-
posed a quadratic eigen-problem based on displacement continuity and force
equilibrium, avoiding matrix inversion and improving stability for systems
with many degrees of freedom (DOFs) [22, 23]. Yet, the presence of strongly
evanescent waves can still lead to extreme eigenvalues and poor condition-
ing [24]. Zhong and Williams addressed this by formulating a generalized
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symplectic eigen-problem, which pairs eigenvalues of oppositely propagating
waves and improves numerical conditioning [25, 26]. The transfer matrix,
Mead, and Zhong–Williams schemes are the three most widely used formula-
tions in WFEM. Solutions to additional numerical issues, including balancing
strategies and repeated root handling, are detailed in [27, 28, 29]. With ad-
vances in numerical precision and eigenvalue solvers, WFEM has become a
robust tool for dispersion analysis.

Beyond dispersion analysis, WFEM has been extensively extended to ad-
dress forced responses, wave scattering introduced by coupling element, and
power flow. This extension relies on the principle that structural vibrations
result from wave propagation and superposition, reflecting wave–vibration
consistency [30]. To relate external excitations to wave domain, many studies
formulate system-level input–output relations in terms of equivalent impedance
matrices, which can be traced back to the foundational work of Duhamel et
al. [31, 32]. This approach significantly reduces computational costs, par-
ticularly for large periodic systems, as structural responses are represented
in the wave domain where the transfer matrix becomes diagonalizable, al-
lowing mode-wise propagation to be computed independently. Comparing
forced responses with commercial finite element results has become a stan-
dard practice for validating in-house implementations. Moreover, recent de-
velopments have extended WFEM to the time domain, where frequency-
domain impedance matrices are recast into second-order differential equa-
tions via rational approximation, enabling the computation of transient re-
sponses through standard time integration schemes such as the Newmark
method [33, 34].

To further accommodate structural discontinuities and localized coupling
features, researchers developed the diffusion matrix method (DMM), a hy-
brid strategy that integrates FE and wave-based modeling [35, 36]. In this
method, complex coupling components are retained in the physical domain
using FE modeling, while their interfaces with adjoining waveguides are pro-
jected onto the wave basis. This enables the construction of a diffusion
matrix that directly relates incident and transmitted wave amplitudes, al-
lowing efficient evaluation of wave-mode conversions. Subsequently, various
model reduction techniques were incorporated into the DMM framework to
further improve computational efficiency [37]. The DMM has been applied
to a range of wave scattering problems. Huang et al. and Zhou et al. ana-
lyzed its use in damaged stiffened plates and locally defective pipes respec-
tively, demonstrating the sensitivity of specific wave modes to joint damage
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and highlighting the potential of multi-mode strategies for structural health
monitoring [38, 39]. Renno and Mace further generalized the formulation to
tackle wave scattering from multiple joints within structural networks [40].
Fan et al. treated the excitation source as an embedded joint, investigating
wave attenuation in damped systems and examining energy redistribution
among wave modes both inside and outside bandgap regions [41].

In addition to its efficiency in modeling wave scattering, WFEM also
facilitates the evaluation of wave-mode power flow, as it provides direct ac-
cess to displacement and force components for each wave mode [41, 42].
The power carried by each mode can be conveniently computed from the
wave solutions using standard formulas involving stress and displacement
[29]. Particularly, power flow provides a coherent and directional represen-
tation of energy transmission, mode conversion, and localized circulation
within complex structures—features that are not readily observable through
displacement fields alone. These capabilities make power flow particularly
valuable in analyzing multi-interface or heterogeneous systems where energy
redistribution mechanisms are of interest.

However, existing computation of forced response and power flow are
largely based on the Mead scheme. Although the Zhong–Williams scheme
offers better numerical stability, its eigensolutions lie in a generalized sym-
plectic space, where the eigenvectors lack direct physical interpretation and
cannot be transferred across unit cells. As such, they are typically pro-
jected back into the wave space for propagation, effectively reverting to the
Mead framework [27]. Furthermore, unlike the modal orthogonality of dy-
namic stiffness matrices, the skew symmetry of the transfer matrix leaves the
power orthogonality between wave modes insufficiently understood, which of-
ten prevents a complete decoupling of wave modes.

This study introduces a power flow computation method based on the
Zhong–Williams scheme. Power orthogonality between wave modes is es-
tablished via symplectic orthogonality (SO) and symplectic adjoint orthog-
onality (SAO), providing a numerically stable foundation for modal decou-
pling. A transfer relation is then derived within the generalized symplectic
eigenspace, enabling direct computation of forced response and power flow
without reverting to the wave space. The accuracy and robustness of the
proposed method are validated numerically. Four WFEM-based power flow
formulations are further summarized, and an assembled electric motor hous-
ing is analyzed to illustrate substructural power flow and the global energy
transmission network from a wave-mode perspective.
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The paper is organized as follows. Section 2 outlines the wave finite el-
ement framework, covering eigenvalue schemes, forced response, and power
flow. Section 3 derives the power orthogonality and the wave-mode propa-
gation relation, and extends both to the Zhong–Williams scheme to derive
formulations for forced response and power flow. Section 4 evaluates the nu-
merical stability and accuracy of the proposed method through applications
to beam and shell structures. Section 5 applies the approach to a assembled
structure to construct the wave-mode power flow network.

2. Wave finite element method

2.1. Eigenvalue schemes

2.1.1. transfer matrix scheme

A schematic of a typical periodic structure is shown in Fig. 1. The struc-
ture can be efficiently modeled in commercial finite element software using
a single unit cell. While the internal meshing of the unit cell is arbitrary, a
one-to-one correspondence between nodes on the left and right boundaries
needs to be preserved to ensure continuity across adjacent cells. The dynamic
stiffness matrix of this model is written as DLL DLR DLI

DLR DRR DRI

DIL DIR DII

 qLqR
qI

 =

 fLfR
fI

 (1)

where the subscripts L, R, and I denote the left, right and internal boundaries,
respectively; q and f represent the displacement and force components. Since
the internal nodes are not subjected to external forces, their DOFs can be
statically condensed onto the boundary, yielding a reduced dynamic system
expressed solely in terms of boundary DOFs, as expressed by:[

DC
LL DC

LR

DC
RL DC

RR

] [
qL
qR

]
=

[
fL
fR

]
(2)

where the superscript C indicates the condensed dynamic stiffness matrix.
Since the condensation process may involve a substantial number of DOFs,
the Craig–Bampton (CB) modal synthesis method is recommended to en-
hance computational efficiency [43, 44].

Applying Bloch’s theorem [45] along with displacement continuity and
force equilibrium at the cell boundaries leads to the following expression:
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Figure 1: Schematic diagram of unit cell in periodic structure

[
qR
−fR

]
= µ

[
qL
fL

]
(3)

where µ = e−jk∆ characterizes the phase shift and amplitude variation of
the guided wave after traversing one unit cell; k denotes the wavenumber;
∆ indicates the length of the unit cell, and j =

√
−1. By interchanging

the displacement and force terms in Eq. 2 and incorporating Eq. 3, the
eigenvalue problem of the transfer matrix is obtained, i.e.

(S − µI)

(
qL
fL

)
= 0 (4)

which is commonly referred to as the transfer matrix scheme [46, 47]. The
transfer matrix S writes

S=

[
−
(
DC

LR

)−1
DC

LL

(
DC

LR

)−1

−DC
RL +D

C
RR

(
DC

LR

)−1
DC

LL −DC
RR

(
DC

LR

)−1

]
(5)

It has been proven by Zhong and Williams that the S matrix is a symplectic
matrix [25], which denotes

STJnS = Jn (6)

where Jn is the symplectic identity matrix
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Jn =

[
0 In

−In 0

]
(7)

Since Eq. 4 defines a symplectic eigenvalue problem, its eigenvalues are known
to occur in reciprocal pairs, i.e., (µ, µ−1), typically associated with right-
and left-going waves, respectively. When |µ| ≠ 1, the mode is evanescent;
the root with |µ| > 1 corresponds to a left-going wave, and its reciprocal,
with |µ| < 1, to a right-going wave. For propagating modes (|µ| = 1), the
direction is conventionally inferred from the sign of Re(k): positive values
indicate right-going propagation, while negative values indicate left-going
propagation.

Once the symplectic eigenvalue problem in Eq. 4 is solved, the displace-
ment vector qR is obtained by substituting µ and qL into the first row of
Eq. 3. The internal displacement vector qI is then computed via the third
row of Eq. 1, thereby reconstructing the full wave field within the unit cell.

2.1.2. Mead scheme

However, computing the transfer matrix S involves inverting the dynamic
stiffness matrix DC

LR, which is known to be numerically ill-conditioned, even
when it is theoretically invertible.

From the interface equilibrium condition in Eq. 3, the force vector is
expressed in terms of the displacement vector, leading to the formulation of
a quadratic eigenvalue problem, as originally proposed by Mead [22, 23], i.e.[

µ2DLR + µ (DLL +DRR) +DRL

]
qL = 0 (8)

Together with the displacement continuity condition in Eq.5, Eq.8 can be
recast into a matrix form, leading to Mead’s scheme

(N − µL)

[
qL
qR

]
= 0 (9)

where

N =

[
0 I

−DC
LR −DC

RR

]
L =

[
I 0
DC

LL DC
LR

]
(10)

This formulation can alternatively be derived from the relation S = NL−1

(see [25] for details). The main advantage of this approach is that it avoids
inverting the dynamic stiffness matrix, thereby improving numerical stability.
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However, it should be noted that in Eq. 10, the identity matrix and the
dynamic stiffness matrix differ by several orders of magnitude. To mitigate
this numerical imbalance, it is advisable to scale the identity matrix by a
balancing coefficient σ. It is suggested in [28] that

σ =

∥∥DC
RR

∥∥
2

n2
(11)

Since the eigenvectors obtained from Mead’s scheme correspond to qL and qR,
the force component fL can be computed from Eq. 2 to obtain the complete
eigenvector of the transfer matrix.

The Mead scheme is widely used due to its ease of implementation. How-
ever, as the number of DOFs in the unit cell increases, the eigensolution
tends to include extremely large or small eigenvalues associated with strongly
evanescent waves. As a result, the condition number µ2

max of the matrix in-
creases quadratically, which may lead to numerical instability.

2.1.3. Zhong-Williams scheme

To improve the numerical conditioning, the reciprocal pairing of eigen-
values should be reformulated. Specifically, since the matrix D is real and
symmetric, the following relation holds:

NTJN = LTJL =

[
0 DC

LR

−DC
RL 0

]
(12)

By multiplying both sides of Eq. 9 by LTJ and NTJ , respectively, the
following expression is obtained,

LTJN

[
qL
qR

]
= µLTJL

[
qL
qR

]
(13)

NTJL

[
qL
qR

]
= µ−1NTJN

[
qL
qR

]
(14)

By directly adding the two equations, we can obtain,

LTJL

[
qL
qR

]
=

1

µ+ µ−1

(
LTJN +NTJL

) [ qL
qR

]
(15)

It can also be written in matrix form,
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[
0 DLR

−DRL 0

] [
qL
qR

]
= λ

[
DLR −DT

LR − (DLL +DRR)
(DLL +DRR) DLR −DT

LR

] [
qL
qR

]
(16)

where

λ =
1

µ+ µ−1
(17)

In this scheme, the generalized eigenvalue problem defined in Eq. 16 involves a
skew-symmetric matrix, and is therefore classified as a generalized symplectic
eigenvalue problem, as introduced by Zhong and Williams [25]. Under this
transformation, the original eigenvalue pairs (µ, 1/µ) associated with the
transfer matrix are mapped to repeated eigenvalues (λ, λ), giving rise to a
double-root structure, commonly referred to as the ”S + S−1” scheme in the
literature.

This scheme offers two notable advantages. First, in comparison with
the Mead scheme, it yields a reduced matrix condition number of λmax/2,
which helps mitigate ill-conditioning as the number of DOFs increases. Sec-
ond, since the formulation is entirely constructed from the dynamic stiffness
matrix, the resulting system exhibits consistent numerical scaling across its
elements, potentially enhancing numerical stability.

Note that the eigenvalues are further inverted in Eq. 17, transferring them
from the left-hand side to the right-hand side of the generalized eigenvalue
problem in Eq. 16. As a result, the matrix subject to Householder reduction
is no longer the skew-symmetric matrix on the left, which contains zero
diagonal entries and may lead to numerical instability. This step is essential
when using either the built-in eig() function or the algorithm proposed by
Zhong and Williams.

An additional step is required to recover wave solutions from the general-
ized symplectic eigenvalue problem in Eq. 16. While the eigenvalues can be
directly obtained, as shown in Eq. 17, reconstructing the eigenvectors is more
involved. Previous studies [27, 29] have employed techniques such as singular
value decomposition and inverse power iteration for this purpose. To bypass
these procedures, we derive explicit propagation relations for wave modes
within the generalized symplectic space, as detailed in the following section.
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2.2. Forced Response

Once the symplectic eigensolution of the transfer matrix is obtained, the
transfer function H(·) of the periodic structure can be constructed based
on wave propagation principles, enabling direct computation of the forced
response. The key idea is to express the transfer relationship of a unit cell in
the wave domain. The physical displacement and force at the left boundary
of adjacent unit cells are connected via the following relation:

S

[
qp
fp

]
i

=

[
qp
fp

]
i+1

(18)

where i denotes the ith unit cells; the subscript p denotes the physical domain.
For a given frequency, the wave basis is defined by ⌊µ⌋, Φ, and Θ, where ⌊µ⌋
is a diagonal matrix of µm, and Φ and Θ are the right and left eigenvector
matrices of the transfer matrix. The columns of Φ and Θ contain the wave
mode vectors qL and fL. They have the following orthogonal relationship

ΘTSΦ = ⌊µ⌋ (19)

when eigenvectors are normalized by

ΦTΘ = I (20)

The physical displacement qp and fp of Eq. 18 can be represented as a linear
superposition of wave modes, namely:[

qp
fp

]
=

[
Φ+

q Φ−
q

Φ+
f Φ−

f

] [
a+

a−

]
(21)

where a denotes the wave amplitudes and the superscript + and - denotes
the right-going and left-going waves respectively. Substituting Eq. 19 - 21
into Eq. 18, we can obtain the propagation relation of the wave modes,

ai+1 = ⌊µ⌋ai (22)

By applying the boundary conditions to the transfer relations, the structural
transfer function can be derived. A typical periodic structure is illustrated
in Fig. 2, where a force fe is applied at the left boundary, and a boundary
condition is imposed at the right boundary. To maintain generality, the
boundary condition can be expressed as follows
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Figure 2: Wave propagation in a periodic structure with an external force applied at the
left boundary and a boundary condition imposed at the right boundary

Abf +Bbq = 0 (23)

For fixed and free boundaries, Ab = 0, Bb = I and Ab = I, Bb = 0,
respectively. In the case of coupled substructures, Ab = I and Bb = DCS,
whereDCS is the condensed dynamic stiffness matrix of the coupling element
(e.g., joint or damping element). The reflection relation between right-going
waves and the left-going waves writes,

a−
n+1 = Rn+1a

+
n+1 (24)

where

Rn+1 = −
(
AbΦ

−
f +BbΦ

−
q

)−1 (
AbΦ

+
f +BbΦ

+
q

)
(25)

Based on Eq. 22, the reflection matrix on the section ’S1’ writes,

R1 =
⌊
µ−⌋−n

Rn+1

⌊
µ+
⌋n

(26)

Furthermore, the wave amplitudes a+
1 and a−

1 can be determined by enforcing
equilibrium between the total wave-induced force and the external force fe.
Once obtained, these amplitudes allow the displacement at the ith section to
be computed via wave propagation, namely

qi = H(i)fe (27)

where

H(i) =
(
Φ+

q

⌊
µ+
⌋i
+Φ−

q

⌊
µ−⌋iR1

) (
Φ+

f +Φ−
f R1

)−1
(28)

The transfer function H(i) enables direct computation of the structural re-
sponse to external excitation. Notably, increasing the number of periodic cells
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n does not introduce additional computational complexity, as only higher
powers of a diagonal matrix are required. This efficiency is a key advantage
of the wave-based formulation.

Some strongly decaying wave modes are excluded from the wave basis
to avoid significant numerical errors, resulting in a non-square wave mode
matrix. Consequently, its pseudo-inverse needs to be computed in Eq. 25
and Eq. 28. This issue can be avoided by pre-multiplying with the left
eigenvector matrix Θ. The selection of wave modes is typically based on
specifying a valid range for |µ|, which may vary depending on the structural
model and excitation frequency. Common choices include 0.01 ≤ |µ| ≤ 100,
0.1 ≤ |µ| ≤ 10, and 0.2 ≤ |µ| ≤ 5.

2.3. power flow

Once the wave amplitudes are known, the power flow of each wave mode
through the left interface of the unit cell can be computed by combining
the displacement and force vectors qL and fL. Although both quantities are
sinusoidal, leading to oscillatory instantaneous power, the average power over
a cycle can be obtained from the complex power expression:

pm =
1

2
Re
(
−jωfT

mqm
)

(29)

For clarity, the subscript L indicating evaluation at the left interface of the
unit cell is omitted. A positive value of pm corresponds to energy propagation
in the positive direction, while a negative value indicates propagation in the
opposite direction.

Power flow provides a fundamental and quantitative basis for analyzing
energy propagation in periodic structures. It enables the identification of
wave modes that effectively carry energy, including certain evanescent modes
not evident from µ alone. It also reveals dominant energy carriers, offering
guidance for the design of vibration attenuation strategies.

2.4. Comments on current framework

The wave finite element (WFE) framework has been widely used for an-
alyzing periodic structures. However, several challenges remain in its appli-
cation to the computation of forced responses and power flow in complex
engineering assemblies.

First, numerical inaccuracies can affect the orthogonality of wave modes.
Current approaches rely on the biorthogonality between the left and right
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wave mode matrices, Φ and Θ, and their relationship with the transfer ma-
trix, as described in Eqs. 19 and 20. These matrices are typically obtained
using the Mead scheme, which does not guarantee strict orthogonality or
complete diagonalizability. Such deviations become particularly problematic
when displacement-based projection is used to extract wave amplitudes, as
this process is highly sensitive to orthogonality errors.

Second, although the Zhong–Williams scheme offers improved numerical
accuracy, it has yet to be fully integrated into the computation of forced re-
sponses and power flow. In practice, wave modes must first be extracted from
the generalized symplectic eigenvalue problem (Eq. 16), then mapped back
to the Mead framework, and finally reconstructed in wave space. This multi-
step procedure increases implementation complexity and currently limits the
practical adoption of the Zhong–Williams scheme.

Finally, the derivation of wave-based transfer functions remains strongly
model-dependent. Despite the generality of the formulation in Section 2.2,
analytical expressions must still be derived separately for each composite
configuration. This process becomes especially cumbersome in the presence
of multiple coupled substructures or when a single substructure interfaces
with several periodic segments. A practical alternative is to compute the
forced response using commercial finite element software and subsequently
project the results into wave space to recover the displacement fields and
power contributions of individual wave modes. While this approach circum-
vents the need for explicit derivation, it imposes stricter requirements on
wave mode completeness and numerical stability, particularly the accuracy
of modal orthogonality.

3. Power flow calculation method

This chapter develops a wave-based framework for power flow analysis
with improved numerical robustness. First, the power orthogonality between
wave modes is derived from symplectic orthogonality (SO) and symplec-
tic adjoint orthogonality (SAO). This formulation is then extended to the
Zhong–Williams scheme, where the transfer relationship of generalized sym-
plectic eigenvectors is established. Finally, a block-diagonal expression for
power flow is constructed by pairing wave modes based on power orthogo-
nality, with each diagonal block corresponding to a mode group.
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3.1. Power Orthogonality of Wave Modes

3.1.1. Symplectic orthogonality

Since the transfer matrix S is symplectic, the corresponding wave modes
satisfy two orthogonality conditions. The first is symplectic orthogonality,
which arises from the invariance of the symplectic form under the transfer
transformation, as stated in Eq. 6. For two distinct eigenvalues µi and µj of
S, the corresponding eigenvalue equations are given by:

Sϕi = µiϕi Sϕj = µjϕj (30)

For simplicity, we use ϕ to denote the eigenvector composed of qL and fL.
Multiplying both sides of Eq. 6 by ϕi and ϕj, yields,

ϕT
i S

TJSϕj = ϕ
T
i Jϕj (31)

Considering Eq. 30, the left-hand side of Eq. 31 can be expressed as:

(µiϕi)
TJ (µjϕj) = µiµjϕ

T
i Jϕj (32)

Combined with the right-hand side of Eq. 31 , the SO condition can be
derived as follows:

(µiµj − 1)ϕT
i Jϕj = 0, µi ̸=

1

µj
(33)

This implies that if two wave modes do not form a reciprocal eigenvalue
pair (i.e., µiµj ̸= 1), their eigenvectors are orthogonal under the symplectic
inner product defined by J . This form of orthogonality differs from the
conventional notion observed in real symmetric or Hermitian systems, where
modal vectors are orthogonal with respect to the Euclidean inner product.
Moreover, it can be rigorously shown that ϕT

i J is the left eigenvector of
the symplectic matrix S corresponding to the eigenvalue µi, i.e., ϕ

T
i JS =

µiϕ
T
i J . This establishes a well-defined bi-orthogonal structure between the

left and right eigenvectors of S, consistent with standard formulations in
generalized eigenvalue theory.

While the SO holds for any symplectic matrix, its application to the trans-
fer matrix S carries a clear physical interpretation, since the eigenvectors
correspond to physical quantities. As a result, Eq. 33 can be reformulated
as:
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((
f j
L

)T
qiL −

(
(f i

L)
T
qjL

)T)
= 0 µi ̸= 1

µj
(34)

This implies that the real parts of the two terms in Eq. 34 are equal, while
the sum of their imaginary parts vanishes. Referring to the power expression
defined in Eq. 29, multiplying Eq. 34 by −1/2jω and taking the real part
yields

1

2
Re
(
−jω

(
f j
L

)T
qiL

)
+ 1

2
Re
(
−jω(f i

L)
T
qjL

)
= 0 µi ̸= 1

µj
(35)

namely,

Pij + Pji = 0 µi ̸= 1
µj

(36)

This result indicates that the net power exchanged between two distinct
wave modes is zero, thereby imparting a clear physical meaning to SO in
the context of wave propagation. In particular, it reflects the principle of
power orthogonality, whereby each wave mode transports energy indepen-
dently without transferring power to other modes.

3.1.2. Symplectic adjoint orthogonality

Assume that the Mead scheme yields two eigenvalues, µi and µj, with
corresponding eigenvectors ψi and ψj. These eigenvectors are solutions of
Eq. 9 and are denoted by ψ to distinguish them from the transfer matrix
eigenvectors ϕ. The associated eigensolutions can thus be written as:

Nψi = µiLψi Nψj = µjLψj (37)

By left-multiplying Eq. 12 with the eigenvector ψT
i and right-multiplying it

with the eigenvector ψj, the following expression is obtained:

(Nψi)
TJ (Nψj) = ψ

T
i L

TJLψj (38)

Substituting Eq. 37 into Eq. 38 yields,

(1− µiµj)ψ
T
i L

TJLψj = 0 (39)

Symplectic adjoint orthogonality writes

ψT
i L

TJLψj = 0 µi ̸= 1
µj

(40)
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Similarly, we can also get

ψT
i N

TJNψj = 0 µi ̸= 1
µj

(41)

It can be rigorously verified that both JLψ and JNψ serve as left eigen-
vectors in the Mead scheme. Accordingly, the SAO defines a bi-orthogonal
structure between the right eigenvector ψ and its associated left eigenvec-
tors, under the weighting matrices L and N , respectively. Specifically, ψ is
orthogonal to JLψ with respect to L, and to JNψ with respect to N .

By expressing ψ as
[
qTL , q

T
R

]T
and substituting Eq. 12 into Eq. 40, the

following relation is obtained:(
qjR
)T
DC

RLq
i
L =

(
qjL
)T
DC

LRq
i
R µi ̸= 1

µj
(42)

Taking the transpose of Eq. 42 gives((
qjR
)T
DC

RLq
i
L

)T
= (qiR)

T
DC

RLq
j
L µi ̸= 1

µj
(43)

By adding the term (qiL)
T
DC

LLq
j
L to both sides of Eq. 43, and noting that

the left-hand side remains in transposed form, we obtain

((
qjL
)T
DC

LLq
i
L +

(
qjR
)T
DC

RLq
i
L

)T
= (qiL)

T
DC

LLq
j
L + (qiR)

T
DC

RLq
j
L µi ̸= 1

µj

(44)
This equation is mathematically equivalent to the one obtained by explicitly
expanding the force terms in Eq. 34. Alternatively, Eq. 36 can be derived
from the SAO, which encapsulates the principle of power orthogonality.

In summary, both the SO and the SAO characterize the power orthogonal-
ity between wave modes from the perspective of wave propagation. Moreover,
these formulations exhibit more consistent and robust numerical performance
than the orthogonality between Φ and Θ, as demonstrated in the subsequent
application examples.

3.1.3. Extension of SAO to the Zhong–Williams Scheme

By multiplying both sides of Eq. 37 from the left byψT
j L

TJ andψT
j N

TJ ,
respectively, we obtain

ψT
j L

TJNψi = 0 µi ̸= 1
µj

(45)
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ψT
j N

TJLψi = 0 µi ̸= 1
µj

(46)

Summing Eqs. 45 and 46 yields

ψT
j

(
LTJN +NTJL

)
ψi = 0 µi ̸= 1

µj
(47)

This indicates that the eigenvectors obtained from the Mead scheme satisfy
an adjoint orthogonality condition under the operator associated with the
Zhong–Williams scheme (Eq. 15).

Furthermore, assuming that the two distinct double-root eigenvalues in
the Zhong-Williams scheme are λi and λj, corresponding to the two pairs
of eigenvalues (µi, 1/µi) and (µj, 1/µj) in the Mead scheme, their associated
eigenvectors can be expressed as the linear superposition forms[],

ζλi
= ψµi

α1 +ψ1/µi
α2 ζλj

= ψµj
β1 +ψ1/µj

β2 (48)

The inner product between the eigenvectors ζλi
and ζλj

, with respect to
the eigenmatrix associated with the Zhong–Williams scheme, is expressed as
follows:

ζTλi

(
LTJN +NTJL

)
ζλj

=
(
ψµi

α1 +ψ1/µi
α2

)T (
LTJN +NTJL

) (
ψµj

β1 +ψ1/µj
β2
)

(49)

ζTλi
LTJLζλj

=
(
ψµi

α1 +ψ1/µi
α2

)T
LTJL

(
ψµj

β1 +ψ1/µj
β2
)

(50)

From Eq. 40 and Eq. 47, it can be clearly observed that

ζTλi

(
LTJN +NTJL

)
ζλj

= 0 λi ̸= λj (51)

ζTλi
LTJNζλj

= 0 λi ̸= λj (52)

In comparison to the SAO, this orthogonality structure can be referred to as
the generalized symplectic adjoint orthogonality (GSAO).

17



3.2. Wave propagation

3.2.1. Wave propagation relationship of Mead scheme

Once the symplectic adjoint orthogonality and its generalized form are es-
tablished, the wave propagation relationships for the Mead and Zhong–Williams
schemes can be directly derived.

To enhance the numerical stability, the eigenvalues and their correspond-
ing eigenvectors are arranged in reciprocal pairs, i.e., [(µ1, 1/µ1), (µ2, 1/µ2), . . . , (µn, 1/µn)].
This convention is adopted throughout the following derivation. Under this
ordering, the matrices ΨTLTJNΨ and ΨTLTJLΨ exhibit a block-diagonal
structure:

ΨTLTJNΨ = ⌊νm⌋ m = 1, 2, . . . , n (53)

ΨTLTJLΨ = ⌊χm⌋ m = 1, 2, . . . , n (54)

where each diagonal block νm and χm is a 2× 2 submatrix corresponding to
a reciprocal pair.

Eq. 9 can be expressed as

N

[
qL
qR

]
i

= L

[
qL
qR

]
i+1

(55)

Simultaneously, the displacement fields on both sides are projected onto the
wave space Ψ and left-multiplied by ΨTLTJ . This yields the following rela-
tionship: ⌊

χm
−1νm

⌋
ai = ai+1 (56)

It can be proven that Eq. 56 can be written as⌊[
µm

1/µm

]⌋
ai = ai+1 m = 1, 2, . . . , n (57)

It should be noted that Eq. 57 is consistent with Eq. 22, with the only
difference being that the Mead scheme propagates [qL qR]

T, whereas the
transfer matrix scheme propagates [qL fL]

T.
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3.2.2. Wave propagation relationship of Zhong-Williams scheme

Following the same ordering principle, the eigenvalues and corresponding
eigenvectors in the Zhong–Williams scheme are arranged as [(λ1, λ1), (λ2, λ2), . . . , (λn, λn)],
which is adopted as the default ordering in the following. Under this con-
vention, the matrices ZT(LTJN + NTJL)Z and ZTLTJLZ possess a
block-diagonal structure:

ZT
(
LTJN +NTJL

)
Z = ⌊τm⌋ m = 1, 2, . . . , n (58)

ZTLTJLZ = ⌊ϑm⌋ m = 1, 2, . . . , n (59)

where each diagonal block τm and ϑm is a 2× 2 submatrix.
Eq. 15 can be rewritten as

LTJL

[
qL
qR

]
i+1

=
(
LTJN +NTJL

) [ qL
qR

]
−LTJL

[
qL
qR

]
i−1

(60)

The displacement field is first projected onto the generalized symplectic basis
Z, and subsequently left-multiplied by ZT. This operation, supported by the
GSAO, diagonalizes the corresponding coefficient matrix into block form,
namely

⌊ϑm⌋ bi+1 = ⌊τm⌋ bi − ⌊ϑm⌋ bi−1 (61)

It can be proven that Eq. 61 can be written as

bi+1 =

⌊[
λm

λm

]⌋
bi − bi−1 m = 1, 2, . . . , n (62)

The coefficient vector b consists of n block pairs, [(b11, b12), (b21, b22), . . . , (bn1, bn2)],
each associated with a distinct eigensubspace. Although the eigenvectors cor-
responding to λm in the Zhong–Williams scheme do not directly represent
wave modes, they span the same subspace as the mode vectors associated
with µm and 1/µm in the Mead scheme. Consequently, each pair (bm1, bm2)
represents the projection of the displacement field onto the corresponding
modal subspace. Within this framework, the vector b can be interpreted as
a generalized wave amplitude.

The wave propagation relationship established in Eq. 62 can be directly
embedded into the existing wave finite element framework, enabling the
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Zhong–Williams scheme to independently compute wave propagation, forced
response, and power flow. For the sake of clarity, the detailed derivation of
the transfer function HZ(·), based on the Zhong–Williams scheme, is pro-
vided in Appendix A.

It should be noted that in certain symmetric structures such as cylinders
exhibiting repeated-root wave modes, the computational formulation remains
unchanged; however, the corresponding cell-block elements increase in size
to 4×4.

3.3. power flow based on power orthogonality

Expanding the boundary displacement and force in terms of wave modes,
The total power flow through the boundary section is then given by:

Ptotal = Re

(
−jω1

2
fTq

)
=

1

2
Re

(
−jω

n∑
i=1

n∑
j=1

(
aif

i
L

)T
ajq

j
L

)
(63)

Based on the power orthogonality given in Eq. 35, the net power exchange
between unpaired wave modes vanishes. Accordingly, Eq. 63 simplifies to:

Ptotal =
1

2
Re

−jω

 n/2∑
i=1

((
ai,1f

i,1
L + ai,2f

i,2
L

)T (
ai,1q

i,1
L + ai,2q

i,2
L

))
(64)

Here, the pairs (qi,1L ,f
i,1
L ) and (qi,2L ,f

i,2
L ) correspond to wave modes with

eigenvalues (µ, µ−1) or (λ, λ). For double-root wave modes, the expansion in
Eq. 64 additionally includes (qi,3L ,f

i,3
L ) and (qi,4L ,f

i,4
L ).

As shown in Eq. 64, power interaction may occur between paired wave
mode. Computing the power contribution of individual modes may under-
estimate the total power. Therefore, in the following analysis, the power
associated with each wave mode pair is evaluated collectively.

4. Numerical validation

4.1. simulated model

The proposed formulation is verified using representative models com-
posed of fundamental structural components: beams and cylindrical shells.
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The corresponding finite element models are shown in Fig. 3(a) and Fig. 3(b).
All simulations employ SOLID185 elements with steel as the material, char-
acterized by E = 2× 1011 Pa, ν = 0.3, and ρ = 7.8× 103 kg/m3.

The beam unit cell measures 30 mm in length, 60 mm in width, and
10 mm in height. The cylindrical shell unit cell has a radius of 200 mm, a
thickness of 5 mm, and an axial length of 200 mm. To simulate the forced
response, the unit cell is axially repeated ten times. A harmonic force is
applied at one end, with the other end left free. The cross-section denoted
by ’S’ is used to extract displacement and power flow for evaluation.

(a)

(b)

Figure 3: Finite element models for unit cells and forced response analysis: (a) beam and
(b) cylindrical shell, where ’S’ denotes section, one boundary is subjected to a force load,
and the opposite boundary is free.

Figure 4 shows the dispersion curves for the beam and cylindrical shell,
computed over the frequency range 0–5000 Hz using both the Mead and
Zhong–Williams schemes. The results from the two formulations are in good
agreement. Each wave mode can be identified by its corresponding wave
shape, which, in all cases presented here, is derived from the eigenvectors of
the Mead scheme. The eigenvectors from the Zhong–Williams scheme are
not displayed, as they lack direct physical interpretability and may lead to
ambiguity.
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(a) (b)

Figure 4: Dispersion curves of (a) a beam and (b) a cylindrical shell. In (a), B denotes
the bending wave, E the extensional wave, and SH the shear wave. In (b), F denotes the
flexural wave, L the longitudinal wave, and T the torsional wave. Subscripts indicate the
modal order.

(a) (b)

(c) (d)

Figure 5: Guided wave modes in beams include: (a) the extensional mode E0, (b) the
shear horizontal mode SH0, (c) the fundamental bending mode B0, and (d) the first-order
bending mode B1. The subscript denotes the modal order, where 0 indicates uniform
deformation across the beam width, and 1 corresponds to a deformation pattern with half
a sine wave cycle.

Figure 4(a) demonstrates that the guided waves propagating in the beam
include extensional, shear, and bending modes. Representative wave shapes
for each type are shown in Figs. 5(a) to 5(c). The modal order can be further
distinguished by examining the deformation pattern along the width direc-
tion, as illustrated in Figs. 5(c) and 5(d). A uniform widthwise deformation
corresponds to the zeroth-order bending mode (B0), whereas a half-sine dis-
tribution corresponds to the first-order mode (B1).
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(a) (b)

(c) (d)

Figure 6: Guided wave modes in a cylindrical shell: (a) the longitudinal mode L0, (b)
the torsional mode T0, (c) the second-order flexural mode F2, and (d) the fourth-order
flexural mode F4. The subscript denotes the modal order, which corresponds to the wave
numbers along the circumferential direction of the shell.
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As shown in Fig. 4(b), the guided waves in the cylindrical shell include
longitudinal, torsional, and flexural modes. Representative wave shapes are
depicted in Figs. 6(a) to 6(d). The modal order is further classified based
on the circumferential wavenumber, as illustrated in Figs. 6(c) and 6(d),
corresponding to modes F2 and F4, respectively.

4.2. Demonstration of orthogonality

The eigenvectors corresponding to left- and right-going waves at 5000 Hz
are extracted for both the beam and the cylindrical shell. These include
(ϕL

q ,ϕ
L
f ), (ψ

L
q ,ψ

R
q ), and (ζLq , ζ

R
q ), representing the transfer matrix, Mead,

and Zhong–Williams schemes, respectively. The eigenvectors are arranged
following the ordering introduced in Sec. 3.2.

The orthogonality between left and right eigenvectors is evaluated us-
ing Eq. 20, and the resulting matrices are shown in Figs. 7(a) and 7(b) for
the beam and the cylindrical shell, respectively. Significant off-diagonal val-
ues are observed, indicating deviations from ideal orthogonality. This arises
because the eigenvectors of the transfer matrix are not directly computed
but reconstructed via transformation from the Mead scheme, which does not
numerically preserve orthogonality. Such inaccuracies may impact applica-
tions requiring strict modal orthogonality, such as wave-space projection of
displacement fields.

Secondly, the SO is evaluated using Eq. 33, with the resulting matrices
shown in Figs. 7(c) and 7(d). As evident from the results, only diagonal
elements exhibit significant values, indicating good numerical stability of the
SO. A clear block-diagonal structure is observed in Fig. 7(d): for single-root
modes such as L0, L1, and T0, 2 × 2 blocks appear; for double-root modes
F0–F6, the corresponding blocks expand to 4× 4.

Subsequently, the SAO, defined in Eq. 40, is evaluated, with the resulting
matrices shown in Figs. 7(e) and 7(f). The results are identical to those
in Figs. 7(c) and 7(d), confirming that the SO and SAO represent the same
physical principle—power orthogonality. For consistency, the SAO is adopted
in the following analyses. It is also noted that Eqs. 41, 45, and 46 are
mathematically equivalent to Eq. 40, and yield identical results.

Finally, the GSAO in the Zhong–Williams scheme is verified using Eq. 51.
The resulting matrices for the beam and cylindrical shell are shown in Figs. 8(a)
and 8(b), respectively. Non-zero entries appear only along the diagonal, con-
firming that the generalized symplectic eigenvectors satisfy the GSAO. This
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(a) (b)

(c) (d)

(e) (f)

Figure 7: Orthogonalities among wave mode vectors. Both the horizontal and vertical axes
represent wave modes. The matrix elements are computed using orthogonality equations.
Subfigures (a) and (b) correspond to Eq. 20, (c) and (d) to Eq. 33 (SO), and (e) and (f)
to Eq. 40 (symplectic adjoint orthogonality). Subfigures (a), (c), and (e) correspond to
beam structures, while (b), (d), and (f) correspond to cylindrical shells.
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ensures the block-diagonalization in Eqs. 58 and 59, and establishes a numer-
ically stable propagation relation in the generalized symplectic eigenspace,
as expressed in Eq. 62. It is also noted that Eq. 52 yields identical results
to Eq. 51, and is therefore omitted for brevity. For better visualization, the
matrix in Fig. 8(b) is plotted on a logarithmic scale in Fig. 8(c). Distinct
2× 2 and 4× 4 block structures are clearly observed along the diagonal.

(a) (b)

(c)

Figure 8: Generalized symplectic adjoint orthogonality. The matrix elements are computed
using Eq. 51. Subfigure (a) correspond to the beam, while (b) correspond to cylindrical
shells. Subfigure (c) presents the logarithmic transformation of the matrix in (b).

Furthermore, Eqs. 33–36 and 42–44 theoretically establish that both sym-
plectic orthogonality and its adjoint form imply power orthogonality. To
support this conclusion, an intuitive verification is provided. Figure 9(a)
presents the power matrix P , computed using Eq. 29, where each element
denotes the power interaction between fi and qj. According to Eq. 36, P
is expected to exhibit a block skew-symmetric structure. To verify this, the
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(a) (b)

Figure 9: Illustration of power orthogonality between wave modes. (a) The power matrix
P is computed using Eq. 29. To exhibit the block skew-symmetric structure of the power
matrix, (b) the sum P + PT is evaluated. To clearly reveal the block structure, the
logarithm of the matrix elements is taken.

summation P +P T is calculated and shown in Fig. 9(b). The result reveals
that nonzero values are strictly confined to the diagonal blocks, consistent
with the theoretical prediction. This confirms the validity of Eq. 36 and
thereby substantiates the power orthogonality. It is worth noting that the
total power should be evaluated in block form as defined by Eq. 64; otherwise,
off-diagonal elements—particularly those within repeated-root blocks—may
contribute residual terms and lead to an underestimation of the total power.

4.3. forced response using Zhong-Williams scheme

A harmonic force of 100 N amplitude is applied in the x-direction at a
frequency of 5000 Hz, as shown in Fig. 3. The corresponding displacement
responses are computed using three approaches: the finite element method
(FEM), the Mead scheme, and the Zhong–Williams scheme. Displacements
in the x-direction at the S5 and S10 sections of both the beam and the cylin-
drical shell are extracted and plotted in Fig. 10. Overall, the results obtained
from the three methods exhibit strong agreement. Minor discrepancies are
observed only at certain frequency points with extremely low response ampli-
tudes—for instance, 3800 Hz in Fig. 10(b), 4250 Hz and 4600 Hz in Fig. 10(c),
and 4300 Hz in Fig. 10(d).

The forced response can be independently computed using the Zhong–Williams
scheme by incorporating the transfer relation (Eq. 62), the generalized sym-
plectic eigenvalues ⌊λm⌋, and the corresponding eigenvectors Z. The results
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(a) (b)

(c) (d)

Figure 10: The x-direction displacement responses at Section 5 (a and c) and Section 10 (b
and d) are computed using the finite element method, the Mead scheme, and the Zhong-
Williams scheme. (a) and (b) correspond to the beam model shown in Fig. 3(a), while
Figures (c) and (d) correspond to the cylindrical shell model shown in Fig. 3(b).
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demonstrate numerical accuracy comparable to that of the Mead scheme
for both beam and cylindrical shell structures. This approach, on the one
hand, avoids the need to project the eigenvectors Z from the Zhong–Williams
scheme back into the wave space, as required in previous studies [][ref]. On
the other hand, it verifies the accuracy of the transfer relation defined by
Eq. 62, thereby ensuring the correct computation of the generalized wave
amplitude b.

4.3.1. forced response using wave decomposition

(a) (b)

(c) (d)

Figure 11: Reconstructed x-direction displacement responses at Section 5 (a and c) and
Section 10 (b and d). (a) and (b) correspond to the beam model shown in Fig. 3(a), while
Figures (c) and (d) correspond to the cylindrical shell model shown in Fig. 3(b). SAO
and GSAO are employed for wave decomposition, while the Mead and Zhong-Williams
schemes are utilized for wave propagation.

The wave propagation method is well-suited for periodic structures, but
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becomes impractical for complex assembled structures commonly encoun-
tered in engineering practice. In such cases, commercial finite element soft-
ware offers an efficient alternative for computing natural modes and forced
responses. The resulting displacement fields can then be decomposed onto
the wave space to evaluate the associated modal power flow.

To assess the numerical accuracy of the wave decomposition, the following
procedure is employed. Based on the forced response computed by the finite
element method in Sec. 4.3, the displacement of Cell 1 is first projected into
the wave space using the SAO and GSAO. Specifically, two types of wave
decompositions are considered:[

qL

qR

]
= Ψa and

[
qL

qR

]
= Zb (65)

The modal amplitudes a and generalized amplitudes b are obtained by
left-multiplying Eq. (65) with ψT

i L
TJL (Eq. 40) and ZTLTJL (Eq. 52),

respectively. The reconstructed forced responses at Sections 5 and 10 are
then obtained using the propagation relations defined by the Mead and
Zhong–Williams schemes, namely Eq. 57 and Eq. 62.

The results are presented in Fig. 11. It is observed that both the ”SAO
+ Mead” and ”GSAO + Zhong–Williams” schemes accurately compute the
forced responses at Sections 5 and 10. This indicates that both SAO and
GSAO accurately compute wave amplitudes, enabling further calculation of
power flow.

4.4. power flow

Four approaches for computing power flow are summarized in Table 1.
The first two determine wave amplitudes based on wave propagation and
boundary conditions, suitable for periodic structures. The third and fourth
utilize commercial finite element software to obtain the structural response,
which is then decomposed using symplectic adjoint orthogonality (SAO) and
its generalized form (GSAO) to extract the wave amplitudes. These methods
are thus applicable to assembled or non-periodic structures. In all cases, the
power flow is computed using Eq. 64 once the wave amplitudes are obtained.

To verify the accuracy of the proposed power calculation methods, the
input and damping power obtained from finite element analysis are com-
pared with the wave power at each section computed using all four methods.
The simulation models in Fig. 3 are modified by introducing 0.1% material
damping in Cell 10. For the beam, Force Load 1 applies a 100 N uniformly
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Table 1: Four approaches to compute power flow

Methods Scheme Orthogonality
wave amplitude

computation

applicable

structure

M1 Mead SAO
wave propagation +

boundary condition
periodic

M2 ZW GSAO
wave propagation +

boundary condition
periodic

M3 Mead SAO
FEM +

Wave decomposition
assembled

M4 ZW GSAO
FEM +

Wave decomposition
assembled

distributed load in the Y-direction, while Force Load 2 applies the same
magnitude in the X-, Y-, and Z-directions. For the cylindrical shell, Force
Load 3 is applied in the X-direction, and Force Load 4 in the X-, Y-, and
Z-directions, each with a magnitude of 100 N.

The average damping power over one cycle is given by

pdamp =
1

2
ω2Re

(
qTc Cqc

)
, (66)

where C is the damping matrix of Cell 10, and qc denotes its displacement
response. Damping power is typically negative, indicating energy dissipation,
while external force power is generally positive, representing energy input.
The sign of wave mode power reflects the direction of energy transmission
across the section: positive values indicate propagation in the positive direc-
tion, and negative values indicate propagation in the negative direction.

The results are shown in Fig. 12, where subfigures (a) and (b) illustrate
the power flow in the beam under Force Load 1 and Force Load 2, respec-
tively, and subfigures (c) and (d) depict the power flow in the cylindrical shell
under Force Load 3 and Force Load 4. The input power, damping power, and
total transmitted power computed by Methods M1–M4 across sections S1 to
S9 (excluding S3–S8 for clarity) show excellent agreement. This consistency
confirms the accuracy of the proposed power flow calculation methods.

Furthermore, the power flow reveals richer information about the struc-
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tural vibration behavior. In Fig. 12(a), the Y-direction force primarily excites
mode B0, with minor excitation of mode B3. In Fig. 12(b), the additional
application of forces in the X- and Z-directions leads to the excitation of
modes E0 and SH0. Notably, the power carried by SH0 propagates in the
negative direction, partially offsetting the net positive power transmission.
In Fig. 12(c), the X-direction force exclusively excites mode E0. When forces
are applied in both the X- and Z-directions, the power associated with the
excited mode F1 becomes significantly larger than that of modes L0 and F0.

(a) (b)

(c) (d)

Figure 12: Power flow of beam (a)(b) and cylindrical shell (c)(d) under force load: (a)
a 100 N load uniformly distributed along the Y-direction, (b) a 100 N load uniformly
distributed along the X-, Y-, and Z-directions, (c) a 100 N load uniformly distributed
along the X-direction, (d) a 100 N load uniformly distributed along the X-, Y-, and Z-
directions. The 0.1% material damping is introduced in Cell 10 of FE model in Fig. 3.
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5. Application: Power Flow in Electric Motor Housing

Effective vibration control requires a clear understanding of energy trans-
mission in assembled structures with multiple propagation paths, such as the
motor housing assembly. As shown in Fig. 13, the FE model denotes a sim-
plified version of the electric motor housing. The motor is mounted on a
structural support, with a damping pad inserted in between to dissipate vi-
bration energy. The motor shaft extends toward the rear of the shell and is
supported by a bearing located at its trailing end.

The primary vibration source is the unbalanced force of the shaft. There-
fore, a total distributed load of 1000 N is applied at the axial center of
the shaft, i.e., between sections S4 and S5. Given that high-speed motors
typically operate at rotational speeds exceeding 10,000 rpm, the excitation
frequency is set to 200 Hz. The model is constructed using SOLID185 el-
ements with structural steel as the base material, and a material damping
ratio of 0.1% is assigned to the damping pad.

The analysis employs Method 4 in Tab. 1, which combines commercial FE
analysis for forced response, the Zhong–Williams scheme for wave-mode com-
putation, and GSAO for wave decomposition. Observation sections S1–S9,
as listed in Tab. 2, are used to evaluate the wave-mode power flow across the
structure.

(a) (b)

Figure 13: Simplified finite element model of the lectric motor housing, including the
motor, mount, damping pad, shaft, bearing support, and shell. An external force is
applied to the central segment of the shaft between sections S4 and S5. Sections S1–S9
are used to observe wave-mode energy flow.
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Figure 14: Forced response of electric motor housing calculated using commercial FE
software.

Table 2: Observation section and its represented substructure

S1 S2 S3 S4 S5 S6 S7 S8 S9

motor
mount
(left)

motor
mount
(right)

motor
shell

shaft
(front)

shaft
(back)

bear
support
(right)

bear
support
(left)

bear
support
(up)

bear
support
(down)

The forced response computed by the FE method is presented in Fig. 14.
The corresponding power flow network is shown in Fig. 15(a), while Fig. 15(b)
illustrates the wave shapes of each substructure. Here, X, Y, and Z denote
bending modes along the x-, y-, and z-axes, respectively.

The power flow network reveals two distinct energy transmission paths:
IP–S4–DP and IP–S5–(S6, S7, S8, S9)–S3–(S1, S2)–DP, where IP denotes the
input power and DP the dissipated power due to damping. The first path
serves as the primary route, with 118.32W of power dissipated directly via
section S4, accounting for 95.6% of the total input. This energy is primarily
transmitted through wave modes BX (55.9W) and BY (62.9W), indicating
that implementing damping treatment at the motor mount can effectively
suppress structural vibration.

Although this path accounts for only 5.38W (4.4%) of the transmitted
power, it serves as the primary contributor to shell-borne noise. We can
observe two features from the power flow network. First, the dominant wave
modes within the shell are modes T0 and F2. If a bandgap-based noise
reduction strategy is considered, these modes should be treated as primary
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(a)

(b)

Figure 15: (a) Power flow network of the electric motor housing under the forced response
shown in Fig. 14, obtained using Method M4; (b) wave shapes involved in the power flow
network.
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targets. Second, the power flow at section S9 is oriented oppositely to that
at sections S6, S7, and S8, with mode BZ alone transmitting up to 4.01W.
This suggests the presence of a localized energy circulation, implying that
damping applied at S9 could simultaneously attenuate energy transmission
through S6–S8.

6. conclusion

This study proposes a power flow calculation method based on guided
waves within the framework of the Zhong–Williams scheme. The method is
validated through numerical simulations of both forced response and power
flow on beam and cylindrical shell structures, and further applied to construct
the wave-mode power flow network of an electric motor housing.

Power orthogonality, derived from the symplectic orthogonality, offers nu-
merical stability and enables accurate wave propagation and decomposition.
Building on this, its extension to the Zhong–Williams scheme yields the gen-
eralized symplectic adjoint orthogonality, which enables diagonalization of
the coefficient matrix and facilitates the derivation of the transfer relation
between symplectic eigenvectors of adjacent cells. These developments al-
low the Zhong–Williams scheme to independently compute forced response
and power flow, with results on beam and shell structures showing excellent
agreement with finite element analysis.

Four power flow calculation methods are reviewed and numerically shown
to yield consistent results. Based on this verification, a combined FEM and
Zhong–Williams scheme is employed to construct the wave-modal power flow
network of an electric motor housing, revealing the dominant energy trans-
mission paths and supporting the development of tailored vibration and noise
mitigation strategies.

The proposed method provides a unified, numerically robust framework
for wave-based power flow analysis with clear modal interpretability, and is
well suited to complex structural systems. It offers potential for applications
in vibration control, energy management, and noise reduction in engineering
structures.

Appendix A.

The forced response formulation for the structure shown in Fig. 2 is now
derived based on the Zhong–Williams scheme. A more general expression
can be derived for the propagation relation described by Eq. 62:

36



bi = ηib2 + υib1 (A.1)

where

ηi =

⌊[
λm

λm

]⌋
ηi−1 − ηi−2 (A.2)

υi =

⌊[
λm

λm

]⌋
υi−1 − υi−2 (A.3)

Note that when i = 1 and i = 2, we have

η1 = 0 υ1 = I
η2 = I υ2 = 0

(A.4)

In this manner, ηi and υi can be computed numerically.
Taking Eq. 23 into account, and in a manner similar to Eq. 24, the

reflection relationship between the generalized wave amplitudes bn−1 and bn
can be expressed as follows:

bn−1 = R
Z
nbn (A.5)

where

RZ
n = −

(
AbD

C
RLZ

L
q

)−1 (
AbD

C
RRZ

R
q +BbZ

R
q

)
(A.6)

Based on Eq. A.1 and Eq. A.5, the reflection relationship between the
generalized wave amplitudes b2 and b1 can be expressed as:

b1 = R
Z
2b2 (A.7)

where

RZ
2 =

(
RZ

nυn − υn−1

)−1 (
ηn−1 −RZ

nηn
)

(A.8)

Considering the forced boundary, we can obtain

b1 =
(
DC

LLZ
L
q +DC

LRZ
L
qR

Z
2

)−1
fe (A.9)

The structural transfer function obtained by Zhong-Williams scheme can
be written as
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HZ(i) = Zqηi

(
DC

LLZ
L
qR

Z
2 +DC

LRZ
L
q

(
RZ

2

)2)−1

+ Zqυi

(
DC

LLZ
L
q +DC

LRZ
L
qR

Z
2

)−1

(A.10)
Thus far, the Zhong–Williams scheme has been independently employed,
encompassing the propagation relation, generalized symplectic eigenvalues,
and eigenvectors, to derive the structural transfer function, thereby avoiding
the procedure described in the literature [27, 29] that involves reconstructing
the wave mode vectors.
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