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THE DIRICHLET PROBLEM ON LOWER DIMENSIONAL BOUNDARIES:
SCHAUDER ESTIMATES VIA PERFORATED DOMAINS

GABRIELE FIORAVANTI

ABSTRACT. In this paper, we investigate the Dirichlet problem on lower dimensional manifolds for a
class of weighted elliptic equations with coefficients that are singular on such sets. Specifically, we study
the problem

—div(|y|* Az, y)Vu) = |y|* f + div(|y|* F),
u = d): on 207

where (z,y) € R xR™, 2 < n <d, a+n € (0,2), and %y = {|y| = 0} is the lower dimensional
manifold where the equation loses uniform ellipticity.

Our primary objective is to establish C>* and C** regularity estimates up to X, under suitable
assumptions on the coefficients and the data. Our approach combines perforated domain approximations,
Liouville-type theorems and a blow-up argument.

1. INTRODUCTION

Let 2 < n < d be two integers and z = (x,y) € R x R™. Let us define the lower dimensional
manifold
S = {(z,y) €R?: [y| = 0},
which has dimension d — n, and the weight |y|* = dist$; (z), where the real parameter a satisfies
a+n € (0,2). We study the following equation

—div(|y|*AVu) = [y|*f + div(Jy|*F), in By \ Xo,
u = 1/}7 on Yo N By,

(1.1)

where B; € R% denotes the unit ball with center at 0, A : B; — R%? is a symmetric d-dimensional
matrix satisfying the following ellipticity condition

(1.2) NEP < A(2)€ - € < AJEP

for all £ € R? and a.e. z € By, where 0 < A < A < oo are fixed constants. The terms f By — R,
F:B; — R%and ¥ : ¥gN B; — R belong to suitable spaces, which will be introduced later. We notice
that, when n = d (so that z = y), the lower-dimensional boundary 3¢ = {0} reduces to a single point.
In this case, we assume the boundary condition is simply «(0) = 0. The operators V and div denote the
gradient and the divergence with respect to the variable z, respectively. Weak solutions to this equation
are naturally defined within the framework of weighted Sobolev spaces, which will be introduced in
Section 2.1. Thus, we say that u is a weak solution to (1.1) if u € H"%(B;) := H(By, |y|®dz), satisfies

/ y*AVu - Vodz = / W*(fé - F-V)dz,
By

B1
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2 GABRIELE FIORAVANTI

for every ¢ € C2°(B; \ o) and u = 1 in the sense of the trace (see Definition 2.5).

Our primary goal is to establish local regularity estimates up to 3¢ for weak solutions to (1.1).
Specifically, we show that, under suitable assumptions on the data, solutions are C%%(B; /2) and,
in some cases, may be C1(B; /2). As we will see later, our results are sharp with respect to the
assumptions on the data. Specifically, the function |y|>~*~" is a solution to (1.1), when A = I, f =0,
F=0and ¢ =0and it is C%»?7% " if a+n € [1,2) and C1'=%"" if a + n € (0,1). The idea behind
our theorems is that this solution is the worst regular solution to (1.1) when A =1, f =0, F =0 and
Y = 0.

The Dirichlet boundary condition u = % on ¥y requires some clarifications. For general values of
a € R, the trace of functions which belongs to H%(Bj) on ¥y might not be well defined. In the paper
[28], the author shows the existence of a trace operator for a large class of weighted Sobolev spaces on
lower dimensional boundaries. Specifically, the following result holds.

Theorem 1.1. [28, Theorem 2.3] Let I' be a (d — n)-dimensional C*-manifold, distr be the distance
from T, a+n € (0,2). Then, there exits a unique bounded linear operator

T : HY(By,distd) — L*(I' N By)

such that
Tu = uy,

for every u € C*°(By).

Hence, the restriction we impose on the parameter a+n € (0,2) ensures that the boundary condition
u = 1 on Yo makes sense. In other words, introducing the weight as a power of the distance to
the boundary provides a natural framework for studying the Dirichlet problem for linear elliptic
operators on lower-dimensional boundaries. Without such a weight, the solutions do not ”see” the
lower-dimensional sets due to capacitary reasons: for instance, a harmonic function in By \ X is the
same as a harmonic function in the whole Bj.

We also emphasize that in the works [8,9], Cora, Vita and the author systematically study the same
equation in the broader case a +n > 0, with a focus on solutions which satisfies an homogeneous
conormal boundary condition on Xy when a 4+ n € (0, 2).

The study of such equations falls within the theory of non uniformly elliptic operators, as the
presence of the singular weight causes the operator’s coefficients to blow up on the manifold ¥g. In
the seminal paper [18], the authors extended the De Giorgi-Nash-Moser theory to weighted elliptic
equations, where the weight arises from quasi-conformal mappings or belongs to the Muckenhoupt As
class. In particular, under suitable assumptions, they proved the validity of the Harnack inequality,
ensuring Holder regularity of solutions with a non explicit Holder exponent. Along this line, we also
refer to the work [21]. Our weight |y|* belongs to the Muckenhoupt As class when a+n € (0,2n), so our
assumption a +n € (0,2) ensures that the known results for this class of weights apply, guaranteeing
that the solutions to our problem satisfy some Holder estimates. However, the peculiar geometry of
the singular set of our weight |y|®, combined with its homogeneity property, allows us to obtain more
refined results compared to the general theory mentioned above.

In recent years, there have been significant contributions to the study weighted elliptic equations,
where the weight behaves like the power of the distance from the boundary of a set. The most notable
case is n = 1, which is closely related to the extension theory for fractional operators developed
by Caffarelli and Silvestre in their seminal paper [5] (we refer also to [10], where the authors study
fractional operators in conformal geometry). This setting is now well understood, and there is a
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rich literature on the regularity properties of such equations. Concerning Schauder type estimates,
a notable reference can be found in [6]. Moreover, we highlight the works [31,32, 33, 14], where the
authors establish a complete Schauder regularity theory for degenerate/singular elliptic equations, and
its parabolic counterpart [1,2]. Additionally, we mention [15,16], where elliptic and parabolic weighted
equations are studied, yielding alternative regularity results.

In the paper [12], David, Feneuil and Mayboroda developed an elliptic theory for equations which
are degenerate/singular on lower dimensional boundaries. In particular, in [11], the authors extensively
studied our operator in the case a +n = 1, under weaker assumptions on the coefficients A. They
proved the solvability of the Dirichlet problem in this setting. We also refer to [13] and the references
therein for a broader overview of this topic. Recently, in [17], the authors investigated the boundary
behaviour of solutions in this high-codimensional setting and established estimates on the singular set
near the boundary. Moreover, our class of operators also arises in the context of singular harmonic
maps to study equations related to black holes (see [35,36,22,23,24]). In particular, in [29], the author
highlights the connection between these singular harmonic maps and differential operators like ours, in
the case where a < 0. Additionally, our work is related to Mazzeo’s theory of edge operators [25, 26],
which emerges in boundary problems with higher codimensional boundaries and provides essential
insights into solution regularity by establishing Fredholmness in degenerate Holder or Sobolev spaces.

Finally, it seems that our operator could be a good model for free boundary problems of the obstacle
type (see, for example, the classical papers [3,4]), where the obstacle is very thin (with dimension less
than d — 2), see also [19]. As already noted above, classical elliptic operators do not allow for such
problems, as they cannot ”see” small sets like these due to capacitary reasons.

Main results. The main goal of this paper is to establish local C%® and C™® regularity estimates up
to the singular set 3¢ for weak solutions to (1.1). These results are presented in two main theorems:
the first provides Holder estimates for the solutions, while the second establishes Holder estimates
for the gradient. In the following, we use the notation LP%(By) := LP(By,|y|*) to denote weighted
Lebesgue spaces.

Theorem 1.2. Let2<n <d,a+n € (0,2), p>d/2, ¢>d and

(1.3) a€(0,2—a—n)N(0,2—=d/p]N(0,1—-d/q]N(0,1).
Let A be a continuous symmetric matriz satisfying (1.2) and w be a modulus of continuity such that
[A(z) — A(?)]

< L.

[Allcow sy = I|AllLeo(s) +  sup
(B1) Bv) z,2'€B1,2#2' w(’Z_Z/D

Let f € LP%(By), F € L¥%(By)? and ¢ € C%1 (S9N By). Let u be a weak solution to (1.1).
Then, u € CO’O‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, \, A, p, ¢, «
and L, such that

(1.4) lullcoa(s, o) < cllullrzam) + 1 leam) + 1FllLaas) + [¥lcorsnm,))-

Let us point out that the assumption 1 € C%!(B;) might not be optimal, and it is reasonable to
expect that 1 € C%%(Bj) would suffice.

Theorem 1.3. Let2<n <d,a+n € (0,1), p>d and
(1.5) ac(0,1-a—n)n(0,1—d/p].

Let A be a a-Hélder continuous symmetric matriz satisfying (1.2) and ||Al|co.ap,) < L, f € LP*(By),
F € 0% (By) and ¢ € CY*(XoN By). Let u be a weak solution to (1.1).
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Then, u € Cl’a(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, a and
L such that

(1.6) [ulloras, ) < c(lullzzam,) + 1 fllLras) + 1 Fllcows,) + [¢llorasons,))-

In addition, u satisfies the following boundary condition

(1.7) {qu(x,O) = Vaip(z,0), for every (x,0) € XgN Byjg, andi=1,...,n.

(AVu+ F)(z,0) - ey, = 0,
Before presenting the idea of the proof, we recall a method developed in [31] to establish regularity
estimates for weighted elliptic equations that are degenerate or singular on a set of codimension one,
that is, when n = 1. This case, where the singular set is an hyperplane of dimension d — 1, does not
fall under the scope of our study, which focuses on n > 2. The authors develop a regularity theory for
such equations by regularizing the weight and using an approximation argument: they first establish
e-stable regularity results for solutions with the regularized weight (2 + y2)a/ 2 and then take the limit
as ¢ — 0. However, this approach seems not to work in our case, where n > 2. Indeed, by regularizing
the weight, that is, considering p%(y) := (€2 + |y|?)*/? and solutions to uniformly elliptic problems with
this type of weight, the H'(p?)-capacity of ¥ will be zero. As we discussed earlier, in this situation,
the classical Sobolev spaces will fail to capture information about the boundary condition on the
lower dimensional set ¥y. Consequently, the approximation problem with this type of weight loses
critical information about the boundary condition, making it impossible to recover uniform regularity
estimates for the weighted problem.
We adopt a different approach based on perforated domains, aiming to establish uniform estimates
in this framework. For small 0 < ¢ <« 1, we define

Ye = A{lyl <},
as the e-neighbourhood of ¥y, noting that its boundary 0%, = {|y| = €} has dimension d — 1. The
central idea is to approximate the lower dimensional boundary, which has dimension d — n, with a
classical boundary of dimension d — 1 and impose the Dirichlet condition on this set. Hence, we consider
solutions to the problem

—div(|y|*AVu) = |y|*f + div(|y|*F), in B\ X,
u =0, on 0¥ N Bj.

In this context, since the singular set ¥y is sufficiently far from Bj \ X, we can apply classical regularity
theory to obtain Co’a(Bl/Q \ 2¢) and Cl’a(Bl/z \ X:) regularity estimates, with constants that may
depend on €. The crucial step is proving that these estimates are uniform as ¢ — 0, as shown in
Theorems 4.1 and 5.1. Once we have these uniform estimates, we employ an approximation argument
(see Section 2.5) to pass to the limit as € — 0, thereby recovering the desired regularity results for the
original problem.

We emphasize that proving C® regularity for solutions to (1.1) requires a refined approach.
Specifically, the uniform estimates in perforated domains require an additional assumption on the
field F', as highlighted in Remark 5.2. Consequently, proving the main theorem necessitates a double
approximation strategy: the first via perforated domains and the second through a standard mollification
argument. This is combined with some a priori estimates for solutions to (1.1) under an additional
boundary condition on ¥, as detailed in Proposition 5.3.

The strategy for establishing the e-uniform estimates is based on a contradiction argument combined
with a blow-up procedure, drawing inspiration from Simon’s work [30]. A key component of this
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approach is the following Liouville-type theorem, which applies to entire solutions satisfying a specific
growth-control condition at infinity.

Theorem 1.4. Let2<n <d, a+n € (0,2), e >0. Let A be a constant symmetric matriz satisfying
(1.2) and u be an entire solution to

{— div(|y|*AVu) =0, in R\ 3.,

1.8
(18) u =0, on 0%,

(see Definition 2.3). Assume that there exist constants ¢ > 0, v € (0,2 — a — n) such that
(1.9) lu(z)| < e(1+|2]"), for a.e. z e R\ X,
Then, u s identically zero.

Finally, as a consequence of our main theorems, we extend our results to more general weighted
equations, where the weight é behaves like a distance function from a regular manifold I" of dimension
d —n (see Definition 6.1). Specifically, in Corollaries 6.3 and 6.4, we are able to prove local C%(Bj /)

and C(B; /2) regularity estimates for weak solutions to the following equation

(1.10) {—dW(5 AVu) = §°f + div(6°F), in Bi\T,

u =1, on I'N Bj.
The precise definition of solutions to (1.10) will be given later in Section 6.

Structure of the paper. The paper is organized as follows. In Section 2, we set up the problem by
introducing weighted Sobolev spaces, discussing their basic properties, and providing the definition
of weak solutions to our equation along with some preliminary results, including the approximation
Lemma 2.9. Section 3 is devoted to the proof of the Liouville-type Theorem 1.4. In Sections 4 and 5, we
establish the main results, Theorems 1.2 and 1.3, which concern C%® and C'1* regularity, respectively.
Lastly, in Section 6, we extend these results to solutions of the more general equation (1.10).

2. FUNCTIONAL SETTING AND PRELIMINARY RESULTS

2.1. Weighted Sobolev Spaces. Let a+n € (0,2), R > 0 and Bg := {z € R?: |2| < R} be the ball
centered in 0 and radius R. We define the weighted Lebesgue spaces

Lp7a<BR> = Lp(BR7 ‘y|adz)7
and for vector field
179(Bp)t i= IP(B, ly|"d2)
The Sobolev space H%(Bp) is defined as the completion of C*°(Bg) with respect to the norm

“ “ 1/2
e = ([ lolodde+ [ jyeivupaz) ",
Bgr Br

where C*°(Bg) = {u|BR tu € CP(RY)}.

Since we are interested in functions which vanish on ¥y = {|y| = 0}, we define the Sobolev space
H%“%(Bp) as the completion of C2°(Bpg \ ¥g) with respect to the norm || - | fr1a(BR)-

Additionally, we define the Sobolev space Hé’a(BR) as as the completion of C2°(Bg \ ¥o) with
respect to the norm || - || g1,a(p,), which contains functions having zero trace on d(Bg \ Xo).
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2.2. Weighted Sobolev Spaces in perforated domains. In the rest of the paper, we use the
notation 0 < ¢ < 1 to indicate that ¢ is a small positive number. Let us define

Ye = {(xay) : |y’ < 6}> 0% = {(l’,y) : ’y| = 5}'
We set
LPU(Br\ X¢) := LP(Br \ X, [y|*dz),
and
LP%(Bg \ 2.)4 := LP(Bg \ ., |y|%dz)".
Let us define the norm

1/2
a, 2 a 2
ul| gria o= yudz+/ y|*|Vul|°dz
ooz = ([, W [ wliwua:)

We define Sobolev spaces in perforated domains as follows.
e H(Bg\ %) as the completion of C°°(Bg \ X.) w.r.t. the norm | - | F1e(Br\S0)s
e H“%(Bg\ X.) as the completion of C°(Bg \ ¥.) w.r.t. the norm || - 1o (Br\s0)s
o H&’G(BR \ X¢) as the completion of C2°(Br \ ) w.r.t. the norm || - || g1a(py\5.)-
When ¢ = 0, we identify the spaces
LP%(Bgr \ %) = LP*(Bg), H“*(Br\ o) = H"*(Bgr), Hy"(Br\Xo)= Hy"(Bg).

Moreover, since the Poincaré inequality holds true (see Proposition 2.2) in H La(Bg \ 3.) for every

0 < e« 1, we have that
1/2
llu|| 1.a :(/ yaVquz> ,
gz = (f, Wi

€

defines an equivalent norm to || - || g1.e(p\x.) in HY(Bg\ ).

Remark 2.1. For € > 0, functions in H*(Bg \ ¥.) can be identified with their trivial extensions in the
whole Bgr. Consequently, we have the following inclusion of spaces:

HY(Bg\ ¥.) ¢ H"*(Bg).
We note that this result is frequently used throughout the paper, particularly in the analysis of

approximations on perforated domains.

The following proposition establishes several fundamental inequalities in the space H»%(Bg \ .):
namely, the Hardy inequality, the Poincaré inequality, the Poincaré trace inequality, and a Sobolev-type
inequality, all of which hold uniformly with respect to the parameter €. These results ultimately rely on
the Hardy inequality, which is by now a classical tool. We also refer to [7,27] for other functional-type
inequalities along these lines.

Proposition 2.2. Let2<n<d,a+n € (0,2), R>0 and 0 < e < 1. Then, there exist a constant
cr > 0, depending only on d, n, a and R such that

2
(2.1) [ itz <en [ ulvala:
Br [yl Br
(2.2) / ly|%u’dz < CR/ ly|*|Vul?dz,
Bpr Br

(2.3) / ly|*u*do < cR/ |y|%| Vul?dz,
OBRr Bgr
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. 2/2*
(2.4) ([ Iyl dz)"" dz<cr [ |yl*IVuldz,
BR BR

for every u € C°(Br \ X¢). In the last inequality 2* = 2d/(d — 2) if d > 2 and 2* can be replaced by
any p € [1,00) if d = 2, and in this case, the constant cg > 0 also depends on p.

Proof. For the proof of the Hardy inequality (2.1), see [8, Proposition 3.4].
The Poincaré inequality (2.2) immediately follows by the validity of the Hardy inequality (2.1), in

fact 2
[ wiia<e [ et
BR BR | i

for some ¢ > 0 depending only on R. o
By using the classical embedding H'(Bg) < L?*(0Bg) to the function |y|*?u € C®(Bg \ X.), the
Hardy inequality (2.1), combined with Holder and Young inequalities we have that
u2

a a a a au
[ wiade <o [ 1wutas < e [ (w4 e)a:
O0BR Br Br lyl |y

<c [ PP
Br
and (2.3) holds.

Finally, let’s prove the Sobolev embedding (2.4) . By using a <0, the classical Sobolev embedding
HY(BR) = L* (BR) to the function |y|*?u € C®(Bgr \ ), the Hardy inequality (2.1), the Poincaré
inequality (2.2), combined with Holder and Young inequalities, we obtain

X 2/2* * 2/2*
([ wlrpa)™ <e( [ (ulu)”as)™ <c [ (o + 19020 R)as
Br Br B

R

2
<o [ (i 4 lIval + Sl el se [ peivaras
- PP e

Hence, the proof is complete. ]
2.3. Weak solutions. In this section we give the definition of weak solutions.

Definition 2.3. Let 2 <n <d,a+n € (0,2), R>0and 0 <e < 1. Let A be matrix satisfying (1.2),
f€L*(Br\ %) and F € L>%(Bgr \ ¥.)%. We say that u is a weak solution to

{diVﬂyWAVu) " f + div(yl*F), in Br\ 5.,

2.5
(2.5) u=0, on 9% N Bg,

if u € HY*(Bg \ ¥.) and satisfies
(2.6) | wlava-vodz= [ (s~ F- Ve
Bgr Br

for every ¢ € C2°(Br \ X¢).
We say that u is an entire solution to
—div(|y|*"AVu) = |y|®f + div(|y|*F), in R4\ %,
u=0, on 0%,

if u is a weak solution to (2.5) for every R > 0.
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Remark 2.4. Using the validity of the Poincaré inequality (2.2), we have existence and uniqueness for
solutions to (2.5) which also satisfy a boundary condition on dBpg \ 3. In fact, if u is a weak solution
to (2.5) satisfying u — u € H&’a(BR \ ), for some @ € H"*(Bg \ £.), then u is a minimizer to the
functional

AVv -V
J(v) = / yl* (g — fo+ F - Vo) dz,
BR\EE

over
X :={ve H"(Bp\%.) :v—uc Hy"(Br\ X))},

and J is coercive. By a standard application of the Weierstrass Theorem, we have existence and

uniqueness of solutions to (2.5) with prescribed trace on 0Bpg \ X..

When ¢ = 0, recalling the trace Theorem 1.1, we also give a definition of weak solutions with
prescribed trace on the lower dimensional boundary .

Definition 2.5. Let 2 < n < d, a+n € (0,2), R > 0 and A satisfies (1.2). Let f € L?>%(Bg),
F € L>%Bg)? and ¢ € L?(Xo N Br). We say that u is a weak solution to

—div(|y|*AVu) = |y|*f 4 div(]y|*F), in Br\ Xo,
u =1, on o N Bg,

if u € HY%(Bg), satisfies (2.6) for every ¢ € C°(Bg \ Xo) and u = 1 on X N Bg, in the sense of the
trace.

2.4. Local boundedness of solutions. The goal of this section is to prove L? — L estimates for
weak solutions to (2.5). The proof is fairly standard and employs an iterative technique based on a
Caccioppoli-type inequality and the Sobolev embeddings (2.4) (for example, see [34]). We include the
proof for completeness. We start with the following Caccioppoli-type inequality.

Lemma 2.6. Let2<n<d,a+n€(0,2), R>0,0<e<1,p>(2*) and ¢ > 2. Let A be a matriz
satisfying (1.2), f € LP*(Br\ X:), F € L%(Br \ X:)? and u be a weak solution to (2.5). Then, there
exists ¢ > 0 depending only on d, A and A such that for every 0 < Ry < Ry < R there holds

(2.7)
1
aVUdegc/ Uul?dz + 2 e + |F|? ya .
/ vl < e [ W 4 1 sy, 0+ I e, 00

Proof. Fix 0 < Ry < Rz < R and consider a smooth cut-off function n € C¢°(Bg) such that

C
Spt(n)CBRQ, 7’]:10I1 BR17 OST]SL \V?ﬂ Sm,

for some constant ¢ > 0 depending only on d. Let us test the equation satisfied by u with n?u (which
is an admissible test function). Then, we obtain

/ ly|*n? AV - Vudz = / ly|*( — 2nuAVu - Vi + fn*u—F - (n*Vu+ 2nu - Vn))dz.
BR BR

Let us fix ¢+ > 0 to be chosen later. By Holder and Young inequalities, it follows that

1/2 1/2
[ wlzneavae onde| <2a( [ peaivapas) ([ ot vnt:)
Br Br Br

<u / [0 [ Vul2dz + ¢, / 1 uf2| Vi 2dz,
Bgr Br
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where ¢, > 0 depends on A and p. Next, using the Sobolev embedding (2.4)
‘/B fTIQUdZ‘ < cllfllpresrpsolnullposa sz < CllfllzraBr,\sollVu)llz2aBas.)
R

< ullF ) + 1 /B lyl“n2 V2= + / y|*[ul?|VnPdz,
R

Br

where ¢, > 0 depends on R and p. Furthermore,

[P 0Put 200 < Gl F e+ [ VR lyiaPVaRaz,
R R

Br

where ¢, > 0 depends on R and p. Hence, combining this estimates we obtain
A Vil < [yl A Vuds
BR BR
= \ / ly|*2nuAVu - Vndz\ + \ f?72udz‘ - ‘ / F-(n°Vu+ 2?7an)dz‘
Br Br Br

< e [ TP + B + N o) 30 [ 1ol VP
Br 2 2 Br
Hence, choosing p > 0 small enough, we get that (2.7) holds true. O

The next lemma is to establish a no-spike estimate type.

Lemma 2.7. Let2<n<d,a+n€(0,2),0<r<R,0<e<1,p>d/2, q>d. Let A be a matrix
satisfying (1.2), f € LP*(Bgr \ X)), F € L9%(Bg\ X.)¢ satisfying
[fllzrarsy + 1 FllLaesrs.) < 1.

Then, there exists a constant 6 € (0,1), depending only on d, n, a, \, A, p, q, r and R, such that if u
is a weak solution to (2.5) in Br \ X. and it satisfies

/ s Pz < 6,
BR\E&‘

then
u<l ae inB\X..

Conversely, if

/ 1yl lu_[?d= < 6,
BR\EE

then
u>-—1 ae in B, \X..
Proof. We give the proof for the positive part u., since the other one follows the same argument.

For p € (0, R), fix a smooth cut-off function n € C2°(B,) and a real number b € R. Let us consider
v:=n?(u—b); as test function in (2.5). Then,

/B ly|*AVu - V(UQU)dZ = / |y[“(f172v —F. V(n%))dz.

By
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Using the same computations as in Lemma 2.6, combining with the fact that whenever v > 0, we have
Vu = Vv, we obtain

(2.8)

s

p \&e

b1V )Pz < o [

By

plrenPde s | [ ol [ P e ds].
e Bp\Ze Bp\Ze

For every 5 € N, set
Cj=1-279 r;:=(R-r)27+r, Dj:=B,\,

noting that Co =0,70 =R, C; 11, r; L r, D; D Djiq and rj —rjp1 = (R — r)2_(j+1). We define

Vim (= Cle Byi= [ Vi

J

which satisfy, for every j € N, Ej11 < E; < Ep < d by assumption.

Let us consider a sequence of smooth function n; € C2°(B,,) satisfying n; = 1 in B 0<n <1

Tj+1)

and [Vn;| < cqlrj — r7j11| < ca2/!. Using (2.8) with v = Vj 11, p = r; and 5 = 1; we get
/ Y11V (Vi) [Pdz < C[/ Y| (Vi PV dz
D; D,

+‘ /D !y\“fn]?Vdez’ +/D \y[“\F\QX{VjH>D}dz].
j .

J

We estimate the first term in the right hand side as follows

/ IV PV dz < 220D B,

D;

Next, let us fix 7 = 2* if d > 3 or 7 > p/ if d = 2. Since p > d/2, we can consider v > 1 such that
p~ '+ 771 +~471 = 1. By applying the Holder inequality with exponent p, 7, ~, [ fllzpa(B\z.) < 1 and
the Sobolev embedding (2.4), it follows

W V| < Wlaon ([ 1nVieaa) ([ X s0dz
DJ DJ DJ
" 1/2 . 1/
<c( [ rvevaPa) ([ . sed:)
D Dj

2/
SM/ y\av(ﬁj‘/}+1)|2dz+0u(/ ’y‘aX{Vj+l>0}dz> ,
Dj Dj

1/~

where in the last inequality we used the Young inequality and g > 0 is a small number to be chosen
later. Since

{Vie1 >0} = {u = Cj1 > 0} = {u—C; > 27UF} = {1 > 270V,

it follows

/D [Y|*X v, >0yd2 = /D [YI* X (v2so-26+1ydz < 22(j+1)/ y|°Vidz = 22UtV E;.

J J DJ
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Using ||F||fa.e(By\x.) < 1, we obtain

2/q (a=2)/q
a 2 < a q a
S e oy < (et () i)

q—2/q . B
+17,71-2/q
= (/ |y|aX{Vj+1>0}dZ> < TE; :
D;
Combining together the previous estimates, and choosing p > 0 small enough it follows

/ y1° [V (35 1) 2z < (B + B2 + B9,
Dj

Next, using the Holder inequality in the definition of E;;; and the Sobolev embedding (2.4), it follows

that
ays2 a T 2/t a (2*-2)/2*
Biwt = yI*Viadz < ( I IVil dz) ( lyl X{vj+1>0}dz>
Do Djs1 Dj1
2/T . —o/r . A o

< [ Wbiaras) OB < ([ i) e

< cj+1(E]2*2/T+E;+2/V*2/T+EJ272/(172/7) gc”lE;W?
where

'y T q T
The positivity of 7 follows by the fact that for d = 3 we set 7 = 2*, and for d = 2 we choose T > p'.
Then,

{Ej+1 < CjHE;W,
Ey <4,
which implies _ .

E; < czz:oi(lJrW)j’iEél'W)J < (C(g)(lJﬂ)j'
Finally, by choosing § such that ¢ < 1, and taking the limit as j — oo we obtain that E; — 0, that is,
S5, 19w = 1)2 = 0, which yields u < 1 a.e. in B, \ X.. O

Finally, the next lemma states the L{ boundedness of weak solutions to (2.5).

Lemma 2.8. Let2<n<d,a+n€ (0,2, R>0,0<e<1,p>d/2, q>d. LetA be amatriz
satisfying (1.2), f € LP*(Br\ X.), F € L¥(Bgr \ £.)% and let u be a weak solution to (2.5). Then,
for every r € (0, R), there exists ¢ > 0 depending only on d, n, a, \, A, p, ¢ and r such that

(2.9) ull Lo 50y < e(llullp2a s + 1fllpeBasy + 1FllLaeBa\s.))-

Proof. Let us define

Ve
lullzaBas) + 1 fllraBpss + 1 FlLaeBas.)’

where 6 > 0 is as in Lemma 2.7. One has that v satisfies the hypothesis of Lemma 2.7, hence, vy <1
in B, \ X, which implies

vi="0u, 0:=

1
sl poe Bz < %(HUHLZG(BR\EE) + [ fllzreBp\s) + 1F]Lae(Br\s.))-
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Repeating the same argument with v_ one has that
1
lu—lLoo(B\50) < %(HUHLZ“(BR\ZE) + 1 fllzraBprse) + 1 FllLaa(Br\s0))-

Hence, we have that (2.9) holds true, by choosing C' = 2/+/5. The proof is complete. O

2.5. Approximation result. In the spirit of [31, Lemma 2.12, Lemma 2.15] and [1, Lemma 4.2],
the goal of this section is to provide an approximation result, which allows us to construct a family
of solutions to (2.5) in perforated domains (0 < £ < 1), which converges in a suitable sense to weak
solutions of (2.5), when € = 0.

Lemma 2.9. Let 2 <n <d,a+n¢€ (0,2), R>0. Let A be a matriz satisfying (1.2), f € L>*(Bg),
F € L*%(Bgr)? and let u be a weak solution to (2.5) with ¢ = 0.
Then, for every r € (0, R), there ezists a family {us}o<ce<1, such that u. are weak solutions to

(2.10) —div(|y[*AVue) = [y|*f +div(|y|*F), in B\ X,

| v =0, on 0¥ N By,
satisfying
(2.11) el grra(pas) < c(lullprasy) + 1fl2amm + 1FllL2asy))

for some constant ¢ > 0 depending only on d, n, a, A\, A, R, r and, up to consider the trivial extension
of uz in the whole B, (see Remark 2.1), there exists a sequence €, — 0 such that

Ug, — U N Hl’a(Br).
Proof. Let us fix r € (0, R) and consider a cut-off function £ € C°(Bg) such that
§=1inB,, spt(§) C Brer, 0<E<1, V¢ <o,
2

for some ¢y > 0 depending only on d, R and r, and define 4 = u € H&’a(BR).
Fixed ¢ € C°(Bpg \ Xo), and using the equation (2.6) satisfied by u, we get

/BR |y|aAVﬂ . V(;Sdz = / !y|“(§AVu . VQf)’LLAVf . VQb)dZ

Br

= / |y|“(AVu V(o) — pAVu - VE + uAVE - Vqﬁ)dz
Br
= [ Wit (06 = P ¥(6€) — 94V VE +uave - Vo) d:

= [ Wi (Fo€ ~ 68 V6 - 0F - VE - 0AVU- VE + uAVE- V) dz,
R
that is, @ is a weak solution to
—div(|y[*AVa) = |y|*f + div(jy|*F), in Bg\ %o,
(2.12) u =0, on 0Bpg \ o,
u =0, on Yo N Bg,

where we have set ) B
f=f§—F V- AVu- V¢, F = F¢ — uAVE.
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We estimate the right hand side in (2.12) in the following way
| owrpaz <2 [ (€0 + (P VeR + (ava- veR)a:
R

Br

(213 <2 [ ylt(£+ GIFP + AVERITuP) iz
R

<c [ (£ PP+ [TuP)de
Br
for some ¢ > 0 depending only on d, A, R and r. By performing similar computations, we get

(2.14) ey R e T
Bgr Br
for some ¢ > 0 depending only on d, A, R and r
Fixed 0 < g9 < 1, for every 0 < € < &g, recalling Remark 2.4, let u. be the unique weak solution to
—div(jy|*AVue) = [y|*f + div(|]y|*F), in Bg\ 2,
(2.15) ue = 0, on 0Bg \ ¢,
ue =0, on X, N Bg.

By using u. € Hé ““(Bgr\ 3¢) as test function in (2.15), up to consider the trivial extension in the whole
B, (see Remark 2.1), combined with (1.2), Poincaré inequality (2.2) and Holder inequality, we get

)\/ y|%| Ve |*dz S/ ly|*AVue - Vuedz :/ ]y|“(fu6 +F-Vua)dz
Br Br Br

< (f,, weveas) () witwepaz) e ([ oira) () wierenrae)”

1/2 - _
a 2
< C(/BR ’y‘ ’VU&’ dZ) (HfHLZ,a(BR) + HF”L2"7‘(BR))7

and then, by using (2.13) and (2.14), we have that there exists a constant ¢ > 0 depending only on d,
n, a, A and A such that

(2.16) uellpresps.y < (I fllpzesr) + 1FL2ag) + [ull e sg)-

So, we get that {u.} C Hé’a(BR \ 3) C Hol’a(BR) is uniformly bounded. Hence, there exists
u € H&’“(BR) and a sequence € — 0, such that

(2.17) ue, — 4, weakly in HY(Bg).

Next, we prove that @ = 4. Let ¢ € C2°(Bpr \ Xo) be a test function in the equation (2.15) satisfied
by u.. Then, spt(¢) C Br \ . for every e small enough. By using (2.17), we have

/ |y|“f¢ —F.-V¢= ly|*AVue, - Vo — ly|*AVu- Vo, ase—0,
spt(e) spt(9) spt(e)
so, % is a weak solution to
—div(|y|*AVa) = |y|*f + div(|]y|*F), in Br\ %o,
0, on OBRr \ Xo,
0, on Yo N Bp.

N
Il

|
Il
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By uniqueness of weak solution to (2.12) (see Remark 2.4), we get that @ = @ in Hé’a(BR).
Finally, we prove that u., — @ strongly in HY%(Bg). By testing (2.12) with @, we get

(2.18) / ly|“AVa - Viidz :/ |y|a(fﬂ—F-V&)dz,
BR BR
and, by testing (2.15) with u. combined with (2.17), we have
(2.19) / ly|*AVu - Vuedz = / |y|a(f115 - F. Vﬂ5>dz — |y\“<fﬂ - F. Vﬂ)dz,
BR BR BR

along a subsequence ¢, — 0. Putting together (2.18) and (2.19) we obtain
lim ly|*AVue, - Vue, dz = / ly|*AVa - Vadz.
er—0 BR BR
Since A satisfies (1.2), one has that ||Vu, |12, — Vil L2.0(B,). This, combined with (2.17),
allows us to assert that
(2.20) u., — @, strongly in H“*(Bg).

Finally, since @ = u, f = f, F = F in B,, we have that u. is a weak solution to (2.10) in B, and, by
using (2.16) and (2.20), our statement follows. O

3. LIOUVILLE THEOREMS

The goal of this section is to prove the Liouville type Theorem 1.4 for homogeneous entire solutions
to (1.8) with constant coefficients. The proof is based on a spectral trace inequality which is stable
with respect to e, using an argument similar to [31, Theorem 3.4]. We start with a couple of results
which are crucial to treat the case n = d.

Lemma 3.1. Letn=d,a+n € (0,2),0<e << 1andr > 0. Let A € R™ be a positive definite
symmetric matriz and define Q, := {A~ly -y < r2}. Then,

/ ly|*AVv - Vodz > (2 —a —n) / ly|*v?do,
Q. a0,

for every v € C°(Q, \ X2).

Proof. We provide the result for r = 1. The case for generic r > 0 follows by a scaling argument.

Since A is a positive definite symmetric matrix, it is well defined the square root A'/2, which is a
positive definite symmetric matrix too. The homogeneous function

a(y) = |A Y 2y[Fem,

is solution (in a point-wise sense) to

(3.1) —div(|Jy|*AVa) =0, in R"\ X,
and satisfies
(3.2) Via(y) = (2—a—n)|A7 2|7 Ay, Va(y) -y = (2 —a—n)aly).

Indeed, equations (3.1) and (3.2) are verified by a straightforward computation.
Fix v € C(Q; \ ¥.). Then,

1)2 v 2
(3.3)/ ymmwv()dy:/ i (4V0-Vo—|4/270 - L 4129 )dyg/ y|" AV Vody,
91 (951 U 04

U
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On the other hand, by using the divergence theorem, (3.1) and (3.2), we have

2 2
(3.4) / ly|*AVa - V(Uf)dy = / |y|“vTAV€L cvdo=(2—a—n) / ly|*v%do,
o3 U o U oM
so, putting together (3.3) and (3.4), our statement follows. O
Lemma 3.2. Letn=d, a+n € (0,2), R>0and 0 <e 1. Let A € R™ be a positive definite
diagonal matriz and define Q, := {A~Yy -y < 2}, for every r > 0 such that 9Q, C Br \ Ye. Let u be
a weak solution to

(3.5) {— div(|y|*AVu) =0, in Bg\ 2.,

u =0, on 0% N Bp,

Up to consider the trivial extension of u in the whole Br (see Remark 2.1), let us define

1
E(u,r) = r”+a—2/ﬂ ly|*AVu - Vudy,

1
H(u,r) = 7,m_l/m ly|“u2do.

Then,
2
OrH(v,r) = ;E(v, r),  for everyr € (0, R).

Proof. When ¢ > 0, classical regularity theory ensures that the function u is smooth in €, \ X..
Consequently, the result immediately follows trough explicit computations.

When ¢ = 0, we proceed by an approximation argument. Fixed 0 < § <« 1, by using the
approximation Lemma 2.9, we find a family {u. }o<c«1 of solutions to (3.5) in Br_s \ ¥¢ such that
ue, — u in H»*(Bpr_s) along a sequence £ — 0 and, by applying the trace Poincaré inequality (2.3)
(which also holds in €2,.) we get that v., — v in L>%(9,). Hence, we have that

/ ly|*AVue, - Vue, dy — / ly|*AVu - Vudy,
Q Qr

/ \y[“ugkda — / ly|*u’do.
00, 20,

By utilizing the result obtained in the case € > 0 one finds that

(3.6)

2
(3.7) OrH(ugy,r) = ;E(uak,r).
By applying (3.6), we can take the limit as e, — 0 in (3.7) to obtain 8, H (u,r) = 2E(u,r). O

The following lemma allows us to handle the unweighted variables . Its proof relies on the method
of difference quotients and an iterative application of the Caccioppoli-type inequality (2.7). For a
detailed proof, see [33, Corollary 4.2, Lemma 4.3] in a quite similar context.

Lemma 3.3. Let2<n<d,a+n € (0,2),e>0. Let A be a constant symmetric matriz satisfying
(1.2) and u be an entire solution to (1.8). Then, the following holds true.
i) For every i =1,...,d —n, the function Oy,u is an entire solution to the same problem.
i) If u satisfies the growth condition (1.9) for some v > 0, then u must be a polynomial in the
variable x of degree almost |v].
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Proof of Theorem 1.4. Let u be an entire solution to (1.8) and let us suppose that n = d and so
z=y €€ R".
By contradiction let us suppose that u # 0. Let ro > 0 such that . C Q, := {471y -y < r?} for
every r > 1o and define
1

Blur) = —rams

/ ly|*AVu - Vudy,
Qp

1
H(u,r) = Y /ag ly|%udo.

By applying Lemma 3.1 and Lemma 3.2, we get
22—a—n)

H
= (),

2
8TH(U7T) = ;E(ua T) >

which implies
H(u,r) > H(u,r)r?@=%™  for every r > ro,
by Gronwall’s inequality. On the other hand, since A satisfies (1.2), the growth condition (1.9) implies
H(u,r) < c(1+72).
Combining these two inequalities we get
H(u,rq) < cr?0—(@=a=n),

Taking the limit as r — oo and using v < 2 —a — n we get H(u,r9) = 0. Since 9 > 0 is arbitrary,
we deduce that u = 0 in R?\ Q,,. Moreover, since u is a solution to (1.8) and satisfies u = 0 on
9(y, \ Xc), we apply the existence and uniqueness result (see Remark 2.4) to conclude that © =0 in
Qy, \ Xz. Therefore, u =0 in RA \ 3¢, which leads to a contradiction.

Let us consider the case n < d. By Lemma 3.3, one has that u is polynomial in the variable z.
Hence, if v € (0, 1), the function u must be constant in x, so u(x,y) = u(y) and our statement follows
by using the result obtained in the case n = d. If v € [1,2), we have that u must be linear in z, that is

d—n
u(a,y) = uiy) + Y zauwi(y),
i=1

for some unknown functions w;(y). First,

luo(y)| = [u(0,y)| < c(1+[y[7).
On the other hand,
ulez;, y)| = [ui(y) +uo(y)] < (1 +[y[7),
and so
ui(y)] < Juo(y)] +c(1 +Jy|7) < (1 + [y[7).

Hence, every u; satisfies the growth condition (1.9) for every i =0,...,d — n.

Next, for every i =1,...,d —n, by applying Lemma 3.3 we have that 0,,u(x,y) = u;(y) is an entire
solution to (1.8) and satisfies (1.9). Then, the result obtained in the case d = n allows us to conclude
that u; = 0 for every i = 1,...,d —n and so u(x,y) = up(y). Hence, using again the case d = n, we
have that u must be zero and our statement follows. g
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4. HOLDER ESTIMATES FOR WEAK SOLUTIONS

The goal of this section is to prove Theorem 1.2, which we obtain as a by-product of e-uniform
Holder estimates for solutions in perforated domains and the approximation Lemma 2.9.

Theorem 4.1. Let 2 <n <d, a+n € (0,2), p > d/2, ¢ > d and « satisfying (1.3). Let A be a
continuous symmetric matriz satisfying (1.2) and w be a modulus of continuity such that

|A(z) — A(Z)|
(4.1) [AllLoo(sy) +  sup  ————
(B1) 2,2/ €B1,z#2! W(|Z - Z/|)
Let f € LP%(By) and F € L¥%(B1)?. For 0 <e < 1, let {u.} be a family of solutions to
—div(|y|*AVu.) = |y|*f + div(Jy|*F), in By \ X,
Ue = 07 on 825 N Bl-

< L.

(4.2)

Then, there exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, q, « and L such that
(4.3) [uellgoa(B, 50 < c(lluellzamns,) + [ fllzras) + 1 FllLeas,))-

Proof. By classical regularity theory, we know that solutions to (4.2) are C%%(B; /2 \ Xe) and that
(4.3) holds with a constant ¢ > 0 that may also depend on e. Our goal is to show that it is possible to
provide a constant ¢ > 0 that is uniform in €.

Without loss of generality, we can assume that

[uellL2aB\so) + 1 fllLeeBy) + 1 FllLaes,) < e,

for some ¢ > 0, which not depends on . Moreover, by using the local uniform bound of weak solutions
in (see Lemma 2.8), it follows that
(4.4) el ooy ) < €

for some ¢ > 0, which not depends on ¢.

Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there
exist p > d/2, ¢ > d, « satisfying (1.3), {ug }r := {ue, }r as e — 0 such that
(5) {— div(lyl"AVug) = [y°f + div(|y|"F), in By \ e,

ug = 0, on 0%, N By,
and

HukHCOa(Bl/Q\zgk) — 00.
Let us fix a smooth cut-off function n € C2°(B;) such that
spt(¢) C By, m=1inByp, 0<n<1
By (4.4), one has that
Ly = [nUk]CO,a(Bl\ZEk) — 00.

By definition of Holder seminorm, take two sequences of points zp = (@, yx), 2k = (&k, Jx) € B1 \ Z¢,
such that

(4.6) |(nu) (z1) _A(nuk)(ik” > Lk’
|2k — 21| 2
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define 7y, := |2, — Z;| and observe that at least one of z or Zj belongs to Bz/4 \ ¥¢, . First, by using
the local uniform bound of weak solutions (4.4), we have that r, — 0, in fact

_ Allnuell e (B2, _c

k> a =
Tk Tk
which implies
1/a
T < e 0, ask—o0
Lk
From now on we distinguish three cases.
—€
e Case 1: @%oo, Wik—)oo,
Tk Tk
k k| — €k
e Case 2: M—>c>o, LSC,
Tk Tk
e Case 3: @ <eg,
Tk

for some constant ¢ > 0 which not depends on k. Let zg = (zg, y,g) be the projection of z;, on 9%,
and define
(zk,yk), in Case 1,
Ze = (@, k) =} (z1,9)), in Case 2,
(2, 0), in Case 3.

Define the sequence of domains

:Bl\ESk—ék:{
Tk

Q- z=(2,y) |2 +rrz| <1, and |§r + eyl > Ek}7

and, for every z € , let us define the sequence of functions

n(,%k)(uk(ik =+ rkz) — uk(ik))

 (pug) Gk + i) — (qug) ()
vk(z) =

ri Ly, ’ wi(2) = r¥ Ly ’
in Case 1 and Case 2, and
v(z) == (Wk)ﬁgﬂ "k?) wi(z) = U(Zk)ug?; rz).
in Case 3.
Step 2. Blow-up domains. Let us define
(4.7) Qoo :={2=(z,y) € R? : exists k such that z € Q, for every k > l%}

In this section we show who is the limit domain 4, = limg_,~, 2%, along a suitable subsequence. First,
in every case, for every z € R%, one has that

|2k + 12| < |2k +relz] <3/440(1) < 1.
Hence, to prove that z € Q, we only need to show that z;, + ;2 € X, , that is,

(4.8) Uk + rrYy| > €k
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Let us start with Case 1, recalling that %, = 2. Fix z € R% and by contradiction let us suppose that
(4.8) does not hold. Then, since | - | is a Lipschitz function, one has that

el —ex _ Jyel = lye £yl eyl
Tk Tk
and taking the limit as k — oo, it follows

ly| > oo,
which is a contradiction. Hence, Q4 = R%.

Next, let us consider the Case 2 and recall that Z, = (z,yY), |yY| = ek, 7x/ex — 0. Defining

0
e := lim y—lg,

we claim that Qo = II := {(x,y) : y-& > 0}, which is an half-space. We observe that, for every y € R",

0 10
(4.9) |Yg + Tryl |yk| ?/k y<c 7; 0,
Tk |yk‘
as k — oo. Indeed, by using Lagrange’s Theorem to the function | - |, there exists y* (which could

depend on k) such that |y*| < |y| and denoting y;‘; =y + Tpy*, we have

‘|y2+rky\—!y2|_yk Yy y’ Y YRy LYY YRy
Tk lypl \ ka Aol 77—
O _ |,
‘\y\ !yk!‘ﬂ‘!yk yk\‘_ —E L0 ask o oo,
il lvpl I~ e

so (4.9) holds true. Let us fix z = (z,y) such that €-y = § > 0 and suppose by contradiction that
(4.8) doesn’t hold, that is

0
+ Yyl —
v eyl — 1l v y+ . Ly <0.
Tk |yk‘ ‘ k‘
So, by taking the limit as k — oo and using (4.9), we obtain
which is a contradiction. In analogous way, we have that every z = (z,y) such |e - y| = —d < 0 satisfies

z & Q. Hence, since § > 0 is arbitrary, the claim follows, that is, Q. = II.
Finally, let us consider the Case 3, recall that e < |yx| < cry and Z; = (2, 0). First, up to consider
a subsequence, the following limit is well defined

= lim 2 ¢ [0, c].
k—o0 Tk

Let us fix z = (z,y) such that |y| = £+ 9 for some 6 > 0 and suppose by contradiction that (4.8)
doesn’t hold. Then,

o=y > g
T

which is a contradiction, so z € . Instead, fixed z = (x,y) such that |y| =& — ¢ for some 6 > 0, one
has z & Q.. Since § > 0 is arbitrary, we have that

Qoo:Rd\EEZ{(x’y) : ‘y| >§}'
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Resuming, we have shown that the limit domain is
R, in Case 1,
(4.10) Qoo = < 11, in Case 2,
R?\ ¥, in Case 3,
where IT := {(z,y) € R¢: €.y > 0} is an half-space.

Step 8. Holder estimates and convergence of the blow-up sequences. Let us fix a compact set K C Q.
For every 2,2z’ € K such that z # 2/, we have

5 . 5 ’
|Uk(2’) _ Uk(ZI)’ _ |(7luk)(zk + Tk’z)a (nuk)(zk + rg2 )| < ‘Z o Z/’a,
Ty Ly,
that is,
(411) [Uk]cO,a(K) < 1.

In Case 1 and Case 2, by using v;(0) = 0, we get the uniform bound |[v|co.a(x) < ¢, for every
compact subset K C . Instead, in Case 3, since /7, < ¢, one has that

k(@) = |ve(@,y) — vk(0,52/m1)| < [vklco(rey (2] + |y — yh/re )™ < c,
for some ¢ > 0 which depends only on K, where we have used the boundary condition nur = 0 on
0%, Hence, we have that [[vg||ze(x) < ¢, which implies that [|vg||co.e (k) < ¢ also in this case.
By applying the Arzela-Ascoli Theorem we conclude that v, — o uniformly in K. By a standard
diagonal argument, we can take the the limit as £ — oo in (4.11) to obtain
[O]co.e@e) <1,
which implies that © satisfies the growth condition
(4.12) [o] < (14 2|%), ae. in Q.
Moreover, since u, = 0 on 0%, , and then vy = 0 on (0%, — Z;)/rk, by employing the local uniform
convergence we have that © = 0 on 01l in Case 2 and ¥ = 0 on 0%z in Case 3.
Furthermore, the sequences v, and wy, converge to the same limit function. Let us fix a compact set
K C Q. For every z € K, by using (4.4), we have
0e() ()] < (2 +riz) = 0wkl LB, 45., ) . cri—e
vE(2) — wi(2)] < <
T Ly, Ly
Hence, the sequences v, and wy have the same asymptotic behaviour as k — oo on every K C Qqo,
which implies that w; — v uniformly on K.

— 0, ask — oo.

Step 4. The limit function v is not constant. Let us consider the sequences of points

T Sk S S
gk‘ % ) é.k e

2k — 2k

By (4.6), we have
| (k) (2k) — () (25))|
T?Lk

lor(€l) — vr(€2)] = > ;

In Case 1, we have that
2L — %
u c 8317

1 _ 2 _
é-k;_ov Sk:_ L
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then, & — 0, & — €2 # 0.
In Case 2,
Oy —w)) o (@ Ok — Yp)
e=—"""" &= :
Tk Tk
Since (|yx| — ex)/rx < ¢ uniformly in k, [} — &7| = 1, we have that & — &', & — €2 and &' # &2
In Case 3,

el — (2 yk)’ €= (&% — %, )
Tk Tk
Since |yx|/rx < ¢ uniformly in k, [£f — £2| = 1, we have that & — &1, €2 — ¢2 and ¢! # €2
Hence, by the local uniform convergence v, — ¥ we get that |[o(¢') — 9(€2)] > 1/2, so © is not
constant.

Step 5. ¥ is an entire solution to a homogeneous equation with constant coefficients. Let us define
Ag(z,y) := A(Zx + rrz) and (Z,7) = limg—o0 (T, k). By (4.1), we have that

|Ap(2) — Ap(2)| = |Ap G + r2) — Ap(Ze + 112")| < Lw(rg|z — 2'|) = 0, as k — oo,

where w is a modulus of continuity. Hence, the Arzela-Ascoli theorem yiels that the matrix A :=
limy_, 00 Ar(2) = A(Z,y) is well defined and it is a constant coefficients symmetric matrix satisfying
(1.2). Next, set
|9k + iyl
pr(y) = |
lyl, in Case 3,

, in Case 1 and Case 2,

observing that in Case 1 and Case 2

(4.13) lpe(y)] =1+ o(1),

as k — 0o on every compact subset K C R
Fix ¢ € C°(Qx). since uy, is a weak solution to (4.5), a straightforward computation shows us that

2—a, (3
[ eV Vo = 1 [ )i nzc)as
spt(¢) k spt(¢)

(4.14) 1
_ T MEk) / pr(W)F(Z + ri2) - Vo(2)dz
spt(¢)

Now, we aim to prove that the right-hand side of (4.14) vanishes as k — oco. First, we focus on the
term involving the function f. Let us consider the Case 1 and Case 2 together. By using the Holder
inequality, (4.13) and a < 0, we get

+ eyl L,
’/ 5 §y| f(2k+7’k2)¢(2)d2’
spt(¢ ‘yk|

—d|~ |—a a 1/p yk+Tkya 1/p' d
< cl|¢lzee (T’kd\yk! / [l IfIPdZ) (/ 9 riyl” ; | z) < ert?,
B spt(¢)  |Uk]

Hence,
2—a, (3
r z —a— _
WG| [ )Gt m)ol)de] < ert T v,
spt

as k — oo, by the hypothesis (1.3), which implies a < 2 — d/p.
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Let us consider now the Case 3. By using the Holder inequality and a < 0, we get

‘ /Spt(¢) ly|* f(Zx + Tkz)gb(z)dz‘

/

—d—a “ 1/p a. \ /P _
< clloll (i [ wrigpas) ([ i) < e
1 Sp

2—a, (3
D M%) () ‘ / 1" f(Zx + Tkz)ﬁb(Z)dz‘ < criia*d/lezl — 0,
Lk spt(¢)

and then

as before.

The second member of the the right hand side of (4.14) vanishes as kK — oo by using similar
computations. In fact, in every cases, we have

i n(Zk)

[ PGt ) Vola)de| < erf Lt o,
Li spt(9)

by the assumption (1.3), which implies that « <1 —d/q.
Finally, we prove that the left hand side of (4.14) converges in the following sense

(4.15) [ AT Voed: - [ g )ATe6) - Vol
spt(¢) spt(¢)
where
_ 1, in Case 1 and Case 2,
ply) == .
ly|, in Case 3.
Let us fix R > 0 such that spt(¢) C Bag N Qy for every k large enough. Since wy, is uniformly bounded
in L°°(Bsgr N Qso), one has that wy, is uniformly bounded in L?*(Bsg N Qoo, pf(y)dz) and, by applying
the Caccioppoli-type inequality (2.7), we get that wy is uniformly bounded in H Y(Bar N Qoo p(y)d2).
Using pf — p and Ay — A a.e. in Q) and arguing as in the proof of Lemma 2.9, we can conclude
that (4.15) holds true and v € H'(Bgr N Qu, p%). A similar approach is carried out in [8, Theorem 1.3],
where analogous computations are performed.

Finally, recalling the definition of the limit domain s, see (4.10), and using Step 3 for the boundary
condition, we conclude that

e in Case 1, v is an entire solution to
—div(AV7) =0, in RY,
e in Case 2, ¥ is an entire solution to
—div(AVo) =0, in I,
v =0, on OII,

e in Case 3, v is an entire solution to

—div(|y|*AVo) =0, in R?\ %,
v=0, on 0.
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Step 6. Liouville Theorems and conclusion. By (4.12) we have that v satisfies the growth condition
[0(2)] < e(1 +[2]%),

for every z € Qq, where o < min{1,2—a—n} by hypothesis (1.3). In Case 1 and Case 2, by invoking
the classical Liouville Theorem, we can conclude that ¥ must be constant and this is a contradiction
since v is not constant by Step 4. In Case 3, we have that v satisfies the hypothesis of the Liouville
Theorem 1.4 and so v must be identically zero, which is a contradiction. Then, L; < ¢ uniformly in k,
which implies that [u:]co.a(p, 2\8.) < ¢ The proof is complete. O

Proof of the Theorems 1.2. Let u be a weak solution to (1.1) and consider the trivial extension of ¢ in
By, that is, ¢¥(z,y) = ¢(z), for every (z,y) € By. Let us define
vi=u— .
Since 1 is a Lipschitz function, we have that v € H1@ (B1) and v is a weak solution to
—div(|y|*AVv) = [y|*f + div([y[*(F = AVY)), in Bi\ %o,
v =0, on Yo N By.
By applying Lemma 2.9 we find a sequence {v,, } as € — 0, such that every v, is solution to
—div(|y|*"AVue,) = |y|*f + div(|y|*(F — AVY)), in By \ Ee,,
Ve, = 0, on 82% N 33/4,

and v;, — v in Hl’a(B3/4) as £, — 0. By applying the Theorem 4.1 to the sequences {v,, }, combined
with (2.11), we get that

[vegllcoa s, s,y < cllullzzasy) + I fllzres) + 1F | Laas,) + [$lcorsons)):

for some ¢ > 0 depending only on d, n, a, A\, A, p, ¢, « and L.
By applying Arzela-Ascoli Theorem, we get that v., — w in C’PO’Z(BI 2\ Xo), for every v € (0, ),
and by the a.e. convergence v., — v it follows that v = w. Furthermore, by taking z,2’ € B2\ %o

such that z # 2/, we have that

[0(2) =0 _ e (2) = ve (2]
|z — 2| 0 |z — 2|

< c(llullpzagpyy + 1 fllzra) + 1F I Laa s, + 10lcorsonsy))

which implies that

[v(z) — v(?)]
[V]coa(B, p\20) = SUP
(B1/2\2o) 2,2'€B1 79\ X0 |z—z/‘0¢
222

< c(lullpzagsy) + 1 fllLeas) + 1F | Laasy) + [¥]lcorsonn))-
By continuity, we can extend v to the entire B/, in such a way that [U]Co,a(Bl/Q) = [U]Co,a(Bl/z\EO).
Finally, combining the previous estimates with the L3>, bounds of solutions (see Lemma 2.8), we obtain
[ullgo (s, ) < Vllcoas, ) + 1¥llcoasons, )
< c(lullpzasy) + 1 fllzras) + 1F |l oa sy + [1¥]lcorsonm))-
that is, u € C%*(By2) and (1.4) holds true. O
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5. SCHAUDER ESTIMATES FOR WEAK SOLUTIONS

This section is devoted to the proof of the Theorem 1.3, which establishes the Cﬁ)’g regularity for
weak solutions. To achieve this result, we proceed as follows: first, as in Theorem 4.1, we prove
e-uniform estimates for solutions in perforated domains, with an additional assumption on the field F.
As we will see in Remark 5.2, this condition cannot be removed. Next, we show a priori estimates
for solutions, which also satisfy an additional boundary condition on Y. Afterwards, we establish
the main result through a double approximation process: the first involves perforated domains and
using Lemma 2.9, while the second one is a standard approximation via convolution with a family of
mollifiers.

Theorem 5.1. Let 2 <n <d, a+n € (0,1), p > d and « satisfying (1.5). Let A be a a-Hélder
continuous symmetric matriz satisfying (1.2) and ||Allco.a(p,y < L, f € LP%(B1), F € C%*(By) be a
field such that F(z,0) - ey, = 0 for every (z,0) € By and for every i =1,...,n. For 0 <e < 1, let
{us} be a family of solutions to (4.2).

Then, there exists a constant ¢ > 0, depending only on d, n, a, A\, A, p, a and L such that
(5.1) [ucllore (s, e < clllucllizamis.) + 1flzras) + 1Fllcoas,))-
In addition, u. satisfies

(5.2) [Vue(2)] < C(Hua”L2va(B1\Eg) + 1 fll zee(my) + ”FHCOaa(BI))Ea: for every z € 0% N By .

Proof. Under the assumptions of the theorem, classical Schauder theory ensures that solutions to (4.2)
are C1*(By 5 \ ) and that (5.1) holds with a constant ¢ > 0 that may also depend on e. Our goal is
to show that it is possible to provide a constant ¢ > 0 that not depends on .

Without loss of generality, we can assume that

luellz2.e a5y + 1 fllzeasy) + 1FllLoas) < e

for some ¢ > 0, which not depends on . Moreover, for every 5 € (0,1), the assumptions of Theorem
4.1 are satisfied, so

(5.3) uellcos(B,,,\5.) < €
for some ¢ > 0, which not depends on .

Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there
exists p > d, a satisfying (1.5), {ug}tr := {ue, }i, as e — 0 such that uy is solution to (4.5) and

||v“k||CO’Q(Bl/2\EEk) — OQ.
Let us fix a smooth cut-off function n € C2°(By) such that

spt(¢) C By, m=1inByp, 0<n<1
One has that
HTIUkHcLa(Bl\zek) — 0.

Let us define

Ly = [V(nup)]coe 5., )

and notice that it cannot be possible that [V(nu)co.a(p,) < ¢ and [|[V(nu)|lpe(p,) — oo, since
V(nug) = 0 outside of By, \ ¥¢, . Hence, Ly — oo.
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By definition of Holder seminorm, take two sequences of points z; = (g, Yr), 2k = (Zk, Jx) € B1\ ¢,
such that

|V (ur) (z) = YV (u) (Ze)| o Lk
‘Zk — gk‘a = 2’

(5.4)

define ry, := |z — Zx| and observe that at least one of z; or Zj belongs to 33/4 \ X¢,. We distinguish
three cases.

[

e Case 1: , ,
k Tk

o(]ase2:@—>oo7 mgc,
Tk Tk

e Case 3: @ <ec,
Tk

for some constant ¢ > 0 which not depends on k. We notice that r, — 0 in Case 1 and Case 2 and
we show later that rp, — 0 also in Case 3.

Let 29 := (z,y?) be the projection of zj, on 9%, , define

(zk,yx), in Case 1,
2’6 == (-flmgk) = (xkay]g)? in Case 27
(zx,0), in Case 3,
and the sequence of domains
‘: B\ X, — Z
T —
For every z € Q, let us define the sequence of functions

Q

(nuk) (Zk + rez) — (nug) (Z) — V(nuk) (Zx) - 1r2

Uk(z) = LkriJra ’
wy(z) = (2 ur (2 + 1iz) — (nue) (3) — (NVug) (Zg) - Tx2
e(2) : PRE 7

in Case 1 and Case 2, and

op(2) = (nug)(Zk + r12) wi(2) = n(Zk)uk (Zk + 762)

1+« ) 1+« ’
Lyr, Ly,

in Case 3. Furthermore, let us define the limit domain Q4 as in (4.7).

Step 2. Gradient Hélder estimates and convergence of the blow-up sequences. Let us fix a compact set
K C Q. For every z,2' € K such that z # 2’ we have

. . ~ /
_ IVOue) Ge + 112) = V(nug) (Gr + ri2’)]| <|z— 20

_ /

that is
(5.5) [Vvk]co,a(K) <1.
In Case 1 and Case 2, since v;(0) = 0 and |Vug(0)| = 0, we get the uniform bound of the norm

vkllcrexy < c
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In Case 3 we use a different argument to show a uniform bound of |[v|lc1.0(k). First, for every point
2, = (7, y;,) € 0%, N By/4, one has that one has that (nuy)(2;,) = 0 and, recalling that the normal
vector to 0%, at the point z}, is the vector (0,;)/|y.| € S¥~1, it follows that

V(nug)(zy,) -€=0, for every vector € L (0,yy)-
Let us fix i,h € {1,...,n} such that ¢ # h. Then,
\V(nuk)(%? y;g) “Cy | = ‘(v(nuk)(l';w y;c) - v(nuk)(x;cv Ekeyh)) " Cy;

(56) < [V(nug)|coe(p,\x., ) 1Yk — erey, [* < 27 Lyt

and

(5.7) |V (nug) (2, yy,) - €x;| =0, forevery j=1,...,d—n.
Hence, by using (5.6) and (5.7), it follows that

(5.5) IV () (el )] < eLye

By using interpolation inequality in Holder spaces [20, Lemma 6.35], one has
vkl oty < e(llvellLoe (k) + [Vklcto k)
and, by using the first order expansion of vy, at the point (0,y?/r;) we obtain
o (2, 9)| < [or (2, y) = ok (0,92 /ri) — Vo0, 52/7x) - 2| + [Vor (0, 93 /r)|
< cflz] + |y = y/reD) T+ (Vo (0, 5/ ri)| < ¢+ [Vor(0, 532 /re)],

for some ¢ > 0 which depends only on K, noticing that |y?/ri| = e /ry, < ¢ uniformly in k in Case 3.
So, if

(5.10) Vo0, 90/me)| < e,

uniformly in k, we can take the supy in (5.9) to obtain a uniform of [lvy| (k) Which implies
[vkllcrary < ¢ Then, by using (5.8) and recalling that (xy,y;) € 9%, N Bs/q, we get that

(5.9)

_ VO (@)l e

V(0,49
Vg (0, yi /7)) oL, =

<ec.

So, (5.10) holds true and [Jvg|[c1.a(x) < ¢ uniformly in &.
Then, we may apply the Arzela-Ascoli Theorem to infer that vy — v in C17(K) for any v € (0, ).
By a standard diagonal argument, we can take the the limit as k — oo in (5.5) to obtain
[V’U]CLO‘(QOO) <1,
which implies that
(5.11) 15(2)] < e(1+ [2)"T), ae. in Q.
Moreover, v, and wy converge to the same limit function w. Let us fix a compact set K C Q. In

Case 1 and Case 2, for every z € K, by using (5.3) and exploiting the first order expansion of 7, we
have

|(u) (G + 712) = n(2k)uk (B + 712) — (urVn) (Zk) - 42|

rp T Ly,
< NG+ re2) (G + riz) —n(2k) = V() - rez)l | IV0CGe)llue(Ze +7iz) — ue()]
- 7«’1€+O‘Lk T Ly

vk (2) — wi(2)] =
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[kl oo (B 020 ) TR HukHcoyﬁ(BM\zEk)?"f*a crd e
c +c < — 0,
Ly Ly, Ly

as k — oo, since we can choose 8 € (o, 1). In Case 3, one has that

1n(Zk + rr2) — 0(Zk)| - |uk(Ze + r2)|
v (2) — wi(2)] = Tre
L Lk

< clug(Zg + riz) — uk(22)| < CHUkHCOv»B(Bg,/AI\EEk)Vk + TRz — zglﬁ < Tf_a
- ’I”]C;Lk - T?Lk - L

— 0,

where we have used the facts that ug(2)) = 0 and |2 + rrz — 2| < rglz| +rly| + [y2] < cri+ex < o
in Case 3. Hence, the sequences v, and wj have the same asymptotic behaviour as £k — oo on every
K C Qs, which implies that wy — v uniformly on K.

Step 3. VU is not constant. Let us define the sequence of points
Zk — Zk

=", =

Tk Tk

Zk—Zk

By using (5.4) we get

Vinug)(zx) — (Vnur) (2 1
’I“kLk
Arguing as Theorem 4.1, Step 4, we have that f,i — & and fg — & and &' £ €2, Since Vo, — Vo
uniformly on compact set by Step 2, we can take the limit in (5.12) to obtain \V@(fl) — V@(§2)] > 60/2.

[\)

Step 4. r, — 0 in Case 3. By contradiction let us suppose that rp, — 7 > 0. Fixed z € 4, we have
that

Z 2||ug|| 0
15(2)] = | lim vg(2) (nur) (Zr + r12) < [kl L (Bsya\Zey) _ €

= — 0
k—00 ‘ ’ k—00 Lyrte N Ly, T Ly ’

hence, v = 0, which is a contradiction with Step 3, where we have proved that Vv is not constant.
Then, r, — 0. By arguing as in Theorem 4.1, Step 3, we have that the limit domain 2, is defined by
(4.10).

Step 5. v satisfies a homogeneous Dirichlet boundary condition in Case 2 and Case 3. First, in Case
3, since v = 0 on X and v — v uniformly on every compact set K C 2y, one can conclude
that o = 0 on 9%;.

In Case 2, recalling that Zj;, = z) € 9%.,, let us fix a boundary point z € (9%, — y)/r% and denote
by 2+ = (z,y%) the projection of z on the hyperplane II = {y-y) = 0}. Recalling (4.9) and observing
that |yY + rxy| = |y?| = ek, one has that

€k/Th

‘\ywmyl el )
Tk |yk‘ B
Then, by using (5.13), (5.8), and noting that V(nug)(z)) -y = V(nug)(2Y) - (y — y1), we obtain

IV (ug) () -yl _ [V (qug) ()] €K\ Tk
|Uk(z>| T?Lk - ’I”;:Lk |y y | - (Tk-) €k 0,

as k — oo. Therefore, since v — v uniformly on every compact set K C ), we conclude that v = 0
on OII.

(5.13) Iy—yL\Z‘y w0 |‘—
Y,




28 GABRIELE FIORAVANTI

Step 6. v is an entire solution to a homogeneous equation with constant coefficients. Let Ap(z) :=
A(Z + riz) and z := limg_, o Zx. By using the a-Hoélder continuity of A, we can define A := A(z) =
limg o0 Ag(z), which is a constant coefficients symmetric matrix satisfying (1.2). Let us define

lyk + 1Y

pr(y) = Yk |
lyl, in Case 3,

, in Case 1 and Case 2,

and fix ¢ € C°(Qs). Since uy, is a solution to (4.5), we have that

~ 1—a
/ AATu() - Vo(ez = 1 / PR(Y)S (i + ra2) (=)
spt(¢) & spt(9)
(5:14) n(E) g (s e .
T Ly /Spt(¢) PrW)F(Zr +rrz) - Vo(z)dz — Ir /Spt(¢) Pi(y) Ap(2) Py - Vo (2)dz
=1+ 11+ 111,

where we have set

0, in Case 3.

We want to show that the right hand side vanishes as k — oco. The term I vanishes exactly as
in the Theorem 4.1, Step 5, by using the integrability assumption f € LP*(B;), with p > d and
a € (0,1 —d/p] by (1.5).

Next, by using the divergence theorem, we have

| PG+ ) Vol
spt(¢)

P, - {(nVuk)(ik), in Case 1 and Case 2,
k=

<[ R@IFG ) - FEIVoEId: +] [ )P Val):
(5.15) spt(¢) spt(¢)

< el Fllovesyri+| | Voi(y) FEe(=)dz|

spt()
<ap+] [ V) FE)sEE],
spt()
In Case 3, since F(z,0) - ey, = 0, one has that
Viyl*- F(z) = aly|**F(a3,0) -y = 0,
for every z € spt(¢), so the second term in (5.15) is zero and
|II]§£—>O, as k — 00.
Ly,
Instead, in Case 1 and Case 2, since |Jx + rry| > |gk|/2 for y € spt(¢p), we have that

Vi) Fa)| = | w@yi(yiyﬁky)

crg[Fleoe syl Tr|®
|Tk|

: (F(fk,ﬂk:) - F(éfkﬁ))’
(5.16)

< erplg)*



THE DIRICHLET PROBLEM ON LOWER DIMENSIONAL BOUNDARIES: SCHAUDER ESTIMATES 29

Thus, by using (5.15) and (5.16), one has that

o 1-o
| < Lik + c?k Pl < l%(l + (|;’;|) ) <Lt =0, ask oo,

in Case 1 and Case 2, since r/|jx| < c.

Finally, we prove that the third member of (5.14) goes to zero as k — oco. In Case 3, P, = 0 so
IIT = 0. Instead, in Case 1 and Case 2, one has

IH<£ k(y) Az Vug)(Zk) - Vo(z)dz
(5.17) = ‘ Ly /sm(d,) (W) AGZR) (nVur) (2) - Vo (2)

+ ‘r,;a/ PR (AGE + r12) = A(2)) (Vug) () - V(2)dz|.
Lk Jspt(e)

) vanishes. Recall that 7¢/|yx| — 0, p¢ — 1 and (2, y")

First, we show that the first member in (5
( and (5.8) we get

is the projection of z; on 9%.,. By using 5..
|(nVur) (Z)| < IV (qui) @k, )| + [ (V) (Zk, Gx)|

< |V (nuw) (Ex, Gr) — V() (e, )| + [V (qus) (2, 7))
+ |V (@, i) (wr(Frs Gie) — (@, U2)|

< cLiljr — ypl® + cLief + clin — yp|™ < cLilgi]*-

17
3)
(5.18)

On the other hand, since |gx + rry| > |gk|/2 for y € spt(¢), it follows

arepi(y) (U + 1Y) Tk
5.19 Vot(y)| = a — % (y).

hence, by combining (5.18) and (5.19), and using the divergence theorem, it follows that

<

" a - . g\
b | TR AG T Ee)E] < e(5E) T 0

that is, the first member in (5.17) vanishes. Next, we show that the second member vanishes as k — co.
In this case, we need to reason in two steps (as done in [31, Remark 5.3] and [1, Theorem 7.1]): first, we
prove uniform estimates in C" space for some suboptimal o/ € (0, ); then, by using these estimates,
we conclude the optimal regularity with exponent a. Let us fix o/ € (0,a). By using interpolation
inequality in Hélder spaces [20, Lemma 6.35], we can estimate the second term of (5.17) as follows

/
—Q
Tk

Ly /spt(¢>) pr(Y)(A(Zk + rrz) — A(Zk))(nVug)(Zk) - Vo(2)dz

erd = (V) | ooy 0,y eree
< I R < Zk (lurVnll Lo By, 05, + IV Ol oo (B,,0050,))
a—ao'
< cry (\\Uk\\Loo(Bg/4\zsk) + [V(Wk)}cova(Bm\zgk)) < CT?_O/ o,

= Ln

since o/ < a. If we have uniform estimates in C1 space, then anuk|’Loo(B3/4\Zsk) < c¢. Hence, restart-
ing the proof with the optimal o and the additional information above, in the previous computation
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we get

"
Ly
<CH(?7VUk)HLoo(Bg/4\EEk) c

< — =0.
B Ly _Lk—>

/ oy PHOAGH +72) = AG) V) ) - V()

Combining all the previous results, we conclude that the right-hand side of (5.14) vanishes as k — oo.

Finally, by the same considerations of Theorem 4.1, we obtain that the left hand side of (5.14)
converges in the following sense

/ P ANV wy, - Vodz — p AV - Vodz,
spt(¢) spt(¢)

where

P

() = 1, in Case 1 and Case 2,
br= ly|, in Case 3,

and ¥ € H (Qoo, p*(y)dz).
Then, recalling who is Q, see (4.10), and using the Step 5 for the Dirichlet boundary condition,
we conclude that

e in Case 1, 7 is an entire solution to
—div(AV7) =0, in RY

e in Case 2, 7 is an entire solution to

—div(AV2) =0, inTI,
v =0, on OII, ,

e in Case 3, v is an entire solution to

—div(Jy|*AVo) =0, in R4\ 3¢,
=0, on 0%,

Step 7. Liouville Theorems and conclusion. Since v satisfies the growth condition (5.11) with
1+a€(0,2)N (0,2 —a—n), invoking the classical Liouville Theorem in Case 1 and Case 2 shows
that ¥ must be a linear function. In contrast, applying the Liouville Theorem 1.4 in Case 3 implies
that ¥ must be zero.

This contradicts Step 3, as Vo is not constant. Consequently, Ly = [V(nug)]co.a( Bi\3.,) must be
bounded, which implies that [[nue||cr.e(p,\5.) < ¢. Thus, (5.1) holds true.

Furthermore, recalling (5.8) and using (5.1), we conclude that (5.2) follows. This completes the
proof. O

Remark 5.2. The homogeneous Dirichlet condition on 9% is too restrictive to handle all possible fields
F, thus preventing the validity of e-uniform C'“ estimates in the general case.
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Let us suppose that n = d =2, —2 < a < —1 and consider the function u(y) = u(y1,y2) = y1 + y2
which is a weak solution to

—div(|y|*Vu) = div(Jy|*F), in By \ Xo,
u =0, on XN Bj.

where F':= —Vu = (—1,—1) . By applying Lemma 2.10 we find that there exists a family u. which
are weak solutions to

—div(|y|*Vue) = div(|y|*F), in Bz \ 2,
UZO, on 25HB3/4,

and satisfies ||u5HH1,a(BS/4\EE) < ¢ and ue — u in H"*(Bj/). If Theorem 5.1 holds true for this

equation, we obtain that (5.2) works (since it depends only on the Dirichlet boundary condition
satisfied by w.), that is

[Vue| < ce®,  ond¥X.nN By s,

and then, taking the limit as € — 0 in a suitable sense (see the proof of the Theorem 1.3), we deduce
that Vu = 0 on o N By /9, which contradicts Vu = (1,1).

The next proposition provides a priori estimates for solutions that additionally satisfy an extra
boundary condition on the lower dimensional boundary .

Proposition 5.3. Let 2 <n<d,a+n € (0,1), p > d and « satisfying (1.5). Let A be a a-Hélder
continuous symmetric matriz satisfying (1.2) and ||Allco.a(p,y < L, f € LP*(B1) and F € C%(By).
Let u € C1%(By) be a weak solution to

—div(|y[*"AVu) = |y|*f + div(|]y|*F), in Bi\ X,
u =0, on Yo N By,

such that u satisfies the boundary condition

qu(x,(]) = 0’ ‘
5.20 ,0)eXoNBy, andi=1,...,n.
( ) {(AVu + F)(@,0) - ey, = 0, for every (x,0) 0 1, and i n

Then, there exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, a and L such that
(5.21) [ullcras, ,) < c(llullzais,) + [ fllzras) + 1Fllcoas,))-

Proof. The proof is quite similar to the one of Theorem 5.1, so we avoid some details. Without loss of
generality, let us suppose that

HUJHLQ»G(Bl) + HfHLp,a(Bl) + HFHCO,a(Bl) <ec.

By contradiction let us suppose that (5.21) doesn’t holds, hence, there exist p > d, a satisfying (1.5),
{Ak}es {frtks {Frtr, {uk}k, such that uy is solution to

—div(|y|*AVur) = |y|* fr + div(|y|*Fk), in B\ Yo,
ug = 0, on Yo N By,

satisfies the boundary condition (5.20) in ¥¢ N By and

[ullcrep, ) — 0o
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Let us fix a smooth cut-off function n € C2°(By) such that
spt(¢) C Byyy, n=1in By, 0<n<1,
hence, we have
Ly, == [V(nug)]co.e(p,) — oo

By definition of Hoélder seminorm, take two sequences of points zx = (2, yx), 2k = (Zk, Jx) € B1 such
that
|V (ur) (z1) = V (qu) (Ze)| o Lk

|2 — 2x|* - 27
and define 7 := |z — Z;|. Now we distinguish two cases.
e Case 1: @%oo, e Case 2: @gc,
Tk Tk

for some ¢ > 0 which not depends on k. Let us define

- (Fas ) (zk,yr), in Case 1,
Z, = (T, = ]
g ko Y (zg,0), in Case 2,

the sequence of domains

Bi\Y— 2%
ALY

the sequences of functions

(nur) (B + rz) — (nuk) (k) — V(nug) (2k) - rez

v (2) == TTa ,
Lkrk
wy(2) = n(Zk)uk(Ze + rez) — (nue) (Zk) — (MVuk) (Zk) - ez
k . Lkrll;jra I

for z € Q, and set Q as in (4.7).

By following the argument in Theorem 5.1, Step 2, we have that ||vg|[c1.a(x) < 1 for every compact
subset K C Q. Therefore, we can apply the Arzela-Ascoli Theorem to conclude that v, — 7 in
CY(K) for every v € (0,a), and that [0(2)| < ¢(1 + |2|'+?), for a.e. z € Q4. Moreover, it follows
that w, — v as well.

Next, by the same reasoning used in Theorem 5.1, Step 3, we obtain that Vv is not constant.
Continuing as in Step 4 of Theorem 5.1, we conclude that rp — 0, which implies that the limit domain
) is given by

O R, in Case 1,
7 IR\ ¥y, in Case 2.

Eventually, we prove that v is an entire solution to a homogeneous equation with constant coefficients
and we reach a contradiction by invoking a Liouville type Theorem. Since [|Ag|lco.«(p,) < L, we have

that Ag(Z, +7p2) — A(2) := A, which is a constant matrix satisfying (1.2). Let us define

Yk + TRy

pr(y) = ||
lyl, in Case 2.

, in Case 1,
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and fix ¢ € C°(Qs). A straightforward computation show us that

z 11—«
[ @A+ ne) Vo) - Vol = T [ i)z +n)ot)as
spt(¢) k spt(e)

B W /spt(¢) Pi() (Fi(Zk +142) — Fi(Zk)) - Vo(2)dz

- Tk/ P (W) (Ar(Ze + re2) — A(Z)) (MVug) (2k) - Vo(2)dz
(#)

—

r
- [Ij—kpZ(y)(nAkVuk +nFy) () - Vo(2)dz =T+ 1+ I+ 1V.

The terms I, II, III vanishes as k — oo exactly as in Theorem 5.1, Step 6.

Next, we show that the fourth member goes to zero. By using the divergence theorem, we get
[ b aTu +nb) @) Vo = | Vo) AT+ nF) (3)6(:)dz

spt(¢) spt(e)

In Case 2, since, Z = (xg,0) € X, uy satisfies the boundary condition (5.20) we have that

n(Zk)(ArVug + Fi)(Zk) - ey, =0, foreveryi=1,...,n,
so IV=10.

Let us consider the Case 1, recalling that Z = 2z, 7/|yx| — 0 and p} — 1. Arguing as Theorem
5.1, Step 6, we have that

Tk
Vpi(y)] < c@pi(y%

and by using the boundary condition (5.20)

Yr + TRY
AV +nF YR TTRY
AT+ ) () -
+r
< )((nAkvuk +nFR) (2k) — (DALY g + nF) (25, 0)) - H

< ARV ug + nEi]co.e(p, ) luk* < cLilye|®-

Hence, combining these two inequalities we obtain

a T
V) - AT+ nER) ()| < ep i L

SO

rl;a a TR \ 17

V] ="| [ Vok(y) - (nAkTu + ) (eoe()dz| < () =,

Ly spt(¢) ‘yk’

as k — oo.
On the other hand, arguing as in the Step 5 of the Theorem 4.1, we have that
/ Pe(Y) Ak (Zr + rez) Vwg(2) - Vé(z)dz — p* AV - Vdz,
spt(¢) spt(¢)

where

() i 1, in Case 1,
P)= ly|, in Case 2.
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Then, we have that

e in Case 1, v is an entire solution to
—div(AV7) =0, inRY,

e in Case 2, v is an entire solution to

—div(Jy|*AVD) =0, in R?\ X,
v=0, on o,

where A is symmetric constant matrix satisfying (1.2). From this point on, as in Theorem 5.1, Step 7,
by invoking appropriate Liouville type Theorems we get a contradiction and the thesis follows. O

Proof of the Theorems 1.5. As in the proof of Theorem 1.2, without loss of generality, we may consider
the function u — v and provide the proof of the theorem for solutions to (1.1) with homogeneous
Dirichlet boundary conditions. Once this is established, the general case follows directly. We divide
the proof in two steps.

Step 1. First, we claim that if A € C*(B;) and F € CY*(By) then u € C*(B; ;) and u satisfies
the boundary condition (5.20) in ¥ N By /a.
Let us split the matrix A in blocks as follows

[ A Ay
(&)
where A : B — R ™4 Ay : Bp — R&™" A3 : Bp — R™". Let us consider the decomposition

F = (F,, Fy), where F, = (Fy,,...,Fy, ) and F, = (Fy,,..., Fy,) and define the scalar function

s L Tg—n 5 Yn
g(IL‘, y) = Agl(xao)FQ(:Ev 0) Y,
which belongs to C1®(By), since the block A3 satisfies the uniformly elliptic condition (1.2), and
g(z,0) =0, Vg(z,0) = (0, (Agng)(x,O)).
The function v := u — g € H“%(By) is a weak solution to
—div(|y|*"AVv) = [y|*f + div(|y|*(F — AVg)), in B\ X,
v =0, on Yo N By,
where the field F' — AVg € C*°(B) satisfies
(F— AVg)(x,0) - ey, = 0.

Arguing as in the proof of Theorem 1.2, by applying Lemma 2.9, we can find a sequence {v., } as
e — 0, such that every v, is solution to

—div(ly[*AVue,) = |y[*f + div([y|*(F — AVg)), in By \ X,
Vg = 0, on azsk N B3/4,

and v, — v in Hl’“(B3/4 \ ¥o) as ey — 0. By applying the Theorem 5.1 to the sequences {v,, },
combined with the estimate (2.11), we get that

[vepllera, s, < cllvllzas,) + 1 lras,) + I1F — AVl coas,)),

for some ¢ > 0 which not depends on .
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By applying Arzela-Ascoli Theorem we get that v,, — w in Cﬁ)’z(Bl 2\ o), for every v € (0, ),
and by the a.e. convergences ve, — v it follows that w = v. Moreover, by taking z, 2" € By, \ ¥o such
that z # 2/, we have that

Vo(z) = Vo) _ . Vo (2) = Vo, ()]

2 — 2o ens0 2 — 2o
< c(lvllpzamyy + 1fllpecsy + IF — AVgllcoasy)),

which implies that

[Vu(z) — Vo(2')|
[V]ct.a(By p\50) = sup
(B1/2\¥0) o €By 1\ S0 2 — 2|
2z

< c([lvll ey + 1fllLras) + I1F — AVgllcoas,)),
By continuity, we can extend v to the whole B/, in such a way that ['U]Cl,a(Bl/2) = [U]Cl,a(Bl/Z\EO).

Combining the previous inequality with the LS. bound of solutions (see Lemma 2.8) and interpolation
inequality in Holder spaces [20, Lemma 6.35], we get

[vlleras, ) < clllvllLos, o) + Mloras, ) < cllvllzzas,) + [ fllzras) + 1F = AVl coas,))-

Hence, v € C’l’a(Bl/Q), which immediately implies u € Cl’o‘(Bl/Q).
Next, let us prove that u satisfies the boundary condition (5.20). Let us fix z = (z,y) € By2 \ Xo
and let 29 be the projection of z on 9%, N B 9. By using Theorem 5.1 and (5.2), we get

IVu(2)] < [Vo(2) = Vo, (2)] + [ Ve, (2) = Vo, ()] + [ Voe, (27)]
< |Vou(z) — Vg, (2)| + [Usk]clva(Bw\zgk)\Z - Zl(c)‘a + C[Usk]clva(Bl/Q\zgk)gg
<o(1) + c(llvll2a(myy + 1 fllpas) + |1F = AVgllcoas)lyl®,  as e — 0.

By taking the limit as |y| — 0 in the previous inequality, we conclude that Vo = 0 on Xy N By /2 and,
by construction, it follows that

0= VI’U(IL’,O) = qu(xa 0) - vccg(xa 0) = VIU(IB, 0)7
and
0 = (AV)(2,0) - ey, = (AVu — AVg)(2,0) - ey, = (AVu+ F)(2,0) - ey,
that is, (5.20) holds true.

Step 2. Finally, we prove that if A, F € C%%(By), then u € C’l’o‘(Bl/Q) and satisfies (1.6), (1.7). Up
to consider the function v — 1 € H La(By), we can suppose that u satisfies a Dirichlet homogeneous
boundary condition © = 0 on ¢ N By.

Let {ps}s>0 be a family of smooth mollifiers and define As := A x ps and Fs := F % ps, which satisfies
[Asllco.e(By,,) < I Allco(syy and [[Fsl[co.e(p,,) < 1Fllcoe(s,). Using an approximation argument
similar to the one in Lemma 2.9, but with a more standard approach, and following a method analogous
to [1, Theorem 4.1] in a similar context, we construct a family {us}s~o of solutions to

—div(|y|*AsVus) = |y|*f + div(|y|*Fs), in Bys\ 2o,
u =0, on o N Bys,
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satisfies the following properties
lusll racs, s < clllullmes,) + [1fllL2em) + [1Fllr2as)),

us — u strongly in Hl’“(B4/5),
for some ¢ > 0 depending only on d, n, a, A and A.
Since As, F5 € C*°(Byy5), by using Step 1, we get that u € C’l’a(B3/4) and wu satisfies the boundary
condition (5.20) on ¥9N Bs /4- Hence, the assumptions of the Proposition 5.3 are satisfies, which implies
that us satisfies (5.21), which immediately implies that

lusl|oras, ) < clllullzzasy) + 1 fllz2as) + 1 Fll2a,)),

and the Arzel4-Ascoli Theorem allows us to taking the limit as 6 — 0 to infer that u € C1(B,; /2)5
satisfies (1.6) and the boundary condition (1.7). The proof is complete. O

6. REGULARITY ON MANIFOLDS

In this section, we prove how to extend Theorems 1.2 and 1.3, namely the local C%* and C®
regularity of weak solutions to (1.1), to a class of equations with weights that are singular on (d — n)-
dimensional manifolds, that is, for weak solutions to (1.10).

For 2 <n < d, let T C R? be a (d — n)-dimensional C'-manifold such that 0 € T and there exists a
parametrization ¢ € C'(Xg N By;R™) such that, up to perform a dilation, we have

(6.1) BiNT ={(z,y) :y=p(x)} N B, ¢(0)=0.
The diffeomorphism
(6'2) CI)(x,y) = (x,y—i—go(x)),

whose inverse straightens the lower dimensional boundary I' to Xy, satisfies ®(¥¢ N B;) C I'N By and
the Jacobian associated to ® is

Jo(z,y) = < fzzg) 1(1 > ,  with |det Jp| = 1.

Given a (d — n)-dimensional manifold I' parametrized by ¢, we give the definition of admissible weights
with respect to ¢.

Definition 6.1. Let 2 < n < d and a € [0,1). Let I be a (d — n)-dimensional C''**-manifold and
¢ € CH*(Xy N By;R") be a parametrization of I' in the sense of (6.1) and define the diffeomorphism ®
as in (6.2).

We say that § is an a-admissible weight with respect to the parametrization ¢ if § € C%'(B;) and
the two following condition holds true.

i) There exist constants 0 < ¢g < ¢; such that

(6.3) cp < digtp <a
ii)
(6.4) 6(z,y) = o2 ) e C%(B)).
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We point out that the condition i) in the Definition 6.1 implies that ¢ in a equivalent distance
from T to the standard distance function distr. So, given §, which satisfies condition 7), similarly to
what was done in Section 2.1, we can define the functional spaces H'(Bj, %), which is equivalent
to H'(Bj,dist{). Then, by Theorem 1.1, it follows that it is well defined the bounded linear trace
operator T : H'(By,%) — L*(I' N By) such that Tu = Ulp, g, > for every u € C*(By). In light of this,
we define a notion of weak solutions for the equation (1.10), which satisfy a Dirichlet boundary on T'.

Definition 6.2. Let 2 <n < d, a+n € (0,2), A be a matrix satisfying (1.2). Let I" be a (d — n)-

dimensional C!'-manifold and ¢ € C'(Z¢ N B1;R™) be a parametrization of I' in the sense of (6.1),

§ € C%Y(By) satisfying i) of the Definition 6.1. Let f € L?(By,d%), F € L?(B1,6%)% and ¢ € L>(I'NBy).
We say that u is a weak solution to (1.10) if u € H'(By, %), satisfies

(6.5) / d*AVu - Vodz = 0(fp — F -Vo)dz,
B1 Bl
for every ¢ € C°(B1 \T) and u = 1 in L*(T' N By), in the sense of the trace.

Finally, we can state the main results of this section, namely CIOO’? and C’llo’g regularity for weak
solutions to (1.10).

Corollary 6.3. Let 2 < n < d, a+n € (0,2), p > d/2, ¢ > d and « satisfying (1.3). Let
© € C1(ZoN By;R™) be the parametrization defined in (6.1). Let § be a 0-admissible weight with respect
to o in the sense of Definition 6.1 and define § € C°(By) as in (6.4). Let A be a continuous symmetric
matriz satisfying (1.2), f € LP(By,0%), F € LY(By,6%)%, ¢ € COHT' N By) and u be a weak solution to
(1.10), in the sense of Definition 6.2. Let us suppose that there exists a modulus of continuity w such
that
[Allcow(py) + 10llcow sy + llellcresonsirny < L

Then, u € CO’O‘(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, \, A, p, q, «

and L such that

HU”cova(Bl/g) < C(HUHL2(B1,6“) + 1 fllze(By 60y + 1 F |l La(y 60y + ”wHCOvl(FmBl))-

Corollary 6.4. Let2<n <d,a+n € (0,1), p>d and a satisfying (1.5). Let ¢ € C1*(SoN By; R")
be the parametrization defined in (6.1). Let § be a a-admissible weight with respect to ¢ in the sense of
Definition 6.1 and define 6 € C%%(By), as in (6.4). Let A be a a-Holder continuous symmetric matriz
satisfying (1.2), f € LP(By,6%), F € C%*(By), ¢ € CY*(I'N By) and u be a weak solution to (1.10),
in the sense of Definition 6.2. Let us suppose that

[Allco.a(my) + 10llco.emyy + el ctasonprey < L.
Then, u € Cl""(Bl/Q) and there exists a constant ¢ > 0, depending only on d, n, a, X\, A, p, a and
L such that
(6.6) [ullcras, p) < cllullzz,.s0) + 1 fllLr(sy 60y + [Fllcoas) + [U]loremns,))-

Moreover, denoting by T,I' the tangent space to I' at the point z € I', we have that u satisfies the
Jollowing boundary condition for every z € I'N By 9,

{Vu(z) -7(2) =V(2)-7(2), for every 7(z) € T,T,

(6.7) (AVu+ F)(z) -v(z) =0, for every v(z) L T,T.
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Since the proofs of Corollaries 6.3 and 6.4 are quite similar, we will only provide the proof of the
second one, as it is more involved.

Proof of Corollary 6.4. Let us define the diffeomorphism ® as in (6.2), which is of class C1*(By), by
the assumption ¢ € CH*(2g N By). Defining

w(z,y) :==uod(x,y), Y(x) = o ®(x,0) € CH¥(To N By).

we have that & € H»%(By) and @ = ¢) on ¥y N By in the sense of the traces. Since § is an a-admissible
weight in the sense of Definition 6.1, the conditions (6.3) and (6.4) implies that

5(®(x, y))*

|y’a € CO,a(Bl)u ga > 60 > 07

(6.8) 0%(z,y) =

for some constant ¢ > 0, where 6 = § o ®.
Let ¢ € C°(B; \I') be a test function in (6.5). By taking the change of variables z = ®(x,y) it
follows that

0:/ 5“(AVu-V¢—f¢+F-V¢)dz:/ ly|*(AVi-Vé — fé + F - V)dz,
Bl Bl

where
(6.9) A=5Tg)(Ac@) (I, fi=58"fod, F:=0(Jg)Fod, ¢:=¢od.
By using (6.8), we have that

A € C"*(By) and satisfies (1.2), fe LP%B), F e C™(B).
Hence, we have proved that @ is a weak solution to

{—divﬂyr“fiva) = [y*f + div(|jy|“F), in By \ %o,

U = 1, on Yo N By,

and @ satisfies the hypothesis of the Theorem 1.3. Hence, @ satisfies (1.6) and composing back with
the diffeomorphism ®~! we get that u satisfies (6.6).

Eventually, let us prove that u satisfies the boundary condition (6.7). By Theorem 1.3, we have that
@ satisfies the boundary condition

(6.10) Vi =Vath, (AVa+ F)- ey; =0, on XN By, foreveryi=1,...,n.
Since u(z) = u(®(z)), one has that
Vi(z) = J& (2)Vu(®(z2)).

and, noting ®(z,0) = (z,¢(x)) € T', we have that

Vi(z,0) - ey, = JE(x,0)Vu(®(x,0)) - ex; = Vu(z, o(z)) - Jo(x,0)ey;.
Thus, for every j =1,...,d —n, and (z,0) € X9 N By, we have
(6.11) Vu(z, ¢(z)) - Jo(r,0)es; = V(z,0(z)) - Jo(x,0)ey;.
Next, recalling (6.8), (6.9) and (6.10), we find

0=0"%AVi+ F)(z,0) - ey, = Jg " (2,0)(AVu + F)(z,p(x)) - ey,

6.12
(6.12) = (AVu + F)(z,0(x)) - (J3") (2, 0)ey,.
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Finally, observing that the tangent space to I' at the point z = (z, ¢(x)) is given by

Tiop(enT = {(& Jo(2)€) : € e R},

and noting that

Jo(z,0)ey; - (JgH) 7 (x,0)e,, =0, forevery j=1,...,d—n, i=1,...,n,

it follows that (6.11) and (6.12) implies that (6.7) holds true. This complete the proof. O
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