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Abstract: The trajectory tracking problem for autonomous vehicles can be enhanced by
means of an effective unification of longitudinal and lateral control. To this end, Nonlinear
Model Predictive Control (NMPC) is highly suitable as it inherently handles multi-objetive
problems and accounts for process constraints. However, a key challenge in implementing
NMPC schemes lies in the involved computational burden, which can impede systems subject
to stringent real-time constraints. This issue directly affects the optimization feasibility, its
overall effectiveness, and closed-loop stability. To overcome these limitations, we employ a Linear
Parameter-Varying (LPV) representation of the vehicle’s dynamic model. This article proposes
an integrated LPV MPC solution for autonomous vehicle trajectory tracking. Accordingly, we
propose an integrated LPV MPC establishing guarantees for both recursive feasibility and
closed-loop stability via the formulation of parameter-dependent Linear Matrix Inequalities. The
proposed approach is validated through comparative simulations using a high-fidelity nonlinear
dynamic model of a scaled vehicle, demonstrating similar tracking performances compared to
NMPC but strongly reducing computation time, making it suitable for real time applications.

Keywords: Nonlinear and optimal automotive control, Linear parameter-varying systems,
Model predictive control.

1. INTRODUCTION

Improving trajectory tracking performance in Autonomous
Vehicles (AVs) represents an ongoing challenge in the field
of autonomous systems (Sename et al., 2024). The primary
objective of trajectory tracking control is to accurately
follow a pre-planned, feasible reference trajectory while
simultaneously ensuring that the involved input and state
constraints are strictly satisfied, making minor trajectory
adjustments when needed, e.g., for obstacle avoidance and
a smoother ride, cf. (Chen et al., 2018). A considerable
practical difficulty in this area arises due to the coupled
nature of the vehicle’s dynamics, as both longitudinal
and lateral motion are intrinsically involved and must be
managed concurrently. Furthermore, a pivotal requirement
is that all control computations be performed online, en-
suring both accurate tracking and consistent constraint
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satisfaction, while also guaranteeing that a valid control
action is evaluated, cf. (Alcalá et al., 2019).
To effectively solve the path tracking problem, Corno et al.
(2021) implement a Linear Parameter-Varying (LPV)
Multiple-Input Single-Output H∞ controller. This con-
troller relies on feedback of the lateral error at the center
of gravity and the look-ahead distance. Notably, the LPV
framework is used here to account for the vehicle dynam-
ics’ dependence on the longitudinal velocity. Conversely,
Duan et al. (2021) adopt a distinct lateral and longitudinal
control decoupling strategy. In this approach, the lateral
and heading error are managed by a Model Predictive
Control (MPC) scheme, while the longitudinal motion is
handled by combining a PID and a LQR controller.
The introduction of MPC for trajectory tracking is a com-
mon choice, particularly because it allows for the simulta-
neous management of multi-objective goals (e.g., tracking
a reference speed and path) while explicitly accounting
for plant constraints. For example, Reiter et al. (2023)
propose a Nonlinear MPC (NMPC) formulation that em-
ploys different coordinate systems, incorporating cost and
collision avoidance constraints. Similarly, Kloeser et al.
(2020) utilize an NMPC approach based on a singularity-
free prediction model, enabling the vehicle to operate
across a broad range of conditions. Additional constraints
are imposed in their optimal control problem to guarantee
the validity of the underlying model assumptions.
Despite its capabilities, a primary limitation in the prac-
tical implementation of NMPC is the challenge in ensur-



ing the required online computational time, guaranteeing
optimality, and rigorously proving controller stability and
recursive feasibility. These are pivotal aspects for bridging
the gap between simulation environments and real-world
deployment. To address this, LPV systems (Shamma,
2012) have recently been employed successfully as the
prediction model within MPC frameworks (Morato et al.,
2020), offering a framework for computational efficiency
and stability analysis.
In this article, we propose an integrated trajectory track-
ing strategy for AVs that leverages a simplified, control-
oriented LPV model within a del MPC framework. The
main contributions of this work are:

• Control-Oriented LPV Modeling: A derivation of a
novel LPV model specifically tailored for integrated
vehicle control purposes (Section 3).

• LPV MPC formulation with guarantees: A cor-
responding LPV MPC formulation that ensures
closed-loop stability and recursive feasibility (Sec-
tion 4). The necessary terminal ingredients are de-
rived through adaptation of the results in Morato
et al. (2023) and computed by solving the associated
Linear Matrix Inequalities (LMIs).

• Validation and benchmarking: Realistic simulation
results comparing the proposed scheme against state
of the art NMPC benchmarks (Section 5). These
results highlight the computational efficiency and
enhanced performance enabled by our method.

Notation The symbol N denotes the set of non-negative
integers. The set of integers over a specific interval [0, a] as:
Na = {i ∈ N | 0 ≤ i ≤ a}. An array in Rn×1 is denoted by
a boldface lowercase letter v. The standard MPC notation
is used to denote predictions. The predicted value x at time
instant k+ j, computed using information available at the
current time instant k, is denoted by x(k + j|k).

2. PRELIMINARIES AND PROBLEM STATEMENT

The main goal of this work is to perform trajectory track-
ing while accounting for both longitudinal and lateral
dynamics within a unified control problem. To achieve
this, an LPV MPC approach is employed. To this end,
the vehicle’s dynamic model is suitably handled to first
obtain a proper control-oriented model and, subsequently,
to derive the necessary LPV prediction model.
As with any tracking control problem, the primary control
argument is the reference trajectory itself. In the litera-
ture, numerous solutions have been proposed for trajectory
planning (Guo et al., 2024), relying on various approaches
such as optimization problems, learning-based methods,
and function fitting. In this article, the existence of a
feasible reference trajectory is assumed to be known a pri-
ori. The subsequent section details the specific features of
this reference trajectory to establish a common foundation
for the following technical developments. It is important
to note that the assumptions and features detailed are
commonly verified across a large variety of trajectory plan-
ners for AVs. Moreover, through trivial transformation,
it is possible to represent a wide collection of existing
trajectories within the proposed descriptive framework.
The reference trajectory Γ is defined in Cartesian coordi-
nates as a vector function of time:

Γ(t) = p(t) =

[
xr(t)
yr(t)

]
. (1)

Given the definition in (1), the following fundamental
geometric and kinematic quantities are derived:

• Curvilinear abscissa: the arc length s(t) from the
starting point along the trajectory is defined by the
integral of the coordinate speed:

s(t) =

∫ t

0

√
(ẋr(τ))2 + (ẏr(τ))2dτ .

• Speed profile: the instantaneous reference speed vr(t)
can be computed as the norm of the derivative of the
position vector, i.e.:

vr(t) = ||ṗ(t)||2 =
√
ẋr(t)2 + ẏr(t)2 .

• Reference heading angle: the reference heading angle
ψr(t) is the angle of the tangent to the trajectory:

ψr(t) = atan (ẏr(t), ẋr(t)) .

• Trajectory curvature: the rate of change of the head-
ing angle κ(s) with respect to the curvilinear abscissa,
that is equal to the reciprocal of the radius of curva-
ture R(s):

κ(s) =
dψr
ds

=
1

R(s)
.

Assumption 1. Consider a given reference trajectory Γ
given in the Cartesian format of Eq. (1). Then, the
following requirements hold:

• Curvature smoothness: the trajectory curvature κ(s)
is twice differentiable with respect to s, i.e., κ(s) ∈ C2.

• Trackable speed profile: the reference speed profile
vr(t) is dynamically feasible and trackable by the
vehicle while satisfying all actuator constraints. That
is, considering the vehicle’s acceleration limits, the
speed can indeed be imposed by some well-posed
control action.

• Trackable trajectory curvature: the trajectory curva-
ture κ(s) is dynamically feasible and trackable by the
vehicle, satisfying all actuation constraints (e.g., lim-
its on steering wheel speed). Crucially, the vehicle’s
steering system imposes a geometric limit such that
the steering wheel angle δ remains inherently small.

3. LPV VEHICLE MODEL

This Section begins with the presentation of the plant
model used in this study. Subsequently, the model is trans-
formed using Frenet-Serret coordinates, and the resulting
advantages for trajectory tracking are discussed. Finally,
we derive a control-oriented LPV representation of the
system, later used for the NMPC synthesis.

3.1 Cartesian model

For control purposes, a Single Track Kinematic (STK)
model is employed (Fig. 1). Although this model does not
capture the full vehicle dynamics, it is well known in the
literature that this representation is reliable for vehicle
operating at non-high-speed, cf. Kong et al. (2015).
The dynamic of the vehicle for t ∈ R≥0, in Cartesian
coordinates, is described in (2) by the vehicle position
(x, y), orientation ψ, actual speed v, and steering angle δ.
The vehicle is controlled by the longitudinal acceleration
a and wheel steering rate wδ. The parameter L represents
the vehicle wheelbase (i.e., the distance between the front
and rear wheel axles).



Fig. 1. STK Cartesian reference frame.

Fig. 2. STK Frenet reference frame

ẋ(t) = v(t) cos (ψ(t))
ẏ(t) = v(t) sin (ψ(t))

ψ̇(t) =
v(t)

L
tan (δ(t))

v̇(t) = a(t)

δ̇(t) = ωδ(t)

. (2)

3.2 Frenet model

Although the model in (2) properly captures the plant dy-
namics, its state formulation presents notable limitations
for control design and trajectory tracking.
Specifically, formulating the control problem in terms of
a standard tracking error objective is challenging. Fur-
thermore, the vehicle position states (x, y) are tightly
coupled by the trigonometric relationship defined by the
vehicle’s orientation ψ, introducing complexity. Finally,
the model does not explicitly incorporate essential geomet-
ric information about the reference trajectory’s curvature,
which is crucial for efficient path following. To address the
aforementioned limitations, considering that Assumption 1
holds for our problem, we replace the model based on
the usual Cartesian representation by a new one, which
is based on Frenet-Serret coordinates, as illustrated in
Fig. 2. The local Frenet frame is defined by the unit
tangent vector t(s) and unit normal vector n(s) of the
reference trajectory Γ at the generic curvilinear abscissa
s. Let s̄ denote the curvilinear abscissa related to the
reference trajectory Γ(t) in (1) corresponding to the or-
thogonal projection of the actual vehicle position onto the
reference trajectory (i.e., the point of minimum Euclidean
distance). The vehicle’s Cartesian position vector, [x, y]T ,
is then expressed as a function of the reference point
r(s̄) = [xr(s̄), yr(s̄)]

T plus the lateral deviation ey along
the normal vector n(s̄):

[
x
y

]
= r(s̄) + eyn(s̄) =

[
xr(s̄)− ey sin(ψr(s̄))
yr(s̄) + ey cos(ψr(s̄))

]
. (3)

By defining the vehicle heading error eψ as the difference
between the actual vehicle heading ψ and the reference
path heading angle at s̄, the actual vehicle heading angle
can be expressed as:

ψ = ψr(s̄) + eψ . (4)

It is worth noting that in equations (3) and (4), the
vehicle’s state is explicitly expressed as a function of
the reference trajectory. This transparently highlights the
tracking problem, as the vehicle’s state is represented by
the lateral error (ey) and the heading error (eψ).
By performing a suitable time-derivative transformation
(e.g. applying the chain rule and the Frenet-Serret for-
mulas), the following equivalent dynamic model in Frenet
coordinates is obtained:

ṡ(t) = v(t)
cos (eψ(t))

1− κ(s)ey(t)
ėy(t) = v(t) sin (eψ(t))

˙eψ(t) = v(t)

[
1

L
tan (δ(t))− κ(s)

cos (eψ(t))

1− κ(s)ey(t)

]
v̇(t) = a(t)

δ̇(t) = ωδ(t)

. (5)

Assumption 2. The Frenet-frame transformation is as-
sumed to be valid if the vehicle remains sufficiently close
to the reference path such that ey(t) and eψ(t) are small.
Consequently 1−κ(s(t)) ey(t) > 0. These conditions ensure
the uniqueness of the orthogonal projection onto the path
and prevent singularities in the Frenet-coordinate model.

The obtained representation allows for describing the
vehicle dynamics directly as a function of the tracking
errors (ey and eψ), enabling a straightforward control
problem design. In addition, the information about the
reference trajectory’s curvature is natively accounted for
in the model.
We emphasize that, despite the fact that the full model
in (5) includes states related to the curvilinear axis (s), this
variable is not actually the primary focus for trajectory
tracking. Indeed, appropriate trajectory control can be
ensured by regulating the vehicle’s longitudinal speed to
some reference value while, simultaneously, steering the
lateral and heading errors to the origin (lateral control).

3.3 Control-oriented LPV model

A major limitation of implementing MPC for nonlinear
systems is the challenge of solving the online optimization
problem efficiently to ensure both proper computational
time and optimality (see Morato et al. (2024)). In or-
der to avoid such numerical difficulties, considering the
strict real-time constraints characteristics of autonomous
vehicles, we employ an LPV representation of the system
description from (5), in the fashion of (Morato et al., 2020).
Due to the physical limitations of the steering system
introduced in Assumption 1, the vehicle steering wheel
angle (δ) is restricted to small values, justifying the ap-
proximation:

δ ≈ tan(δ) . (6)

Similarly, a linear approximation is applied to the heading
error (eψ). Under Assumption 2, guaranteeing the validity
of the Frenet transformation, the small-angle approxima-
tion holds:

eψ ≈ sin(eψ) . (7)



To complete the transformation into an LPV framework,
the following scheduling parameters are introduced:

ρ1(t) = v(t) , (8)

ρ2(t) = κ(s)
cos (eψ(t))

1− κ(s)ey(t)
. (9)

With respect to the scheduling terms defined in (8)-(9), it
is noted that the first parameter ρ1, directly corresponds
to the vehicle speed, whereas the second parameter ρ2,
captures the influence of the trajectory curvature and the
lateral deviation on the dynamic evolution of the heading
error. Both scheduling parameters are functions of known
and measured vehicle states. Furthermore, under Assump-
tion 2, both parameters are guaranteed to be bounded.
Considering the selected scheduling parameters and as-
suming that Assumptions 1, 2 holds (thereby ensuring the
validity of (8) and (9)), an exact LPV inclusion is applied
(cf. Shamma (2012)). Consequently, the model in (5) can
be reformulated in the following LPV form:

ėy(t) = ρ1(t)eψ(t)

˙eψ(t) =
ρ1(t)

L
δ(t)− ρ2(t)v(t)

v̇(t) = a(t)

δ̇(t) = ωδ(t)

. (10)

Finally, defining the state vector (11) and the discretiza-
tion time Ts, by a suitable discretization method, the
discrete parameter-affine model (10) is obtained.

x = [ey eψ v δ]
T

(11)

x(k + 1) = Aρ(k)x(k) +Bu(k) ,

Aρ(k) = A0 +A1ρ1(k) +A2ρ2(k) ,

A0 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , A1 =


0 Ts 0 0

0 0 0
Ts
L

0 0 0 0
0 0 0 0

 ,

A2 =

0 0 0 0
0 0 −Ts 0
0 0 0 0
0 0 0 0

 , B =

0 0
0 0
1 0
0 1

 .

4. LPV MPC CONTROLLER

Considering the LPV-oriented vehicle model presented in
Section 3, this Section begins by detailing the necessary
state and input rescaling of the plant model (10) to condi-
tioning the optimization problem. Hence, the MPC prob-
lem leveraging the LPV formulation is formally stated.

4.1 Scaled system

To properly formulate the MPC optimization problem,
we first re-scale (normalize) the involved state variable,
in order to avoid numerical issues in the optimization
problems (for the MPC implementation and also for the
synthesis of required stabilizing ingredients using LMIs).
This process is also necessary in order to ensure that
all states, along with their respective measurement units,
possess homogeneous magnitudes (i.e., they are of a com-
parable numerical scale).
For this purpose, a diagonal scaling matrix S is introduced.
Each diagonal element of S is used to rescale the cor-
responding state variable appropriately. Accordingly, we
define the following state transformation:

x =̇ Sz z = S−1x . (12)

where x is the unscaled state vector and z is the scaled
state vector, the equivalent system dynamics from LPV
representation in (10) for MPC prediction is defined as:

z(k + 1) = S−1AρSz(k) + S−1Bu(k) . (13)

Consequently, the scaled discrete-time model becomes:

z(k + 1) = Azz(k) +Bzu(k) . (14)

where Az = S−1AρS and Bz = S−1B.
This same transformation applies to the definition of
the system state constraints and references. Specifically,
given the minimum, maximum, and reference state vectors
(xmin, xmax, and xref) in the original unscaled system, the
equivalent constraints and reference are defined as follow:

xmin ≤ x ≤ xmax ⇒ S−1xmin ≤ z ≤ S−1xmax , (15)

zmin = S−1xmin , zmax = S−1xmax , zref = S−1xref .

4.2 NMPC scheme

The tracking error vector e, at the generic time instant k,
is defined as the difference between the actual scaled state
z(k) and its reference zref(k):

e(k) = z(k)− zref(k) . (16)

It is important to note that, given the system’s Frenet-
based state representation (10), the reference values for
the first two states (lateral error ey and heading error eψ)
are always zero. This condition is inherently preserved in
the scaled system due to (12).
The optimal control input u⋆ at the current time instant
k is determined by the resolution of (17). The OCP is
constrained by ensuring adherence to the scaled LPV
prediction model (10) over the prediction horizon Np.
The tracking error e(k) is contained within minimum and
maximum bounds. At the same time, the control input
and its rate of change are also restricted to account for
the actuator’s physical limitations. Finally, closed-loop
stability is enforced through a terminal set constraint,
which ensures that the error state at the end of the
prediction horizon remains within a specific ellipsoidal
region defined by the parameter-dependent matrix Pρ.

U⋆(k) = arg min
U(k)

J(U(k)) (17)

subject to:

z(k + j + 1|k) =Aρ(k + j|k)z(k + j|k) ,
+Bu(k + j|k) ,

∀k ∈ NNp−1 ,

|e(k + j|k)| ≤ emax, ∀k ∈ NNp ,

|u(k + j|k)| ≤ umax, ∀k ∈ NNp−1 ,

|∆u(k + j|k)| ≤ ∆umax, ∀k ∈ NNp−2 ,

e(k +Hp|k)Pρe(k +Hp|k) < 1 .

The cost function J (U(k)) (18) is defined by the opti-
mal control sequence U(k) (19) over the finite prediction
horizon Np. This objective function is structured as a sum-
mation of two parts: the stage cost ℓ(k) (20) that accounts
for controller tracking performances using the state and
input weighting matrices (Q and R), and a terminal cost
term (21) defined by the parameter-dependent matrix Pρ.



Parameter Value
Ts 0.1 s
Hp 10
S [0.01 1 0.01 1]
Q [10 10 0.1 1]
R [50 1]
α 0.95

emax [0.1 0.5 0.1 0.1]
umax [0.1 0.3]

Table 1. Controller parameters

J (U(k)) =

Np−1∑
k=0

ℓ(k) + Vρ(Np) , (18)

U(k) =
[
u(k)T , . . . ,u(Np − 1)T

]T
, (19)

ℓ(k) = e(k + j|k)TQe(k + j|k) ,
+u(k + j|k)TRu(k + j|k) ,

(20)

Vρ(Np) = e(k +Np|k)TPρe(k +Np|k) . (21)

To ensure adherence between the predicted scheduling
parameters and the actual system values, the following
manipulations are performed, which are valid under the
assumption of good tracking performance (as guaranteed
by the MPC constraints and Assumption 1).

• The first scheduling parameter ρ1, is predicted by
substituting the predicted vehicle speed v(k + j|k)
with the reference vehicle speed vr, at the predicted
time step:

ρ1(k + j|k) = vr(k + j|k) (22)

• In the second scheduling parameter ρ2, the trajectory
curvature κ is predicted, while the tracking errors (ey
and eψ) are frozen at the current time step k. This
simplification is justified by the fact that the tracking
errors are expected to remain small due to the MPC
constraint.

ρ2(k + j|k) = κ(k + j|k) cos(eψ(k))

1− κ(k + j|k)ey(k)
(23)

To ensure proper control performance and recursive fea-
sibility, it is necessary to guarantee that the combination
of the reference trajectory and the maximum allowable
tracking error remains strictly within the defined physical
plant constraints. Specifically, the limits on the tracking
error and the reference state must be consistent with the
overall state bounds for all prediction steps.

max(|zref(k)|) + emax ≤ zmax (24)

min(|zref(k)|)− emax ≥ zmin (25)

5. SIMULATION

The proposed approach is validated through realistic
simulations performed within the MATLAB/Simulink en-
vironment. A high-fidelity model of the Grenoble GIPSA-
lab scaled vehicle prototype is used as the plant dynamics
model (cf. Borrell et al. (2024)).
The proposed LPV MPC controller, detailed in Section 4,
is implemented using the high-performance QP solver
MOSEK for the online optimization, utilizing the param-
eters reported in Table 1. The terminal ingredients for
stability and recursive feasibility are obtained by adapting
the results in Morato et al. (2023).
For performance evaluation, the proposed LPV MPC ap-
proach is benchmarked against two distinct implemen-
tations to ensure a comprehensive comparative analysis.

Fig. 3. LPV MPC, MATLAB, CasADi.
(A) Longitudinal acceleration (a), (B) Wheel angle
speed (wδ), (C) Vehicle longitudinal speed (vx), and
(D) Wheel angle (δ).

The first benchmark is a standard NMPC solution im-
plemented using the MATLAB Model Predictive Con-
trol Toolbox. The second benchmark is an NMPC imple-
mented by CasADi utilizing the efficient IPOPT solver.
The NMPC utilizes the discretized model (2) for prediction
and shares the same plant simulated model, constraints,
and reference trajectory as the LPV MPC controller.
The reference trajectory fulfills the smoothness and fea-
sibility requirements described in Assumption 1. It is de-
signed to be challenging, incorporating both speed profile
variations and diverse turning maneuvers to fully evaluate
the controller’s performance under dynamic conditions.
As depicted in Fig.3, the LPV MPC and NMPC con-
trollers achieve a highly equivalent performance across
both actuation and resulting vehicle states. The longitudi-
nal control actions (acceleration, Fig.3A) follow a similar
trend, ensuring that the vehicle speed (Fig.3C) accurately
tracks the reference profile in both scenarios. Similarly,
the lateral control input wδ generates comparable results
of steering wheel angle (δ, Fig.3B and D), effectively
demonstrating that the LPV approximation ensures good
fidelity when managing the coupled dynamics of the plant.
Fig. 4 summarizes the comparative performance of the
LPV MPC and the NMPC controllers. The tracking ac-
curacy confirms the suitability of the LPV approach: the
LPV MPC controller demonstrates similar performance
in lateral error (Fig.4A), achieving a maximum lateral
deviation that is slightly higher than, but comparable
to, the NMPC across the full simulation run. Similarly,
the heading error (Fig.4B) is comparable between both
methods, consistently remaining below 0.1 rad. These
small errors in both lateral and heading dynamics imply
a good overall trajectory tracking, as visually confirmed
by the superposition of the simulated trajectories with the
reference one (Fig.5A).
The primary performance distinction lies in computational
efficiency. Fig. 5B compares the optimization time, reveal-
ing a considerably noticeable difference: the NMPC imple-
mentations require a significantly longer optimization time
per step, with an average time of 109 ms for the MATLAB
implementation and 28 ms in CasADi. In contrast, the
LPV MPC approach achieves real-time capability with an
average optimization time of just 4 ms. Furthermore, it is
worth noting that no formal terminal stability conditions,
which are guaranteed by the LPV MPC implementation,
were added to the NMPC benchmarks. This difference
represents a computational speedup of nearly one order
of magnitude, demonstrating the efficiency and practical



Fig. 4. LPV MPC, MATLAB, CasADi.
(A) Lateral error (ey), and (B) Heading error (eψ)

Fig. 5. LPV MPC, MATLAB, CasADi.
(A) Vehicle trajectory, and (B) Optimization time.

viability of the LPV formulation for fast online optimal
control.

6. CONCLUSION

This paper presented an integrated LPV MPC framework
designed to address the trajectory tracking problem for
AVs. The primary motivation was to develop a controller
that retains the multi-objective, constrained optimization
benefits of NMPC while overcoming its significant compu-
tational burden, which is a common barrier to real-time
implementation. The proposed solution was validated via
comparative simulations against two NMPC benchmarks.
The results show that the LPV MPC achieves performance
comparable to NMPC, with tracking errors of the same
order of magnitude. Notably, the LPV MPC achieves a sig-
nificantly improved computational performance, with an
average optimization time of 4 ms, corresponding to nearly
one order of magnitude speedup compared to a CasADi-
based NMPC. This real-time capability is achieved while
preserving formal guarantees of recursive feasibility and
closed-loop stability via terminal ingredients, which are
not enforced in the NMPC benchmarks.
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