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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga In this paper, we investigate the Dirichlet problem on lower dimensional manifolds for a class

Vs of weighted elliptic equations with coefficients that are singular on such sets. Specifically, we

primary 35865 study the problem

secondary 35J75 = div(|y|* A(x, )Vu) = |y|* f + div(|y|* F),

35J25 u=w, on X,

35B44 X . X

35B53 where (x,y) € R xR", 2<n<d, a+ne(0,2), and X, = {|y| = 0} is the lower dimensional
manifold where the equation loses uniform ellipticity.

Keywords: Our primary objective is to establish C%* and C'* regularity estimates up to X, under
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Singular weights

Schauder regularity estimates
Lower dimensional boundary
Dirichlet problem

Liouville type theorems

suitable assumptions on the coefficients and the data. Our approach combines perforated
domain approximations, Liouville-type theorems and a blow-up argument.

1. Introduction

Let 2 < n < d be two integers and z = (x,y) € R*" x R". Let us define the lower dimensional manifold
2 = {(x,» eR? : |y| =0},

which has dimension d —n, and the weight |y|? = dist"zO (z), where the real parameter a satisfies a+n € (0,2). We study the following
equation

—div(|y|*AVu) = |y|*f +div(]y|*F), in B;\ X,
u=y, on X, N By,

(1.1

where B, ¢ RY denotes the unit ball with centre at 0, A : B, — R%¢ is a symmetric d-dimensional matrix satisfying the following
ellipticity condition

MEP < A@R)E - & < AlE%, 1.2)

for all ¢ € R? and a.e. z € By, where 0 < A < A < oo are fixed constants. The terms f : By >R, F: B > RYandy : 5,nB; - R
belong to suitable spaces, which will be introduced later. We notice that, when n = d (so that z = y), the lower-dimensional boundary
X, = {0} reduces to a single point. In this case, we assume the boundary condition is simply «(0) = 0. The operators V and div denote
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the gradient and the divergence with respect to the variable z, respectively. Weak solutions to this equation are naturally defined
within the framework of weighted Sobolev spaces, which will be introduced in Section 2.1. Thus, we say that u is a weak solution
to (1.1) if u € H“9(B)) := H'(By, |y|“dz), satisfies

VAV - Vdz = / W ¢~ F - Vo,
B, B
for every ¢ € C®(B, \ ;) and u = y in the sense of the trace (see Definition 2.5).

Our primary goal is to establish local regularity estimates up to X, for weak solutions to (1.1). Specifically, we show that, under
suitable assumptions on the data, solutions are C%*(B, ) and, in some cases, may be C1*(B, 2)- As we will see later, our results
are sharp with respect to the assumptions on the data. Specifically, the function |y|>~*~" is a solution to (1.1), when A = I, f =0,
F=0and y =0 and it is C®2*" if g+ n € [1,2) and C!1=9" if a + n € (0, 1). The idea behind our theorems is that this solution is
the worst regular solution to (1.1) when A=1, f =0, F=0and y =0.

The Dirichlet boundary condition u = y on X, requires some clarifications. For general values of a € R, the trace of functions
which belongs to H'%(B,) on X, might not be well defined. In the paper [1], the author shows the existence of a trace operator for
a large class of weighted Sobolev spaces on lower dimensional boundaries. Specifically, the following result holds.

Theorem 1.1 ([1, Theorem 2.3]). Let T be a (d — n)-dimensional C'-manifold, dist be the distance from I', a + n € (0,2). Then, there
exists a unique bounded linear operator

T : H'(B,.dist%) - L*(I'n B))
such that

Tu= U
for every u e C*(B)).

Hence, the restriction we impose on the parameter a + n € (0,2) ensures that the boundary condition u = y on X, makes sense.
In other words, introducing the weight as a power of the distance to the boundary provides a natural framework for studying the
Dirichlet problem for linear elliptic operators on lower-dimensional boundaries. Without such a weight, the solutions do not “see”
the lower-dimensional sets due to capacitary reasons: for instance, a harmonic function in B, \ % is the same as a harmonic function
in the whole B;.

We also emphasize that in the works [2,3], Cora, Vita and the author systematically study the same equation in the broader case
a+n> 0, with a focus on solutions which satisfies an homogeneous conormal boundary condition on X, when a + n € (0,2).

The study of such equations falls within the theory of non uniformly elliptic operators, as the presence of the singular weight
causes the operator’s coefficients to blow up on the manifold X,. In the seminal paper [4], the authors extended the De Giorgi—
Nash-Moser theory to weighted elliptic equations, where the weight arises from quasi-conformal mappings or belongs to the
Muckenhoupt A, class. In particular, under suitable assumptions, they proved the validity of the Harnack inequality, ensuring Holder
regularity of solutions with a non explicit Holder exponent. Along this line, we also refer to the work [5]. Our weight |y|* belongs
to the Muckenhoupt A, class when a + n € (0,2n), so our assumption a + n € (0,2) ensures that the known results for this class of
weights apply, guaranteeing that the solutions to our problem satisfy some Holder estimates. However, the peculiar geometry of the
singular set of our weight |y|?, combined with its homogeneity property, allows us to obtain more refined results compared to the
general theory mentioned above.

In recent years, there have been significant contributions to the study weighted elliptic equations, where the weight behaves
like the power of the distance from the boundary of a set. The most notable case is n = 1, which is closely related to the extension
theory for fractional operators developed by Caffarelli and Silvestre in their seminal paper [6] (we refer also to [7], where the
authors study fractional operators in conformal geometry). This setting is now well understood, and there is a rich literature on the
regularity properties of such equations. Concerning Schauder type estimates, a notable reference can be found in [8]. Moreover,
we highlight the works [9-12], where the authors establish a complete Schauder regularity theory for degenerate/singular elliptic
equations, and its parabolic counterpart [13,14]. Additionally, we mention [15,16], where elliptic and parabolic weighted equations
are studied, yielding alternative regularity results.

In the paper [17], David, Feneuil and Mayboroda developed an elliptic theory for equations which are degenerate/singular on
lower dimensional boundaries. In particular, in [18], the authors extensively studied our operator in the case a + n = 1, under
weaker assumptions on the coefficients A. They proved the solvability of the Dirichlet problem in this setting. We also refer to [19]
and the references therein for a broader overview of this topic. Recently, in [20], the authors investigated the boundary behaviour
of solutions in this high-codimensional setting and established estimates on the singular set near the boundary. Moreover, our
class of operators also arises in the context of singular harmonic maps to study equations related to black holes (see [21-25]).
In particular, in [26], the author highlights the connection between these singular harmonic maps and differential operators like
ours, in the case where a < 0. Additionally, our work is related to Mazzeo’s theory of edge operators [27,28], which emerges in
boundary problems with higher codimensional boundaries and provides essential insights into solution regularity by establishing
Fredholmness in degenerate Holder or Sobolev spaces.

Finally, it seems that our operator could be a good model for free boundary problems of the obstacle type (see, for example, the
classical papers [29,30]), where the obstacle is very thin (with dimension less than d — 2), see also [31]. As already noted above,
classical elliptic operators do not allow for such problems, as they cannot “see” small sets like these due to capacitary reasons.
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Main results

The main goal of this paper is to establish local C%* and C!* regularity estimates up to the singular set X, for weak solutions
to (1.1). These results are presented in two main theorems: the first provides Holder estimates for the solutions, while the second
establishes Holder estimates for the gradient. In the following, we use the notation L”%(B) := L”(B,,|y|’) to denote weighted
Lebesgue spaces.

Theorem 1.2. Let2<n<d,a+ne(0,2), p>d/2, q>d and
a€(0,2-a-nn0,2-d/pIn0,1-d/qIn(,1). (1.3)

Let A be a continuous symmetric matrix satisfying (1.2) and  be a modulus of continuity such that

[A(z) = AZ)]
lAllcowg,y = NAllLwoy+ sup ———== <
cVo(By) L>(B)) reB, b7 a)(lz _ Z/l)
Let f € LP*(B,), F € L%*(B,)? and y € C%'(Z, n B,). Let u be a weak solution to (1.1).
Then, u € C*%(B, 2) and there exists a constant ¢ > 0, depending only on d, n, a, 4, A, p, g, « and L, such that

||“||c0~rt(31/2) < C(”“”LZ,a(B]) + I Lraca)y + 1Fll Laaca,) + ||‘//||c0~l(zon31))~ 1.4

Let us point out that the assumption y € C%!(B,) might not be optimal, and it is reasonable to expect that y € C%*(B,) would
suffice.

Theorem 1.3. Let2<n<d,a+ne(0,1), p>d and
a€(0,1-a-n)n(0,1-d/p]. (1.5)

Let A be a a-Holder continuous symmetric matrix satisfying (1.2) and ||A||Co,n(31) <L, f € L (B,), F € C**(B,) and w € C*(Z,N B,).
Let u be a weak solution to (1.1).
Then, u € C1*(B, ) and there exists a constant ¢ > 0, depending only on d, n, a, A, A, p, a and L such that

”u”cLa(B]/z) < C(”u”LM(Bl) + ||f||Lp-a(Bl) + ||F||C0.a(31) + ”‘V”CL“(EOQB[))' (1.6)

In addition, u satisfies the following boundary condition

{vxuoc, 0) = V,p(x,0),

or every (x,00€ X,NnB,,,, andi=1,...,n. 1.7
(AVu+ F)(x,0) - ¢, =0, for every 0T

Before presenting the idea of the proof, we recall a method developed in [9] to establish regularity estimates for weighted
elliptic equations that are degenerate or singular on a set of codimension one, that is, when n = 1. This case, where the singular
set is an hyperplane of dimension d — 1, does not fall under the scope of our study, which focuses on n > 2. The authors develop a
regularity theory for such equations by regularizing the weight and using an approximation argument: they first establish e-stable
regularity results for solutions with the regularized weight (2 + y*)%/2, and then take the limit as ¢ — 0. However, this approach
seems not to work in our case, where n > 2. Indeed, by regularizing the weight, that is, considering p¢(y) := (€2 + |y/*)%/? and
solutions to uniformly elliptic problems with this type of weight, the H 1(p?)-capacity of X, will be zero. As we discussed earlier, in
this situation, the classical Sobolev spaces will fail to capture information about the boundary condition on the lower dimensional
set X,. Consequently, the approximation problem with this type of weight loses critical information about the boundary condition,
making it impossible to recover uniform regularity estimates for the weighted problem.

We adopt a different approach based on perforated domains, aiming to establish uniform estimates in this framework. For small
0 < e < 1, we define

2 ={lyl <e},

as the e-neighbourhood of X, noting that its boundary 0%, = {|y| = €} has dimension d — 1. The central idea is to approximate
the lower dimensional boundary, which has dimension d — n, with a classical boundary of dimension d — 1 and impose the Dirichlet
condition on this set. Hence, we consider solutions to the problem

—div(|y|"AVu) = [y|*f + div(]y|*F), in B;\ Z,
u=0, onodX, N B,.

In this context, since the singular set X, is sufficiently far from B, \ Z,, we can apply classical regularity theory to obtain C®*(B, 2\Z)
and C1*(B, 2\ Z,) regularity estimates, with constants that may depend on e. The crucial step is proving that these estimates are
uniform as € — 0, as shown in Theorems 4.1 and 5.1. Once we have these uniform estimates, we employ an approximation argument
(see Section 2.5) to pass to the limit as ¢ — 0, thereby recovering the desired regularity results for the original problem.

We emphasize that proving C'-* regularity for solutions to (1.1) requires a refined approach. Specifically, the uniform estimates
in perforated domains require an additional assumption on the field F, as highlighted in Remark 5.2. Consequently, proving the
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main theorem necessitates a double approximation strategy: the first via perforated domains and the second through a standard
mollification argument. This is combined with some a priori estimates for solutions to (1.1) under an additional boundary condition
on X, as detailed in Proposition 5.3.

The strategy for establishing the ¢-uniform estimates is based on a contradiction argument combined with a blow-up procedure,
drawing inspiration from Simon’s work [32]. A key component of this approach is the following Liouville-type theorem, which
applies to entire solutions satisfying a specific growth-control condition at infinity.

Theorem 1.4. Let2<n<d, a+ne€(0,2), € >0. Let A be a constant symmetric matrix satisfying (1.2) and u be an entire solution to

—div(]y|?AVu) =0, inRY\ X, (1.8)
u=0, onox,,
(see Definition 2.3). Assume that there exist constants ¢ > 0, y € (0,2 — a — n) such that
lu(z)| < c(1+|z|"), forae zeRI\ X, (1.9)

Then, u is identically zero.

Finally, as a consequence of our main theorems, we extend our results to more general weighted equations, where the weight &
behaves like a distance function from a regular manifold I" of dimension d — n (see Definition 6.1). Specifically, in Corollaries 6.3
and 6.4, we are able to prove local C*“(B, /) and Ccl(B, J2) regularity estimates for weak solutions to the following equation

{— div(6°AVu) = 6°f +div(6*F), in B;\ T, (1.10)

u=y, on I'N B;.

The precise definition of solutions to (1.10) will be given later in Section 6.
Structure of the paper

The paper is organized as follows. In Section 2, we set up the problem by introducing weighted Sobolev spaces, discussing their
basic properties, and providing the definition of weak solutions to our equation along with some preliminary results, including the
approximation Lemma 2.9. Section 3 is devoted to the proof of the Liouville-type Theorem 1.4. In Sections 4 and 5, we establish
the main results, Theorems 1.2 and 1.3, which concern C%* and C'-* regularity, respectively. Lastly, in Section 6, we extend these
results to solutions of the more general Eq. (1.10).

2. Functional setting and preliminary results
2.1. Weighted Sobolev spaces
Let a+n € (0,2), R>0and By := {z€ R : |z|] < R} be the ball centred in 0 and radius R. We define the weighted Lebesgue
spaces
LP%(Bg) := LP(Bg, |y|*d2),
and for vector field
LP9(Bg)! = LP(Bpg, |y|®dz)".

The Sobolev space H!%(By) is defined as the completion of C*®(By) with respect to the norm

172
||u||H1.a<BR>=(/ IyIudz + / Iy1°1vulPdz) "
Br B

R
where C*(By) = {1, :u€ CE(R).
Since we are interested in functions which vanish on X, = {|y| = 0}, we define the Sobolev space H%(By) as the completion of
C&(Bg \ 2)) with respect to the norm || - ||H1~"(BR)'
Additionally, we define the Sobolev space H&’”(B r) as the completion of CX(Bg\ %) with respect to the norm |- || Hla(Bg) which
contains functions having zero trace on d(By \ Z).

2.2. Weighted Sobolev spaces in perforated domains

In the rest of the paper, we use the notation 0 < ¢ < 1 to indicate that ¢ is a small positive number. Let us define
Zo={(x, )yl <€}, 90X, ={(x,y) : [y =€}
We set

LPYBR\ Z,) 1= LP(Bg \ X, |y|"d2),
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and
LP9(Bg \ Z)% := LP(Bg \ =, |y|dz)".

Let us define the norm

_ a 2d ary Zd 172
el grr.appr s,y = lyl“u“dz + [yI“IVul“dz
BR\Z

R\Z¢ BR\Z,

We define Sobolev spaces in perforated domains as follows.

« H"(Bg\ X,) as the completion of C®(Bg \ Z,) w.r.t. the norm || - lgracBe x5,
« H'"%(Bg \ ZX,) as the completion of Cf"(B_R\ X,) w.r.t. the norm || - ||H.,,,(BR\ZE),
« Hy“(Bg \ %,) as the completion of C®(By \ X,) w.r.t. the norm | - ltacagy s,

When ¢ = 0, we identify the spaces
LP(Bg \ Zp) = LM(Bg). H'"(Bg\ Xp) = H'"“(Bg). Hy (B \ ) = H01~”(BR).

Moreover, since the Poincaré inequality holds true (see Proposition 2.2) in H'(By \ Z,) for every 0 < ¢ < 1, we have that

) (/ pievardz)
ull 1.0 = ul“dz s
Bz T\ fp 5

defines an equivalent norm to | - Il i, 5, in HY(Bg\ 2.

Remark 2.1. For & > 0, functions in H%(Bg \ Z,) can be identified with their trivial extensions in the whole Bg. Consequently,
we have the following inclusion of spaces:

H'"(Bg \ 2,) c H"(Bp).

We note that this result is frequently used throughout the paper, particularly in the analysis of approximations on perforated
domains.

The following proposition establishes several fundamental inequalities in the space H'%(Bg \ Z,): namely, the Hardy inequality,
the Poincaré inequality, the Poincaré trace inequality, and a Sobolev-type inequality, all of which hold uniformly with respect to
the parameter e. These results ultimately rely on the Hardy inequality, which is by now a classical tool. We also refer to [33,34]
for other functional-type inequalities along these lines.

Proposition 2.2. Let2<n<d,a+ne(0,2), R>0and0 < e < 1. Then, there exist a constant cp > 0, depending only on d, n, a and
R such that

2
/Iyl"u—zdzscR/ 19191 Vul?dz, @1
Br [yl Br
/ Iy“u*dz < c / [¥1°|Vul*dz, (2.2)
Br Bg
/ |y|“u2da§cR/ ly]¢|Vu|?dz, 2.3)
dBg Br

2% 2/2 2
(f viewaz)" az< ey [ v, @24

Bg Bg

for every u € C:"(B_R\ X,). In the last inequality 2* :=2d /(d —2) if d > 2 and 2* can be replaced by any p € [1, ) if d = 2, and in this
case, the constant cg > 0 also depends on p.

Proof. For the proof of the Hardy inequality (2.1), see [2, Proposition 3.4].
The Poincaré inequality (2.2) immediately follows by the validity of the Hardy inequality (2.1), in fact

2 u?
/ |y|%u dZSC/ |y|* —dz,
Bg Bg [yl

for some ¢ > 0 depending only on R.
By using the classical embedding H'(Bg) = L*(dBy) to the function | Y% e cx (B_R\ X,), the Hardy inequality (2.1), combined
with Holder and Young inequalities, we have that

2 2
[ wietdo e [ wasertoraz e [ (iewul + S capeiva)az<c [ v,
0Br By By 4 [yl [yl

Bg

and (2.3) holds.
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Finally, let us prove the Sobolev embedding (2.4). By using a < 0, the classical Sobolev embedding H!(Bg) = L% (Bg) to
the function |y|“%u € C®(Bg \ 2,), the Hardy inequality (2.1), the Poincaré inequality (2.2), combined with Hélder and Young
inequalities, we obtain

L N\2/2F ©\2/2F
(f wrweaz)™ <e( [ et az)™ < [ (e 4 19asermor )iz
Bg Bgr Bg

u? |ul 2
W+a|y|“—|Vu|>dzsc |¥||Vul*dz.
y

2
< [ (ntead + v + S e
Bx 4 [yl Bg

Hence, the proof is complete. []
2.3. Weak solutions

In this section we give the definition of weak solutions.

Definition 2.3. Let2 <n <d,a+n € (0,2), R > 0and 0 < ¢ < 1. Let A be matrix satisfying (1.2), f € L>%(Bg \ Z,) and
F € L>%(Bg \ X,)?. We say that u is a weak solution to

—div(|y|*AVw) = |y|°f +div(Iy|*F), in Bg\ Z, 2.5)
u=0, on 0=, N By, '
ifue H(Bg \ Z,) and satisfies
/ [¥I“AVu - Vdz = / Y°(fp — F - V)dz, (2.6)
Br Br

for every ¢ € C®(Bg \ Z,).
We say that u is an entire solution to

—div(ly|?AVa) = [y|°f + div(y|“F), inRY\ X,
u=0, onodx,,

if u is a weak solution to (2.5) for every R > 0.

Remark 2.4. Using the validity of the Poincaré inequality (2.2), we have existence and uniqueness for solutions to (2.5) which
also satisfy a boundary condition on 0By \ ZX,. In fact, if u is a weak solution to (2.5) satisfying u —a € H&’”(B r \ Z,), for some
i€ H"(Bg \ Z,), then u is a minimizer to the functional

J(0) :=/ ot (A ot povo)a,
BR\Z, 2

over
X :={ve H"(Br\ %) :v-i€H*Bg\ )}

and J is coercive. By a standard application of the Weierstrass Theorem, we have existence and uniqueness of solutions to (2.5)
with prescribed trace on 0By \ X,.

When ¢ = 0, recalling the trace Theorem 1.1, we also give a definition of weak solutions with prescribed trace on the lower
dimensional boundary X,.

Definition 2.5. Let2<n<d, a+ne€(0,2), R>0 and A satisfies (1.2). Let f € L>%(Bg), F € L>*(Bg)¢ and v € L*(X, N Bg). We
say that u is a weak solution to

—div(|y|“AVu) = [y|*f + div(]y|*F), in By \ X,
u=y, on X, N By,

if u € H(By), satisfies (2.6) for every ¢ € C®(Bg \ 2y) and u =y on X, N By, in the sense of the trace.

2.4. Local boundedness of solutions

The goal of this section is to prove L?> — L™ estimates for weak solutions to (2.5). The proof is fairly standard and employs an
iterative technique based on a Caccioppoli-type inequality and the Sobolev embeddings (2.4) (for example, see [35]). We include
the proof for completeness. We start with the following Caccioppoli-type inequality.
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Lemma 2.6. Let2<n<d,a+ne(0,2), R>0,0<e<1, p>Q2*) and q > 2. Let A be a matrix satisfying (1.2), f € LP*(Bg \ X,),
F € LBy \ Z,)¢ and u be a weak solution to (2.5). Then, there exists ¢ > 0 depending only on d, A and A such that for every
0 < R < R, < R there holds

1 2 2 2
Iyl"IVulzszC[— y1*lul"dz + 1 £l pa 1F1I7 4.0 ] 2.7)
/BRI\; (Ry = R g\, Lr(Bpg, \e) LB, \ o)

Proof. Fix 0 < R; < R, < R and consider a smooth cut-off function # € C°(Bg) such that

C

t(n) C Bg,, =lonBg, 0<n<l, |Vh|L—"-—,
spt(7) C Bg,, 17 R, n [Vl % =R,

for some constant ¢ > 0 depending only on d. Let us test the equation satisfied by u with #%u (which is an admissible test function).

Then, we obtain
/ |y|°7?AVu - Vudz = / |y|°(~2quAVu - Vi + frnPu—F -(m*Vu+2nu - Vi))dz.
B Br

Let us fix u > 0 to be chosen later. By Holder and Young inequalities, it follows that

1/2 1/2
| [ ir2muavu- naz| <2a( [ ienivaaz) ([ ewioiaz)
Bg Bg Br
<u / P 1Vuldz + e, / a2V Pz,
Br Br

where ¢, > 0 depends on A and u. Next, using the Sobolev embedding (2.4)
| /B 0P| S s 5 S S Wi I 00

< gy )+ 1 / P IVulPdz + / 11l Vnldz.
2 Bg Br
where ¢, > 0 depends on R and u. Furthermore,

| / F PVt 29z € e, | F g s+ 1 / 1P Vultdz + / 11l Vnldz.
BR € BR

Bg

where ¢, > 0 depends on R and u. Hence, combining this estimates we obtain
,1/ Iy1°n*|Vul?dz < / I¥1“n*AVu - Vudz
Bg Bg
< |/ |y|*2nuAVu - Vndz‘ + ’/ fnzudz‘ + ‘ / F-*Vu+ Zann)dz’
Bg Br Bg

< CM(/B Iy1°IVa*uldz + ”f”sz.a(BRZ\ZE) + ||F||2Lp.a(BR2\)_-E)> + 3/4/B |y197? | Vul*dz.
R R
Hence, choosing y > 0 small enough, we get that (2.7) holds true.

The next lemma is to establish a no-spike estimate type.

Lemma 2.7. Let2<n<d,a+ne€(0,2),0<r<R 0<e< 1, p>d/2, q>d. Let A be a matrix satisfying (1.2), f € LP*(Bg \ X,),
F € LBy \ X,)? satisfying

I papp\s,y + 1 Fl Laapp\s,) < 1.

Then, there exists a constant € (0, 1), depending only on d, n, a, 4, A, p, q, r and R, such that if u is a weak solution to (2.5) in By \ X,
and it satisfies

/ Y141, 2dz < 6,
BR\Z,

then
u<l aeinB,\Z,.

Conversely, if

/ DIl 2dz < 5,
BR\Z

e
then

u>-1 aeinB,\Z,.
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Proof. We give the proof for the positive part u,, since the other one follows the same argument.
For p € (0, R), fix a smooth cut-off function # € C(B,) and a real number b € R. Let us consider v := n*(u—b), as test function
in (2.5). Then,

/lyl”AVro(nzu)dz:/ Iy1“(fr*v = F - V(5*v))dz.
B, B,

Using the same computations as in Lemma 2.6, combining with the fact that whenever v > 0, we have Vu = Vv, we obtain

s

p \<e

Ve Pdz < / IV dz + / V1 o] + / P2 0y 2] 2.58)
B,\X, B\X, B\Z,

For every j € N, set

Cp=1-27 rj:=(R=r27+r. D;:=B \Z,
noting that C, =0, iy =R, C; 1 1, r; L r, D; > D;yy and r; —r;y; = (R—r)27UtD, We define

Vii=w-Cp,, E; ::/ |J’|aV12dZ,

Db;

which satisfy, for every j €N, E;,| < E; < E; < § by assumption.

Let us consider a sequence of smooth function »; € C:"(B,j) satisfying ; = 1 in B . 0<n; <land|Vy;| Scylr; —rjyql < c 20t
Using (2.8) with v =V}, p=r; and = n; we get

/ ¥V Vi)l Pdz < c[/ V11V, PV dz + )/ 1 f 3V pdz| +/ |y|”|F|21{V]+,>o,dz].
Dj Dj Dj Dj
We estimate the first term in the right hand side as follows
[ v P2 s < 0,
J

Next, let us fix = 2* if d > 3 or 7 > p' if d = 2. Since p > d/2, we can consider y > 1 such that p~! +7~! +y~! = 1. By applying the
Holder inequality with exponent p, 7, v, || fl Lra Bp\z) <1 and the Sobolev embedding (2.4), it follows

arn “ . 1/t M 1/y
| [ 1rmVya] < Uy ([ 91 Valmdz) " ([ 1%, 50dz)
D; D; D;

a 2 172 a 1y
<e( [ v voraz) ([ ey, s dz)
D; D;

<u [ VP, [ ity saz)
D; D;
where in the last inequality we used the Young inequality and y > 0 is a small number to be chosen later. Since
(Vg1 >0} ={u—C;y >0} = {u—C; > 270Dy = {1, > 27040y,
it follows

/ |y|")(“,j+l>0)dz:/ |y|a}((V;>2_2(/+1))dzSZZUH)/ Iy|*V}idz = 22UV E;.
D; J D

J J

Using IFll Loz, < 1, we obtain

a2 4\ p1g 2/q “ q-2)/q

WV PZ sopdz < (| 1FEdz) (] 2, s0dz)

D; D; D;
q-2/q .
1 -1-2
< (/ |y|”)(“,j+l>0)dz) <t E; /.
DJ
Combining together the previous estimates, and choosing y > 0 small enough it follows
; 2 1-2
/D Y191V Vi) Pdz < T (E; + BV + E)79).
j

Next, using the Holder inequality in the definition of E;,, and the Sobolev embedding (2.4), it follows that

ay2 a T U
Epu= [ WVidz< ([ lmnrdz) " (
D Dy D

j+1 j+
2/t . .
+1 p1-2/7 2 41 o1-2/7
s/D}|y|“|n,-V,~+1|fdz) cHIE] s(/D}|y|“|V(n,~vj+l>| dz)e/* E!
J J

< JH! (E?*Z/T + E;JrZ/V*Z/T + E/?*Z/q*Z/T) < Cj+lE}+7’

. @*-2)/2*
(¥l X{VM>0)dZ)
j+1
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7:=min{1—2,3—2,1—3—2}>0.
Ty T q T

The positivity of 7 follows by the fact that for d = 3 we set r = 2*, and for d = 2 we choose 7 > p’. Then,
E; < Cj“E}W,
Ey<sé,
which implies
E, < X 07 T ()47

Finally, by choosing 6 such that ¢é < 1, and taking the limit as j — co we obtain that E; — 0, that is, /, B, |¥|*(u — 1)3r =0, which
yields u <1 a.e. in B, \ Z,.

Finally, the next lemma states the L® boundedness of weak solutions to (2.5).
Lemma 2.8. Let2<n<d, a+ne 0,2, R>0,0<e<1, p>d/2 q>d. Let A be a matrix satisfying (1.2), f € LP(Bg \ %),

F € L9 By \ Z,) and let u be a weak solution to (2.5). Then, for every r € (0, R), there exists ¢ > 0 depending only on d, n, a, A, A, p,
q and r such that

lull Lo (,\5,) < C(”u”LZ,u(BR\zE) + 1 zpapp\z,) + 1Fl aapp 5,)) - (2.9

Proof. Let us define

Ve

' lluell 205, + W ey s,y + 1F Il Laase5,) ’

v .= 0u,
where 6 > 0 is as in Lemma 2.7. One has that v satisfies the hypothesis of Lemma 2.7, hence, v, <1 in B, \ X, which implies
1
lupll o5, < %(”“”Lla(gk\;) + 1/ lzpasp\s,) + 1F | oo\ 5,))-
Repeating the same argument with v_ one has that
1
lu_llzeo 5,y < %(”“”LZ'I(BR\ZE) + 1/ N eragp\s,) + 1F | ey 5,)-
Hence, we have that (2.9) holds true, by choosing C =2/ \/5 The proof is complete. []
2.5. Approximation result
In the spirit of [9, Lemma 2.12, Lemma 2.15] and [13, Lemma 4.2], the goal of this section is to provide an approximation
result, which allows us to construct a family of solutions to (2.5) in perforated domains (0 < ¢ < 1), which converges in a suitable
sense to weak solutions of (2.5), when £ = 0.
Lemma 2.9.
Let2<n<d,a+ne(0,2), R>O0. Let A be a matrix satisfying (1.2), f € L>*(Bg), F € L>*(Bg)? and let u be a weak solution to

(2.5) with e = 0.
Then, for every r € (0, R), there exists a family {u, }o..«, such that u, are weak solutions to

—div(1¥1AVa,) = 51 + vy ). in B\ 5., 2.10)
u=0, ondX, NB,, )
satisfying
”ug”HLﬂ(Br\Zs) < C(”“”HLH(BR) + ”f”LZ,a(BR) + ”F”LLH(BR))a (2.11)

for some constant ¢ > 0 depending only on d, n, a, A, A, R, r and, up to consider the trivial extension of u, in the whole B, (see Remark
2.1), there exists a sequence ¢, — 0 such that

ug, —uin H(B,).
Proof. Let us fix r € (0, R) and consider a cut-off function ¢ € C°(Bg) such that

E=1in B,, spt(€) C Brer, 0<E<1, |VE| <c,
2

for some ¢, > 0 depending only on d, R and r, and define & = éu € H(;‘“(BR).
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Fixed ¢ € CX(Bg \ 2y), and using Eq. (2.6) satisfied by u, we get
/ IV|9AVii - Vodz = / |y|"(§AVu - VGuAVE - V¢)dz
Br Br
= / |y|”(AVu V(PE) — pAVU - VE + uAVE - V¢)dz
Br
= /B 91/ 6& = F - V(@) = pAVu - VE +uAVE - Vb ) dz
R

= /B |y|“<f¢f —EF -V — ¢F - VE— pAVu - VE+ uAVE - V¢)dz,
R
that is, & is a weak solution to

—div(|y|*AVa) = |y|°f + div(|y|?F), in Bg\ %,
u=0, on 0By \ Xy, (2.12)
u=0, on X, N Bpg,

where we have set
f=fe—F-VE—AVu-VE,  F = FE&—uAVe.

We estimate the right hand side in (2.12) in the following way
/ Iyl*/?dz <2 / Y1°(€) +(F - V&P + (AVu- V&) )dz
Bg Bg
s2/ (/2 4 QPP + | AVEPIVu )az 2.13)
Br

< c/ |y|“(f2 +|F]? + |Vu|2)dz,

Bg

for some ¢ > 0 depending only on d, A, R and r. By performing similar computations, we get

[ owirtaz < [ e e, 214
Br

Br
for some ¢ > 0 depending only on d, A, R and r
Fixed 0 < ¢y < 1, for every 0 < € < ¢, recalling Remark 2.4, let u, be the unique weak solution to

—div(|y|*AVu,) = |y|°f +div(]y|*F), in Bx\ Z,,
u, =0, on 0By \ Z,, (2.15)
u, =0, on X, N By.

By using u, € Hé’”(B r \ Z,) as test function in (2.15), up to consider the trivial extension in the whole B, (see Remark 2.1), combined
with (1.2), Poincaré inequality (2.2) and Holder inequality, we get

A/ |y|“|Vu£|2dz§/ |y|”AVuE~Vu£dz:/ |y|”<fu£+F-VuE>dz
Br Bg Bg

2 172 1/2 PSRN V) 1/2
<( [ wrtaz) ([ wewbaz) " ([ wieeras) ([ e paz)
Bg Bg Br Bg
a 2 172 7 i
<o [ 19ucaz) " (1 ey + 1PNy )
Bg
and then, by using (2.13) and (2.14), we have that there exists a constant ¢ > 0 depending only on d, n, a, 4 and A such that

el pracapns,) < (1 2aggy + IF N 2agsgy + 1l agsy))- (2.16)

So, we get that {u,} C HJ’"(BR \Z,)C Hé'“(BR) is uniformly bounded. Hence, there exists i € HJ’“(BR) and a sequence ¢, — 0,
such that

u, — @, weakly in H"“9(Bg). (2.17)

£k
Next, we prove that 7 = ii. Let ¢ € CX(Bg \ X)) be a test function in Eq. (2.15) satisfied by u,. Then, spt(¢) C Bg \ X, for every

e small enough. By using (2.17), we have

[ obtfe-Fve= [ ppeave, Ve [ ppava-ve, ase o
spt(¢h) spt(¢) spt(¢)

10
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so, i is a weak solution to

—div(|y|*AVa) = [y|*f +div(ly|*F), in Bk \ Z,
=0, on 0By \ %,
=0, on X, N Bpg.

i1

=

By uniqueness of weak solution to (2.12) (see Remark 2.4), we get that & = i in Hé’”(BR).
Finally, we prove that u,, — i strongly in H La(Bp). By testing (2.12) with &, we get

/ |y|“AVii - Vidz = / |y|“<fa _F. Va)dz, (2.18)
Bg Br
and, by testing (2.15) with u, combined with (2.17), we have
/ IY|“AVu, - Vu,dz =/ |y|”(faé —F. VIZé)dz —»/ |y|“(fzz —F. va)dz, (2.19)
Br Br Bg

along a subsequence ¢, — 0. Putting together (2.18) and (2.19) we obtain
lim / |y|”AVuEk - Vu, dz = / |y|“AVii - Vid z.
£,—0 By By
Since A satisfies (1.2), one has that Vi Nl 2.0 Bp) ~ IVl 2.0 Br)* This, combined with (2.17), allows us to assert that
u, — i, strongly in H“(Bg). (2.20)

Finally, since i =u, f = f, F = F in B,, we have that u, is a weak solution to (2.10) in B, and, by using (2.16) and (2.20), our
statement follows.

3. Liouville theorems

The goal of this section is to prove the Liouville type Theorem 1.4 for homogeneous entire solutions to (1.8) with constant
coefficients. The proof is based on a spectral trace inequality which is stable with respect to ¢, using an argument similar to [9,
Theorem 3.4]. We start with a couple of results which are crucial to treat the case n = d.

Lemma 3.1. Letn =d,a+n € (0,2, 0 < e < land r > 0. Let A € R™ be a positive definite symmetric matrix and define
Q, :={A7'y-y < r?). Then,

/ |[y|*AVv-Vodz> 2 —-a- n)/ |y|9v*do,
Q, 00,
for every v e Cf"(ﬁ, \ 2,).

Proof. We provide the result for r = 1. The case for generic r > 0 follows by a scaling argument.
Since A is a positive definite symmetric matrix, it is well defined the square root A'/2, which is a positive definite symmetric
matrix too. The homogeneous function

a(y) = 1A
is solution (in a point-wise sense) to

—div(|y|°AVi) =0, inR"\ X, 3.1
and satisfies

Va(y) = 2—a-mlAT 2y ATy Va) -y = Q2 - a-ma). 3.2)

Indeed, Egs. (3.1) and (3.2) are verified by a straightforward computation.
Fix v € CX(2, \ Z,). Then,

v 1/2 U120
/ [V]?AVa - V(T)dy = / |y|"(AVv Vo-|a2vy - 2V va‘ )dy < / [Y[?AV0 - Vudy, (3.3)
el u o u Q
On the other hand, by using the divergence theorem, (3.1) and (3.2), we have
— 1)2 U2 _ 2
/ [y|9AVi - V(T)dy - / WL AVE - vdo = (2—a—n)/ Iyl“v2do, (3.4)
2 u 092, u 092,
so, putting together (3.3) and (3.4), our statement follows.

11
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Lemma 3.2. Letn =d,a+n € (0,2, R>0and 0 < ¢ < 1. Let A € R"" be a positive definite diagonal matrix and define
Q, :={A7 'y y < r?)}, for every r > 0 such that 02, C By \ Z,. Let u be a weak solution to

—div(|]y|“AVu) =0, in Bg\ Z,,
u=0, on 0%, N By,

(3.5)

Up to consider the trivial extension of u in the whole By (see Remark 2.1), let us define

E(u,r) := ;/ |¥|*AVu - Vudy,
Qr

pnta=2

. 1 a,?2
H(u,r) := pr) /d_Q, |y|udo.
Then,

J0,H(v,r) = ZE(U, r), for every r € (0, R).
r

Proof. When ¢ > 0, classical regularity theory ensures that the function u is smooth in @, \ Z,. Consequently, the result immediately
follows through explicit computations.

When ¢ = 0, we proceed by an approximation argument. Fixed 0 < § < 1, by using the approximation Lemma 2.9, we find a
family {u, }y<.« of solutions to (3.5) in Bg_s \ Z, such thatu, — uin H La(Bg_;) along a sequence ¢, — 0 and, by applying the
trace Poincaré inequality (2.3) (which also holds in 2,) we get that v, — v in L>(082,). Hence, we have that

/ |y|“AVu5k - Vu, dy - / |y|“AVu - Vudy,
Q, Q,

(3.6)
/ |y|”u§ do —>/ Iy|%Pde.
09, k 09,
By utilizing the result obtained in the case € > 0 one finds that
2
0,H(u£k,r) = ;E(ugk,r). (3.7)

By applying (3.6), we can take the limit as ¢, — 0 in (3.7) to obtain 9, H (u,r) = %E(u, r).

The following lemma allows us to handle the unweighted variables x. Its proof relies on the method of difference quotients and
an iterative application of the Caccioppoli-type inequality (2.7). For a detailed proof, see [11, Corollary 4.2, Lemma 4.3] in a quite
similar context.

Lemma 3.3. Let2<n<d, a+n€(0,2), e >0. Let A be a constant symmetric matrix satisfying (1.2) and u be an entire solution to
(1.8). Then, the following holds true.

(i) Foreveryi=1,...,d — n, the function 0:(,” is an entire solution to the same problem.

(i) If u satisfies the growth condition (1.9) for some y > 0, then u must be a polynomial in the variable x of degree almost |y |.

Proof of Theorem 1.4.
Let u be an entire solution to (1.8) and let us suppose that n = d and so z =y € R".
By contradiction let us suppose that u # 0. Let r, > 0 such that X, ¢ @, := {A”!y -y < r?} for every r > r, and define

— 1 a
E(u,r)= a2 /.Q, |y|*AVu - Vudy,

— ; a2
Hn = = [ bintde
By applying Lemmas 3.1 and 3.2, we get

M H,r),
r

0.H(u,r)= %E(u, r)>
which implies
H(u,r) > H(u,rg)r*>4="_ for every r > ry,
by Gronwall’s inequality. On the other hand, since A satisfies (1.2), the growth condition (1.9) implies
H(u,r) < c(1+r).
Combining these two inequalities we get

H(u,ry) < cpHr=-a=m),

12
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Taking the limit as » — oo and using y < 2 — a — n we get H(u,ry) = 0. Since r, > 0 is arbitrary, we deduce that u = 0 in R? \ Q.
Moreover, since u is a solution to (1.8) and satisfies u = 0 on 9(£2, \ Z,), we apply the existence and uniqueness result (see Remark
2.4) to conclude that u =0 in 2, \ Z,. Therefore, u =0 in RY \ X, which leads to a contradiction.

Let us consider the case n < d. By Lemma 3.3, one has that « is polynomial in the variable x. Hence, if y € (0, 1), the function
u must be constant in x, so u(x,y) = u(y) and our statement follows by using the result obtained in the case n = d. If y € [1,2), we
have that ¥ must be linear in x, that is

d—n

u(x, y) = u;(y) + Z x;u;(y),
i=1

i

for some unknown functions u;(y). First,

lup)] = [u(0, Y| < c(1 + |y|").
On the other hand,

luley,, M = lu;(») + ug)| < e(L + |yI"),
and so

;M < lugW)] + (L + [y17) < e(X+ [yI").

Hence, every u; satisfies the growth condition (1.9) for every i =0,...,d — n.

Next, for every i = 1,...,d — n, by applying Lemma 3.3 we have that 9, u(x, y) = u;(y) is an entire solution to (1.8) and satisfies
(1.9). Then, the result obtained in the case d = n allows us to conclude that u; = 0 for every i = 1,...,d — n and so u(x, y) = uy(y).
Hence, using again the case d = n, we have that u must be zero and our statement follows.

4. Holder estimates for weak solutions

The goal of this section is to prove Theorem 1.2, which we obtain as a by-product of e-uniform Holder estimates for solutions
in perforated domains and the approximation Lemma 2.9.

Theorem 4.1. Let2<n<d,a+n€(0,2), p>d/2, q>d and a satisfying (1.3). Let A be a continuous symmetric matrix satisfying
(1.2) and w be a modulus of continuity such that

|A(z) — A(Z)|

Al + sup — =< 4.1)
L= @) 2,2/ €B) z#2' o(|z—2'|)
Let f € LP*(B,) and F € L9(B,)?. For 0 < e < 1, let {u,} be a family of solutions to
—div(|y|"AVu,) = |y|*f +div(|y|*F), in B\ Z,, 4.2)
u, =0, ondx, N B,. '
Then, there exists a constant ¢ > 0, depending only on d, n, a, 4, A, p, q, « and L such that
||ug||c0~a(3]/2\zg) < C(”ug”Lzﬂ(Bl\ZE) + 1/ Lreca)) + ||F||qua(31))~ (4.3)

Proof. By classical regularity theory, we know that solutions to (4.2) are C*%(B, 52\ Z,) and that (4.3) holds with a constant ¢ > 0
that may also depend on &. Our goal is to show that it is possible to provide a constant ¢ > 0 that is uniform in e.
Without loss of generality, we can assume that

”ug”LZ"(Bl\ZE) + I fIzracs)y + 1Fll Laacs,) < €,

for some ¢ > 0, which not depends on . Moreover, by using the local uniform bound of weak solutions in (see Lemma 2.8), it
follows that

el ooy 5, < €5 4.9

for some ¢ > 0, which not depends on &.
Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there exist p > d /2, ¢ > d, « satisfying
(1.3), {ug}g := {ug, }x as g, — 0 such that

{—divuyl“AVuk) = [YI°f +div(y|°F). in B, \ %, “5)

u, =0, onodx, NBy,

and
lugllcoacs, 7\ 5,,) = o

13
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Let us fix a smooth cut-off function n € C2°(B) such that
spt(¢) C B3y, n=1 in By, 0<n<l
By (4.4), one has that
L, := [”uk]COﬂ(B]\ZEk) — 00.
By definition of Holder seminorm, take two sequences of points z; = (x, ¥y), 2 = (X, Ji) € By \ X, such that

[y )(zy) — (g )(2)| > ﬁ

lzp = 2 1” 27

define r; := |z, - 2;| and observe that at least one of z, or 2, belongs to B3, \ X, . First, by using the local uniform bound of weak
solutions (4.4), we have that r, — 0, in fact

(4.6)

Hlmu |l Lo(B3y4\Ze,)

c
Lk S o S R
Tk Tk
which implies
cl/a
rg<—— =0, ask— .
1/a
L,

From now on we distinguish three cases.

. Case 1: 2l o Bz

Tk

Tk
. Case 20 W o BilTEe oo
Tk Tk

* Case 3: lf—"' <ec,
for some constant ¢ > 0 which not depends on k. Let z2 = (xg, y(,:) be the projection of z; on 0%, and define

(x> ¥), in Casel,
2 = (. 1) =1 (x. 30, in Case2,
(x,0),  in Case3.

Define the sequence of domains

B\, -%

P ={z=(x,y): |Z¢ + riz| <1, and |)7k+rky|>sk},

Tk
and, for every z € Q,, let us define the sequence of functions

() (Zy + rie2) — (qu)(Z) 0@ (g (Ey + 1y 2) — i (2)
= - ,wi(z) = -
ry Ly e L,

v (2) -

5

in Case 1 and Case 2, and
_ nEu(Zy + riz)

(mu)(Zy +12) .
— Wy (2) (= ———

v (2) =
r‘l’(’Lk rZLk

in Case 3.
Step 2. Blow-up domains. Let us define
Q, :={z=(x,y) € R? : exists k such that z € @, for every k > k}. 4.7)

In this section we show who is the limit domain Q_, := lim,_ . £, along a suitable subsequence. First, in every case, for every
z € R?, one has that

|Ze + izl < |zl +rilzl £3/4+0(1) < 1.

Hence, to prove that z € 2, we only need to show that Z, +r,z & X, » that is,

|Fp + iyl > €. (4.8)
Let us start with Case 1, recalling that Z, = z,. Fix z € R? and by contradiction let us suppose that (4.8) does not hold. Then, since
| - | is a Lipschitz function, one has that
[yi| — &k < |yl = |y + il <
Tk Tk
and taking the limit as k — oo, it follows

clyl,

[y] = o,

14
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which is a contradiction. Hence, 2, = R9.
Next, let us consider the Case 2 and recall that z, = (xk,yg), |y2| = gy, ri /€, — 0. Defining
W
e .= lim —0
k—o00 |yk|

we claim that Q_ = IT := {(x,y) : y-¢é> 0}, which is an half-space. We observe that, for every y € R”,

DO +ryl =D 0 r
g__zlys(_ﬂ_k_,o, (4.9)

Tk [yl Ek
as k — co. Indeed, by using Lagrange’s Theorem to the function | - |, there exists y* (which could depend on k) such that |y*| < |y|

and denoting y} :=y? +r,y*, we have

||y2+rky|—|yk ~ |_) ‘ |y;~y_y‘,l~y
e 5] |yk Iy I |yk Iy | DO DO
k k
|y0|—|y*| [y —y| r r
‘ kok‘ | kok‘ch_c—keo as k — oo,
[y, | Vil vl &

so (4.9) holds true. Let us fix z = (x, y) such that ¢- y = § > 0 and suppose by contradiction that (4.8) does not hold, that is

D+l =11 W »
— Y g Yt ¥
Tk [V, [V,
So, by taking the limit as k - o and using (4.9), we obtain
e-y<0,

which is a contradiction. In analogous way, we have that every z = (x, y) such |é- y| = —=§ < 0 satisfies z ¢ 2, . Hence, since 6 > 0 is
arbitrary, the claim follows, that is, 2 = IT.

Finally, let us consider the Case 3, recall that ¢, < |y;| < cry and Z, = (x;,0). First, up to consider a subsequence, the following
limit is well defined

I
hm — €1[0,c].

k—o0 rk
Let us fix z = (x, y) such that |y| = £ + 6 for some 6 > 0 and suppose by contradiction that (4.8) does not hold. Then,
_ Ex -
E+6=|y| > — > 6,
i

which is a contradiction, so z € £,. Instead, fixed z = (x, y) such that |y| = € — § for some 5 > 0, one has z ¢ €,. Since § > 0 is
arbitrary, we have that

Qo =RI\Z; = {(x.y) ¢ Iy > &)
Resuming, we have shown that the limit domain is
R, in Casel,
Q. =411, in Case2, (4.10)
R?\ X, in Case3,
where IT := {(x,y) € R? : &y > 0} is an half-space.

Step 3. Holder estimates and convergence of the blow-up sequences. Let us fix a compact set K C Q.. For every z,z’ € K such that
z # 7/, we have

[(mu () + rkz) — (nuy)(Zy + 12|

<lz-Z|%

log(2) = v ()] =
that is,
[l coaq) < 1. (4.11)

In Case 1 and Case 2, by using v,(0) = 0, we get the uniform bound ||v;||co k) < ¢, for every compact subset K C £,. Instead, in
Case 3, since ¢, /r, < c, one has that

[0 e, W] = [0 (%, ) = 00,30 /7 < [ gy (x] + 1y = ¥ /r D™ < e,

for some ¢ > 0 which depends only on K, where we have used the boundary condition 7u;, = 0 on 0%, . Hence, we have that
logll ooy < €, which implies that ||vy || coa(xy < ¢ also in this case.
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By applying the Arzela—Ascoli Theorem we conclude that v, — & uniformly in K. By a standard diagonal argument, we can take
the limit as k - oo in (4.11) to obtain

[E]CO‘H(Q“) < 1;
which implies that & satisfies the growth condition
|5] <e(1+(z]%), ae. in Q. (4.12)

Moreover, since u, =0 on 0, , and then v, =0 on (9%, — Z;)/ry, by employing the local uniform convergence we have that
o=0on oIl in Case 2 and 7 =0 on 0%; in Case 3.

Furthermore, the sequences v, and w, converge to the same limit function. Let us fix a compact set K C Q. For every z € K,
by using (4.4), we have

0z + rz) = nEZ) lug |l L 1-a
kT DNl Lo By 5, ) B cry

Ly

[0 (2) — wy(2)| < —0, ask— oo.

rZ L -
Hence, the sequences v, and w, have the same asymptotic behaviour as k — o« on every K C ., which implies that w, — &
uniformly on K.

Step 4. The limit function o is not constant. Let us consider the sequences of points

kT Ty ’

By (4.6), we have

z,—Z zZ,—Z
1. k k 2. k k
¢ I3 .

1 2 [(u )(Z2y) = (g )(z ) 1
IUk(‘}:k) - Uk(i:k)l = rZLk > z
In Case 1, we have that
2, —Z
g=0 &=""Leon,
Ty
then, g,i -0, .»:g - E240.
In Case 2,
oo 0.3, =) 2o G = x4 9 = ¥
k i Tk Ty ’
Since (|y;| — &;)/ry < c uniformly in k, |&} — &| = 1, we have that & — &', & — &2 and &' # &2
In Case 3,
©,y,) (X = x> D)
‘f[lc — k , 5,3 — k k> Yk .
i Tk

Since |yy|/ry < c uniformly in k, |&} — &2| = 1, we have that & — &', & — £2 and &' # £2.
Hence, by the local uniform convergence v, — & we get that |5(&') — 5(£%)| > 1/2, so & is not constant.

Step 5. 0 is an entire solution to a homogeneous equation with constant coefficients. Let us define A, (x,y) := A(Z; + r;z) and
(%, ) = limy_, (X4, ) By (4.1), we have that

[Ap(2) — Ap(Z)| = |Ap Gy +142) — AL Gy + 12| € Lo(ri|z—2'|) = 0,  as k — oo,

where o is a modulus of continuity. Hence, the Arzel4-Ascoli theorem yields that the matrix A := lim,_ o, A,(z) = A(%, ) is well
defined and it is a constant coefficients symmetric matrix satisfying (1.2). Next, set

|7 + iyl

p(y) 1= [ 7
[y], in Case3,

, in Casel and Case2,

observing that in Case 1 and Case 2

o] =1+ o(1), (4.13)

as k — oo on every compact subset K ¢ R¢.
Fix ¢ € CX(2,,). since u; is a weak solution to (4.5), a straightforward computation shows us that

a "i_a’?(zk) . ~
PiMA(DVw(z) - Vd(2)dz = -7 PyS (Zy + r2)P(2)dz
spt(¢) k spt(¢)
N (4.14)
r.n(z) § .
i PWF(Z +rz) - Vi(2)dz.
k spt(¢h)
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Now, we aim to prove that the right-hand side of (4.14) vanishes as k — 0. First, we focus on the term involving the function f.
Let us consider the Case 1 and Case 2 together. By using the Holder inequality, (4.13) and a < 0, we get

|Fe +reyl® e 1/p |7 + ryl® 1/p d
[ B ry e nap@az] < clglls (fnd [ bpirraz) ([ B2y <t
sty 1Tkl B, sty |l

Hence,

o n(Zy) B y 2—a—d/p -1
+— S G+ gz <ery L 0,
k spt(¢)

as k — oo, by the hypothesis (1.3), which implies a <2 —d/p.
Let us consider now the Case 3. By using the Holder inequality and a < 0, we get

_ e 1/p 1/ _d
[ bttrecs o] <l (e [ weieaz) ([ piaz) " < e,
spt(¢) B, spt(¢)

and then
2—a 05
rn(Zy) e
kL—k / Y% f G + rkz)¢(z)dz| < cri * d/pL;] -0,
k spt(¢)
as before.

The second member of the right hand side of (4.14) vanishes as k — oo by using similar computations. In fact, in every cases,
we have
o n(Z)
Ly

/ PLIF G +12) - V(@dz| <en 1L 0,
spL(@)

by the assumption (1.3), which implies that « < 1 —d/q.
Finally, we prove that the left hand side of (4.14) converges in the following sense

/ PLMA(DVw(2) - Vd(2)dz — PWAVI(2) - Vp(z)d z, (4.15)
spt(¢p) spt(¢)

50) : 1, in Casel and Case2,
() =
|y|, in Case3.

Let us fix R > 0 such that spt(¢) C B,z N £, for every k large enough. Since w, is uniformly bounded in L®(B,; N 2), one has
that w, is uniformly bounded in L?(Byg N 2, p{(»)dz) and, by applying the Caccioppoli-type inequality (2.7), we get that w, is
uniformly bounded in H'(B,gn 02, pi(»)dz). Using p? — jand A, — A a.e. in Q,, and arguing as in the proof of Lemma 2.9, we can
conclude that (4.15) holds true and & € H!(B r N 2, p%). A similar approach is carried out in [2, Theorem 1.3], where analogous
computations are performed.

Finally, recalling the definition of the limit domain 2, see (4.10), and using Step 3 for the boundary condition, we conclude
that

- in Case 1, ¥ is an entire solution to
—div(AVD) =0, in R,
+ in Case 2, 7 is an entire solution to
—div(AV5) =0, in IT,
{u =0, on all,
+ in Case 3, 7 is an entire solution to

—div(|y|?AVD) =0, inRY\ X,
=0, onozx;.

Step 6. Liouville Theorems and conclusion. By (4.12) we have that 7 satisfies the growth condition
[6(z)] < (1 +|2]%),

for every z € Q,,, where a < min{1,2—a—n} by hypothesis (1.3). In Case 1 and Case 2, by invoking the classical Liouville Theorem,
we can conclude that & must be constant and this is a contradiction since ¢ is not constant by Step 4. In Case 3, we have that §
satisfies the hypothesis of the Liouville Theorem 1.4 and so & must be identically zero, which is a contradiction. Then, L, < ¢
uniformly in k, which implies that [ ] coa Bip\Z) < c. The proof is complete. []
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Proof of the Theorem 1.2. Let u be a weak solution to (1.1) and consider the trivial extension of y in B, that is, y(x,y) = y(x),
for every (x,y) € B,. Let us define

vizu-—y.
Since y is a Lipschitz function, we have that v € A%(B;) and v is a weak solution to

—div(|y|“AVo) = [y|*f + div(Iy|“(F = AVy)), in B\ X,
v=0, on X, N By.
By applying Lemma 2.9 we find a sequence {v,, } as ¢, — 0, such that every v, is solution to
—div(|y|“AVu,,) = |y|°f + div(Iy|*(F = AVy)), in B3, \ 2,
v, =0, onodX, N By,

and v, —vin H‘*”(B3/4) as g, — 0. By applying Theorem 4.1 to the sequences {v,, }, combined with (2.11), we get that

llog, ||c0<a(131/2\2kk) < C(”u”LZ,a(BI) + 1/ W racsy + 1 F  Laacs,y + ||W||c0.1():0n31)),

for some ¢ > 0 depending only on d, n, a, 4, A, p, q, « and L.
By applying Arzela-Ascoli Theorem, we get that v, — w in Cl(:)‘cy(B1 52\ Z), for every y € (0,@), and by the a.e. convergence
v, — v it follows that v = w. Furthermore, by taking z,z’ € By, \ X such that z # z’, we have that

lv(z) — o) . |U5k(z)—Uak(Z,)|
|lX

< C<||“||L2va(31) + 1/ lzea,y + 1F ll aaca,) + ”V’”COJ(ZOnBl))’

|z -2z e—0 |z—z2'|*

which implies that

[v(z) — v(2)]
[U]CO’“(Bl/z\Zo) = swp W < C(”””]}ﬂ(g]) + I Lraca)y + 1F 1l Laaca,) + ||W||CO~1(ZOnB,))'
z,2 EBI/Z\ZO
z#z!
By continuity, we can extend v to the entire B/, in such a way that [v]coa By = (V] o B\ o) Finally, combining the previous

estimates with the L;’(‘)’c bounds of solutions (see Lemma 2.8), we obtain

”u”cﬂ.a(Bl/z) < ||U||Co.u(31/2) + ”W”CQ"(ZOQBI/Z) < C(”u”LZ-u(Bl) + I/ i peac,y + 1 F Nl aacn,) + ||W||c0~l(zomgl))~

that is, u € CO"’(BI/Z) and (1.4) holds true.
5. Schauder estimates for weak solutions

This section is devoted to the proof of Theorem 1.3, which establishes the CIL’C“’ regularity for weak solutions. To achieve this
result, we proceed as follows: first, as in Theorem 4.1, we prove e-uniform estimates for solutions in perforated domains, with an
additional assumption on the field F. As we will see in Remark 5.2, this condition cannot be removed. Next, we show a priori
estimates for solutions, which also satisfy an additional boundary condition on X,,. Afterwards, we establish the main result through
a double approximation process: the first involves perforated domains and using Lemma 2.9, while the second one is a standard
approximation via convolution with a family of mollifiers.

Theorem 5.1. Let2 <n<d, a+n € (0,1), p> d and a satisfying (1.5). Let A be a a-Holder continuous symmetric matrix satisfying
(1.2) and ||Allcoacg,y < L, f € LP9(B)), F € C%%(B,) be a field such that F(x,0) - e, =0 for every (x,0) € B, and for every i=1,...,n.
For 0 < e < 1, let {u,} be a family of solutions to (4.2).

Then, there exists a constant ¢ > 0, depending only on d, n, a, 4, A, p, a and L such that

”uﬁllcl"’(Bl/z\Zs) < c(”ug”LZ-ﬂ(Bl\Zé) + ”f”LW(Bl) + ”F”CUv“(Bl))- (5.1)
In addition, u, satisfies

[Vu(2)] < c(||u£||Lz,a(B]\zi) + 1/l Lracp,) + ||F||Co.a(B]))e“, for every z€ 0%, n By ). (5.2)
Proof. Under the assumptions of the theorem, classical Schauder theory ensures that solutions to (4.2) are C%(B, 2\ Z,) and that
(5.1) holds with a constant ¢ > 0 that may also depend on . Our goal is to show that it is possible to provide a constant ¢ > 0 that

not depends on e.
Without loss of generality, we can assume that

el p2ap\5,) + 1 I pacsyy + 1F | Laas,) < ¢

for some ¢ > 0, which not depends on e. Moreover, for every f € (0, 1), the assumptions of Theorem 4.1 are satisfied, so

||ug||c0~13(33/4\z£) <ec, (5.3)
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for some ¢ > 0, which not depends on e.
Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there exists p > d, a satisfying (1.5),
{ue i 1= {ug, b, as g — 0 such that u; is solution to (4.5) and
”V"’cllco'“(Bl/z\ng) — 0.
Let us fix a smooth cut-off function n € C°(B,) such that
spt(¢) C B3y, n=1inB;;;, 0<py<l
One has that

[l77e ||c1.n(31\zgk) — 0.

Let us define

Ly := [V("’”k)]c‘“(Bl\Zék)’
and notice that it cannot be possible that [V(nuk)]co,a(Bl) <c and “V(nuk)”L‘”(Bl) — o0, since V(nu;) = 0 outside of B3\ Z,,- Hence,
L; — co.
By definition of Holder seminorm, take two sequences of points z; = (x;, yi), 2, = (%, $i) € By \ Z,, such that

[V )(z) — Vi@l | Ly

; 5.4
1ze — 2,|° ) G4

define ry = |z, — 2| and observe that at least one of z; or 2; belongs to Bs;, \ 2, . We distinguish three cases.

—&
|Yk|_)°o’ 19kl k 5 oo,
r T

k X
1kl 1yil—ex
r

* Case 1:

» Case 2: — o0, —H—k<¢

3 Tk
» Case 3: 12l <ec,
Tk
for some constant ¢ > 0 which not depends on k. We notice that r, — 0 in Case 1 and Case 2 and we show later that r, — 0 also
in Case 3.

Let z0 := (x4, )?) be the projection of z, on 9, , define

(X, y), in Casel,
Zp = (% 51) 1= (x;.¥)),  in Case2,
(x;,0),  in Case3,

and the sequence of domains
B\ %, -z
Q= ——
Tk

For every z € 2,, let us define the sequence of functions

(g )(Zy + ry.z) — (qu)(Zy) — Vqu )(Zy) - 1z

Uk(z) = Lkr[1¢+a
. N(EZu(Zy + rz) — (g )(Z) — Vg )(Zg) - riez
w(z) = e s
Lkrk
in Case 1 and Case 2, and
. (u)(Z + 1y 2) . n(Zu (2, + 1 2)
0 (2) 1= —————, w(2) = ———————

14+a 14+a
Lyr, Lyr,

in Case 3. Furthermore, let us define the limit domain 2 as in (4.7).
Step 2. Gradient Holder estimates and convergence of the blow-up sequences. Let us fix a compact set K C Q. For every z,z’ € K
such that z # z/ we have

|Vu)(Zy + rez) — Vqu )y + 12 <

1a
7 ,
rkLk

Vo (z) = Vo (2)| = |z -z
that is
[Vorlcoa < 1. (5.5)

In Case 1 and Case 2, since v,(0) = 0 and |V, (0)| = 0, we get the uniform bound of the norm
”Uk”cl{a([() <ec
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In Case 3 we use a different argument to show a uniform bound of v ||c1.«x- First, for every point z/’( = (x/’{, y:c) € 0%, N By, one
has that (qu,)(z}) = 0 and, recalling that the normal vector to 0%, at the point z; is the vector (0,y,)/Iy;| € S9-1, it follows that

V(nu,)(z})-€=0, for every vector & L (0,y}).
Let us fix i, h € {1, ...,n} such that i # h. Then,

Vo< 3} - ey, | = | (Vo) (xi ) = Vo) (< egey,) - e, | < [VOmlenacap s, 1% = exey, I < 2°Lief (5.6)
and

IV ) (. ¥,) - ele =0, foreveryj=1,....,d—n. 5.7)
Hence, by using (5.6) and (5.7), it follows that

IV )(x) YOI < cLyef. (5.8)
By using interpolation inequality in Holder spaces [36, Lemma 6.35], one has

lollerexy < ellvgllpeoky + [Dileracy):
and, by using the first order expansion of v, at the point (0, yg /ri) we obtain

[0 e, W < [0 (x, ) = 00,33 /1) = V(0,35 /7)) - 2] + [V, (0,50 /7))

0 14+a 0 0 (59)
Selxl+ 1y =y /riD ™ + Vo 0,y /r)l < e + Vo 0,y /rol,
for some ¢ > 0 which depends only on K, noticing that | y(,Z /rel = €, /ri < ¢ uniformly in k in Case 3. So, if
Vo (0,50 /rp)l < e, (5.10)

uniformly in k, we can take the supg in (5.9) to obtain a uniform of [l || ek, Which implies [lv;llc1a(x) < ¢. Then, by using (5.8)
and recalling that (x;,)}) € 0%, n By, we get that

V) (x. ¥ &l
TR R <

c <ec.
- <
rkLk

[V (0,50 /rp)] =

E
So, (5.10) holds true and [|v||c1acky < ¢ uniformly in £.

Then, we may apply the Arzela-Ascoli Theorem to infer that v, — & in C'¥(K) for any y € (0,@). By a standard diagonal
argument, we can take the limit as k — oo in (5.5) to obtain

[Vﬁ]cl,a(gm) < l,
which implies that
|86(z)] < e + |z|'*%), a.e. in Q. (5.11)

Moreover, v, and w, converge to the same limit function w. Let us fix a compact set K c 2. In Case 1 and Case 2, for every
z € K, by using (5.3) and exploiting the first order expansion of 5, we have

[(u )y + 1y 2) — n(Zug (2 +ri2) — W Vn)(Zy) - 1z

[0k (2) —wy(2)] =

r,lc'*"’Lk
< lug (Z + ri2)m(Z, + rz) — n(Zp) — Vn(zy) - riz)| e IVaEZ O (Zg + riez) — ug (Z)|
- r}(*"’Lk reLy
1- f—a _
||uk||L°°(B3/4\Zék)rk * ||”k||c0ﬁ(133/4\2&k)”k cri ’
<c +c < - 0,
Ly L, Ly,

as k — oo, since we can choose f € (a, 1). In Case 3, one has that
[1(Zy +r2) = n(Z)| - [ug By + 1y 2)]
rllc'”’Lk

[0k (2) — wi (2)] =

—a

=

- 5 _ 08
clug(Zy +ryz) — up (29| . clulicos s, s, )12 triz =z r

- reL - L <
Kk kk

- 0,

2
=

where we have used the facts that uk(zg) =0and |Z, +rz— zgl Srplx|+relyl+ |y2| < cr+¢, < cry in Case 3. Hence, the sequences
v, and w, have the same asymptotic behaviour as k — o on every K c 2, which implies that w;, — & uniformly on K.
Step 3. Vi is not constant. Let us define the sequence of points

ZK — 2k
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By using (5.4) we get

[V(u)(zy) = (Vi )(Z2))| >

Vo)) = Vo (&) = > % > 0. (5.12)

rZ Ly
Arguing as Theorem 4.1, Step 4, we have that .511 — & and 51% — & and &' # £2. Since Vv, — Vi uniformly on compact set by Step
2, we can take the limit in (5.12) to obtain |Va(E') — VH(E2)| > 64/2.

Step 4. r, — 0 in Case 3. By contradiction let us suppose that r, — 7 > 0. Fixed z € 2, we have that
(nup)(Zy, + ry2) < 2||uk||1~°°(33/4\25k) <

—_— >
L, rite = I+a - L 0,
kT L k k

9623 = | fim, 03] = | i

hence, & = 0, which is a contradiction with Step 3, where we have proved that V7 is not constant. Then, r, — 0. By arguing as in
Theorem 4.1, Step 3, we have that the limit domain Q2 is defined by (4.10).

Step 5. 0 satisfies a homogeneous Dirichlet boundary condition in Case 2 and Case 3. First, in Case 3, since v, =0 on 0%, ,, and
v, — 0 uniformly on every compact set K C 2, one can conclude that 5 =0 on 0.%,.

In Case 2, recalling that z, = z{ € 0%, , let us fix a boundary point z € (0Z,, - y9)/r; and denote by z* = (x, y*) the projection
of z on the hyperplane IT, = {y- )} = 0}. Recalling (4.9) and observing that |9 + r;y| = || = &, one has that

0 0 0 0
y WAyl =
" ) _ ‘ | k WVl lykl Vi | < Crk (5.13)

=yt =y =& -
|V

Tk DO e

Then, by using (5.13), (5.8), and noting that V(nu)(z}) - y = V(qu)(z)) - (v — y*), we obtain

Vo)) -yl IV )z
< ly
VZ L, r; L

ELN\AF
()] = —t=e(E) 2 0,
Tk

&k
as k — oo. Therefore, since v, — ¢ uniformly on every compact set K C £, we conclude that & =0 on o11.

Step 6. 0 is an entire solution to a homogeneous equation with constant coefficients. Let A;(z) 1= A(Z, + ryz) and z := lim;_,  Z;.
By using the a-Holder continuity of A, we can define A := A(Z) = lim,_, , A,(z), which is a constant coefficients symmetric matrix
satisfying (1.2). Let us define

|y + riedl

) = il
[y], in Case3,

, in Casel and Case2,

and fix ¢ € CX(L2,,). Since u, is a solution to (4.5), we have that

" ’1(21()",1(7[1 " ~
/ PLOALV g (2) - V(a)dz = ——F— / PEOS Gy + rD)p(2)dz
spt(¢) k spt(¢h)
nZr” . 3 " . (5.14)
-— / PWFE +rz) - Vé(z)dz — — PrWMA(2) P - Vg(2)dz
L ) Ly Jspugy
=T+11+1II

where we have set

_J Vu)(Z,).  in Casel and Case2,
0, in Case3.
We want to show that the right hand side vanishes as k — oo. The term I vanishes exactly as in Theorem 4.1, Step 5, by using
the integrability assumption f € LP“(B,), with p>d and « € (0,1 —d/p] by (1.5).
Next, by using the divergence theorem, we have

P, :

/ PLWF (2 +ry2) - V¢(z)dz|
spt(e)

< / PADIF G + 1 2) = FE)IIVP(2)dz + / PAF(Z) - V(2)dz
spt(¢) spL(g) (5.15)

< cllFllcoacs,)rs + ‘ /l(@ Vo () - F(ik)d>(2)d2|
sp!

Scr‘Z+

/ Vi) FEO$)dz|
spt(¢)
In Case 3, since F(x,0) - e, =0, one has that
VIyl® - Fz) = alyl**F(x;,0) - y =0,
for every z € spt(¢), so the second term in (5.15) is zero and

|II|$LL—>O, as k — oo.
k

21



G. Fioravanti Nonlinear Analysis 263 (2026) 113973

Instead, in Case 1 and Case 2, since |y, + r,y| > |7;|/2 for y € spt(¢), we have that

arpy (M Fy + i y) ere[Fleoacg,|l”

Vo) FE)| = -

(FG50 - FGL0)| < < er gl (5.16)

|7 + rky|2
Thus, by using (5.15) and (5.16), one has that

cr® l-a
| < Lik + L—’;rkwer—l < Lik<1 + (I%) ) <eL7' 50, ask— oo,
in Case 1 and Case 2, since r, /|| < c.
Finally, we prove that the third member of (5.14) goes to zero as k — . In Case 3, P, = 0 so III = 0. Instead, in Case 1 and
Case 2, one has
’.—IX
| < | = / PLNAGZ)MVu)(Z,) - V(2)dz
o Jopi) 5.17)

.
+ |LL / PrONAG + riz) — AGZ)) MV )(Z) - V(2)dz|.
k Jspt(¢)
First, we show that the first member in (5.17) vanishes. Recall that r, /|y;| = 0, Py =1 and (x, yg) is the projection of z; on
azgk. By using (5.3) and (5.8) we get
[(VuR)(Z)| < V)&, 5l + 1w Vi (&, 50l
< VO E s 510) = VOnug) (s Y1 + 1V ) (e v

s 0 (5.18)
+ VX, P (R, 9 — wie (g, y))|
< eLylF = Y1+ eLyed +cly — ¥01" < eLy 7l
On the other hand, since |y, + r;y| > |5,]/2 for y € spt(¢), it follows
ar pi MG + riy) r
Vo)l = |[—E———| < e=p{ . (5.19)

|5 + reyl? A

hence, by combining (5.18) and (5.19), and using the divergence theorem, it follows that

r;a B . e 1-a
|+ / VA - AGONVu) G| <o Z5) T =0,

Ly Jspuo) | 7|
that is, the first member in (5.17) vanishes. Next, we show that the second member vanishes as k — co. In this case, we need to
reason in two steps (as done in [9, Remark 5.3] and [13, Theorem 7.1]): first, we prove uniform estimates in C La' space for some
suboptimal o’ € (0, a); then, by using these estimates, we conclude the optimal regularity with exponent a. Let us fix «’ € (0, ). By
using interpolation inequality in Holder spaces [36, Lemma 6.35], we can estimate the second term of (5.17) as follows

—a

,

|+ / PEONAGE, +r2) — AG) Vi )(E) - V(2)dz
k Jspt()

cr(;—a’ ||(11V“k)||L°°(B3/4\sz) CrZ_a/

< A < I (”ukvrl“Lm(B3/4\ng)+||V(']uk)||L°°(B3/4\ZEk))

o
ery " Ulcllzompy 5, + VOO 00y 0 5,0)

< <ecry
Lk

-0,

since o’ < a. If we have uniform estimates in C-' space, then [|7Vu || oo By/i\Z,) < c¢. Hence, restarting the proof with the optimal
" . . . . . 3/4\ e
a and the additional information above, in the previous computation we get

Cll(nVuk)||Lw(33/4\)_—ék) ¢

r—a
|L/ PrONAG + 1 2) — AV )(Z) - V(2)dz| < <— -0
Ly Jspuap Ly Ly

Combining all the previous results, we conclude that the right-hand side of (5.14) vanishes as k — oo.
Finally, by the same considerations of Theorem 4.1, we obtain that the left hand side of (5.14) converges in the following sense

/ PlANVw, - Vpdz > 7PAVD - Vdz,
spt(¢) spt(¢h)
where
5) 1, in Casel and Case2,
ply) =
|y|, in Case3,

and & € H! (2, p"(»)d2).
Then, recalling who is 2, see (4.10), and using the Step 5 for the Dirichlet boundary condition, we conclude that
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- in Case 1, ¥ is an entire solution to
—div(AV5) =0, in R?,
+ in Case 2, 7 is an entire solution to

—div(AVD) =0, in 1T,
=0, on dll,
+ in Case 3, 7 is an entire solution to

—div(|y|*AVd) =0, inR?\ X,
=0, onodx;,

Step 7. Liouville Theorems and conclusion. Since o satisfies the growth condition (5.11) with 1 + « € (0,2) n (0,2 — a — n), invoking
the classical Liouville Theorem in Case 1 and Case 2 shows that & must be a linear function. In contrast, applying the Liouville
Theorem 1.4 in Case 3 implies that & must be zero.

This contradicts Step 3, as Vo is not constant. Consequently, L, = [V(7u)]coq B\Z,,) must be bounded, which implies that
lnuclicrep s, < ¢ Thus, (5.1) holds true.

Furthermore, recalling (5.8) and using (5.1), we conclude that (5.2) follows. This completes the proof.

Remark 5.2.

The homogeneous Dirichlet condition on 0%, is too restrictive to handle all possible fields F, thus preventing the validity of
e-uniform C'* estimates in the general case.

Let us suppose that n =d =2, -2 < a < —1 and consider the function u(y) = u(y,,y,) := y, + », which is a weak solution to

{—div(lyl“Vu) =div(]y|*F), in B, \ X,

u=20, on X, N By.

where F := —Vu = (-1,-1). By applying Lemma (2.10) we find that there exists a family u, which are weak solutions to
—div(|y|"Vu,) = div(|y|“F), in By, \ Z,.
u=0, on X, N By,

and satisfies |lu. |l 1o, ,\x,) < ¢ and u, — win H 14(B; ;). If Theorem 5.1 holds true for this equation, we obtain that (5.2) works
(since it depends only on the Dirichlet boundary condition satisfied by «,), that is

Vu,| <ce*, onoX, N By,
€ 3 1/2

and then, taking the limit as ¢ — 0 in a suitable sense (see the proof of Theorem 1.3), we deduce that Vu = 0 on X, n B, ,, which
contradicts Vu = (1, 1).

The next proposition provides a priori estimates for solutions that additionally satisfy an extra boundary condition on the lower

dimensional boundary X,.

Proposition 5.3. Let2<n<d, a+n€ (0,1), p>d and a satisfying (1.5). Let A be a a-Holder continuous symmetric matrix satisfying
(1.2) and ||A||Co,a(31) <L, f € LP(B)) and F € C%*(B,). Let u € C1*(B,) be a weak solution to

—div(|y|"AVu) = |y|°f + div(|y|"F), in B \ X,
u=0, on XyN By,

such that u satisfies the boundary condition

\Y% ,0)=0,
x4(x,0) for every (x,0)€ Zy,n By, andi=1,...,n. (5.20)
(AVu+ F)(x,0) ¢, =0,

Then, there exists a constant ¢ > 0, depending only on d, n, a, A, A, p, a and L such that
||u||cl-a(31/2) < C(”””LZ,H(B]) + ”f”LPvﬂ(Bl) + ||F||c0,a(gl))- (5.21)
Proof. The proof is quite similar to the one of Theorem 5.1, so we avoid some details. Without loss of generality, let us suppose

that

llull 2.0y + WS Nl ppas)y + I Fllcoacp,) < c.

By contradiction let us suppose that (5.21) does not holds, hence, there exist p > d, « satisfying (1.5), {A;}i, {fi}i> (Fielde {uitis
such that u, is solution to

—div(|y|? A Vup) = [y fi + div(y|“Fy), in By \ 2o,
u, =0, on X,N By,
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satisfies the boundary condition (5.20) in X, n B, and
||uk||C1,a(Bl/2) - oo.
Let us fix a smooth cut-off function y € CX°(B) such that
spt(¢) C By, n= 1 in By, 0<n<l,
hence, we have
Ly :=[Vnu)lcoa,) = -

By definition of Holder seminorm, take two sequences of points z; = (x;, y;), £, = (X;, §,) € B, such that

[V(u)(zy) = Vnu ) (2| > ﬁ
2 — 2 T2

and define r, := |z, — 2;|. Now we distinguish two cases.
« Case 1: 'f—" — o0, o Case 2: % <ec,
k k
for some ¢ > 0 which not depends on k. Let us define
~ o (xg,yr), in Casel,
Zy =G i) = .
(x,0), in Case2,
the sequence of domains
B \2y-2
Q= 1\ %o k.
Tk

the sequences of functions

_ (mu)(Zy + 1 z) — (g )(Zy) — Vg )(Zy) - riz

v (2) : Lkr}:"
. n(Zu(Z +rz) — (qu)(Z) — V) (Z,) - riz
wk(z) = 1+a ’
Lkrk

for z € 2, and set 2 as in (4.7).

By following the argument in Theorem 5.1, Step 2, we have that ||v;llciek) < 1 for every compact subset K C Q. Therefore,
we can apply the Arzeld—Ascoli Theorem to conclude that v, — o in C'7(K) for every y € (0, ), and that |5(z)| < c(1 + |z]'+9), for
a.e. z € Q.. Moreover, it follows that w, — o as well.

Next, by the same reasoning used in Theorem 5.1, Step 3, we obtain that V& is not constant. Continuing as in Step 4 of Theorem
5.1, we conclude that r, — 0, which implies that the limit domain Q_, is given by

_ RY, in Casel,
RY\ X,, in Case2.

Eventually, we prove that 7 is an entire solution to a homogeneous equation with constant coefficients and we reach a
contradiction by invoking a Liouville type Theorem. Since 1Ak Il co.ag gy < L, we have that A, (Z, +r,z) = A(Z) := A, which is a

constant matrix satisfying (1.2). Let us define

Q

o0 -

|y +ryl

p(y) 1= [y
¥l in Case2.

, in Casel,

and fix ¢ € C®(L2,,). A straightforward computation show us that

(Zri=e

n
/ PrNAG + i z2)Vwy(z) - Vé(z)dz = —k / P [y + 1 2)p(2)dz
spt(¢) spt(¢)

Ly
O ]
- PI(Fi(Ey +r2) — Fi(2) - Vo(2)dz
k spt(¢)
—a
- = PR (AR Gy +r2) = A(Z0)) (Vi) (Zy) - Vep(z)d 2
Ly Jsoua
-
- Lk—pZ(y)(r/AkVuk +1F)(Z) - Vé(2)dz = T+ 1+ L+ V.
k
The terms I, II, III vanishes as k - oo exactly as in Theorem 5.1, Step 6.
Next, we show that the fourth member goes to zero. By using the divergence theorem, we get

/ PN (A Vi +nF)E) - V(2)dz = /
spt(¢)

Vo) - (nANVug + nF) (Z)b(2)dz.
spt(¢)
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In Case 2, since, Z; = (x;,0) € %, u, satisfies the boundary condition (5.20) we have that
NE)(ANVu + F)(EZ) - ey, =0, forevery i=1,...,n,

so IV=0.
Let us consider the Case 1, recalling that 2, = z,, r/|y,| — 0 and p{ — 1. Arguing as Theorem 5.1, Step 6, we have that

a "k
|V/7k()’)| < Cy—

2,
[yl

and by using the boundary condition (5.20)

Y ¥y

A Vu, +nF)(zp) - ———

| K e+ ol
Vi + iy
< (1A Vi +nF () = AV + nF ) 0)) - =
(Vi + 7yl

< ["IAkvuk + "IFk]C0<a(33/4)|yk|a < CLklyk|a~
Hence, combining these two inequalities we obtain

"k
Vo) - 1Ay +nF )| < c—2— L,
[vil
)
r*ll
V] = %
k

a Ty 1-a
/ VoL - (nAViy +nF ) (z)¢(2)dz| < c(—) ~o0.
Spt(e) A

as k - oo.
On the other hand, arguing as in the Step 5 of Theorem 4.1, we have that

/ PLDALE + 1)V w(2) - V()dz — p°AVD - Vepdz,
spt(¢h) spt(¢)
where
5) 1, in Casel,
() =
|y, in Case2.

Then, we have that
« in Case 1, 7 is an entire solution to
—div(AV5) =0, in R?,
- in Case 2, 7 is an entire solution to
—div(|y|?AVD) =0, inR9\ X,
{17 =0, on X,.

where A is symmetric constant matrix satisfying (1.2). From this point on, as in Theorem 5.1, Step 7, by invoking appropriate
Liouville type Theorems we get a contradiction and the thesis follows.

Proof of the Theorem 1.3.

As in the proof of Theorem 1.2, without loss of generality, we may consider the function u — y and provide the proof of the
theorem for solutions to (1.1) with homogeneous Dirichlet boundary conditions. Once this is established, the general case follows
directly. We divide the proof in two steps.

Step 1. First, we claim that if A € C'*(B,) and F € C'*(B,) then u € C'*(B ;) and u satisfies the boundary condition (5.20) in
2y N By .

Let us split the matrix A in blocks as follows

A A
AT a4,

where A; : Bp — RI™" A, : Bp — R Ay : Bp — R™. Let us consider the decomposition F = (F,, F,), where
F, = (FX] e By D) and F,= (Fy1 s By and define the scalar function

g(x,y) = A7 (x, 0)F,(x,0) - y,
which belongs to C1%(B,), since the block A; satisfies the uniformly elliptic condition (1.2), and

g(x,0) =0, Vg(x,0) = (0,(47' F)(x,0)).
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The function v :=u — g € H'9(B,) is a weak solution to
—div(|y|“AVo) = |y|*f + div(|y|*(F — AVg)), in B\ X,
{UZO, on X,N By,
where the field F — AVg € C*(B,) satisfies
(F — AVg)(x,0) - e, = 0.

Arguing as in the proof of Theorem 1.2, by applying Lemma 2.9, we can find a sequence {v,
solution to

—div(y|"AVo,,) = |y +div(y|*(F — AVg)), in By \ %,
U, = 0, on 62£k N B3/4,

.} as & — 0, such that every v, is

and v, — vin H‘*”(B3/4 \ 2) as g, — 0. By applying Theorem 5.1 to the sequences {v,, }, combined with the estimate (2.11), we
get that

”ng ||c14n(31/2\25k) < C(HU”LM(&) + ”f”UMZ(B]) +||F - AVgHCO,a(B])),

for some ¢ > 0 which not depends on ¢.
By applying Arzela-Ascoli Theorem we get that v, — w in C]IO’C’(BI 72\ Zy), for every y € (0,), and by the a.e. convergences

v, — v it follows that w = v. Moreover, by taking z,z’ € By, \ X, such that z # 2/, we have that

€k

/
IVo(z) = Vo) .. Vo, (2) = Vo, ()]
z— 2| = slleO W < C(||U||Lz,a(31) + “f”LP»”(Bl) +IF - AVg”CU-“(B]))v
which implies that

(0] |Vo(z) = Vo(2')|
Ulclacp ) = sup —_—
(Bi2\20) z,z’EB]/Z\ZO |Z - zlla
z#2!

< C(”U“Lla(gl) + ”f”LIW(Bl) +||F - AVg”Co.a(Bl)),

By continuity, we can extend v to the whole B, /, in such a way that [v]c1.e( By = [V]cta B\ )" Combining the previous inequality
with the L bound of solutions (see Lemma 2.8) and interpolation inequality in Hélder spaces [36, Lemma 6.35], we get

”U”cl.a(Bl/Z) < C(”U”Lw(Bl/z) + [U]cl.a(Bl/Z)) < C(||U||L2.a(31) + ||f||LP.a(Bl) +IIF - AVg”cha(Bl))-

Hence, v € C"*(B, ;,), which immediately implies u € C*(B, ;,).
Next, let us prove that u satisfies the boundary condition (5.20). Let us fix z = (x,y) € B, \ X, and let zg be the projection of
zon 0%, N By,. By using Theorem 5.1 and (5.2), we get

[Vu@)] < [Vo(z) = Vo, ()] + Vv, (2) = Vo )] + Vo, ()
< IVo(@) = Vo, ()] + [ve Jera, )\, )12 = 2%+ C[Usk]cl,a(Bl/z\sz)EZ
<o) +c(llvll2acp,) + 1 I racsy) + IF = AVgllconp,))I¥I%,  as e, — 0.
By taking the limit as |y| — 0 in the previous inequality, we conclude that Vo =0 on X, n B, /, and, by construction, it follows that
0=V, 0(x,0) = V, u(x,0) - V,g(x,0) = V,u(x,0),
and
0= (AV0)(x,0) - e, = (AVu— AVg)(x,0) - e, = (AVu + F)(x,0) - e,,,

that is, (5.20) holds true.

Step 2. Finally, we prove that if A, F € C%*(B,), then u € C"*(B, ) and satisfies (1.6), (1.7). Up to consider the function
u—y € H“(B,), we can suppose that u satisfies a Dirichlet homogeneous boundary condition u =0 on X, N B;.

Let {ps}s-0 be a family of smooth mollifiers and define A; := A * p5 and F; := F * ps, which satisfies ||A5||Co,a(33/4) < Allcoas,)
and |IF5||Co,a(33 /9 < IFllcoag By Using an approximation argument similar to the one in Lemma 2.9, but with a more standard
approach, and following a method analogous to [13, Theorem 4.1] in a similar context, we construct a family {u;}s. of solutions
to

—div(|y|*AsVug) = |y|*f + div(Iy|*F5), in Bys\ Z,
u=0, on 20034/5,

satisfies the following properties
”qu”Hl»"(BMS) <cllull gracp,) + 1 2acp,) + 1F 1 L2008,

us — u strongly in H"“(Bys),
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for some ¢ > 0 depending only on d, n, a, 4 and A.
Since A;, F; € C®(Bys), by using Step 1, we get that u € Cl’“(B3/4) and u satisfies the boundary condition (5.20) on X N By,.
Hence, the assumptions of Proposition 5.3 are satisfies, which implies that u; satisfies (5.21), which immediately implies that

||u5||clya(31/2) < cllull 2.agpyy + 1 N p2apyy + 1F | 208,

and the Arzela-Ascoli Theorem allows us to taking the limit as 6 — 0 to infer that u € C%(B, /2), satisfies (1.6) and the boundary
condition (1.7). The proof is complete. []

6. Regularity on manifolds

In this section, we prove how to extend Theorems 1.2 and 1.3, namely the local C%* and C'-* regularity of weak solutions to
(1.1), to a class of equations with weights that are singular on (d — n)-dimensional manifolds, that is, for weak solutions to (1.10).

For 2 < n < d, let I' ¢ R? be a (d — n)-dimensional C'-manifold such that 0 € I' and there exists a parametrization
@ € C'(Z, n By;R") such that, up to perform a dilation, we have

BinI'={x»):y=9x}NnB;, ¢0)=0. (6.1)
The diffeomorphism

D(x,y) 1= (x,y + p(x)), 6.2)

whose inverse straightens the lower dimensional boundary I" to X, satisfies @(X, n B;) C I' 1 B; and the Jacobian associated to @
is
I, O

Jq,(x,,\’)=< I I >, with |det J4| = 1.
® n

Given a (d — n)-dimensional manifold I" parametrized by ¢, we give the definition of admissible weights with respect to ¢.
Definition 6.1. Let2 < n < d and « € [0,1). Let I’ be a (d — n)-dimensional C!%-manifold and ¢ € C'*(Z, n B;;R") be a
parametrization of I' in the sense of (6.1) and define the diffeomorphism @ as in (6.2).

We say that & is an a-admissible weight with respect to the parametrization ¢ if § € C%!(B,) and the two following condition
holds true.

(i) There exist constants 0 < ¢, < ¢, such that

¢y < <c. (6.3)

dist

(i)
= 8(D(x,
§x,y) 1= 2PEID o) (6.4)

We point out that the condition i) in Definition 6.1 implies that § in a equivalent distance from I" to the standard distance
function dist. So, given §, which satisfies condition (i), similarly to what was done in Section 2.1, we can define the functional
spaces H'(B,,5%), which is equivalent to H 1(B,,dist‘}). Then, by Theorem 1.1, it follows that it is well defined the bounded linear
trace operator T : H'(B,,8%) — L*(I' n B;) such that Tu = U, > for every u € C*(B,). In light of this, we define a notion of weak
solutions for Eq. (1.10), which satisfy a Dirichlet boundary on I.

Definition 6.2. Let2 < n < d, a+n € (0,2), A be a matrix satisfying (1.2). Let I be a (d — n)-dimensional C!-manifold and
@ € C'(Z, n B;;R") be a parametrization of I in the sense of (6.1), § € C*!(B,) satisfying i) of Definition 6.1. Let f € L*(B,, %),
F € L*(B,,6%? and y € L*(I' n By).

We say that u is a weak solution to (1.10) if u € H'(B,, §%), satisfies

/ 6”AVu~V¢dz:/ 54(fp—F -Vo)dz, 6.5)
B,

By
for every ¢ € C*(B;\ I') and u = y in L2(I' N B)), in the sense of the trace.
Finally, we can state the main results of this section, namely Clo(;f and Cllo’: regularity for weak solutions to (1.10).
Corollary 6.3. Let2 <n<d, a+n € (0,2), p>d/2, q > d and a satisfying (1.3). Let ¢ € C'(Z, n B;;R") be the parametrization
defined in (6.1). Let 6 be a 0-admissible weight with respect to ¢ in the sense of Definition 6.1 and define § € C°(B,) as in (6.4). Let A be

a continuous symmetric matrix satisfying (1.2), f € L?(B,,8%), F € L"(Bl,(S")d, w € C%(I' n B)) and u be a weak solution to (1.10), in
the sense of Definition 6.2. Let us suppose that there exists a modulus of continuity  such that

”A”cllwu;l) + ”g”CU.(n(Bl) + ||(P||cl~w():0n31;]1§n) <L

Then, u € C%*(B, ) and there exists a constant ¢ > 0, depending only on d, n, a, A, A, p, q, a and L such that

||14||c0.a(31/2) < C(“““[}(Bl,(su) + ||f||Lp(Bl,§a) + ||F||Lq(31,5u) + ||W||c0»l(rn31))-
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Corollary 6.4. Let2 <n<d,a+n € (0,1), p> d and « satisfying (1.5). Let ¢ € C'*(Z, n By;R") be the parametrization defined
in (6.1). Let 6 be a a-admissible weight with respect to ¢ in the sense of Definition 6.1 and define § € C*%(B,), as in (6.4). Let A be a
a-Holder continuous symmetric matrix satisfying (1.2), f € LP(B,,5%), F € C%*(B,), w € CY*(I'n B)) and u be a weak solution to (1.10),
in the sense of Definition 6.2. Let us suppose that

||A||C0.a(31) + ||‘§||C°~“(Bl) + ||(p”C'~“(ZO{'vBl;R”) < L.

Then, u € C'%(B, ) and there exists a constant ¢ > 0, depending only on d, n, a, A, A, p, a and L such that

||u||c1~n(31/2) < C(”””LZ(Bl,aa) + 1/ Nl Leca, 5oy + 1 F llcoacsy) + ||W||c1,a(rn31))~ (6.6)

Moreover, denoting by T, I" the tangent space to I' at the point z € I', we have that u satisfies the following boundary condition for every
zel'n By,

{Vu(z) -17(2) = Vy(2) - 7(z), for every ©(z) € T, T, 6.7)

(AVu+ F)(z) - v(z) =0, for every v(z) LT,T.

Since the proofs of Corollaries 6.3 and 6.4 are quite similar, we will only provide the proof of the second one, as it is more
involved.

Proof of Corollary 6.4. Let us define the diffeomorphism & as in (6.2), which is of class C%(B,), by the assumption ¢ €
C'%(Z, n B)). Defining

i(x,y) 1= uod(x,y),  Y(x)=wod(x,0) € C"*(Zn B).
we have that # € H"%(B,) and i = {y on X, B, in the sense of the traces. Since § is an a-admissible weight in the sense of Definition
6.1, the conditions (6.3) and (6.4) implies that
8(D(x, )"
[y

for some constant ¢, > 0, where § = 60®.
Let ¢ € C2(B; \ I') be a test function in (6.5). By taking the change of variables z = @(x, y) it follows that

59(x,y) = e c%(B)), §>¢>0, (6.8)

0=/ 8(AVu-Vo— f¢p+F-V¢)dz = |y|*(AVi- Vg - fd+ F-V)dz,
B, B,

where

A =59 Ad)IH,  Fi=8fod, F =8 )Fod, ¢ :=god. (6.9)
By using (6.8), we have that

A € c*¥(B,) and satisfies (1.2), f e LP*(B,), FeC"(B)).}
Hence, we have proved that i is a weak solution to

—div(ly|*AVa) = |y|*f + div(y|“F), in By \ %,
ii=y, on X, N By,

and i satisfies the hypothesis of Theorem 1.3. Hence, i satisfies (1.6) and composing back with the diffeomorphism @~! we get that
u satisfies (6.6).

Eventually, let us prove that u satisfies the boundary condition (6.7). By Theorem 1.3, we have that i satisfies the boundary
condition

Vii=V.@, (AVi+F)-e, =0, on ZynB,, foreveryi=1,...,n (6.10)
Since ii(z) = u(®(z)), one has that

Vii(z) = J} (2)Vu(@(2)).
and, noting @(x,0) = (x, p(x)) € I', we have that

Vii(x,0) - ey, = Jg(x, 0)Vu(d(x,0)) - ey, = Vu(x, p(x)) - Jp(x, O)exj.
Thus, for every j=1,...,d —n, and (x,0) € 2, N By, we have

Vu(x, p(x)) - Jp(x, O)ex/ = Vy(x, p(x)) - J(D(x,O)exj. (6.11)
Next, recalling (6.8), (6.9) and (6.10), we find

0=46"%(AVi+ F)(x,0) - e, = J3'(x,00(AVu + F)(x, p(x)) - e, = (AVu+ F)(x, p(x)) - (J5 ") (x,0e,,. (6.12)
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Finally, observing that the tangent space to I" at the point z = (x, ¢(x)) is given by
Tpopd = (6. J,(0)8) 1 £ €RI™),

and noting that
Jo(x.00e,, - (I (x.0)e, =0, forevery j=1,....d=n i=1...n

it follows that (6.11) and (6.12) implies that (6.7) holds true. This complete the proof. []
Acknowledgements

I am especially grateful to Alessandra Mazzilli for her patience and for the many discussions on the topic. I would also like to
thank Gabriele Cora, Susanna Terracini, and Stefano Vita for their insightful suggestions on the paper. The author is member of the
INDAM (“Istituto Nazionale di Alta Matematica”) research group GNAMPA and is supported by the GNAMPA-INDAM, Italy project
PDE ellittiche che degenerano su varieta’ di dimensione bassa e frontiere libere molto sottili, E5324001950001.

Data availability

No data was used for the research described in the article.

References

[11 A. Nekvinda, Characterization of traces of the weighted Sobolev space W', p(£2, d,) on M, Czechoslovak Math. J. 43 (4) (1993) 695-711.
[2] G. Cora, G. Fioravanti, S. Vita, Schauder estimates for elliptic equations degenerating on lower dimensional manifolds, 2025, Preprint arXiv:2501.19033.
[3] G. Cora, G. Fioravanti, S. Vita, Remarks on elliptic equations degenerating on lower dimensional manifolds, 2025, Preprint arXiv:2505.16534.
[4] E. Fabes, C. Kenig, R. Serapioni, The local regularity of solutions of degenerate elliptic equations, Comm. Partial Differential Equations 7 (1) (1982)
77-116.
[5] J. Heinonen, T. Kilpeldinen, O. Martio, Nonlinear Potential Theory of Degenerate Elliptic Equations, Dover Publications Inc., Mineola, NY, 2006.
[6] L. Caffarelli, L. Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial Differential Equations 32 (2007) 1245-1260.
[7] S.-Y.A. Chang, M. Gonzalez, Fractional Laplacian in conformal geometry, Adv. Math. 226 (2011) 1410-1432.
[8] L. Caffarelli, P. Stinga, Fractional elliptic equations, caccioppoli estimates and regularity, Ann. Inst. H. Poincaré C Anal. Non Linéaire 33 (3) (2016)
767-807.
[9] Y. Sire, S. Terracini, S. Vita, Liouville type theorems and regularity of solutions to degenerate or singular problems part I: even solutions, Comm. Partial
Differential Equations 46 (2021) 310-361.
[10] Y. Sire, S. Terracini, S. Vita, Liouville type theorems and regularity of solutions to degenerate or singular problems part II: odd solutions, Math. Eng. 3
(2021) 1-50.
[11] S. Terracini, G. Tortone, S. Vita, Higher order boundary harnack principle via degenerate equations, Arch. Ration. Mech. Anal. 248 (2) (2024) 44, (29).
[12] H. Dong, S. Jeon, S. Vita, Schauder type estimates for degenerate or singular elliptic equations with DMO coefficients, Calc. Var. Partial Differential
Equations 63 (2024) 1-42.
[13] A. Audrito, G. Fioravanti, S. Vita, Schauder estimates for parabolic equations with degenerate or singular weights, Calc. Var. Partial Differ. Equ. 63 (8)
(2024) 46, Paper (204).
[14] A. Audrito, G. Fioravanti, S. Vita, Higher order schauder estimates for degenerate or singular parabolic equations, Rev. Mat. Iberoam. 41 (2025) 1513-1554.
[15] H. Dong, T. Phan, Parabolic and elliptic equations with singular or degenerate coefficients: the Dirichlet problem, Trans. Amer. Math. Soc. 374 (2021)
6611-6647.
[16] H. Dong, T. Phan, On parabolic and elliptic equations with singular or degenerate coefficients, Indiana Univ. Math. J. 72 (2023) 1461-1502.
[17] G. David, J. Feneuil, S. Mayboroda, Elliptic theory for sets with higher co-dimensional boundaries, Mem. Amer. Math. Soc. 274 (2021) vi+123.
[18] Z. Dai, J. Feneuil, S. Mayboroda, The regularity problem in domains with lower dimensional boundaries, J. Funct. Anal. 72 (2023) 109903.
[19] G. David, S. Mayboroda, Approximation of green functions and domains with uniformly rectifiable boundaries of all dimensions, Adv. Math. 410 (2022)
1-52.
[20] M. Engelstein, C. Jeznach, Y. Sire, Singular set estimates for solutions to elliptic equations in higher co-dimension, 2025, Preprint arXiv:2502.03294.
[21] G. Weinstein, On rotating black holes in equilibrium in general relativity, Comm. Pure Appl. Math. 43 (1990) 903-948.
[22] G. Weinstein, The stationary axisymmetric two-body problem in general relativity, Comm. Pure Appl. Math. 45 (1992) 1183-1203.
[23] Y.-Y. Li, G. Tian, Nonexistence of axially symmetric, stationary solution of Einstein vacuum equation with disconnected symmetric event horizon,
Manuscripta Math. 73 (1991) 83-89.
[24] Y.-Y. Li, G. Tian, Regularity of harmonic maps with prescribed singularities, Comm. Math. Phys. 149 (1) (1992) 1-30.
[25] Y.-Y. Li, G. Tian, Harmonic maps with prescribed singularities, Proceeding Symp. Pure Math 54 (1993) 317-326.
[26] L. Nguyen, Singular harmonic maps and applications to general relativity, Comm. Math. Phys. 301 (2) (2011) 411-441.

[27] R. Mazzeo, Elliptic theory of differential edge operators I, Comm. Partial Differential Equations 16 (1991) 1615-1664.

[28] R. Mazzeo, B. Vertman, Elliptic theory of differential edge operators, II: boundary value problems, Indiana Univ. Math. J. 63 (2014) 1911-1955.

[29] L. Caffarelli, The regularity of free boundaries in higher dimensions, Acta Math. 139 (1977) 155-184.

[30] L. Caffarelli, Further regularity for the signorini problem, Comm. Partial Differential Equations 4 (1979) 1067-1075.

[31] X. Fernandez-Real, Y. Jhaveri, On the singular set in the thin obstacle problem: higher order blow-ups and the very thin obstacle problem, Anal. PDE 14

(2021) 1599-1669.

[32] L. Simon, Schauder estimates by scaling, Calc. Var. Partial Differential Equations 5 (5) (1997) 391-407.

[33] G. Cora, R. Musina, A.l. Nazarov, Hardy type inequalities with mixed weights in cones, To Appear. Ann. Sc. Norm. Super. Pisa Cl. Sci. (2024).

[34] R. Musina, 1. Nazarov, Hardy type inequalities with mixed cylindrical-spherical weights: the general case, 2024, Preprint arXiv:2411.08585.

[35] A. Vasseur, The De Giorgi Method for Elliptic and Parabolic Equations and Some Applications, Part 4 195-222, in: Morningside Lect. Math., vol. 4, Int.
Press, Somerville, MA, 2016.

[36] D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second order, reprint of the 1998 edition, in: Classics in Mathematics, Springer, Berlin,
2001.

29



