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MULTIPLE LYAPUNOV FUNCTIONS AND MEMORY: A1

SYMBOLIC DYNAMICS APPROACH TO SYSTEMS AND CONTROL2

MATTEO DELLA ROSSA∗ AND RAPHAËL M. JUNGERS ∗3

Abstract. We propose a novel framework for the Lyapunov analysis of a large class of hybrid4
systems, inspired by the theory of symbolic dynamics and earlier results on the restricted class of5
switched systems. This new framework allows us to leverage language theory tools in order to provide6
a universal characterization of Lyapunov stability for this class of systems.7

We establish, in particular, a formal connection between multiple Lyapunov functions and tech-8
niques based on memorization and/or prediction of the discrete part of the state. This allows us to9
provide an equivalent (single) Lyapunov function, for any given multiple-Lyapunov criterion.10

By leveraging our Language-theoretic formalism, a new class of stability conditions is then ob-11
tained when considering both memory and future values of the state in a joint fashion, providing12
new numerical schemes that outperform existing technique. Our techniques are then illustrated on13
numerical examples.14

1. Introduction. In recent years, particular attention has been devoted to the15

analysis of hybrid systems, both from a theoretical and application-oriented point of16

view. In this context, the dynamical state exhibits (or is affected by) both continuous-17

time and discrete-time phenomena, rendering the (stability) analysis challenging, due18

to the composite nature of the system. For an overview, we refer to [20,44]. Among the19

generic class of hybrid systems, a benchmark example is provided by switched systems20

(for a formal introduction, see [32, 33]). This setting can describe, in an equivalent21

manner, a class of delay systems [23] as well as a large set of piecewise smooth dynami-22

cal systems [15]. Formally, given a finite set of vector fields {g1, . . . , gM} ⊂ C(Rn,Rn),23

we consider systems of the form24

(1.1) x(k + 1) = gσ(k)(x(k)), k ∈ N,25

where σ : N → {1, . . . ,M} is the switching signal describing the discrete behavior, or26

switching, among the subsystems. Framework (1.1) provides a suitable mathemati-27

cal model for large families of engineering systems, for example digital circuits [10],28

consensus dynamics [24], smart buildings [43], etc.29

Due to the presence of the switching signal in (1.1), several connections and30

relations between this framework and symbolic dynamics/graph theory (see [34]) can31

be established. More formally, the (admissible) switching signals can be interpreted,32

in a more abstract setting, as elements of a shift-space over a finite alphabet. This33

approach has been used (although implicitly) to generalize and abstract switched34

systems: as a few examples, in [2, 38] labeled graphs are used to constrain the set of35

admissible sequences, while in [8] a graph-formalism is introduced to provide stability36

results. More specifically, graph-theory has been successfully exploited in studying37

Lyapunov stability certificates for (1.1). Indeed, due to the hybrid nature of the38

considered class of systems, the search for a common Lyapunov function is usually39

a conservative approach, and graph theory provides a natural tool to generalize this40

method, via multiple Lyapunov certificates (see [6]). In the seminal papers [3, 31] it41
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2 M. DELLA ROSSA AND R.M. JUNGERS

is shown that a graph structure can induce a set of Lyapunov inequalities implying42

stability of (1.1). For a converse result see [26], in which it is shown that graph-43

based Lyapunov conditions can encode any valid stability certificate. This literature,44

studying (various types of) graph-based Lyapunov conditions, has been intensively45

developed in recent years, see for example [2,11,14,17,30,37,38]. In the aforementioned46

results, summarizing, graph structures are used as a technical tool to provide flexible47

representations of the admissible switching sequences and/or to encode Lyapunov48

inequalities.49

In parallel, in the study of general hybrid systems, it is rather common to intro-50

duce and model a concept of “memory”, which records the past values of the discrete51

part of the state, i.e., for (1.1), the past values of the switching signal. As examples,52

in [35, 36, 42, 47] a concept of uniform memory is used to refine and analyze abstrac-53

tions of (a class of) non-linear systems, using a finite-state machine approach. The use54

of information on past and future values of the switching sequences, in the restricted55

context of switched systems, is introduced in [16,17].56

The strong relations bending graph structures and admissible past/future dis-57

crete sequences is well-known in symbolic dynamics and abstract dynamical systems58

literature. In the seminal paper [9], the so-called de Bruijn graphs were introduced59

to represent common pasts for sequences of letters in an alphabet. Since then, the60

bridge between admissible trajectories of systems evolving on a finite state space and61

admissible paths in a corresponding graph/state-machine representation has become62

a common topic of symbolic dynamics monographs, as for example [7, 34]. On the63

other hand, this connection between graph theory and past/future information about64

the dynamics of a system has not been made explicit in multiple Lyapunov func-65

tions theory. As a result, none of the contributions above exploits the full power of66

symbolic dynamics for building Lyapunov functions, leading to conservatism of the67

proposed techniques. In this manuscript we study and make explicit the aforemen-68

tioned relation, showing the equivalence (in a sense that we clarify) between graph-69

and memory/future-based Lyapunov functions criteria. This allows us to: 1) gen-70

eralize the family of systems on which classical multiple Lyapunov functions can be71

applied; and 2) provide new numerical schemes, which we show can be more powerful72

in practice.73

Outline: We first present preliminaries from graph- and language- theory in Section 2.74

Then, in Section 3, starting from the partial analysis performed in the preliminary75

papers [12, 13], we consider a more abstract and more general formulation of sys-76

tems as (1.1); modeling the (admissible) switching signals as additional states lying77

on a shift-space. This allows us to provide a general theory of sequence-dependent78

Lyapunov functions, showing through a converse theorem that this formalism charac-79

terizes the stability property. The introduced framework also permits to consider, in80

a joint manner, conditions based on past and future information, thus bypassing the81

classical dichotomy between memorization (of past events) and prediction (of future82

events), and thus generalizing the results presented in [12,13,16,31].83

In Section 4, we then consider finite coverings of shift spaces induced by graphs84

allowing us to provide algorithmically actionable Lyapunov criteria induced by cov-85

erings. We perform an in-depth analysis of the introduced formalism, connecting86

properties of graphs with properties of the corresponding coverings and the arising87

Lyapunov conditions. Our approach not only formalizes and generalizes the above-88

mentioned classical techniques, but also also opens an avenue for a systematic con-89

troller design technique for arbitrary dynamical systems, with the help of finite state90

machines, with promising applications in cyber-physical systems. In Section 5, we91
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LYAPUNOV FUNCTIONS AND MEMORY 3

present the numerical examples, showing that the introduced framework also allows92

for a drastic reduction in computational complexity, which may be of an exponential93

factor.94

Notation:. The set of natural numbers is defined by N := {0, 1, . . . }, while the set95

of negative integers is defined by Z− := {−1,−2, . . . }. The set of non-negative reals96

is defined by R≥0 := [0,+∞). The set Sn+ is the set of positive definite matrices in97

Rn×n. A function α : R≥0 → R≥0 is of class K (α ∈ K) if α(0) = 0, it is continuous98

and strictly increasing; it is of class K∞(α ∈ K∞) if, in addition, it is unbounded. A99

continuous function β : R+ ×R+ → R+ is of class KL if β(·, s) is of class K for all s,100

and β(r, ·) is decreasing and β(r, s) → 0 as s → ∞, for all r.101

2. Preliminaries.102

2.1. Shift Spaces and Language Theory. We provide here a concise review103

of the necessary concepts from language/symbolic dynamics theory. For an exhaustive104

overview of this topic, we refer to [34].105

Consider a countable set Σ, also called the alphabet. We have the following106

definition.107

Definition 2.1. The full-Σ shift space, denoted by ΣZ, is the set of all the bi-108

infinite sequences of elements of Σ. Formally109

ΣZ := {z = (zi)i∈Z | zk ∈ Σ, ∀k ∈ Z}.110

On the set ΣZ we define the shift function σ : ΣZ → ΣZ by111

σ : z 7→ w, with wk = zk+1.112

In the following we introduce some notation used in what follows.113

Definition 2.2. • We define the past and future (one-sided) sequences of Σ by114

Σ− := {(. . . , z−2, z−1) | zk ∈ Σ,∀k ∈ Z−},
Σ+ := {(z0, z1, . . . ) | zk ∈ Σ,∀k ∈ N}

115

• Given z = (. . . , z−1, z0, z1, . . . ) ∈ ΣZ, we write z = z− · z+ with z− := (. . . , z−1) ∈116

Σ− the past sequence of z and z+ := (z0, z1, . . . ) ∈ Σ+ the future sequence of z.117

• For any set A ⊆ ΣZ, we define Pre(A) := {z− ∈ Σ− | z ∈ A} and Post(A) := {z+ ∈118

Σ+ | z ∈ A}.119

• A word of Σ is a finite sequence of symbols from Σ, and we use the notation ı̂ :=120

(i0, . . . , ik−1) ∈ Σ∗ :=
⋃

k∈N Σk (the Kleene closure of Σ). Given words ı̂, ȷ̂ ∈ Σ⋆,121

ı̂ · ȷ̂ ∈ Σ⋆ (or, for simplicity, ı̂ȷ̂) denotes the concatenation of ı̂ and ȷ̂. We denote by122

|̂ı| the length of the word ı̂, i.e. |̂ı| = k if ı̂ ∈ Σk.123

• Given a word ı̂ ∈ Σk of length k ̸= 0, and given a, b ∈ Z such that b− a+ 1 = k we124

define the set1125

[̂ı][a,b] := {w ∈ ΣZ | wa = i0, . . . , wb = ik−1}.126

• Consider the time-inversion function η : Z → Z defined by η(k) = −1 − k.127

Given z = (. . . , j−1, j0, j1) ∈ ΣZ, we denote the time-inverse of z, by z−1 =128

(. . . , h−1, h0, h1 . . . ) with hk = jη(k) for every k ∈ Z.129

1The set [̂ı][a,b] is sometimes called a “cylinder” associated to ı̂, for example in [34, Section 6.1].
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4 M. DELLA ROSSA AND R.M. JUNGERS

2.2. Graph-Theory. In this subsection we recall the necessary definitions from130

graph theory.131

Definition 2.3 ((Labeled) Graphs). Given an alphabet Σ, a (labeled) graph G on132

Σ is defined by G = (S,E), where S is a finite set of nodes and E ⊆ S × S × Σ133

is the set of (labeled) edges. Given e = (s, q, i) ∈ E, s and q are the starting and134

arrival node of e, respectively, while, the projection function ℓ : E → Σ is called the135

labeling function. Two edges e = (s1, q1, i1) ∈ E and f = (s2, q2, i2) ∈ E are said to136

be consecutive if q1 = s2.137

Definition 2.4 (Paths and Infinite Walks). Given G = (S,E) and a word ı̂ =138

(i0, . . . , iK−1) ∈ ΣK , a path on G labeled by ı̂ is a sequence of consecutive edges139

e = e1, . . . , eK = (s0, s1, i0), (s1, s2, i1) . . . , (sK−1, sK , iK−1) ∈ EK labeled by ı̂; s0140

and sK are the starting and arrival nodes of the path, respectively.141

Given z = (. . . , z−1, z0, z1, . . . ) ∈ ΣZ a (bi-)infinite walk labeled by z is a bi-infinite142

sequence of consecutive edges π = (. . . , e−1, e0, e1 . . . ) ∈ EZ, such that ℓ(ek) = zk for143

all k ∈ Z. Given a (bi-)infinite walk π = (. . . , e−1, e0, e1 . . . ) we say that s ∈ S is its144

initial node if e1 = (s, q, i) for some q ∈ S and i ∈ Σ. In a similar manner, we define145

backward and forward one-sided infinite walks.146

We also introduce the following notation.147

Definition 2.5. Given a graph G = (S,E) on Σ, we say that:148

• G is strongly connected if for any s, q ∈ S there exists a path e starting at s and149

arriving at q;150

• G is deterministic, if, for any s ∈ S, and any i ∈ Σ there is at most one q ∈ S such151

that (s, q, i) ∈ E;152

• G is complete2 if, for any s ∈ S, and any i ∈ Σ there is at least one q ∈ S such that153

(s, q, i) ∈ E;154

• G⊤ = (S⊤, E⊤) defined by S⊤ ≡ S, and (s, q, i) ∈ E ⇔ (q, s, i) ∈ E⊤, is the155

transpose graph of G, i.e. the graph obtained by reversing the direction of the edges156

of G;157

• G is co-deterministic, if, for any q ∈ S, and any i ∈ Σ there is at most one s ∈ S158

such that (s, q, i) ∈ E; or, equivalently, if G⊤ is deterministic;159

• G is co-complete if, for any q ∈ S, and any i ∈ Σ there is at least one s ∈ S such160

that (s, q, i) ∈ E; or, equivalently, if G⊤ is complete.161

2.3. Sofic Shifts and Graph Presentations. The content and notation of162

this subsection, in which we introduce and study a sub-class of subsets of the full163

shift ΣZ, is borrowed from [34].164

Given a labeled graph G = (S,E) we define Z(G) ⊆ ΣZ by165

(1a) Z(G) =
{
z ∈ ΣZ | ∃ bi-infinite walk π in G labeled by z

}
.166

Moreover given any G = (S,E) on Σ and any s ∈ S, we define167

(1b) Z(G, s) =
{
z ∈ ΣZ | ∃ bi-infinite walk π in G labeled by z starting at s

}
.168

169

2The introduced notion of completeness arises from automata theory, and should not be confused
with the classical notion of completeness of graphs requiring the existence of any possible edge, i.e.
E = S × S × Σ.
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LYAPUNOV FUNCTIONS AND MEMORY 5

Definition 2.6 (Sofic Shifts). A set Z ⊆ ΣZ is a sofic shift if there exists a graph170

G on Σ such that171

Z = Z(G).172

In this case we say that G is a presentation of Z.173

For any non-empty sofic shift there is an infinite number of possible presentations.174

It is important to note that any sofic shift is uniquely determined by its finite sub-175

sequences, as we define in what follows.176

Definition 2.7 (Language generated by a Sofic Shift). Given a sofic shift Z ⊆ ΣZ,177

let us define L(Z) ⊆ Σ∗ as the set of all the possible sub-words of elements in Z, i.e.178

ı̂ ∈ ΣK ∩ L(Z) ⇔ [̂ı][0,K−1] ∩ Z ̸= ∅.179

We have the following characterization and properties of languages generated by a180

sofic shift.181

Lemma 2.8. A language L ⊆ Σ⋆ is generated by a sofic shift Z ⊆ ΣZ if and only182

if it is a regular language (see [7] for the formal definition). In particular, given a183

sofic shift Z and L(Z), we have the following properties:184

• For any ı̂ ∈ L(Z) and any sub-word ȷ̂ of ı̂, we have ȷ̂ ∈ L(Z);185

• For any ı̂ ∈ L(Z) there exist non-empty words ȷ̂, ĥ ∈ L(Z) such that ȷ̂ · ı̂ · ĥ ∈ L(Z).186

We have the following important equivalence result.187

Lemma 2.9. Given sofic shifts Z1, Z2 ⊆ ΣZ, we have L(Z1) = L(Z2) if and only188

if Z1 = Z2, i.e. a sofic shift is uniquely determined by its generated language.189

For the proof we refer to [34, Proposition 1.3.4]. As an example, we have that L(ΣZ) =190

Σ∗.191

Definition 2.10. A sofic shift Z ⊆ ΣZ is irreducible if, for every ı̂, ȷ̂ ∈ L(Z) there192

exists a ĥ ∈ L(Z) such that ı̂ ĥȷ̂ ∈ L(Z), or equivalently, if it has a strongly connected193

presentation (see [34, Proposition 3.3.11]).194

3. Dynamical Systems and Sequence-dependent Lyapunov Functions.195

3.1. System Definition and General Converse Lyapunov Theorems. In196

this section we introduce dynamical systems that jointly evolve on a continuous state-197

space (Rn for some n) and on a sofic shift. This family includes several classical198

models in systems and control, such as switched systems, or time-varying systems. We199

define the considered notion of stability and we provide the corresponding Lyapunov200

characterization.201

Definition 3.1. Given any sofic shift Z ⊆ ΣZ and a function f : Rn ×Z → Rn we202

study dynamical systems evolving on Rn × Z, defined as follows:203

(3.1)


x(0) = x0 ∈ Rn,

ω(0) = z ∈ Z,

x(k + 1) = f(x(k), ω(k)),

ω(k + 1) = σ(ω(k)).

204

If there exists f̃ : Rn × Σ → Rn such that205

f(x, z) = f̃(x, z0), ∀ z ∈ Z,206

i.e. if the vector field only depends on the 0-position element of any point in z ∈ Z207

(i.e. the “current value” of z), then the system is said to be a switched system.208

This manuscript is for review purposes only.



6 M. DELLA ROSSA AND R.M. JUNGERS

We denote by Φ(k, x0, z) ∈ Rn the state-solution of (3.1) evaluated at time k ∈ N.209

Note that the state-solution of (3.1) satisfies the following semigroup property: for210

any x0 ∈ Rn, any 0 ≤ h ≤ k ∈ N and any z ∈ Z, we have211

(3.2) Φ(k, x0, z) = Φ(k − h,Φ(h, x0, z), σ
h(z)).212

Moreover, we also define the backward state-solution set, for negative k, by213

(3.3) Φ(k, x0, z) := {y ∈ Rn | Φ(−k, y, σk(z)) = x0}, ∀k ∈ Z−.214

Note that if f(·, z) : Rn → Rn is invertible for any z ∈ Z, then Φ(k, x0, z) is a215

singleton, for any z ∈ Z, any x0 ∈ Rn and any k ∈ Z−.216

Remark 3.2 (Systems Class and Related Models). The framework introduced in217

Definition 3.1 provides a rather general model. First of all, for the switched systems218

case, we recover the systems class (1.1) discussed in the Introduction, simply defining219

gi(x) := f(x, i). The sofic shift Z encodes, in this case, the constraints on the feasible220

switching sequences. We thus recover the framework studied in [38], and, as a by221

product, also the class of discrete-time delay systems, which can be rewritten, via a222

state augmentation technique, in the form (3.1) (cft. [23] and references therein).223

On the other hand, Definition 3.1 generalizes the framework of switched systems,224

since the vector field can depend, in the non-switched case, not only on the current225

“mode” but also on previous/future values (since in general, it depends on bi-infinite226

sequences).227

Moreover, the setting of time-varying systems can also be seen as a special case228

of Definition 3.1. Indeed, consider the alphabet Σ = {◦, •} and the sofic shift ZZ229

generated by the graph GZ in Figure 1. It is clear that ZZ is the set of bi-infinite230

sequences with at most one occurrence of the symbol “◦”. Let us call z∞ ∈ ZZ the bi-231

infinite sequence with no occurrence of ◦. There exists a bijection Θ : ZZ → Z∪ {∞}232

defined by233

Θ(z∞) := ∞, otherwise

Θ(z) := 1− k, for the unique k ∈ Z such that zk = ◦.
234

It can be seen that we have Θ(σ(z)) = Θ(z)+1, (with the convention that ∞+1 = ∞)235

and thus the shift on ZZ corresponds to the usual time-shift in Z. Due to this bijection,236

given any f : Z× Rn → Rn, the time-varying system of the form237

x(k + 1) = f(k, x(k)),238

can be seen and studied as a dynamical system on Rn × ZZ, in the sense of Defi-239

nition 3.1 (by defining a trivial dynamics f(·, z∞) ≡ 0). For this reason, some of240

the proofs presented in what follows are partially inspired by and can be seen as241

generalization of results in the context of time-varying systems. In particular, our242

subsequent Theorems 3.5 and 3.6 will recover and generalize classical statements for243

uniform asymptotic stability of time-varying systems, as the ones in the seminal [21],244

see also [1, 25,28].245

Since we are interested in stability of (3.1) with respect to a point in Rn (w.l.o.g.,246

the origin), we introduce the following definition.247

Definition 3.3 (Global Uniform Asymptotic Stability). Given any sofic shift248

Z ⊆ ΣZ and any f : Rn × Z → Rn, system (3.1) is said to be globally uniformly249

asymptotically stable (GUAS) if there exists β ∈ KL such that250

|Φ(k, x0, z)| ≤ β(|x0|, k), ∀k ∈ N, ∀x0 ∈ Rn, ∀z ∈ Z.251

This manuscript is for review purposes only.
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p f
◦

• •

Figure 1: The graph GZ, presentation of the shift ZZ, defined in Remark 3.2.

It is said uniformly exponentially stable (UES) if there exist M > 0 and γ ∈ [0, 1)252

such that253

(3.4) |Φ(k, x0, z)| ≤ Mγk|x0| ∀k ∈ N, ∀x0 ∈ Rn, ∀z ∈ Z.254

In this case the scalar γ is called a decay rate of the system.255

We now state the Lyapunov characterization of the GUAS for sequence-dependent256

dynamical systems.257

Definition 3.4 (Sequence-Dependent Lyapunov functions). A function V : Rn ×258

Z → R is a sequence-dependent Lyapunov function (sd-LF) for system (3.1) if there259

exist α1, α2 ∈ K∞, and γ ∈ [0, 1) such that260

(3.5a) α1(|x|) ≤ V(x, z) ≤ α2(|x|), ∀x ∈ Rn, ∀ z ∈ Z,261

262

(3.5b) V(f(x, z), σ(z)) ≤ γV(x, z), ∀x ∈ Rn, ∀ z ∈ Z.263

Theorem 3.5 (Converse Lyapunov Result: Non-linear case). Consider any sofic264

shift Z ⊆ ΣZ and any f : Rn × Z → Rn. System (3.1) is GUAS (in the sense of265

Definition 3.3) if and only if there exists a sd-LF for system (3.1).266

Although Theorem 3.5 is new, its proof follows classical arguments in Lyapunov the-267

ory; we present a complete proof in Appendix A.1. Recalling the discussion in Re-268

mark 3.2, we note that in the time-varying systems case, we recover, as particular269

case, the converse result in [25, Lemma 2.7] (in the case with zero disturbance).270

Linear case:. When the function f : Rn × Z → Rn is linear in x, i.e. in the271

case f(x, z) = A(z)x with A : Z → Rn×n a matrix-valued map, we call (3.1) a272

(sequence-dependent) linear dynamical system. From a classical homogeneity argu-273

ment, it can be seen that, for linear dynamical systems, GUAS is equivalent to UES,274

see for example [4, 40]. Moreover, we can refine Theorem 3.5 considering quadratic275

signal-dependent Lyapunov functions, as stated in the following statement.276

Theorem 3.6 (Converse Lyapunov Result: Linear case). Consider a sofic shift277

Z ⊆ ΣZ. A linear system (3.1) with f(x, z) = A(z)x with A : Z → Rn×n, is UES (on278

Z) with decay rate γ ∈ [0, 1) if and only if, for any γ̃ > γ there exist M1,M2 > 0 and279

Q : Z → Sn+ such that280

(3.6a) M1In ⪯ Q(z) ⪯ M2In, ∀ z ∈ Z,281

282

(3.6b) A(z)⊤Q(σ(z))A(z) ≺ γ̃2 Q(z) ∀ z ∈ Z.283

The proof is reported in Appendix A.2. In the time-varying linear systems case, we284

recover the classical result (see for example [22, Section 1.5] or [1, Proposition 3.2])285

establishing the equivalence of uniform exponential stability and the existence of a286

time-varying quadratic Lyapunov function.287
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8 M. DELLA ROSSA AND R.M. JUNGERS

4. Graphical presentation of sofic shifts: a bridge to algorithmic Lya-288

punov Theory. In this section, we develop formal tools relating graph presenta-289

tions, coverings of sofic shifts and Lyapunov-based stability criteria. The main idea290

is to provide finite coverings of a sofic shift, in order to turn equations (3.5a)-(3.5b)291

(or (3.6a)-(3.6b) in the linear case) into finitely verifiable criteria. Then, combina-292

torial considerations on the coverings will allow us to understand properties of the293

corresponding stability criteria.294

4.1. Graphs and Finite Coverings of Sofic Shifts. We are interested in295

coverings of sofic shifts induced by particular graph presentations, as introduced in296

what follows.297

Definition 4.1 (Graph-Induced Coverings). Consider a sofic shift Z ⊂ ΣZ and a298

set C = {C1, . . . , CK} ⊂ P(Z). C is said to be a graph-induced covering (g-covering)299

of Z if there exists a graph G = (S,E) on Σ, with S = {s1, . . . , sK} such that300

Z = Z(G),
Cj = Z(G, sj), ∀ j ∈ {1, . . .K}.

301

In this case, G is said to be the presentation of C. If it holds that Ci ∩Cj = ∅, for all302

i ̸= j, then C is said to be not-redundant.303

The idea of g-covering is inspired by the definition and theory of graph presentations304

of sofic shifts [34, Chapter 3]. However, in our contribution, graphs are not only a305

representation tool for sofic shifts, since we are also interested in the properties of306

the arising coverings and, in subsequent sections, to the arising Lyapunov conditions.307

In the following we state some important properties of g-coverings, pertaining to the308

language-theory interpretation of graphs.309

Proposition 4.2 (Properties of g-coverings). Consider a sofic shift Z ⊂ ΣZ310

and a g-covering C = {C1, . . . , CK} ⊂ P(Z) and suppose G = (S,E) is a graph311

presentation of C, with S = {sC}C∈C. Then we have312 ⋃
C∈C

C = Z.(4.1)313

314

Moreover, for all i ∈ Σ, consider the set-valued function Si : C → 2C defined by315

Si(C) := {D ∈ C | (sC , sD, i) ∈ E}.316

We have that317

(4.2a) Post(C) ∩ [i][0,0] = i ·
⋃

D∈Si(C)

Post(D),318

319

(4.2b) Pre(D) ∩ [i][−1,−1] =
( ⋃
C: D∈Si(C)

Pre(C)
)
· i.320

In particular, for any C ∈ C, any i ∈ Σ and any D ∈ Si(C) we have321

(4.3a) i · Post(D) ⊆ Post(C),322

323

(4.3b) Pre(C) · i ⊆ Pre(D).324
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s1 s2
b

a
a b

Figure 2: The graph G1, corresponding to the covering C1 = {[a][−1,−1], [b][−1,−1]} in
Example 4.3.

Proof. Consider a sofic shift Z and a g-covering C induced by a graph G = (S,E).325

Condition (4.1) follows from Definition 4.1 and noticing that326

Z = Z(G) =
⋃
s∈S

Z(G, s) =
⋃
C∈C

C.327

Then, consider any C ∈ C, any i ∈ Σ and any z ∈ ΣZ, we have328

z+ ∈ [i][0,0] ∩ Post(C) ⇔

∃ sD ∈ S such that

(
(sC , sD, i) ∈ E ∧ ∃ one-sided infinite path in G

labeled by σ(z)+ starting at D

)
⇔

z+ ∈ i ·
⋃

D∈Si(C)

Post(D),

329

proving (4.2a). Property (4.2b) can be proven with similar steps.330

Consider any C ∈ C, any i ∈ Σ and any D ∈ Si(C). Conditions (4.3a) trivially331

follows by (4.2a). Then, since D ∈ Si(C) and thus, by (4.2b), Pre(C) · i ⊆ Pre(D).332

In what follows, we provide a first example of g-covering, and we illustrate how333

Proposition 4.2 can be used to state if a given covering of a sofic shift Z is not a334

g-covering.335

Example 4.3. We present a first simple example of g-covering. Consider the336

graph G1 = (S1, E1) on the alphabet Σ = {a, b} with S = {s1, s2} and E =337

{(s1, s1, a), (s1, s2, b), (s2, s2, b), (s2, s1, a)} represented in Figure 2. The arising g-338

covering B = {B1, B2} of ΣZ is given by B1 = [a][−1,−1], and B2 = [b][−1,−1]. This cov-339

ering satisfies the conditions of Proposition 4.2, by defining Sa(B) = B1 for all B ∈ B340

and Sb(B) = B2 for all B ∈ B. First, since Post(B1) = Post(B2) = Σ+, (4.2a) is341

satisfied. For condition (4.2b), observe that Pre(B1) = Σ− ∩ [a][−1,−1] and Pre(B2) =342

Σ− ∩ [b][−1,−1], implying343

(Pre(B1) ∪ Pre(B2)) · a = Pre(B1) and (Pre(B1) ∪ Pre(B2)) · b = Pre(B2),344

concluding the discussion.345

Example 4.4. Conditions (4.2a) (4.2b) in Proposition 4.2 can be seen as necessary346

conditions for being a g-covering, as introduced in Definition 4.1, and thus used to347

prove that a given covering of a sofic shift is not a g-covering. Consider, as an348

example, the alphabet Σ = {a, b}, the full shift ΣZ and the partition C = {C1, C2}349

defined by C1 := [a][−2,−2] and C2 := [b][−2,−2]. Intuitively, C is composed by two350

classes of bi-infinite sequences which take value a or b, respectively, at instant of351

time −2. We see that C is not a graph-induced covering, since it cannot satisfy the352

conditions of Proposition 4.2. We first note that ΣZ = C1 ∪ C2 and C1 ∩ C2 = ∅.353

Then, suppose by contradiction that functions Si : C → 2C as in Proposition 4.2354

(i.e. satisfying conditions (4.2a) (4.2b)) exist. We note that condition (4.2b) is not355
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satisfied by C1 nor C2: consider ω1, ω2 ∈ Pre(C1) defined by ω1 ∈ Σ− ∩ [a, a][−2,−1]356

and ω2 ∈ Σ− ∩ [a, b][−2,−1]. We have ω1 · b ∈ Σ− ∩ [a, b][−2,−1] ⊂ Pre(C1) while357

ω2 · b ∈ Σ− ∩ [b, b][−2,−1] ⊂ Pre(C2). Thus, for any C ∈ C property (4.2b) is not358

satisfied, implying that Si(C1) = ∅, which is not possible since Post(C1) = Σ+ and359

thus contradicting (4.2a). Intuitively, the set C, while providing a covering of the full360

shift ΣZ, is not a g-covering, since we cannot concatenate/propagate uniquely the361

signals of its classes.362

We now see how the conditions of Proposition 4.2 characterize g-coverings and we363

show that they can be inverted to provide a graph presentation of a given covering.364

Lemma 4.5. Consider a sofic shift Z ⊂ ΣZ, and a covering C = {C1, . . . CK} of365

Z. Suppose that there exist functions Si : C → 2C satisfying conditions (4.2a)-(4.2b)366

of Proposition 4.2. Then, defining the corresponding graph GS = (SS , ES) as follows:367

SS = {sC}C∈C ,

(sC , sD, i) ∈ ES , if and only if D ∈ Si(C),
368

we have that C is a g-covering and GS is a graph presentation of C.369

Proof. Consider C ∈ C, we want to prove that, given any z ∈ Z, we have z ∈ C370

if and only if there exists a bi-infinite walk π in GS starting at sC and labeled by z.371

We first prove that, for every K ∈ N and any ı̂ ∈ ΣK , we have [̂ı][0,K−1] ∩ C ̸= ∅372

if and only if there exists a finite forward path in GS starting at sC and labeled by ı̂.373

Let us consider the case K = 1 first, consider i ∈ Σ, recalling (4.2a) we have374

[i][0,0] ∩ C ̸= ∅ ⇔ ∃D ∈ C such that D ∈ Si(C).375

The inductive step is obtained by similar argument. Using (4.2b) one can similarly376

prove that for every K ∈ N and any ı̂ ∈ ΣK , it holds that [̂ı][−K,−1]∩C ̸= ∅ if and only377

if there exists a finite backward path in GC starting at sC and labeled by ı̂, concluding378

the proof.379

On the other hand, the following example shows that a graph presentation of a g-380

covering is not unique, in general.381

Example 4.6. Consider Σ = {a, b}, Z = ΣZ, and C = {C1, C2} with C1 = C2 =382

ΣZ. It can be seen that the three graphs in Figure 3 are valid (and non-isomorphic)383

graph presentations of C.384

Uniqueness indeed holds when considering non-redundant coverings, as proven in385

what follows.386

Lemma 4.7. Consider a sofic shift Z ⊂ ΣZ, and a non-redundant g-covering C =387

{C1, . . . CK} of Z. Then there exists a unique (up to isomorphism) graph presentation388

of C, that we denote by GC.389

s1 s2p2p1 q1 q2a

b

b
aa

b

a

b

b
a

b
a

Figure 3: Three possible graph presentations of the covering of {a, b}Z in Example 4.6.
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Proof. Suppose by contradiction that H1 = (S,E) and H2 = (Q,F ) are two non-390

isomorphic graph presentations of C. For every C ∈ C, denote by sC ∈ S and qC ∈ Q391

the corresponding nodes in H1 and H2, respectively. Since by assumption H1 and H2392

are not isomorphic, consider D ∈ C and i ∈ Σ such that393

(sC , sD, i) ∈ E ∧ (qC , qD, i) /∈ F.394

Since (sC , sD, i) ∈ E, we can consider z ∈ C such that z0 = i and σ(z) ∈ D. Since395

σ(z) ∈ D = Z(H2, qD), by (4.2b) there must exist B ̸= C such that (qB , qD, i) ∈ F396

and z ∈ Z(H2, qB) = B, contradicting the non-redundancy.397

4.2. Finite-Covering Lyapunov functions. In this subsection we show how398

g-coverings (and thus, graphs) can provide a tool to refine Definition 3.4, having more399

tractable Lyapunov criteria for stability of (3.1). In the switched case, the conditions400

turn out to be a finite set of inequalities, providing algorithmically appealing sufficient401

conditions for stability.402

Definition 4.8. Given a sofic shift Z, consider a g-covering of Z, given by C =403

{C1, . . . , CK}. Consider G = (S,E), a graph presentation of C and a function f :404

Rn × Z → Rn. A G-based Lyapunov function is a W : Rn × C → R such that there405

exist α1, α2 ∈ K and γ ∈ [0, 1) such that406

(4.4a) α1(|x|) ≤ W (x,C) ≤ α2(|x|), ∀x ∈ Rn,∀C ∈ C,407

408
(4.4b)

W (f(x, z), D) ≤ γW (x,C),
∀x ∈ Rn, ∀C,D ∈ C,∀i ∈ Σ s.t. (sC , sD, i) ∈ E,

∀ z s.t. z ∈ C ∧ z0 = i ∧ σ(z) ∈ D.
409

For any presentation G of Z, we now prove that any G-based Lyapunov function im-410

plicitly defines a sd-LF (as introduced in Definition 3.4) and thus providing certificates411

for GUAS.412

Theorem 4.9. Consider any g-covering C = {C1, . . . , CK} of a sofic shift Z, and413

G a presentation of C. Suppose W : Rn × C → R is a G-based Lyapunov function for414

system (3.1). Then the functions Vmin and Vmax : Rn × Z → R defined by415

(4.5a) Vmin(x, z) := min
X∈C
z∈X

W (x,X),416

417

(4.5b) Vmax(x, z) := max
X∈C
z∈X

W (x,X),418

are sd-LF, in the sense of Definition 3.4.419

Proof. By inequality (4.4a) it follows that the functions Vmin and Vmax satisfy420

inequality (3.5a). Now, consider any z ∈ Z and suppose z0 = i ∈ Σ. Consider any421

C ∈ C such that z ∈ C, thus implying that C ∩ [i][0,0] is not empty. By (4.3a)-(4.3b)422

there exists D ∈ C such that D ∈ Si(C) and σ(z) ∈ D. Since z ∈ Z, i ∈ Σ, and C ∈ C423

were arbitrary, we have proven that424

(4.6) ∀C ∈ C, ∀i ∈ Σ, ∀z ∈ C ∩ [i][0,0], ∃D ∈ Si(C) such that σ(z) ∈ D.425

With a similar backward reasoning, one can see that426

(4.7) ∀D ∈ C, ∀i ∈ Σ, ∀z ∈ D ∩ [i][−1,−1], ∃C ∈ S−1
i (D) such that σ−1(z) ∈ C.427
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12 M. DELLA ROSSA AND R.M. JUNGERS

Given any i ∈ Σ, consider any z ∈ Z, with z0 = i and any x ∈ Rn and consider428

C ∈ C such that minX∈C
z∈X

W (x,X) = W (x,C) and a D ∈ C such that (4.6) holds.429

Using (4.4b), we have430

Vmin(f(x, z), σ(z)) = min
X∈C

σ(z)∈X

W (f(x, z), X) ≤ W (f(x, z), D) ≤ γW (x,C) =γVmin(x, z)431

proving (3.5b) for Vmin. For the function Vmax the reasoning is similar: consider any432

z ∈ Z and suppose Vmax(f(x, z), σ(z)) = W (f(x, z), D) for some D ∈ C such that433

σ(z) ∈ D. Consider a C ∈ C such that (4.7) holds, computing we have434

Vmax(f(x, z), σ(z)) = W (f(x, z), D) ≤ γW (x,C) ≤ γmax
X∈C
z∈X

W (x,X) = Vmax(x, z),435

concluding the proof.436

We note that if the considered g-covering is non-redundant, then the definitions437

in (4.5a) and (4.5b) coincide with the simple identification V(x, z) = W (x,X), for438

the unique X ∈ C such that z ∈ X.439

Remark 4.10 (Switched systems case). In the switched systems case, i.e. consid-440

ering functions f : Rn × Σ → Rn, condition (4.4b) reads441

W (f(x, i), D) ≤ γW (x,C), ∀x ∈ Rn,∀C,D ∈ C,∀i ∈ Σ s.t. (sC , sD, i) ∈ E,442

and thus Definition 4.8 imposes, jointly with the positive definiteness conditions443

in (4.4a), a finite number of inequalities among the functions W (·, C), C ∈ C, one for444

each edge e ∈ E. Thus, in this setting, Definition 4.8 provides a multiple-Lyapunov445

sufficient condition for stability, with an underlying graph whose structure defines446

the required inequalities. In the switched systems literature (see [3, 37, 38] and ref-447

erences therein), functions satisfying the conditions in Definition 4.8 are referred to448

as path-complete Lyapunov functions. In the next statement, we prove that in this449

case, as far as the general class of continuous functions is considered, finite-covering450

Lyapunov functions provide a “finite” characterization of stability, to be compared451

with the “infinite” conditions given in Theorem 3.5.452

Theorem 4.11 (Finite-covering Converse Lyapunov Theorem for Switched Sys-453

tems). Consider any sofic shift Z ⊆ ΣZ, any f : Rn × Σ → Rn, any g-covering454

defined by C = {C1, . . . , CK} of Z, and consider G a presentation of C. System (3.1)455

is GUAS (in the sense of Definition 3.3) if and only if there exists a G-based Lyapunov456

function for system (3.1).457

The proof substantially follows the ideas of Theorem 3.5, and for completeness is458

reported in Appendix A.3. Theorem 4.11 provides a “finite” counterpart of Theo-459

rem 3.5: for switched GUAS systems, a finite covering Lyapunov function exists, no460

matter the chosen g-covering of the sofic shift. On the other hand, when restricting the461

search to particular subclasses of continuous functions (e.g. L1-weighted norms, qua-462

dratic functions, SOS polynomia), the size and topology of the considered g-covering463

(equivalently, graph presentation) will play a crucial role in defining the level of con-464

servatism of the arising Lyapunov conditions, as we will analyze in the subsequent465

sections.466

4.3. Properties of Graphs vs Properties of Coverings, Duality. In Sub-467

section 4.1 we studied the formal correspondence between graphs and the related468
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coverings of sofic shifts they induce; then in Subsection 4.2 we provided the definition469

and main results concerning Lyapunov functions. As a by-product, we also provided470

a formal equivalence of different frameworks in the context of stability analysis of471

switched systems: results concerning graph-based Lyapunov functions [2,3,8,14,37,38]472

can be interpreted and are equivalent to conditions implicitly based on coverings of473

the underlying sofic shift. This formal correspondence was only sketched in the pre-474

liminary [12,13].475

In this subsection we continue the analysis of this correspondence, providing new476

results and insights. We present how graph and covering properties are related one to477

another, we underline the applications to the stability analysis of (3.1) and we show478

how this connection can be leveraged for algorithmic purposes in Lyapunov analysis.479

Definition 4.12 (Time-Inversion and Time-Inverse Covering). Given any set S ⊂480

ΣZ by S−1 we denote its time-inversion, defined by481

S−1 := {z−1 | z ∈ S}.482

Given a sofic shift Z and a covering C = {C1, . . . , CK} ⊂ P(Z), we define the time-483

inverse of C, by C−1 = {C−1
1 , . . . , C−1

K }, which is a covering of Z−1.484

We state in what follows a lemma characterizing inverse coverings and their presen-485

tations.486

Lemma 4.13 (Time-Inversion and Transpose Graphs). Given any sofic shift Z,487

consider a g-covering C, its time inversion Z−1 and the time-inverse covering C−1. A488

graph G is a graph presentation of C if and only if G⊤ is a graph presentation of C−1.489

Moreover, C is a (non-redundant) g-covering if and only if C−1 is so.490

Proof. Consider G = (S,E) a graph presentation of C, with S = {sC}C∈C .491

Consider any C ∈ C and any z ∈ C, by definition there exist a bi-infinite walk492

π = (. . . , e−1, e0, e1, . . . ) in G starting at sC and labeled by z. It is easy to see that493

π−1 = (. . . , e0, e−1, e−2, . . . ) is a bi-infinite walk in G⊤ starting at sC and it is labeled494

by z−1 ∈ C−1. By arbitrariness of C ∈ C and z ∈ C and recalling that, for any set495

C ⊆ ΣZ and for any graph we have (C−1)−1 = C and (G⊤)⊤ = G, we conclude.496

In what follows we identify and study important subclasses of coverings, which497

were already considered in the literature.498

Definition 4.14 (Particular case: Memory and Future coverings). A g-covering499

C ⊂ P(Z) of a sofic shift is said to be a memory covering if C = Pre(C) · Post(Z)500

for all C ∈ C. Similarly, a g-covering C ⊂ P(Z) is said to be a future covering if501

C = Pre(Z) ·Post(C) for all C ∈ C. We note that C is a memory covering if and only502

if C−1 is a future covering.503

In the following we formally characterize memory and future g-coverings of the504

full shift ΣZ.505

Proposition 4.15. Consider C a g-covering of ΣZ. We have that506

(A): C is a memory covering if and only if any G = (S,E) graph presentation of507

C is complete.508

(B): If C is a memory and non-redundant covering, then GC = (S,E), the graph509

presentation of C, is complete and deterministic.510

(C): C is a future covering if and only if any G = (S,E) graph presentation of C511

is co-complete.512

(D): If C is a future and non-redundant covering then GC = (S,E), the graph513

presentation of C, is co-complete and co-deterministic.514
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Proof. (A): Let us consider any graph presentation G and suppose it is complete.515

By completeness, for any s ∈ S and any i ∈ Σ there exist q ∈ S such that (s, q, i) ∈ E.516

That means that Post(Cs) ∩ [i][0,0] ̸= ∅. Iterating the reasoning forward, since each517

node admits outgoing edges labeled by any i ∈ Σ, it can be seen that Post(Cs) = Σ+,518

and thus Cs = Pre(Cs) · Σ+; by arbitrariness of s ∈ S we conclude.519

Now suppose C is a memory-covering, that is, for any C ∈ C we have Post(C) =520

Σ+. Thus, for any i ∈ Σ, Post(C) ∩ [i][0,0] ̸= ∅ and thus by (4.2a) there exists D ∈ C521

such that (sC , sD, i) ∈ E, for any G = (S,E) graph presentation of C.522

(B): Suppose that C is memory covering and non-redundant and consider GC the523

graph presentation of C (recall Lemma 4.7). From Item (A) we know that GC is524

complete, we now prove that it is also deterministic. Suppose by contradiction that525

there are q1 ̸= q2 ∈ S such that (s, qj , i) ∈ E for j ∈ {1, 2}. Then given any word526

z ∈ Cs = Pre(Cs) · Σ+ with z0 = i we would have, by definition, σ(z) ∈ Cq1 ∩ Cq2 ,527

contradicting the non-redundancy.528

(C),(D): Trivially follow by Items (A) and (B), using Lemma 4.13.529

Dual Functions for Linear Systems. We now show that, in the linear case, the530

correspondence between time-inversion and transpose graphs can provide a tool for531

stability analysis of dual dynamical systems, defined in what follows.532

Definition 4.16 (Dual System). Consider a sofic shift Z and a linear system, i.e.533

the function f : Rn × Z → Rn is defined by f(x, z) = A(z)x with A : Z → Rn×n; let534

us denote the system by (Z,A(·)). The dual system, denoted by [Z,A(·)]⊤, is defined535

by (Z−1, A∗(·)), where A∗(z−1) = A(z)⊤, for all z ∈ Z.536

We now consider, for any n ∈ N, the set Nn := {v : Rn → R | v is a norm}, the set of537

all the norms on Rn. We need a definition of dual norm, recalled in what follows.538

Definition 4.17 (Dual Norm). Consider any norm v ∈ Nn, the dual norm of v,539

denoted by v⋆, is defined by540

v⋆(x) := sup
y∈Rn, v(y)=1

y⊤x ∀x ∈ Rn.541

It can be seen that v⋆ ∈ Nn.542

For the formal definition and further discussion on duality theory and dual norms we543

refer to [39, Part III]. We have the following duality result.544

Proposition 4.18 (Dual Lyapunov functions). Consider a sofic shift Z and a545

linear systems defined by f(x, z) = A(z)x with A : Z → Rn×n. Consider a g-covering546

C = {C1, . . . , CN}, a graph presentation G = (S,E) of C, and a G-based Lyapunov547

function W : Rn × C → R such that W (· , C) ∈ Nn, for all C ∈ C. Then the function548

W⊤ : Rn × C−1 → R defined by W⊤(· , C−1) = W ⋆(· , C) is a G⊤-based Lyapunov549

functions for the dual system defined by (Z−1, A⋆(·)).550

Proof. The fact that W⊤ satisfies an inequality of the form (4.4a) is trivial. Then,551

the main tool for the proof is the following well-known duality result: Given any552

v, w ∈ Nn, any A ∈ Rn×n and any γ ∈ R+ we have553

v(Ax) ≤ γw(x), ∀ x ∈ Rn ⇔ w⋆(A⊤x) ≤ γv⋆(x), ∀ x ∈ Rn.554

Now, consider C,D ∈ C and i ∈ Σ s.t. (sC , sD, i) ∈ E and z ∈ Z such that z ∈555

C ∧ z0 = i ∧ σ(z) ∈ D (and thus for which inequality (4.4b) holds). This556

is equivalent to (sD−1 , sC−1 , i) ∈ E⊤, σ(z)−1 ∈ D−1, z−1 ∈ C−1, (σ(z))−1
0 = i.557
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Moreover note that σ(σ(z)−1) = z−1. We have to verify558

W⊤(A⋆(z−1)x,C−1) = W⊤(A(z)⊤x,C−1) ≤ γW⊤(x,D−1), ∀x ∈ Rn,559

which is equivalent, by duality, to560

W (A(z)x,D) ≤ γW (x,C), ∀x ∈ Rn,561

which holds by assumption, thus concluding the proof.562

We note that in the duality result in Proposition 4.18, other classes of convex functions563

(with respect to the class of norms) can be considered. For example, an equivalent564

result can be stated for positive definite, strictly convex and homogeneous of degree 2565

functions, on the lines of what is done in [19]. We decided, for readability concerns,566

to present only the result involving norms.567

Summarizing, in this subsection we provided a formal correspondence between568

between time-inversion of the coverings and graph transposition, resulting in an alge-569

braic construction of a Lyapunov solution for one system, if one knows a solution for570

the time-inverted system. This generalizes the observations provided, for the switched571

systems case, in [16,17,31]. For linear systems, we showed how this connects with the572

theory of duality of linear algebra. In the subsequent Section 5 we will see how this573

can be leveraged for algorithmic purpose.574

4.4. Shifts of Finite Type: Generalized De Bruijn graphs and Asymp-575

totic Converse Lyapunov Lemma. In this subsection we provide a new class of576

graphs, presentations of a given sofic shift, which will provide canonical candidate577

structures of the Lyapunov construction in Definition 3.4. In order to allow this578

construction, we need a refinement of the definition of sofic shift.579

Definition 4.19 (Shift of M -Finite-Type). Given M ∈ N, a shift Z ⊂ ΣZ is said580

to be of M -finite type if and only if it satisfies the following property:581

∀ı̂, ĥ, ȷ̂ ∈ Σ⋆,
(
ı̂ · ĥ ∈ L(Z) ∧ ĥ · ȷ̂ ∈ L(Z) ∧ |ĥ| ≥ M ⇒ ı̂ · ĥ · ȷ̂ ∈ L(Z)

)
.582

Intuitively, a shift is of M -finite type if it suffices to check subwords of length M + 1583

to decide if a word lies in L(Z), or, equivalently, if the set of forbidden words can be584

constructed by forbidden words of length at most M + 1. Moreover, a shift of finite585

type is in particular sofic, we refer to [34, Chapter 2] for the formal discussion. Shifts586

of 0-finite type are simply shifts of the form Σ̃Z for some Σ̃ ⊆ Σ. In the following587

we introduce a particular shift of 1-finite type which we will also use in subsequent588

sections, as working example.589

Example 4.20. (Golden Mean Shift) [34, Example 1.2.3]: Given Σ = {a, b}, let us590

consider Z ⊂ ΣZ the set of all the bi-infinite sequences with no two consecutive a’s.591

It can be seen that it is a shift of 1-finite type.592

We use the notation: given any K ∈ N and any ı̂ = (i0, . . . iK−1) ∈ ΣK , we define593

ı̂− := (i0, . . . , iK−2) and ı̂+ := (i1, . . . , iK−1) ∈ ΣK−1. In the following we generalize594

the classical definition in [9], in order to construct a covering that mixes information595

from memory and future.596

Definition 4.21 (Generalized De-Bruijn graphs). Consider the full shift ΣZ, and597

a K ∈ N, and a k ∈ [0,K]. The De-Bruijn graph of order K and position k, denoted598
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(a) The graph G2,0.
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(b) The graph G2,1.
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[ba]

a
a
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a
b

(c) The graph G2,2.

Figure 4: De Bruijn graphs of the full shift {a, b}Z of order 2.

by GK,k = (SK,k, EK,k) defined by599

(4.8)

SK,k := {ı̂ ∈ ΣK},

(̂ı, ȷ̂, h) ∈ EK,k iff

{
jK−1 = h ∧ ı̂+ = ȷ̂−, if k = 0,

iK−k = h ∧ ı̂+ = ȷ̂−, if k ∈ [1,K].

600

Consider M ∈ N\ and any shift of M -finite type Z ⊂ ΣZ. Consider any K ≥ M ,601

and any k ∈ [0,K], then the Z-De-Bruijn graph of order K and position k, denoted602

by GK,k(Z) = (SK,k(Z), EK,k(Z)) is defined as in (4.8), with SK,k(Z) := {ı̂ ∈ ΣK ∩603

L(Z)}.604

The graphs of the form GK,0 for K ∈ N have been introduced in the seminal paper [9].605

We have generalized here this definition (introducing the position k ∈ [0,K]) in order606

to handle more general coverings of shifts of finite type, as we analyze in what follows.607

Figure 4 represents the three De Bruijn graphs of order 2 of the full shift {a, b}Z, while608

the De Bruijn graphs of order 1 and 2 for the golden mean shift defined in Example 4.20609

are depicted in Figure 5. Note that the graph already encountered in Figure 2 is G1,0.610

In the following we present some important properties of the De Bruijn graphs.611

Proposition 4.22 (Properties of De Bruijn Graphs). Given any M ∈ N and612

any shift of M -finite type Z ⊂ ΣZ any K ≥ M , and any k ∈ [0,K]. Then:613

1. Z(GK,k(Z)) = Z.614

2. GK,k(Z) = (GK,K−k(Z
−1))⊤; and thus in particular, GK,k = G⊤

K,K−k.615

3. GK,k(Z) is the graph presentation of the (not-redundant) g-covering of Z defined616

by617

C := {[̂ı][−K+k,k−1] | ı̂ ∈ ΣK ∩ L(Z)}.618

619

4. In particular, for all K ∈ N, GK,0 induces a memory covering and GK,K induces a620

future covering.621

Proof. Consider any K ≥ M , and any k ∈ [0,K]. To prove Item 1, we note that,622

by construction L(Z(GK,k(Z))) = L(Z), since in (4.8) we concatenate words of length623

of at least M , recall the Definition 4.19. Thus, by Lemma 2.9, we conclude. To prove624

Item 2, given ı̂ = (i0, . . . , iK−1) ∈ ΣK , let us denote by ı̂⊤ = (iK−1, . . . , i0). It is easy625

to see that626

(̂ı, ȷ̂, h) ∈ EK,k(Z) ⇔ (ȷ̂⊤, ı̂⊤, h) ∈ EK,K−k(Z
−1),627

Indeed, we note that for any ı̂ ∈ ΣK ∩ L(Z), ı̂⊤k−1 = ı̂K−k, for any k ∈ [1,K].628

Considering k ∈ [1,K], we have that (̂ı, ȷ̂, h) ∈ EK,k(Z) if and only if ı̂+ = ȷ̂−∧ ȷ̂k−1 =629
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h which is equivalent to (ȷ̂⊤)+ = (̂ı⊤)− ∧ ȷ̂K−k = h which in turn is equivalent to630

(ȷ̂⊤, ı̂⊤, h) ∈ EK,K−k(Z
−1). The case k = 0 is similar.631

For Item 3, consider any ı̂ = (i0, . . . , iK−1) ∈ ΣK ∩ L(Z), and consider any632

z ∈ ΣZ ∩ [̂ı]−K+k,k−1, we have to show that there exist a bi-infinite walk in GK,k633

labeled by z and starting at ı̂. Let us proceed by steps: suppose z(k) = h, and, since634

z ∈ [̂ı]−K+k,k−1 we have z(0) = i = iK−k. Consider ȷ̂ = ı̂+ · h = (i1, . . . , iK−1, h).635

By definition, we have (̂ı, ȷ̂, h) ∈ EK,k(Z). For the forward part, we can thus proceed636

iteratively, considering ȷ̂ and σ(z) ∈ [ȷ̂][k−K,k−1]. The backward reasoning and the637

case k = 0 follow similar argument and are avoided here. We have thus proven that638

Z(GK,k, ı̂) = [̂ı][−K+k,k−1] and by arbitrariness of ı̂ ∈ ΣK ∩ L(Z) we conclude.639

For Item 4 we see that GK,0 is complete and deterministic, and thus recalling640

Lemma 4.13 it is the presentation of a memory covering, we conclude GK,K induces a641

future covering, by Item 2.642

Consider again the three De Brunjii graphs of order 2 of the shift {a, b}Z depicted643

in Figure 4. Note that by Proposition 4.22 the graph G2,0 is the presentation of a644

memory non-redundant covering, G2,2 is the presentation of a future non-redundant645

covering, while G2,1 is the presentation of a covering that is neither a memory- nor646

future- covering. Note that the three graphs have the same number of nodes and647

edges and thus can be considered to be of the same complexity, in a sense that we648

clarify in following sections, in which we compare the arising Lyapunov conditions.649

Inspired by the results in [3,16,31], we now show that De Bruijn graphs are a nat-650

ural candidate for Lyapunov certificates for switched linear systems, when considering651

the class of quadratic functions.652

Theorem 4.23 (Asymptotic Converse Lyapunov Theorem). Consider a shift of653

finite type Z and a switched linear systems, i.e. the function f : Rn × Z → Rn is654

defined by f(x, s) = A(s)x with A : Σ → Rn×n. System (3.1) is UES with decay rate655

γ ∈ [0, 1) if and only if, for any γ̃ > γ there exist K ≥ 0 and k ∈ [0,K] such that656

there exists a quadratic GK,k(Z)-based Lyapunov function. More explicitly, there exist657

M1,M2 > 0 Q : L(Z) ∩ ΣK → Sn+ such that658

(4.9a) M1In ⪯ Q(̂ı) ⪯ M2In, ∀ ı̂ ∈ SK,k(Z),659

[b] [a]

b

b

a

(a) The graph G1,0(Zgm).

[b] [a]

a

b

b

(b) The graph G1,1(Zgm).

[bb] [ab]

[ba]

a

b

a

b

b

(c) The graph G2,0(Zgm).

[bb] [ab]

[ba]

b

b

b

b

a

(d) The graph G2,1(Zgm).

[bb] [ab]

[ba]

b

a

a

b

b

(e) The graph G2,2(Zgm).

Figure 5: First De Bruijn graphs of the golden-mean shift Zgm in Example 4.20.
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660

(4.9b) A(h)⊤Q(ȷ̂)A(h) ≺ γ̃2 Q(̂ı) ∀ (̂ı, ȷ̂, h) ∈ EK,k(Z).661

Proof. The proof substantially follows the ideas of Theorem 3.6. We thus prove662

only the “only if” part, and only for the future-based conditions, i.e. considering De663

Bruijn graphs of the form GK,K(Z). Suppose Z is of M -finite type and consider any664

K ≥ M . Consider any γ̃ ∈ (γ, 1) we define665

Q+(̂ı) =

K−1∑
k=0

1

γ̃2k
S(k, ı̂)⊤S(k, ı̂),666

for any ı̂ ∈ L(Z) ∩ ΣK , the positive definiteness in (4.9a) can be proven exactly as667

in Theorem 3.5. Let thus consider (̂ı, ȷ̂, h) ∈ EK,K(Z) i.e. i0 = h, and ı̂+ = ȷ̂−,668

computing669

A(h)⊤Q+(ȷ̂)A(h) =

K−1∑
k=0

1

γ̃2k
A(h)⊤S(k, ȷ̂)⊤S(k, ȷ̂)A(h)

= γ̃2
K∑

k=0

1

γ̃2k
S(k, h · ȷ̂)⊤S(k, h · ȷ̂)− γ̃2In

= γ̃2Q+(̂ı) + γ̃2 1

γ̃2K
S(K,h · ȷ̂)⊤S(K,h · ȷ̂)− γ̃2In

⪯ γ̃2Q+(̂ı) + γ̃2

(
Mγ2K

γ̃2K
− 1

)
In.

670

Since γ < γ̃, we have that there exists a K large enough such that M γ
γ̃
2K ≤ 1,671

concluding the proof.672

Remark 4.24. The Lyapunov conditions in Theorem 4.23, in the restricted case of673

GK,0(Z) (resp. GK,K(Z)) have been already introduced in [16,17,30,31]. Indeed, these674

are natural conditions since they represent, as stated in Proposition 4.22, multiple675

Lyapunov functions which depend on a fixed number of previous (resp. future) values676

of the discrete state, i.e. they are presentations of the memory- (resp. future-)677

uniform coverings. Differently from the literature, Definition 4.21 we introduces (the678

conditions arising from) generalized graphs of the form GK,k(Z) for k ∈ [1,K −679

1]. Indeed, these graphs provide a canonical way of considering coverings in which680

both past and future values of the discrete state are considered, i.e. providing mixed681

memory/future conditions. We show in the next section that, even in the case of682

switched linear systems, this approach can improve the numerical performance with683

respect to the classical De Bruijn-based conditions.684

5. Numerical Examples: Stability of Switched Linear Systems. In this685

section we apply our results to some numerical examples, in order to demonstrate that686

the abstract setting developed here allows to improve the efficiency of the numerical687

schemes. We first recall the definition and properties of the (constrained) joint spectral688

radius of linear switched systems, since it will be used as a measure of the performance689

of the proposed approaches.690

5.1. The (constrained) joint spectral radius and stability guarantees for691

linear switched systems. In this subsection, we consider linear switched systems.692
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In particular, let us consider a finite alphabet Σ and a set of matricesA = {A(i)}i∈Σ ⊂693

Rn×n. Given a sofic shift Z we define the Z-constrained joint spectral radius (Z-JSR)694

of A by695

(5.1) ρ(A, Z) = lim
k→∞

sup
z∈Z

∥S(k, z)∥ 1
k696

where S(·, z) denotes the state-transition matrix, see the formal definition in (A.5), in697

Appendix. We refer to [27] [38] for equivalent definitions and further discussion. In-698

tuitively ρ(A, Z) characterizes the UES property of the corresponding linear switched699

system since it is equal to the infimum over the γ for which (3.4) holds (see [27]),700

and thus, the system is UES if and only if ρ(A, Z) < 1. It is well-known that, in a701

general case, computing and approximating the (constrained) joint spectral radius is702

numerically demanding, see [46]. On the other hand, sequence-dependent Lyapunov703

functions represent a tunable and handy tool to provide upper bounds for ρ(A, Z).704

More precisely, let us consider a g-covering C = {C1, . . . , CK}, a corresponding graph705

presentation G = (S,E), a family of candidate Lyapunov functions V ⊂ H+(Rn,R)706

(a.k.a the template) where707

(5.2) H+(Rn,R) =

{
v : Rn → R

∣∣∣ v continuous, positive definite

and positively homogeneous3

}
.708

Then, we define ρG,V(A, Z) as the infimum over the ρ ∈ R+ for which functions in709

V satisfying conditions in Definition 4.8 exist. For more related discussion, we refer710

to [3, 11]. It is important to note that, for any G and any V, we have711

ρG,V(A, Z) ≥ ρ(A, Z),712

i.e. any graph-based Lyapunov function, in the context of switched linear systems,713

provides an upper bound on the Z-JSR. In this formalism, Theorem 4.11 can be714

compactly re-stated as follows: Given any sofic shift Z ⊂ ΣZ, any family of matrices715

A = {A(i)}i∈Σ ⊂ Rn×n and any G, graph presentation of Z, it holds that716

(5.3) ρ(A, Z) = ρG,H+(Rn,R)(A, Z).717

The fact that the (constrained)-joint spectral radius can be obtained as the infi-718

mum over the decay rate of Lyapunov functions as in (5.3) is classic, and, at least for719

the unconstrained case, dates back to the seminal result of [41]. For further discussion720

see, for example, [27, Section 1.2.2] and [38, Section 2.1].721

In the following subsection we use particular graph presentations and templates722

in order to test and verify how the estimation of the Z-JSR improves for different723

graph-induced coverings (and the corresponding graph presentations).724

5.2. Numerical Examples. In the papers [12, 13] a comparison of Lyapunov725

conditions is provided for different memory and future coverings, considering the class726

of quadratic candidate Lyapunov functions and in the arbitrary switching case (i.e.727

considering only the full shift ΣZ). It is shown that considering uniform (past or728

future) horizons of observation (i.e., a constant length of the cylinders composing729

the coverings) does not always provides the best estimation of the JSR. Numerical730

examples detail the implications in terms of performance and numerical complexity.731

In this subsection, instead, applying the general framework provided by previous732

sections, we compare general finite covering-based conditions and for more general733
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sofic shifts. Moreover, we consider templates of candidate Lyapunov functions that734

differ from the classical case of quadratic functions, to show the generality of the735

proposed techniques.736

Example 5.1. (Positive system evolving on the golden-mean shift)737

Consider the non-negative matrices738

A(a) :=

0.2 0.1 0
0.6 0.6 0.5
0.6 0.3 0.2

 , A(b) :=

0.1 0.2 0.3
0.2 0.1 0.5
0.1 0.6 0.7

 ,739

define f(x, i) = A(i)x for any i ∈ Σ = {a, b}, and consider the golden mean shift Zgm,740

defined in Example 4.20. We want to compare the stability conditions arising from741

the 5 different presentations of Zgm provided by the first De Bruijn graphs depicted in742

Figure 5. Moreover, since Aa and Ab are non-negative, we can consider the template743

of co-positive linear norms defined as follows. Given a positive vector v ∈ Rn, v >c 0744

(here and in what follows >c denotes the component-wise inequality sign), we define745

pv : Rn → R by pv(x) = v⊤|x| where we define |x| := (|x1|, . . . , |xn|)⊤ ∈ Rn
≥0. The746

function pv is refereed to as the primal copositive linear norm associated to v. Given747

an n ∈ N, we thus defined the template of primal copositive linear norms by748

P = {pv : Rn → R | v ∈ Rn, v >c 0}.749

In our context, primal copositive linear norms provide a convenient template of can-750

didate Lyapunov functions, since it can be verified that, for any non-negative matrix751

A ∈ Rn×n
≥0 , we have752

pv2
(Ax) ≤ pv1

(x), ∀x ∈ Rn ⇔ A⊤v2 − v1 ≤c 0.753

Thus, in this context, the feasibility of Lyapunov inequalities encoded in a graph, as754

in Definition 4.8, can be checked via linear programming. For more details concerning755

this family of functions and its use in Lyapunov theory, we refer to [11, 18] and756

references therein. We report in Table 1 the corresponding upper bounds provided757

by computing ρG,P(A, Zgm) with respect to the 5 graphs in Figure 5. We note that,758

for this example, it is more efficient from a numerical point of view, to use the De759

Bruijn graphs related to the “future”, i.e. G1,1(Zgm) and G2,2(Zgm). Indeed, note760

that the dimension of the linear program induced by G1,1(Zgm) (resp. G2,2(Zgm))761

is equal, in terms of number of variables and inequalities, to the one induced by762

G0,1(Zgm) (resp. G0,2(Zgm) and G1,2(Zgm)). On the other hand the optimal value (i.e.763

the value of ρG,P(A, Zgm))) obtained by considering G1,1(Zgm) (resp. G2,2(Zgm)) is764

strictly smaller than the one provided by G0,1(Zgm) (resp. G0,2(Zgm) and G1,2(Zgm)).765

Example 5.2. (Statistical comparison of De Bruijn graphs of equal order).766

In this example we consider the full shift ΣZ with Σ = {a, b} and we compare the767

performance of the three De Bruijn graphs of order 2 depicted in Figure 4. In this768

case we consider the template of quadratic-diagonal norms defined as follows: given769

Table 1: Numerical upper bounds for Example 5.1, obtained with De Bruijn graphs in Figure 5.

Graph: G0,1(Zgm) G1,1(Zgm) G0,2(Zgm) G1,2(Zgm) G2,2(Zgm)
ρG,P(A, Zgm) 1.2714 1.0993 1.2714 1.0993 1.0944
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Figure 6: Statistical comparison of the graph in Figure 4 performed in Example 5.2.
The figure shows, for each subset of the set of considered De Bruijn criteria, the
number of examples on which these particular criteria give the best performance

any positive vector v ∈ Rn
>0, considering the positive definite diagonal matrix Pv =770

diag(v) ∈ Rn×n, we define qv : Rn → R by qv(x) :=
√

x⊤Pvx.771

D := {qv : Rn → R | v ∈ Rn
>0}.772

To perform the comparison, we sample 10000 random couples of matrices A =773

{Aa, Ab} ⊂ R2×2, with each element uniformly sampled in the interval [−10, 10].774

For each sampled couple of matrices Aω, we compute ρG,D(Aω,Σ
Z) for each one of775

the De Bruijn graphs G2,t for t ∈ {0, 1, 2}, solving the resulting optimization prob-776

lem. The numerical results are reported in the Euler-Venn diagram in Figure 6. The777

diagram reads as follows: the numerical value in the set G2,t \ (G2,t′ ∪ G2,t′′) (for778

pairwise distinct t, t′ and t′′) corresponds to the number of systems for which the779

graph G2,t provides a strictly better estimation of the JSR with respect to G2,t′ and780

G2,t′′ , (i.e. the number of instances for which ρG2,t,D(Aω,Σ
Z) < ρG2,t′ ,D(Aω,Σ

Z) and781

ρG2,t,D(Aω,Σ
Z) < ρG2,t′′ ,D(Aω,Σ

Z)). Similarly the value in the intersections corre-782

sponds to instances in which some estimations coincide: for example the intersection783

X2,0 ∩ X2,1 ∩ X2,2 corresponds to the case in which the obtained upper bound on784

ρ(Aω,Σ
Z) coincides, for the three graphs. From this analysis, despite that in al-785

most half of the cases the three graphs/coverings lead to the same upper bounds,786

statistically the graph G2,1 performs better with respect to G2,0 and G2,2. Recall-787

ing Definition 4.21, this implies that, at least for this class of systems and for the788

chosen templates, conditions arising from mixed future/memory coverings, provide789

more appealing stability conditions with respect to purely memory- and future-based790

conditions. Indeed, recall from Proposition 4.22, that the three graphs G2,0, G2,1 G2,2791

represent graph-induced coverings defined by cylinders of length 2, but interpreted dif-792

ferently, in term of possible past and future values of switching sequences. Rephrasing,793

the graph G2,1, which intuitively encodes the idea of “looking” one step back and one794

ahead, performs better that the one looking 2 steps back (G2,0, inducing a memory795

covering) and the one looking 2 steps ahead (G2,2, inducing a future covering). We796

have thus numerically justified the benefits of the general framework introduced in797

this paper, with respect to classical conditions based on memory/future coverings, as798

in [12,13,16,17,31].799
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6. Conclusions. We provided a new general model of dynamical systems evolv-800

ing jointly on a continuous state space and on a discrete space given by sofic shifts.801

This model encapsulates many existing ones, such as switched systems and time-802

varying systems.803

We provided a complete Lyapunov characterization of the uniform stability, and804

sufficient Lyapunov conditions based on coverings of sofic shifts induced by graphs.805

This framework allowed us to generalize, unify and relate existing literature studying806

graph-based/path-complete Lyapunov functions from one side and, on the other side,807

results involving exploitation of past/future information on the discrete state.808

We showed, in the particular case of linear switched systems, that our theory can809

lead to improved algorithms for the stability analysis: not only it provides an inter-810

pretation of multiple Lyapunov functions in terms of covering the switching signals,811

but it naturally leads to new stability conditions, that outperform previous ones, at812

equal computational cost.813

In future research, we will push further the application of this framework in814

order to better understand how Lyapunov criteria compare with each other, thanks815

to the covering interpretation. This could lead to tailored Lyapunov criteria, that816

would be optimized thanks to their language-theoretic interpretation. We also plan817

to investigate the application of our theory to more general hybrid systems.818

Appendix A. Technical Proofs. In this appendix we collect some technical819

proofs.820

A.1. Proof of Theorem 3.5.821

Proof. Let us prove the “if” part first. Suppose there exists a sd-LF for sys-822

tem (3.1), consider any x ∈ Rn and any z ∈ Z. Computing, using (3.5b) and pro-823

ceeding by induction recalling (3.2), we have824

V(Φ(k, x0, z), σ
k(z)) = V(f(Φ(k − 1, x0, z), σ

k−1(z)), σk(z))

≤ γV(Φ(k − 1, x0, z), σ
k−1(z)) ≤ · · · ≤ γkV(x, z).

825

Now using (3.5a), we have826

|Φ(k, x0, z)| ≤ α−1
1 (γkα2(|x|)), ∀ k ∈ N,827

concluding the proof since the function β̃(s, k) := α−1
1 (γkα2(s)) is of class KL.828

For the “only if” part, the result is inspired by the techniques introduced in [25,829

29]. Suppose system (3.1) is GUAS, and consider the function β ∈ KL introduced830

in Definition 3.3. Using [45, Proposition 7], for any γ ∈ (0, 1), there exist functions831

ρ1, ρ2 ∈ K∞ such that832

β(s, k) ≤ ρ1(γ
kρ2(s)), ∀s ∈ R≥0, ∀ k ∈ N,833

and thus we have834

(A.1) |Φ(k, x, z)| ≤ ρ1(γ
kρ2(|x|)),∀k ∈ N, ∀x ∈ Rn, ∀ z ∈ Z.835

Based on (A.1), we now construct a sd-LF for system (3.1). For completeness, we836

actually propose two different constructions, memory- and future- based, respectively.837

Future-Based: Let us define, for any x ∈ Rn and any z ∈ Z,838

(A.2) V+(x, z) := sup
k∈N

{
1

γk
ρ−1
1 (|Φ(k, x, z)|)

}
.839
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First of all using (A.1), it can be seen that840

ρ−1
1 (|x|) ≤ V+(x, z) ≤ ρ2(|x|), ∀ x ∈ Rn, ∀ z ∈ Z.841

For any x ∈ Rn and any z ∈ ΣZ and any k ∈ N, using (3.2), we have842

1

γk
ρ−1
1 (|Φ(k, f(x, z), σ(z))|) = γ

1

γk+1
ρ−1
1 (|Φ(k + 1, x, z)|).843

Thus, computing844

V+(f(x, z), σ(z)) = sup
k∈N

{
1

γk
ρ−1
1 (|Φ(k, f(x, z), σ(z))|)

}
= γ sup

k∈N\{0}

{
1

γk
ρ−1
1 (|Φ(k, x, z)|))

}
≤ γV+(x, z),

845

concluding the proof.846

Memory-based: Let us note that (A.1) using (3.2) in particular implies847

(A.3) |x| ≤ ρ1(γ
−kρ2(|y|)), ∀k ∈ Z−, ∀x ∈ Rn, ∀ z ∈ Z, ∀y ∈ Φ(k, x, z).848

We thus define849

(A.4) V−(x, z) := inf
k∈Z−∪{0}

inf
y∈Φ(k,x,z)

{
γ−kρ2(|y|)

}
.850

By (A.3) we have851

ρ−1
1 (|x|) ≤ V−(x, z) ≤ ρ2(|x|), ∀ x ∈ Rn, ∀ z ∈ Z.852

Now, consider any z ∈ Z, any x ∈ Rn, any k ∈ Z− ∪ {0} and any y ∈ Φ(k, x, z); we853

note that this implies y ∈ Φ(k − 1, f(x, z), σ(z)). We thus have854

V−(x, z) = inf
k∈Z−∪{0}

inf
y∈Φ(k,x,z)

{
γ−kρ2(|y|)

}
≥

inf
k∈Z−

inf
y∈Φ(k,f(x,z),σ(z))

{
γ−k−1ρ2(|y|)

}
≥ 1

γ
V−(f(x, z), σ(z)),

855

proving (3.5b).856

We note that we did not prove any continuity property of functions V+(·, z) → R and857

V−(·, z) → R on Rn \{0}. Indeed, the existence of continuous Lyapunov functions (in858

Rn \ {0}) can be stated, applying a smoothing technique to the functions V+(·, z) and859

or V−(·, z) constructed in proof of Theorem 3.5. This technical topic is not reported860

here, we refer to [29] for the details.861

A.2. Proof of Theorem 3.6.862

Proof. For the “if” part, consider the function V : Rn × Z → R defined by863

V(x, z) :=
√

x⊤Q(z)x, it is easy to see that with this definition we have that V864

satisfies (3.5a) and (3.5b) and that V(·, z) : Rn → R is a norm, for all z ∈ Z. Thus,865

as in proof of Theorem 3.5, if such Q : Z → Sn+ exists, ∀z ∈ Z, ∀k ∈ N, ∀ x ∈ Rn, we866

have867

|Φ(k, x, z)| ≤ 1

M1
V(Φ(k, x, z), σk(z)) ≤ 1

M1
γ̃k V(x, z) ≤ M2

M1
γ̃k|x|,868
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thus proving UES with decay rate γ̃. By arbitrariness of γ̃ > γ we conclude.869

For the “only if” part, suppose the system is UES with decay rate γ ∈ [0, 1),870

consider any γ̃ > γ. First, we introduce the state-transition matrix, denoted by871

(A.5) S(k, z) := A(σk−1(z)) · · ·A(z), ∀ z ∈ ΣZ,∀ k ∈ N,872

with the convention S(0, z) = In, for all z ∈ Z. We thus have Φ(k, x0, z) = S(k, z)x0,873

and by (3.4), we have874

(A.6) |S(k, z)| ≤ Mγk, ∀z ∈ Z, ∀k ∈ N,875

where | · | denotes here the induced norm on the matrices space. We provide, as876

in the nonlinear case treated in Theorem 3.5, both a memory- and a future- based877

construction.878

Future-based: Let us define879

(A.7) Q+(z) =

∞∑
k=0

1

γ̃2k
S(k, z)⊤S(k, z), ∀ z ∈ Z.880

It is clear that Q+(z) ⪰ In for all z ∈ Z (since In is the first term of the sum), and881

then, by (A.6) we have882

Q+(z) ⪯ M2
∞∑
k=0

(
γ

γ̃

)2k

In ⪯ M2 γ̃2

γ̃2 − γ2
In,883

proving (3.6a). Now, for every z ∈ Z, we have884

A(z)⊤Q+(σ(z))A(z) =

∞∑
k=0

1

γ̃2k
A(z)⊤S(k, σ(z))⊤S(k, σ(z))A(z)

=

∞∑
k=1

1

γ̃2(k−1)
S(k, z)⊤S(k, z) = γ̃2(

∞∑
k=1

1

γ̃2k
S(k, z)⊤S(k, z))

= γ̃2Q+(z)− γ̃2In ≺ γ̃2Q+(z),

885

proving (3.6b).886

Memory-Based: First of all we note that, using the Schur complement (see [5, Ap-887

pendix A.5.5.]), if (3.6a) holds, condition (3.6b) is equivalent to888

(A.8) γ̃2Q(σ(z))−1 −A(z)Q(z)−1A(z)⊤ ≻ 0.889

Let us define890

(A.9) P (z) :=

∞∑
k=0

1

γ̃2k
S(k, σ−k(z))S(k, σ−k(z))⊤.891

Bounds as in (3.6a) for P (z) can be proven, as in the future-based case, using (A.6).892

Computing, we have893

A(z)P (z)A(z)⊤ =

∞∑
k=0

1

γ̃2k
A(z)S(k, σ−k(z))S(k, σ−k(z))⊤A(z)⊤

=

∞∑
k=0

1

γ̃2k
S(k + 1, σ−k(z))S(k + 1, σ−k(z))⊤

= γ̃2
∞∑
k=1

1

γ̃2k
S(k, σ−k+1(z))S(k, σ−k+1(z))⊤ = γ̃2(P (σ(z))− In)

894
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and thus895

γ̃2P (σ(z))−A(z)P (z)A(z)⊤ = γ̃2In ≻ 0,896

defining Q−(z) = P (z)−1, recalling (A.8), and the fact that aIn ≺ R ≺ bIn if and897

only if b−1In ≺ R−1 ≺ a−1In, for any a ≤ b and any R = R⊤ ∈ Rn×n, we conclude.898

A.3. Proof of Theorem 4.11.899

Proof. The “if” part trivially follows from Proposition 4.9. We prove the “only900

if” part, and only in the “future based” version. As in the proof of Theorem 3.5, the901

GUAS property is equivalent to the existence of a γ ∈ [0, 1) and functions ρ1, ρ2 ∈ K∞902

such that903

|Φ(k, x0, z)| ≤ ρ1(γ
kρ2(|x0|)), ∀x0 ∈ Rn,∀z ∈ Z, ∀ k ∈ N.904

Let us define, for every C ∈ C,905

W+(x,C) = sup
z∈C
k∈N

{
1

γk
ρ−1
1 (|Φ(k, x, z)|)

}
.906

We trivially have ρ1(|x|) ≤ W+(x,C) ≤ ρ2(|x|), for all C ∈ C and all x ∈ Rn. Now907

consider C,D ∈ C and i ∈ Σ and any x ∈ Rn. We note that by (4.3a), for any z ∈ D908

we have that exists w ∈ C such that i · z+ = w+. Thus computing909

W+(f(x, i), D) = sup
z∈D
k∈N

{
1

γk
ρ−1
1 (|Φ(k, f(x, i), z)|)

}
≤ sup

w∈C
k∈N

{
1

γk
ρ−1
1 (|Φ(k + 1, x, w)|)

}

= γ sup
w∈C

k∈N\{0}

{
1

γk
ρ−1
1 (|Φ(k, x, w)|)

}
≤ γW+(x,C),

910

concluding the proof. For a backward construction using (4.3b), the reasoning is911

similar to the one in the proof of Theorem 3.5, and it is not reported here.912
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