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 A B S T R A C T

Multiphase flows are ubiquitous in both nature and engineering. Over the past two to three decades, 
substantial progress has been made in developing numerical methods for simulating these complex flows. 
Yet, significant challenges persist in accurately capturing intricate interfacial dynamics and the multi-scale 
interactions inherent to multiphase systems. This review focuses on several key numerical approaches that 
have proven particularly relevant from both practical and theoretical perspectives. In particular, we discuss 
Volume-Of-Fluid techniques, level set methods, diffuse interface models, and front tracking methods, along 
with immersed boundary strategies designed for particle-laden flows. We also examine multi-fluid Eulerian 
frameworks, population balance models for reactive processes, and sub-grid scale techniques for handling 
unresolved dynamics. Furthermore, emerging hybrid strategies that integrate conventional numerical methods 
with data-driven machine learning techniques are highlighted as promising directions. In conclusion, while 
current methodologies offer valuable insights into multiphase flow behavior, continued interdisciplinary efforts 
are essential to enhance predictive accuracy, computational efficiency, and the overall applicability of these 
simulations to real-world challenges.
1. Introduction

Multiphase flows are ubiquitous, manifesting in both natural phe-
nomena and a wide range of technical applications. In nature, they 
play an important role in processes such as cloud formation, ocean 
wave dynamics, and volcanic eruptions. In engineering, multiphase 
flows are central to the design and operation of systems like chemical 
reactors, pipelines transporting oil and gas, and cooling systems in 
power plants, among others. Accurate predictions of these complex 
flows are essential for optimizing performance, ensuring safety, and 
mitigating environmental impacts. Over the past 20–30 years, signif-
icant advances have been made in developing numerical methods to 
simulate multiphase flows. Indeed, by some measures the grid resolu-
tion of simulations has doubled every 2.5 years (Kulkarni et al., 2025). 
However, numerous challenges remain, particularly in modeling intri-
cate interfacial dynamics and multi-scale interactions that are inherent 
to these systems.

∗ Corresponding author.
E-mail address: manuel.garcia-villalba@tuwien.ac.at (M. Garcia-Villalba).

Given the vastness of the field, this review cannot offer an exhaus-
tive survey of all numerical methods for multiphase flows. Instead, we 
focus on several areas that we find particularly relevant, both from a 
practical and theoretical standpoint, and which are rich with challenges 
and open issues for future research. For readers seeking a broader 
background, we recommend well established books (Prosperetti and 
Tryggvason, 2009; Tryggvason et al., 2011; Gross and Reusken, 2011; 
Yeoh and Tu, 2019; Subramaniam and Balachandar, 2023) and other 
excellent review articles (Fuster et al., 2009; Subramaniam, 2013; 
Sommerfeld, 2017; Mirjalili et al., 2017; Elghobashi, 2019; Soligo et al., 
2021; Roccon et al., 2023), which provide comprehensive insights into 
multiphase flow phenomena and modeling techniques.

This review is organized following a logical progression of numer-
ical approaches and the underlying challenges they address. We begin 
with Volume-Of-Fluid (VOF) methods (covering geometric techniques 
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and touching on algebraic approaches) and level set methods which 
lay the groundwork for accurately capturing interfaces in multiphase 
systems. Then, we discuss diffuse interface methods, encompassing 
both interface-capturing techniques and phase-field methods. These 
approaches are particularly effective in handling complex interface 
topologies and transitions. Next, we explore front tracking techniques, 
which offer alternative strategies for sharp interface reconstruction. In 
many applications, especially those involving particulate matter, the 
interaction between fluid and discrete solid phases is critical; hence, we 
dedicate a section to Immersed Boundary Methods (IBM) tailored for 
particle-laden flows. Following this, we introduce multi-fluid models 
that employ an Eulerian framework to represent all phases, offering a 
robust alternative for simulating large-scale multiphase interactions.

Recognizing the importance of reactive processes in multiphase 
systems, we also examine population balance models, which are vital 
for understanding the evolution of particle size distributions due to 
phenomena like coalescence and breakage. Addressing the limitations 
of resolution in large-scale simulations, our discussion extends to sub-
grid scale modeling techniques that tackle issues such as topology 
changes and manifold death. Furthermore, we delve into coupled multi-
physics simulations, including fluid–solid interactions with hydraulic 
fracturing and damage mechanics, and also surfactant-laden interfaces, 
thereby capturing the interplay between different physical processes. 
We also highlight the emerging role of data-driven models by briefly 
reviewing articles that have been published on machine learning in 
multiphase flows. The integration of traditional numerical methods 
with machine learning techniques will be the focus of much work in the 
near future. This integration deserves a dedicated review of its own, as 
it is a topic of intense research. It is omitted from the present review 
due to space constraints and the authors’ areas of expertise. The article 
concludes with a brief discussion of other important topics that will 
need further work in the near future, followed by some closing remarks.

2. Geometric methods

2.1. Volume-Of-Fluid method

The Volume-Of-Fluid (VOF) method, which enables the precise Eu-
lerian capturing of phase interfaces required for accurately simulating 
multiphase flows, is almost as old as the International Journal of 
Multiphase Flow. First introduced by Hirt and Nichols (Nichols et al., 
1980; Hirt and Nichols, 1981), VOF methods were later improved 
by using the Simple Line Interface Calculation (SLIC) of Noh and 
Woodward (1976) and then the Piecewise Line Interface Calculation 
(PLIC) of Youngs (1982), providing an intuitive geometric description 
of the phase interface. In their simplest interpretation, VOF methods 
solve a material transport equation for a phasic volume fraction 𝛼, i.e., 
𝜕𝛼
𝜕𝑡

+ 𝐮 ⋅ ∇𝛼 = 0, (1)

where 𝐮 is the fluid velocity. Without loss of generality, consider 𝛼 to 
be the liquid volume fraction in a liquid–gas flow, then 𝛼 = 1 for fully 
liquid cells, 𝛼 = 0 for fully gas cells, while 0 < 𝛼 < 1 represents the 
ratio of liquid volume to cell volume in mixture cells. Alternatively, it 
can be more powerful to consider the VOF methodology in the context 
of moment methods, wherein 𝛼 is the normalized zeroth order spatial 
moment of the point-wise phase indicator function 𝜒 over a grid cell, 
defined for example as 

𝜒 (𝐱, 𝑡) =
{

1, if 𝐱 is in the liquid
0, if 𝐱 is in the gas. (2)

In the absence of phase change, 𝜒 is materially transported at the fluid 
velocity, i.e., 
𝜕𝜒

+ 𝐮 ⋅ ∇𝜒 = 0. (3)

𝜕𝑡

2 
Assuming an incompressible velocity field, integrating over a volume of 
interest 𝛺 bounded by 𝜕𝛺 with outward normal vector 𝐧, and applying 
Gauss’ theorem leads to 

∫𝛺
𝜕𝜒
𝜕𝑡
d𝐱 + ∫𝜕𝛺

𝜒 𝐮 ⋅ 𝐧d𝐱 = 0. (4)

By invoking the Reynolds transport theorem to recast the left-hand-side 
of the previous equation as a Lagrangian derivative, we obtain 
d
d𝑡 ∫𝛺(𝑡)

𝜒 d𝐱 = 0, (5)

where the Lagrangian volume 𝛺 (𝑡) is materially advected at the fluid 
velocity 𝐮. By time-integrating over a time step, we finally obtain 

∫𝛺(

𝑡𝑛+1
)

𝜒
(

𝐱, 𝑡𝑛+1
)

d𝐱 = ∫𝛺(𝑡𝑛)
𝜒 (𝐱, 𝑡𝑛) d𝐱. (6)

Following a semi-Lagrangian approach, the 𝛺 (

𝑡𝑛+1
) volume is taken at 

each new time step to coincide with a grid cell with volume 𝑉 . Dividing 
the previous equation by 𝑉  gives 

𝛼𝑛+1 = 1
𝑉 ∫𝛺(𝑡𝑛)

𝜒 (𝐱, 𝑡𝑛) d𝐱, (7)

which can be readily evaluated to update the volume fraction field 
once a discrete approximation for 𝛺 (𝑡𝑛) has been provided. For ex-
ample, it is customary to transport a polyhedral representation of 
𝛺
(

𝑡𝑛+1
) backwards in time, as illustrated in Fig.  1. Finally, once 𝛼𝑛+1

has been updated over the entire grid, the interface (i.e., the distri-
bution function 𝜒) can be reconstructed, e.g., using a PLIC closure 
model. Such a solution procedure is referred to as an unsplit geomet-
ric VOF scheme, and after several years of development went from 
non-conservative (e.g., Rider and Kothe (1998)), to conservative but 
2D only (López et al., 2004) to fully 3D and exactly bounded and 
conservative (Owkes and Desjardins, 2014) as well as applicable to 
unstructured meshes (Chiodi and Desjardins, 2022). Another advantage 
of such methods is that they can be expressed in flux form, with fluxes 
obtained from geometric considerations at each cell face (Owkes and 
Desjardins, 2014), thereby enabling discretely consistent coupling with 
other transport processes. The main downside of these methods is their 
inherently high cost due to the complex geometric operations required 
for transport. On structured meshes, split geometric VOF schemes such 
as the scheme of Weymouth and Yue (2010) can achieve comparable 
accuracy at a lower cost.

Once the VOF field has been transported, the surface tension force 
𝐅𝜎 can be readily computed using the Continuum Surface Force model 
first introduced by Brackbill et al. (1992), 
𝐅𝜎 = 𝜎𝜅∇𝛼, (8)

where 𝜎 is the surface tension coefficient and 𝜅 is the interface curva-
ture. If the gradient operator in this equation is discretized in the same 
way as the pressure gradient in the Navier–Stokes equation, then such 
a model is well-balanced, meaning that for a discretely constant cur-
vature surface, there exists a numerical pressure that balanced surface 
tension exactly, therefore generating no parasitic current. In realistic 
flows, curvature needs to be approximated, which can be achieved by 
a wide range of methods such as height function (Nichols et al., 1980; 
Hirt and Nichols, 1981; Torrey et al., 1985) and parabolic fitting of 
the PLIC surface (Jibben et al., 2019). If the VOF field is transported 
with second order accuracy, then the curvature cannot be expected to 
converge. However, a recent comparative study suggests that parabolic 
fitting of the surface is quasi second-order for a fairly wide range of 
conditions (Han et al., 2024b).

Current research in geometric VOF methods focuses on improving 
accuracy. Beyond curvature calculation, numerical errors in unsplit ge-
ometric VOF schemes come from three distinct sources: the numerical 
integration of the trajectory followed by the grid cell as it is materially 
transported backwards in time, the polyhedral approximation of the 
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Fig. 1. Schematic representation of the semi-Lagrangian geometric transport of volume fraction showing (a) the exact liquid–gas interface and volume 𝛺 (𝑡𝑛) obtained by material 
transport of a grid cell at velocity −𝐮, (b) the numerical approximations typically performed, including a piecewise planar representation of the interface and a polyhedral 
representation of 𝛺 (𝑡𝑛), (c) the geometric calculation of the liquid volume in 𝛺 (𝑡𝑛) as described by Eq. (7), (d) and the final step of interface reconstruction.
𝛺 (𝑡𝑛) volume, and the piecewise planar approximation of the liquid–
gas interface itself (Remmerswaal and Veldman, 2022). While the first 
error can be readily controlled by selecting an appropriate trajectory 
integration method (including spatial interpolator and time integrator), 
the other two are more challenging to tackle. Going beyond a polyhe-
dral approximation for 𝛺 (𝑡𝑛) has been explored for example by Zhang 
(2013), which considers a spline representation, and by Comminal 
et al. (2015) who retains straight edges but exploits sub-stepping to 
improve the geometric representation of the deformed cell. Reducing 
the error associated with the interface reconstruction involves going 
beyond piecewise planar models, and was achieved for example by Han 
et al. (2024a) with reconstruction with 2 Planes (R2P) (discussed in 
more details in Section 8.1), by Shashkov and Kikinzon (2023) with 
elliptic reconstructions in 2D (MOF2), and by Evrard et al. (2023) with 
piecewise parabolic reconstructions (PPIC).

In contrast to the geometric VOF approach, algebraic VOF meth-
ods differ in the numerical modeling of the phase indicator function, 
𝜒 (Maric et al., 2020). These methods avoid explicit reconstruction of 
the interface in favor of approximating 𝜒 in a computational cell using 
algebraic functions; these functions could involve polynomial approx-
imations or hyperbolic tangent profiles. The computation of the face 
fluxes needed to advect 𝜒 involves a finite-volume discretization that 
obviates the need for interface reconstruction and geometric volume 
integration. High-resolution schemes are used to counter the natural 
numerical smearing that accompanies the use of such approaches. 
These involve the use of compressive high-resolution schemes, or the 
addition of anti-diffusive terms to Eq. (3).

Use of high-resolution schemes in conjunction with the algebraic 
VOF method, however, could give rise to spurious features (Maric 
et al., 2020), which has motivated the use of blended high-resolution 
schemes within algebraic VOF methods that switch between compres-
sive downwind and diffusive upwind schemes depending on interfacial 
alignment as set by the normal vector to the interface. These methods 
include high-resolution interface capturing (HRIC) (Muzaferija and 
Peric, 1997), compressive interface capturing for arbitrary meshes 
(CICSAM) (Ubbink and Issa, 1999), switching techniques for advection 
and capturing of surfaces (STACS) (Darwish and Moukalled, 2006), 
flux blending interface capturing (FBIC) (Tsui et al., 2009), and cubic 
upwind interpolation-based blending (CUIBS) (Patel and Natarajan, 
2015), amongst others. Despite the use of these techniques, however, 
numerical smearing can still be observed wherever the local value of 
the Courant number is insufficiently low. It is, therefore, possible to say 
that although they may be simpler to implement than their geometric 
counterparts, algebraic VOF method are, in general, not as accurate.

The tangent of hyperbolic interface capturing (THINC) approach 
(Xiao et al., 2005) is a hybrid geometric/algebraic method based on 
a geometric formulation that uses a hyperbolic tangent function for 
interface reconstruction. It combines the simplicity of algebraic VOF 
methods with an accuracy comparable to that of geometric VOF tech-
niques (Xiao et al., 2005; Yokoi, 2007; Xiao et al., 2011; Ii et al., 2012). 
Unstructured multi-dimensional THINC (UMTHINC) methods extend 
the THINC approach to triangular and quadrilateral meshes in 2D (Ii 
3 
et al., 2014) and tetrahedral and hexahedral meshes in 3D (Xie and 
Xiao, 2014). Furthermore, use of quadratic surface representation and 
Gaussian quadrature (in so-called THINC/QQ methods) allow THINC 
to be used for unstructured meshes (Xie and Xiao, 2017; Chen and 
Xie, 2022). More recently, in an effort to reduce numerical dissipation 
in algebraic VOF methods without using artificial sharpening tech-
niques, Kim et al. (2021) developed a scheme that transitions smoothly 
between central differences and high-resolution schemes depending 
on the interfacial orientation at each cell face where fluxes are to 
be computed. Flux limiters were also used to ensure volume frac-
tion boundedness in arbitrary unstructured meshes. Kim et al. (2021) 
demonstrated that their algebraic VOF approach has similar accuracy 
to geometric VOF methods.

2.2. Level set method

Level set methods have existed as an alternative to VOF methods 
since the seminal work of Osher and co-workers (Sussman et al., 
1994) for the simulation of two- and multiphase flows. Its popularity 
stemmed from its ease of implementation and the fact that it facilitated 
accurate calculation of the normal to the interface as well as interfacial 
curvature (Nagarth et al., 2005; Nourgaliev and Theofanous, 2007; 
Kees et al., 2011; Hysing, 2012). In a two-phase flow which occurs 
in a volume 𝑉 , wherein phases 1 and 2 occupy volumes, 𝑉1 and 𝑉2, 
respectively, and 𝑉1 ∪ 𝑉2 = 𝑉 , the zero-contour of a level set function, 
𝜓(𝐱, 𝑡), captures the interface, 𝜕𝑉 , separating the two immiscible fluids. 
This function is positive in one phase and negative in the other, as 
shown in Fig.  2.

The interface can be advected using the following equation: 
𝜕𝜓
𝜕𝑡

+ 𝐮 ⋅ ∇𝜓 = 0, (9)

where 𝐮 is the local velocity, which can be obtained from the solution 
of a single-fluid formulation which comprises the mass conservation 
and Navier–Stokes equations wherein the density and viscosity are 
calculated as a function of 𝜓 as follows:
𝜌(𝜓) = 𝜌1𝐻(𝜓) + 𝜌2(1 −𝐻(𝜓)), (10)
𝜇(𝜓) = 𝜇1𝐻(𝜓) + 𝜇2(1 −𝐻(𝜓)), (11)

where 𝜌1 and 𝜌2, and 𝜇1 and 𝜇2, denote the density and viscosity 
of phases 1 and 2, respectively, and 𝐻(𝜓) is a Heaviside function 
smoothed over a number of grid cells. The Navier–Stokes equations 
include a term that represents the continuous force along the interface, 
which corresponds to the product of the surface tension, interfacial 
curvature 𝜅 = −∇ ⋅ (∇𝜓∕|∇𝜓|), and a smoothed Dirac delta function, 
∇𝐻(𝜓). Following an advection step, the signed distance property 
of 𝜓 is lost (a proof of this is provided by Khedkar et al., 2025) 
and a reinitialization step is necessary, which involves advancing the 
following equation to steady-state: 
𝜕𝜓

+ sgn(𝜓̂) (|∇𝜓| − 1) = 0, (12)

𝜕𝜏
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Fig. 2. Schematic representation of the level set function 𝜓 , whereby 𝜓 = 0 demarcates 
the interface 𝜕𝑉  separating the immiscible phases 1 and 2, which occupy volumes 𝑉1
and 𝑉2, wherein (by convention) 𝜓 > 0 and 𝜓 < 0, respectively.

where 𝜏 is a pseudo-time, and 𝜓̂ denotes the level set function prior to 
reinitialization.

This reinitialization step, which leads to an artificial shift in the 
zero-contour of 𝜓 , has been thought to be the culprit for a serious short-
coming of the level set method associated with inability to conserve 
mass (see, for instance, Solomenko et al. (2017) and references therein 
for some of the fixes that have been introduced in the literature). Some 
researchers have sought to address this issue by combining the level 
set method with schemes such as VOF that conserve mass (Enright 
et al., 2002; Sussman and Puckett, 2000; Dyadechko and M. Shashkov, 
2007; Ahn and Shashkov, 2009; Wen et al., 2023) though these hy-
brid approaches are considerably more complicated than the original 
method.

More recently, Khedkar et al. (2025) have shown that the origin of 
the mass gain/loss associated with level set methods is not the reinitial-
ization step but the smoothed Heaviside and Dirac delta functions used 
in the formulation, as highlighted above. By proposing an approach 
based on variational analysis, which makes use of a Lagrange multi-
plier to enforce mass conservation and preserve the signed distance 
property of 𝜓 , Khedkar et al. (2025) appear to prevent mass gain/loss. 
Agreement with mass-conserving level set methods available in the 
literature was demonstrated and extensions to three-phase flows and 
fluid–structure interactions were also carried out.

2.3. Future work

1. Future work will focus on achieving better than second-order 
accuracy for geometric VOF transport, which remains a difficult 
problem and an active area of research.

2. Building on recent advances in preventing mass gain/loss con-
stitutes a potentially fruitful avenue for future research in level 
set methods with possible extensions to flows featuring the 
presence of surfactants, complex geometries and flow–structure 
interactions, three-phase flows with phase change and moving 
contact lines.

3. Diffuse interface methods

Diffuse interface methods are Eulerian methods in which the in-
terface separating two fluid phases is regularized to take place over 
a spatial region with a finite length scale. While true interfaces rep-
resented at the continuum level have a finite thickness on the order 
4 
of molecular mean free path, diffuse interface methods artificially 
exaggerate the interface thickness to the level resolvable by the numer-
ical mesh. The key advantage is that all physical fields, e.g., volume 
fraction or density, become differentiable and traditional numerical 
approximations can be utilized without special numerical treatments 
across the interface. As a result, diffuse interface methods are easy 
to program and are scalable, including on heterogeneous computing 
architectures (Radhakrishnan et al., 2023).

There are two broad classes of diffuse interface methods (Saurel 
and Pantano, 2018): methods in which a numerical scheme diffuses an 
interface, and methods in which modifications to the PDE models allow 
a diffuse representation of the interface. While, the latter techniques 
have been commonly termed phase-field methods in the literature, 
there may be some ambiguities in the nomenclature of the former. In 
the literature the former techniques are often referred to as interface 
capturing techniques (Johnsen and Colonius, 2006). However, the same 
terminology is sometimes used for broader category of Eulerian meth-
ods for interfaces, including sharp interface methods (Ubbink and Issa, 
1999). In this section we use the term interface capturing to refer to 
the former subset of schemes within the diffuse interface methods.

3.1. Interface-capturing methods

Interface-capturing (IC) methods are designed analogous to shock-
capturing methods for compressible flows. These methods rely on 
use of spatial discretizations with an upwind bias that provide suffi-
cient numerical diffusion to artificially thicken sharp interfaces to a 
level resolvable by the numerical mesh. Shock- and interface-capturing 
methods, however, have the following key difference: in the former nu-
merical diffusion is balanced by physical shock self-sharpening, leading 
to bounded numerical shock thicknesses, while in the latter an interface 
thickness can grow due to lack of any self-sharpening mechanism. 
Thus IC methods must either be used with care such that interfaces 
do not grow too diffuse, or they must be supplanted with numerical 
interface sharpening techniques or additional models that account for 
the unresolved physics.

Apart from phase-field methods, discussed in more detail below, 
a number of efforts have been made to try to prevent excessive nu-
merical diffusion of interfaces over time. These include the use of 
limiters (Chiapolino et al., 2017), and nonlinear reconstruction of 
volume fraction with hyperbolic-tangent interpolants (Shyue and Xiao, 
2014). The efficacy of such treatments depend on the discretization 
method, and there can be trade-offs between maintaining a sharp 
interface and introducing spurious anisotropies (Schmidmayer et al., 
2020). The phase-field methods discussed next are an alternative that 
seek to solve this problem at the PDE level.

3.2. Phase-field methods

The second class of methods, which are commonly referred to as 
phase-field (PF) models, maintain finite interface thicknesses by explic-
itly adding interface regularization terms to the governing equations 
at the PDE level. These methods at core are inspired by the phase-
field models that capture phase separation, namely the Cahn–Hilliard 
model (Cahn and Hilliard, 1958; Hohenberg and Halperin, 1977) and 
the Allen–Cahn model (Allen and Cahn, 1979). The Cahn–Hilliard 
model conserves the volume integral of the phase-field variable. There-
fore it can be used readily for cases with no phase change. Based on 
this method, the advection equation (1) for the phasic volume fraction, 
0 ≤ 𝛼 ≤ 1, is written with a nonzero right hand side (Lowengrub and 
Truskinovsky, 1998; Abels et al., 2012; Ten Eikelder et al., 2023): 
𝜕𝛼
𝜕𝑡

+ 𝐮 ⋅ ∇𝛼 = 𝑚∇2
[ 1
𝜖
𝛼 (1 − 𝛼) (1 − 2𝛼) − 𝜖∇2𝛼

]

, (13)

where parameter 𝜖 is a length scale, and parameter 𝑚, is referred to 
as the mobility parameter. The first term on the right hand side acts 
to sharpen the interface, while the second term acts to thicken the 
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interface. The balance between these two terms results in a quasi-steady 
and quasi-one dimensional interface with thickness (𝜖) with a tangent 
hyperbolic profile. To achieve this equilibrium solution in practice, 𝜖 is 
chosen to be on the order of the mesh size, hence making the interface 
small but resolvable, and 𝑚 is chosen large enough to make the right 
hand side more stiff compared to the time scale of deformations by the 
advective term. This approach when coupled to a momentum solver is 
often referred to as Cahn–Hilliard Navier–Stokes (CHNS).

The original Allen–Cahn model (Allen and Cahn, 1979) requires 
some modification before use for simulation of two-phase flows when 
the expectation is that mass of each phase must be conserved. One 
such modification, also referred to as Conservative Allen–Cahn (CAC), 
is introduced by Stafford et al. (2001) and Brassel and Bretin (2011) 
in which mass conservation is enforced as a constraint by including a 
Lagrange multiplier (Brassel and Bretin, 2011; Chen et al., 2011; Kim 
et al., 2014; Huang et al., 2020). An alternative that achieves local 
conservation, also often referred to as conservative diffuse interface 
method (CDI), is based on the method of Chiu and Lin (2011) trans-
formed from Sun and Beckermann (2007) in which a conservative PDE 
is written in the form1

𝜕𝛼
𝜕𝑡

+ 𝐮 ⋅ ∇𝛼 = ∇𝛾 [−𝛼 (1 − 𝛼)𝐧 + 𝜖∇𝛼] , (14)

where again the first and second term result in a dynamic similar to 
that achieved by the first and second term in (13). Likewise, 𝜖 is the 
interfacial length scale and 𝛾 is the stiffness parameter. It should be 
noted that some level set methods (Olsson and Kreiss, 2005; Olsson 
et al., 2007; Desjardins et al., 2008) use a regularization PDE with the 
same right hand side as in (14), however, these methods are inherently 
sharp interface methods aiming to track a discontinuous interface.

While comparative studies (Rossi et al., 2024) are needed to better 
understand the cost–accuracy trade offs of different methods, we here 
briefly describe the common use of various techniques mentioned 
above.

As mentioned, a key advantage of diffuse interface methods is in 
their ease of implementation and thereby parallel scalability since they 
allow a unified numerical scheme without the need for additional costly 
computations near the interfaces. However, within diffuse interfaces, 
one key difference between IC methods and PF methods is in regu-
larization of the interface. Common IC methods allow the interface 
to numerically thicken indefinitely, while PF methods use sharpening 
terms to maintain a finite interface thickness, as shown in an example 
in Fig.  3. One can also see in the figure that PF’s interface sharpening 
has the side effect of interface breakup which would be unexpected in 
the absence of physical surface tension.

Given these tradeoffs, IC methods are often used when interfaces 
have short residence time and when surface tension effects are not 
dominant, otherwise PF methods are more appropriate. In this context, 
some thermodynamically-inspired PF methods are formulated such that 
the interface sharpening ability is directly correlated to the surface 
tension (Jofre and Urzay, 2021; Zhao et al., 2023).

Based on recent literature, for compressible flows, which are also 
typically at higher Reynolds number, often IC (Johnsen and Colonius, 
2006) and CDI-type methods (Shukla et al., 2010; Jain et al., 2020) are 
used, while for incompressible flows CHNS (Khanwale et al., 2020), 
CAC (Huang et al., 2020) and CDI (Mirjalili and Mani, 2021) are 
used more often than IC methods. However, very recent work includes 
compressible formulation for CHNS and CAC (Huang and Johnsen, 
2024).

1 In some studies, this method is also referred to as conservative Allen–Cahn 
(CAC), but we use CDI here to differentiate this work from studies in which 
conservation is achieved via use of Lagrange multipliers.
5 
3.3. Coupling with momentum and energy equations

For compressible fluids the diffuse-interface formulations are most 
often based on the Baer and Nunziato (1986) equations for a mixture 
of materials with, in their most general form, no assumed chemical, 
thermal, or mechanical equilibrium between the components, together 
with appropriate closures for unresolved interactions between the com-
ponents (fluxes of mass, momentum, and energy). These are sometimes 
referred to as the seven-equation model (Saurel and Abgrall, 1999; 
Tiwari et al., 2013), as, for a binary mixture, they comprise equations 
for volume fraction, and two each for conservation of mass, momen-
tum, and energy. Reduction implied by imposing a common velocity, 
pressure, and/or Gibbs free energy between the components, results in 
several different models. The most commonly employed of these are the 
6-equation model of Saurel et al. (2009), which assumes velocity equi-
librium (and can be used with or without chemical equilibrium), and 
the 5-equation model (Kapila et al., 2000) that additionally assumes 
pressure equilibrium. We caution that the nomenclature of referring 
to these models by the number of equations leads to ambiguities as 
some of them have been applied to mixtures of more than two materials 
(increasing the number of equations).

In most target applications the interface is physically sharp on the 
order of nanometer scale, with very fast equilibrium time scale. There-
fore, ideally a 4-equation model that assumes thermal, mechanical, and 
momentum equilibrium across the interface is most relevant to the 
physics. However, to ease numerical robustness often tight equilibrium 
is relaxed and 5- or higher equation models are used. Some imple-
mentations even include additional equations that would be redundant 
in the continuous limit but are useful in controlling their discretized 
behavior.

In incompressible formulations a single momentum equation is 
solved to obtain the velocity field subject to the incompressibility 
condition for the pressure. This equation is coupled to the phase-
field evolution since fluid density and viscosity are explicit functions 
of the phase field variable, which are often assumed to take linear 
forms. Additionally, the surface tension representation is also diffuse 
and coupled to the phase field variable (Jacqmin, 1996, 1998, 2000).

In coupling interface evolution equation to the momentum (and 
energy equation in the case of compressible flows), one should care-
fully consider the implied mass–momentum inconsistency. The diffuse 
dynamics of the interface, e.g. due to numerical dissipation or right 
hand side terms in (13) and (14), implies a mass flux in addition to 
that implied by the explicit velocity field. For robust formulations, 
the momentum and energy transport due to this mass flux should be 
consistently accounted in the coupled equations (Shen and Yang, 2015; 
Mirjalili and Mani, 2021; Khanwale et al., 2022). Along this line of 
thinking, a key requirement is that the model obeys the second law 
of thermodynamics (Shen and Yang, 2015; Chen and Shen, 2016; Guo 
et al., 2017; Zhao and Han, 2021; Khanwale et al., 2022). Additionally, 
for compressible flows the model is expected to be hyperbolic (Toro, 
2013) and such that shock-capturing methods and associated Riemann 
solvers can be devised for its solution.

Regarding discretization, see Maltsev et al. (2022) for a thorough 
review of the finite-volume, finite-difference, discontinuous Galerkin, 
and lattice Boltzmann methods that have been applied to these sys-
tems. In general, IC methods often use WENO-type spatial schemes 
to capture the interface (Jiang and Shu, 1996; Johnsen and Colonius, 
2006; Coralic and Colonius, 2014). While earlier PF methods also relied 
on WENO-type schemes to achieve boundedness (Chiu and Lin, 2011; 
Mirjalili et al., 2020) showed that discretely bounded schemes are 
possible with centered schemes by identifying the stable zones in the 
map of input parameters.
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Fig. 3. Numerically simulated Rayleigh–Taylor instability. Shown is the unstable instantaneous interface between a heavy fluid on top (red) and a light fluid in the bottom (blue). 
Results are obtained under identical resolution and physical setting using IC (a) and CDI (b). (For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)
Source: Figure reproduced from the data of Collis et al. (2025).
 

3.4. Future work

We close this section with our perspective on future research direc-
tions. While great progress has been made in diffuse-interface methods, 
there are several areas requiring more attention:

1. Interfacial instabilities. A variety of instabilities occur at fluid 
interfaces, including Kelvin–Helmholtz, Richtmyer Meshkov, and
Rayleigh–Taylor instabilities. Results in the literature for model 
problems like triple-point shear layers and shock/helium–bubble 
interactions show varying amplitudes of instability waves at the 
interface of a shocked bubble that depend on the specific method 
(including both sharp- and diffuse-interface methods), the order 
of the scheme, and the resolution (Coralic and Colonius, 2014; 
Pan et al., 2018; Paula et al., 2023; Zhang et al., 2025; Jain et al., 
2023). Fundamental work is required to establish benchmark 
problems with converged, validated solutions.

2. Phase change. While IC approaches based on the 5- 6-equation 
models discussed above can be used for phase change problems 
such as cavitation (Pelanti, 2022), the assumption of thermody-
namic equilibrium, which is appropriate in the thin interfacial 
region, is problematic when, as is typical in applications, phase 
change is nucleated by (typically 𝑂(𝜇m)) imperfections or gas 
bubbles that cannot be expected to be resolved. Sub-grid-scale 
models to account for nucleation need to be developed.

3. Diffusive effects. Many models have neglected mass diffusion, 
heat condition, and/or viscosity, and to our knowledge no dif-
fuse interface model consistently treats all diffusive effects. For 
example, Beig and Johnsen (2015) show that special treatment 
involving advecting material properties in the equations of state 
is required to avoid temperature oscillations near interfaces that 
would prevent an accurate assessment of heat conduction. To 
our knowledge, accurate IC treatment of mass diffusion, which 
would be important for systems involving both immiscible and 
miscible materials (for example evaporation of a fuel droplet) is 
missing.

4. Comparative studies. With the burgeoning literature on an 
array of schemes, it can be difficult to establish best practices 
for any given model problem. Drawing meaningful comparisons 
of differing methods on differing computing architectures is 
challenging, but the community should strive to carefully doc-
ument performance on benchmark problems, including careful 
comparison against experiments (Khanwale et al., 2023).
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4. Front-tracking techniques

We discuss here the use of interface-tracking techniques for accu-
rate simulations of multiphase flows following the pioneering work 
of Unverdi and Tryggvason (1992). In some interpretations of these 
techniques (Tryggvason et al., 2001; Shin et al., 2005; Shin and Juric, 
2007, 2009; Shin et al., 2017), the interface is approximated by a 
piecewise linear, or triangular, Lagrangian grids in two and three 
dimensions, respectively; the flow is resolved on a fixed grid. The 
interface corresponds to interconnected marker points that move in 
response to the motion of the fluid relying on accurate interpolation 
of flow variables from the Eulerian grid to the interface and smooth 
distribution of interfacial information on the grid via, e.g., an immersed 
boundary method (IBM) (Peskin and McQueen, 1995).

The Level Contour Reconstruction Method (LCRM), which is a 
hybrid front-tracking/level-set technique, was introduced by Shin and 
Juric (2002) and has been modified by Shin et al. (2005) and Shin and 
Juric (2007) to suppress parasitic currents. Shin and Juric (2009) made 
use of an indicator function, , calculated from the interface using a 
level-set function (Shin and Juric, 2002): 
∇2 = ∇ ⋅𝐆, (15)

where 𝐆 is expressed by 𝐆 = ∫𝐴𝑒 𝐧𝛿(𝐱 − 𝐱𝑓 ) 𝑑𝐴 (Unverdi and Tryggva-
son, 1992; Shin and Juric, 2007) in which 𝐧 is the outward-pointing 
unit normal to the interface, located at 𝐱 = 𝐱𝑓 , 𝐴𝑒 is the interfacial 
area, and 𝛿(𝐱 − 𝐱𝑓 ) is the Dirac delta function. Note that Eq. (15) is 
a modified version of the original relation between the divergence of 
the gradient field 𝐆 and the Laplacian of the indicator function, first 
proposed by Unverdi and Tryggvason (1992).

In more recent versions of LCRM (Shin and Juric, 2007), isocontours 
of the indicator function  are drawn across each Eulerian grid cell 
at each time-step to represent the interface, similar to level-sets, from 
the tracked locations of the Lagrangian marker points, as shown in 
Fig.  4, discarded subsequently. New markers are then obtained from 
the isocontours using high-order splines and this interpolation connects 
neighboring points. This obviates the need for time-consuming book-
keeping and lends itself naturally to parallelization and the ability 
to handle topological transitions, while conserving mass (Shin et al., 
2017). The Lagrangian interfacial elements are advected by integrating 
d𝐱𝑓∕d𝑡 = 𝐕𝑓 , where 𝐕𝑓  denotes the interface velocity, interpolated 
from the velocity field in the Eulerian grid.
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Fig. 4. Schematic representation of the LCRM showing (a) the definition of new marker points (black dots) from the reconstructed isocontours of the distance function field 𝜓 in 
2D; (b) shows how the Eulerian cells are sub-divided into five tetrahedra in 3D and an intersection between them and the isocontour is located.
Source: Image adapted from Shin et al. (2018, 2017).
Using IBM, a flow variable 𝜙𝑙𝑓  at the interface, located at 𝐱𝑓 =
(𝑥𝑙𝑓 , 𝑦

𝑙
𝑓 , 𝑧

𝑙
𝑓 ), can be represented by the following summation (Tryg-

gvason et al., 2001; Shin and Juric, 2002; Tryggvason et al., 2011): 

𝜙𝑙𝑓 =
∑

𝑖𝑗𝑘
𝑤𝑙𝑖,𝑗,𝑘𝜙𝑖,𝑗,𝑘, (16)

where 𝑤𝑙𝑖,𝑗,𝑘 is the weight of each Eulerian grid point with respect to 
𝐱𝑓 , and 𝜙𝑖,𝑗,𝑘 correspond to the flow variable at 𝐱 = (𝑖, 𝑗, 𝑘), which 
consists of uniform cells of size 𝛥𝐱 = (𝛥𝑥, 𝛥𝑦, 𝛥𝑧). These weights are 
defined to ensure that the interpolated quantity remains bounded by 
the corresponding grid values and matches the grid value if the marker 
location coincides with the grid point; the sum of all weights with 
respect to a marker point must equal unity. Computing interfacial 
forces requires information transfer from the interface to the fixed 
Eulerian grid by constructing an approximation of the 𝛿 function 𝜙𝑖,𝑗,𝑘 =
∑

𝑙 𝜙
𝑙
𝑓𝑤

𝑙
𝑖,𝑗,𝑘

𝛥𝐴
𝛥𝑥𝛥𝑦𝛥𝑧 , where 𝛥𝐴 denotes the area of the interface element 

located at 𝐱 = 𝐱𝑓 . Conservation of the interfacial quantity involved 
in the transfer process is connected to the choice of weighting func-
tions, typically defined as a product of one-dimensional distribution 
functions: 𝑤𝑙𝑖,𝑗,𝑘 = 𝑑(𝑟𝑥)𝑑(𝑟𝑦)𝑑(𝑟𝑧), where 𝑟𝑥, 𝑟𝑦, and 𝑟𝑧 are the scaled 
distances between the front and the grid line in the 𝑥, 𝑦, and 𝑧 direc-
tions, respectively; the distribution functions, 𝑑(𝑟), are due to  Peskin 
and McQueen (1995).

Computing the surface tension force 𝐅𝜎 given by 

𝐅𝜎 = ∫𝐴𝑒
𝜎𝜅𝐧𝛿(𝐱 − 𝐱𝑓 ) d𝐴 = 𝜎𝜅𝐻∇, (17)

utilizes a discrete curvature calculated on the Eulerian grid, 𝜅𝐻 , but 
incorporates information from the Lagrangian grid (Shin et al., 2018): 

𝜎𝜅𝐻 =
𝐅𝐋 ⋅𝐆
𝐆 ⋅𝐆

; (18)

here, 𝐅𝐋 = ∫𝐴𝑒 𝜎𝜅𝑓𝐧𝑓 𝛿(𝐱 − 𝐱𝑓 ) d𝐴, and 𝜅𝑓  and 𝐧𝑓  represent twice the 
mean curvature and the normal vector obtained from the Lagrangian 
structure, respectively.

The Edge-Based-Interface-Tracking (EBIT) is closely related to
LCRM. Originally suggested in 2D by Serguei Semushin (1988) in an 
unpublished preprint, it has been revived by Chirco and Zaleski (2022) 
who discussed a simple kinematic version, with only front propagation 
without any dynamics. In this method, as in the LCRM, the front 
is tracked by markers on the edges, but unlike the LCRM the cubic 
element is not subdivided into tetrahedra, so there are no additional 
markers in the interior of the interface cutting the elements (Fig.  5a). 
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Unlike also the LCRM, the method has not been coupled to the Level-Set 
method but to the Volume-Of-Fluid (VOF) method by Pan et al. (2024). 
The volume fraction in the cut cell is determined by the ‘‘Front2VOF’’ 
algorithm described in Kottilingal (2023). The Navier–Stokes equa-
tions are then solved using a standard Volume-OF-Fluid method with 
curvature computed by the Height-Function method (Popinet, 2009). 
As for the LCRM, the tethering of the markers to the grid allows for 
parallelization (Fig.  5b). In the implementation of Pan et al. (2024) the 
Basilisk C language is used which allows to re-employ the octree grid 
refinement. The method was tested on several simple flows, including 
the oscillating droplet (Fig.  5d), and the rising bubble test case of Shin 
and Juric (2002) with Eo = 𝜌𝑙𝑔𝑑2∕𝜎 = 100, Mo = 𝑔𝜇4𝑙 ∕(𝜎

3𝜌𝑙) = 1, 
𝜌𝑙∕𝜌𝑔 = 40 𝜇𝑙∕𝜇𝑔 = 50. The simulation is performed in boxes containing 
32 × 32 × 64 and 64 × 64 × 128 grid points. In the current version 
(or future version) the interface is not able to cross a grid refinement 
boundary.

4.1. Future work

1. While the LCRM and EBIT methods offer a significant improve-
ment over the Front-Tracking method in terms of parallelization, 
they do not yet allow to have two fronts crossing a cell. This 
could be made kinematically possible in the EBIT method by 
allowing two markers per cell edge. However, the coupling with 
the VOF or Level-Set methods should also be modified in that 
case.

2. A more distant perspective is to develop multiscale and subgrid 
methods, such as those developed by Tryggvason for the classical 
Front-Tracking method (Thomas et al., 2010; Aboulhasanzadeh 
et al., 2012; Radl et al., 2008). Such extensions are under active 
investigation.

3. For subgrid heat and mass transfer modeling, the fact that mark-
ers are not advected in a Lagrangian manner by the flow in EBIT 
and LCRM impedes the use of the boundary layer integration 
method used in classical front tracking, which is a loss if such 
multiscale methods are needed.

4. Other types of multiscale computations involve the treatment of 
flow ‘‘singularities’’, such as small droplets, bubbles, ligaments, 
and thin sheets, as distinct objects that are specifically and 
simultaneously tracked. Although this goal remains a challenge 
for the future, computationally efficient Front-Tracking methods, 
such as EBIT and LCRM, are promising candidates for achieving 
it.
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Fig. 5. (a) The principle of the EBIT method: at most one marker is placed on each edge of the grid. (b) The parallelization of the vortex-in-box kinematic test case in 3D. Each 
color corresponds to a different MPI process. (c) The gridding of a sphere by EBIT (d) Convergence test for the droplet oscillations in the pure VOF and the EBIT–VOF coupled 
case. (e) A rising bubble computed by the pure VOF method (f) A rising bubble computed by the EBIT method.
5. The main challenge of such multiscale methods is code develop-
ment, since a general tracking code for ligaments and thin sheets 
is still missing, even if EBIT and LCRM are steps in the adaptation 
of Front Tracking towards more efficient and flexible massively 
parallel and multiscale modeling.

5. Immersed boundary methods for particle-laden flows

Particle-laden flows occur frequently in engineering applications 
and natural processes. These flows involve two phases: a continu-
ous fluid phase and a dispersed particulate phase distributed within 
the fluid. The phases exchange mass, momentum, and energy across 
their interfaces. We distinguish between the flow features near the 
particles, i.e. the microscale, and the flow features at the scale of 
the considered problem (the river or the fluidized bed, for example) 
that we denote the macroscale. In general, flow features at interme-
diate scales are also relevant, and we denote them the mesoscale. 
In this section, we focus on numerical methods to solve for the mi-
croscale, the so-called particle-resolved direct numerical simulations 
(PR-DNS) (Uhlmann et al., 2023). For the reader interested in meth-
ods to solve for the mesoscale/macroscale, we refer to recent re-
views (Maxey, 2017; Subramaniam and Balachandar, 2023). Other 
techniques for studying particle-laden flows, such as Lagrangian point 
particle methods (Brandt and Coletti, 2022) and Stokesian dynam-
ics (Torre and de Graaf, 2025), are not discussed in this review due 
to space limitations.

There are two main strategies for simulating the flow around mov-
ing particles: boundary-conforming and non-conforming methods. In 
boundary-conforming methods, the grid needs to be adapted in time 
to accommodate for the varying position of the particles. This leads 
to costly remeshing operations and the corresponding mapping of flow 
velocities and pressure to the new grid. A review of such methods 
can be found in Wachs (2019). In non-conforming methods, the in-
terface condition is imposed by using additional source terms in the 
governing equations or introducing Lagrange multipliers, among other 
alternatives. There are several successful methods being in use in the 
particle-laden flow community. However, for reasons of space we con-
centrate in this article in one of them: the immersed boundary method 
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(IBM) (Mittal and Iaccarino, 2005; Verzicco, 2023). The reader inter-
ested in other alternatives is referred to the recent review of Uhlmann 
et al. (2023), where Boltzmann-equation-based methods and Lagrange 
multiplier methods are also discussed. The IBM was first developed 
by Peskin (1972, 2002) in the context of heart flow simulations and 
since then multiple variations have been published and are in use today 
for a variety of problems (Sotiropoulos and Yang, 2014; Kim and Choi, 
2019; Griffith and Patankar, 2020; Mittal and Bhardwaj, 2022; Arranz 
et al., 2022).

One method that has found widespread use in the context of 
particle-laden flows is the direct-forcing IBM developed by Uhlmann 
(2005). It was developed for spherical particles and later extended to 
particles of arbitrary shape by Moriche et al. (2021). In this method, 
the Navier–Stokes equations of the incompressible flow are solved in an 
Eulerian grid, which is typically Cartesian; to track the motion of the 
particles a Lagrangian grid for each particle is employed. The equations 
read

∇ ⋅ 𝒖𝑓 = 0, (19)
𝜕𝒖𝑓
𝜕𝑡

+
(

𝒖𝑓 ⋅ ∇
)

𝒖𝑓 = − 1
𝜌𝑓

∇𝑝 + 𝜈∇2𝒖𝑓 + 𝒇 𝑖𝑏𝑚, (20)

where 𝒖𝑓  is the fluid velocity, 𝑝 is the pressure, 𝜌𝑓  the fluid density, 
𝜈 the kinematic viscosity and 𝒇 𝑖𝑏𝑚 is a volume force, to enforce the 
boundary condition at the surface of the particle. For each particle the 
Newton–Euler equations are solved in the form of differential equations 
for the particle velocity 𝒖𝑝 and angular momentum with respect to the 
center of mass, 𝒉𝑝,

𝜌𝑝𝑉𝑝
d𝒖𝑝
d𝑡 = 𝜌𝑓 ∮𝜕𝑆

𝝉 ⋅ 𝒏d𝜎 + 𝑭 𝑒𝑥𝑡 , (21)

d𝒉𝑝
d𝑡 = 𝜌𝑓 ∮𝜕𝑆

𝒓 × (𝝉 ⋅ 𝒏)d𝜎 + 𝑻 𝑒𝑥𝑡 , (22)

where 𝜌𝑝 is the particle density, 𝑉𝑝 is the volume of the particle, 𝝉 is 
the hydrodynamic stress tensor, 𝒏 is the unit normal vector pointing 
towards the fluid, 𝒓 is the position vector of any point in the body 
with respect to the center of mass and 𝑭 𝑒𝑥𝑡 and 𝑻 𝑒𝑥𝑡 are external forces 
and torques, respectively. The latter may include contributions from 
buoyancy, collisions, lubrication, etc.
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In the original method, the equations are solved sequentially, first 
the fluid equations are solved and this is followed by the particle 
equations, in what is known as a weakly coupling. The first step is to 
determine a preliminary velocity field, 𝒖̃𝑓 , solution of the momentum 
Eq. (20) in the absence of immersed boundary forcing. Then, the pre-
liminary velocity is interpolated to the Lagrangian grid. In general, this 
preliminary velocity will be different from the desired fluid velocity, 
𝒖(𝑑)𝑓 , at each Lagrangian point. The latter is obtained from the no slip 
boundary condition at the interface, i.e. the desired fluid velocity is 
equal to the particle velocity at the interface. The forcing term that 
drives the velocity towards the desired fluid velocity is then defined at 
each Lagrangian point as 

𝒇 𝑖𝑏𝑚 =
𝒖̃𝑓 − 𝒖(𝑑)𝑓

𝛥𝑡
, (23)

where 𝛥𝑡 is the time step. Finally, the forcing term can be spread back 
to the Eulerian grid, to complete the integration of the Navier–Stokes 
equations. Once the fluid has been solved, the hydrodynamic forces 
and torques are easily evaluated and employed as input to solve the 
Newton–Euler equations of the particle motion (21)–(22).

As pointed out by Zhou and Balachandar (2021), the method ‘‘is 
very popular because it is easy to implement and flexible to simulate 
various problems’’. Using this method it is now possible to perform 
PR-DNS with over one million well-resolved particles (Kidanemariam 
et al., 2022). Despite its success, the method of Uhlmann has a number 
of limitations. One of them arises from the weak coupling between 
the Navier–Stokes equations for the fluid phase and the Newton–Euler 
equations for the particle motion, leading to a lower stability limit for 
the density ratio between solid and fluid phase of about 1.2.

Over the years the method of Uhlmann has been modified and 
improved by several authors. Some modifications have targeted the 
interpolation and spreading operations (Vanella and Balaras, 2009; 
Pinelli et al., 2010; Gsell and Favier, 2021). Other modifications have 
allowed to extend the stability limit to light particles (Kempe and 
Fröhlich, 2012b; Breugem, 2012; Schwarz et al., 2015). In particu-
lar, Tschisgale et al. (2017, 2018) introduced an interface layer with 
finite thickness to which the rigid body assumption is restricted. They 
also altered the order in which the equations are solved, leading to a 
more tightly coupled system. With this approach the authors showed 
improved stability even in the limit of vanishing particle mass. Using 
some of the ideas of Tschisgale et al. (2017), a simple modification 
to the original method of Uhlmann (2005), particularly efficient for 
neutrally buoyant particles, has been recently proposed (García-Villalba 
et al., 2023; Schenk et al., 2025).

Using IBM methods to perform PR-DNS simulations physical mecha-
nisms related to the microscale flow can be clarified. For dilute systems, 
collisions are not very important and simple repulsion models (Glowin-
ski et al., 1999) that ensure no overlap between particles are often 
employed. Perhaps the simplest dilute system of practical interest that 
can be studied with these methods is the gravity-induced settling of 
suspended particles in a quiescent, ambient fluid. For particles of 
spherical shape, the problem is governed by three parameters: the 
density ratio between the solid and the fluid phase, the Galileo number, 
which is a Reynolds number based on the gravitational velocity, and 
the particle volume fraction. Despite its simplicity, the problem is very 
rich due to the presence of collective effects. For some values of the 
parameters, clusters of particles are formed that have a significant im-
pact on the settling velocity (Kajishima and Takiguchi, 2002; Uhlmann 
and Doychev, 2014). There is indeed experimental confirmation of this 
observation (Huisman et al., 2016). Also, while the particles settle, 
the surrounding fluid ceases to be quiescent and pseudo-turbulence 
is generated. The properties of this pseudo-turbulence remain largely 
unexplored and deserve further investigation. An additional aspect 
is that the shape of the particles has proven to have a significant 
impact on cluster formation, and consequently on the properties of the 
resulting macroscopic flow. It has been shown that cubes behave very 
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much like spheres (Seyed-Ahmadi and Wachs, 2021) while spheroids 
have a stronger tendency to cluster formation (Fornari et al., 2018a; 
Moriche et al., 2023). For large aspect ratio, oblate spheroids tend to 
pile up (Fornari et al., 2018a), while for moderate aspect ratio the 
oblate spheroids have been shown to have longer interaction times 
compared to spheres (Moriche et al., 2023). For prolate spheroids, the 
results are still not conclusive (Lu et al., 2023; Jiang et al., 2024). A key 
difference between oblate spheroids, spheres, and cubes is that oblate 
spheroids do not rotate continuously, while both spheres and cubes 
do. This suggests that particle rotation may inhibit cluster formation 
to some extent. A complete understanding of the problem is not yet 
available, since the parametric space has been sparsely covered and 
therefore further studies are needed. For other applications of PR-DNS 
to dilute systems the reader is referred to a recent review (Chouippe 
et al., 2023).

For dense systems, the contact interactions between particles are 
increasingly important and deserve more attention (Wachs et al., 2023). 
Two aspects need to be considered: hydrodynamic interactions (lubri-
cation) and solid–solid contacts. First, when two particles get close 
to each other, lubrication forces become significant, and they cannot 
be resolved by the numerical method. These effects may need to be 
included via sub-grid scale models or lubrication corrections to be 
added to 𝑭 𝑒𝑥𝑡 and 𝑻 𝑒𝑥𝑡 in Eqs. (21)–(22). Various lubrication models 
have been proposed in the literature (Kempe and Fröhlich, 2012b; Costa 
et al., 2015; Biegert et al., 2017; Jain et al., 2019). They are mainly 
based on lubrication theories based on the flow in the Stokes regime 
and the resulting forces that can be computed analytically or using 
asymptotic expansions. Despite significant advances in lubrication mod-
els, debates persist regarding their application within IBM frameworks. 
One major concern is that lubrication effects only become significant 
when particles are extremely close to each other, making it difficult 
to numerically disentangle these effects from the IBM forcing itself. 
Recall that the IBM forcing term is computed on a Lagrangian grid and 
then distributed to surrounding Eulerian cells, which in turn influences 
the hydrodynamic forces incorporated in the Newton–Euler equations 
of motion. Clarifying this interplay remains an open challenge that 
requires further investigation.

With respect to the modeling of solid–solid collisions, the literature 
on this topic is very extensive. There is a main distinction between 
soft-sphere collision models and hard-sphere collision models. In the 
latter, the collision is treated as an instantaneous event, the particles 
are assumed to be rigid and no overlap is allowed. The collision is 
resolved using impulse-based methods. At the moment of collision, an 
instantaneous change in momentum is applied to each particle based 
on conservation laws and a restitution coefficient, which quantifies 
the energy loss during the impact. Due to this simplicity, hard-sphere 
models do not capture the detailed physics of deformable contacts or 
simultaneous multi-particle interactions. As a consequence, they are 
not often used for dense systems. Instead, soft-sphere collision models 
are typically employed (Kempe and Fröhlich, 2012a; Kidanemariam 
and Uhlmann, 2014; Biegert et al., 2017). In this approach collisions 
are treated as continuous processes. When particles come into contact, 
they are allowed to slightly overlap. The overlap is used to calculate 
contact forces via spring–dashpot or viscoelastic models. The spring 
component represents elastic deformation, while the dashpot accounts 
for dissipative effects, capturing energy losses during the collision. 
Because the collision force is computed over a finite time interval, soft-
sphere models require time-resolved simulations where the collision 
process is integrated alongside the overall dynamics, often requiring 
sub-stepping for improved accuracy. Other effects may be incorporated 
via the particle interaction terms, such as agglomeration and break-up, 
and these are the subject of intense research (Vowinckel et al., 2019, 
2023).
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5.1. Turbulent, particle-laden wall-bounded flows

In turbulent wall-bounded flows containing a dispersed solid phase, 
the key questions pertain to how turbulence is modulated and where 
the particles are transported. Among the various parameters governing 
the system, particle concentration — expressed as volume and/or mass 
fraction — plays a crucial role. In highly dilute systems, the global 
influence of the solid phase on the flow is negligible, allowing the focus 
to be solely on particle transport. Restricting on particles smaller than 
the characteristic hydrodynamic length scales, the problem was nu-
merically addressed in the 1990s through direct numerical simulations 
employing the point-particle approximation in the one-way coupling 
regime. For a recent review, see Brandt and Coletti (2022). A key 
phenomenon in wall-bounded turbulence is the preferential transport 
of inertial particles towards the wall, driven by inhomogeneous turbu-
lence, commonly referred to as turbophoresis (Marchioli and Soldati, 
2002). As particle concentration increases, whether in terms of mass 
or volume, the impact of dispersed phase on flow becomes significant, 
requiring two-way or four-way coupling models. This introduces sev-
eral critical challenges related to the small-scale modeling of particle 
dynamics and back-reaction (Gualtieri et al., 2015; Evrard et al., 2021; 
Balachandar and Liu, 2023). For instance, it remained unclear whether 
and under what conditions particles increase drag and/or enhance wall 
turbulence due to conflicting results. Over the past decade, particle-
resolved direct numerical simulations (PR-DNS) have provided valuable 
insights into these cases. This technique enables a detailed simulation 
of all relevant scales in the physical process of particle-laden flows. 
However, since resolving the typical particle scale on the computational 
mesh requires approximately 10 or more grid points per particle diam-
eter, PR-DNS of channel flows at low Reynolds numbers may involve a 
total grid point count reaching several billion (Prosperetti, 2015; Costa 
et al., 2021).

In turbulent channel flow with neutrally buoyant spherical parti-
cles, two key parameters govern the system: the volume fraction and 
the particle size relative to the wall viscous length (Picano et al., 
2015). In viscous suspensions, the increase in apparent viscosity due 
to particle-induced stresses is well established (Stickel and Powell, 
2005). However, even when this effect is incorporated by adjusting the 
effective Reynolds number, the dynamics of wall turbulence remains 
modified in the presence of particles of finite size, i.e., those larger than 
the viscous length (Costa et al., 2016). This effect is particularly rele-
vant in high Reynolds number flows, where the viscous length is small. 
Under dense conditions, particle-induced stresses can dominate the 
overall dynamics, potentially reducing turbulent activity and turbulent 
Reynolds shear stress while still increasing total drag. In this regime, 
the suspension dynamics in channel flows deviates from conventional 
turbulence, exhibiting much slower dispersion rates, distinctive particle 
migration towards the bulk, and the formation of a particle layer near 
the wall. Given the moderate Reynolds numbers typically explored in 
current PR-DNS studies, the behavior at high inertia remains uncertain. 
In this regime, the classical Bagnoldian model — where particle colli-
sions dominate — would traditionally be expected, yet recent studies 
have challenged this assumption (Hunt et al., 2002; Yousefi et al., 
2023).

At the opposite limit, relatively dilute suspensions can consist of 
particles with a density much higher than that of the carrier fluid. 
In this regime, despite the low volume fraction — such that particle 
interactions are negligible and the fluid viscosity remains essentially 
unchanged — the mass fraction can be sufficiently high to modulate 
turbulence through the dispersed phase. Notably, particle back-reaction 
has been observed even at mass fractions on the order of 10−2, leading 
to a 10% increase in overall drag (Peng et al., 2019; Costa et al., 2021). 
Analysis of PR-DNS data has revealed that the mechanism behind the 
observed drag increase differs significantly from that in concentrated 
suspensions. In this case, the particles are dilute but much denser and 
more inertial, which enhances the turbulent shear Reynolds stress of 
10 
the suspension, leading to increased drag. Notably, the particle shear 
Reynolds stress exhibits a pronounced peak in the near-wall region, at-
tributed to a combination of inertia and lift effects. This results in a drag 
increase greater than what would be expected based on dimensional 
arguments (Costa et al., 2021). Even under highly dilute conditions, 
discrepancies have been observed between PR-DNS results and pre-
dictions from standard point-particle simulations regarding near-wall 
particle dynamics (Costa et al., 2020). This highlights the need for 
further investigations into these configurations.

5.2. Future work

Regarding the open issues that will define the next challenges in 
numerical methods, physical understanding, and modeling, we can 
outline the following key points:

1. Compressible gas-particle flows introduce new physical phenom-
ena, such as shock waves and acoustic waves interacting with 
particles. Despite their significance, only a few recent studies 
have explored these aspects in the context of PR-DNS (Capece-
latro and Wagner, 2024). This highlights the need for further 
investigations to develop improved models that accurately cap-
ture shock–particle interactions, drag laws incorporating Mach 
number effects and collective behaviors.

2. Polydispersity is another aspect that has not been extensively 
investigated. Despite its importance in environmental and engi-
neering applications, only a few studies have accounted for its 
effects (Fornari et al., 2018b; Rahmani et al., 2018). The prefer-
ential transport, collisions and close interactions in polydisperse 
systems pose a significant challenge, particularly for PR-DNS, 
due to the intrinsic variation in particle length scales that must 
be fully resolved.

3. All these features should be properly modeled within the Euler–
Euler and Euler–Lagrange frameworks, which involve several 
unclosed terms, particularly in highly coarse-grained approaches 
such as Wall-Modeled Large Eddy Simulations (WMLES) and 
Reynolds-Averaged Navier–Stokes (RANS) methodologies (John-
son et al., 2020; Osnes et al., 2023). In these context the new 
tools provided by Artificial Intelligence can provide new oppor-
tunities in this field.

4. Lubrication–collision coupling in dense systems. The interplay 
between IBM forcing and lubrication physics at sub-grid sepa-
rations remains poorly quantified. Future methodologies should 
integrate analytical lubrication solutions for gaps below 2𝛥𝑥, 
coupled with data-driven corrections for finite Reynolds number 
effects. Experimental validation to separate numerical artifacts 
from true near-contact dynamics in dense suspensions is highly 
desirable.

5. Multiphysics coupling. New applications require IBM extensions 
to solve coupled transport equations (e.g., species concentration, 
temperature). Developing conserved quantity exchange proto-
cols at fluid–particle interfaces will be essential for simulating, 
for example, catalytic or reactive particles.

6. Multi-fluid models

6.1. Fundamental equations and closure models

The multi-fluid approach, which bases on an Eulerian representation 
of all phases, is frequently used to simulate multiphase flows involv-
ing bubbles, droplets or particles in medium and large domain sizes. 
The latter scales are typical for industrial processes such as bubble 
column reactors, stirred tank reactors, flotation cells, steel casting and 
nuclear reactor cooling systems, to name only a few examples. It 
allows to use relatively coarse numerical meshes, making it often the 
only feasible numerical approach. In the averaging procedures used to 



M. Garcia-Villalba et al. International Journal of Multiphase Flow 191 (2025) 105285 
obtain separate balance equations for each phase 𝛼, Eqs. (24)–(26), 
information about the precise location and shape of interfaces is lost 
and interpenetrating phases are assumed to be present with a certain 
probability.

The basic equations are the mass conservation 
𝜕𝑟𝛼𝜌𝛼
𝜕𝑡

+ ∇ ⋅ (𝑟𝛼𝜌𝛼𝒖𝛼) = 𝛤𝛼 , (24)

and the momentum conservation 
𝜕𝑟𝛼𝜌𝛼𝒖𝛼
𝜕𝑡

+∇⋅(𝑟𝛼𝜌𝛼𝒖𝛼𝒖𝛼) = −𝑟𝛼∇𝑝+∇⋅(2𝑟𝛼𝜇𝛼,𝑒𝑓𝑓𝑺𝛼)+𝑟𝛼𝜌𝛼𝒈+𝒇 𝛼+𝜞 ′
𝛼 , (25)

with the transfer terms 
𝒇 𝛼 =

∑

𝛽≠𝛼
𝒇 𝛼𝛽 , 𝛤𝛼 =

∑

𝛽≠𝛼
𝛤𝛼𝛽 , 𝜞 ′

𝛼 =
∑

𝛽≠𝛼
𝛤𝛼𝛽𝒖𝛼𝛽 . (26)

Here 𝑟𝛼 , 𝒖𝛼 , 𝜌𝛼 , 𝜇𝛼,𝑒𝑓𝑓 , 𝛤𝛼 , 𝜞 ′
𝛼 , 𝑺𝛼 and 𝒇 𝛼 are the volume fraction, 

the velocity, the density, the effective viscosity, the mass source due 
to phase transfer between phase 𝛼 and 𝛽, 𝛤𝛼𝛽 , the momentum source 
connected to this mass source computed from the velocity of the 
reduced phase, 𝒖𝛼𝛽 , the stress tensor and the interfacial momentum 
transfer of phase 𝛼. 𝑝 is the pressure and 𝒈 the acceleration due to 
gravity.

All information on local structure of the interfaces and phase in-
teraction (as 𝒖𝛼𝛽 and 𝛤𝛼𝛽) has to be considered by closure models. 
Disregarding mass and heat transfer for now, such models are required 
for the momentum transfer between the phases, usually expressed in 
terms of bubble, droplet or particle forces and coalescence and breakup 
of the disperse entity. To account for the latter a coupling with a 
population balance model, e.g. the method of classes (Lehnigk et al., 
2023) or method of moments (Passalacqua et al., 2018) is required. In 
addition the modification of the carrier phase turbulence needs to be 
considered in general.

The main issue of the approach concerns these closure models. 
There are many model proposals in literature and often such models 
include adjustable parameters. Many papers present model validations 
based on data from only one or a few experiments. To achieve good 
agreement with these data, in most cases a result-oriented selection of 
models and tuning of parameters is made. However, this leads to model 
setups that are hardly transferable to modified flow situations (i.e. geo-
metrical variations or other boundary conditions) and limits the needed 
predictive capabilities. Suitable closure models should only depend on 
local flow characteristics. Therefore, the same closure models should 
also apply to flows within a certain parameter range of the local flow 
characteristics, regardless of the specific geometric configuration.

6.2. Baseline model development and validation framework

This consideration led to the proposal to establish baseline models. 
As part of this baseline strategy well-defined closure models including 
all parameters are tested on various data from experiments (Lucas et al., 
2016). Such a baseline model was first developed and validated for 
bubbly flows (Rzehak et al., 2017). Later, the set of models was updated 
several times based on a well-defined strategy (Liao et al., 2018). Based 
on the multiphaseEuler solver module of the OpenFOAM Foundation 
software, simulation setups are collected and maintained in an open-
source case repository containing more than 250 experimental datasets 
for various flow situations of bubbly flows (Hänsch et al., 2024). A fully 
automated workflow management has been established (Hänsch et al., 
2021), which allows to simulate all these cases or subsets of them (in 
the standard validation run about 80 cases are used) in a reproducible 
manner. The workflow can be executed with one command, runs in 
a containerized environment, and creates a report from hundreds of 
results, including various plots of parameters (Lehnigk et al., 2023). 
The quality of the CFD prediction can further be quantified using a 
recently developed fuzzy logic controller operating on error metrics 
that describe the deviation of the CFD result from the experimental 
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data. This allows a systematic comparison of the performance of the 
baseline model set with a modified model setup. The whole procedure, 
including the choice of criteria for the fuzzy logic controller, is still 
in its infancy, but modern AI tools make it possible to take model 
development and validation to a new level and are likely to boost 
the necessary consolidation of a reliable set of closure models for the 
multi-fluid approach.

In addition to the framework, the improvement and generalization 
of the closure models themselves is of course an important task. This 
should not only be driven by improving the agreement with experimen-
tal data sets, but should preferably be based on a better understanding 
of the local flow phenomena, relying on theoretical considerations, 
high-fidelity experimental data and direct numerical simulations (DNS). 
Here, improved measurement techniques and computational resources 
enabling DNS for increasingly complex multiphase flows, both com-
bined with machine learning methods (Hessenkemper et al., 2024), will 
be the basis for strong progress in the years to come.

However, there is still a long way to go. To give an example, the 
lateral lift force on bubbles is crucial for the distribution of the bubbles 
e.g. at a pipe cross section or a bubble column. The widely used correla-
tion by Tomiyama et al. (2002) was obtained for highly viscous systems 
(glycerol solution), in a linear laminar shear flow for a single bubble. 
This is far away from real flow situations. Recently, a correlation has 
been obtained for a bubble in water (Hessenkemper et al., 2021), but 
the other limitations remain. Shi et al. (2023) showed that the lift 
force coefficient is already significantly different when the main flow 
direction and the relative velocity are not parallel. It is very important 
to extend the available correlations for such flows, flows with non-
linear shear and rotation, turbulent flows, bubble swarms and others. 
Similar tasks need to be solved for other bubble forces, coalescence and 
breakup models and turbulence modulation by bubbles. And, of course, 
the whole procedure has to be repeated for flows with droplets and 
particles.

6.3. Morphology-adaptive modeling approaches

In many medium and large scale industrial flows, the size of the 
interfaces varies over a wide range of scales. There may be very small 
droplets or bubbles at one end and large interfaces at the other. In 
addition, transitions between these different morphologies need to 
be considered, such as entrainment and detrainment processes. Typi-
cally, different numerical approaches are used for the different scales. 
While large interfaces can be treated in a resolved manner in one-
fluid approaches such as Volume of Fluid (VoF) or Level Set methods, 
disperse phases are considered unresolved in the multi-fluid model. 
Mixed regimes or transitions between the scales are not captured. To 
overcome this limitations, there are a few proposals in the literature 
aiming to bring these two strategies together. Some of them are based 
on a combination of VoF-like methods with Lagrangian particle track-
ing, while others are purely based on the multi-fluid approach. Some 
of them use a two-field approach and a morphology-specific blending 
of closure models: AIAD (Höhne et al., 2020), FF-LIS (Mathur et al., 
2019), others introduce more fields to strictly separate the different 
morphologies with their own set of conservation equations. Examples 
for the latter are GENTOP (Hänsch et al., 2012), GEMMA (Colombo 
et al., 2022), FF-LIS (Frederix et al., 2021), LBM (Mer et al., 2018) 
and MultiMorph (Meller et al., 2021). The Dresden6 group brings 
together a number of international organizations (Helmholtz-Zentrum 
Dresden-Rossendorf, University of Sheffield, VTT Technical Research 
Center, NRG Petten, Jožef Stefan Institute, University of Santa Catarina, 
Siemens Industry Software, Ansys Germany) working on such concepts 
with the aim of advancing and maturing the various approaches in a 
consistent way.

The MultiMoph model (Schlegel et al., 2023, 2024), see Fig.  6, is 
based on the multiphaseEuler module of the OpenFOAM Foundation 
software with a modification regarding the numerical scheme (compact 
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Fig. 6. Morphology-adaptive modeling of gas entrainment by plunging jet. Interfaces that are much larger than the grid size are resolved, while a statistical approach is used for 
interfaces smaller than the grid size. Adaptive modeling is used in between.
momentum interpolation). A consistent formulation of the drag and 
virtual mass forces is adopted to allow for a good representation of 
resolved interfaces between continuous phases. If the resolution is fine 
enough, the results, e.g. for the simulation of a resolved bubble, agree 
with VoF-like one-fluid methods, but having separated fields for the 
phases. If the resolution is too low, an under-resolution parameter 
is determined based on the local shear (Meller et al., 2023). This 
parameter is the basis to blend in a slip between the phases. If the 
bubble is represented only by a few grid cells, the gas will be transferred 
to the disperse gas phase. Recently, to capture the reverse scenario, 
a mass and bubble number consistent sub-model has been established 
to generate resolved bubbles out of the disperse gas phase in case of 
an over-resolution. Empirical transfer mechanisms such as entrainment 
and detrainment can be considered as well as numerically initiated 
transitions at regions with under- or over-resolution. One of the next 
steps will be the inclusion of wall film models. The MultiMorph model 
has been verified by numerous test cases and was also validated for 
some applications. However, even though the basic framework is now 
available as open-source code (Schlegel et al., 2024), there are still 
many open questions, especially regarding the consistent simultaneous 
modeling of empirical transitions, which represent a major challenge 
for the future work.

6.4. Future work

The main challenges for the further development of the multi-fluid 
approach are:

1. Consolidation of closure models. It requires generalized clo-
sure models that are applicable in a wider range of flow con-
ditions and with a better physical basis. The development of 
new or improved models should be based on theoretical con-
siderations, high-fidelity experimental data and DNS data. Mod-
ern IT-tools and machine learning methods are promising for 
progress.

2. A generalization of the modeling to extend the applicability. 
Since different morphologies can occur in one flow domain, and 
the morphology is often not known a priori, frameworks need to 
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be established that can handle such situations. There are some 
promising methods under development, but it will be a long 
way to consolidate them together with appropriate transition 
mechanisms.

7. Population balance models for reactive multiphase flows

In the context of the multi-fluid models, described in the previous 
section, the phases are represented within an Eulerian framework, 
via volume fractions and mean velocities, as interpenetrating media. 
Governing equations, based on mass, momentum and energy conser-
vation principles, are solved for each phase, and key terms in these 
equations are those quantifying the rate of exchange of relevant prop-
erties, namely mass, momentum and energy, between the involved 
phases. In the case of poly-disperse multiphase systems, where there is 
a continuous phase (gas or liquid) and one or multiple disperse phases 
(solid particles/crystals/aggregates, liquid droplets or gas bubbles) a 
key property in defining these rates of exchange (known as phase 
coupling terms) is the size distribution of the elements of the disperse 
phase (Buffo and Marchisio, 2014). This is the so-called particle or crys-
tal size distribution (PSD or CSD), the droplet size distribution (DSD) or 
the bubble size distribution (BSD), depending on the multiphase system 
of interest (Marchisio and Fox, 2013).

These size distributions change with time in the multiphase systems, 
and with space, as they are often spatially heterogeneous, due to a 
number of phenomena, particularly relevant in the case of reactive 
multiphase systems and flows. Examples of these phenomena are: 
combustion processes and turbulent flames with (soot) particles for-
mation (Pollack et al., 2019), reacting fluidized beds, reacting bubble 
columns and gas-liquid stirred tank reactors (Gemello et al., 2018; 
Maluta et al., 2021; Allio et al., 2023), multiphase packed-beds reactors 
and porous media (Crevacore et al., 2016; Messina et al., 2015; Icardi 
et al., 2023), reacting emulsions and liquid–liquid dispersions (Ferrari 
et al., 2023), as in the case of emulsion polymerization and food emul-
sions, and reactive crystallization (also known as precipitation) (Raponi 
and Marchisio, 2024; Para et al., 2022; Raponi et al., 2023a; Para et al., 
2023; Morgeneyer et al., 2022).



M. Garcia-Villalba et al. International Journal of Multiphase Flow 191 (2025) 105285 
In all these cases chemical reactions (or other physical phenomena, 
such as boiling) can generate the disperse phase. Solid crystals and 
particles, liquid droplets or gas bubbles can be formed spontaneously in 
what is known as nucleation, and the nucleation rate, often estimated 
by resorting to the classical nucleation theory, defines the rate with 
which these elements are formed per unit volume and unit time. Chem-
ical reactions can moreover induce or enhance mass transfer between 
phases, enlarging or reducing the size of the elements of the disperse 
phase, resulting in what is known as continuous molecular growth (or 
shrinkage). Eventually chemical reactions, or other phenomena can 
induce aggregation or breakage of the elements of the disperse phase(s), 
resulting in their ‘‘discrete’’ size enlargement or reduction, with specific 
rates, often expressed in terms of ‘‘kernels’’, whose functional form is 
often derived, via a parallelism with the gas kinetic theory.

These phenomena, overall known as particulate processes, cause 
continuous and discrete changes of the above-mentioned size distribu-
tions, namely PSD, CSD, DSD, BSD, which can in turn be described by 
population balance equations (PBEs). The PBE is a continuity statement 
written in terms of these size distributions and it accounts for the 
effects of all these phenomena, all these particulate processes, classified 
as: continuous drift (molecular growth), zero-order (nucleation), first-
order (breakage) and second-order (aggregation) (Soos et al., 2013) 
processes. In its mathematical formulation the PBE resembles the Boltz-
mann transport equation, derived in the context of statistical mechanics 
and kinetic gas theory, to describe molecular velocity distributions 
for systems far away from the Maxwell–Boltzmann equilibrium (Icardi 
et al., 2012), but also the Williams master equation for sprays or the 
Smoluchowski equation for colloidal systems (Shiea et al., 2020b).
Coupling strategies and numerical methods. Several strategies have been 
developed for the solution of this equation, in the context of computa-
tional fluid dynamics (CFD) multifluid models. These can be roughly 
classified into two categories: (1) on-the-fly/on-line coupling (Feng 
et al., 2023; Li and Marchisio, 2022; Li et al., 2021) and (2) off-line 
coupling (De Bona et al., 2016; Romano et al., 2023; Raponi et al., 
2023b).

7.1. On-the-fly coupling

In the first category the PBE is solved together with the other gov-
erning equations within the numerical framework of the CFD code, very 
often based on the finite-volume method. For this strategy two main nu-
merical methods have been proposed and have been used: the method 
of classes (MoC) and the method of moments (MoM) (Salenbauch et al., 
2019). With the MoC the size distribution is discretized into finite ‘‘size 
bins’’ or ‘‘classes’’ and the PBE is transformed into a set of balance 
equations, quantifying the rate of appearance or disappearance, in 
each size class, of the number, volume or mass (per unit volume) of 
particles/crystals/droplets/bubbles belonging to that specific class. The 
method is quite intuitive and very robust, however it suffers from the 
fact that the overall size distribution range (or width) needs to be 
known a priory, that dealing with aggregation and breakage is not easy, 
and that the extension of the method to multi-variate problems, where 
not only size, but also other internal coordinates (e.g. composition or 
shape) are considered, is not easy.

With the MoM the PBE is broken down into a finite-set of transport 
equations for the moments of the size distribution, PSD, CSD, DSD or 
PSD, exactly as done with the Grad moment method (for molecular 
velocity distributions) in the context of the gas kinetic theory. The dif-
ferent moments of the size distribution have different physical meaning, 
depending on the details of its formulation. In general the moment of 
order zero represents the total particle/crystal/droplet/bubble number 
density, the moment of order one the total length density, the moment 
of order two and three are respectively proportional to the total surface 
area per unit volume and the total volume fraction of the disperse 
phase. Moreover ratios of these moments corresponds to different mean 
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particle/crystal/droplet/bubble size. Namely the ratio between the mo-
ments of order one and zero is the number-averaged size, between three 
and two is the area-averaged size (or Sauter diameter) and between 
four and three is the volume-averaged size. The distance between 
these three characteristic sizes is a measure of how polydisperse the 
multiphase system is, as for a perfectly monodisperse system all the 
averages collapse into one single value! The MoM has the advantage 
of being generally cheaper than the other methods, as a small number 
of moments is required to describe the size distribution (i.e. typically 
no more than four or six) and no a-priori knowledge on the width of 
the size distribution is needed. However, the solution of the moments 
transport equation in CFD codes, based on the finite-volume method, 
requires the use of specific time and space integration and discretization 
schemes, that combine the efficiency of numerical CFD schemes and 
the preservation of the moments realizability (Shiea et al., 2020a; Li 
et al., 2019). In essence the introduction of these moments equations 
add more constraints for their numerical solution to the ones usually 
encountered in CFD (i.e. boundedness and stability).
Monokinetic versus polykinetic approaches. As already mentioned, with 
multifluid models the multiphase system is represented by a number of 
interpenetrating continua, one constituting the continuous phase and 
the other representing the disperse phase(s). Mass balance (continuity) 
and momentum balance equations are solved for each phase. If only 
one disperse phase is present (e.g. solid particle or crystals, liquid 
droplets or gas bubbles) the entire disperse phase can be represented by 
one single ‘‘phase’’ with one momentum balance equation attached. In 
this case all the elements of the disperse phase move with the same 
velocity, which is the average velocity. Alternatively (for relatively 
small Stokes number flows) one single momentum balance equation 
for the mixture of the continuous and disperse phase can be solved, 
and then the velocities of the two phases can be back calculated 
with an algebraic approach (Tronci et al., 2021). In both cases it is 
straightforward to assume that all the elements of the disperse phase 
move with the same velocity, this is called the monokinetic approach. 
Both with the MoC and with the MoM all the classes or all the moments 
move with the same average velocity. When the size distribution is 
however very wide it is more realistic to assume that elements of 
the disperse phase characterized by different sizes move with different 
velocities. This can be done in a number of different ways, will result 
in classes and moments moving with different velocities, and is usually 
called the polykinetic approach (Li et al., 2020; Buffo and Marchisio, 
2014). Among different strategies it is worth mentioning the velocity 
polynomial approximation (VPA), employed in the context of the MoM, 
in which the size-conditional velocities are modeled with the velocity 
polynomial coefficients (VPCs) that can be in turn obtained from the 
moments themselves (Marchisio and Fox, 2013).

What are the typical pros and cons of the MoC and the MoM?

• MoC requires knowledge of the width of the size distribution 
whereas MoM does not

• MoC can be solved with standard time and space discretization 
and integration numerical schemes subjected to the usual bound-
edness and stability constraints, whereas the MoM requires the 
use of ad-hoc numerical schemes

• MoM usually can be employed with a very small number of 
additional transport equations (four or six) whereas the MoC 
requires more equations and results in larger computational times

Parallelization in HPC implementations and speed-up strategies. When 
dealing with real scale, industrial applications, of reacting multiphase 
flows, the necessity of accounting for detailed kinetics (as in com-
bustion) (Salenbauch et al., 2017), co-existence of complex chemical 
equilibria (as in precipitation), cause a rise in computational costs 
that can be addressed only resorting to High Performance Computing 
(HPC) resources. It is also worth to mention that since most applica-
tions involve turbulent flows, a turbulent model needs to be used. In 
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the context of Reynolds-averaged Navier–Stokes equations (RANS) or 
Large-Eddy Simulation (LES) models (Maniscalco et al., 2021) a molec-
ular mixing or micro-mixing model must be included (Marchisio and 
Fox, 2016). This causes an additional burden to the CFD calculation.

In this context the strategies adopted for parallelization are crucial. 
One standard strategy is to divide the computational domain into 
regions and assign each region to a parallel process and a specific 
core. Since however the reactive multiphase system is spatially het-
erogeneous, different phenomena characterized by different rates occur 
in different regions, resulting in a large load unbalance between the 
different parallel processes and corresponding cores. Since to move 
to the subsequent task, all the processes needs to be finished, typi-
cally one region constitutes the bottleneck, resulting in very inefficient 
parallelization, poor speed-up, bad scaling and unsatisfactory overall 
performances. To overcome this issue, together with another issue, 
related to the fact that the characteristic timescale for fluid physical 
transport might be very different from those of relevant particulate 
processes (i.e. nucleation, growth, aggregation and breakage), operator 
splitting (OS) can be adopted. OS integrates transport equations (for 
all the relevant properties) by separating each single time step (or 
iteration) in two parts: first physical transport is solved and then the 
particulate processes (i.e. nucleation, growth, aggregation and break-
age) appearing in the source terms of the transport equations are 
solved. This decoupling allows to use large time steps, accelerate con-
vergence, resulting in smaller computational times, but allows also to 
parallelize independently and synergistically physical transport (with 
a regional approach) and source terms for particulate processes. This 
results in much faster and more robust computations.

7.2. Off-line coupling

When the timescales associated with physical transport, namely the 
rate with which the phases move around in the multiphase systems, 
are very different from those associate with the particulate processes, 
namely nucleation, growth, aggregation and breakage, the off-line 
coupling method can be used. With these techniques (usually in the 
context of the multifluid models) CFD is used to determine the flow 
and turbulent fields in the multiphase systems, by adopting a first-
approximation size distribution. These flow and turbulent fields are 
then employed to solve the PBE decoupled and separated from the main 
CFD code and the size distribution is determined. This is fed back to the 
CFD multifluid model and the process is iterated until convergence is 
reached. Several ways to solve off-line the PBE can be identified. They 
are listed and described below.

Volume-averaged models. When the timescales associate with physical 
transport are faster then those associated with particulate processes, or 
in other words mixing is faster than nucleation, growth, aggregation 
and breakage, a volume-averaged approach can be used. Very often 
the ratio between these timescales is referred to as the Damkhöler 
number (Marchisio, 2024). The PBE can, in fact, in this case, be 
averaged out resulting in a volume-averaged PBE, in which the parti-
cle/crystal/droplet/bubble size distribution depends only on time and 
not or space. This requires special attention to the source terms related 
to the particulate processes involved. In fact, the fact that mixing is 
faster than the particulate processes, implies that the size distribution 
is quite spatially homogeneous in the system, and does not change 
from point to point in the system, but it does not imply that the 
rate with which particles/crystals/droplets/bubbles nucleate, growth, 
aggregate and break, is spatially homogeneous. There will be likely 
regions where particles/crystals/droplets/bubbles nucleated, grow, ag-
gregate or break more than in others. The volume-averaged PBE must 
be therefore properly solved.
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Compartment models. In this second case the computational domain, 
representing the system/flow or reactor, is divided into compartments. 
The number of compartments can be freely defined by the modeler 
and can range from one (resulting in the volume-averaged model) to 
the number of cells employed in the finite-volume CFD simulation 
(resulting in the on-the-fly on-line coupling). The compartments are 
identified with different algorithms, such as the reactor network model 
of Fluent and the agglomerative-clustering of scikit-learn (Pedregosa 
et al., 2011). The general concept is to group together computational 
cells from the finite-volume CFD calculation which are neighboring 
and share similar values of specific flow properties. In the context 
of RANS/LES simulations this could be the value of the turbulent 
dissipation rate, which is the driving force for molecular mixing, par-
ticle/crystal/droplet/bubble aggregation and breakage, or of the con-
centration of a key chemical species, which is the driving force for 
the involved chemical reactions. This is schematically represented in 
Fig.  7. It is important to remind the reader that some fundamental 
questions still need to be answered, as the transport equations for the 
CFD multifluid model and the compartment model are not identical, as 
in the compartment model only convective fluxes are computed and no 
diffusion (either molecular not turbulent) is present.

7.3. Future work

Future work should focus on the main challenges related to the use 
of population balances in the context of multifluid models, namely:

1. Applicability of the closure models: the different particulate 
processes are described via rate equations and kernels that have 
limited applicability and contain empirical parameters.

2. Identification of the model parameters: the population balance 
model contains many unknown parameters which needs to be 
fitted with experiments. Novel and faster techniques for param-
eter identification needs to be developed and machine learning 
can be a game changer (Raponi and Marchisio, 2024).

3. More efficient parallelization and acceleration: simulations are 
still computationally very expensive and innovative strategies to 
make them faster are urgently needed.

8. Sub-grid scale modeling

Subgrid-scale models become necessary when essential features 
have length scales smaller than the grid size. Such features are common 
whenever interfaces are substantially deformed and break up, as is 
the case in atomizing flows. The pinching of thin threads (either 
liquid or gas) is known to occur in finite time as shown from the 
work of Eggers (1993). On the other hand topology change by the 
piercing or perforation of thin sheets is not occurring in finite time if a 
continuum sharp interface model is used. The sheet will simply stretch 
and thin indefinitely. Experimental observations (Opfer et al., 2014; 
Kant et al., 2023) show however hole formation and subsequent rapid 
expansion following the Taylor–Culick rim dynamics (Taylor and G.I, 
1959; Culick, 1960). (For a discussion of the possible physical causes of 
breakup see Villermaux (2020) and Poulain et al. (2018).) The Taylor–
Culick speed provides a convenient manner to estimate the sheet 
thickness ℎ𝑐 at breakup time. Perhaps surprisingly, this thickness is not 
nanometric, but much larger, on the scale of a hundred nanometers to 
a hundred microns depending on the flow. A much-studied example is 
a floating bubble, whose ‘‘death’’ has been abundantly studied starting 
with the work of Debrégeas et al. (1998). Other small structures arising 
in multiphase flow are thin thermal or mass transfer boundary layers, 
electrical double layers and Debye layers, compound droplets and so 
on. The dynamic contact line requires subgrid modeling whenever the 
grid is larger than the regularization scale of the singularity (Kulkarni 
et al., 2023) although it is beyond the scope of this paper.
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Fig. 7. Development of a compartment model. From one single CFD simulation by using different algorithms computational cells are grouped together in compartments, exchanging 
mass with each other, via convective fluxes. The modeler can freely set the number of compartments ranging from one (volume-averaged model) to a full CFD simulation.
Fig. 8. Bag formation when a liquid droplet is exposed to a gas cross-flow at a Weber number of about 15: standard VOF with PLIC breaks up right away into meaningless droplets 
(left), while VOF with R2P preserves the thin liquid film without any spurious break-up as the film falls below the mesh resolution (middle), in agreement with experiments (Opfer 
et al., 2014) (right).
8.1. Topology changes

In most scenarios, Eulerian interface capturing methods such as 
VOF will exhibit mesh-dependent behavior when predicting topology 
changes: this is due to the mesh size providing a minimal length scale 
for interface folding below which topology change is triggered. This is 
most obvious in the case of bag break-up, wherein a fast gas penetrates 
a liquid structure and inflates a thin liquid film into a large bag-like 
shape. From theory and experimental observations, the thin liquid film 
is expected to have a thickness close to or below a micron by the 
time the bag breaks. In simulations, however, the bag always ruptures 
when the film reaches the mesh resolution. To address this issue head 
on, a new interface reconstruction method for geometric VOF called 
Reconstruction with 2 Planes (R2P) (Chiodi, 2020; Han et al., 2024a) 
was recently developed. As its name indicates, R2P represents the 
liquid–gas interface as two planes that co-exist within a single computa-
tional cell. In comparison to the widely used Piecewise Linear Interface 
Calculation (PLIC) (Youngs, 1982), this new algorithm greatly improves 
the accuracy of the reconstruction, in particular when dealing with thin 
structures such as films. The placement of the two planes requires the 
solution of a non-linear optimization problem in six dimensions, which 
can be solved efficiently thanks to an excellent initial guess formulated 
from transported surface data, and an efficient and mass-conserving 
distance-finding algorithm that accounts for two planes with arbitrary 
orientation. The ability of R2P to capture the formation and transport 
of SGS liquid films in a two-phase flow simulation is illustrated in Fig. 
8: in that example, the droplet is discretized with about 20 cells per 
diameter, which means that the film thickness is orders of magnitude 
smaller than the mesh, yet no spurious break-up is seen with R2P.

Exploiting this SGS film capturing capability, Han and Desjardins 
(2024) introduced a SGS film break-up model. First, it is assumed that 
the film ruptures whenever its thickness falls below 2 μm, in accordance 
with experimental observations by Jackiw and Ashgriz (2022). When 
rupture happens, the SGS film retracts from its rim according to Taylor–
Culick theory and sheds droplets, as described in the work by Wang and 
Bourouiba (2018). In the simulations, this is modeled by progressively 
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converting the SGS film into Lagrangian droplets in a mass-conserving 
manner, using a recently proposed model for the drop size pdf (Jackiw 
and Ashgriz, 2022). Finally, the ligament break-up model of Kim and 
Moin (2020) is used to predict the outcome of the fragmentation 
of the left-over large rim. This strategy is demonstrated in Fig.  9 
with the problem of a droplet at a Weber number of approximately 
15 undergoing bag break-up in a cross-flow: a thin liquid sheet is 
formed, and bursts into  (

104
) droplets, while the rim forms a ligament 

that survives longer and undergoes a slower Rayleigh–Plateau break-
up process. The modeled break-up process is in excellent qualitative 
agreement with experimental images by Opfer et al. (2014), and the 
resulting drop size pdf is found to be in excellent agreement with recent 
holographic measurements by Guildenbecher et al. (2017). Again, since 
the bag is entirely tracked at the sub-grid scale, a mesh size of only 
about 20 cells per drop diameter is sufficient to achieve convergence 
of the bag and drop statistics.

8.2. Manifold death

Various interface tracking methods react in different ways when 
the thickness of the sheet reaches a few multiples, typically two or 
three, of the grid scale. Typically, Level-Set methods evaporate the 
thin phase and lose the associated mass. This transformation is called 
numerical evaporation. Volume-of-Fluid methods conserve mass and 
thus transform the thin sheets into a complex array of ligaments and 
droplets as shown by Kulkarni et al. (2025). This transformation is 
called numerical breakup. The size of these ligaments and drops is 
related to the size of the sheet, which may lead to a population of 
droplets much larger than the physical ones if the numerical breakup 
of the sheet occurs for sheet thicknesses much larger than the ones 
observed in the experiments. Numerical breakup also prevents the 
observation of convergence of the PDF of droplet sizes, since refining 
the grid leads to a change in the droplet production after numerical 
breakup or evaporation. Upon grid refinement, Level-Set methods seem 
to converge to a limiting PDF from below as shown by Herrmann (2011), 
while VOF methods seem to converge to a limiting PDF from above as 
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Fig. 9. Bag break-up model based on R2P: (a) compares qualitatively the simulated film break-up with experimental images by Opfer et al. (2014), while (b) compares quantitatively 
the resulting droplet size distribution against measurements by Guildenbecher et al. (2017).
Fig. 10. Illustration of the signature method for a thin sheet. 
Source: Reproduced from Chirco et al. (2022).
Fig. 11. Evolution of a thin sheet under the action of the Manifold Death algorithm. The holes shown are pierced at random in the regions detected by the signature method of 
Fig.  10.
Source: Reproduced from Chirco et al. (2022).
seen in the PDFs of Ling et al. (2017). This seems clearly caused by 
the mass loss in the Level-Set method and the mass conservation in the 
VOF method.

The Front-Tracking methods can maintain the existence of the thin 
objects indefinitely resulting in the absence of topology change and 
droplet production via hole perforation. To control these various thin-
sheet-related unphysical numerics, a simple solution is to perforate a 
hole in the thin sheet when it reaches a specified critical thickness ℎ𝑐 . 
For Level-Set and Front-Tracking methods it is sufficient to arbitrarily 
change the phase of the sheet to the opposed phase in a region or 
ball of size 𝓁𝑏. That size must be larger than ℎ𝑐 for the hole to 
expand rather than ‘‘healing’’ according to the energetic argument 
of Taylor and Michael (1973). In the Front-Tracking method, a more 
complex reconnection algorithm must be used to change the topol-
ogy of the front. (For a description of how this can be performed, 
see Razizadeh et al. (2018).) The Front reconnection method has been 
used by Afanador et al. (2021) to study atomizing 2D flow. Droplet 
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size PDFs where however not investigated using the Front-Tracking 
method. Controlled hole perforation for Volume-of-Fluid methods was 
first described by Chirco et al. (2022) who called it the Manifold Death 
(MD) method to emphasize that hole formation results in the quick dis-
appearance of the thin sheet by Taylor–Culick expansion. The method 
allows to obtain convergence of the PDF in at least a range of droplet 
sizes. The method of Chirco et al. (2022) is based on the analysis of the 
topology of the neighborhood of a cell to detect various configurations 
of the phase distribution. This analysis is performed by the computation 
of a quadratic form, a CPU-efficient procedure that does not require 
complex analysis such as skeletonization. The signature of the quadratic 
form is then computed to distinguish the various configurations as 
shown on Fig.  10. The scale at which the quadratic form is computed 
controls the critical sheet thickness ℎ𝑐 for breakup. This thickness 
is approximately ℎ𝑐 = 3𝛥𝑀𝐷 where 𝛥𝑀𝐷 is the octree grid size at 
which the quadratic form is estimated. The method was first tested on 
the phase inversion problem, a kind of atomization-in-a-box for which 
the droplet size distribution is known not to converge (Estivalezes 
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et al., 2022). A clear convergence of the PDF is seen. The method 
was subsequently tested by Tang et al. (2023) and Kulkarni et al. 
(2025) who also observe improvements in the convergence of the PDF, 
although at least in the case of Kulkarni et al. (2025). The number 
of droplets below the critical sheet thickness ℎ𝑐 also increases with 
grid refinement while keeping ℎ𝑐 constant. The method clearly needs 
improvement, which could simply be realized by a better control of 
the ‘‘hidden parameters’’ of the algorithm. Indeed the MD algorithm 
has a clearly defined parameter, the critical sheet thickness ℎ𝑐 and 
two less understood parameters, the time interval between attempts 
at hole formation, and the maximum number of holes perforated at 
this time step. Both of these parameters control the hole perforation 
frequency. It seems likely from the visualizations of Fig.  11 and from 
the excess of very small droplets that the perforation frequency is too 
high and should be somehow adjusted. A more complex improvement 
of the method would be to include some physical knowledge about the 
hole formation process. Both perspectives should lead to an improved 
capability of simulations to predict the droplet size distribution.

8.3. Future work

The main areas of future work can be categorized as follows

1. The R2P method could be supplemented with a Taylor–Culick 
rim retraction model and a ligament formation model.

2. Specific subgrid ligament models could be developed to supple-
ment the subgrid liquid sheet R2P model.

3. The manifold death method requires numerous improvements. 
The main one is that the ‘‘hidden parameters’’ of the method 
are not well controlled. They should be tuned, or replaced 
by other controls, to limit the number of holes in any given 
bag or membrane, to match experimental observations. A first 
discussion of that can be found in Kulkarni et al. (2025).

9. Coupled multiphysics simulations

9.1. Fluid–solid with hydraulic fracturing and damage

Fluid–Structure Interaction (FSI) arises from the interaction be-
tween deformable solid structures and surrounding or internal fluid 
flows. This complex, non-linear phenomenon involves coupling fluid 
dynamics and solid mechanics through momentum exchange across 
evolving interfaces. Deformation of immersed structures alters these 
interfaces, tightly linking fluid and solid dynamics. Key challenges in 
modeling FSI include lubrication forces, solid–solid contact forces, and 
boundary layer dynamics near solid–fluid interfaces.

The complexity of the problem increases significantly when fracture 
mechanics is considered. For instance, predicting the initiation and 
propagation of cracks in airplane wings due to fatigue from aerody-
namic forces, soil fracturing, erosion, planetary surface morphology 
and geotechnics. In the latter examples, the FSI problem is often 
complicated by a multiphase solid–liquid flow that acts on the solid 
structure.

To model FSI problems involving flow-induced fracturing, it is 
crucial to consider fluid dynamics, solid mechanics, and fracture me-
chanics simultaneously making it a very complex task from theoretical 
and numerical point of views.

Numerous attempts have been made to tackle the problem numer-
ically (Wang et al., 2023; Zhang et al., 2023; Nguyen and Indraratna, 
2020; Yang et al., 2024; Dalla Barba et al., 2022). Among them, popular 
and innovative techniques are based on the so-called Enriched (or 
Extended) Finite Element Method (XFEM), Phase Field Method (PFM), 
Distinct Element Method (DEM) and peridynamics (PD). These are 
often coupled with simplified fluid models to account for hydraulic 
stresses and lubrication forces. Typically, Poiseuille or cubic laws are 
used to describe the flows in thin fractures together with Darcy law to 
17 
account for the leakage fluxes into the porous matrixes generated by 
fracture networks.

XFEM (Moës et al., 1999) was initially developed to solve problems 
where localized features cannot be efficiently resolved by mesh refine-
ment. The basic idea is to enhance the standard polynomial nodal shape 
functions used in classical finite element modeling with appropriate 
discontinuous basis functions for nodes belonging to elements that 
intersect a crack or other localized discontinuous features, such as voids 
or inhomogeneities (Wang et al., 2023; Shi and Liu, 2021; Jafari et al., 
2021; Yoshioka et al., 2019). The technique has been used to simulate 
laminar flow in fractures, also representing non-planar 3D cases and 
the interference effect of multiple fractures and fracture propagation. 
On the other hand, PFM has become quite popular for describing cracks 
and differs from other numerical methods in that a scalar field is used 
to solve the diffusion equation to characterize crack growth. In PFMs 
minimizing the total energy function of cracked solids is the basis. 
The elastic strain energy is divided into tensile and compressive parts. 
The crack propagation process is dominated by tensile strain, that is, 
tensile strain energy drives the phase field evolution (Zhang et al., 
2023; Xing and Zhao, 2023; Ambati et al., 2015). The technique has 
been used to capture complex fracture behaviors also with different 
level of saturation.

The Discrete Element Method (DEM) (Cundall, 1971) is widely 
used for simulating discontinuous solid media, such as rock aggregates, 
by dividing them into finite-size polyhedral or spherical blocks. Each 
element’s mechanical behavior is typically resolved using Newton’s 
equations for rigid body motion, though deformability and complex 
behaviors can be included by coupling DEM with the Finite Element 
Method (FEM). Contact-force models handle interactions like impact 
forces, Coulomb friction, and lubrication. Coupled DEM-Navier–Stokes 
models simulate multiphase flows with discontinuous solids, such as 
sand with fluids (Nguyen and Indraratna, 2020; Damjanac and Cundall, 
2016; Yan et al., 2016). However, DEM requires prior knowledge of 
block shapes, affecting system response, and cracks can only form be-
tween distinct elements, not within a single block, following solid–solid 
contact regions.

Peridynamics (PD) has also been recently employed to numerically 
tackle the fluid-induced fracture problem. Peridynamics relies on a 
novel theory of solid mechanics based on integral equations (Silling, 
2000). In peridynamics, a solid is represented as a set of Lagrangian 
particles mutually interacting though short-range, micro-potentials and 
fracture mechanics is intrinsically accounted for within the theory by 
deactivations of pair interactions. This reformulation of continuum 
mechanics provides a robust mathematical framework that inherently 
incorporates discontinuities such as cracks, unlike traditional contin-
uum mechanics approaches that require supplementary criteria and 
adjustments to handle these phenomena. This relies on the major 
advantage of peridynamics: it can reliably account for crack formation 
and propagation without the need for empirical models. By avoiding 
the latter, peridynamics eliminates many of the uncertainties and as-
sumptions that can compromise the reliability of conventional fracture 
mechanics, leading to more precise and dependable results in various 
engineering applications, from aerospace to geotechnics. Some inno-
vative approaches have been recently using peridynamics to tackle 
fluid induced fracture problems (Yang et al., 2024; Dai et al., 2023; 
Dalla Barba and Picano, 2021; Dalla Barba et al., 2022). In particular, 
the major advantage of such approaches relies on a accurate descrip-
tion of fluid mechanics even in interstitial cavities by directly solving 
Navier–Stokes equations or by using a Spherical Particle Hydrodynam-
ics (SPH) approach together with Immersed Boundary Methods (IBM). 
These methods have also the possibility of a simpler description of 
a resolved particle-laden multiphase flow interacting with the solid 
structures (Dalla Barba et al., 2022).

To conclude, in perspective, these models offer significant contri-
butions to advancing our ability to numerically address fluid-induced 
fracturing. Different examples demonstrate their broad applicability, 
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ranging from predicting crack formation and propagation due to fa-
tigue in aircraft wings to addressing geotechnical and environmental 
processes such as soil fracturing, erosion, and fracking. In geotechnics 
and environmental engineering, these models can simulate soil fractur-
ing and erosion processes, which are essential for understanding and 
mitigating land degradation and instability. For instance, predicting 
how soil fractures under various environmental conditions can help 
in developing effective erosion control measures and maintaining soil 
health. It should be noted that in these applications the flow is often 
laden of particles that directly interact with the solid structure, i.e. soil 
or porous media. This critical aspect represents a challenging task for 
accurate scale-resolved numerical algorithms and simulations. Overall, 
these numerical models are indispensable tools in a wide range of 
engineering applications, offering the potential for more efficient, safe, 
and environmentally responsible practices and for developing reliable 
large-scale models.

9.2. Surfactant-laden interfaces

Surface-active agents, or ‘surfactants’, are chemicals that adsorb 
at interfaces lowering the interfacial tension. Surfactants and their 
applications abound in industrial, environmental, and daily-life set-
tings (Manikantan and Squires, 2020). They are central to detergency, 
cleaning, decontamination, and personal care products as emulsifiers 
and foaming agents (Eggleton and Stebe, 1998). Surfactants also feature 
in inkjet printing (Lohse, 2022), agrichemical applications as pesticide 
chemicals, in paints and coating flows, in enhanced oil recovery and 
oil spill clean-up operations, and in biomedical applications wherein 
they are delivered to the airways of neonatals to counteract Respi-
ratory Distress Syndrome (Rosen and Kunjappu, 2012; Myers, 2020). 
In environmental applications, surfactants influence bubble bursting 
through interfaces (Constante-Amores et al., 2021; Pico et al., 2024), 
which leads to aerosol formation, and affect breaking (Deike, 2022) 
and smoothing (Lohse, 2023) of ocean waves; the latter highlights the 
crucial role of Marangoni stresses brought about by surface tension gra-
dients induced by variations in the surfactant interfacial concentration. 
For an excellent summary of studies featuring the effects of surfactants 
on interfacial flows over the past five decades (see Farsoiya et al. (2024) 
and references therein).

Tackling multiphase flow problems featuring surfactant-laden in-
terfaces involves solving the following equations for the interfacial 
surfactant species, 𝛤 , and bulk concentration, 𝐶𝑏: 
𝜕𝛤
𝜕𝑡

+ ∇𝑠 ⋅ (𝛤𝐮𝑡) = 𝐷𝑠∇2
𝑠𝛤 + 𝑗𝑛,

𝜕𝐶𝑏
𝜕𝑡

+ 𝐮 ⋅ ∇𝐶𝑏 = 𝐷𝑏∇2𝐶𝑏, (27)

where 𝐮𝑡 = (𝐮𝑠 ⋅ 𝐭)𝐭 denotes the tangential velocity vector wherein 
𝐮𝑠 represents the surface velocity at the interface and 𝐭 is the unit 
vector tangent to the interface; 𝐷𝑠 is the surface diffusion coefficient, 
𝐷𝑏 denotes the surfactant diffusivity in the bulk, and 𝑗𝑛 is the mass flux 
exchange between the bulk and the interface related to the diffusive 
flux via (Eggleton and Stebe, 1998): 
𝑗𝑛 = 𝑘𝑎𝐶𝑠(𝛤∞ − 𝛤 ) − 𝑘𝑑𝛤 = −𝐷𝑏𝐧 ⋅ ∇𝐶𝑏|interface, (28)

where 𝑘𝑎 and 𝑘𝑑 are the adsorption and desorption coefficients, respec-
tively, 𝐶𝑠 is the surfactant bulk concentration in the region immediately 
adjacent to the interface, and 𝛤∞ is the interfacial surfactant concentra-
tion at saturation. For a soluble surfactant, bulk-interface equilibrium 
leads to 𝑗𝑎 = 𝑗𝑑 and 𝑗𝑛 = 0. A modified Langmuir–Szyszkowski 
equation of state is used for 𝜎 = 𝜎(𝛤 ): (Shin et al., 2018; Muradoglu 
and Tryggvason, 2014): 𝜎 = 𝜎𝑐𝑙

[

1 + 𝑇𝛤∞
𝜎𝑐𝑙

ln

(

1 −
𝛤
𝛤∞

)]

, where 𝜎𝑐𝑙 is 
the interfacial tension of the surfactant-free interface,  is the ideal 
gas constant, and 𝑇  is the temperature. Soluble surfactant simulations 
are initialized with a bulk concentration 𝐶∞ in equilibrium with an 
initial surface coverage, 𝛤 , set as a parameter and 𝐶  is then obtained 
0 ∞
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Fig. 12. Lagrangian triangular surface element: (a) depicts the normal, binormal, and 
tangential vectors to the interface, edge lengths and sectional area 𝐴𝑒,𝑘, and the central 
(𝐱𝑐 ) and edge (𝑘) midpoint values; (b) depicts the direction of the surface gradients at 
an edge showing the probing technique in the tangential and binormal directions.
Source: Adapted from Shin et al. (2018).

from Eq.  (28) by setting 𝑗𝑎∕𝑑 = 0 and solving for 𝐶𝑠 = 𝐶∞. When 
modeling insoluble surfactants, we set 𝑗𝑛 = 0 in Eq. (27).

Farsoiya et al. (2024) have highlighted the need for a robust numer-
ical technique for high-fidelity simulations of complex interfacial flows 
whilst accounting for surfactant transport at deforming interfaces that 
can undergo topological transitions; examples of the latter include the 
breakup and coalescence of bubbles and drops, and the fragmentation 
of jets. A number of techniques have been used to this end, which 
include algebraic (Antritter et al., 2024) and geometric (James and 
Lowengrub, 2004) VoF approaches with structured and unstructured 
adaptive mesh refinement, phase field (Teigen et al., 2011) and hy-
brid algebraic (Cannon et al., 2024) and geometric (Farsoiya et al., 
2024) methods, front-tracking (Muradoglu and Tryggvason, 2014) and 
level set (Atasi et al., 2018) techniques, and hybrid level sets and 
front-tracking methods (Shin et al., 2018).

One way to solve the above equations is by using the interface 
tracking methodology discussed in Section 4 as outlined in the work 
of Muradoglu and Tryggvason (2014) and Shin et al. (2018). In par-
ticular, for surfactant-laden interfaces, the surface force 𝐅𝜎 = 𝐅𝑛 + 𝐅𝑠
appearing in the Navier–Stokes equations (see Section 4) incorporates 
capillary and surfactant-induced Marangoni-driven forces, 𝐅𝑛 and 𝐅𝑠: 

𝐅𝑛 = ∫𝐴𝑒
𝜎𝜅𝐧𝛿(𝐱 − 𝐱𝑠)d𝐴 = 𝜎𝜅𝐻∇, 𝐅𝑠 = ∫𝐴𝑒

∇𝑠𝜎𝛿(𝐱 − 𝐱𝑠)d𝐴. (29)

The treatment of 𝐅𝑛 was dealt with in Section 4. The evaluation of 
𝐅𝑠 commences by resolving ∇𝑠𝜎 into its binormal, 𝐩, and tangential, 
𝐭, components: 
∇𝑠𝜎 = (∇𝑠𝜎)𝐩𝐩 + (∇𝑆𝜎)𝐭 𝐭. (30)

To compute 𝐅𝑠, Eq. (30) is re-expressed as follows 

𝐅𝑠 =
3
∑

[(∇𝑠𝜎)𝐩,𝑘 𝐩𝑘 + (∇𝑠𝜎)𝐭,𝑘 𝐭𝑘]𝛿(𝐱 − 𝐱𝑘)𝐴𝑒,𝑘, (31)

𝑘=1
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where 𝐴𝑒,𝑘 denotes one-third of the triangular interfacial element’s 
area, bounded by two vertices and the center point, 𝐱𝑐 , as shown in 
Fig.  12(a). The surface tension gradients ∇𝑠𝜎 can be recast in terms of 
∇𝑠𝛤  using the Langmuir–Szyszkowski equation of state, and Fig.  12(b) 
demonstrates the ‘probing’ procedure used to compute ∇𝑠𝛤 ; further 
details are in the work of Shin et al. (2018). Lastly, the ghost fluid 
method can be used to treat the flux term 𝑗𝑛.

The reader is also referred to the recent paper of Farsoiya et al. 
(2024) who have solved the equations governing the dynamics of 
surfactant-laden interfaces using a promising approach which combines 
geometric VOF and the phase field method. This technique was used to 
demonstrate the reduction in the terminal velocities of rising bubbles 
due to surfactant-induced Marangoni stresses for the case of insolu-
ble surfactants. Farsoiya et al. (2024) also showed that Marangoni 
effects can lead to a transition from spiraling to zig-zagging rise tra-
jectories depending on the values of the Bond and Galileo numbers 
that characterize the system dynamics in agreement with experimental 
observations.

9.3. Future work

The main challenges related to the coupled multiphysics simulations 
are:

1. Concerning fluid–structure fracturing problems, sub-models for 
the unresolved viscous flow entering into a propagating crack 
should be developed in order to accurately represent this com-
plex phenomenon

2. Multiscale models for hydraulic fracturing should be developed 
in order to be incorporated in large-scale simulations involving 
porous media fracturing, particle/aggregate break-up, erosion 
processes which often occur in environmental and industrial 
problems

3. Future work in surfactant-laden interfacial flows will focus on 
developing predictive models for flow dynamics above the criti-
cal micelle concentration and wherein interfacial viscous effects 
play an influential role. Furthermore, incorporating the influ-
ence of surfactants on contact angle hysteresis will help to 
develop models of contact line motion that account for local 
surfactant concentration arising from local sorption kinetic pro-
cesses. These advances will bring the current state-of-the-art 
closer to being able to address industrial challenges.

10. Data-driven models for multiphase flows

The past decade has witnessed an increase in the use of machine 
learning (ML) algorithms in making predictions in various branches 
of science and engineering. These algorithms have also found use in 
fluid mechanics, although the focus has been mainly on single-phase 
flows rather than two- and multiple-phase flows, as highlighted by 
recent reviews (Brunton et al., 2020; Wang and Wang, 2021; Zhu et al., 
2021). Since then, a number of papers have been published on machine 
learning in multiphase flows; we provide a brief summary of some of 
these papers with a focus on modeling and prediction.

Traverso et al. (2023) developed a data-driven surrogate model for 
rapid estimates of drop size distributions (DSD) of sprays and dispersed 
flows from control parameters such as fluid properties and flow rates, 
and geometrical designs, e.g., nozzle diameter and spray angle. The 
DSD is inferred by combining observations of its integrals and first 
moments values for a set of drop diameters. This is done by training a 
Gaussian Process regression model on data from numerical simulations 
of sprays obtained using Basilisk (Popinet, 2009) and by assuming 
that the prior distribution of observations also follows a Gaussian 
distribution. Following model training, the optimized model was used 
to predict the DSD (see Fig.  13), and the model covariance enabled 
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the design of further ‘experiments’ (physical or numerical), to minimize 
uncertainty.

Cundy et al. (2024) used physics-informed ML to predict drop 
breakup in two-phase flows, accounting for local and instantaneous 
information on interfacial geometry and flow fields. The models were 
trained on high-fidelity simulation of three-dimensional Taylor–Green 
vortices and homogeneous isotropic turbulence and provided accurate 
and efficient predictions of the breakup probability and DSDs. The 
results of this work could be embedded within large-scale simulations 
to improve their accuracy and computational efficiency. Cahaly et al. 
(2024) developed a ML model, PLIC-Net, for accurate reconstruction of 
interfaces in two-phase flows within VOF methods that would other-
wise have required the use of costly complex optimization algorithms 
and heuristics. PLIC-Net employed feed-forward deep neural networks 
which were trained on a broad range of interfacial shapes generated 
analytically from randomized paraboloidal surfaces. The PLIC-Net pre-
dicted the normal vectors to the interface accurately and provided more 
efficient interfacial reconstruction than traditional alternatives such as 
LVIRA and ELVIRA.

Liu et al. (2024) developed an unsupervised parameterized physics-
informed neural network (P-PINNs) for the solution of the flow past a 
spinning sphere in uniform flow. This study was motivated by the need 
to circumvent computationally expensive CFD simulations for various 
combinations of parameters. The P-PINNs model was trained using 
random sampling points within the flow domain and boundary condi-
tions and predicted the flow field accurately and efficiently (as bench-
marked against particle-resolved direct numerical simulations) whence 
the drag, lift, and torque on the sphere were calculated. Elmestikawy 
et al. (2024) used particle-resolved direct numerical simulation data to 
train graph neural networks (GNNs) to learn the pairwise interactions 
of neighboring particles in Stokes flow; this is in an effort to overcome 
the failure of traditional models that do not account for drag varia-
tions on particles in random arrangements. The data from GNNs were 
converted to algebraic expressions that facilitated ‘interpretability’ of 
the ML model and enhanced its computational efficiency. The accuracy 
of the GNN-based model ranged from 74% to 84.7% as benchmarked 
against particle-resolved simulations.

ML models were also developed by Cheng et al. (2024) to predict 
the spatiotemporal dynamics of multiphase compressible flows using a 
physics-aware recurrent convolutional (PARC) neural network. PARC 
was trained using simulations of the Burger’s equation, of flow past a 
cylinder, and of interactions with particles featuring shocks. The results 
of Cheng et al. (2024) have demonstrated that PARC can provide accu-
rate flow characteristics and is capable of capturing transient features 
and sharp gradients with a significant reduction in computational cost 
as compared to traditional CFD approaches based on DNS.

Lastly, Basha et al. (2024) highlighted the work of a multi-university 
collaboration that brought together multi-physics and ML modeling as 
well as experiments to provide accurate, reliable, and efficient predic-
tive capabilities for a wide range of multiphase flows. The programme 
demonstrated the use of Bayesian regularized artificial neural networks, 
extreme gradient boosting for drop formation prediction in microfluidic 
channels, generalized latent assimilation for predictive models of drop 
coalescence, and design of experiments for the optimization of lipid 
nanoparticle synthesis in microchannels. Gradient boosting machines 
were also used to invert acoustic emission signals for fluidized beds 
particle size distribution characterization, and a sub-sampling based ad-
versarial neural network was used to predict slug flow dynamics in long 
horizontal pipelines. Lastly, long short-term memory networks were 
employed for predicting mixing performance in stirred and static mix-
ers, and active learning via Bayesian optimization was used to recover 
coalescence model parameters with applications in green hydrogen 
electrolyzers.
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Fig. 13. (a) DSDs predicted by the GPR-based method for various 𝑊 𝑒 with the inset showing an enlarged view of the peaks for small 𝑑; (b) volume mean diameter 𝐷50 vs 𝑊 𝑒−1∕3

for various 𝛼 and 𝑅𝑒.
Source: Reproduced from Traverso et al. (2023).
10.1. Future work

1. The method of Traverso et al. (2023) highlighted above can be 
readily applied to other multiphase flows whose features can be 
characterized by a probability density function that varies with 
changes in global, control parameters. These flows include drop 
size distributions in mixer-settler tanks and static mixers and 
bubble size distributions in chemical reactors, which are used 
in the energy, manufacturing, and pharmaceutical industries.

2. A future research avenue should focus on the creation of an 
autonomous optimization framework for multiphase flows that 
integrates CFD simulators with data-driven surrogate models, 
and analytical and/or statistical models into a single predictive 
flow emulator within an optimization workflow (that also in-
cludes geometry optimization). Within such a framework, the 
optimization algorithm learns from information/data provided 
by the emulator and adjusts its parameters as necessary. Criti-
cally, this algorithm should select the fidelity level (from high-
fidelity, expensive CFD simulations to low-fidelity, cheap data-
driven model predictions) for efficient exploration of the rele-
vant design spaces. Use of Deep Reinforcement Learning lends 
itself naturally for use as an outer-loop for the optimization 
framework.

3. Future ML modeling of multiphase flows should make use of 
Explainable AI techniques such as SHapley Additive exPlana-
tions (SHAP) to explain the features underlying an ML model 
and elucidate the mechanisms underlying its decision-making 
processes. The work of Hu et al. (2024) provides an example 
of using SHAP to interpret the decisions of ML models used to 
predict drop coalescence in microfluidic devices.

11. Other topics

In this section, we briefly comment on topics that have not been 
covered in the sections above.

• Contact line methods. Static contact lines have been covered 
for quite a while. In level-set methods, the boundary condition 
∇𝜙 ⋅ 𝐧𝐒 = cos 𝜃 where 𝐧𝐬 is the normal to the solid gives good 
results. In dynamics situations the methods are more complex. 
Recently both Navier slip boundary condition (Fullana et al., 
2020), the Generalized Navier Slip Boundary Condition (Qian 
et al., 2003; Gerbeau and Lelievre, 2009; Fullana et al., 2024) 
and the superslip condition (Devauchelle et al., 2007; Kulkarni 
et al., 2023) have been advocated. The phase field and the sharp 
interface approaches have been compared to each other and to 
molecular dynamics (Lācis et al., 2022; Fullana et al., 2025). 
Finite element methods have also seen interesting advances (Liu 
et al., 2016; Diddens, 2017; Sprittles, 2015).
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• Phase change and boiling. Phase change implies often a volume 
source in the form
∇ ⋅ 𝐮 = (𝜌−1𝑔 − 𝜌−1𝑙 )𝑚̇ 𝛿𝐼  where 𝑚̇ is the mass per unit interface 
area changing phase. It has been coupled with sharp interface 
methods (whether level-set, front-tracking or VOF) in several 
distinct ways, which mostly differ in the manner in which the 
singular volume source is treated, see Long et al. (2024), Darshan 
et al. (2024), Cipriano et al. (2024), Long et al. (2025) and 
references therein. Phase field models may also be used for phase 
change in which case the singularity is relieved at the cost of the 
additional computational expense caused by the finite thickness 
interface.

• Three-phase and 𝑛-phase flow. This topic has also witnessed 
some recent progress. In particular, modeling three-phase or 𝑛-
phase flow with surface tension effects has been investigated in 
detail only recently (Zhao et al., 2024; Maës et al., 2025).

• Cahn–Hilliard and Van der Waals methods. Most of this re-
view addresses Allen–Cahn type diffuse interface methods. Many 
multiphase flow problems have been investigated using Cahn–
Hilliard type (Carlson et al., 2011) and Van der Waals type 
methods (Laurila et al., 2012; Zhao et al., 2023).

• Improvements in surface tension methods. Recent work (until 
2018) is summarized in Popinet (2018). Popinet and coworkers 
have pursued ‘‘integral methods’’ which are both momentum 
conserving and well-balanced. Better representation of Marangoni 
stresses may also be obtained by these methods. References can 
be found in Saini et al. (2025). Denner and coworkers have inves-
tigated implicit surface tension methods, that address a critical 
issue, such as the small time step of explicit methods (Denner 
et al., 2022).

• Energy stable methods. Energy stability is a technique for 
achieving numerical stability by conservation of the energy in the 
time and space discretized equations. It is often realized by using 
skew-symmetric schemes. This approach has probably not been 
sufficiently tried for multiphase flow, despite some interesting 
recent work by Fuster (2013) and Nordström and Malan (2025).

• Elasto-visco-plastic multiphase flows. have seen a burst of 
activity using various methods, phase field, finite element or VOF, 
see for example Zinelis et al. (2024), Dixit et al. (2025), Deoclecio 
et al. (2023), and Balasubramanian et al. (2024).

• Particle methods. We have been relatively silent about meth-
ods such as Smoothed Particle Hydrodynamics or lattice Boltz-
mann, although these have enjoyed success in sloshing stud-
ies (Colagrossi et al., 2010; Calderon-Sanchez et al., 2021) and 
boiling (Das and Das, 2015).
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12. Closing remarks

The field of multiphase flow modeling is undergoing a transfor-
mative phase, driven by the complexity of real-world applications 
and the increase of computational resources. Recent advances in nu-
merical methods for multiphase flow have markedly improved our 
ability to simulate complex interfacial dynamics and multiscale phe-
nomena. Yet, significant challenges remain in faithfully capturing the 
intricate evolution of interfaces during processes such as breakup, 
coalescence, and topology changes. Many established approaches — 
ranging from Volume-Of-Fluid and Level-Set methods to Front-Tracking 
and diffuse-interface schemes — still rely on approximations that re-
strict their accuracy and lead to grid-dependent behavior. In particular, 
the treatment of subgrid-scale physics, interfacial instabilities, and non-
equilibrium phase-change processes often requires further refinement. 
These limitations underscore the need for higher-order reconstruction 
techniques, robust integration schemes, and advanced subgrid models 
that can more accurately bridge the gap between microscale physics 
and macroscopic flow behavior.

Looking ahead, the community must focus on developing unified, 
adaptive frameworks that combine the strengths of physics-based mod-
eling with emerging data-driven and machine learning approaches. 
Such integrated methods promise to enhance the predictive capabilities 
of multiphase flow simulations by providing robust closure models 
informed by high-fidelity experimental data and direct numerical sim-
ulations. Moreover, ensuring computational efficiency and scalability 
— especially as we approach the exascale computing era — remains a 
critical issue; novel algorithms and optimized parallel implementations 
will be required to fully exploit the architectures of future super-
computers. Future research should target the coupling of microscale 
interfacial phenomena with macroscale dynamics, enabling simulations 
that are both computationally efficient and physically accurate. These 
endeavors will be essential for overcoming current bottlenecks and 
will pave the way for next-generation simulations capable of reliably 
tackling the complexities of industrial and natural multiphase systems.
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