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ABSTRACT
Experiments have shown that mechanical cues play a central role in determining the direction and rate of axonal
growth. In particular, neurons seeded on planar substrates undergoing periodic stretching have been shown to
reorient and reach a stable equilibrium orientation corresponding to angles within the interval [60◦, 90◦]with respect
to the main stretching direction. In this work, we present a new model that considers both the reorientation and
growth of neurons in response to cyclic stretching. Specifically, a linear viscoelastic model for the growth cone
reorientation with the addition of a stochastic term is merged with a moving-boundary model for tubulin-driven
neurite growth to simulate the axonal pathfinding process. Various combinations of stretching frequencies and strain
amplitudes have been tested by numerical simulation of the proposed model. The simulations show that neurons
tend to reorient toward an equilibrium angle that falls in the experimentally observed range. Moreover, the model
captures the relation between the stretching condition and the speed of reorientation. Indeed, numerical results show
that neurons tend to reorient faster as the frequency and amplitude of oscillation increase.
2020 MSC: 35Q92, 92-10, 92C17

1 Introduction

Neurons are the fundamental units of the nervous system and due to their uniquemorphology and ability to communicate
with other excitable cells, they are among the most complex cells in the animal kingdom. A mature neuron is made up
of three main parts (see Figure 1A): a soma, dendrites, and an axon. The soma, also called the cell body, is the central part
of the neuron that contains the nucleus and most of the cellular organelles. Dendrites are short, branching structures
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FIGURE 1 Schematic representation of the neuron. (A) Neuron morphology during first stage of neuron network
development. (B) Internal structure of the growth cone.

surrounding the soma that receive signals from nearby cells. The axon is a long and thin structure that connects the soma
to other neurons or tissues, transmitting electrochemical signals.
During neurogenesis, once the soma is fully formed, the neuron begins to sprout small projections known as neurites.
These neurites will mature into dendrites and an axon, ultimately generating the neural network. A key process necessary
to establish the neuronal network is the growth and elongation of the axon from the soma toward a target neuron
or another tissue cell. Axonal elongation typically occurs in two consecutive phases. The first, often referred to in the
literature as axon guidance or pathfinding, is here denoted as tip growth to emphasize that the elongation is driven by the
localized activity at the distal end of the axon. This terminology, although more commonly used for the growth of other
biological systems [1], such as angiogenesis, fungal hyphae and plant cells growth, is also adopted in some neuroscience
works (e.g., [2, 3]), to highlight the analogy with other contexts in which elongation is guided by dynamic remodeling at
the leading edge. The second phase, known as stretch growth or towed axon phase (first theorized byWeiss in 1941 [4, 5] and
then experimentally confirmed [6, 7]) is characterized by elongation resulting from mechanical tension along the axonal
shaft. For a comprehensive discussion of stretch growth, see [8]. In this work, we will focus on the better understood tip-
growth phase only. During this first phase, the axon growth is guided by a highly motile structure at the axon tip, named
the growth cone (GC), which has a very dense cytoskeletal structure (see Figure 1B). The peripheral domain of the GC
consists of finger-like filopodia made of F-actin bundles, also known as stress fibers (SFs), aligned toward the direction of
motion. In the central part of the GC, there is a transitional zone made of actomyosin contractile structures which form
a sort of arcs perpendicular to the F-actin filaments. Finally, the rear part of the GC contains all the microtubules (MTs)
that enter the GC from the axonal shaft.
The GC plays an important role during the tip-growth phase, as it is able to translate a large variety of stimuli—such
as chemotropic molecules, electric signals, mechanical triggers, substrate topography, and stiffness—into directional
movement toward the target cell. Once the GC has identified the preferred direction of growth, the GC advancement pulls
the axon and the tension generated on it leads to a complex cytoskeletal remodeling process and to the axonal elongation
in the GC’s preferred direction. This phenomenon, first demonstrated by Lamoureux and colleagues in 1989 [9], was well
elucidated byO’Toole et al. [3], who highlighted the combined role of traction forces, viscosity, and adhesions in governing
axonal outgrowth. During this phase, the new cellular material, mainly tubulin, is added at the axon tip, in accordance
with the classical distal accretion model [2, 10]. However, we acknowledge that recent work [3, 11, 12] suggests alternative
or complementary mechanisms in which growth is mediated by intercalation along the axon shaft, driven by tension
generated at the GC (see the comprehensive review in [13]). While these perspectives are not explicitly captured in our
current formulation, they offer promising avenues for future model extensions.
Finally, once the GC reaches the target cell, it loses most of its motility by transitioning into a series of branched
terminations, each one ending with a synapse [10, 14, 15]. The axon is thus established and the synaptic connection
is created.
These phases and the development of the nervous system as a whole have traditionally been studied in the context of
biochemistry, molecular biology, and genetics. However, there is a growing recognition of the importance of mechanical
information in shaping the evolution and development of the neuronal network. Indeed neurons, both in the central and
peripheral nervous systems, undergo constant mechanical loading during their lifecycle and are exposed to cyclic strain
due to various physiological processes, such as tissue perfusion and movements.
For what concerns the axonal reorientation phenomenon, it is known that the distribution of forces plays a fundamental
role in the remodeling process of GC’s cytoskeleton, leading to the axon changing its growing direction [10]. Indeed,
biological investigations have shown that neurons actively regulate tension along the axon to maintain a rest value
and have provide insights into how neurons maintain structural integrity under mechanical load [16]. The effects of
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cyclic mechanical stimuli on neurons have been explored in some biological studies, though this area remains under-
investigated. Higgins et al. [17] were among the first to study how periodic stretching can promote neurite growth,
stimulating human neuroblastoma cells with cyclic uniaxial stretch and observing enhanced neurite growth. Ishibashi
et al. [18] similarly demonstrated that dorsal root ganglion neurons showed increased neurite extension when subjected to
cyclic stretch, with the extent of growth influenced by the duration of stretching. More detailed studies, such as those by
Haq et al. [19], have investigated the combined effects of strain rate and frequency on neuronal development. Specifically,
they found that high strain levels led to neurites orienting away from the direction of applied strain, while other
conditions resulted in more uniform axon growth. High-frequency stretching appeared to accelerate the reorientation
process without significantly altering the final orientation angle. Lin et al. [20] explored the effects of cyclic stretching
on neuron reorientation and axonal growth, culturing neurons on a polydimethylsiloxane (PDMS) substrate subjected
to cyclic stretching with varying amplitudes and frequencies. Their experimental results showed that neurons tend to
reorient their neurites to align “nearly perpendicular”, i.e., within the range of [60◦, 90◦], relative to the direction of the
applied cyclic stretch, particularly at higher strain amplitudes. Additionally, the rate of axonal growth was influenced by
the cyclic stretch, with higher strain amplitudes leading to faster reorientation and elongation of neurites. The frequency of
cyclic stretching had a less pronounced effect compared to the strain amplitude, at least for the range of frequencies tested,
suggesting that strain amplitude plays a more crucial role in axonal orientation than frequency, a finding that contrasts
with observations in other cell types where frequency is a stronger determinant of reorientation [21].
Over the years, some mathematical models have been developed to understand the underlying mechanisms responsible
for neurite and axon elongation and possibly reorientation (see [13] for a comprehensive review). These models can be
broadly classified into two main categories, reflecting the underlying biological hypotheses concerning the mechanism of
axonal growth. This conceptual distinction reflects the debate between two competing biological hypotheses: the classical
view of tip-based elongation via distal accretion of material, and the alternative view of tension-driven intercalation along
the axon shaft. The first category includes accretion- and transport-based models, which describe axonal growth as the
result of material addition at the distal tip, driven by the supply and polymerization of structural proteins (primarily
tubulin) at the GC. These models emphasize the roles of active transport, diffusion, and local assembly dynamics. For
instance, compartmental models such as those by Graham and Van Ooyen [22] and their subsequent refinements [23–
26] consider the soma and the GC as separate compartments, with growth driven by tubulin concentration at the tip. The
second category consists of mechanical models, which treat axons as active viscoelastic ormorphoelastic structures whose
elongation is regulated by mechanical feedback, cytoskeletal tension, and adhesion forces. The first attempts at modeling
the mechanical behavior of axons were made by Dennerll et al. [7], who proposed a simple visco-elastic model, defined by
the Kelvin form of the standard linear solid material, to link the axon growth rate to axon tension. This model was later
expanded [3] to include the adhesion between the axon and the substrate, through a continuum formulation, in which
the neurite under tension interacts with the substrate via frictional forces. Other notable examples that describe growth
as a response to internal force generation and external mechanical cues include the active gel models developed by Recho
et al. [11], as well as the rod-based frameworks proposed by Oliveri et al. [27–29]. Specifically, a theoretical framework to
understand the phenomenon of durotaxis, where axons grow and navigate in response to gradients in substrate stiffness,
was initially presented in [27] and recently extended in a comprehensive multiscale model [28], offering insights into
the mechanical underpinnings of axonal guidance. Moreover, the mathematical study of how axons, modeled as an
active one-dimensional structures, balance externalmechanical forces and internal cellular remodeling during growth has
been addressed in [29], where a coarse-grained continuum rheological model was derived by homogenizing the internal
structure of the cytoskeleton. Finally, a detailed continuum mechanical model, where the axon is treated as a two-phase
structure composed of a growing inner core (the axoplasm) and an actively contractile outer layer (the corticalmembrane),
was proposed by García-Grajales et al. [30]. The model captures the interplay between internal cytoskeletal dynamics,
active contraction, and external loading, and predicts distinct mechanical states such as growth, stall, and collapse under
different force regimes.
Despite these extensive modeling efforts, the effect of cyclic stretch on neuron reorientation has received relatively little
attention. The theoretical framework proposed by Lin et al. [20] remains one of the few models addressing neuron
elongation under dynamic stretch. This model connects neuron orientation evolution to the microscopic dynamics
of subcellular structures such as SFs, focal adhesions (FAs), and MTs, and it successfully reproduces experimental
observations of neuron behavior under cyclic stretching conditions. Furthermore, the mathematical modeling of neurons
orientations, despite addressed for other types of cells [21, 31, 32], is still under investigations.
The aim of this study is therefore to introduce a new model for neuron reorientation and growth in response to cyclic
stretching. This model simulates the tip growth phase and axon guidance in response to dynamic mechanical stimuli. The
soma is assumed fixed and the GC’s motion described by an ordinary differential equation (ODE), taking into account the
elongation speed and the reorientation process. The evolution of theGC orientation is described by a stochastic differential
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equation that combines a linear viscoelastic model, originally developed for other cell types [32] and here adapted for
neuron dynamics, with angular fluctuations, described through aWiener process. The axon tip speed is conversely derived
from a diffusion tubulin-driven model for axonal growth [25].
Specifically, in Section 2, the mathematical model for axonal pathfinding and elongation in response to the cyclic stretch
of the underlying substrate is presented. Section 3 discusses the numerical implementation (utilizing explicit Euler and
finite differences schemes) and details parameter settings, simulation conditions, and results, which will be compared to
the experimental observations reported in [20]. Finally, Section 4 summarizes the results, assumptions, limitations, and
potential future work.

2 Mathematical Model

2.1 Mathematical Model Set-Up

As mentioned in the previous section, the particular experimental set-up used to study cell reorientation phenomena
in [20], that we are going to reproduce numerically in our model, consists of a thin strip of PDMS on which neurons
are seeded. Most of the observed and quantified neuronal dynamics (i.e., adhesion, reorientation, and elongation) take
place in the 𝑥–𝑦 plane, which is also where the deformation is imposed and measured. Moreover, vertical deformations
are neither directly measurable nor expected to significantly affect axonal behavior constrained to the substrate plane.
Thus, we adopt a plane strain approximation, treating the substrate as a two-dimensional layer in the 𝑥–𝑦 plane and
neglecting deformations along the 𝑧-axis. Indeed, while out-of-plane strains may arise due to material incompressibility,
their influence on the in-planemechanosensing processesmodeled here is assumed to be negligible. Considering the range
of strain amplitudes experimentally tested [20], we decide to work under the small deformation assumption, so that the
geometry and the constitutive properties of thematerial at each point can be assumed to be unchanged by the deformation.
In addition, experimental data are usually reported for cells located at the central portion of the substrate [21], so that the
stress and the strain can be assumed homogeneous [20]. The principal directions thus coincide with the axis along which
the stretch is applied and the orthogonal one, and the infinitesimal strain tensor can be expressed as

𝔼(𝑡) =
[
𝜀𝑥(𝑡) 0
0 𝜀𝑦(𝑡)

]
. (1)

With the aim of reproducing the response to cyclic stretching and consistently with [20], we set

𝜀𝑥(𝑡) =
𝜀
2
(1 − cos(𝜔𝑡)) = 𝜀

2
(1 − cos(2𝜋𝑓𝑡)) (2)

where 𝜀 is the maximum strain amplitude, 𝜔 is the angular frequency expressed in rad/s, and 𝑓 is the frequency expressed
in Hz. In general, the strain along the 𝑦-axis 𝜀𝑦 can be either controlled externally or freely determined by the mechanical
characteristics of the substrate. In both cases, it is useful to introduce the biaxiality ratio 𝑟(𝑡) that represents the percentage
of contraction in the 𝑦-direction with respect to the strain applied along the 𝑥-axis. In this work, it is assumed constant
over time, so that the strain along the 𝑦-axis can be expressed as 𝜀𝑦(𝑡) = −𝑟𝜀𝑥(𝑡). Furthermore, by modeling the substrate
as linear, elastic, and isotropic [33], and taking into account the experimental setup in which a given periodic deformation
is applied to two opposite sides while the others are stress-free, we can relate the biaxiality ratio to the Poisson’s ratio of
the material assuming 𝑟 = 𝜈.
During the tip-growth phase, the substrate deformation is transferred to the soma, the dendrites, the axon, and the GC,
thanks to the presence of FAs and SFs in the neuron. For simplicity, in this work, we do not explicitly model FAs and the
process of force transmission. We rather assume that (i) the deformation of the substrate is completely transferred to the
neuron and (ii) the traction forces generated by the presence of the neurons do not mechanically deform the substrate.
The neuron is modeled assuming the soma fixed in space and neglecting dendrites possibly developing from the cell body.
The axon is divided into axonal shaft and GC (see Figure 1A). The axonal shaft is identified as the end-to-end segment
from the soma to the GC. In the present description, we assume that the axonal shaft assembles and reorganizes at each
instant of time 𝑡 depending on the position of the GC. This assumption, that allows to model only straight axons, may
be consistent in many biological conditions. Indeed, experimental observations [7, 16] suggest that neurons can actively
regulate axonal tension to maintain a rest state, which may result in shaft straightening. While this behavior has been
reported on substrates other than PDMS, its occurrence under cyclic stretch on PDMS remains to be explicitly confirmed.
Furthermore, in the experiments by Lin et al. [20], neurons seeded on cyclically stretched PDMS substrates appear aligned,
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FIGURE 2 Representation of the axon–substrate system. (A) The substrate is assumed to behave as a linear
isotropic elastic material. The GC–substrate complex (yellow area) has an orthotropic linear viscoelastic behavior. (B)
Representation of the neuron in the Lagrangian frame. The positions of the soma and of the growth cone (GC) are
𝐗S and 𝐗GC, respectively. The red solid line represents the axonal shaft. The blue arrow 𝐍 is the GC direction of the
orientation, defined by the main direction of its stress fibers (SFs). The blue arrow 𝐍⟂ denotes the direction of F-actin
bundles connecting the SFs.

although high-resolution imaging of the axonal shaft is not available. We therefore assume a straight axonal shaft in our
model, while acknowledging that further experimental evidence is needed to validate this assumption and that in some
experimental conditions, such as neuron growth on micro-patterned substrates with specific geometries [19, 34–40], the
axons shapesmay differmuch from a straight lines. Finally, the GC region ismodeled as orthotropic and linear viscoelastic
as a consequence of the presence of the SFs in the GC and their interaction with the substrate, see Figure 2.
Going into mathematical details, the soma and the GC are represented as material points identified by their positions
in the Lagrangian domain, i.e., 𝐗S and 𝐗GC(𝑡), respectively, see Figure 2B. The axonal shaft thus corresponds to the
segment connecting𝐗GC(𝑡) and𝐗S, hereafter described by its length 𝐿(𝑡) = ‖𝐗GC(𝑡) − 𝐗S‖ and by the angle 𝜑(𝑡) it forms
with the 𝑥-axis, i.e., (𝐗GC(𝑡) − 𝐗S) ∶= 𝐿(𝑡) [cos 𝜑(𝑡), sin 𝜑(𝑡) ]𝑇 . The GC is further provided by a direction of orientation
𝐍(𝑡) = [cos 𝜃(𝑡), sin 𝜃(𝑡)]𝑇 , where 𝜃(𝑡), hereafter named the GC orientation angle, is the angle between𝐍 and the stretch
direction 𝑥. The unitary vector𝐍(𝑡) denotes the main direction assumed by the SFs constituting the GC cytoskeleton, see
Figure 1B, and thus the actual direction of motion of the GC. As observed in Section 1, the SFs in the GC are mutually
linked by proteins orthogonally arranged to the fiber bundles, whose direction is𝐍⟂(𝑡) = [− sin 𝜃(𝑡), cos 𝜃(𝑡)]𝑇 , that affect
the mechanical behavior of the GC.
Axon growth and elongation toward a specific direction during the tip-growth phase is thus here described by the evolution
in time of the position of theGCat the axon tip.Having inmind the biological observations reported in Section 1,we assume
that

i. the GC direction of motion is dictated by environmental signals, here specifically identified with the substrate
deformation (axonal reorientation);

ii. the GC actual displacement requires the addition of new material, i.e., tubulin, to elongate the axonal shaft (axonal
elongation).

The dynamics of neuron GC at the axon tip is thus described by the following ODE:

𝑑𝐗GC(𝑡)

𝑑𝑡
= 𝑉(𝑡)𝐍(𝑡) (3)

where 𝑉(𝑡) denotes the effective GC speed such that{
𝑉(𝑡) cos 𝜃(𝑡) = 𝐿̇(𝑡) cos 𝜑(𝑡) − 𝐿(𝑡) 𝜑̇(𝑡) sin 𝜑(𝑡),

𝑉(𝑡) sin 𝜃(𝑡) = 𝐿̇(𝑡) sin 𝜑(𝑡) + 𝐿(𝑡) 𝜑̇(𝑡) cos 𝜑(𝑡).
(4)

Notice that, in the small deflection regime, i.e., when 𝐿𝐍 = 𝐗GC − 𝐗S + 𝑂(𝜑 − 𝜃), the GC speed 𝑉 can be approximated
by 𝐿̇.
As detailed in the following, the axonal reorientation processes determining the evolution of the GC direction of
orientation 𝐍 is described by the linear viscoelastic model for reorientation proposed in [32], here adapted to the GC
pathfinding process with the addition of a stochastic term. This model is further combined with the one-dimensional
model proposed in [25] for axonal elongation, that gives the evolution of the axonal shaft length 𝐿(𝑡).
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2.2 Axonal Reorientation

The axonal reorientation process is here related to the GC response to mechanical stimuli, in particular to cyclic
deformations of the substrate. Therefore, the evolution equation for the GC orientation direction𝐍 should account for its
dependence on both the frequency and the strain amplitude of the applied substrate deformation. Indeed, in the case of
neurons, also the strain amplitude is reported to play an important role in the cell reorientation timing and final angle [20].
With this aim, we follow the approach proposed in [32] by introducing an anisotropic linear viscoelastic model.
As anticipated, the anisotropic behavior of the CG–substratum complex is due to the presence of the SFs in the GC (see
Figure 1), and it is thus characterized by SFs’ direction of orientation 𝐍 and the orthogonal direction 𝐍⟂ along which
the binding proteins are placed. Rather, the viscoelastic character is due to the time it takes for the acto–myosin network
inside the GC to reorganize and to the continuous rearrangement process of the FAs. Hence, the ensemble of the GC
lying on the substrate can be modeled as a Maxwell viscoelastic orthotropic material with a single relaxation time. In the
literature, several mathematical models have been developed on the assumption that the equilibrium orientation angle of
cells alignswith the direction ofminimum strain orminimum stress [41]. However, thesemodels do not accurately capture
cell reorientation behavior. In fact, it has been shown that models based on energy minimization provide results that are
more consistent with biological evidence [21, 32, 42, 43]. In this regard, following the approach presented in [32], ourmodel
assumes that the evolution in time of the GC direction of orientation 𝐍, is given in terms of the orientation angle 𝜃 and
related to changes in the work  done by the stress on the GC due to the SFs alignment process. In the linear framework,
this work writes  ∶= 𝕋(𝑡|𝜃) ∶ 𝔼(𝑡), where 𝕋(𝑡|𝜃) denotes the Cauchy stress tensor given the history of the orientation
direction 𝜃, and 𝔼 is the infinitesimal strain tensor characterizing the linear terms of the externally imposed deformation.
Then, in order to account for the fact that neurons are living entities, each of them possibly reacting in different way to
the same stimulus, differently from [32], we include a random term in the model to reproduce the intrinsic randomness
in the axonal reorientation process. Therefore, considering an overdamped regime, the following stochastic differential
equation for the orientation angle of the GC holds

𝑑𝜃(𝑡) = − 1
𝐾𝜆𝜃

𝜕𝕋

𝜕𝜃
(𝑡|𝜃) ∶ 𝔼 𝑑𝑡 +√

𝜎2

𝜆𝜃
𝑑𝑊𝑡, (5)

where𝐾 is theYoung’smodulus of theGC–substratematerial, 𝜆𝜃 is the time theGCneeds to reorient itself,𝜎 is a parameter
representing the stochastic angular fluctuation and {𝑊𝑡}𝑡≥0 is the standard Weiner process. Considering small enough
random fluctuations, the first term on the r.h.s. of Equation (5), which is the same used in [31, 32], implies that the GC
tends to assume an equilibrium orientation, said 𝜃eq, for which the variation of the stress 𝕋with respect to 𝜃 is either null
or orthogonal to the deformation given by 𝔼. Hence, the product 𝐾𝜆𝜃 can be seen as a viscous-like coefficient measuring
cell resistance to realignment. Furthermore in [32], it was shown that such orientation at the steady state, both in the low-
and in the high-frequency regime, is the one leading to the minimization of the elastic energy of the material  with
respect to the orientation angle 𝜃. In (A), such equilibrium orientation are computed for the general orthotropic elastic
energy considered in the present work. On the other hand, the second term on the r.h.s. of Equation (5) mathematically
represents the variability of cell response to the external stimuli, emerged in experimental observations [20]. Indeed, the
equilibrium angle there reported is not unique, but it is given as a range of possible values. Biological evidences thus
indicate that, while some general patterns of behavior can be identified, each neuron exhibits a slightly different reaction
to the same external mechanical stimulus.
In order to close themodel, treating theGCas aMaxwell viscoelasticmaterial, with a single relaxation time 𝜆, the following
evolution equation for 𝕋 (see [32] for more details) holds:

𝜆
𝑑𝕋
𝑑𝑡
(𝑡|𝜃) + 𝕋(𝑡|𝜃) = 𝐂0(𝑡|𝜃)𝑑𝔼𝑑𝑡 (𝑡), (6)

where the functional 𝐂0 accounts for the exponentially weighted history of past orientations (memory effect), depending
on the fourth-order elasticity tensor (or stiffness tensor) 0(𝜃(𝑡)), whose components can be obtained once a proper
constitutive orthotropic elastic energy is postulated for the mechanical behavior of the GC–substrate complex, through
the relation 𝑖𝑗𝑘𝑙0 = 𝜕2 ∕(𝜕𝔼𝑖𝑗𝜕𝔼𝑘𝑙). The specific form of the orthotropic energy considered in this work is given in
Equation (A4) of Appendix A. The functional 𝐂0 is thus defined as

𝐂0(𝑡|𝜃) ∶= ∫
𝑡

−∞
e−(𝑡−𝜏)∕𝜆 0(𝜃(𝜏)) 𝑑𝜏 . (7)
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We remark that 𝜆 refers to the viscousmechanical behavior of the CG–substratematerial related to the continuous renewal
of adhesion bonds. While, as observed before, 𝜆𝜃 is related to the time necessary for the cytoskeleton to disassemble and
reassemble in order to change the spatial orientation of the SFs and consequently of the GC itself.

2.2.1 Remark: Equilibrium Orientation

As previously discussed, the expression for the equilibrium orientation angle 𝜃eq can be determined by minimizing
the total strain energy stored in the viscoelastic GC with respect to the orientation angle. This leads to an analytical
prediction for 𝜃eq, which in turn informs the deterministic part of the reorientation dynamics. The full derivation is
detailed in Appendix A. We here report the main results that are useful to understand the behavior of the orientation
variable 𝜃(𝑡) in our model.
Specifically, we assume that the GC–substrate complex behaves as an orthotropic linear elastic material characterized by
an elastic energy density , which depends on the orientation of the SFs. In the small strain regime, this elastic energy is
given by:

 = 1
2
𝐾‖(𝐍 ⋅ 𝔼𝐍)

2 + 2𝐾14(tr𝔼)(𝐍 ⋅ 𝔼𝐍). (8)

where 𝐾‖ is a coefficient related to the stiffness along the SFs direction and 𝐾14 is a coupling term. Recalling the specific
form of 𝔼 given by (1)–(2) and neglecting the stochastic term, the minimization of with respect to the orientation angle
𝜃 leads to identify three equilibrium GC orientation angles, said 𝜃eq, with values in the interval [0, 𝜋∕2]. These angles
corresponds to three equilibrium directions𝐍eq = (cos 𝜃eq, sin 𝜃eq):
∙ the parallel equilibrium, defined by 𝜃eq = 0,
∙ the perpendicular equilibrium, given by 𝜃eq =

𝜋

2
,

∙ the oblique equilibrium, corresponding to values of 𝜃eq satisfying

cos2 𝜃eq =
1
2

(
1 − 1 − 𝑟

1 + 𝑟

)
, (9)

being the coefficient

 =
𝐾∥ + 4𝐾14

𝐾∥
(10)

a dimensionless parameter encapsulating the mechanical properties of the GC–substrate complex.

This formulation allows us to prescribe 𝜃eq in accordance with experimental data by appropriately tuning the value of.
It is important to note that the corresponding angles and directions, can be found in the other quadrants due to symmetry
reasons. Finally, we remark that the stability of this equilibrium depends on the dimensionless stiffness ratio  and on
the biaxiality ratio, 𝑟 (see Appendix A for a comprehensive discussion on the stability).

2.3 Axonal Elongation

The axonal elongation is described with the one-dimensional model proposed in [25, 26] as an extended version of those
previously presented in [22, 23]. This model ideally sets the tubulin assembly as the main and only factor responsible for
neuron growth, neglecting the potential contribution ofmechanical cues in axon elongation. Even thoughmechanical cues
surely play a role in the neuron growth process, experiments reported in [20] did not reveal significant differences in axonal
length between neurons subjected to cyclic mechanical loading and control samples. This finding motivated our decision
to omit tension-related terms in the axonal growth model. At the same time, the inclusion of a tubulin-based model, even
though decoupled from the mechanical framework, allows to mechanistically link the GC speed to biologically relevant
processes, such as tubulin synthesis, degradation, polymerization/depolymerization, and steady-state concentration. This
formulation thus allows migratory speed to be expressed in terms of biologically meaningful parameters, rather than
relying on ad hoc empirical assumptions.

7 of 25
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FIGURE 3 One-dimensional representation of the axon for the tubulin-driven axon growth model. The tubulin
concentration in the soma, 𝑐S(𝑡) and in the growth cone, 𝑐GC(𝑡), are assumed to be spatially homogeneous, whereas the
tubulin concentration along the axonal shaft, 𝑐A(𝑠, 𝑡), is considered a function of the coordinate 𝑠 along the axon direction.

As stated in Section 1, during the tip-growth phase, axonal elongation is promoted by the assembly of new material
(tubulin) in correspondence of the axon tip, to form new MTs. Specifically, in neurons, the tubulin is produced in
the soma only, and then transported along the axonal shaft to reach the GC. In the axonal shaft, part of the tubulin
is actively transported by motor proteins, while free tubulin diffuses. Another source of tubulin in the GC is the
disassembly/depolymerization ofMTs required for GC reorientation. In addition, a constant degradation of tubulin occurs
in both the axonal shaft and in the GC. The model proposed in [25, 26] accounts for all these processes to describe the
temporal evolution of axonal length 𝐿(𝑡), depending on the amount of tubulin. Tubulin molecules are small enough to be
considered as a continuum and described through their concentration in the different portions of the neuron.
The three main parts of the neuron, i.e., the soma, the axonal shaft, and the GC, are treated as confining regions in a one-
dimensional frame aligned to the axon direction, given by the angle𝜑(𝑡), see Figure 3. Letting 𝑠 denote the coordinate along
this direction, the position of the virtually point-like soma 𝐗S corresponds to 𝑠 = 0. The axonal shaft is mathematically
represented by the segment from 𝑠 = 0 to 𝑠 = 𝐿(𝑡), while the GC, located at the tip of the axonal shaft 𝐗GC(𝑡) at 𝑠 = 𝐿(𝑡),
is characterized by an assigned characteristic length 𝐿GC.
The tubulin concentration in the soma, along the axonal shaft, and in the GC are denoted by 𝑐S(𝑡), 𝑐A(𝑠, 𝑡), and 𝑐GC(𝑡),
respectively. Note that the spatial variable 𝑠 appears only in the axonal shaft, where tubulin transport occurs, while in
the soma and GC the tubulin concentration is assumed to be spatially homogeneous. Additionally, 𝑐A represents the
concentration of both motor protein-bound and free tubulin.
Then, tubulin produced in the soma is assumed to have the known concentration. The function 𝑐S(𝑡) is thus an input of
the model as it defines the amount of tubulin at the beginning of the axon. In the axonal shaft, the active transport of
motor protein-bounded tubulin and the free tubulin diffusion are assumed to occur with constant velocity 𝑎 and diffusion
coefficient 𝐷, respectively. Denoting by 𝑔 the constant rate of degradation of tubulin, the mass conservation in the axonal
shaft leads to the following advection–diffusion–reaction equation:

𝜕𝑐A(𝑡)

𝜕𝑡
+ 𝑎

𝜕𝑐A(𝑡)

𝜕𝑠
− 𝐷

𝜕2𝑐A(𝑡)

𝜕𝑠2
= −𝑔𝑐A(𝑡) for 0 < 𝑠 < 𝐿(𝑡). (11)

Dealing with a diffusion equation, in the absence of barriers among the neuron regions, we expect the solution 𝑐A(𝑠, 𝑡) to
be smooth. Hence, it is natural to impose the continuity at 𝑠 = 0 and 𝑠 = 𝐿(𝑡), i.e., to set 𝑐A(0, 𝑡) = 𝑐S(𝑡) and 𝑐A(𝐿(𝑡), 𝑡) =
𝑐GC(𝑡).
To close the model, evolution equations for 𝑐GC(𝑡) and 𝐿(𝑡) are derived accounting for the processes occurring in the GC
(see [25, 26] for a complete deduction of the following equations). A mass balance equation relating the growth of the
axonal shaft length to the assembly/disassembly of tubulin to/from MTs occurring in the GC, leads to

𝑑𝐿(𝑡)

𝑑𝑡
= 𝑟𝑔

(
𝑐GC(𝑡) − 𝑐∞GC

)
. (12)

where 𝑟𝑔 is the rate of length increase, while 𝑐∞GC is the steady-state tubulin concentration at which the assembly and
disassembly processes occur at the same rate, resulting in no elongation. The mass conservation of tubulin in the GC
compartment conversely leads to

𝑑𝑐GC
dt

= 1
𝐿GC

(
𝑎𝑐−A − 𝐷𝜕𝑠𝑐−A − 𝑟𝑔

(
𝑐GC − 𝑐∞GC

)
𝑐−A

)
− 𝑔𝑐GC − 𝑟𝑔(𝑐GC − 𝑐∞GC), (13)
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where 𝑐−A ∶= lim𝑠→𝐿(𝑡)− 𝑐A and 𝜕𝑠𝑐−A ∶= lim𝑠→𝐿(𝑡)−
𝜕𝑐A
𝜕𝑠

are, respectively, the concentration of tubulin and its derivative
just behind the GC, while 𝑟𝑔 is the tubulin polymerization rate consistently proportional to 𝑟𝑔 (see again [25, 26]). The first
term on the right-hand side of Equation (13) is related to the net flux of tubulin over the fictitious boundary at 𝑠 = 𝐿(𝑡)
between the axon and the GC. This term accounts for a net inflow of tubulin into the GC if the tubulin velocity just behind
the boundary exceeds the boundary’s own speed; otherwise, it results in outflow. Lastly, the second and third terms on the
right-hand side of Equation (13) describe, respectively, the constant degradation of tubulin and the assembly/disassembly
of tubulin into and from MTs.

2.3.1 Remark: Equilibrium Length

The convergence of the GC concentration 𝑐GC(𝑡) to a steady-state value 𝑐∞GC, for the one-dimensional moving-boundary
model for axonal growthwithout reorientation, has been rigorously studied byDiehl et al. [25].We refer to that publication
for a detailed analysis. In particular, it was shown that under biologically realistic parameters and constant soma
concentration 𝑐S, the system can admits a unique stable steady state. In particular, the GC concentration converges to a
critical threshold 𝑐∞GC, at which polymerization and depolymerization are balanced, and the elongation rate vanishes. As a
result, the axonal length 𝐿(𝑡) asymptotically approaches a finite value 𝐿∞, which is determined by the system parameters,
including the soma concentration 𝑐S, the active transport velocity 𝑎, the diffusion coefficient 𝐷, and the degradation rate
𝑔. On the other hand, the values of the rate constants 𝑟𝑔 and 𝑟𝑔 have no influence on the steady-state values, but only on
the dynamic behavior and convergence to steady state.

3 Results and Discussion

3.1 Numerical Implementation

The mathematical model for axon growth and reorientation, given by Equations (3)–(13), has been numerically solved by
discretizing the equations of the model both in time and space.
The total time interval of the simulation [0, 𝑇] is partitioned into 𝑁𝑇 intervals with fixed time step Δ𝑡 = 𝑇∕𝑁𝑇 . The axon
configuration at each time instant 𝑡𝑛 = 𝑛Δ𝑡, with 𝑛 = 0, . . . , 𝑁𝑇 , is approximated by the position of the GC𝐗𝑛GC ≈ 𝐗GC(𝑡

𝑛)
and its orientation angle 𝜃𝑛 ≈ 𝜃(𝑡𝑛).
Given the initial conditions 𝐗0GC = 𝐗GC(0) and 𝜃0 = 𝜃(0), the explicit Euler scheme approximates Equation (3) as

𝐗𝑛+1GC = 𝐗𝑛GC + Δ𝑡 𝑉𝑛𝐍𝑛, for any 𝑛 = 0, . . . , 𝑁𝑇, (14)

where 𝑉𝑛 ≈ 𝑉(𝑡𝑛) and 𝐍𝑛 = (cos 𝜃𝑛, sin 𝜃𝑛) are the GC direction of orientation and the effective GC speed at the time
instant 𝑡𝑛, respectively. The numerical scheme detailed below first estimates the GC speed𝑉𝑛 by solving system (4), where
𝐿̇ is provided by the resolution of tubulin-driven axonal elongationmodel in Section 2.3. The GC orientation angle 𝜃𝑛, and
thus𝐍𝑛, is then updated by solving the axonal reorientation model in Section 2.2.
For what concerns the axon growth velocity 𝐿̇, we need to solve the system composed by Equations (11)–(13), which also
update the tubulin concentration along the axon 𝑐A and in the GC 𝑐GC. As a remark, the PDE (11) describes the one-
dimensional transport process of tubulin from the soma to the GC, i.e. over a domain with a moving boundary, so that the
domain length itself is part of the solution of the system. In order to work on a constant spatial domain, a spatial scaling
of the model is performed, following the procedure outlined in [23, 25, 26]. Specifically, the growing domain is rescaled to
the constant interval [0,1] by introducing

𝜁 ∶= 𝑠

𝐿(𝑡)
,

𝜕𝜁

𝜕𝑠
= 1

𝐿(𝑡)
,

𝜕𝜁

𝜕𝑡
= − 𝑠𝐿

′(𝑡)

𝐿2(𝑡)
= −

𝜁𝐿′(𝑡)

𝐿(𝑡)
, (15)

with 𝑠 ∈ [0, 𝐿(𝑡)] and 𝜁 ∈ [0, 1]. The tubulin concentration on the 𝜁-domain is denoted with 𝑐A(𝜁, 𝑡) ∶= 𝑐A(𝜁𝐿(𝑡), 𝑡), so
that

𝜕𝑐A
𝜕𝑡

=
𝜕𝑐A
𝜕𝑡

−
𝜁𝐿′(𝑡)

𝐿(𝑡)

𝜕𝑐A
𝜕𝜁

,
𝜕𝑐A
𝜕𝑠

= 1

𝐿(𝑡)

𝜕𝑐A
𝜕𝜁

,
𝜕2𝑐A
𝜕𝑠2

= 1

𝐿2(𝑡)

𝜕2𝑐A
𝜕𝜁2

. (16)
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The system in Equations (11)–(13) can be thus rewritten on the fixed domain and there solved. The 𝜁-interval [0,1] is
divided into 𝑀 computational segments of size Δ𝜁 = 1∕𝑀. The approximation of the spatial derivatives is made using
second-order central finite differences, while for the term 𝜕𝑦𝑐

−
A in Equation (13) a one-sided second-order approximation

is used. The explicit Euler method is used for the time discretization by adopting the time step Δ𝑡 used for Equations (14)–
(20). In order to prevent numerical oscillations and let the method converge to the solution, the discretization parameters
Δ𝑡 and Δ𝜁 have to satisfy the following the CFL condition and Cell–Péclet condition, respectively:

Δ𝑡 ≤
(
𝑔 + 2𝐷

𝐿2minΔ𝜁)
2

)−1

, Δ𝜁 ≤ 2𝐷

(𝑎 + 2𝑟𝑔𝑐max)𝐿min
(17)

where 𝐿min is the minimal axon length that can be achieved and 𝑐max is the maximal tubulin concentration (see [25, 26]
for further details).
The GC speed 𝑉𝑛, as well as the axon reorientation speed 𝜑𝑛+1, are then obtained from Equation (4). If cos(𝜃𝑛 − 𝜙𝑛) ≠ 0,
i.e., if the direction of the GC 𝑁𝑛 is not orthogonal to the axonal shaft, we solve the following discretized version of
Equation (4): [

Δ𝑡 cos(𝜃𝑛) 𝐿𝑛 sin(𝜑𝑛)

Δ𝑡 sin(𝜃𝑛) −𝐿𝑛 cos(𝜑𝑛)

][
𝑉𝑛

𝜑𝑛+1

]
=

[
𝐿̇𝑛Δ𝑡 cos(𝜑𝑛) + 𝐿𝑛𝜑𝑛 sin(𝜑𝑛)

𝐿̇𝑛Δ𝑡 sin(𝜑𝑛) − 𝐿𝑛𝜑𝑛 cos(𝜑𝑛)

]
. (18)

Otherwise, imposing proper geometrical conditions, we have that{
𝜑𝑛+1 = 𝜑𝑛 + acos(𝐿𝑛∕𝐿𝑛+1)
𝑉𝑛 = 𝐿𝑛+1 sign(𝜑𝑛+1 − 𝜑𝑛) sin(𝜑𝑛+1 − 𝜑𝑛)∕Δ𝑡.

(19)

Lastly, the value of the GC orientation angle 𝜃𝑛, and thus of𝐍𝑛, is updated following the procedure presented in [32], for
the deterministic term and here adapted to our framework to take into account the stochasticity of the process. Specifically,
using a first-order centered finite-difference scheme and considering the components 𝑇𝑥𝑥 and 𝑇𝑦𝑦 of 𝕋, the discretization
of Equation (5) reads

𝜃𝑛+1 = 𝜃𝑛 − Δ𝑡
𝐾𝜆𝜃

[
𝑇𝑛𝑥𝑥(𝜃 + Δ𝜃) − 𝑇𝑛𝑥𝑥(𝜃 − Δ𝜃)

2Δ𝜃

− 𝑟
𝑇𝑛𝑦𝑦(𝜃 + Δ𝜃) − 𝑇𝑛𝑦𝑦(𝜃 − Δ𝜃)

2Δ𝜃

]
𝜀𝑛𝑥 +

√
Δ𝑡 𝜎2

𝜆𝜃
𝜉𝑛,

(20)

where 𝜉𝑛 is a realization at time instant 𝑡𝑛 of the angular fluctuation 𝜉 ≈ (0, 1). The explicit Euler scheme is also used
in the approximation of the time derivatives present in the constitutive Equation (6), while the trapezoidal rule has been
used to approximate the integral term present in the definition of 𝐂0, given by Equation (7), as outlined in [32].
The whole numerical scheme has been implemented in Matlab. For reader’s convenience, in Algorithm 1 all the steps
necessary to solve the complete model are listed.

3.2 Parameter Estimation

The parameter values characterizing the mechanical properties of the substrate have been set by referring to the
experiments conducted in [20], where a 20 × 60 × 1mm PDMS strip cured for 2 h at 80◦C is used. Considering this
specific preparation condition, the material is reported to have Poisson ratio 𝜈 = 0.495 [44] and Young’s modulus 𝐾 =
2.05MPa [45]. As said in Section 2, the substrate is cyclically pulled by two lateral clamps, with an imposed strain
𝜀𝑥(𝑡) in the form of Equation (2), while the 𝑦-axis strain is defined by the biaxiality ratio 𝑟 = 𝜈. In the forthcoming
simulations, the stretching amplitude 𝜀 and frequency 𝑓 are varied within ranges that include the values tested in [20], i.e.,
𝜀 = {2%, 5%, 10%} and 𝑓 = {0.05, 0.15, 0.25}Hz, respectively. Consistently, in all the forthcoming simulations the period of
observation of the system evolution is set to 120 h, i.e., the experimental time period adopted in [20]. Concerning the
axonal reorientation model in Section 2.2, it is hard to find in the literature proper experimental data to estimate the
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ALGORITHM 1 Algorithm to solve the complete model.

Inputs:
- axon initial position: 𝑿S and 𝑿0GC, as well as 𝐿

0 and 𝜑0;

- growth cone initial direction: 𝜃0, and thus𝐍0;
- initial tubulin distribution: 𝐜0A, 𝑐

0
𝐺𝐶 ;

- substrate deformation: 𝐂0(0) and 𝕋(0); 𝑓 and 𝜀.
Main loop:
for 𝑛 = 0, 1, . . . , 𝑁𝑇 do
1. Compute 𝐜𝑛+1A , 𝑐𝑛+1GC , 𝐿̇𝑛, and so 𝐿𝑛+1

by solving the discrete version of Equations (11)-(13)
2. Compute 𝑉𝑛 and 𝜑𝑛+1, and so 𝜑̇

by solving the discrete version of Equation (4) (i.e., Eqs. (18) and (19))
3. Compute 𝐗𝑛+1GC using Equation (14)
4. Compute 𝐂𝑛+10 using a discretized version of Equation (7)
5. Compute 𝕋𝑛+1 using a discretized version of Equation (6)
6. Compute 𝜃𝑛+1 from Equation (20), and thus𝐍𝑛+1

end for

mechanical parameters of the GC–substrate complex involved in the orthotropic energy, given in Equation (8), and thus
in Equation (7). These parameters have been therefore estimated by imposing the desired preferential direction of the GC
experimentally detected. Indeed, as stated in Section 2.2 and detailed in Appendix A, the value of the oblique equilibrium
is characterized by Equation (9). According to biological pieces of evidence presented in [20], neurons tend to reorient
themselves primarily along the direction corresponding to angles within the interval [60◦, 90◦], or the symmetric angles
in the other quadrants. Therefore, the oblique equilibrium angle is set to coincide with the average value of the interval
[60◦, 90◦] obtaining 𝜃eq = 75◦, and consequently = 2.56. Notice that with this values we coherently obtain that only the
oblique equilibrium is stable while the other two equilibria are unstable (see Appendix A for further details).
The other parameters appearing in the axonal reorientation model in Section 2.2 are conversely set on the basis of
experimental observations or measurements. The GC reorientation time 𝜆𝜃 in Equation (5) and the GC relaxation time 𝜆
in Equation (5) are respectively set equal to 60 s and 1 s. These values qualitatively reproduce the biological observations
reported in [20], as we shall see in Section 3.4, and fall within the biologically admissible range. In fact, the change in the
GC direction and the consequent steering of the axon requires a time in the order of minutes, according to [46], while
the GC viscous relaxation time has been measured to be below 10 s in [47]. Lastly, the angular dispersion parameter 𝜎
in Equation (5) is set to 0.0095 on the basis of the variance of the orientation angles reported in [20] for the experiments
conducted with 𝜀 = 10%, and the approach adopted in [48].
Regarding the axonal growthmodel in Section 2.3, the soma is always assumed located at the center of the substrate which
is also taken as the center of the reference frame, i.e., 𝐗S = (0, 0) 𝜇m. The initial length of the axonal shaft 𝐿0 ∶= 𝐿(0) is
supposed comparable to the characteristic length 𝐿GC = 4 𝜇m of the GC [25], so that 𝐿0 is always set equal to 5 𝜇m.
The tubulin concentration in the soma is supposed to remain constant in time and equal to twice the steady-state
concentration, i.e., 𝑐S(𝑡) = 𝑐S = 2𝑐∞GC for any 𝑡, as in [25, 26], since this assures the axonal grow provided that 𝑔𝐿GC < 𝑎.
Since the axon is initially very short, the initial tubulin concentration along the axonal shaft is assumed uniform and
equal to the tubulin concentration in the soma, i.e., 𝑐A(𝑠, 0) = 𝑐S for any 𝑠 ∈ (0, 𝐿0). For the same reason, the initial
tubulin concentration in the GC is set equal to the concentration in the soma, i.e., 𝑐GC(0) = 𝑐S. The estimation of the
other parameters in the axonal growthmodel in Section 2.3 have been done starting from ranges of values indicated in [25,
26], see Table 1, which are considered biologically valid based on experiments conducted on various types of neurons and
cells [49–52]. However, the results in [25, 26] show that the nominal values they adopted lead to an excessively rapid growth
of the axonal length 𝐿 compared to the experimental data reported in [20], where a specific neuron lineage, namely PC12
cells, was considered. Therefore, while maintaining the biologically admissible ranges presented in the fourth column
of Table 1, the specific values of the growth model parameters (listed in the third column of Table 1) will be selected in
Section 3.3.2 to reproduce the growth without stretch as experimentally observed in [20].

11 of 25

 14679590, 2025, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.70103 by Politecnico D
i T

orino Sist. B
ibl D

el Polit D
i T

orino, W
iley O

nline L
ibrary on [02/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



TABLE 1 Model parameter nominal values and plausible intervals taken from the pertinent literature.

Parameters Description Value Range Unit Ref.

𝜈 Substrate Poisson/biaxiality ratio 0.495 − [44]
𝐾 Substrate Young’s modulus 2.05 MPa [45]
𝜀 Stretching amplitude 1%–30% — [20]
𝑓 Stretching frequency 0.01–1 Hz [20]
 Mechanical behavior of GC-complex 2.56 − [estim.]
𝜆𝜃 GC reorientation time 60 [46]
𝜆 GC relaxation time 1 s [47]
𝜎 Angular dispersion parameter 0.0095 − [estim.]
𝑎 Tubulin active transport speed 0.005 0.005–0.03 𝜇m s−1 [25, 26]
𝐷 Free tubulin diffusion coefficient 1 1–25 𝜇m2 s−1 [25, 26]
𝑔 Tubulin degradation rate 5 ⋅ 10−7 10−7–200 ⋅ 10−7 s−1 [25, 26]
𝐿GC GC characteristic length 4 0.1–1000 𝜇m [25, 26]
𝑟𝑔 Microtubules increase length rate 2.3 ⋅ 1017 𝜇m4 (mol s)

−1 [estim.]
𝑟𝑔 Tubulin polymerization rate 0.05 s−1 [25, 26]
𝑐∞GC Tubulin steady-state concentration 11.90 ⋅ 10−21 mol 𝜇m−3 [25, 26]
𝑐S Tubulin concentration in the soma 2𝑐∞GC 0–4𝑐∞GC mol 𝜇m−3 [25, 26]
𝐿0 Initial axonal shaft length 5 𝜇m [estim.]

Abbreviation: GC, growth cone.

3.3 Analysis of the Different Parts of the Model

This section is dedicated to the analysis of the different parts of our model. We begin by exploring the system’s behavior
when neurons are allowed only to reorient, i.e., solving Equations (5) and (6). Specifically, different values of 𝜖 and 𝑓
are considered showing how they affect the evolution of the GC orientation, while the equilibrium angle value is properly
preserved. Then, we focus on the system’s behavior when neurons are allowed only to grow, i.e., by solving Equations (11)–
(13) keeping 𝐍 fixed in time. Different values of key model parameters are varied by discussing how they influence the
axon elongation. A comparison with the biological experiments reported in the literature validates the parameter values
in Table 1.

3.3.1 Reorientation Parameters

To study the response of the model to changes in the parameters related to reorientation model, we first do not consider
the growth of the neuron and themotion of the neuron tip, nor the stochastic term. Hence, the dynamics of the orientation
angle 𝜃 is solved according to Equations (5) and (6), with 𝜎 = 0. In all the simulations, the starting GC orientation angle
is set to 𝜃(0) = 30◦ and the substrate is initially undeformed, assuming the stress tensor 𝕋(0|𝜃(0)) equal to 0. First, the
frequency 𝑓 is fixed at 𝑓 = 0.25Hz and distinct values of stretching amplitude 𝜀 in the range 1%–30% are considered, see
Figure 4A. Then, the stretching amplitude 𝜀 = 10% is kept constant by testing frequencies in the range 0.011–Hz, see
Figure 4B. With the aim to compare our results with those presented in [20], we have included the stretching amplitudes
2%, 5%, and 10% in the simulations with fixed frequency, and the frequencies 0.05, 0.15, and 0.25Hz in the simulations
with fixed amplitude.
Figure 4A highlights that the higher the strain rate is, the faster the reorientation process occurs. Indeed, for 𝜀 = 30%
the equilibrium angle is reached after just 15 h. Conversely, for 𝜀 = 10% it is necessary to wait around 120 h in order to
see the GC reaching the oblique equilibrium 𝜃eq = 75◦. For lower values of strain (e.g., 𝜀 = 5%), the reorientation is still
in process after 120 h. Instead, for very low values of the strain rate the reorientation process takes much longer times,
leading to a barely visible reorientation during the experimental observation time. These numerical results are thus in
good agreement with experimental data collected after 24, 72, and 120 h of stretching in [20]. In fact, with a frequency
of 𝑓 = 0.25Hz, neurons showed no significant reorientation when 𝜀 = 2%; whilst at 𝜀 = 10% a large number of neurons
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FIGURE 4 Time evolution of the growth cone orientation angle 𝜃(𝑡) obtained by solving Equations (5) and (6), by
either assuming 𝜎 = 0 (A and B) or 𝜎 = 0.0095 (C and D). In the latter cases, the solid lines represent the mean evolution
of 𝜃 over 100 distinct realizations, colored areas the relative standard deviations. (A and C) The stretching frequency 𝑓 is
fixed at 0.25Hz, while the amplitude 𝜀 varies. (B and D) The stretching amplitude 𝜀 is fixed at 10% and various frequencies
are tested. In all cases, the initial condition is 𝜃(0) = 30◦. All the other parameters are always set as in Table 1. In all the
simulations, the timestep Δ𝑡 is set to 0.004 s.

aligned themselves to angles between 60◦ and 90◦ within just 24 h, and after 120 h all the cells resulted aligned in that
direction. The reorientation process was also observed in [20] for 𝜀 = 5%, albeit at a slower rate, resulting in some neurons
not aligning to the equilibrium direction.
Wenowconsider the simulations inwhich the strain rate is fixed at 𝜀 = 10% and various frequencies𝑓 are tested, including
also the values used in [20] (i.e., 0.05, 0.15, and 0.25Hz). Considering the results reported in Figure 4B, it is clear that higher
frequencies induce reorientation with a characteristic time that decreases with the frequency. However, the acceleration
in the reorientation process saturates above a given threshold.We can indeed notice in Figure 4B that after around 60 h the
behavior for the highest frequencies tested (i.e., 0.15, 0.25, and 1Hz) is substantially the same and the final reorientation
angle of the GC is reached after 120 h. The results are consistent with the biological evidence in [20]: considering 𝑓 =
0.05Hz the reorientation process takes place in a longer time compared to what occurs with higher frequency values as
𝑓 = 0.15Hz and 𝑓 = 0.25Hz.
Another interesting phenomenon that can be seen from our simulations is the presence of a minimum threshold under
which the cyclic stretch does not induce any significant response in the GC orientation. This happens also with other
cell types [32]. In our case, the threshold value can be quantified around 𝑓 = 0.017Hz. This frequency sets the transition
from the low-frequency regime to the high-frequency one. Since we have that 𝜆𝜃 ≫ 𝜆, the transition is mostly affected by
𝜆𝜃 and happens when 𝜆𝜃𝑓 ≈ 1. In the high-frequency regime, the relaxation time 𝜆𝜃 is much longer than the oscillation
period 𝑇 of the cyclic deformation. So, the reorganization process of the cell is slower than the period of the imposed
strain. The GC response in this case is elastic and it reorients itself by minimizing the energy [32]. On the contrary, in the
low-frequency regime, the reorientation process becomes viscous. The period of the imposed deformation is much longer
than 𝜆𝜃 and therefore the GC adapts to the imposed strain, showing an anisotropic viscous-like response. Even though also
in the low-frequency regime the steady cell configurations are predicted by a minimization with respect to the orientation
angle of the energy introduced in the elastic case [32], this steady configuration is not reached during the time scale of the
biological experiment. Indeed, based on our simulations, it is evident that there is no significant reorientation of the GC
even after 120 h when the frequency is at 0.01Hz, which falls under the low-frequency regime. Additionally, we observed
that for a frequency of 0.02Hz, which is only slightly above theminimum threshold, the reorientation process takes longer
than the experimental observation period. This result cannot be directly compared to the experimental data in [20], since
in that work all the tested frequencies belong to the high-frequency regime, where the GC successfully reorients.
In order to highlight the contribution to the neuron reorientation process due to the stochastic term introduced in
Equations (5), for each case considered in Figure 4A,B we performed 100 independent realizations by setting the angular

13 of 25

 14679590, 2025, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.70103 by Politecnico D
i T

orino Sist. B
ibl D

el Polit D
i T

orino, W
iley O

nline L
ibrary on [02/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



FIGURE 5 Time evolution of the growth cone orientation angle 𝜃(𝑡) obtained by solving Equations (5) and (6) by
assuming 𝜎 = 0.0095 and considering 120 different initial values for 𝜃(0) uniformly distributed over [0, 2𝜋]. (A) The
stretching frequency 𝑓 is fixed at 0.25Hz, while the amplitude 𝜀 varies. (B) The stretching amplitude 𝜀 is fixed at 10%
and various frequencies are tested.

dispersion parameter 𝜎 to 0.0095 (as specified in Section 3.2). Solid lines in Figure 4C,D denote themean value of 𝜃(𝑡) over
the 120 realizations, while colored areas represents the standard deviation. The latter has been reported only for extreme
values of 𝜀 or 𝑓 for graph readability.
As expected, the stochastic term perturbs the convergence of 𝜃 to 𝜃eq. However, the overall behavior of the system is
well preserved. Indeed, as in the case 𝜎 = 0, the GC still rapidly tends to assume values close to 𝜃𝑒𝑞 for sufficiently high
strain amplitudes (i.e., 𝜀 ≥ 10% in Figure 4C) or high enough strain frequencies (see 𝑓 ≥ 0.15Hz in Figure 4D). Moreover,
it is worth noting that the faster the convergence, the lower the standard deviation of 𝜃. The proposed model therefore
successfully captures the typical behavior of cells undergoing random motion in the absence of stimuli strong enough to
trigger their polarization.
Lastly, to complete the analysis of this part of the model, we also analyze the evolution of the direction of polarization
of the growth cone by considering different initial conditions, see Figure 5. Specifically, for each combination of strain
amplitude and frequencies considered in Figure 5, Equations (5) and (6) are solved assuming 𝜎 = 0.0095 and considering
120 different initial values for 𝜃(0) uniformly distributed over [0, 2𝜋]. These results highlight that the dynamics observed
iFigure 4 do not depend on the specific initial condition. In fact, regardless of the initial value of 𝜃(0) and the presence of
random fluctuations, theGC tends to alignwith 𝜃𝑒𝑞 (i.e.,±75◦ + 𝑘 ⋅ 180◦, with 𝑘 ∈ ℕ)more rapidly as the strain amplitude
or frequency increases.

3.3.2 Axonal Growth Parameters

In this section, we first investigate the behavior of the axonal growth model as key parameters vary. Specifically, we here
focus only on the parameters related to the transport mechanism of tubulin along the axon (i.e., active transport 𝑎 and
diffusion𝐷). Indeed, within the biologically feasible range reported in the literature for the tubulin degradation rate 𝑔 (see
Table 1), very small changes in axonal length are observed over the period of our interest (simulations not shown). For a
more comprehensive analysis of the behavior of the axonal growthmodel without reorientation, we refer the reader to [25,
26].
We start by varying the tubulin active transport velocity 𝑎 (see Figure 6A). As expected, the higher the transport of tubulin
along the axonal shaft is, the longer the resulting axon will be. This is due to the fact that, with a higher transport velocity,
more tubulin reaches the GC from the soma, leading to an increased assembly rate of newMTs.We observe that increasing
the values of 𝑎 results in a longer axonal extension, following an approximately linear trend, at least within the range of
values considered. Increasing values of𝐷 also result in a longer axonal length (Figure 6B). However, in this case, for lower
values of 𝐷, even a small increase can lead to a significant extension of the axonal shaft, while at higher values of 𝐷, the
rate of axonal growth increment becomes smaller.
Taking into account the behavior of the system for varying parameters, we identified the set of model parameter values
listed in the third column of Table 1 that properly fit the experimental data presented in [20] in terms of both axon length
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FIGURE 6 Variation of the axonal growth as the key parameters 𝑎 or 𝐷 vary, while the other parameters are fixed as in
Table 1. All the simulations are obtained by solving Equations (11)–(13) with fixed𝐍. (A) Axonal length evolution obtained
by setting different values of the active transport 𝑎. The space and timesteps are Δ𝜁 = 0.02 and Δ𝑡 = 0.005 s. (B) Axonal
length evolution obtained by setting different values of the active transport 𝐷. The space and timestep are Δ𝜁 = 0.02 and
Δ𝑡 = 0.0005 s. The dashed lines denotes the experimental values reported in [20].

FIGURE 7 Numerical results obtained with the nominal values in Table 1 fitting the experimental behavior reported
in [20]. All simulations are performed by setting Δ𝜁 = 0.02 and Δ𝑡 = 0.005 s. (A) Comparison between the numerically
obtained axon length 𝐿(𝑡) (solid lines) and experimental values in [20] (colored vertical bars). The latter are obtained
assuming that 𝐿̇ is either given by Equation (12) being tubulin-driven (gold solid line); or constantly equal to 4 ⋅

10−4𝜇m s−1 (red solid line). The data are reported after 24, 72, and 120 h from the beginning of the experiment. (B) Tubulin
concentration profile along the axonal shaft and the growth cone after. (C) Time evolution of the tubulin concentration
in the growth cone.

and tubulin concentration, see Figure 7. In particular, Figure 7A shows that the axon length simulated with the proposed
parameter setting (gold solid line) qualitatively agreeswith the data given by [20] at different times of the axonal elongation
process (here reportedwith the colored vertical bars). In addition, in Figure 7A is also reported the axon length numerically
obtained by assuming that the phenomenon of growth occur with constant velocity (brown solid line), i.e., ignoring the
tubulin-driven axonal growth model. The velocity considered is 𝐿̇ = 4 ⋅ 10−4 𝜇m s−1 which is simply an average of the
experimental instant velocities reported in [20] at 24, 72, and 120 h. The discrepancy between the brown solid line and
the experimental results further validates the assumption that GC speed is accurately captured by the tubulin-driven
axonal growth model through Equation (12). Of course, the experimentally observed growth speed could be more simply
reproduced by prescribing an explicit time-dependent function.However, such an ad hoc formulationwould hardly enable
a mechanistic connection between growth speed and biologically relevant processes.
From the simulation with the tubulin-driven growth, we report the tubulin concentration profile along the axon after
120 h, see Figure 7B, and the evolution of the tubulin concentration in the GC, see Figure 7C. In particular, Figure 7B
highlights that the maximum value of tubulin concentration is in correspondence of the soma, and it gradually decreases
moving toward theGC.At the axon termination, we have the lowest value of concentration correspondingwith the tubulin
concentration present in the GC. This is consistent with the fact that the flux of tubulin goes from the soma to the axon
tip. For what concerns the concentration of tubulin in the GCwe can notice how it rapidly decreases form the initial value
𝑐GC(0) = 2𝑐∞ to reach the equilibrium value 𝑐∞ as we expected.
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FIGURE 8 Simulated neuron reorientation with tubulin-driven axonal growth model and strain frequency 𝑓 fixed to
0.25Hz. Different strain amplitudes are considered: 𝜀 = 2% (top row), 𝜀 = 5% (central row), 𝜀 = 10% (bottom row). For each
case, 120 neurons initially uniformly distributed over [0, 2𝜋] are simulated. Polar histograms show the distribution of their
axonal shaft direction 𝜑 at 24 h (left), 72 h (central), and 120 h (right). In all cases, the circle has been divided into 12
slices measuring 30◦ each and the percentage of neurons falling into each sector is recorded. As a remark, the equilibrium
direction 𝜃eq = 75◦ is highlighted. The results of the biological experiments from [20] are shown as black contours to
facilitate comparison with the numerical simulations.

3.4 Growth and Reorientation Simulations: ComparisonWith Biological Experiments

In this section, we compare the prediction of our complete model with the biological experiments proposed in [20]. For
each combination of stretching frequency and amplitude there studied, we analyze 𝑁 = 120 numerical realizations of
our model, reproducing the growth and reorientation of an individual neuron. In all simulations, the initial direction of
the axonal shaft is randomly selected assuming 𝜑(0) uniformly distributed in the range [0◦, 360◦], to faithfully reproduce
the random initial orientation of axon. As a remark, the initial direction of the GC is aligned with that of the axonal
shaft, i.e., 𝜃(0) = 𝜑(0). First, it is worth to stress that, in the proposed model, the tubulin-driven axonal growth does not
directly depends on strain amplitude and frequency. Therefore, keeping all the othermodel parameters fixed, both the time
evolution of axonal length 𝐿 and tubulin concentrations are always identical to those reported in Figure 7, regardless the
values of 𝑓 and 𝜀. Interestingly, the model successfully reproduces the experimental values taken from [20] and reported
in the histogram in Figure 7.
In order to validate ourmodel, the same combinations of stretching frequency and amplitude experimentally tested in [20]
are here considered. To easily compare our numerical results to the experimental outcomes in [20] the stretching frequency
is first fixed at 𝑓 = 0.25Hz and distinct values of stretching amplitude 𝜀 = {2%, 5%, 10%} are investigated. Then, by fixing
the stretching amplitude 𝜀 = 10%, the stretching frequency is respectively assumed equal to 𝑓 = {0.05, 0.15, 0.25}Hz. For
each scenario, in Figure 8 and 9, the distribution of the axon orientation 𝜑(𝑡) and the corresponding experimental data
from [20] obtained at 24, 72, and 120 h, are represented in circular histograms as in the original paper of Lin et al. [20]. We
remark that in our mathematical description, the orientation angle of the GC, 𝜃(𝑡), and the orientation of the axon, 𝜑(𝑡),
may generally differ. This is consistent with biological phenomenology, as the GC is a highly motile structure that rapidly
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FIGURE 9 Simulated neuron reorientation with tubulin-driven axonal growth model and strain amplitude 𝜀 fixed to
10%. Different strain frequencies are considered: 𝑓 = 0.05Hz (top row), 𝑓 = 0.15Hz (central row), 𝑓 = 0.25Hz (bottom row).
For each case, 120 neurons initially uniformly distributed over [0, 2𝜋] are simulated. Polar histograms show the distribution
of their axonal shaft direction 𝜑 at 24 h (left), 72 h (central), and 120 h (right). In all cases, the circle has been divided into 12
slices measuring 30◦ each and the percentage of neurons falling into each sector is recorded. As a remark, the equilibrium
direction 𝜃eq = 75◦ is highlighted. The results of the biological experiments from [20] are shown as black contours to
facilitate comparison with the numerical simulations.

changes direction, guiding the axon to alter its growth trajectory. Since in the experimental setting the measured angle
corresponds to the axon orientation, in this section, all results refer to 𝜑(𝑡). However, once the GC reaches its equilibrium
orientation, the axon direction tends to align with it, as can be theoretically proved (see Section B). Thus, in practice,
we can compare the time evolution of the axon orientation 𝜑(𝑡) reported in Figure 10, with the time evolution of the
direction of the GC shown in Figure 5. In all considered cases, the two directions consistently evolve possibly converging
to the equilibrium state. Interestingly, the random fluctuation affecting the dynamics of the GC, results less evident in the
dynamics of the axon direction 𝜑.
In addition, to compare the behavior of our model with the experimental results obtained under all combinations of
stretching amplitudes and frequencies we evaluate the order parameter, defined as

⟨cos 2𝜑̂(𝑡)⟩ = 1
𝑁

𝑁∑
𝑖=1

cos 2𝜑̂𝑖(𝑡) (21)

where 𝜑̂𝑖(𝑡) = arccos(| cos 𝜑𝑖(𝑡)|) with 𝑖 = 1, . . . , 𝑁, denotes the orientation angle of the axonal shaft in the 𝑖-th model
realization. The value of this statistics can span from −1 to 1: a random orientation of the sample corresponds to 0, a fully
coherent parallel orientation results in 1, and a fully perpendicular orientation corresponds to −1. The numerical and
experimental results are compared in Figure 11.
The numerical results of our model summarized in the colored regions in the circular histograms in Figures 8 and 9, for
different instants of time, are in good agreement with the biological experiments in [20] (black contours).
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FIGURE 10 Time evolution of 𝜑 of 120 neurons, initially uniformly distributed over [0, 2𝜋]. (A) Strain frequency 𝑓
is fixed to 0.25Hz, while different strain amplitudes are considered: 𝜀 = 2% (left), 𝜀 = 5% (central), 𝜀 = 10% (right). (B)
Strain amplitude 𝜀 is fixed to 10%, while different strain frequencies are considered: 𝑓 = 0.05Hz (left), 𝑓 = 0.15Hz (central),
𝑓 = 0.25Hz (right). In all cases, the dashed and dotted line denote the equilibrium configurations 𝜃eq = 75◦ and 255◦,
respectively.

FIGURE 11 Evolution of the order parameter obtained by solving the completemodel for neuron growth on a substrate
subjected to cyclic stretch with different values of amplitude and stretch. (A) Variation of the stretch amplitude with
frequency fixed to 𝑓 = 0.25Hz. (B) Variation of the stretch frequency with amplitude fixed to 𝜀 = 10%. In both cases, the
empty circles are experimental data from [20] with error bars representing the standard deviation; solid and dashed curves
are the results of the model simulations with 𝜎 = 0 or 𝜎 = 0.0095, respectively.

Furthermore, the results in Figures 8 and 9 demonstrate that our model effectively captures the reorientation process. In
particular, the simulations show that neurons tend to preferentially align at angles within the range [60◦, 90◦] relative to
the main stretching direction. This is further corroborated by the monotonically decreasing trend of the computed order
parameter, in line with the experimental data, as shown in Figure 11. Additionally, the different behaviors experimentally
observed when varying the stretching frequency and amplitude are effectively reproduced. An increase in either the strain
amplitude 𝜀 or frequency 𝑓 substantially accelerates the reorientation process, see Figures 8 and 9 from top to bottom.
However, the order parameter values reported in Figure 11A show that a sufficiently high strain amplitude is required to
trigger axon reorientation. This indicates that the absence of reorientation biologically observed for small strains is also
captured by the model. For instance, in Figure 8, despite the high frequency 𝑓 = 0.25Hz, the low strain of 𝜀 = 2% leads to
an almost uniform distribution of the neurons’ orientation angles even after 120 h of cyclic deformation.
Referring to Figure 11, some limitations of the proposed model can be identified. First, Figure 11B highlights that when
using a low frequency 𝑓 = 0.05Hz the model struggles to produce results that faithfully match the experimental data.
This discrepancy is also noticeable when comparing Figure 9 with the experimental counterpart in [20]. Furthermore,
although the reorientation process occurs, it is not simulated quickly enough, resulting in a broader angular distribution of
the axonal orientations in the numerical simulation compared to the biological data. More generally, Figure 11 shows that
at 24 h the reorientation process is underestimated, with numerical order parameters higher than the experimental ones,
except for 𝜀 = 2%. At 72 and 120 h, the reorientation process is still underestimated when the stretching amplitude is set to
𝜀 = 5% (see Figure 11A).With a higher stretching amplitude, i.e., 𝜀 = 10%, low frequencies still result in an underestimation
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of axon reorientation,while at higher frequencies the process is accurately captured. In summary, ourmodel quantitatively
fits the experimental results eitherwith very small stretching amplitudes orwhen both stretching amplitude and frequency
are sufficiently high.
Discrepancies between the numerical and experimental outcomes detected for intermediate cases may be due to the
fact that the numerical order parameter refers to 120 repetitions of a numerical simulation performed by considering
an individual neuron always located at the center of the substrate. While the order parameter values reported in [20] have
been computed by considering an experiment performed with neurons distributed over the deformed substrate. It should
be therefore investigated if some mutual interactions between neurons, possibly mediated by local deformations of the
substrate acted by the neurons, affect the orientation process.

4 Conclusion

The directional orientation and growth of axons in response to cyclic stretch remain critical and yet under-explored areas in
both biological and modeling perspectives. This study aims to address this gap by developing a novel model for the axonal
reorientation and elongation under cyclic mechanical stimuli, focusing on the tip-growth phase. The model integrates a
linear viscoelastic reorientation framework, adapted from [32], and a tubulin-driven axonal growthmodel, taken from [25].
These two frameworkswere successfully combined to simulate neuron reorientation in response to different combinations
of stretching frequencies and strain amplitudes. Specifically, compared to [32], which focuses on reorientation dynamics
in generic cell types, the present model specifically addresses neuronal behavior under cyclic stretch by coupling axonal
reorientation and elongation within a unified framework. It further incorporates stochastic fluctuations in directional
dynamics to account for GC variability. Finally, we systematically explore how stretch amplitude and frequency affect
neuronal alignment and outgrowth, comparing simulation results with experimental observations where available.
Cyclic stretch triggers the reorientation of the GC, which consequently guides axonal growth. The axonal growth is driven
by the polymerization of free tubulin, transported from the soma to the GC through a convection–diffusion process. We
remark that in the present model, the tubulin-driven growth mechanism is decoupled from the mechanical framework.
This choice is motivated by the experimental findings reported in [20], where no significant differences in axonal length
were observed between neurons subjected to cyclic mechanical stretch and control samples. As such, a similar growth
behavior could be reproduced by simply prescribing an explicit time-dependent growth velocity based on biological
data. However, the current formulation offers the advantage of mechanistically linking the GC speed to biologically
relevant processes, rather than relying solely on empirical rules. Numerical simulations demonstrated the model’s ability
to reproduce neuron behaviors observed in experiments, particularly under high-frequency stretching conditions and over
long periods. The model effectively mimics the faster reorientation process observed with increasing strain amplitude
and frequency.
Validation against experimental observations reported by Lin et al. [20] showed good agreement in most cases,
accurately predicting neuron reorientation angles and growth patterns under various stretching conditions. However,
some discrepancies were noted at low-frequency values and shorter periods, indicating areas for future model refinement.
Specifically, themodel has been able to fit the different behaviors between the 0.15Hz case and the 0.25Hz one after 72 and
120 h. The model has also been able to mimic the absence of the reorientation when 𝜀 = 2% and 𝑓 = 0.25Hz. Conversely,
the model lacks in finely reproducing what happens in the experiments when the strain amplitude is equal to 5% and in
the case of a relatively low frequency 𝑓 = 0.05Hz.
Indeed, the current model assumes a linear mechanical behavior of the substrate and is derived under the assumption
of small deformation, which may not hold under the stretching conditions of some biological tests. Future work should
take into account large deformations and incorporate nonlinearities [31, 53] in substrate mechanical response to improve
model accuracy. Additionally, the interaction between the neuron and the substrate, including the traction forces exerted
by the GC, should be considered to provide a more realistic representation of neuronal behavior. This involves modeling
adhesion formation and detachment processes along the axon and GC. Then, incorporating a tension-dependent term
into the axon growthmodel could account for enhanced growth velocities under cyclic stretch, aligning with observations
from other studies [9]. As such, the proposed model provides an extensible framework to investigate hypotheses on how
mechanical stress and stretchingmay influence tubulin dynamics and, consequently, axon elongation. This approach also
allows for the future integration of stress-dependent terms into the tubulin-driven growth model, possibly supported by
biological evidences. The accurate description of the mechanical interaction between the neuron and the substrate could
also help in describing the stretch growth or towed axon phase, not taken into account in the present work. Furthermore,
the representation of the neuron’s mechanical behavior along the shaft, including its interactions with the substrate,
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could help to achieve a realistic description of axon shape, relaxing the assumption of a straight axonal shaft, following
approaches such as those proposed by Oliveri and Goriely [27].
From a numerical perspective, adopting a more efficient time discretization scheme than the explicit Euler method used
in this study could significantly reduce computing time, allowing for the simulation of longer experimental periods with
more neurons. On the other hand, more experimental and mechanical tests are required to properly set the parameters of
the proposed model and confirm the parameter estimation done in this work.
In conclusion, this study presents a comprehensive model for neuron reorientation and growth under cyclic stretching,
validated against experimental data. The findings underscore the importance of mechanical stimuli in neuronal
development and provide a basis for further investigations into the complex interplay between neurons and their
mechanical environment.
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Appendix A: Energy Minimization and Equilibrium Orientations
In the present model, the growth cone orientation is driven by the minimization of a general elastic energy density, said  . Indeed, it
can be proven [32] that in both high- and low-frequency regime, the deterministic part of Equation (5) reduces to

𝑑𝜃(𝑡)

𝑑𝑡
∝ −𝜕

𝜕𝜃
= 𝜕𝕋

𝜕𝜃
∶𝔼. (A1)

In the range of strain amplitudes tested in [20], PDMS has been proven to have a linear elastic behavior [33]. Hence, we hereafter work
in the linear approximation by considering just the linear terms of the deformation characterized by the strain tensor 𝔼. For this reason,
the elastic energy density for the growth cone assumes the following generic form:

 = iso(𝐼1) +ortho(𝐼4) + mix(𝐼1, 𝐼4), (A2)

whereiso is the purely isotropic contribution,ortho represents the orthotropic contribution, whilemix gives the coupling effects of
isotropy and anisotropy. In the linear approximation, all the invariants that give higher-order terms are neglected. Hence, all the terms
in Equation (A2) depend just on the invariants of 𝔼 that give linear terms, i.e.,

𝐼1 ∶= tr𝔼, 𝐼4 ∶= 𝐍 ⋅ 𝔼𝐍, (A3)
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Since the first invariant does not depend on the orientation 𝜃, as 𝜕iso
𝜕𝜃

= 0 the termiso can be neglected in our discussion. Then, the
final form of the elastic energy will be

 = ortho(𝐼4) +mix(𝐼1, 𝐼4)

= 1
2
𝐾‖(𝐍 ⋅ 𝔼𝐍)

2 + 2𝐾14(tr𝔼)(𝐍 ⋅ 𝔼𝐍),
(A4)

where 𝐾‖ is a coefficient related to the stiffness along the SFs direction and𝐾14 weights the coupling term. We remark that, by working
under the small deformations limit, Equation (A4) may be valid also for nonlinear substrates, as shown in [31, 32].
Recalling the explicit forms of 𝔼 and𝐍, Equation (A4) becomes

 = 1
2
𝐾‖(𝜀𝑥 cos2 𝜃 + 𝜀𝑦 sin2 𝜃)2

+ 2𝐾14(𝜀𝑥 + 𝜀𝑦)(𝜀𝑥 cos2 𝜃 + 𝜀𝑦 sin
2 𝜃).

(A5)

The derivative of with respect to the orientation angle is

𝜕
𝜕𝜃

= 2𝐾‖ sin 𝜃 cos 𝜃(𝜀𝑦 − 𝜀𝑥)(𝜀𝑥 cos2 𝜃 + 𝜀𝑦 sin2 𝜃)
+ 4𝐾14(𝜀𝑥 + 𝜀𝑦)(𝜀𝑦 − 𝜀𝑥) sin 𝜃 cos 𝜃

(A6)

and the equilibrium condition 𝜕
𝜕𝜃

= 0 reads

2(𝜀𝑦 − 𝜀𝑥) cos 𝜃 sin 𝜃
[
𝐾‖𝜀𝑥 cos2 𝜃 + 𝐾‖𝜀𝑦 sin2 𝜃 + 2𝐾14(𝜀𝑥 + 𝜀𝑦)] = 0. (A7)

Considering the interval [0, 𝜋], Equation (A7) is satisfied under one of the following conditions on the interval:
∙ sin 𝜃 = 0 ⇒ 𝜃eq = 0, 𝜋 ,
∙ cos 𝜃 = 0 ⇒ 𝜃eq =

𝜋

2
,

∙ cos2 𝜃eq =
2𝐾14(𝜀𝑥 + 𝜀𝑦) + 𝐾‖𝜀𝑦

𝐾‖(𝜀𝑦 − 𝜀𝑥) .

The first condition defines the parallel equilibrium orientation, the second gives the perpendicular orientation, whereas the third
condition leads to the definition of the so called oblique equilibrium. By substituting the relation 𝜀𝑦 = −𝑟𝜀𝑥 , the oblique equilibrium
should satisfy

cos2 𝜃eq =
1
2
+

(
1
2
− 1
𝑟 + 1

)
= 1
2

(
1 − 1 − 𝑟

1 + 𝑟

)
(A8)

where we have introduced the parameter

 =
𝐾‖ + 4𝐾14

𝐾‖ = 1 + 4
𝐾14
𝐾‖ (A9)

that embodies all the mechanical characteristics of the growth cone-substratum media. This is consistent with the results presented
in [31, 32, 42]. From Equation (A8), it is clear that the parameter 𝑟 is fundamental to determine the final equilibrium angle of the growth
cone. This parameter is easily tunable in biaxial experiments and controlled by imposing different deformations to the substratum or
by using different clamps for stretching it. A complete study on the incidence of 𝑟 on the cell orientation angle is made in [42], even if
the study has not been conducted on neuron-type cells.
We here focus on the stability of the equilibrium angles, taking  > 1. Indeed, thanks to Equation (A9), this case holds always true
in our specific case. Let us first introduce the parameter 𝜌 ∶= +1

−1
and set the conditions of existence for the oblique equilibrium. Of

course, since

0 ≤ cos2 𝜃eq ≤ 1 (A10)

the oblique equilibrium angle exists if 1
𝜌
< 𝑟 < 𝜌. The parallel and perpendicular angles, instead, always exist.
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FIGURE A1 Bifurcation diagram for the case  > 1. The solid line represents the stable equilibrium while the dashed
ones are the unstable equilibrium.

In order to conduct the stability study, we write down the second-order derivative of our energy with respect to 𝜃

𝜕2
𝜕𝜃2

= 2𝜀2𝑥(𝑟 + 1)
[
𝐾‖ cos2 𝜃(1 + 𝑟) + 2𝐾14(1 − 𝑟) − 𝐾‖𝑟](cos2 𝜃 − sin2 𝜃)

+ 4𝜀2𝑥(𝑟 + 1)2𝐾‖ cos2 𝜃 sin2 𝜃
(A11)

and set the general stability condition as follows:

𝜕2
𝜕𝜃2

||||𝜃=𝜃eq > 0. (A12)

Considering > 1, the stability analysis gives the following results (reported also in Figure A1):
∙ 𝜃eq = 0 is stable if 𝑟 > 𝜌;

∙ 𝜃eq =
𝜋

2
is stable if 𝑟 < 1

𝜌
;

∙ the oblique equilibrium angles are always stable.

Appendix B: Growth Cone and Axon Orientations
In the proposed model, the orientation angle of the growth cone, 𝜃(𝑡), and the orientation of the axon, 𝜑(𝑡), see Figure 2, may generally
differ. However, once the growth cone reaches its equilibrium orientation, the axon direction tends to align with it, as stated in the
following theorem.

Theorem A1. If the growth cone reaches an equilibrium direction 𝜃eq, for a time that is large enough, the following equality holds

𝜑eq ∶= lim
𝑡→∞

𝜑(𝑡) = 𝜃eq. (B1)

Proof.We refer to Figure B1 where we set as 𝐗𝑆 and 𝐗GC the soma and the growth cone position, respectively. The point 𝑃 is the spot
where the GC reaches the equilibrium orientation 𝜃eq. Hereafter, the growth cone moves along the straight line 𝑏 and its orientation
does not change because it has reached the equilibrium value. Referring to Figure B1, we define the angle 𝛽 as the difference between
the GC equilibrium angle and the axon direction:

𝛽(𝑡) ∶= 𝜃eq − 𝜑(𝑡). (B2)

24 of 25 Studies in Applied Mathematics, 2025

 14679590, 2025, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.70103 by Politecnico D
i T

orino Sist. B
ibl D

el Polit D
i T

orino, W
iley O

nline L
ibrary on [02/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



FIGURE B1 Representation of the condition stated in Equation (B1).

We consider the triangle
△

𝐗𝑆𝐻𝐗GC and define 𝑝 = 𝑃𝐗GC, 𝑘 = 𝐻𝑃 and 𝑢 = 𝐗𝑆𝐻. We then apply the law of sines to get

sin 𝜑

𝑝 + 𝑘 =
sin 𝛽

𝑢
⇒ sin 𝛽 = 𝑢

𝑝 + 𝑘 sin 𝜑. (B3)

We can now write

sin 𝜑 = sin
(
𝜃eq − 𝛽

)
= sin 𝜃eq cos 𝛽 − sin 𝛽 cos 𝜃eq (B4)

and by substituting Equation (B3) in the previous equality, we get

sin 𝛽

[
1 + 𝑢

𝑝 + 𝑘 cos 𝜃eq
]
= 𝑢
𝑝 + 𝑘 sin 𝜃eq cos 𝛽 (B5)

that finally leads to

tan 𝛽 =
sin 𝜃eq

𝑝+𝑘
𝑢

+ cos 𝜃eq
. (B6)

For sufficiently large times (𝑡 →∞), the axon continues to grow leading the distance𝑝 →∞. Thus, the term tan 𝛽 → 0 and consequently
𝛽 → 0. We finally obtain the following asymptotic result:

lim
𝑡→∞

𝛽(𝑡) = lim
𝑡→∞

(
𝜃eq − 𝜑(𝑡)

)
= 0. (B7)

Thus, defining 𝜑eq ∶= lim𝑡→∞ 𝜑(𝑡) we have Equation (B1). □
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