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Abstract. Composite materials are widely used in the engineering field due to their valuable
specific properties and the adaptability of fiber orientation and lay-up to specific load conditions.
The tailorability of composite materials is increased with Variable Angle Tows (VAT) composite
materials, in which fiber deposition can follow a curved path. These properties lead to a higher
anisotropy, and non-linear analyses are required to ensure a good description of the behaviour. The
study focuses on the post-buckling configuration of the VAT model and examines the impact of
curved fiber paths. The analyses are conducted to compare high-order theory for describing the
nonlinear behaviour of the VAT composite structure. Additionally, the post-buckling shape of
VAT plates is thoroughly explored, leading to the selection of the most accurate model for
characterizing plate behaviour.

Introduction

Composite materials present valuable properties, such as high specific strength and stiffness,
thermal stability, and the adaptability of lamination and lay-up to manage the mechanical and
thermal properties of the structure [1]. Thanks to advanced manufacturing techniques, the
capabilities of the constant-stiffness composite laminate are enhanced by the introduction of
Variable Angle Tow (VAT) composite materials, which have been developed in recent years [2].
The VATs are characterized by the curvilinear path of the reinforced fibers. Consequently, the
properties of VATs vary continuously within each lamina, depending on the curvature imposed on
the fibers, opening a vast range of possibilities for the adaptability of the structures to the specific
load conditions [3]. Due to their high tailoring capability, VATs are mainly studied in the field of
optimization to adapt fiber orientation to different loads or geometric configurations.

Additionally, the remarkable stability under thermal and high-temperature conditions enables
the use of this class of material in applications where temperature is a primary load factor. Among
the key concerns in VAT plate analysis, thermal stability is a focal point, as demonstrated in [4].
Furthermore, this class of materials, which has been extensively studied in the field of linear or
linearized analysis under mechanical and thermal loads, lacks studies in the nonlinear thermal
field. The reported tailoring capabilities are suitable for adapting the fiber deposition to the load
distribution. However, the post-buckling and high-deflection configurations can be significantly
affected by the curved deposition. Under variation in the applied temperature, the presence of
curved fibers can lead to unexpected phenomena, and nonlinear investigations are necessary to
ensure a correct level of confidence in the results.

This paper utilizes the Carrera Unified Formulation (CUF) to develop a high-order plate theory
within the finite element method framework, offering novel insights into the intricate three-
dimensional phenomena exhibited by VAT structures [5]. The governing equations are obtained
from the Principle of Virtual Displacement (PVD), and the nonlinear problem is solved through
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the Newton-Raphson procedure in conjunction with the arc-length constraint. The geometrical
nonlinearity is described using the full Green-Lagrange strain tensor, and its accuracy is compared
with that of the simplified von Karman nonlinearities model. The analyses adopt a layer-wise
approach, and a comparison to the equivalent single-layer model is also presented. It is
demonstrated that the layer-wise model in combination with high-order theories provides an
accurate description of the through-the-thickness primary unknowns, facilitating a detailed
analysis of nonlinear thermal stresses within the component.

Non-linear thermal formulation

The thermo-mechanical field is expressed in a decoupled approach where the unknowns of the
problem are the displacement components, which are expressed through the CUF and FEM as the
combination of nodal displacements q;, shape functions N;(x, y), and expansion functions F; (z),
as reported in Eq. (1). More details about CUF can be found in [6].

ulx,y,z) = F,(2)u,(x,y) = F,(z2)N;(x,y)q;; T=12,...M i=12,..,N, (1)

Where the double indices mean sum, M and N,, are the number of expansion terms and the
number of nodes respectively.

The VAT orientation is considered to vary linearly, following the notation by Giirdal et al. [7];
the lamination is denoted as [@ < T, T; >], where @ isthe reference system rotation angle from
the x-axis, To and T; are the fiber orientations in the center and at the edge of the plate,
respectively.

It is possible to describe the strain and the stresses as the sum of the mechanical linear and non-
linear terms and the thermal component, as reported in Eq.s (2), (3), where the nonlinearities are
incorporated in the formulation using the full Green-Lagrange strain tensor, see [8].

e=¢g,+& = (b, +by)u—adT (2)
c=Ce=C[(b; +by)u—adT]=o,+ 0, — AT (3)

Where the vector B is the thermo-mechanical coupling coefficient. Due to the presence of VAT
the fiber orientation vary from a point to another and consequently matrix € becomes a function
of the position, C(x, y) as well as vector 8 (x,y).

The governing equations are obtained though the PVD as reported in Eq.s (4), (5).

8Line = [, 6€"0 = [, 6&f,Cen,dV — [ S&f, BAT dV = 5q" K;q — 6q" Fg =0 4)
6q:Ksq— Fg=0 )

Where K is the secant stiffness matrix which depends only on the mechanical components and
F 4 is the nonlinear vector of thermal loads. Eq. (5) describes a nonlinear set of equations, and it is
necessary to solve it in an iterative procedure. To use the Newton-Raphson method, the residual
nodal force vector is defined as in Eq. (6). Furthermore, it is necessary to linearize the equation
through a Taylor expansion about the known solution as reported in Eq. (7).

Pres = Ksq— Fy (6)

a res a res
Pres(q + G, AT + SAT) = @res(q, AT) + 7| 8q + 12| SAAT)rey = 0 (7)
q AT
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From Eq. (7) it is possible to define the tangent stiffness matrix as K = % and the tangent

q
(4T),er which is composed of a linear and a nonlinear part.
AT

_ 0@res
AT

Substituting these definitions into Eq. (7) it is possible to write Eq.s (8) and (9).

load vector as Fy =

@res(q + 8G, AT + 84T) = @re5(q,AT) + K18q — (F ) + Fpyp )61 =0 (8)
KT5q = FyéA — (Pres(q;AT) )

Here, the loading scaling parameter is introduced as a new variable; as a result, a constraint
equation is needed to close the problem. The obtained system can be written as in Eq. (10).

Kéq = F65/1 ~ Pres
{ c(8q,61) =0 (10)

The path following method is adopted, where it is possible to act on both §q and 64, see [9].

Numerical results

The study is conducted on a rectangular plate with lamination [90+ < 60,90 >],,. The plate edges
are a = 300 mm and b = 150 mm with a thickness of 1.0176 mm. The material properties are
E;=181GPa, E,= E;=10.27GPa, G,,= G,3=7.17GPa v;,= 0.28,a; = —0.11 x 107%/°C, a, =
a3 = 25.2x 107%/°C. The plate is subjected to uniform thermal load. The edges are fixed against
normal displacements, and they are allowed to translate in the tangential direction. A convergence
analysis is conducted on the plate, for which a mesh of 5 x 10 Q9 elements is selected. A validation
is presented in Fig. 1 comparing the displacement in the center of the plate. Present results are
obtained with LE2 and TE2 models and are compared to reference [10].
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Figure 1: Displacement obtained through present method LE2 and TE2 compared to the
reference [10].

From Fig. 1 it is possible to say that the displacements are in close agreement with the reference,
which model is based on von Karman-type nonlinearities and the Rayleigh-Ritz energy method.
The discrepancy between the two results may be attributable to the differing formulations of the
problem. In the present work the analysis is conducted to an higher level of temperature where the
equilibrium curve change in shape due to the change of the post-buckling shape. From Fig. 2 it is
possible to note the primary buckling and the secondary buckling of the plate.
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Figure 2: Displacement equilibrium curve obtained though the present method TE2 and LE?2

Figure 3 shows the stress distribution for g, and o, along the thickness of the plate in Point A
(75, 30) mm, considering the center of the plate as the origin of the reference system The results
obtained demonstrate that, in the case of out-of-plane stresses, the interlaminar continuity is not
guaranteed by the Taylor mode. Moreover, it is evident that a discrepancy in the results is present
even when in-plane stresses are taken into consideration.
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Figure 3: Stress distribution along the thickness Point A (75,30) mm. Comparison between LE2
and TE2 models.

Conclusions

The present work aims to show a nonlinear formulation for the post-buckling configuration of a
rectangular plate made of a variable angle tow composite material. The governing equations are
obtained from the principle of virtual displacement, and a comparison is conducted between the
Lagrange and Taylor models for displacements and stresses. The findings indicate that the
displacement description is accurate, even when the Taylor model is taken into consideration.
However, to achieve optimal stress results, it is necessary to employ a Lagrange model in
conjunction with the Layer wise description.
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