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Abstract. Wind turbine wakes are plume-like regions characterized by reduced wind speed and enhanced tur-
bulence kinetic energy (TKE) that form downstream of wind turbines. Numerical mesoscale models, like the
Weather Research and Forecasting (WRF) model, are generally effective at reproducing the wind speed deficit
but lack skills at simulating the TKE added by wind turbines. Here we propose an analytical formulation for
added TKE by a wind turbine that reproduces, via least-squares error parameter fitting, the main features of the
three-dimensional structure of added TKE as simulated in previous large-eddy simulation (LES) studies, includ-
ing a streamwise peak at x =4D-6D (where D is the turbine diameter), a vertical peak near the upper-rotor
region, and an annular Gaussian-like distribution along the rotor edge. Validation of the proposed formulation
against independent LES results and wind tunnel observations from the literature indicates a promising perfor-
mance in the case of a single wind turbine wake. The ultimate goal is to insert the proposed formulation, after
further improvements, in the WRF model for use within existing or new wind farm parameterizations.

1 Introduction

Over the last 2 decades, there has been a significant surge
in renewable energy, especially wind energy, due to its vast
potential worldwide (Archer and Jacobson, 2005) and the
global shift towards low- or no-carbon sources of energy to
fight global climate change. For the first time in history, wind
has provided over 10 % of the total electricity production of
the world, with a global total installed capacity of approx-
imately 824 GW (International Renewable Energy Agency
(IRENA), 2022).

When wind turbines are installed in a wind farm, their lay-
out is a compromise between two opposite needs. On one
hand, the distance between turbines should be as small as
possible to minimize the total lease area and to reduce ca-
ble length costs. On the other hand, their distance should be
as large as possible to minimize so-called “wake losses” and
maximize total power output. Wake losses are the undesir-
able consequence of wakes, which are plume-like regions

characterized by reduced wind speed and enhanced turbu-
lence kinetic energy (TKE) that form downstream of wind
turbines (Stevens and Meneveau, 2017). As a result of the re-
duced wind speed and the enhanced turbulence in the wakes,
not only is the performance of downstream turbines in the
same wind farm reduced (Archer et al., 2018), but the power
production of neighboring wind farms is also affected (Ny-
gaard, 2014). As such, wake losses are one of the most im-
portant issues affecting wind farm production today (Gog-
men et al., 2016), and the correct estimation and prediction
of wind turbine wakes and their evolution are fundamental
to ultimately ensure reliable power production from a wind
farm (Ye et al., 2023).

Historically, most analytical wake models were developed
to address the issue of wake impacts on power production of
downstream turbines; thus they focused on the most relevant
parameter, the wind speed deficit, and only a few were de-
veloped to address the issue of added turbulence (discussed
later). Jensen (1983) proposed the first analytical wake model
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to predict wind speed deficit behind a wind turbine, based
on conservation of momentum. The Jensen model predicts a
uniform top-hat wind speed deficit across an expanding ro-
tor area that grows with downstream distance x at a specified
constant rate. Since then, a series of analytical wake models
have been proposed with different assumptions (Katic et al.,
1986; Larsen, 1988; Frandsen et al., 2006), including the
model by Barthelmie et al. (2004), who fitted field data with
an analytical formula for the hub-height wind speed deficit
as an inverse power function of x. The first Gaussian model
for the wind speed deficit was developed by Bastankhah and
Porté-Agel (2014) and later improved by Xie and Archer
(2015), who proposed two different expansion rates along z
and y, rather than one for both as in Bastankhah and Porté-
Agel (2014). These values were found by fitting high-fidelity
simulation results. The Gaussian model was also the foun-
dation of more recent formulations (Gao et al., 2016; Wang
et al., 2023). A review of the performance of analytical wake
loss models for wind speed deficit caused by wind turbines
can be found in Archer et al. (2018).

Only a few analytical wake models provide estimates of
the added turbulence by wind turbines, and they all use tur-
bulence intensity (TI) as the variable of interest. Quarton and
Ainslie (1990) suggested the first empirical formulation for
the maximum added turbulence intensity by a wind turbine
(ATIyax) by considering the effect of freestream turbulence
intensity (TIy,) and the thrust coefficient of the wind turbine
(Cr):

—0.57
ATlpay = 4.8C27TIO68 <i> , (1
XN

where xy is a scaling parameter that represents the length
of the near wake. Several modifications to this formulation
have been proposed in the literature, for example by Ainslie
(1990) and Xie and Archer (2015).

One of the most successful variations of Eq. (1) was that
introduced by Crespo and Herndndez (1996), who divided
the wake into two different regions: the near wake (x < 3D,
where D is the rotor diameter) and the far wake (x > 3D);
they then developed a different equation for each:

ATl hax
0.362(1 — /1 —=Cr) x <3D
0.8325
= 1-V1-Cr —o.032s (X \ 7032 @)
073(#) (Tls) (5) x>3D.

The reason for the two different formulations in the two
regions is that, in the near wake, the influence of the ro-
tor aerodynamics, such as blade aerodynamics, stalled flow,
and the presence of tip vortices, is predominant on the wake
(Vermeer et al., 2003). Tip vortices originate from the blade
tips and roots, propagating downstream in helical trajecto-
ries over a short distance (Sherry et al., 2013). If the incli-
nation angle is minimal, these tip vortices will be interpreted
as cylindrical shear layers (Crespo et al., 1999). These layers
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expand within the wake due to turbulent diffusion, forming a
ring-shaped region characterized by high turbulence intensity
and substantial velocity gradients. However, the tip vortices
will break down because of instability within a short distance
downstream. In the far-wake region, the rotor effects are less
important. The wake is fully developed; turbulent diffusion
of momentum becomes dominant; and an increased level of
turbulence is found, fueled by shear production. It is gen-
erally assumed that velocity and turbulence intensity should
remain self-similar and axi-symmetric in the absence of am-
bient wind shear (Johansson et al., 2003; Xie and Archer,
2015; Cafiero et al., 2020; van der Laan et al., 2023).

The study by Ishihara and Qian (2018), hereafter referred
to as 1Q2018, is the first in the literature to provide a three-
dimensional analytical equation for the turbulence intensity
added by a wind turbine in the downstream wake. Their em-
pirical formula contains a Gaussian function in the radial di-
rection r (from the center of the rotor) multiplied by an am-
plitude function (an inverse function of x) as follows:

ATI(x, y,2) =

22
+kzexp[——(’+§) } ~5(2), 3)
20
0 z>H
8(z) = [ H-2z\° “)
TIoosm<n H ) z< H,

where H is the turbine hub height, and d, e, f, k1, k2, and &
are functions of Ct and Tl of the form aC2TIS,. We note
that Eq. (1) can also be reduced to this same form and Eq. (2)
to a close form (with (1 — /T — Ct)? instead of C%).

Li et al. (2022) later hypothesized that the added turbu-
lence intensity ATI in the streamwise direction has a sim-
ilar self-similarity property as the velocity deficit and pro-
posed a three-dimensional analytical formula for added tur-
bulence intensity similar to that by 1Q2018. Tian et al.
(2022), hereafter referred to as TIAN2022, developed a
three-dimensional cosine-shaped model to estimate the wake
turbulence intensity; they assumed that the wake has a sim-
ilar growth rate in the spanwise and vertical directions and
that the maximum added turbulence intensity is redistributed
along the radial direction with a dual-cosine-shaped function.

D
Tr—z%
cos (5 2) 0<r§§
T
ATI(x, y,2) = I+ pm(x) - - ri}D )
2 D
cos| —. 5 <r=r
) e

Here ry and I ,,(x) are functions of Ct, T, and (55) of
the form aC2TIS (5)7.
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Wind turbine wakes have also been studied with numerical
wake models. The first numerical wake model was proposed
by Lissaman (1979), who pre-dated Jensen (1983) and de-
veloped a numerical program to solve the complex problem
of overlapping wakes in an array of multiple wind turbines.
Lissaman (1979) was the first to recognize the importance of
ambient turbulence in overlapping wakes, which, as stated,
may have a greater impact than that due to the momentum
deficit generated by the individual turbines. Over 10 years
later, Ainslie (1988) proposed a numerical solution for wake
development by simplifying the Navier—Stokes equations for
the turbulent boundary layer and introduced ambient turbu-
lence and its effect on the wake decay. More recently, Yang
et al. (2015) proposed a modeling framework of added TKE
by a wind turbine (ATKE) in vertical planes downwind as a
function of inlet velocity at hub height and thrust coefficient,
which can be used to estimate the TKE of turbine wakes in
complex terrain.

Whether purely analytical or numerical and whether pre-
dicting wind speed deficit or added turbulence intensity or
both, wake models are useful to understand the behavior of a
wind turbine wake, but they cannot provide any information
on the effects of the wake on the surrounding environment,
such as changes in vertical mixing or surface temperature or
heat and momentum fluxes at the surface. Large-eddy sim-
ulation (LES) has been a successful numerical approach to
study wind turbine wakes (Breton et al., 2017) and their ef-
fects on the surrounding environment (Wu et al., 2023) be-
cause of their high spatial and temporal resolutions (order of
a few meters and tens of seconds, respectively), as well as the
accuracy of the actuator disk (S¢rensen and Myken, 1992;
Madsen, 1996; Mikkelsen, 2003) and actuator line (Sorensen
and Shen, 2002) models used to incorporate the effects of
the rotating blades. Many LES studies have been conducted
to capture wind speed and TKE properties in wind turbine
wakes (Eriksson et al., 2015; Vanderwende et al., 2016; Lee
and Lundquist, 2017; Deskos et al., 2019; Siedersleben et al.,
2020; Feng et al., 2022). Notably, Wu et al. (2023) conducted
LES that included the effect of atmospheric stability to show
that the wind speed deficit behaves differently from ATKE
(e.g., the wind speed deficit reaches the ground within 8D,
while added TKE remains aloft) and that the two are not
co-located in the wake region (e.g., the wind speed deficit
peaks at hub height, while added TKE peaks near the ro-
tor tip). However, LESs are computationally demanding and
are therefore not used for medium- or long-term wind farm
power predictions but rather for temporal horizons of the or-
der of a few hours to a day.

Numerical weather prediction (or mesoscale) models, like
the Weather Research and Forecasting (WRF) model (Ska-
marock et al., 2021), are the preferred tool to predict weather
over longer temporal horizons, from several days to several
years. However, due to the coarser spatial resolution than that
of LES, ranging between 1 and 100 km, numerical weather
prediction models cannot resolve the details of the wind tur-
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bine wakes, which therefore need to be “parameterized”. A
parameterization is a way to include the effects of a process
of interest that cannot be resolved directly by the numerical
model, typically because the spatial resolution of the numer-
ical model is not fine enough to explicitly treat that process.
A parameterization is basically a model within a model that
uses the resolved variables at each grid cell to calculate the
effects of the process of interest on the resolved variables
in that cell (but not the process itself). In the WRF model,
several processes are parameterized, including convection,
boundary layer turbulence, and radiation, to name a few. The
wind farm parameterization (WFP) available by default in
WREF is that by Fitch et al. (2012), which treats the wind
turbines in a grid cell as sinks of momentum and sources
of TKE. As shown in the literature (Pan and Archer, 2018;
Archer et al., 2019, 2020; Fischereit et al., 2022), the Fitch
parameterization ignores wake effects within a grid cell and
treats ATKE in an overly simplistic way.

In summary, most studies in the literature have focused
on predicting the velocity deficit caused by wind turbines;
far fewer have focused on added turbulence. In the far-wake
region, which is the most relevant portion of the wake for
long-term impacts on the environment, TKE is formed due
to the increased shear caused by the wind speed deficit in the
upper part of the rotor area. If ATKE is not accounted for
properly, inaccurate predictions of the turbulent fluxes of heat
and momentum near the surface may occur, which ultimately
may cause inaccurate predictions of near-surface tempera-
ture and moisture. Here, we aim at developing an analytical
formulation for ATKE by wind turbines that is designed to
be ultimately incorporated in a future wind farm parameter-
ization for the WRF and other numerical weather prediction
models. With the understanding that any parameterization is,
by definition, an approximation, our goal in this paper is to
propose a reasonable analytical formulation for added TKE
that avoids overprediction. Avoiding overprediction of added
TKE is crucial for a (future) parameterization because a nu-
merical mesoscale model, like the WRF, will add some TKE
on its own via the production term in the TKE equation due
to the weak, additional, and resolved vertical shear caused
by the reduced wind speed in the grid cell of the turbines.
If the parameterization overestimates TKE in addition to the
TKE added from the resolved shear, then an excess of TKE
will occur. This issue of potential “double counting” of TKE
was first addressed by Ma et al. (2022b, a). Our formula-
tion for ATKE is inspired by that proposed by Ishihara and
Qian (2018), as their analytical formula for added turbulence
intensity by a wind turbine depends on atmospheric stabil-
ity (via ambient turbulence intensity) and turbine technical
specifications (via the thrust coefficient).

Wind Energ. Sci., 10, 887-905, 2025
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2 Methods

TKE is the kinetic energy per unit mass associated with ed-
dies in a turbulent flow, defined as half of the sum of the
variances (squares of standard deviations) of the three veloc-
ity components u, v, and w (along x, y, and z, respectively)
as follows:

1 l—~ —& —5
TKE:E(allz—l—crvz—}—ai)=§<u/2+v’2+w/2), ©6)

where a bar indicates a mean, and a prime refers to a fluctuat-
ing component, i.e., the difference between the instantaneous
and the mean wind component, e.g., u =u—1u.

Turbulence intensities are defined along each direction as
follows (Arya, 2001; Burton et al., 2011):

oy u'? oy v'?
Th=—="—r, T=—="—,
U U U U
2
ow w’
T, = — = —, 7
U U

where U is the mean wind speed, generally taken at hub
height and often only horizontal. If turbulence was truly
isotropic, then the 3 standard deviations should be approxi-
mately equal to one another. In the real atmosphere, however,
where the x, y, and z axes are aligned with the west—east,
south—north, and bottom-up directions, respectively, this is
not true. Typically the largest one is oy, followed by o, (ap-
proximately 0.64-0.750,, in neutral conditions) and then by
oy (approximately 0.50-0.520,, in neutral conditions) (Arya,
1988; Stull, 2017).

In the wind energy community, since wind turbines are
generally yawed to face the mean wind, the x direction is set
to coincide with the longitudinal (or streamwise) direction
(which is not necessarily aligned west—east), and the y and
z directions are denoted as lateral and upward. The Interna-
tional Electrotechnical Commission (IEC) standard for wind
turbines (International Electrotechnical Commission, 2019)
defines turbulence intensity as “the ratio of the wind speed
standard deviation to the mean wind speed”, but it effectively
considers only o, (referred to as o or “turbulence standard
deviation”, where 1 is the index for the x axis) in its defi-
nition of TI. However, the IEC standard recognizes that the
3 standard deviations in Eq. (7), even with the convention
of aligning the x axis streamwise, should be different from
one another and recommends that any wind velocity field for
turbulence models used for standard turbine classes satisfies
the following conditions: o, > 0.70, and oy, > 0.50, (In-
ternational Electrotechnical Commission, 2019, Table C.1,
Eq. C.10).

There is not a straightforward relationship between oy
and the standard deviations of the individual wind compo-
nents o,,, 0y, and o, because of the non-linear relationship
U = +/u? +v? 4+ w?. It can be shown that, to a first approx-
imation, the standard deviation of the wind speed oy is very
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close to that of the streamwise component o, (Larsén, 2022;
Archer, 2024), which supports the convention used by the
IEC. In light of these considerations, here we define TI as
the ratio of the wind speed standard deviation over the mean
wind speed at hub height, but we use the following approxi-
mations:

2
oy _ou  V3TKE

TI = —
U U U

(®)
Traditionally, only the horizontal wind speed is used for
U and U, possibly because only the horizontal components
of wind velocity contribute to the rotation of the wind turbine
blades. The approximate relationship between TI and TKE in
Eq. (8) (Wilcox, 2006), which is based on the assumption of
isotropic turbulence and is therefore likely to overestimate
TI, is used to convert between TI and TKE when needed
(e.g., in Sect. 3.2). In particular, the relationship used in this
study between added TI (ATI) and added TKE (ATKE) is

\/ 2 ATKE \/ 2 (TKE — TKEq,)
ATI=Y3 T _ , ©)
U U

where TKE, is, broadly speaking, the freestream turbu-
lence kinetic energy. The exact definition of TKE, depends
on the type and distribution of the available data. If three-
dimensional simulation data are available from a run without
turbines (i.e., a precursor run) and a run with turbines, then
the point-by-point difference in the time-averaged TKE of
the two runs is used to calculate ATKE, e.g., for the vali-
dation LES datasets described in Sect. 2.2. If only a simu-
lation with turbines is available, as is the case for the vali-
dation LES datasets described in Sect. 3.2, then the vertical
profile of TKE at an upstream distance of x = xo — 2D is ob-
tained by calculating at each level the average of TKE over
—3D <y —yo <+3D, where xp and y( are the coordinates
of the turbine. The value of TKE, to use at each point down-
stream is, then, the value of TKE in the upstream vertical
profile at the same vertical level.

A notable difference between Eqgs. (6) and (8) is that TKE
includes the vertical fluctuations of the wind field, which
makes TKE more suitable than TI for applications where
vertical mixing is important, like wind turbine wake effects.
In addition, in mesoscale models like the WRF, TKE is of-
ten a prognostic variable that is directly simulated, whereas
TI and the standard deviations of the wind components are
not (i.e., there is no equation to directly obtain the individual
components of the Reynolds stress tensor). In the field, how-
ever, it has been common to compute TI from measurements
because TI can be calculated from simple and relatively in-
expensive two-dimensional cup anemometers (thus only the
horizontal components are considered), whereas sophisti-
cated and expensive three-dimensional sonic anemometers
are necessary to measure all three components of the wind
in order to derive TKE.

https://doi.org/10.5194/wes-10-887-2025
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In the rest of this study, x is the downstream distance from
the wind turbine, z is the vertical distance from the ground,
and y is the lateral distance from the wind turbine (positive
to the left of the turbine, facing the turbine).

2.1 Proposed formulation

The equation for added TI by Ishihara and Qian (2018) is
the starting point of the proposed formulation because it cap-
tures well the annular distribution of turbine-induced turbu-
lence and its evolution into a single-peak Gaussian with dis-
tance. A few features, however, are not well resolved: the
peak of added turbulence at hub height occurs at about 1D
from the turbine position, rather than at 4 D—6D where shear
production is the highest; the peak in the vertical at the ro-
tor top is too strong; and a spurious peak forms below the
rotor. Inspired by the formulation of 1Q2018, but with the
intent of improving upon the issues above, here we propose
that ATKE, normalized by the square of the upstream undis-
turbed hub-height wind speed Uy, can be modeled as the
product of three functions: a streamwise function A(x), a ra-
dial function G(r), and a vertical function W(z):

ATKE
U

=a x A(x) x G(r) x W(2). (10)

We note that the formulation by 1Q2018 was similar, except
it did not include a W(z) function. The scalar « is a tuning
parameter that ensures that the amplitude of ATKE/ Ugo in
the wake is of the right magnitude (i.e., matches the LES
data, as described later).

The streamwise function A(x) should not decrease expo-
nentially, as is often assumed for turbulence intensity (Quar-
ton and Ainslie, 1990; Crespo and Herndndez, 1996; Xie and
Archer, 2015; Ishihara and Qian, 2018), because ATKE is
known to peak at a distance xp,x between 4D and 8D from
the turbine’s streamwise location xg (Xie and Archer, 2015;
Wu et al., 2023), not at xo (Fig. 1a). Here we propose a
Weibull-like distribution for A(x) as follows:

<x—x0>kA_l |: (x—xo)k":|
Alx)= exp| — , (11)
AA Aa
where A4 and k4 are the scale and shape parameters of the
Weibull distribution. The Weibull function is chosen because
it is non-symmetric and because it is one tailed, as is the ob-
served distribution of added TKE along x. The Weibull dis-
tribution was also recently proposed for the x dependency of
added TI by Delvaux et al. (2024, their Eq. 3). We set kg =2
to reduce the overall number of parameters to fit and to ob-
tain a function with the desired properties, i.e., equal to zero
at xq (thus k4 > 1) and rapidly increasing past xo but not too
rapidly (which would be the case for k4 < 2). An example of
the evolution of A(x) is shown in Fig. 1a in blue.

The radial function G(r) is assumed to be a Gaussian that
peaks at the tip annulus of the rotor, inspired by the ¢(r)
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function of 1Q2018, as follows:

— D2y
G(r) =exp [—%] , (12)
where r is
r=y =30+ HY, (13)

¥o is the spanwise location of the turbine, and o, is a linear
function of x:

or(x) =k, (x —x0)+&-D, (14)
where k, is the radial expansion rate (i.e., a‘;’ ), and &, is a
multiplying factor to the rotor diameter that sets the initial
width of the Gaussian distribution of the added TKE along
the annulus of the rotor disk.

Lastly, the vertical function W(z) is also assumed to be
Weibull-like:

2 \ kw1 N
vos() e () o

where the shape parameter ky is set equal to 4 after a trial-
and-error process to ensure a steeper decrease in ATKE
above the top tip than below it, as shown in the LES results.
Examples of vertical profiles of the functions G and W are
shown in Fig. 1b with orange and purple lines.

Due to the properties of the Weibull distribution, there
is an analytical relationship between the point at which the
function reaches the maximum, which by definition is the
mode x,,, and the value of A:

Xm

A= (16)

T-
()

k
Thus, the values of A4 and Ay are directly related to the po-
sition of the maximum ATKE along x and z, respectively. As
such, it is reasonable to expect that A4 and Ay depend on D
and H.

In summary, the equation for ATKE/ Ugo (Eq. 10) con-
tains five unknown parameters: o, A4, Aw, k-, and &,.. Before
we explain how we obtain their values (by fitting) and why
we refer to them hereafter as the five “direct-fit” parameters
(in Sect. 2.3), we need to describe the datasets that we used
for the fitting (in Sect. 2.2).

2.2 LES datasets

We use two independent LES datasets to calibrate the fitting
parameters of our analytical model (Eqs. 10-15): the pub-
lished results of Wu et al. (2023) and Vahidi and Porté-Agel
(2025), described next.

The modeling system used by Wu et al. (2023) included
both an LES model (WRF-LES) (Moeng et al., 2007) and

Wind Energ. Sci., 10, 887-905, 2025
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Figure 1. Comparison of the proposed fitting functions against the WRFLES-N results by Wu et al. (2023) (labeled “LES”): (a) stream-
wise function A(x) at z= H and y = yg + D/2 versus the fit by Ishihara and Qian (2018) (“IQ2018”) and Crespo and Herndndez (1996)
(“CH1996”) and (b) radial and vertical functions G(r) and W(z) at x = x9+ 5D and y = yg. Note that G(r) and W(z) are re-scaled for
display purposes. The thin gray lines in (b) indicate the rotor top and bottom.

a generalized actuator disk parameterization (WRF-LES-
GAD) (Mirocha et al., 2014). A single wind turbine and
a row of wind turbines were simulated under neutral, sta-
ble, and unstable conditions with different undisturbed hub-
height wind speeds, turbulence intensities, and thrust coef-
ficients (Table 1). The outer domain with a horizontal grid
spacing of 15 m was one-way nested with an inner domain
with a finer horizontal grid spacing of 5 m (see their Fig. 1).
The vertical resolution started at 2.5 m near the ground and
was then stretched by 10 % per level until 35 m, kept constant
at 5 m from 35 to 200 m, and finally stretched by 5 % until the
model top. The lateral boundary conditions were periodic for
the outer domain and time-varying for the inner domain. The
time step was 1/7 s in the outer domain and 1/21 s in the in-
ner domain. The wind turbine was the PSU 1.5 MW turbine
with H =80m and D =77 m, placed in the domain 8.2D
from the inlet of the inner domain and centered laterally. The
temperature profile was uniform at 297.3 K up to the initial
boundary layer height (at 200, 500, and 800 m for stable,
neutral, and unstable conditions, respectively), with an inver-
sion of 0.0 Km~!. The desired atmospheric stability was
imposed by assigning a surface heat flux of —0.07, 0, and
+0.07Kms~! for stable, neutral, and unstable conditions,
respectively, with a surface roughness length zo =0.01 m for
all simulations.

The LES results of Vahidi and Porté-Agel (2025)
were obtained with the WiRE-LES solver (Abkar and
Porté-Agel, 2015), with a standard actuator disk model
(Meyers and Meneveau, 2010) for the axial force in-
duced by the wind turbine. The computational domain
was 3840m x 1920 m x 640 m with 256 x 256 x 128 grid
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points in the x, y, and z directions, respectively, with
zo =0.001 m and no Coriolis force. The wind turbine, with
D = H =80m, was located at a distance of 15D from the
inlet and centered laterally. The boundary conditions in the
horizontal direction were periodic for the precursor runs (i.e.,
with no wind turbine). When the turbine was inserted in the
domain, an inflow boundary condition was applied to over-
ride the imposed periodic boundary condition in the stream-
wise direction using the prior periodic results. To smoothly
adjust the flow to an undisturbed inflow condition, a buffer
zone was introduced upstream of the inflow section. A con-
stant streamwise pressure gradient was used to maintain a
velocity of around 8 ms~! at the center of the actuator disk.

Further details about the LES suites that were used for cal-
ibration can be found in the original studies (Wu et al., 2023;
Vahidi and Porté-Agel, 2025) and in Table 1.

2.3 Least-squares error fitting procedures

We use the Python least-squares error non-linear fitting func-
tion in two steps. First, we run the fitting separately for each
of the 15 LES cases over the wake region of the various com-
putational domains using Eqgs. (10)—(15) to obtain 15 sets of
the five direct-fit parameters, o, A4, Aw, k,, and &, (Table 1).
We refer to them as direct-fit parameters to distinguish them
from those obtained in the next step. We also attempted to
find fitted values for k4 and ky, but with seven parameters
we could never reach convergence of the least-squares error
fitting procedure. Then, we run the Python fitting again using
simple functions of Ct and Tl with three fitting coefficients
each, described below, to obtain five functional relationships
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Table 1. Simulation details and values of the five direct-fit parameters for the 17 LES cases used for the analytical model calibration.
The label “WRFLES” refers to the WRF-LES dataset by Wu et al. (2023), where “S”, “N”, and “U” refer to stable, neutral, and unstable
conditions; “VPA-TI064” and “VPA-TI107” refer to the neutral-stability simulations by Vahidi and Porté-Agel (2025), with TI set to 0.064

and 0.107.
Calibration case D H Uhub Ctr Tlx o Aa Aw ky &r
m @m (mshH ) (x107%)  (m) (m) (x1072) (x1071)
WRFLES-S 77 80 896 0.70 0.065 8.88 830 126 3.06 1.09
WRFLES-N 77 80 9.16 0.68 0.080 8.78 661 124 3.35 1.453
WRFLES-U 77 80 10.31 0.58 0.093 7.84 605 120 4.34 1.99
VPA-TI064 80 80 8.27 0.4 0.064 238 1022 116 1.69 0.98
80 80 8.27 0.5 0.064 3.80 976 111 1.87 1.09
80 80 8.27 0.6 0.064 5.62 909 106 2.05 1.2
80 80 8.27 0.7 0.064 8.01 843 103 2.14 1.37
80 80 8.27 0.8 0.064 11.18 765 101 2.26 1.55
80 80 8.27 0.9 0.064 16.0 676 98 2.36 1.79
VPA-TI108 80 80 8.49 04 0.107 2.78 904 126 4.57 0.94
80 80 8.49 0.5 0.107 4.25 862 124 4.23 1.16
80 80 8.49 0.6 0.107 5.96 820 121 3.94 1.39
80 80 8.49 0.7 0.107 8.13 762 118 3.84 1.57
80 80 8.49 0.8 0.107 11.3 677 116 3.73 1.76
80 80 8.49 09 0.107 16 572 111 3.58 1.94

between the five direct-fit parameters and the two indepen-
dent variables Ct and Tl.

Because it is unpractical to use a different set of fitting pa-
rameters for each case and because we want a smooth (i.e.,
not stepwise) transition between different values of Ct and
Tl , we want to identify the functional relationships of the
five direct-fit parameters on a few relevant variables that are
turbine and stability dependent. There are a few empirical
formulations that have been proposed in the literature for
ATI and that may be applicable for our purposes. These em-
pirical formulations depend on both Ct and Tl with the
following general form (Quarton and Ainslie, 1990; Crespo
and Herndndez, 1996; Ishihara and Qian, 2018):

ATl a CETI,. A7)

Inspired by these well-established empirical formulations,
here we propose that, of the five fitting parameters in
Egs. (11)—~(15) (@, Aa, Aw,k, and &,), three have the form
shown in Eq. (17), namely «, k,, and ¢,, while A4 and Ay
include an additional dependency on the relevant lengths D
and H as follows:

Aa=a D CLTI, (18)
Aw =H+a D CLTI,. (19)

Intuitively, for a wind turbine with a small diameter, the
peak of added TKE occurs at a downstream distance from
the tower that is shorter than that for a wind turbine with a
large diameter; thus A 4 should depend on D, as in Eq. (18).
Similarly, the TKE peak in the vertical occurs near the ro-
tor top, thus at higher elevations for taller turbines than for
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shorter ones, which suggests a dependency of Ay on H and
D, as in Eq. (19).

In summary, the five functional relationships for the five
direct-fit parameters are shown in the first row of Table 2.
We note that there are now 3 x 5 = 15 functional coefficients
a;, b;, and ¢;, the values of which we obtain via another least-
squares error fitting. The results are shown in Fig. 2 and Ta-
ble 2. Although the functional coefficients are empirical in
nature, their values provide useful physical indications of the
properties of added TKE, as discussed next.

Starting with o (Fig. 2a), its functional relationship is ex-
tremely consistent among all the runs and independent of
Tlo; thus the value of ¢, originally equal to 0.037, is set to
zero in Table 2 to simplify the functional relationship and re-
duce the number of coefficients required overall. The impli-
cation is that the maximum added TKE in the wake of a wind
turbine is essentially independent of atmospheric properties
(such as turbulence intensity or stability) but depends only
on the turbine operation through its thrust coefficient. This
finding is consistent with several published studies. Crespo
and Hernandez (1996) proposed that the maximum added TI
depends only on Ct in the near wake and has a very weak
dependency on Tl in the far wake (i.e., the power exponent
is —0.0325; see Eq. (2)); the models for maximum added
TI by both Larsen et al. (1996) and Frandsen (2007) depend
only on Ct; and the formulations for the maximum added
TI by 1Q2018, shown in Eq. (3), and by TIAN2022, shown
in Eq. (5), have a weaker dependency on Tl than on Cr.
However, other studies have proposed that Tl has a non-
minor role (Ainslie, 1988; Xie and Archer, 2015).
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Table 2. Functional relationships for the five direct-fit parameters. The values in parentheses are the original coefficients before manual
overwriting to zero.

o AA Aw kyr er
) (m) (m) ) )
Equation aC2TIS, aDCRTIS, H+aDCRT, aCRTIS, aChTIS
a 0.217 3.938 1.384 0.480 0.411
b 2.269 —0.472 —0.429  0(—0.061) 0.728
c 0 (0.037) —0.281 0.541 1.105 0.298
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Figure 2. Performance of the functional relationships in predicting the five direct-fit parameters: (a) o, (b) k-, (¢) 1 4, (d) &, and (e) Ay .

By contrast, the fit for k. (Fig. 2b) is basically indepen-
dent of Ct, despite a weak and conflicting dependency in the
direct-fitting values; thus b is overwritten as zero from the
original value of —0.061 in Table 2. This indicates an inter-
esting finding: the radial expansion rate of the wake TKE is
independent of the turbine operation but is only a function
of the amount of background turbulence. This finding is con-
sistent with the literature, as k, has a similar meaning to the
well-known expansion rate ky, (also known as just k) in the
Jensen model (Jensen, 1983), which is typically set to 0.075
onshore, where background turbulence is generally high, and
0.04 offshore, where turbulence is low (Archer et al., 2018).
We note that k, is the expansion of the wake TKE, while &,
is the expansion of the wake wind speed deficit. As a result
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of the analysis of the functional relationships for « and &,
the number of fitting coefficients is reduced from 15 to 13.

Next, ¢, is proportional to both Ct and T, but the de-
pendency on Cr is stronger (b is more than twice as large as
¢, Table 2). Since ¢, controls the spread of the added TKE
distribution along the annulus of the rotor disk, it is not sur-
prising that its value for the unstable case (WRFLES-U) is
underpredicted, while for the stable case (WRFLES-S) it is
overpredicted in Fig. 2d.

Focusing on A4 next, since the values of both b and ¢ are
negative (Table 2), 4 is inversely proportional to both Ct
and Tly,. However, since both Ct and Tl are always lower
than 1 and b and c are both negative and lower than 1 but
c is larger in magnitude, the dependency on Tl ends up
being dominant. This finding, too, is physically sound: ev-
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erything else being the same, the downstream peak of added
TKE is expected to be closer to the wind turbine when the
background turbulence is high and further downstream when
the background turbulence is low because high turbulence
causes a shorter wake than low turbulence, increases mixing,
and smooths down the peak.

By contrast, Ay is inversely proportional to Ct and di-
rectly proportional to Tl (Fig. 2e), consistent with negative
b and positive ¢ in Table 2. However, due to the additional
dependency on H and D, the comparison between the lines
in Fig. 2e needs to be conducted for the same D and H, thus
only among lines of the same LES group. For example, look-
ing at the VPA runs only, a near doubling of Tl from VPA-
TIO64 to VPA-TI108 causes an approximately 10 m rise in
the vertical placement of the TKE peak, while a near dou-
bling of Ct from 0.4 to 0.7 causes a less than 5 m drop in the
peak position.

The two-step approach described so far may appear cum-
bersome, with an initial least-squares error fit to the LES
data for the five direct-fit parameters and then a second least-
squares error fit with the functional relationships to finally
obtain the values of the 15 desired functional coefficients.
A more straightforward approach would have been to put
the functional relationships shown in Table 2 directly into
Egs. (11)—(15) and then to apply the least-squares error fit-
ting to the LES data for the 15 unknown functional coeffi-
cients. However, when we tried it, we were unable to reach
convergence, possibly because the number of fitting parame-
ters was too high (15 versus 5). We note that 1Q2018 used a
total of nine fitting parameters.

To assess the performance of the two-step approach, we
calculate the root mean square errors (RMSEs) over the en-
tire wake region of all calibration cases (Table 3, calibration
cases only). The entire wake region covers an area with y
from —1D to 41D and z from 0-2H. Note that we have dif-
ferent lengths along the x direction as some LES cases and
the experimental test only cover a small region downstream.
The proposed analytical formulation outperforms that by
1Q2018 in all cases, as the RMSEs of both the direct and
the final fit are half as large as or lower than theirs on aver-
age and up to 6 times smaller. A general trend that emerges
is that the RMSE increases as both Ct and Tl increase. For
example, the RMSE of the VPA runs approximately doubles
when Tl increases from 0.064 to 0.108 and triples when
Cr varies from 0.4 to 0.9. Not surprisingly, the RMSE of the
final fit is always higher than that of the direct fit, as, by def-
inition, the direct-fit parameters are those that minimize the
error. We note that the RMSEs are relatively large and close
to or slightly higher than the mean value of ATKE/ Ugo. For
example, the RMSE of the final fit for the WRFLES runs is
about 1.4 x 1()’3, and the mean value of ATKE/ Ugo for the
same runs is about 1.3 x 1073,
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3 Results

3.1 Comparison with LES data

First, we look at the individual functions A, G, and W along
one relevant dimension for the calibration case WRFLES-N.
For A, the relevant dimension is x, and the proposed formu-
lation exhibits the correct features (Fig. 1a): the function is
zero at xo; it rapidly increases and then peaks at about 6D,
slightly further downstream than indicated by the LES pro-
file, which peaks at about 5D; and then it slowly decreases to
nearly zero at 20D. Both the 1Q2018 and the CH1996 curves
peak near or at the rotor (at 0D) and retain too much TKE in
the far wake after 10D.

The vertical profiles of the two functions G and W
(Fig. 1b) are also, for the most part, correctly reproduced by
the proposed formulation, including the peak of ATKE/ Ugo
near the rotor tip and the rapid decrease above it. The second
peak of ATKE/ Uozo located below hub height is qualitatively
reproduced but is too weak; ATKE/U, go below the rotor de-
creases without exhibiting the weak negative peak near the
surface. The fit by 1Q2018 greatly overestimates TKE near
the rotor top (by a factor of approximately 2) and exhibits a
spurious peak near the surface.

Next, we compare horizontal and vertical cross-sections
of ATKE/ Uoz0 from the LES results, direct fit, and final fit
for each of the three stability cases. Starting with a neutral
case (VPA-TIO64 with Ct =0.7) in Fig. 3, the horizontal
cross-sections at hub height show that the main features and
distribution of the direct and final fit for ATKE/UZ, resem-
ble those of the LES results, with a symmetric distribution
around the wake axis and two maxima near 6D (slightly fur-
ther downstream than the LES maxima at >~ 5D, as men-
tioned earlier for Fig. 1a). The two maxima collapse into one
in the upper part of the rotor (Fig. 3, middle).

In the x—z plane, the ATKE/U go maximum is properly lo-
cated at about 120 m above ground (z/H ~ 1.5); the elon-
gated feature of higher ATKE/ Ugo extending towards the
lower rotor area is more or less captured by the proposed
formulation (Fig. 3, right). While the location and magnitude
of the maximum, as well as the overall distribution above the
rotor, are captured well by both fittings, the wake extent in
the x direction is underestimated and so is the magnitude of
ATKE/ Ugo below hub height. We note that the magnitude of
the maximum ATKE/U go is better reproduced by the final fit
than by the direct fit.

The comparison between ATKE/UZ from the LES and
the direct and final fits under unstable conditions is also en-
couraging (Fig. Al for WRFLES-U). While the direct fit
closely mimics the maximum value of ATKE/U go under un-
stable conditions across all three cross-sections, the final fit
underestimates this term (Fig. A1); the opposite occurs under
neutral conditions in Fig. 3. However, the final fit reproduces
the ATKE/ UozO propagation along x better than the direct fit.
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Table 3. RMSE values of the 15 LES calibration cases and the four validation cases against the two benchmark models proposed by Ishihara
and Qian (2018) and by Tian et al. (2022), labeled “IQ2018” and “TIAN2022", respectively, and the direct fit (with direct-fit parameters from
Table 1) and the final fit (with the functional relationships from Table 2). The RMSEs are calculated over a longer domain for the validation
cases (0D-20D) than the calibration cases (up to 10D; see text for details).

Calibration case 1Q2018 TIAN2022 Direct fit Fit ATKE/ Ugo
(x1073)  (x1073) (x1073) (x1073)

WRFLES-S 3.77 9.32 1.19 1.37 1.22

WRFLES-N 3.66 8.67 1.15 1.27 1.23

WRFLES-U 3.11 8.68 1.33 1.54 1.50
VPA-TI064 Ct=04 1.84 0.29 0.29 0.31

Ct =05 1.89 471 0.37 0.40 0.21

C1=06 2.29 4.84 0.55 0.59 0.43

Ct=0.7 3.06 49 0.88 0.92 0.72

Ct=038 4.12 5.11 1.34 1.37 1.09

Ct=09 5.4 5.22 1.98 2.02 1.61

VPA-TI108 Ctr=04 3.38 434 0.70 0.71 0.13

Ct=05 3.16 45 0.78 0.79 0.33

Ct=06 3.16 4.69 0.92 0.93 0.56

Cct=0.7 35 4.96 1.17 1.19 0.86

Ct =08 422 52 1.54 1.56 1.24

Ct=09 5.27 5.54 2.14 2.17 1.171

Validation case 1Q2018 TIAN2022 Direct fit Fit ATKE/ Ugo
(x1073) (x1073)  (x1073)  (x1073)

XA2017 12.36 15.09 n/a 3.77 2.84

ARC2020 9.54 8.22 n/a 3.63 6.46

SOWFA 10.5 9 n/a 2.86 441

AJU2020 6.67 12.8 n/a 6.23 5.87

Note that n/a represents not applicable.

For stable conditions (Fig. A2), the performance of the
proposed fits is more complicated. At hub height, the di-
rect fit underestimates the magnitude of the maximum
ATKE/ Ugo, and the final fit improves it (Fig. A2, left). At the
rotor top and in the z—x plane (Fig. A2, middle and right), the
opposite happens: the direct fit matches the maximum well,
while the final fit underestimates it. It appears that the final
fit shifts the maximum of ATKE/U?Z further down in eleva-
tion, which causes an increase in TKE around hub height and
a reduction near the rotor top.

It is important to note that we did not yet include a treat-
ment of the hub, which causes high ATKE between 1D
and 2D in the LES results. The well-known feature that
ATKE/U2, extends further downstream under stable condi-
tions compared to unstable conditions is correctly captured
by our proposed formulation, although the magnitude of the
peak is underestimated by the fits in both cases.

Lastly, we compare the vertical and horizontal profiles of
ATKE/U2, from the proposed final fit against the formula-
tion of 1Q2018 and the LES results of Wu et al. (2023) un-
der neutral, stable, and unstable conditions at different down-
stream distances (Fig. 4).
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In general, 1Q2018 overestimates the LES results, espe-
cially the magnitude of the ATKE/ UozQ peak in the near wake
in the vertical (by a factor of 2, Fig. 4a) and in the horizontal
(by a factor of 3, Fig. 4b). Large overestimates by the IQ2018
model have also been reported recently by Bastankhah et al.
(2024) in the near- and far-wake regions. By contrast, the
proposed fit tends to underestimate the maxima in the near
wake by up to 30 %. In the far wake, the proposed formu-
lation predictions are closely aligned with the LES results;
the overestimation by 1Q2018 is reduced, but a secondary
spurious maximum appears near the surface. Since the LES
results include the effect of the hub, while both the final fit
and the 1Q2018 formulation do not, they both miss the peak
in ATKE/U(ZO at x = 2D caused by the hub (Figs. 3—-Al, left
and right sub-figures).

3.2 Validation

In this section, we compare the performance of the proposed
formulation for ATKE/ Ugo (i.e., with the final fitting co-
efficients from Table 2) with data from four other indepen-
dent studies: the LES studies by Xie and Archer (2017) and
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Figure 3. Cross-sections of ATKE/ Ugo under neutral conditions: (a) LES (VPA-TI064 with Ct = 0.7); (b) direct fit; and (c) final fit in the
x—y plane at hub height (left), x—y plane at the rotor top (middle), and x—z plane at y = yq (right).

Archer et al. (2020), referred to hereafter as XA2017 and
ARC2020, respectively; a modified version of the LES by
Archer et al. (2013) and Ghaisas et al. (2017), referred to
hereafter as SOWFA; and the wind tunnel measurements by
Aju et al. (2020), referred to as AJU2020. The four studies
are introduced and discussed in the following, and their rel-
evant parameters are listed in Table 4. The RMSEs for the
validation cases are calculated over their respective entire
domains starting at 0D to the last point available, which is
different in each case (e.g., 10D for SOWFA but just 4D for
AJU2020).

XA2017 used the Wind Turbine and Turbulence Simula-
tor (WiTTS) (Xie and Archer, 2015), an in-house flow solver
developed at the University of Delaware, for the flow simula-
tion. WiTTS solves the unsteady, filtered three-dimensional
Navier—Stokes equations in the incompressible form using
the fractional method (Kim and Moin, 1985) and can han-
dle non-neutral stabilities (Xie and Archer, 2017). The wind
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turbine, modeled as an actuator line (and the nacelle), was
the REpower SMW turbine, with a hub height of 8§7.6m
and a rotor diameter of 126 m. The simulation was divided
into two stages: a precursor stage (without turbines) and a
formal stage (with the inclusion of five wind turbines). The
five turbines were arranged in a staggered layout with along-
wind spacing of approximately 1000 m (which is roughly
8D) and across-wind spacing of roughly 4 D. The resolution
was 6.25 m in all directions, and the surface roughness length
was 0.016 m. Only the wake field of the front-row turbine (la-
beled “WT1” in their Fig. 7) from 2D to 8D is used here to
avoid contamination from the wakes of nearby turbines.
Looking at the results from the unstable run of XA2017,
ATKE/ Ugo from the proposed fit matches the LES satisfac-
torily in the vertical and in the horizontal (Fig. 5a and b),
with the maximum ATKE/ U020 having the right magnitude
and being correctly located at the upper part of the rotor tip
at 4D and 6D. However, at 8D, the profile along the z di-

Wind Energ. Sci., 10, 887-905, 2025




898 A. Khanjari et al.: Formulation for TKE added by wind turbines based on LES

Table 4. Details of the datasets used for the analytical model validation. The label “XA2017” refers to the unstable LES results by Xie and
Archer (2017), “ARC2020” the neutral LES results of Archer et al. (2020), “SOWFA” a modified version of the LES results by Archer et al.
(2013) and Ghaisas et al. (2017), and “AJU2020” the neutral wind tunnel experiments of Aju et al. (2020).

Case Type Stability D H Uhub Ct Tl
m m mshH O e
XA2017 LES Unstable 126 87.6 8.35 0.8 0.082
ARC2020 LES Neutral 126 90 9 0.83 0.102
SOWFA LES Stable 93 80 8.3 0.8 0.074
AJU2020  Wind tunnel  Neutral 0.2 0.2 6.43 0.585 0.120
2.0 -0.005 0.010 0.025 ATKE/U? 20 ~001 001 003 ATKE/U? 20 001 002 o00s ATKE/UZ
’ *  WRFLESS ¥ o xa2017 g N @ \ “"\\ ‘ = :]KUZOZO
> Wariesu o e 1) \§ §\ - loaons
sz TR /AT BT
i Irg;;mrs p ‘? 1 §’;
=7 o 3 z ¥ 1o
& <10 o { / N
9 o / o 1o
0.5 e g g 0.5
: ok & :
0.0 (a) 4;? ) P 8? \ 00 (c)
0.0 “ x/D
(a) x/D 10 ~0.01 001 003 ATKE/U?
0000 0.015 0.030 ATKE/U2 e o u\ \
1O s AY : N 2 e [
o Wy 9 0.5 )
— fits 3 8 4
0.5 — fitN (3/ /
—— Fit-U o /
= %00 ALY
Q 0.0 —= 1Q2018-U %\ ‘I‘\\ \,“‘\
> 0.5 g g0
b j - s
05| Lol® 4
I x/D
1.0 % ) .
) 8 D Figure 5. Profiles of ATKE/ Ugo, taken at different downstream

Figure 4. Profiles of ATKE/ Uozo from the proposed formulation
(“Fit”) and from the WRFLES runs (Table 1) along (a) z and (b) y
at different downstream distances.

rection shows an overestimation in predicting the maxima
near the rotor tip, while correctly reproducing the profile be-
low hub height. The RMSE is larger than that of any of the
studies used for calibration, 3.77 x 10~ (Table 3), possibly
because the LES included the effect of the nacelle, while
both analytical formulations do not. The RMSE of the pro-
posed fit is, however, significantly lower than that of Q2018
(12.36 x 1073), which overestimates added TKE at all dis-
tances, but especially in the near wake, and introduces, again,
an unrealistic peak near the ground.

The second LES study used here for validation is
ARC2020 (Archer et al., 2020), in which the LES flow solver
Software for Wind Farm Applications (SOWFA) was used
with an actuator line model for the wind turbine blades
without any treatment for the hub (Churchfield et al., 2012;
Archer et al., 2013). The computational domain size was
3000m x 3000 m x 1020 m with a single wind turbine in the
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distances, from the proposed formulation, labeled “Fit”, and from
the LES dataset of XA2017 along (a) the z direction at the cen-
terline and (b) the y direction at hub height, under unstable con-
ditions. (¢) The wind tunnel particle image velocimetry (PIV) mea-
surements of AJU2020, along the z direction at the centerline, under
neutral stability. The same profiles from 1Q2018 and TIAN2000 are
added for comparison.

middle, and the atmospheric stability was neutral. An ide-
alized NREL 5 MW wind turbine was used with D = 126 m
and H = 90 m. The resolution was set to 200 x 200 x 68 grid
points in x, y, and z, respectively, corresponding to grid cells
of approximately 15 m in both horizontal dimensions.

The vertical profiles of ATKE/U, go from the final fit-
ting match those from the LES just after x = 2D very well
(Fig. 6a). We note that the slight reduction in TKE near the
surface shown in the LES results, which has been observed
and simulated in the literature (Archer et al., 2019; Wu and
Archer, 2021), is not reproduced with the proposed fit be-
cause it is not accounted for in its equations yet. A way to
account for it in the future could be via a correction similar
to the § function of 1Q2018, shown here in Eq. (4). Con-
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Figure 6. Profiles of ATKE/ Ugo, taken at different downstream
distances, from the proposed formulation, labeled “Fit”, and from
the LES dataset of ARC2020 under neutral stability along (a) the z
direction at the centerline and (b) the y direction at hub height. The
same profiles from 1Q2018 and TIAN2022 are added for compari-
son.

versely, I[Q2018 shows some spurious ATKE/U, go below the
rotor, which is not correct. The y profiles (Fig. 6b) are again
characterized by a general underestimation and overestima-
tion of the ATKE/ Ugo maxima for the proposed fit and for
1Q2018, respectively. The proposed fit shows a significantly
improved ATKE/U2 profile compared to 1Q2018, provid-
ing a more satisfactory prediction that closely matches the
LES results starting at x = 4 D. This validation dataset is well
reproduced by the proposed formulation, with an RMSE of
3.63 x 1073 , about half of the average value of ATKE/ Ugo
(6.46 x 1073, Table 3), possibly because this LES study did
not include a treatment for the hub.

The third study used for validation, named SOWFA, is
a modification of the studies by Archer et al. (2013) and
Ghaisas et al. (2017), which used the SOWFA solver over
a complex mesh of 4000 m x 4000 m x 1000 m with fine re-
finement (about 3.5m) in six blocks around up to 48 wind
turbines (Siemens 2.3 MW with D =93 m and H = 63.4 m)
and coarser (7m) in the rest of the domain. Various cases
were simulated, varying the number of turbines, their layout,
and the atmospheric stability. Here we use an additional sta-
ble case, with the same temperature decrease at the bottom
boundary of —0.25 Kh~! as in Ghaisas et al. (2017) and the
same layout as “Stg-2SpaX” in Archer et al. (2013) but with
westerly flow. To maximize the extent of the wake at fine res-
olution, we extracted the flow details from the wake of tur-
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Figure 7. The same as Fig. 6 but for the SOWFA LES dataset under
stable conditions.

bine no. 36 (see Fig. 1f in Archer et al., 2013), approximately
10D in length.

The proposed fit provides a satisfactory match to the LES
profiles, particularly in the z profiles, in the entire domain,
while a noticeable gap between the LES data and 1Q2018
still exists in the near wake. We note that the stable LES re-
sults show an asymmetry in the y profiles (Fig. 7b) due to the
Coriolis force and the resulting Ekman-spiral effect, which
is not captured by the proposed formulation, and therefore
an overestimation by the final fitting can be seen in the far
wake. Because this LES dataset did not simulate the effect of
the hub, the RMSE was relatively low: 2.86 x 1073 , for an
average value of ATKE/UC%o of about 4.41 x 1073 (Table 3).

The fourth study used for validation is AJU2020 (Aju
et al., 2020), which describes the Boundary Layer and Sub-
sonic Tunnel (BLAST) experiments that were conducted at
the University of Texas at Dallas. The wind tunnel is 30 m
long, 2.1 m high, and 2.8 m wide, with cubic blocks of 2.5 cm
height located 0.2 m between each other on the bottom sur-
face of the test section to achieve a well-developed tur-
bulent boundary layer. Horizontal-axis wind turbines, with
D =200mm and H =200mm, were used in the experi-
ments, based on models from Sandia National Laboratories,
and locally manufactured at the university. A particle image
velocimetry (PIV) system was used to measure the turbu-
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lence along the center axis of each turbine. The tests were
conducted in neutral stability, and only vertical profiles at se-
lected downstream distances were available. Values near the
surface are not reliable due to ground effects.

Comparison of ATKE/U2 behind the wind turbine
against the experimental data by AJU2020 under neutral con-
ditions indicates that the proposed fit is qualitatively cor-
rect but exhibits a large underestimation of the upper-rotor
peak by over 100 % (Fig. 5¢). Not surprisingly, the AJU2020
dataset is associated with the largest RMSE among the four
cases used for validation, exceeding 6 x 1073 for an aver-
age value of ATKE/Ugo of 5.87 x 1073 (Table 3). This is
possibly explained by the fact that this experimental dataset
just covers a small region behind the turbine, between x =
0 —4D, where the effect of the hub is more significant. By
contrast, this is the only dataset that compares well against
the 1IQ2018 predictions, despite an overestimation of the
maximum at 3D and an overall RMSE that is still larger than
that of the proposed fit (6.67 x 1073, Table 3).

4 Conclusions and recommendations

This study is a first step in addressing the lack of a proper
treatment of the turbulence added by wind turbines in current
numerical weather prediction models, like the WRF model.
An analytical formulation for ATKE/ U02o is presented, com-
prising five fitting parameters, each with a functional rela-
tionship with the thrust coefficient of the turbine, the undis-
turbed upstream turbulence intensity, the diameter, and the
hub height of the wind turbine. The fitting parameters are
obtained after a two-step fitting process based on the LES
dataset from a previous study by Wu et al. (2023), which used
the WRF-LES code for three atmospheric stability cases (sta-
ble, neutral, and unstable), and from 15 LES cases in neutral
stability with various combinations of Tl and Ct by Vahidi
and Porté-Agel (2025).

The proposed formulation compares well with the LES
datasets that were used for the parameter calibration, which is
to be expected, with RMSEs of the same order of magnitude
as the mean ATKE/UZ,, but it is less accurate when com-
pared against four additional and independent datasets used
for validation: an LES study of a 5 MW wind turbine under
unstable conditions using the WiTTS code (Xie and Archer,
2017), another LES study of the same S MW wind turbine
under neutral stability using the SOWFA code (Archer et al.,
2020), another SOWFA run under stable conditions (Archer
et al., 2013; Ghaisas et al., 2017), and a wind tunnel exper-
iment with a model wind turbine under neutral conditions
(Aju et al., 2020).

Wind Energ. Sci., 10, 887-905, 2025

We conclude that the proposed formulation is promising
in predicting the distribution of ATKE/ Ugo under all stabil-
ities in the far wake, which is the more relevant region for
mesoscale studies of the impacts of wind farms on the envi-
ronment. In the near wake, the blade geometry, rotor tip, and
hub effects have a dominant effect on ATKE/ Uo20, and the
proposed formulation performs worse there than in the far
wake. However, the proposed formulation outperforms that
by Ishihara and Qian (2018) in all cases.

The ultimate goal of this research is to eventually insert the
ATKE/U go formulation, after further improvements to better
capture the near-wake behavior, in numerical weather predic-
tion models to better quantify the possible impacts of wind
turbine wakes on the environment. However, in order for the
proposed formulation to be effectively used for this purpose,
the total ATKE in each grid cell of the mesoscale model
needs to be calculated, but the volume integral of Eq. (10)
cannot be obtained analytically. As such, numerical integra-
tion is required, which may add a small computational cost to
the simulation. In addition, in the presence of multiple wind
turbines with multiple overlapping wakes, the issue of super-
position of wake-added TKE needs to be resolved.

We note that we did not include a treatment of either the
nacelle or the tower in our formulation, which, combined,
were found to have an effect on the wake dynamics that was
larger than previously thought, in the case of a model wind
turbine in a wind tunnel (Santoni et al., 2017). Since only
XA2017 included the nacelle in their simulation, while none
of the validation or calibration studies included the tower, we
neglected both for now.

Another limitation of our formulation is that its calibration
relies on LES results, which introduce several uncertainties,
from the sub-grid turbulence closure model to the sampling
method for the actuator line model (Martinez-Tossas et al.,
2017). Using only real measurements would not remove all
uncertainties either, as measurements have their own intrin-
sic uncertainties, and each experiment tends to be specific to
the chosen setup and therefore difficult to generalize. Even if
we used direct numerical simulation (DNS), which we can-
not do yet due to the high Reynolds number of the wind flow,
resolving the blades correctly would still require an actua-
tor line model or similar parameterization, which would add
some uncertainty.
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Appendix A: Additional figures

Appendix A contains Figs. Al and A2 that are briefly dis-
cussed in the main text.
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Figure A1. As in Fig. 3 but for unstable conditions (WRFLES-U).
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Figure A2. As in Fig. 3 but for stable conditions (WRFLES-S).
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