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Summary

Quantum computing has the potential to become a powerful tool for solving
complex problems that classical computation struggles to tackle. The financial
sector presents numerous such problems, and quantitative finance is considered one
of the fields where the benefits of employing quantum processing units might first
become evident.

The purpose of this manuscript is to analyze quantum computing as a paradigm
for solving certain computational problems in the domain of finance. These are
problems for which traditional classical methods may be unsatisfactory in terms of
speed or accuracy. Among these, we can certainly include tasks such as portfolio op-
timization, risk management, and derivative pricing. These problems have intrinsic
complexity due to their combinatorial or stochastic nature. Quantum approaches
have shown potential in efficiently solving some of these tasks, although significant
limitations in applying these approaches on scales relevant to the industry remain.
This is undoubtedly partially due to the limitations of currently available quantum
hardware, which is restricted by the number of qubits and low resilience to errors.

This work begins with a brief introduction to the fundamentals of quantum com-
puting. It presents the key characteristics that distinguish quantum bits (qubits)
from their classical counterparts and introduces the concept of the Bloch sphere as
an effective geometric representation of the state of a single qubit. Subsequently,
the main quantum gates are briefly discussed to illustrate how they act on qubit
states and manipulate their phases. The discussion is then extended to multi-qubit
systems, through which fundamental concepts that characterize quantum compu-
tation, such as entanglement, are introduced.

To conclude the introductory section, several fundamental and well-known quan-
tum algorithms are presented. The Quantum Fourier Transform is introduced,
highlighting its role as the quantum counterpart of the classical discrete Fourier
Transform. Building on this foundational quantum subroutine, the Quantum Phase
Estimation (QPE) algorithm is then illustrated, which leverages the phase kickback
phenomenon to extract the eigenvalues of unitary operators. As a direct application
of QPE, Shor’s factorization algorithm is presented, demonstrating its ability to effi-
ciently decompose large integers into prime factors, thereby offering an exponential
advantage over classical methods. Next, Grover’s search algorithm is introduced,
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showcasing its quadratic speedup for searching in unsorted databases. Finally, at-
tention is given to quantum amplitude amplification and estimation methods, which
can be seen as generalizations of Grover’s algorithm to arbitrary superpositions in
the case of amplitude amplification and as an extension of quantum counting in
the case of amplitude estimation.

Based on these premises, the text transitions to practical applications. Specif-
ically, some of the algorithmic subroutines already mentioned, along with newer
methods, are applied to address key financial challenges. Regarding portfolio opti-
mization, the QUBO (Quadratic Unconstrained Binary Optimization) formulation
is presented as an effective tool to deal with the fundamental asset selection prob-
lem. This formulation allows for the efficient exploration of an exponentially large
space of asset combinations using quantum or quantum-inspired solvers.

For Credit risk analysis, which is another domain where quantum methods are
expected to have significant impact, we start by introducing how financial institu-
tions have the need to estimate the risk of debtors’ default, to determine the ap-
propriate amount of Economic Capital needed to buffer against potential (although
unlikely) losses. Then, this dissertation introduces novel quantum approaches to
simulate more efficiently the stochastic behavior of asset values. By modeling both
systematic and idiosyncratic risks, the quantum approach aims to generate accu-
rate loss distributions and Value at Risk (VaR) estimates with a quadratic speedup
over classical Monte Carlo methods. Such advancements could ultimately lead to
improved risk management strategies in banking and finance.

The final area of analysis is derivative pricing. Increasingly, Monte Carlo meth-
ods are used to simulate future market scenarios for pricing financial derivatives
such as options and swaps. These methods, while flexible, require significant com-
putational resources, especially when addressing complex payoff structures. There-
fore, Quantum Monte Carlo techniques can be advantageous also in this case and
are being actively explored. The objective is to assess potential enhancements for
a more efficient implementation in terms of necessary quantum resources.

In general, the main contribution of this work is the proposal of algorithmic
enhancements that make specific quantum approaches more scalable, and thus
more suitable for currently available hardware. Recognizing the limitations of to-
day’s noisy intermediate-scale quantum (NISQ) hardware, the dissertation outlines
strategies to reduce resource overhead without sacrificing the accuracy of financial
models. These optimizations represent a contribution towards the realistic deploy-
ment of quantum algorithms in operational financial settings.
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Chapter 1

Introduction

1.1 Overview
The concept of leveraging quantum principles to develop a new computational

paradigm forms the foundation of what we commonly refer to as quantum comput-
ing. This is an intriguing idea that has led to the development of a field of research
currently at the frontier of modern computational science. Unlike classical comput-
ers that operate on bits with binary states, quantum computers use qubits, which
can exist in a superposition of states. This capability, combined with phenomena
like entanglement and interference, enables quantum systems to process and encode
vast amounts of information in ways that were previously unimaginable.

This work focuses on the analysis and design of quantum algorithms tailored
for financial applications. In fact, classical approaches are often not suitable for
dealing with the complexity inherent to several computational problems pertaining
to the domain of quantitative finance. In this opening chapter, we present the
foundation of quantum computing by briefly discussing its basic set of elements:
qubits, quantum gates, and the circuit model. We detail how simple operations can
be orchestrated into intricate circuits that perform sophisticated computations.

Building on these premises, subsequent sections introduce key quantum algo-
rithms that form the backbone of quantum computing. We describe techniques such
as the Quantum Fourier Transform, Quantum Phase Estimation, Shor’s algorithm
to factor integers, and Grover’s search algorithm (together with its generalizations).
We show how these approaches can solve specific problems more efficiently than
classical algorithms. These foundational algorithms are not only of theoretical in-
terest; they constitute the building blocks for practical applications in finance, such
as credit risk analysis, and derivative pricing.

By bridging the gap between quantum theory and financial practice, this dis-
sertation aims to demonstrate both the potential and current challenges of imple-
menting quantum algorithms in the financial industry. In doing so, the objective
is to contribute to a growing body of research that seeks to harness the power of
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Introduction

quantum computing for real world problem solving.

1.2 Contributions
The primary objective of this dissertation is to investigate and enhance quantum

algorithmic frameworks for key problems in quantitative finance, with a particular
focus on credit risk analysis and derivative pricing. While the initial chapters
provide a comprehensive overview of quantum computing and its foundational tools,
the novel contributions of this work are concentrated in Chapters 3 and 4. The main
contributions can be summarized as follows:

1. Quantum Credit Risk Assessment via QSVT: In Chapter 3, we in-
troduce an improved method for estimating Value-at-Risk (VaR) based on
Quantum Singular Value Transformation (QSVT). This approach leverages
high-degree polynomial approximations to implement threshold functions on
quantum circuits, enabling more precise and scalable amplitude encoding for
credit loss distributions. Compared to existing quantum Monte Carlo meth-
ods, this technique maintains the accuracy of state preparation while improv-
ing depth scaling.

2. Two Methods for Amplitude Loading in Derivative Pricing: Chapter
4 presents and compares two distinct amplitude loading techniques to simulate
payoff distributions for quantum Monte Carlo derivative pricing: (i) Direct
exponential amplitude loading, which encodes the payoff function directly into
qubit amplitudes, and (ii) Integration-based loading, which allows for modeling
piecewise and path-dependent payoffs. Both methods are analyzed in terms
of circuit structure, resource requirements, and estimation accuracy.

3. Quantitative Evaluation on Simulated Hardware: For both credit risk
and option pricing problems, we provide simulation-based performance evalu-
ations, including convergence behavior and comparisons with classical bench-
marks to validate correctness.

4. General Framework for Financial Quantum Algorithms: Beyond in-
dividual algorithmic improvements, this thesis provides a modular framework
that can be extended to other financial problems, such as stress testing, capi-
tal allocation, or exotic derivative pricing. The tools and strategies introduced
can serve as building blocks for more advanced quantum-financial toolkits.

In summary, the contributions of this thesis lie not only in the adaptation of
existing quantum techniques to finance but in the design of new, scalable, and
resource-efficient quantum procedures tailored to concrete financial use cases.
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1.3 – Computing With Qubits

1.3 Computing With Qubits
This chapter is an attempt (doomed to fail) to provide a concise and compre-

hensive overview of the origins and current state of quantum computing.
Quantum computing is a vast and rapidly evolving field of research; nonetheless,

it seems appropriate to outline at least the fundamental principles and foundational
concepts of the discipline.

1.3.1 Wires and Gates
The quantum circuit model is the standard framework for describing quantum

computations, mirroring the classical circuit model while incorporating uniquely
quantum mechanical phenomena such as superposition and entanglement. In this
model, wires represent the transmission of quantum information in the form of
quantum bits (defined in Section 1.3.3), while gates symbolize unitary operations
that transform these states.

Historically, the concept of quantum circuits evolved from early ideas in quan-
tum physics and computer science. Richard Feynman’s visionary work in the early
1980s introduced the notion of simulating physical systems with quantum devices,
highlighting the potential of quantum mechanics to solve problems that are in-
tractable for classical computers [32]. David Deutsch further extended these ideas
in 1985 by formalizing the quantum Turing machine and the circuit model in his
seminal paper, "Quantum Theory, the Church-Turing Principle and the Univer-
sal Quantum Computer" [20]. This work laid the groundwork for understanding
quantum computation in terms of discrete gate operations applied sequentially on
qubits.

|0⟩ H • X

|0⟩ Z

Figure 1.1: Basic quantum computation represented using the circuit model.

In a quantum circuit, wires are drawn as horizontal lines that carry qubits
from the input to the output. They provide a clear visual representation of the
evolution of the quantum state over time. Along these wires, various quantum gates
are applied. Unlike classical gates that perform irreversible Boolean operations,
quantum gates are inherently reversible and are described by unitary matrices.
Figure 1.1 illustrates a simple example of a quantum circuit with two qubits. The
fundamental set of gates for the circuit model undoubtedly includes multi-qubit
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operations. As we will see in later sections, these gates can give rise to correlations
that cannot be explained within the classical framework.

A fundamental aspect of the circuit model’s is its universality. In fact, a limited
set of quantum gates can be arranged to approximate any unitary operation with
an arbitrarily high degree of accuracy. This universality theorem, as established by
Barenco et al. [3], forms a cornerstone of quantum computation theory.

Readers who are interested in a more detailed exposition of the quantum cir-
cuit model are encouraged to consult [61], colloquially referred to as "Mike and
Ike". Their work offers a thorough examination of the mathematical principles
underpinning quantum circuits, along with insights into their initial experimental
realizations and relevant historical context.

1.3.2 Noteworthy Notations
Dirac notation, also known as the bra-ket notation, is often used to describe

quantum states. It represents states as vectors in a complex vector space with a
bra ⟨ϕ| representing a row vector and a ket |ψ⟩ representing a column vector. The
inner product of two states is denoted ⟨ϕ|ψ⟩.

The reason behind the use of vector notation lies in the fact that quantum
mechanics is founded on a rigorous mathematical framework in which quantum
states are represented as vectors in a Hilbert space. A Hilbert space is a complete,
complex vector space equipped with an inner product.

In quantum computing, every qubit is represented as a vector in a two-dimensional
Hilbert space, and systems of multiple qubits reside in tensor products of these
spaces. Within this framework, operators act on quantum states to model physical
processes and measurements. Unitary operators are of particular importance be-
cause they describe the evolution of closed quantum systems. A linear operator U
is said to be unitary if it satisfies the condition:

U †U = I

where U † denotes the conjugate transpose (or Hermitian adjoint) of U and I is
the identity operator. Unitary operators preserve the inner product, meaning they
conserve the norm of any state they act upon. This preservation of probability
is analogous to a rotation in classical Euclidean space, ensuring that quantum
evolution is reversible. In practice, every quantum gate in a circuit is represented
by a unitary operator.

On the other hand, Hermitian operators (or self-adjoint operators) are defined
by the equality:

H = H†

4
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This property guarantees that all eigenvalues of a Hermitian operator are real
numbers. The eigenstates of a Hermitian operator form an orthonormal basis for
the Hilbert space, which means that any quantum state can be expressed as a super-
position of these eigenstates. This underpins the probabilistic nature of quantum
measurements, as the squared magnitudes of the coefficients in such a decomposi-
tion yield the probabilities of observing the corresponding eigenvalues.

Tensor Product

Tensor products are an essential tool for describing composite systems. If we
have two quantum systems, one with Hilbert space HA and another with Hilbert
space HB, the state of the combined system is represented in the tensor product
space HA ⊗HB.

This construction allows us to capture the full range of correlations between
subsystems, including entanglement, a uniquely quantum phenomenon (see Section
1.3.5).

Given two states |ψ⟩ ∈ HA and |ϕ⟩ ∈ HB, their tensor product is written as
|ψ⟩ ⊗ |ϕ⟩. For example, if

|ψ⟩ = a|0⟩+ b|1⟩ and |ϕ⟩ = c|0⟩+ d|1⟩,

then the state of the composite system becomes

|ψ⟩ ⊗ |ϕ⟩ = ac |00⟩+ ad |01⟩+ bc |10⟩+ bd |11⟩.

This result is a vector in a four-dimensional Hilbert space, even though each indi-
vidual state lives in a two-dimensional space.

The tensor product is a bilinear operation, meaning it distributes over addi-
tion and respects scalar multiplication. This property is crucial when expressing
superpositions of multi-qubit states. For instance, when combining more than two
systems, tensor products are applied iteratively, allowing us to describe quantum
circuits and algorithms involving several qubits.

Modular Arithmetic

We refer to modular arithmetic as a system of arithmetic for integers, where
numbers "wrap around" upon reaching a certain value, the modulus. In this frame-
work, we say that two integers a and b are congruent modulo N if their difference
is an integer multiple of N . This is expressed as

a ≡ b (mod N)

which means that N divides a− b.
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Modular arithmetic forms the backbone of many number-theoretic algorithms
and is crucial in cryptography. We will need it when introducing Shor’s algorithm,
that leverages modular arithmetic to perform efficient period-finding, which is key
to factoring large numbers. There, operations such as modular exponentiation:

ax mod N

are central to the algorithm’s design and performance.

1.3.3 The Quantum Bit
At an abstract mathematical level, the quantum bit or qubit differs from the bit

traditionally used in classical computation in that it is not limited to assuming one
of two possible states (0 and 1). Instead, it can exist in a superposition of these
states during the computational process and up to the final reading of the output:

|ψ⟩ = α |0⟩+ β |1⟩ . (1.1)
This indicates that any possible linear combination of this two states, which form
the so-called computational basis, constitutes a possible state of the system rep-
resented by our qubit. The superpositions are exactly these linear combination.
Note that α and β are complex numbers, also called probability amplitudes while
the states of the computational basis |0⟩ and |1⟩ are simply column vectors ex-
pressed using the Dirac notation described in Section 1.3.2.

However, the surprises that the qubit holds for us are not yet over. Suffice it to
say that if we observe our qubit to determine the superposition it actually occupies
(that is, we wish to determine the coefficients α and β in Equation 1.1), we will
only observe one of the two states of the computational basis, with probabilities
|α|2 for |0⟩ and |β|2 for |1⟩, respectively. Since α and β are complex numbers and
|α|2+|β|2 = 1, it is possible to employ spherical coordinates to obtain an alternative
formulation of Equation 1.1:

|ψ⟩ = cos θ2 |0⟩+ eiϕ sin θ2 |1⟩ . (1.2)

This representation is well-suited for a compact and effective visualization (although
not easily generalizable to systems with multiple qubits), using what’s called Bloch
sphere. Figure 1.2 shows a generic state |ψ⟩ as a vector on this sphere.

At an implementation level, realizing a qubit requires exploiting the quantum
mechanical properties of physical systems with well-separated energy levels. The
core idea is to isolate a two-level system whose states are energetically distinct
from higher excited states, thereby minimizing unwanted transitions due to thermal
excitations or environmental noise. This energy separation is crucial for preserving
coherence and enabling precise control over the qubit state.

6
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|ψ⟩

x

y

z

ϕ

θ

Figure 1.2: Bloch sphere representation of a generic state |ψ⟩.

For instance, in superconducting qubits, circuits incorporating Josephson junc-
tions create an anharmonic potential that ensures the two lowest energy states
are well-separated from the rest of the spectrum. This anharmonicity allows the
circuit to behave effectively as a two-level system, with microwave pulses used to
manipulate the qubit state without inducing transitions to higher levels [16, 23].

Similarly, trapped-ion qubits exploit the internal energy levels of ions—typically
hyperfine or Zeeman split states—to define the qubit. The isolation provided by
electromagnetic traps and the intrinsic separation of these energy levels ensure that
laser-induced transitions occur only between the desired qubit states, yielding long
coherence times [9].

Other physical systems follow analogous principles. In semiconductor quantum
dots, for example, the electron spin serves as a qubit, with an external magnetic
field splitting the spin-up and spin-down states to create the necessary energy gap
[49]. A minimal overview of qubit modalities is presented in Table 1.1.

For a more comprehensive treatment of qubit implementations and the impor-
tance of well-separated energy levels, readers are referred to [61] as well as the
review articles by Clarke and Wilhelm [16] and Devoret and Schoelkopf [23].

1.3.4 One-Qubit Gate Operations
The usefulness and effectiveness of the representation provided by the Bloch

sphere are also due to the fact that operations involving just one single qubit can

7
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Qubit Technology Summary Providers

Superconducting Pros: High gate speeds and fidelities.
Can leverage standard lithographic
processes.
Cons: Requires cryogenic cooling,
short coherence times, and microwave
interconnect frequencies still not
mastered.

Rigetti, Google, IBM Q,
QuTech, IQM, QCI, Alice
& Bob, Atlantic Quantum,
Anyon Technologies

Trapped Ions Pros: Extremely high gate fidelities
and long coherence times. No extreme
cryogenic cooling required. Ions are
highly stable and consistent.
Cons: Slow gate times. Lasers are
hard to align and scale. Ultra-high
vacuum required.

IonQ, AQT, Quantinuum, Ox-
ford Ionics, Universal Quan-
tum

Photonic Pros: Extremely fast gate speeds and
promising fidelities. No cryogenics or
vacuums required. Small overall
footprint. Can leverage existing
CMOS fabs.
Cons: Noise from photon loss. Each
program requires its own chip.
Photons don’t naturally interact,
making 2-qubit gate implementation
challenging.

PsiQuantum, Xanadu, QuiX
Quantum, ORCA Computing,
Quandela

Neutral Atoms Pros: Long coherence times. Atoms
are perfect and consistent. Strong
connectivity, including beyond
two-qubit gates. No external
cryogenics required.
Cons: Requires ultra-high vacuums.
Laser scaling is challenging. Low
sampling rate.

Atom Computing, Infleqtion,
QuEra, Planqc, Pasqal

Others: Silicon Spin, Quantum Dots,
Topological, Diamond Vacancies

Quantum Brilliance, Azure
Quantum, Intel, Diraq

Table 1.1: Comparison of different qubit technologies, their advantages, disadvan-
tages, and leading industry players. Source: [31].

usually be seen as rotations around the axes of the sphere itself.

X Gate

For instance, the well-known X gate is nothing more than a rotation of the
qubit state around the x-axis of the Bloch sphere by an angle of π radians (see

8
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Figure 1.3). The effect of such a gate on the state described in Equation 1.1 would
be to interchange the coefficients α and β:

X

[︄
α
β

]︄
=
[︄
β
α

]︄
. (1.3)

So that X |0⟩ = |1⟩ and X |1⟩ = |0⟩. This implies that X can be represented as a
specific unitary and Hermitian matrix (see Section 1.3.2)

X ≡
[︄
0 1
1 0

]︄
. (1.4)

Two observations should become evident: firstly, the analogy with the classical
NOT gate; secondly, the fact that the X gate is its own inverse.

x

y

z

|ψ⟩

Before X gate

x

y

z

X |ψ⟩

After X gate

Figure 1.3: Bloch sphere representations before and after the application of the X
gate. The X gate acts as a 180° rotation about the x–axis.

Y Gate

The Y gate is another important quantum gate that corresponds to a rotation
of the qubit state around the y-axis of the Bloch sphere by an angle of π radians (as
shown in Figure 1.4). The effect of the Y gate is to introduce a phase change and
interchange the coefficients α and β, with one of them acquiring a phase factor:

Y

[︄
α
β

]︄
=
[︄
−iβ
iα

]︄
. (1.5)

9
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Thus, it follows that Y |0⟩ = i |1⟩ and Y |1⟩ = −i |0⟩. This implies that Y can be
represented as a specific unitary matrix:

Y ≡
[︄
0 −i
i 0

]︄
. (1.6)

Similar to the X gate, the Y gate is also its own inverse, but it differs by introducing
a complex phase.

x

y

z

|ψ⟩

Before Y gate

x

y

z

Y |ψ⟩

After Y gate

Figure 1.4: Bloch sphere representations before and after applying the Y gate. The
Y gate performs a 180° rotation about the y–axis, which in this projection inverts
the vertical component of the Bloch vector.

Z Gate

Remarkably, any unitary two-by-two matrix represents a valid single-qubit gate
operation. Another pertinent example is the so-called Z gate, whose unitary matrix
is given by:

Z ≡
[︄
1 0
0 −1

]︄
. (1.7)

This gate performs a rotation of the quantum state by π around the z-axis on the
Bloch sphere (Figure 1.5) and, in its matrix form, is also known as the Z Pauli
operator and denoted with σz. Again, Z is its own inverse and it is also referred to
as phase-flip gate, since

Z

[︄
α
β

]︄
=
[︄
α
−β

]︄
. (1.8)

10
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Hadamard Gate

Another notable two-by-two unitary matrix is the one representing the Hadamard
or H gate

H ≡ 1√
2

[︄
1 1
1 −1

]︄
. (1.9)

To determine the effect of a gate on the state |0⟩, one needs only to examine
the first column of the unitary matrix, and the second column for the effect on
|1⟩. In the case of the Hadamard gate, this results in the transformation of |0⟩
into the superposition |0⟩+|1⟩√

2 and |1⟩ into the superposition |0⟩−|1⟩√
2 . These specific

superpositions provide an alternative basis to the computational one, and hence
the states they comprise are also denoted as

|+⟩ ≡ |0⟩+ |1⟩√
2

|−⟩ ≡ |0⟩ − |1⟩√
2

.

(1.10)

x

y

z

|ψ⟩

Before Z gate

x

y

z

Z |ψ⟩

After Z gate

Figure 1.5: Bloch sphere representations before and after applying the Z gate. The
Z gate corresponds to a 180° rotation about the z–axis, which in this projection
flips the y component while leaving the z component unchanged.
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RZ Gate

The parametrized z-rotation gate or RZ gate can be considered as a general-
ization from phase flip (as seen with the Z gate) to phase changing effect:

RZϕ ≡
[︄
1 0
0 eϕi

]︄
. (1.11)

In this case, the effect on |0⟩ will be null (as can be deduced from the first column
of the matrix), while RZϕ |1⟩ = eiϕ |1⟩.

It should be noted that by varying the parameter ϕ, it is possible to implement
an infinite number of different gates. However, the gates obtained with certain
specific values of this parameter are frequently used and of particular significance:

S ≡
[︄
1 0
0 e

πi
2

]︄
. (1.12)

T ≡
[︄
1 0
0 e

πi
4

]︄
. (1.13)

RX and RY gate

Finally, an analogous concept to what was done for the RZ gate in relation to
the Z gate can be considered to show the relationship between the RX and RY
gates and X and Y :

RYϕ ≡
[︄
cos ϕ

2 − sin ϕ
2

sin ϕ
2 cos ϕ

2

]︄
≡ e−iϕ2 Y . (1.14)

RXϕ ≡
[︄

cos ϕ
2 −i sin ϕ

2
−i sin ϕ

2 cos ϕ
2

]︄
≡ e−iϕ2X . (1.15)

1.3.5 Handling Multiple Qubits
A single qubit, despite its impressive properties, is insufficient to convey the

potential of quantum computation. Beyond the phenomenon of superposition, it
is essential to consider other phenomena that necessitate the transition to systems
with multiple qubits. In particular, it is impossible to avoid talking about the
entanglement one.

Practically, we can observe the entanglement phenomenon existing between two
or more qubits when, upon measurement, we verify a correlation between the states
that we are observing. However, the entanglement relationship is not limited to a
mere correlation between the measurements of different qubits. To understand the
phenomenon at a deeper level, it is useful to consider how we usually represent a
system composed of two qubits that are in the states |ψ1⟩ and |ψ2⟩ respectively.

12
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We use a tensor product of the two subsystems (Section 1.3.2 contains a primer on
tensor products):

|ψ1ψ2⟩ ≡ |ψ1⟩ ⊗ |ψ2⟩ . (1.16)
As an example, consider two qubits that are both initialized in the state |0⟩. For
these two qubits, the combined state is expressed as:

|00⟩ = |0⟩ ⊗ |0⟩.

The notation |00⟩ explicitly indicates that the first qubit is in the state |0⟩ and the
second qubit is also in the state |0⟩.

In general, new quantum states can be obtained by creating linear combinations
of these composite states. Notably, the resulting state often cannot be mathemat-
ically decomposed as the tensor product of two states. That is why entanglement
is strictly related to the concept of superposition applied to multi-qubit systems.
A good examples of this is the so-called Bell state or EPR pair :

|00⟩+ |11⟩√
2

(1.17)

which can be clearly be seen as a linear combination of the states |00⟩ and |11⟩.
Famously, quantum entanglement allows particles to be linked regardless of the

space between them. This concept is so counterintuitive that even Einstein was baf-
fled by it. He thought that a quantum particle could secretly hide a predetermined
outcome of a measurement, but that quantum mechanics fails to capture this infor-
mation. This brought Einstein to believe that quantum mechanics was incomplete,
meaning that it was missing some variables necessary to fully describe a system
[30]. Einstein thought that these so-called hidden variables, if found, would resolve
some of the seemingly paradoxical and probabilistic aspects of quantum mechanics.
In contrast, Max Born argued that the probabilistic description given by quantum
mechanics is all that is specified by nature [11]. The particle has no definite state
before it is measured.

Then, in 1964, the physicist John Bell examined the statistical correlations
between measurements of a pair of entangled particles [5]. If, prior to measurement,
the states of the particles were determined by some unknown hidden variables,
then Bell found that their correlations had an upper limit. On the other hand,
when he calculated the correlations predicted by quantum mechanics, he found
that they violated this limit. Thus, Bell’s theorem provides a framework to test the
predictions of quantum mechanics against the concept of local hidden variables,
as proposed by Einstein. All that remained was to actually experimentally test
these correlations with real particles to see whether they obeyed the hidden variable
statistics or violated that rule. These tests were performed with increasing precision
and sophistication over the years [2] and the violation of Bell’s inequality in such
experiments underscores the insufficiency of local hidden variables in accounting for
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quantum phenomena, challenging Einstein’s postulation of pre-determined particle
states.

At a practical level, it will be useful to remember that we can write a general
quantum state |ϕ⟩ on n qubits as

|φ⟩ =
2n−1∑︂
j=0

aj|j⟩n =
N−1∑︂
j=0

aj|j⟩n. (1.18)

Where the aj are N amplitudes corresponding to the N states in the standard
decimal notation basis.

1.3.6 Multiple-Qubit Gate Operations
It is common in quantum circuits to encounter gates that operate on more than

a single qubit simultaneously. Consider, for instance, the controlled gates, which
apply a given operation to the target qubit(s) only if the control qubits are in the
state |1⟩.

CX Gate

In quantum computing, the logical gate used to establish entanglement between
two qubits is the so-called CX (controlled-X) gate:

CX ≡

⎡⎢⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤⎥⎥⎥⎦ . (1.19)

This gate is also known as the controlled-NOT or CNOT gate.

|A⟩ • |A⟩

|B⟩ |B ⊕ A⟩
Figure 1.6: Circuit representation of a controlled-NOT gate. In this instance, the
top qubit will be the control and the bottom qubit will be the target.

One of the two input qubits will serve as the target and the other as the control.
Its effect is essentially to apply an X gate on the target qubit conditionally, if the
control qubit is in the state |1⟩. Consequently, it will not alter states such as |00⟩
and |01⟩, while it will apply the gate to the target qubit in cases like:

|10⟩ → |11⟩
|11⟩ → |10⟩ .

(1.20)
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As can be observed in Figure 1.6, there exists an analogy between the classical XOR
gate and the CNOT gate. Essentially, the target qubit (after the gate’s application)
stores the result of the XOR operation between the control and target qubit.

It is important to note that the CNOT gate, together with the previously in-
troduced single-qubit gates, forms the foundation for all other multi-qubit gates,
as any multi-qubit logic gate can be constructed using a combination of CNOT and
single-qubit gates. This universality arises from two key facts:

1. Single-qubit gates can implement any rotation on an individual qubit. Math-
ematically, they generate the group SU(2), which means that any unitary
transformation acting on a single qubit can be realized with a proper se-
quence of these gates.

2. The CNOT gate is the simplest two-qubit gate that can create entanglement
that allows for correlations between qubits that cannot be produced by single-
qubit operations alone.

Together, these properties ensure that the set consisting of all single-qubit gates
plus the CNOT gate is universal. In other words, any unitary operation U acting
on n qubits (i.e., any element of SU(2n)) can be decomposed into a sequence of
single-qubit operations and CNOT gates. This result is formally established in
the universality theorem for quantum gates, as demonstrated in [3]. Moreover, the
Solovay-Kitaev theorem [19] guarantees that such decompositions can approximate
any desired unitary to arbitrary precision using only a finite set of gates drawn
from this universal set.

1.4 Foundational Algorithms
In this section, we explore the foundational quantum algorithms that have been

instrumental in developing the field. Rather than merely cataloging a series of
methods, we briefly present the conceptual breakthroughs that underpin these al-
gorithms. For instance, the ability to perform a Fourier transform exponentially
faster on a quantum computer than on a classical one is not just a technical improve-
ment—it exemplifies how quantum parallelism can be harnessed to tackle problems
such as integer factorization.

These algorithms serve as a bridge between the abstract mathematical structures
of quantum theory and practical applications such as cryptography, optimization,
and simulation. Their development has spurred a deeper understanding of quantum
complexity. In essence, the foundational algorithms discussed here are not just
isolated techniques; they form a somewhat cohesive framework that illustrates the
transformative potential of quantum computation.
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The discussion that follows will reveal how the interplay between superposi-
tion, interference, and entanglement gives rise to algorithms that are intrinsically
different from classical counterparts.

1.4.1 Quantum Fourier Transform
The Quantum Fourier Transform (QFT) is a linear transformation analogous

to the classical discrete Fourier transform. QFT takes as input a vector of complex
numbers (the N = 2n states’ probability amplitudes, where n is the amount of
qubits on which we desire to perform QFT) and outputs the transformed data, still
a vector of complex numbers:

bj ≡
1√
N

N−1∑︂
k=0

ake
2πijk/N ≡ 1√

N

N−1∑︂
k=0

akω
jk. (1.21)

Where ω = e
2πi
N is a primitive N th root of unity. The Quantum Fourier Transform

(QFT) operates by transitioning between two distinct bases: the computational
(often referred to as the Z) basis, and the Fourier basis. It is imperative to recognize
that each state within the Z basis has an equivalent state in the Fourier basis,
facilitated by the QFT.

An elementary demonstration of this transformation is observed in the context
of a single qubit; here, QFT |0⟩ = |+⟩ and QFT |1⟩ = |−⟩. When juxtaposing these
transformations with the formula referenced in 1.9, it becomes evident that, in this
specific scenario, the QFT is effectively implemented by the Hadamard gate H.

More in general, from 1.18 we know that for a generic state |ϕ⟩ we have essen-
tially a complex-valued function j : {0,1,2, . . . , N − 1} → aj. Then, the QFT of |ϕ⟩
is

QFTn |ϕ⟩ =
N−1∑︂
j=0

aj |j⟩n →
N−1∑︂
j=0

bj|j⟩n, (1.22)

where bj is defined above in 1.21. Thus, for a generic N the transformation due to
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QFTn acting on the state |x⟩ = |x1x2...xn⟩ can be derived as follows:

QFTN |x⟩ = 1√
N

N−1∑︂
y=0

e2πixy/2n|y⟩

= 1√
N

N−1∑︂
y=0

e2πi(∑︁n

k=1 yk/2k)x |y1 . . . yn⟩

= 1√
N

N−1∑︂
y=0

n∏︂
k=1

e2πixyk/2k |y1 . . . yn⟩

= 1√
N

n⨂︂
k=1

(︂
|0⟩+ e2πix/2k |1⟩

)︂
= 1√

N

(︂
|0⟩+ e

2πi
2 x |1⟩

)︂
⊗
(︂
|0⟩+ e

2πi
22 x |1⟩

)︂
⊗ . . .⊗

(︂
|0⟩+ e

2πi
2n x |1⟩

)︂
.

(1.23)
It is important to note that an efficient circuit capable of implementing the Quan-
tum Fourier Transform on n qubits is both feasible and well-established (See Figure
1.7 for the circuit implementation of the QFT on 3 qubits). Consequently, we are
able to perform the QFT using O(n2) gates, which would achieve an exponential
improvement compared to the best-known classical algorithm for computing the
discrete Fourier transform on 2n elements, which requires O(n2n) steps [80].

However, a significant challenge arises from the fact that the amplitudes within a
quantum computer cannot be directly accessed via measurement. Thus, there is no
efficient method for determining the Fourier-transformed amplitudes of the original
state. Furthermore, there is generally no efficient way to prepare the original state
to be transformed. Therefore, to fully leverage the power of QFT, it is more
advantageous to utilize it as a subroutine within a larger quantum algorithm that
benefits from internally performing the transformation, although its objective is
not directly to output the transformed amplitudes. One great example is Quantum
Phase Estimation.

H RZπ
2

RZπ
4 ×

• H RZπ
2

• • H ×
Figure 1.7: Example circuit for a 3 qubit QFT implementation.
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1.4.2 Quantum Phase Estimation
Consider a unitary matrix U , which has eigenvalues of the form eiθ and eigen-

vectors that constitute an orthonormal basis, satisfying the relation:

U |ψ⟩ = eiθψ |ψ⟩ , (1.24)

as prescribed by the spectral theorem. If we assume that it is possible to prepare
the state |ψ⟩, is there an algorithm available to extract the information contained
in the phase θψ, or equivalently, to estimate the eigenvalue of U?

Let us begin by noting that 0 ≤ θ < 2π, thus we can instead reconsider the
eigenvalue as e2πθi where 0 ≤ θ < 1. Subsequently, we need to introduce a well-
known and elegant technique known as phase kickback.

Phase Kickback

Suppose we have a circuit analogous to the one in Figure 1.8.

|0⟩ H •

|0⟩ X RZφ

Figure 1.8: An apparently harmless quantum circuit with a Hadamard, a X and a
controlled Z-rotation gate.

Prior to the application of the controlled Z-rotation (CRZφ), the state of the
circuit can be expressed as follows:

√
2

2 (|10⟩+ |11⟩). (1.25)

Note that we follow little-endian convention, where qubit 0 is the least significant
bit and appears on the right in tensor products. Subsequently, upon applying the
controlled gate, the state transforms to:

√
2

2 (|10⟩+ eφi |11⟩) = |1⟩ ⊗
√

2
2 (|0⟩+ eφi |1⟩) (1.26)

The phase induced by the RZ gate, which is conditionally applied to the lower
qubit, results in the emergence of the phase eφi in the state of the upper qubit.
Notice how the state of the upper qubit remains unaffected. This phenomenon
illustrates the concept of phase kickback.
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We have already mentioned how the problem of phase estimation deals with
unitary operators U . Such operators can be implemented using unitary quantum
circuits. We can thus generalize the concept of phase kickback by considering a
controlled version of the unitary operator U , as depicted in Figure 1.9 (where the
operator is viewed as a large quantum gate). Observe that a quantum circuit similar
to the one illustrated can be achieved by integrating a control qubit into the circuit
corresponding to the unitary operator U , followed by transforming each gate within
that circuit into its controlled variant, wherein the control qubit functions as the
gate’s control input.

•

U... ...

Figure 1.9: Representation of a general controlled unitary operation.

With this, we have all the ingredients for the general phase kickback circuit
which is depicted in Figure 1.10.

|0⟩ H •

U... ...

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|ψ⟩

Figure 1.10: General phase kickback circuit.

Where |ψ⟩ is the quantum state corresponding to an eigenvector of U . The
circuit is initially in the state

|ψ⟩ |0⟩ . (1.27)

But, after applying the first Hadmard, turns into

|ψ⟩ |+⟩ =
√

2
2 (|ψ⟩ |0⟩+ |ψ⟩ |1⟩). (1.28)
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Next, we apply the controlled U operation, resulting in the state
√

2
2 (|ψ⟩ |0⟩+ (U |ψ⟩) |1⟩). (1.29)

Being |ψ⟩ an eigenvector of U with eigenvalues of the form λ = e2πiθ, we can
highlight the phase kickback effect on the state

√
2

2 (|ψ⟩ |0⟩+ e2πiθ |ψ⟩ |1⟩) = |ψ⟩ ⊗
√

2
2 (|0⟩+ e2πiθ |1⟩). (1.30)

Extracting The Phase

It is interesting to study what happens if we add an Hadamard on the control
qubit and the we measure it. The circuit become the one in Figure 1.11.

|0⟩ H • H

U... ...

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|ψ⟩

Figure 1.11: Slightly modified phase kickback circuit.

The final state of the circuit will now be

|ψ⟩ ⊗ (1 + e2πiθ

2 |0⟩+ 1− e2πiθ

2 |1⟩). (1.31)

Which means that, once measured, the control qubit will yeld as outcomes 0 and 1
with probabilities:

p0 = |1 + e2πiθ

2 |2 = cos2(πθ) (1.32)

p1 = |1− e
2πiθ

2 |2 = sin2(πθ). (1.33)

We begin to gather some information regarding the phase θ. Specifically, if θ
is 0, the measurement outcome will always be 0, and if it is 1/2, the measurement
outcome will always be 1. Assuming that θ can only take the values 0 or 1/2, this
circuit and its measurement can determine which of the two solutions is correct.
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|0⟩ H • • H

U U... ...

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|ψ⟩

Figure 1.12: Circuit to obtain a guess for the second bit of the phase θ.

Thus, we can interpret the measurement outcome as a guess of the phase to one
(binary) bit of accuracy.

Note how if we were to measure the state of the control qubit before the final
Hadamard gets applied, we would obtain 0 and 1 each with probability 1

2 . The
second Hadamard gate allows us to learn something about the phase through the
phenomenon of interference, allowing θ to affect the output probabilities.

The subsequent step involves the possibility of constructing an analogous circuit
in which the estimation is no longer referenced to θ but rather to 2θ. This can
be achieved by applying the controlled operation U twice instead of once (or by
applying the controlled operation U2) as shown in Figure 1.12. Effectively, this
introduces another guess to one bit of accuracy, but this time for a different bit
in the binary representation of θ. In fact, if the binary representation of θ is
θ = 0.a1a2a3... then doubling ϕ shifts the binary point one position to the right:
2θ = a1.a2a3 . . .. (θ = 1 gets equated with θ = 0 as we progress around the unit
circle, so the bit a1 does not influence our probabilities), thus effectively providing
a guess for the second bit after the binary point.

We would like to be able to combine the information obtained from these two
circuits to achieve a more precise estimate of the phase. The mainstream approach
to achieve such a result consists in using multiple control qubits, forming what
is commonly known as a counting register. Each of these qubits controlled the
application of a different power of the unitary operator U , with the powers set
to double for each new counting qubit. In general, after the application of the
Hadamard gates to the n counting qubits, the state will be:

1
(
√

2)n
(|0⟩+ |1⟩)⊗n . (1.34)

Afterwards, we apply the controlled power of U . Before proceeding, note:

U2x|ψ⟩ = U2x−1U |ψ⟩ = U2x−1e2πiθ|ψ⟩ = · · · = e2πi(θ2x)|ψ⟩ (1.35)
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|0⟩0 H •
QFT †... . . . ...

|0⟩n H •

U20
U2n−1

... · · · ...

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|ψ⟩

Figure 1.13: Quantum Phase Estimation circuit.

Therefore, after applying all the controlled operations it is reasonable to expect the
state:

1√
N

(︂
|0⟩+ e2πiθ2n−1 |1⟩

)︂
⊗
(︂
|0⟩+ e2πiθ2n−2 |1⟩

)︂
⊗ . . .

(︂
|0⟩+ e2πiθ20 |1⟩

)︂
(1.36)

This formula is remarkably similar to the formulation of the QFT that we derived
in 1.23, except for the fact that there θ is replaced by x

2n . Thus, we can read |2nθ⟩
in the output register of our phase estimation circuit after applying the inverse of
the QFT transformation. The resulting circuit is shown in Figure 1.13.

1.4.3 Shor’s Factoring Algorithm
Consider the problem of factoring a number N = p · q, where p and q are

large prime numbers, and n = ⌈log2 N⌉ binary bits are required to represent N .
Classically, this is a complex problem that typically involves methods that scale as
O(exp[c · n 1

3 · (log n) 2
3 ]), where c is a constant that depends on the details of the

implementation.
Shor’s algorithm [73], when implemented on a quantum computer, resolves this

problem with a complexity that scales slightly better than O(n3). Therefore, the
approach is capable of providing an exponential speedup over traditional compu-
tation methods and, for this reason, represents one of the application areas where
quantum computing generates significant interest. The efficacy of this algorithm is
derived from the relationship between the factoring problem and the order-finding
problem, wherein the former can be transformed into the latter, which can then
be addressed through Algorithm 1. Here, the order r of an integer a modulo N
is defined as the smallest positive integer such that ar ≡ 1 (mod N). See Section
1.3.2 for more details.
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Algorithm 1 Factorization using order finding
Require: N = p · q (product of two primes)
Ensure: {p, q}

1: Pick a such that gcd(a,N) = 1
2: Find the order r of a mod N , i.e., the smallest r such that

ar ≡ 1 (mod N)

3: if r is even then
4: Compute x ≡ ar/2 (mod N)
5: if x+ 1 /≡ 0 (mod N) then
6: Set p = gcd(x+ 1, N), q = gcd(x− 1, N)
7: return {p, q}
8: else
9: Find another a

10: end if
11: else
12: Find another a
13: end if
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In order to implement the quantum circuit corresponding to Shor’s algorithm,
we first require to define an unitary operation Ma as such:

Ma |x⟩ = |ax⟩ . (1.37)

With gcd(a,N) = 1 and x ∈ {0,1, ..., N − 1}. The intuition behind Shor’s algo-
rithm is that the eigenvalues of Ma are connected with the order r of a. From
this, it follows that the use of phase estimation can lead to an estimation of these
eigenvalues and, consequently, the order. The eigenvectors of Ma take the form:

|ψj⟩ = |1⟩+ ω−j
r |a⟩+ · · ·+ ω−j(r−1)

r |ar−1⟩√
r

, (1.38)

for each j ∈ {0, ..., r − 1}. Where ωr =2πi/r. The corresponding eigenvalues satisfy

Ma |ψj⟩ = ωjr |ψj⟩ (1.39)

Now suppose we have a random eigenvector |ψj⟩. We can estimate j
r

by performing
phase estimation, but we cannot straightforwardly invert it since, in principle, we
do not know the value of j. However, we can utilize the continued fraction algorithm
[36] to estimate the order r. It is a well-known result that the number of qubits
required for the phase estimation process, in this specific case, increases linearly
with the number n of qubits needed to represent N .

Note that unfortunately j could have common factors with r. To account for
this, one can draw independent samples, where j ∈ {0, ..., r−1} is chosen uniformly.
In this way it is possible to find r with high probability by computing the least
common multiple of the different estimates.

The circuit to implement QPE usingMa is depicted in Figure 1.14. Notice that
we start from the state |1⟩ since we want a random eigenvector and, in our case:

|1⟩ = |ψ0⟩+ · · ·+ |ψr−1⟩√
r

. (1.40)

Ma can be implemented at a cost O(n2) and more importantly there exist an
efficient way to implement Mk

a. In fact, it is sufficient to compute

b = ak (mod N)

and then use a circuit for Mb instead of Mk
a. Therefore, since we require n con-

trolled unitary operations, each incurring a cost of O(n2), and given that we can
neglect the contributions of the QFT and Hadamard operations, the overall com-
plexity will scale as O(n3) as mentioned above.
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|0⟩0 H •
QFT †... . . . ...

|0⟩n H •

Ma M2n−1
a... · · · ...

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|1⟩

Figure 1.14: Circuit for Shor’s algorithm.

1.4.4 Grover’s Search Algorithm
In 1996, Lov Grover introduced a search algorithm that offers a quadratic im-

provement over classical counterparts [38]. This algorithm is fundamentally based
on the concept of function inversion, which encompasses two specific types: phase
inversion and inversion about the mean.

Consider an unsorted search space of size N . Finding an element in this space
that satisfies a specific property requires O(N) steps. Grover’s search algorithm is
capable of finding the solution with O(

√
N) steps.

A concrete instance of an unstructured search problem can be drawn from the
task of locating a specific telephone number within a digitized version of a tra-
ditional phone book, where the entries are not ordered by number and no re-
verse lookup is available. Given a collection of N entries, each consisting of a
name and an associated telephone number, the objective is to identify the index
i ∈ {0, 1, . . . , N − 1} such that the telephone number at that entry matches a fixed
target value t. Crucially, the searcher does not possess any information about the
name corresponding to t, and the dataset is assumed to be unsorted with respect to
phone numbers, rendering indexing by value or binary search infeasible. Classically,
solving this problem requires a brute-force approach that queries each entry until
a match is found, resulting in a time complexity of O(N). However, in the quan-
tum setting, Grover’s algorithm offers a quadratic speed-up by modeling the search
as the problem of finding a unique input i such that a Boolean oracle function
f(i) evaluates to 1 if and only if the entry at index i contains the target number.
Grover’s algorithm can identify the correct index with high probability using only
O(
√
N) evaluations of the oracle.

To understand the general functioning of the algorithm, suppose that a search
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problem is characterized by a function

f : {0,1, ..., N − 1} → {0,1}.

Now imagine that there exists a unique solution x0 such that f(x0) = 1. The ele-
ment x0 corresponds to the solution of our search problem. Therefore, all incorrect
solutions, when evaluated through the function f , will return 0.

A fundamental component for the implementation of Grover’s algorithm is a
quantum oracle O capable of recognizing the correct solution to the search problem.
In practice, the quantum oracle will be a unitary operator whose action allows us
to evaluate a solution by observing the state of a so-called oracle qubit. If, following
the application of the operator, the oracle qubit, once measured, returns the state
|1⟩, it indicates that the candidate solution evaluated by the oracle is indeed the
correct one for the search problem.

In this context it is common to apply a Hadamard gate on the above-mentioned
oracle qubit to obtain the state |0⟩−|1⟩√

2 . Then is possible to apply the oracle, whose
action can be described as:

|x⟩
(︄
|0⟩ − |1⟩√

2

)︄
O−→ (−1)f(x) |x⟩

(︄
|0⟩ − |1⟩√

2

)︄
. (1.41)

The oracle alters the final state only if the bitstring x is the solution to the search
problem, effectively swapping |0⟩ and |1⟩. In essence, the oracle flips the phase for
the correct solution.

It is important to note that the oracle does not need to know the correct solution
a priori; however, it must be capable of recognizing the correct solution once it is
provided as input.

As previously mentioned, the oracle serves as the fundamental component of
Grover’s algorithm, however it is not the only one. The algorithm requires a register
of n qubits (n being the smallest positive number in Z such that N ≤ 2n), which
are initially in the state:

|ψ0⟩ = |0⟩⊗n .
Subsequently, a Hadamard gate (also known as the Hadamard transform) is applied
to each qubit in the register.

|ψs⟩ = 1
N1/2

N−1∑︂
x=0
|x⟩ (1.42)

This operation creates an equal superposition of all bitstrings that represent
possible solutions to the search problem. The following step consists in obtaining
the circuit in Figure 1.15 by applying O(

√
N) times the Grover operation (Q) which

is composed of the two inversion operator mentioned in the opening of this section.
The first one, known as the phase-inversion operator is exactly the oracle O

described above. Following its application, we need to apply the inversion about
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|0⟩0 H

Q Q

· · ·

Q
|0⟩1 H · · ·

... · · · ...
|0⟩n H · · ·

Figure 1.15: Quantum circuit implementing Grover’s algorithm on n qubits.

the mean operator Ui, which requires firstly another Hadamard transform applied
on the n qubits, followed by the following operation:

2 |0⟩ ⟨0| − I
Here is an example of his action for one single qubit:

• |0⟩ will be the basis state
(︄

1
0

)︄
.

• ⟨0| is thus the conjugate transpose of |0⟩, i.e.,
(︂
1 0

)︂
.

• |0⟩⟨0|: projection operator onto the state |0⟩, defined as:

|0⟩⟨0| =
(︄

1
0

)︄(︂
1 0

)︂
=
(︄

1 0
0 0

)︄
.

• First, compute 2|0⟩⟨0|:

2|0⟩⟨0| = 2 ·
(︄

1 0
0 0

)︄
=
(︄

2 0
0 0

)︄
.

The identity matrix I is:

I =
(︄

1 0
0 1

)︄
.

• Now subtract I from 2|0⟩⟨0|:

2|0⟩⟨0| − I =
(︄

2 0
0 0

)︄
−
(︄

1 0
0 1

)︄
=
(︄

1 0
0 −1

)︄
.
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• Final Result:
2|0⟩⟨0| − I =

(︄
1 0
0 −1

)︄
.

Eventually, we apply a final Hadamard transform to conclude our Grover iteration.
The impact of repeated applications of the operator Q highlights the efficacy

of the algorithm. This can be effectively illustrated through a useful graphical
visualization, which can be observed in Figure 1.16 that illustrates the effect of
applying once the Grover iteration routine.

In the figures, we observe two axes corresponding to two states of our system.
The vertical axis represents the state |ω⟩, which we assume to be the state corre-
sponding to the correct solution of our problem. The horizontal axis, on the other
hand, represents the state perpendicular to the former, which we denote as |s′⟩.

Figure 1.16a illustrates the effect of applying the oracle to the initial uniform
superposition (Equation 1.42). As can be observed, this effect corresponds graph-
ically to a reflection with respect to |s′⟩, inverting the phase exclusively for the
state (within the superposition) that corresponds to the correct solution, i.e., |ω⟩.
In Figure 1.16b, we observe the action of Ui, the second operator that constitutes
Q. In this case, the effect is a reflection with respect to |ψ⟩s itself.

Overall, the combined effect of these two operators leads to the result shown
in Figure 1.16c, where it is evident that the final state has undergone a rotation,
moving closer to the correct solution state. Therefore, the repeated application of
Grover’s operator, Q, progressively brings the state closer to |ω⟩.

It can be shown that the amount of repetitions of Q needed to approach the
correct solution depends on N and grows as O(

√
N) [38].

1.4.5 Quantum Amplitude Amplification
It is possible to generalize Grover’s algorithm approach for problems where there

are multiple correct solutions and the initial superposition is not necessarily uni-
form. This initial superposition is therefore not obtained using a Hadamard trans-
form, but by applying an arbitrary transformation resulting from the application
of a general operator A. In this case, the fundamental insight lies in the quantum
analogue of increasing the probability of finding a correct solution. In quantum,
this increase can be obtained amplifying the probability amplitude of being in the
specific subspace of the Hilbert space that "contains" the correct solutions.

Even in this case, we can consider a function analogous to f , which we will call

χ : {0,1, ..., N − 1} → {0,1}.

We can partition the set of input into two subsets: one of bad elements (χ(x) = 0)
and one of good elements (χ(x) = 1). A can be thought of as a quantum algorithm
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|s′⟩

|ω⟩

|ψ⟩s

O|ψ⟩s

θ

θ

(a) Effect of applying the oracle O on the
initial uniform superposition.

|s′⟩

|ω⟩

UiO|ψ⟩s

O|ψ⟩s

(b) Effect of applying Ui on the state O |ψ⟩s.

|s′⟩

|ω⟩

|ψ⟩s

Q|ψ⟩s

2θ

(c) Global effect of the Grover iteration Q on
the initial superposition.

Figure 1.16: Visualization of the Grover subroutine
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such that
A|0⟩ =

2n−1∑︂
j=0

αj|j⟩n (1.43)

prepares a general quantum state on n qubits (see Equation 1.18). Now let a
denote the probability that a good solution gets observed once A |0⟩ is measured
and H denote the Hilbert space were we find the states of our system. We can
see our function χ as dividing the Hilbert space H into a good subspace and a bad
subspace. Therefore, every pure state |Υ⟩ can be decomposed as |Υ⟩ = |Υ1⟩+ |Υ0⟩
which stands for the sum of its projection onto the good subspace and the one
onto the bad subspace. In this context, a = ⟨Υ1|Υ1⟩ is indeed the probability of
obtaining a good state when measuring |Υ⟩ [12]. Lastly, let’s assume that A has
an inverse.

Now, we can amplify a by applying powers of a specific (and probably familiar
by now) unitary operator to A |0⟩. In particular, the operator is as such:

Q = AS0A†Sχ (1.44)

Where S0 changes the sign of the amplitude whenever the state is the zero state
(what we called inversion about the mean operator in Section 1.4.4), while Sχ
(that we called phase-inversion operator in the same Section) flips the sign of the
amplitudes of the good states.

It is common to operate a change of basis to better demonstrate the amplifi-
cation effects of applying Q to |Ψ⟩ = A |0⟩: the subspace HΨ has an orthonormal
basis consisting of two eigenvectors of Q,

|Ψ±⟩ = 1√
2

(︄
1√
a
|Ψ1⟩ ±

ı√
1− a

|Ψ0⟩
)︄
, (1.45)

with eigenvalues λ± = e±ı2θa so that a = sin2 θa (with 0 ≤ θa ≤ π
2 ). It is now trivial

to show how one can use the operator Q to boost the probability a of observing a
good solution. In fact if we start with

|Ψ⟩ = −ı√
2
(︂
eıθa |Ψ+⟩ − e−ıθa |Ψ−⟩

)︂
(1.46)

and apply the operator Q for a number of times equal to some integer j ≥ 0, the
final state will be

Qj|Ψ⟩ = −ı√
2
(︂
e(2j+1)θa |Ψ+⟩ − e−(2j+1)θa |Ψ−⟩

)︂
= 1√

a
sin ((2j + 1)θa) |Ψ1⟩+ 1√

1− a
cos ((2j + 1)θa) |Ψ0⟩ .

(1.47)

Therefore, measuring Qj|Ψ⟩ will yeld a good state with a boosted probability given
by sin2 ((2j + 1)θa).
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1.4.6 Quantum Amplitude Estimation
Now consider the task of estimating the number of correct solutions (the number

of inputs for which the function χ takes the value 1). It is easy to observe that this
problem is essentially equivalent to estimating the fraction of correct solutions with
respect to the total number of possible solutions, and thus, adopting a frequentist
approach, essentially to estimating a = ⟨Ψ1|Ψ1⟩ in

A|0⟩ =
√

1− a |Ψ0⟩ |0⟩+
√
a |Ψ1⟩ |1⟩. (1.48)

The objective is to exploit the properties of the operator Q as defined in the
previous section. It is particularly interesting to highlight how Equation 1.47 clearly
shows that the amplitudes of the good and bad states, as a function of the number
of applications of Q, are sinusoidal functions whose period is related to θa, and
therefore to a.

|0⟩0 H •

QFT †... . . . ...
|0⟩n H •

|0⟩⊗n /

A Q20 Q2m−1
· · ·

|0⟩
Figure 1.17: Circuit for the Quantum Amplitude Estimation (QAE) algorithm. The
top register (first m qubits) is used for phase estimation via inverse QFT, while
the bottom-most qubit acts as the target qubit, where the probability amplitude
of interest is encoded. The operator A prepares a state such that measuring this
qubit reflects the success probability a.

We have already seen quantum algorithms for period estimation, particularly
the application of the Quantum Fourier Transform in Shor’s algorithm and for
eigenvalue estimation using QPE. This latter application provides an alternative
perspective on the problem: as mentioned above the eigenvalues of Q on the sub-
space spanned by |Ψ1⟩ and |Ψ0⟩ are λ+ = ei2θa and λ− = e−i2θa . Consequently,
the use of quantum phase estimation (QPE) allow us to estimate θa (and thus a).
The resulting circuit is displayed in Figure 1.17. In the circuit depicted, the target
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qubit (the first from the bottom) plays a central role in encoding and extracting
the amplitude information that is critical for QAE.

as shown in Equation (1.48). Here, the target qubit (the qubit in the rightmost
register) is used to distinguish between the “good” outcomes (encoded in |Ψ1⟩) and
the “bad” outcomes (encoded in |Ψ0⟩).

After the state preparation, the algorithm applies controlled operations of the
amplitude amplification operator Q to the target qubit. These controlled Q oper-
ations—applied with powers 20, 21, . . . , 2m−1—induce the phase kickback effect. In
other words, while the target qubit retains the information regarding the superpo-
sition of the "good" and "bad" components, it also facilitates the imprinting of the
phase (related to θa) onto the ancillary qubits.

1.4.7 QAE Without Phase Estimation
Recently, numerous studies have introduced simplified models of QAE that ex-

clusively employ Grover iterations, thereby eliminating the requirement for Quan-
tum Phase Estimation. These approaches offer a significant reduction in resource
demands, particularly with respect to the number of qubits and the overall circuit
complexity, a key advantage for implementation on NISQ devices.

QPE typically requires a deep quantum circuit, additional ancilla qubits, and a
quantum Fourier transform, all of which impose considerable overhead on current
quantum hardware.

The alternative approaches circumvent these challenges by employing iterative
Grover operations coupled with classical post-processing. In these methods, the
quantum circuit is simplified to consist primarily of the state preparation operator
A and the Grover operator Q = AS0A†Sχ. Instead of applying a controlled-Q
operation in a QPE framework, the algorithm repeatedly applies Q and measures
the state after various numbers of iterations. The measurement statistics are then
processed using techniques such as maximum likelihood estimation or iterative re-
finement to estimate the amplitude a.

This approaches, like Iterative Quantum Amplitude Estimation (IQAE) [37]
and Maximum Likelihood Amplitude Estimation (MLAE) [77], have been shown to
achieve comparable accuracy to traditional QAE while significantly reducing circuit
depth and qubit requirements. Although the latter does not provide rigorous proofs
of the correctness of MLAE, the former (IQAE) provably has the desired asymptotic
behavior up to a multiplicative factor that depends on the target accuracy and the
resulting confidence level. However, IQAE requires iterative queries to the QPU
and cannot be parallelized. In contrast, MLAE allows for the parallel execution of
the different queries. Regardless, the potential parallelization speedup is limited.
In fact, in MLAE the length of the queries is doubled in each iteration. Thus,
the speedup is at most a factor of two. For these reasons, we will use IQAE for
the amplitude estimation subroutine that is part of the algorithms proposed in
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Algorithm 2 Iterative Quantum Amplitude Estimation. Source: [37].
Require: ϵ, α, Nshots, ci {ci is a chosen confidence interval method.}

1: i← 0 {initialize iteration count}
2: ki ← 0 {initialize power of Q}
3: upi ← True {keeps track of the half-plane}
4: [θl, θu]← [0, π/2] {initialize confidence interval}
5: T ← ⌈log2(π/8ϵ)⌉ {maximum number of rounds}
6: Calculate Lmax {max error on every iteration; depends on ϵ, α, Nshots, and the

choice of confidence interval}
7: while θu − θl > 2ϵ do
8: i← i+ 1
9: [ki, upi]← FindNextK(ki−1, θl, θu, upi−1)

10: Set Ki ← 4ki + 2
11: if Ki > ⌈Lmax/ϵ⌉ then
12: N ← ⌈Nshots Lmax/(ϵKi/10)⌉ {No-overshooting condition}
13: else
14: N ← Nshots
15: end if
16: Approximate ai = P[|1⟩] for the last qubit of QkiA |0⟩n |0⟩ by measuring N

times
17: if ki = ki−1 then
18: Combine the results of all iterations j ≤ i with kj = ki into a single result
19: end if
20: if ci = “Chernoff-Hoeffding” then
21: ϵai ←

√︃
1

2N log
(︂

2T
α

)︂
22: amax

i ← min
(︂
1, ai + ϵai

)︂
23: amin

i ← max
(︂
0, ai − ϵai

)︂
24: end if
25: if ci = “Clopper-Pearson” then
26: amax

i ← I−1
(︃
α

2T ; Nai, N(1− ai) + 1
)︃

27: amin
i ← I−1

(︃
1− α

2T ; Nai + 1, N(1− ai)
)︃

28: end if
29: Calculate [θmin

i , θmax
i ] for {Kiθa}mod 2π from [amin

i , amax
i ] and flag upi by in-

verting a = (1− cos(Kiθ))/2
30: θl ← ⌊Kiθl⌋mod 2π+θmin

i

Ki

31: θu ← ⌊Kiθu⌋mod 2π+θmax
i

Ki
32: end while
33: [al, au]← [sin2(θl), sin2(θu)]
34: return [al, au]
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Chapters 3 and 4.
We now outline the main ideas IQAE relies on. The method is formally de-

scribed in [37] using Algorithm 2, while its main sub-routine FindNextK is outlined
through Algorithm 3. We start with a confidence interval [θl, θu] ⊆ [0, π/2] for θa
and a power k of Q as well as an estimate for sin2 ((2k + 1)θa). Through exploiting
trigonometric identities, the estimates for sin2 ((2k + 1)θa) can be turned into es-
timates for cos ((4k + 2)θa). Here, the cosine is only invertible without ambiguity
if we know the argument is restricted to either [0, π] or [π, 2π]. Thus, we want
to find the largest k such that the scaled interval [(4k + 2)θl, (4k + 2)θu] mod 2π is
fully contained either in [0, π] or [π, 2π]. Once this is achieved, it is possible to
invert cos ((4k + 2)θa) and improve the estimate for θa with high confidence. The
algorithm’s core is the procedure that finds the next k given [θl, θu] (Algorithm 3).
It can be proved that for this algorithm, supposing a confidence level 1−α ∈ (0, 1)
and a target accuracy ϵ > 0:

Noracle <
50
ϵ

log
(︃ 2
α

log2

(︃
π

4ϵ

)︃)︃
. (1.49)

which is the desired bound for the total number of Q-applications. For a rigorous
proof we refer the reader to the original paper [37].

1.5 Quantum Computing Libraries
The development of quantum computing algorithms requires appropriate soft-

ware tools. Over the years, numerous libraries have been created for this purpose.
One of the most established is undoubtedly Qiskit (Quantum Software Develop-
ment Kit), an open-source library for quantum information science. Nevertheless,
we must also mention CirQ [21] (associated with Google) and PennyLane [6], orig-
inally developed by the quantum company Xanadu, as well as Q# (Microsoft) [56]
and the QMod language [81] developed by Classiq.

For the experimental part of this work, Qiskit and the Classiq platform were
utilized. Therefore, it seems appropriate to present these two important software
tools in more detail.

1.5.1 Qiskit
Qiskit was initiated in 2017 by IBM [45]. To date, it has been employed in

over 2,000 scientific publications. Figure 1.18 illustrates the primary components
constituting the Qiskit software architecture.

Typically, the user begins by outlining a high-level computational problem and
identifying a quantum algorithm to resolve it using quantum circuits. At this stage,
the resulting circuits are often quite abstract, comprised of high-level mathemati-
cal operators. Qiskit subsequently generates concrete circuits from these through
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Algorithm 3 Procedure for finding ki+1. Source: [37].
Require: ki, θl, θu, upi, r = 2

1: Ki ← 4ki + 2 {current θ-factor}
2: θmin

i ← Ki θl {lower bound for scaled θ}
3: θmax

i ← Ki θu {upper bound for scaled θ}
4: Kmax ← ⌊π/(θu − θl)⌋ {set an upper bound for θ-factor}
5: K ← Kmax − ((Kmax − 2) mod 4) {largest candidate of the form 4k + 2}
6: while K ≥ r Ki do
7: q ← K/Ki {factor to scale [θmin

i , θmax
i ]}

8: if {q θmax
i } mod 2π ≤ π and {q θmin

i } mod 2π ≤ π then
9: Ki+1 ← K {[θmin

i+1 , θ
max
i+1 ] is in the upper half-plane}

10: upi+1 ← True
11: ki+1 ← (Ki+1 − 2)/4
12: return (ki+1, upi+1)
13: else if {q θmax

i } mod 2π ≥ π and {q θmin
i } mod 2π ≥ π then

14: Ki+1 ← K {[θmin
i+1 , θ

max
i+1 ] is in the lower half-plane}

15: upi+1 ← False
16: ki+1 ← (Ki+1 − 2)/4
17: return (ki+1, upi+1)
18: end if
19: K ← K − 4
20: end while
21: return (ki, upi) {return old value}
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a process called transpilation that translates the abstract circuits to the target in-
struction set architecture (ISA) using its standard library of gates. Such gates are
representable using OpenQASM [18] or other intermediate quantum languages.

The ISA often includes a universal set of quantum gates and additional opera-
tions such as measure and reset.
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Figure 1.18: Overview of Qiskit’s software architecture. Source: [45].

In [45], the authors emphasize the role of modularity and extensibility as driv-
ing forces behind the software design in Qiskit. This is evident when considering
the plug-in interface that facilitates the integration and extension of Qiskit with
additional methods, circuits, and optimizations.

Another strength of qiskit lies in its ability to make circuits compatible with
diverse quantum platforms (with different ISA).

1 from qiskit import QuantumCircuit
2 from qiskit . quantum_info import SparsePauliOp
3 from qiskit . transpiler import generate_preset_pass_manager
4 from qiskit_ibm_runtime import EstimatorV2 as Estimator
5 from qiskit_ibm_runtime import QiskitRuntimeService
6

7 # Create a new circuit with two qubits
8 qc = QuantumCircuit (2)
9

10 # Add a Hadamard gate to qubit 0
11 qc.h(0)
12

13 # Perform a controlled -X gate on qubit 1, controlled by qubit 0
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14 qc.cx(0, 1)
15

16 # Return a drawing of the circuit using MatPlotLib (" mpl "). This is
the last line of the cell , so the drawing appears in the cell

output .
17 display (qc.draw("mpl"))
18

19 # Set up six different observables .
20

21 observables_labels = ["IZ", "IX", "ZI", "XI", "ZZ", "XX"]
22 observables = [ SparsePauliOp (label ) for label in observables_labels

]
23

24 service = QiskitRuntimeService ()
25

26 backend = service . least_busy ( simulator =False , operational =True)
27

28 # Convert to an ISA circuit .
29 pm = generate_preset_pass_manager ( backend =backend ,

optimization_level =1)
30 isa_circuit = pm.run(qc)
31

32 # Construct the Estimator instance .
33 estimator = Estimator (mode= backend )
34 estimator . options . resilience_level = 1
35 estimator . options . default_shots = 5000
36

37 mapped_observables = [ observable . apply_layout ( isa_circuit . layout )
for observable in observables ]

38

39 # One pub , with one circuit to run against five different
observables .

40 job = estimator .run ([( isa_circuit , mapped_observables )])
41

42 # Use the job ID to retrieve your job data later
43 print(f" >>> Job ID: {job. job_id ()}")

Listing 1.1: Qiskit code example. Source: [41].

This is achieved thanks to its Target class that defines the instructions and the
properties of a specific quantum hardware.

Listing 1.1 illustrates a practical example of a quantum routine realized through
Qiskit. The example pertains to the estimation of multiple observables from a sim-
ple two-qubit circuit executed on an IBM quantum backend. It demonstrates how
Qiskit translates a high-level quantum algorithm into hardware-specific instructions
via transpilation and optimization, while integrating runtime services to perform
resilient estimation of expectation values.
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1.5.2 Classiq and the Qmod Language
Qmod is an a high-level quantum programming language whose aim is to deal

with the issue of describing non-trivial quantum logic at the circuit level [81]. This
language was developed by Classiq Technologies1, which incorporates it into its
platform for the design and synthesis of quantum circuits [35].

The strength of the Qmod language lies in its ability to support quantum nu-
meric variables and expressions. Most notably, Qmod supports native expressions
that combine quantum variables, classical variables, and literal constants using fa-
miliar arithmetic, relational, and bitwise operators [81]. These expressions can be
evaluated in multiple modes, encoding their results either in the computational
basis or in the phase or amplitude of basis states.

Qmod accepts two different input formats:

• an external domain-specific language (DSL) with its dedicated syntax (see
Figure 1.19 for an example),

• an embedded DSL with Python as host language (an example is represented
by the code in Listing 1.2).

Both let programmers express complex numeric computations in high-level func-
tional terms.

1https://www.classiq.io/
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1 from classiq import (
2 qfunc ,
3 Output ,
4 QBit ,
5 CReal ,
6 synthesize ,
7 PauliTerm ,
8 Pauli ,
9 RX ,

10 allocate ,
11 )
12 from classiq . execution import ExecutionSession
13

14

15 @qfunc
16 def main(x: Output [QBit], t: CReal):
17 allocate (1, x)
18 RX(t, x)
19

20

21 qprog = synthesize (main)
22

23 with ExecutionSession (qprog) as execution_session :
24 hamiltonian = [
25 PauliTerm (pauli =[ Pauli.I], coefficient =1) ,
26 PauliTerm (pauli =[ Pauli.Z], coefficient =2) ,
27 ]
28

29 estimate_result = execution_session . estimate (
30 hamiltonian , {"t": 0.5}
31 )
32 batch_estimate_result = execution_session . batch_estimate (
33 hamiltonian , [{"t": 0.5} , {"t": 0.6}]
34 )
35 estimate_job = execution_session . submit_estimate (
36 hamiltonian , {"t": 0.5}
37 )
38 batch_estimate_job = execution_session . submit_batch_estimate (
39 hamiltonian , [{"t": 0.5} , {"t": 0.6}]
40 )

Listing 1.2: Qmod code example as an embedded DSL with Python as host
language.

The resulting quantum programs are expressed in terms of a high-level model to-
gether with constraints and objectives. This is possible thanks to the principles
and methods of well-proven electronic design automation (EDA) [85] on which the
Classiq framework is based.
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Figure 1.19: Qmod code example as an external DSL used inside the Classiq plat-
form [35].
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Chapter 2

Quantum Algorithms for Finance

The financial sector is anticipated to be a major beneficiary of the advance-
ments enabled by quantum computing [62, 29, 42]. The primary reason lies in
the abundant number of complex problems that arise within the field. The highly
competitive nature of the sector is undoubtedly an additional incentive towards in-
vestment and research in what is shaping up to be the promising domain of quantum
finance.

According to a McKinsey & Company 2023 analysis [40], quantum computing
applications in the financial sector could generate up to $622 billion in value by 2035.
The distribution of this economic impact varies across different financial domains,
with corporate banking expected to benefit the most, contributing approximately
$190 billion. Risk and cybersecurity follow closely, with a projected value of $160
billion. Retail banking, payments, and asset and wealth management are estimated
to generate $90 billion, $80 billion, and $80 billion, respectively. Investment banking
stands to gain around $20 billion, while operations and finance are expected to see
a comparatively modest impact of $2 billion [40]. These projections highlight the
significant potential of quantum computing in optimizing financial operations.

Financial problems with significant complexity include forecasting tasks such as
pricing, risk estimation, anomaly detection in transactions, and analyzing customer
preferences. In these cases, stochastic processes are commonly used as a tool. The
central idea is to model phenomena by representing the descriptive quantities with
random variables. What characterizes the application of these methods in the finan-
cial domain is the objective (for example, aiding in making investment decisions)
and the nature of these quantities of interest, which are related to the description
of market conditions. Often, this model leverages stochastic differential equations
(SDEs) that need to be solved to obtain expectation values for the variables of
interest. In a few simple cases, it is possible to compute analytical solutions to
solve the SDEs; more often, numerical approaches are required. These approaches
can be high-precision and non-randomized methods which, however, have a strong
dependence on the problem’s dimension, or methods with weaker dependence at
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the expense of variance, such as Monte Carlo Integration (MCI).
Another avenue of significantly complex problems is that of optimization for

tasks such as optimal portfolio selection and hedging. Typically, in finance, one
encounters problems that are highly constrained, linear or quadratic. These prob-
lems can involve continuous or discrete variables, and sometimes both. Quantum
methods have demonstrated polynomially better complexity dependence on certain
dimensions of the problem.

In [42], the authors list three main tools for solving these financial problems:

• stochastic modeling,

• optimization,

• machine learning.

In stochastic modeling, quantum Monte Carlo integration and quantum partial
differential equation (PDE) solvers are proposed for pricing and risk modeling,
with potential advantages such as quadratic speedup, though challenges like model
loading and pre-/post-processing remain. In particular, to achieve the capability
to address problems with commercially relevant specifications, it is necessary to
reduce the resources required for the quantum embedding of classical input data
and to optimize the readout process to prevent diluting the polynomial advantage
provided by the quantum model. Thus, these applications are expected to have
long-term applicability.

Optimization problems, including portfolio management, financing, and re-
source allocation, can benefit from quantum-enhanced solvers, which may provide
quadratic speedup but face challenges such as costly QBLAS (quantum basic linear
algebra subroutine) limitations and oracle complexity. Quantum heuristics, how-
ever, show partial evidence of near-term applicability, despite parameter tuning
challenges.

In machine learning, quantum-enhanced and quantum-native models hold promise
for forecasting, anomaly detection, and recommendation systems, though their ap-
plicability varies. While quantum-enhanced machine learning faces data-loading
constraints and is considered a long-term prospect, quantum-native approaches
may have near-term potential despite issues with parameter tuning and sampling
complexity [42]. Thus, the literature is clear both on the promise and on the signifi-
cant technical challenges that must be addressed before quantum computing can be
fully leveraged in financial applications. In particular, it is worth also emphasizing
the reliance of quantum methods on classical computation concerning the identifi-
cation of optimal initial conditions and/or the implementation of error mitigation
schemes.
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Quantum Algorithms for Financial Problems

Stochastic Modeling Optimization Machine Learning

Quantum Monte Carlo Integration
Quantum PDE Solvers

Quantum-Enhanced SCP Solvers
Mixed Integer Programming (MIP) Solvers

Quantum-Enhanced ML Models
Quantum-Native ML Models

Figure 2.1: High level overview of quantum algorithms for financial problems.

2.1 Promising Complex Problems in Finance
As previously mentioned, there exist specific classes of problems within the fi-

nancial domain that are difficult to solve. In particular, this work will focus on
three of the most relevant and well-known: portfolio optimization, credit risk anal-
ysis and derivative pricing. These will also be categorized based on the nature of
the quantum algorithms proposed to address them: so-called near-term algorithms,
and those that assume the possibility of execution on fault-tolerant QPUs, thus not
amenable to useful implementation using currently available technology.

Fault-tolerant QPUs refer to quantum processors that incorporate robust error
correction techniques to mitigate the effects of decoherence, gate errors, and other
sources of noise. These devices typically require quantum error-correcting codes
to encode logical qubits into many physical qubits, thereby enabling the correction
of errors during computation [61]. This approach is essential for executing long
and complex quantum algorithms with high fidelity. However, the overhead is
significant; fault-tolerant architectures often require thousands of physical qubits
to reliably represent a single logical qubit. Consequently, while fault-tolerant QPUs
promise to unlock the full potential of quantum computing, they remain a long-term
goal, as current hardware is limited to noisy intermediate-scale quantum (NISQ)
devices.

In contrast, near-term quantum algorithms are specifically designed to operate
within the constraints of existing quantum hardware. These algorithms aim to
extract useful computational results despite the absence of full error correction and
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the presence of operational noise [64]. While such approaches may not fully exploit
the exponential speedups predicted for fault-tolerant quantum computers, they
provide a practical pathway for demonstrating quantum advantage in real-world
applications today. This categorization will be helpful later in delineating which
financial problems might benefit from current NISQ-era technologies versus those
that will require the advent of fault-tolerant QPUs to be effectively addressed.

2.1.1 Portfolio Optimization
The objective of optimal portfolio selection is to build portfolios that aim

to maximize expected returns while aligning with each investor’s acceptable risk
thresholds [63]. The most traditional framework for addressing the problem of opti-
mizing the mix of the components within a financial portfolio is usually considered
to be the one proposed by Markowitz in 1952 [50] and known as modern portfolio
theory. In this context, risk minimization (for a given target return) is achieved

Portfolio Volatility (Risk)
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Efficient Frontier
Efficient Frontier
Global Minimum Variance Portfolio

Figure 2.2: Graphical representation of the efficient frontier. In the image the
frontier is a curve that represents the risk and return values arising from different
combinations of assets.

through the minimization of variance (covariance in the case of multiple assets),

44



2.1 – Promising Complex Problems in Finance

which is associated with risk in the model in question. This results in a quadratic
mathematical optimization problem which, classically, is often addressed through
the application of operations research techniques. Moreover, we are faced with a
convex optimization problem, where market constraints often require that portfolio
positions be either integers or multiples of a fixed increment. This necessitates the
use of discrete optimization methods or, more generally, mixed-integer program-
ming (MIP) [7]. A particularly powerful class of algorithms for solving MIPs is the
branch-and-bound (B&B) method [47], which constitutes the core of most com-
mercial solvers utilized in the field. Essentially, the algorithm constructs a tree of
sub-problems, employing heuristic techniques to identify sub-problems that can be
efficiently solved while pruning branches of the tree whenever possible to enhance
computational efficiency.

Clearly, as the number of possible asset combinations increases, the selection of
the optimal portfolio quickly becomes a complex problem. Classical optimization
techniques therefore prove to be inefficient, since the tree can be exponentially
large in problem size. Thus, heuristic techniques can provide an improvement over
simpler methods, but with the risk of being too slow or suboptimal.

2.1.2 Credit Risk Analysis
Credit risk analysis is undoubtedly one of the fundamental tasks for the risk

management department of any reputable financial institution. The objective is to
estimate the amount of capital that must be set aside to withstand rare, yet possible,
adverse conditions arising from events that impact the ability of the institution’s
debtors to repay their loans.

To quantify this credit risk we will refer to two basic measures:

• Probability of Default (PD):

• Loss Given Default (LGD)

The higher these quantities are, the greater the Expected Loss (EL) will be. The
latter is obtained by multiplying the elementary risk measures mentioned above.
With reference to a single exposure i:

ELi = PDi · LGDi (2.1)

Given that EL is an additive measure, portfolio EL is equal to the sum of single
exposure’s expected loss.

The expected loss at an aggregate level is the first component in estimating
what is known as Economic Capital (EC):

EC = V aRα − EL (2.2)
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The purpose of Economic Capital is precisely to estimate the amount of equity
that a financial institution must hold to withstand the risk of credit losses in its
portfolio. The other ingredient is Value at Risk (VaR) which is defined for a given
confidence level α ∈ [0, 1] as the smallest total (aggregated) loss that still has a
probability greater than or equal to α to occur. Figure 2.3 depicts this concept.
In 2.2, the EL is subtracted from Value at Risk (VaR) because expected losses are

Returns

De
ns

ity

Value at Risk
Postive Returns
Negative Returns (Losses)
Value at Risk
Expected Return

Figure 2.3: Graphical illustration of Value at Risk (VaR) for a given confidence
level. The figure shows the return distribution of a portfolio with the VaR thresh-
old marked, highlighting the extreme losses that, beyond the expected loss (EL),
determine the economic capital needed to buffer against unforeseen losses.

already accounted for as a distinct item in the institution’s financial statements.
Thus, Economic Capital does not represent an average loss, as EL does, but rather
captures extreme or unforeseen losses.

Unlike EL, VaR is not an additive measure: at a portfolio level it is necessary
to consider the joint distribution of individual losses, which depends on the corre-
lation between them. In case of unitary correlations, there won’t be any benefit of
diversification and the Economic Capital would be equal to the sum of capitals of
single exposures.
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The diversification of credit risk in a loan portfolio is determined by two factors:
• the granularity of the portfolio, which equates to the number of loans in the

portfolio and the existence of single loans which are material in the context
of the portfolio as a whole;

• the correlation of the risk characteristics of the debtors within the portfolio.
Typically, these two factors are defined as specific risk and systematic risk. Specific
risk is a function of the granularity of the portfolio, whilst systematic risk is deter-
mined by the correlation of the characteristics of the debtor risks. In most banks’
portfolios, credit risk is principally a function of systematic risk (arising from the
correlation between the characteristics of the debtor risks), whilst specific risk is
only significant where there are very large exposures.

Most of the methodologies in credit risk analysis are based on the causal default
model developed by Robert Merton [55] and known as the Asset Based Default
Model. This model assumes that a company will become insolvent if the overall
market value of its assets is below the value of its current liabilities. If we know
the range of possible asset values over a given time period (typically one year) we
can therefore calculate the Probability of Default with reference to the probability
that the value of the assets will drop below the value of the liabilities over the time
period under consideration.

Continuing with the Merton approach, one can assume a normal distribution
for the log of assets value and no drift. Thus, it is possible to introduce a ran-
dom variable Xi with normal standard distribution: when its value falls below the
value of its current liabilities the counterparty i defaults. The following equation
represents the dynamics of Xi for counterparty i as the combination of a systemic
component Y and an idiosyncratic one γi (i.e. a specific risk of counterparty i, as
mentioned above):

Xi = rY +
√

1− r2 · γi ∼ Φ(0,1) (2.3)
In the previous equation, r is the parameter which expresses the linear correla-
tion between each asset and the systemic risk. Y represents the systematic risk,
determined as the linear combination of S independent and normally distributed
factors:

Y =
S∑︂
k=1

αkZk with
S∑︂
k=1

α2
k = 1; Zk ∼ Φ(0,1) i.i.d. (2.4)

where the weightings αk are derived from the factorisation (using the Cholesky or
the spectral decomposition into eigenvalues and eigenvectors) of the asset correla-
tion matrix.

The distribution of total portfolio losses, taking into account deterministic
LGDs, can be expressed as follows:

L(Y ) =
Nc∑︂
i

LGDi · 1{Xi<Φ−1(PDi)} (2.5)
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where Nc represents the total number of counterparties, LGDi is the Loss Given
Default for counterparty i. If, as a result of adverse development in the Y systematic
factor, Xi is caused to fall below the threshold Φ−1(PDi), as obtained by inverting
the standard normal distribution corresponding to the Probability of Default PDi,
then the counterparty i will default and the second factor in L will go to 1. To
detrmine PDi conditioned on Y we can use the so called Gaussian Conditional
Independence Model:

PDi|Y = Φ
⎛⎝Φ−1 (PD0

i )− riY√︂
1− r2

i

⎞⎠ . (2.6)

This can be interpreted as can the default scenario in a perfectly granular hypoth-
esis, i.e. when Nc tends towards infinity or is at least a very large number.

The distribution of portfolio losses is numerically projected using a Monte Carlo
simulation: in every scenario, the Z factors relating to idiosyncratic risk are gener-
ated randomly. According to the model algorithm, for each scenario j, the original
PD of each counterparty is thereby transformed into a conditional probability of
default PDi|Zj. As a result, conditional PDs are used as inputs to simulate a bi-
nomial random variable to determine how many of the components will default in
scenario j, thereby causing the conditional loss L|Zj. The distribution of the losses
is thereby produced as function of the conditional portfolio losses by scenario.

If the conditional losses are sorted in ascending order, the credit VaR for a given
confidence level (cl), is conventionally calculated as follows:

VaRcl(L) := qcl(L) = inf{l ∈ R | P[L ≤ l] ≥ cl} (2.7)

As a reminder, Economic Capital can be calculated as VaR minus expected losses:

ECcl = VaRcl(L)− EL (2.8)

The predetermined confidence level is defined each year as part of the process of
determining the bank’s risk appetite. For example, Economic Capital estimated
with a cl of 99.93% is estimated to be capable of absorbing Group credit losses in
99.93% of cases.

2.1.3 Derivative Pricing
Financial derivatives are instruments whose values are contingent on the per-

formance of underlying assets (stocks, bonds, indices, commodities). These instru-
ments are frequently employed by investors to transfer various types of financial
risk to other market participants, for whom the (compensated) incremental risk is
deemed more attractive and manageable. Derivative pricing is essentially the task
of determining the appropriate monetary value to assign to the transfer of such
risk.
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A core tenet in pricing these instruments is the no-arbitrage or arbitrage-free
principle. If a derivative’s price deviates from the cost of a portfolio engineered to
mimic its cash flows, a risk-free profit opportunity emerges. To prevent this, the
pricing mechanism ensures that the derivative’s market price aligns exactly with
that of its synthetic counterpart. As soon as any brief imbalance appears, traders
quickly act on it, driving the prices back into equilibrium so that no risk-free profit
can be made.

Among the most frequently traded derivative instruments are call and put op-
tions, futures, forwards, and swaps. See Table 2.1 for some context on these instru-
ments. Options, in particular, are contracts that give the holder the right, but not
the obligation, to purchase (call option) or sell (put option) a certain underlying
asset at a specified price (referred to as the strike price) at the end of or within a
given time frame. It is important to highlight that the strike price can be a fixed
value but also a function of several market parameters.

For the simplest types of option, an analytical solution is possible. A pertinent
example consists of European options, which can be priced using the renowned
Black-Scholes options pricing model. The purpose of the model is to estimate the
fair price for a call option under a given set of conditions. The model assumes no
arbitrage, a geometric random walk for price evolution (with constant drift and
variance), no dividends, a specified risk-free rate, and no fees or costs.

However, the simplifying assumptions required for the model to provide closed-
form solutions are a limitation to its applicability. As a result, it is common, par-
ticularly for more exotic options, to employ Monte Carlo simulations. This method
involves simulating a large number of paths for the time evolution of prices. For
each of these paths, it is possible to compute the future payoff and finally average
the payoffs across all paths to determine the expected value of the simulated distri-
bution. The option price can then be obtained by discounting this expected value.
Monte Carlo methods offer the flexibility to incorporate extreme value functions
as well as economic shocks into the analysis. It should also be emphasized that
classical Monte Carlo methods require extensive computational resources, making
them a suitable candidate for exploring the potential of quantum computing.

Example of payoff function

Consider a European call option with strike price K and maturity T . The payoff
function for this option is defined as

π(ST ) = max(ST −K, 0), (2.9)

where ST is the underlying asset price at maturity. This function returns the
intrinsic value of the call option: if ST is greater than K, the option is exercised
and the payoff is ST −K; otherwise, if ST ≤ K, the payoff is zero. The fair price
C0 of the option is then computed by taking the discounted expected payoff:
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C0 = e−rTE [max(ST −K, 0)] , (2.10)

with r denoting the risk-free interest rate. In Monte Carlo simulations, many
independent realizations of ST are generated according to the underlying asset’s
dynamics, the payoff is calculated for each path using the function π(ST ), and the
average is taken before discounting.

Similarly, for a European put option, the payoff function is given by

π(ST ) = max(K − ST , 0), (2.11)

which reflects the right to sell the asset at the strike price K if ST falls below K.

Derivative
Type

Definition Key Characteristics

Call Option Right to buy an asset at a pre-
determined price

Holder benefits if asset
price rises above strike
price

Put Option Right to sell an asset at a prede-
termined price

Holder benefits if asset
price falls below strike
price

Futures Obligation to buy/sell an asset
at a future date

Standardized contracts
traded on exchanges

Forwards Obligation to buy/sell an asset
at a future date

Customized contracts
traded over-the-counter
(OTC)

Swaps Agreement to exchange cash
flows based on underlying asset

Commonly used for in-
terest rate and cur-
rency risk management

Table 2.1: Summary of main types of derivatives.

2.2 Near-Term Algorithms
The advent of noisy intermediate-scale quantum (NISQ) devices has spurred

the development of algorithms specifically designed to work within the constraints
of current quantum hardware. In this regime, quantum processors have a limited
number of qubits, restricted coherence times, and are susceptible to various noise
sources, making the execution of deep, fault-tolerant quantum circuits impracti-
cal. To address these challenges, researchers have turned to variational quantum
algorithms [13].
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Variational algorithms combine quantum and classical computation in a hybrid
framework. They rely on a parameterized quantum circuit (or ansatz) to prepare
a quantum state that encodes the solution to a problem. A classical optimization
loop is then used to adjust the parameters, minimizing a cost function defined
in terms of a Hamiltonian operator that represents the problem. This approach
is particularly well-suited to NISQ devices because it generally requires shallower
circuits and can tolerate a degree of noise through iterative refinement.

Well-known examples of variational algorithms include the Variational Quan-
tum Eigensolver (VQE) and the Quantum Approximate Optimization Algorithm
(QAOA). These methods have shown promise in a variety of applications ranging
from quantum chemistry to combinatorial optimization.

In the following subsection, we focus on Quantum for Portfolio Optimization,
where variational approaches leverage NISQ devices to find near-optimal solutions
by encoding the portfolio selection problem into a cost function and optimizing the
corresponding quantum circuit parameters via a classical algorithm.

2.2.1 Quantum for Portfolio Optimization
The task of optimally selecting assets for portfolio construction can be formu-

lated as a Quadratic Unconstrained Binary Optimization (QUBO) problem. The
quadratic nature of this problem is evident from the presence of mixed terms in its
characteristic equation:

V = wTΣw, (2.12)
which relates the portfolio variance V to the vector w of proportional investments
in each stock, and to the variance-covariance matrix Σ. Moreover, the model is
unconstrained since no additional restrictions are imposed during the optimization
process. In addition, it exhibits a combinatorial nature (the decision variables can
be discrete), as the objective is to identify a discrete set of assets to then build with
those the optimal portfolio. In general, problems of this type are non-convex and
cannot be solved in polynomial time using classical methods.

Within the field of quantum computing, various proposals suggest the use of
variational algorithms for solving optimization problems formulated as QUBO. In
particular, heuristic approaches based on the Variational Quantum Eigensolver
(VQE) [79] and the Quantum Approximate Optimization Algorithm (QAOA) [10]
can be executed on devices belonging to the NISQ era. It is important to emphasize
that, although these algorithms are inefficient to simulate on a classical computer,
there is no theoretical guarantee that they provide a significant speedup over clas-
sical methodologies for solving QUBO problems, despite the presence of promising
empirical results.

To understand why variational approaches are particularly suited for solving
QUBO problems, it is important to note that every QUBO can be transformed
into an Ising model [44]:
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min
s
E(s) = −

∑︂
i

hisi −
∑︂
i,j

Jijsisj, si ∈ {−1,1} (2.13)

with a specific Hamiltonian that consists of a combination of Z Pauli operators (see
Section 1.3.4)

HP = −
∑︂
i

hiσ
z
i −

∑︂
i<j

Jijσ
z
i σ

z
j , (2.14)

where σzi is the Pauli matrix Z acting on qubit i (while, in Equation 2.13, si
represents the spin), hi is the external longitudinal magnetic field on qubit i, and
Jij defines the coupling strength between qubits i and j.

This conversion is possible thanks to a one-to-one mapping of the binary vari-
ables to spin variables:

xi = 1 + si
2 . (2.15)

Given the Ising formulation of the QUBO, it is possible to use VQE (detailed in
Algorithm 4) to solve the optimization problem.

Analogously, the QAOA algorithm can be employed to achieve the same result.
In this case, it is necessary to define two sets of rotation parameters:

β = (β1, ..., βp),
γ = (γ1, ..., γp).

Furthermore, in addition to the Ising Hamiltonian matrix HC ∈ Cn×n, the
algorithm also requires a mixing Hamiltonian HB ∈ Cn×n, which is constructed as
a sum of Pauli X operators. For further details, we refer the reader to Algorithm
5.

Going back to portfolio optimization, the primary objective is to solve a com-
binatorial optimization problem characterized by the following formulation:

min
w

wTΣw s.t.
∑︂
wi∈w

wi = 1 and µTw = r, (2.16)

where r represents the target return for the portfolio, µ denotes the vector of
expected returns for the assets, and the constraint ∑︁wi∈w wi = 1 signifies that the
entire budget must be allocated.

Since we need to work with binary variables, we approximate each continuous
variable wi using a finite set of binary variables xi,a:

wi =
k∑︂
a=1

2−axi,a, xi,a ∈ {0,1}. (2.17)

This ensures that each weight wi is represented using k binary variables, with
a resolution controlled by k.
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Algorithm 4 Variational Quantum Eigensolver (VQE)
Require: Hamiltonian H, parameterized ansatz |ψ(θ)⟩, classical optimizer
Ensure: Approximate ground state energy Emin and optimal parameters θ∗

1: Initialize: Choose an initial set of parameters θ = θ0
2: repeat
3: Step 1: Prepare Quantum State
4: Apply the parameterized quantum circuit U(θ) to initialize the ansatz state:

|ψ(θ)⟩ = U(θ)|0⟩⊗n

5: Step 2: Measure Expectation Value
6: Measure the expectation value of the Hamiltonian:

E(θ) = ⟨ψ(θ)|H|ψ(θ)⟩

7: Estimate E(θ) using multiple measurements
8: Step 3: Classical Optimization
9: Update the parameters θ using a classical optimizer:

θ ← θ − η∇E(θ)

where η is the learning rate (for gradient-based methods)
10: until Convergence criteria met (e.g., energy difference below threshold ϵ)
11:
12: return Approximate ground state energy Emin = E(θ∗) and optimal parame-

ters θ∗
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Algorithm 5 Quantum Approximate Optimization Algorithm (QAOA)
Require: Problem Hamiltonian HC , Mixing Hamiltonian HB, depth parameter p,

classical optimizer
Ensure: Approximate solution state |ψ(β,γ)⟩ and optimal parameters (β∗,γ∗)

1: Initialize: Choose initial parameters β = (β1, . . . , βp) and γ = (γ1, . . . , γp)
2: Prepare the initial state:

|ψ0⟩ = |+⟩⊗n

3: repeat
4: Step 1: Apply Problem Hamiltonian Evolution
5: Apply unitary evolution with HC :

|ψ1⟩ = e−iγ1HC |ψ0⟩

6: Step 2: Apply Mixing Hamiltonian Evolution
7: Apply unitary evolution with HB:

|ψ2⟩ = e−iβ1HB |ψ1⟩

8: Repeat steps 1 and 2 for p layers:

|ψ(β,γ)⟩ =
p∏︂
j=1

e−iβjHBe−iγjHC |+⟩⊗n

9: Step 3: Measure Expectation Value
10: Measure the expectation value:

E(β,γ) = ⟨ψ(β,γ)|HC |ψ(β,γ)⟩

11: Estimate E(β,γ) using multiple measurements
12: Step 4: Classical Optimization
13: Update the parameters β and γ using a classical optimizer:

(β,γ)← (β,γ)− η∇E(β,γ)

where η is the learning rate (for gradient-based methods)
14: until Convergence criteria met
15:
16: return Approximate solution state |ψ(β∗,γ∗)⟩ and optimal parameters

(β∗,γ∗)
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Now we need to introduce the QUBO objective and convert the constraints into
penalty functions:

Q =
∑︂
i,j

Σi,jwiwj + λ1

(︄∑︂
i

µiwi − r
)︄2

+ λ2

(︄∑︂
i

wi − 1
)︄2

. (2.18)

Expanding the squared constraints and eliminating constants:

Q =
∑︂
i,j

Σi,jwiwj+λ1

(︄∑︂
i

µiwi

)︄2

−2λ1r
∑︂
i

µiwi+λ2

(︄∑︂
i

wi

)︄2

−2λ2
∑︂
i

wi. (2.19)

Replacing wi with its binary expansion:

f(x) =
(︄∑︂

i

∑︂
a

µi2−axi,a

)︄2

− 2r
∑︂
i

∑︂
a

µi2−axi,a + r−2
(︄∑︂

i

∑︂
a

2−axi,a

)︄2

− 2
∑︂
i

∑︂
a

2−axi,a + λ3
∑︂
i,j

∑︂
a,b

Σi,j2−a−bxi,axj,b. (2.20)

This final expression represents the optimization problem in a discrete quadratic
form, that we can use to build the Ising Hamiltonian that represents the input for
QAOA and VQE. In particular, an Ising Hamiltonian has the form seen in Equation
2.13.

To convert Equation 2.20 into an Ising Hamiltonian, we need to map the binary
variables xi,a ∈ {0,1} to spin variables si,a ∈ {−1,+1} using the transformation
2.15. Now, this substitution would lead to a new expression entirely in terms of spin
variables si,a, which would then be suitable for minimization with our variational
algorithms using QPUs or quantum annealing platforms [67].

2.3 Algorithms That Require Fault-Tolerance
Quantum algorithms promising exponential speedups, such as Shor’s factoring

algorithm or advanced quantum Monte Carlo methods, often assume the availabil-
ity of large-scale, fault-tolerant quantum processors. Fault-tolerance in quantum
computing refers to the system’s ability to perform reliable computations even
in the presence of noise and errors. This is achieved by implementing quantum
error correction (QEC) schemes, which encode a logical qubit into a larger num-
ber of physical qubits using error-correcting codes (e.g., the surface code, color
codes, or concatenated codes) [22]. QEC works by detecting and correcting er-
rors without collapsing the quantum state, thereby preserving superposition and
entanglement—the key resources for quantum computation.

Fault-tolerant protocols involve careful design of quantum circuits such that
errors can be systematically identified and corrected throughout the computation.
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Although the overhead is significant (often requiring hundreds to thousands of
physical qubits per logical qubit), achieving fault-tolerance is essential for executing
deep quantum circuits and complex algorithms reliably.

2.3.1 Quantum for Risk Analysis
Recently, there has been a growing interest in the application of quantum com-

puting to credit risk analysis [74]. Specifically, the focus is on the Monte Carlo
process used to estimate fundamental metrics such as the Value at Risk.

Primarily, this interest stems from the proposal of an algorithm called quantum
Monte Carlo [57]. This algorithm is based on the quantum amplitude estimation
subroutine and, as such, offers a quadratic speedup compared to the traditional
classical simulation method.

For comprehensiveness, however, we must mention that there are also proposals
to maintain the classical simulation process but enhance it with the use of quantum
computers (or other quantum hardware) to leverage the inherently random nature
of quantum phenomena in order to replace the pseudorandom processes underlying
the classical Monte Carlo method.

Our focus will primarily be on quantum Monte Carlo, which is employed in [86,
28] for credit risk analysis. This implementation uses three registers in addition to
a target qubit, whose amplitude estimation is mapped to the probability that the
aggregate loss (resulting from the sum of the LGD of all defaulted counterparties)
is less than or equal to a given threshold.
The three registers are shown in Figure 2.4.

Z-register |0inZ

U
X-register |0iK

S
sum-register |0inS

C
objective qubit |0i

Figure 2.4: High-level circuit comprising all the components of the state preparation
A used in the original implementation. Source: [28].

• The Z register is designated to encode a single systemic risk factor, repre-
sented by a normally distributed random variable (appropriately truncated
and discretized to be approximated by the binary register).
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• The X register contains K qubits corresponding to the number of counter-
parties. Each qubit assumes a value of 1 if the respective counterparty is in
default, or 0 if there is no default event for that counterparty. The probability
of observing a ’one’ upon measurement corresponds to the default probability
of each counterparty, as this is conditioned on the realization of the systemic
risk variable. Controlled rotations by the qubits in the Z register, targeting
the qubits in the X register, will encode this probability conditioned on the
state of the Z register. An example can be observed in Figure 2.7.

• The sum register will contain the weighted sum of the values in the counter-
parties register: essentially, it will consider the qubits corresponding to de-
faulted counterparties, and each will be associated with its own LGD. These
are then summed to record the total aggregate loss in the register (for that
specific quantum sample). The weighted summation operation is performed
by the sum operator S (an example is depicted in Figure 2.5). For details on
its original implementation we refer to [28].

state0 : • • • •

state1 : • • • •
sum0 : • X • X • X • X
sum1 :

carry : • •

Figure 2.5: Example of the weighted adder operator implemented in Qiskit [84].

• Finally, the objective qubit is the one in which the probability of |1⟩ cor-
responds to a = ⟨Ψ1|Ψ1⟩. This is achieved using a comparator operator C,
which compares the total aggregate loss in the sum register with a given ref-
erence value. If the value is less than or equal to the reference value, the
objective qubit is flipped to 1.

Note how the resulting circuit effectively estimates the value of the cumulative
distribution function (CDF) for a given value of the aggregate total loss distribution.
Using this circuit as the state preparation operator A in a QAE subroutine we can
estimate CDF for a given target precision with quadratically fewer samples with
respect to traditional Monte Carlo. The resulting circuit can be executed iteratively
(estimating the CDF for different values of the aggregated loss distribution) in a
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state0 : • •
state1 : •

compare : X
a4 : •

Figure 2.6: Example of the comparator operator implemented in Qiskit [43].

bisection search process to optimally converge to an estimate for VaR (defined in
Equation 2.7) given a predefined confidence level.

Z0 :
UZ

• •

Z1 : • •

K0 : RY (b0) RY (20a0) RY (21a0)

K1 : RY (b1) RY (20a1) RY (21a1)

Figure 2.7: Example of the uncertainty operator U . Here nz = 2 and K = 2.

A crucial component is the so-called uncertainty operator U , which is responsible
for encoding the uncertainty model within the circuit. It essentially first encodes
the normally distributed random variable into the qubits of the Z register, note that
any discretized and truncated log-concave distribution can be efficiently represented
in a quantum register using controlled rotations (hidden inside UZ in Figure 2.7).
Then, it reads the same register and, conditional on the register’s value, applies a
specific combination of RY rotations to the qubits representing the counterparts.
Additionally, a rotation on the same axis is performed on these qubits, which is
not controlled by any qubit. This is used to encode the intrinsic default probability
of each counterparty, which does not depend on the risk factor. An example is
presented in Figure 2.7.

The depth of the circuit implementing U scales as O(nzK) and thus is linear
in the number of counterparties. The total number of qubits will scale like O(K),
since each debtor (exposure) is represented with a single qubit.
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2.3.2 Quantum for Pricing Derivatives
Another key task in finance for which numerous quantum implementations have

been recently proposed is option pricing. As already mentioned, in scenarios ex-
tending beyond the Black-Scholes-Merton (BSM) model [8], analytical approaches
are often too simplistic. Therefore, the dominant approach for such pricing in-
volves utilizing Monte Carlo evaluation techniques. Monte Carlo simulations entail
extracting M samples from the input distributions. These samples are then em-
ployed to estimate the metric of interest, achieving a confidence interval that scales
as O(1/

√
M). As mentioned in Section 2.3.1, proposals exist to obtain a quadratic

improvement in the amount of samples needed exploiting QAE [57]. Since the
use of options is quite extensive in the finance industry, improving their pricing
methodology represents a desirable achievement for financial entities.

Building on this premise and starting from the proposals in [70], which intro-
duced the earliest quantum algorithm for valuing European and Asian options,
several works dealt with the complexities of quantum option pricing [75, 51, 14,
15].

Summarizing the literature, we can identify three key components for option
pricing with quantum computers:

1. The ability to represent the probability distribution describing the evolution
of a multivariate random variable W = {w1, w2, . . . , wN} corresponding to
the possible values wi the underlying assets can take at maturity, and the
associated probabilities pi that those values will be realized. This model has
to be loaded into a quantum register such that each basis state represents a
possible value and its amplitude the corresponding probability. The resulting
encoding for an n−qubits register would be:

|ψ⟩n =
2n−1∑︂
i=0

√
pi |wi⟩n (2.21)

From the literature [14], two strategies for state preparation emerge: while
the first is based on loading the distribution of asset prices, the second loads
the distribution of log-returns. Moving from the price space representation
to the return space one presents a notable advantage, since, when asset prices
obey a log-normal distribution, then the log-returns are distributed normally.
Therefore switching between price space and return space changes from log-
normal distribution loading to normal distribution loading, which is consid-
erably easier [69]. The latter can be loaded by preparing several standard
normals distributions in parallel and then applying affine transformations to
get the means and assets’ covariance for each Gaussian [14].

2. Obtain the circuit which computes a scaled version f̃ of the payoff function
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f inside the amplitude of a target qubit:

N−1∑︂
i=0

√︂
(1− f̃ (wi))pi |wi⟩ |0⟩+

N−1∑︂
i=0

√︂
f̃ (wi) pi |wi⟩ |1⟩ (2.22)

3. Calculate the expectation value of the payoff E[f ] using QAE. Remember
that Amplitude Estimation aims at efficiently estimating a in Equation 1.48
using an operator Q = AS0A†Sχ. Considering A as the operator that creates
the state in Equation 2.22, the value a to estimate is:

a =
N−1∑︂
i=0

f̃ (wi) pi = E[f̃ ] (2.23)

It is then possible to reconstruct the expected payoff E[f ] by post-processing
the output.

As noted in [14], the pricing of options through quantum computers faces challenges
due to the resource requirements for path loading and payoff calculations.

As illustrated in [42], to achieve a practical quantum advantage, it is necessary
to obtain an efficient implementation of Q: the time required to obtain a quantum
sample by applying Q should be comparable to that required to obtain a classical
sample.

For this reason, many works have focused on developing techniques for the
efficient implementation of Q. For instance, several proposals concentrate on the
efficient encoding of generalized normalized L1 or L2 functions [39, 72, 82, 83, 4].
The idea is that the target state is prepared with a success probability that is then
boosted using QAA. However, these algorithms prove to be not particularly efficient
when the target distribution is concentrated around a few values [42].

It is also worth mentioning the existence of methods that load polynomial ap-
proximations of functions [54] and of variational methods trained to load distribu-
tions, such as those required for derivative pricing [88, 60].

Note that, in the case of tabulated data, one resorts to generic state-loading
techniques [87, 58, 1] that scale linearly with the number of input data points.
For this reason, it may sometimes be more advantageous not to load the complete
payoff distribution but instead to load the joint distribution over path increments
[14]. In this approach, the linear scaling is with respect to the number of time
steps, and consequently, costly quantum arithmetic is required.

In [42], the authors also mention a deterministic classical method known as
quasi-MCI, which, for low-dimensional problems, achieves an error scaling compa-
rable to that of QMCI. However, this benefit comes at the expense of an exponential
dependence on the dimension—a dependence that, in practice, does not appear for
certain financial problems [34].
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Given the improvement in query complexity that QMCI provides for the widely
employed Monte Carlo method, the community has begun to develop algorithms for
pricing various types of derivatives, such as European options [68], Asian options
[75], and autocallable and target accrued redemption forwards (TARFs) [14].

Again, note that analytic forms can simplify path loading in cases like path-
independent derivatives. In such cases, only the final underlying price distribution
is necessary. For example, the Black-Scholes model provides a log-normal distribu-
tion that can be computed analytically and loaded into quantum states. However,
having an analytic form means the derivative is typically easy to price classically.
Thus, towards the final part of Chapter 4, our focus will shift to path-dependent
derivatives that require a superposition over paths.
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Chapter 3

Improving Quantum Credit Risk
Analysis

As noted earlier, a crucial component of executing credit risk analysis (depicted
schematically in Figure 3.1) on quantum computers is the state preparation opera-
tor A. Specifically, it must be sufficiently sophisticated to encode realistic models
that effectively correspond to those used by major financial institutions (for in-
stance, it would be desirable to encode models with more than one systemic risk
factor). At the same time, it must scale reasonably with respect to the problem
size, ensuring that the resulting circuit depth remains manageable.

In [26, 27], the authors illustrate how it is indeed possible to obtain the encod-
ing of an uncertainty model that considers multiple normally distributed random
variables, whereby the probability of default is conditioned on a linear combination
of the realizations of these variables. More interestingly, this implementation also
avoids some of the costly arithmetic necessary to execute the algorithm according
to the original implementation presented in [28]. However, the proposal in [26, 27]
results in an increase in the number of gates required, which scales as O(2K), where
K is the number of counterparties. This is because each scenario of counterparty
loss, i.e., every possible subset of the set of counterparties, necessitates a specific
rotation controlled by the entire counterparties register. As a result, the circuits
rapidly attain infeasible execution depths, particularly for realistic cases.

A potential solution to mitigate this problem involves utilizing the Quantum
Singular Value Transformation (QSVT) [33] and taking inspiration from [76] to
combine the benefit of avoiding costly arithmetic with scaling that remains linear
in the number of counterparties.
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Obligor Data

Portfolio Exposures

Asset Correlations

Exposure Calculation

Market Scenarios

Simulate Defaults

Compute Loss Distribution

Monte Carlo Simulation

Expected Loss (EL)

VaR / CVaR Calculation

Regulatory Reports

Risk Metrics & Reporting

Figure 3.1: Overview of the Credit Risk Assessment pipeline. The process starts
with the calculation of exposures based on obligor data and asset correlations.
Monte Carlo simulations then generate market scenarios and simulate defaults to
estimate the loss distribution. Finally, key risk metrics are computed and compiled
into regulatory reports.
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3.1 Quantum Singular Value Transformation
QSVT is a fundamental framework in quantum computing that generalizes a

wide array of quantum algorithms by enabling polynomial transformations of the
singular values of block-encoded matrices. Introduced by Gilyén et al. [33], QSVT
generalizes qubitization and quantum signal processing (QSP) [52], providing a
systematic method for designing quantum algorithms that manipulate structured
linear algebraic problems. The aim of this Section is to provide a basic understand-
ing of QSVT and to show its potential and the principles underlying it.

The methodology is based on the possibility to manipulate the singular values
of a matrix A using a polynomial function P (A) expressed in terms of unitary
transformations. Thus, given a matrix A with a singular value decomposition
(SVD) A = UΣV †, it is possible to construct a quantum operator that selectively
acts on the singular values of A, without the need for the explicit computation of
the spectral decomposition.

QSVT operates on matrices that are block-encoded within a larger unitary ma-
trix. A matrix A ∈ Cm×n is said to be block-encoded in a unitary Ua ∈ C(m+p)×(n+p)

if there exists a normalization factor α such that:

Ua =
[︄
A/α ∗
∗ ∗

]︄
, (3.1)

where the unspecified entries represent additional degrees of freedom that ensure Ua
is unitary. The parameter α determines the effective condition number and query
complexity in QSVT-based algorithms.

Thus, given a block-encoded A, QSVT enables transformations of the form:

P (A) =
∑︂
i

P (σi)|ui⟩⟨vi|, (3.2)

where σi are the singular values of A, and P (·) is the polynomial transformation
applied directly to them. This transformation is achieved via controlled phase
modulation techniques that act on a quantum system embedding A. Specifically,
the polynomial function P (A) can be built using sequences of parametrized unitary
transformations with adequately chosen angles. In particular, we can express P (A)
as a combination of reflection and rotation operators. Let’s define two foundamental
operators:

UA =
[︄

A
√
I − A2

√
I − A2 −A

]︄
,

UB =
[︄
I 0
0 −I

]︄
.

Using such operators, we can build the above mentioned sequence of unitary trans-
formations which implement the desired polynomial function on the singular value
of the matrix.
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Therefore, we obtain a general protocol for the application of arbitrary transfor-
mations to the singular values of a matrix. One of the key features of this technique
is its ability to selectively modify the eigenvalues without altering the overall struc-
ture of the operator. This proves particularly useful in applications such as solving
linear systems, spectral filtering, and quantum data compression.

The practical implementation of QSVT requires a careful optimization of the
circuits’ depth, especially if the execution has to be conducted on NISQ hardware,
where noise and decoherence can hinder the fidelity of quantum operations. To mit-
igate these issues, researchers are developing error-correction and error-mitigation
techniques [22, 78].

3.1.1 Quantum Signal Processing
A core component of QSVT is Quantum Signal Processing (QSP) [52], which

provides a mechanism for implementing polynomial transformations through phase
modulation. The primary idea of QSP is that a sequence of unitary transformations
can be decomposed into a phase-modulated product of a given unitary matrix and
simple phase rotations. Specifically, for a unitary operator U with eigenvalues eiθ,
QSP constructs a polynomial transformation P (cos θ) by applying a sequence of
alternating phase-modulated operations:

U(θ) = eiϕ0
d∏︂

k=1
(WϕkU)Wϕk , (3.3)

where the phase rotations are given by:

Wϕk =
[︄
eiϕk 0
0 e−iϕk

]︄
. (3.4)

This sequence allows the construction of any even or odd polynomial transformation
P (x) within bounded intervals, constrained by Chebyshev approximation theory.

3.1.2 Chebyshev Polynomial Approximation
QSVT relies on the decomposition of arbitrary functions into Chebyshev poly-

nomials. Given a function f(x) that we wish to approximate, we express it as a
Chebyshev series:

f(x) ≈
d∑︂

k=0
ckTk(x),

where Tk(x) are Chebyshev polynomials of the first kind, defined recursively as:

T0(x) = 1, T1(x) = x, Tk+1(x) = 2xTk(x)− Tk−1(x).
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By leveraging the optimal properties of Chebyshev polynomials in minimizing uni-
form approximation error, QSVT ensures that the polynomial transformation re-
mains within quantum resource constraints while achieving near-optimal accuracy.

The degree of the polynomial P (x) directly influences the number of quantum
queries required to implement a QSVT-based transformation. The query complex-
ity of QSVT is determined by the degree d required to approximate the target
function within a desired precision ϵ. Given a function f(x) with bounded deriva-
tives, the asymptotic query complexity scales as:

O(d) = O(log(1/ϵ) · κ),

where κ is an effective condition number that depends on the transformation do-
main. This scaling highlights the near-optimal performance of QSVT in comparison
to classical polynomial approximation methods.

To implement QSVT efficiently, the controlled evolution of the block-encoded
matrix must be realized via a sequence of selective phase rotations and controlled
reflections. The standard approach is to construct a sequence of alternating appli-
cations of the block-encoding unitary UA and phase-modulated reflections:

V = eiϕ0
d∏︂

k=1
(UAWϕk).

The exact choice of phase angles {ϕk} is determined by solving a system of trigono-
metric equations derived from the Chebyshev expansion. This phase selection pro-
cess is computationally nontrivial but can be efficiently precomputed for a broad
class of polynomial transformations.

A crucial property of QSVT is that it preserves the spectral structure of the
transformed operator while modifying only the singular values. Given a block-
encoded operator A, the transformed matrix P (A) retains the original left and
right singular vectors |ui⟩ and |vi⟩, ensuring that:

P (A)|vi⟩ = P (σi)|ui⟩.

This property is essential for many quantum algorithms that require controlled
conditioning of singular values without perturbing vector orientations.

3.2 Better State Preparation with QSVT
In [26] the authors show that in a multivariate context, it is possible to build a

circuit whose final state models the possible default scenarios. It is indeed possible
to model the counterparties as binary variables, where the probability of assuming
the value 1 corresponds to the probability of default. In this way, a specific scenario
is represented by a specific configuration of this register of binary variables.
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As an example, let us consider having three counterparties and reading the value
of the register of these three binary variables, obtaining a given bitstring. We will
have 8 possible scenarios:

• 000

• 001

• 010

• 011

• 100

• 101

• 110

• 111

Each bitstring corresponds to a different default scenario: the first represents the
case where no counterparties default, while the last represents the scenario where
all three counterparties default. The intermediate cases correspond to all possible
combinations of individual defaults.

To construct the crucial state preparation operator A, an operator U is needed
to associate each scenario with its specific probability of occurrence. In [27] such an
operator is proposed for the multivariate case in which we would like to model the
systemic risk with a linear combination of normally distributed random variables.

Regardless of the amount of risk factors, for every i ∈ {1, . . . , n}, we can denote
with li the loss given default of the i-th counterparty. For each configuration j of
possible defaults, represented by binary variables, let ji be the i-th binary digit (0
or 1) of j ∈ {0, . . . , 2K − 1}. The total loss for that configuration, Lj, is then given
by:

Lj =
K∑︂
i=1

jili.

We’ll call LM The maximal loss, namely L2K−1.
In order to avoid costly arithmetic, we must encode the aggregated loss for a

given configuration into the amplitude of an additional qubit. Recently, in [76], the
authors proposed the following encoding:

F |j⟩K |0⟩ =
√︄
Lj
LM
|j⟩K |1⟩+

√︄
1− Lj

LM
|j⟩K |0⟩ (3.5)

68



3.2 – Better State Preparation with QSVT

so that the probability of obtaining 1 on the additional qubit equals the expected
loss scaled by LM . This solution can provide results equivalent to algorithms im-
plemented using a sum register but requires something acting analogously to the
comparator operator, but on amplitudes. This is why we need QSVT [76].

What we would like as a result is to obtain an effective state preparation operator
A with linear scaling (for the use case under analysis) and implement it.

K0 : •

K1 : •

. . .
Kn : •

target : RY 2f0 RY 2f(l1) RY 2f(ln)

Figure 3.2: Schematic circuit for the amplitude loading operator F . The dashed
box encloses the controlled Y-rotations applied to the target qubit, which encode
the loss information from the counterparty registers.

Let f be an additive real function. We construct a circuit F (see Figure 3.2)
acting on the counterparties register and on the additional qubit by applying for
every i ∈ {1, . . . , n} a rotation about y to the additional qubit of an angle 2f(li),
controlled by the i-th qubit of the counterparties register. Since f is additive, we
have

n∑︂
i=1

jif(li) = f

(︄
n∑︂
i=1

jili

)︄
= f(Lj)

and therefore this implementation of F is such that

F |j⟩K |0⟩ = cos (θ0 + f(Lj)) |j⟩K |0⟩+ sin (θ0 + f(Lj)) |j⟩K |1⟩ (3.6)

and, importantly, linearly scales with respect to the number of counterparties.
The other needed ingredient relates to the threshold function Tµ(x), that is

Tµ(x) =
{︄

1 when |x| ≤ µ
0 when |x| ≥ µ

.

For some real number µ ∈ (0,1). Since the threshold function is even and has only
two discountinuities in µ and −µ, for any ϵ and δ positive real numbers, we can
find an even polynomial P such that

|P (x)− Tµ(x)| < ϵ
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for every x ∈ (−1,1) such that ||x| − µ| > δ. Naturally, as the values of δ and ϵ
decrease, the degree of the polynomial required will become larger.

We want to apply QSVT using P , but unfortunately we cannot directly apply
it. In fact, there exists the possibility for the polynomial approximations to exceed
1 in absolute value. However, we can easily bypass this limitation by approximating
Tµ(x) with cTµ(x) for some proper positive c < 1. We will show below that this
workaround does not affect the final solution.

So, let us apply QSVT to A using:

• an even polynomial of degree d approximating cTµ(x) in (−1,1);

• Π = |0⟩ ⟨0| and Π̃ = |1⟩ ⟨1| as projectors.

Observe that Π̃FΠ is a diagonal matrix, and hence, with an appropriate selection
of f and θ0, it is already expressed in terms of its singular values. Thus, applying
QSVT we obtain an operator Q acting on the counterparties registers, the target
qubit and on an auxiliary qubit:

|0⟩ ⟨0|ΠQΠ |0⟩ ⟨0| =

=
2n−1∑︂
j=0

P sin(θ0 + f(Lj)) |j⟩ ⟨j| |0⟩ ⟨0| |0⟩ ⟨0|

≈
2n−1∑︂
j=0

cTµ sin(θ0 + f(Lj)) |j⟩ ⟨j| |0⟩ ⟨0| |0⟩ ⟨0|

=
∑︂

j s.t. | sin(αj)|<µ
c |j⟩ ⟨j| |0⟩ ⟨0| |0⟩ ⟨0| (3.7)

where αj = θ(Lj) + θ0 for every j ∈ {0, . . . ,2n − 1}. Concatenating Q and the U
operator described in [26] we obtain

QU |0⟩nZ |0⟩K |0⟩target |0⟩ ≈
≈

∑︂
j s.t. | sin(αj)|<µ

c
√
pj |ψj⟩nZ |j⟩K |0⟩target |0⟩+ . . . (3.8)

where the implicit remaining part is orthogonal to the subspace characterized by
state |0⟩ in the auxiliary and target qubits. Thus, the probability of measuring a
state in such subspace is ∑︂

j s.t. | sin(αj)|<µ
c2pj. (3.9)

When f and θ0 are properly chosen, for some LT ∈ (0, LM), formula (3.9) equals
the cumulative distribution function evaluated in LT , scaled by a factor c2.
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3.3 Experiments
In order to validate the proposed methodology, we conducted an extensive sim-

ulation campaign that implements the full algorithm, from initial state prepara-
tion through to the estimation of VaR. Our experiments were designed not only to
demonstrate the end-to-end performance of the algorithm but also to analyze inter-
mediate outputs, such as the cumulative distribution function for given aggregated
loss values. This stepwise validation is crucial for confirming that the quantum
circuit behaves as expected and that each component contributes correctly to the
overall computation.

3.3.1 Experimental Setup and Input Parameters
The experiments are based on a realistic financial model that incorporates mul-

tiple assets, risk factors, and default probabilities. The resulting circuits were
executed using quantum simulations performed on exact shot-based simulators [65]
available through the Qiskit library [45]. Table 3.1 lists the input parameters used
throughout the study. These parameters include the number of qubits allocated
per Gaussian distribution (used in the state preparation of risk factors), the trun-
cation bounds for these Gaussians, the number of assets in the portfolio, intrinsic
probabilities of default, sensitivities to risk factors, loss given default values, and
the correlation matrix linking risk factors. Additional settings, such as the number
of shots for quantum circuit measurements and the confidence level for VaR calcu-
lations, are also specified. These details are included for reproducibility reasons.

3.3.2 Quantum Circuit and Polynomial Approximation via
QSVT

An important component of our approach is the Quantum Singular Value Trans-
formation (QSVT) step. In this phase, we compute the coefficients for the poly-
nomial approximation of a threshold function Tµ, which plays a key role in the
estimation of risk measures. To determine these coefficients and to estimate the
associated phases for the operators in the circuit, we employed the QSPPACK
library1 that uses MATLAB. Appendix A.1 contains the code functions used to
generate the results shown here. For our experiments, the degree of the polynomial
was set to d = 1000. Figure 3.3 shows the resulting polynomial approximation,
demonstrating that the threshold function is captured with high fidelity across the
required domain.

1Available at https://qsppack.gitbook.io/
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Parameter Value

# of qubits per Gaussian 2
Gaussian truncation values ±2
Number of assets 4
Intrinsic probability of default [0.10, 0.20, 0.05, 0.15]
Sensitivity to risk factors (ρ) [0.10, 0.20, 0.10, 0.80]
Loss given default (LGD) [50000, 20000, 33000, 12000]

Correlation with risk factors

⎡⎢⎢⎢⎢⎢⎣
0.10 0.05
0.25 0.10
0.10 0.05
0.15 0.05

⎤⎥⎥⎥⎥⎥⎦
Number of shots (nshots) 2048
Confidence level (αvar) 0.05

Table 3.1: Input parameters used in the simulation experiments.

3.3.3 Estimation of the Cumulative Distribution Function
Before proceeding to the final risk measure estimation, we analyzed the outputs

of the quantum circuit at an intermediate stage. In this phase, the circuit is used
to estimate the CDF for a given aggregated loss. This verification step involves
comparing the quantum-estimated CDF with a classical Monte Carlo estimation.
By sampling from the state prepared by the operator A, we obtain a distribution
of loss outcomes. The target value, as determined through classical simulation,
serves as a benchmark to assess whether the quantum circuit exhibits the expected
probabilistic behavior.

3.3.4 Iterative Quantum Amplitude Estimation and Bisec-
tion Search

For the amplitude estimation component, we adopted an iterative variant of
Quantum Amplitude Estimation (IQAE). Unlike traditional QAE methods that
rely on a counting register for phase estimation, IQAE streamlines the process by
directly specifying the precision parameter ϵ and the confidence level α for the
final estimate. This variant significantly reduces the quantum resources required,
making it better-suited for NISQ devices.

After having obtained a quantum circuit that accurately estimates the CDF,
the algorithm is integrated into an iterative bisection search process. The bisection
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Figure 3.3: Polynomial approximation of the threshold function Tµ computed using
QSPPACK. The high-degree polynomial ensures that the function is accurately
represented for the quantum circuit implementation.

search leverages the quantum-estimated CDF to locate the VaR threshold. Fig-
ure 3.4 illustrates the results of the bisection search steps, where the algorithm
converges toward the expected VaR value as determined by classical calculations.
This convergence validate our quantum approach in its ability to provide reliable
risk metrics.
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Figure 3.4: Bisection search process for determining the Value-at-Risk. The graph
shows how the iterative quantum amplitude estimation converges toward the ex-
pected VaR, validated against classical benchmarks.

3.3.5 Discussion of Results
The experimental results confirm that the proposed end-to-end algorithm (from

state preparation and QSVT-based polynomial approximation to IQAE and bi-
section search) successfully computes risk measures such as VaR. The quantum
circuit’s output for the CDF matches closely with that obtained from classical
Monte Carlo simulations, indicating that the circuit behaves as theoretically pre-
dicted. Furthermore, the iterative bisection search effectively converges towards
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the expected result.
These results show how, for a small-scale example it is indeed possible to obtain

a suitable circuit implementation using QSVT. The efficient scaling remains the
crucial aspect for further developments. In this context, the proposed implementa-
tion should be well positioned to contribute greatly given the fact that it solves the
problem of avoiding costly quantum arithmetic while maintaining a linear scaling
of the circuit depth with respect to the amount of counterparties.

Comparison with Prior Work

Previous quantum approaches to credit risk modeling without costly quantum
arithmetic, were implemented using Qiskit’s LinearAmplitudeFunction class [26,
27]. Notably, they incur circuit depths that scale exponentially with the number
of counterparties involved, i.e., O(2K) where K is the number of counterparties.
This is due to the need to encode piecewise-linear payoff functions or discretized
distributions using controlled operations over an exponentially large Hilbert space.

In contrast, the state preparation technique proposed in this work, based on
QSVT and polynomial approximations, reduces the circuit depth to O(K) (as can
be seen in 3.2) while maintaining comparable accuracy. This improvement makes
the method significantly more scalable and eliminates the need for ancilla qubit
overhead required by prior amplitude encoding strategies [26, 27].

Table 3.2: Comparison of circuit depth scaling with prior approaches

Method Depth scaling
Previous work [26, 27] O(2K)
Proposed QSVT-based approach O(K)

Error Analysis and Limitations

To evaluate the accuracy and reliability of the proposed quantum approach
for credit risk estimation, we provide a quantitative error analysis based on the
bisection search outputs.

Table 3.3 summarizes the evolution of the CDF estimates, along with the width
of the estimation interval ∆ = higher bound− lower bound.
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Table 3.3: IQAE estimates across bisection search iterations, with corresponding
intervals.

Iteration Lower Bound CDF Estimate Upper Bound ∆
1 0.000 0.936 1.000 1.000
2 0.936 0.999 1.000 0.064
3 0.936 0.975 0.999 0.063
4 0.936 0.959 0.975 0.039
5 0.959 0.969 0.975 0.016
6 0.959 0.969 0.975 0.016
7 0.959 0.969 0.975 0.016
8 0.949 0.969 0.975 0.026
9 0.949 0.969 0.984 0.035
10 0.949 0.969 0.984 0.035

As observed, the width ∆ of the interval initially decreases with the number of
iterations, reflecting convergence of the bisection process. From iteration 5 onward,
the estimated amplitude stabilizes at 0.969, matching the classically computed value
with negligible error. The maximum possible estimation error is upper bounded by
∆/2 at each step, which at the final iteration corresponds to less than ±0.018.

These results confirm the robustness of the proposed approach in simulation and
validate the correctness of the quantum amplitude estimation process. However,
it is worth noting that all experiments were carried out in a noise-free environ-
ment. When applied to real quantum hardware, decoherence, gate errors, and
limited qubit connectivity might significantly degrade performance. Future work
should explore error mitigation techniques and hybrid verification schemes to make
the method more resilient in practical, noisy intermediate-scale quantum (NISQ)
settings.
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Chapter 4

Better Quantum Derivative
Pricing

As emerges from Equation 2.22, the correct functioning of the pricing algorithm
under our analysis requires the loading of the payoff function f (or, more precisely,
its discretized version f̃) within the amplitude of a target qubit. Subsequently, this
will make it possible to use the QAE algorithm to estimate f̃ with quadratically
fewer samples. In fact, the quantum Monte Carlo [57] aim to replicate the flex-
ibility of classical Monte Carlo simulation for pricing financial derivatives, while
offering such improvements in computational complexity. Classical MC methods
are widely used for derivative pricing due to their generality and ease of imple-
mentation, particularly for high-dimensional or path-dependent payoffs. However,
their main limitation lies in their convergence rate: achieving an estimation error
ε typically requires O(1/ε2) samples, making them computationally expensive for
high-precision pricing tasks.

In contrast, QAE and its derivatives, such as IQAE, achieve a quadratic speedup
in convergence, requiring only O(1/ε) queries to obtain the same precision. This
speedup arises from QAE’s ability to exploit quantum superposition and interfer-
ence: instead of sampling outcomes one-by-one as in classical Monte Carlo, QAE
prepares a quantum state whose amplitude encodes the probability of interest and
uses quantum phase estimation to extract that amplitude with fewer repetitions.
By effectively concentrating information through amplitude amplification and phase
resolution, the algorithm avoids the need for repeated sampling and averaging. This
results in significantly fewer iterations and sample evaluations, especially relevant
in scenarios where complex payoff structures or rare-event modeling would lead to
high variance in classical simulations.

It is crucial that this process of amplitude loading is carried out as efficiently as
possible, so as not to undermine the potential quadratic advantage offered by QAE.
In this regard, in [15], the authors propose two novel schemes for amplitude loading,
which we will now illustrate. They use as an example the case of a rainbow options,
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Asset 1 Asset 2 Asset 3 ...

Underlying Assets

Asset Correlations

Monte Carlo Simulation

Payoff Structure(Max/Min of Assets)

Risk-Neutral Valuation

Discounting

Option Price

Pricing Process

Figure 4.1: Schematic representation of the option pricing workflow. The first
step is the definition of the underlying and relative correlations, followed by Monte
Carlo simulation. Next, we have the payoff computation, risk-neutral valuation,
and discounting to arrive at the final option price.
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a path-independent derivative product, although their method could be applied also
to more interesting options as we briefly discuss in Section 4.4.

Rainbow options are multi-asset derivatives whose payoff depends on the per-
formance of two or more underlying assets. They typically offer a payout based
on the best or worst performer among the assets. A schematic view of the pricing
process for such options is given in Figure 4.1. Given the above, in price space and
for a given strike price K, one could typically have a payoff in the form:

f(S⃗
t
) =

⎧⎨⎩max(S⃗
t
)−K, if max(S⃗

t
) ≥ K

0, if max(S⃗
t
) < K

. (4.1)

First, in order to achieve the amplitude loading required to implement this
payoff function, both proposed methods need a z ≥ log (K)−b′

b
comparator in order

to compare the maximum module’s output, with log (K)−b′

b
. All quantum registers

have the same domain and units. Thus, the authors assumed the same register size
k for each of them. The Toffoli-depth of a comparator between a quantum register
and another quantum register or a constant [25] is 2 log2(k) + 5. Given the analysis
in [48] we assume an unlimited number of qubits, and multiply the Toffoli-depth
by a factor of 3 T-depth per Toffoli gate.

∆T
comp(k) = ∆Toffoli

comp (k) · 3 = 6 log2(k) + 15 (4.2)
Both methods require a controlled rotation when the condition is not verified.

The necessary controlled-RY gate is obtained using two CX gates and two RY
gates. Following the Solovay–Kitaev theorem, each RY gate has a T-depth of:

∆T
CRY (ϵRY ) = 3 log2 (1/ϵRY ) (4.3)

For details on ϵRY we refer the reader to [71]. Following these initial general con-
siderations, in the next sections, a detailed analysis of the two methods will be
reported.

4.1 Direct Exponential Amplitude Loading
Now, for reasons explained in Section 2.3.2, we would like to move to the return

space. There, to identify the asset with the maximum value the authors exploit the
fact that, due to the monotonically increasing nature of the exponential function:

arg max(S0̄e
Rt̄) = arg max(log (S0̄) +Rt

¯ ) (4.4)

Therefore, we can define

Zt = max(log (S0̄) +Rt
¯ ), (4.5)
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and, given Equation 4.5, the payoff in return space becomes:

f(Zt) =

⎧⎨⎩eZt −K, if Zt ≥ log(K)
0, if Zt < log(K)

, (4.6)

that, when taking into account the rescaling detailed in [15], takes the form

f(x) =

⎧⎨⎩ebz, if z ≥ log(K)−b′

b

Ke−b′
, if z < log(K)−b′

b

. (4.7)

Where b = l0,0∆x and b′ = µ0 +log(S0
0)+xminl0,0. ∆x is the Gaussian discretization

step while xmin denotes the lower Gaussian truncation value. lik is the i, k entry of
the matrix L = C

√︂
(t− t0), where C is the lower triangular matrix given by using

the Cholesky decomposition on the historical daily log-returns correlation matrix.
Finally, z = x

2P where P is the amount of fraction places used to represent z.
The direct exponential amplitude loading approach loads:

f̃(x) =

⎧⎨⎩e−ax̂, if x
2P ≥

log(K)−b′

b

Ke−(b′+axmax), if x
2P <

log(K)−b′

b

(4.8)

where x̂ is simply the binary complement of x and xmax corresponds to the max-
imum value representable in the |x⟩ register. In order to load e−ax̂, a register |t⟩
is initialized to |0⟩ and one controlled rotation is performed for each qubit. These
rotations have angles θi = 2 arccos

(︂√
e−a2i

)︂
. The probabilities of getting a |0⟩ in

the |t⟩ register are then collected by a multi-controlled X gate and stored in the
|1⟩ state of an additional objective qubit. An illustration of the resulting circuit is
depicted in Figure 4.2.

Demanding payoff infidelity of ϵf requires stricter ϵRY infidelity for each of the
controlled-RY gates. Using k controlled-RY gates we incur in a payoff infidelity
of 2kϵRY , and when taking into account the the previous RY gate, the infidelity
becomes ϵf = 2(k + 1)ϵRY . Therefore, after these considerations, the depth of the
exponential loading component and the controlled-RY part is as follows:

∆T
exp(ϵf ) + ∆T

CRY (ϵf )

= 2 ·∆T
CRY (ϵf ) = 12 log2

(︄
2(k + 1)

ϵf

)︄ (4.9)

The loading component is then followed by a multi-controlled X gate, that
has k + 1 controls. It is possible to obtain a reduced T-depth of the MCX using
relative Toffoli gates [53]. In [15], the Toffoli gate depth optimization is obtained
thanks to the Classiq platform synthesis engine [59], resulting in a T-depth of
14 log3 ((k + 1)/2) + 5. Thus,
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x0 :

x1 :
... . . .

xk−1 :

t0 : RY (θ0)

t1 : RY (θ1)

... . . . ...

tk−1 : RY (θk−1)

objective :

Figure 4.2: Circuit implementing the direct exponential amplitude loading.

∆T
MCX(k) = 14 log3

(︄
k + 1

2

)︄
+ 5. (4.10)

All considered, for the direct method the final T-depth of the payoff function is
as such:

∆T
al = ∆T

comp + ∆T
exp + ∆T

MCX + ∆T
CRY

= 6 log2(k) + 14 log3

(︄
k + 1

2

)︄
+ 12 log2

(︄
2(k + 1)

ϵf

)︄
+ 20.

(4.11)

4.2 Integration Amplitude Loading
The authors in [15] introduce a second method, integration amplitude loading,

inspired by the work in [46]. The idea relies on using the outcome of a comparator
as an integrator to generate a modified version of a function h, h̃. The comparator
is tasked with collecting the probabilities g(r) of |r⟩ state until |r⟩ register is lower
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than |x⟩:

2R−1∑︂
r=0

√︂
g(r)|x⟩|r⟩|r ≤ x⟩

= |x⟩ ⊗
⎡⎣ x∑︂
r=0

√︂
g(r)|r⟩|1⟩+

2R−1∑︂
r=x

√︂
g(r)|r⟩|0⟩

⎤⎦ (4.12)

Restricting to the probability of having r ≤ x we can define the function:

h̃(x) =
x∑︂
r=0

g(r) (4.13)

Evaluating the probability to get a |1⟩ results in ∑︁2R−1
x=0 h̃(x). To obtain a given

function h̃ a proper function g(r) should be chosen. The g(r) for r = 0 value must
therefore be g(0) = h̃(0) and for all the other r:

g(r) = h̃(r)− h̃(r − 1)

To load faster the exponential function h(x) = eax we need to consider that

h̃(x) = h(x+ 1)− h(0)
h(xmax + 1)− h(0) = ea(x+1) − 1

ea(xmax+1) − 1 (4.14)

and thus
g(r) = ear∑︁xmax

j=0 eaj
. (4.15)

These values are loaded using an exponential state preparation circuit [17] of unitary
depth that does not require controlled operations. The circuit is shown in Figure
4.3 where αi = 2 arctan

(︃
e
a2i

2

)︃
. We therefore consider the following:

f̃(x) =

⎧⎨⎩
ea(x+1)−1

ea(xmax+1)−1 , if x
2P ≥

log(K)−b′

b
Ke−b′

c
− e−a

c
, if x

2P <
log(K)−b′

b

(4.16)

with c = ea(xmax+1)−1
ea

. Note that it will be necessary to adjust the postprocessing
accordingly [15].

Here, an integrator follows after the comparator and the controlled rotation.
This integrator is a controlled register-to-register comparator and therefore imple-
mented by an uncontrolled subtractor, its uncomputation, and a controlled sign
check (a CCX gate). Thus we obtain a T-depth:

∆T
integ(k) =

(︂
∆Toffoli
comp (k) + 1

)︂
· 3 = 6 log2(k) + 18. (4.17)
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x0 :

comparator (r ≤ x)

x1 :
...

xk−1 :

r0 : RY (α0)
r1 : RY (α1)

...
rk−1 : RY (αk−1)

objective :

Figure 4.3: Circuit implementing the integration amplitude loading.

One can avoid counting the exponential state preparation since it is parallel to
the state preparations of the assets and their max calculation. In conclusion, the
T-depth would be

∆T
al = ∆T

comp + ∆T
integ + ∆T

CRY

= 12 log2(k) + 6 log2

(︄
2
ϵf

)︄
+ 33.

(4.18)

4.3 Experiments
To test the two model proposed in Section 4.1 and 4.2, a practical implementa-

tion of the rainbow option pricing algorithm was realised using the Classiq Platform
[17, 35] and the Qmod language (See Section 1.5.2). The platform adds a layer of
abstraction since it gives the possibility of describing the algorithm implemented
by the user using high-level blocks. The various components of the full algorithm
were designed through this high-level model. This process optimizes many of the
low-level aspect of the quantum circuit design. As an example, it automatically
chooses when to uncompute expressions to free auxiliary qubits that can then be
re-used. This compilation approach aims at improving the scaling of the problem
size with a given resource budget in terms of available qubit.
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Table 4.1: Assets’ initial price.

Asset S0
1 $ 156.45
2 $ 151.22

Table 4.2: Problem’s parameters.

Asset µ Cov
1 3.583 · 10−4 [4.75, 1.52] · 10−4

2 5.811 · 10−4 [1.52, 2.61] · 10−4

4.3.1 Experimental Setup and Input Parameters
The simulator chosen for the experiments was again the QasmSimulator [65]

that supports multiple simulation methods and configurable options. The chosen
method was "statevector": a dense statevector simulation that can sample mea-
surement outcomes from ideal circuits with all measurements at end of the circuit
[65]. The simulator is available through the Qiskit library [45]. The simulations
were performed using IQAE [37] with a precision ϵ = 0.01 and (for the confidence
interval) α = 0.05.

For each experiment, the quantum circuit was executed 1000 times and mea-
surements of the objective qubit were collected after the IQAE subroutine [37]. As
a proof of concept, the algorithm was tested with a toy-model configuration of two
assets whose value at the initial time t = 0 can be seen in Table 4.1 and a strike
price K = $155. The corresponding log-returns mean and covariance can be found
in Table 4.2. Finally, we set a time to expiration of 250 days (maturity date -
starting date) for the option contract.

In order to load each discretized Gaussian distribution, we used two qubits. In
terms of precision, the arithmetic was rounded to one decimal place. An additional
qubit was required for the comparator. Finally, one target qubit was used to encode
the payoff for the Amplitude Estimation. The Classiq platform took care of assign-
ing additional ancilla qubits, resulting in a quantum circuit requiring 24 qubits for
our toy-model experiment.

4.3.2 Results
In order to have a validation of the proposed algorithm, we used the classically

computed expected payoff value as a benchmark to make a comparison with the
quantum method. To have a fair comparison, the classical estimation process uses
the same discretization of the Gaussian distributions and the same arithmetic pre-
cision as the quantum process. Using this methodology and for the given example,
the classically computed expected payoff is thus $20.1970.
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For what concerns the results of the quantum algorithm, the reader can refer
to Figure 4.4. As can be observed, the expected result is in both cases well within
the confidence interval of the simulation. This can be interpreted as a validation of
the quantum approach that was able to successfully estimate the expected payoff
for a rainbow option contract with the characteristics listed above.

Error Analysis and Limitations

In order to assess the accuracy and reliability of the proposed quantum pric-
ing methods, we report a quantitative error analysis for both amplitude loading
strategies discussed in this chapter. The estimated option prices and correspond-
ing confidence intervals are summarized in Table 4.3.

Table 4.3: Estimated option price and confidence intervals for the two amplitude
loading methods.

Method Estimate Confidence Interval ∆
Direct Exponential Loading 19.96 [19.68, 20.24] 0.56
Integration Loading 20.13 [19.33, 20.93] 1.60

The direct exponential loading method yields an option value estimate of $19.96
with a narrow confidence interval of 0.56, while the integration-based approach re-
sults in a slightly higher estimate ($20.13) but with a broader uncertainty (interval
width of 1.60). Both methods are consistent with the classically computed bench-
mark value of $20.20, and the absolute errors fall within the respective confidence
bounds.

These findings demonstrate that the quantum Monte Carlo pricing methods are
capable of producing accurate results. The lower variance of the direct method
suggests it may be more suitable for practical implementations. However, the
integration method offers greater flexibility and can be generalized to more complex
payoff structures.

Again, it is important to note that these results are obtained in an idealized,
noise-free environment using a quantum simulator. In real-world applications, the
fidelity of quantum circuits would be affected by hardware noise, qubit decoherence,
and gate imperfections.

4.4 Extension to Path-Dependent Options
In the context of a path-dependent derivative product, for the j-th underlying

asset of our contract, we can denote the price at time t′ as

St
′

j = S0
j

t′∏︂
t=1

eR
t
j , (4.19)
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Figure 4.4: Estimated payoff (with relative confidence intervals) using the two
proposed methodologies for amplitude loading and the IBM QASM simulator. The
dotted line represents the classically computed expected value (20.20$).
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where S0
j is the price of the j-th asset at time 0 and Rt

j is the return of the j-th
asset at time t. As detailed in Section 2.3.2, when asset prices follow a log-normal
distribution, it is advantageous to transition to return space since the log-returns
are normally distributed [14].

The probability of a given sequence of returns will therefore be associated with
a multivariate normal distribution and is given by:

P (R⃗
t
) =

exp(−1
2(Rt − µ⃗)TΣ−1(Rt − µ⃗))

2πd/2 det(Σ)1/2 , (4.20)

where d corresponds to the number of underlying assets, Σ is the covariance matrix
of the d underlying assets, and the d elements of µ⃗ are given by

µj = (r − 1
2σ

2
j )∆t,

where r is the risk-free rate and σj is the volatility of the j-th asset. Finally, ∆t is
the time duration between steps of the stochastic process.

In general, loading normal distributions is less complex, since the underlying
stochastic evolution is independent of the price at previous time steps. This is
important because, as pointed out in [14], the loading of general distributions is
exponentially hard, although alternative methods for loading the path distribution
have been proposed. A good example is using a qGAN [88], as originally proposed
in [75]. However, it is not clear how big the overhead from the associated training
process will be in practice.

Thus, transitioning to return space leaves us with several distributions that can
be loaded by preparing, in parallel, many standard normals. Once this is done, the
next step would be to apply affine transformations to obtain the right means and
standard deviations.

This is precisely what is prescribed in [14] to obtain a method that avoids nor-
malization issues and reduces the computational requirements for path-dependent
options. The approach can be used to extend the results presented in this chapter
regarding rainbow options to more complex classes of options such as autocallables.
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Chapter 5

Conclusions and Outlook

The integration of quantum algorithms into financial applications represents a
rapidly evolving research frontier, offering the potential to address computational
challenges that remain intractable for classical methodologies. This thesis has ex-
plored the applicability of quantum computing techniques across fundamental do-
mains of quantitative finance such as portfolio optimization, credit risk analysis,
and derivative pricing. Each of these areas presents unique computational difficul-
ties that stem from the complexity of their underlying mathematical models, the
combinatorial nature of decision variables, and the need for efficient risk assessment
under uncertainty.

The field of portfolio optimization, which traditionally relies on convex optimiza-
tion and heuristic approaches, can benefit from quantum-inspired and quantum-
native methods, particularly through QUBO formulations. Such representations
allow the deployment of algorithms like the QAOA and VQE, which have demon-
strated promising empirical results in solving combinatorial problems.

In credit risk analysis, the estimation of default probabilities and portfolio-level
risk exposure entails the computation of high-dimensional integrals and complex
correlation structures among financial entities. Traditional Monte Carlo simula-
tions, though effective, suffer from high computational costs, particularly in stress-
testing scenarios. Quantum Monte Carlo (QMC) methods, leveraging QAE and
its quadratic quantum speedup, present a viable alternative that could outper-
form classical techniques, reducing the sample complexity from O(1/ε2) to O(1/ε).
Nevertheless, practical implementations remain limited by quantum hardware con-
straints and state preparation complexity, requiring further exploration and opti-
mization of current approaches.

In the context of derivative pricing, the computational burden stems from the
need to model stochastic processes governing asset price dynamics and to evaluate
complex payoff structures under risk-neutral measures. The quantum computing
paradigm offers avenues for improvement, although again, further improvements are
needed to efficiently model complex derivatives and achieve practical usefulness.
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In this document, we elucidated the fundamental components that make quan-
tum computing a captivating instrument for the creation of innovative algorithms,
thereby transitioning the paradigm from conventional computation to a framework
grounded in the peculiar and intriguing principles of quantum mechanics. Subse-
quently, this thesis presented the theoretical and practical implications of quantum
computing for financial applications, several challenges remain. We also briefly dis-
cussed how hardware limitations, noise, and algorithm scalability continue to be
significant bottlenecks that hinder the widespread adoption of quantum algorithms
in industry. In order to mitigate these limitations, the final chapters were dedicated
to illustrating proposed methods to enhance the efficiency of the state preparation
operator design, which is crucial for the successful large-scale implementation of
QMC approaches. We focused on avoiding costly quantum arithmetic by employ-
ing tools such as QSVT and amplitude loading. We also presented experimental
results validating and confirming the proposed approaches. Although not defini-
tively resolutive, these improvements contribute to advancing towards the practical
utility of the analyzed algorithms.

It is important to emphasize that the advantage of quantum algorithms such as
QAE is expressed in terms of query complexity, that is the number of times an oracle
(or payoff evaluation circuit) must be called to estimate an expected value within
a desired precision. This is fundamentally different from runtime comparisons on
physical hardware, which depend heavily on implementation details, noise, and
compiler optimizations. Therefore, a direct wall-clock or resource-based comparison
with classical Monte Carlo is not meaningful at this stage. Instead, the quadratic
speedup refers to the scaling behavior: whereas classical methods require O(1/ε2)
oracle queries to achieve an error ε, quantum algorithms require only O(1/ε). This
asymptotic improvement highlights the potential algorithmic advantage intrinsic to
the quantum approach.

Still, future developments of this work could investigate conducting tests on
real hardware, assessing the potential of various implementation technologies, be-
ginning with the one currently considered among the most advanced: supercon-
ducting qubits. In this regard, the recent installation of an IQM Spark 5-qubit
machine at the Polytechnic University of Turin certainly presents an opportunity
to conduct preliminary tests that could provide valuable insights into the behav-
ior of the algorithms proposed here beyond the simulated context. A comparative
analysis could then be performed by accessing other quantum infrastructures via
the cloud.

Looking at the bigger picture, the outlook for quantum finance depends on
continued advancements in both quantum hardware and algorithmic development.
The emergence of error-corrected quantum computers and improvements in quan-
tum annealing, variational algorithms, and fault-tolerant gate-based approaches
could drive meaningful breakthroughs in financial applications. Additionally, the
integration of hybrid quantum-classical models may offer practical pathways for
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near-term adoption, leveraging quantum speedup while mitigating current hard-
ware limitations.
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Appendix A

Source Code and Scripts

A.1 QSVT for Credit Risk

A.1.1 MATLAB Code for Computing the Polynomial Ap-
proximation

1 function [ coef_full ] = cvx_poly_coef (func , deg , opts)
2 %% Find a polynomial approximation for a given function .
3 % -------------------------------------------------------
4 %
5 % Input:
6 % func , deg , opts
7 % Output :
8 % c --- Chebyshev coefficients of best approximation

polynomial
9 %

10 % -------------------------------------------------------
11 % Author : Lin Lin update 06/2022
12 % Jiasu Wang update 08/2022
13 %
14 % -------------------------------------------------------
15

16

17 if( ~ isfield (opts , ’npts ’) )
18 opts.npts = 200;
19 end
20 if( ~ isfield (opts , ’epsil ’) )
21 opts.epsil = 0.01;
22 end
23 if( ~ isfield (opts , ’fscale ’) )
24 opts. fscale = 1-opts.epsil;
25 end
26 if( ~ isfield (opts , ’intervals ’) )
27 opts. intervals = [0 ,1];
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28 end
29 if( ~ isfield (opts , ’isplot ’) )
30 opts. isplot = false;
31 end
32 if( ~ isfield (opts , ’objnorm ’) )
33 opts. objnorm = inf;
34 end
35

36 % check variables and assign local variables
37 assert (mod( length (opts. intervals ), 2) == 0);
38 parity = mod(deg , 2);
39 epsil = opts.epsil;
40 npts = opts.npts;
41

42 [xpts , ~] = chebpts (2* npts);
43 xpts=union(xpts ,opts.intervals ’);
44 xpts = xpts(xpts >=0);
45 npts = length (xpts);
46

47 n_interval = length (opts. intervals ) / 2;
48 ind_union = [];
49 for i = 1 : n_interval
50 ind_set {i} = find (( xpts >= opts. intervals (2*i -1)) &...
51 (xpts <= opts. intervals (2*i)));
52

53 ind_union = union(ind_union , ind_set {i});
54 end
55

56

57 % evaluate the target function
58 fx = zeros(npts ,1);
59 fx( ind_union ) = opts. fscale * func(xpts( ind_union ));
60

61

62 % prepare the Chebyshev polynomials
63 if( parity == 0 )
64 n_coef = deg / 2 + 1;
65 else
66 n_coef = (deg + 1) / 2;
67 end
68

69 Ax = zeros(npts , n_coef );
70 for k = 1 : n_coef
71 if( parity == 0 )
72 Tcheb = chebpoly (2*(k -1));
73 else
74 Tcheb = chebpoly (2*k -1);
75 end
76 Ax(:,k) = Tcheb(xpts);
77 end
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78

79

80 %% Use CVX to optimize the Chebyshev coefficients
81 cvx_begin quiet
82 variable coef( n_coef )
83 variable y(npts)
84 minimize ( norm(y( ind_union )-fx( ind_union ), opts. objnorm ))
85

86 y==Ax*coef
87 y>=-(1- epsil)
88 y <=(1 - epsil)
89 cvx_end
90

91 err_inf = norm(y( ind_union )-fx( ind_union ), opts. objnorm );
92 fprintf (’norm error = %g\n’, err_inf );
93

94

95 % use chebfun to make sure the maximum is less than 1
96 coef_full = zeros(deg +1 ,1);
97 if( parity == 0 )
98 coef_full (1:2: end) = coef;
99 else

100 coef_full (2:2: end) = coef;
101 end
102 sol_cheb = chebfun (coef_full , ’coeffs ’);
103 max_sol = max(abs( sol_cheb ));
104 fprintf (’max of solution = %g\n’, max_sol );
105 if( max_sol > 1.0 -1e -10 )
106 error(’Solution is not bounded by 1. Increase npts ’);
107 end
108

109 if( opts. isplot )
110 figure (1)
111 clf
112 hold on
113 plot(xpts , y, ’ro’, ’LineWidth ’ ,1.5);
114 for i = 1 : n_interval
115 plot(xpts( ind_set {i}), y( ind_set {i}),’b-’,’LineWidth ’ ,2)
116 end
117 hold off
118 xlabel (’$x$ ’, ’Interpreter ’, ’latex ’, ’FontSize ’, 15);
119 ylabel (’$f(x)$’, ’Interpreter ’, ’latex ’, ’FontSize ’, 15);
120 legend ({’polynomial ’,’target ’},’FontSize ’, 15);
121

122

123 figure (2)
124 clf
125 hold on
126 for i = 1 : n_interval
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127 plot(xpts( ind_set {i}), abs(y( ind_set {i})-fx( ind_set {i})), ’k-’
,...

128 ’LineWidth ’ ,1.5)
129 end
130 hold off
131 xlabel (’$x$ ’, ’Interpreter ’, ’latex ’,’FontSize ’, 15);
132 ylabel (’$|f_\ mathrm {poly }(x)-f(x)|$’, ’Interpreter ’, ’latex ’,’

FontSize ’, 15);
133 end
134

135

136 end

Listing A.1: MATLAB function that computes the polynomial approximation.
Source: [24, 66].

A.1.2 MATLAB Code for Computing the Phases

1 function [phi_proc ,out] = QSP_solver (coef ,parity ,opts)
2 % -----------------------------------------------------------------
3 % Given coefficients of a polynomial P, yield corresponding phase

factors
4 %
5 %
6 % To simplify , a constant pi/4 is added to both sides of
7 % the phase factors when evaluating the objective and the gradient .
8 % In the output , the FULL phase factors with pi/4 are given.
9 %

10 % Input:
11 % coef --- Coefficients of polynomial P under Chevyshev basis , P
12 % should be even/odd , only provide non -zero coefficients .
13 % Coefficients should be ranked from low order term to high
14 % order term.
15 % parity --- Parity of polynomial P (0 -- even , 1 -- odd)
16 % opts --- Options structure with fields
17 % criteria : stop criteria
18 % useReal : use only real arithmetics if true
19 % targetPre : want Pre to be target function if true
20 % method : choose from ’LBFGS ’, ’FPI ’, or ’Newton ’
21 % typePhi : full or reduced phase factors
22 %
23 % Output :
24 % phi_proc --- Solution of optimization problem , FULL phase

factors
25 % out --- Information of solving process
26 %
27 % -----------------------------------------------------------------%
28 % Reference : Yulong Dong , Xiang Meng , K. Birgitta Whaley and Lin

Lin
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29 % Efficient Phase Factor Evaluation in Quantum Signal
Processing

30 %
31 % Author : Xiang Meng , Yulong Dong update 06/2020
32 % Jiasu Wang update 07/2022
33 %
34 % -----------------------------------------------------------------
35 % setup options for L-BFGS solver
36 if ~ isfield (opts ,’maxiter ’); opts. maxiter = 5e4; end
37 if ~ isfield (opts ,’criteria ’); opts. criteria = 1e -12; end
38 if ~ isfield (opts ,’useReal ’); opts. useReal = true; end
39 if ~ isfield (opts ,’targetPre ’); opts. targetPre = true; end
40 if ~ isfield (opts ,’method ’); opts. method = ’FPI ’; end
41 if ~ isfield (opts ,’typePhi ’); opts. typePhi = ’full ’; end
42

43

44 if strcmp (opts.method ,’LBFGS ’)
45

46 % -------------------------------------------------------------
47 % initial preparation
48

49 tot_len = length (coef);
50 delta = cos ((1:2:(2* tot_len -1))*(pi /2/(2* tot_len ))) ’;
51 if (opts. targetPre == false)
52 opts. target = @(x, opts) -ChebyCoef2Func (x, coef , parity ,

true);
53 else
54 opts. target = @(x, opts) ChebyCoef2Func (x, coef , parity ,

true);
55 end
56 opts. parity = parity ;
57 obj = @QSPObj_sym ;
58 if (opts. useReal == true)
59 grad = @QSPGrad_sym_real ;
60 else
61 grad = @QSPGrad_sym ;
62 end
63

64 % -------------------------------------------------------------
65 % solve by L-BFGS with selected initial point
66

67 tic;
68 [phi ,err ,iter] = QSP_LBFGS (obj ,grad ,delta ,zeros(tot_len ,1) ,opts

);
69 % convert phi to reduced phase factors
70 if( parity == 0 )
71 phi (1) = phi (1) /2;
72 end
73 runtime = toc;
74
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75 elseif strcmp (opts.method ,’FPI ’)
76 [phi , err , iter , runtime ] = QSP_CM (coef , parity , opts);
77

78 elseif strcmp (opts.method , ’Newton ’)
79 [phi , err , iter , runtime ] = QSP_Newton (coef , parity , opts);
80 else
81 fprintf (" Assigned method doesn ’t exist. Please choose method

from ’LBFGS ’, ’FPI ’ or ’Newton ’.\n");
82 end
83

84 % -----------------------------------------------------------------
85 % output information
86

87 out.iter = iter;
88 out.time = runtime ;
89 out.value = err;
90 out. parity = parity ;
91 out. targetPre = opts. targetPre ;
92

93 if strcmp (opts.typePhi ,’full ’)
94 phi_proc = rdc_phase_factor_to_full (phi , parity , opts. targetPre

);
95 out. typePhi = ’full ’;
96 else
97 phi_proc = phi;
98 out. typePhi = ’reduced ’;
99 end

100

101 end

Listing A.2: MATLAB function that computes the phases for QSVT starting from
Chebyshev coefficients. Source: [24, 66].

A.1.3 Python Code to Generate the State Preparation Cir-
cuit using QSVT

1 class AmplitudeLoadingVar ( QuantumCircuit ):
2 """
3 Create the circuit that given the state |j>|0> returns
4 |j>( cos( alpha_j )|0> + sin( alpha_j )|1>)
5 where alpha_j is an item of a given list ( scaled_values ).
6

7 Args:
8 num_state_qubits : number of qubits corresponding to the

encoding of states j’s
9 scaled_values : trigonometric functions argument in target

states ( scaled_values =[ alpha_0 , alpha_1 , ... ,alpha_ {2^
num_state_qubits -1}])

10 name: given name of the circuit
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11 """
12

13 def __init__ (self , num_state_qubits : int , scaled_values : List[
float], starting_offset :float = 0, name: str = "f(x)") -> None:

14 """
15 Args:
16 num_state_qubits : the number of state qubits .
17 scaled_values : the list of the values in the range [-pi

/2, pi /2]. Its size must be 2^ num_state_qubits .
18 name: the name of the circuit
19 """
20 self. num_state_qubits = num_state_qubits
21 self. scaled_values = scaled_values
22 self.name = name
23

24 if (min( scaled_values ) < -np.pi) or (max( scaled_values ) >
np.pi):

25 raise ValueError ("The range must be contained in [-pi ,
pi].")

26

27 if num_state_qubits != len( scaled_values ):
28 raise ValueError ("The number of values in input does

not match the power of 2 of the number of qubits that encode
the state.")

29

30 alpha_values = [s*2 for s in scaled_values ]
31 # print(f’alphas : { alpha_values }’)
32

33 ctrl_q = QuantumRegister ( num_state_qubits , name="State")
34 target_q = QuantumRegister (1, name=" Target ")
35

36 super (). __init__ (ctrl_q , target_q , name=self.name)
37

38 self. append ( MultiCRGateVar (list( alpha_values ), ctrl_q [:] +
target_q [:], ’Y’, 2* starting_offset ), ctrl_q [:] + target_q [:])

39 self.x( target_q )
40

41

42 def MultiCRGateVar ( alpha_values : list , q_reg : QuantumRegister ,
axis=’Y’, starting_offset :float = 0) :

43 circuit = QuantumCircuit (q_reg)
44 q_target =q_reg [-1]
45 if axis ==’Y’:
46 rgate = RYGate
47 crgate = CRYGate
48 else:
49 rgate = RXGate
50 crgate = CRXGate
51

52 if starting_offset != 0:
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53 circuit . append (rgate( starting_offset , label=" start_offset_ "
+axis), [ q_target ])

54 # TODO: controllare che il numero degli angoli e dei qubit
siano coerenti

55 for i in range (0, len(q_reg) -1) :
56 c_gate = crgate ( alpha_values [i], label="rot_"+axis+"_"+str(

i))
57 circuit . append (c_gate , [q_reg[i], q_target ])
58 return circuit . to_gate ()
59

60

61 def get_expected_probability_circuit (K: int , uncertainity_model :
QuantumCircuit , lgd: list , target_loss : float , phases =None ,
poly:list=None , threshold =0.5 , enable_switch =True , epsilon =0.6)

-> ( QuantumCircuit , QuantumCircuit ):
62

63 offsets = lgd
64

65 maximum = sum( offsets )
66 target_loss_scaled = target_loss / maximum
67 minimum = target_loss_scaled
68 arc_threshold = np. arcsin ( threshold )
69 maximum_angle = np.pi/2
70 minimum_angle = 0
71 maximum_range = None
72 minimum_range = None
73

74 if target_loss_scaled > ( arc_threshold - minimum_angle )/(
maximum_angle - minimum_angle ):

75 minimum_range = minimum_angle
76 unitary_gap = ( arc_threshold - minimum_range ) /

target_loss_scaled
77 else:
78 maximum_range = maximum_angle
79 unitary_gap = ( maximum_range - arc_threshold ) / (1-

target_loss_scaled )
80

81 transform_losses_to_angles = lambda loss: unitary_gap *( loss/
maximum - target_loss_scaled ) + arc_threshold

82 scaled_offsets = [ transform_losses_to_angles (off) -
transform_losses_to_angles (0) for off in offsets ]

83

84

85 obj_e_loss = AmplitudeLoadingVar (K, scaled_offsets ,
starting_offset = transform_losses_to_angles (0))

86

87 qsp = QSP(
88 obj_e_loss ,
89 [ obj_e_loss . num_qubits - 1], [ obj_e_loss . num_qubits - 1],
90 poly=poly ,
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91 phases =phases ,
92 adjust_conventions =True ,
93 ctrl_zero_qubits1 =[0] ,
94 ctrl_zero_qubits2 =[0]
95 )
96

97 state_preparation = QuantumCircuit (
98 QuantumRegister ( uncertainity_model . num_qubits - K, ’z’),
99 *qsp.qregs ,

100 name=" state_preparation "
101 )
102 state_preparation . append ( uncertainity_model , state_preparation .

qubits [0: len( state_preparation . qubits ) -2])
103 state_preparation . append (qsp , qsp. qubits [:])
104

105 return state_preparation , obj_e_loss

Listing A.3: Python functions that create the circuit for the state preparation
operator.
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Nomenclature

Acronyms / Abbreviations

CDF Cumulative Distribution Function

CNOT Controlled-Not

DSL Domain-Specific Language

EC Economic Capital

EDA Electronic Design Automation

EL Expected Loss

EPR Einstein, Podolsky e Rosen

ISA Instruction Set Architecture

LGD Loss Given Default

NISQ Noisy Intermediate Scale Quantum

PD Probability of Default

PDE Partial Differential Equation

QAA Quantum Amplitude Amplification

QAE Quantum Amplitude Estimation

QAOA Quantum Approximate Optimization Algorithm

QBLAS Quantum Basic Linear Algebra Subroutine

QEC Quantum Error Correction

QFT Quantum Fourier Transform

QMC Quantum Monte Carlo
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Nomenclature

QPE Quantum Phase Estimation

QSP Quantum Signal Processing

QSVT Quantum Singular Value Transformation

QUBO Quadratic Unconstrained Binary Optimization

SDE Stochastic Differential Equation

SVD Singular Value Decomposition

VaR Value at Risk

VQE Variational Quantum Eigensolver
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