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RIESZ TRANSFORMS FOR THE DISTINGUISHED LAPLACIAN
ON DAMEK-RICCI SPACES AND OPERATOR-VALUED
MULTIVARIATE SPECTRAL MULTIPLIERS

JIE LIU AND ALESSIO MARTINI

ABSTRACT. Let A = V*V be the distinguished Laplacian on a Damek—Ricci
space. We prove the LP-boundedness of the vector of first-order Riesz trans-
forms VA~1/2 in the full range p € (1,00). The most demanding part of
the proof is establishing the boundedness for p € (2,00); this is obtained as
a consequence of an operator-valued spectral multiplier theorem for the joint
functional calculus of a commuting system of self-adjoint operators, which we
prove here and may be of independent interest.

1. INTRODUCTION

Let N be a group of Heisenberg type (H-type in short), in the sense of Kaplan
[23]. In other words, N is a connected, simply connected 2-step nilpotent Lie
group, whose Lie algebra n is equipped with an inner product such that, if v is the
orthogonal complement of the centre 3 of n, and 3* is the dual of 3, then

ula, )| = |ullz] Ve ev Vpes, (L.1)

where plx,-] is thought of as an element of the dual v* of v (see Section [2| for
more details). The direct sum decomposition n = v @ 3 is a stratification of n, as
[0, 0] = 3; we shall denote by d; and dy the dimensions of the layers v and 3 of n,
and set d := d; + dy. The group N is equipped with a natural family (0,)acr, of
automorphic dilations, where R, = (0, 00), acting on the Lie algebra n by

0a(z, 2) = (a'/?z, az) V(z,z) ev®j VYaeRy. (1.2)

Let S = N x R, be the one-dimensional semidirect extension of N obtained by
letting the multiplicative group R4 act on N by automorphic dilations. Equipped
with the natural left-invariant Riemannian metric induced by the factors R, and
N, the manifold S is also known as a Damek—Ricci space [10} [IT], [12]. Damek—Ricci
spaces are a class of Riemannian manifolds with exponential volume growth that
include, but are not limited to, the rank-one Riemannian symmetric spaces of the
non-compact type [2,[7, 8]. Actually, in order to include real hyperbolic spaces, one
must extend the definition above, by admitting that, beside H-type groups, N may
also be chosen among simply connected abelian Lie groups (namely, “degenerate
H-type groups” where b = {0} and thus N 22 R%); here, however, we shall mainly
focus on the nondegenerate case, where N is nonabelian.

As the Riemannian metric on S is left-invariant, the corresponding Riemannian
measure is a left Haar measure on the group S. However, the group S is not
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2 JIE LIU AND ALESSIO MARTINI

unimodular, so any right Haar measure p on S differs from the Riemannian measure.
In this paper, following [9] [I'7, [19, 20, 41, [47] among others, we shall equip S with
the left-invariant Riemannian metric and the right Haar measure p; in other words,
we consider S as a weighted Riemannian manifold, where the weight is the modular
function on S. In particular, for all p € [1,00], we shall denote by LP(S) the L?
space with respect to the right Haar measure p.

Let Xo, ..., X4 be an orthonormal basis of left-invariant vector fields on S. The
so-called distinguished Laplacian A on S is the second-order elliptic differential
operator on S defined by

d
A=->"X7, (1.3)
j=0

which is left-invariant and essentially self-adjoint on C°(S) C L2(S). The distin-
guished Laplacian A can also be written in divergence form as V*V, where

V = (Xo,...,Xaq) (1.4)

is the Riemannian gradient and V* is its adjoint with respect to the measure p.
Notice that A differs from the Laplace-Beltrami operator on S, as the latter is
self-adjoint with respect to the Riemannian measure on S.

In this paper, we study the boundedness of the first-order Riesz transforms
associated with A on S, namely, the operators

R;=X;A"Y2 j=0,....d (1.5)
Our main result reads as follows.

Theorem 1.1. For j =0,...,d, the first-order Riesz transform R; is of weak type
(1,1) and bounded on LP(S) for any p € (1,00).

As a corollary of the above result, we recover the LP-boundedness for p € (1, c0)
of the second-order Riesz transforms R; R} = —XjA_le for j,k=0,...,d, which
was proved in [I7] for a certain class of Damek—Ricci spaces S. We point out that
the convolution kernels of such second-order transforms are integrable at infinity;
however, this is not the case for the first-order transforms R;, which constitutes
one of the challenges in their analysis.

The LP-boundedness of Riesz transforms associated with elliptic and sub-elliptic
operators on Lie groups and manifolds has been studied by several authors in the
past decades (see, e.g., [1, B, 4, [6, 27, 28] and references therein), and it is not
possible for us to provide a complete literature review on the matter. We simply
observe that many works in the literature are devoted to the case where the under-
lying metric measure space is doubling; this is not the case here, as the manifold .S,
equipped with the Riemannian metric and the measure p, has exponential volume
growth, which creates several difficulties in the analysis of the Riesz transforms at
infinity. One common technique to deal with the latter problem makes use of the
fact that the Laplacian under consideration has a spectral gap on L?; however, this
is not applicable here, as the distinguished Laplacian A on S has no spectral gap.

As already mentioned, the class of Damek—Ricci spaces S = N x R, is often
extended to include the degenerate case where N = R? is abelian, i.e., to the case of
the az +b groups R x R, . In this degenerate case, the analogue of our main result
was established in [I9] for p < 2 and in [34] for p > 2 (see also [I8] [43] for previous
partial results); this is why here we stick to nonabelian, 2-step H-type groups N.
While our approach follows by and large that of [19, B4], a number of additional
nontrivial difficulties arise when N is nonabelian.
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For p € (1,2], the proof of Theorem follows a by now fairly standard
scheme, based on gradient heat kernel estimates for A, combined with the Calderén—
Zygmund singular integral theory adapted to the non-doubling structure of S; the
latter theory was developed by Vallarino [47] within the general framework estab-
lished by Hebisch and Steger in [19].

More precisely, the proof that R; is of weak type (1,1) and bounded on LP(S)
for p € (1,2] proceeds by showing that R; is a singular integral operator whose
kernel satisfies a suitable integral Hérmander condition (see Section [4| for details).
In turn, this integral Hormander condition is established by subordinating the Riesz
transforms to the heat semigroup e *2, and exploiting the following weighted L'
estimates for its convolution kernel h; = k.-+a and the gradient thereof, which we
prove here (see Section [3)) and may be of independent interest.

Theorem 1.2. Let |x| denote the Riemannian distance of € S from the identity
element. For alle € [0,1) and allt > 0,

/ ()| 1= /4 dp(z) <. 1, / Vhi(a)| 124 dp(z) <. 7120 (1.6)
S S

Here and in what follows, for any two nonnegative quantities A and B, we use
the notation A < B to indicate an inequality up to an unspecified multiplicative
constant, and we write A ~ B to mean that A < B and B < A; subscripted variants
such as <. and ~ indicate that the constants may depend on a parameter e.

A crucial feature of the estimates in Theorem [I.2]is the fact that they are global
in time and space (local estimates of a similar flavour are known to be true for
more general elliptic Laplacians on manifolds). The unweighted case e = 0 of the
estimates was already established in [47], where it was used to prove a spectral
multiplier theorem for the distinguished Laplacian A; much as in [47], key tools in
our proof are the estimates for the Laplace-Beltrami operator on Damek-Ricci
spaces from [2]. On az + b groups, weighted estimates similar to were proved
in [19], though with weights of the form erlel/t"? for 15 > 0, instead of the Gaussian-
type weights eclel*/ 4t. those weaker estimates were anyway enough to obtain the
LP-boundedness for p < 2 of the Riesz transforms in that setting.

Proving that the Riesz transforms R; are bounded on LP(S) for p € (2,00) is
a more delicate problem, since the adjoint Riesz transforms R7 do not satisfy the
aforementioned integral Hormander condition (this was established in [34] [44] in the
degenerate case N = R?), and thus the method used for p € (1,2) is not applicable
via duality considerations for p € (2,00). Actually, the local parts of the adjoint
Riesz transforms R (obtained by truncating the corresponding convolution ker-
nels via compactly supported smooth cutoffs) are amenable to the aforementioned
approach, i.e., their LP-boundedness can also be derived via Calderén—Zygmund
theory from appropriate localized weighted estimates of derivatives of the heat ker-
nel h¢. So, as may be expected, the main difficulty in tackling the R} comes from
their parts at infinity.

To address the latter problem, much as in [34], by means of subordination to the
heat kernel, we obtain essentially explicit formulas and asymptotics for the convolu-
tion kernels kR; of the adjoint Riesz transforms (see Section , thus writing them
as sums of appropriate “main terms” K (singular at infinity, but with simpler ex-
pressions) and remainders (integrable at infinity, or anyway with easily established
LP-boundedness properties). In this way, the LP-boundedness of the R} is reduced
to that of the convolution operators by the kernels K.

To deal with those kernels, in the degenerate case N = R? treated in [34], one key
observation was the fact that the right Haar measure on S factorizes (in suitable
coordinates) as the product of the Haar measures on R? and R, and therefore
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the Lebesgue spaces LP(S) can be thought of as vector-valued Lebesgue spaces
LP(RY; LP(Ry)). In addition, left-invariant operators on S = R? x R, are also
translation-invariant in the R%coordinate; so they can be thought of as operator-
valued Fourier multipliers on R?, whose LP-boundedness can be established by
means of an operator-valued Fourier multiplier theorem available in the literature
[461 [49]. The problem in [34] was thus reduced to checking that the operator-valued
symbols M; : RY — £(L%(R,)), corresponding to the convolution operators with
kernels K, satisfy the assumptions of the multiplier theorem of [46]; here with
£(Z) we denote the space of bounded linear operators on a Banach space Z.

In the nondegenerate case studied in the present paper, where N is a (nonabelian)
H-type group, it is still true that LP(S) = LP(N; LP(Ry)) and that left-invariant
operators on S are also left-invariant in the N-variable. However, an operator-
valued Fourier multiplier theorem on N, analogous to that in [46] for R<, is not
available in the literature (nor is it immediately clear what it would look like, given
the complicated nature of the group Fourier transform on N, which is already
operator-valued even when applied to scalar-valued functions).

Our workaround to the latter problem consists in considering, instead of Fourier
multipliers, operator-valued spectral multipliers for the sub-Laplacian £ and the
vector of central derivatives —iV, = (—i0,,,...,—10,,,) on the H-type group
N. More specifically, we reduce the LP-boundedness of the convolution operators
f = f*Kj to that of three operators My (L, —iV ), My (L, —iV ;) and M, (L, —iV.),
belonging to an operator-valued joint functional calculus for £ and —iV,, whose
operator-valued symbols My, My, M; : Ry x R% — £(L?(R.)) we compute explic-
itly. We then deduce their LP-boundedness from the following result (see Sections
[ and for more details).

Theorem 1.3. Let x € (0,d1/2) and Q.. == {(\,u) € Ry x R¥ : klu| < A\}. Fiz
an integer B > (dy +5d2)/2+3, and let p € (1,00). If M : Ry x Rz — £(L%3(R,))
is (weakly) of class CP and the family of operators

{A‘ala&mM(A,u) caeNxN, o] <B, (\u)e Q,{}
is R-bounded on LP(Ry), then M (L, —iV,) is bounded on LP(S).

The latter result is a particular instance of a more general operator-valued spec-
tral multiplier theorem that we establish here and may be of independent interest.
Namely, in Section [7] we prove a conditional result, essentially stating that, if for
a system of commuting self-adjoint operators one has a scalar-valued LP spectral
multiplier theorem of Mihlin—-Hormander type, then such result can be upgraded
to an operator-valued multiplier theorem. In the case of the system (£, —iV,) on
L?(N), the scalar-valued counterpart to Theorem is a corollary of results of [40].

A similar problem was encountered in [37], where the LP-boundedness of the
Riesz transforms associated with certain sub-Laplacians on extensions N x Ry of
Carnot groups N is proved; in that case, the problem was reduced to the LP-
boundedness of operator-valued spectral multipliers M (L) of a single operator (the
sub-Laplacian £ on N), for which one could apply the multiplier theorem from [36].
The operator-valued multiplier theorem that we prove in Section [7] can be thought
of as a multivariate extension of that in [36].

To appreciate the difference between [37] and our set-up, notice that, in the case
where N is an H-type group, the sub-Laplacian Ag,p, on N x R considered in [37]
is obtained by restricting the sum in to the vector fields in the directions of
the factor Ry and the first layer of IV; in other words, we can write

dy
Aap == _ X7 = —(ada)’ + aL,
j=0
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where a is the coordinate on the factor Ry (see (2.1)), (2.2]) and (2.10]) for details);

thus, the Riesz transform relative to Ag,p in the direction of Xy = ad, can be
written, at least formally, as

XoALY? = (ada) [~(ada)? + aL]

sub

2 Fo),

where the operator-valued symbol F : R, — £(L23(R,)) is given by

F(\) = (ada) [~ (ada)? + Aa] *

However, in our case, we work with the elliptic Laplacian
da
A=Agy— Y X7 =—(a0.)*+aLl +a®|-iV.|?
j=1
on N x Ry ; thus the Riesz transform relative to A in the direction of Xy can be
written as

1/2 2 2 2] 71/2
Ro = XoA~ 2 = (ad,) [—(aaa) +al + a?|—iV,| } = G(L,—iV.),
where the multivariate symbol G : R, x R% — £(L%(R,)) is given by

G\, p) = (ada) [—(aaa)2 + da + |ﬂ|2a2]*1/2 .

This roughly explains why here we need to consider joint functions of multiple op-
erators, and therefore the multiplier theorem of [36], which applies to the functional
calculus for a single operator, is not enough for our purposes.

As previously mentioned, here we do not apply the operator-valued multiplier
theorem directly to the R, but to the operators My(L, —iV,) with £ € {0,0,3},
which are related to the main terms Kj; of the parts at infinity of the kR;. As
a matter of fact, some of the operators f — f * K; are not in the functional
calculus for (£, —iV,) themselves, due to lack of radiality in the first-layer variable
on N, and the reduction to the operators My(L,—iV,) is based on the known
LP-boundedness properties of first- and second-order Riesz transforms on N (see
Section [6] and Remark [8.6] for details). Crucially, while the identification of the
main terms K; in Secti is done on the space side (i.e., in terms of coordinates
on S), in Section we manage, by exploiting some formulas from [42], to obtain
relatively explicit expressions for the operator-valued symbols M, on the spectral
side (i.e., in terms of coordinates (A, p) in the joint spectrum of £ and —iV,).
Thanks to those expressions, in Section [8.3] we are eventually able to check that the
M, satisfy the assumptions of Theorem and prove the claimed LP-boundedness.

An interesting open problem remains about endpoint bounds at p = oo for the
Riesz transforms, and specifically, whether the adjoint Riesz transforms R} are of
weak type (1,1); indeed, the operator-valued multiplier approach does not seem
to provide information on this. In the degenerate case N = R, this weak type
bound is known to be true for j > 0, i.e., for the adjoint Riesz transforms on
S = N xRy in the direction of the factor N [18, 34], but it is not known whether
the same bound holds for Rf§. Similar open problems appear in the case of the
Riesz transforms associated to the sub-Laplacians on extensions of Carnot groups
considered in [37, B9], as well as in the discrete setting of flow Laplacians on trees
[19, 26, 33).

Notation. Here N denotes the set of nonnegative integers (including 0), while
N, = N\ {0}. For n € N,, we write R” for R”\ {0}. The characteristic function
of a set S is denoted by 1g. For a real number a, we write ay to denote its positive
part max{a,0}. We denote by Re s the real part of a complex number s.
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2. PRELIMINARIES

As in the introduction, let N be a 2-step stratified Lie group, i.e., a connected,
simply connected, nilpotent Lie group, whose Lie algebra decomposes as a direct
sum n = v @ 3, where [p,v] =3 and [n,3] = {0}. We equip n with an inner product
compatible with the stratification, i.e., such that the layers v and 3 are orthogonal,
and denote by | - | the corresponding norm. We assume that n is an H-type Lie
algebra, which means that holds, where v* and 3* are equipped with the dual
norms. Via the exponential map, we identify the group N with its Lie algebra n by

vd; — N
(x,2) — exp(z+2).
In these “exponential coordinates”, the group law on N is given by

1
(z,2) N (2,2)) = (x+x’,z+z'+ 2[3;,3:’])

for all (z, 2), (z',2") € N, with (0,0) as the identity element, and moreover
(z,2)"! = (—2, —2).

The group N is unimodular, and Lebesgue measure dz dz is a left and right Haar
measure on N.

Let dy and dy denote the dimensions of v and 3, and let d := dy 4+ dy be the
topological dimension of N. A basis X?,... ,XZ of left-invariant vector fields on IV,
obtained by extending an orthonormal basis e;,...,eq of n =0 @ 3, is given by
1
2
leﬂ»zazj for j=1,...,ds.

ij':awj“" ['T7ej]'vz for j=1,...,dy,

(2.1)

The corresponding homogeneous left-invariant sub-Laplacian on N is defined by
dy

L:=-> (X)) (2.2)

j=1
Let S be the one-dimensional semidirect extension of N obtained by letting R

act on N via the automorphic dilations (04)aer, given by (1.2). Thus, S is a Lie
group with the product law

1
(z,2,a) - (2/,2,d") = <x +a' %2 2+ a2 + ial/z[x, 2], aa’)

(2.3)
= ((z,2) N 04(2', 2"), aa’).
for all (z,z,a), (¢',2',a’) € S; here the identity element is (0,0, 1), while
(z,2,a0)"' = (—ail/zx, —atz,a7h). (2.4)
We equip S with the right Haar measure p, given by
dp(z, z,a) = de dz %. (2.5)

If Q := (dy + 2d3)/2 denotes the homogeneous dimension of N associated with the
dilations (94)acr. , then the modular function of S is given by

§(z,z,a) =a= @ (2.6)
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We point out that, in many references on H-type groups (and more general
stratified Lie groups), the automorphic dilations are parametrized as (9:2):er, ,
and it is the quantity d; + 2ds that is called the homogeneous dimension of N. The
definition of the homogeneous dimension @ that we use here is consistent with that
used in many works on Damek—Ricci spaces, such as [2] 111, 12, [47].

Group product and inversion have a counterpart in convolution and L'-isometric
involution for functions on S, given by

f o) = /S fa y e dply),  fr@) =6@) f@ ), (27)

the above formulas make sense for sufficiently well-behaved functions on S, but can
be extended to more general functions, and also to distributions on S. Analogous
formulas give convolution and involution for functions on the group N, where the
modular function is identically 1.

Let 2'(S) denote the space of distributions on S, i.e., the dual of the LF-space
C°(S) of test functions. By the Schwartz kernel theorem, any left-invariant, con-
tinuous linear operator T': C2°(S) — Z'(S) can be represented as a convolution
operator, i.e.,

To=¢xkr  VoeCZ(S),

for a suitable convolution kernel kr € 2'(.S); moreover, the convolution operator
with kernel k3. is the formal adjoint of 7. Analogous results are true for left-
invariant operators T : C°(N) — 2'(N), and we shall use the same notation kp
for the corresponding convolution kernels.
The relation between the product laws on S and N corresponds to the
following relation between convolution * on .S and convolution %y on N:
o) da’

(f*g)[a] = /]R f[a/] * N gEZ{) prt (2.8)
+

where we use the notation

f[a](xaz) = f(:E,Z,CL), ¢(>\)(va) = /\7QQ§(01/)\(I,2)). (29)

A basis of left-invariant vector fields on S = N x Ry can be constructed by
lifting the vector fields X%, . ,XZ on N to left-invariant vector fields Xi,..., Xy4
on S, and adding a vector field Xy in the direction of R;. Namely,

Xo = a@a,
1
X; = al/? <axj + 5[:z:,ej] : vz) for j =1,...,dy, (2.10)
Xd1+j :aazj, fOI‘j:L...,dQ.

The corresponding gradient V on S takes the form , while the distinguished
Laplacian A = V*V on S is given by .

We equip S with the Riemannian metric associated with V, i.e., such that
Xo,...,Xg4 form an orthonormal frame. Then, for the Riemannian distance ||
of a point & = (x, z,a) € S from the identity element, from [2 eq. (2.18)] and [47,
eq. (3)], we have the explicit formula

12 4 g-1/2 1 2
hzm: a Lo_1/2) 2 Lo1y2
cosh”™ = —y —|—8a || +4a 2|
1 N (2.11)
1+ || 2
at =~ + ||

4a
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Notice that from (2.11)) it follows that

1/2 4 ,—1/2 ]
i salttae cosh 242 ie, |x|>|logal, (2.12)

cosh — > ,
2 2 2

see also [2, eq. (1.20)].
For b,c € R and r € R, we shall use the notation

r[b’c] — Tb lfT' S 17
r¢ ifr > 1.

The next lemma, which may be compared to [34, Lemma 3.3] and [36], Lemma 2.6],

provides integration formulas for nonnegative radial functions on S against certain
weights, which we will use repeatedly.

Lemma 2.1. Let b,c,7v,7 € [0,00) and s € R, and set
w=(bes57),  wel(@)=a flogal" 7 |z’ |2 (213)
forx = (x,2,a) € S. For all measurable functions F : [0,00) — [0, 00),

[ 872(@) Fllal) va(e) dot) = /m () ow(r)dr  (214)

Aﬁﬂ&”@ﬂﬂﬂﬂ% WA Fr dr (2.15)

/ 51/2(:1:) F(l@|) we (z ~ / F(r dr (2.16)
{a>1/e} 0
/ 5Y2(z) F(|z)) we ( ) e / F(r dr, (2.17)
{1/e<a<e} 0
where
pldtotety Al o(F+5+5+§+5+s|)r ifel+<+s#0,
$=(r) 1= pldtbrety 143] o(§+5+5)r ifi+5+s=0, (219
rltbreti Al o($=o)r by g5 <,
o (r) 1= Q platbrerniedl o(F=o)r b ey g, (2.19)
platbtety,0] o($+5+5)r  4f bpcts>0,
pldtbrerydl o(F3tets)r  rb ey g5,
SL(r) = Q platbrern1iql o(FHEH5)r jpb ey oo (2.20)
pldrbret 0 o(F+i+5)r 4rb g e g5
0 (1) = platbretn.0l o(F+5+5)r (2.21)
Proof. By (2.4), (2.11) and (2.13),
|3371| = |.’1}‘, W(b,e,s,7,7) (mil) = W(p,c,—s—b/2—c,7,7) (a:),

so, by the change of variables & — =1, we see that (2.15]) is equivalent to (2.16)),
and moreover ([2.14)) follows by summing (2.15)) and (2.16)). Therefore, we only need

to prove - and -
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Let w: R — [0,00). From (2.11)), by the change of variables a = e" and using
polar coordinates in € R™ and z € R%, we see that

/951/2(w)F(|wl)w(10ga) [[° 2] dp(x)

52 2 2
:/ —Qu/2 / / 2 arccosh (COSh + 86“/2> + P

b+d1 tc+d2 % de d

2
~ . /]R (5+ / / (2 arccosh \/(cosh % + s) + t)

ey,
S

The change of variables s = cosh(y/2) — cosh(u/2), followed by ¢t = cosh?(r/2) —
cosh?(y/2), then gives

/ 51/2() F(|) w(loga) |z’ |2 do(z)

+5) c dt
~be / (§+5) “wu / / 2 arccosh 4/ cosh? y +t)t e &
R . V 2 t

X (cosh 5~ cosh 2) g Slnh dy du

oo oo C+d2 1
e / e(%+5)“w(u)/ / F(r) (cosh2 g — cosh? y) sinhrdr
R | y

ul

l\?\r‘

btdy

X (cosh g — cosh %) ’ sinh % dy du

e / F(r) Dy p,c(r)dr,
0

where

c+d2 1

Dy pe / / §+5) (u) (cosh2 3 cosh? Z) sinhr

btdy

Y u\ T2 .Y
X (cosh 5 cosh 2) sinh 2 dudy.

o‘
n

Notice now that, for >y > 0, we have sinhr ~ % e" and

coshr — coshy

2
ty

cosh? T cosh? ¥y_
2 2

(2.22)
= sinh r

sinh % ~ (1 — gy) 0 R[0T er,
whence also, for y > |u],

cosh % — cosh % ~ (y — |u|) 10y 10T /2,
and therefore

Dopo(r) m2p.o rleH2)/20) glerda)r/2 / N = g4 d)/2-1.0] ) /20] ()4
0

Yy
. / (y — [u)(C+/2=100 (55 5) % (u) du dy.
-y
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= 1u<1y, we get

Now, in the case w(u) = W 5 (u) :
D, -

snﬂ’b’c(r)

ey EH)/20] et /2 / (r — y)l(F /2100 (a0} /20] (o )y/4
0
min{Ly} [(b+d1)/2-1,0] |, 1[7A] (2 +5+s)u
</, (y = lul) Hu[ e TR dudy (2.23)

)[(C+d2)/2—170] y[(b+d1)/270} olbtdi)y/4

o pllerd2)/2,0] g(ctda)r/2 /T(T _y

0
v = b, c
X / (y — u)[(b+d1)/2_170] u[’%'}/] e_(z+§+s)u du dy;
0

in the last step, we used the splitting finyin{l’y} = f?y + fomin{l’y} and the fact that,

for 0 < u < min{l,y}, one has et (F+5+s)u ~. 1, so the second summand can
effectively be absorbed into the first one via the change of variables v — —u.
It is not difficult to prove that, if a, 5 > —1, ¥ > 0, 0 € R, then, for all x > 0,

" glatbtlrlgoz if 5 > (),
/ (z — )0l oot 4t o~ 5, 5 { glotBrivdl]lif 5 — 0, (2.24)
0 glath+1,0] if o < 0.

By applying (2.24)) twice (first to the integral in « and then to that in y), we can
estimate the expression in (2.23)) and readily obtain that D _- , (r) ~& ¢ (1),
8,7,9707

where ¢_ (r) is as in (2.19)), thus proving (2.15)).

On the other hand, in the case w(u) = w0 < (u) = e** |u|"7] 1 1<u<1}, We get

7Y
Dwo b,c (T)

7,77

oy Pl(eF42)/2.0] gletdz)r/2 / (1 — y)l(ed) /21,01 [(b+d1)/2,0] o(b+d1)y/4
0

min{1,y} ~ b e
. / anl?” Ju O+ /210) 13y 3 (45 +5)w 4y, dy
—min{l,y

o pllerda)/2.0] g(erda)r/2 / -
0

Jletd2)/2-1,0] bt +5.0] o(b--d)u/4 gy,

) )

and again an application of (2.24) gives that Do _ ; .(r) ~u ¢2 (1), where ¢2 (r)
$,7,7°7?
is as in ([2.21)), thus proving (2.17). O

Below we collect some consequences of Lemma that we shall use later.

Corollary 2.2. For every measurable function F : [0,00) — [0, 00),

[t (4o ﬁ') ol + [elll) 8/2(@)F(Ja) dp(z)

~ /Oo F(r) pld+1,0] o(@+2)r/2 dr, (2.25)
0

2
/ ((* 'i) o] + |x||z) §'2(z)F(|2|) dp(x)
{a<e}
o0
[ rn s
0
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2
/{1< - I1—a™ (1 +a+ 'Z') oY% (x)F(|z|) dp(x)

o~ /00 F(r) rldt 100 e(@FDr/2 qp - (2,27)
0

[i-ai(1eas 'ﬁ') 52 () F(fel) dof)

~ /00 F(r) rldt 100 e(@F2r/2 qp - (2,28)
0

Proof. Estimate follows by summing the instances of with (b, ¢, s,7,7)
equal to (1,0,—1/2,0,0), (1,0,1/2,0,0), (3,0,—1/2,0,0) and (1,1,—1/2,0,0). In-
stead, estimate follows by summing the instances of corresponding to
(b,¢,s,7,%) equal to (1,0,1/2,0,0), (3,0,—1/2,0,0) and (1,1,—1/2,0,0).

Finally, notice that

1—a !~ {loga

llog a

Thus, follows from summing the instances of where (b, ¢, s,7,7) is
equal to (0,0,0,1,0), (0,0,1,1,0) and (2,0,0,1,0). Instead, follows by sum-
ming the instances of where (b, ¢, s,7,7) is equal to (0,0, —1,1,0), (0,0,0,1,0)
and (2,0,—1,1,0), together with the instances of where (b, ¢, s,7,7) is equal
to (0,0,0,1,0), (0,0,1,1,0) and (2,0,0,1,0). O

(1,0]

ifa>1/e
O] =1 i <e.

3. HEAT KERNEL ESTIMATES

Let h; := ko-:a denote the heat kernel associated to A on S. The main purpose
of this section is proving the weighted L'-estimates for h; and its gradient stated
in Theorem In the unweighted case ¢ = 0, the first estimate in is a
consequence of the general fact that |||y = 1 for all ¢ > 0, while the second
estimate is established in [47, Proposition 4.7]. We shall exploit several ideas from
[47) to prove the estimates for arbitrary e > 0.

The operator A has a special relationship with the Laplace-Beltrami operator
App associated with the Riemannian structure of S, see [48, §IX.1], whence one
obtains that

§V2h, = e/,

—tALB

see also [47), Proposition 2.3]. From the formulas and estimates for k,-+a; obtained

in [2] we can therefore deduce analogous results for §~1/2h,, which we state here.
If a function f : S — C is radial, with a slight abuse of notation we shall also

write f(r) with > 0 to denote the value of f at any point € S with |x| =r.

Proposition 3.1. The function 6~/2h; is smooth and radial on S. Moreover,
when dy is even,

(67 2h)(r) = 270 7 DECBE (), (3.1)
where hi¥(r) := (4mt)=1/2 e~ /4 s the heat kernel on R, while
. 1 .. 1
D, =———09,, D..:=————=0,; 3.2
sinh r sinh(r/2) (32)

when dy is odd, instead,

(67 V2hy)(r) = 20~ F / DEFVLPHRLE () vy (s),  (3.3)
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where -
sinh s
dv,(s) := ds.
vr(s) (cosh s — coshr)1/2 §
In addition, for any do, we have the following pointwise estimates:
(d—2)/2
1
(67V2h)(r) =t 732 (1 +7) <1 + + T) e—Qr/2—r2/4t7 (3.4)
d/2
1
V(67 2hy)|(r) ~ t73/2 1 (1 + —:r) e~ Qr/2e=" /41, (3.5)

Proof. Formulas (3.1) and (3.3]) are consequences of [2, eq. (5.7) and (5.8)]. The
estimates ([3.4]) and (3.5)) are contained in [2, Theorem 5.9 and Corollary 5.49]. O

The pointwise estimates — are enough to establish the first estimate
in for any t, as well as the second estimate for small ¢; in addition, we can
obtain similar estimates with a faster decay for large t by restricting the integral
to a bounded subset of S.

Proposition 3.2. Let e € [0,1) and to > 0. Then
/ () = /4 dp(m) <1 VE> 0 (3.6)
and
/|Vht(:c 1= /4 qp(x) Soqy t72 0 VEE (0, 80]. (3.7)
In addition, for le compact subsets K C S,
/K[\ht(:v)| V(@) 4 dp(e) Sepic 92 VEE [to,00).  (3.8)

Proof. By the integration formula (2.14]) and the pointwise bound (3.4)), the integral
in (3.6) is controlled by

/ e ()| 71214 d p(ar)

_/ (5= 1/2Ry) () €57/ pld1] (@172 g
0

) (d—2)/2 n )
2/ 4=3/2 (1 n 1 +r) o= 0r?/t,1d2] g, — / ’ +/
0 t 0 ro

for any 79 € Ry, where 6 := (1 —¢)/4 > 0. In the integral for r > rg, we use the
estimate 14+ 4~ <, 1+ é to obtain that

~To

oo ) 2 2\ (d—2)/2
/ Sro / 12T (1 + T) e Ot gy
T0 To t t

< / 32(1 + 32)(d_2)/2 6—982 ds <. 1,
0

where we used the change of variables s = t~'/27. In the integral for r < ro,
instead, we have 1+ 142 ~, ¢[=1.0 5o

/ Nm / —(d+1)/2,—3/2] 707"2/15 r4 dr SEM t[o,fs/z]; (3.9)

for the last estimate, when ¢t is large one can simply bound the exponential term by
1, while when ¢ is small one can use the change of variables s = t~/2 1 to obtain a
uniform bound in ¢.
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This completes the proof of (3.6)); in addition, the decay t~3/2 obtained for r < 7
and large ¢ in (3.9)) also proves the estimate for h; in (3.8).

We are left with proving the estimates for the gradient Vh;. Here we observe
that, from (2.6) and (2.10) it readily follows that

Xo0/% = —%51/2(3:), X012 =0 forj=1,....d (3.10)
thus |V61/?| = %(51/2 and, by the Leibniz rule,

Vh| < 62V (67 2he)| + |- (3.11)

Therefore, when proving the estimates for Vh; in and 7 we can effectively
replace |Vhy| with 6'/2|V(5§7/2h;)|, as the estimates for the remaining part |h;|
have already been proved.

Now, from and the pointwise bound we obtain that

/“W@wwﬂ%mmwwmwmw
S

2/ |V(5*1/2ht)|(r) esfr2/4t pld1] oQr/2 4,
0

) d/2
- / —3/2 —0r2/t <1 n 1+ r) /2 pld+1.2] / /
o t
0

In the part where r < rg, arguing much as in (3.9, we obtain, for all ¢ > 0,
/ / —(d+3)/2,-3/2] —9r2/t Pt qp < t[—1/2,—3/2}_ (3_12)

In the part where r > rg, instead, if we additionally assume ¢t < ¢g for some ty € R,

—9r2/2toe—9r§/2t

then we can estimate e—97"/t <e and obtain

o0 o0
—(d+1)/2 ,—6r¢/2 —0r2/2 d+2)/2 M
/ STOJot (+)/e TO/t/ e (+)/ dr Saro,to,Mt
70 To

for any M € R and t € (0,%p]. Combining these two estimates with the previous
ones for |h;| completes the proof of (3.7). Moreover, the extra decay t~3/2 for large
t in (3.12), together with (3.9)), also completes the proof of (3.8]. O

In order to complete the proof of Theorem in light of the estimates in
Proposition it only remains to prove the weighted L!-estimate for the gradient
|[Vh:(x)| for large t and x. The approach used in Proposition based on (3.11)),
fails in this case, as |||/ does not decay for large ¢. Thus, in order to obtain the
desired t~1/2 decay, we cannot simply rely on the pointwise estimates (3.4)) and (3.5] .
as a black box, and we must exploit, much as in [47], some subtler cancellatlonb
between the two terms.

We start with recalling some technical estimates from [2].

Lemma 3.3. With the notation of Proposition for any p,q € N such that
p+q > 1, we can write
DIBIAE (r) = Dy zpa), (3.13)

where a4 € Ry, while the function Z;"? : R — R satisfies, for any c € (1, 00),

|Z00 ()| + 10,207 (r)] Spage tHhe(r) e WHOT2 g > 1 (3.14)
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Proof. From [2 eqs. (5.23)-(5.24)] (see also [47, Lemma 4.4(ii)]) we see that

p+q

. 2 2 (0% T 1
qPp—T /4t . —re/4at | Spgt
DiDPe =e — : —|— ap 0.4 ,
t cosh?™=4

where o, 4 € R4, while, for all k € N and r > 0,

e—(PH29)r/2 if j=1,

. 3.15
(14 r)i e=@+20)r/2 jf j > 9, (3.15)

|afap,q,j (r)] Sk {

The identity (3.13) thus holds if we set

p+q

ZP 4y Zap’q, Yt R (r).

Now, by (3.15)),
|p,g,5 (1) £ B ()] + 0 [ap,q,5(r) £ B (r)]
S llap.q s () (L+1/8) + 10rapq5(r)] 7 he'(r)
- t—l (1 + ,r‘/t) h]F(r) e_(p+2‘I)7n/2 lf] = 17
DLVt (14 1) (14 7/t) hR(r) e=PH20m/2 i j > 2.
If r,t > 1, then 147/t < 1+r/t'/? and, for j > 2,
t I ) et Il = 4732 (p 412 <71 4 Y 2);
thus, for any j > 1,
|p,g,5 (1) £ R ()] + [0 [ap,q,5(r) £ B (r)]
<t 1+ r/t1/2)1+j RE(r) e~ PH20)r/2 < 41 RE (r) e~ (P+29)7/2

and the estimate ([3.14) follows. O

From the previous lemma and the formulas (3.1)-(3.3)), we now derive another
convenient representation for h;.

Lemma 3.4. With the notation of Proposition we can write

Hp(r)

5 2hy)(r) =
( () cosh® 5

+ H} (1), (3.16)

where, for any c € (1,00), the functions HY and H} satisfy

Y2 HY ()| 4 0, HY ()| Se t7LRE () vt r > 1, (3.17)
|HE(r)| + |0-HE (1)) Se t7HRE (r) e=@/2 vt,r > 1. (3.18)

Proof. In the case do is even, by combining (3.1)) and ) for p = dy/2 and
q = d2/2, we obtain that - holds true w1th

o KR 1
HY(r) = dl/zd’d2/j T (r)’ Hl(r) = ﬁth/wﬂz(r);
2d1+72ﬂ-§ t 2d1+727r§

in this case, (3.18)) follows from (3.14]), while (3.17)) is immediate.
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When dj is odd, instead, by combining (3.3)) and (3.13)) for p = d;/2 and ¢ =
(ds +1)/2, we obtain that (3.16) holds true with

‘hQﬂ e’} hR
HO(r) = Cu/2dz1)/2 €08 2/ Shels) 4, (), (3.19)

gdi+% 4 t cosh@t! 2
1 o di/2,(da+1)/2

Hé(r)=72dl+iz ﬁ/ ZM /2026y qu (s). (3.20)
2 T 2 T

Now, from (2.22)) we see that, for s > r > 1,

s sinh s . B
cosh s — coshr = e* (s — 7)™, (cosh s — coshr)1/2 ~ o2(s )12,

whence, by (3.14) and (3.20)), for all r,¢ > 1,

H S [ 120 ) du )
s

~

<. /OO t=1hE (s) e~ (Q+1)s/2 ¢5/2 (s — r)[_l/z’o] ds
<t 'hR(r) e Qr/2 / e QL—1)/2 (s— 7')[*1/2’0] ds <tk (r) e Qr/2,

where we used that h.; is decreasing, and the change of variables ©u = s — r in the
integral to obtain a uniform bound in r.

Recall now from [34] eq. (2.12)] that, for any smooth function g : Ry — C with
sufficiently fast decay, and any ¢ € N and r > 0,

:/')fi/ s)dv,(s / Dlg(s) dv,(s). (3.21)
In particular, by (3.20) and (3.21] -,

0, H}(r) = (- sinhr)D, H} (r)

sinh r e d1/2,(d2+1)/2 ds
- ST [ gz
gdi+% L4 /T t () (cosh s — coshr)1/2

and, much as before, by (3.14)),

o ds
8TH1 < ginh 85Zd1/27(d2+1)/2
.11} r)| s siwhr [ 10,7, O e T

<ec sinhr/ t7IRE (5) e (@ 1)s/2 o78/2 (g — ) [71/200 g
SRR (1) e (@FDT 2 ginh /OO e (@FD(=n/2 (5 —)[=1/200 g5

< t_lh]}i (r) e Qr/2,

Combining the above estimates for H}(r) and 9, H} (1) proves (3.18)).
It remains to prove (3.17). Much as in [47, proof of Lemma 4.6], notice that

1 sinh s - 1 V2 sinh §
cosh@t! 5 (coshs — coshr)l/2 ~ cosh® & (cosh2 s _ cosh2 5)1/2'
Therefore, by the change of variables v = zgiﬁgigg, we can write

o] s R S 3/2 oo v
/ hti()dyr(s) _ 27/ h (2 arccosh (v cosh(r/2))) d
. 1

t cosh®t! 2 t cosh? Z v@(v2 —1)1/2
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where h¥(s) := s h¥(s), and, by (3.19),

Oy (a2 22 [

HY(r) = 220272 R (2 arccosh(v cosh(r/2))) dv

R | -y |

As B]E(S) <. t/2 bR (s), we thus see that
dv

3.22)

|H? (r)] <t /1 hE (2 arccosh(v cosh(r/2))) ————————= <. t7 Y2 RE (1),

vQ(v2 —1)1/2 ~°

where we also used the monotonicity of h¥,.

In addition, from the elementary estimate [9,2F(s)| < A (s), we also see that

|8, [h¥ (2 arccosh (v cosh(r/2)))]]
vsinh 3

(v2cosh® & — 1)1/2

= |(9sh%) (2 arccosh(v cosh(r/2)))]

~ |(9sh¥) (2 arccosh (v cosh(r/2)))| <c h% (2 arccosh(v cosh(r/2))) < hE (r)

for r,v > 1. Thus, by (3.22),
dv

0.HY(r)| Sttt /oo |8r[i~L]§(2 arccosh(v cosh(r/2)))]| —s—5———7s Set L RE(r),

1 vQ(v2 —1)1/2 ~°

and the proof of (3.17) is complete.

O

When proving large time estimates for VA, the first summand in (3.16) is the
most problematic, due to the worse decay in ¢t. To deal with that term, we need a
more precise spatial estimate for its gradient, which is captured in the statement

below and is implicit in the proof of [47, Lemma 4.5].
Lemma 3.5. For all x = (z,z,a) € S,

V[5"/2(@) cosh™2 (| /2)]] £ 6*/2() a/* (38121
Proof. Recall from that

cosh(|z|/2) = 27 ta~1/? [(a+1+[z[?/4)% +|2]?]
Thus, by ,

52(x) cosh™@(|a|/2) = 29 [(a+ 1+ [a]?/4)% + |22] ~“/%.

Consequently, by (2.10]), we see that

| Xo[8"/%(ax) cosh™ (|| /2)]| <

1/2

a (a + 1+ \x|2/4)
[(a+1+ |2[2/4)2 + |22 9/*
al/? (a+ 1+ |z[?/4+|z]) |2]
[(a+1+ |2[2/4)2 + |22)9/*Y

15162 (@) cosh ™ (|| /2)]]

_ alz|
| Xeta, [6"/%() cosh™ (|2 /2)]] <
o (@ + 1+ af2/4)2 + |21/
forj=1,...,dy and £ =1,...,dy. Combining the above estimates gives

al/2
(a+ 1+ [z]? + [2[)Q+1/2
~ q'/2q= Q2 cosh =92 (|| /2)

~ al/4§Y 2 (x) e~ (F+1)l=l

where we used again (3.24)) and ([2.6).

We can finally complete the proof of Theorem [1.2

|V[6Y/2(x) cosh™? (|l /2)]| <

(3.23)

(3.24)
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Proof of Theorem[1.3 In light of Proposition [3.2] it only remains to prove that, for
any € € [0,1),

/ Vh(@)] =/ dp(@) <. 4712 W > 1
/21

Now, by (3.16]), we can write
Hp (|z|)

hu(w) = 8" (@) 2 oo + 0 (@) Hi (2]
cosh™ &4

therefore, for any ¢ € (1, 00), by the LeibniQZ rule,
Vhi(@)| < 6"/2(2) cosh™ @ (|z|/2) |(9, HY ) (|||
+ V(6" (2) cosh™ (|| /2)]| | HY ()|
+32(2) (0, HY)(|2))] + [V6'/2 ()| | H{ (|2|)]

<. 8Y%(z) R (|z|) {t—l e Qlel/2 4 4=1/2 j1/4 e—(Q/2+1/4)|w|}

(3.25)

for all r,t > 1, where we used the estimates (3.10]), (3.17), (3.18) and (3.23)), and
the fact that |V[F(|z])]| = [(0,F)(|z|)| for a radial function F(|z|).

Choose ¢ > 1 such that 1/¢ > . Thus 6 := (1/¢—¢)/4 > 0. From the pointwise
estimate and the integration formula we finally deduce that, for ¢ > 1,

/ - Vh()] e1=*/4 dp()

<. t—3/2/ 512 0N/t g=Qlal/2 g ()
jo/>1
+t—1/ §U/2(g) eI/t /4 ¢=(@/241/ D)z o)
@21

o0 2 o0 2
~ t73/2/ 6707‘ /t rdr + t71 / 6797" /t dr 56 t71/27
1 1
as required. O

From Theorem [.2] and Proposition [3:2] we can also derive some estimates for
second-order derivatives of the heat kernel, which we record here. For simplicity we
only present the unweighted version of the estimates, though a similar argument
would also yield weighted variants.

Proposition 3.6. For allt >0 and 5,k =0,...,d,

[0 @) dpta) S (3.26)
S
moreover, for all compact subsets K C S,
/ |X; Xihe(z)| dp(z) St (3.27)
K

Proof. Notice that hy = hy /o * hyjo and hi = hy, so
X (Xihe)" = Xj(hejo * Xichyya)™ = (Xihey2)™ * (Xjhe o)
and therefore, by Young’s inequality,
1X5 (Xihe)* 10 < 1(Xrhay2)* 1l (Xshes2) e = 1 X kb2l [ X hesolli S 71

where the last estimate follows from Theorem [1.2]
Moreover, for any smooth function f on S, from (2.7)) one sees that

(X5 0)" = X5 [



18 JIE LIU AND ALESSIO MARTINI

for certain right-invariant first-order differential operators X7 on S; as the latter
are differential operators with smooth (thus, locally bounded) coefficients, we have

d
[(X;f)" §KZ|Xef*\+|f*| on K
=0

pointwise for any compact subset K C S. As a consequence,
d

(X Xkhe)*| Sk 1 Xe(Xihe)*| + [(Xihe)*|  on K.
=0

Therefore, if K~ := {z~! : ¢ € K}, then

/\Xijht(w)ldp(w)Z/ |(X; Xphe)" ()] dp()
K K-1
d

S S IXe(Xiho) 1+ / Xk ()| dp) < ¢,
=0 K

where we applied the estimates (3.26)), (3.7) and (3.8]). O

4. LP-BOUNDEDNESS OF THE RIESZ TRANSFORMS FOR 1 < p < 2.

From the heat kernel estimates proved in Section |3] we can now deduce the
LP-boundedness for p € (1,2] of the Riesz transforms R; given by .

The proof is based on the following criterion to deduce LP-boundedness of singu-
lar integral operators on Damek—Ricci spaces. This result was established in [47],
as a consequence of the fact that any Damek—Ricci space S with the right Haar
measure p and the Riemannian distance d is a Calderéon-Zygmund space in the
sense of [I9]. The statement below is actually a particular case of [47, Theorem
4.1], specialized to convolution operators (cf. [39, Theorem 2.3 and Remark 2.4]).

Proposition 4.1. Let T =5

(i) the series converges in the strong topology of L*(S);
(ii) every T, is a convolution operator with kernel k, € L*(S);
(iii) there exists positive constants A, B,e and ¢ # 1 such that

nez Tn be a linear operator bounded on L?(S), where:

/S kenl@)] (1 + ¢ J2])* dpl(a) < 4, (4.1)
[ k@) dte) < B (42)

Then T extends from L'(S) N L%(S) to an operator of weak type (1,1) and to an
operator bounded on LP(S) for 1 <p < 2.

We can now prove the LP-boundedness for p € (1,2] of the Riesz transforms.
The proof follows closely that of [39, Theorem 1.1(i)].

Theorem 4.2. The first-order Riesz transforms R; = XjA’l/2 are of weak type
(1,1) and LP-bounded for 1 <p <2 and j=0,...,d.

Proof. The L*-boundedness of R; = X jA_l/ 2 is an immediate consequence of the
fact that, for any f € C2°(S),

1% fllz2cs) S MV Flllz2s) = H\A1/2f|‘

L2(S)
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(cf., e.g., [39 Proposition 4.1]). To prove the remaining boundedness properties of
R;, we shall apply Proposition @ For this, we decompose
gntt
VIR = VaX;ATY? = Z/ X e T A dt = Y T, (4.3)
nez’ 2" nez
where the series converges in the strong operator topology on L2. Each T, is a
convolution operator with kernel

2n+1

by = t=Y2 Xy dt.

n

Thus, to establish the weak type (1,1) and LP-boundedness of this operator for
1 < p < 2, it suffices to verify the kernel estimates and , as stated in
Proposition in what follows, we verify these estimates with ¢ = 2-1/2,

First, from Theorem [T.2] we deduce that, for any £ > 0,

[ l@)l (27 la]) dpe)
S -
g/
gntl gntl
56/ fl/Q/S|Vht(a;)|elw\"’/8fdp(x)dt§/ 1t < 1.

n

t= 1/2/ | X ()] (1 4+t~ Y2|x|)® dp(z) dt (4.4)

Next, from Proposition

d d gn+1
1952 sy < WXy < 3 [ 47 21X ) dple)
£=0 £=0

2n+1

< / t73/2dt ~ 27 /2,

n

This verifies conditions (4.1]) and (4.2]), as required. O

We cannot use the same approach to prove the LP-boundedness of the R; for
p > 2, ie., that of the adjoint Riesz transforms R} for p < 2, due to the lack
of global, large time estimates for second derlvatlves X;jXhy of the heat kernel
analogous to . Thanks to the localized estimates , however, we can
prove the LP-boundedness of the “local parts” of the adjoint Riesz transforms Rj.

Theorem 4.3. Let ( € C°(S). Then, for j =0,...,d, the convolution operators
with kernels Ckg; and CkR; are of weak type (1,1) and bounded on LP(S) for all
€ (1,00).

Proof. Notice first that (Ckg,)* = ékR;7 where ((z) := ((x~1) is also in C°(S).
So, by duality, it is enough to establish LP-boundedness for p < 2.

To prove this theorem, we apply Proposition Note that R; is L2-bounded,
and so is its adjoint R;. Thus, by [34, Lemma 4.1], the convolution operators with
kernels Ckr, and CkR; are L2-bounded too. We shall now apply Propositionto
obtain the remaining boundedness properties. We only present the argument for
CkR;, as that for (kg is entirely analogous.

From the subordination formula , we deduce that

2n+1

ﬁkR;:Z/ Y2 (X jhy)* Zun

nez” 2" neZ
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According to Proposition it is enough to verify that (4.1) and (4.2)) hold for
the kernels k,, = Cu,, with constant ¢ = 2-/2. For all € > 0 and n € Z, we have

/|Cun | (14272 ||)® dp(x /|un (14 272|x|) dp(x)
/|u (14 272|x|)° dp(x) <. 1.

where the last inequality is given by ([#4). Moreover, (Cu,)* = Cuf for some
¢ € C2(9); thus, by the Leibniz rule, if we set K = supp ¢, then

IV (Qun) [l sy S Nlunlrllpasy + IV (u) 1kl 1ags

2n+1

<[ [ xm@)ap) i

2”+1
+Z / -1/ /K XX he) ()] dp(a) dt

2n+1
< t73/2dt ~ 2772,
2’IL

where we used the estimates from Propositions [3.2] and O

In order to complete the proof of the LP-boundedness for p < 2 of the adjoint
Riesz transforms R%, we can therefore concentrate on their “parts at infinity”,
which shall be the focus of the rest of the paper.

5. KERNEL ASYMPTOTICS FOR THE RIESZ TRANSFORMS

Starting from the formula for the heat kernel Ay = ko—:a in Proposition 3.1} and
arguing much as in [34] Proposition 2.2], by subordination we can obtain an explicit
formula for the convolution kernel of A=1/2,

Proposition 5.1. The distribution kx-1/2 coincides with a smooth function away
from the origin, and 6~ Y/?ka_1/2 is radial. Moreover, for all v > 0, if dy is even,
then

1
5_1/2k _ :2—0l1—d*2 _ﬁDd2/2Ddl/2 if__ 1
( am2)(r) rsinh(r/2) )’ (5.1)
while, if da is odd, then
s [ . . 1
52k, —o-h-%, ﬂ/ plarn2pae-1 (1 Ny
( A /2)(7‘) 2 s s 881nh(8/2) VT(S)
1
_2—d1—— _ﬁp(dg-‘rl)/Q/ Dd1/2 1 d ” .
ssinh(s/2) vr(s)
(5.2)
Proof. Notice that, at least formally,
1 e dt
kA—1/2 - ﬁ/() ht m (53)

Assume first do even. Substituting the formula (3.1)) into the expression (5.3)),
we obtain
dt
t1/2°

(57 2hpn2)(r) = 2= F [T Dl )
0

(5.4)
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As d; is always even, we have d; /2 > 1. In particular, much as in [34] fourth display
equation on p. 9], for all r > 0,

., dt 1 r 2, dt 1 1
DoR(r) = = " S (55
/0 ¢ (r) t1/2 4./m sinh(r/2) /0 ¢ t2  /mrsinh(r/2) (5:5)
By exchanging differentiation and integration in (5.4) and using (5.5)), we obtain

the expression (5.1]).
Now consider the case where ds is odd. Plugging (|3.3)) into , we find
_ R
(67 2kp 1/2)(r) = 27 | [ Dt an o) o

(5.6)
Interchanging the order of integration in (5.6)) and using (5.5 and (3.21]), we finally
obtain that

(67 2kpn—1/2)(r)

. | Rl de
SRR el Ll I VHOE TS

do d+3 - oo 1
— 9—di—F — 52 plda+1)/2 / Pdr/2-1 dv,
i " . ssinh(s/2) vr (),
which is the second expression in (5.2)); the first one follows by applying (3.21). O

A variant of the arguments in [34, Proposition 2.3] and [36, Proposition 6.3]
now allows us to obtain precise asymptotics at infinity for the convolution kernel
of A=1/2 and its derivatives.

Proposition 5.2. For allr > 0,

(67 Y%k p-1/2)(r) = Cay.a,Pa, a, (cosh(r/2)), (5.7)
where |
Cdydy i= 9—di—dy—1, — L2 (5.8)
1,02 * , .

while ®g, 4, : (1,00) = Ry is smooth and satisfies

(% 4+ (d 44 1
Dy, 4, (X) = (i df) (5 2)(1+O< )) as X oo (5.9)
X3 td2]og X log X

and .
~ 55 0xPar.a; (X) = Pay dy+2(X). (5.10)

Proof. Under the change of variables
X = cosh(r/2),
we see that
sinh(r/2) = X2 -1, sinhr = 2XV/X2 -1, coshr=2X2-1,
and

r = 2arccosh X = 2log(X + v X2 —1).
Consequently,
2 1
rsinh(r/2) /X2 - Tlog(X + VX% —1)
where ¢¢ is a smooth function on (1, co).
Moreover, by the chain rule,

—: 6o(X), (5.11)

2

SRETIEE N
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whence, by ,
2D, = —%ax = Ex, 2D, = —0x =: Ex. (5.12)
When ds is even, from , and we obtain
(67Y/2kp—1/2)(2arccosh X) = 21_d1/2ﬁCd17d2€i2/25§<1/271¢0()(),

where Cy, 4, is as in (5.8]); when ds is odd, from (5.2) and the change of variables
Y = cosh(s/2) we derive

(671 %k A-1/2)(2 arccosh X))

_ 217d1/2cd1,d2 /XOO g}(fd2+1)/2£¢$1/2—1¢0(Y) (}/2_2};(2)1/2 dY.
Thus, holds true by setting
()i | IVTERE ), B )
) gl—di/2 I g)(/d2+1)/25$1/2—1¢0(y>\/% dY, dy odd.

From the above expression, together with (3.2I), it is clear that Ex Py, ap(X) =
@y, dy+2(X), whence follows. In order to derive the asymptotics (5.9), we
shall now study the behaviour of 4% ¢o(X) as X — oo for any u,v € N.

Our strategy is to expand ¢o(X) into a double series in powers of 1/X and
1/log X; namely, from [34], last display of p. 11], we know that there exist some
coefficients ¢, ¢ € R, with ¢y = 1, such that

1 1 1
X)="7— E m— = 5.14
$o(X) XlogX€m>Ocz’ Xtlog™ X ( )

for sufficiently large X. Let us now study the action of the differential operators
Ex = ——aX and £x = —0x on the series. We observe that

s (LY_ 1 1y 1
\x)x2 M ogX)  XlogZX'

Therefore, termwise differentiation of ([5.14)) yields that, for any v € N,

. 1 11
& . —
x00(X) = Xvtllog X > meHog "X’

£,m>0

where the coefficients satisfy the recurrence relationh c0 vl — (v + 1)08:8. As

cgg = cg,0 = 1, we conclude that Co o = vl. Similarly, for 5 X, We compute

so(1Y_ L s (L N\__ 1
AXx)  2x3 Y \logx © 2X2log? X

and for any u € N,

U v
FENX) = T x 2 X g X
with recursive structure cg:gl’” = viif2uctl. Using c8:8 =ov! =T(v+1), we can
express the leading coefficient explicitly:
T(v/2 +u+ 1/2)

= NOCESTE) Dv+1)=a"22"T(v/2 + DI(v/2 +u + 1/2),
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where the last equality follows from the duplication formula for the Gamma function
[13} 5.5.5]. Putting everything together, we conclude that, for all u,v € N,

2—U\/7(c/"u (&jv X _ F (UT""Q) F (U+22u+1) 1 O 1 X
TEXEXPo(X) = XvT2utl log X + Tog X as X — oo.

Plugging the latter expression into ([5.13)) immediately gives (5.9) in case da is
even. If instead ds is odd, we obtain

Dy, 4 (X):Qr(fi”ré)r(ﬁl*d?l)/w (V2 - X?)~32dY 1vo(
1o LS X Y 3+da log Y log X

(5.15)
and it just remains to estimate the latter integral. Much as in [36], proof of Propo-
sition 6.3], we apply the binomial series expansion for a > 0 and £ > n > 0:

a a+k—-1\ _,_
(€=n) =Z( L >£ Fat (5.16)
keN
(notice that all summands in (5.16)) are positive); thus,
/°° (V2 - X?)"2dy _ (k —~ ;)X% /°° dy
X Y3tdlogy =\ k X Yt+FHdatloey

_ (k: — %)X% /°° dz
k (2k+ %L +dy) log X T €7

(k%) 1 1
Yo hva g (0 lmx))
oeN 2k + 71 +dy X 5 +d2 log X log X

(5.17)
as X — oo, where we used that f:o Idgx =17 (1+0 (%)) for A > 0. Moreover,
by [15, §1.4, eq. (2)],

k—1 _1
S+ S +dy 255 k+ 4+ % (g + 2
Plugging (5.17) and (5.18)) into ((5.15)) eventually yields (5.9) for ds odd. O

By differentiating the expression for k-1/2 in Proposition we now derive
expressions for the convolution kernels of the Riesz transforms R; = X;A~1/2,

Proposition 5.3. With the notation of Proposition for all x = (x,z,a) €
S\ {(0,0,1)}, if we set r = |x| then

1 _ 1 z|?
kg (@) = =5 Can @ (1= 1) (1 0 ) @ sa(connir/2),

4
(5.19)
and, for j =1,...,dq,
Cavds —(@+1)/2 |z[?
kRj (LE) = _Ta 1+a+ T Zj + [LC, ej] 4 (I)dl,derQ(COSh(T/Q))?
(5.20)
while, for j =1,... da,
C _
kR, (@) = == 52”24, 4,1 (cosh(r/2)). (5.21)

Proof. For j =0,....,d,
kr, = Xjka 12 = (X;6"2) 67 %kpn 12 + 612X (67 % kpn 1/2). (5.22)
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Now, (5.7) expresses (5‘1/2kA71/2 in terms of ®4, 4,; moreover, with the notation
r = ||, from the chain rule and ([5.10)) we derive that

X;(®Pd,,d, (cosh(r/2)))
= fl):il,dz (cosh(r/2)) X;(cosh(r/2))

(5.23)

= <I>£l1}d2 (cosh(r/2)) Xj(coshz(r/2))

1
2 cosh(r/2)
= —®,, 4,12(cosh(r/2)) X (cosh?(r/2)).
In addition, from the formulas (2.6]), (2.10) and (2.11)), it is easily seen that

Xofeos?(r/2) = = o (r/2)+ 3 (1+a+ 22

9 a—1/2 |$|2
X(cosh®(r/2)) = 1 ((1 +a+ 4) zj + [z, e;] z) for j=1,...,d,

2; .
Xjta, (cosh®(r/2)) = 53 forj=1,...,ds.

(5.24)
Thus, by combining equations (5.7)), (5.22), (5.23)), (3.10) and (5.24)), we imme-

diately obtain (5.20) and (5.21]), together with

ko () = — 2 Cyay 0%/, g, (cosh(r/2)
1 2
- §Cd1,d2a—Q/2 (1 +a+ % —2 cosh2(r/2)> @, 4y 12(cosh(r/2)).  (5.25)
Now, by using the fact that (§/2f)*(z) = §'/?(x)f(x—1), we also get

ke (2) = K, (%) = — 2 Cuy iy &~ ¥/, 0, cosh(r/2)

1 1 z|?
- 5Cdll,dZa—Q/Q (a(l +a+ %) —2 coshz(r/2)> @, 4, 12(cosh(r/2)), (5.26)
and (5.19)) follows by subtracting (5.25)) from ([5.26]). O
We shall say that a function F € Ll _(S\{(0,0,1)}) is integrable at infinity if F

is integrable on the complement of any neighbourhood of the identity element.
We can now use the integration formulas from Lemma and Corollary to
simplify the expressions for the kernels of the Riesz transforms obtained in Proposi-
tion[5.3] by identifying a main term and a remainder, where the latter is integrable
at infinity. The following result may be compared to [34, Proposition 3.4].
For a function F : N — C and A > 0, as in (2.9), we shall use the notation

Foy(@,2) = A"OF 0y /a(2,2)) = A"CF(A 22,07 12).
This notation will be of convenience in presenting the following expressions.
Proposition 5.4. We can write
kro—wr: = —Clay a4, (Ko + Ko) + po, (5.27)
kr: = —Ca, 0, Kj+p;  forj=1,....d, (5.28)

where

- d di+do+3 d 1 d d
Capay =272 T (41+2>r<41+22+1), (5.29)
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the p; are integrable at infinity for j =0,...,d, while

- Lazey + 1as<y

K, = 5.30
o(2) = rofa,2) L2 test) (5.30)
Lia>e}
KO(:E) = [(TO)(a)(ma Z) - T'()(J?, Z)} loga ; (531)
1 1
{afg} -
Kj(x) =rj(z,2) log a forj=1,....d, (5.32)
and
1+ 1]z|?
ro(x,2) = — 57, 5.33)
) H(x,z)% (
11+ gla*) 2y — [2¢5] - ‘
ri(x,z) == forj=1,...,dy, 5.34
J( ) 2 H(x,z)% 1 ( )
2
Tiva, (2,2) = —L—— forj=1,...,ds, (5.35)
o Hix,2) %
and
1 2
H(z,z) = <1 + 4|x|2> + |22 (5.36)
Proof. Recall that Q = % + do and notice that, by (5.8)) and (5.29)),
dp 1 di  ds _0-2 A4
Cay,a,T (4 + 2) : (4 Ty 1) =279Coar
Thus, by Propositions [5.2] and we obtain that, for j = 1,...,ds,
Caydo _
kR, (x) = —7d2’d2 a Q/2Zj‘l)d1,d2+2(COSh(7”/2))
(5.37)

Cay s 52 (@) 2 -1
= — : 1+0(r ,
20F3 osh @2 % logcosh § ( )

as r — 00, where we use the notation r = |x|. From (2.14) we see that the
contribution from the Big-O term in (5.37)) is integrable at infinity, as

51 —1 [e%e]
/ (@) |2 r dp(x) ~ / e~ 2% dr < o0
r 1

Q+2 T r
>1 cosh 5 log cosh 3

Similarly, the main term in (5.37)) for a < e is integrable at infinity by (2.15):

52 (x) 2| r? /°° Q+2 Qi1
1 dp(x) ~ ez "r ez Tdr < oo.
/T>1 fasel cosh@T2 5 log cosh 5 p@) 1

This proves that kg, () differs from

~ Cayd 5% (x) 25
2043 ¢ogh@+? % logcosh §

Lia>e} (5.38)

by a term which is integrable at infinity.
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Now, from ([2.11)), if a > e, then

r a 1
h—-=— 1 R
cos 5 5 ( +a "+

N

N

A

4@% a
r 2

_a% 1_'_1 m2

2 4

a2

1

N

1

zZ12 -1 1|z ?
+|5 a2 (14
a 4 \qaz
a

) (5.39)
5 H(01/a(2,2) (14 0(™)),

az2

where we are using the notation (1.2)) and (5.36); additionally,

1 1
logcosh% =3 loga + 3 log H(21/4(2,2)) —log2+O(a™"),
hence,
1 1 1log H(01/4(w,2)) —log2+ O(a™!)
logcoshZ 11 B Llogal hZ
g 5 gloga 5 logalog cosh § (5.40)
1 1 +log H(01/4(x, 2))
=7 1+0 ;
5 loga loga
here we have used the fact that, by (2.12)), logcosh ~ r > loga > 1 for a > e
From (|5.39) and (5.40) we obtain in particular that
1 B 2Q+3,-Q/2-1 (1+O (1—|—logH(01/a(x,z))>)
coshQ+2% log cosh £ B H(Dl/a(x,z))% loga loga '
By using (5.41)), the term (5.38) can be rewritten as
& a=%(zj/a)
—Cd, .4
Y H@1alw,2)

(5.41)
1+ log H(01/,(x,
1{a>e} <1+O( o8 ( Y (-T z))
loga N

. (542
loga ) ) ( )
Now, the contribution from the Big-O item in (5.42)) is integrable, as

/ / a”®z/ al

1+ log H(d, sz,
+log H@ua(e,2) | da
Dl/a:rz) > loga loga
/ / Bl 1+ log ((1 + 1|z ) |Z|2>
differs from

o= dz dzdu < oo.
+412f2)” +122] 7
For the remaining part in (5.42), we take adjoints and obtain that kg-

,7?']'+d1

. 1 1
~ z {a<3}
-C J °

e H(x, z)# loga
by a term which is integrable at infinity. In light of this proves for
j=d1+1,...,d1 + ds.
When j =1,...,d;, from Propositions [5.2] and [5.3] we obtain that
Cardy  —(Q+1)/2 j?

kR].(w):—T’a l+a+—

D)+ l0065]-2) @ sa(cosh(r/2)
Cuuv s 62 (z) a=1/2 ((1 +a+ %)xj + [z, €] z)
2Q+4

cosh®*? 5 logcosh 5

(1+0@rh).

(5.43)
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From ([2.25)) we see that the contribution from the Big-O item in (5.43) is integrable
at infinity, as

1 - x|?

5 (@) a2 ((1+a+ D)ol +2lle]) ¢ * o, , ap

/ Q+2 fdp(z)’:/ e” 2 "'r"Fe 2 "dr
>1 cosh 5 logcosh § T 1

Now, in the main term in (5.43)), we split the factor (1 + a + %)xj + [z,¢5] - 2

as the sum of z; and (a + |m| )x] + [z, ;] - z. The part corresponding to the first
summand z; is integrable at mﬁmty by (2.14] - as

53 -1/2 o0
[ B
r>1 cosh 5 logcosh 3 1

As for the part corresponding to the second summand, by (2.26]) it is integrable at
infinity when restricted to a <e, as

64 (@) a V2 ((a + EF) o] + |21l =
/ la<e) o732 - dp(zx) ~ / oS —1,($4+ D) g
r>1 - cosh 5 logcosh § 1

Q+1
2 "dr.

Gathering these facts together, we conclude that kg, (x) differs from

Gy, 07 (@) 0™ ((a + 2505 + [, ¢] Z)
o 4 +2 r r
20+ cosh® % logcosh §

Lia>e}

by a term that is integrable at infinity. By (5.41)), the latter expression can be
rewritten as

¢ a"9L;j(1/4(z, 2 14 log H(01/q(z, 2
- J( L Q(+2 )) 1{aZe} <1 +0 < : ( n ( ))>) ’ (5~44)
2 H(/a(z,2)"7 loga loga

where
Li(z,2) == (1+|z*/4)z; + [z, ¢5] - 2.
Now, the contribution from the Big-O item in (5.44) is integrable, as

/L/aQLaw@dﬂlH%mMmdedw
a

H(0y/4(z,2)) log a loga

dzrdzdu < co.

1 2
L bt 1)

Q+t2
[(1+ 31al?)” + 1212]

For the remaining part in (5.44]), we take adjoints and obtain that kR; = k;‘zj differs
from
~ Ca, .4 (14 gl2?) @ — [z, €] - 2 1<y

Q+2
[(1+ 31al2)” + 212]

= loga
by a term which is integrable at infinity. In light of (5.34)), this proves (5.28) for
j=1,...,d.
In a similar way we can discuss the kernel kg, _g:. From Proposition and
Proposition [5.2] we obtain that

. .
k () = — S 0% (@) (1—a )1 +a+ 5)
Ro—R;\ &) = 2Q+3 coshQ“g 10gcogh%

(1+0(rY)).



28 JIE LIU AND ALESSIO MARTINI

From Corollary (formulas (2.28) and (2.27)), we then see that kg, x; differs
from

9 2
Cupay (@) (1 —a (1 +a+ )
2Q+3 cosh®@t2 % Jog cosh %

Ha<i)Ufaze)- (5.45)

by a term which is integrable at infinity.
We first restrict our attention to the region where a > e. If a > e, then

€T
1
az

|z
(1- )(1+a+T) <1+4

> (1+0(a™));

combined with ([5.41)), this allows us to rewrite the part of (5.45)) where a > e as

2
. . 1+ log H(2y /0 (x,
_Cdl,dz Q; Lse) (1 o ( og H(dy/4(x z)))) .
H(01/q(2,2)) 72 loga loga

The contribution from the Big-O item in the above expression is integrable, as

2
a— @ 1
/ / (1+ 4,3 ) 1+ log H(01/4(x, 2)) da
= dxdz—
H(0/4(z,2))"2 loga loga

/ / 1+1|x|21+log<(1+4|x\) | |>

(1 -+ Hol?)? +122)

_z_

Tl e

dxdzdu < oco.

Thus, in the region where a > e, kg, _w;(x) differs from

2
) L{a>ey

H(0y)q(z,2)) 2 loga

by a term which is integrable at infinity. As k}‘zo_RS = —kg,—Rr;, by taking adjoints
we deduce that, in the region where a < 1, kg,_r:(z) differs from
5 1+l aciyg

—Ca,.d
U H(, )

loga

by a term which is integrable at infinity. By summing the two expressions above,
we finally deduce that kg, (x) differs from

2
Q14 1|z
C ’ ( Tl )1{a>e} n 1+ 3zl 1aci/g
—Cd,.d
1,d2 H(Dl/a(x,z) % log a H(ﬂmz)% loga

by a term which is integrable at infinity. In light of (5.31)), (5.30) and (5.33)), this
proves ((5.27]). O

Proposition 5.5. The functions r; for j = 1,...,d from Proposition can be
rewritten as

rj=Q N (XJH /) (5.46)
where H is as in (5.36)), and * denotes involution on N.
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Proof. From ([5.36)) we see that
1
VolH(x, )9 = =L (2, 2)7 (@22 (1 - 4le2> o

Q

V. [H(z,2)"%9?) = _§H(I’ 2)~(@+2)/2 9,

So from (2.1)) we deduce that
(1+ gl2?) 2 + [z, e5] - 2
2 _E[(x7 Z)(Q+2)/2
Zj

H(CU, z)(Q+2)/2

X;H_Qm(ac,z):—Q for j =1,...,dq,

X0 g H 9 (2,2) = —Q

J forj:17...,d2.

By taking adjoints,
1+ 1)) z; — [z,e5] - 2
2 ]:[(z7 z)(Q+2)/2
Zj
H(xvz)(QJrQ)/Q

which, in light of (5.34) and (5.35)), gives (5.46). O
6. REDUCTION TO THE PARTS AT INFINITY

Remark 6.1. By formula (2.5)), the measure space (S,dp) is the product of the
measure spaces (N,dxdz) and (Ry,da/a). In particular, we can think of the
Lebesgue space LP(S) as LP(N xR;). In addition, the change of variables a = e* is
a Lie group isomorphism between R (with multiplication) and R (with addition),
and can be used to identify the measure space (R;,da/a) with (R,du). These
considerations will be central in what follows.

(XCPH92) (2, ) = QL

for j=1,...,dq,

(XG0, H V) (2,2) = Q

e for j=1,...,do,

In this section, we shall show that the LP-boundedness properties of the adjoint
Riesz transforms R} can be reduced to analogous properties of the convolution

operators with the kernels f(p, Ky, K1, ..., K4 introduced in Proposition
Among those, the kernel K is the easiest to deal with (cf. [34, Proposition 4.4]).
Proposition 6.2. Let K, be as in Proposition . Then the operator
f fx Ko
is of weak type (1,1) and bounded on L*(S) for all p € (1, 00).
Proof. Recall from (5.30) that Ko(x) = ro(z, 2).J(loga), where J(u) := 1{'2#1}
From ([2.8) we then see that
~ ’ dal
(F+ K) = [ () s (ra)r) Jloga ~ loga') -
R, a
In other words, if we use the notation (2.9)) and
f[(x,z)] (u) = f(xv Z, eu)’
then f x Ko = ABJf, where the operators A and B are given by

BH = fllxy (10) (0, (AN ((2,2)]) = fi(w,2)] *r J.

Now, from we see that 79 € L*(N), and the scaling F + F(y) preserves
the L!(N)-norm, thus from Remark|6.1{and Fubini’s theorem it readily follows that
B is LP(S)-bounded for all p € [1, o0].

On the other hand, J is the truncation of a Calderén—Zygmund kernel on R,
thus the corresponding convolution operator is of weak type (1,1) and bounded
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on LP(R) for p € (1,00), see [45, Chapter I, Section 7.1]. As a consequence (see
Remark [6.1)), A is of weak type (1,1) and bounded on L?(S) for p € (1,00). O

In light of the previous proposition and Theorem we can now connect the
LP-boundedness properties of R; with those of the convolution with kernel K.

Proposition 6.3. Let p € (1,2] and j € {0,...,d}. The convolution operator
[ [ K is LP(S)-bounded if and only if R} is.

Proof. Consider first j > 1. Let ¢ € C°(S) be identically one on a neighbourhood
of the identity element. Then we can decompose

Rif = fxkrs = f*(Ckrs) + f = ((1 = Okry).

Now, f — fx (CkR;) is LP-bounded by Theorem Moreover, by Proposition
-4 we can write

~Cila, (1= Okr; = K; = CK;j = Cyly, (1= Oy,
where Cy, 4, € Ry and K; € Ll _(S), while p; is integrable at infinity. As ¢ is

compactly supported and 1 — ( 1;)/;nishes in a neighbourhood of the identity, we
have —(K; — C~’d_117d2 (1—¢)p; € L*(S), thus the corresponding convolution operator
is LP-bounded. This shows that R} is LP-bounded if and only if f — f x K is.

In the case j = 0, we first notice that, as R¢ is LP-bounded by Theorem [1.2] we
have that R§ is LP-bounded if and only if the difference Ry — R§ is. So, much as

before, we write
(Ro = Ro)f = f = (Ckry) — f* (Ckrg) + [+ (1 = Qkro—rg)-

Now, the LP-boundedness of f +— f x (Ckg,) and f — f * (Ckgy) follows from
Theorem On the other hand, by Proposition [5.4

—C', (1= Qkr,—my = Ko+ Ko — (Ko + Ko) — C.' . (1= C)po,
where py is integrable at infinity, while Ko, Ko € L1 (S); therefore —( (Ko + ko) -

loc

C’(;lld2 (1—¢)po € L*(S) and the corresponding convolution operator is LP-bounded.

As f — fx Ky is LP-bounded by Proposition we conclude that Rg — R§ is
LP-bounded if and only if f +— f x Kq is. (|

Recall from ([5.32)) and Propositionthat, for j =1,...,d, the kernels K have
the form
Lia<yy

loga

and H is given in ([5.36)). We shall now reduce the LP-boundedness properties for the
corresponding convolution operators to that of two convolution operators defined
in terms of the sub-Laplacian £ on N; this reduction exploits the LP-boundedness
of the Riesz transforms associated with £ and may be compared to that in [37]
Proposition 3.5].

Kj(x) =7j(z,2) where 7; = Q_l(X;H—Qﬂ)*

)

Proposition 6.4. Define

—e where 1, ;= LV/2HC/?,
(6.1)
, where r; == LHR/2,

Let p € (1, 00).
(i) If f — f=* K, is LP(S)-bounded, then the operators f — f x K; are L?(S)-
bounded for j =1,...,d;.
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(it) If f — f* K, is LP(S)-bounded, then the operators f — f* K; are L?(S)-
bounded for j =dy +1,...,dy + ds.

Proof. Much as in the proof of Proposition [6.2} we can write f * K; = A,B;f,
f* Ky =AuByf and f x K; = A, B, f, where

(AaH)i@,2)] = fi@,2)] *R Jn, (B A = fll sy (1)) (a)s
Bo ) = fl sy (ro) (), (B; Nl = flel sy (75) (0

and Jy(u) = 71{“?”.

Now, for j =1,...,dy,
Qry = (XJH 92" = (X;L7V2LYPHQ2) = (ry #n kny )" = Kw #4 To,
where RY := X jb L£1/2 is a first-order Riesz transform relative to the sub-Laplacian

L on N, and we used that ri = r, (as H* = H and L is self-adjoint). As a
consequence,

(@B, el = flol sy Ky *n (1o)(a) = (RN 1)) sy (r0) ()

where we also used that (k;zgv)(a) = k>7k2§\’ by the 0-homogeneity of R;V = X?E’l/?
In other words, for j =1,...,d;, we can write
AnBj = Q' AuBo(RY)* ®id), (6.2)
where
(RY)" @id) )l = (RY)" f1e1.

In much the same way, for j =dy +1,...,d; + d2, we obtain that

AnBj = Q' ABy((RY)* ®id), (6.3)
where R;V =X Jb L1 is a second-order Riesz transform relative to £ on N; indeed,
as 3 = [v,0], we can write X]b- as a linear combination of products X,ZXE with
k.l e {1,...,d1}.

Now, Riesz transforms on N of arbitrary order are known to be LY(N)-bounded
for all g € (1,00) [Bl 14l 16, 29]. Thus, if A,B, is LP(S)-bounded, from we
deduce that the operators A, B; for j =1,...,d; are L?(S)-bounded too. Similarly,
if AyB; is L?(S)-bounded, from we deduce that the operators A,B; for j =
di +1,...,dy + ds are LP(S)-bounded too. O

By Propositions and the problem of the LP-boundedness for p € (2, 00) of
the Riesz transforms R ; is thus reduced to that of the LP-boundedness for p € (1, 2)
of the convolution operators by the kernels Ky, K, K; from and .

Crucially, the functions rg,7y,7; on N appearing in the definition of Ko, Ky, K;
are radial in the first-layer variable x; so, as we shall see in Section 8] the convolution
operators with kernels g, r,,7; on N are in the joint functional calculus for the sub-
Laplacian £ and the central derivatives —iV, on .

This is essentially what will allow us to consider the convolution operators by
Ko, Ky, K; on S as belonging to an operator-valued joint functional calculus for
(L, —iV,), and eventually deduce their LP-boundedness from a suitable operator-
valued spectral multiplier theorem, which we prove in Section [7}
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7. AN OPERATOR-VALUED MULTIPLIER THEOREM FOR THE JOINT FUNCTIONAL
CALCULUS OF A SYSTEM OF COMMUTING SELF-ADJOINT OPERATORS

This section is devoted to proving a multivariable analogue to [36, Theorem 7.7].
Roughly speaking, we are going to prove that, if for a pairwise strongly commuting
system of self-adjoint operators we have a scalar-valued spectral multiplier theo-
rem of Mihlin-H6érmander type on L? for some p € (1,00), then we also have an
analogous operator-valued spectral multiplier theorem.

The present section is essentially self-contained and independent of the rest of the
paper. In the next section, we shall apply the operator-valued spectral multiplier
theorem proved here to the system (£, —iV,) made of the sub-Laplacian and the
central derivatives on the H-type group N. Our proof of the multiplier theorem,
however, applies more generally to a system (L1, ..., L,) of commuting self-adjoint
operators on L?(X) for some measure space X, and we present the result in this
greater generality.

Central to our discussion is the notion of R-boundedness for a family of opera-
tors, whose definition we recall here for the reader’s convenience, referring to [22
Definition 8.1.1(1) and Remark 8.1.2] for additional details.

Definition 7.1. Let Z be a Banach space and let 7 C £(Z). We say that the
family of operators 7T is R-bounded if there exists a constant C' > 0 such that for
any finite sequences (T,,,)_; in T and (z,)_; in Z,

1 1 m
/ dt < C/ > em(t)zm
0 VA 0 m=1

here (€m)m is an independent sequence of Rademacher functions on [0,1]. The
smallest constant C' for which the above inequality holds is denoted by Rz (7).

dt;
z

i em(t)Tmzm
m=1

We recall the definition of the local scale-invariant Sobolev norm on R” that we
shall use in our discussion. Namely, for F': R™ — C, s > 0, ¢q € [1, 0], we set
1Fllps = sup[|F(t) dll g (7.1)
ssloc 450
where LI(R") is the LI-Sobolev space of order s, while ¢ € C2°(R™) is a nonnegative
cutoff such that | J,.qt-{z € R" : ¢(x) # 0} = R™. It is easily seen that different
choices of the cutoff ¢ lead to equivalent norms, and moreover

[FllLe ,  Sqsk max sup [0 F()] Sqook [1F2s,
s,sloc ‘alfkgeR" s’ sloc
for any k € N and s,s" € [0,00) with s < k < s’ —n/g; for additional details, see,

e.g., [30, Section 2.4].
We can now state our assumption on the system of operators (L1, ..., Ly).

Assumption 7.2. L= (L1,...,Ly) is a pairwise strongly commuting system of
self-adjoint operators on L?(X), where (X, i) is a o-finite measure space. Moreover,
for some p € (1,00) and ¢ € [0,00), the system of operators L admits a bounded
L oc-functional calculus on LP(X) for all s > <: in other words, for all s > ¢ and
for all bounded Borel functions F': R — C such that [|[F||zs < oo, the operator
F(L) = F(Ly,...,Ly), initially defined on L2(X), extends to a bounded operator
on LP(X), and

IF (L) ezrx)) Sips 1Fllpe, - (7.2)

s,sloc

By applying (7.2) with F' = 170y, we see that, under Assumption the oper-
ators Ly, ..., L, are jointly injective, i.e., the spectral measure of {0} in the joint
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spectrum of Ly, ..., L, is zero. In particular, the operator F(E) only depends on
the restriction of F : R™ — C to R™.

The existence of a LY,.-bounded functional calculus on L? for a system L of
commuting self-adjoint operators on L? can often be deduced as a consequence of
suitable “heat kernel bounds”; we refer, e.g., to [33 Section 6] for a more detailed
discussion with examples and further references to the literature. For the clarity
of the presentation, the definition in of the scale-invariant Sobolev norm used
here involves isotropic dilations on R™; however, one could consider, as in [33]
Theorem 6.1], more general nonisotropic dilations.

We now want to make sense of an operator-valued functional calculus for L=
(L1,...,Ly). To this purpose, we recall from [36, Definition 7.4] some definitions
about operator-valued functions (in [36] they are presented for n = 1 only, but the
multivariate extension is straightforward).

Throughout this section, we assume that (Y, v) is a o-finite measure space which
is separable, i.e., such that L'(Y) (equivalently, any LP(Y) with p € [1,00)) is a
separable Banach space.

Definition 7.3. Let U C R” be open and let M : U — £(L3(Y)).

(a) We say that M is measurable if the matriz coefficients

= (M(&)f,9) (7.3)

are measurable on U for all f,g € L?*(Y). In this case, as L(Y) is separable,
the function

E M)l ez (7.4)
is also measurable.

(b) We say that M is locally bounded if the function is.

(c) We say that M is of class C* for k € N, if the matrix coefficients are of
class C* on U for all f,g € L?>(Y). In this case, from the Banach-Steinhaus
theorem, one can deduce that, for any £ € U and |a| < k, there exist operators
in £(L*(Y)), denoted by d¢ M (€), such that

(OEM(E)f.9) = 0HM(E)f.9) Vf.geL*(Y).
(d) We say that M is continuous if M is of class C°.
(e) We say that M is of class C*° if it is of class C* for all k € N.

The following lemma, which includes a multivariate version of [37, Remark 3.3],
will be useful when checking that a given operator-valued function is of class C* in
the sense of Definition [7.3l

Lemma 7.4. Let U CR" be open, k €N, and M : U — £(L*(Y)).
(i) If M s locally bounded, and moreover f,, — f and g, — g in L*(Y), then

(M(€) s gum) — (M()f,g) locally uniformly in € € U.

(ii) M is continuous if and only if M is locally bounded and there exists a dense
subclass A C L?(Y) such that, for all f,g € A, the matriz coefficients (7.3)
are continuous on U.

(iii) M is of class C* if and only if there exist, for all a € N¢ with |a| < F,
continuous functions My, : U — £(L*(Y)) and a dense subclass A C L*(Y)
such that, for all f,g € A, the matriz coefficients are of class C* on U
and, for |a| <k, there holds

(M) f,9) = (Ma(&)f.g) Vfge A VEEU.
In this case, 8?M(§) = M, () for|a| <k and £ €U.
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Proof. This simply follows from the estimate
[(M (&) fms gm) — (M (&) S, 9)]
<M E)llerzvy) {Hgm = 9llr2v) sup I fellz2cyy + 1fm — fllzenyllgll2ovy | -

If M is continuous, then the local boundedness of follows from that
of the matrix coefficients the Banach—Steinhaus theorem. Conversely, if M
is locally bounded, and if moreover f,, — f and g,, — ¢ in L?(Y), then, by
part (M) fmy gm) — (M(-)f, g) locally uniformly on U. In particular, for any
f,g € L*(Y), if we take approximants f,,, gm € A, then from the continuity of the
(M (") fm, gm) we deduce that of (M (-)f, g).

If M is of class C*, then the functions M, : £ ~ Og¢ M (§) with |a| < k have
the stated properties. Conversely, assume that continuous functions M, : U —
£(L3(Y)) with the stated properties exist for |a| < k. Then, by part the M,
are locally bounded. Thus, for all f,g € L?(Y), if we take f,,gm € A such that
fm — fand g,, — g in L*(Y), then, by part we see that

g (M (&) frm gm) = (Mo (&) frm, gm) = (Ma(§) f, 9)

locally uniformly in & € U. As the (M (-)fm, gm) are of class C* on U, we deduce
that their limit (M(-) f, g) is too, and that 9 (M (&) f, g) = (Ma(§)f, g) forall{ € U
and |a] < k. O

Following [36], Section 7], we now define the operator-valued functional calculus
for a system L = (Lq,...,L,) of operators satisfying Assumption By the
spectral theorem, there exist a measure space (2, a measurable function ¢ : Q — R™,

whose image is contained in the joint spectrum of Ly, ..., Ly, and a unitary operator
Y : L?(X) — L?(Q), such that for any bounded Borel function F : R" — C,

Y(F(L)f)(w) = FE@)(THw), fe LX)
We can now make sense of M(L) as a bounded operator on L2(X x Y) for any
measurable and bounded operator-valued function M : R" — £(L?(Y)), where Y’

Is a separable o-finite measure space. Namely, by means of the unitary operator
T:=T®id: L} (X xY) = L*(Q xY), we define

T(M(L)f)wy) = (ME@)THw)) @), fELFHXxY).  (T5)

We refer to [36l Remark 7.6] for additional details on the above definition. We
remark in particular that, in the case M(§) = F(£)id for some scalar-valued F,
we have M (L) = F(L) ®id; in this sense, the operator-valued calculus extends the
scalar-valued one.

Under Assumption we know that, for a bounded scalar-valued function F'
on ]R”, the operator F(E), initially defined on L?, extends to a bounded operator
on LP under suitable smoothness conditions on F. The purpose of this section is
establishing an analogous result, Theorembelow, for the operators M (E) corre-
sponding to operator-valued functions M. With a slight abuse of notation, we shall
not distinguish between an L?-bounded operator and its LP-bounded extension,
when the latter exists.

The proof of Theorem [7.7] will make fundamental use of the two following lemmas.
The first one is a Littlewood—Paley decomposition adapted to the joint functional
calculus for Ly, ..., L,; while the result below is likely well known to experts (cf.,
e.g., [24] for the case of a single operator, or [32) Lemmas 5.5 and 5.6] for related
results for multiple operators), we could not find a reference that we could directly
cite, so we include a proof for the reader’s convenience.
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Lemma 7.5. Under Assumption ifne (R") is monnegative and satisfies

> on@me ~1

mEZ
for € € R™, then there holds

Hf”LP(XXY Ln,p/

forall f € LP(X xXY), where (em)mez s an independent sequence of Rademacher
functions on [0,1].

Z em(t)(n(2™L) ®@id) f dt.

meZ

LP(X XY)

Proof. As p € (1,00), |21, Theorem 3.2.23] and Fubini’s theorem give that

|

dt
LP(XxY)

Z em(®)(n(2™L) ®@id) f

S

1 p
=/ Zsm(t)(n@mi)@id)f‘ dt
0 |lmez LP(XXY)
P v
/ / > emtn(2L)f(y) dt dy
meZ LP(X)

Similarly,

lsrcen = ([ 16D @)

So the estimate for arbitrary Y can be reduced to the particular case where Y = C;
namely, we need to prove that, for f € LP(X), there holds

1
P P

1
1Al e cx) =200 / | . (7.6)
0 L?(X)

The inequality 2 in ([7.6]) follows immediately from the fact that

Z 5m(t)77(2mf;)f

em(t)n(2™L)

mEZ

sup
t€(0,1]

£(Lr(X))
which in turn follows from Assumption and the fact that

sup

re 0] ng(t)n(z )

meZ

< 0

s,sloc
for any s > 0.

To prove the reverse inequality < in (7.6)), we notice that, under our assumptions,
we have » n?(2m¢) ~ 1 for all ¢ € R™, whence it readily follows that

< 00,

1
H ZmEZ 772(2m') L

and therefore, by Assumption [7.2]

s,sloc

Z 772 (2mf)f

meEZ

Hf”Lp(X) A<JL*7,M,
LP(X)
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Moreover, by Fubini’s theorem and Khintchine’s inequality [21] Corollary 3.2.24],

1
D P

dt
Lr(X)

S et L) f

dt) ' (7.8)

LP(X)

Z 5m(t)77(2m[_:)f

1
A -
~ (Z n@"L)f| ) = H (n2"D)f) .
meZ meZ LP(X;ZQ)
L (X)
Combining with , we are thus reduced to proving that
2(om 7T my
PEDf| S, (127 D))
mZE:Z Lr(X) fone MEL|| Lp(x;62)

for all f € LP(X), which is a particular case of the estimate

Z 77(2mE)fm SE;U;P H(fm)mGZHLP(X;£2) (7.9)

mEeZ

Lr(X)
for all (fi)mez € LP(X;¢?). By duality, (7.9) reduces to showing that

| (1) S0 Wl (7.10)

mEL| Lo (x;e2)

for all f € Lp,(X), where p’ is the conjugate exponent to p.
We now observe that, as L1, ..., L, are self-adjoint, for any F': R® — C,

IF(L) | eerr (xy) = IF (D) lezrx))

= ||F|lze,, ; thus, L also satisfies the analogue of Assumption
with p’ in place of p, and therefore all the previous estimates hold for the conjugate
exponent p’ too. In particular, by applying (7.8]) with p’ in place of p, we see that

(7.10) reduces to
d Si,n,p ||f||LP/(X)7

/1
0 L' (X)

i.e., the p’ version of the already established inequality = in (|7.6)). O

while ||FHL°°

s,sloc

, a1
P p’

S entm@ D)

meZ

The second one concerns the R-boundedness of a family of operators in the joint
functional calculus for Lq,...,L,. The proof is inspired, among others, by some
ideas from [25] proof of Theorem 6.1].

Lemma 7.6. Let x € C2(R"). Set Ey(€) := x(€) &€ and Ey, (&) := Ex(27€)
form € Z, k € Z". Under Assumption[7.3, if o >n+ 1+, then
Reox) L1+ k) " Epm(L) : m € Z, k € Z"} < cc.
Proof. Let S?~! be the unit sphere in R™. If we define Hy, : S"~! x R — C by
Hy(w,s) := Ex(e’w),

then Hy is smooth and compactly supported. By the Fourier inversion formula,

1 N .
Hi(w,s) = %/RHk(w,u) e"" du,
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where Hy(w,-) is the Fourier transform of Hk( -). Therefore, for all £ € R™,

Ey(§) = Hi(§/¢] log [€]) = /Hk- ¢/1€l;w) 1™ du.

Thus,

. 1 o 4
(L + k)™ Epm(L) = o 2””“ (L+ [k[)™7 Hi(L/| L], u) |L|" du

/ /5M 20 (1 4 [0))" F(f,u, L) dﬁd#( 0),
7™ JR

where F({,u,§) := ﬁg(£/|§|,u) |€]" and d# is the counting measure on Z". By
applying [22, Theorem 8.5.4] with S = (R x 7, du d#(@))7 since

’ 2

[, 0) = 0k 2| gy <1 VEEZ", mEZ,

we can conclude that
Rerx) LI+ |E) T Egm(L) : mE€Z, k € Z"}

Np/ / L+ )N F @ u, L) e (o (x) *d#( ) (7.11)

fo [ [ TIFE

for any s > ¢, where the last inequality follows from Assumption
In order to show that the last integral in (7.11)) is finite, it remains to estimate
1 E,u, )L rn)- By the Leibniz rule,

®n) du d#(€)

s sloc

s,sloc(

RFlu) = S Coner (02 HA/IELw) (02"1E™)  (712)
a'4a’'=a

for some Cy o > 0, and clearly

//l

g |€™ | Sar (L [ul)* Vg~

(7.13)
On the other hand,
08" Fu(e/I€l.w) = [ O (Buee/l€D) e ds,
so, by integrations by parts, for any r € N,
(1) 0 Fu(e/1€]. ) = [ 0508 (Bue’e/l€D) e ds.
As Ey(¢) = x(¢)e?*¢ and due to the support of ,
0" F(e/ kel w)| 5 sup 108" (Be(e™€/ )| Sowrr 6711014 1) #11,

whence also, for any r € N,
&' Ho(¢/1€], 0)| S 1617111+ )11 (1 ful) ™
If we apply the last estimate with r +|o”/| in place of r, and combine it with
and , we conclude that
(€11 0g F (€1, )| Sar (1 1)1 (1 4 Juf) ™"
for all &« € N™ and r € N. By interpolation, we thus deduce that
I Mg, gy S (L4 1750+ ) 7 (7.14)

for all s,r € [0, 00).
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By (7.14), the last integral in ((7.11]) is bounded by a multiple of
> /(1 +R)TTET L+ fu)) 7" du,
R

Lezn
which is finite whenever > 1 and ¢ > n+r+s. In particular, for any o > n+1+4cg,
we can choose appropriate values of r > 1 and s > ¢ and deduce from (|7.11)) the
claimed R-boundedness. ]

Thanks to Lemma and Lemma we can now follow closely the proof of
[36, Theorem 7.7] to obtain the following result.

Theorem 7.7. Under Assumption [7.3, fix an integer B > 2n + 1 +<. Let M :
R™ — £(L3(Y)) be measurable and bounded. Assume that M is of class CB and

Cp.5(M) := Rpoir) {I€]11OEM(€) : |a| < B, € € R"} < 0. (7.15)

Then, M (L) is a bounded operator on LP(X x YY) with
IM(D) | e(zr(xxv)) Sppz Cp(M).

Proof. Fix a nonnegative cutoff € C°(R™) such that suppn C {€ : 1/2 < |¢] < 2}
and ), n(2™:) =1 on R". If we set

M (§) = M(27"E)n (), (7.16)
then we can decompose
M({) = Z Mm(2m§)7 §€ Rn’
meZ

with convergence in the weak operator topology of £(L?(Y)). Following the proof
of [36], Theorem 7.7], using Lemma in place of [36, Lemma 7.3], we obtain that

|M(L) lerr(xxy)) Sp SRLP(XXY){Mm(TnE)}mEZ»

To prove the R-boundedness of {M,, (2™ L)} mez on LP(X X Y'), we introduce the
Fourier coefficients of the functions & — M, (£), which are supported in suppn C
(—m, 7)™ by construction. Namely, define M,, (k) € £(L*(Y)) for k € Z" by

M'm(k) = ﬁ [ﬂ N :T Mm({) efik-g df

Then, for k € Z", integration by parts shows that

™ us

(ik)aMm(k):(%lr)n/ e [ OE M (€) e R e (7.17)

Moreover, if x € C° (R”) is supported in (—m, 7)™ and such that x =1 on supp 7,
then we can write
M (8) = Z X(f)eik{Mm(k)a §ER”,
kezn
with convergence in the weak operator topology of £(L?(Y)); therefore, if the func-
tions Ej , are defined as in Lemma [7.6 we obtain that
kezn

in the weak operator topology of £(L?*(X x Y)). Much as in the proof of [36
Theorem 7.7], from this decomposition we deduce that

mLP(XXY){Mm(QmE)}mEZ

Se Rro) {1+ |k)) " B (L) Ymezpezn Rrory {1+ [K) B M (k) Yimez kezn,
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whenever B — o = n + ¢ for some ¢ > 0 (here we are exploiting [22, Propositions
8.1.24 and 8.1.19(3)] and the fact that ), ;. (14+]k[)7" 7% < o0). As B > ¢+2n+1
by assumption, we can take € > 0 such that B = ¢42n-+1+2¢, and correspondingly
oc=¢+n+1+ec. .

With this choice of o, the R-boundedness of {(1 + |k|) ™ Ex (L) }mez kezn on
LP(X) follows from Lemma To conclude, it only remains to show the R-
boundedness of {(1 + |k|)ZM,,(k)}mez kezn on LP(Y), which is a consequence of
the smoothness assumption (7.15)) on M.

Indeed, arguing as in the proof of [36, Theorem 7.7], from (7.17) we deduce that

%Lp(y){|k“|]\>[m(k) :mel, ke Zn} < mLp(y){ang(f) €€ Rn, m e Z}
for all @ € N”, and therefore also

Reooy {(1+ k)P M (k) : m € Z, k € 2™}

SB Rpey) {08 M (§) : E€R", m € Z, |a| < B}

o Reor {1EP107 M (€) : |B] < B, € € R"} = C, p(M),
where the last inequality follows from the fact that, by (7.16)),

(a—p)
i) = 3 (3) Z e (a2 2-m)

B

2 \g) " P
and by the Kahane contraction principle [21, Proposition 3.2.10]. As C, p(M) is
finite by ([7.15)), we are done. O

In the particular case where Y = R* with the Lebesgue measure for some k € N,
the smoothness condition on the multiplier M in Theorem |7.7} which is ex-
pressed in terms of R-boundedness, can be replaced with a somewhat more concrete
condition involving uniform weighted L?-boundedness with respect to weights in
the Muckenhoupt class As(RF). Let [w]a, denote the As-characteristic of a weight
w € Ay(R¥). The proof of the following corollary, based on [22, Theorem 8.2.6], is
analogous to that of [36], Corollary 7.8].

Corollary 7.8. Under Assumption fiz an integer B > 2n+1+<. Let M : R™ —
L(L2(R*)) be measurable and bounded. Assume that M is of class CP and there
exists a nondecreasing function 1 : [1,00) — [0,00) such that, for all w € Ay(R¥),

elelog (o) < ¥((ula,). (7.18)

L(L2(w))

max Ssu

a:lal<B ¢cpn

Then, M(L) is a bounded operator on LP(X x RF).

The following remark discusses a weakening of the smoothness assumption on
the multiplier, in case additional information is available on the joint spectrum of
(L1,...,Ly). Here a subset T" of R™ is said to be conic if ¢ - T C T for all ¢ > 0.

Remark 7.9. Under Assumption assume further that the joint L2-spectrum of
(L1,...,Ly) is contained in {0} UT for some closed conic subset I" of R™. Then, the
smoothness conditions and can be replaced by analogous conditions,
where ¢ is restricted to some conic neighbourhood U C R™ of T. Indeed, if the
operator-valued function M : U — £(L?(Y)) satisfies such a restricted smoothness
assumption, then

M(L) = M(L),
where M(€) := ((€)M(€), while ¢ € C(R") is any 0-homogeneous cutoff with
supp¢ C U and (|r = 1. One can then apply Theorem or Corollary |7.8[ to M
in order to deduce the LP-boundedness of M(L).
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8. BOUNDEDNESS OF THE PARTS AT INFINITY

8.1. Convolution operators as operator-valued spectral multipliers. As
discussed in Section [0} the proof of Theorem [I.1] is now reduced to proving the
L?(S)-boundedness for p € (1,2) of the convolution operators with the kernels
Ky, Ky, K from and . To this purpose, we shall write those operators
as Mo(L, —iV.), My(L,—iV ), M;(L,—iV ) for suitable operator-valued functions
My, My, M, and deduce their LP-boundedness from the operator-valued spectral
multiplier theorem of Section [7]

Let us first discuss how the theory of Section [7] applies to the joint functional
calculus for (£, —iV,), thus proving Theorem

Recall from Remark that S = N x R, as measure spaces, and that moreover
the change of variables a = e* allows one to identify Ry and R; in particular,
we can define the class of weights As(Ry) on Ry by “transplanting” the classical
Muckenhoupt class As(R) via that change of variables.

In addition, if £ and V, denote, as before, the sub-Laplacian and the vector of
central derivatives on N, then

(L, —iV.) = (L, =0, ..., —id.,)

is a commuting system of self-adjoint operators on L?(N), whose joint spectrum is
contained in

{\ ) eRXRE - A > Lul},
see [40, Remark 2.1]. Furthermore, by [40, Corollary 2.4] (see also [32, Propositions
3.9 and 4.1, and Theorem 4.6]) the system (£, —iV,) satisfies Assumption for
any p € (1,00) with ¢ =d/2.

Thus, for any bounded measurable function M : Ry x R% — £(L%(R,)), we
can consider the operator M (L, —iV,) defined by as a bounded operator on
L?(S); moreover, from Theoremand Remark we deduce Theorem giving
a sufficient condition for the LP(S)-boundedness of such operators M (L, —iV,). We
shall actually use the following version of the result, corresponding to Corollary[7.8]

Corollary 8.1. Let x € (0,dy/2) and Q. := {(\, ) € Ry x R% : klu| < \}. Fiz
an integer B > (dy +5d2)/2+3. If M : Ry x R% — £(L?(R.)) is of class CB and
there exists a nondecreasing function 1 : [1,00) — [0,00) such that

max su Melge M, H < Y([w] a, Vw € Ax(RL),
a:\agB@,mﬁmH BanMO |, < v(fula) 2(R)

then M (L, —iV.) is bounded on LP(S) for all p € (1,00).
Now, from ([5.31) and (6.1)) we have

Ko(z) = [(ro)(a)(@, 2) — ro(, 2)]Jo(log a),
Ky (x) = ro(x, 2)Jy(loga), K;(x) =r;(z, 2)Ju(log a)

for certain functions rg,ry,7; on N and Jy, Jo on R, where in particular

_ Loy _ Ly

Ji J, 8.1
o) = 2 () = (31)
As we shall see, one can write

ro = Kry(2,—iv.) e = Kp,(£,-iv.)s Ty =kp (£,—iv.)

for suitable bounded smooth functions Fy, Fy, Fj : R4 x R?% — C (see Propositions

andbelow). As a consequence, from (2.8]) and ([7.5]) we see that, for £ € {v, 3},
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at least formally,

(f * Kp)le'l = / F sy (kry(2,—iv.)) (ev'yJn(u — ') du’
R

- / Fy(e £, e (—iV ) S ) Juu — o) dut
R
= (My(L, —=iV2) ),
where My(\, p) is the integral operator acting on functions ¢ : Ry — C by

Meu)o(e®) = [ Filet' et i) = o) (:2)

In a similar way, we see that

(f % Ko)l*'l = /Rf[eu Pan (ke (2, —iv2))en) = (Kry(2,-i9.)) (eury) Jo(u — ) du!’

= / (Fo(e"L, e (—iV.)) — Fo(e® £, e (—iV.))) F= Lo (u — ') dut
R
= (Mo(L, —iV2) /),
where My(A, 1) is the integral operator acting on functions ¢ : R, — C by

Mo(h p)(e”) = /R (Fo(e" A, e%s) — Fo(e X, e ) Jo(u — w')(e?’) du’.  (8.3)

In order to check that My, M,, M; satisfy the smoothness assumptions of Corol-
lary [8.T} we shall obtain sufficiently explicit expressions for the functions Fy, Fy, Fj,
allowing us eventually to derive suitable estimates for their derivatives.

8.2. Gelfand transform on H-type groups. We briefly recall some facts about
the Gelfand transform of radial functions on H-type groups that we shall use in our
discussion; for more details, we refer to [12] 40].

A function f on the H-type group N is said to be radial if it has the form
f(x,2) = f(|z],2) for some function f and all (x,z) € N. The space L. (N) of
integrable radial functions on N, with convolution and involution, is a commutative
Banach *-subalgebra of L'(N).

The Gelfand transform Gf of a function f € L1 (N) is essentially given (up to
a negligible set of characters) by

gfw,mz( ) / P, 2) L (ullofj2) e WlsP /4 emin= 4z g

for { e N and p € Rdz, where

LY(t) == L tya dz(—tt““) teR
4 T E' dtg ) )

is the Laguerre polynomial of type a > —1 and degree ¢. For the Gelfand transform
we have a Plancherel formula (see [40], eq. (1.1)]),

V4
ey = 2072 [ Y1610 |2(+ )Iul . (84)

£eN
valid at least for radial f € L' N L?(N), by means of which g extends to an iso-

metric isomorphism from L2 ;(N) to L?(R% x N, (27)~ Q(“_ P ) |,u| du d#(¢));
correspondingly, we have an inversion formula (see [40} eq. (1 2)]),

flz,2) = (2m)" / > Gf(nt L2 T (pallaf?2) e A it 1 F
Rd2

LeN
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valid at least for f € LL ,(N) in the Schwartz class.

Radial functions on N are intimately related with the joint functional calculus
for (£, —iV.); indeed, the convolution kernel kp (s _;v ) of an operator F(L, —iV )
in the joint functional calculus is radial, and

Gkp(c,—iv.)(m, 0) = F((20+ di/2)|pl, 1), (8.5)

see [40l eq. (2.1)]. In light of this, the Plancherel formula corresponds to that
for the joint functional calculus for (£, —iV,) [31, Theorem 3.10 and Section 5.3].
In addition, we recall from [40, eq. (5.2)] the effect on the Gelfand transform of
multiplication by the weight |z|*:

Gl(x,2) = |2 f (2, 2)) (1, €)

2 dq

=0 K?H— ) Gf(p0) = LG f(u, 0 — 1) — <e+ ) Gf(ul+ 1)] (8.6)
We now exploit some formulas from [42] to obtain an explicit expression for the

Gelfand transform of certain radial functions, which may be compared with the

formula for the fundamental solution for £ [23]. Let S, T : R — R be the even, real

analytic functions defined, for v # 0, by

S(u) = ——,  T(u)=—o

sinh u
Lemma 8.2. Let H be given by (5.36)), and let s € C be such that Res > —1. If

V(@) = H(e,2) (@02,

tanh v’ (8.7)

then
lI/s = kES(C,finﬁ (88>

where

ES(Aa /J/) =

ol — —ex,_s dt
/ S(t|u)** e T(Ep)/t g=th = - (8.9)

In particular,
GU, (1, 0) = E, (20 + du /2)|al 1) (8.10)

Remark 8.3. From the integral representation , one can check that, if o :=
Mes > —1, then =, is a smooth function on the open set {(\,u) € RiFd
A+ (14 0)|u] > 0}, cf. Lemma below.

Proof of Lemma[8.9 From the above definitions it readily follows that ¥, € L?(N)
and that the right-hand side of (8.10) is in

12 (%, am @ (5 t3- it auao))

whenever Res > —1 (cf Lemma [8.12). So, by (8.5) and the Plancherel formula
. both sides of (8.8)) are in L?(N for Re s > —1 and they are (weakly) analytic
in s. Hence, by analytlc contlnuatlon it is enough to prove . ) for s € (0,1).

For ¢t > 0, let ¢t = k.-t be the heat kernel associated to £. We recall the
well-known Mehler-type formula for the partial Fourier transform of ¢; along 3 (see,
e.g., [35, Proposition 4] or [42], eq. (3.4)]):

/ ge(, 2) €71 dz = (drrt) =B 2S(tp]) B /2 e~ 3 TCRDI /2
Rd2
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for z € R% and p € R%. Much as in [42 eq. (3.5)], for t > 0 and s € (0,1), we
consider functions p; s : R% — C whose Fourier transforms are given by

DPe,s (1) :/ Prs(z) e 2 dz = (dmt) =L S(t|uf)TH e TCRD/E
R42

for ;1 € R% (notice that p; s here corresponds to p; s(1,-) in [42]). By 2] eq. (3.6)
and Corollary 3.6] applied with p = 1, we deduce that

Cityty.s (1 4 [2[2)2 + 16]2[2) (@ F9)/2 :/ / pos(w) gi(, 2 — w) dwdt.
0 Re2

where
. 4l T(dy /24 8)T((Q + 5)/2)
dy,dz,s = Td/2+1+s D(di/4+ s/2) .

In other words,
oo
Cay s (1 + [2[%)? +16]2|7) ~(9F)/2 = / (gt *nv (60 @ pr.s))(w, 2) dt. (8.11)
0

As ¢ is the convolution kernel of e~*, while §p @ pt,s is the convolution kernel
of p1.s(—iV,) on N, the right-hand side of (8.11) is the convolution kernel of the
operator

/ Dr,s(—iV.) e e dt.
0
Through the automorphic scaling (z, z) + 01/4(x, z) we thus obtain that

4700,y s (L4 |24 + |2) 7 OF2 = ko, (2, -iv.) (2, 2),

where
Os(\, 1) := /000 Dr.s(4p) e 1A dt
RS P /OO 151 §(¢]a])* e TN/t o=t gy
0
This proves , and follows from . O

Lemma 8.4. With the notation of Lemma[8-3, if Res > 1, then
(1+ ‘x|2/4)\115(99a z) = kés(a,_ivz)(ma z),

where, for all (A, ) € Ry x Rz,

[1]x

- - dy _
SO ) = Ee (A ) = AEP (A ) = FED (A, o) (8.12)

and

[1]

1
oW 1:/ OMNEs(A+2v[p], 1) dv,
—1
(8.13)

[1]

1
B0 1= [ B2+ 20l ) (1= ol o

Proof. Notice that, as here o := Res > 1, for all (\, u) € Ry x R% and v € [-1,1],
A+2vlpl+ (1 +0)|pul = A+ (o = 1)|u| >0,
thus the expressions in (8.13]) are well-defined, see Remark
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By (8.10) and (8.9), we can think of GW,(u,0) = E,((20 + d1/2)|u|, 1) as being
defined for noninteger values of ¢ too. Thus, by and the fundamental theorem

of calculus, for all £ € N and p € R%,
u
g (a2 .
d
G010~ 00t~ 1)+ (45 ) GV 0) - 00,4 1)
1 dy 1
:6/ (%Q\Ils(y,ﬁ—l—i—w)dw—(f—i—)/ 9G¥ (1, ¢ + w) dw
0 2/ Jo
dy Lot dy [
=— £+Z 8quls(u,€—v+w)dwdv—z 006GV (p, ¢ + w) dw
0o Jo —1

1 1
=— (€—|— Cf;) / D7GV (p, £+ u) (1 — |u|)du—%/ 00GV (1, ¢ + w) dw.
—1 —1

By plugging the expression GU,(u,¢) = Zg((2¢ + d1/2)|p|, ) into the previous
formula, we finally get, by (8.13),

1 d Yoo
1000000 = = (26+ L) 1 [ 08220+ 20+ /Dl ) (1 )
-1
di [, =
_Z/ MEs((20 + 2w + di1/2) ||, 1) dw
-1

)

A=(20+d1/2) |l

thus also, by (8.12)),
G((L+ [/ 4) W) (1, £) = E((20 + dr /2) ], o),
and the conclusion follows by (8.5)). (]

Thanks to the previous lemmas, we can now write explicit expressions for the
functions Fy, Fy,, F discussed in Section

Proposition 8.5. We can write the functions ro,ry,r; from and as
T0 = Kpy(£,-iv.)> To = Kp, (£,-iv.)s rs =Kkp (£,—iv.)
where, with the notation of Lemmas[8-9 and[8-7),
Fy(A ) =Za(\ ), Fo(hp) = A2S0(A ), Fy(h p) = AZo(A ). (8.14)
Proof. From we know that
ro(x,2) = (1 + |22 /4)Uy(z, 2),

so the expression for Fj is a direct consequence of Lemma, On the other hand,

from (6.1)) and Lemma [8.2] we have

Ty = 51/2\1,0 - El/QkEO(c,—in) = kﬁl/on(ﬁ,—ivz)7

whence we deduce the expression for Fy, and a similar computation gives the ex-
pression for Fj. O

Remark 8.6. Arguing as in the proof of Proposition from one could
also deduce that 714, = kg, (£,—iv.), where Fj(\, ) = —Q YipEo(\, ), for j =
1,...,ds. However, such representation is not possible for the r; with j =1,...,dq,
because they are not radial, see . The reduction in Proposition is thus
essential to treat the Riesz transforms R; for j = 1,...,d; with our approach.
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8.3. Estimates for the operator-valued symbols. On the basis of Proposi-
tion and the discussion in Section we can write the convolution operators
with kernels Ko, K,, K; as the operator-valued spectral multipliers My (L, —iV ),
M,(L,—iV) and M;(L,—iV ), whose operator-valued symbols My, M,, M, are
given in and , where the functions Fy, Fy,, F; are as in (8.14]).

We are now ready to present the main result of this section, which concerns
the weighted L2-boundedness of the integral operators Mo (X, u), My (A, p), M;(A, p)

from (8.2) and (8.3), as well as their (A, pu)-derivatives.

Proposition 8.7. The operator-valued functions My, My, M, are of class C™° on

R, x R%. Moreover, for all a € N**92 e R, w € Ay(R*) and £ € {0,0,3},

sup ||\l M, ”)H Seorfula, 1 (8.15)

(A, p)ERI T2
A> k||

L(L*(w))

Proof. We shall derive estimate from [34] Proposition 5.6], combined with
the bounds that we will prove in Proposition [8:8 below; we point out that the result
in [34] applies to operators on L?(IR), so we must use the change of variables a = e*
as in Remark [6.1] to apply it to the operators on L?(R.) considered here.
Consider first the case where ¢ € {v,3}. In light of and , by differenti-
ating under the integral sign we see that, for all € N'*% (X 1) € R, x R%, and
6,1 € Cu(Ry),
Nlag o (M(X, 1), ) = (M (N, 1), ), (8.16)

where My is the integral operator with kernel

’ ’ ’ 1 I
(e e") i B (e A e p) ==t

and
Féx()‘v M) = )\|a\a(a)\’u)Fe()\7 M)'
Notice that, as ¢, 9 € C.(R), the differentiation under the integral sign that leads
to is simply justified by the fact that the integral kernel of M,(\, u) is locally
bounded on R; x Ry together with all its (A, u)-derivatives, locally uniformly in
(A, 1) € Ry x R%. Notice also that from we see that the matrix coefficients
(A, 1) = (M, 1)@, ) are smooth on Ry x R% for all ¢, € C.(Ry).
From Proposition @ below, it follows that, for some § > 0 and all kK € Ry,

IO\ )| Sae min{ A, A71Y0 when A > k|u|.
Hence, by [34, Proposition 5.6(ii)], for all w € A3(Ry),

sup ||Mf()\,u)||£(L2(w)) §a,n,[w]A2 L. (8.17)
(A, p) R T2
A> k||

In particular, for all @ € N'*92 the function (\,pu) [MF A )l g p2, ) 18
locally bounded on Ry x R%. From and Lemma we then deduce that
each Mg : Ry x R% — €(L?(R,)) is continuous, in the sense of Definition
and that moreover M, is of class C*°, with ,\la‘a&u)Mg(A, p) = MZ(\, ). Thus,
for £ € {v,3} follows from (8.17).

In the case £ = 0, by arguing in a similar way, in light of and , one can
see that My is of class C*° and that the operators A'a‘a(o‘A,M)Mo()\,u) are integral
operators with kernels
lou>w1y

(e, e" ) = [Fy'(e“ A\, e u) — F5'(e" A\ e u)] p—"

)

where
Fg O ) = A10g, 0 Fo(h, ).
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Indeed, by Proposition below, we deduce that, for some § > 0 and all x € Ry,

[ES O\ )] Saw (14 1)7° when A > £|ul,
[F5 (A1) = Fg N )] Sam [\ ) = (N, 1)° when A > wlul, A > k],
which imply, by [34, Proposition 5.6(i)], the norm bound (8.15) for £ = 0. O

Proposition 8.8. Let Fy, Fy,, F; be as in (8.14)). Let k € Ry and c € (0,1). For
any o € N2 and (A, p) € Ry x R% with A\ > k|p|, we have

0D, o 0 10)| Senia A2 oo+ 1/3) e 2VATI,
‘A‘ala&u)Fz(% )| Sema Alog(e + 1/A) e~ 2V 1
and
o2/t if laf = 0,
‘)\la‘a?,\,u)Fo()\,M)’ Sera § Aog(e+1/)) e~ 2eV/Mul if ol =1, (8.19)
Ae=2eV/Atlul if |a| > 2.

In addition, for alle € (0,1) and o € N'T9% | the function (X, ) — )\|Q|3(°‘/\7M)Fo(/\, )
is e-Hélder continuous on {(\,u) € Ry x R% : X\ > k|ul}.

The proof of the above proposition will be presented after a few preliminary
lemmas. The first one concerns differentiation of radial extensions of even functions,
and will be useful to estimate u-derivatives of expressions, such as , which
also involve |p|.

Lemma 8.9. Let n € N. Let f € C™"(R) be even, and define F : R — C by
F(u) = f(lul), n € R%. Then F € C™"(R9). Moreover, for all p € R® and
a € N% with |a| < n,

1
|55F(u)|§d2,\a|/0 LU0 (s ul) | dpja) (s) < Zl[lopll\f('“‘)(SIMI)ly (8.20)

for some probability measure pjq) on [0,1], and more precisely

05 F ()] < [£1V ()l if ol < 1. (8.:21)
Proof. The case n = 0 is trivial, so we may assume n > 0.

Let us first prove that ' € C"(R%). As f is even, f*)(0) = 0 for any odd
k < n. Thus we can write f = P + R, where

(k)
P(t):= Y fT!(O)t’“

0<k<n
k even

is the Taylor polynomial of f at 0 of order n, and the remainder R € C™(R) satisfies
R™(0) =0 for k=0,...,n. In particular,

RO (1) =o(t" *)ast -0 fork=0,...,n. (8.22)
Correspondingly, F(p) = f(|u|) = P(|ul) + R(|p]), where

(k)
Pl = 3 IO

0<k<n
k even

is a polynomial in |u|?, so pu +— P(|u|) is in C*°(R%), and it just remains to show
that p— R(|p|) is in C™(R9%2).

On the other hand, as | - | is smooth off the origin, R(| - |) € C(R%) N C™(R%).
We now show that J7[R(|u[)] — 0 as 4 — 0 whenever |a| < n. When a = 0, this



RIESZ TRANSFORMS ON DAMEK-RICCI SPACES 47

is clear from (8.22)). On the other hand, if 1 < |a| < n, by the chain and Leibniz
rules,

|

R(|u])] ZQa () BRP(|)), (8.23)

for suitable functions Qg € C‘X’(Rd"‘) homogeneous of degree k — |al; thus, again

by (8.22),
R(jul)] ZO (lal* 1N o™ %) = o(|p"~1*T) = 0 as p — 0.

This proves that u — 97[R(|u[)] extends to a continuous function on the whole R
for any a € N9 with |a| < n, and consequently R(|-|) € C™(R%).

It remains to prove the estimates and . Clearly they hold for a = 0,
so we may assume |a| > 0, and moreover by continuity it is enough to check them

for u # 0.

As 0, F(p) = ‘%"f’(M) for j =1,...,ds, the estimate (8.21)) is clear. To prove

(8-20)), let a € N be such that 1 < m := |a| < n, consider the polynomial

and set R, := f — P,,. As before, R,,, € C"(R) and R%)(O) =0for 0 <k <m.
Moreover Pﬁnm) = 0, thus RS,T ) = ) Therefore, for 0 < k < m, the Taylor
expansion of Rgf) with integral remainder at 0 of order m — k — 1 is given by

1 ¢ b
(m_k_l);/o RS (u) (t —w)™ " du

1 m—k—1
_ 4m— (m) (1 — S)
=t k/o f (St)i(m—k—l)! ds.

Now, F () = f(Ju]) = P (Ju|) + R (|p]), where Py, (Jp1]) is a polynomial of degree
less than m; so, as |a| =m,

R (1) =
(8.24)

m

09 F (1) = 0F (R (|u)] =D Qar ()R (),

k=1
where the Qa , are smooth and (k — |a|)-homogeneous as in (8.23); combining this
identity with ( and the fact that R(m) ™) we conclude that

|0 F (1) Sdom Z o *= R ()|
k=1

ml 1 m—k—1
—m jm— m (1—13s) .
< 3 Ll e s 1 )

1
S [ 15 sl (9,
as required, where ., is some probability measure on [0, 1]. (]

Recall from the definition of the even, real analytic functions S, T : R — R.
As these functions appear in the expression for =, it is useful to collect a few
estimates for their derivatives.
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Lemma 8.10. The functions ju+— S(|pu|) and p+— T(|u|) are real-analytic on R,
and
1058 (uD)] Sa (1 |ul) e, (8.25)
R T Sa (1 |u)t 1 (8.26)
for all o« € N% and € R%. In addition T > 1 pointwise.

Proof. As |tanhu| < |u| for all v € R, we have T(u) > 1 for all u € R. Moreover,
as S and T are even and real-analytic on R, it is clear that S(| - |) and T(|-|) are

real-analytic on R9, and the estimates (8.25)-(8.26) hold trivially for |u| < 1. It
only remains to prove the estimates (8.25))-(8.26]) for large |u|.
It is easily checked by induction that, for all £ € N,

ok 1 _ Py(sinhu, coshu)
“\sinhu/ sinh*tty

where Py is a two-variate homogeneous polynomial of degree k; consequently, as
sinhu ~ coshu ~ e* for u > 1, we get

1
k
Ou (sinhu)
1 1
k) () — 1.ak—1 k
§%(u) = ko, (sinhu) +ud, (Sinhu> ’

from (8.27)) we deduce that

Spe for u > 1. (8.27)

IS®) (u)] <p we™  for u> 1. (8.28)
Now, as
1
Oy cothu = ———
sinh” u
by the Leibniz rule and (8.27) we deduce that, for u > 1 and k € N,
coshu & 1 —om
|cothu| = T |0F+ cothu| = |OF e Spe % (8.29)

Thus, much as above, from
T® (u) = k%! cothu + udk cothu
and (8.29) we conclude that, for u > 1 and k € N,
U if k=0,
IT® ()] Sk S 1 if k=1,
ue 2 if k> 2,
and in particular
|T(k)( ) Sp utF for u > 1. (8.30)

Finally, arguing as in , for all @ € N® and |p| > 1, from (8.28) and (8.30)
we deduce that

||

10S(ul)] aZ|H|k S® ()] Sa lule ],

\al

10, T(Dl < Zlul’c NT® ()] S 1

as desired. O
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Lemma 8.11. For ally € C, p € R%, t >0, o € N%,
%S (U] Sy t1(L + tu])Te 7 e tul%ey

while

(| —1
e T/ < =T/t (14t o=t
a ~ 1+ t|pl

Proof. Both estimates are trivial for « = 0, so we may assume |a| > 0.
By homogeneity, the estimate for S(¢|u|) reduces to the case t = 1; now, by the
chain and Leibniz rules,

|

P
|05 [S(lul)” ,VZ (7D D [ R

a1t tap=aj=1
laj[>1 V5

so the required estimate follows by (8.25) and the fact that S(|u|) ~ (14 |p|) e~ I#l.
As for the second estimate, by the Leibniz and chain rules, together with (8.26)),

||

fue~ TN/ <, o~TEmD/E Y 3 H|a‘% (tlul) /1|

P=1loai+-t+ap=aj=1
laj|>1 Vj

||

P
<o e TCuD/ Z Z H tl%‘l*l(l 4 t|ﬂ|)1*|aﬂ

P=1lai+-+ap=aj=1
laj|>1 Vj

||

e @ TN/ glol=P (1 y )Pl
P=1

|| —1
t
~ o~ T(tlu)/t
~, e 1+ ,
: ( 1+t|u|>

as claimed. O

The previous lemmas allow us to obtain sufficiently precise estimates for the
derivatives of the functions Z, from .

Lemma 8.12. Let s € C, k € Ry and ¢ € (0,1), and assume that o := Res > —1.
For all o € N**2 and (A, ) € R4 such that X+ (o + 1)|u| > s|ul,

(At (0 4+ Dlpl) (1= o2V NI if o] £ o,

‘8& #)ES()‘ W] Ss.ene.n 1 e /3T
5 ) 5,06, (o+1)|p
log (e+ 7A+(a+1)|m) e !

if o] = 0.
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Proof. Write a = (r,3), where 7 € N and B8 € N%. Then, by formula and
Lemma [8:11]

|a?A,#)Es()‘ )l

s — — To’dt
Sea 3 [ OB e e
B1+B2=

Ss,a /Oo(l + t]p|) 17 e tAT A+l o= T D)/t
0

(IB21-1)+
X E tlBil+r—c (1 + t) d
_ 1+ t|ul t
B1+p2=p

Ss,a /Oo(l+t|‘u|)1+a —t[A+(14+0)|n|] e*l/ttr a(1+t\5‘)dtt
0

<C K,8,Q /OO eiCt[AJr(lJrU)ll‘H eic/t tla‘ig g
Semsa | :
Sena O+ (L ) /2K o (2ey/A+ T+ o)),

where K, is the modified Bessel function of the second kind [I3] 10.32.10], and we
used the fact that T > 1, ¢ € (0,1) and A+ (1 +0)|pu| > &|u|. The desired estimate
thus follows from the known asymptotics for K, with v € R, namely

il if v#£0, t €(0,1],
Ky (t) = S log(e +1/t) ifv=0, ¢t €(0,1],
t—1/2et if t € [1,00),

see [13, 10.25.3, 10.27.3, 10.30.2, 10.30.3], by taking into consideration that, by
slightly decreasing the value of ¢ € (0, 1), any power of A+(1+40)|u| can be absorbed

by the exponentially decaying term e~ 2¢VAT(+DIl when A + (1 4+ 0)|p| > 1. O
Now we are in the position to present the proof of Proposition [8:8

Proof of Proposition[8.8, We first prove (8.18). Let 6 € R,. For any a € N x N9z,
when A > |p|, by Lemma

[Nelog, ) NZo (0 ]| Ssa 3

o' <«

Saen N log(e + 1/A) e 2V

which, in light of (8.14)), proves (8.18)).
As for (8.19)), recalling the definitions in (8.13]), and setting

(CY/\’“)EO()\, 1) ’

"(1)()\ S, ) / O\Za(A + 2vs, p) do,

2O, 5,1) / 825 (A + 208, 1) (1 — [u]) d

we see that, for b = 1,2, the function s — ééb)()\, s, 1) is even and

~(b —~(b
EP N, [l 1) = EP (O, ).
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Take a = (r, 8) € N x N2; then, by Lemma

oD (N, 5, 1)

e —(b
08B i) Sa > sup
Br+B2=B u€(0,1]

s=ulpl

~ (8.31)
Se swp [0, Z2l0+ 20lul, )|
ve[—1,1]
i lyl=b+al

Notice now that, for v € [—1,1], we have (A + 2v|u|) + 3|u| > A + |p|. Hence from
(8.31) and Lemma we conclude that, for all ¢ € (0,1),

(AN + [p]) el Hb=2)4 g=2eV/AFlul i || £ 2 — b,
log(e 4+ 1/(\ + |u|)) e 2eVAHIEL if o) =2 — b,
We thus see that, for A > k|ul,

a —(b
108,02 O 1) Sae {

Algg [ /4)E8N (A 1) + AP (A, )]

e 2eV Atk if |a] =0,
Sasen § Mog(e + 1/X) e 2eVATlHlif |o| =1,
Ae2eVATIul if |a| > 2.
Similarly, from Lemma [8:12 we also deduce that
Melgm2ey/Atlul if o] <1,
‘A'a‘a&u)zgu, u)) Sasen § A2log(e + 1/X) e 2eV ATl if o] = 2,
A2 e 2oV ATIu if |a| > 3.

In light of (8.12) and (8.14)), the estimate (8.19) follows.
From (8.19) we also deduce that

v salge g < log(e + 1/X\) e 2eVAFlulif |o| <1,
‘ (A:u)[ (A1) 0( 7”)]‘ K, e_QC\/W if|a\ >0

and the claimed Holder continuity thus follows from Lemma below. O

Lemma 8.13. Let k,C € Ry, ¢ € (0,1), and d2 € Ni. Let @ C {(\u) €
Ry x R% : X\ > k|ul} be conver. Assume that F € C*(Q) satisfies

Vo FOL | <CXT1 0 V(A p) €. (8.32)
Then, F' is e-Hélder continuous, i.e.,
[FO\ i) = FON i) Sew CIA=Non =)™ YO\ p), (N, 1) € Q.

Proof. Without loss of generality, we may assume C' = 1. Via the fundamental
theorem of calculus, and as € is convex, from ([8.32)) we deduce that

[P\ ) — FOV,2)| = ' / Vo FUL = )N, 1)+t ) - (A = Ny — ) dt

<IA=N= )] [ =X e
(8.33)

Notice now that

1
/ (1= )N + A" " dt ~. max{\, N} (8.34)
0
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Indeed, if A ~ X, then (1 — )N + A ~ A ~ X ~ max{\, X'}, and (8.34) trivially
follows. If instead A > X (the case A < ) is treated analogously), the change of
variables u = (1 — t)\ + tA gives

1 1 1 A
/0[(1—t)A’+t>\]E‘ dt A_)\,/ ut™ du

A/
_ A° — ()‘/)E A _ye—1 _ Nne—1
=0 o = A7 =max{\, N}

and (8.34)) is proved.
From (8.33)) and (8.34)) we see that

[FO\ ) = FON, 1) Se [0 =X, = ) max{A, X'}~

v v e (I =N = [\

Sewn (A =N —p)",
as required; in the last step we used that
A =N =) SIA =N+ =] S A+ X+ |p] + 1] S max{A, N}
for all (A, p), (N, u') € Q. O

8.4. LP-boundedness of the Riesz transforms for p > 2. We now have all the
ingredients to complete the proof of Theorem

Proof of Theorem[1.1 By Theorem [£.2] we know that the Riesz transforms R; are
of weak type (1,1) and LP-bounded for p € (1,2]. So, by duality, it only remains
to prove that the adjoint transforms R} are LP-bounded for p € (1,2] and, by
Propositions and we are reduced to showing that the convolution operators
with kernels Ko, Ky, K; are LP-bounded.

From the discussion in Section[8.1] those convolution operators can be written as
My(L,—iV,), My (L, —iV.,), M;(L,—iV}). By Proposition the operator-valued
symbols M, with £ € {0, v,3} satisfy the smoothness assumptions of the multiplier
theorem stated in Corollary 8.1} so by the latter result the corresponding operators
My(L,—iV,) are indeed LP-bounded, as required. O
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