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OPTIMALITY OF VACCINATION FOR AN SIR EPIDEMIC

WITH AN ICU CONSTRAINT

MATTEO DELLA ROSSA, LORENZO FREDDI, AND DAN GOREAC

Abstract. This paper studies an optimal control problem for a class of SIR epidemic models, in scenarios in

which the infected population is constrained to be lower than a critical threshold imposed by the ICU (intensive

care unit) capacity. The vaccination effort possibly imposed by the health-care deciders is classically modeled
by a control input affecting the epidemic dynamic. After a preliminary viability analysis the existence of

optimal controls is established, and their structure is characterized by using a state-constrained version of

Pontryagin’s theorem. The resulting optimal controls necessarily have a bang-bang regime with at most one
switch. More precisely, the optimal strategies impose the maximum-allowed vaccination effort in an initial

period of time, which can cease only once the ICU constraint can be satisfied without further vaccination.

The switching times are characterized in order to identify conditions under which vaccination should be
implemented or halted. The uniqueness of the optimal control is also discussed. Numerical examples illustrate

our theoretical results and the corresponding optimal strategies. The analysis is eventually extended to the
infinite horizon by Γ-convergence arguments.

Communicated by Irena Lasiecka.
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1. Introduction

In the face of infectious disease outbreaks, vaccination strategies play a pivotal role in curbing transmission
and mitigating the impact on public health. The optimization of vaccination deployment, particularly in the
context of epidemic modeling, is a critical endeavor to ensure the efficient allocation of limited resources while
maximizing population immunity.

The optimal control of epidemics in the framework of the Susceptible-Infectious-Recovered (SIR) model of
Kermack and McKendrick ([23]) has been extensively studied ([1, 4, 21, 27, 26, 19, 25, 33, 14]) in relation to
both the use of pharmaceutical (e.g., optimality of vaccination) and non-pharmaceutical (e.g., slowdown and
lockdown) strategies.

In this study, we delve into the optimization of vaccination strategies for an SIR epidemic, taking into account
the constraints imposed by intensive care units (ICU) capacity. Optimal control problems with such kind of
constraints have been posed in a natural way during the recent Covid-19 pandemic and have been investigated
in the case of a non-pharmaceutical control ([28, 3, 2, 18, 17, 10]). As well as in the case of non-pharmaceutical
interventions, the interplay between vaccination coverage, disease dynamics, and healthcare resource utiliza-
tion presents a complex landscape that requires careful analysis and optimization. The main, well-known,
mathematical difficulty lies on the fact that the ICU constraint involves the state of the system. On the
other hand, the theory of state constrained optimal control problems has been settled, from the point of view
of optimality conditions, only in recent years ([32, 22, 6, 7, 16]). Among the different approaches to derive
optimality conditions of the first order by allowing state constraints, we choose here the one that consists
in introducing multipliers that are bounded measures, leading to adjoint (co-state) variables in the space of
functions with bounded variation ([6, 7]).

By exploring the optimality of vaccination deployment in scenarios with ICU constraints, this research aims to
provide a fundamental, rigorous and detailed mathematical analysis capable to contribute to the development
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2 MATTEO DELLA ROSSA, LORENZO FREDDI, AND DAN GOREAC

of prevalence-based strategies for epidemic control and public health decision-making. Being concentrated on
mathematical analysis, we consider here the following simple two-dimensional SIR model

ds

dt
(t) = −β s(t) i(t)− v(t)s(t),

di

dt
(t) = β s(t) i(t)− γi(t),

s(0) = s0, i(0) = i0,

t ∈ [0, T ), (1.1)

on a time horizon with final time T > 0 (not necessarily finite). Here, the states s and i are the population
densities of susceptible and infectious individuals, respectively, while the control v(t) represents the vaccination
rate and belongs to a bounded set [0, vM ], and the derivatives are meant in a distributional sense. The constant
coefficients β ∈ (0, 1] and γ > 0 are, respectively, the transmission and recovery rates. The qualitative
properties of solutions to (1.1) are studied and illustrated in Section 2 .

Our aim is to study the optimal control problem for system (1.1) which consists in minimizing, over all controls
v and the corresponding epidemic trajectories s and i, the objective functional

J(v, s, i) =

∫ T

0

λvv(t) + λii(t) dt,

under the state constraint

i(t) ≤ iM ∀ t ∈ [0, T ],

where iM > 0 represents a safety threshold for the ICUs capacity. The constant coefficients λv ≥ 0 and λi ≥ 0
modulate the economic and health-related costs of infection with respect to the cost of vaccination.

Generally speaking, the existence of a control able to keep the state i(t) under the level iM is not ensured
for all initial epidemic states (s0, i0). Thus, a preliminary viability analysis is performed in Section 3.1, to
characterize the maximal viable set of initial conditions. The same analysis also provides the maximal set of,
so called, “safe” initial states such that all controls are viable. In the same section we prove existence of an
optimal control whose structure will be characterized, after, by using necessary optimality condition of the
first order provided by a state constrained version of Pontryagin’s theorem ([6, 7]). We prove that singular
arcs cannot occur and the optimal controls are bang-bang with at most one switch. More specifically, the
optimal vaccination strategy consists in exerting the maximum effort, vM , from the onset of the epidemic and
do nothing else once this maximal intervention has been implemented. These results recover those obtained in
[4, Theorem 2.1] where the ICU constraint is not imposed, and are in agreement with those in [12]. Moreover,
it can be noted that they mark a qualitative difference from the non-pharmaceutical optimal control obtained
in [3, 2, 17]. Indeed, in the latter, the optimal strategy consists in delaying the non-pharmaceutical control
action by doing nothing in the first part of the epidemic, by applying the maximal control effort, only when
constrained, until reaching the level iM and, after, by stabilizing the infections at this level until herd immunity
is reached.

The simplest, non-trivial, scenario occurs when the density i of the infected population is constrained under
the level iM but does not contribute to the cost functional, that is λi = 0. In this case the vaccination must
cease exactly when the control 0 allows to take the infections under iM . When, instead, the cost functional
directly depends also on i, the switching time (i.e., the instant at which the optimal strategies switch from
vM to 0) depends on the ratio between λv and λi. This dependence is analyzed in Subsection 4.2.

Subsection 4.3 is devoted to discuss the uniqueness problem in the general case. Our results are graphically
illustrated at the end of Section 4 with the aid of numerical examples.

In Section 5 we extend our analysis to the infinite-horizon case by using a Γ-convergence argument. The main
result (Theorem 5.7) states that there exists at least an optimal bang-bang control. Moreover, in the case
λi = 0, the latter is the unique solution to the optimal control problem.
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Notation. Along the whole paper the symbol ≡ means “equal almost everywhere”. Moreover, R+ := [0,∞).
The notation used for spaces of functions is standard. Namely, for maps defined on an interval I and values
in a subset E of Rd we denote by Ck(I;E) the space of functions with continuous k-th derivatives, Lp(I;E)
the Lebesgue space of (equivalence classes of) p-summable (if p ∈ [1,+∞)) or essentially bounded (if p = ∞)
functions, and W 1,p(I;E) the Sobolev space of (equivalence classes of) functions that are in Lp together with
their distributional derivative. The reference to the set E is often omitted when E = R.

2. Qualitative analysis of epidemic trajectories

We now collect some properties of (solutions to) system (1.1) under arbitrary inputs v ∈ V := L∞((0,∞);V )
with V := [0, vM ] and vM ≥ 0. In this model, the control v represents the vaccination rate and vM the
maximal vaccination effort that can be done in the time unit.

We define the vector field f : R2 × R → R2 corresponding to the Cauchy problem in (1.1), by setting

f(s, i, v) :=
(
− βsi− vs, βsi− γi

)
. (2.1)

Theorem 2.1. For every s0, i0 ∈ (0, 1), every β > 0, γ ≥ 0 and every control v ∈ V, there exists a unique
absolutely continuous solution (s, i) to the Cauchy problem (1.1) on the interval [0,∞). Moreover,

(1) s and i are strictly positive;
(2) i ∈ C1([0,∞)), s ∈ W 1,∞([0,∞));
(3) the solution (s, i) satisfies

s(t) + i(t)− s0 − i0 = − 1

β

∫ t

0

v(ξ)
i′(ξ)

i(ξ)
dξ +

γ

β
log(

s(t)

s0
) (2.2)

for all t ∈ [0,∞);
(4) if v is (essentially) constant equal to v0 ∈ [0, vM ], then the solution (s, i) satisfies the identity

s+ i− s0 − i0 +
v0
β

log(
i

i0
)− γ

β
log(

s

s0
) = 0; (2.3)

(5) s is strictly decreasing;

(6) i∞ := lim
t→∞

i(t) = 0 and s∞ := lim
t→∞

s(t) ∈ [0,
γ

β
);

(7) setting t γ
β
:= inf{t ≥ 0 | s(t) ≤ γ

β }, we have t γ
β
≤ 1

γi0

(
s0 − γ

β )
+.

Proof. Since the function f : R2 ×R → R2 is locally Lipschitz, then we have local existence and uniqueness of
an absolutely continuous solution (see for instance [20, I.5]), for any v ∈ V. Let [0, c), with c > 0, be a time
interval in which the unique solution (s, i) exists.

Let us claim that s(t) > 0 and i(t) > 0 for every t ∈ [0, c). Indeed, considering i as a coefficient, the function
s is the unique solution to the linear Cauchy problem{

s′ = −(βi+ v)s,

s(0) = s0,

which is given by

s(t) = s0e
−

∫ t
0
[βi(ξ)+v(ξ)] dξ ∀ t ∈ [0, c).

Hence, s is strictly positive in [0, c). Similarly, one can prove that also i is strictly positive.

By summing the two equations of the system we get

(s+ i)′ = −vs− γi < 0 in [0, c), (2.4)

which implies that s+ i is decreasing in [0, c). Then we have

0 < s(t) + i(t) ≤ s0 + i0 ∀ t ∈ [0, c). (2.5)
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Being positive, the solutions are bounded. Thus, they exists for every t ∈ [0,∞) and all properties above hold
with c = ∞. This proves assertion (1) and the first part of the statement.

Simply looking at the equations, one sees that i has continuous derivatives, while s has bounded derivatives,
which proves (2).

Assertion (3) is proved by integrating (2.4)

s+ i− s0 − i0 = −
∫ t

0

v(ξ)s(ξ)dξ − γ

∫ t

0

i(ξ)dξ

and substituting in the integrals the following expressions of s and i

s =
1

β

i′

i
+

γ

β
, i = − 1

β

s′

s
− v

β
, (2.6)

as obtained by the second and the first equation of the system, respectively. Assertion (4) is a straightforward
consequence of (3), while (5) follows from (1) and the first equation of the system.

(6) By monotonicity and positivity, the limit s∞ := limt→∞ s(t) exists and belongs to [0, 1). Since s + i is
decreasing (see (2.4)) and positive, then limt→∞

(
s(t) + i(t)

)
exists and is finite. As a consequence, also the

limit

i∞ := lim
t→∞

i(t) = lim
t→∞

(
s(t) + i(t)− s(t)

)
= lim

t→∞

(
s(t) + i(t)

)
− s∞

exists and is finite and non-negative.

Assume by contradiction that i∞ > 0. Then there exists t̄ such that i(t) > i∞
2 > 0 for any t > t̄. By (2.4), for

such t we have

(s+ i)′ ≤ −γ
i∞
2

and hence s+ i → −∞, which is impossible since s+ i > 0. Then we conclude that i∞ = 0.

It remains to prove that s∞ < γ
β . Since s is strictly decreasing, if s0 ≤ γ

β , then there is nothing to prove. Let

us then assume that s0 > γ
β . Let us denote by

tmax := sup{t ≥ 0 | s(t) > γ

β
}

and assume, by contradiction, that tmax = ∞. We have

i′(t) =
(
βs(t)− γ

)
i(t) > 0 ∀ t > 0,

hence i is increasing, so obtaining a contradiction with i0 > 0 and i∞ = 0. Then tmax < ∞ and, by continuity,
s(tmax) =

γ
β . Since s is strictly decreasing, this implies s∞ < γ

β .

To prove (7) we can assume that s0 > γ
β (otherwise, we have t γ

β
= 0 and the inequality is trivially satisfied).

Moreover, by continuity of s, we have

t γ
β
= sup{t ≥ 0 | s(t) > γ

β
}. (2.7)

As long as s(t) > γ
β we have that i is increasing because, as before, i′(t) > 0 and we have

s′(t) = −βs(t)i(t)− v(t)s(t) ≤ −βs(t)i(t) < −γi(t) ≤ −γi0.

Thus, by integrating on [0, t], we get

s(t)− s0 < −γi0t.

and, by using s(t) > γ
β again, we obtain γ

β − s0 < −γi0t, which implies

t <
1

γi0

(
s0 −

γ

β
) ∀t ≥ 0 : s(t) >

γ

β
,

and the desired inequality follows by taking the supremum and using (2.7). □
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Remark 2.2. As a by-product of Theorem 2.1 (assertion (1)) and of equation (2.5) which holds for c = ∞, we
have that the triangle

T := {(s, i) ∈ R2
+ | s+ i ≤ 1}

is forward invariant, that is, for any (s0, i0) ∈ T and any v ∈ V, the solution (s, i) to the Cauchy problem (1.1)
with initial conditions s(0) = s0, i(0) = i0 satisfies (s(t), i(t)) ∈ T for all t ∈ R+.

Remark 2.3. From (2.3) it is easy to see that:

(1) if v ≡ 0 then s∞ > 0 (see also [17, Proposition 2.4]);
(2) if v ≡ v0 > 0 then s∞ = 0. This can be also noted by considering the function U : T → R+ defined

by U(s, i) := s + i. It can be proved that ⟨∇U(s, i), f(s, i, v0)⟩ ≤ −αU(s, i) for every (s, i) ∈ T, with
α := min{v0, γ} > 0. This implies that the function U is a Lyapunov function, proving that the unique
equilibrium (0, 0) is exponentially stable in T, see for instance [24, Theorem 4.10].

Remark 2.4. Looking at (4) of Theorem 2.1, for every constant v ∈ [0, vM ] and every (s0, i0) ∈ (0, 1)2 we
denote by Fs0,i0 : (0, 1)2 → R the function defined as

Fs0,i0(s, i) := s+ i− s0 − i0 +
v

β
log(

i

i0
)− γ

β
log(

s

s0
).

By a trivial computation, for every (s0, i0), (s1, i1) ∈ (0, 1)2 we have

Fs0,i0(s1, i1) = 0 =⇒ Fs0,i0 ≡ Fs1,i1 .

This means that the family of curves implicitly defined in (4) of Theorem 2.1 by Fs0,i0(s, i) = 0 are coinciding
or disjoint as (s0, i0) varies in (0, 1)2. In other words, the trajectories of solutions corresponding to the same
constant control v and starting from different initial conditions are coinciding or disjoint.

We now provide a concluding lemma, establishing the boundedness of the integral, over the whole interval
[0,∞), of the i-component of the solution.

Lemma 2.5. For every (s0, i0) ∈ T, every β > 0, γ ≥ 0 and every control v ∈ V, let us denote by (s, i) : R+ →
R2 the solution to the Cauchy problem (1.1) with initial conditions s(0) = s0, i(0) = i0, and with respect to
the control v. The integral ∫ ∞

0

i(t) dt

is finite.

Proof. By Item (6) of Theorem 2.1 we have that s∞ = limt→∞ s(t) < γ
β , let us suppose that s∞ = γ

β − 2ε, for

some ε > 0. This implies that there exists T > 0 such that s(t) ≤ γ
β − ε, for all t ≥ T . We have

i′(t) = βs(t)i(t)− γi(t) ≤ β(
γ

β
− ε)i(t)− γi(t) = −βεi(t), ∀ t ≥ T.

By Grönwall’s inequality (see [30, Lemma 2.7]), we have that i(t) ≤ i(T )e−βε(t−T ) for all t ≥ T . Concluding,
this implies that∫ ∞

0

i(t) dt =

∫ T

0

i(t) dt+

∫ ∞

T

i(t) dt ≤
∫ T

0

i(t) dt+ i(T )

∫ ∞

T

e−βε(t−T ) dt < ∞,

as required. □
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3. Viability analysis and optimal control problem

We now want to introduce and study a class of optimal control problems, in which the state dynamics are
driven by the SIR model (1.1). We introduce the following notational convention.

Remark 3.1 (Notation). Whenever the control v ∈ V and the initial conditions s(0) = s0, i(0) = i0 are fixed,
the unique solution to (1.1) will be also denoted by xs0,i0,v := (ss0,i0,v, is0,i0,v). However, in the sequel, when
the initial conditions are fixed or can be easily deduced from the context, we simply write xv = (sv, iv), or
even x = (s, i) if also the control is fixed or easy to deduce. This notation will be used throughout the whole
paper.

Given some λi, λv ≥ 0, γ, β ≥ 0, vM ≥ 0, 0 < iM ≤ 1 we consider the optimal control problem

minimize J(v, s, i) =

∫ T

0

λvv(t) + λii(t) dt,

(s(t), i(t))′ = f(s(t), i(t), v(t)), t ∈ (0, T ),

(s(0), i(0)) = (s0, i0) ∈ T,
i(t) ≤ iM ∀t ∈ (0, T ),

v ∈ L∞((0, T );V ), V := [0, vM ],

(3.1)

where f , defined in (2.1), is the vector field associated to the SIR model (1.1), and the fixed final time T > 0

can be finite or not. In the sequel, this problem will be denoted by PT,s0,i0
λv,λi,iM

. Accordingly, P∞,s0,i0
λv,λi,iM

will

denote the problem on the infinite horizon [0,∞). Sometimes, to shorten notation, the reference to the initial
conditions or to the coefficients λv and λi will be dropped when they are not relevant or can be deduced by
the context.

Remark 3.2. Let us observe that, by Remark 2.2, we have that i(t) ≤ 1 for every t ≥ 0. Hence, the case
iM = 1 corresponds to a state-unconstrained case (i.e., problem PT

λv,λi,1
coincides with (3.1) without the state

constraint i ≤ iM ). This unconstrained case has been studied in [4, Section 2]. The results of that paper
concerning the optimal vaccination policy are recovered by us, in this more general setting, except for the
uniqueness of the optimal control conjectured in Remark 2 of [4]. On the other hand, its proof seems not to
be completely achieved yet. The subsequent Subsection 4.3 is devoted to discuss this topic.

Occasionally, in the sequel, we will make use of the following proposition, usually called principle of optimality.

Proposition 3.3 (principle of optimality). If v is an optimal control for problem PT,s0,i0
λv,λi,iM

, then for every

ε ∈ (0, T ) the control vε(·) := v( ·+ ε) is optimal for problem PT−ε,sε,iε
λv,λi,iM

with the initial condition sε = ss0,i0,v(ε)

and iε = is0,i0,v(ε).

Proof. By contradiction, let us suppose that there exists w : [0, T − ε] → R such that∫ T−ε

0

λvw(t) + λii
sε,iε,w(t) dt <

∫ T−ε

0

λvvε(t) + λii
sε,iε,vε(t) dt.

Define ṽ : [0, T ] → R by

ṽ(t) =

{
v(t) if t ∈ [0, ε),

w(t− ε) if t ∈ [ε, T ].
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We have that ṽ is an admissible control and∫ T

0

λv ṽ(t) + λii
s0,i0,ṽ(t) dt =

∫ ε

0

λvv(t) + λii
s0,i0,v(t) dt+

∫ T

ε

λv ṽ(t) + λii
sε,iε,ṽ(t) dt

=

∫ ε

0

λvv(t) + λii
s0,i0,v(t) dt+

∫ T−ε

0

λvw(t) + λii
sε,iε,w(t) dt <

<

∫ ε

0

λvv(t) + λii
s0,i0,v(t) dt+

∫ T−ε

0

λvvε(t) + λii
sε,iε,vε(t) dt

=

∫ T

0

λvv(t) + λii
s0,i0,v(t) dt

which contradicts the optimality of v. □

3.1. Viability Analysis. This subsection is devoted to identify for which initial conditions the state-constraint
i(t) ≤ iM is satisfied/satisfiable by the solutions to the state equation of problem (3.1).

Let us introduce the state-constraint set

C := {(s, i) ∈ T | i ≤ iM}. (3.2)

The notions of forward invariant and viable subregions of C are then introduced according to the next defini-
tion.

Definition 3.4. The set

B := {(s0, i0) ∈ C | ∃ v ∈ V s.t. is0,i0,v(t) ≤ iM ∀ t ≥ 0}

is called maximal feasible or viable set.

The set

A0 := {(s0, i0) ∈ C | is0,i0,0(t) ≤ iM ∀ t ≥ 0}
is called no-effort or safe set.

The set

A := {(s0, i0) ∈ C | is0,i0,v(t) ≤ iM ∀ v ∈ V, ∀ t ≥ 0}
is called maximal forward invariant set.

The viable set B is the maximal set of initial configurations on which at least one trajectory satisfies the
constraint. When the epidemic initial state (s0, i0) is inside B, the epidemic is “under control”. The safe
zone A0 is the maximal set of initial configurations such that the associated uncontrolled trajectories (i.e.
considering v ≡ 0) satisfy the constraint. The set A is the maximal set of initial conditions in C for which
any trajectory starting in A stays in C (and thus in A). These sets play an important role in the synthesis of
optimal control strategies.

Theorem 3.5. The following propositions hold true.

(1) The maximal forward invariant set coincides with the no-effort set, i.e., A = A0, and it coincides with

A := {(s, i) ∈ C | i ≤ ΓA(s)},

where

ΓA(s) :=

{
iM , if 0 ≤ s ≤ γ

β ,
γ
β + iM − s+ γ

β log(βγ s), if s > γ
β .

(3.3)

(2) The maximal viable set B coincides with

B := {(s, i) ∈ C | i ≤ ΓB(s)},
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for the function ΓB : [0,∞) → [0, iM ] given by

ΓB(s) :=

{
iM if 0 ≤ s ≤ γ

β ,

φ(s) if s > γ
β ,

where φ : ( γβ ,∞) → [0, iM ] is implicitly defined by equation (2.3) with v = vM and (s0, i0) = ( γβ , iM ),

as i = φ(s); in other words, for every s > γ
β , i = φ(s) is the unique solution of the equation (in the

unknown i)

F (s, i) := s+ i− γ

β
− iM +

vM
β

log(
i

iM
)− γ

β
log(

βs

γ
) = 0. (3.4)

Figure 1. The curves ΓA (in green) and ΓB (in red) for s > γ
β

Remark 3.6. The functions ΓA and ΓB are continuously differentiable (see the proof below). The set A is
convex, while B is, in general, non-convex.

Proof. (1) The no-effort set A0 is obtained by considering the uncontrolled SIR system. It has been charac-
terized in Theorem 2.3 of [3] and coincides with A. It remains to prove that also A = A.

We start by observing that, by definition, the inclusion A ⊆ A0 = A holds true.

We prove the remaining opposite inclusion, A ⊆ A, by showing that when the initial point is taken on
the boundary ∂A, then any control v ∈ [0, vM ] keeps the trajectory inside the set A. The cases in which
(s0, i0) ∈ ∂A is such that s0 = 0, i0 = 0 or i0 = iM are straightforward. Therefore, we turn our attention to
the less trivial case in which (s0, i0) ∈ ∂A is such that s0 > γ

β and i0 = ΓA(s0). The exterior normal vector to

∂A in (s0, i0) is orientated as (ν1, ν2) = (−Γ′
A(s0), 1) = (1− γ

βs0
, 1) and it can be verified that

⟨(ν1, ν2), f(s0, i0, v)⟩ ≤ 0 ∀ v ∈ [0, vM ]

which means that any control v ∈ [0, vM ] keeps the trajectory inside the set A.

(2) The maximal viable set contained in C is the set B of Definition 3.4.

First of all we note that F ∈ C1((0,∞)2) and

∂F

∂i
= 1 +

vM
βi

> 0 ∀ i > 0,

hence, by Dini’s Implicit Function Theorem, the equation F (s, i) = 0 implicitly defines a unique function
φ : ( γβ ,∞) → R such that F (s, φ(s)) = 0 for every s ∈ ( γβ ,∞). Hence the function ΓB and the set B are well

defined. Moreover,
∂F

∂s
= 1− γ

βs
> 0 ∀ s > γ

β
.

Then

φ′(s) = −∂F/∂s

∂F/∂i
= −βs− γ

s

i

βi+ vM
< 0 ∀ s > γ

β
.
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Thus, φ is strictly decreasing, positive and such that supφ = φ( γβ
+
) = iM and φ′( γβ

+
) = 0. In particular,

ΓB ∈ C1([0,∞)).

The viability of the set B, that is the inclusion

B ⊆ B,

is now proved by choosing v ≡ vM and showing that, when the initial point is taken on the boundary ∂B, the
trajectory keeps the epidemic state inside the set B. The cases in which (s0, i0) ∈ ∂B is such that s0 = 0,
i0 = 0 or i0 = iM are straightforward. Let us concentrate on the less trivial case in which (s0, i0) ∈ ∂B is such
that s0 > γ

β and i0 = φ(s0). The exterior normal vector to ∂B in (s0, i0) is orientated as (ν1, ν2) = (−φ′(s0), 1)

and it can be verified that

⟨(ν1, ν2), f(s0, i0, vM )⟩ = 0

which means that the control v ≡ vM keeps the trajectory on the boundary and, hence, inside the set B.

It remains then to prove the opposite inclusion B ⊆ B.

Let us then consider (s0, i0) ∈ C and v ∈ V be such that is0,i0,v(t) ≤ iM for all t ∈ [0,∞). We have
only to consider the case in which s0 > γ

β since, otherwise, (s0, i0) ∈ {(s, i) ∈ C : 0 < i ≤ ΓB(s)} = B

and the inclusion is proved. We aim to prove that i0 ≤ φ(s0), that is F (s0, i0) ≤ 0. The equivalence
between the two conditions can, indeed, be proved by introducing the functions f(i) := i + vM

β log( i
iM

) and

g(s) := −s+ γ
β + iM + γ

β log(βsγ ) and observing that, by the definition (3.4) of F , the inequality F (s0, i0) ≤ 0

is equivalent to f(i0) ≤ g(s0). On the other hand, the function f is strictly increasing, hence invertible, and
we obtain the equivalent proposition i0 ≤ f−1(g(s0)). The conclusion follows then by noting that φ = f−1 ◦ g.

In fact, we are going to prove the inequality F (s0, i0) ≤ 0 in the following equivalent form

s0 + i0 ≤ γ

β
+ iM − vM

β
log(

i0
iM

) +
γ

β
log(

βs0
γ

). (3.5)

By (3) of Theorem 2.1, denoting by i = is0,i0,v and s = ss0,i0,v, we have

s0 + i0 = s(t) + i(t) +
1

β

∫ t

0

v(ξ)
i′(ξ)

i(ξ)
dξ − γ

β
log(

s(t)

s0
)

for every t ≥ 0. Since i ≤ iM , v ≤ vM , and since i′

i = βs− γ > 0 as long as s > γ
β , by estimating the integral

we get

s0 + i0 ≤ s(t) + iM +
1

β
vM log(

iM
i0

)− γ

β
log(

s(t)

s0
)

which holds for every t ≥ 0. Since, by point (6) of Theorem 2.1 and by continuity, we have that there exists
t̄ ≥ 0 such that s(t̄) = γ

β , then the evaluation of the previous inequality in t = t̄ provides the desired inequality

(3.5). □

Summarizing, in this subsection, we have proved that feasible control policies exist if and only if the initial
state lies in the set B. The set A, instead, characterizes the set of initial conditions for which the “no-action”
choice (v ≡ 0) is feasible.

3.2. Existence of solutions for a general cost on a finite horizon. In this subsection we prove the
existence of a solution to an optimal control problem of the form (3.1) but with a more general cost functional.
More precisely, our problem consists in minimizing a cost functional J : VT × Y → [0,∞] of the form

J(v, s, i) =

∫ T

0

f0(t, s, i, v) dt, (3.6)
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on a time horizon I = (0, T ), for a finite T > 0, over all controls v in the space of controls VT = L∞(I;V ) (with
V = [0, vM ]) and the corresponding trajectories (s, i) that are solutions, in space of states Y = W 1,∞(I;R2),
to the state equations (1.1) with initial conditions (s0, i0) in the viable set B = B and fulfil the state constraint

i(t) ≤ iM ∀ t ∈ I. (3.7)

The integrand f0 is a given running cost such that the integral makes sense. An optimal solution to the control
problem (3.6)-(3.7)-(1.1) is a vector function (v, s, i) ∈ L∞(I;V )×W 1,∞(I;R2) that minimizes the cost J and
satisfies the set of state equations and the upper bound on i. The function v is an optimal control and (s, i)
an optimal state or trajectory. We consider, for the moment, only the case of finite final time T > 0. In the
subsequent Section 5, the existence of optimal controls on the infinite-horizon case will be obtained by viewing
the latter as a Γ-limit of the finite-horizon problems on [0, T ] as T → ∞.

The following existence theorem for a very general cost functional holds.

Theorem 3.7. Let (s0, i0) ∈ B. If f0 : I × R2 × R → [0,∞) is a normal convex integrand, that is, it is
measurable with respect to the Lebesgue σ-algebra on I and the Borel σ-algebra on R2 × R and there exists a
subset N ⊂ I of Lebesgue measure zero such that

(1) f0(t, ·, ·, ·) is lower semicontinuous for every t ∈ I \N ,
(2) f0(t, s, i, ·) is convex for every t ∈ I \N and s, i ∈ R,

then there exists an optimal solution (v, s, i) to the control problem (3.6)-(3.7)-(1.1).

To prove the existence of an optimal solution we observe that it is equivalent to prove the existence of a
minimizer of the functional F : L∞(I;V )×W 1,∞(I;R2) → R defined by

F (v, s, i) := J(v, s, i) + χΛ(v, s, i) + χi≤iM (i) (3.8)

where Λ ⊂ L∞(I;V )×W 1,∞(I;R2) is the set of admissible pairs, that is all control-state vectors (v, s, i) that
satisfy the initial value problem (1.1), while χΛ denotes the indicator function of Λ that takes the value 0 on
Λ and ∞ otherwise; similarly, the function χi≤iM (i) is 0 if i(t) ≤ iM for every t ∈ I, and ∞ otherwise.

Proof. On the domain of F , that is the space L∞(I;V ) × W 1,∞(I;R2), we consider the topology given by
the product of the weak* topologies of the two spaces and aim to prove sequential lower semicontinuity and
coercivity of the functional F with respect to this topology. By the Direct Method of the Calculus of Variations
(see, for instance, Buttazzo [11, Sec. 1.2]), these properties imply the existence of a solution to the minimum
problem. They are direct consequences of the fact that the space of controls is weakly* compact, that the
assumptions on f0 imply that the cost functional J is weakly* lower semicontinuous (see for instance [15,
Theorem 7.5] or [11, Section 2.3]) and the fact that the sets Λ and {i ≤ iM} are closed with respect to the
weak* convergence. The claimed closedness of such sets follows by the application of Rellich compactness
theorem, which ensures that weakly* converging sequences in W 1,∞(I) are, up to subsequences, uniformly
converging on I. □

Remark 3.8. The requirement on f0 = f0(t, s, i, v) to be a normal convex integrand is satisfied, in particular,
if it is a piecewise continuous function of t, continuous in (s, i) and convex in v.

Corollary 3.9. Consider (s0, i0) ∈ B and any finite T > 0. The optimal control problem (3.1) admits an
optimal solution with a finite cost.

Proof. The existence is a straightforward consequence of Theorem 3.7 with f0(t, v, s, i) = λii + λvv. The
finiteness of the cost of the optimal solution (v, s, i) (and, hence, of any optimal solution) follows by the fact

that (s0, i0) ∈ B implies that F (v, s, i) =
∫ T

0
λvv(t) + λii(t) dt, which is finite. □
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4. Optimality via Pontryagin Principle on a finite horizon

The aim of this section is to characterize the optimal controls for (3.1) via Pontryagin principle in the case
T < ∞.

4.1. Necessary optimality conditions. We first introduce the Hamiltonian H : R2×V ×R3 → R by setting

H(s, i, v, p0, ps, pi) = p0λvv + p0λii− psβsi− psvs+ piβsi− γpii.

Given T ∈ (0,∞), by BV ([0, T ]) we denote the space of functions with bounded variation, defined as

BV ([0, T ]) := {h ∈ L1
loc(R) | h′ ∈ M(R), supp(h′) ⊆ [0, T ]},

where h′ is the distributional derivative of h, and M(R) stands for the set of bounded Borel measures on R.
Also, the space of functions with bounded variation is given by extending functions in a constant way on R
(see for instance [7, Section 2.2.]). More precisely, for h ∈ BV ([0, T ]), there exist h0− , hT+ ∈ R such that

h = h0− a.e. on (−∞, 0),

h = hT+ a.e. on (T,∞).

It is, moreover, well known that each BV function h admits finite left and right limits in every point t of the
domain, that will be denoted by h(t−) and h(t+), respectively. This allows one to define the jump of h at any
point t0 as [h(t0)] := h(t+0 ) − h(t−0 ). Moreover, there exist unique left- and right-continuous representatives.
For the sake of simplicity, in the sequel we tacitly assume to always consider the left-continuous representative.
As a consequence, for every h ∈ BV we have h(t) = h(t−).

Lemma 4.1 (see [6] Theorem 1, and [31] Theorem 9.3.1). Let (s0, i0) ∈ B. Suppose s, i, v : [0, T ] → R is
a feasible triplet and the control v is an optimum for the optimal control problem PT

λv,λi,iM
in (3.1). Then

there exist p0 ∈ {0, 1}, k ∈ R, ps ∈ W 1,1([0, T ]), pi ∈ BV ([0, T ]) and a positive, bounded, Borel measure dµ
on [0, T ] such that

(A) (adjoint equations) {
p′s = −β i(pi − ps) + vps,

p′i = −p0λi + γpi − β s (pi − ps)− dµ,

(B) (non-degeneration)

p0 + dµ([0, T ]) > 0,

(C) (complementarity) ∫
[0,T ]

(i(t)− iM )dµ(t) = 0,

(D) (transversality)

ps(T ) = 0 and pi(T
+) = 0,

(E) (Weierstrass condition)

v(t) ∈ argmin
v∈V

(p0λv − ps(t)s(t)) v,

implying that, setting

φ(t) := p0λv − ps(t)s(t), (4.1)

we have

v(t) =

{
vM if φ(t) < 0,

0 if φ(t) > 0,
(4.2)

for almost every t ∈ [0, T ]. The function φ : [0, T ] → R is called switching function,
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(F) (constancy of the Hamiltonian)

Ĥ(t) := H(s(t), i(t), v(t), ps(t), pi(t))

= p0λii(t) + p0λvv(t)− βps(t)s(t)i(t)− ps(t)s(t)v(t) + βpi(t)s(t)i(t)− γpi(t)i(t)

≡ k a.e. in [0, T ].

In order to simplify the analysis, from now on we work under the assumption that the final time T be large
enough to ensure that herd immunity is reached.

Assumption 4.2. For the considered initial condition (s0, i0) ∈ B in problem (3.1), the final time T > 0
satisfies

T > t̄(s0, i0) := sup
v∈V

inf
t≥0

{ss0,i0,v(t) ≤ γ

β
}. (4.3)

Remark 4.3. The assumption requires that, for any control v ∈ V, the corresponding solution satisfies
ss0,i0,v(T ) < γ

β , or, in other words, the herd-immunity threshold is reached (in a strict sense) at the final

time T , for any control v ∈ V. In view of (7) of Theorem 2.1, Assumption 4.2 is satisfied if T > 1
γi0

(s0 − γ
β )

+.

4.2. Characterization of the optimal controls. In the sequel we see how, under Assumption 4.2, the
necessary conditions in Lemma 4.1 allow us to provide a qualitative description of an optimal control, for any
initial condition.

In all statements of the present subsection, and unless explicitly stated otherwise, we assume that (s0, i0) ∈ B,
that s, i, v : [0, T ] → R be a feasible triplet and v be an optimal control for problem PT

λv,λi,iM
in (3.1). Let

us, moreover, suppose that Assumption 4.2 holds true and that p0 ∈ {0, 1}, ps ∈ W 1,1([0, T ]), pi ∈ BV ([0, T ])
and dµ are those provided in the statement of Lemma 4.1.

We start with a lemma characterizing the structure of the measure dµ.

Lemma 4.4 (structure of dµ). The following propositions hold.

(1) Either one of the following alternative conditions hold:
(a) dµ = 0, implying p0 = 1,
(b) there exists a > 0 such that dµ = aδ0, implying s(0) = s0 ≤ γ

β and i(0) = i0 = iM ,

(c) there exist a > 0 and t0 ∈ (0, T ) such that dµ = aδt0 and, moreover, s(t0) =
γ
β and i(t0) = iM .

(2) For every t ∈ [0, T ] we have [pi(t)] = −dµ({t}) ≤ 0; in particular, dµ({T}) = pi(T ) = 0.

Remark 4.5. A straightforward consequence of (1) of Lemma 4.4 is that dµ = 0 in a neighborhood of T ; in
other words, supp(dµ) ⊂ [0, T ).

Proof. Let us prove (1). In the case dµ = 0, by the non-degeneration property we have p0 = 1.
Suppose then we are not in case (a), i.e., dµ ̸= 0. Therefore, and by complementarity, we have ∅ ̸= supp(dµ) ⊆
{t ∈ [0, T ] | i(t) = iM} =: SiM .

Let us preliminarily note that T /∈ SiM . Indeed, suppose by contradiction i(T ) = iM ; since by Assumption 4.2
we have s(T ) < γ

β , in this case we would have

i′(T ) = βs(T )iM − γiM < 0,

which implies that there exists ε > 0 such that i(t) > iM for all t ∈ (T − ε, T ), contradicting the feasibility of
(s, i, v).

In the case 0 ∈ SiM , i.e., i(0) = i0 = iM , since (s0, i0) ∈ B, we must have s(0) = s0 ≤ γ
β and thus i is

strictly decreasing. This implies that 0 is the only instant in which i(t) = iM and thus we are in case (b), by
complementarity.
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It then remains only the case in which there exists t0 ∈ (0, T ) such that t0 ∈ SiM , i.e., i(t0) = iM . If this is
the case, t0 is an interior global maximum point of i : [0, T ] → R and thus i′(t0) = 0 (i being differentiable by
(2) of Theorem 2.1), implying s(t0) =

γ
β . Since s is strictly decreasing, this proves that SiM = {t0} and we

are thus in case (c), by complementarity.

The first part of assertion (2) is an immediate consequence of the co-state equations and the positivity of the
measure dµ. To prove the last part it is enough to note that T /∈ supp(dµ) and pi(T

+) = 0 (see also Remark
4.5). □

A crucial role in the characterization of the optimal controls will be played by the following auxiliary adjoint
variable

η := pi − ps.

Lemma 4.6. Under the additional assumption (λi, λv) ̸= (0, 0), the following propositions hold.
(1) ps and φ are absolutely continuous in [0, T ], while pi and η are piecewise absolutely continuous with at

most one discontinuity point t0 ∈ [0, T ).

(2) Ĥ(t) = k := p0λii(T ) a.e. on [0, T ].
(3) If p0 = 0, then a discontinuity point t0 ∈ [0, T ) as in (1) exists and v = vM a.e. in [0, t0).

(4) Let p0 = 1. If there exists t̃ ∈ (0, T ] such that η(t̃ ) > 0, then η > 0 in [0, t̃ ).

(5) If p0 = 1, there exists at most one t̂ ∈ [0, T ] such that φ(t̂ ) = 0 and, in such case, φ(t) < 0 for all t ∈ [0, t̂ )

and φ(t) > 0 for all t ∈ (t̂, T ]. Moreover, t̂ = T if and only if λv = 0.

Proof. Assertion (1) is an immediate consequence of the co-state equations, the definition of φ and the fact
that, by Lemma 4.4, the measure dµ can concentrate in at most one point.

Let us prove (2). By (1) and since ps(T ) = 0 by (D) of Lemma 4.1, all functions appearing in the expression of
the Hamiltonian, with the exception of the term p0λvv, are continuous in T . Then, when the aforementioned
term is zero, that is, if p0 = 0 or λv = 0, by evaluating the Hamiltonian in T and using (D) and of Lemma

4.1, and (2) of Lemma 4.4, we have Ĥ(T ) = p0λii(T ). The conclusion, in this case, follows then by (F ) of
Lemma 4.1. Otherwise, we have φ(T ) = λv − ps(T )s(T ) = λv > 0 which, by continuity, holds also in a left
neighborhood (T − ε, T ], ε > 0. Thus, by property (E) in Lemma 4.1, we can take a representative v = 0 in
(T − ε, T ] so obtaining

Ĥ(t) = λii(t)− βps(t)s(t)i(t) + βpi(t)s(t)i(t)− γpi(t)i(t),

and the claim follows by evaluating in t = T and using (F ) of Lemma 4.1.

Let us prove (3). Being p0 = 0, by the non-degeneration property (B) of Lemma 4.1 we have dµ ̸= 0. Thus,
by (1) of Lemma 4.4, a discontinuity point t0 ∈ [0, T ) exists and is unique. In proving that v = vM a.e. in
[0, t0), we consider the only non-trivial case t0 > 0, implying that we are in case (1)(c) of Lemma 4.4, that
is, t0 ∈ (0, T ) and there exist a > 0 and such that dµ = aδt0 . By linearity of the adjoint equations and since
we have final homogeneous conditions, then ps(t) = pi(t) = 0 for all t ∈ (t0, T ]. This implies φ(t) = 0 for
all t ∈ [t0, T ] (see (4.1)). Moreover, by (2) of Lemma 4.4, we have [pi(t0)] = −dµ({t0}) = −a and, hence
pi(t

−
0 ) = a > 0.

It is easy to check that

φ′ = β ispi ∈ BV ([0, T ]) (4.4)

and φ′(t−0 ) = β i(t−0 )s(t
−
0 )pi(t

−
0 ) = β i(t−0 )s(t

−
0 )a > 0. Since φ(t0) = 0, this implies that there exists ε > 0

such that φ(t) < 0 for all t ∈ (t0 − ε, t0). The thesis will be proved by showing that φ(t) < 0 for all t ∈ [0, t0),
and using (4.2) to conclude.

Suppose, by contradiction, that there exists t ∈ [0, t0) such that φ(t) ≥ 0 and set

t1 = sup{t ∈ [0, t0) | φ(t) ≥ 0}.
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Since we have proved that φ(t) < 0 for all t ∈ (t0 − ε, t0) we have t1 ∈ [0, t0) and φ(t1) = 0, by continuity.
Moreover, recalling that φ(t1) = −ps(t1)s(t1), this implies ps(t1) = 0. We now aim to prove that pi(t1) > 0.
The case pi(t1) = 0 is excluded since we would have ps(t1) = pi(t1) = 0 and thus by linearity of the adjoint
equations, this would imply pi(t) = 0 for all t ∈ [t1, t0), contradicting pi(t

−
0 ) = a > 0. Then, let us suppose by

contradiction that pi(t1) < 0. In this case, since φ(t1) = 0 the Hamiltonian is continuous at t1 and reads

0 = Ĥ(t1) = βη(t1)s(t1)i(t1)− γpi(t1)i(t1) = (βs(t1)− γ)pi(t1)i(t1), (4.5)

because η(t1) = pi(t1)− ps(t1) = pi(t1). Now, since s(t0) =
γ
β (recall that we are in case (1)(c) of Lemma 4.4)

s is strictly decreasing (see Theorem 2.1), and t1 < t0, we have s(t1) >
γ
β . Since we are supposing p1(t1) < 0,

equality (4.5) implies Ĥ(t1) < 0, and thus leads to a contradiction. We have thus proved that pi(t1) > 0.

Now, recalling (4.4) and since φ(t1) = 0, we have

φ′(t1) = βs(t1)i(t1)pi(t1) > 0

which contradicts φ(t) < 0 in (t1, t0). We thus have proved that φ(t) < 0 for all t ∈ [0, t0) and then v(t) = vM
for almost all t ∈ [0, t0).

Let us prove assertion (4). We first observe that, with the introduced notation, we can more compactly write

Ĥ(t) = p0λii(t) + φ(t)v(t) + βη(t)s(t)i(t)− γpi(t)i(t). (4.6)

Let us, moreover, introduce the function

g(t) := −λi + γpi(t) + β(i(t)− s(t)) η(t)− v(t)ps(t) (4.7)

that is the absolutely continuous part of the derivative η′ = p′i − p′s with respect to the Lebesgue measure.

By contradiction, let us suppose that there exists t ∈ [0, t̃ ) such that η(t) ≤ 0. Let us define

t1 := sup{t ∈ [0, t̃ ) | η(t) ≤ 0}. (4.8)

By the assumption η(t̃ ) > 0, and since we are considering a left continuous representative, η is positive in a

left neighborhood of t̃ . Thus, t1 < t̃ and η(t1) ≤ 0 by left continuity. By (2) of Lemma 4.4 and the continuity
of ps, we have [η(t1)] = [pi(t1)] = −dµ({t1}) ≤ 0. Moreover, we note that the case [η(t1)] < 0 is excluded.
Indeed, otherwise, we would have η(t+1 ) < 0, which would imply η(t1) < 0 in a right neighborhood of t1,
against the definition of t1.

Thus, we have that [η(t1)] = 0. By (2), this implies that pi and η are continuous in a small neighborhood of
t1 and, therefore, we have η(t1) = 0. Noting that (4.2) implies φv ≤ 0 almost everywhere and looking at the
expression (4.6) of the Hamiltonian and using (1) we have

λii(T ) = Ĥ(t) ≤
(
λi − γpi(t)

)
i(t)+βη(t)s(t)i(t) for a.a. t ∈ [0, T ].

Since both sides of the inequality are continuous in t1 and η(t1) = 0, then we get

λii(T ) ≤
(
λi − γpi(t1)

)
i(t1). (4.9)

On the other hand, we can prove that

λi − γpi(t1) ≤ 0. (4.10)

Indeed, let us note that such term appears with the minus sign in the expression (4.7) of g and suppose by
contradiction that 0 > −λi + γpi(t1). Since η(t1) = 0 and continuous in a neighborhood of t1 together with
pi, there exists a right neighborhood I of t1 such that

0 > −λi + γpi(t) + β(i(t)− s(t)) η(t), ∀ t ∈ I.

Moreover there exists a right neighborhood J ⊆ I of t1 such that

0 > −λi + γpi(t) + β(i(t)− s(t)) η(t)

≥ −λi + γpi(t) + β(i(t)− s(t)) η(t)− v(t)ps(t) = g(t) for a.a. t ∈ J,
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where the last inequality is trivial if ps(t1) ≥ 0, and it holds if ps(t1) < 0 since in this case we have φ(t1) > 0
and thus v(t) = 0 almost everywhere in a small-enough right neighborhood J , because ps, and hence φ, are
continuous. Now, considering t ∈ J , we have

η(t) =

∫ t

t1

g(s) ds < 0,

contradicting the definition of t1. We have thus proved (4.10). Let us continue by distinguish two cases.

Case λi > 0. Using (4.10) in (4.9) would contradict λii(T ) > 0; therefore, we have proved that η(t) > 0 for

all t ∈ [0, t̃ ).

Case λi = 0. In this case, inequality (4.10) reads −γpi(t1) ≤ 0, implying pi(t1) ≥ 0. Moreover, multiplying by
i(t1) this leads to −γpi(t1)i(t1) ≤ 0. Recalling expression (4.6) and the fact that φv ≤ 0 a.e. in [0, T ], there
exists a right neighborhood I1 of t1 such that

0 = Ĥ(t) ≤ −γpi(t)i(t) a.e. in I1.

By continuity of pi in t1, this implies pi(t1) ≤ 0, and thus pi(t1) = 0. Since η(t1) = 0 this also implies
ps(t1) = 0. Since we have proved that [η(t1)] = [pi(t1)] = −dµ({t1}) = 0 there exists a right neighborhood
J1 ⊆ I1 of t1, such that J1 ∩ supp(dµ) = ∅. Thus, since ps(t1) = pi(t1) = 0 and by linearity of the adjoint
equations in the case λi = 0, we have that ps(t) = pi(t) = η(t) = 0 for all t ∈ J1 contradicting the definition

of t1. Therefore, also in this case, it holds that η(t) > 0 for all t ∈ [0, t̃ ).

Also in proving (5) we argue by distinguish the cases λi > 0 and λi = 0.

Case λi > 0. By Lemma 4.4 and (D) of Lemma 4.1 we have ps(T ) = pi(T ) = η(T ) = 0 and, by (2), the
functions η, ps and pi are absolutely continuous in a left neighborhood of T . Moreover, since v is bounded,
there exists ε > 0 such that η′ = g < 0 almost everywhere in (T − ε, T ]. Then, for every t ∈ (T − ε, T ) we

have η(t) = −
∫ T

t
g(s) ds, which implies η(t) > 0. By assertion (3) we have that η > 0 in [0, T ).

To conclude the proof of (5) in the case λi > 0, let us note that

φ′ = −βiφ+ βisη + λvβi. (4.11)

Since φ′ does not explicitly depend on v, we have φ′ ∈ BV ([0, T ]).
Subcase λv > 0. Let us suppose first that λv > 0, and thus φ(T ) = λv > 0. Since η > 0 in [0, T ), equation (4.11)

implies that if there exists t̂ ∈ [0, T ) such that φ(t̂ ) = 0, then φ′(t̂− ) > 0 and φ′(t̂+ ) > 0. Thus, there exists

δ > 0 such that φ(t) < 0 for all t ∈ (t̂− δ, t̂) and φ(t) > 0 for all t ∈ (t̂, t̂+ δ) and, since φ is continuous, this

implies that t̂ is unique. In particular, if such t̂ ∈ [0, T ) exists, we necessarily have φ(t) < 0 for all t ∈ [0, t̂ )

and φ(t) > 0 for all t ∈ (t̂, T ], as claimed.
Subcase λv = 0. Supposing now that λv = 0, we have φ(T ) = 0 and, simplifying (4.11), it holds that

φ′ = βispi. (4.12)

By continuity of pi in a left neighborhood of T (see (1)), and since pi(T ) = 0 and p′i(T ) = −λi < 0 we have
that there exists δ > 0 such that pi(t) > 0 for all t ∈ (T − δ, T ). This in turns implies that φ(t) < 0 for all
t ∈ (T − δ, T ), by (4.12). Then, the claim (i.e., φ(t) < 0 for all t ∈ [0, T )) follows again from (4.11) and the

fact that η > 0 in [0, T ). Note that we have also proved that t̂ = T if and only if λv = 0.

Case λi = 0. In this case, λv > 0, since we are supposing that (λi, λv) ̸= (0, 0). Let us, now, distinguish the
cases (a), (b) and (c) of point (1) of Lemma 4.4.

If dµ is of the form described in (a) or (b) of the mentioned lemma, the unique solution satisfying the
adjoint equations in Lemma 4.1 is ps ≡ pi ≡ 0. This implies φ ≡ λv > 0 and the claim (5) is proved in this
case.

If we are in case (c), then there exists t0 ∈ (0, T ) such that dµ = aδt0 with a > 0. Arguing as in the previous
case, we have that ps(t) = 0, pi(t) = 0, for all t ∈ (t0, T ]. This also implies φ(t) = λv > 0 for all t ∈ (t0, T ].
Moreover, by (2) of Lemma 4.4, we have [η(t0)] = [pi(t0)] = −dµ({t0}) = −a < 0 and thus there exists ε > 0
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such that η(t) > 0 for all t ∈ (t0 − ε, t0). By assertion (3), we have that η(t) > 0 for all t ∈ [0, t0). Then, we
can proceed exactly in the previous case (subcase λv > 0) to prove that φ(t) = 0 in at most one instant of
time in [0, t0), and the conclusion follows by recalling that we have already proved that φ ≡ λv > 0 in (t0, T ].

□

Remark 4.7. Let us note that, in the proof of point (4) of Lemma 4.6, we have proved that η(t) > 0 for all
t ∈ [0, T ) in the case p0 = 1, λi > 0.

We now provide a complete characterization of the optimal controls of PT
λv,λi,iM

.

Theorem 4.8 (structure of the optimal controls). Let us make the additional assumption (λi, λv) ̸= (0, 0).
The following propositions hold.

(A) There exists t⋆ ∈ [0, T ], the so-called switching time, such that v is almost everywhere given by

v(t) =

{
vM if t ∈ (0, t⋆),

0 if t ∈ (t⋆, T ).
(4.13)

Moreover, t⋆ = T if and only if λv = 0.
(B) If λi = 0, then the optimal control is unique and admits the following feedback representation: v(t) =

w(x(t)), with w : B → [0, vM ] defined by

w(x) =

{
vM if x ∈ B \A
0 if x ∈ A.

(4.14)

(C) It necessary holds that x(t⋆) ∈ A. If x(t⋆) ∈ ∂A then v admits the feedback representation (4.14). If
x(t⋆) ∈ Int(A) then i(t) < iM for every t ≥ t⋆.

Proof. Let us prove (A). If p0 = 1, let us consider t̂ ∈ [0, T ] as in assertion (5) of Lemma 4.6. Then, the claim

follows by taking t⋆ = t̂ and using the continuity of φ and the consequence (4.2) of the Weierstrass condition
(E) of Lemma 4.1.

In the case p0 = 0, by (3) of Lemma 4.6, we have v(t) = vM for almost all t ∈ [0, t0), where t0 ∈ [0, T )
is the (unique) discontinuity point of η and pi. It remains to characterize the behavior of the control v in
the interval (t0, T ]. Since in (1) of Lemma 4.4 we have proved that s(t0) ≤ γ

β and i(t0) = iM and recalling

from Theorem 2.1 that s is strictly decreasing, we have that s(t) < γ
β for all t ∈ (t0, T ]. Then, we also have

i′(t) = βs(t)i(t) − γi(t) ≤ (β γ
β − γ)i(t) < 0 for all t ∈ (t0, T ]. Since i(t0) = iM , this implies i(t) < iM for all

(t0, T ]. Let us now distinguish the two cases λi = 0 and λi > 0.

Case λi = 0. In this case, at t = t0 we are in the set A = A0 (see Definition 3.4 and Theorem 3.5). Then
v ≡ 0 in (t0, T ) is trivially optimal.

Case λi > 0. We observe that for any ε > 0 and tε := t0 + ε ∈ (t0, T ), the principle of optimality (see
Proposition 3.3) implies that the control v( ·+ tε) ∈ L∞([0, T − tε], V ) is an optimum for problem (3.1) with
initial condition (s(0), i(0)) = (s(tε), i(tε)) for the time-horizon [0, Tε], with Tε = T −tε. Since i(t) < iM for all
t ∈ [tε, T ], considering the necessary conditions of Lemma 4.1 for this new optimal control problem, we would
trivially obtain dµε = 0 (implying p0,ε = 1), and thus, again by assertion (5) of Lemma 4.6, we necessarily
have that v in [tε, T ] is of the bang-bang form, i.e., there exists a t⋆,ε ∈ [tε, T ] such that the expression

v(t) =

{
vM if t ∈ (tε, t⋆,ε),

0 if t ∈ (t⋆,ε, T ),



OPTIMALITY OF VACCINATION FOR A STATE CONSTRAINED SIR EPIDEMIC 17

holds for almost all t ∈ [tε, T ]. By letting ε → 0, we have that there exists t⋆ ≥ t0 such that (up to a
subsequence) t⋆,ε → t⋆ and we obtain that

v(t) =

{
vM for a.e. t ∈ (t0, t⋆),

0 for a.e. t ∈ (t⋆, T ).

Now we can conclude by recalling that, by assertion (3) in Lemma 4.6, v(t) = vM for almost all t ∈ [0, t0).
We also note that, by (5) of Lemma 4.6, in the preceding construction the sequence t⋆,ε is constant and equal
to t⋆ = T if and only if λv = 0.

Let us now prove (B). By (A) the optimal control is of the bang-bang form as in (4.13). If (s0, i0) ∈ A,
by forward invariance proved in Theorem 3.5, we have that the control v ≡ 0 is feasible, and moreover it
is straightforwardly the unique minimum, since λi = 0. Let us then consider a point (s0, i0) ∈ B \ A and
suppose by contradiction that the switching time t⋆ ∈ [0, T ) is such that x(t⋆) /∈ A. In this case, we have that
s(t⋆) >

γ
β and v(t) = 0 for a.a. t ∈ (t⋆, T ]. Since, by Assumption 4.2, s(T ) < γ

β , there exists t γ
β
∈ (t⋆, T ) such

that s(t γ
β
) = γ

β . But, then, we would have reached the no-effort set A = A0 with control 0 in contradiction

with x(t⋆) /∈ A (recall Theorem 3.5). Then we have proved that x(t⋆) ∈ A and the proof of (B) is concluded,
by noting that the aforementioned feedback representation directly implies that the optimal control is unique.

To prove (C) we first observe that also in the general case we necessarily have x(t⋆) ∈ A because switching
outside the set A leads to infeasibility, and thus to a contradiction.

If x(t⋆) ∈ ∂A then the trajectory still remains inside A by forward invariance and the optimal control admits
the claimed feedback representation.

If, instead, x(t⋆) ∈ Int(A), to prove that i(t) < iM for all t > t⋆ we distinguish the following cases.

If s(t⋆) ≤ γ
β , then i(t⋆) < iM and i is strictly decreasing in (t⋆, T ], and so we are done.

If s(t⋆) >
γ
β , then we are strictly under the curve ΓA which has maximum value iM . The claim follows by the

fact that, with control zero, we remain strictly under the curve (see Remark 2.4).
□

Remark 4.9 (particular cases). In the case λi = 0, the feedback representation provided in (5) of Theorem 4.8,
implies that at the switching time t⋆ we have (s(t⋆), i(t⋆)) ∈ ∂A; hence t⋆ occurs before reaching herd immunity,
that is, t⋆ ≤ t γ

β
≤ 1

γi0

(
s0− γ

β )
+ (see (7) of Theorem 2.1). Moreover, the switching point (s⋆, i⋆) := (s(t⋆), i(t⋆)),

i.e., the point of the trajectory in which the optimal control is discontinuous, lies on the intersection of the
trajectory of (1.1) with v ≡ vM starting at (s0, i0) (plotted in red in Figure 2 and given by (2.3) with v0 = vM ),
with the curve ΓA defined in equation (3.3) of Theorem 3.5 (represented in green in Figure 2). It can thus be
easily computed by solving the system of equations of the two curves, for any initial condition (s0, i0) ∈ B,
and it turns out to be equal to

i⋆ = i0e
β

vM
(s0− γ

β+i0−iM− γ
β log

βs0
γ )

, s⋆ = −γ

β
W−1

(
− 1

e1+
β
γ (iM−i⋆)

)
,

where W−1 is the inverse of the restriction to (−∞,−1) of the function f(x) = xex, which is the so-called
Lambert’s function. We plotted a qualitative representation of the optimal solution in the case λi = 0, together
with the switching point (s⋆, i⋆), in Figure 2.

In the case λv = 0, as proved in (A) of Theorem 4.8 we have t⋆ = T and, thus, the control v ≡ vM is the
(unique) optimum. In other words, when the cost does not explicitly depend on the control input, the choice

v = vM minimizes the integral
∫ T

0
i(t) ds. This reflects the intuitive idea that, if the vaccination action has

no cost, the optimal strategy is to always keep the vaccination at its maximum admissible rate.

In the general case, where both λi > 0 and λv > 0, providing an explicit characterization of the switching
point/time is challenging and will be discussed in the rest of this subsection.
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Figure 2. The optimal strategy in the case λi = 0

In the following statements we provide some further qualitative observations. First, we prove that if λi/λv ≤ β
then the vaccination intervention must cease before reaching herd immunity.

Proposition 4.10. Let λi, λv > 0 and suppose that Assumption 4.2 holds true. Let v be an optimal control
for problem in (3.1) with a given (s0, i0) ∈ B and s, i : [0, T ] → R be the corresponding trajectory. Moreover,
let us assume that the switching time t⋆ is strictly positive. If λi ≤ βλv then s(t⋆) ≥ γ

β .

Remark 4.11. In Proposition 4.10 we are assuming that, for the considered initial conditions, we have a non-
trivial switching time t⋆ > 0. This, under Assumption 4.2, is straightforwardly satisfied if (s0, i0) ∈ B \ A
(see (C) of Theorem 4.8). On the other hand, this could be the case also if (s0, i0) ∈ A, if λi > 0 is large
enough. Figures 3 and 4 show the qualitative behavior of the optimal strategies that can be expected in view
of Proposition 4.10 in the cases in which λi is, respectively, small and large enough (with respect to λv).

Figure 3. Optimal strategy in the case 0 < λi < βλv

Figure 4. Expected optimal strategy in the case λi > βλv and large enough
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Proof. We prove the contrapositive implication, that is, s(t⋆) < γ
β ⇒ λi > λvβ. Let us suppose, without

loss of generality, that, for the considered representative choice of ps, pi, v : [0, T ] → R, the Hamiltonian Ĥ be
constant on [0, T ] (everywhere, not only almost everywhere). Let us argue by cases.

Case p0 = 1. By (2) of Lemma 4.6, we have

0 < λii(T ) = Ĥ(t⋆).

In t⋆, by definition, we have φ(t⋆) = 0, and, since λv ̸= 0 we have t⋆ ∈ (0, T ) (see assertion (A) in Theorem 4.8).
Thus, using the expression (4.6) of the Hamiltonian, the assumption s(t⋆) <

γ
β and the fact that η(t) > 0 for

all t ∈ [0, T ) (see Remark 4.7), we obtain

0 < Ĥ(t⋆) = λii(t⋆)− γpi(t⋆)i(t⋆) + η(t⋆)βs(t⋆)i(t⋆)

< λii(t⋆)− γpi(t⋆)i(t⋆) + γη(t⋆)i(t⋆) = λii(t⋆)− γps(t⋆)i(t⋆).

Now, recalling that 0 = φ(t⋆) = λv − ps(t⋆)s(t⋆), we have that ps(t⋆) =
λv

s(t⋆)
, and thus

0 < λii(t⋆)− γ
λv

s(t⋆)
i(t⋆) < λii(t⋆)− γβ

λv

γ
i(t⋆) = (λi − βλv)i(t⋆).

This implies 0 < λi − βλv, i.e., λi > βλv as required.

Case p0 = 0. By (1) of Lemma 4.4 there exists t0 ∈ [0, T ) such that supp(dµ) = {t0}, s(t0) ≤ γ
β and i(t0) = iM ,

with s(t0) <
γ
β only if t0 = 0. By (3) of Lemma 4.6 we have v(t) = vM for almost all t ∈ [0, t0). Since we are

supposing t⋆ > 0 is such that s(t⋆) <
γ
β , we necessarily have that t⋆ > t0.

Since s is strictly decreasing and s(t0) ≤ γ
β , we have s(t) <

γ
β for all t ∈ (t0, T ]. Since i(t0) = iM , this in turns

implies that i(t) < iM for all t ∈ (t0, T ]. We can now consider the optimal control problem, PT−t1,s(t1),i(t1)
λv,λi,iM

,

with a new initial time t1 ∈ (t0, t⋆) and a new initial condition (s(t1), i(t1)) ∈ B. By the principle of optimality
(see Proposition 3.3), v( · + t1) is an optimum also for this new optimal control problem, and thus satisfies
the conditions of Theorem 4.8 in the non-degenerate case (i.e., with p0 = 1). This is because i(t) < iM for all
t ∈ [t1, T ] which implies that (by complementarity) the multiplicator dµ for this new problem is 0, which in
turn implies p0 = 1 by (1)(a) of Lemma 4.4. Then, by arguing as in the previous case, it can be proved that
λi > βλv, as required. □

In the next statement, we prove that, when λi is small enough depending on λv, any optimal control of
PT
λv,λi,iM

coincides with the optimal control defined in (B) of Theorem 4.8, corresponding to the case λi = 0.

This, in particular, proves the uniqueness of the optimal control of PT
λv,λi,iM

in the case in which the cost of
the vaccination program is “prevalent” with respect to the cost of treatment of infected individuals.

Proposition 4.12. Let (s0, i0) ∈ B and T > 0 satisfying Assumption 4.2. The following equivalent proposi-
tions hold.

(1) For every λv > 0 there exists λi > 0 such that, for any λi ≤ λi, the optimal controls for PT
λv,λi,iM

coincide

with the (unique) optimal control for PT
1,0,iM

.

(2) For every λi > 0 there exists λv > 0 such that, for any λv ≥ λv, the optimal controls for PT
λv,λi,iM

coincide

with the (unique) optimal control for PT
1,0,iM

.

Proof. The equivalence of (1) and (2) trivially follows from the fact that, for any λv, λi ≥ 0, if v is optimal
for PT

λv,λi,iM
, it is optimal also for PT

ωλv,ωλi,iM
, for any ω > 0.

Let us prove (2). Fixing λi > 0, for any λv > 0 we consider any vλv ∈ VT optimal for PT
λv,λi,iM

, and denote by

xvλv : [0, T ] → B the corresponding trajectory. By Assumption 4.2, we can consider tA := tA(λv) ∈ [0, T ), the
minimal time such that xvλv (tA(λv)) ∈ A. By Theorem 4.8 (assertion (A)) we know that vλv necessarily has
a vM - 0 bang-bang form while assertion (C) of the same proposition implies vλv (t) = vM a.e. in [0, tA]. As a
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first consequence, this implies that tA is, in fact, independent of λv. Moreover, by the principle of optimality,
vλv ( · + tA) is optimal for PT−tA

λv,λi,iM
with initial condition equal to xvλv (tA).

Since this “new” initial condition lies in A, which is forward invariant, vλv ( · + tA) is optimal also for the

unconstrained problem PT−tA
λv,λi,1

. Let us consider the corresponding adjoint state (ps, pi) : [0, T − tA] → R2

satisfying the conditions in Lemma 4.1; since the problem is unconstrained, we can assume without loss of
generality that dµ = 0 and, hence, p0 = 1. We claim that there exists a λv large enough such that vλv (t) = 0
a.e. in [tA, T ], for any λv ≥ λv. We suppose, by contradiction, that for any λv > 0 there exists a non-trivial
switching time t⋆ ∈ (tA, T ) (i.e., vλv = vM1[0,t⋆]). At such time, again by Lemma 4.1, we must have

0 = φ(t⋆) = λv − ps(t⋆ − tA)s
vλv (t⋆) ⇔ svλv (t⋆) =

λv

ps(t⋆ − tA)
. (4.15)

Since (ps, pi) is solution to the adjoint equation in (A) of Lemma 4.1, which is a non-autonomous affine system
with bounded coefficients, then ps is Lipschitz continuous with constant L > 0 depending on (s0, i0) and λi

(but independent of λv). Since ps(T − tA) = 0, we thus have |ps(t− tA)| ≤ L(T − tA), for all t ∈ [tA, T ]. Thus,
from (4.15) we obtain

svλv (t⋆) ≥
λv

L(T − tA)

for every λv > 0. Since tA is a constant independent of λv, this is in contradiction with the fact that
svλv (t⋆) ≤ s0, for every λv > 0. We have, in particular, proved that for any λv ≥ s0L(T − tA), t⋆ = tA,
and thus vλv ≡ v0, where v0 is the unique optimal control of PT

1,0,iM
characterized in (A) of Theorem 4.8, as

claimed in the statement. □

4.3. Discussion and remarks about uniqueness. Under rather general assumptions, the existence of
optimal controls for problem PT

λv,λi,iM
has been proved in Corollary 3.9. Then, Theorem 4.8 ensures that

such optima necessarily have a bang-bang structure vM - 0. A natural question is to establish the uniqueness
(or not) of such optima. To our best knowledge this problem is still open in its general formulation, while a
partial answer has been given in Proposition 4.12. This subsection is devoted to further analyze the uniqueness
problem.

First of all we see that the uniqueness for the constrained problem can be reduced to the same property for
the unconstrained one.

Given a control v ∈ V and the corresponding trajectory xv, we introduce the reaching time of the set A as

tvA := inf{t ∈ [0, T ] | xv(t) ∈ A}

with the convention inf ∅ = ∞.

Proposition 4.13. Let λv ≥ 0 and λi ≥ 0 be such that (λv, λi) ̸= (0, 0), iM ∈ (0, 1], (s0, i0) ∈ B and
T > t̄(s0, i0). Let tvMA be the reaching time of the set A with constant control vM . Assume that for the initial

condition (s1, i1) :=
(
s(tvMA ), i(tvMA )

)
the unconstrained problem PT−t

vM
A ,s1,i1

λv,λi,1
admits a unique optimal control.

Then, problem PT,s0,i0
λv,λi,iM

admits a unique optimal control.

Proof. Let v be an optimal control for PT,s0,i0
λv,λi,iM

and xv be the corresponding trajectory which must reach the

set A because T satisfies Assumption 4.2. Hence, the reaching time tvA is finite. By (A) and (C) of Theorem
4.8 we have that v is bang-bang with a swithcing time tv⋆ ≥ tvA, and thus we have v = vM a.e. in (0, tvA). On
the other hand, it is clear that tvA depends only on the value of v before tvA, which, in our case is the constant
vM . In other words, tvA = tvM

A .

By forward invariance, once A has been reached, that is after tvMA , by the principle of optimality v(· + tvMA )

is optimal also for the unconstrained problem PT−t
vM
A ,s1,i1

λv,λi,1
with initial condition (s1, i1) = (s(tvMA ), i(tvMA )).
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Since, by assumption, PT−t
vM
A ,s1,i1

λv,λi,1
admits a unique solution then v is uniquely determined also in (tvA, T ),

and the proof is concluded. □

Remark 4.14. Problem PT−t
vM
A ,s1,i1

λv,λi,1
satisfies Assumption 4.2, because T − tvMA > t̄(s1, i1). Indeed,

t̄(s1, i1) = sup
{
inf
t≥0

{sv,s1,i1(t) ≤ γ

β
} | v ∈ V

}
= sup

{
inf

τ≥t
vM
A

{sv,s0,i0(τ) ≤ γ

β
} | v ∈ V, v|[0,tvMA ] = vM

}
− tvMA

≤ sup
v∈V

inf
τ≥0

{sv,s0,i0(τ) ≤ γ

β
} − tvMA = t̄(s0, i0)− tvMA < T − tvM

A

Hence, Proposition 4.12 applies and the assumption of the previous theorem (i.e., the uniqueness of the solution

to PT−t
vM
A ,s1,i1

λv,λi,1
) is satisfied for non-trivial values of λi and λv.

Remark 4.15. The uniqueness for the unconstrained case has been conjectured in Remark 2 of [4]. If this
conjecture was true, then we would have fully proved the uniqueness also in the constrained case.

4.4. Numerical Simulations. We conclude this section by presenting some numerical simulations that il-
lustrate the previous results. They have been obtained by using the open-source optimal control toolbox
Bocop ([5, 8]) with final time T = 400 and epidemic parameters β = 0.18, γ = 0.07, s0 = 0.7, i0 = 0.001,
iM = 0.005 = 5i0, vM = 0.01. The chosen numerical method is the recommended Midpoint (implicit, 1-stage,
order 1) with 1200 time steps.

The figures below show the optimal control and the state of infections for objective functionals corresponding
to different choices of the relative costs of the vaccination v (modulated by λv) and of the population i of
infected individuals i (modulated by λi).

a) λi = 0 and λi = 0.1λv < βλv b) λi = 0.17λv < βλv c) λi = λv > βλv

Figure 5. The three columns a), b) and c) show optimal control, state of infections and
feedback optimal strategy for various choices of the specific costs λv and λi.
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In particular, Figure 5 a) deals with the case λi = 0 in which the cost depends only on the vaccination
rate v. According to the feedback optimal strategy shown in Figure 2, we see that, in this case, the peak
of infections (corresponding to herd immunity) occurs long time after having stopped to control. Another
simulation, made with λi = 0.1λv > 0, produced exactly the same results, accordingly to Proposition 4.12;
the corresponding figures are not reported since identical to the ones in Figure 2 a). The latter is also in
agreement with Proposition 4.10 since λi < βλv. A simulation with λi = 0.17λv > 0 (still smaller, but closer,
to βλv) is shown in Figure 5 b). In this case the state-space behaviour of such strategy is qualitatively as in
Figure 3.

Figure 5 c) shows the simulation results in the case λi = λv > 0 in which the cost of the infected population
forces the state i to stay strictly below the ICU threshold iM = 0.005. In this case it is convenient to
continue the vaccination policy with the maximum effort even after that herd immunity has been reached.
The state-space behaviour of the solution corresponding to this control policy is shown in Figure 4.

5. The infinite horizon problem

In this section we consider problem (3.1) with T = ∞, that is on the infinite time horizon [0,∞).

From now on, the initial condition (s0, i0) is taken in the viable set B. Moreover, we recall that, given any
λv ≥ 0 and λi ≥ 0 with (λv, λi) ̸= (0, 0), and for any T ∈ [0,∞), we denote by PT

λv,λi,iM
the optimal control

problem in (3.1), while the infinite horizon problem is denoted by P∞
λv,λi,iM

.

5.1. Reduction to a finite horizon. If λi = 0, we are allowed to use the preceding results for the finite-
horizon problem on [0, T ] (for T large enough) to deduce necessary (Pontryagin) optimality conditions for the
infinite-horizon case.

Theorem 5.1 (Reduction to a finite horizon, case λi = 0). Suppose λi = 0 and let v ∈ V be an optimal
control for problem P∞

λv,0,iM
. For every T > t(s0, i0) (defined in (4.3)), the restriction vT := v|[0,T ]

is an

optimal control for the finite horizon problem PT
λv,0,iM

.

Proof. By contradiction, assume that vT ∈ L∞([0, T ], V ) is not optimal for PT
λv,0,iM

. Since, on the other hand,

an optimal control exists, then there exists w ∈ L∞([0, T ], V ) such that

JT (w, sw, iw) < JT (vT , s
vT , ivT ).

Since by assumption we have T > t̄(s0, i0), by definition of t̄(s0, i0) (see (4.3)) it holds that sw(T ) < γ
β . Let

us denote by w0 the extension of w to the interval [0,∞) by defining it equal to 0 in (T,∞). It is clear, from
uniqueness of the solution to the Cauchy problem for the system of state equations, that sw0(T ) = sw(T ) < γ

β ,

and thus, by the performed viability analysis, that w0 is an admissible control. This implies

J∞(w0, s
w0 , iw0) =

∫ ∞

0

λvw0(t) dt =

∫ T

0

λvw(t) dt <

∫ T

0

λvv(t) dt ≤ J∞(v, sv, iv),

which contradicts the optimality of v for P∞
λv,0,iM

. □

Summarizing, when the cost does not depend on the number of infected individuals, the fact that the herd-
immunity threshold is reached in finite time allows us to reduce the infinite-horizon problem to a finite-horizon
one. We collect this argument in the subsequent statement.

Corollary 5.2. Suppose λi = 0. Then, for any (s0, i0) ∈ B, problem P∞
λv,0,iM

admits a unique optimal control

v ∈ V (with finite cost), of the form

v(t) =

{
vM if t ∈ (0, t⋆),

0 if t ∈ (t⋆,∞).

for a t⋆ ∈ [0, t(s0, i0)]. In particular, v satisfies the feedback representation as in (4.14).
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Proof. Let us consider an optimal control v ∈ V for problem P∞
λv,0,iM

. By Theorem 5.1, for any T > t(s0, i0)

we have that v|[0,T ]
coincides with the unique (by (B) of Theorem 4.8) optimal control for the finite-horizon

problem PT
λv,0,iM

, which is of the bang-bang form in (4.13) and admits the feedback representation (4.14).

We conclude by noting that, since T > t(s0, i0) we have that v(t) = 0 for all (T,∞) is a feasible and trivially
optimal choice. □

When the cost depends also on i (i.e., when λi > 0), which, differently from the control, vanishes only as
t → ∞, the aforementioned argument cannot be applied. Nevertheless, in what follows we show that a
reduction to finite horizon problems can be obtained by a Γ-convergence argument. For a throughout and
formal introduction to Γ-convergence, we refer to [13, 9].

In what follows, we denote by I the infinite-horizon interval [0,∞).

Theorem 5.3. For every increasing sequence of positive numbers Tn → ∞, the sequence of problems PTn

λv,λi,iM
Γ-converges to the limit problem P∞

λv,λi,iM
, in the following sense:

(1) (liminf inequality). For every sequence vn ∈ V such that vn = 0 a.e. in (Tn,∞), ivn ≤ iM , and vn
∗
⇀ v in

L∞(I, V ) we have iv ≤ iM and

lim inf
n→∞

JTn(vn, s
vn , ivn) ≥ J∞(v, sv, iv);

(2) (recovery sequence). For every v ∈ V such that J∞(v, sv, iv) < ∞ and iv ≤ iM , there exists vn ∈ V such

that ivn ≤ iM , vn = 0 a.e. in (Tn,∞), vn
∗
⇀ v in L∞(I, V ) and

lim
n→∞

JTn(vn, s
vn , ivn) = J∞(v, sv, iv).

As a preliminary step to the proof of the theorem, we state an useful lemma on convergence of solutions to
(controlled) differential equations, whose proof is the same of [17, Lemma 7.5], because the arguments used
there work also for our (albeit different) state equations.

Lemma 5.4. If vn
∗
⇀ v in L∞(I;V ), then svn → sv and ivn → iv uniformly on every bounded subinterval

J ⊂ I.

Proof of Theorem 5.3. Let us prove statement (1) first. By the previous lemma, the assumption vn
∗
⇀ v in

L∞(I;V ) implies that ivn converges to iv uniformly on the bounded subintervals of I, and this in particular
implies iv(t) ≤ iM for every t ∈ I (since we recall from Theorem 2.1 that limt→∞ iv(t) = 0). Let us now
remark that

lim inf
n→∞

∫ Tn

0

ivn = lim inf
n→∞

∫ ∞

0

ivn1[0,Tn] dt ≥
∫ ∞

0

iv dt (5.1)

since the sequence ivn1[0,Tn] converges to iv pointwise on (0,∞) and by using Fatou’s lemma (see, for instance,
[29, Theorem 11.31]). Then, by using (5.1), the fact that vn = 0 a.e. in (Tn,∞) and by the fact that the
functional v 7→

∫∞
0

v dt is weakly* lower semicontinuous in L∞(I;V ) (see [17, Theorem 5.1]), we have

lim inf
n→∞

JTn(vn, s
vn , ivn) = lim inf

n→∞

∫ Tn

0

λvvn + λii
vn dt = λv lim inf

n→∞

∫ ∞

0

vn dt+ λi lim inf
n→∞

∫ Tn

0

ivn dt

≥
∫ ∞

0

λvv + λii
v dt = J∞(v, sv, iv).

(5.2)

concluding the first part of the proof.
It remains to prove Item (2), i.e,. the existence of a recovery sequence. Since J∞(v, sv, iv) < ∞, the control
v belongs to L1(I) and, moreover, limt→∞ sv(t) < γ

β , recalling Theorem 2.1. Let us consider, for any n ∈ N,

vn(t) =

{
v(t) if t ∈ [0, Tn),

0 if t ∈ (Tn,∞).
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Since Tn → ∞, for every n large enough we have svn(Tn) = sv(Tn) <
γ
β , and this in particular implies that

ivn(t) ≤ iM for every t ∈ I. Indeed, in (0, Tn], we have ivn = iv ≤ iM , while in (Tn,∞) the constraint holds
since ivn(·) is decreasing.

Moreover, vn
∗
⇀ v in L∞(I, V ) (by Lebesgue’s dominated convergence theorem) and by monotone convergence

we have

lim
n→∞

JTn(vn, s
vn , ivn) = lim

n→∞

∫ Tn

0

λvvn + λii
vn dt = λv lim

n→∞

∫ Tn

0

vn dt+ λi lim
n→∞

∫ Tn

0

ivn dt

= λv

∫ ∞

0

v dt+ λi

∫ ∞

0

iv dt = J∞(v, sv, iv),

(5.3)

concluding the proof. □

In the next statement we state important consequences of Theorem 5.3.

Corollary 5.5. For any T > 0, let us denote by vT ∈ V a control obtained by taking an optimal control for
PT
λv,λi,iM

and extending it by zeroes on (T,∞). Then

(1) there exists an increasing sequence Tn → ∞ and v ∈ V such that vTn

∗
⇀ v;

(2) if (Tn) is sequence of positive numbers such that Tn → ∞ and vTn

∗
⇀ v, then v is an optimal control for

problem P∞
λv,λi,iM

.

Proof. Part (1) of the statement follows by the fact that (vT ) is an equi-bounded family in L∞(I;V ) and the
existence of a weak* converging sub-sequence follows by Alaoglu’s theorem.

We now prove Item (2). By the fact that (vTn , s
vTn , ivTn ) are equi-bounded (recall Theorem 2.1 and Re-

mark 2.2) it can be seen that (vTn
, svTn , ivTn ) weakly* converges in V × W 1,∞(I,R2) to (v, sv, iv), and the

claim follows by the variational property of Γ-convergence (see, for instance, [13, Corollary 7.17]). □

Remark 5.6. As a consequence, problem P∞
λv,λi,iM

admits a solution. Moreover such solution has a finite cost:

this is a consequence of Lemma 2.5, since it implies that any feasible control v ∈ L1([0,∞);V ) has finite cost.

5.2. Characterization of an optimal control. Somehow collecting all the previous results, we now char-
acterize an optimal control for the infinite-horizon control problem.

Theorem 5.7. Consider any (s0, i0) ∈ B. The problem P∞
λv,λi,iM

admits an optimal control v ∈ V in the

bang-bang form, i.e., there exists t⋆ ∈ [0,∞] such that

v(t) =

{
vM , if t ∈ [0, t⋆),

0, if t ∈ (t⋆,∞).
(5.4)

Moreover,

(1) λi = 0 implies t⋆ ≤ t̄(s0, i0), v is the unique optimal control and admits the feedback representation (4.14),
(2) λv = 0 if and only if t⋆ = ∞.

Proof. By Corollary 5.5, there exist an optimal control v for P∞
λv,λi,iM

and an increasing sequence Tn → ∞
such that vTn

∗
⇀ v, where vTn is the extension by zeroes of an optimal control for PTn

λv,λi,iM
. By Theorem 4.8,

for any n, there exists tn⋆ ∈ [0, Tn) such that vTn = vM1[0,tn⋆ ). This implies that there exist t⋆ ∈ [0,∞] and a

subsequence (nk) such that tnk
⋆ → t⋆. By Lebesgue dominated convergence theorem, for every φ ∈ L1(0,∞)

we have

lim
k→∞

∫ ∞

0

vTnkφdt = lim
k→∞

∫ t
nk
s

0

vMφdt = lim
k→∞

∫ t⋆

0

vMφdt.

Thus, vTnk
∗
⇀ vM1[0,t⋆) and the claim (5.4) follows by uniqueness of the limit.
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Assertion (1) of the moreover part of the statement is provided by Corollary 5.2. Let us now prove (2). If
λv > 0, the case t⋆ = ∞ is excluded, since otherwise the optimal cost would be infinite, in contradiction with
the fact that any feasible control v ∈ L1(I;V ) has finite cost, by Lemma 2.5. If λv = 0, by (A) of Theorem 4.8
we have tn⋆ = Tn for all n ∈ N, and thus t⋆ = limn→∞ Tn = ∞, concluding the proof. □

6. Conclusions

In this paper we have analyzed the problem of optimal vaccination for an SIR model that includes a constraint
on the ICU capacity. Our results can be summarized as follows.

• After a preliminary viability analysis, we used Pontryagin’s necessary conditions to prove that the optimal
controls have a bang-bang structure with at most one switch. The resulting optimal strategy consists in
starting the vaccination campaign at the maximal rate as soon as possible and concentrate the intervention
in a unique time interval whose length depends on the cost coefficients λi and λv.

• We identified the conditions under which vaccination should be implemented or halted. In particular, we
showed that when the cost λi associated with infection is significantly lower than the cost of vaccination
(i.e., λi ≤ βλv, see Proposition 4.10), the optimal control strategy primarily focuses on minimizing the
latter, resulting in a vaccination policy that stops before the epidemic peak. If, on the contrary, the two
competing costs are comparable, the optimal strategy results in a prolonged vaccination period. Another
important remark is that when λi is small enough depending on λv, any optimal control coincides with
the one corresponding to the case λi = 0. This, in particular, proves the uniqueness of the optimal control
whenever the cost of the vaccination program is “prevalent” with respect to the cost of treatment of infected
individuals.

• Numerical simulations were conducted to illustrate the theoretical results, confirming the effectiveness of
the optimal control strategies derived in our analysis.

These results contributed to the understanding of optimal vaccination policies in the presence of ICU con-
straints and thus provide valuable insights for the design of public health interventions during epidemic out-
breaks.
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