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Abstract. This paper introduces enhanced two-dimensional finite elements based on a node
dependent kinematics method, which allows each node to adopt a unique thickness expansion. A
key innovation of the proposed approach is the ability to independently select models for each of
the three displacement variables, employing both Taylor-based and Legendre-based expansions
for the cross-section. The formulation is developed within the framework of the Carrera Unified
Formulation, which separates the three-dimensional displacement field into in-plane and cross-
sectional components. The method is validated for a free-edge problem by comparison with results
from the literature and highly refined benchmark solutions. The findings show that the optimal
computational model for balancing accuracy and efficiency is problem specific.

Introduction

Laminated composite structures are extensively used in the aerospace and automotive industries
for their lightweight and high-performance properties. However, their material inhomogeneity can
cause complex behaviours, such as free-edge effects (i.e., stress concentrations at layer interfaces
near discontinuities) that often serve as initiation sites for damage [1]. Refined theories, including
those by Carrera based on Reissner’s Mixed Variational Theorem and the Principle of Virtual
Displacements (PVD) within the CUF framework [2, 3, 4], have improved upon classical models.
Most existing studies use the Equivalent Single Layer (ESL) approach, which simplifies modelling
by using variables independent of the number of layers. For more detailed and accurate stress
analysis, the Layer-Wise (LW) approach is preferred, assigning separate variables to each layer.
While refined models improve accuracy, they also increase computational costs, especially when
involving local phenomena like delamination [5]. To address this, hybrid modelling strategies have
been developed, applying high-fidelity models only in critical regions and lower-fidelity models
elsewhere, reducing computational load with minimal loss of accuracy. However, implementing
such global-local approaches is complex, and numerous methods for integrating different
structural theories have been proposed, as reviewed by Noor [6]. This work presents enhanced 2D
finite elements based on the Node-Dependent Kinematics (NDK) method [7], which allows each
node to adopt different section expansions and enables independent modelling of displacement
variables without special coupling. As usual, the Lagrange (LW) and Taylor (ESL) polynomials
are adopted as structural theories. The first step is the development of a unified method that isolates
contributions of individual terms and avoids reformulating equations for each new theory, thereby
balancing accuracy and computational efficiency. Building on Carrera’s work [8, 9], the approach
combines ESL and LW models within a consistent framework. The second step exploits the
hierarchical nature of CUF to incorporate thickness-wise descriptions, assigning different
structural theories to each node. Originally applied to plates and recently extended to plates [10],
the NDK method provides flexibility in combining low- to high-order theories in 2D problems.
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Structure of the work. This paper is organized as follows. Section Theoretical formulation
discusses the principles of the Unified Formulation and the mathematical details of the Node-
Dependent Kinematics (NDK) approach, including the governing equations. Section Numerical
results presents the outcomes for out-of-plane stresses. Finally, Section Conclusions summarizes
the key findings of the work.

Theoretical formulation
In classical elasticity, the stress tensor, 6}, and the strain tensor, €, can be conveniently expressed
in vector form as:

T T
k — k ~k ~k ~k -~k -k k_f(.k .k k .k k  k
0" = {Gxx Oyy Ozz Oyz Oxz Oxy } , €= {Exx €yy €2z €yz €Exz Exy } (1)

The geometric relationships between strains and displacements are defined as:
€ = Du* (2)

where D is the matrix of differential operators, valid under the assumption of small displacements
and small rotations [3]. For linear elastic orthotropic materials, the constitutive relation is given by

6" = Cker 3)

where C* denotes the matrix of material coefficients (see [11] for details).

Unified formulation. In this method, the concept of the Unified formulation and the FE method
are used together. Furthermore, every FE node possesses its unique set of structural theories, and
each displacement component can use a different theory. These concepts can be summarized
mathematically as follows for the real system:

uk(x,y,2) = N, E(2)qx, 1=1,..,My;i=1,..,N,
wW(x,y,2) = Ni(, ES (D)5, T=1,0,My ;i =1,.., Ny (4)
[

uf(x,y,2) = N, E&(2)qk, t=1,..,M;i=1,..,N,

Z

M,
M

where EF.. EF.. and EF. denote the expansion functions associated with the generalized
X y z

displacements q,’c‘ﬂ., qi,‘ri, and qé‘ﬂ., respectively. The index 7 indicates summation, while M,, ,

M, ¥’ and M, , represent the number of expansion terms for each displacement component. In this

paper, seven-node Lagrange (LE7) expansions and Taylor functions are used. Moreover, N;
denotes the shape functions, with the repeated subscript i implying summation, and N,, the number
of shape functions per element. For the numerical assessments carried out in this study, the
classical nine-node Lagrangian element (Q9) is employed [11]. In the case of the virtual system,
the indices i and 7 are replaced by j and s, respectively.

Governing equations. By using the Principle of the Virtual Displacements:

SLint = SLext =
ka(Se,’c‘xo,’fx + 8ek,al, + Sek ok, + ek, ok, + Sek, ok, + ek, a0k )dvE = (5)

SulPy, + SulPf + SufPf

It is possible to obtain three governing equations for each virtual displacement:
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k .k k k k k k _ pk
5qx5j' Kuxuxsrjiqx-ri + Kuxuysrjiqy-;i + KuxuzsrinZn- - Puxsj
k .k k k k k k _ pk
qusj' Kuyuxsrinxﬂ + KquySTjiqui + KuyuzsrinZn- - Puysj (6)

k .k k k k k k _ pk
6quj' Kuzuxsrjiqxﬂ + KuZUySTjiqui + uzuzsrinZn- - Puzsj

The fundamental nuclei for the load vector are written in the followings:

ki
Pl = MERE
ki
PY 5j = NjE,JPY (7)
ki
Pllfzsj = NjFuZ]‘L'PIfZ

Assembly. This work employs an innovative formulation of the Fundamental Nucleus (FN) that
represents a significant departure from conventional CUF implementations. The key advancement
lies in the treatment of FN components K{fmul srji and P{fms ; as single scalar elements rather than
the traditional 3X3 matrix structure. The explicit expressions of Ktlfmul stji are not explicitly given
for the sake of brevity. This streamlined approach requires only nine independent scalar parameters
for complete stiffness characterization (and three for the load array), offering substantial
computational advantages. The new formulation provides important theoretical and practical
benefits compared to standard CUF implementations [2, 3]. Most notably, it eliminates the
constraint requiring all variables to share the same expansion theory, a limitation that often forces
unnecessary computational overhead in conventional approaches. See also [8,9]. The assembly
across all displacement components, FE nodes, and elements results in the problem: KU = P.

Numerical results

[T] £ocar zone (More refined theories) Global zone (Less refined theories)

(a) Geometrical properties (b) NDK mesh
Figure 1: Four-Layer composite plate. The study case is taken from [12] and [4].

The study investigates the free-edge behaviour of a symmetric composite plate (see Fig. 1a)
with rectangular surface measuring L =40 [mm], b =20 [mm], and a thickness of h =5 [mm]. The
laminate has a stacking sequence of [45°/—45¢]s, and its material properties are E; = 137.9 [GPa],
E, =E; =14.5[GPa], vi, =v,3=Vv33 =0.21, and G;,= G;3 = Vv,3 = 5.9[GPa]. The analysis, based
on the works of Robbins and Reddy [12] and Scano et al. [4], applies a uniform axial strain €,
along the x-axis by imposing end displacements u at x = £L/2. This loading condition induces a
constant strain field in the central region of the plate, provided that the plate length L is sufficiently
large compared to the edge perturbed zones. In this problem, a finer mesh is required near the free
edge; therefore, a non-uniformly distributed 16 X 16 finite element mesh is adopted. Figure 1b
illustrates the mesh configuration, highlighting the local region with 208 FE nodes and the global
region with 881 FE nodes, where more refined and less refined theories are employed, respectively.
Shear, o,,, and transverse, g,,, stresses are calculated along the thickness of the plate near the
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free-edge (at y/b = 0.998) in mid-plate (at x = 0). The results are reported in a scaled form as
follows

_  _ Oxz — _ Ozz
Oxz— Z' zz — g 9)

Table 1 presents the characteristics of the Unified Formulation models, including the adopted
theories, the number of Degrees of Freedom (DOF), the corresponding DOF reduction, and the
naming convention. Shear and transverse stresses along the thickness are studied, as displayed in
Figs. 2a and 2b, respectively.

Table 1: Unified formulation models used for the angle-ply [45°/—45°]s laminate.

Global Model Local Model DOF  DOF Reduction [%] Theory Definition
LE7-LE7-LE7 LE7-LE7-LE7 81675 — LE7 (Scano et al.)
TE7-TE7-TE7 TE7-TE7-TE7 26136 68.00 TE7
LE7-LE7-TE7 LE7-LE7-TE7 63162 22.67 LE7-LE7-TE7
TE2-TE2-TE2 LE7-LE7-TE7 19993 75.52 NDK1
TE1-TE1-TE2 LE7-LE7-TE7 18231 77.68 NDK2

(a): Taken as the reference solution.

The analysis reveals that lower-order models are sufficient for accurately representing the
majority of the plate. However, when evaluating out-of-plane stresses, higher-order LW models
are required to obtain accurate results for the u, and u,, displacement components. Additionally,
the two proposed NDK models demonstrate high efficiency, showing strong agreement with the
reference results while achieving a degree-of-freedom reduction of over
75%, which is greater than that achieved with the TE7 model.

I 3 T T
‘%.Eg%
0.75 - L. .
.
v ¥
o7
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.
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(a) Shear stresses, o,

(b) Transverse stresses, o,

Figure 2: Out-of-plane stresses along z of the angle-ply [45/-45]s laminate.

Conclusions

The present work introduces an improved method for the analysis of two-dimensional structures
within the framework of the CUF. The method is obtained by reformulating the traditional CUF
approach and reorganizing the assembly of the FE matrices. The proposed framework relies on
two main features: (1) Different expansions can be adopted for each displacement variable; in
particular, Taylor- and Legendre-based expansions are employed. (2) The NDK approach is
incorporated, allowing the adoption of a different model at each finite element node.
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The paper demonstrates that the proposed method effectively joins different types of expansions
and polynomial orders, allowing a significant reduction in the degrees of freedom through an
accurate selection of expansions for each finite element node. It also enables the application of
local kinematic refinements without altering the finite element mesh. Future work will focus on
extending this approach to shell formulations and multifield analyses.
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