
23 June 2026

POLITECNICO DI TORINO
Repository ISTITUZIONALE

Lateral load response of a dry-joint masonry arch subject to vertical support displacements by rigid block analysis /
Ferrero, C., Portioli, F.P.A., Calderini, C.. - In: MECCANICA. - ISSN 0025-6455. - 60:7(2025), pp. 2001-2018.
[10.1007/s11012-024-01927-7]

Original

Lateral load response of a dry-joint masonry arch subject to vertical support displacements by rigid block
analysis

Publisher:

Published
DOI:10.1007/s11012-024-01927-7

Terms of use:

Publisher copyright

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/3004445 since: 2025-10-24T13:36:39Z

Springer Science and Business Media



Vol.: (0123456789)

Meccanica (2025) 60:2001–2018 
https://doi.org/10.1007/s11012-024-01927-7

RESEARCH

Lateral load response of a dry‑joint masonry arch subject 
to vertical support displacements by rigid block analysis

Chiara Ferrero   · Francesco P. A. Portioli   · 
Chiara Calderini 

Received: 20 July 2024 / Accepted: 7 December 2024 / Published online: 11 January 2025 
© The Author(s) 2025

Abstract  Masonry arches play a crucial role in 
the seismic response of historic masonry build-
ings. Although masonry arches are often subjected 
to large support displacements that alter and deform 
their geometries over time, their response to seismic 
actions is generally analysed using idealized, per-
fect geometries. This paper aims to assess the effect 
of large support displacements on the response of 
masonry arches to lateral loads. To this end, a small-
scale segmental dry-joint masonry arch subjected to 
the vertical displacement of one support was inves-
tigated. Using a rigid block modelling approach 
recently proposed in the literature, the arch was 
modelled as an assemblage of rigid voussoirs con-
nected by no-tension frictional contact interfaces. The 
response of the arch to lateral loads, applied in one 
direction, and to vertical support displacements was 
assessed through nonlinear static analyses. To evalu-
ate the effect of support displacements, lateral loads 

were applied to a series of deformed arch geometries 
resulting from the application of increasing values of 
the imposed vertical displacement. The results of the 
numerical analyses provided new insights into how 
support displacements affect the lateral load response 
of masonry arches, showing that they may signifi-
cantly reduce both the horizontal action triggering 
collapse and the ultimate displacement capacity.

Keywords  Dry-joint masonry arches · Large 
support displacements · Lateral load response · Rigid 
block modelling · Limit analysis

1  Introduction

Arches have been used since ancient times to cover 
large spans in masonry structures, with the result that 
today they are one of the most common structural 
elements in historic masonry buildings. Tradition-
ally, masonry structures were designed primarily to 
resist vertical gravity loads, with little consideration 
for their ability to withstand horizontal loads. Conse-
quently, historic masonry buildings are highly vulner-
able to seismic actions, as demonstrated by the exten-
sive damage caused by earthquakes worldwide (e.g., 
[1–7]). To address this vulnerability, the scientific 
community is actively working to improve the seis-
mic performance of historic masonry buildings. This 
effort involves an increasing number of studies aimed 
at developing a deeper understanding of the seismic 
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behaviour of masonry structural elements, such as 
arches.

In recent decades, extensive knowledge has 
been gained about the seismic response of masonry 
arches. The observation and analysis of earthquake 
damage has led to the identification of the collapse 
mechanisms triggered by seismic actions ([8, 9]). 
Furthermore, several research works provided valu-
able insights into the lateral load-carrying capacity of 
arches and arch-pillar systems (e.g., [10–22]).

To date, most research on arches subjected to 
horizontal actions has focused on idealized arch 
geometries—primarily circular, pointed and segmen-
tal—derived from perfect, symmetric arcs of circum-
ference (e.g., [10–14, 16–18, 21, 22]). However, these 
idealized geometries may differ significantly from 
the actual ones observed in historic masonry build-
ings, where arches often exhibit large deformations 
(Fig. 1).

Several factors contribute to the large deformations 
observed in masonry arches, including gravity load-
ing, construction processes, long-term creep, mate-
rial degradation, and external actions, such as earth-
quakes, landslides, foundation settlements, and point 
loads transmitted by adjacent structures (e.g., roofing 
systems) [25]. Many of these factors can act for years 
or decades, resulting in gradual, progressive deforma-
tions that can pose a threat to the stability and struc-
tural safety of masonry arches [26].

Among the causes of the large deformations exhib-
ited by masonry arches, support displacements play a 
primary role. Support displacements occur very fre-
quently and can originated from various causes, such 
as foundation settlements, subsidence, earthquakes, 
landslides, and soil degradation. Generally, they 
increase progressively over time, gradually altering 
the geometry of masonry arches [26]. To provide an 

example, the combination of vertical and horizon-
tal support displacements produced by slow-moving 
landslides was recently found to cause large deforma-
tions and extensive damage in the arches of historic 
masonry churches located in the Liguria region, Italy 
(see [23, 27]). Examples of these deformations are 
shown in Fig. 1.

In recent years, the response of masonry arches 
to large support displacements has been extensively 
studied (e.g., [26, 28–43]). However, to the authors’ 
knowledge, only a limited number of works ([15, 24, 
44, 45]) have explored how support displacements 
and large deformations affect the behaviour of these 
structural elements. Among these works, only two 
have specifically investigated the response of masonry 
arches to lateral loads. In [15], the behaviour of a but-
tressed arch under lateral loads and inclined support 
displacements was analysed, whereas [45] focused on 
the seismic response of a stand-alone arch subjected 
to horizontal support movements.

Additionally, two other studies have addressed the 
effects of deformed geometry and support displace-
ments on the response of masonry arches to vertical 
loads. In [24], the structural safety of a brick masonry 
arch under vertical point loads transmitted by the 
roof was assessed considering both the deformed 
and undeformed geometries of the arch. In [44], the 
authors evaluated the capacity of a circular arch sub-
jected to horizontal support displacements to with-
stand vertical point loads applied at the extrados at 
mid span.

This paper aims to provide new insights into the 
effect of large support displacements on the response 
of masonry arches to lateral loads. To achieve this, 
the behaviour of a small-scale segmental dry-joint 
masonry arch subjected to vertical displacements 
at the right support was investigated. The arch was 

Fig. 1   Large deforma-
tions of masonry arches in 
historic masonry buildings: 
a Sant’Olcese church in 
Sant’Olcese, Italy [23], b 
Nostra Signora della Bastia 
sanctuary in Bastia, Italy 
[24]
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analysed using an optimization-based 2D rigid block 
modelling approach recently proposed in the litera-
ture (see [15, 46]). Following this approach, the arch 
was modelled as an assemblage of rigid voussoirs 
connected by no-tension frictional contact interfaces 
that exhibit rigid behaviour.

The response of the arch to lateral loads, simulat-
ing seismic actions in one direction, and to support 
displacements was assessed through nonlinear static 
analyses. First, a preliminary pushdown analysis was 
performed to evaluate the arch’s behaviour when sub-
jected to the vertical displacement of the right sup-
port. Subsequently, sequential pushdown-pushover 
analyses were conducted. In these analyses, lateral 
loads were applied to a series of deformed geom-
etries of the arch, resulting from the application of 
increasing values of vertical support displacement. 
For comparison, an additional sequential analysis was 
performed considering the arch in its undeformed 
configuration, with no vertical displacement imposed 
at the right support. In the sequential pushdown-
pushover analyses, both elastic (with high stiffness 
values) and rigid contact formulations were used for 
the interfaces.

The main novelty of this work consists of perform-
ing sequential pushdown-pushover analyses to thor-
oughly investigate the evolution of the arch’s behav-
iour from the application of support displacements to 
the ultimate conditions under lateral loads. Further-
more, to the authors’ knowledge, this research is the 
first to assess how the magnitude of vertical support 
displacements affects the arch’s response to lateral 
loads. New insights are provided regarding activa-
tion of collapse mechanisms, evolution of the hinge 
configuration, response curves, and ultimate displace-
ment capacity. This work extends and fully reinter-
prets preliminary results presented in [47].

The paper is organized as follows. Section 2 pre-
sents the numerical case study, illustrating the geom-
etry (Sect.  2.1), modelling approach (Sect.  2.2), 
material properties (Sect.  2.3), and numerical solu-
tion procedures (Sect.  2.4). Section  3 discusses the 
numerical simulations, starting with an overview in 
Sect. 3.1. Subsequently, Sect. 3.2 presents the results 
of the preliminary pushdown analysis under vertical 
support displacements, while Sects.  3.3 and 3.4 dis-
cuss the outcomes of the sequential pushdown-push-
over analyses. Finally, Sect. 4 draws conclusions and 
outlines future work.

2 � Numerical case study

2.1 � Geometry

The case study analysed in this paper is a small-scale 
(1:10) segmental dry-joint masonry arch supported 
by two piers (Fig. 2). The arch has the same geometry 
as the physical arch tested experimentally to collapse 
due to vertical, horizontal, and inclined displacements 
of the right support in [40, 48]. As described in [39], 
the arch geometry is representative of the standard 
cross-section of barrel vaults typically used as ceiling 
in the main nave of historic masonry churches.

As shown in Fig.  2, the arch has an angle of 
embrace of 125°, a span length of 533  mm, a 
rise of 162  mm and a radial thickness of 24  mm. 
It is composed of 55 voussoirs with dimensions 
24 × 12 × 120  mm and slightly trapezoidal shape to 
compensate for the lack of mortar joints. The piers, 
differing in geometry from those of the experimental 
mock-up tested in [40, 48], solely provide support for 
the arch and do not influence collapse mechanisms 
[49].

2.2 � Modelling approach

The response of the arch was analysed using the 2D 
rigid block modelling approach presented in [15]. 
According to this approach, arches are modelled as 
assemblages of rigid blocks that interact at no-ten-
sion, frictional contact interfaces. The interfaces are 
characterized by a four point-based contact model 
that concentrates internal forces at the vertices.

The numerical model of the arch (Fig.  3) was 
created using DynABlock_2D [46], a standalone 
MATLAB application based on the aforemen-
tioned modelling approach. This application is suit-
able for limit equilibrium analysis, nonlinear static 

Fig. 2   Geometry of the arch under study (dimensions in mm)
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analysis and nonlinear dynamic analysis of dry-joint 
masonry structures subjected to support displace-
ments and seismic actions. An enhanced version of 
DynABlock_2D was used in this work, integrating 
a post-processing subroutine specific to masonry 
arches. This feature enables plotting of thrust lines 
and identification of hinge locations.

Various types of nonlinear static analyses were 
performed on the arch, including pushdown analy-
ses under imposed support displacements and 
sequential pushdown-pushover analyses (also 
referred to as sequential analyses). In the sequen-
tial analyses, a pushdown analysis (under support 
displacements) and a pushover analysis (under lat-
eral loads) were performed sequentially, and lateral 
loads were applied to a deformed arch geometry 
resulting from the application of support displace-
ments. The pushover analyses aimed to: (i) evalu-
ate the initial behaviour of the arch before the 
activation of the collapse mechanism under lateral 
loads, and (ii) investigate the evolution of the col-
lapse mechanism until the ultimate condition, where 
the arch reaches its ultimate displacement capacity 
and can no longer withstand lateral loads. A con-
trol point (CP), corresponding to the centroid of the 
12th voussoir from the right support (see Fig.  3), 
was used in the numerical simulations to track the 
arch’s horizontal displacements.

Depending on the type of analysis, different 
boundary conditions and forces acting on the blocks 
were considered. In the pushdown analyses (Fig. 3a), 
a movable block, s, associated with a single degree 
of freedom, was added at the right support to impose 
vertical displacements δz. Each voussoir of the arch 
was subjected to a known dead load fD,i, proportional 
to its self-weight.

In the pushover analyses (Fig. 3b), both the sup-
ports of the arch were fixed. Each block of the arch 
was subjected to a known dead load fD,i, propor-
tional to its self-weight, as wells as a lateral load 
�f L,i = �fD,i , which was proportional to the dead 
load through a load multiplier, � . The load multi-
plier at the activation of the collapse mechanism 
was referred to as the initial load multiplier, α0. As 
shown in Fig.  3b, a uniform distribution of lateral 
loads, directed from the left to the right support of 
the arch, was applied over the blocks to represent 
seismic actions in that direction.

The 2D rigid block modelling approach used in 
this work allows for either elastic or rigid contact 
formulations [15]. In accordance with [15], differ-
ent contact formulations and corresponding solution 
procedures were employed in this work for pusho-
ver analyses. Before the activation of the collapse 
mechanism under lateral loads (α = α0), an elastic 
contact formulation was used, and a load-controlled 
analysis was performed, where the known load mul-
tiplier α was gradually increased from zero to α0.

Once the collapse mechanism was triggered, 
a rigid contact formulation was adopted. In this 
case, a sequential displacement-controlled solution 
procedure was implemented to analyse the evolu-
tion of the rigid body mechanism and the effects of 
large displacements on the load multiplier α. The 
horizontal displacement applied at the control point 
(CP in Fig. 3) was incrementally increased until the 
arch could no longer withstand lateral loads (α = 0). 
The load multiplier � was treated as an unknown, 
dependent on the deformed geometric configuration 
of the arch.

Fig. 3   Rigid block model and loading configurations: a pushdown analysis; b pushover analysis with imposed support displacement. 
The control point CP used in the numerical simulations is also indicated
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2.3 � Material properties

The numerical modelling approach adopted in this 
work requires only a few material properties as 
input: the unit weight and friction coefficient of the 
blocks, as well as the normal contact stiffness (kₙ) 
of the interfaces when an elastic contact formula-
tion is used.

For the arch under study, the unit weight of the 
blocks was set to 16.1 kN/m3, and the friction coef-
ficient was set to 0.7, consistent with the values 
measured experimentally for the physical mockup 
(see [40]).

The interfaces were treated as rigid, regardless 
of the contact formulation adopted. Accordingly, 
when an elastic contact formulation was employed, 
the normal contact stiffness was set to a high value 
(kₙ = 1000 N/mm3) to ensure rigid behaviour. This 
stiffness value was determined based on a sensi-
tivity analysis in which the arch’s behaviour was 
investigated under vertical displacement at the right 
support.

In this analysis, the joints between the voussoirs 
were discretized into 16 contact interfaces, and the 
normal contact stiffness kn was varied from 0.1 
to 10,000 N/mm3. To identify the value of kn for 
which the interfaces behaved as rigid, the effect of 
kn on the arch’s response was evaluated in terms 
of ultimate collapse displacement, hinge position, 
and reaction curves. Additionally, the results from 
the elastic contact formulation were compared to 
those from a rigid contact formulation, demonstrat-
ing that the interfaces exhibited rigid behaviour for 
kₙ = 1000 N/mm3. Further evidence of this rigid 
behaviour is provided in Sect. 3.3.

2.4 � Numerical solution procedures

Following [15], the numerical problems associated 
with the response of the arch to support displace-
ments and lateral loads were formulated in terms of 
optimization problems. At each displacement or load 
increment, a force-based optimization problem and its 
dual displacement-based problem were solved.

In the pushover analyses with a rigid contact for-
mulation, the force-based optimization problem used 
to derive the load multiplier α and the contact forces 
at each increment was expressed as follows:

where: 

•	 � is the scaling factor associated to the work done 
by lateral loads ( f�

L
�x = � ), where Δx is the vec-

tor collecting the displacements Δxi , Δzi , and Δ�i 
of the rigid blocks i, referenced to the centroids of 
each block;

•	 g0 is the (2c × 1) vector collecting contact gaps in 
subvectors g0,k� = ( g0,k 0), where c is the number 
of contact points;

•	 c is the vector of the unknown normal and tangen-
tial contact forces nk and tk acting at contact points 
of the interfaces k;

•	 A0 is the equilibrium matrix at configuration x0;
•	 Y� is the matrix of failure conditions;
•	 fD  is the vector of dead loads and includes the 

subvectors fD,i =
[

0 �Vi 0
]T , where � and Vi are 

(1)
max �� − g�

0
c

s.t. A0c = fD + �fL
Y�c ≤ 0

Fig. 4   a Internal forces 
and contact nodes at rigid 
blocks; b block displace-
ments and contact gaps
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the unit weight and volume of the blocks repre-
senting the arch voussoirs, respectively;

•	 fL is the vector of live loads.

     
Figure 4 shows the internal forces nk and tk acting 

at the contact points, along with the block displace-
ments Δx and the contact gaps g0,k.

Problem (1) represents an extension of the clas-
sic lower bound formulation of limit analysis to 
a displaced configuration with contact gaps g0 . 
The first constraint of the optimization problem 
( A0c = fD + �f L) corresponds to the matrix form 
of equilibrium conditions, whereas the second con-
straint ( Y�c ≤ 0 ) is the matrix expression of failure 
conditions.

Displacement increments associated to the fail-
ure mechanism obtained in (1) are derived from the 
Lagrange multipliers related to the solution of the 
following dual problem, corresponding to the upper 
bound formulation of limit analysis:

where � is the (3c × 1) vector of non-negative flow 
multipliers of contact displacement increments.

For pushdown analyses with a rigid contact formu-
lation, a formulation similar to that used in the pusho-
ver analyses was employed. In this case, as reported 
in [39, 50], the load multiplier was associated with 
the reaction at the movable block (R in Fig.  3a), 
which corresponds to the activation of the failure 
mechanism induced by the support displacement δz.

In the case of numerical simulations employing 
elastic contact interfaces, the following optimization 
problems were considered for pushover and push-
down analyses, respectively [15]:

where C is the matrix of contact compliances col-
lecting submatrices Ck = diag

(

Cn,k Ct,k

)

 , with 

(2)
min −f�

D
�x

s.t. f�
L
�x = �

A�

0
�x − Y� = g0, � ≥ 0

(3)
max −

1

2
c�Cc − g�

0
c

s.t. A0c = f

Y�c ≤ 0

(4)
min

1

2
c�Cc − f��x

s.t. A�

0
�x − Y� − Cc = g0,� ≥ 0

Cn,k = 1∕kn,k and Ct,k = 1∕kt . The stiffnesses kn,k and 
kt,k are the normal and tangential stiffnesses at con-
tact points k and are determined based on the inter-
face stiffness kn,j , expressed as N/mm3. Consider-
ing that a four-node interface model is adopted, 
the normal contact stiffness kn,k is expressed as 
kn,k =

(

kn,j ∙ lj ∙ dj
)

∕4 , where lj and dj are the length 
and the depth of interface j, respectively. The tangen-
tial contact stiffness kt,k was assumed to be infinite, 
and a null value was assigned to Ct,k.

In problem (3), the vector of external loads f  is 
expressed as the sum of dead and lateral loads, that 
is f = fD + �fL , where � is a known load multiplier 
associated with a load increment. In problem (4), the 
vector f  includes only dead loads ( f = fD).

Problems (3) and (4) represent an extension of 
problems (1) and (2) to the case of an elastic contact 
formulation and, therefore, include terms associated 
to elastic energy in the objective function. Further 
details on the rigid block modelling approach and 
optimization-based formulations adopted in this work 
can be found in [15, 46].

3 � Numerical simulations

3.1 � Overview

The effect of support displacements on the response 
of the arch to lateral loads was evaluated by conduct-
ing different types of nonlinear static analyses. A pre-
liminary pushdown analysis was performed to assess 
the ultimate displacement capacity of the arch under 
vertical support displacements. In this analysis, a ver-
tical displacement δz was applied at the right support 
of the arch and increased monotonically until collapse 
occurred.

Subsequently, sequential pushdown-pushover anal-
yses were conducted. In these analyses, lateral loads 
were applied on a series of deformed geometries of 
the arch resulting from the application of increas-
ing values of δz, each representing a specific per-
centage of the collapse displacement due to vertical 
support movements. Four values of δz were consid-
ered: δz1, δz2, δz3, and δz4, corresponding to approxi-
mately 10%, 25%, 50% and 75% of the vertical col-
lapse displacement. For comparison, an additional 
sequential analysis was performed considering the 
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arch in its undeformed configuration, i.e. without any 
vertical displacement imposed at the right support 
(δz0 = 0 mm).

The preliminary pushdown analysis was performed 
using a rigid contact formulation, while the sequential 
analyses employed elastic and rigid contact formula-
tions to assess the arch’s behaviour before and after 
the activation of the collapse mechanism under lateral 
loads, respectively.

The response of the arch to lateral loads and 
support displacements was evaluated in terms of 
deformed geometries, collapse mechanisms, hinge 
positions, initial load multiplier α, and pushover 
curves. The pushover curves represent the arch’s 
response to lateral loads and can be derived by plot-
ting the load multiplier � against the horizontal dis-
placement of a control point. In this work, where 
sequential analyses were performed, the pushover 
curves were obtained by plotting � against the hori-
zontal relative displacement at the control point (CP 
in Fig.  3). This displacement, denoted as dc, was 
computed with respect to the deformed configura-
tion produced by the application of support displace-
ments in the pushdown analysis. Significant values 
of dc assessed in this study include the initial hori-
zontal relative displacement (dc,0) at the activation 
of the collapse mechanism (α = α0), and the ultimate 
horizontal relative displacement (hereafter referred 
to as ultimate displacement capacity, dc,u), which is 
obtained when the arch can no longer withstand lat-
eral loads (α = 0).

The results of the nonlinear static analyses are 
presented in Sect.  3.2 for the preliminary pushdown 

analysis and in Sects.  3.3 and 3.4 for the sequential 
pushdown-pushover analyses. For the sequential anal-
yses, the response of the arch to lateral loads was ini-
tially analysed for a representative value of δz, specifi-
cally δz2 (see Sect. 3.3) The objectives of this analysis 
were to: (i) thoroughly investigate the evolution of 
the arch deformed geometry and hinge configuration 
from support displacements to the ultimate condition 
under lateral loads (α = 0), (ii) outline the methodol-
ogy used to construct pushover curves by integrating 
results from elastic and rigid contact formulations, 
and (iii) validate numerical predictions through com-
parison with analytical results. Subsequently, a sensi-
tivity analysis was performed to assess how varying 
the magnitude of the vertical support displacement δz 
affected the response of the arch to lateral loads (see 
Sect. 3.4).

3.2 � Preliminary pushdown analysis

The preliminary pushdown analysis was performed 
by applying displacement increments of 1.0  mm to 
the movable block shown in Fig. 3a. Figure 5a shows 
the initial hinge configuration at the first displacement 
increment. Consistent with previous findings in the 
literature (see [28, 32, 39, 40, 51]), the arch responds 
to the imposed vertical displacement by opening three 
hinges, A, B and C, located in the sequence I-E-E 
from left to right, where E and I indicate extrados and 
intrados, respectively. Hinge A is located at the intra-
dos at the left haunch (between 7 and 8th blocks), 
whereas the consecutive hinges B and C appear at the 

Fig. 5   Arch geometries and hinge configurations obtained from the pushdown analysis: a initial at first displacement increment; b 
final at collapse
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extrados close to the crown (between 32nd and 33rd 
blocks) and at the right support, respectively.

Generally, hinges A, B, and C remain in their posi-
tions as support displacements increase, with the 
exception of hinge B, which shifts left by one vous-
soir at the onset of the analysis. Collapse occurs 
when a fourth hinge, D, appears at the extrados at 
the left support (Fig. 5b). The collapse displacement 
is 113 mm, which corresponds to 21.2% of the arch’s 
span.

The results described above are in agreement with 
those reported in [39], where the same small-scale 
arch investigated in this work was analysed using dif-
ferent micro-modelling strategies.

Figure  6 shows the deformed geometries of the 
arch analysed in the sequential pushover-pushdown 
analyses (Sects. 3.3 and 3.4). These geometries result 
from the application of four increasing values of 
vertical displacement δz: δz1 = 11  mm, δz2 = 28  mm, 
δz3 = 57  mm, and δz4 = 85  mm, approximately cor-
responding to 10%, 25%, 50% and 75% of the verti-
cal collapse displacement, respectively. Notably, 
although the positions of hinges A, B, and C do not 
change, the overall geometry of the arch undergoes 
significant changes as the vertical displacement δz 

increases. This underscores the importance of evalu-
ating how variations in geometry affect the arch’s 
response to lateral loads.

3.3 � Sequential pushdown‑pushover analyses for 
δz2 = 28 mm

This section presents the results of the sequen-
tial pushdown-pushover analysis conducted for 
δz2 = 28  mm. A first sequential analysis was con-
ducted to evaluate the arch’s response from the appli-
cation of support displacements to the activation of 
the collapse mechanism under lateral loads (α = α0). 
In this analysis, an elastic contact formulation was 
employed, assuming a high normal stiffness value 
(kn = 1000 N/mm3) for the interfaces.

Figure  7 illustrates the evolution of the arch’s 
geometry as it transitions from the application of sup-
port displacements (Fig.  7a) to the activation of the 
collapse mechanism under lateral loads (Fig.  7d). A 
gradual change in the hinge configuration is observed. 
After the application of vertical support displace-
ments, the arch exhibits three hinges, A, B and C, 
positioned according to the sequence I-E-E (Fig. 7a). 
As the lateral loads are applied and the corresponding 

Fig. 6   Deformed geometries resulting from the application of increasing values of the vertical displacement δz: a δz1 = 11 mm; b 
δz2 = 28 mm; c δz3 = 57 mm; d δz4 = 85 mm
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load multiplier α increases (Fig. 7c,d), hinges A and 
B move towards the left support, causing the thrust 
line to approach the intrados at the right haunch. 
When the thrust line touches the arch intrados at 
the right haunch (Fig.  7d), an additional hinge, D, 
appears. This results into a four-hinge configuration 
with hinges located alternately between the intrados 
and extrados according to the sequence I-E-I-E.

A second sequential analysis was performed to 
investigate the arch’s response from the activation 
of the collapse mechanism to the ultimate condition, 
where the arch can no longer withstand any lateral 
load (α = 0). In this analysis, a rigid contact formula-
tion was employed for the interfaces.

Figure  8 shows the evolution of the arch’s 
deformed geometry during this transition from the 
activation of the collapse mechanism (Fig. 8a) to the 
ultimate condition (Fig. 8d). At the activation of the 
collapse mechanism (α = α0 and dc = dc,0), hinges A, 
B and C are open, while hinge D is closed (Fig. 8a). 
When the horizontal relative displacement dc exceeds 
dc,0, hinge D starts to opens, initiating motion, and 
the mechanism evolves (Fig.  8b,c) until it reaches 
an ultimate configuration in which the arch can no 
longer withstand any lateral load (α = 0, Fig.  8d). 

This configuration is still characterized by four hinges 
located according to the sequence I-E-I-E.

Figure 9 and Table 1 compare the results obtained 
from the sequential analyses using both the elas-
tic contact formulation (ECF) and the rigid contact 
formulation (RCF). Specifically, Fig.  9 presents the 
pushover curves, while Table 1 reports the values of 
the initial load multiplier α0 and initial horizontal rel-
ative displacement dc,0.

As shown in Fig. 9, the curve derived using elas-
tic contact interfaces with high normal stiffness is 
characterized by a single branch with a monotoni-
cally ascending trend. The horizontal relative dis-
placement dc at the control point increases with the 
load multiplier α until the collapse mechanism is 
triggered at α = α0. The dashed branch of the curve 
represents non-convergent numerical solutions and 
is included only to demonstrate that the load multi-
plier α does not increase beyond α0.

The curve obtained using the rigid contact for-
mulation has two branches. The dashed branch rep-
resents the evolution of the arch configuration from 
the application of support displacements to the 
activation of the collapse mechanism under lateral 
loads (α = α0). The solid branch corresponds to the 
progression of the mechanism from activation to the 

Fig. 7   Rigid block model with elastic contact formulation—
evolution of the hinge configuration from the application of 
vertical support displacements to the activation of the col-

lapse mechanism under lateral loads: a α = 0, dc = 0.00  mm; 
b α = 0.14, dc = 0.52  mm; c α = 0.22, dc = 0.86  mm; d 
α = α0 = 0.31, dc = dc,0 = 1.03 mm
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ultimate configuration corresponding to α = 0. This 
branch displays a monotonically descending trend: 
the load multiplier α decreases with increasing 
dc until it reaches zero and the arch can no longer 
withstand any lateral load.

As depicted in Fig. 9, the curves from the two con-
tact formulations intersect at a point corresponding to 

the activation of the collapse mechanism. The values 
of α0 for both formulations are identical, while the 
values of dc,0 differ by only 3% (see Table 1). Addi-
tionally, the same hinge position is observed regard-
less of the contact formulation employed (compare 
Figs. 7d and 8a).

These results indicate that the elastic interfaces 
with high normal stiffness behave as rigid interfaces. 
Consequently, the pushover curve of the arch under 
lateral loads can be considered as consisting of two 
branches: one ascending and one descending, derived 
using elastic and rigid contact formulations, respec-
tively. The dashed branch obtained using the rigid 
contact formulation, corresponding to values of α 
smaller than α0, should be disregarded, as it repre-
sents kinematically non-admissible deformed config-
urations of the arch.

Looking at Fig.  9, it is interesting to note that a 
non-zero value of the initial horizontal relative dis-
placements dc,0 is associated with the change in the 
arch geometry and hinge configuration from the 
application of support displacements (dc = 0, see 
Fig. 6b and Fig. 7a) to the activation of the collapse 
mechanism under lateral loads (α = α0 and dc = dc,0, 
see Fig. 7d and Fig. 8a).

Fig. 8   Rigid block model with rigid contact formulation—
evolution of the hinge configuration from the activation of the 
collapse mechanism to the ultimate condition: a α = α0 = 0.31; 

dc = dc,0 = 1.00  mm; b α = 0.19; dc = 5.00  mm; c α = 0.07; 
dc = 9.00 mm; d α = 0, dc = dc,u = 11.1 mm

Fig. 9   Pushover curves and initial load multiplier α0 obtained 
using both elastic (ECF) and rigid (RCF) contact formulations. 
Comparison with the results from graphic kinematic limit anal-
ysis (LA) is provided for α0
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To gain deeper insight into this outcome and to 
validate the numerical results, the change in the 
hinge configuration was further investigated through 
graphic kinematic limit analysis (see [52]). For this 
purpose, two deformed geometries of the arch were 

analysed within a CAD environment (see Fig.  10a 
and b).

The first geometry (Fig.  10a) results from the 
application of a vertical displacement of 28 mm at 
the right support of the arch. This geometry was 

Table 1   Initial load multiplier α0 and the corresponding initial horizontal relative displacement dc,0 obtained analytically from 
graphic kinematic limit analysis (LA) and numerically using rigid (RCF) and elastic (ECF) contacts formulations

α0 dc,0

Result [-] Difference from LA [%] Result [-] Difference 
from LA 
[%]

Limit analysis (LA) 0.31 – 1.00 –
Rigid contact formulation (RCF) 0.31 − 0.04 1.00 0.25
Elastic contact formulation (ECF) 0.31 − 0.94 1.03 3.54

Fig. 10    a Deformed geometry resulting from the application 
of the vertical support displacement δz2 = 28 mm; b application 
of the Principle of Virtual Works to the deformed geometry 
obtained at the activation of the collapse mechanism under lat-
eral loads (Wi are the self-weights of the blocks i = I, II, III; uy,i 

and ux,i are the vertical and horizontal virtual displacements of 
the centres of gravity of the blocks, respectively); c compari-
son between the deformed geometries shown in a and b and 
horizontal displacement of the control point CP.
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created by dividing the arch into three blocks based 
on the positions of hinges A, B and C, and by rotat-
ing blocks A-B and B-C around hinges A and C, 
respectively. The analytical hinge positions were 
assumed to correspond to the numerical positions 
shown in Fig. 6b.

The second geometry (Fig. 10b) was used for the 
calculation of the initial load multiplier α0. It corre-
sponds to a four-hinge configuration, with hinges A, 
B, C and D positioned as obtained in the numerical 
model at the activation of the collapse mechanism 
under lateral loads (Fig.  8a). This deformed geom-
etry results from a shift in the positions of hinges A 
and B compared to their locations at the application 
of support displacements (Fig. 10a). It was obtained 
by rotating block I (see Fig.  10b) around hinge A 
and treating blocks II and III as a single block rotat-
ing around hinge C. No relative rotation was assumed 
between blocks II and III, as hinge D was considered 
closed and was used only for calculating the initial 
load multiplier α0. To calculate α0, the Principle of 
Virtual Works was applied the deformed geometry of 
the arch (see Fig. 10b).

Figure 10c compares the two deformed geometries 
of the arch depicted in Fig. 10a and b. By examining 
the positions of the control point CP in the two CAD 
configurations, it is evident that the control point 
undergoes a non-zero horizontal displacement dc,0 
when the arch transitions from the configuration due 
to support displacements (coloured in black) to the 
configuration under lateral loads (coloured in red).

The analytical value of dc,0 shows good agreement 
with the numerical results, with differences of less 
than 4% for both contact formulations adopted (see 
Table  1). Similarly, the analytical value of the ini-
tial load multiplier α0 deviates by less than 1% from 
the numerical predictions. These results validate the 
numerical outcomes and confirm that the change in 
the arch’s deformed geometry resulting from the 
sequential application of support displacements and 
lateral loads is accompanied by a non-zero initial hor-
izontal relative displacement dc,0.

3.4 � Sensitivity analysis to the magnitude of vertical 
support displacements

This section presents the results obtained from the 
sequential pushdown-pushover analyses as the ver-
tical displacement δz increases from δz = 0  mm to 

δz4 = 85  mm (see Sect.  3.1). All results, including 
deformed geometries of the arch, hinge positions, 
and values of α0, dc0, dc,u, as well as the descending 
branch of the pushover curves, were obtained adopt-
ing a rigid contact formulation for the interfaces. 
Only the ascending branch of the pushover curve was 
derived using elastic contact interfaces with very high 
stiffness (see Sect. 3.1).

For each value of δz, Fig. 11 shows the deformed 
geometries of the arch at the activation of the collapse 
mechanism (α = α0, on the left) and when the arch can 
no longer withstand any horizontal action (α = 0, on 
the right). Table 2 reports the positions of hinges A, 
B, C and D in both configurations. The joints where 
the hinges appear are numbered sequentially from left 
to right, with joint No. 1 located at the left support.

As depicted in Fig. 11 on the left, the application 
of support displacements does not alter the failure 
mode of the arch under lateral loads. Regardless of 
δz, the arch consistently exhibits a four-hinge con-
figuration with hinges positioned in the sequence 
I-E-I-E at the activation of the collapse mechanism. 
However, the hinge position depends on the magni-
tude of the vertical displacement δz. For δz1 = 11 mm 
and δz2 = 28 mm, the position of hinges A, B, C and 
D is the same as that obtained for δz0 = 0  mm (see 
Fig.  11a–c on the left). Conversely, for δz3 = 57  mm 
and δz4 = 85 mm, hinges A and B are located closer to 
mid-span than they are for δz0 = 0 mm (see Fig. 11d, e 
on the left).

For every value of δz, hinge D remains closed at 
the activation of the collapse mechanism and opens, 
initiating motion, when the horizontal relative dis-
placement dc exceeds dc,0. As dc continues to increase, 
the collapse mechanism progresses until it reaches an 
ultimate configuration in which the arch can no longer 
withstand lateral loads (α = 0, Fig.  11 on the right). 
In this configuration, hinges A, B, C and D are still 
arranged in the sequence I-E-I-E. However, their spe-
cific positions may differ from those observed at the 
activation of the collapse mechanism, as the hinges 
can shift with increasing dc.

As shown in Table 2, the movement of the hinges 
is influenced by the magnitude of the imposed dis-
placement δz. For δz,0 = 0  mm, δz1 = 11  mm and 
δz2 = 28  mm, hinges A and B change position with 
increasing dc, while hinges C and D do not move. For 
δz3 = 57 mm and δz4 = 85 mm, none of the four hinges 
A, B, C and D move.
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Fig. 11   Deformed configurations at the activation of the collapse mechanism (for α = α0, on the left), and when the arch is no longer 
able to withstand lateral loads (α = 0, on the right): a δz0 = 0 mm; b δz1 = 11 mm; c δz2 = 28 mm; d δz3 = 57 mm; e δz4 = 85 mm
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Further insights into hinge position in the ultimate 
configuration (α = 0) can be derived from Table  2. 
For δz1 = 11  mm and δz2 = 28  mm, the positions of 
all four hinges A, B, C and D match those obtained 
when no vertical support displacements are imposed 
(δz0 = 0  mm). In contrast, for δz3 = 57  mm and 
δz4 = 85 mm, the hinge positions correspond to those 
observed for δz0 = 0 mm only for hinges C and D in 
the case of δz3, and for hinges B and C in the case of 
δz4.

Figure  12 presents the pushover curves obtained 
for δz0, δz1, δz2, δz3, and δz4. Despite the different val-
ues of vertical displacement imposed prior to apply-
ing lateral loads, all curves exhibit a similar overall 
trend. As dc increases, the load multiplier α mono-
tonically increases until it reaches its maximum value 
α0, then steadily decreases until it reaches zero. The 
curves obtained for δz1, δz2, δz3, and δz4 follow a simi-
lar pattern as the curve obtained for δz0. However, 
for δz0, α increases with a constant null horizontal 
displacement dc. This result was expected, as dc,0 is 
necessarily zero when no support displacements are 
imposed and lateral loads are applied to the unde-
formed geometry of the arch.

Figure  13 plots the initial load multiplier α0 and 
the initial horizontal relative displacement dc,0 as 
functions of the imposed vertical displacement δz. As 
shown in Fig. 13a, the application of vertical support 
displacements leads to a decrease in the initial load 
multiplier α0 and, therefore, a reduction in the hori-
zontal action triggering the collapse mechanism com-
pared to the scenario without support displacements. 
The initial load multiplier α0 decreases progressively 
as δz increases. Specifically, the reduction in α0 com-
pared to α0,0 (0.36) is 7%, 16%, 30% and 40% for δz1, 
δz2, δz3, and δz4, respectively.

As depicted in Fig. 13b, the initial horizontal rela-
tive displacement dc,0 increases as δz increases up to 

δz3, and then remains constant. This result indicates 
that the horizontal relative displacement associ-
ated with transition from the three-hinge configura-
tion caused by vertical support displacements to the 
four-hinge configuration under lateral loads generally 
increases with the imposed vertical displacement δz.

Lastly, Fig. 14 shows the variation in the ultimate 
displacement capacity under lateral loads, dc,u, as a 
function of the imposed vertical displacement δz. The 
application of support displacements reduces the ulti-
mate displacement capacity of the arch, which pro-
gressively decreases as δz increases. For δz1 and δz2, 
the reduction in dc,u compared to the value obtained 
when no support displacements are imposed is mini-
mal (1.3% and 2.2%, respectively), indicating that dc,u 
is only slightly affected by the application of vertical 
support displacements. In contrast, for δz3 and δz4, the 
decrease is significant, amounting to 9.2% and 37.9%, 
respectively.

Table 2   Hinge position 
at the activation of the 
collapse mechanism 
(α = α0) and for α = 0 when 
varying the magnitude of 
the vertical displacement δz 
(the joints where the hinges 
appear are numbered from 
left to right, with joint No. 1 
located at the left support)

Joint No.

δz0 δz1 δz2 δz3 δz4

α = α0 α = 0 α = α0 α = 0 α = α0 α = 0 α = α0 α = 0 α = α0 α = 0

Hinge A 1 5 1 5 1 5 4 4 8 8
Hinge B 20 23 20 23 20 23 21 21 23 23
Hinge C 56 56 56 56 56 56 56 56 56 56
Hinge D 42 42 42 42 42 42 42 42 43 43

Fig. 12   Pushover curves obtained from sequential push-
down-pushover analyses for increasing values of the verti-
cal displacement δz (δz0 = 0  mm; δz1 = 11  mm; δz2 = 28  mm; 
δz3 = 57 mm; δz4 = 85 mm)
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4 � Conclusions

In this paper, the effect of large support displace-
ments on the response of masonry arches to lateral 
loads was investigated by analysing a small-scale 
segmental dry-joint masonry arch subjected to ver-
tical support displacements. The arch was modelled 
as an assemblage of rigid voussoirs connected by no-
tension friction interfaces, using a rigid block model-
ling approach developed by one of the authors. Both 
rigid and elastic contact formulations were adopted 
for the interfaces. The response of the arch to verti-
cal support displacements and lateral loads, applied 
in one direction, was assessed by performing differ-
ent types of nonlinear static analyses. These included 
a preliminary pushdown analysis under support 

displacements, and sequential pushdown-pushover 
analyses, where lateral loads were applied on a series 
of deformed geometries of the arch resulting from the 
application of increasing values of vertical support 
displacements.

The results of the numerical simulations provided 
new conclusions on the response of the arch to lat-
eral loads. Firstly, the arch geometry and hinge con-
figuration were observed to gradually evolve from 
the application of support displacements to the acti-
vation of the collapse mechanism under lateral loads. 
Notably, the transition from a three-hinge configura-
tion (I-E-E) due to vertical support displacements 
to a four-hinge configuration caused by lateral loads 
(I-E-I-E) was associated with a non-zero value of the 
initial horizontal relative displacement at the control 
point, dc,0. This parameter, equal to zero when lat-
eral loads are applied to the undeformed geometry 
of the arch, increased as the vertical displacement δz 
imposed at the right support increased.

Secondly, the pushover curves generated by apply-
ing lateral loads to a deformed arch geometry were 
shown to consist of two branches: one ascending and 
one descending. These branches were derived using 
elastic and rigid contact formulations, respectively. 
The ascending branch represented the evolution of 
the arch configuration from the application of sup-
port displacements to the activation of the collapse 
mechanism under lateral loads (α = α0). The descend-
ing branch corresponded to the progression of the 
mechanism from activation to the ultimate configura-
tion corresponding to α = 0.

Fig. 13   a Initial load multiplier at the activation of the collapse mechanisms under later loads, α0, vs. vertical displacement at the 
right support, δz; b Initial horizontal relative displacement dc,0 vs. vertical displacement at the right support, δz

Fig. 14   Ultimate displacement capacity under lateral loads, 
dc,u vs. vertical displacement at the right support, δz
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Thirdly, the application of support displacements 
did not affect the activation of the collapse mecha-
nism under lateral loads. Despite some differences 
in the hinge positions and movements obtained as 
δz varied, the arch consistently exhibited the same 
collapse mechanism obtained for δzo, namely a four-
hinge mechanism with hinges alternating between 
the intrados and extrados. Furthermore, regard-
less of the value of δz imposed at the right support, 
the pushover curve showed the same overall trend 
obtained when no support displacements were 
applied, always including an ascending branch fol-
lowed by a descending branch.

Lastly, the sensitivity analysis conducted while 
varying δz showed that the magnitude of verti-
cal support displacements significantly influences 
both the initial load multiplier α0 and the ultimate 
displacement capacity δc,u of the arch under lat-
eral loads. As δz increased, both α0 and δc,u were 
observed to decrease. The reduction in the ultimate 
displacement capacity δc,u compared to the value 
obtained for δz0 was significant only for support dis-
placements equal to 50% of 75% of the vertical col-
lapse displacement. In contrast, the decrease in the 
initial load multiplier α0 was notable for every δz, 
ranging from 7% to 40% for δz1 and δz4, respectively. 
This result underscores the importance of consider-
ing the actual deformed geometry of arches when 
analysing their response to lateral loads. Ignoring 
the deformations caused by support displacements 
can lead to a substantial overestimation of the lat-
eral load triggering the collapse mechanism, and, 
consequently, an overestimation of the arch capacity 
to withstand seismic actions.

Future work will focus on investigating the effect 
of vertical, horizontal and inclined support dis-
placements on the response of masonry arches to 
lateral loads. To extend the findings of this work 
to a wider range of arches structures, arches with 
varying geometries, shapes and materials will be 
analysed. Additionally, the influence of support dis-
placements on the response of masonry arches with 
elastic interfaces will be evaluated. Recent studies 
by the authors (see [15, 41]) have demonstrated 
that the joint deformability can significantly affect 
the response of masonry structures to large sup-
port displacements and lateral loads. Finally, the 
arch’s behaviour under the sequential application 
of support displacements and lateral loads will be 

investigated by applying lateral loads in two oppo-
site directions to simulate the cyclic nature of seis-
mic actions.
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