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Abstract

This manuscript presents a framework for using multilevel quadrature formulae to
compute the solution of optimal control problems constrained by random partial dif-
ferential equations. Our approach consists in solving a sequence of optimal control
problems discretized with different levels of accuracy of the physical and probability
discretizations. The final approximation of the control is then obtained in a postpro-
cessing step, by suitably combining the adjoint variables computed on the different
levels. We present a general convergence and complexity analysis for an unconstrained
linear quadratic problem under abstract assumptions on the spatial discretization and
on the quadrature formulae. We detail our framework for the specific case of a Multi-
Level Monte Carlo (MLMC) quadrature formula, and numerical experiments confirm
the better computational complexity of our MLMC approach compared to a standard
Monte Carlo sample average approximation, even beyond the theoretical assumptions.

Mathematics Subject Classification 35Q93 - 49M41 - 65C05 - 35R60

1 Introduction
In this manuscript, we are concerned with the numerical solution of Optimal Con-

trol Problems (OCPs) constrained by random Partial Differential Equations (PDEs).
Concisely, the mathematical problem is

min J(u) :=E[Q( ), u)],
ueUy
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where u is the unknown deterministic control, y is the solution of a random PDE,
0 is quantity of interest, and [E is the expectation operator. OCPs under uncertainty
have been extensively studied in the last decade since they are effective mathematical
models to control physical processes that are affected by an intrinsic variability, or
when only a partial knowledge of the system is available.

Theoretical foundations for the well-posedness of OCPs under uncertainty have
been established in, e.g, [ 1-3]. These analyses show that the evaluation of the gradient
of J requires the computation of the expectation of a properly defined adjoint variable
over the probability distribution of the random inputs. In practice, a common solution
strategy consists in a sample-based discretization, e.g., with Monte Carlo samples,
of the underlying probability distribution [4, 5]. Consequently, the expectation of
the adjoint variable is replaced with a quadrature formula of, say, N samples, and
standard optimization algorithms can be used. However, a gradient descent iteration
would generally require to solve 2N PDEs (N state and N adjoint equations) at each
iteration: a cost which is rarely affordable. The need of effective strategies to reduce the
computational cost of the gradient evaluation has motivated an active area of research.

Several contributions aim at improving the sampling strategy (i.e. reducing the
number of samples while preserving the accuracy) by exploiting any regularity of the
adjoint variable with respect to the random parameters. Examples are Quasi-Monte
Carlo methods [6], and Stochastic Collocation methods based on tensorized Gaussian
grids [7, Appendix]. Another set of works approximate the gradient using multilevel
quadrature formulae, such as Multilevel Monte Carlo (MLMC) [8], and Multilevel
Quasi-Monte Carlo [9]. These techniques do not necessarily reduce the number of
samples, but they exploit coarser discretizations to achieve an overall reduction of the
computational cost. More recently, [10, 11] proposed adaptive strategies that improve
the accuracy of the quadrature formulae along the iterations, so that cheap gradient
evaluations are used at the beginning, and accurate/expensive ones are needed only
close to the optimum. These methods share similarities with batch-versions of stochas-
tic gradient methods. The latters have been analyzed in the context of PDE-constrained
optimization under uncertainty in, e.g., [12, 13].

Notice that the multilevel/sparse approaches mentioned above are somehow lim-
ited to first-order, gradient based, optimization methods. As a matter of fact, a direct
multilevel/sparse approximation of the expectation operator appearing in the objec-
tive function J could, on the one hand, pave the way to higher order optimization
algorithms, but on the other hand, may involve negative weights and therefore may
destroy the (possible) convexity of the original OCP. A sparse grid approximation of
the objective functional has been proposed in [14, 15], and the possible loss of con-
vexity is handled through a trust region algorithm, which however is needed even for
a simple linear-quadratic problem.

An alternative approach to use sparse and multilevel quadrature formulae has been
recently proposed in [16], inspired by the so-called combination technique (CT) [17-
19]. The main idea of [16] is to consider a hierarchical representation of the optimal
control u via,

U ucy = Z ca,,gu“’ﬂ, (1)
(a,p)eZ
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where «, B are multi-indices related to the level of accuracy of a finite element dis-
cretization in space and of a Stochastic Collocation quadrature in probability, u®# is
the minimizer of the OCP discretized with accuracy level (&, B), and Z is a suitable
set of sparse multi-indices. In other words, the approximation defined by (1) consists
in solving a sequence of (relatively cheap) minimization problems on tensor product
type discretizations, and to combine the computed controls in a post-processing step
to obtain the final approximation ucr. Assuming that ucr converges to u when Z
exhausts the multi-indices, and under some strong regularity assumptions, [16] shows
that the CT approximation drastically reduces the computational cost with respect to
a tensor product approximation u®# of the same accuracy. The present manuscript
greatly generalizes the method and theory proposed in [16] in several directions:

e We present a general framework that accommodates any (possibly randomized)
multilevel quadrature formulae (hence, not restricted to the stochastic colloca-
tion method). Consequently, the new framework is more flexibile, for instance by
resorting to a multilevel Monte Carlo quadrature, to tackle optimization problems
that (1) do not admit an easy parametrization of the randomness through a set of
independent random variables (2) have a low-regularity dependence on the the
random inputs which, moreover, may be high-dimensional.

e Under very mild assumptions on the finite element discretization and on the
quadrature formula, we present a complete convergence analysis of our multi-
level framework in the case of an unconstrained linear-quadratic problem, with
possibly boundary/local controls and observations. This is an important theoreti-
cal contribution since, a-priori, it is not evident that the combination of minimizers
computed with different levels of accuracy converges to the exact minimizer. We
further analyse the complexity of our multilevel framework and compare it with
that of a standard, single level, approach.

e The novel approach can handle control constraints that can be modeled through
closed and convex subsets of the control space, despite our convergence analysis
does not cover at the moment this case. The main idea is to suitably combine
adjoint variables instead of the controls, as originally proposed in [16].

e We detail our new framework for the specific choice of a Monte Carlo quadrature
formulae, that leads to a MLMC strategy. We present further numerical experiments
that show the efficacy of the MLMC even beyond the hypotheses of the theoretical
analysis, in particular with control constraints.

We wish to emphasize that our framework does not represent a new optimization
algorithm to solve OCPs under uncertainty, rather it provides a way to smartly combine
minimizers computed for different levels of spatial and probability accuracy. Notably,
it is agnostic to the specific choice of the optimization algorithm used to solve the
sequence of minimization problems, so that state-of-the-art optimization algorithms
(e.g., [20-24]) and inner linear solvers (e.g., [22, 25, 26]) can be used.

Further, the convergence analysis is based on a nonstandard multilevel study, since
on each spatial level ¢, the adjoint variable p is computed from a bilinear form (the
optimality system) which depends itself on the law of p. Thus, an ad-hoc treatment
is needed, which may be extended in future endeavours to study multilevel meth-
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ods applied to random PDEs containing nonlocal terms with respect to the random
variables.

The manuscript is organized as follows: Sect. 2 defines the model problem and its
numerical discretization. Section 3 introduces the new framework considering a gen-
eral multilevel quadrature formula. Section 4 presents its convergence analysis under
suitable assumptions. Section 5 discusses the computational cost of our multilevel
framework and details one particular instance that leads to a multilevel Monte Carlo
method. Finally, numerical experiments are discussed in Sect. 6, which show the better
complexity of the proposed framework compared to a standard Monte Carlo sample
average approximation.

2 Problem formulation

Let D C R be a Lipschitz bounded domain, V a Sobolev space (e.g., H' (D) equipped
with suitable boundary conditions), and (2, F, P) a complete probability space. We
consider the linear elliptic random PDE,

o (Yo, V) = (f,v)yr v, YveV, PaeweQ, 2)

where a,(-,-) : V x V — R is a continuous and coercive bilinear form for P-a.e. @
(with continuity and coercivity constants possibly dependent on w), f is an element
in the dual of V, denoted V', and (-, -)y’ v denotes the duality between V' and V.
Associated to (2) we define, for P-a.e. w € 2, the linear solution operator S¢ : f €
V' — §°f €V, where

aw(Sf,v)=(f,v)y.y, YveV.

S is a continuous operator and we suppose its continuity constant Cg(w) lies in
L7(2; R) forany g € [1, oo) with respect to the probability measure P (see, e.g., [27,
28] for sufficient conditions on a,, (-, -) for this to hold).

In this manuscript, we consider the minimization of functionals constrained by (2).
Our model problem is

—~ 1 b
min J(,u);:—EI:C _ d2:|+—u2,
u€Uyq,yeL2(S2;V) Y ) ICy = yally 2” 7/

3

subject to

oYV, V) = (Bu,v)yry, YveV, Pae. we Q,

where U,q is a closed and convex subset of a Hilbert space U and B : U — V' is
a linear and continuous control operator allowing possibly for a local control (i.e. a
control acting only on a subset Dy C D) or a boundary control (i.e. a control acting
as Neumann condition on a subset of D). The Hilbert space H is the space of obser-
vations, y; € H is the target state, C : V — H is a linear and continuous observation
operator, [ is the expectation operator, and v is a positive scalar. Introducing the linear
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control-to-state map SV = L2(Q; V), with (§g)(w) = §%g, Vg € V’/ and for
P-a.e. w, the reduced formulation of (3) is

o~

min J(u) := J(SBu, u). @

uelUy

Existence and uniqueness of the minimizer of (4) follows directly from standard vari-
ational arguments [1, 21, 29-31]. Further, due to the linearity of the PDE constraint,
J is Fréchet differentiable, and its Fréchet derivative at a point u along a direction
v € U is the linear functional J'(u) : U — R equal to

(J'w),v)p,u = (Ayu — BE[S”*(C*An(ya — CS*Bw)|, vy, YvelU
where Ay and A g are the Riesz isomorphisms from U to U’ and from H to H', B*
and C* are the adjoints of B and C respectively, and S*°* is the adjoint operator of S¢
satisfying Vg € V' and for P-a.e. w,

aw(v, S”*g) = (g, v)yy, YvevV.
The minimizer u* of (4) satisfies the optimality condition [21, Theorem 1.41],

(J' (), w—u)yry =0, Yw e Uy, )

and since Uyq is convex and closed, the variational inequality (5) may be reformulated
as the nonlinear equation (see, e.g., [21, Corollary 1.2])

1
u* =Py, (;AU‘B*E [p(u*)]) , (6)

where to ease the notation we have introduced the adjoint variable p(u*) € L%(Q; V),
defined as p®(u*) := S“*(C*Au(ya — CS®(Bu*))), and Py,, represents the projec-
tion onto the set of admissible controls U,q. Both from the theoretical and numerical
point of view, it is useful to remark that (6) admits the equivalent full-space formula-
tion, obtained by explicitly stating the dependence of p(u*) on u*,

ap(y*,v) = (Bu*,v)y vy, YveV, P-ae weQ,
aw(, p®) = (C*Ar(ya —Cy?),v)yry, YveV, Pae weQ,

| (N
u* =Py, (;AUIB*]E [p]) .

2.1 Numerical discretization
The numerical solution of (3) requires two distinct numerical approximations: a finite

dimensional approximation of the solution operator S, and a suitable quadrature for-
mula for the expectation operator E. In the next paragraphs, we detail these two
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components and set up the notation that will ease the understanding of the novel
multilevel approximation proposed.

Let {7¢},>( be a family of regular triangulations of D of mesh sizes {/¢},-(, with

T := infy h,‘i—zl < oo, and {Vy},( be an associated sequence of finite dimensional

subspaces of V. For any V,, we define finite dimensional approximations of S“ and
S@* thatis, S : V' — Vyand §;* : V/ — V, satisfying

aw(SPg, ve) = (g, ve)vrv, Y eV, P-ae weQ,
aw(ve, S 8) = (g, ve)vry, Vv €V, P-ae weQ.

Note that we do not consider a sequence of finite element subspaces of the control
space U, but we follow the variational discretization principle [21, Chapter 3], so that
the control u is implicitly discretized by the choice of S7.

Next, let {Qk} x>0 be a sequence of quadrature formulae of increasing accuracy.

N
The quadrature nodes of QF are denoted by [ S;‘ } il and the quadrature weights

N,

by {g“]k ] 'k K We assume that all weights are positive. For every random variable
j:

X € LY(Q; K), K being a generic Banach space, the expected value of X can be

approximated by

E[X]~ Q“[X] = Zc X (€)).

This general setting includes Monte Carlo methods, whose quadrature nodes are drawn
1

randomly and the weights are all equal to g“]].‘ = for every k > 0. Further, if we
assume that the probability space can be parametrized by a set of M random variables,
we may also consider (possibly randomized) Quasi-Monte Carlo methods as well as
collocation methods based on Gaussian quadrature formulae. We however restrict our
analysis to quadrature formulae with positive weights, thus excluding sparse grids,
since negative quadrature weights may destroy the convexity of (3).

To compute a numerical approximation of u*, we can solve for given and fixed

values of ¢ and k the optimization problem,

Vv
min J (o) = 3 O [1CSBu — yally] + 5l ®)

ueUyg

We denote the unique minimizer of (8) by uj , ,and remark that it satisfies the optimality
conditions

<Jé,k(u2,k), w — ME,k)U/,U >0, Yw € Uy, ©)]
1 — * *
uz,k =Pu, <;AUIB Qk [PZ(WJJ]) ) (10)

where py (u) := SE’)’*(C*AH(yd — CSy (Bu))) is the adjoint variable defined through
the finite dimensional operators S’ and Sz”*. Similarly to (7), (10) can be formulated
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as the fully-discrete, full-space nonlinear system,

£ .
aé:}‘(yfj ) U) = <Bu[,kv v)V’,Vv VU € Vls V";:]k» .] = 11 ] Nkv

gk £ .
ag}((vvpg])=<C*AH()’d_C)74]),U>VCV, VUEV{, ngv J=19""Nk’

1
ugk = Pu, (;AUIB*Q]‘ [Pe]) :
(1)

From the practical point of view, (10) paves the way to solution strategies based
on (projected) gradient descent methods, which at the i-th iteration require to solve
Ny state and Nj adjoint finite element problems set on the space V, to compute
ok [ p(uz k)], or semismooth Newton’s algorithms. Alternatively, (11) is suitable for
full-space solvers, which require only to precondition the 2 Ny linear systems, but may
suffer from high memory storage. In both cases, there is a great need to reduce the
overall computational cost. In the next section, we propose our solution which will
leverage different levels of discretizations of both physical and probability spaces to
achieve a better computational complexity than the classical discretization and solution
paradigm that we have here recalled.

We close this section by introducing two auxiliary optimization problems which
will naturally arise in our analysis. They are obtained by performing either a spatial
or a probability semidiscretization of (4), namely

. 1 2 Vo2
min Jg oo(u) := 3 [1CS¢Bu = yally | + 3 Il (12)
and
. 1 v
min Joo, () = > Q* [1CS”Bu — yall} ] + 5 Il (13)
ueUy 2 2
We denote the minimizers of (12) and (13) by uzyoo and ugo &> respectively.

3 Multilevel quadrature formulae

To define our multilevel approximation, we start by introducing the univariate details

A QK [peuy ] == Q" [peu} )] — @ [Pe—1uf_y ]
A1Q* [peuy ] = Q [peuf ] — Q! [pel )]

which compute the difference between the approximated quadrature of the adjoint
variable, evaluated at the optimal control, obtained with two consecutive levels of
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spatial and quadrature discretizations, respectively. Then, the so-called hierarchical
surpluses A QK [pg(uz’ k)] are defined for every £ > 0 and k > 0 as

AQ [peuf )] = A A1Q [peuf )] = Q [peuf )]
— Q& [pe—r1@i_1 ] — @ [pe D]+ Q5 [pec1 iy 1_))]

with the notation that Q! [p[(u; _1)] _ ok [p,l(ui 1 k)] — 0, Vk, £ > 0. Letting
L be an integer, a direct calculation shows that

M=

L L
DAl i) =

£=0k=0 4

i (& [pewi p] = & [pett o_p])

k=0

i (@ [peri_y o] - @ o1l p)])

0 k=

Il
o

Mh

(=]

M= T

(Q [petwi ] - Q" [perti_y ]) = @ [prwy ]

=0

which allows us to reformulate the optimality condition (10) as

uy 1 =Puy (%AELB*QL [pL(ui’L>:|> Pl ( —18* Z Z AQk [m{(ue k)})

£=0k=0
(14)

Equation (14) expresses the optimal control u} ; as the projection on Uyq of a com-
bination of several adjoint variables p¢(uj ;), which, together with their quadrature

ok [ pe(uy, k)] , can be computed by solving the associated discretized optimal control

(8) for each instance of k and £. Although at first (14) is not computationally attractive
(toobtainu} ; itis computationally cheaper to minimize Jy, z, once and for all, instead
of minimizing Ji ¢ for every 0 < k, £ < L), (14) represents the starting point of our
novel approximation. Indeed, it can be interpreted as a full tensor approximation over
the product space of spatial approximations and quadrature formulae [32]. Hence, it
is natural to consider a sparse approximation, obtained by constraining the indices of
the space and probability discretizations to a different set. In this work, we restrict the
summation over the set of multi-indices {(¢, k) € N> : 0 < £ + k < L}, obtaining the
Multilevel Quadrature approximation of level L, denoted by uMQ) | that is defined
as

=0 k=0

L L—¢
uj g~ WMD) .= PUpq (ll)AalB* Z Z AQK [pg(uz,k)])

L
1 _ * — * *
=Puy (UAUIB > of él:pf(“(f,L—Z)_I’K—l(”/—l,L—{)]) (15)

£=0

1 L
= pUad (UAUIB* (QL [P()(MG,L)] + Z QLi[ [PZ(”Z'L,() - PZI(L’ZLL[)])) .

=1
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The expression uMQL) represents the multilevel approximation for the optimal
control u* that we propose and study in this manuscript. We will present a detailed
convergence analysis assuming that {Qk} >0 18 @ sequence of unbiased, statistically
independent, randomized quadrature formulae, since the theoretical analysis is more
challenging in this setting. As the analysis develops, we discuss how the results can
be framed in the context of deterministic quadrature formulae.

The next proposition provides a bound for the error associated to uML)  In view of
the analysis developed in Sect. 4, from now on we assume that the control operator B
is a continuous linear functional from U to Z’, where Z is a Hilbert space such that
V C Z,and we set Cg := ||B||L(U,Z/)1

Proposition 1 Let {Qk } k=0 be a sequence of unbiased, statistically independent, ran-

domized quadrature formulae. Then, the multilevel approximation uM@L) defined in
(15) satisfies the error bound,

E [l — uMODN ] <2 - uf o1,
2 L
+ BB (YR [1(E- 0) (et ) - pe1 Wiy I3 ]
2 = £,00 —1,0011Z (16)
L
+LZJE[QL_‘IW(MZ‘OC)—Pz(uZ,L_e)—pz—|(u2_1<oo)+1w—1(u2_1,L_()HZZ]>-
=0

Proof We start by adding and substracting u} __, that is, the minimizer of (12),
E [l = MBI ] < 200t = uf oollf + 2B [ g oo — ™I ] (17)

and we then focus on the second term. Using that the projector Py, is a

nonexpansive map [21, Lemma 1.10], the telescopic identity E [PL(“Z,OO)

L: E|pew) ) — pe—1(u;_, )|, and the continuity of A7 and of B*, we get
=0 £,00 {—1,00 U

2
U
2

} (18)

E [””2,0@ — 4MQW) H%/]

—1 1o% —lpx L
A, B A, B
PU,pg ( UU E [PL(“Z,OO)]) = Puyy ( UV Zo ol [m<qu> - Pk—l(“Z—l,L—z)])
=l

L
[ * - *
;AUIB* (Z E [P[(ul,oo) - P@—I(L’Z_Loo)] - QL ¢ [])[(MZ,L—K) - p(l("‘g_]_L_g):I)
=0
2
20% 5
<5
<2B(
z

i ]

I For several problems of interest, 13 defines a functional not only on V, but also on a larger space Z (e.g.,
the classical distributed control (Bu, v) := /D uv is a well-defined functional over Lz(D) > H! (D)).
This additional hypothesis will be needed to assume convergence rates for the spatial finite element dis-
cretizations.

L
SB[ bt} o) = 1@y o) | = QF T [pef o) — peo1 iy 0]
=0

L
32 QE T [pelw} o) = Pec1 Wy o0) = Pe )+ peo1 iy ;)]
=0
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Next, using the statistical independence of the quadrature formulae across the levels
and since E [QLJ [pz(uz,oo) - pe—l(uz_l,oo)]] =E [Pﬁ(uz,oo) - Pi—l(uz—l,oo)]

(which holds true because 0L~ is unbiased and the adjoint variables are evaluated at
the minimizers of continuous OCPs in probability), we have

2
E i (IE — QL_‘“]) [Pe(u} o) = Pe-1(}_y o0)]
=0 z
_SE [H (E— Q") [petut o) = P10}y 00)] Hi] S
=0

On the other hand, since E [pg (uz,oo)] #E [QL’[ [PZ(ME,L—E)]} we can bound the
last term using twice the Cauchy-Schwarz inequality,

| }

z

d

<E {L i | Q5 [petuf o0 = pe-1@i_y o) = pef )+ pe_1<uzl,u>]{zz}

L
L—
Z Q ¢ [PK(”Z,OO) — Pe—1 (“2_1_00) - I’l(”Z'L_() + Pe—1 (”;—I,L—l)]
=0

=0

(20)

=0

Np_¢ Lt Lt ) Lt

L—¢ J * J * J * J *
Zl ¢; Py o) =Py Wy 00) =Py )+ rly g )
iz

|

are positive and sum up to one. O

L
_ 2
<L) E [QL pes a0 = peor@i_y o) = pel L+ pH(u;,l,L,pHZ] ,
=0

N —¢

where the last step uses that the weights {¢;} 1,

Remark 1 (Proposition 1 for deterministic quadrature formulae) If the quadrature
formula is deterministic, the proof of Lemma 1 can be adapted by using repeatedly
the triangle inequality. The final error estimate is

L
la* =MDy < u* — ki + CTB Y& Q) [peti o) - 1y ]|,
=0 (1)

L
C _
+ B3 QE T [Ipetuf o) = pef ) = pe-1h_y 00) + Pe1 iy 1 _p)lz].
=0

The error estimates (16) and (21) are made of three terms. The first one is the
bias term due to the spatial discretization of the OCP. The second one is the standard
statistical term typically arising in multilevel analyses. The third term instead is novel
and it requires a detailed analysis which is presented in Sect. 4. It appears since on
each spatial level ¢, the approximated quadrature formula of level L — ¢ enters into
the definition of the nonlinear optimality conditions that are solved (see (10) or (11)).
From this point of view, our analysis may be extended to study multilevel methods for
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random PDEs containing terms that depend on the law of the random solution, e.g.,
=V (k(x,0)Vyx,w) + E[y(x,w)] = f(x,w) Vx € D, P-ae. w.

In the context of stochastic differential equations, a prototype example is the McKean-
Vlasov equation.

We now discuss some implementation aspects. Algorithm 1 details how uMQL) js
computed: starting from a coarse mesh of level £ = 0 and a fine quadrature formula
of level L, we solve the corresponding minimization problem (8) with any suitable

optimization algorithm. Once ug ; is computed, QL | po (u(*)’ 1) | is obtained through a
post-processing step by evaluating the forward and adjoint solution operators on ug ;
for every quadrature node involved by QF. Notice that this post-processing step can
be avoided using a full-space optimization algorithm for (11), since Q% [PO(MB,L)] is
already computed along the solution process and can be returned as an output of the

optimization algorithm. Next, for £ = 1, we consider a coarser quadrature formula of
level L — 1 and solve the minimization problem on both a mesh of level 1 (thus finer)
and of level 0. The quantity QL-1 [pl (uI’L_l) - po(u(*)’L_l)] is again either obtained
as the output of a full-space optimization algorithm, or computed in a post-processing
step. The process is then repeated for all remaining levels £ smaller or equal than L.
Given this algorithmic description, we stress that M2 does not correspond to the
output of a new optimization algorithm, but in constrast it is defined as the combination
(possibly with a projection onto the set of admissible controls if Uyg # U') of outputs of
any optimization algorithm applied to a sequence of minimization problems. From this
point of view, our multilevel approximation is agnostic with respect to the optimization
algorithm used, and should be interpreted as a smart way of combining spatial and
quadrature discretizations at different accuracy levels, instead of solving a single, but
very expensive, optimization problem.

Algorithm 1 Multilevel Quadrature Approximation

L

: Require: Level L, a sequence of finite element spaces {VZ}@L:Oa and quadratures {Qk }k o

: Compute ug ; by solving (8).

: Compute QF [pO("G,L)]

cFort=1,..., L

: Compute uy_, ; _, by solving (8).

: Compute ”Z 1 by solving (8).

: Compute QL—¢ [W(”Z,L—Z)] and QL—¢ [W—l(”Z—l,L—(Z)]'

: Endfor
: Output: Return uMQ(L) using (15).

O o0 1 Ok W =

Notice further that Algorithm 1 could be potentially parallelized straightforwardly,
since all minimization problems (lines 2,5,6) are completely independent. However,
solving them in a sequential way has the advantage that ”2—1, 1 _ Tepresents a good
initialization to compute uj ; , (line 6), (and similarly uj ; , is a good initial guess
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for the next iteration of the for loop), thus, potentially, very few iterations of an outer
nonlinear optimization algorithm are needed to solve the problems in lines 5-6.

Remark 2 (On the use of two different quadrature formulae on each level) On each
level one could potentially use a quadrature formula (say, QIL ~%) to semidiscretize the
OCP and a different one (say, Q'z“ “to compute the average of the resulting adjoint
variable. From the theoretical point of view, the error bounds (16) and (21) would
still hold true with Q° replaced by Qg. The use of two different, randomized and
statistically independent, quadrature formulae on each level would have a particular
theoretical interest since it would greatly simplify the analysis presented in Sect. 4 (see
also Remark 4). Nevertheless, it would prevent from recycling the adjoint variables
that are computed along the optimization procedure. For this reason, in the rest of the
manuscript we assume to use the same quadrature formulae, and detail the convergence
analysis in this more delicate case.

4 Convergence analysis

In this section, we formulate mild assumptions on the spatial and on the quadrature
approximations in order to control the three terms appearing in (16). To bound the
last term, our analysis requires to make the additional assumption U,g = U, that
is, our theory does not cover the case where control constraints are present. We still
however cover boundary or local controls, modeled by the control operator 13, and local
observations through the operator C. We will numerically investigate the efficiency of
(15) in the presence of control constraints in the numerical Sect. 6.
We start formulating an assumption on the sequence of quadrature formulae.

Assumption 2 (Quadrature formula) The quadrature formulae {Qk } i~0 are random,
unbiased, and statistically independent. Further, for any g € [2, og) there is a normed
vector space of functions denoted by H,(£2; Z) and a constant Cg , > 0 such that
forevery f € H,(2; Z) and k > 0,

E[f1—- O[]
| |

—E[|E1/1 - " [f]HZ]; < Co.gwll fllmy @2,
22)

L4(Q:2Z)

where {yx};>0 is a decreasing null sequence.

The outer expectation operator in (22) must be interpreted as an expectation over
the randomness of the quadrature formula, while the inner expectation is taken with
respect to underlying probability measure IP in (2) and (3). Note that the Monte Carlo
method satisfies (22) with y, = N/:]/z and H,(2; Z) = L9(2; Z), where for g > 2
the proof is based on the so-called Rademacher sequences, see, e.g., [33]. We refer to
Remark 4 for a technical discussion on why Assumption 2 is formulated for a generic
exponent g > 2.

A deterministic quadrature formula can as well be embedded into (22). In this case,
we can simplify the assumption, postulating that the existance of a normed vector space
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of functions H (£2; Z), equipped with a norm || - || g(q;z), such that if f € H(2; Z)
then

[ELr1- 111, = Conl Fln@n, (23)

where C o > 0. Asconcrete examples, if the probability space can be parametrized by a
vector & of M random variables assuming values on a bounded subset I of RM, Quasi-
Monte Carlo methods satisfy (23) where yx = N, ! (log N\)™ and H (2; Z) denotes
the space of functions with bounded Hardy—Krause variation [34]. Alternatively, if
H (R2; Z) denotes the space of functions that admit an analytic extension on an open
subset ¥ € CM containing I', we may obtain the exponential convergence rate y; =
exp(—bN, ,! / M), withnorm ||| co(x. z), using tensorized Gaussian quadrature formulae.

For the linear-quadratic OCP (3), standard calculations (see, e.g., [6, 7]) show that,
for a given set of quadrature points, it holds that

lu* = wle o < CIE[p@] = Q4 [pw")] Iz, 24)

where the constant C = C (v, 3) depends only on the regularization parameter and on
the control operator. By taking first the g-th power of (24) and then the expectation with
respect to the randomness of the quadrature, we conclude that under Assumption 2 it
holds that

lu* —us plliLa@vy < Coqvellp@) b, @:2) (25)

for a constant Cg , > 0 provided that p(u*) € H,;(2; Z). Equation (25) is a bound
on the error on the control due to the sole discretization in probability. Similarly, if
pe(u*) € Hy(Q2; Z) the same arguments lead to

4} 00 — U7 il La@:v) < Co g Vil Pe@) | 1 (2:2)- (26)

Corresponding results for deterministic quadrature formulae hold true in the || - ||y
norm using directly (23) in (24).

Next, we formulate an assumption concerning the spatial approximation. In order
to postulate some rate of convergence of the finite element discretizations, we suppose
that the state and adjoint variables are more regular than general elements of V. Besides
requiring that B defines a functional on a Hilbert space Z containing V, we further
assume that ImC* ¢ W', i.e., C* : H — W/, for some Hilbert space W such that
W2V.

Assumption 3 (Finite element approximations) There are subspaces K and K of V
such that Im(S“B) C K and Im(S“*C*Ag) C K, and these operators are continuous
from U to K and from H to K, respectively. Further, the operators S’ and Sz”* satisfy
for P-a.e. w,

1S = SP)Bullw < Ca(@)hy™ ully, Yu €U, 27)
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I(S“* = S )C* Amhllz < Ch(@)hy”|hllm, Vh e H, (28)

for given aryy, az > 0 and positive constants C,(w) and C;(w), such that C,, C}; €
L7(2; R) for any g € [1, 00).

Example 1 Consider the linear-quadratic OCP

min T u) = %E [/D(y(x, ®) — ya(x))? dx} n % /D 2 (x) dx,

ueL?(D),yeL?(Q; H} (D))

with distributed control and distributed observations, and subjected to a random linear
elliptic PDE with homogeneous Dirichlet boundary conditions whose weak form, for
P-a.e. w, is: Find y(-, ) € HO1 (D) such that

/ kX, w)Vy(x, w) - Vo(X) dx = / u(x)v(x) dx, Yv e HOI(D),
D D

where « is a random diffusion coefficient. In this setting we have U = L*(D), V =
H!(D),Z = L*(D), H = L>*(D) and W = L*(D). B is the embedding operator from
L?(D) to (Hy(D))~', while C is the identity operator on L?(D). The Lipschitzianity
of k and a C""! domain are sufficient to have H2-regularity of the state and adjoint
variables (i.e., K = K =H 2(D)), which permits to satisfy (27) and (28) with
aw = oz = 2 using continuous piecewise linear finite elements.

Assumption 3 is standard in finite element approximation analysis and the condition
on the integrability on C, and C}, is sufficiently general to cover also log-normal fields
[35]. We now recall some technical results that follow from Assumption 3 and that
are relevant to study the error associated to #MQL), To simplify the notation, we
set C¢ := |ICllz(w.m) and denoted the operator C*AyC : W — W' by T and its
continuity constant by Cr.

Lemma4 Let Assumption 3 holds and set o := min(aw, «z). Then,

[(S**C* AyCS®B — SC*C*AyCSPByullz < A(@hS |ully, P-ae inQ, YueU,
(29)

I ) — pg Wiz = Blw)hy (lullv + lyall). P-ae inQ, YueU, Vys € H,
(30)

where
A(®) == Cs(0) (Ci(w)CcCp + C1Ca(w)),  B(w) = Cj(w) + A(w),

and A, B € L1(Q2;R) for any q € [1,00). Further, there exists a positive con-
CgpllB
stant Cg = ColBli2g) and a random variable G () = (C}(w) + Cg(a))CTCBCd

+ A(w)), G € L1(2;R) VY g € [1, 00), such that
lu* —up ollu < Cahf (lu*llu + llyalla) . (31)
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Ip” @*) — p§ U} Dz < GG (lu*lly + Iyalla), P-aeinQ. — (32)

Proof The proof of the first inequality relies on the triangle inequality, the continuity
of §, §;”*, T, C and Assumption 3,

IS *C* A CS?Bu — S *C* Ay CSy Bullz = II(S”* — S")C* A CS“Bul 2
+ ISy C* A C(Sy — S”)Bullz
< CL@)Cllgv, m)yCs@IIBl g, vnyhy” lullu
1Sl eow,2) Cr Cal@)hy " llully
< Ch@)CcCs(@)Cphy lully
+ Cs(@)CrCal)hy" |ully.

The second inequality is a direct consequence since

Ip® W) — pfWllz = IS”*C* A (ya — CS“Bu) — S C* Ay (ya — CS¢Bu) ||z
< S = SPC* Ay llz + 1S *C*ApCS?Bu
— SO C*AuCSYBully
< Ch(@)hy% yallg + A(@)h§ |ully.

The integrability of A, B follows directly from the assumptions on Cs, C, and C};. To
prove (31) we consider the two optimality conditions satisfied by u* and u} __, namely

(J'Wv—uyu =0, (JoWjo)v—uj; v =0, YveUy.
Choosing v = uj . and v = u* in the two inequalities respectively, summing them

up and adding and subtracting (J ’(uz o) W — Uy )ur.u, standard arguments (see,
e.g, [21, Chapter 3]) lead to the bound

Vit =} G < E[B* (pP @™ = p?Wh) ,u* —uf u].

Young’s inequality and (30) finally yield

2

C
lu* = u} ol < —BE[Ip° @) = pf @3]
C%E [B%(w) . )
< %hﬁ“ (lu*ll + lIyallm)”,

from which the third claim follows. To prove the last inequality we observe that

1p° @*) = PP iz = IS C* A p (va — CS“Bu*) = S C* A g (va — CSPBu} o)z
< Ch@hY? 1yallg + 1S CX Ay CS®Bu*
— S *C* ApCSYBuy iz,
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and then we bound the second term using (31),

1S9*C* A gCS“Bu* — S C* AuCSPBus Nz < IS0 C* AuCSYBw* — u} o)l
+ ||(Sw’*C*AHCSw — SZU’*C*AHCSZ))BM*”Z

= (C3@CresCa+A@) b (Iu*llo + Iyalln) -
O

Equation (31) provides a bound on the first term of (16). It states that the solution of
the semi-discrete optimal control converges to the full continuous one with a rate «
determined by the approximation properties of the discrete state and adjoint solution
operators in the || - ||w and || - ||z norms. Together, (26) and (31) lead to a bound for
the error associated to the solution uj , of (8). Specifically it holds that

E [||u* _ u’g,kn%,] < 20u* — u} |13 +2E [||uzoo - u;,kn%,] <2022 42022,
(33)

for two positive constant C1 and C».

To analyze the error associated to the multilevel approximation M%) we need a
further mixed-regularity assumption. In particular, we require (32) to hold not only
pointwise for [P-a.e. w, but also in the norm of the vector space of functions appearing
in the assumption on the quadrature formula. Notice that for Monte Carlo methods
(for which we can take H, (2; Z) = L9(R2; Z), q € [2, 00)), this is trivially satisfied
if G € Hy(Q2; R). Similarly, if the solution operator and its adjoint (both at the
continuous and discrete level) are holomorphic in a region X D T, it is sufficient to
require G € C%(Z; R). Other quadrature rules, such as Quasi-Monte Carlo methods,
may lead to H(2; Z)-norms that involve the derivatives of the solution operators with
respect to the random parameters, preventing such a straight characterization.

Assumption 5 (Mixed-regularity) There exists ag € (2, co) such that forevery u € U
and g € [2,q], p(u) and p¢(u) belong to H,(£2; Z). Further, there exist a positive
rate @ and a positive constant Cpy 4 such that

lp*) = pe a2 < Crght (1e*llu + 1yalln) - (34)

In the case of a deterministic quadrature formula, we assume (34) holds true in the
corresponding H (€2; Z) norm.

We are now ready to formulate the next Lemma which is key to our analysis. It will
permit to control the third term of the error estimate (16).

Lemma 6 Let Assumptions 2, 3 and 5 hold, set B = min («, @), and assume further
that Ugg = U. Then for any q € [2,q), there exist a constant C = C(q, q,u*, yq)
such that

E [l = uf oo — o s +ui 1l < ChiPy, (35)
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forevery £,k > 0.

Proof To simplify the notation, from now on we set Au := u*—uj  —up,  +uj ;. We
recall the optimality conditions satisfied by the different optimal controls appearing
in (35), namely

(J'(u), w—u*)u/U—O Yw e U, (36)

(Jf oo} o)y w —uj Yy =0, YweU, (37)
(Voo Ui ) w —ul, )y =0, YweU, (38)
(Joxp),w—uj )y =0, Ywel. (39)

By choosing a different test function w in each relation such that the second argument
of the duality pairings equals Au, and by further summing the four conditions we
obtain

(=T W) 4 T 0o U] o) + oo e ) = ol 1), Au)yry = 0.
Then,

VAUl = WAy Au— T W) + J] o} o) + To 1 e ) — T W} ). Audyr
= (—J ") + Jéyoo(uzoo) + Jc;o,k(“*) — Jé k(uz o) Ay U (40)
+ WAy Au = T ) + Ty ) o0) + T 1 g 1) = Jp Wl 1), Auyr
=I1+11.

Next, on the one hand, using the expressions of the gradients and the continuity of B,
1= B (E[pa) = pe )] = @ [p@) = petui 0)]) . Aw)ory
= Call (E— @) [p@") = petui )] Izl Aully 1)

C2 . R v
= B (E - Q) [pe) = petu; )] 1% + 1 Aul
On the other hand, adding and subtracting p¢(u*) — py ("‘go, o)

11 = (B*Q* [p(*) — pe(u} o) — pule ) + pe )], Au)yru
= (Q [pw*) — pule ) — peu®) + peul, )] BAU) 7,7 (42)
+(Q" [pe™) — pe(ul ) — Peut} o) + Pe(ul )] BAU) 7 7.
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Using the affinity of the map u — p¢(u) and the positivity of the weights of QF [-],
we observe that

(QF [pe(u*) — peule ) — Pe(uf o) + peul )], BAU) 7 2
= QN [(—SP*C*AnCSy BAu, BAu) 7 7/]
= Q" [(—AuCSPBAU, CSPBAU) 1 1|
= O [~llesyBaul ]
<0.

Hence, the second term is bounded using (29),

11 < (Q [pw*) — pul ) — pe(u*) + pe(ul )] BAu) 7 7
< CQM (SO *C* ApCS® — S C*ApCSOB* — uly izl Aully
< CpQ AR |lu* — uly (llull Aully 43)

CE(Q14)° L0 . v
< %h?anu —ulo il + JlAul.

~ 2 & 5
Setting C := M

, (41) and (43) lead to
lu* = uf o — o i+ uf 4 Iy

=C (H (B~ 04) (o) — petut ]|+ 130 - u:;o,kn%,) L @)

which holds true for any sample set of quadrature points, and C does depend on the
sample set. Taking the g /2-th power of both sides, g € [2, ), in (44) yields

* * q
oo T Uk + “z,k“U
q

~4 * * 2 * * .
= (|(B- @) [pw) = petwi ]|+ hE il - um,kn%,)

<2 ([ (B~ @) o) — petut |+t )
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where the last step follows from Jensen’s inequality being % > 1. We next take the
expectation with respect to the sample set and use Holder inequality with r = g > 1
and r’ = q"%q, Assumption 2 and (25),

E [l = u} oo — e+ uf 117 |

<2 <1E (€] (- @) [pwn) - petui )] HZ]

q—q
) 99

42 [~ 2017 (=g ¢4 q
<2% E[cw ﬂ (CQ@yk 1) = petut DI, 0.2

qo ~q q * q
+hy Co 7V lpu )“Hg(Q;Z))’

> 1, OF is unbiased, A €

~_ 49 . Vil
where we remark that E [C 2@‘”} < 00 since z(giq)

L"(2; R) for any r € [1, 00) and, hence, using Jensen’s inequality,

] sofe [ -]

Finally, (34) leads to the claim

* * * * 19 q.98
E[llu* — u} o — uho +uiilf] < Cring”,

for a suitable constant C = C(q, g, u*, yq). o

Remark3 (Lemma 6 for deterministic quadrature formulae) For deterministic
quadrature formulae, the proof of Lemma 6 is identical until (44). We then take the
square rooth, and it is then sufficient to ask that ok [A(w)] remains bounded for any
k > 0 (e.g., A(w) is sufficiently regular so that the quadrature formula converges as k
increases), and to use (23), (24) and (34). The final bound reads

lu* — u} o — o+l Nl < CHE (45)

for a suitable constant C = C(u*, y;) and 8 = min(«, @).
We are now ready to prove our main convergence result.

Theorem 7 (Error of the multilevel approximation) Let Assumptions 2, 3 and 5 hold.
Further, assume that Uyq = U. Then, the multilevel approximation (15) satisfies the
error bound

L
E [||u* - uMQ<L>||2U] <2033 + 3L WPy, (46)
=0
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for two positive constants C and Cs.

Proof We start by recalling Proposition 1 and bounding the first bias term thanks to

@31,

E [t =MW 3] < 26383 (lu* oy + Ivall )

L
4C - * *
+ X (Z{;E [1(E~ @5) (et o) — pe-1 iy 1] @7

L
+ L Y B[ QEpew] o) — peluf 1) = Pe-1 @iy o)+ Peo1 iy I3 ] )
=0

The second term is controlled using Assumption 2 on the quadrature formula and
Assumption 5 on the mixed-regularity, yielding

XL:E [H (B = Q") [pe(f o) = pe-t(i_1 00)] Hi]

=0

L
< Cho Y Vi dlpeh o) = pe-1h_y D iyaiz)

£=0
L ~
S D Z yz’fzhzaﬂ
£=0
for a constant D := 2529 2C%_1’2 (lu*ly + ||yd||H)2 1+ 125) > 0, where T =

inf, hfl—;l is assumed to be finite. Concerning the third term, we argue pointwise for

every node éiL% involved by QF~¢ and add and substract suitable terms. Dropping
the superindex L — £ to ease notation,

1P5 uf o0) = P Wh_y o) — D3 Wl p ) + i iy IS
< 201p5 Wty — Pk ) — Py h.o) + Py IS
205 W) — pE ke ) — Pi Wy 00) + P E_y N

The two terms are similar, thus we consider only the first one. Adding and substracting
p? w*) — p? (uk, 1 _p) yields,

1p% u*) — p¥i (e 1 _ ) — Py (uh o) + Py (s DI
< 2p% W) — pi ke 1 _) — pi W) + py ke 1%
F 20 ps W) = pi ke 1) — Pl o) + P wh I
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Then, on the one hand, using (29) and Holder inequality for r = % together with (25)
yields,

E [QH | p@™) = Pl 1) — pe™) + pe(ule 1) ”22]
_E [QL_E ” SOFTSBW* —uk, 1) — S, TSPBW* —us, 1) sz]

= WP [ QM [ A7) It — o 11 ]

_ q-2
2u L—¢ 2 qu ! * * q %
<h|E[|Q A Elllu* —ug, 1 olly
< Ch2y} (48)
_ q=2
- 7 7
where C = (E || QF¢ [A2]42>1|> ! ||p(u*)||H (@:7)- On the other hand,

using the affinity and continuity of the map u — py(u), Holder inequality fora§ > 0
such that 2(1 4+ §) < ¢, and Lemma 6,

E [QL_K | peu*) — pe(ul, ;o) — Pf(”z’oo) + pe(”zL“f)HZZ]

* % * * 2
=B [Q [ SP et AnCS W —ute oy — oo+ ]
<E[Q" ! [cdch | Iw —ut pog — oo + uz,L_en%]]
I\ 2(1) T
< ([ [eici)” D (= == 3]
~ 2
<GPyl (49)
1)
o~ 1+5 T+ 1
where C, := (E | Q¢ [cicz] ™ C T3, C being the constant appearing in

Lemma 6. Recalling together (47), (48) and (49), we get the claim,

L
B[t = MO} | < 203mi + 3L Y nvE,.
=0

for suitable costants C and C3. O

Remark4 (On Assumption 2) Assumption 2 on the control of the L9(2; Z) norm
of the quadrature error for any ¢ € [2, 00) is needed in Lemma 6 and Theorem 7.
We remark that either using two random statistically independent quadrature formulae
for the semidiscretization of the OCP and for quadrature of the adjoint variables, or
assuming that Cg, C,, and C}, are uniformly bounded, would permit to perform the
analysis assuming only a bound on the L?(£2; Z)-norm of the quadrature error.
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Remark 5 (Theorem 7 for deterministic quadrature formulae) The proof of Theo-
rem 7 simplifies if the quadrature formulae are deterministic, since there are not outer
expectations of products of sample-dependent quantities that have to be handled via
Holder inequality (as in (48) and (49)). Starting from the error bound (21), using (31)
to bound the bias term, (23) and (34) to bound the second term, and (29), (24) and
(45) to control the third term leads to the final result

L
lu* — M|y < Cp 1k + Cps Yy, (50)
(=0

for suitable positive constants Cp | and Cp 3.

Remark 6 (On control constraints) The assumption U,q = U is used exclusively in
the proof of Lemma 6 to choose suitably the test functions w in all relations (36)—(39)
and, in turn, Lemma 6 permits to bound the expression in (49). Numerical experiments
presented in Sect. 6 show that Lemma 6 does not necessarily hold in the constrained
case, but still the multilevel framework can be effectively applied to problems with
box-constraints. From this perspective, our analysis could be sharpened by first refining
the error bound of Proposition 1, see the discussion in Sect. 6.

5 Complexity analysis

In this section, we present a complexity analysis to compare the asymptotic cost of the
multilevel approximation #MQ() and that of a standard, single level, approximation
”2, « to achieve a desired error tolerance &.

Let {Qk } x>0 e a family of randomized quadrature formulae satisfying Assump-
tion 2 with y = N k_ T fora n € (0, c0) and Ny denoting the number of quadrature
points for every k > 0. Furthermore, let i, = 2=t dim Ve = 2“, and assume that the
cost of computing uj ; is proportional to dim(V;) Nk. This is verified if, e.g., the outer
nonlinear optimization algorithm converges in a number of iterations that is indepen-
dent on the discretization parameters, and the cost of each iteration is proportional to
dim(Vy) N (see, e.g., [25, 26] for optimal linear solvers.) Then, recalling (33),

E [Ilu* - uz’kllzy] <2CIh3 +2C3N; 7, 51)

. . I 2 .
and imposing that both contributions are smaller than %- leads to the choices

1 -1 1\
L= —10g2(2C18 ) and Ng = | 2Cae~ )7 |, (52)
o

being [-] the ceiling function, that is, [x] is the unique integer satisfying x < [x] <
x+1,V¥x € R. Hence, to compute an approximation with an error tolerance ¢, a single
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level approach requires a computational work Wgy, of order
- Ld —1y+ -4  -4-1
WsL(e) o dimV, Ng < 2 [(ZCZS )i+ 1] ~eTd4eTaTi, (53)

Similarly, for M) we wish to choose L and the number of quadrature points on
each level in order to meet the tolerance criterium. This analysis leads to the following
result, which is a generalization of [36, Theorem 3.1].

Theorem 8 (Complexity result of the Multilevel Quadrature approximation) Let
{Qk} w>0 be a family of randomized quadrature formulae satisfying Assumption 2

with yr = Nk_", n € (0, 00). Let hy = 27, dim(Vy) = 29¢, and assume that the cost
of minimizing Jy i is proportional to dim(Vy) Ni. Then, choosing

L= ’75 log, (2C18_1)—‘ (54)

and
1
2n

T2 (L s 2
leR,/chgg—l) Ry dimy, LY AT dimy W (55)
j=0

for every £ € {0, ..., L}, the multilevel approximation uM@) achieves an error
e € (0, %] at the asymptotic computational cost,

d _1 1
e a+e n|logy et B> nd,
d _1 1
Wihr(e) ~ {e~ o +¢& 7]logye™ | B =nd,
d 1_28=2nd

1
g a4+e 1 e |log,e 2 B <nd.

Proof Due to Theorem 7, u™MQ(L) satisfies, upon relabelling the sequence of quadrature
formulae, the error bound

L
E [||u* - uMQ(”n%,] <203 + LCF Y P2, (56)
£=0

for the same constant C| appearing in (51), and for C3 > 0. The maximum level L is
chosen again so that the bias contribution is smaller than % leading to (54). Note that
if e € (0, 1] then

1 _
L < —log, (2C15_1) +1<Cllogye ], (57)
o
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with C1 = 110g,(2C)) + 1 + 1. In addition,

L
Zdlmw Z 200 —old 3 =t < Coei, (58)
£=0 £=0
with C, = 2d 1(2C 1)oc The optimal number of quadrature points on each level

is derived by minimizing the computational cost, constrained by the second error
o 2 .
contribution to be smaller than %, that is,

L

min Zdlm(Vg)Ne
{NZ}Z =0 ¢=0 (59)

()

L

— &

st LC2Y nN; < Ex
=0

By solving the constrained optimization problem using a Lagrangian approach, we
obtain (55). Next, we insert (54) and (55) into the formula of the computational cost
and, together with (58), we obtain

L L

Wiz (e) o Y dim(V)Ne < 3 dim(Ve)(Ng + 1) < Cae &
=0 =0
2n+1

1 L 2n
£2B—2nd)
+ (,/2Lc§e—1>" <22 M) : (60)

=0

Finally, the claim follows using standard arguments, see, e.g., [36, Theorem 3.1], to
bound the summation based on the relative position of 8 and nd, and using (57) to
bound L asymptotically with respect to €. O

Example2 (A multilevel Monte Carlo approximation) If {QF} _ ~ denotes a
sequence of Monte Carlo approximations of increasing number of quadrature points,
(15) reduces to

MLMC(L) . La-ips Lo & By, @ig 2B

u .:'Puad ;AU XE}MX} ("66 )—p{_l(tté_u )
=0 "t i=

(61)

N N
1 _] B* 1 & w,() u B L 1 & a)lg * @y APy
=Puy NOZPO H‘Z le wyg )= pply w39
=1 i=

where @ ¢ = {o' 'e}?ﬁl are the independent, randomly drawn, samples. Concerning
its complexity, the Monte Carlo method satisfies the hypothesis of Theorem 8 with

@ Springer



Multilevel quadrature formulae for the optimal control...

n= % The optimal number of samples on each level then simplifies to
L
Ne = [2LC328_2hf\/ding > nf /dimv; W (62)
j=0

which permits to achieve, together with L as in (54), a tolerance ¢ € (0, %] with a
complexity

e‘g + 72 log, e 2B < d,
Warme(€) ~ {676 +e2|logy e~ 2 28 =d, (63)
_d _2+M —1
g e +te @ |logye™'| 2B >d.

Compared to [36, Theorem 3.1], (63) differs by an extra term | 10g(8’1)| which is due
to the factor L multiplying the summation in (56).

Remark 7 (On the dependence on the parametric dimension) Assume that the prob-
ability space is parametrized by a vector of M random variables. Since the Monte Carlo
method satisfies the assumptions of Theorem 8 with n = %, independent on M, the
rates in (63) hold even for M = oo and thus (61) is an effective multilevel approx-
imation even for OCP constrained by high-dimensional parametric PDEs. For other
quadrature formulae, such as Quasi-Monte Carlo and stochastic collocation, the value
of 1 does in general depend on M, and so the complexity of the multilevel approxi-
mation depends, like that of a single-level approach, on the dimension M.

6 Numerical experiments

In this section we verify the assertions of Lemma 6 and Theorem 8, explore numerically
the performance of the multilevel approximation in the presence of box constraints,
and compare the complexity of the two solution strategies described in Sect. 5.

We consider the OCP (3) with distributed control and observations set on the
domain D = (0,1)4, d € {1,2}, and set v = 1072. We numerically inves-
tigate both the unconstrained case (Uyg = U), and the constrained case with
U = {v e L*(D): a <v(x) < b Vx € D}. As bilinear form we use

ap(y,v) = / kX, w)Vy - Vv dx,
D
k (X, ) being the diffusion coefficient and equal to
k(. 0) = exp (07 (G @Y1 (X) + B2 (X) +E @Y ().

The variables &, ~ U(—1,1) are uniformly distributed and o> = exp(—1.125).
We consider M = 3 random variables so that an accurate reference solution can be
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Fig. 1 Reference solutions u* for the two dimensional problem without (left) and with (right) constraints

computed using a stochastic collocation discretization of the expectation operator on
anisotropic full-tensor grid and on a very fine computational mesh. For d = 1, the
functions ,, are

Yi1(x) =cos(mx), Yp(x) =sin(mrx), Y3(x) =cos(2mx),

the target state is yz(x) = exp(2x) sin(2wx), and a = —1 and b = 3. For d = 2, the
functions ,, are

Y1(x, y) = cos(rx) sin(rry), ¥a(x) = cos2rx)sin(wy), ¥3(x)
= cos(mx) sin(2m y),

the target state is yz(x, y) = exp(2x + 2y) sin(2wx) sin(2wy) and a = —5, b = 20.
The reference solutions for d = 2 in both unconstrained and constrained cases are
shown in Fig. 1.

6.1 Preliminary analysis

As preliminary step, we fit numerically the constants Cy, , C2, 8 and C3 appearing in
(51) and (56) with the following numerical procedures. The result of this preliminary
analysis are reported in Fig. 2 for d = 2, for the unconstrained case (first row) and
unconstrained case (bottom row).

e To fit C; and «, we use the same stochastic collocation discretization used for
the reference solution, solve the optimization problem, and compute the L?(D)
error on the control for a sequence of spatial discretizations. We use Lagrangian
continuous piecewise linear finite elements. In the unconstrained case we found
o & 2.09 for both the one- and two-dimensional problems, while in the constrained
cased we obtain « = 1.91 in 1D, and « = 1.74 in 2D. The value of C| depends
on the setting, but in all cases a linear decay of the error with respect to the mesh
size is observed in a log-log plot.

e Tofit Cy, we fix a fine mesh, and solve the optimization problem with a sequence of
Monte Carlo quadratures with Ny = P points, withk € {2, ..., 10}. The resulting
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Fig. 2 Results of the preliminary analysis to fit the constants C1, «, C», f and C3 for the unconstrained
case (top row) and constrained case (bottom row) for d = 2

L?(D) error on the control is then averaged over twenty repetitions. We verify that
1

Yk = Nk_ 2 and again the constant C5 is setting dependent. Interestingly, C5 is
smaller in the constrained case (intuitively, the presence of constraint reduces the
variability of the adjoint variable), which in turn eases the solution of the nonlinear
optimization problem by allowing a smaller number of Monte Carlo samples for
a given tolerance compared to the unconstrained case.

e Tofit B and C3, we consider a sequence of meshes with /1, oc 2~¢ and of quadrature
formulae with Ny o 4¢. Then for each £, we minimize Je.os Je—1,¢ and compute
numerically the quantity

— —
Dy = HE [Pe(uzoo) - Pz—1(uE_1,oo)] -t [PZ(MZ(M) - P[-l(uz_affg)] HLZ(D) ,

(64)

which appears in (18) in the proof of Lemma 1 before we did further splitting
and majorisations. The result is averaged over ten simulations. We obtain a rate
of decay close to 3, in both the unconstrained and constrained case, which is
consistent with a choice of 8 = 2. Numerically, we further verified the mixed
decay of the controls (quantity Au in Lemma 6) in the unconstrained case, see
Fig. 3 (left). With box constraints, the claim of Lemma 6 seems numerically not
to hold. Nevertheless, this does not prevent D, to exhibit the correct mixed decay
which justifies the application of the MLMC quadrature formula even with control
constraints.

As final preliminary step, we verify that the cost of minimizing Jy j is linear with
respect to dim(Vy) Ni. In the unconstrained case, J x is minimized by solving directly
the full-space optimality system (11) using the block diagonal preconditioner proposed
in [22] and analyzed in [25]. In particular such preconditioner allows to precondition
in parallel the 2N, PDEs, and leads to a constant number of Krylov iterations with
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Fig.3 Verification of (35) without (left) and with (center) box constraints. The right panel shows the growth
of the computational time to assemble the finite element matrices and to solve the optimality system as the
problem size increases

respect to the mesh size and number of samples. Figure 3 shows the computational
time to assemble all the finite element matrices and to solve the optimality system as
the size of the problem increases. In the constrained case, we solve the minimization
problem with an outer nonlinear semismooth Newton iteration, and as inner solver we
use again a Krylov method preconditioned by the same block diagonal preconditioner
as for the unconstrained problem. In [26], the authors showed that this strategy leads
to a robust number of outer nonlinear iterations with respect to the parameters of
interest, so that the overall computational cost can be considered linear in the size of
the problem as in the unconstrained case, but with a larger constant.

6.2 Complexity results

We finally compare the MC method and the MLMC method described by (61) both in
term of complexity to reach a given tolerance ¢ and of related computational times. For
the unconstrained case, Fig. 4 shows for d = 1 (top row) and d = 2 (bottom row): the
linear decay of the error with respect to a prescribed tolerance (left column), the related
complexity measured by dimVy (2Ng + 1) (with L and Nk chosen as in (52)) for the
MC method and by ZLO dimVy(2N; 4+ 1) for MLMC method (center column), and
the overall computational time measured in seconds (right column). Fig. 5 replicates
Fig. 4 for the constrained case.

Figures 4 and 5 shows the reduced computational cost of the proposed method
compared to a standard MC sample average approximation, and confirm the complex-
ity analysis presented in Sect. 5, in particular the simplified result (63). We further
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Fig.4 For the unconstrained problem, we report the error decay (left panel), the computational complexity
(center panel) and the computational time (right panel). The top row refers to d = 1, the bottom row to
d=2
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Fig. 5 For the constrained problem, we report the error decay (left panel), the computational complexity
(center panel) and the computational time (right panel). The top row refers to d = 1, the bottom row to
d=2

emphasize that in all simulations we could not reach a smaller tolerance with the MC
method, since the single, very large, optimization problem quickly saturates the mem-
ory of the workstation as ¢ decreases. In constrast, the MLMC method allows us to
reach smaller tolerances by solving a sequence of smaller optimization problems that
more easily satisfy the limits of our workstation.
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7 Conclusions

In this manuscript, we presented a methodology to use multilevel quadrature formu-
lae in the context of OCPs under uncertainty. It consists in solving a sequence of
minimization problems discretized with different levels of accuracy, and in combin-
ing a-posteriori the approximated quadratures of the discretized adjoint variables. We
provided a convergence and complexity analysis for an unconstrained linear quadratic
optimization problem, and numerical experiments confirm the better complexity com-
pared to common sample-average approaches, even with box constraints.

Our multilevel technique can in principle readily accomodate nonlinear PDE
constraints and general objective functionals, but currently we do not have a compre-
hensive convergence result. Intuitively, we expect that the reduced functional should be
locally convex around the optimal solution, so that for sufficiently fine discretizations,
the approximated controls remain close to the exact one.

General risk measures can also be considered, as long as they lead to an optimality
condition requiring the control to be equal to an expectation of (possibly, a continuous
function of) the adjoint variable. The smoothed Conditional Value at Risk (CVAR)
satisfies this condition, while the discontinuity of the unsmoothed CVAR might be
potentially handled with techniques from [37]. These extensions will be the subject
of future works.
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