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Abstract

It is shown that a Stallings—Swan theorem holds in a totally disconnected locally
compact (= t.d.l.c.) context (cf. Theorem B). More precisely, a compactly generated
CO-bounded t.d.l.c. group G of rational discrete cohomological dimension less than
or equal to 1 must be isomorphic to the fundamental group of a finite graph of profinite
groups. This result generalises Dunwoody’s rational version of the classical Stallings—
Swan theorem to t.d.l.c. groups. The proof of Theorem B is based on the fact that a
compactly generated unimodular t.d.l.c. group with rational discrete cohomological
dimension 1 has necessarily non-positive Euler—Poincaré characteristic (cf. Theo-
rem H).

Mathematics Subject Classification 22D05 - 20J05 - 20J06

1 Introduction

The classical Stallings—Swan theorem states that a (discrete) group G is free if, and only
if, cdz(G) < 1. It was firstly proved by Stallings [29] for finitely generated groups,
and later shown to hold without any additional hypothesis by Swan [30], who actually
proved that every torsion-free group with cohomological dimension at most one over
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934 I. Castellano et al.

a non-trivial ring with unit is free. The Stallings—Swan theorem is considered as a
milestone in the cohomology theory of discrete groups. Some time later, Dunwoody
[15] provided the following further extension.

Theorem A (Dunwoody [15]) Let G be a group and R be a commutative ring with
1 # 0. Then the following are equivalent:

(1) cdr(G) = I
(i) there exists a connected graph A and a graph of finite groups (¢, A) based on
A such that |4,| is invertible in R for all v € ¥ (A) and G ~ w (¥, N).

The main goal of this note is to establish an analogue of Theorem A for
t.d.l.c. groups. Unfortunately, we were not able to prove it in full generality for this
class of groups, but we had to assume further finiteness conditions.

The first finiteness condition on the t.d.l.c. group we require is compact gen-
eration. Recall that a t.d.l.c. group G is said to be compactly generated if there
exists a compact set ¥ C G such that every element of G can be written as a
finite product of elements of X. E.g., a discrete group G is compactly generated
if, and only if, it is finitely generated. By van Dantzig’s theorem (cf. [31]), the set
CO(G) := {O | O compact open subgroup of G} is non-empty, and it is well known
that every group O € CO(G) is profinite (cf. [28, §I.1, Proposition 0]). Note that G
is compactly generated if, and only if, for every O € CO(G) there exists a finite set
S € G\O such that O U S generates G.

The second finiteness condition we consider is that the t.d.l.c. group G is CO-
bounded (cf. Sect. 5.3). Namely, for a fixed left-invariant Haar measure @ on G one
requires that there exists a positive integer ¢ € Z>; such that every compact open
subgroup O of G satisfies u(O) < c. Every CO-bounded t.d.l.c. group must be
unimodular (cf. Proposition 5.12).

In Sect. 5 we show that the following analogue of Theorem A holds for
t.d.l.c. groups.

Theorem B (cf. Theorem 5.15 and Corollary 5.17) Let G be a compactly generated
t.d.l.c. group. Then the following are equivalent:

(i) cdg(G) < 1and G is CO-bounded,
(ii) G is unimodular and there exists a finite connected graph A and a graph of
profinite groups (4, A) such that G >~ w1 (4, A).

Here cdg(—) denotes the rational discrete cohomological dimension for at.d.l.c. group
as introduced in [9].

Recall that a graph of t.d.l.c. groups (¢, A) consists of a connected graph A,
t.d.l.c. groups ¥%,, v € Y (A), and %, e € &(A), and injective open continuous
group homomorphisms ae: % — %) for all e € &(A). There is a canonical way
to assign a t.d.L.c. group topology to the Bass—Serre fundamental group of a graph
of t.d.l.c. groups (cf. Sect. 5.1). A compactly generated t.d.l.c. group G is said to be
accessible if it is topologically isomorphic to the Bass—Serre fundamental group of
a finite graph of t.d.l.c. groups (¢, A) with compact edge-groups and whose vertex-
groups have at most one end (cf. for instance [19, §3.3]). In case cdg(G) < I then G
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Unimodular totally disconnected locally compact groups... 935

is accessible if, and only if, it is topologically isomorphic to the fundamental group of
a finite graph of profinite groups (cf. Fact 5.5). It should be mentioned that Theorem B
is not the first result of this kind. Indeed, in [6], the first named author established
an analogue of Theorem A based on an accessibility result of Y. Cornulier (cf. [13,
Theorem 4.H.1]). The result can be summarised as follows.

Theorem C (cf. [6, Theorem B]) For a compactly generated t.d.l.c. group G the fol-
lowing are equivalent:

(i) cdg(G) < 1 and G is compactly presented,
(i) there exists a finite connected graph A and a graph of profinite groups (4, A)
such that G >~ w1(¥4, A).

An affirmative answer to the following question, which was raised by the referee,
would provide a t.d.l.c. analogue to Theorem A in the case of compact generation.

Question D Isat.d.lc. group of rational discrete cohomological dimension 1 coherent
(i.e., every compactly generated closed subgroup is compactly presented)?

Theorems B and C admit the following interpretation. A compactly generated
t.d.l.c. group G satisfying cdgp(G) < 1 and an extra finiteness condition is accessible
in the sense above. This extra finiteness condition is compact presentability—which
is equivalent to being of type Fa (cf. [8, Proposition 3.4])—or being CO-bounded.
At first sight, these two conditions seem unrelated. However, for example, it is well-
known that a unimodular t.d.l.c. group G admitting a cocompact topological model
is necessarily CO-bounded (cf. [25, Remark 1.11]). Hence another consequence of
Theorems B and C is the following.

Corollary E Let G be a compactly generated t.d.l.c. group with cdg(G) < 1. Then G
is CO-bounded if, and only if, it is compactly presented and unimodular.

In [21, Theorem 1], Linnell proved that a finitely generated group whose finite
subgroups have bounded order is accessible. The following question asks for a
t.d.l.c. analogue of P. A. Linnell’s result.

Question F Is a compactly generated CO-bounded t.d.l.c. group accessible?
Another consequence of Theorem B is the following partial answer to Question F.

Corollary G Let G = m1(¥, A) be the t.d.lc. fundamental group of a finite graph
(9, A) of CO-bounded t.d.1.c. groups with profinite edge-groups and cdg(G) < 1. If
G is compactly generated, then G is accessible.

Proof Each vertex-group %, of (¢4, A) is an open subgroup of G. So if G is compactly
generated, every %, is a compactly generated t.d.l.c. group satisfying cdg(%,) < 1(cf.
[6, Proposition 4.1] and [9, Proposition 3.7(c)]). As every t.d.l.c. fundamental group
of a finite graph of accessible t.d.l.c. groups with compact edge-groups is accessible
(cf. Proposition 5.7), the claim directly follows from Theorem B. O
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936 I. Castellano et al.

The proof of Theorem B is based on the following important result about the Euler—
Poincaré characteristic xg of a t.d.l.c. group G. This invariant, introduced in [7], is
defined only for unimodular t.d.l.c. groups of type FP over Q.

TheoremH (cf. Theorem 4.10) Let G be a compactly generated unimodular
td.l.c. group with cdg(G) = 1. Then the Euler—Poincaré characteristic X of G
satisfies xg < 0. Moreover, xg = 0 if and only if G >~ X xy Y for some compact
open subgroups X,Y,U < G satisfying | X :U| =Y : U| =2.

The proof of Theorem H is inspired by a technique used by Linnell [21] and
contributes to the general understanding of the Euler—Poincaré characteristic of a
t.d.l.c. group. So far the conclusion of Theorem H was only known for non-compact
unimodular fundamental groups of finite graphs of profinite groups (cf. [7, Corol-
lary C]). Note that Theorem A implies that the classical rational Euler—Poincaré
characteristic ¢ is non-positive if the group G is finitely generated and cdg(G) = 1.
Therefore, Theorem H can be considered as generalisation of a well-known result for
finitely generated virtually free groups.

We conclude this preliminary discussion with the following observation. Since the
family of finite subgroups of a discrete group has a minimal element, for a finitely
generated group G being accessible is equivalent to the following property: there exists
k(G) < oo such that |&(A)| < k(G) for every minimal graph of groups (¢, A) with
finite edge-groups such that G >~ 71(¥¢, A) [26, Lemma 6.7]. For example, in the
context of pro-p groups where an analogue of the Stallings” decomposition theorem is
missing, the latter property is used to define the notion of accessibility (cf. [10, 11, 32]).
For a compactly generated t.d.l.c. group we do not know whether being accessible is
equivalent to the existence of a uniform bound k(G) for the number of edges appearing
in a decomposition as fundamental group of a graph of t.d.l.c. groups with compact
edge-groups. However, for compactly generated unimodular t.d.l.c. groups of rational
discrete cohomological dimension 1 we prove the latter equivalence in Corollary 5.11.

Organisation We start with an introduction to the rational discrete cohomology for
t.d.l.c. groups, which is the only cohomology theory used in this paper, see Sect. 2.
In Sect. 3 we deal with von Neumann algebras, and recall the definition of the W*-
algebra W(G, O) associated to the Hecke pair (G, O), where G is a t.d.l.c. group and
O is a compact open subgroup. On such a W*-algebra we prove the existence of a
well-defined trace map 7: W(G, O) — C, that is playing a central role throughout
the paper. A few technical properties of T are then provided in support of the proof of
Proposition 4.8, which is one of the key results of the paper. Section 4 is indeed mainly
devoted to the proof of Proposition 4.8, which provides a suitable lower bound for the
Hattori—Stallings rank of the augmentation left Q[G]-module N g The module Ng
is defined as the kernel of the augmentation map Q[G /O] — Q, which turns out to
be a finitely generated projective discrete Q[ G]-module exactly when G is compactly
generated and cdg(G) < 1. Therefore, N, 8 provides a projection in the W*-algebra
of matrices M, (W (G, O)) whose trace is then estimated. A notable consequence of
Proposition 4.8 is Theorem 4.10. It establishes the non-positivity of the Euler—Poincaré
characteristic of a compactly generated unimodular t.d.l.c. group of rational discrete
cohomological dimension 1.
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Unimodular totally disconnected locally compact groups... 937

Summing up, Sects. 3 and 4 consist of the technical part of the paper, which is the
crux of our main results. Section 5 moves the focus onto accessibility. After some
preliminary definitions, we delineate two possible scenarios for compactly generated
t.d.l.c. groups which are inaccessible (cf. Proposition 5.10). Using Theorem 4.10, we
may exclude one of them provided the t.d.I.c. group G satisfies cdgp(G) = 1. Section 5
culminates with Theorem 5.15, which proves that a compactly generated unimodular
t.d.l.c. group G is accessible whenever cdg(G) = 1 and G is CO-bounded, i.e., the
compact open subgroups in G have a finite uniform bound on their Haar measure.
Examples of CO-bounded groups are unimodular t.d.l.c. groups that admit a topologi-
cal model on which they act with finitely many orbits on the O-cells, cf. Example 5.14.

Conventions In this paper, every isomorphism between topological groups is always
meant to be continuous and with continuous inverse.

2 Rational discrete cohomology: a summary

This section summarises the main definitions and properties of the rational discrete
cohomology for t.d.l.c. groups (cf. [9]) that will be used throughout the paper.

Let G be a t.d.l.c. group. A discrete left Q[G]-module M is an abstract left Q[G]-
module equipped with the discrete topology such that the G-action-: G x M — M
is a continuous map (here G x M is endowed with the product topology).

Fact2.1 Let G be t.d.l.c. group. A left Q[Gl-module M is discrete if, and only if, for
everym € M the group stabg(m) ={g € G| g-m =m}isopeninG.

The category gqg)dis is the full subcategory of ggymod whose objects are
discrete left Q[ G]-modules (here grgymod denotes the category of abstract left Q[G|-
modules). By [9, Fact 2.2 and Proposition 3.2], g[c)dis is an abelian category with
enough injectives and enough projectives. In particular, for every O € CO(G), the
transitive left Q[G]-permutation module Q[G /O] is projective in ggdis (cf. [9,
Proposition 3.2]). By Fact 2.1, every M € ob(g[g)dis) admits a collection of compact
open subgroups {O; };c; of G together with an epimorphism

mn: | [QIG/Oi - M. 2.1)

iel

In particular M is projective if, and only if, it is a direct summand of [ [;.; Q[G/O;]
(cf. [9, Corollary 3.3]). Moreover, M is said to be finitely generated in g dis if the
set I can be chosen finite. One easily checks that this is equivalent to the existence of
finitely many elements mj, ..., m, in M satisfying M = Y"!_, Q[G] - m;.

According to [9, §3], for every n > 0 the n'" rational discrete cohomology functor
of G, denoted by

dH" (G, _): Qic1dis — gvect, 2.2)
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938 I. Castellano et al.

is defined as the nth right-derived functor of the fixed-point functor (L)% from Q[cdis
to gvect. The rational discrete cohomological dimension of G is given by

cdg(G) := sup{n € Z=g | dH"(G, ) # 0}, (2.3)

(cf. [9, p. 115]). By [9, Proposition 3.7], cdg(G) = 0 if and only if G is compact
(i.e., profinite), and cdgp(H) < cdgp(G) whenever H is a closed subgroup of G. By
[9, Lemma 3.6], cdg(G) < 1 if and only if the trivial discrete Q[ G ]-module Q@ admits
a projective resolution of length at most 1 in gjgdis.

Unless G is discrete, the group algebra Q[ G is not an object of g dis (cf. Fact 2.1).
A suitable substitute of the group algebra has been introduced in [9, §4.2]: the
rational discrete standard Q[G]-bimodule Bi(G). It is defined as a direct limit of
{QIG/O] | O € CO(G)}. If G is discrete, Bi(G) is naturally isomorphic to Q[G].
By [9, Remark 4.3], when G is unimodular, Bi(G) is (non-canonically) isomorphic to
the associative convolution algebra C.(G, Q) of all continuous functions with com-
pact support from G to Q, where Q has the discrete topology. The reader may find it
convenient to keep this isomorphism in mind while reading Sect. 3.

In analogy to the discrete case, one can use the rational discrete standard bimodule
to give a cohomological characterisation of a compactly generated t.d.l.c. group G
which has more than one end. Namely, a compactly generated group G has more than
one end if, and only if, dH' (G, Bi(G)) # 0 (cf. [6, Theorem A*]). Moreover, G has
zero ends if and only if it is compact.

According to [9, §3.6 and §4.5], a discrete left Q[G]-module M is of type FP,
(n > 0) if it admits a partial projective resolution in g(gdis

P, o P Py M 0 2.4)
with Py, ..., P, finitely generated. The discrete left Q[G]-module M is of type FP

if it is of type FP, for all n > 0, and M is of type FP if there exists a projective
resolution in g dis

0 P, . P Po M 0 (2.5)

which has finite length n > 0 and every P; being finitely generated. A projective
resolution with the latter two properties is called finite. The t.d.1.c. group G is of type
FP, (resp. of type FP) if Q is of type FP, (resp. of type FP) as trivial discrete left
Q[G]-module. E.g., compact generation is equivalent to being of type FP; (cf. [9,
Proposition 5.3]). By [4, Ch. VIII, Proposition 6.1], G is of type FP if, and only if, it
is of type FP, and cdg(G) < +oo.

Similarly to the discrete case, one introduces the notion of t.d.l.c. group of type
F, (0 < n < +o00) and t.d.l.c. group of type F. A discrete G-CW-complex is a G-
CW-complex X such that the action of G on X is continuous and by cell-permuting
homeomorphisms' (cf. [23, p. 5]). A discrete G-CW-complex X is said to be proper
if the cell stabilisers are compact. As pointed out in [9, §6.2], G always admits an

! As usual, an element g € G fixing a cell o setwise can be assumed to fix o also pointwise.
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E-0(G)-space, i.e. a proper discrete G-CW-complex X which is contractible and
such that, for all © € CO(G), the fixed-point set X is non-empty and contractible.
According to [8], a t.d.l.c. group G is of type F,, (with 0 < n < 4-00) if there exists a
contractible proper discrete G-CW-complex X such that G acts on the n-skeleton of X
with finitely many orbits. In particular, G is of type F if there exists a finite-dimensional
contractible proper discrete G-CW-complex X such that, for every n > 0, G acts on
the n-skeleton of X with finitely many orbits.

3 The W*-algebra of a Hecke pair
3.1 C*-algebras

Analgebra of operators A is a subalgebra of the algebra B(H ) of all bounded operators
on a Hilbert space H. The algebra A is said to be self-adjoint if it is closed under the
adjoint operation (_)*: B(H) — B(H),i.e., A = A*. A uniformly closed self-adjoint
algebra of operators is called a C*-algebra. By the Gelfand-Naimark theorem, C*-
algebras can be defined in a completely abstract (but equivalent) manner. Namely, a
C*-algebra is a Banach algebra A with an involution (_)* (i.e., a conjugate-linear
self-map of A such that x** = x and (xy)* = y*x™ for all x, y € A) which satisfies
|x*x| = |x|® for all x € A. Hence, one may study C*-algebras without paying
attention to any particular representation.

3.2 W*-algebras

A W*-algebra (or von Neumann algebra) is a weakly closed self-adjoint algebra of
operators on a Hilbert space H. Let A be an algebra of operators which contains the
identity operator and is closed under taking adjoints. By [1, Theorem 1.2.1], the weak
closure of A is equal to the bicommutant®> A” of A and it is called the W*-algebra
generated by A.

Let A be a W*-algebra acting on the complex Hilbert space H. Denote by M, (A)
the set of n x n matrices with entries in A. The algebra M, (A) acts on the n-fold
direct sum H" = H @ - - - @ H through the usual matrix action on the column vectors.
Therefore, M, (A) can be regarded as a self-adjoint subalgebra of B(H") where, for
every matrix M = [m ;] € M, (A), the matrix M* = [n ;] is defined by n j; := mzj.

In order to show that M, (A) is a W*-algebra, it suffices to check that the double
commutant M,,(A)” coincides with M, (A). Since the commutant M,(A) is A" - I,
(where I,, is the identity matrix and A’ is the commutant of A acting on H), it is easily
verified that

My (A)" = My (A") = My (A).

2 For every subset S € A, let S’ := {a € A : as = sa, Vs € S} be the commutant of S. Then §” := (S’
is called the bicommutant of S.
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Definition 3.1 A (finite) trace on a W*-algebra A is a C-linear function 7: A — C
satisfying t(ab) = t(ba) for all a,b € A. A trace t is positive if T(a*a) > 0 for
every a € A. It is said to be faithful if for every a € A one has t(a*a) = 0 if, and
only if, a*a = 0.

If A is a W*-algebra with trace 7, then M, (A) is a W*-algebra with trace
(t ®idy)(M) :=t(m11) + ... + T(mun), (3.1)
for any matrix M = [m;;] € M, (A).
Remark 3.2 Despite the C*-case, no intrinsic axioms are known for W*-algebras.
Kaplansky [17] proposed an algebraic generalisation of W*-algebras based on the
assumption of least upper bounds in the poset of projections (= self-adjoint idempo-

tents) of the operator algebra: the so called AW*-algebras. Every W*-algebra is an
AW*-algebra.

3.3 The algebra H(G, O)q
Let G beat.d.l.c. group and CO(G) = {O | O compact open subgroup of G}. Denote
by C.(G, Q) the space of continuous functions with compact support from G to Q,

where Q carries the discrete topology. It has a natural structure of discrete Q[G]-
bimodule given by the commuting actions

(g- )M = feg ' xh™) = fFg7'0r™) = (@.(f D)),  (3.2)

forall g,h,x € Gand f € C.(G,Q). Given S C G, let Is(_): G — Q be the map
defined by Ig(x) = 1if x € S and I5(x) = O otherwise. Set

[gllo :==1,0 and [glo :=1p0. YO €CO(G). 3.3)

Note that Cc (G, Q) = spang{lgllo | ¢ € G, O € CO(G)}. Moreover, for every O €
CO(G),

Ce(G. QP :={f € Cc(G.Q) | Yw € O, f.o = f} = spang{[gllo | g € G},
(3.4)

and

H(G,O)g :={f € Cc(G,Q) | Yo e O: w.f = f = f.0}
=spangfligllo | g € G}. (3.5)

Let uo be the Haar measure on G such that u»(O) = 1. We omit the subscript _ ¢
whenever the compact open subgroup O is clear from the context.
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The space H(G, O)g becomes an algebra when equipped with the convolution
product given by

(1 #po () = /;; fiw) ™ dpow), Yfi, fr € H(G,0), (3.6)

and it is called the Hecke Q-algebra of the Hecke pair (G, O) (cf. [7, §3.5]).

By [7, Fact 3.2(a)], the discrete left Q[G]-module C. (G, Q)O is isomorphic to the
left discrete Q[ G ]-permutation module Q[G /O], forevery O € CO(G). In particular,
one has the following.

Fact3.3 [7, Proposition 3.7(b)] Let G be a t.d.l.c. group with a compact open sub-
group O. Let ¢,: H(G, C’))f’Qf7 — Endg (C.(G, Q)O) denote the isomorphism of [7,
Proposition 3.7(b)]. Then:

(a) there is an isomorphism of Q-algebras
@.: M, (H(G, 0 ) — Endg ((C.(G. ©)O)")
defined, for every f = [ fij]1 € M,,(H(G, O)?Q{’), as
j-th t t
S, (10 Tgl 0] ) == [@u (i els .. dufup)lgD]
Vi=1,...,n;
(b) the inverse W, : Endg <(CC(G, Q)O)”) =M, (H(G, (9)5’Q{’) of ®, is

(Wal@))ij = (¢) " (ij), V1<i,j<n.

Here for each @ € Endg ((CC(G, Q)O)") andi, j € {1,...,n}, the map a;; €
Endg(Ce(G, Q)©) is defined as

jeth
aij (gl = pri(«([0..... gl ....0])).  Veea,
where pr; : (C:(G, Q)O)” — C.(G, (@)O projects on the i-th component.

3.4 H(G, O)c as operator algebra
In the following, G is a unimodular compactly generated t.d.l.c. group and, for every

compact open subgroup O < G, let H(G, O)¢ := H(G, O)g ®¢ C. Denoting by
a Haar measure on G, let

L*(G,C) := {f: G — C measurable

/G |f(w)|2du(w)<oo} (3.7)
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942 I. Castellano et al.

be equipped with the inner product ( f1, f2) = fG fi(w) fa(w)du(w), forall f1, f> €
L%(G,C), and let |_|»: L*(G,C) — RS‘ be the Hilbert norm associated to {_, _).
In (3.7), C is endowed with the usual Borel o -algebra.

Since G acts continuously on L2(G, C), for every compact open subgroup O < G
the C-subspace

L2G,C)° = {f e L*G,0O) | fw=f,YoeO) (3.8)

is closed in L?(G, C) and therefore it is a Hilbert subspace. Since G is compactly
generated, there is a finite set S € G such that G = (S) - O (cf. [24, Lemma 2])
and G /O is countable. Given a set R of representatives for G/O, the set {[g]] | ¢ € R}
(cf. (3.3)) is a countable orthonormal (Hilbert) basis of the Hilbert space L*(G, (C)O
(cf. [7, Fact 3.3]).

Denote by B(G, ©) the C*-algebra of bounded linear operators on L2(G, C)©
which commute with the left G-action. The space B(G, O) comes with the standard
operator norm ||| : B(G, O) — Rg and with the adjoint map (_)* : B(G, O)°P —
B(G, O). As shown in [7, Proposition 3.7], H(G, O)¢ admits an action on the Hilbert
space L*(G, ©)? and the convolution produces the following canonical injective
homomorphism of algebras:

¢: H(G,O) — B(G,0), (p(/)Ugh = [gll*uo [, YVgeG. (39

Here o denotes the left Haar measure on G satisfying o (Q) = 1. The map ¢ is
continuous when H(G, O)c is endowed with the topology induced by || —||{, where

If 1l == /G If(w)ldpo(w), VY feH(G, O)c.

The uniform closure H(G, ©) of ¢ (H(G, (9)%’7 ) in B(G, O), endowed with the stan-
dard operator norm, is a C*-subalgebra of B(G, O). Such an operator algebra is called
the C*-Hecke algebra associated to the Hecke pair (G, O).

Since the weak operator topology is coarser than the uniform operator topology,
the map ¢ in (3.9) remains continuous if B(G, O) carries the weak operator topology.
Denote by W (G, O) the W*-algebra generated by ¢ (H(G, O)g) (cf. Sect. 3.2) and
call it the W*-algebra associated to the Hecke pair (G, O).

3.5 The trace map on M, (W(G, O))
Let G be a unimodular t.d.l.c. group. In [7, §3.7], for every O € CO(G) the authors

defined a C-valued trace map on the C*-Hecke algebra H(G, ©). Here we extend
such a map to the weak closure of H(G, O)c.

Proposition 3.4 The C-linear map
70: ¢(H(G, O)F) = C, w(p(f) = f(D),
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can be extended to the C-linear map t: W(G, ©O) —> C given by
T(F) = (F(1, [11) for F € W(G, O),

which is a positive and faithful trace with T(F*) = t(F) forall F € W(G, O).

Proof Clearly, the map 7 is C-linear. Moreover, let R denote a set of representatives of
O\G/Oand f =) .. f("Ir]l € H(G, O)c, where f vanishes for all but finitely
many r (cf. (3.5)). Then, one computes t(¢(f)) as

([ o1 =Y FON 0 IFDL 1) = Y £GP, 1)

reR reR
=> [0 / Toro ) low)due (w)
reR G

= f /G(Io(w))zd/wo(w) = fMDuroO) = f1). (3.10)

Hence, (¢ (f)) = (¢ (f)) forevery f € H(G, O)c. In general, the multiplication
map in W(G, O) is not continuous w.r.t. the weak topology as a function of two
variables. However, it is continuous as a function of one variable when the other
is held fixed. Then, for every fixed F € W(G, O) and every sequence {G,},>1 in
¢ (H(G, O)Z:p) which is weakly convergentto G € W(G, O), the sequence 7(FG,,)—
(G, F) converges to T(FG) — t(GF). Hence, to prove that t satisfies the trace
property on W(G, O), it suffices to verify that t(F|F,) = t(F>F)) for arbitrary
elements Fy, F> of a basis of ¢ (H(G, O)g ). More precisely, it suffices to show that
(111 %0 181 (11 g TATF) = ([1] %0 I2], [11 %0 [8T¥) forall g, /1 € G, and
the end of the proof of [7, Theorem 3.10] can be transferred here verbatim.
For an arbitrary F € W(G, O), one has

T(F*F) = (F*F((1), [11) = (F{1D, F([11)) = 0 (3.11)

and T is clearly positive. Moreover, if t(F*F) vanishes, then F([1])) = 0 (cf. (3.11))
and, since F commutes with the left G-action, F([g]]) = O for every g € G. By
linearity, F' vanishes over C.(G, (C)O and then, by [7, Fact 3.3], F = 0. Hence, 7 is
a faithful trace on W (G, O).

Finally, for every F' € W(G, O) one has

T(F*) = (F*([1D, [11) = (111, F(1D ) = (F{1D, [1T) = =(F).

The following fact is analogous to [7, Fact 2.2].
Corollary 3.5 The map

T: My(W(G,0)) = C. [Fyjl— Y t(Fii).
i=1
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is a positive and faithful trace over the W*-algebra M,(W (G, O)) satisfying T(F*) =
T(F), for every F € M,(W(G, O)).

Lemma 3.6 Forevery F € M,(W(G, O)), one has
lT(F)| <n-|F],

where |F| = max{|F()[2 : v € (L*(G,C)9), |vla = 1} and |v|, =
VI il3, for every v = [ur, ..., v,]" € (L2(G, ©)O)".

Proof By Corollary 3.5 and the Cauchy—Schwarz inequality in L2(G, C)©,
n n n
2R < Y leFjpl= Y ICFAD, 1) < Y 1F; (Do
j=1 j=1 j=1

For j = 1,...,n, let [1]]; be the vector in the n-fold of L2(G, (C)O having the ith
component equals to [1] - §;; forevery i = 1, ..., n. Since |[1];]> = 1, one has

D IEGADIZ = 1Fj (1D 2

i=1

IFT = 1 F{)I2 =

As a conclusion, |[T(F)| < 27:1 [ Fjj([1DI2 < n-|F]. O
From now on a self-adjoint idempotent in a W*-algebra is called a projection.

Theorem 3.7 For every idempotent e € M, (W (G, O)), there exists a projection p €
M, (W (G, O)) such that eM, (W (G, O)) = pM,,(W(G, O)) and 7(e) = T(p).
Proof (cf. [18, Theorem 26]). For p = ee*(1 + (¢ — e*)(e* — ¢))~! one has p = ep
and e = pe. As T isatrace, T(p) = T(ep) = T(pe) = T(e). O
Corollary 3.8 For every idempotent e € M, (W(G, O)), T(e) € [0, n]. Moreover,
T(e) = 0ifand only ife = 0.

Proof By Theorem 3.7, for every idempotent e € M, (W (G, O)) there exists a pro-
jection p € M,,(W(G, O)) such that 7(e) = T7(p) = T(p*p). Then,

)= Y t(p*pipd= Y, t(pPHipij)
I<j=n 1<i,j=n
= Y. wpip) =Y. (pi D, pi((11).
1<i,j<n I<i,j<n

Hence 7(e) > 0 and t(e) = 01if, and only if, p;; = O forevery 1 < i, j < n. As
a consequence, T(e¢) = 0 if, and only if, 0 = pM,(W(G, O)) = eM,(W(G, O)),
which is in turn equivalent to the condition that e = 0.

To prove that 7(e) < n, it suffices to observe that 1 — e is an idempotent of
M,(W(G,0))andso0 < t(l —e) =n— 1(e). O
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Remark 3.9 We collect some properties that will be useful later on.

(a) From the proof of Corollary 3.8, it follows that

()= > Ipi (1D

I<i,j<n

for every projection p € M, (W (G, O)).
(b) Let p,qg € M,,(W(G, O)) be projections. By [2, Ch. 1, Proposition 1], one has

pMu(W(G, 0)) € gMu(W(G,0)) <= p =qp.

Consequently, if pM, (W (G, O)) C gM,(W(G, O)) thenT(p) < 7(g).Indeed,
since p = gp, one obtains that

k sk

pqa=p'q"-=(qp)*=p"=p=qp
and thus ¢ — p is a projection. By Corollary 3.8, one concludes that

7(g) —t(p)=7(@—p) =0.

4 Euler-Poincaré characteristic of unimodular t.d.l.c. groups with
cdp(G) <1

4.1 The Hattori-Stallings rank of discrete Q[G]-modules of type FP

Let G be a unimodular t.d.l.c. group and O € CO(G). Denote by h(G) the Q-vector
space Q - . Note that h(G) consists of the rational multiples of the Haar measures
on G that take rational values on compact open subgroups, so h(G) does not depend
on the choice of O € CO(G). For every P € ob(gjg)dis) finitely generated and
projective, its Hattori—Stallings rank p(P) is defined as

p(P) = pp(dp) € h(G),
where pp is a suitable map from Endg (P) to h(G) defined in [7, §4.3]. For instance,
Q[G/0O] has Hattori-Stallings rank equal to up € h(G) for every compact open
subgroup O of G.
Fact4.1 (see [7, Proof of Theorem 4.4]) Let G be a unimodular t.d.l.c. group, and
let P € ob(g[gdis) be finitely generated and projective. Then there exist n € Z>1,

O € CO(G) and e € M,(H(G, O)q) idempotent such that P >~ e - Q[G/O]" and
therefore

p(P) =1(e) - no. 4.1
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It is possible to extend the definition of the Hattori—Stallings rank to every M €
ob(gigdis) of type FP as follows. Let Py, ..., P, € ob(g(c)dis) be finitely generated
projective such that

0 P, o P Py M 0

is a projective resolution of M in g[gdis (cf. §2). Then, one may define

AM) = (1) B(P). (4.2)

i=0

By the additivity of p (cf. [7, Equation (5.1)]) and [4, Ch.VIII, Lemma 4.4], the
definition in (4.2) is independent of the choice of the projective resolution of M.

The value p(M) is sometimes called the Lefschetz number of the module M. From
the Horseshoe Lemma one concludes the following property.

Proposition4.2 Let0 — A — B — C — 0 be a short exact sequence in g dis,
and assume that A and C are of type FP. Then, so is B and p(B) = p(A) + p(C).

In the case that G is a unimodular t.d.l.c. group of type FP, the trivial module
Q admits a finite projective resolution P, — Q in g[gdis and the Euler—Poincaré
characteristic of G can be defined as

X6 =) (=D'A(P),

i>0

that is the Lefschetz number o (Q) of the trivial discrete left Q[ G]-module Q (cf. (4.2)).
For instance, if G is profinite then g = 1 - G, where g denotes the Haar measure
of G such that ug(G) = 1 (cf. [7, Remark 1.3]).

From now on, given an open subgroup H of G, the standard Haar measure on H
will be the restriction of the given Haar measure u on G.

Proposition 4.3 [5, Proposition 2.2.2] Let G be a unimodular t.d.l.c. group of type FP.
(@) If G = X xy Y for some open subgroups X, Y, U of G of type FP, then

XG = Xx + Xy — Xu;
b) IfG = X*'U for some open subgroups X, U of G of type FP, then
XG = Xx — XU-

The equalities in (a) and (b) must be interpreted as equalities among the rational
coefficients of the given Euler—Poincaré characteristics, all computed with respect to
the same compact open subgroup of U.
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Proof In case (a), as well as in case (b), G acts without inversions on the associated
Bass—Serre tree. Therefore, the proof strategy similar and we only provide a proof in
case (b). Since G = X{;, one has the following short exact sequence in gy dis:

0—- Q[G/U] - Q[G/X]— Q— 0.

By [8, Corollary 3.18], the three modules before are of type FP. Therefore, by Propo-
sition 4.2,

X6 = p(Q) = p@QIG/X]) — p(QIG/UD.

Let H be an arbitrary open subgroup of G of type FP and consider on it the Haar
measure ! which arises as restriction of the Haar measure 4 on G. We claim that,
for some (and hence all) O € CO(H), there is ¢ (O) € Q such that

i =q(O)-nl and FQIG/H]) = q(O) - no.

To compute p(Q[G/H]) we only need a finite projective resolution of Q[G/H] in
Q[cdis. To build such a resolution we start by considering a finite projective resolution
P, — Q of discrete Q[H ]-modules, which does exist since H is of type FP, and
then we apply the induction functor Q[G] ® y _ to P, — Q. Note that this works
as Q[G] ®u — is exact and left adjoint to the restriction functor from gygdis to
gradis and so it preserves projective objects (cf. [9, § 2.4]). Therefore, it suffices to
prove that the Hattori—Stallings rank behaves well under induction, i.e., for some (and
hence all) O € CO(H) there exists gp(O) € Q such that p(P) = gp(O) - /Lg and
P(QIG]®py P) = qp(O) - no. It follows by means of an analogous argument to the
one used in the proof of the claim in the abstract case (cf. [4, Ch. IX, Prop. 2.3]).
In the t.d.1.c. case the free modules must be replaced by rational discrete permutation
modules with compact open stabilisers (cf. [9, §3.2]). O

4.2 Discrete left augmentation Q[G]-modules

Let G be a t.d.l.c. group. For every U € CO(G), the map

ev: Co(G,QY - Q, fr fG fl@)duy (@) (4.3)

is a surjective morphism in g[dis mapping every [g]| to 1. The kernel of ¢/, denoted
by NG, is called the discrete left augmentation Q[G1-module relative to U. Note that
Cc(G, Q)Y is isomorphic to Q[G /U] in ggdis.

Proposition4.4 Let G be a t.d.l.c. group and U a compact open subgroup.

(a) Ing is finitely generated, there are n € Z>q and {si, ...,s,} S G\U such
that the set {I;y — Iy | 1 <1 < n} generates Ng as discrete left Q[ G]-module.
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In particular, one has an epimorphism of discrete Q[ G-modules

pouv: (Ci(G, Q9" — NS
j-th “4.4)
[0,...,1@,...,0]t > IU _Is_,'U

from the n-fold of C.(G, Q)9 1o NG, where the subgroup O is equal to U N
slUsl_1 ﬂ-~~ﬂansn_l.

(b) G is compactly generated if, and only if, N. g is finitely generated.

(©) Ng is projective if, and only if, cdg(G) < 1.

Proof For (a) and (b) see [9, Proposition 5.3], for (c) see [9, Lemma 3.6]. O
Consequently, if G is compactly generated and O < U are compact open subgroups,

one defines the endomorphism

7 (Ce6. Q0 L2 NG < €.V o (6.0 — = (€(G. QO .
(4.5)

where ny.0: Co.(G,Q)V — C.(G, Q)9 is the injective homomorphism given by

1
nu,0Ugu) = ol > Iyo
ret/O

(as definedin [9, §4.2]) and £ ([¢]) = [[¢1, 0, ..., 0]’ embeds into the first component.

Fact4.5 Let G, O and U as before. According to Proposition 4.4, the following prop-
erties hold:

(1) the image of w is isomorphic to Ng in g[gdis;
(i) if cd@(G) < 1, there exists a homomorphism in gjcdis

o im(r) = (Co(G, Q)9

such that i = idim(r);

(iii) the element o := 17 satisfies o>

=aandmwa = 1.

Proof The only property which does not follow directly by construction is the existence
of the morphism ¢. It is instead a consequence of the fact that im(sr) is projective in
Q[cdis (cf. Proposition 4.4(c)). O

Remark 4.6 By Sect. 4.1 and Corollary 3.8, one has ﬁ(Ng) =17(a) - uo > 0.

From now on, the maps 7 and « will be identified with their images in the operator
algebra M, (¢ (H(G, O)g)) C M, (W(G, O)) (cf.Fact3.3(b) and (3.9)). In particular,
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7 = [m;;] is the matrix with entries in ¢ (H(G, O)g) defined by

0 ifi > 1,

L — 1 e
mlsh = L r;w([gr]]—[gsjr]]) ifi=1. (4.6)

for every g € G. Recall that {[g]] = I,0 | g € G/O} is an orthonormal basis
of the Hilbert space L*(G, (C)O (cf. (3.8)). For simplicity, let ; := my; for every
1 < j < n.The following fact is relevant for the proof of Proposition 4.8. In particular,
we introduce in item (c) the matrix e € M,,(W (G, O)) such that M,,(W (G, O))err =
M, (W (G, O))rr and such that 7(ewr) produces a lower bound for the rank ﬁ(Ng)
which is independent of the number n of generators of the discrete left Q[ G]-module
NE (cf. (4.7)).

Fact 4.7 Using the notation from (4.5), the following properties hold:

(@) T*My(W(G, 0)) C a*M,(W (G, O)).
(b) There exists a projection p € M, (W (G, O)) such that

a*M,(W(G, 0)) = pM,(W(G,0)) and 7(p) =7(¢™) = T(a).

(c) If e denotes the matrix such that e;j = lw,0) forall 1 <i, j < n, then one
hasn = |U : O] - T(em).

Proof By Fact 4.5(iii), M,,(W(G, O)xr = M,(W(G,O)ra € M,(W(G, O))u
and (a) holds. Again, Fact 4.5(iii) implies that «* is an idempotent. Then The-
orem 3.7 applies and, since 7(¢) € @Q, (b) is proved. Finally, (c¢) follows from

T(emw) =Y i T(m;) and T(7r;) = (m; ([1]), [1]) = 1/|U : O|. O

Proposition 4.8 Let G be a compactly generated unimodular t.d.l.c. group with
cd@(G) < 1. For every compact open subgroup U # G, one has that

NG = shu. 7
Proof We use here the notation of Fact 4.5, Remark 4.6 and Fact 4.7. In particular, @ €
M, (W (G, O)) is the idempotent such thatﬁ(Ng) =T(x)upand p € M,(W(G, O))
is the projection such that «*M,, (W (G, O)) = pM,(W(G, O)) and T(p) = T(a¢*) =
7(a). Suppose that Ng is Q[G]-generated by the elements I,y — Iy € C.(G, QVY,
for 1 <i < n (cf. Proposition 4.4).

Denote by e € M,(W (G, O)) the matrix such that ¢;; = 1y, forall 1 <
i,j < n,andlete > 0. By [2, Corollary, p. 43], there exists a non-zero projection
f = fe € n*e*M,(W(G,0)) C n*M,(W(G,O)) C pM,(W(G, O)) such that
ler —em f| < €.Hence, by Fact4.7 and since |T(er —em f)| < n-|er —em f|| < n-e
(cf. Lemma 3.6), one deduces that

|U"1(9| =t(en) = |t(en)| < |T(ewr —en f)| + [t(en f)| < n-€ + |T(em f)I.

(4.8)
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Notice that all the rows in the matrix e f are equal to the vector

[ S wifian Y n,-f,-,,}.
1<i<n I<i=n
Hence the properties of T imply that

> tifiy)

1<i,j<n

> T(fim)

1<i,j<n

> (fiym (O, 111

1<i,j<n

IT(em f)| =

and so the Cauchy—Schwarz inequality yields

[Fex Hl < Y Mm@, A< D Iw@Dlz - 175D

1<i,j<n 1<i,j<n
4.9)
By (4.6), for each 1 < i < n one computes
EAGUIEES %< > Ul —Isirh, Y {r'1- [s-r’]]>> -
’ T Uop o : v

ret/O r'el /O

having [r]] # [s;r'] and [r']] # [s;r] forall r, ¥’ € U /O (because U Ns; U = @).
Then, the inequalities (4.8) and (4.9) imply that

n 2 i}
U : O] 5”'€+\/%<1<§<n ||Ji-,-([1]])||2>. (4.10)

. .. . . 2
Using the explicit equivalence between the £!-norm and the £2-norm in R" for the
vector [”f;;([l]])”ﬂlfi,jsm one obtains

Yo OD < Y I ODIE.

1<i,j<n I<i,j<n

Therefore, (4.10) and Remark 3.9(a) yield

> IIf,-j([U])II%)

I<i,j=<n

2
=n~<e+ |U:(’)|r(f))’ 4.11)

n
<.
w.o =" <E+ U O]

for every € > 0.
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Since 7(a) = 7(p) > T(f) for every € > 0 (cf. Fact 4.7(b) and Remark 3.9(b)), it
follows from (4.11) that

) 1
HOEE TR

By Remark 4.6, one concludes that

1

~uy.

1
) NG =T > - =
P(Ny) =T(@)pno = 20 O|Mo 5

O

Corollary4.9 Let G be a compactly generated unimodular t.d.l.c. group with
cdg(G) < 1. Then xg < %MU forevery U € CO(G), U # G. In particular,

- 1 - 1
X6 = shu = ANG) = FHU- (4.12)

Proof By Propositions 4.2 and 4.4, for every U € CO(G) one has
%6 = p(Q = H(C(G, Q) = HING) =y — HIN).
The claim follows directly from Proposition 4.8. O

Theorem 4.10 Let G be a compactly generated unimodular t.d.lc. group with
cd@g(G) = 1. Then xg =< 0. Moreover xg = 0 if, and only if, G = X xy Y for
some compact open subgroups X,Y,U < G satisfying |X : U| =Y : U| = 2.

Proof First note that x» = p(Q[G/O]) = ne for every compact open subgroup
O < G (cf. Sect.4.1). By [6, Theorem A*], G splits non-trivially over a compact
open subgroup U € CO(G). Suppose first that G = X *y Y, for some compact open
subgroup U and compactly generated open subgroups X, Y of G different to U (cf.
[6, Proposition 4.1]). By Proposition 4.3(a) and Corollary 4.9, one has

- - - - 1 1

X6 =Xx+ Xy = Xu = S + kv — =0 (4.13)
Similarly, let G = X}, for some compact open subgroup U < G and compactly
generated open subgroup X < G different to U. From Proposition 4.3(b) and Corol-
lary 4.9 one deduces that

- - - 1
XG = XX — XU = EMU —ny < 0. (4.14)

If x¢ = 0, then (4.13) and (4.14) imply that G = X %y Y for some compact open
subgroup U < G and compactly generated open subgroups X, Y < G different to U
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(cf. [6, Proposition 4.1]). Moreover, (4.13) yields to

1

KU = MU — Xy- (4.15)

7= Xx — 5

[

By Corollary 4.9 applied to X and Y, respectively, one deduces that z is simultaneously
non-positive and non-negative and therefore equal to 0. Since cdg(X), cdg(Y) <
cdg(G) = 1 (cf. [9, Proposition 3.7(c)]), the first part of the theorem implies that
cdg(X) = cdg(Y) = 0 and then X and Y are compact (cf. [9, Proposition 3.7(a)]).
Thus,

- 1 -
,U«XZXXZE,U«U=XY=MX-

Since pnp, = 0 : Ozl_luoz for all compact open subgroups O, O, < G with
Oy < O, this yields the “only if” part of the claim. The “if” part is a direct conse-
quence of Proposition 4.3(a). O

Remark 4.11 By Theorem 4.10, the equivalence in (4.12) refines, for every U €
CO(G) with U # G, as follows:

- 1 ~ 1
XG:EMU:}p(Ng)IEMU@|G:U|:2-

5 Accessibility: general results
5.1 Graphs, trees and graphs of groups

The notion of graph here adopted is the one of J.-P. Serre (cf. [27, p. 13]). Namely,
agraph ' = (¥ (I'), &), 0,t,~) consists of a (non-empty) set of vertices ¥ ("),
a set of edges & (I'), origin and terminus maps o, t: &(I') —> ¥/(I') and an edge-
reversing map -: &(I") —> &(I"), which is an involution satisfying o(€) = #(e) and
e £ eforevery e € &(T).

A pathp = (eq, ..., e,) is afinite sequence of edges such that o(e; 1) = t(e;), for
every 1 <i <n — 1. In particular, p is reduced if e; 1 # €; for everyi < n. A cycle
(er,...,ey) is a closed path, i.e., o(e;) = t(e,). A graph is connected if it is either
a 1-point graph or, for every two vertices v, w, there exists a path (e, ..., e,) with
o(e;) = v and t(e,) = w. A tree is a connected graph with no reduced cycles.

Adapting [27, Definition 8, p. 37] to the t.d.l.c. context, one obtains the notion of
graph of t.d.l.c. groups (¢, A). Namely,

(G1) A is a connected graph;
(G2) ¢ is a family of t.d.l.c. groups %, (v € ¥ (A)) and ¥4, (e € &(A)) satisfying

G =%, YecEN);
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(G3) for every e € &(A), there is a group monomorphism e : % — % (e) that is
continuous and open.

The graph of groups (¢, A) is called proper if, whenever ae is surjective, then
o(e) = t(e). For every graph of t.d.l.c. groups (¢, A), the (abstract) fundamental
group (¥4, A) of (¢, A) can be equipped with a group topology t such that

(F1) 71 (¥, A) is at.d.l.c. group; and
(F2) the natural inclusions 4, < m1(¥, A) and % — m1(¥¢, A) are continuous and
open;

(cf. [3, §II1.2, Proposition 1]). Moreover, the group topology t is uniquely deter-
mined by properties (F1) and (F2). From now on, the group 7(¥, A) is regarded as
a t.d.l.c. group. The construction of the fundamental group depends on the choice of
a maximal subtree .7 C A. Nevertheless, we shall denote the fundamental group by
m1(¥, A, ) only if the maximal subtree is relevant.

Several concepts concerning graphs of groups transfer verbatim to the t.d.l.c. con-
text. In particular, we recall the following construction (cf. [12, pp. 30-31]). Let (¢, A)
be a graph of t.d.l.c. groups with compact edge-groups. Let V C ¥/ (A) and, for
every v € V, assume that there is a graph of t.d.l.c. groups (), I'™) such that
G, = g (Y, TM), For every e € &(A) witht(e) € V, let x = xe € ¥ (I'(®))
and ge € % () be such that the image of ¥, in ¥ lies in ge(J7 (t(e))) x8e ! For
every such e, since ¥, is profinite, the pair (ge, Xe) exists by the Bruhat-Tits fixed
point theorem (although it is not uniquely determined by e). One defines the graph
of td.l.c. groups (H,T) obtained from (4, A) by expanding V with {T ™}, cy
and with respect to {(ge, Xe)}ec&(n), 1(e)cy as follows. The graph I' has vertex-set
Llyey 7 @@y u (7 (A)\V) and edge-set | |, &) L& (A). The inversion map
in I" is the obvious one. The origin and terminus maps, denoted by or and #r respec-
tively, are defined so that:

(i) forevery v € V, '™ is a subgraph of I';
(ii) the map fr coincides with the terminus map f5, in A on every e € &(A)
with 75 (e) ¢ V; and
(iii) for every e € &(A) with 75 (e) € V), one has fr(e) = xe.
The relevant graph of t.d.l.c. groups (47, I') is defined as follows:
(i) forevery x € (¥ (A)\V)UE(A) let A, =Y, forallv € Vandx € ¥ (T'™)u
ET O, let 7, = #Y;
(i) for every e € &(I'), the monomorphism 5% — (e is the monomorphism
Go > G, (o) (resp. Y < j?;('(’)) @) if € € &(A) and 1a(e) ¢ V (resp. e €
r v
ST ™)) and, ife € &(A) and 7, (e) € V, it is the monomorphism % — %, (e)
followed by the right-conjugation by ge.

Lemma5.1 (cf. [12, Lemma 2]) For (4,T) and (¢,T') as before, one has
T1(4, N) ~m (2, T).

Proposition 5.2 (Generalised Mayer—Vietoris sequence) Let G denote the fundamen-
tal group of the graph of t.d.l.c. groups (4, A). Let & C &(A) be an orientation on
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the edges of A, i.e., |ET N{e, €}| = 1 foreverye € &(A). Foreach M € ob(qgicdis),
one has a long exact sequence

=[] " &. M) — [] dH"&. M) — dH" (G, M) — - -
veV(A) ecst

In particular,

sup cdg(%,) < cdg(G) < sup{cdg(¥4), 1 +cdg(¥e) | v e ¥ (A),ec ET).
ve¥ (A)

(5.1)

Proof The first part of the statement is [9, Proposition 5.4(a)]. From this, one easily
deduces the second inequality of (5.1). Finally, the first inequality in (5.1) is due to [9,
Proposition 3.7(c)]. O

Proposition 4.3 implies the following generalisation of [7, Corollary C].

Proposition 5.3 Let G be a unimodular t.d.l.c. group which is isomorphicto (¥, A),
for some finite graph (¢4, A) of t.d.l.c. groups of type FP. Then G is of type FP and,
for a given orientation &+ C &(A), one has

o= Y. Ro - Y 4.

ve? (A) ec&t+

The equality in Proposition 5.3 must be interpreted as an equality among the coef-
ficients of the given Euler—Poincaré characteristics, all computed with respect to a
compact open subgroup in (e g+ “%. Here, every ¢, and every %, are regarded as
open subgroups of G.

The following proposition focuses on a situation arising in Proposition 5.10, and
will play a key role in the proof of Corollary 5.11. Contrary to the previous results,
this situation can happen only for non-discrete t.d.l.c. groups.

5.2 Accessibility of t.d.l.c. groups

A t.d.l.c. group G is said to split over a compact open subgroup if one of the following
two conditions occurs:

(@) G ~ w1 (¥, A), where A is the connected graph with two distinct vertices v, w
and one geometric edge {e, €}, and %, € CO(G). In other words, G is isomorphic
to the t.d.Lc. free product with amalgamation %, ¢, %, (cf. [14, Definition 8.B.8]).

(B) G ~ w1 (¥4, A), where A is the connected graph with one vertex v and one
geometric edge {e, e}, and %, € CO(G). In other words, G is isomorphic to the
t.d.]l.c. HNN-extension %*%e,ae’ where e is regarded as the stable letter of the
extension (cf. [14, Definition 8.B.8]).
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In particular, G splits non-trivially if 4, is strictly contained in each vertex-group.
By construction, the vertex-groups of (¢, A) are open subgroups of G. Moreover,
by [6, Proposition 4.1], if G is compactly generated and splits as above, then the
vertex-groups of (¢, A) are compactly generated.

The decomposition theorem due to H. Abels, which is included in [6, Theorem A*],
implies that every compactly generated t.d.l.c. group with more than one end splits
non-trivially over a compact open subgroup. In particular, the notion of accessibility
carries over to the t.d.l.c. context as follows ([19, Definition 8] and [6]).

A compactly generated t.d.l.c. group G is said to be accessible if it is isomorphic
to the Bass—Serre fundamental group of a finite graph of t.d.l.c. groups (¢, A) with
compact edge-groups and whose vertex-groups have at most one end.

According to the cohomological characterisation of compactly generated t.d.l.c.
groups with more than one end (cf. Sect. 2 or [6, Theorem A*]), the concept of
accessibility can be reformulated in the following terms.

Definition 5.4 A compactly generated t.d.l.c. group G is accessible if

(A1) G is isomorphic to the fundamental group of a finite graph of t.d.l.c. groups
(¢, A) with compact edge-groups; and
(A2) dH! (%, Bi(%,)) = 0 for every v € ¥ (A).

Fact5.5 Let G be a compactly generated t.d.l.c. group with cdg(G) = 1. Then G
splits non-trivially over a compact open subgroup. Moreover, for every finite graph of
td.lc. groups (4, N) with compact edge-groups satisfying G >~ w1(4, A) and every
v € V(A), either 9, is compact (if cdg(¥,) = 0) or it is compactly generated and
splits non-trivially over a compact open subgroup (if cdg(¥,) = 1). In particular
G is accessible if, and only if, G is isomorphic to the fundamental group of a finite
proper graph of profinite groups.

Proof If G is compactly generated with cdg(G) = 1, then it is evidently of type FP
and so dH! (G, Bi(G)) # 0 by [9, Proposition 4.7]. By [6, Theorem A*], G splits non-
trivially over a compact open subgroup. Let (¢, A) be a graph of t.d.1.c. groups with
compact edge-groups satisfying G >~ m1(¢, A). Recall that, for every v € 7' (A), the
group ¥, can be regarded as an open subgroup of G =~ 71(¥, A). Thus, ¥, is compactly
generated and cdg(¥,) < 1 (cf. [6, Proposition 4.1] and [9, Proposition 3.7(c)]).
Therefore, ¥, either is compact (if cdg(%,) = 0) or splits non-trivially over a compact
open subgroup (if cdg(%,) = 1). Hence the first and the second statements of the
claim hold. The last part of the assertion follows from Definition 5.4 and the fact that
a t.d.l.c. group H of type FP satisfying cdg(H) < 1 and dH'(H,Bi(H)) = 0 is
necessarily compact (cf. [9, Proposition 3.7(a), Proposition 4.7]). O

The following fact has been proved in [9, Proposition 5.6].

Fact5.6 Let G be the t.d.l.c. fundamental group of a graph of profinite groups. Then
cdg(G) < 1.

As a consequence of Lemma 5.1, one obtains the following result.
Proposition 5.7 Suppose that a t.d.l.c. group G is isomorphic to w(¥, A), where
(¢4, A) is a finite graph of t.d.l.c. groups satisfying the following properties:
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(1) every edge-group Y, is compact,
(ii) every vertex-group 9, is accessible.

Then G is accessible.

Proposition 5.8 Let G be a compactly generated unimodular t.d.l.c. group of type
FP. Let {(¢,, An)}n>1 be an infinite sequence of finite graphs of t.d.l.c. groups with
compact edge-groups, G ~ w1(¥,, Ay) for every n > 1. Moreover, assume that for
every n > 2 there are bijections ¢, : V (NAy) — V(A1) and ¥, . E(Ny) = E(AY),
with v, commuting with the edge-inversion maps, and there is e, € &(A,) with
v, = o(ey,) such that:

() (Z)w, is inaccessible, ¢, (vy) = @n1(Wnt1), and (Gy11)e,,, is G-conjugate to
a proper subgroup of (4)e,;

(ii) for every w € ¥V (Ap)\{vn}, the group (4,)y is G-conjugate to (41)g,w) and,
forevery f € &(Ap)\{e,, €,}, the group (4,)s is G-conjugate to a subgroup of
Gyt

Then cdg(G) # 1.

Proof Assume thatcdg(G) = 1andletn > 2. By Proposition 5.3, given an orientation
& of &(A,) with e, € &7, one has

6= D Aou— D Ko T X — e, (5.2)
we (Ay), reé;,
WV, f;ée,l
=1 (G)

By (ii), one has x(4,),, = X@),,w, forevery w € ¥ (An)\{v,}. Moreover, again by
(ii), for every f € &' there is g = gr € G such that g@G g ! < (%) y, ) and then

. —1
“Gor = Pg@ee—! = 1Dy © 8Gt8 IRy = MGy -

We now find a quantity n(G), independent of n, such that

1
M (G) — g, =nG)— EM(%)en’ Vn>2. 5.3)
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In detail, let v := @2 (v2) and recall that, by (i), one has v = ¢, (v,) for every n > 2.
Then, one observes what follows:

3 1
M (G) = G,)e, = Z X = 5 Z K(Gye = MGy

we¥ (An), tesr,
WV, f#e,
= Z X( Gw — Z M( In)t M((i )en
we¥ (An), fes,;
w#v,
S Z )’Z((f| )Wn(w) Z M(g])llln(f) M(g )en
we¥ (Ay), f€éa+
wWH#v,
= D =3 D K- M(a,l)e,,
we¥ (A1), fe& (A1)
w#v
=(G)

For the last equality of (5.3) we have used that &(A1) = ¥, (&(A,)) = ¥, (&) U

V(&) and that (%))f = (%))5 for every £ € &(Ay).

Let {0, },>1 be the sequence of compact open subgroups of G provided by (i) such
that Oy > Oy > ... > O, > ... and O, is G-conjugate to (¢,)e, for each n > 1.
Then, for every n > 2,

n—1

K(&Ge, = 10, =101 : Onlpo, = <]_[ |O; :(’)i+1l)uo1 > 2" o, (5.4
i=1

Moreover, Theorem 4.10 yields )Z(gn)wn o = 0. This, together with (5.2), (5.3) and
(5.4), implies that

%6 < 1a(G) = @), = m(G) — po, <n(G) 2" uo,,
for every n > 2. This contradicts the fact that g = r - uo, for some fixed r € Q. O

Lemma5.9 Let G be a compactly generated inaccessible t.d.l.c. group. Consider
a finite proper graph of t.d.l.c. groups (¢, A) with compact edge-groups such that
G >~ m(¥9, A), and let v € V' (A) such that 9, is inaccessible. Then there are two
finite graphs of t.d.L.c. groups (¢, T") and (4', A') with compact edge-groups such
that: (4', N') is proper, |&(T)| = |E(A)| + 2, |E(A)] € {|EA)], |E(AN)| + 2}, and
Gm(H,T)=m (¥, N).

In addition, the pair (52, T), (94, A)) satisfies exactly one of the two following
conditions:

(A) (A, T)isproper, (4', N') = (', ") and there is an injective map 1. V' (A) —

¥V (A') such that %L’(v) is G-conjugate to an inaccessible proper subgroup of 9y,
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(B) (A2, 1) is not proper. Moreover, there are bijections
o: V(A = V(A and : EN) = EWN),

with  commuting with the edge-inversion maps, such that the following prop-
erties hold:

B E?(p,l(v)

(B2) for every w € ¥ (A)\lp~ ! (v)}, the group G, is G-conjugate to Gy
and, for every t' € &(A'), the group % is G-conjugate to a subgroup of
Gy - In particular, there is e € &(A") with o(e) = ¢~V (v) such that G/ is
G-conjugate to a proper subgroup of Gy (e).

is an inaccessible proper subgroup of 9,;

Proof By Proposition 5.7, there is a vertex-group %, of (¢, A) which is inaccessible.
By Fact 5.5, ¢, splits non-trivially over a compact open subgroup C, say either %, =
A xc Bor¥, = A« . Inother words, %, is isomorphic to the fundamental group of
either a 1-segment of groups (if 4, = A *¢ B):

A c B
.Ui

or a 1-loop of groups (if 4, = A*tc):

A
.U:9C

Without loss of generality, assume that A is inaccessible.
Forevery f € &(A) with t5 (f) = v (here 75 (_) is the terminus map in A), assign f
a pair (gf, x¢) with g¢ € 4, and x¢ € {v, w} satisfy ag (%) C nggf_1 if xf = v and
ar(%) C geBgy Vifxg = w, provided o : % — ¥, is the monomorphism associated
to f in (¢, A). By the Bruhat-Tits fixed point theorem, the pair (gf, xf) exists.
Assume first that 4, = A x¢ B. Let (7, I") be the graph of t.d.1.c. groups obtained

€

from (¢, A) by expanding {v} with . e with respect to {(gf, Xf)}tres(A), 1(F)=v
and such that G =~ 71 (7, ') (cf. the construction before Lemma 5.1). Note that every
edge f of A ending in v will terminate, as an edge of I, either in v or in w according
to x¢ . Note also that 7%, = A, 7%, = B and 77 = C.

Analogously, if ¢, = A*’C, let (7, 1) be the graph of t.d.l.c. groups obtained

from (¢4,A) by expanding {v} with . Q e with respect to
{(gt, V) }tes(n), 1(f)=v and such that G >~ 71 (7, T'). Note that 77, = A and 7 = C.

In both cases, one has |&(I")| = |&(A)| + 2 and the vertex-group J7;, = A is (by
assumption) an inaccessible proper subgroup of %,.

If (##,T) is proper, for (4', A') := (#,T) one easily checks that (A) holds.
Assume that (7, I') is not proper. Since (¢, A) is proper and ¥, is non-compact,
necessarily ¢, = A x¢c B and there is a path (e, f) in I" with f # €, because C is
properly contained in B, and w = o(f) # 1(f) = w’ such that 74, = ) = G C
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Hw) = Iy

A, Hy=5t Hiey=,
e ——— [ ] —_— [ ]
He M
Let (¢', A') be the finite graph of t.d.l.c. groups obtained from (7, I") by contracting
theedgef, i.e., V' (A) := ¥ (D)\{w} = ¥ (A), E(A) ;= ED)\{f, £}, and the origin

and the terminus of e in A’ are the vertices v and w’, respectively. Notice that all edges
of A with origin w that survive in A’ have now origin in w’ after the relabelling.

° e, ° — ° °
7 N /s N
/ a \ / a \
/ f \ / \
/ \ [ . . \
\ i e v T Ve fw I
\ / \ /
\ b / \ b /
N 7/ N Ve

Moreover, ¥, = ¢, forallx € ¥ (A") L& (A’). Note that (¢', A') is proper. Indeed,
since (¢, A) is proper, the only possibility for (¢’, A") not being proper is that there
exists a € &'(A)\{e} with o(a) = w’ such that ¥/, = %,. However, as a was an edge
in A with origin w, one has that J%; C J%,. Moreover, the inclusion must be strict
because (¢, A) is proper. Therefore, ¥, = 4 C 4, = G C Hg) = %l:),. Define
¢ :=1idy (p) and

' if ' € &(A)\{e, €},
Vi EWN) — EN), v = {f,ift =e,
f,iff =e.

It is now easy to check that the pair ((27, '), (¢’, A)) satisfies condition (B) of the
claim. O

Proposition 5.10 Let G be a compactly generated inaccessible t.d.l.c. group. Then
there exists an infinite sequence {(4,, An)}n>1 of finite proper graphs of t.d.l.c. groups
having compact edge-groups satisfying G ~ w(4,, Ay) for every n > 1. Moreover,
exactly one of the following conditions holds:

(@) |&(Ay)| = 2n for everyn > 1,

(b) for every n > 2, there are bijections ¢, : V' (N\y) — V(A1) and ¥y, . E(N,) —
& (A1), with ¥, commuting with the edge-inversion maps, and there is e, €
& (Ny) with vy, := o(e,) such that:

(i) (“)v, is inaccessible;

(ii) for every w € ¥ (Ap)\{vn}, the group (4,)w is G-conjugate to (41)g, (w)
and, for every f € &(Ay), the group (4,)¢ is G-conjugate to a subgroup of
D)yt
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Moreover, for every n > 2, one has ¢, (vy) = @py1(Wnt1) and (%ui1)e,,, is
G-conjugate to a proper subgroup of (4)e, -

Proof By Fact 5.5, there is a finite proper graph of t.d.l.c. groups (¢;, A1) with com-
pact edge-groups such that |€(A)| =2 and G >~ 71(%1, A1). Applying Lemma 5.9
and proceeding by induction, one constructs two infinite sequences of finite graphs
of t.d.l.c. groups {(¥,, Ap)}u>1 and {(J4,, I'y)}n>1 With compact edge-groups satis-
fying, for every n > 1, what follows: (¢,, A,,) is proper, |& (T 41)| = |&€(Ax)| + 2,
|6 (Ant+1)] € {IEADI, 1E (A +2}, G = 11(%, An) = 71(H;, T'y), and the pair
((F4,, T), (9,41, Ayy1)) meets either condition (A) or condition (B) of Lemma 5.9.
If there are infinitely many n > 1 for which condition (A) is satisfied, there is a
subsequence of {(¥,, A,)}n>1 satisfying (a).

Assume instead that there is ng > 1 such that condition (B) holds for every n > ny.
Letv € 7 (Ay,) such that (¢,,), is inaccessible (cf. Proposition 5.7). By Lemma 5.9,
foralln > ng there are bijections ¢, +1: ¥ (Ap4+1) — 7 (A,) and 1}”“ E(Apt1) —
&(Ay), with 9, commuting with the edge-inversion maps, and there is v, €
¥ (Ap+1) such that @41 (Vpg+1) = v and @41 (vp41) = v, forevery n > ng + 1.
Moreover, for every n > ng, the following holds:

(b1) (Z41)v,,, is inaccessible;

(b2) for every w € ¥ (Au+1)\{vn+1}, the group (¥,+1)y is G-conjugate to
(91) 341 (w) and, for every f € &(A,41), the group (4,41)f is G-conjugate to a
subgroup of (%)%H @) In particular, there is € € &(A,4+1) with o(e) = v+
such that (¢,+1)e is G-conjugate to a proper subgroup of (%)%+1 ©"

Up to replacing {(¥,, An)}n=n, With a subsequence, one may assume that for every
n > ng there is e, € &(A,) with o(e,) = v, such that (4, 1)e,,, is G-conjugate to a
proper subgroup of (¢, )e, . This is indeed a consequence of (b2) and the fact that A,
has finitely many edges. Defining ¢, := @, o...0 @py+1 and ¥, := &,, 0...0 &no-i-l
for every n > ng, one concludes that {(¢,, A,)},>n, satisfies condition (b) of the
claim. O

Combining Proposition 5.10 and Proposition 5.8, one deduces the following.

Corollary 5.11 Let G be a compactly generated unimodular t.d.lc. group with
cdq(G) = 1. If G is inaccessible, then there is an infinite sequence {(4,, Ay)}n=1 of
finite proper graphs of t.d.l.c. groups having compact edge-groups, with |& (A,)| = 2n
and G ~ 7t1(%,, A,) for everyn > 1.

5.3 CO-bounded t.d.l.c. groups

Let 1 be a left-invariant Haar measure on a t.d.l.c. group G. The group G is said to
be CO-bounded if

IGl, :=sup{u(U) : U € CO(G)} < oo. (5.5

For instance, a discrete group is CO-bounded if there is a bound on the order of its finite
subgroups. Being CO-bounded does not depend on the choice of the Haar measure.
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Indeed, if A is another left-invariant Haar measure on G, there is ¢ > 0 such that
A=cC-U.

Proposition 5.12 Every CO-bounded t.d.l.c. group is unimodular.

Proof Let A: G — Q¢ denote the modular function of G and, for a given U €
CO(G), let uy be the left-invariant Haar measure on G such that uy(U) = 1.
Observe that A(g) = ;/.U(g_lUg) < |G|y, for every g € G. Since Q¢ has no
non-trivial bounded subgroups, G is unimodular. O

Proposition 5.13 Let G be a CO-bounded t.d.l.c. group. Every strictly increasing
sequence of compact open subgroups of G is finite.

Proof Every strictly ascending chain of compact open subgroups U; < Uy < -+ <
U, < --- yields the following bounded (and hence finite) strictly increasing sequence
of positive integers

l<py(U)=Uz: U] <--- < puy,(Up) = Uy, : Ut <---.

Indeed, for every i > 2, the set U;\U,_1 is a non-empty open set in G and, therefore,
0 < py, Ui\Ui-1) = pu, (Ui) — pu, (Ui-1). a

Example 5.14 Let G be a t.d.l.c. group.

(a) If G is unimodular and admits an E- (G)-space with finitely many orbits on the

0-skeleton, then G is CO-bounded. Indeed, every O € CO(G) stabilises a point
of X and henceforth it is subconjugated to a vertex-stabiliser (cf. [9, §6.6]). By
unimodularity and since there are finitely many conjugacy classes of stabilisers
of vertices, G is CO-bounded.
For instance, if G is unimodular and G >~ 71(¥, A) for some graph (¢, A) of
profinite groups with | 7 (A)| < oo, then G is CO-bounded. Indeed, the universal
tree of (¢, A) is a 1-dimensional model for E- (G) (cf. [22, Theorem 4.9]) and
has finitely many orbits on the O-skeleton. In particular, if cdg(G) < 1 and G
is either finitely generated and discrete or unimodular and compactly presented,
then G is CO-bounded (cf. Theorems A and C).

(b) One can introduce the Bredon cohomology for G with respect to the family of
all compact open subgroups (cf. [23, p. 14ff]). A natural generalisation of (a) is
given by unimodular t.d.l.c. groups which are of type Bredon FPy, i.e., there is a
finite subset A of CO(G) such that every O € CO(G) is subconjugate to some
element of A (cf. [20, §3]).

Theorem 5.15 Let G be a compactly generated t.d.l.c. group satisfying cdg(G) = 1.
If G is CO-bounded, then G is accessible.

Proof Suppose that G is inaccessible. Let {(¢,, A,)}n>1 be the sequence produced
by Corollary 5.11. For every n > 1 fix an edge orientation &, C &(A,), a maximal
subtree .7, of A, and v, € ¥ (A,) such that (¢,),, is non-compact (such a vertex
exists because G is inaccessible). By [27, §1.2, Proposition 12], there exists a bijection
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EFNE(T) — YV (T)\vn} = ¥ (An)\{vn}. Replacing e € & N &(T,) by € if
necessary, we may assume that the bijection is given by the origin map e — o(e). By
Proposition 5.3, for every n > 1 one has

o= Y, K. — D he

ve? (Ay) ecs;”
=Xt T Y. G — B — D He
ec&, NET,) ec&N\E(T)
= Z (X((an)o(e) - M(gn)e) - Z I’L(%z)e’ (56)
ec& NET,) ecEN\E(T)

where the last inequality holds since X(g,), =< 0 (cf. Theorem 4.10). Let p be an
arbitrary left-invariant Haar measure on G. By Corollary 4.9, forevery e € &,"N&(7,)
one has

1 1 1
X Do — K G)e = — 50 @G)e = — w=< - W (5.7)
Gndoer = B e =5 e = 010(@ne) 201Gl
Moreover, for every e € é;*\@@ (.7,) one observes that
1 - 1 1 (5.8)
K &)e = n= > . :
e = W@ TG T 2IGl,
Hence, from (5.6), (5.7) and (5.8) one concludes that
. < 16,7 N ET)| I@(T\g(%)I)
XG =\ — - :
2|Gl 2|Gliy
&F E(A
=—|"|M=—| ( n)|u foreveryn > 1,
2|Glp 4Gl
a contradiction. Therefore, G is accessible. O

Remark 5.16 A potential generalisation of the Dunwoody’s foldings (cf. [16, The-
orem 2.3]) in the context of t.d.l.c. groups might lead to an alternative proof of
Theorem 5.15. Nevertheless, in order to prove that a t.d.l.c. group is accessible, one
would still need to exclude t.d.l.c. groups admitting an infinite sequence of decompo-
sitions as considered in Proposition 5.10(b).

Finally, Theorem 5.15 yields the following characterisation.

Corollary 5.17 For a compactly generated td.l.c. group G, the following are
equivalent:

(@) G is CO-bounded and cdg(G) < 1;
(b) G is unimodular and G >~ (¥, A), for some finite graph (4, A) of profinite
groups;
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(¢) G is unimodular and some (and hence every) Cayley-Abels graph of G is quasi-
isometric to a tree;
(d) G has a finitely generated free subgroup which is cocompact and discrete.

Proof The implication (a)=>(b) is Proposition 5.12, Theorem 5.15 and Fact 5.5.
The converse is Fact 5.6 and Example 5.14(a). Finally, [19, Theorem 3.28] yields
(b)& ()< (d). O
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