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The Bernoulli structure of discrete distributions

Roberto Fontana* Patrizia Semeraro†

Abstract

Any discrete distribution with support on {0, . . . , d} can be constructed as the distribu-
tion of sums of Bernoulli variables. We prove that the class of d-dimensional Bernoulli
variables X = (X1, . . . , Xd) whose sums

∑d
i=1 Xi have the same distribution p is a

convex polytope P(p) and we analytically find its extremal points. Our main result is
to prove that the Hausdorff measure of the polytopes P(p), p ∈ Dd, is a continuous
function l(p) over Dd and it is the density of a finite measure µs on Dd that is Hausdorff
absolutely continuous. We also prove that the measure µs normalized over the simplex
Dd belongs to the class of Dirichlet distributions. We observe that the symmetric
binomial distribution is the mean of the Dirichlet distribution on Dd and that when d

increases it converges to the mode.

Keywords: multidimensional Bernoulli distribution; Dirichlet distribution; binomial distribution;
extremal points; polytope.
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1 Introduction

Sums of Bernoulli random variables model the number of occurrences of some events
within d repeated trials. The case of d independent and identically distributed Bernoulli
variables, the sum of which follows the binomial distribution, is often used in modeling
across different areas, such as reliability (e.g. [14]) and finance (e.g. [6]). However, the
binomial distribution also arises from sums of dependent Bernoulli variables in many
ways ([17]), making it a possible model even when independence cannot be assumed,
[16]. Actually, any discrete distribution with support on {0, . . . , d} can be constructed as
the distribution of sums of Bernoulli variables in many ways ([6]). Formally, let Dd ⊂ Rd+1

be the d-simplex of discrete probability mass functions on {0, . . . , d} and Fd ⊂ R2d be the
2d − 1-simplex of d-dimensional Bernoulli probability mass functions. For any p ∈ Dd, we
define the class P(p) of probability mass functions f ∈ Fd such that if X = (X1, . . . , Xd)

has probability mass function f then
∑d

i=1 Xi has probability mass function p.
In [2], the author proves that, as the dimension d increases, the normalized Hausdorff

measure of Bernoulli sums with distribution close to the symmetric binomial distribution
Bin(1/2, d) converges to one. This means that the Bernoulli sums far from the binomial
distributions are rare. It can be asked whether if this is related to the Hausdorff measure
of P(b(1/2)), where b(1/2) is the probability mass function of Bin(1/2, d) compared to
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The Bernoulli structure of discrete distributions

the Hausdorff measure of P(p) for any other p ∈ Dd. Inspired by this question we

characterize the class P(p) for any p ∈ Dd. We prove that for any p ∈ Dd, P(p) ⊂ R2d−d−1

is a convex polytope and we analytically find its extremal points. The geometrical
structure of P(p) allows us to analytically study many statistical properties of dependent
Bernoulli trials with a given distribution of their sum.

Our main result goes a step further. We prove that the Hausdorff measures of the
polytopes P(p), p ∈ Dd define a continuous function l(p) over Dd which is the density
of an Hausdorff-absolutely continuous, positive, and finite measure µs on Dd. We also
prove that the normalized measure µs belongs to the class of Dirichlet distributions. The
Dirichlet parameters are linked to the dimension of the polytopes P(p). This means that
we have a geometrical interpretation of the Dirichlet distribution for a specific choice of
its parameters.

We observe that the symmetric binomial distribution is the mean of the Dirichlet
distribution on Dd and that when d increases it converges to the mode. This answers our
question: we have the density l(p) for any p and find that the Binomial probability mass
function b(1/2) is close to its maximum value. For any dimension d, given l(p) we can
also find the Hausdorff measure Hd of a neighborhood of P(b) in Dd, and therefore we
can measure the size of probability mass functions of Bernoulli variables with symmetric
binomial sums even for low dimensions when the asymptotic result in [2] does not
applies.

We point out that we use the Hausdorff measure that it is the proper analytical
tool to measure m-dimensional objects (polytopes and simplices) embedded in R2d−1,
with m < 2d − 1. We remark that computations remain exactly the same if, for each
m-dimensional object, we use the Lebesgue measure on Rm since the Hausdorff measure
and the Lebesgue measure of any m -dimensional subset of Rm coincide.

This paper is organized as follows. Section 2 introduces the class P(p), proves that
it is a polytope, find its extremal points and studies its properties. Our main result is
in Section 3, where we find the Hausdorff measure of P(p), p ∈ Dd and we prove that
it defines a density on Dd. Finally, Section 4 focuses on the Binomial distribution and
answers our original question.

2 The convex polytope P(p)

Let X = {0, 1}d, we make the non-restrictive hypothesis that the set X of 2d binary
vectors is ordered according to the reverse-lexicographical criterion. For example for
d = 3, X = {000, 100, 010, 110, 001, 101, 011, 111}. Let Xk = {x ∈ X :

∑d
i=1 xi = k} be

the subset of X that contains all the
(
d
k

)
binary vectors with k ones and d − k zeros,

k = 0, 1, . . . , d. We observe that Xk inherits the order of X . Let xj
k be the j-the element of

Xk, j = 1, . . .
(
d
k

)
. The first element is xk := x1

k = (1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0).

Let X = (X1, . . . , Xd) be a d-dimensional Bernoulli random variable with probability
mass function (pmf) f . We identify f with the column vector which contains the values
of f over X = {0, 1}d, by f = (f1, . . . , f2d) = (fx : x ∈ X ) := (f(x) : x ∈ X ). Let Fd the
2d − 1-simplex of d-dimensional pmfs f of Bernoulli vectors. In this paper we identify
random variables with their distributions, therefore the notation X ∈ Fd means that X
has pmf f ∈ Fd. Let Dd be the d-simplex of discrete pmfs on {0, . . . , d}. The notation
D ∈ Dd means that D has pmf p = (p0, . . . , pd) ∈ Dd.

Any pmf p ∈ Dd is the distribution of the sum of the components of at least one
d-dimensional Bernoulli random vector X ∈ Fd (see e.g. [6]). Actually, in general, behind
any discrete pmf there are infinite Bernoulli vectors X ∈ Fd. Formally, we define the
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The Bernoulli structure of discrete distributions

following map between Fd and Dd.

s :Fd → Dd

f → pf ,
(2.1)

where pf := s(f) is the distribution of the sum S :=
∑d

i=1 Xi and X ∼ f , i.e. X has pmf
f ∈ Fd. For any p ∈ Dd, we define

P(p) = {f ∈ Fd : pf = p}. (2.2)

The next Theorem 2.1 proves that for any choice of p, the class P(p) is a convex
polytope and provides an analytical expression for its extremal pmfs.

Given p, we define the n-dimensional simplex

{x ∈ Rn+1 : xj ≥ 0, j = 0, . . . , n,

n∑
h=0

xh = p}, (2.3)

whose vertices are e0 = (p, 0, . . . , 0), e1 = (0, p, 0, . . . , 0), . . . , en = (0, . . . , 0, p). The length
si,j of the edge between ei and ej , with i, j = 0, . . . , n, i 6= j of the simplex is defined as
si,j =

√∑n
k=1(eik − ejk)2. Since all lengths are equal, si,j =

√
2p, their common value

s =
√
2 p is called the side of the simplex. We denote the n-dimensional simplex with side√

2 p by ∆n,
√
2p.

Theorem 2.1. For any p ∈ Dd the class P(p) = {f ∈ Fd : pf = p} is the convex polytope

P(p) =
∏d

k=0 ∆nk,
√
2pk

, where nk =
(
d
k

)
− 1 and its extremal points are

fσ(x) =

{
pk if x = xσk

k

0 otherwise,
(2.4)

where σ = (σ0, . . . , σk, . . . , σd), σk = 1, . . . ,
(
d
k

)
, k = 0, . . . , d.

Proof. Let p ∈ Dd and let X ∼ f ∈ Fd. We have pf = p if and only if f is a positive
solution of the linear system: ∑

x∈Xk

f(x) = pk, k = 0, . . . d. (2.5)

Each equation of the system (2.5) defines a
(
d
k

)
−1-simplex with side

√
2pk. It is well known

- see [10] - that the
(
d
k

)
extremal points of the simplex are (pk, 0, . . . , 0), (0, pk, . . . , 0), . . .,

(0, . . . , 0, pk). Since Xk ∩ Xj = ∅, for any k 6= j, the extremal solutions of the system are
the ones in (2.4).

Corollary 2.2. The number np of extremal points of P(p) is np =
∏

k∈Supp(p)
(
d
k

)
, where

Supp(p) ⊆ {0, . . . , d} is the support of p.

Proof. The proof follows from Theorem 2.1 since #Xk =
(
d
k

)
.

From Theorem 2.1 and Corollary 2.2 it follows that for any f ∈ P(p) there exist λi ≥ 0

summing up to one such that

f =

np∑
i=1

λiri,

where ri ∈ P(p), i = 1, . . . , np are the extremal points in Equation (2.4). We call ri
extremal points or extremal pmfs of P(p). We denote with Ri a d-dimensional random
variable with distribution ri.

Notice that np depends only on the support and not on the values of p. If {1, . . . , d−
1} ⊆ Supp(p), since

(
d
0

)
=

(
d
d

)
= 1 we have np =

∏d
k=0

(
d
k

)
.
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Example 2.3. As an illustrative example we consider the polytope P(p) in dimension
d = 3 for a given p = (p0, p1, p2, p3) ∈ D3 with full support. The extremal points of P(p)

are np =
(
3
1

)(
3
2

)
= 9 and they are reported in Table 1.

Table 1: Extremal pmfs of P(p), case d = 3
x1 x2 x3 r1 r2 r3 r4 r5 r6 r7 r8 r9
0 0 0 p0 p0 p0 p0 p0 p0 p0 p0 p0
1 0 0 p1 p1 p1 0 0 0 0 0 0
0 1 0 0 0 0 p1 p1 p1 0 0 0
1 1 0 p2 0 0 p2 0 0 0 0 p2
0 0 1 0 0 0 0 0 0 p1 p1 p1
1 0 1 0 p2 0 0 p2 0 p2 0 0
0 1 1 0 0 p2 0 0 p2 0 p2 0
1 1 1 p3 p3 p3 p3 p3 p3 p3 p3 p3

Remark 2.4. Theorem 2.1 can be easily generalized to any surjective map h : X →
{0, . . . , d}. Let phf ∈ Dd the pmf associated to h(X) with X ∼ f ∈ Fd. For any p ∈ Dd the

class PH(p) = {f ∈ Fd : phf = p} is a convex polytope and its extremal points are

fσ(x) =

{
py if x = x

σy
y ,

0 otherwise,

where for any y ∈ {0, . . . , d}, xσy
y is the σy-th element of h−1(y). If h(x) =

∑d
i=1 xi we

have Theorem 2.1.

2.1 Moments and entropy

In [7], the authors prove that the bounds of the moments of a pmf in a convex polytope
are sharp and reached on the extremal points, that in this case are explicitly known.

Proposition 2.5. Let X with pmf f ∈ P(p), then for any {j1, . . . , jk} ⊆ {1, . . . , d},

pd ≤ E[Xj1 · · ·Xjk ] ≤
d∑

h=k

ph,

and the bounds are sharp.

Proof. Since Xj1 · · ·Xjk = 1 is contained in the event
∑d

i=1 Xi ≥ k. It follows

E[Xj1 · · ·Xjk ] =
∑

{x∈X :xj1
···xjk

=1}

fx ≤
∑

{x∈X :
∑d

i=1 xi≥k}

fx =

d∑
h=k

ph

Similarly, the event X1 · · ·Xd = 1 is contained in the event Xj1 · · ·Xjk = 1. It follows

pd = fxd
≤

∑
{x∈X :xj1 ···xjk

=1}

fx = E[Xj1 · · ·Xjk ]

The bounds are sharp because we can consider the extremal pmf r̃(x) defined as

r̃(x) =

{
pk if x = xk,

0 otherwise,

and the associated random variable R̃ with pmf r̃. We have E[R̃1 · · · R̃k] = r̃(xk) +

r(xk+1) + . . .+ r̃(xd−1) + r̃(xd) =
∑d

h=k ph and E[R̃d−k+1 . . . R̃d] = r̃(xd) = pd.
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We now consider the definition of the Shannon entropy for a discrete random variable
W pmf pw := P [W = w] as H(W ) = −

∑
w∈W pw log pw with the convention 0 log(0) = 0.

It is easy to verify that, given a random variable W ∼ p ∈ Dd, the extremal random
variablesR1, . . .Rnp

of the polytope P(p) have all the same entropy, which is equal to the
entropy of W , H(Ri) = H(W ), i = 1, . . . , np. Moreover, we can identify the multivariate
Bernoulli variables whose distributions lie within the polytope P(p), and which have the
maximum and minimum entropy.

Proposition 2.6. Given pmf p ∈ Dd, let XM be a multivariate Bernoulli random variable
with the exchangeable pmf fM ∈ P(p), whose expression is:

fM (x) =


pk

(dk)
if x ∈ Xk, k = 0, . . . , d

0 otherwise,
(2.6)

Then the following hold:

1. XM = argmaxX∈P(p)H(X)

2. Ri = argminX∈P(p)H(X), i = 1, . . . , np,

where Ri ∼ ri and ri are the extremal pmfs of P(p), i = 1, . . . np.

Proof. Both statements can be proved by noting that for any X ∈ Fd we can express its
entropy as: H(X) = −

∑
x∈X f(x) log(f(x)) = −

∑d
k=0

∑
x∈Xk

f(x) log(f(x)).

To maximize (minimize) H(X), it is sufficient to maximize (minimize) each term
−
∑

x∈Xk
f(x) log(f(x)), which represents the entropy restricted to Xk, k = 0, . . . , d. It

is well known that entropy is maximized by choosing a uniform distribution see, e.g.,
[11], and then we get fM in (2.6). The entropy is minimized by choosing a Dirac delta
distribution centered at any point in Xk, k = 0, . . . , d.

3 The induced measure on Dd

The next Theorem 3.2 proves our main result that Bernoulli sums induce a Dirichlet
distribution on the simplex Dd. We need some preliminaries. Since Fd ⊂ R2d is the
standard 2d−1-simplex, Dd ⊂ Rd is the standard d-simplex and P(p) ⊂ R2d is a (2d−d−1)-
convex polytope we consider the Hausdorff measure Hn for any n ∈ {0, . . . , 2d−1}. We
recall that H0(x) = 1, for any x ∈ Rm, m ∈ N (a standard reference for Hausdorff

measures is [4]). The Corollary 3.1 finds the Hausdorff measure of P(p) in R2d−d−1 for
any pmf p ∈ Dd. It is well known (see, e.g., [10]) that the Hausdorff measure of the
n-simplex with side

√
2p, ∆n,

√
2p ⊂ Rn+1 is

Hn(∆n,
√
2p) =

(
√
2p)n

√
n+ 1

n!
√
2n

=
pn

√
n+ 1

n!
. (3.1)

We have the following corollary of Theorem 2.1.

Corollary 3.1. For any p = (p0, . . . , pd) ∈ Dd, it holds

H2d−d−1(P(p)) =

d∏
k=0

Hnk(∆nk,
√
2pk

),

where nk =
(
d
k

)
− 1.

We can now prove our main result.
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Theorem 3.2. Let µs the measure on (Dd,B(Dd)), where B(Dd) is the Borel σ-algebra
on Dd, induced from the function s in Equation (2.1). It holds

µs(A) = H2d−1(s−1(A)) =

∫
A

d∏
k=0

pnk

k

nk!
dHd(p), A ∈ B(Dd), (3.2)

where nk =
(
d
k

)
− 1. Then µs is a positive finite measure on Dd such that µs(Dd) =

H2d−1(Fd). The measure µs is absolutely continuous with respect the Hausdorff measure
on Dd.

Proof. We start proving the following

H2d−1(Fd) =

∫
Dd

d∏
k=0

1√
nk + 1

Hnk(∆nk,
√
2pk

)dHd(p), (3.3)

We explicitly build an isometry αort on Fd by orthonormalizing the following transfor-
mation α

α :Fd → Fd

f → (pjk),
(3.4)

where k = 0, . . . , d, j = 1, . . . ,
(
d
k

)
and

pjk =

{∑
x∈Xk

f(x), j = 1,

f(xj
k), j 6= 1.

Since the resulting isometry does not modify p1k, we write pk = p1k, k = 0, . . . , d.

Let I2d = (ix,j)x∈X ,j∈{1,...2d} be the 2d- identity matrix and let ix be the row vector
ix = (ix,j , j = 1, . . . 2d). Let xk be the first element in the reverse lexicographic order of
Xk, and axk

:= 1√
nk+1

(1Xk
(x),x ∈ X ), k = 1, . . . , d, where 1B() is the indicator function

of B.

Let A := I2d(ixk
→ axk

) be the matrix obtained from I2d by replacing the row ixk
with

the row axk
, k = 1, . . . , d. Let Aort be the matrix obtained from A by the Gram–Schmidt

orthonormalization process applied to the rows of A, considered from the first to the last.
It holds aort

xk
= axk

. In fact, since xk is the first element in the reverse lexicographic
order of Xk, all the preceding rows axh

of A, xh < xk, refer to Xh with Xh ∩ Xk = ∅. It
follows that 〈axk

,axh
〉 = 0, for any row axh

with xh < xk. We also observe that if x2
k

is the second element of Xk we still have 〈ax2
k
,axh

〉 = 0, for any row axh
with xh < xk

and xh /∈ Xk. On the other hand, the product 〈ax2
k
,axk

〉 is different from zero. For our
purposes, it is not necessary to make explicit the result of the orthonormalization, aort

x2
k

but it is enough to notice that the orthonormalization process of ax2
k
will produce a

vector aort
x2

k
with zeros in all the positions xj /∈ Xk. A similar argument holds for the

subsequent rows axj
k
of A, j = 3, . . . , nk + 1. We show the matrices X , A, and Aort for

d = 2 and d = 3. in Remark 3.3. Since Aort is an orthonormal matrix the application

αort :Fd → Fd

f → fort = Aortf ,
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is an isometry. Then it holds

H2d−1(Fd) =

∫
Fd

dH2d−1(f) =

∫
∆

2d,
√

2

dH2d−1(f) =

∫
∆d,

√
2

d∏
k=0

1√
nk + 1

∫
∆nk,

√
2pk

dHnk(fort
Xk

)dHd(p)

=

∫
Dd

d∏
k=0

1√
nk + 1

Hnk(∆nk,
√
2pk

)dHd(p),

(3.5)

where fort
Xk

= (Aortf ,f ∈ Xk), that is (3.3). Plugging Equation (3.1) in (3.5) we have

H2d−1(Fd) =

∫
Dd

d∏
k=0

pnk

k

nk!
dHd(p).

Thus, for any A ∈ B(Dd),

µs(A) = H2d−1(s−1(A)) =

∫
s−1(A)

dH2d−1(f) =

∫
A

d∏
k=0

pnk

k

nk!
dHd(p),

Let l : Dd → R+ defined by l(p) =
∏d

k=0
p
nk
k

nk!
. The function is almost surely continuous

on Dd. Therefore, the measure µs on Dd defined by Equation (2.1) is a positive, finite and
Hausdorff absolutely continuous measure on Dd. By construction µs(Dd) = H2d−1(Fd).

Remark 3.3. For illustration purposes, we show the matrices X , A, and Aort introduced
in the proof of Theorem 3.2 for d = 2 and d = 3. For d = 2, we have

X =


00

10

01

11

 A =


1 0 0 0

0 1√
2

1√
2

0

0 0 1 0

0 0 0 1

 Aort =


1 0 0 0

0 1√
2

1√
2

0

0 − 1√
2

1√
2

0

0 0 0 1

 ;

and for d = 3, we have

X =



000

100

010

110

001

101

011

111


A =



1 0 0 0 0 0 0 0

0 1√
3

1√
3

0 1√
3

0 0 0

0 0 1 0 0 0 0 0

0 0 0 1√
3

0 1√
3

1√
3

0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



Aort =



1 0 0 0 0 0 0 0

0 1√
3

1√
3

0 1√
3

0 0 0

0 − 1√
6

2√
6

0 − 1√
6

0 0 0

0 0 0 1√
3

0 1√
3

1√
3

0

0 − 1√
2

0 0 1√
2

0 0 0

0 0 0 − 1√
6

0 2√
6

− 1√
6

0

0 0 0 − 1√
2

0 0 1√
2

0

0 0 0 0 0 0 0 1


.
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The Bernoulli structure of discrete distributions

Remark 3.4. We observe that Theorem 3.2 can be generalized to any surjective map h

as discussed in Remark 2.4.

The function l : Dd → R+ defined by

l(p) =

d∏
k=0

pnk

k

nk!

is the density of µs with respect the Hausdorff measureHd onDd. The following Corollary
3.5 provides a useful formula for practical computations.

Corollary 3.5. It holds

H2d−1(Fd) =
√
2d

∫
Σd

d−1∏
k=0

pnk

k

nk!
dp0 . . . dpd−1, (3.6)

where Σd = {x ∈ Rd : xj ≥ 0, j = 0, . . . , d− 1,
∑d−1

k=0 xk ≤ 1}, and nk =
(
d
k

)
− 1.

Remark 3.6. Theorem 3.2 provides a link between the Hausdorff measure of the poly-
topes P(p) and the Hausdorff measure of Fd. It holds Fd = ∪p∈Dd

P(p), and

H2d−1(Fd) = N

∫
Dd

H2d−d−1(P(p))dHd(p),

where N =
∏d

k=0
1√

nk+1
.

The following proposition states that the Hausdorff measure of P(p), p ∈ Dd, in-
duces the Dirichlet distribution on the simplex of discrete distibutions Dd (see [13] for
an overview on the Dirichlet distribution). Let Dirichlet(α0, . . . , αd) be the Dirichlet
distributions with parameters α0, . . . , αd.

Proposition 3.7. The density l(p) normalized over the simplex Dd is the Dirichlet density
with parameters αk =

(
d
k

)
, k = 0, . . . , d, on the d-simplex Dd.

Proof. It is sufficient to observe l(p) ∼
∏d

k=0 p
nk

k and nk =
(
d
k

)
− 1 with n0 = nd = 0.

Proposition 3.7 gives a geometrical interpretation for the parameters of this Dirichlet
distribution as the Hausdorff dimensions of the simplexes corresponding to each pj ,
j = 0, . . . , d.

Remark 3.8. Notice that H2d−1(Fd) =
√
2d

(2d−1)!
is the normalizing constant for l(p) to be

the Dirichlet density.

The size of the class of multivariate Bernoulli distributions the sums of which have
pmf close to a given p ∈ Dd depends on the behavior of l(p) in a neighborhood of p. The
next Corollary 3.9 explicitly provides the pmf pM ∈ Dd that maximizes the Hausdorff
measure H2d−d−1(P(p)).

Corollary 3.9. Let pM = (pM0 , . . . pMd ) ∈ D be such that

pMk =

(
d
k

)
− 1

2d − d− 1
, k = 0, . . . , d

then pM = argmaxp∈Dd
H2d−d−1(P(p)).

Proof. The proof follows directly from Proposition 3.7 observing that pM is the mode of
the Dirichlet distribution.

We name pM the maximal pmf in Dd.
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The Bernoulli structure of discrete distributions

3.1 Measuring a neighborhood of P(p)

This section finds the Hausdorff measure of the Bernoulli sums whose pmf is close
to a given p ∈ Dd according to a given metrics d. In practice, using the measure µs we
measure a neighborhood of a pmf p ∈ Dd. This means finding the Hausdorff measure in
Fd of the set of multivariate Bernoulli distributions f such that pf is close to p.

Formally, let d be a distance on Dd and define a neighborhood of p in Dd by

Id(p, ε) = {p̃ ∈ Dd : d(p̃, p) ≤ ε}, ε > 0,

and a corresponding neighborhood of P(p) in Fd as its counter-image through the map s

is (2.1)
IFd (p, ε) = s−1(Id(p, ε)) = {f̃ ∈ F : d(p̃, p) ≤ ε}, ε > 0,

where p̃ = pf̃ . Using Equation 3.2, the Hausdorff measure in Fd of IFd (p, ε) is the measure
µs of Id(p, ε), and this can be found by integration of l(p) over Id(p, ε). Following [2]
we consider the maximum distance on Dd and show as to estimate IS(p, ε). Given two
probability measures P and Q the maximum distance dS defined by

dS(p̃, p) := max
0≤k≤d

|p̃k − pk|.

By definition of IS(p, ε) it holds

IS(p, ε) = {x ∈ Rd+1 :

d∑
i=0

xi = 1, max{pj − ε, 0} ≤ xj ≤ min{pj + ε, 1}, j = 0, . . . d},

therefore IS(p, ε) ⊆ Dd is a convex polytope. From Corollary 3.5 it follows that

H2d−1(IFS (p, ε)) = µs(IS(p, ε)) =
√
2d

∫
ΣS(p,ε)

d∏
j=0

pnk

k

nk!
dp0 . . . dpd−1, (3.7)

where

ΣS(p, ε) = {x ∈ Rd :

d−1∑
i=0

xi ≤ 1, max{pj − ε, 0} ≤ xj ≤ min{pj + ε, 1}, j = 0, . . . d− 1}.

To compute µs(IS(p, ε)) we can find an estimate µ̂s(IS(p, ε)) of µs(IS(p, ε)) by using (3.7)

µ̂d
s(IS(p, ε)) = Ĥ2d−1(IFS (p, ε)),

where Ĥ2d−1(IFS (p, ε)) is an estimate of H2d−1(IFS (p, ε)) computed as

Ĥ2d−1(IFS (p, ε)) = ÊU [

d∏
j=0

Hnj (∆pj
)]Hd(IS(p, ε)) =

∑N
j=1

∏d
j=0 Hnj (∆p̂j )

N
Ĥd(IS(p, ε)),

where p̂j , j = 1, . . . , N are uniformly extracted from IS(p, ε), the expectation EU is
relative to a uniform distribution on the simplex, and Ĥ(IS(p, ε)) is computed using
package volesti [5] which uses a random-walk-based method to provide uniform samples
from a given convex polytope.

4 The binomial distribution

This section focuses on the Bernoulli structure behind the discrete distribution
corresponding to the most important independence model: the binomial distribution.
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The Bernoulli structure of discrete distributions

Let b(θ) ∈ Dd be the pmf of the binomial distribution with parameters θ and d (B(θ, d))
and let P(b(θ)) = {f ∈ F : pf = b(θ)}. From Theorem 2.1 its extremal points are

fσ
B(x) =

{(
d
k

)
θk(1− θ)d−k if x = xσk

k ,

0 otherwise,

where σ = (σ0, . . . , σk, . . . , σd), σk = 1, . . . ,
(
d
k

)
, k = 0, . . . , d. Since the binomial distribu-

tions have full support on {0, . . . , d} from Corollary 2.2 the number of extremal points is
nb := np =

∏d
k=0

(
d
k

)
.

The class of binomial distributions describes a parametrical curve on the simplex
Dd, given by b(θ) = (b0(θ), . . . , bd(θ)), θ ∈ [0, 1]. The following Proposition proves that the
density l restricted to the binomial class is a concave function in the parameter space
[0, 1] and maximal for θ = 1/2, i.e. l(θ) = H2d−d−1(P(b(θ)) is maximal for θ = 1/2.

Proposition 4.1. The map

l :[0, 1] → R+

θ → H2d−d−1(P(b(θ)),
(4.1)

is a concave function in θ and

argmaxθ∈[0,1]H2d−d−1(P(b(θ))) =
1

2
.

Proof. We have

H2d−d−1(P(b(θ))) =

d∏
k=0

(
(
d
k

)
θk(1− θ)d−k)nk

√
nk + 1

nk!
,

thus

log(H2d−d−1(P(b(θ)))) = log
d∏

k=0

(
(
d
k

)
θk(1− θ)d−k)nk

√
nk + 1

nk!

= log

d∏
k=0

(
(
d
k

)
)nk

√
nk + 1

nk!
+ log

d∏
k=0

(θk(1− θ)d−k)nk .

It is sufficient to find the maximum of f(θ) = log
∏d

k=0(θ
k(1− θ)d−k)nk . Straightforward

computations lead to

f ′(θ) =

d∑
k=0

nk

θ(1− θ)
(k − dθ) =

dθ−∑
k=0

nk

θ(1− θ)
(k − dθ) +

d∑
k=dθ+

nk

θ(1− θ)
(k − dθ),

where dθ− is the largest integer smaller than dθ and dθ+ is the smallest integer bigger
than dθ. f ′(θ) = 0 iff

dθ−∑
k=0

nk

θ(1− θ)
(k − dθ) =

d∑
k=dθ+

nk

θ(1− θ)
(k − dθ)

and, since nk = nd−k this is true iff θ = 1/2. If θ > 1/2 we have f ′(θ) < 0 and if θ < 1/2

we have f ′(θ) > 0, and the maximum is reached on θ = 1/2.

Remark 4.2. Notice that the symmetric binomial distribution is the mean of the Dirichlet
distribution Dirichlet(n0 + 1, . . . , nd + 1) on the simplex Dd.
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The Bernoulli structure of discrete distributions

The following proposition proves that if the dimension d increases, the pmf b(1/2)
converges to the distribution pM .

Proposition 4.3. Let b(1/2) be the pmf of the B(1/2, d) and pM is the maximal polytope
pmf in Fd. We have

lim
d→∞

dS(b(1/2), p
M ) = 0, and lim

d→∞
H2d−d−1P(b(1/2)) = lM ,

where lM = H2d−d−1(P(pM )).

Proof. We have

|b(1/2)k − pMk | =
|2d(

(
d
k

)
− 1)− (2d − d− 1)

(
d
k

)
|

2d(2d − d− 1)
=

|(d+ 1)
(
d
k

)
)− 2d|

2d(2d − d− 1)
.

Since
(
d
k

)
is maximal for k = d−1

2 and k = d+1
2 if d is odd, we have

max
k

|b(1/2)k − pMk | =
|(d+ 1) d!

d−1
2 ! d+1

2 !
− 2d|

2d(2d − d− 1)
,

that converges to 0 as d goes to∞. Similarly maxk |b(1/2)k−pMk | converges to 0 as d goes
to ∞ if d is even, since

(
d
k

)
is maximal for k = d

2 . Since limd→∞ dS(b(1/2), p
M ) = 0 implies

limd→∞ |b(1/2)k−pMk | = 0 for any k ∈ {0, . . . , d}. We also have limd→∞ dE(b(1/2), p
M ) = 0,

where E is the usual Euclidean norm and therefore l(b(1/2)) = H2d−d−1(P(b(1/2)))

converges to the maximum lM = l(pM ) of the density l(p).

Since the Bernoulli distribution is close to the maximal pmf pM the Hausdorff mea-
sure of P(b(1/2)) is close to the maximal one both in low and high dimension. As a

consequence we expect that for a given ε, H2d−1(IFS (b(1/2), ε)) converges to the maximal
one. The following Theorem proved in [2] provides asymptotic lower bounds for the size
in Fd of IFS (b(1/2), ε) and shows that its normalized Hausdorff measure goes to one when
d increases.

Theorem 4.4. [2] There exists a constant A such that for all positive integers d and all
positive numbers ε,

µ(IFS (b(1/2), ε)) ≥ 1− A
√
d

ε22d−1
, and µ(IFTV (b(1/2), ε)) ≥ 1− Ad5/2

ε22d−1
,

where µ is the normalized Hausdorff measure on the probability simplex Fd.

In [8] (Remark 2, Section 5) it is shown that even for moderate d, the lower bound
of µ(IFS (b(1/2), ε)) is close to one, meaning that the distributions of sums of Bernoulli
random variables that are not close to the binomial b(1/2) pmf are rare. Using Equations
3.6 and 3.1 we can find the Hausdorff measure of IFS (b(1/2), ε) even for small d, where
the asymptotic result can not be applied. The binomial class of pmfs b(θ) with θ 6= 1/2 is
not close to b(1/2) even in high dimension. Notice that from Proposition 4.1 it follows
that the closer θ is to 1/2 the higher the size of the corresponding polytope P(b(θ)) is.
We mention another important discrete distribution, the Poisson-binomial distribution. It
is the law of the sum of independent and not identically distributed Bernoulli variables
(see e.g. [15] and [1] for an example of its use in applications). The Poisson-binomial
distribution with parameter θ, PB(θ), with θ = (θ1, . . . , θd), is usually far from b(1/2),
as for example if

∑d
i=1

θi
d 6= 1/2, where θi are the means of the independent Bernoulli

variables. Even if
∑d

i=1
θi
d = 1/2, [3] proved that in general b(θ) is not close to b(1/2),

see Remark 3) in [8].
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The Bernoulli structure of discrete distributions

The Shepp-Olkin entropy monotonicity conjecture proved in [12] asserts that if
X has independent components Xi with means θi, i = 1, . . . , d, the entropy H(θ) of
their sum S =

∑d
j=1 Xj , that is a function of the parameters θ = (θ1, . . . , θd), is non-

decreasing in θ if all θj ≤ 1/2. In [9] the author proves that the binomial distribution

b(µd ) ∈ Dd, µ =
∑d

i=1 θi is the maximal entropy distribution in the class of Poisson-
binomial distributions PB(θ). Our Proposition 4.1 proves that the case θi = 1/2, i.e.
the symmetric binomial distribution, corresponds to the Polytope P(b(θ)) with maximal
Hausdorff measure in the class of binomial distributions. Here, we prove that the
symmetrical binomial distribution is the distribution of the sum S of the d-dimensional
Bernoulli variable X = (X1, . . . , Xd) ∈ Fd with maximal entropy.

Proposition 4.5. The multivariate Bernoulli random variable U = (U1, . . . , Ud) ∼ fU ,
where

fU (x) =

{
1
2d

if x ∈ X ,

0 otherwise,

achieves the maximum entropy within Fd. The sum of its components follows a symmetric
binomial distribution.

Proof. It is well known that the uniform random variable over X has the highest entropy
among the class Fd.

To further investigate the parallelism with the Shepp–Olkin conjecture, studying the
concavity of l(θ) = H2d−d−1(P(θ)) as a function of the parameters θ is on the agenda
of our future research since it is an interesting and nontrivial issue. Indeed, even in
dimension two, l(θ) is not concave for any θ ∈ [0, 1]2, e.g. for θ1 = 0.1 and θ2 = 0.4 the
determinant of the Hessian matrix of l(θ) is −0.0270, which is negative.
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