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THE DIRICHLET PROBLEM ON LOWER DIMENSIONAL BOUNDARIES:

SCHAUDER ESTIMATES VIA PERFORATED DOMAINS

GABRIELE FIORAVANTI

Abstract. In this paper, we investigate the Dirichlet problem on lower dimensional manifolds for a
class of weighted elliptic equations with coefficients that are singular on such sets. Specifically, we study
the problem {

−div(|y|aA(x, y)∇u) = |y|af + div(|y|aF ),

u = ψ, on Σ0,

where (x, y) ∈ Rd−n × Rn, 2 ≤ n ≤ d, a + n ∈ (0, 2), and Σ0 = {|y| = 0} is the lower dimensional
manifold where the equation loses uniform ellipticity.

Our primary objective is to establish C0,α and C1,α regularity estimates up to Σ0, under suitable
assumptions on the coefficients and the data. Our approach combines perforated domain approximations,
Liouville-type theorems and a blow-up argument.

1. Introduction

Let 2 ≤ n ≤ d be two integers and z = (x, y) ∈ Rd−n × Rn. Let us define the lower dimensional
manifold

Σ0 := {(x, y) ∈ Rd : |y| = 0},
which has dimension d − n, and the weight |y|a = distaΣ0

(z), where the real parameter a satisfies
a+ n ∈ (0, 2). We study the following equation

(1.1)

{
−div(|y|aA∇u) = |y|af + div(|y|aF ), in B1 \ Σ0,

u = ψ, on Σ0 ∩B1,

where B1 ⊂ Rd denotes the unit ball with center at 0, A : B1 → Rd,d is a symmetric d-dimensional
matrix satisfying the following ellipticity condition

(1.2) λ|ξ|2 ≤ A(z)ξ · ξ ≤ Λ|ξ|2,
for all ξ ∈ Rd and a.e. z ∈ B1, where 0 < λ ≤ Λ < ∞ are fixed constants. The terms f : B1 → R,
F : B1 → Rd and ψ : Σ0 ∩B1 → R belong to suitable spaces, which will be introduced later. We notice
that, when n = d (so that z = y), the lower-dimensional boundary Σ0 = {0} reduces to a single point.
In this case, we assume the boundary condition is simply u(0) = 0. The operators ∇ and div denote the
gradient and the divergence with respect to the variable z, respectively. Weak solutions to this equation
are naturally defined within the framework of weighted Sobolev spaces, which will be introduced in
Section 2.1. Thus, we say that u is a weak solution to (1.1) if u ∈ H1,a(B1) := H1(B1, |y|adz), satisfies∫

B1

|y|aA∇u · ∇ϕdz =
∫
B1

|y|a(fϕ− F · ∇ϕ)dz,
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2 GABRIELE FIORAVANTI

for every ϕ ∈ C∞
c (B1 \ Σ0) and u = ψ in the sense of the trace (see Definition 2.5).

Our primary goal is to establish local regularity estimates up to Σ0 for weak solutions to (1.1).
Specifically, we show that, under suitable assumptions on the data, solutions are C0,α(B1/2) and,

in some cases, may be C1,α(B1/2). As we will see later, our results are sharp with respect to the

assumptions on the data. Specifically, the function |y|2−a−n is a solution to (1.1), when A = I, f = 0,
F = 0 and ψ = 0 and it is C0,2−a−n if a+ n ∈ [1, 2) and C1,1−a−n if a+ n ∈ (0, 1). The idea behind
our theorems is that this solution is the worst regular solution to (1.1) when A = I, f = 0, F = 0 and
ψ = 0.

The Dirichlet boundary condition u = ψ on Σ0 requires some clarifications. For general values of
a ∈ R, the trace of functions which belongs to H1,a(B1) on Σ0 might not be well defined. In the paper
[28], the author shows the existence of a trace operator for a large class of weighted Sobolev spaces on
lower dimensional boundaries. Specifically, the following result holds.

Theorem 1.1. [28, Theorem 2.3] Let Γ be a (d− n)-dimensional C1-manifold, distΓ be the distance
from Γ, a+ n ∈ (0, 2). Then, there exits a unique bounded linear operator

T : H1(B1,dist
a
Γ) → L2(Γ ∩B1)

such that

Tu = u|Γ ,

for every u ∈ C∞(B1).

Hence, the restriction we impose on the parameter a+n ∈ (0, 2) ensures that the boundary condition
u = ψ on Σ0 makes sense. In other words, introducing the weight as a power of the distance to
the boundary provides a natural framework for studying the Dirichlet problem for linear elliptic
operators on lower-dimensional boundaries. Without such a weight, the solutions do not ”see” the
lower-dimensional sets due to capacitary reasons: for instance, a harmonic function in B1 \ Σ0 is the
same as a harmonic function in the whole B1.

We also emphasize that in the works [8,9], Cora, Vita and the author systematically study the same
equation in the broader case a + n > 0, with a focus on solutions which satisfies an homogeneous
conormal boundary condition on Σ0 when a+ n ∈ (0, 2).

The study of such equations falls within the theory of non uniformly elliptic operators, as the
presence of the singular weight causes the operator’s coefficients to blow up on the manifold Σ0. In
the seminal paper [18], the authors extended the De Giorgi-Nash-Moser theory to weighted elliptic
equations, where the weight arises from quasi-conformal mappings or belongs to the Muckenhoupt A2

class. In particular, under suitable assumptions, they proved the validity of the Harnack inequality,
ensuring Hölder regularity of solutions with a non explicit Hölder exponent. Along this line, we also
refer to the work [21]. Our weight |y|a belongs to the Muckenhoupt A2 class when a+n ∈ (0, 2n), so our
assumption a+ n ∈ (0, 2) ensures that the known results for this class of weights apply, guaranteeing
that the solutions to our problem satisfy some Hölder estimates. However, the peculiar geometry of
the singular set of our weight |y|a, combined with its homogeneity property, allows us to obtain more
refined results compared to the general theory mentioned above.

In recent years, there have been significant contributions to the study weighted elliptic equations,
where the weight behaves like the power of the distance from the boundary of a set. The most notable
case is n = 1, which is closely related to the extension theory for fractional operators developed
by Caffarelli and Silvestre in their seminal paper [5] (we refer also to [10], where the authors study
fractional operators in conformal geometry). This setting is now well understood, and there is a
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rich literature on the regularity properties of such equations. Concerning Schauder type estimates,
a notable reference can be found in [6]. Moreover, we highlight the works [31, 32, 33, 14], where the
authors establish a complete Schauder regularity theory for degenerate/singular elliptic equations, and
its parabolic counterpart [1, 2]. Additionally, we mention [15,16], where elliptic and parabolic weighted
equations are studied, yielding alternative regularity results.

In the paper [12], David, Feneuil and Mayboroda developed an elliptic theory for equations which
are degenerate/singular on lower dimensional boundaries. In particular, in [11], the authors extensively
studied our operator in the case a + n = 1, under weaker assumptions on the coefficients A. They
proved the solvability of the Dirichlet problem in this setting. We also refer to [13] and the references
therein for a broader overview of this topic. Recently, in [17], the authors investigated the boundary
behaviour of solutions in this high-codimensional setting and established estimates on the singular set
near the boundary. Moreover, our class of operators also arises in the context of singular harmonic
maps to study equations related to black holes (see [35,36,22,23,24]). In particular, in [29], the author
highlights the connection between these singular harmonic maps and differential operators like ours, in
the case where a < 0. Additionally, our work is related to Mazzeo’s theory of edge operators [25,26],
which emerges in boundary problems with higher codimensional boundaries and provides essential
insights into solution regularity by establishing Fredholmness in degenerate Hölder or Sobolev spaces.

Finally, it seems that our operator could be a good model for free boundary problems of the obstacle
type (see, for example, the classical papers [3, 4]), where the obstacle is very thin (with dimension less
than d− 2), see also [19]. As already noted above, classical elliptic operators do not allow for such
problems, as they cannot ”see” small sets like these due to capacitary reasons.

Main results. The main goal of this paper is to establish local C0,α and C1,α regularity estimates up
to the singular set Σ0 for weak solutions to (1.1). These results are presented in two main theorems:
the first provides Hölder estimates for the solutions, while the second establishes Hölder estimates
for the gradient. In the following, we use the notation Lp,a(B1) := Lp(B1, |y|a) to denote weighted
Lebesgue spaces.

Theorem 1.2. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), p > d/2, q > d and

(1.3) α ∈ (0, 2− a− n) ∩ (0, 2− d/p] ∩ (0, 1− d/q] ∩ (0, 1).

Let A be a continuous symmetric matrix satisfying (1.2) and ω be a modulus of continuity such that

∥A∥C0,ω(B1) := ∥A∥L∞(B1) + sup
z,z′∈B1,z ̸=z′

|A(z)−A(z′)|
ω(|z − z′|)

≤ L.

Let f ∈ Lp,a(B1), F ∈ Lq,a(B1)
d and ψ ∈ C0,1(Σ0 ∩B1). Let u be a weak solution to (1.1).

Then, u ∈ C0,α(B1/2) and there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, q, α
and L, such that

(1.4) ∥u∥C0,α(B1/2)
≤ c

(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) + ∥ψ∥C0,1(Σ0∩B1)

)
.

Let us point out that the assumption ψ ∈ C0,1(B1) might not be optimal, and it is reasonable to
expect that ψ ∈ C0,α(B1) would suffice.

Theorem 1.3. Let 2 ≤ n ≤ d, a+ n ∈ (0, 1), p > d and

(1.5) α ∈ (0, 1− a− n) ∩ (0, 1− d/p].

Let A be a α-Hölder continuous symmetric matrix satisfying (1.2) and ∥A∥C0,α(B1) ≤ L, f ∈ Lp,a(B1),

F ∈ C0,α(B1) and ψ ∈ C1,α(Σ0 ∩B1). Let u be a weak solution to (1.1).
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Then, u ∈ C1,α(B1/2) and there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, α and
L such that

(1.6) ∥u∥C1,α(B1/2)
≤ c

(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥C0,α(B1) + ∥ψ∥C1,α(Σ0∩B1)

)
.

In addition, u satisfies the following boundary condition

(1.7)

{
∇xu(x, 0) = ∇xψ(x, 0),

(A∇u+ F )(x, 0) · eyi = 0,
for every (x, 0) ∈ Σ0 ∩B1/2, and i = 1, . . . , n.

Before presenting the idea of the proof, we recall a method developed in [31] to establish regularity
estimates for weighted elliptic equations that are degenerate or singular on a set of codimension one,
that is, when n = 1. This case, where the singular set is an hyperplane of dimension d− 1, does not
fall under the scope of our study, which focuses on n ≥ 2. The authors develop a regularity theory for
such equations by regularizing the weight and using an approximation argument: they first establish
ε-stable regularity results for solutions with the regularized weight (ε2 + y2)a/2, and then take the limit
as ε→ 0. However, this approach seems not to work in our case, where n ≥ 2. Indeed, by regularizing
the weight, that is, considering ρaε(y) := (ε2 + |y|2)a/2 and solutions to uniformly elliptic problems with
this type of weight, the H1(ρaε)-capacity of Σ0 will be zero. As we discussed earlier, in this situation,
the classical Sobolev spaces will fail to capture information about the boundary condition on the
lower dimensional set Σ0. Consequently, the approximation problem with this type of weight loses
critical information about the boundary condition, making it impossible to recover uniform regularity
estimates for the weighted problem.

We adopt a different approach based on perforated domains, aiming to establish uniform estimates
in this framework. For small 0 < ε≪ 1, we define

Σε := {|y| ≤ ε},
as the ε-neighbourhood of Σ0, noting that its boundary ∂Σε = {|y| = ε} has dimension d − 1. The
central idea is to approximate the lower dimensional boundary, which has dimension d − n, with a
classical boundary of dimension d−1 and impose the Dirichlet condition on this set. Hence, we consider
solutions to the problem{

−div(|y|aA∇u) = |y|af + div(|y|aF ), in B1 \ Σε,

u = 0, on ∂Σε ∩B1.

In this context, since the singular set Σ0 is sufficiently far from B1 \Σε, we can apply classical regularity
theory to obtain C0,α(B1/2 \ Σε) and C

1,α(B1/2 \ Σε) regularity estimates, with constants that may
depend on ε. The crucial step is proving that these estimates are uniform as ε → 0, as shown in
Theorems 4.1 and 5.1. Once we have these uniform estimates, we employ an approximation argument
(see Section 2.5) to pass to the limit as ε→ 0, thereby recovering the desired regularity results for the
original problem.

We emphasize that proving C1,α regularity for solutions to (1.1) requires a refined approach.
Specifically, the uniform estimates in perforated domains require an additional assumption on the
field F , as highlighted in Remark 5.2. Consequently, proving the main theorem necessitates a double
approximation strategy: the first via perforated domains and the second through a standard mollification
argument. This is combined with some a priori estimates for solutions to (1.1) under an additional
boundary condition on Σ0, as detailed in Proposition 5.3.

The strategy for establishing the ε-uniform estimates is based on a contradiction argument combined
with a blow-up procedure, drawing inspiration from Simon’s work [30]. A key component of this
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approach is the following Liouville-type theorem, which applies to entire solutions satisfying a specific
growth-control condition at infinity.

Theorem 1.4. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), ε ≥ 0. Let A be a constant symmetric matrix satisfying
(1.2) and u be an entire solution to

(1.8)

{
−div(|y|aA∇u) = 0, in Rd \ Σε,

u = 0, on ∂Σε,

(see Definition 2.3). Assume that there exist constants c > 0, γ ∈ (0, 2− a− n) such that

(1.9) |u(z)| ≤ c(1 + |z|γ), for a.e. z ∈ Rd \ Σε,

Then, u is identically zero.

Finally, as a consequence of our main theorems, we extend our results to more general weighted
equations, where the weight δ behaves like a distance function from a regular manifold Γ of dimension
d− n (see Definition 6.1). Specifically, in Corollaries 6.3 and 6.4, we are able to prove local C0,α(B1/2)

and C1,α(B1/2) regularity estimates for weak solutions to the following equation

(1.10)

{
−div(δaA∇u) = δaf + div(δaF ), in B1 \ Γ,
u = ψ, on Γ ∩B1.

The precise definition of solutions to (1.10) will be given later in Section 6.

Structure of the paper. The paper is organized as follows. In Section 2, we set up the problem by
introducing weighted Sobolev spaces, discussing their basic properties, and providing the definition
of weak solutions to our equation along with some preliminary results, including the approximation
Lemma 2.9. Section 3 is devoted to the proof of the Liouville-type Theorem 1.4. In Sections 4 and 5, we
establish the main results, Theorems 1.2 and 1.3, which concern C0,α and C1,α regularity, respectively.
Lastly, in Section 6, we extend these results to solutions of the more general equation (1.10).

2. Functional setting and preliminary results

2.1. Weighted Sobolev Spaces. Let a+ n ∈ (0, 2), R > 0 and BR := {z ∈ Rd : |z| < R} be the ball
centered in 0 and radius R. We define the weighted Lebesgue spaces

Lp,a(BR) := Lp(BR, |y|adz),

and for vector field

Lp,a(BR)
d := Lp(BR, |y|adz)d.

The Sobolev space H1,a(BR) is defined as the completion of C∞(BR) with respect to the norm

∥u∥H1,a(BR) =
(∫

BR

|y|au2dz +
∫
BR

|y|a|∇u|2dz
)1/2

,

where C∞(BR) = {u|BR
: u ∈ C∞

c (Rd)}.
Since we are interested in functions which vanish on Σ0 = {|y| = 0}, we define the Sobolev space

H̃1,a(BR) as the completion of C∞
c (BR \ Σ0) with respect to the norm ∥ · ∥H1,a(BR).

Additionally, we define the Sobolev space H1,a
0 (BR) as as the completion of C∞

c (BR \ Σ0) with
respect to the norm ∥ · ∥H1,a(BR), which contains functions having zero trace on ∂(BR \ Σ0).
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2.2. Weighted Sobolev Spaces in perforated domains. In the rest of the paper, we use the
notation 0 < ε≪ 1 to indicate that ε is a small positive number. Let us define

Σε := {(x, y) : |y| ≤ ε}, ∂Σε := {(x, y) : |y| = ε}.
We set

Lp,a(BR \ Σε) := Lp(BR \ Σε, |y|adz),
and

Lp,a(BR \ Σε)
d := Lp(BR \ Σε, |y|adz)d.

Let us define the norm

∥u∥H1,a(BR\Σε) =
(∫

BR\Σε

|y|au2dz +
∫
BR\Σε

|y|a|∇u|2dz
)1/2

.

We define Sobolev spaces in perforated domains as follows.

• H1,a(BR \ Σε) as the completion of C∞(BR \ Σε) w.r.t. the norm ∥ · ∥H1,a(BR\Σε),

• H̃1,a(BR \ Σε) as the completion of C∞
c (BR \ Σε) w.r.t. the norm ∥ · ∥H1,a(BR\Σε),

• H1,a
0 (BR \ Σε) as the completion of C∞

c (BR \ Σε) w.r.t. the norm ∥ · ∥H1,a(BR\Σε).

When ε = 0, we identify the spaces

Lp,a(BR \ Σ0) = Lp,a(BR), H̃1,a(BR \ Σ0) = H̃1,a(BR), H1,a
0 (BR \ Σ0) = H1,a

0 (BR).

Moreover, since the Poincaré inequality holds true (see Proposition 2.2) in H̃1,a(BR \ Σε) for every
0 ≤ ε≪ 1, we have that

∥u∥
H1,a

0 (BR\Σε)
=

(∫
BR\Σε

|y|a|∇u|2dz
)1/2

,

defines an equivalent norm to ∥ · ∥H1,a(BR\Σε) in H̃
1,a(BR \ Σε).

Remark 2.1. For ε > 0, functions in H̃1,a(BR \Σε) can be identified with their trivial extensions in the
whole BR. Consequently, we have the following inclusion of spaces:

H̃1,a(BR \ Σε) ⊂ H̃1,a(BR).

We note that this result is frequently used throughout the paper, particularly in the analysis of
approximations on perforated domains.

The following proposition establishes several fundamental inequalities in the space H̃1,a(BR \ Σε):
namely, the Hardy inequality, the Poincaré inequality, the Poincaré trace inequality, and a Sobolev-type
inequality, all of which hold uniformly with respect to the parameter ε. These results ultimately rely on
the Hardy inequality, which is by now a classical tool. We also refer to [7, 27] for other functional-type
inequalities along these lines.

Proposition 2.2. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), R > 0 and 0 ≤ ε≪ 1. Then, there exist a constant
cR > 0, depending only on d, n, a and R such that∫

BR

|y|a u
2

|y|2
dz ≤ cR

∫
BR

|y|a|∇u|2dz,(2.1) ∫
BR

|y|au2dz ≤ cR

∫
BR

|y|a|∇u|2dz,(2.2) ∫
∂BR

|y|au2dσ ≤ cR

∫
BR

|y|a|∇u|2dz,(2.3)
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BR

|y|a|u|2∗dz
)2/2∗

dz ≤ cR

∫
BR

|y|a|∇u|2dz,(2.4)

for every u ∈ C∞
c (BR \ Σε). In the last inequality 2∗ := 2d/(d− 2) if d > 2 and 2∗ can be replaced by

any p ∈ [1,∞) if d = 2, and in this case, the constant cR > 0 also depends on p.

Proof. For the proof of the Hardy inequality (2.1), see [8, Proposition 3.4].
The Poincaré inequality (2.2) immediately follows by the validity of the Hardy inequality (2.1), in

fact ∫
BR

|y|au2dz ≤ c

∫
BR

|y|a u
2

|y|2
dz,

for some c > 0 depending only on R.
By using the classical embedding H1(BR) ↪→ L2(∂BR) to the function |y|a/2u ∈ C∞

c (BR \ Σε), the
Hardy inequality (2.1), combined with Hölder and Young inequalities, we have that∫

∂BR

|y|au2dσ ≤ c

∫
BR

|∇(|y|a/2u)|2dz ≤ c

∫
BR

(
|y|a|∇u|2 + a2

4
|y|a u

2

|y|2
+ a|y|a |u|

|y|
|∇u|

)
dz

≤ c

∫
BR

|y|a|∇u|2dz,

and (2.3) holds.
Finally, let’s prove the Sobolev embedding (2.4). By using a < 0, the classical Sobolev embedding

H1(BR) ↪→ L2∗(BR) to the function |y|a/2u ∈ C∞
c (BR \ Σε), the Hardy inequality (2.1), the Poincaré

inequality (2.2), combined with Hölder and Young inequalities, we obtain(∫
BR

|y|a|u|2∗dz
)2/2∗

≤ c
(∫

BR

(
|y|a/2|u|

)2∗
dz

)2/2∗

≤ c

∫
BR

(
|y|au2 + |∇(|y|a/2u)|2

)
dz

≤ c

∫
BR

(
|y|au2 + |y|a|∇u|2 + a2

4
|y|a u

2

|y|2
+ a|y|a |u|

|y|
|∇u|

)
dz ≤ c

∫
BR

|y|a|∇u|2dz.

Hence, the proof is complete. □

2.3. Weak solutions. In this section we give the definition of weak solutions.

Definition 2.3. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), R > 0 and 0 ≤ ε≪ 1. Let A be matrix satisfying (1.2),
f ∈ L2,a(BR \ Σε) and F ∈ L2,a(BR \ Σε)

d. We say that u is a weak solution to

(2.5)

{
−div(|y|aA∇u) = |y|af + div(|y|aF ), in BR \ Σε,

u = 0, on ∂Σε ∩BR,

if u ∈ H̃1,a(BR \ Σε) and satisfies

(2.6)

∫
BR

|y|aA∇u · ∇ϕdz =
∫
BR

|y|a(fϕ− F · ∇ϕ)dz,

for every ϕ ∈ C∞
c (BR \ Σε).

We say that u is an entire solution to{
−div(|y|aA∇u) = |y|af + div(|y|aF ), in Rd \ Σε,

u = 0, on ∂Σε,

if u is a weak solution to (2.5) for every R > 0.
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Remark 2.4. Using the validity of the Poincaré inequality (2.2), we have existence and uniqueness for
solutions to (2.5) which also satisfy a boundary condition on ∂BR \ Σε. In fact, if u is a weak solution

to (2.5) satisfying u− ū ∈ H1,a
0 (BR \ Σε), for some ū ∈ H̃1,a(BR \ Σε), then u is a minimizer to the

functional

J(v) :=

∫
BR\Σε

|y|a
(A∇v · ∇v

2
− fv + F · ∇v

)
dz,

over
X := {v ∈ H1,a(BR \ Σε) : v − ū ∈ H1,a

0 (BR \ Σε)},
and J is coercive. By a standard application of the Weierstrass Theorem, we have existence and
uniqueness of solutions to (2.5) with prescribed trace on ∂BR \ Σε.

When ε = 0, recalling the trace Theorem 1.1, we also give a definition of weak solutions with
prescribed trace on the lower dimensional boundary Σ0.

Definition 2.5. Let 2 ≤ n ≤ d, a + n ∈ (0, 2), R > 0 and A satisfies (1.2). Let f ∈ L2,a(BR),
F ∈ L2,a(BR)

d and ψ ∈ L2(Σ0 ∩BR). We say that u is a weak solution to{
−div(|y|aA∇u) = |y|af + div(|y|aF ), in BR \ Σ0,

u = ψ, on Σ0 ∩BR,

if u ∈ H1,a(BR), satisfies (2.6) for every ϕ ∈ C∞
c (BR \ Σ0) and u = ψ on Σ0 ∩BR, in the sense of the

trace.

2.4. Local boundedness of solutions. The goal of this section is to prove L2 → L∞ estimates for
weak solutions to (2.5). The proof is fairly standard and employs an iterative technique based on a
Caccioppoli-type inequality and the Sobolev embeddings (2.4) (for example, see [34]). We include the
proof for completeness. We start with the following Caccioppoli-type inequality.

Lemma 2.6. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), R > 0, 0 ≤ ε≪ 1, p ≥ (2∗)′ and q ≥ 2. Let A be a matrix
satisfying (1.2), f ∈ Lp,a(BR \Σε), F ∈ Lq,a(BR \Σε)

d and u be a weak solution to (2.5). Then, there
exists c > 0 depending only on d, λ and Λ such that for every 0 < R1 < R2 < R there holds

∫
BR1

\Σε

|y|a|∇u|2dz ≤ c
[ 1

(R2 −R1)2

∫
BR2

\Σε

|y|a|u|2dz + ∥f∥2Lp,a(BBR2
\Σε)

+ ∥F∥2Lq,a(BBR2
\Σε)

]
.

(2.7)

Proof. Fix 0 < R1 < R2 < R and consider a smooth cut-off function η ∈ C∞
c (BR) such that

spt(η) ⊂ BR2 , η = 1 on BR1 , 0 ≤ η ≤ 1, |∇η| ≤ c

|R2 −R1|
,

for some constant c > 0 depending only on d. Let us test the equation satisfied by u with η2u (which
is an admissible test function). Then, we obtain∫

BR

|y|aη2A∇u · ∇udz =
∫
BR

|y|a
(
− 2ηuA∇u · ∇η + fη2u− F · (η2∇u+ 2ηu · ∇η)

)
dz.

Let us fix µ > 0 to be chosen later. By Hölder and Young inequalities, it follows that∣∣∣ ∫
BR

|y|a2ηuA∇u · ∇ηdz
∣∣∣ ≤ 2Λ

(∫
BR

|y|aη2|∇u|2dz
)1/2(∫

BR

|y|a|u|2|∇η|2dz
)1/2

≤ µ

∫
BR

|y|aη2|∇u|2dz + cµ

∫
BR

|y|a|u|2|∇η|2dz,
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where cµ > 0 depends on Λ and µ. Next, using the Sobolev embedding (2.4)∣∣∣ ∫
BR

fη2udz
∣∣∣ ≤ c∥f∥Lp,a(BR2

\Σε)∥ηu∥L2∗,a(BR\Σε)
≤ c∥f∥Lp,a(BR2

\Σε)∥∇(ηu)∥L2,a(BR\Σε)

≤ cµ∥f∥2Lp,a(BR2
\Σε)

+ µ

∫
BR

|y|aη2|∇u|2dz + µ

∫
BR

|y|a|u|2|∇η|2dz,

where cµ > 0 depends on R and µ. Furthermore,∣∣∣ ∫
BR

F · (η2∇u+ 2ηu∇η)dz
∣∣∣ ≤ cµ∥F∥2Lp,a(BR2

\Σε)
+ µ

∫
BR

|y|aη2|∇u|2dz + µ

∫
BR

|y|a|u|2|∇η|2dz,

where cµ > 0 depends on R and µ. Hence, combining this estimates we obtain

λ

∫
BR

|y|aη2|∇u|2dz ≤
∫
BR

|y|aη2A∇u · ∇udz

≤
∣∣∣ ∫

BR

|y|a2ηuA∇u · ∇ηdz
∣∣∣+ ∣∣∣ ∫

BR

fη2udz
∣∣∣+ ∣∣∣ ∫

BR

F · (η2∇u+ 2ηu∇η)dz
∣∣∣

≤ cµ

(∫
BR

|y|a|∇η|2u2dz + ∥f∥2Lp,a(BR2
\Σε)

+ ∥F∥2Lp,a(BR2
\Σε)

)
+ 3µ

∫
BR

|y|aη2|∇u|2dz.

Hence, choosing µ > 0 small enough, we get that (2.7) holds true. □

The next lemma is to establish a no-spike estimate type.

Lemma 2.7. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), 0 < r < R, 0 ≤ ε≪ 1, p > d/2, q > d. Let A be a matrix
satisfying (1.2), f ∈ Lp,a(BR \ Σε), F ∈ Lq,a(BR \ Σε)

d satisfying

∥f∥Lp,a(BR\Σε) + ∥F∥Lq,a(BR\Σε) ≤ 1.

Then, there exists a constant δ ∈ (0, 1), depending only on d, n, a, λ, Λ, p, q, r and R, such that if u
is a weak solution to (2.5) in BR \ Σε and it satisfies∫

BR\Σε

|y|a|u+|2dz ≤ δ,

then

u ≤ 1 a.e. in Br \ Σε.

Conversely, if ∫
BR\Σε

|y|a|u−|2dz ≤ δ,

then

u ≥ −1 a.e. in Br \ Σε.

Proof. We give the proof for the positive part u+, since the other one follows the same argument.
For ρ ∈ (0, R), fix a smooth cut-off function η ∈ C∞

c (Bρ) and a real number b ∈ R. Let us consider
v := η2(u− b)+ as test function in (2.5). Then,∫

Bρ

|y|aA∇u · ∇(η2v)dz =

∫
Bρ

|y|a
(
fη2v − F · ∇(η2v)

)
dz.
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Using the same computations as in Lemma 2.6, combining with the fact that whenever v > 0, we have
∇u = ∇v, we obtain

∫
Bρ\Σε

|y|a|∇(ηv)|2dz ≤ c
[ ∫

Bρ\Σε

|y|a|∇η|2v2dz +
∣∣∣ ∫

Bρ\Σε

|y|afη2v
∣∣∣+ ∫

Bρ\Σε

|y|a|F |2χ{v>0}dz
]
.

(2.8)

For every j ∈ N, set

Cj := 1− 2−j , rj := (R− r)2−j + r, Dj := Brj \ Σε,

noting that C0 = 0, r0 = R, Cj ↑ 1, rj ↓ r, Dj ⊃ Dj+1 and rj − rj+1 = (R− r)2−(j+1). We define

Vj := (u− Cj)+, Ej :=

∫
Dj

|y|aV 2
j dz,

which satisfy, for every j ∈ N, Ej+1 ≤ Ej ≤ E0 ≤ δ by assumption.
Let us consider a sequence of smooth function ηj ∈ C∞

c (Brj ) satisfying ηj = 1 in Brj+1 , 0 ≤ ηj ≤ 1

and |∇ηj | ≤ cd|rj − rj+1| ≤ cd2
j+1. Using (2.8) with v = Vj+1, ρ = rj and η = ηj we get∫

Dj

|y|a|∇(ηjVj+1)|2dz ≤ c
[ ∫

Dj

|y|a|∇ηj |2V 2
j+1dz

+
∣∣∣ ∫

Dj

|y|afη2jVj+1dz
∣∣∣+ ∫

Dj

|y|a|F |2χ{Vj+1>0}dz
]
.

We estimate the first term in the right hand side as follows∫
Dj

|y|a|∇ηj |2V 2
j+1dz ≤ c22(j+1)Ej+1.

Next, let us fix τ = 2∗ if d ≥ 3 or τ > p′ if d = 2. Since p > d/2, we can consider γ > 1 such that
p−1 + τ−1 + γ−1 = 1. By applying the Hölder inequality with exponent p, τ, γ, ∥f∥Lp,a(BR\Σε) ≤ 1 and
the Sobolev embedding (2.4), it follows∣∣∣ ∫

Dj

|y|afη2jVj+1

∣∣∣ ≤ ∥f∥Lp,a(Dj)

(∫
Dj

|y|a|ηjVj+1|τdz
)1/τ(∫

Dj

|y|aχ{Vj+1>0}dz
)1/γ

≤ c
(∫

Dj

|y|a|∇(ηjVj+1)|2dz
)1/2(∫

Dj

|y|aχ{Vj+1>0}dz
)1/γ

≤ µ

∫
Dj

|y|a|∇(ηjVj+1)|2dz + cµ

(∫
Dj

|y|aχ{Vj+1>0}dz
)2/γ

,

where in the last inequality we used the Young inequality and µ > 0 is a small number to be chosen
later. Since

{Vj+1 > 0} = {u− Cj+1 > 0} = {u− Cj > 2−(j+1)} = {Vj > 2−(j+1)},

it follows ∫
Dj

|y|aχ{Vj+1>0}dz =

∫
Dj

|y|aχ{V 2
j >2−2(j+1)}dz ≤ 22(j+1)

∫
Dj

|y|aV 2
j dz = 22(j+1)Ej .
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Using ∥F∥Lq,a(BR\Σε) ≤ 1, we obtain∫
Dj

|y|a|F |2χ{Vj+1>0}dz ≤
(∫

Dj

|y|a|F |qdz
)2/q(∫

Dj

|y|aχ{Vj+1>0}dz
)(q−2)/q

≤
(∫

Dj

|y|aχ{Vj+1>0}dz
)q−2/q

≤ cj+1E
1−2/q
j .

Combining together the previous estimates, and choosing µ > 0 small enough it follows∫
Dj

|y|a|∇(ηjVj+1)|2dz ≤ cj+1
(
Ej + E

2/γ
j + E

1−2/q
j

)
.

Next, using the Hölder inequality in the definition of Ej+1 and the Sobolev embedding (2.4), it follows
that

Ej+1 =

∫
Dj+1

|y|aV 2
j+1dz ≤

(∫
Dj+1

|y|a|Vj+1|τdz
)2/τ(∫

Dj+1

|y|aχ{Vj+1>0}dz
)(2∗−2)/2∗

≤
∫
Dj

|y|a|ηjVj+1|τdz
)2/τ

cj+1E
1−2/τ
j ≤

(∫
Dj

|y|a|∇(ηjVj+1)|2dz
)
cj+1E

1−2/τ
j

≤ cj+1
(
E

2−2/τ
j + E

1+2/γ−2/τ
j + E

2−2/q−2/τ
j

)
≤ cj+1E1+γ

j ,

where

γ := min
{
1− 2

τ
,
2

γ
− 2

τ
, 1− 2

q
− 2

τ

}
> 0.

The positivity of γ follows by the fact that for d = 3 we set τ = 2∗, and for d = 2 we choose τ > p′.
Then, {

Ej+1 ≤ cj+1E1+γ
j ,

E0 ≤ δ,

which implies

Ej ≤ c
∑j

i=0 i(1+γ)j−i
E

(1+γ)j

0 ≤ (Cδ)(1+γ)j .

Finally, by choosing δ such that cδ < 1, and taking the limit as j → ∞ we obtain that Ej → 0, that is,∫
Br\Σε

|y|a(u− 1)2+ = 0, which yields u ≤ 1 a.e. in Br \ Σε. □

Finally, the next lemma states the L∞
loc boundedness of weak solutions to (2.5).

Lemma 2.8. Let 2 ≤ n ≤ d, a + n ∈ (0, 2), R > 0, 0 ≤ ε ≪ 1, p > d/2, q > d. Let A be a matrix
satisfying (1.2), f ∈ Lp,a(BR \ Σε), F ∈ Lq,a(BR \ Σε)

d and let u be a weak solution to (2.5). Then,
for every r ∈ (0, R), there exists c > 0 depending only on d, n, a, λ, Λ, p, q and r such that

(2.9) ∥u∥L∞(Br\Σε) ≤ c
(
∥u∥L2,a(BR\Σε) + ∥f∥Lp,a(BR\Σε) + ∥F∥Lq,a(BR\Σε)

)
.

Proof. Let us define

v := θu, θ :=

√
δ

∥u∥L2,a(BR\Σε) + ∥f∥Lp,a(BR\Σε) + ∥F∥Lq,a(BR\Σε)
,

where δ > 0 is as in Lemma 2.7. One has that v satisfies the hypothesis of Lemma 2.7, hence, v+ ≤ 1
in Br \ Σε, which implies

∥u+∥L∞(Br\Σε) ≤
1√
δ
(∥u∥L2,a(BR\Σε) + ∥f∥Lp,a(BR\Σε) + ∥F∥Lq,a(BR\Σε)).
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Repeating the same argument with v− one has that

∥u−∥L∞(Br\Σε) ≤
1√
δ
(∥u∥L2,a(BR\Σε) + ∥f∥Lp,a(BR\Σε) + ∥F∥Lq,a(BR\Σε)).

Hence, we have that (2.9) holds true, by choosing C = 2/
√
δ. The proof is complete. □

2.5. Approximation result. In the spirit of [31, Lemma 2.12, Lemma 2.15] and [1, Lemma 4.2],
the goal of this section is to provide an approximation result, which allows us to construct a family
of solutions to (2.5) in perforated domains (0 < ε≪ 1), which converges in a suitable sense to weak
solutions of (2.5), when ε = 0.

Lemma 2.9. Let 2 ≤ n ≤ d, a+ n ∈ (0, 2), R > 0. Let A be a matrix satisfying (1.2), f ∈ L2,a(BR),
F ∈ L2,a(BR)

d and let u be a weak solution to (2.5) with ε = 0.
Then, for every r ∈ (0, R), there exists a family {uε}0<ε≪1, such that uε are weak solutions to

(2.10)

{
−div(|y|aA∇uε) = |y|af + div(|y|aF ), in Br \ Σε,

u = 0, on ∂Σε ∩Br,

satisfying

∥uε∥H1,a(Br\Σε) ≤ c
(
∥u∥H1,a(BR) + ∥f∥L2,a(BR) + ∥F∥L2,a(BR)

)
,(2.11)

for some constant c > 0 depending only on d, n, a, λ, Λ, R, r and, up to consider the trivial extension
of uε in the whole Br (see Remark 2.1), there exists a sequence εk → 0 such that

uεk → u in H1,a(Br).

Proof. Let us fix r ∈ (0, R) and consider a cut-off function ξ ∈ C∞
c (BR) such that

ξ = 1 in Br, spt(ξ) ⊂ BR+r
2
, 0 ≤ ξ ≤ 1, |∇ξ| ≤ c0,

for some c0 > 0 depending only on d, R and r, and define ũ = ξu ∈ H1,a
0 (BR).

Fixed ϕ ∈ C∞
c (BR \ Σ0), and using the equation (2.6) satisfied by u, we get∫

BR

|y|aA∇ũ · ∇ϕdz =
∫
BR

|y|a
(
ξA∇u · ∇ϕuA∇ξ · ∇ϕ

)
dz

=

∫
BR

|y|a
(
A∇u · ∇(ϕξ)− ϕA∇u · ∇ξ + uA∇ξ · ∇ϕ

)
dz

=

∫
BR

|y|a
(
fϕξ − F · ∇(ϕξ)− ϕA∇u · ∇ξ + uA∇ξ · ∇ϕ

)
dz

=

∫
BR

|y|a
(
fϕξ − ξF · ∇ϕ− ϕF · ∇ξ − ϕA∇u · ∇ξ + uA∇ξ · ∇ϕ

)
dz,

that is, ũ is a weak solution to

(2.12)


−div(|y|aA∇ũ) = |y|af̃ + div(|y|aF̃ ), in BR \ Σ0,

u = 0, on ∂BR \ Σ0,

u = 0, on Σ0 ∩BR,

where we have set

f̃ = fξ − F · ∇ξ −A∇u · ∇ξ, F̃ = Fξ − uA∇ξ.
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We estimate the right hand side in (2.12) in the following way∫
BR

|y|af̃2dz ≤ 2

∫
BR

|y|a
(
(ξf)2 + (F · ∇ξ)2 + (A∇u · ∇ξ)2

)
dz

≤ 2

∫
BR

|y|a
(
f2 + c20|F |2 + |A∇ξ|2|∇u|2

)
dz

≤ c

∫
BR

|y|a
(
f2 + |F |2 + |∇u|2

)
dz,

(2.13)

for some c > 0 depending only on d, Λ, R and r. By performing similar computations, we get∫
BR

|y|a|F̃ |2dz ≤ c

∫
BR

|y|a
(
|F |2 + u2

)
dz,(2.14)

for some c > 0 depending only on d, Λ, R and r

Fixed 0 < ε0 ≪ 1, for every 0 < ε < ε0, recalling Remark 2.4, let uε be the unique weak solution to

(2.15)


−div(|y|aA∇uε) = |y|af̃ + div(|y|aF̃ ), in BR \ Σε,

uε = 0, on ∂BR \ Σε,

uε = 0, on Σε ∩BR.

By using uε ∈ H1,a
0 (BR \Σε) as test function in (2.15), up to consider the trivial extension in the whole

Br (see Remark 2.1), combined with (1.2), Poincaré inequality (2.2) and Hölder inequality, we get

λ

∫
BR

|y|a|∇uε|2dz ≤
∫
BR

|y|aA∇uε · ∇uεdz =
∫
BR

|y|a
(
f̃uε + F̃ · ∇uε

)
dz

≤
(∫

BR

|y|a|f̃ |2dz
)1/2(∫

BR

|y|a|uε|2dz
)1/2

+
(∫

BR

|y|a|F̃ |2dz
)1/2(∫

BR

|y|a|∇uε|2dz
)1/2

≤ c
(∫

BR

|y|a|∇uε|2dz
)1/2(

∥f̃∥L2,a(BR) + ∥F̃∥L2,a(BR)

)
,

and then, by using (2.13) and (2.14), we have that there exists a constant c > 0 depending only on d,
n, a, λ and Λ such that

∥uε∥H1,a(BR\Σε) ≤ c
(
∥f∥L2,a(BR) + ∥F∥L2,a(BR) + ∥u∥H1,a(BR)

)
.(2.16)

So, we get that {uε} ⊂ H1,a
0 (BR \ Σε) ⊂ H1,a

0 (BR) is uniformly bounded. Hence, there exists

ū ∈ H1,a
0 (BR) and a sequence εk → 0, such that

(2.17) uεk ⇀ ū, weakly in H1,a(BR).

Next, we prove that ū = ũ. Let ϕ ∈ C∞
c (BR \ Σ0) be a test function in the equation (2.15) satisfied

by uε. Then, spt(ϕ) ⊂ BR \ Σε for every ε small enough. By using (2.17), we have∫
spt(ϕ)

|y|af̃ϕ− F̃ · ∇ϕ =

∫
spt(ϕ)

|y|aA∇uεk · ∇ϕ→
∫
spt(ϕ)

|y|aA∇ū · ∇ϕ, as εk → 0,

so, ū is a weak solution to
−div(|y|aA∇ū) = |y|af̃ + div(|y|aF̃ ), in BR \ Σ0,

ū = 0, on ∂BR \ Σ0,

ū = 0, on Σ0 ∩BR.
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By uniqueness of weak solution to (2.12) (see Remark 2.4), we get that ū = ũ in H1,a
0 (BR).

Finally, we prove that uεk → ũ strongly in H1,a(BR). By testing (2.12) with ũ, we get

(2.18)

∫
BR

|y|aA∇ũ · ∇ũdz =
∫
BR

|y|a
(
f̃ ũ− F̃ · ∇ũ

)
dz,

and, by testing (2.15) with uε combined with (2.17), we have

(2.19)

∫
BR

|y|aA∇uε · ∇uεdz =
∫
BR

|y|a
(
f̃ ũε − F̃ · ∇ũε

)
dz →

∫
BR

|y|a
(
f̃ ũ− F̃ · ∇ũ

)
dz,

along a subsequence εk → 0. Putting together (2.18) and (2.19) we obtain

lim
εk→0

∫
BR

|y|aA∇uεk · ∇uεkdz =
∫
BR

|y|aA∇ũ · ∇ũdz.

Since A satisfies (1.2), one has that ∥∇uεk∥L2,a(BR) → ∥∇ũ∥L2,a(BR). This, combined with (2.17),
allows us to assert that

(2.20) uεk → ũ, strongly in H1,a(BR).

Finally, since ũ = u, f̃ = f , F̃ = F in Br, we have that uε is a weak solution to (2.10) in Br and, by
using (2.16) and (2.20), our statement follows. □

3. Liouville theorems

The goal of this section is to prove the Liouville type Theorem 1.4 for homogeneous entire solutions
to (1.8) with constant coefficients. The proof is based on a spectral trace inequality which is stable
with respect to ε, using an argument similar to [31, Theorem 3.4]. We start with a couple of results
which are crucial to treat the case n = d.

Lemma 3.1. Let n = d, a + n ∈ (0, 2), 0 ≤ ε ≪ 1 and r > 0. Let A ∈ Rn,n be a positive definite
symmetric matrix and define Ωr := {A−1y · y < r2}. Then,∫

Ωr

|y|aA∇v · ∇vdz ≥ (2− a− n)

∫
∂Ωr

|y|av2dσ,

for every v ∈ C∞
c (Ωr \ Σε).

Proof. We provide the result for r = 1. The case for generic r > 0 follows by a scaling argument.
Since A is a positive definite symmetric matrix, it is well defined the square root A1/2, which is a

positive definite symmetric matrix too. The homogeneous function

ū(y) := |A−1/2y|2−a−n,

is solution (in a point-wise sense) to

(3.1) −div(|y|aA∇ū) = 0, in Rn \ Σ0,

and satisfies

(3.2) ∇ū(y) = (2− a− n)|A−1/2y|−a−nA−1y, ∇ū(y) · y = (2− a− n)ū(y).

Indeed, equations (3.1) and (3.2) are verified by a straightforward computation.
Fix v ∈ C∞

c (Ω1 \ Σε). Then,

(3.3)

∫
Ω1

|y|aA∇ū ·∇
(v2
ū

)
dy =

∫
Ω1

|y|a
(
A∇v ·∇v−

∣∣∣A1/2∇v− v

ū
A1/2∇ū

∣∣∣2)dy ≤
∫
Ω1

|y|aA∇v ·∇vdy,
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On the other hand, by using the divergence theorem, (3.1) and (3.2), we have

(3.4)

∫
Ω1

|y|aA∇ū · ∇
(v2
ū

)
dy =

∫
∂Ω1

|y|a v
2

ū
A∇ū · νdσ = (2− a− n)

∫
∂Ω1

|y|av2dσ,

so, putting together (3.3) and (3.4), our statement follows. □

Lemma 3.2. Let n = d, a + n ∈ (0, 2), R > 0 and 0 ≤ ε ≪ 1. Let A ∈ Rn,n be a positive definite
diagonal matrix and define Ωr := {A−1y · y < r2}, for every r > 0 such that ∂Ωr ⊂ BR \ Σε. Let u be
a weak solution to

(3.5)

{
−div(|y|aA∇u) = 0, in BR \ Σε,

u = 0, on ∂Σε ∩BR,

Up to consider the trivial extension of u in the whole BR (see Remark 2.1), let us define

E(u, r) :=
1

rn+a−2

∫
Ωr

|y|aA∇u · ∇udy,

H(u, r) :=
1

rn+a−1

∫
∂Ωr

|y|au2dσ.

Then,

∂rH(v, r) =
2

r
E(v, r), for every r ∈ (0, R).

Proof. When ε > 0, classical regularity theory ensures that the function u is smooth in Ωr \ Σε.
Consequently, the result immediately follows trough explicit computations.

When ε = 0, we proceed by an approximation argument. Fixed 0 < δ ≪ 1, by using the
approximation Lemma 2.9, we find a family {uε}0<ε≪1 of solutions to (3.5) in BR−δ \ Σε such that
uεk → u in H1,a(BR−δ) along a sequence εk → 0 and, by applying the trace Poincaré inequality (2.3)
(which also holds in Ωr) we get that vεk → v in L2,a(∂Ωr). Hence, we have that∫

Ωr

|y|aA∇uεk · ∇uεkdy →
∫
Ωr

|y|aA∇u · ∇udy,∫
∂Ωr

|y|au2εkdσ →
∫
∂Ωr

|y|au2dσ.
(3.6)

By utilizing the result obtained in the case ε > 0 one finds that

(3.7) ∂rH(uεk , r) =
2

r
E(uεk , r).

By applying (3.6), we can take the limit as εk → 0 in (3.7) to obtain ∂rH(u, r) = 2
rE(u, r). □

The following lemma allows us to handle the unweighted variables x. Its proof relies on the method
of difference quotients and an iterative application of the Caccioppoli-type inequality (2.7). For a
detailed proof, see [33, Corollary 4.2, Lemma 4.3] in a quite similar context.

Lemma 3.3. Let 2 ≤ n < d, a+ n ∈ (0, 2), ε ≥ 0. Let A be a constant symmetric matrix satisfying
(1.2) and u be an entire solution to (1.8). Then, the following holds true.

i) For every i = 1, . . . , d− n, the function ∂xiu is an entire solution to the same problem.
i) If u satisfies the growth condition (1.9) for some γ > 0, then u must be a polynomial in the

variable x of degree almost ⌊γ⌋.
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Proof of Theorem 1.4. Let u be an entire solution to (1.8) and let us suppose that n = d and so
z = y ∈ Rn.

By contradiction let us suppose that u ̸≡ 0. Let r0 > 0 such that Σε ⊂ Ωr := {A−1y · y ≤ r2} for
every r ≥ r0 and define

E(u, r) =
1

rn+a−2

∫
Ωr

|y|aA∇u · ∇udy,

H(u, r) =
1

rn+a−1

∫
∂Ωr

|y|au2dσ.

By applying Lemma 3.1 and Lemma 3.2, we get

∂rH(u, r) =
2

r
E(u, r) ≥ 2(2− a− n)

r
H(u, r),

which implies

H(u, r) ≥ H(u, r0)r
2(2−a−n), for every r > r0,

by Gronwall’s inequality. On the other hand, since A satisfies (1.2), the growth condition (1.9) implies

H(u, r) ≤ c(1 + r2γ).

Combining these two inequalities we get

H(u, r0) ≤ cr2(γ−(2−a−n)).

Taking the limit as r → ∞ and using γ < 2 − a − n we get H(u, r0) = 0. Since r0 > 0 is arbitrary,
we deduce that u ≡ 0 in Rd \ Ωr0 . Moreover, since u is a solution to (1.8) and satisfies u = 0 on
∂(Ωr0 \ Σε), we apply the existence and uniqueness result (see Remark 2.4) to conclude that u ≡ 0 in
Ωr0 \ Σε. Therefore, u ≡ 0 in Rd \ Σε, which leads to a contradiction.

Let us consider the case n < d. By Lemma 3.3, one has that u is polynomial in the variable x.
Hence, if γ ∈ (0, 1), the function u must be constant in x, so u(x, y) = u(y) and our statement follows
by using the result obtained in the case n = d. If γ ∈ [1, 2), we have that u must be linear in x, that is

u(x, y) = ui(y) +

d−n∑
i=1

xiui(y),

for some unknown functions ui(y). First,

|u0(y)| = |u(0, y)| ≤ c(1 + |y|γ).

On the other hand,

|u(exi , y)| = |ui(y) + u0(y)| ≤ c(1 + |y|γ),
and so

|ui(y)| ≤ |u0(y)|+ c(1 + |y|γ) ≤ c(1 + |y|γ).
Hence, every ui satisfies the growth condition (1.9) for every i = 0, . . . , d− n.

Next, for every i = 1, . . . , d− n, by applying Lemma 3.3 we have that ∂xiu(x, y) = ui(y) is an entire
solution to (1.8) and satisfies (1.9). Then, the result obtained in the case d = n allows us to conclude
that ui = 0 for every i = 1, . . . , d− n and so u(x, y) = u0(y). Hence, using again the case d = n, we
have that u must be zero and our statement follows. □
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4. Hölder estimates for weak solutions

The goal of this section is to prove Theorem 1.2, which we obtain as a by-product of ε-uniform
Hölder estimates for solutions in perforated domains and the approximation Lemma 2.9.

Theorem 4.1. Let 2 ≤ n ≤ d, a + n ∈ (0, 2), p > d/2, q > d and α satisfying (1.3). Let A be a
continuous symmetric matrix satisfying (1.2) and ω be a modulus of continuity such that

(4.1) ∥A∥L∞(B1) + sup
z,z′∈B1,z ̸=z′

|A(z)−A(z′)|
ω(|z − z′|)

≤ L.

Let f ∈ Lp,a(B1) and F ∈ Lq,a(B1)
d. For 0 < ε≪ 1, let {uε} be a family of solutions to

(4.2)

{
−div(|y|aA∇uε) = |y|af + div(|y|aF ), in B1 \ Σε,

uε = 0, on ∂Σε ∩B1.

Then, there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, q, α and L such that

(4.3) ∥uε∥C0,α(B1/2\Σε) ≤ c
(
∥uε∥L2,a(B1\Σε) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1)

)
.

Proof. By classical regularity theory, we know that solutions to (4.2) are C0,α(B1/2 \ Σε) and that
(4.3) holds with a constant c > 0 that may also depend on ε. Our goal is to show that it is possible to
provide a constant c > 0 that is uniform in ε.

Without loss of generality, we can assume that

∥uε∥L2,a(B1\Σε) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) ≤ c,

for some c > 0, which not depends on ε. Moreover, by using the local uniform bound of weak solutions
in (see Lemma 2.8), it follows that

(4.4) ∥uε∥L∞(B3/4\Σε) ≤ c,

for some c > 0, which not depends on ε.

Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there
exist p > d/2, q > d, α satisfying (1.3), {uk}k := {uεk}k as εk → 0 such that

(4.5)

{
−div(|y|aA∇uk) = |y|af + div(|y|aF ), in B1 \ Σεk ,

uk = 0, on ∂Σεk ∩B1,

and

∥uk∥C0,α(B1/2\Σεk
) → ∞.

Let us fix a smooth cut-off function η ∈ C∞
c (B1) such that

spt(ϕ) ⊂ B3/4, η = 1 in B1/2, 0 ≤ η ≤ 1.

By (4.4), one has that

Lk := [ηuk]C0,α(B1\Σεk
) → ∞.

By definition of Hölder seminorm, take two sequences of points zk = (xk, yk), ẑk = (x̂k, ŷk) ∈ B1 \ Σεk
such that

(4.6)
|(ηuk)(zk)− (ηuk)(ẑk)|

|zk − ẑk|α
≥ Lk

2
,
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define rk := |zk − ẑk| and observe that at least one of zk or ẑk belongs to B3/4 \ Σεk . First, by using
the local uniform bound of weak solutions (4.4), we have that rk → 0, in fact

Lk ≤
4∥ηuk∥L∞(B3/4\Σεk

)

rαk
≤ c

rαk
,

which implies

rk ≤ c1/α

L
1/α
k

→ 0, as k → ∞.

From now on we distinguish three cases.

• Case 1:
|yk|
rk

→ ∞,
|yk| − εk

rk
→ ∞,

• Case 2:
|yk|
rk

→ ∞,
|yk| − εk

rk
≤ c,

• Case 3:
|yk|
rk

≤ c,

for some constant c > 0 which not depends on k. Let z0k := (xk, y
0
k) be the projection of zk on ∂Σεk

and define

z̃k = (x̃k, ỹk) :=


(xk, yk), in Case 1,

(xk, y
0
k), in Case 2,

(xk, 0), in Case 3.

Define the sequence of domains

Ωk :=
B1 \ Σεk − z̃k

rk
=

{
z = (x, y) : |z̃k + rkz| < 1, and |ỹk + rky| > εk

}
,

and, for every z ∈ Ωk, let us define the sequence of functions

vk(z) :=
(ηuk)(z̃k + rkz)− (ηuk)(z̃k)

rαkLk
, wk(z) :=

η(z̃k)
(
uk(z̃k + rkz)− uk(z̃k)

)
rαkLk

,

in Case 1 and Case 2, and

vk(z) :=
(ηuk)(z̃k + rkz)

rαkLk
, wk(z) :=

η(z̃k)uk(z̃k + rkz)

rαkLk
,

in Case 3.

Step 2. Blow-up domains. Let us define

(4.7) Ω∞ :=
{
z = (x, y) ∈ Rd : exists k̂ such that z ∈ Ωk for every k ≥ k̂

}
.

In this section we show who is the limit domain Ω∞ := limk→∞ Ωk, along a suitable subsequence. First,
in every case, for every z ∈ Rd, one has that

|z̃k + rkz| < |zk|+ rk|z| ≤ 3/4 + o(1) < 1.

Hence, to prove that z ∈ Ω∞, we only need to show that z̃k + rkz ̸∈ Σεk , that is,

(4.8) |ỹk + rky| > εk.
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Let us start with Case 1, recalling that z̃k = zk. Fix z ∈ Rd and by contradiction let us suppose that
(4.8) does not hold. Then, since | · | is a Lipschitz function, one has that

|yk| − εk
rk

≤ |yk| − |yk + rky|
rk

≤ c|y|,

and taking the limit as k → ∞, it follows

|y| ≥ ∞,

which is a contradiction. Hence, Ω∞ = Rd.

Next, let us consider the Case 2 and recall that z̃k = (xk, y
0
k), |y0k| = εk, rk/εk → 0. Defining

ē := lim
k→∞

y0k
|y0k|

,

we claim that Ω∞ = Π := {(x, y) : y · ē > 0}, which is an half-space. We observe that, for every y ∈ Rn,

(4.9)
|y0k + rky| − |y0k|

rk
−

y0k
|y0k|

· y ≤ c
rk
εk

→ 0,

as k → ∞. Indeed, by using Lagrange’s Theorem to the function | · |, there exists y∗ (which could
depend on k) such that |y∗| ≤ |y| and denoting y∗k := y0k + rky

∗, we have∣∣∣ |y0k + rky| − |y0k|
rk

−
y0k · y
|y0k|

∣∣∣ = ∣∣∣y∗k · y|y∗k|
−
y0k · y
|y0k|

∣∣∣ ≤ ∣∣∣y∗k · y|y∗k|
−
y∗k · y
|y0k|

∣∣∣+ ∣∣∣y∗k · y|y0k|
−
y0k · y
|y0k|

∣∣∣
≤ c

∣∣∣ |y0k| − |y∗k|
|y0k|

∣∣∣+ c
∣∣∣ |y∗k − y0k|

|y0k|

∣∣∣ ≤ c
rk
|y0k|

= c
rk
εk

→ 0, as k → ∞,

so (4.9) holds true. Let us fix z = (x, y) such that ē · y = δ > 0 and suppose by contradiction that
(4.8) doesn’t hold, that is

|y0k + rky| − |y0k|
rk

−
y0k
|y0k|

· y +
y0k
|y0k|

· y ≤ 0.

So, by taking the limit as k → ∞ and using (4.9), we obtain

ē · y ≤ 0,

which is a contradiction. In analogous way, we have that every z = (x, y) such |ē · y| = −δ < 0 satisfies
z ̸∈ Ωk. Hence, since δ > 0 is arbitrary, the claim follows, that is, Ω∞ = Π.

Finally, let us consider the Case 3, recall that εk < |yk| ≤ crk and z̃k = (xk, 0). First, up to consider
a subsequence, the following limit is well defined

ε̄ := lim
k→∞

εk
rk

∈ [0, c].

Let us fix z = (x, y) such that |y| = ε̄ + δ for some δ > 0 and suppose by contradiction that (4.8)
doesn’t hold. Then,

ε̄+ δ = |y| ≥ εk
rk

→ ε̄,

which is a contradiction, so z ∈ Ωk. Instead, fixed z = (x, y) such that |y| = ε̄− δ for some δ > 0, one
has z ̸∈ Ωk. Since δ > 0 is arbitrary, we have that

Ω∞ = Rd \ Σε̄ = {(x, y) : |y| > ε̄}.
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Resuming, we have shown that the limit domain is

(4.10) Ω∞ =


Rd, in Case 1,

Π, in Case 2,

Rd \ Σε̄, in Case 3,

where Π := {(x, y) ∈ Rd : ē · y ≥ 0} is an half-space.

Step 3. Hölder estimates and convergence of the blow-up sequences. Let us fix a compact set K ⊂ Ω∞.
For every z, z′ ∈ K such that z ̸= z′, we have

|vk(z)− vk(z
′)| = |(ηuk)(z̃k + rkz)− (ηuk)(z̃k + rkz

′)|
rαkLk

≤ |z − z′|α,

that is,

(4.11) [vk]C0,α(K) ≤ 1.

In Case 1 and Case 2, by using vk(0) = 0, we get the uniform bound ∥vk∥C0,α(K) ≤ c, for every
compact subset K ⊂ Ω∞. Instead, in Case 3, since εk/rk ≤ c, one has that

|vk(x, y)| = |vk(x, y)− vk(0, y
0
k/rk)| ≤ [vk]C0,α(K)(|x|+ |y − y0k/rk|)α ≤ c,

for some c > 0 which depends only on K, where we have used the boundary condition ηuk = 0 on
∂Σεk . Hence, we have that ∥vk∥L∞(K) ≤ c, which implies that ∥vk∥C0,α(K) ≤ c also in this case.

By applying the Arzelà-Ascoli Theorem we conclude that vk → v̄ uniformly in K. By a standard
diagonal argument, we can take the the limit as k → ∞ in (4.11) to obtain

[v̄]C0,α(Ω∞) ≤ 1,

which implies that v̄ satisfies the growth condition

(4.12) |v̄| ≤ c(1 + |z|α), a.e. in Ω∞.

Moreover, since uεk = 0 on ∂Σεk , and then vk = 0 on (∂Σεk − z̃k)/rk, by employing the local uniform
convergence we have that v̄ = 0 on ∂Π in Case 2 and v̄ = 0 on ∂Σε̄ in Case 3.

Furthermore, the sequences vk and wk converge to the same limit function. Let us fix a compact set
K ⊂ Ω∞. For every z ∈ K, by using (4.4), we have

|vk(z)− wk(z)| ≤
(η(z̃k + rkz)− η(z̃k))∥uk∥L∞(B3/4\Σεk

)

rαkLk
≤
cr1−α

k

Lk
→ 0, as k → ∞.

Hence, the sequences vk and wk have the same asymptotic behaviour as k → ∞ on every K ⊂ Ω∞,
which implies that wk → v̄ uniformly on K.

Step 4. The limit function v̄ is not constant. Let us consider the sequences of points

ξ1k :=
zk − z̃k
rk

, ξ2k :=
ẑk − z̃k
rk

.

By (4.6), we have

|vk(ξ1k)− vk(ξ
2
k)| =

|(ηuk)(ẑk)− (ηuk)(zk)|
rαkLk

≥ 1

2
.

In Case 1, we have that

ξ1k = 0, ξ2k =
ẑk − zk
rk

∈ ∂B1,
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then, ξ1k → 0, ξ2k → ξ2 ̸= 0.
In Case 2,

ξ1k =
(0, yk − y0k)

rk
, ξ2k =

(x̂k − xk, ŷk − y0k)

rk
.

Since (|yk| − εk)/rk ≤ c uniformly in k, |ξ1k − ξ2k| = 1, we have that ξ1k → ξ1, ξ2k → ξ2 and ξ1 ̸= ξ2.
In Case 3,

ξ1k =
(0, yk)

rk
, ξ2k =

(x̂k − xk, ŷk)

rk
.

Since |yk|/rk ≤ c uniformly in k, |ξ1k − ξ2k| = 1, we have that ξ1k → ξ1, ξ2k → ξ2 and ξ1 ̸= ξ2.
Hence, by the local uniform convergence vk → v̄ we get that |v̄(ξ1) − v̄(ξ2)| ≥ 1/2, so v̄ is not

constant.

Step 5. v̄ is an entire solution to a homogeneous equation with constant coefficients. Let us define
Ak(x, y) := A(z̃k + rkz) and (x̄, ȳ) = limk→∞(x̃k, ỹk). By (4.1), we have that

|Ak(z)−Ak(z
′)| = |Ak(z̃k + rkz)−Ak(z̃k + rkz

′)| ≤ Lω(rk|z − z′|) → 0, as k → ∞,

where ω is a modulus of continuity. Hence, the Arzelá-Ascoli theorem yiels that the matrix Ā :=
limk→∞Ak(z) = A(x̄, ȳ) is well defined and it is a constant coefficients symmetric matrix satisfying
(1.2). Next, set

ρk(y) :=


|ỹk + rky|

|ỹk|
, in Case 1 and Case 2,

|y|, in Case 3,

observing that in Case 1 and Case 2

(4.13) |ρk(y)| = 1 + o(1),

as k → ∞ on every compact subset K ⊂ Rd.

Fix ϕ ∈ C∞
c (Ω∞). since uk is a weak solution to (4.5), a straightforward computation shows us that∫

spt(ϕ)
ρak(y)Ak(z)∇wk(z) · ∇ϕ(z)dz =

r2−α
k η(z̃k)

Lk

∫
spt(ϕ)

ρak(y)f(z̃k + rkz)ϕ(z)dz

−
r1−α
k η(z̃k)

Lk

∫
spt(ϕ)

ρak(y)F (z̃k + rkz) · ∇ϕ(z)dz.
(4.14)

Now, we aim to prove that the right-hand side of (4.14) vanishes as k → ∞. First, we focus on the
term involving the function f . Let us consider the Case 1 and Case 2 together. By using the Hölder
inequality, (4.13) and a < 0, we get∣∣∣ ∫

spt(ϕ)

|ỹk + rky|a

|ỹk|a
f(z̃k + rkz)ϕ(z)dz

∣∣∣
≤ c∥ϕ∥L∞

(
r−d
k |ỹk|−a

∫
B1

|y|a|f |pdz
)1/p(∫

spt(ϕ)

|ỹk + rky|a

|ỹk|a
dz

)1/p′

≤ cr
d/p
k .

Hence,

r2−α
k η(z̃k)

Lk

∣∣∣ ∫
spt(ϕ)

ρak(y)f(z̃k + rkz)ϕ(z)dz
∣∣∣ ≤ cr

2−α−d/p
k L−1

k → 0,

as k → ∞, by the hypothesis (1.3), which implies α ≤ 2− d/p.
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Let us consider now the Case 3. By using the Hölder inequality and a < 0, we get∣∣∣ ∫
spt(ϕ)

|y|af(z̃k + rkz)ϕ(z)dz
∣∣∣

≤ c∥ϕ∥L∞

(
r−d−a
k

∫
B1

|y|a|f |pdz
)1/p(∫

spt(ϕ)
|y|adz

)1/p′

≤ cr
−d/p
k ,

and then
r2−α
k η(z̃k)

Lk

∣∣∣ ∫
spt(ϕ)

|y|af(z̃k + rkz)ϕ(z)dz
∣∣∣ ≤ cr

2−α−d/p
k L−1

k → 0,

as before.

The second member of the the right hand side of (4.14) vanishes as k → ∞ by using similar
computations. In fact, in every cases, we have

r1−α
k η(z̃k)

Lk

∣∣∣ ∫
spt(ϕ)

ρak(y)F (z̃k + rkz) · ∇ϕ(z)dz
∣∣∣ ≤ cr

1−α−d/q
k L−1

k → 0,

by the assumption (1.3), which implies that α ≤ 1− d/q.

Finally, we prove that the left hand side of (4.14) converges in the following sense

(4.15)

∫
spt(ϕ)

ρak(y)Ak(z)∇wk(z) · ∇ϕ(z)dz →
∫
spt(ϕ)

ρ̄a(y)Ā∇v̄(z) · ∇ϕ(z)dz,

where

ρ̄(y) :=

{
1, in Case 1 and Case 2,

|y|, in Case 3.

Let us fix R > 0 such that spt(ϕ) ⊂ B2R ∩Ωk for every k large enough. Since wk is uniformly bounded
in L∞(B2R ∩ Ω∞), one has that wk is uniformly bounded in L2(B2R ∩ Ω∞, ρ

a
k(y)dz) and, by applying

the Caccioppoli-type inequality (2.7), we get that wk is uniformly bounded in H1(B2R ∩ Ω∞, ρ
a
k(y)dz).

Using ρak → ρ̄ and Ak → Ā a.e. in Ω∞ and arguing as in the proof of Lemma 2.9, we can conclude
that (4.15) holds true and v̄ ∈ H1(BR ∩Ω∞, ρ̄

a). A similar approach is carried out in [8, Theorem 1.3],
where analogous computations are performed.

Finally, recalling the definition of the limit domain Ω∞, see (4.10), and using Step 3 for the boundary
condition, we conclude that

• in Case 1, v̄ is an entire solution to

−div(Ā∇v̄) = 0, in Rd,

• in Case 2, v̄ is an entire solution to{
−div(Ā∇v̄) = 0, in Π,

v̄ = 0, on ∂Π,

• in Case 3, v̄ is an entire solution to{
−div(|y|aĀ∇v̄) = 0, in Rd \ Σε̄,

v̄ = 0, on ∂Σε̄.
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Step 6. Liouville Theorems and conclusion. By (4.12) we have that v̄ satisfies the growth condition

|v̄(z)| ≤ c(1 + |z|α),
for every z ∈ Ω∞, where α < min{1, 2−a−n} by hypothesis (1.3). In Case 1 and Case 2, by invoking
the classical Liouville Theorem, we can conclude that v̄ must be constant and this is a contradiction
since v̄ is not constant by Step 4. In Case 3, we have that v̄ satisfies the hypothesis of the Liouville
Theorem 1.4 and so v̄ must be identically zero, which is a contradiction. Then, Lk ≤ c uniformly in k,
which implies that [uε]C0,α(B1/2\Σε) ≤ c. The proof is complete. □

Proof of the Theorems 1.2. Let u be a weak solution to (1.1) and consider the trivial extension of ψ in
B1, that is, ψ(x, y) = ψ(x), for every (x, y) ∈ B1. Let us define

v := u− ψ.

Since ψ is a Lipschitz function, we have that v ∈ H̃1,a(B1) and v is a weak solution to{
−div(|y|aA∇v) = |y|af + div(|y|a(F −A∇ψ)), in B1 \ Σ0,

v = 0, on Σ0 ∩B1.

By applying Lemma 2.9 we find a sequence {vεk} as εk → 0, such that every vεk is solution to{
−div(|y|aA∇vεk) = |y|af + div(|y|a(F −A∇ψ)), in B3/4 \ Σεk ,

vεk = 0, on ∂Σεk ∩B3/4,

and vεk → v in H1,a(B3/4) as εk → 0. By applying the Theorem 4.1 to the sequences {vεk}, combined
with (2.11), we get that

∥vεk∥C0,α(B1/2\Σεk
) ≤ c

(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) + ∥ψ∥C0,1(Σ0∩B1)

)
,

for some c > 0 depending only on d, n, a, λ, Λ, p, q, α and L.
By applying Arzelà-Ascoli Theorem, we get that vεk → w in C0,γ

loc (B1/2 \ Σ0), for every γ ∈ (0, α),
and by the a.e. convergence vεk → v it follows that v = w. Furthermore, by taking z, z′ ∈ B1/2 \ Σ0

such that z ̸= z′, we have that

|v(z)− v(z′)|
|z − z′|α

= lim
εk→0

|vεk(z)− vεk(z
′)|

|z − z′|α

≤ c
(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) + ∥ψ∥C0,1(Σ0∩B1)

)
,

which implies that

[v]C0,α(B1/2\Σ0) = sup
z,z′∈B1/2\Σ0

z ̸=z′

|v(z)− v(z′)|
|z − z′|α

≤ c
(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) + ∥ψ∥C0,1(Σ0∩B1)

)
.

By continuity, we can extend v to the entire B1/2 in such a way that [v]C0,α(B1/2)
= [v]C0,α(B1/2\Σ0).

Finally, combining the previous estimates with the L∞
loc bounds of solutions (see Lemma 2.8), we obtain

∥u∥C0,α(B1/2)
≤ ∥v∥C0,α(B1/2)

+ ∥ψ∥C0,α(Σ0∩B1/2)

≤ c
(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) + ∥ψ∥C0,1(Σ0∩B1)

)
.

that is, u ∈ C0,α(B1/2) and (1.4) holds true. □



24 GABRIELE FIORAVANTI

5. Schauder estimates for weak solutions

This section is devoted to the proof of the Theorem 1.3, which establishes the C1,α
loc regularity for

weak solutions. To achieve this result, we proceed as follows: first, as in Theorem 4.1, we prove
ε-uniform estimates for solutions in perforated domains, with an additional assumption on the field F .
As we will see in Remark 5.2, this condition cannot be removed. Next, we show a priori estimates
for solutions, which also satisfy an additional boundary condition on Σ0. Afterwards, we establish
the main result through a double approximation process: the first involves perforated domains and
using Lemma 2.9, while the second one is a standard approximation via convolution with a family of
mollifiers.

Theorem 5.1. Let 2 ≤ n ≤ d, a + n ∈ (0, 1), p > d and α satisfying (1.5). Let A be a α-Hölder
continuous symmetric matrix satisfying (1.2) and ∥A∥C0,α(B1) ≤ L, f ∈ Lp,a(B1), F ∈ C0,α(B1) be a
field such that F (x, 0) · eyi = 0 for every (x, 0) ∈ B1 and for every i = 1, . . . , n. For 0 < ε ≪ 1, let
{uε} be a family of solutions to (4.2).

Then, there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, α and L such that

(5.1) ∥uε∥C1,α(B1/2\Σε) ≤ c
(
∥uε∥L2,a(B1\Σε) + ∥f∥Lp,a(B1) + ∥F∥C0,α(B1)

)
.

In addition, uε satisfies

(5.2) |∇uε(z)| ≤ c
(
∥uε∥L2,a(B1\Σε) + ∥f∥Lp,a(B1) + ∥F∥C0,α(B1)

)
εα, for every z ∈ ∂Σε ∩B1/2.

Proof. Under the assumptions of the theorem, classical Schauder theory ensures that solutions to (4.2)
are C1,α(B1/2 \ Σε) and that (5.1) holds with a constant c > 0 that may also depend on ε. Our goal is
to show that it is possible to provide a constant c > 0 that not depends on ε.

Without loss of generality, we can assume that

∥uε∥L2,a(B1\Σε) + ∥f∥Lp,a(B1) + ∥F∥Lq,a(B1) ≤ c,

for some c > 0, which not depends on ε. Moreover, for every β ∈ (0, 1), the assumptions of Theorem
4.1 are satisfied, so

(5.3) ∥uε∥C0,β(B3/4\Σε) ≤ c,

for some c > 0, which not depends on ε.

Step 1. Contradiction argument and blow-up sequences. By contradiction let us suppose that there
exists p > d, α satisfying (1.5), {uk}k := {uεk}k, as εk → 0 such that uk is solution to (4.5) and

∥∇uk∥C0,α(B1/2\Σεk
) → ∞.

Let us fix a smooth cut-off function η ∈ C∞
c (B1) such that

spt(ϕ) ⊂ B3/4, η = 1 in B1/2, 0 ≤ η ≤ 1.

One has that

∥ηuk∥C1,α(B1\Σεk
) → ∞.

Let us define

Lk := [∇(ηuk)]C0,α(B1\Σεk
),

and notice that it cannot be possible that [∇(ηuk)]C0,α(B1) ≤ c and ∥∇(ηuk)∥L∞(B1) → ∞, since
∇(ηuk) = 0 outside of B3/4 \ Σεk . Hence, Lk → ∞.
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By definition of Hölder seminorm, take two sequences of points zk = (xk, yk), ẑk = (x̂k, ŷk) ∈ B1 \Σεk
such that

(5.4)
|∇(ηuk)(zk)−∇(ηuk)(ẑk)|

|zk − ẑk|α
≥ Lk

2
,

define rk := |zk − ẑk| and observe that at least one of zk or ẑk belongs to B3/4 \ Σεk . We distinguish
three cases.

• Case 1:
|yk|
rk

→ ∞,
|yk| − εk

rk
→ ∞,

• Case 2:
|yk|
rk

→ ∞,
|yk| − εk

rk
≤ c,

• Case 3:
|yk|
rk

≤ c,

for some constant c > 0 which not depends on k. We notice that rk → 0 in Case 1 and Case 2 and
we show later that rk → 0 also in Case 3.

Let z0k := (xk, y
0
k) be the projection of zk on ∂Σεk , define

z̃k = (x̃k, ỹk) :=


(xk, yk), in Case 1,

(xk, y
0
k), in Case 2,

(xk, 0), in Case 3,

and the sequence of domains

Ωk :=
B1 \ Σεk − z̃k

rk
.

For every z ∈ Ωk, let us define the sequence of functions

vk(z) :=
(ηuk)(z̃k + rkz)− (ηuk)(z̃k)−∇(ηuk)(z̃k) · rkz

Lkr
1+α
k

,

wk(z) :=
η(z̃k)uk(z̃k + rkz)− (ηuk)(z̃k)− (η∇uk)(z̃k) · rkz

Lkr
1+α
k

,

in Case 1 and Case 2, and

vk(z) :=
(ηuk)(z̃k + rkz)

Lkr
1+α
k

, wk(z) :=
η(z̃k)uk(z̃k + rkz)

Lkr
1+α
k

,

in Case 3. Furthermore, let us define the limit domain Ω∞ as in (4.7).

Step 2. Gradient Hölder estimates and convergence of the blow-up sequences. Let us fix a compact set
K ⊂ Ω∞. For every z, z′ ∈ K such that z ̸= z′ we have

|∇vk(z)−∇vk(z′)| =
|∇(ηuk)(z̃k + rkz)−∇(ηuk)(z̃k + rkz

′)|
rαkLk

≤ |z − z′|α,

that is

(5.5) [∇vk]C0,α(K) ≤ 1.

In Case 1 and Case 2, since vk(0) = 0 and |∇vk(0)| = 0, we get the uniform bound of the norm

∥vk∥C1,α(K) ≤ c.
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In Case 3 we use a different argument to show a uniform bound of ∥vk∥C1,α(K). First, for every point

z′k = (x′k, y
′
k) ∈ ∂Σεk ∩B3/4, one has that one has that (ηuk)(z

′
k) = 0 and, recalling that the normal

vector to ∂Σεk at the point z′k is the vector (0, y′k)/|y′k| ∈ Sd−1, it follows that

∇(ηuk)(z
′
k) · e⃗ = 0, for every vector e⃗ ⊥ (0, y′k).

Let us fix i, h ∈ {1, . . . , n} such that i ̸= h. Then,∣∣∇(ηuk)(x
′
k, y

′
k) · eyi

∣∣ = ∣∣(∇(ηuk)(x
′
k, y

′
k)−∇(ηuk)(x

′
k, εkeyh)

)
· eyi

∣∣
≤ [∇(ηuk)]C0,α(B1\Σεk

)|y′k − εkeyh |
α ≤ 2αLkε

α
k ,

(5.6)

and

(5.7) |∇(ηuk)(x
′
k, y

′
k) · exj | = 0, for every j = 1, . . . , d− n.

Hence, by using (5.6) and (5.7), it follows that

(5.8) |∇(ηuk)(x
′
k, y

′
k)| ≤ cLkε

α
k .

By using interpolation inequality in Hölder spaces [20, Lemma 6.35], one has

∥vk∥C1,α(K) ≤ c(∥vk∥L∞(K) + [vk]C1,α(K)),

and, by using the first order expansion of vk at the point (0, y0k/rk) we obtain

|vk(x, y)| ≤ |vk(x, y)− vk(0, y
0
k/rk)−∇vk(0, y0k/rk) · z|+ |∇vk(0, y0k/rk)|

≤ c(|x|+ |y − y0k/rk|)1+α + |∇vk(0, y0k/rk)| ≤ c+ |∇vk(0, y0k/rk)|,
(5.9)

for some c > 0 which depends only on K, noticing that |y0k/rk| = εk/rk ≤ c uniformly in k in Case 3.
So, if

(5.10) |∇vk(0, y0k/rk)| ≤ c,

uniformly in k, we can take the supK in (5.9) to obtain a uniform of ∥vk∥L∞(K) which implies

∥vk∥C1,α(K) ≤ c. Then, by using (5.8) and recalling that (xk, y
0
k) ∈ ∂Σεk ∩B3/4, we get that

|∇vk(0, y0k/rk)| =
|∇(ηuk)(xk, y

0
k)|

rαkLk
≤ c

εαk
rαk

≤ c.

So, (5.10) holds true and ∥vk∥C1,α(K) ≤ c uniformly in k.

Then, we may apply the Arzelà-Ascoli Theorem to infer that vk → v̄ in C1,γ(K) for any γ ∈ (0, α).
By a standard diagonal argument, we can take the the limit as k → ∞ in (5.5) to obtain

[∇v̄]C1,α(Ω∞) ≤ 1,

which implies that

(5.11) |v̄(z)| ≤ c(1 + |z|1+α), a.e. in Ω∞.

Moreover, vk and wk converge to the same limit function w̄. Let us fix a compact set K ⊂ Ω∞. In
Case 1 and Case 2, for every z ∈ K, by using (5.3) and exploiting the first order expansion of η, we
have

|vk(z)− wk(z)| =
|(ηuk)(z̃k + rkz)− η(z̃k)uk(z̃k + rkz)− (uk∇η)(z̃k) · rkz|

r1+α
k Lk

≤ |uk(z̃k + rkz)(η(z̃k + rkz)− η(z̃k)−∇η(z̃k) · rkz)|
r1+α
k Lk

+ c
|∇η(z̃k)||uk(z̃k + rkz)− uk(z̃k)|

rαkLk
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≤ c
∥uk∥L∞(B3/4\Σεk

)r
1−α
k

Lk
+ c

∥uk∥C0,β(B3/4\Σεk
)r

β−α
k

Lk
≤
crβ−α

k

Lk
→ 0,

as k → ∞, since we can choose β ∈ (α, 1). In Case 3, one has that

|vk(z)− wk(z)| =
|η(z̃k + rkz)− η(z̃k)| · |uk(z̃k + rkz)|

r1+α
k Lk

≤
c|uk(z̃k + rkz)− uk(z

0
k)|

rαkLk
≤
c∥uk∥C0,β(B3/4\Σεk

)|z̃k + rkz − z0k|β

rαkLk
≤
rβ−α
k

Lk
→ 0,

where we have used the facts that uk(z
0
k) = 0 and |z̃k + rkz− z0k| ≤ rk|x|+ rk|y|+ |y0k| ≤ crk + εk ≤ crk

in Case 3. Hence, the sequences vk and wk have the same asymptotic behaviour as k → ∞ on every
K ⊂ Ω∞, which implies that wk → v̄ uniformly on K.

Step 3. ∇v̄ is not constant. Let us define the sequence of points

ξ1k :=
zk − z̃k
rk

, ξ2k :=
ẑk − z̃k
rk

.

By using (5.4) we get

(5.12) |∇vk(ξ1k)−∇vk(ξ2k)| =
|∇(ηuk)(zk)− (∇ηuk)(ẑk)|

rαkLk
≥ 1

2
> 0.

Arguing as Theorem 4.1, Step 4, we have that ξ1k → ξ1 and ξ2k → ξ2 and ξ1 ̸= ξ2. Since ∇vk → ∇v̄
uniformly on compact set by Step 2, we can take the limit in (5.12) to obtain |∇v̄(ξ1)−∇v̄(ξ2)| > δ0/2.

Step 4. rk → 0 in Case 3. By contradiction let us suppose that rk → r̄ > 0. Fixed z ∈ Ω∞, we have
that

|v̄(z)| =
∣∣∣ lim
k→∞

vk(z)
∣∣∣ = ∣∣∣ lim

k→∞

(ηuk)(z̃k + rkz)

Lkr
1+α
k

∣∣∣ ≤ 2∥uk∥L∞(B3/4\Σεk
)

r1+α
k Lk

≤ c

Lk
→ 0,

hence, v̄ = 0, which is a contradiction with Step 3, where we have proved that ∇v̄ is not constant.
Then, rk → 0. By arguing as in Theorem 4.1, Step 3, we have that the limit domain Ω∞ is defined by
(4.10).

Step 5. v̄ satisfies a homogeneous Dirichlet boundary condition in Case 2 and Case 3. First, in Case
3, since vk = 0 on ∂Σεk/rk and vk → v̄ uniformly on every compact set K ⊂ Ω∞, one can conclude
that v̄ = 0 on ∂Σε̄.

In Case 2, recalling that z̃k = z0k ∈ ∂Σεk , let us fix a boundary point z ∈ (∂Σεk − y0k)/rk and denote

by z⊥ = (x, y⊥) the projection of z on the hyperplane Πk = {y · y0k = 0}. Recalling (4.9) and observing
that |y0k + rky| = |y0k| = εk, one has that

(5.13) |y − y⊥| =
∣∣∣y · y0k|y0k|

∣∣∣ = ∣∣∣ |y0k + rky| − |y0k|
rk

− y ·
y0k
|y0k|

∣∣∣ ≤ c
rk
εk
.

Then, by using (5.13), (5.8), and noting that ∇(ηuk)(z
0
k) · y = ∇(ηuk)(z

0
k) · (y − y⊥), we obtain

|vk(z)| =
|∇(ηuk)(z

0
k) · y|

rαkLk
≤

|∇(ηuk)(z
0
k)|

rαkLk
|y − y⊥| ≤ c

(εk
rk

)α rk
εk

→ 0,

as k → ∞. Therefore, since vk → v̄ uniformly on every compact set K ⊂ Ω∞, we conclude that v̄ = 0
on ∂Π.
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Step 6. v̄ is an entire solution to a homogeneous equation with constant coefficients. Let Ak(z) :=
A(z̃k + rkz) and z̄ := limk→∞ z̃k. By using the α-Hölder continuity of A, we can define Ā := A(z̄) =
limk→∞Ak(z), which is a constant coefficients symmetric matrix satisfying (1.2). Let us define

ρk(y) :=


|yk + rky|

|yk|
, in Case 1 and Case 2,

|y|, in Case 3,

and fix ϕ ∈ C∞
c (Ω∞). Since uk is a solution to (4.5), we have that

∫
spt(ϕ)

ρak(y)Ak(z)∇wk(z) · ∇ϕ(z)dz =
η(z̃k)r

1−α
k

Lk

∫
spt(ϕ)

ρak(y)f(z̃k + rkz)ϕ(z)dz

−
η(z̃k)r

−α
k

Lk

∫
spt(ϕ)

ρak(y)F (z̃k + rkz) · ∇ϕ(z)dz −
r−α
k

Lk

∫
spt(ϕ)

ρak(y)Ak(z)Pk · ∇ϕ(z)dz

= I + II + III,

(5.14)

where we have set

Pk :=

{
(η∇uk)(z̃k), in Case 1 and Case 2,

0, in Case 3.

We want to show that the right hand side vanishes as k → ∞. The term I vanishes exactly as
in the Theorem 4.1, Step 5, by using the integrability assumption f ∈ Lp,a(B1), with p > d and
α ∈ (0, 1− d/p] by (1.5).

Next, by using the divergence theorem, we have∣∣∣ ∫
spt(ϕ)

ρak(y)F (z̃k + rkz) · ∇ϕ(z)dz
∣∣∣

≤
∫
spt(ϕ)

ρak(y)|F (z̃k + rkz)− F (z̃k)||∇ϕ(z)|dz +
∣∣∣ ∫

spt(ϕ)
ρak(y)F (z̃k) · ∇ϕ(z)dz

∣∣∣
≤ c∥F∥C0,α(B1)r

α
k +

∣∣∣ ∫
spt(ϕ)

∇ρak(y) · F (z̃k)ϕ(z)dz
∣∣∣

≤ crαk +
∣∣∣ ∫

spt(ϕ)
∇ρak(y) · F (z̃k)ϕ(z)dz

∣∣∣.
(5.15)

In Case 3, since F (x, 0) · eyi = 0, one has that

∇|y|a · F (z̃k) = a|y|a−2F (xk, 0) · y = 0,

for every z ∈ spt(ϕ), so the second term in (5.15) is zero and

|II| ≤ c

Lk
→ 0, as k → ∞.

Instead, in Case 1 and Case 2, since |ỹk + rky| ≥ |ỹk|/2 for y ∈ spt(ϕ), we have that∣∣∇ρak(y) · F (z̃k)∣∣ = ∣∣∣ arkρak(y)(ỹk + rky)

|ỹk + rky|2
·
(
F (x̃k, ỹk)− F (x̃k, 0)

)∣∣∣
≤
crk[F ]C0,α(B1)|ỹk|α

|ỹk|
≤ crk|ỹk|α−1.

(5.16)
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Thus, by using (5.15) and (5.16), one has that

|II| ≤ c

Lk
+
cr−α

k

Lk
rk|ỹk|α−1 ≤ c

Lk

(
1 +

( rk
|ỹk|

)1−α)
≤ cL−1

k → 0, as k → ∞,

in Case 1 and Case 2, since rk/|ỹk| ≤ c.

Finally, we prove that the third member of (5.14) goes to zero as k → ∞. In Case 3, Pk = 0 so
III = 0. Instead, in Case 1 and Case 2, one has

|III| ≤
∣∣∣r−α

k

Lk

∫
spt(ϕ)

ρak(y)A(z̃k)(η∇uk)(z̃k) · ∇ϕ(z)dz
∣∣∣

+
∣∣∣r−α

k

Lk

∫
spt(ϕ)

ρak(y)(A(z̃k + rkz)−A(z̃k))(η∇uk)(z̃k) · ∇ϕ(z)dz
∣∣∣.(5.17)

First, we show that the first member in (5.17) vanishes. Recall that rk/|yk| → 0, ρak → 1 and (xk, y
0
k)

is the projection of zk on ∂Σεk . By using (5.3) and (5.8) we get

|(η∇uk)(z̃k))| ≤ |∇(ηuk)(x̃k, ỹk)|+ |(uk∇η)(x̃k, ỹk)|
≤ |∇(ηuk)(x̃k, ỹk)−∇(ηuk)(xk, y

0
k)|+ |∇(ηuk)(xk, y

0
k)|

+ |∇η(x̃k, ỹk)(uk(x̃k, ỹk)− uk(xk, y
0
k))|

≤ cLk|ỹk − y0k|α + cLkε
α
k + c|ỹk − y0k|α ≤ cLk|ỹk|α.

(5.18)

On the other hand, since |ỹk + rky| ≥ |ỹk|/2 for y ∈ spt(ϕ), it follows

(5.19) |∇ρak(y)| =
∣∣∣arkρak(y)(ỹk + rky)

|ỹk + rky|2
∣∣∣ ≤ c

rk
|ỹk|

ρak(y).

hence, by combining (5.18) and (5.19), and using the divergence theorem, it follows that∣∣∣r−α
k

Lk

∫
spt(ϕ)

∇ρak(y) ·A(z̃k)(η∇uk)(z̃k)ϕ(z)dz
∣∣∣ ≤ c

( rk
|ỹk|

)1−α
→ 0,

that is, the first member in (5.17) vanishes. Next, we show that the second member vanishes as k → ∞.
In this case, we need to reason in two steps (as done in [31, Remark 5.3] and [1, Theorem 7.1]): first, we

prove uniform estimates in C1,α′
space for some suboptimal α′ ∈ (0, α); then, by using these estimates,

we conclude the optimal regularity with exponent α. Let us fix α′ ∈ (0, α). By using interpolation
inequality in Hölder spaces [20, Lemma 6.35], we can estimate the second term of (5.17) as follows∣∣∣r−α′

k

Lk

∫
spt(ϕ)

ρak(y)(A(z̃k + rkz)−A(z̃k))(η∇uk)(z̃k) · ∇ϕ(z)dz
∣∣∣

≤
crα−α′

k ∥(η∇uk)∥L∞(B3/4\Σεk
)

Lk
≤
crα−α′

k

Lk

(
∥uk∇η∥L∞(B3/4\Σεk

) + ∥∇(ηuk)∥L∞(B3/4\Σεk
)

)
≤
crα−α′

k (∥uk∥L∞(B3/4\Σεk
) + [∇(ηuk)]C0,α(B3/4\Σεk

))

Lk
≤ crα−α′

k → 0,

since α′ < α. If we have uniform estimates in C1,α′
space, then ∥η∇uk∥L∞(B3/4\Σεk

) ≤ c. Hence, restart-

ing the proof with the optimal α and the additional information above, in the previous computation
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we get ∣∣∣r−α
k

Lk

∫
spt(ϕ)

ρak(y)(A(z̃k + rkz)−A(z̃k))(η∇uk)(z̃k) · ∇ϕ(z)dz
∣∣∣

≤
c∥(η∇uk)∥L∞(B3/4\Σεk

)

Lk
≤ c

Lk
→ 0.

Combining all the previous results, we conclude that the right-hand side of (5.14) vanishes as k → ∞.

Finally, by the same considerations of Theorem 4.1, we obtain that the left hand side of (5.14)
converges in the following sense∫

spt(ϕ)
ρakAk∇wk · ∇ϕdz →

∫
spt(ϕ)

ρ̄aĀ∇v̄ · ∇ϕdz,

where

ρ̄(y) :=

{
1, in Case 1 and Case 2,

|y|, in Case 3,

and v̄ ∈ H1
loc(Ω∞, ρ̄

a(y)dz).

Then, recalling who is Ω∞, see (4.10), and using the Step 5 for the Dirichlet boundary condition,
we conclude that

• in Case 1, v̄ is an entire solution to

−div(Ā∇v̄) = 0, in Rd,

• in Case 2, v̄ is an entire solution to{
−div(Ā∇v̄) = 0, in Π,

v̄ = 0, on ∂Π, ,

• in Case 3, v̄ is an entire solution to{
−div(|y|aĀ∇v̄) = 0, in Rd \ Σε̄,

v̄ = 0, on ∂Σε̄,

Step 7. Liouville Theorems and conclusion. Since v̄ satisfies the growth condition (5.11) with
1 + α ∈ (0, 2) ∩ (0, 2− a− n), invoking the classical Liouville Theorem in Case 1 and Case 2 shows
that v̄ must be a linear function. In contrast, applying the Liouville Theorem 1.4 in Case 3 implies
that v̄ must be zero.

This contradicts Step 3, as ∇v̄ is not constant. Consequently, Lk = [∇(ηuk)]C0,α(B1\Σεk
) must be

bounded, which implies that ∥ηuε∥C1,α(B1\Σε) ≤ c. Thus, (5.1) holds true.
Furthermore, recalling (5.8) and using (5.1), we conclude that (5.2) follows. This completes the

proof. □

Remark 5.2. The homogeneous Dirichlet condition on ∂Σε is too restrictive to handle all possible fields
F , thus preventing the validity of ε-uniform C1,α estimates in the general case.
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Let us suppose that n = d = 2, −2 < a < −1 and consider the function u(y) = u(y1, y2) := y1 + y2
which is a weak solution to {

−div(|y|a∇u) = div(|y|aF ), in B1 \ Σ0,

u = 0, on Σ0 ∩B1.

where F := −∇u = (−1,−1) . By applying Lemma 2.10 we find that there exists a family uε which
are weak solutions to {

−div(|y|a∇uε) = div(|y|aF ), in B3/4 \ Σε,

u = 0, on Σε ∩B3/4,

and satisfies ∥uε∥H1,a(B3/4\Σε) ≤ c and uε → u in H1,a(B3/4). If Theorem 5.1 holds true for this

equation, we obtain that (5.2) works (since it depends only on the Dirichlet boundary condition
satisfied by uε), that is

|∇uε| ≤ cεα, on ∂Σε ∩B1/2,

and then, taking the limit as ε→ 0 in a suitable sense (see the proof of the Theorem 1.3), we deduce
that ∇u = 0 on Σ0 ∩B1/2, which contradicts ∇u = (1, 1).

The next proposition provides a priori estimates for solutions that additionally satisfy an extra
boundary condition on the lower dimensional boundary Σ0.

Proposition 5.3. Let 2 ≤ n ≤ d, a+ n ∈ (0, 1), p > d and α satisfying (1.5). Let A be a α-Hölder
continuous symmetric matrix satisfying (1.2) and ∥A∥C0,α(B1) ≤ L, f ∈ Lp,a(B1) and F ∈ C0,α(B1).

Let u ∈ C1,α(B1) be a weak solution to{
−div(|y|aA∇u) = |y|af + div(|y|aF ), in B1 \ Σ0,

u = 0, on Σ0 ∩B1,

such that u satisfies the boundary condition

(5.20)

{
∇xu(x, 0) = 0,

(A∇u+ F )(x, 0) · eyi = 0,
for every (x, 0) ∈ Σ0 ∩B1, and i = 1, . . . , n.

Then, there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, α and L such that

(5.21) ∥u∥C1,α(B1/2)
≤ c

(
∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥C0,α(B1)

)
.

Proof. The proof is quite similar to the one of Theorem 5.1, so we avoid some details. Without loss of
generality, let us suppose that

∥u∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F∥C0,α(B1) ≤ c.

By contradiction let us suppose that (5.21) doesn’t holds, hence, there exist p > d, α satisfying (1.5),
{Ak}k, {fk}k, {Fk}k, {uk}k, such that uk is solution to{

−div(|y|aAk∇uk) = |y|afk + div(|y|aFk), in B1 \ Σ0,

uk = 0, on Σ0 ∩B1,

satisfies the boundary condition (5.20) in Σ0 ∩B1 and

∥uk∥C1,α(B1/2)
→ ∞.
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Let us fix a smooth cut-off function η ∈ C∞
c (B1) such that

spt(ϕ) ⊂ B3/4, η = 1 in B1/2, 0 ≤ η ≤ 1,

hence, we have

Lk := [∇(ηuk)]C0,α(B1) → ∞.

By definition of Hölder seminorm, take two sequences of points zk = (xk, yk), ẑk = (x̂k, ŷk) ∈ B1 such
that

|∇(ηuk)(zk)−∇(ηuk)(ẑk)|
|zk − ẑk|α

≥ Lk

2
,

and define rk := |zk − ẑk|. Now we distinguish two cases.

• Case 1:
|yk|
rk

→ ∞, • Case 2:
|yk|
rk

≤ c,

for some c > 0 which not depends on k. Let us define

z̃k = (x̃k, ỹk) :=

{
(xk, yk), in Case 1,

(xk, 0), in Case 2,

the sequence of domains

Ωk :=
B1 \ Σ0 − z̃k

rk
,

the sequences of functions

vk(z) :=
(ηuk)(z̃k + rkz)− (ηuk)(z̃k)−∇(ηuk)(z̃k) · rkz

Lkr
1+α
k

,

wk(z) :=
η(z̃k)uk(z̃k + rkz)− (ηuk)(z̃k)− (η∇uk)(z̃k) · rkz

Lkr
1+α
k

,

for z ∈ Ωk and set Ω∞ as in (4.7).

By following the argument in Theorem 5.1, Step 2, we have that ∥vk∥C1,α(K) ≤ 1 for every compact
subset K ⊂ Ω∞. Therefore, we can apply the Arzelà-Ascoli Theorem to conclude that vk → v̄ in
C1,γ(K) for every γ ∈ (0, α), and that |v̄(z)| ≤ c(1 + |z|1+α), for a.e. z ∈ Ω∞. Moreover, it follows
that wk → v̄ as well.

Next, by the same reasoning used in Theorem 5.1, Step 3, we obtain that ∇v̄ is not constant.
Continuing as in Step 4 of Theorem 5.1, we conclude that rk → 0, which implies that the limit domain
Ω∞ is given by

Ω∞ :=

{
Rd, in Case 1,

Rd \ Σ0, in Case 2.

Eventually, we prove that v̄ is an entire solution to a homogeneous equation with constant coefficients
and we reach a contradiction by invoking a Liouville type Theorem. Since ∥Ak∥C0,α(B1) ≤ L, we have

that Ak(z̃k + rkz) → A(z̄) := Ā, which is a constant matrix satisfying (1.2). Let us define

ρk(y) :=


|yk + rky|

|yk|
, in Case 1,

|y|, in Case 2.
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and fix ϕ ∈ C∞
c (Ω∞). A straightforward computation show us that∫

spt(ϕ)
ρak(y)Ak(z̃k + rkz)∇wk(z) · ∇ϕ(z)dz =

η(z̃k)r
1−α
k

Lk

∫
spt(ϕ)

ρak(y)fk(z̃k + rkz)ϕ(z)dz

−
η(z̃k)r

−α
k

Lk

∫
spt(ϕ)

ρak(y)
(
Fk(z̃k + rkz)− Fk(z̃k)

)
· ∇ϕ(z)dz

−
r−α
k

Lk

∫
spt(ϕ)

ρak(y)
(
Ak(z̃k + rkz)−Ak(z̃k)

)
(η∇uk)(z̃k) · ∇ϕ(z)dz

−
r−α
k

Lk
ρak(y)

(
ηAk∇uk + ηFk

)
(z̃k) · ∇ϕ(z)dz = I + II + III + IV.

The terms I, II, III vanishes as k → ∞ exactly as in Theorem 5.1, Step 6.

Next, we show that the fourth member goes to zero. By using the divergence theorem, we get∫
spt(ϕ)

ρak(y)
(
ηAk∇uk + ηFk

)
(z̃k) · ∇ϕ(z)dz =

∫
spt(ϕ)

∇ρak(y) ·
(
ηAk∇uk + ηFk

)
(z̃k)ϕ(z)dz.

In Case 2, since, z̃k = (xk, 0) ∈ Σ0, uk satisfies the boundary condition (5.20) we have that

η(z̃k)(Ak∇uk + Fk)(z̃k) · eyi = 0, for every i = 1, . . . , n,

so IV= 0.
Let us consider the Case 1, recalling that z̃k = zk, rk/|yk| → 0 and ρak → 1. Arguing as Theorem

5.1, Step 6, we have that

|∇ρak(y)| ≤ c
rk
|yk|

ρak(y),

and by using the boundary condition (5.20)∣∣∣(ηAk∇uk + ηFk)(zk) ·
yk + rky

|yk + rky|

∣∣∣
≤

∣∣∣((ηAk∇uk + ηFk)(zk)− (ηAk∇uk + ηFk)(xk, 0)
)
· yk + rky

|yk + rky|

∣∣∣
≤ [ηAk∇uk + ηFk]C0,α(B3/4)

|yk|α ≤ cLk|yk|α.

Hence, combining these two inequalities we obtain∣∣∣∇ρak(y) · (ηAk∇uk + ηFk)(zk)
∣∣∣ ≤ c

rk
|yk|1−α

Lk,

so

|IV| =
r−α
k

Lk

∣∣∣ ∫
spt(ϕ)

∇ρak(y) ·
(
ηAk∇uk + ηFk

)
(zk)ϕ(z)dz

∣∣∣ ≤ c
( rk
|yk|

)1−α
→ 0,

as k → ∞.
On the other hand, arguing as in the Step 5 of the Theorem 4.1, we have that∫

spt(ϕ)
ρak(y)Ak(z̃k + rkz)∇wk(z) · ∇ϕ(z)dz →

∫
spt(ϕ)

ρ̄aĀ∇v̄ · ∇ϕdz,

where

ρ̄(y) :=

{
1, in Case 1,

|y|, in Case 2.
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Then, we have that

• in Case 1, v̄ is an entire solution to

−div(Ā∇v̄) = 0, in Rd,

• in Case 2, v̄ is an entire solution to{
−div(|y|aĀ∇v̄) = 0, in Rd \ Σ0,

v̄ = 0, on Σ0,
.

where Ā is symmetric constant matrix satisfying (1.2). From this point on, as in Theorem 5.1, Step 7,
by invoking appropriate Liouville type Theorems we get a contradiction and the thesis follows. □

Proof of the Theorems 1.3. As in the proof of Theorem 1.2, without loss of generality, we may consider
the function u − ψ and provide the proof of the theorem for solutions to (1.1) with homogeneous
Dirichlet boundary conditions. Once this is established, the general case follows directly. We divide
the proof in two steps.

Step 1. First, we claim that if A ∈ C1,α(B1) and F ∈ C1,α(B1) then u ∈ C1,α(B1/2) and u satisfies
the boundary condition (5.20) in Σ0 ∩B1/2.

Let us split the matrix A in blocks as follows

A =

(
A1 A2

AT
2 A3

)
,

where A1 : BR → Rd−n,d−n, A2 : BR → Rd−n,n, A3 : BR → Rn,n. Let us consider the decomposition
F = (Fx, Fy), where Fx = (Fx1 , . . . , Fxd−n

) and Fy = (Fy1 , . . . , Fyn) and define the scalar function

g(x, y) = A−1
3 (x, 0)F2(x, 0) · y,

which belongs to C1,α(B1), since the block A3 satisfies the uniformly elliptic condition (1.2), and

g(x, 0) = 0, ∇g(x, 0) =
(
0, (A−1

3 F2)(x, 0)
)
.

The function v := u− g ∈ H̃1,a(B1) is a weak solution to{
−div(|y|aA∇v) = |y|af + div(|y|a(F −A∇g)), in B1 \ Σ0,

v = 0, on Σ0 ∩B1,

where the field F −A∇g ∈ C∞(B1) satisfies

(F −A∇g)(x, 0) · eyi = 0.

Arguing as in the proof of Theorem 1.2, by applying Lemma 2.9, we can find a sequence {vεk} as
εk → 0, such that every vεk is solution to{

−div(|y|aA∇vεk) = |y|af + div(|y|a(F −A∇g)), in B3/4 \ Σεk ,

vεk = 0, on ∂Σεk ∩B3/4,

and vεk → v in H1,a(B3/4 \ Σ0) as εk → 0. By applying the Theorem 5.1 to the sequences {vεk},
combined with the estimate (2.11), we get that

∥vεk∥C1,α(B1/2\Σεk
) ≤ c

(
∥v∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F −A∇g∥C0,α(B1)

)
,

for some c > 0 which not depends on εk.
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By applying Arzelà-Ascoli Theorem we get that vεk → w in C1,γ
loc (B1/2 \ Σ0), for every γ ∈ (0, α),

and by the a.e. convergences vεk → v it follows that w = v. Moreover, by taking z, z′ ∈ B1/2 \ Σ0 such
that z ̸= z′, we have that

|∇v(z)−∇v(z′)|
|z − z′|α

= lim
εk→0

|∇vεk(z)−∇vεk(z′)|
|z − z′|α

≤ c
(
∥v∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F −A∇g∥C0,α(B1)

)
,

which implies that

[v]C1,α(B1/2\Σ0) = sup
z,z′∈B1/2\Σ0

z ̸=z′

|∇v(z)−∇v(z′)|
|z − z′|α

≤ c
(
∥v∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F −A∇g∥C0,α(B1)

)
,

By continuity, we can extend v to the whole B1/2 in such a way that [v]C1,α(B1/2)
= [v]C1,α(B1/2\Σ0).

Combining the previous inequality with the L∞
loc bound of solutions (see Lemma 2.8) and interpolation

inequality in Hölder spaces [20, Lemma 6.35], we get

∥v∥C1,α(B1/2)
≤ c(∥v∥L∞(B1/2) + [v]C1,α(B1/2)

) ≤ c
(
∥v∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F −A∇g∥C0,α(B1)

)
.

Hence, v ∈ C1,α(B1/2), which immediately implies u ∈ C1,α(B1/2).

Next, let us prove that u satisfies the boundary condition (5.20). Let us fix z = (x, y) ∈ B1/2 \ Σ0

and let z0k be the projection of z on ∂Σεk ∩B1/2. By using Theorem 5.1 and (5.2), we get

|∇v(z)| ≤ |∇v(z)−∇vεk(z)|+ |∇vεk(z)−∇vεk(z
0
k)|+ |∇vεk(z

0
k)|

≤ |∇v(z)−∇vεk(z)|+ [vεk ]C1,α(B1/2\Σεk
)|z − z0k|α + c[vεk ]C1,α(B1/2\Σεk

)ε
α
k

≤ o(1) + c
(
∥v∥L2,a(B1) + ∥f∥Lp,a(B1) + ∥F −A∇g∥C0,α(B1)

)
|y|α, as εk → 0.

By taking the limit as |y| → 0 in the previous inequality, we conclude that ∇v = 0 on Σ0 ∩B1/2 and,
by construction, it follows that

0 = ∇xv(x, 0) = ∇xu(x, 0)−∇xg(x, 0) = ∇xu(x, 0),

and

0 = (A∇v)(x, 0) · eyi = (A∇u−A∇g)(x, 0) · eyi = (A∇u+ F )(x, 0) · eyi ,
that is, (5.20) holds true.

Step 2. Finally, we prove that if A,F ∈ C0,α(B1), then u ∈ C1,α(B1/2) and satisfies (1.6), (1.7). Up

to consider the function u− ψ ∈ H̃1,a(B1), we can suppose that u satisfies a Dirichlet homogeneous
boundary condition u = 0 on Σ0 ∩B1.

Let {ρδ}δ>0 be a family of smooth mollifiers and define Aδ := A ∗ ρδ and Fδ := F ∗ ρδ, which satisfies
∥Aδ∥C0,α(B3/4)

≤ ∥A∥C0,α(B1) and ∥Fδ∥C0,α(B3/4)
≤ ∥F∥C0,α(B1). Using an approximation argument

similar to the one in Lemma 2.9, but with a more standard approach, and following a method analogous
to [1, Theorem 4.1] in a similar context, we construct a family {uδ}δ>0 of solutions to{

−div(|y|aAδ∇uδ) = |y|af + div(|y|aFδ), in B4/5 \ Σ0,

u = 0, on Σ0 ∩B4/5,
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satisfies the following properties

∥uδ∥H1,a(B4/5)
≤ c(∥u∥H1,a(B1) + ∥f∥L2,a(B1) + ∥F∥L2,a(B1)),

uδ → u strongly in H1,a(B4/5),

for some c > 0 depending only on d, n, a, λ and Λ.
Since Aδ, Fδ ∈ C∞(B4/5), by using Step 1, we get that u ∈ C1,α(B3/4) and u satisfies the boundary

condition (5.20) on Σ0∩B3/4. Hence, the assumptions of the Proposition 5.3 are satisfies, which implies
that uδ satisfies (5.21), which immediately implies that

∥uδ∥C1,α(B1/2)
≤ c(∥u∥L2,a(B1) + ∥f∥L2,a(B1) + ∥F∥L2,a(B1)),

and the Arzelá-Ascoli Theorem allows us to taking the limit as δ → 0 to infer that u ∈ C1,α(B1/2),
satisfies (1.6) and the boundary condition (1.7). The proof is complete. □

6. Regularity on manifolds

In this section, we prove how to extend Theorems 1.2 and 1.3, namely the local C0,α and C1,α

regularity of weak solutions to (1.1), to a class of equations with weights that are singular on (d− n)-
dimensional manifolds, that is, for weak solutions to (1.10).

For 2 ≤ n < d, let Γ ⊂ Rd be a (d− n)-dimensional C1-manifold such that 0 ∈ Γ and there exists a
parametrization φ ∈ C1(Σ0 ∩B1;Rn) such that, up to perform a dilation, we have

(6.1) B1 ∩ Γ = {(x, y) : y = φ(x)} ∩B1, φ(0) = 0.

The diffeomorphism

(6.2) Φ(x, y) := (x, y + φ(x)),

whose inverse straightens the lower dimensional boundary Γ to Σ0, satisfies Φ(Σ0 ∩B1) ⊂ Γ ∩B1 and
the Jacobian associated to Φ is

JΦ(x, y) =

(
Id−n 0
Jφ(x) In

)
, with |det JΦ| ≡ 1.

Given a (d−n)-dimensional manifold Γ parametrized by φ, we give the definition of admissible weights
with respect to φ.

Definition 6.1. Let 2 ≤ n < d and α ∈ [0, 1). Let Γ be a (d − n)-dimensional C1,α-manifold and
φ ∈ C1,α(Σ0 ∩B1;Rn) be a parametrization of Γ in the sense of (6.1) and define the diffeomorphism Φ
as in (6.2).

We say that δ is an α-admissible weight with respect to the parametrization φ if δ ∈ C0,1(B1) and
the two following condition holds true.

i) There exist constants 0 < c0 ≤ c1 such that

(6.3) c0 ≤
δ

distΓ
≤ c1.

ii)

(6.4) δ̃(x, y) :=
δ(Φ(x, y))

|y|
∈ C0,α(B1).
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We point out that the condition i) in the Definition 6.1 implies that δ in a equivalent distance
from Γ to the standard distance function distΓ. So, given δ, which satisfies condition i), similarly to
what was done in Section 2.1, we can define the functional spaces H1(B1, δ

a), which is equivalent
to H1(B1,dist

a
Γ). Then, by Theorem 1.1, it follows that it is well defined the bounded linear trace

operator T : H1(B1, δ
a) → L2(Γ ∩B1) such that Tu = u|Γ∩B1

, for every u ∈ C∞(B1). In light of this,

we define a notion of weak solutions for the equation (1.10), which satisfy a Dirichlet boundary on Γ.

Definition 6.2. Let 2 ≤ n < d, a + n ∈ (0, 2), A be a matrix satisfying (1.2). Let Γ be a (d − n)-
dimensional C1-manifold and φ ∈ C1(Σ0 ∩ B1;Rn) be a parametrization of Γ in the sense of (6.1),
δ ∈ C0,1(B1) satisfying i) of the Definition 6.1. Let f ∈ L2(B1, δ

a), F ∈ L2(B1, δ
a)d and ψ ∈ L2(Γ∩B1).

We say that u is a weak solution to (1.10) if u ∈ H1(B1, δ
a), satisfies

(6.5)

∫
B1

δaA∇u · ∇ϕdz =
∫
B1

δa(fϕ− F · ∇ϕ)dz,

for every ϕ ∈ C∞
c (B1 \ Γ) and u = ψ in L2(Γ ∩B1), in the sense of the trace.

Finally, we can state the main results of this section, namely C0,α
loc and C1,α

loc regularity for weak
solutions to (1.10).

Corollary 6.3. Let 2 ≤ n < d, a + n ∈ (0, 2), p > d/2, q > d and α satisfying (1.3). Let
φ ∈ C1(Σ0∩B1;Rn) be the parametrization defined in (6.1). Let δ be a 0-admissible weight with respect

to φ in the sense of Definition 6.1 and define δ̃ ∈ C0(B1) as in (6.4). Let A be a continuous symmetric

matrix satisfying (1.2), f ∈ Lp(B1, δ
a), F ∈ Lq(B1, δ

a)d, ψ ∈ C0,1(Γ∩B1) and u be a weak solution to
(1.10), in the sense of Definition 6.2. Let us suppose that there exists a modulus of continuity ω such
that

∥A∥C0,ω(B1) + ∥δ̃∥C0,ω(B1) + ∥φ∥C1,ω(Σ0∩B1;Rn) ≤ L

Then, u ∈ C0,α(B1/2) and there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, q, α
and L such that

∥u∥C0,α(B1/2)
≤ c

(
∥u∥L2(B1,δa) + ∥f∥Lp(B1,δa) + ∥F∥Lq(B1,δa) + ∥ψ∥C0,1(Γ∩B1)

)
.

Corollary 6.4. Let 2 ≤ n < d, a+ n ∈ (0, 1), p > d and α satisfying (1.5). Let φ ∈ C1.α(Σ0 ∩B1;Rn)
be the parametrization defined in (6.1). Let δ be a α-admissible weight with respect to φ in the sense of

Definition 6.1 and define δ̃ ∈ C0,α(B1), as in (6.4). Let A be a α-Hölder continuous symmetric matrix
satisfying (1.2), f ∈ Lp(B1, δ

a), F ∈ C0,α(B1), ψ ∈ C1,α(Γ ∩B1) and u be a weak solution to (1.10),
in the sense of Definition 6.2. Let us suppose that

∥A∥C0,α(B1) + ∥δ̃∥C0,α(B1) + ∥φ∥C1,α(Σ0∩B1;Rn) ≤ L.

Then, u ∈ C1,α(B1/2) and there exists a constant c > 0, depending only on d, n, a, λ, Λ, p, α and
L such that

(6.6) ∥u∥C1,α(B1/2)
≤ c

(
∥u∥L2(B1,δa) + ∥f∥Lp(B1,δa) + ∥F∥C0,α(B1) + ∥ψ∥C1,α(Γ∩B1)

)
.

Moreover, denoting by TzΓ the tangent space to Γ at the point z ∈ Γ, we have that u satisfies the
following boundary condition for every z ∈ Γ ∩B1/2,

(6.7)

{
∇u(z) · τ(z) = ∇ψ(z) · τ(z), for every τ(z) ∈ TzΓ,

(A∇u+ F )(z) · ν(z) = 0, for every ν(z) ⊥ TzΓ.
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Since the proofs of Corollaries 6.3 and 6.4 are quite similar, we will only provide the proof of the
second one, as it is more involved.

Proof of Corollary 6.4. Let us define the diffeomorphism Φ as in (6.2), which is of class C1,α(B1), by
the assumption φ ∈ C1,α(Σ0 ∩B1). Defining

ũ(x, y) := u ◦ Φ(x, y), ψ̃(x) = ψ ◦ Φ(x, 0) ∈ C1,α(Σ0 ∩B1).

we have that ũ ∈ H1,a(B1) and ũ = ψ̃ on Σ0 ∩B1 in the sense of the traces. Since δ is an α-admissible
weight in the sense of Definition 6.1, the conditions (6.3) and (6.4) implies that

(6.8) δ̃a(x, y) =
δ(Φ(x, y))a

|y|a
∈ C0,α(B1), δ̃a ≥ c̃0 > 0,

for some constant c̃0 > 0, where δ̃ = δ ◦ Φ.
Let ϕ ∈ C∞

c (B1 \ Γ) be a test function in (6.5). By taking the change of variables z = Φ(x, y) it
follows that

0 =

∫
B1

δa
(
A∇u · ∇ϕ− fϕ+ F · ∇ϕ

)
dz =

∫
B1

|y|a
(
Ã∇ũ · ∇ϕ̃− f̃ ϕ̃+ F̃ · ∇ϕ̃

)
dz,

where

(6.9) Ã := δ̃a(J−1
Φ )(A ◦ Φ)(J−1

Φ )T , f̃ := δ̃af ◦ Φ, F̃ := δ̃a(J−1
Φ )F ◦ Φ, ϕ̃ := ϕ ◦ Φ.

By using (6.8), we have that

Ã ∈ C0,α(B1) and satisfies (1.2), f̃ ∈ Lp,a(B1), F̃ ∈ C0,α(B1).‘

Hence, we have proved that ũ is a weak solution to{
−div(|y|aÃ∇ũ) = |y|af̃ + div(|y|aF̃ ), in B1 \ Σ0,

ũ = ψ̃, on Σ0 ∩B1,

and ũ satisfies the hypothesis of the Theorem 1.3. Hence, ũ satisfies (1.6) and composing back with
the diffeomorphism Φ−1 we get that u satisfies (6.6).

Eventually, let us prove that u satisfies the boundary condition (6.7). By Theorem 1.3, we have that
ũ satisfies the boundary condition

(6.10) ∇xũ = ∇xψ̃, (Ã∇ũ+ F̃ ) · eyi = 0, on Σ0 ∩B1/2, for every i = 1, . . . , n.

Since ũ(z) = u(Φ(z)), one has that

∇ũ(z) = JT
Φ (z)∇u(Φ(z)).

and, noting Φ(x, 0) = (x, φ(x)) ∈ Γ, we have that

∇ũ(x, 0) · exj = JT
Φ (x, 0)∇u(Φ(x, 0)) · exj = ∇u(x, φ(x)) · JΦ(x, 0)exj .

Thus, for every j = 1, . . . , d− n, and (x, 0) ∈ Σ0 ∩B1/2, we have

(6.11) ∇u(x, φ(x)) · JΦ(x, 0)exj = ∇ψ(x, φ(x)) · JΦ(x, 0)exj .

Next, recalling (6.8), (6.9) and (6.10), we find

0 = δ̃−a(Ã∇ũ+ F̃ )(x, 0) · eyi = J−1
Φ (x, 0)(A∇u+ F )(x, φ(x)) · eyi

= (A∇u+ F )(x, φ(x)) · (J−1
Φ )T (x, 0)eyi .

(6.12)
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Finally, observing that the tangent space to Γ at the point z = (x, φ(x)) is given by

T(x,φ(x))Γ := {(ξ, Jφ(x)ξ) : ξ ∈ Rd−n},
and noting that

JΦ(x, 0)exj · (J−1
Φ )T (x, 0)eyi = 0, for every j = 1, . . . , d− n, i = 1, . . . , n,

it follows that (6.11) and (6.12) implies that (6.7) holds true. This complete the proof. □
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