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Converse Lyapunov Results for Switched Systems with Lower and
Upper Bounds on Switching Intervals

Matteo Della Rossa*

June 4, 2025

Abstract

The topic of this manuscript is the stability analysis of continuous-time switched nonlinear systems
with constraints on the admissible switching signals. Our particular focus lies in considering signals
characterized by upper and lower bounds on the length of the switching intervals. We adapt and extend
the existing theory of multiple Lyapunov functions, providing converse results and thus a complete
characterization of uniform stability for this class of systems. We specify our results in the context of
switched linear systems, providing the equivalence of exponential stability and the existence of multiple
Lyapunov norms. By restricting the class of candidate Lyapunov functions to the set of quadratic
functions, we are able to provide semidefinite-optimization-based numerical schemes to check the proposed
conditions. We provide numerical examples to illustrate our approach and highlight its advantages over
existing methods.

1 Introduction

Within the broader class of hybrid dynamical systems (as detailed in [16]), we focus our attention on the
framework of switched systems. This setting is particularly noteworthy both in theoretical and practical
perspectives. From a general point of view, switched systems exhibit a continuous-time evolution guided by a
finite set of subsystems and discrete-time or jump phenomena associated with the switching between these
subsystems. Formally, given M € N and a finite set of vector fields fi,..., far : R® — R™, a switched system
is defined by

&(t) = fo(z(t), teRy. (1)

Here, o : Ry — {1,..., M} is a discrete-valued signal, referred to as the switching signal, that models the
switching among the subsystems. For a comprehensive overview of this class of hybrid systems, we refer
to [23, 24, 29].

The study of stability of (1) has been the subject of extensive research in recent decades, both in the
nonlinear and linear cases. In both settings, the behavior of (1) is strongly affected by the properties and
assumptions concerning the class of switching signals under consideration. When examining the class of
measurable switching signals as a whole, uniform stability of (1) is equivalent to the existence of a common
Lyapunov function, i.e. a positive definite function decreasing along any subsystem, see [23, 25] and references
therein.

However, when narrowing the class of feasible switching signals, the Lyapunov characterization of uniform
stability becomes non-trivial in general. One common approach to restrict the class of switching signals is
by imposing a bounded time-threshold on the switching events or, equivalently, setting a minimum time
between switches. These signals, known as dwell-time signals in the literature, were introduced in the seminal
paper [26], and further studied and generalized in [19, 23]. In this setting, a mature Lyapunov function
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theory has emerged, offering a characterization of uniform stability in terms of multiple Lyapunov functions,
see [32, 33, 10]. Sufficient Lyapunov conditions for stability over the more general class of average dwell-time
signals can be found in [23, Chapter 3|, while numerical methods for designing such functions are discussed
in [5, 15, 2, 9, 17].

When dealing with possibly unstable subsystems, it can be beneficial to extend the concept of dwell-time
signals by also imposing an upper bound on the distance between switching events. In essence, given any
7o > 71 > 0, one can consider signals that, after any switching instant, remain constant at least 71 time
units, but no more than 75 time units. Indeed, by bounding from above the time of permanence in any
subsystem, one can ensure stability of (1), even if all the subsystems are unstable, see [36] for an overview.
This class of signals and possible generalizations have recently been introduced and studied for example
in [8, 35, 22, 6, 39, 37, 38] and references therein. In [7] the case of positive impulsive systems under the same
class of constraints on the switching/jump schedule is considered. Recent results presented in [28], provided
converse Lyapunov results for linear systems under such class of signals.

This framework can find applications in various physical scenarios. A field of possible application is in
the context of event-triggered control (see [18] for an overview); in this setting, the update (or switching) in
the control policy is triggered by the satisfaction (or not) of a pre-designed condition (the “event”). If it
is known that this event occurs, after any update, not before 7, and not after 75 time units, then the tools
developed for the previously introduced class of switching signals can be used in the analysis and control
design in this scenario.

In this manuscript, we study stability of switched systems as in (1), under the class of signals with
upper and lower bounds on the length of switching intervals introduced in the previous paragraph. By
adapting a proof technique provided in [33, 32] in the case of dwell-time signals, we are able to provide a
comprehensive Lyapunov functions characterization of uniform stability. Specifically, considering a partition of
the considered family of signals, we prove two (independent and novel) converse multiple Lyapunov functions
results, in a general non-linear subsystems setting. These constructions can also be interpreted, in a sense
we will clarify, as graph theory-based results. Therefore we draw comparison between our framework and
the graphs-oriented findings in [10] (in the context of dwell-time switched linear systems) and the results
in [1, 27, 12] for discrete-time switched systems. We specify our construction in the case of switched linear
systems, providing a Lyapunov characterization of uniform exponential stability in terms of multiple Lyapunov
norms, as previously done in [32, 10] for the case without upper bounds. In this linear case, our results are
compared with the recent multiple-norms characterization of exponential stability provided in [28]. Here,
assuming that a switched linear system is exponentially stable, the existence of a multi-norm decreasing at
the switching instants is proven. Despite the underlying proof techniques are different, this result has strong
relations with the Lyapunov characterization proposed in this manuscript, as we discuss in what follows.

In order to provide conditions that are easily evaluated computationally, we further particularize our
results by restricting the set of candidate Lyapunov functions to the set of quadratic functions, leading to
semidefinite optimization programs (depending on some additional parameters). We show the benefit of our
approach with the help of numerical examples, comparing our results with existing literature, notably [35].

The structure of the manuscript is the following: In Section 2 we provide the formal introduction of
the studied framework, while in Section 3 we illustrate our main results, in a general nonlinear setting. In
Section 4 we specify our approach in the case of switched linear systems and we present some numerical
examples, before closing the discussion with some final remarks in Section 5.

Notation: The set Ry := {s € R| s > 0} denotes the set of non-negative real numbers. Given m,n € N, the
class Lip,(R", R™) denotes the set of locally Lipschitz continuous functions from R" to R™; while C!(R", R™)
denotes the set of continuously differentiable functions.

Comparison Functions Classes: A function o : Ry — R is of class K (o € K) if it is continuous, «(0) = 0, and
strictly increasing; it is of class K if, in addition, it is unbounded. A continuous function 5 : Ry x Ry — Ry
is of class KL if B(-, s) is of class K for all s, and S3(r,-) is decreasing and 3(r,s) — 0 as s — oo, for all .



2 Preliminaries

In this section we recall the main notions and definitions used in the rest of the manuscript.

Given M € N, we define 7 := {1,..., M}, the index set. In defining the studied class of systems, we
consider a set of vector fields F := {f1,..., far} C Lip,(R™,R™); and we will assume the following.
Assumption 1. For any i € Z, we suppose that f;(0) = 0 and f; € Lip,(R™,R™) is such that the corresponding
subsystem

& = fi(v) (2)
exhibits existence, uniqueness and completeness (backward and forward) of solutions, denoted by ®; :
R x R™ — R, i.e.

®,(t, x) :=solution to (2), starting at € R",
evaluated at time t € R.

Given a V € Lip,(R™, R) and a system (2) we denote by D;V the Dini-derivative of V' with respect to f;,

defined by
®;(h,z)) -V
D;V(x) = lim sup V(i xh)) (;v)
h—0t
We recall that if V € C*(R™,R) then D};V(x) = VV ()" fi(z), for every z € R™.
Given a set of vector fields F = {f1,..., far} C Lip,(R™,R") satisfying Assumption 1 we consider the
switched system defined by

‘T(t) = fcr(t)(x(t))7 33‘(0) =x9 €R", t€Ry, (3)

where o : Ry — 7 is an external switching signal. When all the subsystems are linear, we consider switched
linear systems defined by
(E(t) = Aa’(t)m(t)v :L'(O) =o€ an te R+, (4)

where A ={A4;,..., Ay} CR™ ™ is a set of matrices and o : Ry — 7 is again an external switching signal.
The switching signals o are selected, in general, among the set S defined by

S = {U :Ry = 7| o piecewise constant and right continuous} . (5)

Given a signal 0 € S, we denote the sequence of switching instants, that is, the points at which o is
discontinuous, by {¢7}. The set {¢t7} may be infinite or finite, possibly reduced to the initial instant, defined
by tg := 0; if it is infinite, then it is unbounded. Given a ¢ € S, a € R™ and a t € R we denote by ®, (¢, )
the solution of (3) starting at « and evaluated at ¢ with respect to the switching signal o € S.

We now introduce the considered concepts of stability.

Definition 1. Given a class of signal ScC S, system (3) is said to be globally uniformly asymptotically stable
on S (GUAS) if there exists a 5 € KL such that

|®,(t,2)| < B(|z],t), Yo €8, Vo eR”, YVt € Ry. (6)

In particular, given S C S, system (3) is said to be uniformly exponentially stable with decay p > 0 on S
(p-UES) if there exists a M > 0 such that

@, (t,2)] < Me P|z|, Vo eS8, Ve e R, Vi eRy. (7)

The supremum over the p > 0 for which (7) is satisfied for some M > 0 is called the g—exponential decay rate,
and it is denoted by pg(F).

We recall that for switched linear systems as in (4), given any set S C 8 closed under time right-shifting?!,
(GUAS) on S imply (p-UES) (for a certain p > 0) on S, by linearity, see for example [23, 3] [4, Chapter 5].

1’6, set S C S is said to be closed under time right-shifting if
ceS e o(-+t)eS, VteR,.



3 Main Results

In this section we focus our analysis on the class of signals with a minimal and maximal time threshold
between switching instants. We provide our main converse Lyapunov results for this class of signals, providing
characterization of GUAS in terms of multiple Lyapunov functions.

3.1 Signals with Upper-Lower Switching Bounds
We provide here the main definitions and first results on the studied class of switched signals.

Definition 2. Given any 7o > 71 > 0, consider Sy, (71, 72) the class of signals with lower and upper dwell-time
bounds 11, T defined by

Saw(T1,72):=1{0 € 8|71 <t} —t7_y <1, VI] > 0}. (8)

Slightly weakening the condition in (8), we also consider the class S}, (71, 72), defined by
Siw(T1,72) = {0’ €S ‘ T <t — 1] <71, V7 >0and t] < TQ}. (9)

The difference between (8) and (9) is that in (8) it is required that the first switching interval i.e.
[tZ,t7] = [0,t]] has length between 7 and 72, as any other switching interval. In (9), instead, we only require
that ¢ < 7o without imposing any lower bound on the length of the first switching interval. One advantage
of this relaxation is that, for any 7, > 0, we have that S} (71, 72) is closed under time right-shifting.
Since the mentioned difference between these classes only affects the length of the first interval, the asymptotic
behavior of (3) for signals in Sgy (71, 72) or S, (71, 72) is substantially the same, as proven in what follows.

Lemma 1. Consider a set of vector fields F = {f1,..., fm} C Lip,(R™, R™) satisfying Assumption 1 and
Ty > 11 > 0. System (3) is GUAS on Squw(m1,72) if and only if it is GUAS on S8},,(11,T2).
Given any p > 0, system (3) is p-UES on Saw(T1,72) if and only if it is p-UES on S5,,(11,T2).

Proof. Since it is clear that Sqw (71, 72) C S5, (71, T2), only one direction is to be proven. Suppose that (3) is
GUAS on Sqw(71,72). Given any o € S, (11, 72), any t < t{ and any € R™ we have |®,(¢,z)| < 5(|z|, 1),
since o is constant on [0,t7) and thus coincide with a signal v € Sgw (71, 72) in this interval. Then, for any
t > t7, since o(- + ) € Saw(71, 72) we have

@6 (1, 2)| = [Po(. i) (t — 1], @6 (17, 7)) < B(Po (87, 2)[,t — t7) < B(B(|x], 17), ¢ —17).

It suffices thus to consider a ﬁ € KL such that B(8(r,s),t —s) < E(r, t), Vr € Ry, Vs < 79, Vt > s, and such
a B exists, see [20].

The UES case is similar: suppose that (3) is p-UES on Sqw (71, 72), for some p > 0. Given any o € 83, (71, 72)
for any ¢ < ¢{ and any « € R™ we have |®,(t,z)| < Me P*|z|, since o is constant on [0,¢7). Then, for any
t > 19, since o(- +t7) € Saw (11, T2) computing we have

|y (t, )| < Me PEHD|D, (17, 2)| < Me PU1 Me™PH || = M?e " |z],
concluding the proof. O

In Lemma 1 we proved that (asymptotic/exponential) stability with respect to Saw (71, T2) or Sj, (71, 72)
are equivalent. We introduced both these slightly different classes of signals since they will provide the main
tool for different converse Lyapunov results, provided in the next subsection.



3.2 Converse Lyapunov Results

We prove here our first Lyapunov characterization result for GUAS of system (3). The idea behind the proof
is to consider a partition of the set of signals Sqyw (71, 72).

Theorem 1. Consider a set of vector fields F = {f1,..., fm} C Lip,(R™,R™) satisfying Assumption 1.
Given 1o > 1 > 0, system (3) is GUAS on Squ(71,72) (and thus on S}, (11,72)) if and only if there exist
ay, 0 € Koo and continuous functions V,~, ViJr :R™ = R, forieZ, such that

ag(z|) <V () < ao(|z]), VieZ, Vxe{—,+},VaeR", (10a)
VI (®@i(t,x)) <e 'V (2), Vi€, Vte [0, — 7], Vo €R", (10b)
Vi (®i(m, ) < e Vit (x), VitjeI, VaeR" (10c)

Proof. («<:) Suppose there exist functions V™, Vf : R" = R, ¢ € Z, satisfying (10). Consider any o €
Saw (71, T2), we will construct a function U, : Ry x R™ — R decreasing along any solution. Figure 1 provides
a graphical illustration of the idea behind the subsequent construction. We will proceed by defining U, by
steps, in any interval of the form [t{,¢7, ], k¥ € N. Suppose o(t§) = o(0) = i, 1] € [1, 2], and o (t7) = j # i.
First, using the property (10c), let us consider a continuous function U;; : [0,71] x R” — R, defined as in
Lemma 2 in Appendix, satisfying

Ui (0,2) = Vi (z
Ui; (t, @4(t, x)) <

J

) Uij(m,z) =V (z), Yz eR",
e 'U;(0,z), V(t,z)e[0,m]xR"™

Let us define U, on [0,¢]] x R™ by

V.7 (x) ift =0,
Us(t,z) := S V() ift € (0,9 — 7],
Uij(t—tclf+T1,$) iffE(t‘i’—Tl,t(ﬂ;

note that, by Lemma 2, we have U, (t{,x) = V; (). Using (10b) and the aforementioned properties of the
function U;; we have

Uyp(t, ®(t,2)) < e 'U,(0,2) = e 'V, (),
for all (t,x) € [0,t]] x R". We can iterate the construction on any interval of the form [t7,t7_ ], k¥ € N,
obtaining a function U, : Ry x R™ — R such that

Uys(t,®,(t,2)) < e 'U,(0,2), V (t,7) € Ry x R™.

Moreover, using (10a) and Lemma 2 it can be seen that there exist aj,ds € Ko (not depending on
0 € Saw(71,72)) such that a; (Jz|) < Uy(t,x) < az(|z|), for all (¢, z) € Ry x R™. Summarizing, we have

@6 (t,2)] < 67" (Us(t, Po(t,2))) < a7 (e7'U(0,2)) < a7t (e™'az(l2]))

for any o € Sgw(71,72), any t € Ry and any « € R™. This concludes the proof, since the function defined by
B(r, s) == a; *(e~*da(r)) is of class KL and it does not depend on ¢ € Sqy (71, 72).

(=) Suppose that system (3) is GUAS on Sqw (71, 72) and thus there exists a 8 € KL such that (6) holds.
First of all, using [30, Proposition 7] (see also [31, Lemma 3]) there exist functions p1, p2 € Koo such that
B(s,t) < pr(etpa(s)), Vs € Ry, Vit e Ry, and thus we have

(@0 (t, )| < pr(e”"p2(|2]), (11)

for all 0 € Sgw (71, 72), for all z € R™ and for all ¢ € R,. Let us consider, for every ¢ € Z, the subfamilies of
signals defined by
S (i) == {v € Saw(m1,72) | 7(0) = i},

S*(i) = {y € Saw(r1, ) | 7(0) =i A t] =7}, (12)



{@i(t,) [t € (0,72 — 7]} {@;(t,) [t € (0,72 — 7]}

®;(r1,) ®;(1,) ®;(1,°) ®;(r1,°)

{@;(t,) [t €[0,72 =7} {@;(t,) | t €[0,72 — ]}
(a) Structure of Proof of Theorem 1. (b) Structure of Proof of Proposition 1.
Figure 1: The graph representations of the partitions and Lyapunov constructions used in Theorem 1 and

Proposition 1. Any arrow stands for a required inequality: for instance, an edge from the node U, to the
node U, labeled by a (set of) operator(s) ®4(7,-) represents the inequality Uy (P4 (7, x)) < e"Uy(z), Vo € R™.

We then define V,~, V" : R* - R, i € T by

V@)= Sgi(){etpfl(l‘ﬁa(w)l) },
Vit(@) == sup  {e'pr (|20 (t2)]) }.

t>0, c€S+ (i)

Inequality (10a) is straightforward, since S* (i) C Saw (71, T2), for every Vi € Z, Vx € {—, +} and recalling (11),
we have p;(|z]) < Vi*(z) < pa(|z]), for all 2 € R”. Consider now any o € ST (i) and any 7 € [0, 75 — 71]; we

define v, € S by
(s) i if s <,
o,m\S) =
e, o(s—71) ifs>m;

it is clear that -y, , € S~ (7). Thus, considering i € Z, 7 € [0,72 — 7] and x € R”, computing we have

ViH(@i(r,2)) = sup  {e'pi (|Po(t,Pi(m,x)))) } = sup  {e'pi (1D, (t+T,2)]) }
>0, c€ST (i) >0, 0€ST (i)

< sup {e TP (|04 (s,2)]) } =TTV (2),
520,7€S™ (i)

proving (10b). Now, consider any j # ¢ € Z and any x € R™, with a similar reasoning, we have

Vi (@i(r,2) = sup {e"pr (@0 (6 Pi(m,2))) [} < sup {eSTT o (|4 (s, 2)]) [} < eV (a),
t>0,0€S8(j) $>0,v€St (i)

concluding. The continuity of VT, V;~ for ¢ € Z is not proven here, we refer to [31, Proposition 5] for the
technical argument. O

In what follows, we discuss the relations of the conditions of Theorem 1 and existing results, in some
particular cases.

Remark 1 (Limiting cases). In the case 1 = 7o =7 > 0 the class of signals Sqw (71, 72) corresponds to the
class of signals with a discontinuity at each point of the form k7, for any k& € N, called here the class of
T-fixed-time switching signals, formally defined by

Sax(T) = Saw(T,7) ={o € S| t7 ., —t] =7, Vk € N}.

The asymptotic behavior of system (3) on this class is completely determined by the behavior of the
discrete-time switched system defined by

x(k+1) = Oy (T, 2(k))



with v : N — T a discrete-time signal such that (k) # v(k + 1), V k € N. For that reason, the statement of
Theorem 1 can be seen as a particular case of the conditions presented in [1, 27] in the context of constrained
discrete-time switched systems. More precisely, conditions (10b) (10c¢) in this case read

V(@) <V, (x), YieI VzeR",

Vo (®i(F,2) <e TV (), Vi£jeI, Vo eRY,
and further identifying V,~ = V;* for any i € Z, the conditions turn out to require the existence of continuous

functions ‘71, ..., Var : R™ — R such that
Vi(®i(F.2)) < e Vilw), Vi£jEeL VaueR",

and satisfying inequalities of the form (10a). This corresponds, in a non-linear setting, to the conditions
illustrated in [27] for the class of discrete-time signals with no consecutive occurrences of the same symbol.
In the limiting case 75 — oo (for a fixed 71 > 0), we have that Sqyw (71, 72) somehow approaches the class

of dwell-time signals
Saw(n) ={c eS8 |mn <t —t]_,, V] >0}, (13)

introduced in the seminal reference [26] and intensively studied since then, see for example [19, 23, 32, 33, 15, 10]
and references therein. More precisely, for every T' € R, there exists a 75 > 71 such that

Saw(T1) ) = Saw (71, 72) |15

where, given S C S, we denote by §|T the set of T-restriction of signals in S, ie., §|T ={y:[0,T) —
Z |30 € Sst.y= J‘[OYT)} In this case, for the sake of simplicity setting V,© = V,~, for any i € Z,
conditions (10b) (10c) in Theorem 1 turn out to be

Wi(®;(t,2)) < e *Wi(z) VieI, Vo e R",VieR,,
,Wj(q)i(Tl,-T)) < 6_71Wi($) Vi 7éj €T, Vxe R™.

for some continuous functions Wl, cee Wy iR 5 R satisfying bounds as in (10a). These conditions are the
specification, in the non-linear case, of the necessary and sufficient criteria introduced in [32, 33] for exponential
stability on Sgw(71), see also [15], [11] for LMIs results with the same structure. This correspondence was
somehow expected since the proof technique of Theorem 1 was inspired by the arguments used in these
references. Summarizing, in the two “limiting cases” of fixed-time switching (71 = 72) and dwell-time signals
(T2 = 400), Theorem 1 recovers classic results already presented in the literature.

We now provide an alternative Lyapunov result, which arises from a partition of signals in S}, (71, 72)
(instead of Sqw(71,72)). The proposed conditions are again necessary and sufficient, and different for those of
Theorem 3.

Proposition 1. Consider a set of vector fields F = {f1,..., far} C Lip,(R™, R™) satisfying Assumption 1.
Given 1o > 11 > 0, system (3) is GUAS on S},(m1,72) (and, thus on Sq(m1,72)) if and only if there exist
a1, a9 € Koo and continuous functions W, W;‘ :R™ — R, such that

ar(|z]) < Wi(z) < aqo(|z|), VieZ, Vxe{—,+}, Vo e R", (14a)
W (®;(r,x)) <e "W, (z), VieI, VaecR", (14b)
W (®i(t,z)) < e "Wit(x), Vi#jeI,Vte 0, —7], Vo eR™ (14c)

Proof. The structure of the proof is depicted in Figure 1. For the sufficiency of existence of functions W;*
as in the statement, one can proceed as in proof of Theorem 1 constructing, for any o € S5, (1, 7), a
function U, : Ry x R™ — R decreasing along the solutions and whose decreasing decay and K., bounds are



independent to o € 8}, (71, 72), and thus implying the GUAS property of system (3) on S}, (71, 72).
For the necessity, as in proof of Theorem 1, we suppose that system (3) is GUAS on S}, (71, 72) and thus
there exist functions p1, p2 € Ko such that

|0 (t,2)] < pr(e”"p2(l2)), (15)
for all o € 8}, (71, 72), for all z € R™ and for all t € Ry. Let us define

Q (i) := {0 € Si(r1,72) | 0(0) =3 At] > 7},
QT (i) :={o0 €S, (11,m) |0(0) =i A t] <1 —7}

We define the function W,”, W;t : R* — R by

Wile)i= Slé%_(}){etpil(l@a(t,fv)l)}~
W)= sup  {e'pr (1®o(t,2)]) }-

t>0,0€Q71(3)
Inequality (14a) again follows by (15). Now consider any o € QT (i), it is clear that the signal 1, € S defined
by
( ) ) if s < T1,
\S) =
7 o(t—m) if s > 7

is a signal in Q (), and thus, for any z € R", we have

Wi (@i(r,2) = sup  {'p (1P, (¢, @i(ri,2))) } = sup  {efp T H(|@,, (t+ 71, 2)]) }
t>0,0€Q71 (1) t>0,0€Q71 (1)
< sup {1, (s,2)]) } = W (2).
5>0,7€Q (i)

Computing similarly, for any 7 € [0, 72 — 7] we have

Wi (@i(r.0) = sup  {e'p M (1@ (t, Di(ra)) } < sup  {eCTTpTH(D,(5,2))) } = e W (a).
t>0,0€0Q~ () $>0,v€Q1(3)
We conclude, referring to [31] for the continuity of the functions W, , W;t. O

Remark 2 (Possible Generalizations and Numerical Verification of the Conditions). In Theorem 1 and
Proposition 1 we provided two different Lyapunov criteria, and we proved that they provide sufficient and
necessary conditions for GUAS on Sy (71, 72) (and on 83, (71,72)). Theorem 1 is based on a partition of
the set Sqw (71, T2), while the foundation of Proposition 1 is represented by a partition of the class S* (71, 72).
These partitions have a graph-based interpretation, provided in Figure 1, and our results can thus be
interpreted /re-stated in the graph-based formalism of [10], in a non-linear and upper-and-lower bounds case.
This idea was also inspired by related results in the context of discrete time switched systems, as the ones
in [1, 12, 27]. Different partitions/different graph representations can thus provide other possible sufficient
(and, is some cases, necessary) Lyapunov conditions for GUAS on Sqyw (71, 72); this line of research is not
further explored here, and it remains open for future research. Instead, we decided to present only the
conditions in Theorem 1 and Proposition 1 since they arise from basic partitions of Sqw (71, 72) and S, (71, 72),
and can thus be considered as standard cases, that one can easily generalize to other signal partitions/graph
representations.

From a numerical point of view, the explicit computation/construction of functions satisfying (10) or (14)
is not straightforward, since these inequalities involve the flow maps associated to the subsystems f1,..., far
and thus require the explicit computation of solutions, in a general case. In Appendix, in Lemmas 3 and 4,
we provide results that can be helpful in relaxing these conditions, circumnavigating the explicit dependence
on the subsystems solutions. In the following section, we expand the discussion in the linear case.



4 Linear Case

In this section we particularize the results presented in Section 3 in the linear case, i.e., when all the subsystems
are linear. Moreover, we provide numerically tractable sufficient conditions when restricting the search of the
Lyapunov functions to the class of quadratics. First, we present the converse Lyapunov result descending
from Theorem 1. We avoid, for the sake of concision, to explicitly present the “translation”, in the linear
case, of Proposition 1, since this can be done as for Theorem 1, mutatis mutandis.

Corollary 1. Consider A= {Ay,..., Ay} CR™™ and 70 > 71 > 0. We have that p = ps,, () (A) is the

Saw(T1, T2)-exponential decay rate of system (4), as introduced in Definition 1, if and only if for all a < p

there exist norms v; vl :R®™ - R, i €I, such that

e

Viel, Vte [0,7’2 —Tl],

v (eMitx) < e %y (z), Ve R (16a)
v;(eAm:v) <e Tt (x), Vi#£jeEL Vo eR™ (16b)

Proof. The statement is a direct consequence of Theorem 1 and it is inspired by the construction in [32, 33].
The sufficiency, i.e. the fact that existence of norms as in (16) implies a-UES of system (4) can be proven
with the same steps as in proof of Theorem 1. For the necessity, let us fix any a < p, by definition of the
exponential decay rate, there exists M > 0 such that |®, (¢, z)| < Me™*|z|, for all 0 € Sqw (71, 72), all z € R™
and all t € R,. Then, we proceed as in proof of Theorem 1, considering the subsets of signals S™ (i), ST (i) as
n (12). We then define

vy (x):=  sup  {e*|®,(t, )| },
t>0,0€857 ()
Uj'(x) = sup  {e*|®,(t,z)| }.

t>0,0€8t(3)

The properties (16) can be checked as in proof of Theorem 1, it remains to verify that v, , v;r are norms, for

every i € Z. First of all, since |®,(¢,z)| < Me **|x| we have that |z| < v}(z) < M|z| for any x € R" any
1 € T and any * € {—, +}. Then by linearity we have, given any A € R, that

vy (M) = sup  {e™[®,(t,Ax)[} =N sup  {e™|®,(t,2)[} = [A|v] (),
>0, 068 (i) t>0,0€8 (i)

and similarly for vj . For the triangle inequality we have

vilwt+y) = sup  {e™|Po(tz+y)l} =  sup  {eM[(tx) + ot y)}
t>0,0€8~ (1) t>0,0€8 ()
< sup A{eM[@o(ta)[}+ sup  {e™[@o(t,y)]} = v (2) + 7 (1),
t>0,0€8~ (1) t>0,0€8 (1)
and similarly for v, concluding the proof. O

Remark 3. The Lyapunov characterization of UES for switched linear systems on Sqw (71, 72) is the central
topic of the recent article [28]. In this reference, starting from the notion of Lyapunov exponent (corresponding
t0 —ps,y(r1,m)(A) in the notation of this submission), a family of M norms, vy,..., v, is build. Under the
UES assumption, these norms, referred to as Lyapunov multinorms, have the property that the function
defined by wg () = Vo) (Ps(t, x)) is decreasing at switching times, for any o € Sqw(71,72) and any x € R™.
Despite the proof technique of [28] in obtaining these norms is distinct from the partition-based proof of this
submission, the following relation can be highlighted. Considering the functions v;,...,v;, in Corollary 1,
one recovers a set of Lyapunov multinorms (as defined in [28]), while the norms vy, ..., v}, can be considered
as auxiliary norms, providing an estimation of the behavior of the solutions between switching instants.
Further connections between these two different Lyapunov converse constructions are still under investigation.



We mention that the analysis in [28] is also specialized in the case of irreducible matrices, providing the
existence of Barabanov/invariant multinorms. Moreover, based on a reduction to periodic switching signals,
an algorithmic scheme to approximate these norms (by polyhedral norms) is also provided. The peculiarity
of Corollary 3 with respect to the results in [28] are further analyzed in what follows, where we provide
numerical techniques/schemes in order to verify the proposed conditions.

Corollary 1 can be used as a criterion for establishing exponential stability of a given linear switched
systems, once the parameter 71, 75 and the matrices Ay, ..., Ay are given. Since the search/optimization over
the set of norms is generally unfeasible from the numerical point of view, the search of functions satisfying
conditions of Corollary 1 can be restricted over particular subclasses of norms/functions. As an example, one
can consider SOS polynomia (as done in [9] for the dwell-time case), polyhedral functions (as defined in [5]),
etc. In what follows, we specify the conditions of Corollary 1 restricting the search to quadratic norms, i.e.
functions of the form w(z) = \/z T Qz for a positive define matrix Q = 0.

Corollary 2. Consider A = {A1,..., Ay} C R™™, ap > 0 and 7o > 71 > 0. Suppose there exist
Pt P, ..., P, Py, =0, such that

eA;rtlji—FeAit = e P Vi€, Vt € 0,12 — 7] (17a)
eA;rTl P;eAiTl < e~2pT1 _Pf7 \Z #] eT. (17b)

Then system (4) is p-UES on Sgu(71,72).

Proof. The proof follows by Corollary 1, by defining v} (z) := /2T Pz, v; (z) := /2T P x for any
1€l O

In Corollary 2 we have rewritten the conditions of Corollary 1 in the case of quadratic norms. On the
other hand, these conditions still have the weakness of explicitly depending on the exponential matrices of the
subsystems. Several possible relaxations/manipulations are possible in order to transforms (17a) (17b) into
more treatable conditions. Among others, we mention the differential linear matrix inequality framework, [14,
Chapter 2], or the discretizations techniques proposed in [34]. In what follows we illustrate a possible
numerical scheme in order to verify the conditions of Corollary 2.

Corollary 3. Consider A = {A;,..., Ay} C R™™ ap > 0 and o > 71 > 0. Suppose there exist

PP, P;[I, Py =0, n€(0,1) and v € R such that the following inequalities

P < u?P7, Viel, (18a)
Al PY+ PA; < 2wPt, Viel, (18b)
log(p) + (r2 —m)(v +p) <0, (18c)

and condition (17b) are satisfied. Then system (4) is p-UES on Squ(1,72).
Moreover, condition (17b) can be replaced by the following statement: given a K € N, for everyi #j €L
there exist Qyj0,. .., Qi x > 0 such that

Qijo =P,  Qijx =Py,
K(Qijr — Qijrh—1)
1
K(Qijr — Qijr—1)

T1

Al Qijk + QijrAi +

=< 2pQij .k, (19)

Al Qijr1 + Qijr1A; +

< 2pQijk—1-

Proof. Conditions (18a), (18b), (18c) imply condition (17a) by Lemma 3 in Appendix. The fact that (19)
implies (17b) is recalled in Lemma 5 in Appendix, see also [14, Theorem 2.5]. O
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Remark 4 (Robustness Issues). Condition (17b) requires to compute the matrix exponentials ei™ for any
i € Z. Instead, the conditions in (19) (given an arbitrary K € N) are linear in A4;, i € Z, as (18b), and they
can thus be adapted also to the case where the matrices Ay,..., Ay are affected by bounded noises/are
(partially) unknown. Since in general the function A +— e is non-convex with respect to the components
of A, this is not the case for (17b). Conditions (19) require to fix a “relaxation” parameter K € N and
to increase the number of semidefinite decision variables and inequalities. We note that the equivalence
between (17b) and (19) is reached only for arbitrarily large K € N, and thus this technique, once fixed a
K € N introduces, in general, conservatism to the proposed stability criteria. For more discussion on this
topic, we refer to [2, 35, 34] and the recent monograph [14].

4.1 Numerical Examples

We first modify a celebrated example taken from [23, Pag.19, Example 3.1], and we present a switched linear
system that exhibits stability for signals in the class of fized time switching of the form

Siix(T) = Saw (T, 7) ={0c €S |t] —t5_, =T, Vk € N},

for a certain 7 > 0. On the other hand, we show that the system is unstable on the class of dwell-time signals
Saw(7) defined in (13). For a given perturbation parameter § > 0 we show that the system is exponentially
stable on the class Sqw (7,7 + ¢), using the conditions of Corollary 3. This § > 0 can be considered as an
upper bound on the possible delays (in the switching schedule) that do not destabilize the system.

Ezample 1. (Delay In Switching): Consider

Ay = (—45 :i) and Ay = (‘f j)

with 0 < € < 1 a fixed parameter. The matrices A; and As are Hurwitz. Consider the switched linear system
= Ay, (20)

where o : Ry — {1,2} lies in S. Roughly speaking, the trajectories of the subsystems & = Ajx and & = Asx
are elliptically converging spirals with vertical and horizontal major axis respectively, as sketched in Figure 2.
Let us call £ = {e1,e2} the canonical basis, we define

7:=min{t > 0| ey e?tle; = 0}.

that is the time at which the solution ®4 (¢, e;) reach again the line spanned by e;. By linearity of Aj, this is
the time that each solution implies to reach again the line spanned by the initial condition, or equivalently,
the time that each solution implies to span an angle of m around the origin. It turns out that this time can
be explicitly computed (by writing explicitly the exponential matrix e41?), and we have 7 = 5, we avoid
the computations here. Since A; is an orthogonal transformation of A1 ( Ay = Q" 4;,Q with Q@ = ( % §))
the same hold for solutions of & = Asx. Moreover, from a straightforward computation we have that the
matrix e427e417 is Schur-stable, implying that the switched system (20) is UES on Sgy (7). On the other
hand, we note that (20) is not GUAS on S4y (7). It suffices to choose 71 := min{t > 7 | e] e?tte; = 0},
Ty :=min{t > 7 | e] e?'ey = 0} and the periodic (with period 71 + 7o) switching signal

o(t) = {1, if te0,7), (21)

2, if te [7'1,7'1 +T2),

to show instability for € small enough, see Figure 2 for an example of diverging trajectory. In what follows,
we fix e = 0.1, and we consider classes of the form Sqw (7,7 + 0) for parameters § > 0. Intuitively, we suppose
that the switched system, which we proved UES on Sgy(7), now is possibly affected by unpredictable delays
on the switching instants, and these delays are upper bounded by ¢. Using the conditions of Corollary 3,

11



2

Xy
Figure 2: Example of diverging trajectory of (20) (with ¢ = 0.1), starting at zo = [0.5,0], under the
switching rule defined in (21). Red color stands for the subsystem @ = A;x, blue for & = Asz.

we want to estimate an upper bound for the § > 0 for which the stability of the system is “preserved”,
considering signals in Sqy (7,7 + ¢). The destabilizing signal designed in (21) already tells us that this &
cannot be unbounded, since the system is unstable on Sqw (7) = lims_ 400 Saw (T, T + d). In order to apply
the conditions of Corollary 3 we fix p = 0.001, v = 1.5 and we explicitly compute e*1™ and e?27. Then, we
solve the LMIs
P =P, Vie{l,2},
AP+ PYA; < 20PF, Vie{1,2},
ATTPI AT < e WTRY, Vi je{1,2),
minimizing, via line search, the parameter p € (0,1). The minimal value of p for which the LMIs are feasible
we were able to find is & = 0.86. Using condition (18¢) in Corollary 3 we have that the system is p-UES on
de(?,7 + 5) if
5< _ In(@) _ _ In(0.86) ~ 01,
v+p 1.501
Thus, we have proven that for signals o € S that switch every 7 units of time with a possible delay bounded
from above by d = 0.1, the exponential stability of (20) is preserved.

We now borrow an example already considered in the literature, and we highlight how the conditions of
Corollary 3 can provide less conservative results, in some cases.

Ezample 2. (Unstable subsystems), [35, Section 5]
Let us consider the matrices

-19 06 0.1 -0.9
Ar = ( 0.6 —0.1) and Az := <0.1 —1.4> ’

which are both Hurwitz unstable, i.e. they both have at least one eigenvalue with positive real part. In [35,
Section 5] the system is studied, and using a different multiple quadratic Lyapunov function technique, values
0 <7 < 79 for which the corresponding switched linear system is stable on Sqy (71, 72) are provided. It can
be seen that, numerically, conditions of Corollary 3 are able to recover values consistent with the analysis
performed in [35]. Moreover, fixing u = 0.65, v = 0.25, p = 0.001, we are able to check the feasibility of
the conditions for 7y = 0.6 (here considered as a parameter to minimize in solving (18a) (18b) (17b)). This
implies that the system is p-UES on Sgy (71, 72) with

log(u) . 0.4308

Tp < ————+7

R~ 0.6 ~ 2.3163.
- v+4p 0.251 +
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These “stabilizing” values of 7 and 75 were not found with the techniques of [35] (see Section 5 of the
mentioned paper), which, we underline, are based on a splitting procedure similar to the one used in (19).

5 Conclusion

In conclusion, this paper has provided a comprehensive exploration of the stability analysis of switched
systems, considering signals with upper and lower bounds on the distance between switching instants. By
adapting and extending the multiple Lyapunov functions approach, we provided a thorough characterization
of uniform stability, both in the nonlinear and linear case. For the linear case, numerical schemes have been
proposed in order to check the Lyapunov sufficient conditions. As open route for future research, we expect
to generalize the approach of this manuscript to broader classes of signals. Moreover, we expect to apply the
current analysis to hybrid systems which exhibit upper and lower bounds on the time of occurrence of jump
events.
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A Technical Lemmas

In this Appendix we collect some technical statements in order to handle inequalities of the form (10b) (10c)
(or, equivalently (14b) (14c)). In what follows, given a vector field f : R™ — R™ satisfying Assumption 1,
@ : Ry x R™ — R™ denotes the corresponding solution/flow map.

Lemma 2. Consider a vector field f : R™ — R"™ satisfying the hypothesis of Assumption 1, and two continuous
function Vi,V : R®™ — Ry such that

Vo (@ (T, 2)) < e Vo(x), Vo eR",
for a given T > 0. Then, there exists a continuous function U : [0,7] X R™ — R, such that

U0,2) =Vu(z) AN UT,z) =Vp(z), Y € R™, (22a)
U(t,®s(t,z)) < e 'U(0,z), V(t,z) € [0,7] x R™. (22b)

Moreover, if for some a1, as € Ko it holds that oy (|z]) < Vi(x) < ao(|z]) for allz € R™ and s € {a,b}, then
there exist aq, g € Koo such that

ay(la]) < en(|z]) SU(t z) < as(|z]) < ax(]a),
for all (t,z) € [0,7] x R™.

Proof. The idea behind the proof is inspired by [13, Lemma 1]. Let us define the auxiliary functions
Zl,ZQ : [077] x R" - R by

Zi(t,x) = e Vo (Rp(—t,x)), Zaol(t,x) :=Vi(Ps(T —t,2)).

Let us consider any continuous and strictly increasing function p : [0,7] — [0, 1] such that p(0) = 0 and
p(T) = 1, and define
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It is easy to see that (22a) holds; computing we have

U(t, @ (t, @) = p(t) Za(t, @y (t,2)) + (1= p(t)) Z1(t, Dy (t, 7)) = p(t)Vo (@4 (T, 7)) + (1 = p(t)) (e~ Va())
= e "Va(x) + p(t)(Vo(24 (7, 7)) — ™ "Va(w)) < e Val2) + p(t)((e77 — e )Va(x)))
< e Wau(z).

The last statement concerning the K., bounds follows by the continuous dependence of solutions of & = f(x)
on initial conditions (see [21, Theorem 3.4]), we refer to [13, Lemma 1] for the complete argument. O

We now present conditions that allow us to verify (10b) (and, equivalently) (14c) without computing
explicitly the solutions of the subsystems.

Lemma 3. Consider two locally Lipschitz functions Vg, Vi, : R™ — R and a vector field f : R™ — R"™ satisfying
the hypothesis of Assumption 1. Let us fix p > 0; if there exist u € (0,1) and v € R such that

Vo(x) < uVu(z), Yz eRY
D} Vi) < Vi), Ve R
log(p) +7(v + p) < 0;

then it holds that
Vo(@p(r,2)) < e P"Vy(x), Ve R", V7 €[0,7].

Proof. For any 7 € [0, 7], using the comparison lemma (see for example [21, Lemma 3.4]), we have
V(@ (7, 7)) < Vi) < e’ Va(a),
We suppose v > —p, otherwise the statement is trivial. Given any x € R™, we have
pe’ Vy(z) < e PV (x), V7 €[0,7] & u<e W Vre0,7] & log(p)+ (v+p)T <0,
concluding the proof. O

The following statements allows us to remove the explicit dependence on the subsystems solutions in the
inequalities (10c) and (14b).

Lemma 4. Consider f: R™ — R™ satisfying the hypothesis of Assumption 1, a 7> 0 and a K € N\ {0}.
Suppose there exist Vo, ..., Vi € CH(R™,R) positive definite and p € R such that

VWi(a) - f(x) 4 FEZRE) < oV (a), Vo € R, (29)
VWi (@) - f(a) + B Ven @) <y (2), Vo e R
forallk € {1,...,K}. This implies that
Vi (¢s(T,2)) < e’TVo(z), VaxeR™ (24)

Sketch of the Proof. The proof basically follows by [13, Lemma 2]. Define ¢;, = %? for k € {0,..., K} and
consider the function U : [0,7] x R™ — R as

Ult,z) = MVk(l‘) + M

T T

for t € [ty—1,tk] and for all k € {1,..., K}. Using (23), it can be seen that

kal(a:‘)

d
%U(L éf(a l‘)) < pU(tv .I),

and then it suffices to apply the comparison lemma [21, Lemma 3.4]. O
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We now provide, for completeness, the specification of Lemma 4 in the case of linear subsystem (i.e.
f(z) = Az, Vo € R") and quadratic norms (i.e. U;(z) = /2T Pjx) for a certain P; > 0). It turns out that,
in this case, we have an equivalence.

Lemma 5. Consider A € R"*™ 7> 0 and p > 0. Given two Py, P, = 0 we have that
A TPeAT < PP, (25)

if and only if there exist K € N and Py, ..., Px = 0 positive definite such that Py = P,, Px = P, and

ATP, + P.A KPe—Pe-1) L 9,p,
{ .+ Py K PP, (26)

ATPey + P A +5BZP) 2opp .
forallk e{1,...,K}.

For the proof, which basically follows the idea of proof of Lemma 4, we refer to [2, 35, 34]. For a recent
general and self-contained discussion, we refer to [14, Section 2.4].
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