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Abstract

Motivated by recent applications to entropy theory in dynamical systems, we generalise notions introduced by Matthews and
define weakly weighted and componentwise weakly weighted (generalised) quasi-metrics. We then systematise and extend
to full generality the correspondences between these objects and other structures arising in theoretical computer science
and dynamics. In particular, we study the correspondences with weak partial metrics and, if the underlying space is a
semilattice, with invariant (generalised) quasi-metrics satisfying the descending path condition, and with strictly monotone
semi(-co-)valuations.

We conclude discussing, for endomorphisms of generalised quasi-metric semilattices, a generalisation of both the known
intrinsic semilattice entropy and the semigroup entropy.

Keywords: generalised quasi-metric, weak partial metric, weak weight, weakly weighted quasi-metric, quasi-metric
semilattice, semivaluation, intrinsic entropy.
2020 MSC: 54E35, 06A12, 06B35, 20M10, 54C70, 54E15.

1. Introduction

The notion of metric space has been generalised in several directions with the aim of producing non-Hausdorff topologies.
For instance, Scott’s breakthrough works [43, 44] used non-Hausdorff topologies to describe partial objects in computation
(see also the survey [1] and the monograph [27]). Moreover, partial metrics were introduced by Matthews ([34]) and allow
the distance from a point to itself to be non-zero. On the other hand, quasi-metrics abandon the symmetry axiom; they were
introduced and studied for the first time by Wilson ([51]), but this notion can be traced back to Hausdorff ([28]).

Matthews introduced the notion of a weighted quasi-metric, that is a quasi-metric d on a non-empty set X such that there
exists a function w : X → R≥0 with

d(x, y) + w(x) = d(y, x) + w(y), for every x, y ∈ X. (1.1)

Indeed, he showed a precise correspondence between partial metrics and weighted quasi-metrics, where the specialisation
orders of the partial metric and the corresponding weighted quasi-metric coincide:

partial metrics oo
[34] // weighted quasi-metrics. (1.2)

As immediately noticed by Matthews, not every quasi-metric is weighted, and moreover the question he posed of which quasi-
metrizable spaces admit weighted quasi-metrics is still open – see the paper [31] by Künzi and Vajner on topological aspects
of weighted quasi-metrics.

The complexity spaces were introduced in [39] as a part of the development of a topological foundation for the complexity
analysis of algorithms, while the dual complexity spaces were investigated in [36, 32] as an appropriate tool to carry out a
mathematical analysis of complexity spaces. Schellekens ([42]) noticed that these and several other examples of partial metric
spaces arising in quantitative domain theory share a further underlying structure: the specialisation order associated to the
weighted quasi-metric (equivalently, to the partial metric) turns them into semilattices. In this case we speak about quasi-
metric semilattices with a slight difference with the terminology used in [42], which adopts the classical one for quasi-metric
lattices from [48, 49] (see Definition 4.9 and the comment after it).

Inspired by the classical connection between (strictly increasing) valuations and (pseudo-)metrics on a lattice (see Birkhoff’s
monograph [5]), a correspondence between partial metrics and valuations on semilattices was studied by O’Neill ([33]) and
further discussed in [7, 8].

As previously done by Nakamura ([35]), Schellekens ([42]) introduced semi(-co-)valuations on semilattices, showing how
these notions precisely extend the classical concept of valuations for lattices. Moreover, he provided a correspondence between
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invariant (see Definition 4.9) (co-)weighted quasi-metrics and strictly increasing semi(-co-)valuations ([42]), and a charac-
terisation of invariant quasi-metrics on semilattices as those satisfying the descending path condition (briefly, (DPC) – see
Definition 4.6) and the extension property ([41]):

invariant
partial metrics

oo [34] // invariant weighted
quasi-metrics

oo [41] //

OO

[42]
��

invariant quasi-metrics with
(DPC) and extension property

strictly monotone
positive semi(-co-)valuations.

(1.3)

The main aim of this paper is to complete, extend and systematise the above relations by Matthews and Schellekens. In
order to achieve this, inspired by the notion of weak partial metrics due to O’Neill ([33], see Definition 3.1), we introduce
weakly weighted quasi-metrics d on a space X by allowing the function w : X → R, which satisfies (1.1), to take any real value
(see Definition 2.3). This new notion immediately allows us to extend the correspondence in (1.2) to weak partial metrics and
weakly weighted quasi-metrics:

weak partial metrics oo
Cor. 3.3 // weakly weighted quasi-metrics. (1.4)

Then, in the spirit of Schellekens’ work, we extend his results for semilattices collected in (1.3). In particular, we characterise
the invariant quasi-metric semilattices that are weakly weighted as those satisfying (DPC), and prove the existence of a
correspondence between weak weights for invariant quasi-metrics and strictly monotone semi(-co-)valuations for a semilattice:

invariant weak
partial metrics

oo Rem. 4.17 // invariant weakly
weighted quasi-metrics

OO

Cor. 5.17
��

invariant quasi-metrics
with (DPC)

//Cor. 5.5oo

strictly monotone
semi(-co-)valuations.

(1.5)

Furthermore, our extensions allow for alternative proofs of the classical correspondences represented in (1.3).

A quasi-metric d on a space X is a generalised quasi-metric if it can also assume the value ∞. Generalised quasi-metric
semilattices play a central role in the theory of intrinsic entropy. Indeed, the first attempt at a lattice-theoretic approach to
entropy is due to Nakamura, who proved in [35] that Shannon’s entropy from information theory ([45]) can be characterised as a
semivaluation on a semilattice. Then, a notion of semigroup entropy for normed semigroups and their monotone endomorphisms
was proposed in [15] in order to find a general scheme for (almost) all classical entropies in mathematics; in most of the specific
cases the underlying semigroup is a semilattice. Finally, in [11] a notion of intrinsic semilattice entropy was introduced in
the category of generalised quasi-metric semilattices and non-expansive homomorphisms as the key to a unifying approach
able to cover all (or, at least, most) of the intrinsic-like entropies in literature. Since all of the examples of generalised quasi-
metric semilattices appearing in [11] satisfy the property (DPC), it is natural to ask whether we could retrieve a scheme of
correspondences similar to (1.5) in this more general context.

To this end, first we introduce generalised weak partial metrics and further extend the correspondence in (1.4) to generalised
weak partial metrics and weakly weighted generalised quasi-metrics:

generalised weak partial metrics oo
Cor. 3.8 // weakly weighted generalised quasi-metrics.

We then investigate possible extensions of (1.5) to the generalised setting. It is clear that weakly weighted generalised
quasi-metrics and generalised weak partial metrics are not the right tool to characterise generalised quasi-metric semilattices
with (DPC). In fact, a weakly weighted generalised quasi-metric space is actually a quasi-metric space provided that its
specialisation order induces a semilattice (see Remark 5.1). A more suitable alternative descends from the following observation.
The absorbing element ∞ forces the generalised quasi-metric space (X, d) to split in large-scale connected components Q(x)
(see Definition 2.2), with x ∈ X, and so it induces an equivalence relation ∼=d on X. Each Q(x) is a quasi-metric space with
the quasi-metric d ↾Q(x) given by the restriction of d. We then call (X, d) componentwise weakly weighted when there exists a
function w : X → R such that, for every x ∈ X, w ↾Q(x) is a weak weight for d ↾Q(x) (see Definition 2.19).

Moreover, we introduce the notion of generalised semi(-co-)valuation (see Definition 6.4) for generalised quasi-metric
semilattices, and extend the correspondences in (1.5) to the most general framework:

invariant generalised
quasi-metrics

satisfying (DPC)

oo Th. 6.2 //
invariant componentwise

weakly weighted
generalised quasi-metrics

oo Cor. 6.11 //
strictly monotone

generalised
semi(-co-)valuations.
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At the end of this paper, as an application of the above listed results we introduce a new notion of entropy. For an
endomorphism ϕ of a semilattice X with an equivalence relation ∼=, first we introduce the concept of (ϕ,∼=)-inert element,
which extends that of ϕ-inert element for a non-expansive endomorphism of a generalised quasi-metric semilattice introduced
in [11]. Then, using (ϕ,∼=)-inert elements, we propose a new intrinsic entropy for ϕ with respect to ∼=. This entropy generalises
both the semigroup entropy for normed semilattices from [15] and the intrinsic semilattice entropy from [11].

The paper is organised as follows.
Section 2 collects the main definitions, some basic properties of (componentwise) weakly weighted (generalised) quasi-metric

spaces and provides several examples. Those coming from entropy theory will be exploited throughout the entire paper. In
particular, §2.1 treats the weakly weighted quasi-metric spaces and the comparison to the standard notions of (co-)weighted
quasi-metric spaces, §2.2 concerns weakly weighted generalised quasi-metric spaces, while §2.3 the even more general notion
of componentwise weakly weighted generalised quasi-metric spaces.

Section 3 is dedicated to partial metrics. In §3.1 we recall the notion of a weak partial metric and provide the above
mentioned correspondence between weakly weighted quasi-metrics and weak partial metrics. In §3.2 this correspondence is
extended to weakly weighted generalised quasi-metrics and generalised weak partial metrics.

In Section 4, we turn our attention to generalised quasi-metric semilattices: in §4.1 we analyse the properties of the
specialization order and (DPC), while §4.2 concerns the invariance property.

Section 5 is dedicated to the characterization of weakly weighted invariant quasi-metric semilattices as those that satisfy
(DPC) (§5.1) and to the correspondence between weakly weighted invariant quasi-metrics and strictly monotone semi(-co-
)valuations (§5.2).

In Section 6, we extend the results from the previous section to generalised quasi-metric semilattices, by defining suitable
notions of generalised semi(-co-)valuations.

In Section 7, we introduce the new intrinsic entropy for an endomorphism ϕ of a meet-semilattice X with an equivalence
relation ∼=, and we recover the semigroup entropy (§7.1) and the intrinsic semilattice entropy (§7.2) as particular cases.

Notation. We denote by R and N the real and natural numbers (including 0), respectively. Moreover, we set, for a real
constant c, R≥c = {x ∈ R | x ≥ c} and R>c = {x ∈ R | x > c}. Finally, N+ = N \ {0}. As usual, for a set X, we denote its
cardinality by |X|.

Acknowledgement. We thank the referees for their comments that helped us improve our manuscript.

2. Weakly weighted (generalised) quasi-metric spaces

Definition 2.1. A generalised quasi-metric on a non-empty set X is a function d : X × X → R≥0 ∪ {∞} satisfying the
properties:
(QM1) for x, y ∈ X, d(x, y) = d(y, x) = 0 if and only if x = y;
(QM2) d(x, z) ≤ d(x, y) + d(y, z), for every x, y, z ∈ X, with r < r +∞ = ∞+∞ = ∞ for every r ∈ R≥0.
Whenever the function d admits only finite values, i.e., d : X ×X → R≥0, we simply call it quasi-metric.

The pair (X, d) is a (generalised) quasi-metric space provided that d is a (generalised) quasi-metric on X.

A (generalised) quasi-metric d on a set X is said to be a (generalised) metric if it satisfies the following axiom:
(QM3) d is symmetric (i.e., d(x, y) = d(y, x) for every x, y ∈ X).
In this case, the pair (X, d) is a (generalised) metric space.

Given a (generalised) quasi-metric d on a set X, we define the conjugated (generalised) quasi-metric d−1 by

d−1(x, y) := d(y, x), for every x, y ∈ X, (2.1)

and the symmetrisation ds of d, which is a (generalised) metric, by the law

ds(x, y) := max{d(x, y), d−1(x, y)} = max{d(x, y), d(y, x)}, for every x, y ∈ X. (2.2)

If (X, d) is a generalised quasi-metric space and Y is a non-empty subset of X, then Y becomes a generalised quasi-metric
space with the restriction of d to Y , that we denote by d ↾Y with some abuse of notation.

Definition 2.2. Let (X, d) be a generalised quasi-metric space. We define the equivalence relation ∼=d on X as follows:

x ∼=d y if ds(x, y) < ∞, for every x, y ∈ X.

For every x ∈ X, the large-scale connected component of x is the equivalence class [x]∼=d
of x, which we denote by QX(x) for

consistency with [52].

If there is no risk of ambiguity, we simply refer to QX(x) as Q(x). The family of large-scale connected components provides
a partition of X with the following further property: for every x ∈ X, (Q(x), d ↾Q(x)) is a quasi-metric space.

Notice that quasi-metric spaces can be regarded as generalised quasi-metric spaces with only one large-scale connected
component.

A map f : (X, dX) → (Y, dY ) between (generalised) quasi-metric spaces is non-expansive (or 1-Lipschitz) if, for every
x, y ∈ X, dY (f(x), f(y)) ≤ dX(x, y).
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2.1. Weakly weighted quasi-metric spaces

We start with one of the central notions of the paper.

Definition 2.3. Let (X, d) be a generalised quasi-metric space. Then (X, d) and d are called weakly weighted if there exists
a function w : X → R, called weak weight for d, such that, for every x, y ∈ X,

d(x, y) + w(x) = d(y, x) + w(y). (2.3)

We also say that d is weakly weighted by w.

Clearly, every generalised metric is weakly weighted. In fact, (2.3) is fulfilled if we take w to be the constant function 0
(or, in general, any constant function). Moreover, a generalised quasi-metric is weakly weighted by a function w if and only
if its conjugate is weakly weighted by −w.

The definition above is inspired by the following concepts of Matthews ([34]) and Schellekens ([42]), respectively. A
quasi-metric space (X, d) and its quasi-metric d are said to be:
- weighted if there exists a function w : X → R≥0, called weight, satisfying (2.3) for every pair x, y ∈ X;
- co-weighted if there exists a function w : X → R≥0, called co-weight, such that, for every x, y ∈ X,

d(x, y) + w(y) = d(y, x) + w(x); (2.4)

equivalently, the conjugated quasi-metric d−1 is weighted by w.

In this subsection, we first focus on weakly weighted quasi-metric spaces, motivated by the connection with weighted and
co-weighted quasi-metrics that we formalise in Remark 2.4. We leave to the subsequent subsection considerations regarding
weakly weighted generalised quasi-metric spaces.

Remark 2.4. Let (X, d) be a quasi-metric space. If w : X → R≥0 is a weight for d, then trivially w is a weak weight for d,
and thus (X, d) is weakly weighted. Similarly, if w : X → R≥0 is a co-weight for d, then −w satisfies (2.3) and so it is a weak
weight for (X, d).

Hence, Definition 2.3 generalises both weighted and co-weighted quasi-metric spaces. We will see in Example 2.10(c) that
there are weakly weighted quasi-metric spaces that are neither weighted nor co-weighted.

Proposition 2.5. Let (X, d) be a (weakly/co-) weighted quasi-metric space, w : X → R be a (weak/co-) weight, and Y ⊆ X.
Then (Y, d ↾Y ) is (weakly/co-) weighted and w ↾Y is a (weak/co-) weight.

Weak weights, weights and co-weights are not unique, as stated in the following proposition. On the other hand, the result
shows that two weak weights for the same quasi-metric differ only by a constant. For the sake of brevity, if S is a non-empty
set, f : S → R a function and c ∈ R, we denote by f + c the function from S to R defined by the law (f + c)(x) = f(x) + c,
for every x ∈ S. Moreover, we write f ≥ 0 (f ≤ 0) if, for every x ∈ S, f(x) ≥ 0 (f(x) ≤ 0, respectively).

Proposition 2.6. Let (X, d) be a quasi-metric space and w,w′ : X → R.
(a) Suppose that w is a weak weight for d. Then w′ is a weak weight for d if and only if w′ = w + c for some c ∈ R.
(b) ([42, Proposition 8]) Suppose that w is a (co-)weight for d. Then w′ is a (co-)weight for d if and only if w′ = w + c for

some c ∈ R and w′ ≥ 0.

Proof. Let us prove item (a), while item (b) can be similarly derived. Suppose then that w is a weak weight for d. It is easy
to see that for every c ∈ R the function w + c still satisfies (2.3).

Suppose now that w′ is another weak weight for d. Then, for every x, y ∈ X,

w(x)− w′(x) = d(x, y) + w(x)− (d(x, y) + w′(x)) =

= d(y, x) + w(y)− (d(y, x) + w′(y)) = w(y)− w′(y),

which is obtained using (2.3) for both w and w′. Hence w and w′ differ by a constant, and so the claim follows.

Let us introduce an equivalence relation ∼ on RX , which is the family of all functions from a non-empty set X to R, by
putting,

for every f, g ∈ RX , f ∼ g if there exists a constant c ∈ R such that g = f + c. (2.5)

Then Proposition 2.6(a) and (b) can be rewritten respectively in the following way:
(a) if w is a weak weight for d, then [w]∼ is the family of all weak weights for d;
(b) if w is a (co-)weight for d, then [w]∼ ∩ RX

≥0 is the family of all (co-)weights for d.
Using Proposition 2.6, we can give a useful characterisation of those weakly weighted quasi-metric spaces that are (co-

)weighted.

Proposition 2.7. For a weakly weighted quasi-metric space (X, d) the following equivalences hold:
(a) (X, d) is weighted if and only if some (equivalently, every) weak weight w : X → R for d has a lower bound bw, i.e.,

w(X) ⊆ [bw,+∞[.
Moreover, given a weak weight w, the weak weight w − c ∈ [w]∼ is a weight for every c ≤ bw;
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(b) (X, d) is co-weighted if and only if some (equivalently, every) weak weight w : X → R for d has an upper bound b̄w, i.e.,
w(X) ⊆ ]−∞, b̄w].
Moreover, given a weak weight w for d, the weak weight −w + c ∈ [−w]∼ is a co-weight for d for every c ≥ b̄w.

Proof. Let us prove item (a), while the dual item (b) can be similarly shown.
If (X, d) is weighted, then there is a weak weight w for d with non-negative values (see Proposition 2.6(b)) and so bw = 0

is a lower bound. By Proposition 2.6(a), if a particular weak weight for d is bounded from below, then every weak weight for
d has a lower bound.

Conversely, suppose that there is a weak weight w for d bounded from below by a constant bw. If bw ≥ 0, then w is a
weight for d by definition and (X, d) is weighted. Otherwise, we can use w − c ∈ [w]∼ to weight (X, d) whenever c ≤ bw.

Remark 2.8. Let (X, d) be a quasi-metric space. In [42], a function f : X → R such that infx∈X f(x) = 0 is called fading and
[42, Proposition 8] (see Proposition 2.6(b)) shows that, if w is a (co-)weight for d, then there exists a unique fading (co-)weight
for d. Therefore, we can say that a weakly weighted quasi-metric space (X, d) is weighted if and only if the class of all its
weak weights [w]∼ contains a fading element. In particular, the fading representative can be explicitly obtained as follows: if
w is a weak weight for d, the function w′ = w − infx∈X w(x) has the desired property.

A dual observation holds for co-weights.

Before presenting some examples, we state a technical property of weakly weighted quasi-metric spaces that will be useful
in the sequel:

Lemma 2.9. Let (X, d) be a generalised quasi-metric space that is weakly weighted by w. For every x, y, z ∈ X such that
d(x, z) = d(x, y) + d(y, z), one has d(z, x) = d(z, y) + d(y, x).

Proof. Let x, y, z ∈ X be such that d(x, z) = d(x, y) + d(y, z). Then (2.3) yields

d(z, x) = d(z, x) + w(z)− w(z) = d(x, z) + w(x)− w(z) =

= d(x, y) + d(y, z) + w(x)− w(z) = d(y, x) + w(y) + d(y, z)− w(z) =

= d(y, x) + d(z, y) + w(z)− w(z) = d(y, x) + d(z, y).

Below we provide several examples of weak weights. In particular, Example 2.10(c) shows that Proposition 2.7 makes it
is easier to produce weakly weighted quasi-metric spaces that are neither weighted nor co-weighted. Moreover, it exposes a
method to produce (co-)weights: it suffices to bound the weak weight involved by restricting the domains.

Example 2.10. (a) Let S = {0, 1} be a two-point set endowed with the quasi-metric dS defined as follows: dS(0, 1) = 0 and
dS(1, 0) = 1. The topological space (S, dS) is also known as Sierpiński space. Then dS is both weighted and co-weighted.
Take, for example, the weight w(0) = 1 and w(1) = 0 and the co-weight w′(0) = 0 and w′(1) = 1.

(b) On the three point set T = {0, 1, 2}, define the quasi-metric dT as follows:

dT(0, 1) = dT(0, 2) = dT(1, 2) = 0, dT(2, 1) = dT(1, 0) = 1 and dT(2, 0) = 2.

Then dT is both weighted and co-weighted. We can indeed define a weight w(0) = 2, w(1) = 1 and w(2) = 0, and a
co-weight w′(0) = 0, w′(1) = 1 and w′(2) = 2.

(c) Let us endow R with the quasi-metric d defined as follows:

dR(x, y) = max{x− y, 0}.

Then dR is weakly weighted by the weak weight w defined by w(x) = −x, for every x ∈ X. By virtue of Proposition 2.7,
since w is neither lower nor upper bounded, (R, dR) is neither weighted nor co-weighted. Again Proposition 2.7 implies
that (R≥0, dR ↾R≥0

) is co-weighted and (R≤0, dR ↾R≤0
) is weighted.

Notice that dS and dT coincide with the quasi-metric induced by dR on the subsets {0, 1} and {0, 1, 2}, respectively.

Next we see that not all quasi-metrics are weakly weighted. Please mind that the quasi-metrics of Examples 2.11 and 2.17
are different from dT in Example 2.10(b), although they are defined on the same three-point set.

Example 2.11. On the three-point set T = {0, 1, 2}, define a quasi-metric d as follows:

d(0, 1) = d(0, 2) = d(1, 2) = 0, and d(2, 1) = d(2, 0) = d(1, 0) = 1.

Then d is not weakly weighted. Suppose by contradiction that a weak weight w for d exists. Using (2.3), we get

w(0) = d(0, 2) + w(0) = d(2, 0) + w(2) = 1 + w(2) and

w(1) = d(1, 2) + w(1) = d(2, 1) + w(2) = 1 + w(2),

so w(0) = w(1). This is a contradiction, as

w(0) = d(0, 1) + w(0) = d(1, 0) + w(1) = 1 + w(1).
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The following examples come from entropy theory and will be exploited throughout the entire paper.

Example 2.12. (a) Let S be a finite set. On the power set P(S), we define the quasi-metric dP(S) as follows:

dP(S)(A,B) := |B \A| = |(A ∪B) \A|, for every A,B ∈ P(S). (2.6)

Then dP(S) is weighted by w : P(S) → R≥0 defined by w(A) = |A|, for every A ⊆ S. Moreover, a co-weight for dP(S) is
w′ : P(S) → R≥0 defined by w′(A) = |X| − |A| for every A ∈ P(S).

(b) Let G be a finite abelian group and L(G) be the family of all subgroups of G. We define on L(G) the quasi-metric dL(G)

as follows:
dL(G)(H,K) := log|H +K : H|, for every H,K ∈ L(G). (2.7)

Then dL(G) is weighted by w : L(G) → R≥0 defined by w(H) = log|H|, for every H ∈ L(G). Moreover, a co-weight for
dL(G) is w

′ : L(G) → R≥0 defined by w′(H) = log|G| − log|H|.

The quasi-metric spaces defined in the above example will be generalised in Example 2.21.

2.2. Weakly weighted generalised quasi-metric spaces

Let us focus on generalised quasi-metric spaces that are weakly weighted.

Proposition 2.13. Let (X, d) be a generalised quasi-metric space. Then d is weakly weighted if and only if the following two
properties hold:
(a) for every x ∈ X, d ↾Q(x) is weakly weighted;
(b) for every x, y ∈ X, d(x, y) = ∞ if and only if d(y, x) = ∞.

Proof. Let {Xi}i∈I be the family of large-scale connected components of X and denote d ↾Xi
by di. If d is weakly weighted

by w, then every di is weakly weighted (by w ↾Xi
) and (2.3) implies property (b) as w assumes only finite values.

Conversely, suppose that (a) and (b) are fulfilled. Define, for every x ∈ X, w(x) = wi(x), where x ∈ Xi and wi is a weak
weight for di. Then w trivially satisfies (2.3), for every x, y ∈ X with x ∼=d y. Moreover, condition (b) implies that w satisfies
the desired property also for points x, y ∈ X with x ̸∼=d y.

To discuss a corollary of Proposition 2.13, let us describe the coproducts of the category QMet of generalised quasi-metric
spaces and non-expansive maps between them.

Remark 2.14. Let {(Xi, di)}i∈I be a family of generalised quasi-metric spaces. Their coproduct in QMet is given by the
disjoint union of the underlying sets X =

⊔
i∈I Xi together with the generalised quasi-metric d defined as follows: if, for every

i ∈ I, ji : Xi → X represents the canonical inclusion of Xi into X, then

d(ji(x), jk(y)) =

{
di(x, y) if i = k,

∞ otherwise,

for every ji(x), jk(y) ∈ X. Indeed, it can be proved that (X, d) satisfies the universal property of coproducts.
If each di is weakly weighted by wi, then d is weakly weighted by the function w making all the triangles in the following

diagram commute:
X

w

��
R

· · · Xi

wi

==
ji

FF

· · · Xk

wk

aa
jk

XX

· · ·

Thanks to the previous remark, Proposition 2.13 immediately implies the following characterisation.

Corollary 2.15. A generalised quasi-metric space is weakly weighted if and only if it is the coproduct of a family of weakly
weighted quasi-metric spaces.

To conclude the subsection, let us focus on a specific example of generalised quasi-metric space. Given a directed graph
Γ = (V,E) and two vertices x, y ∈ V , a directed path P connecting x to y is a finite subset of edges {(zi−1, zi)}i=1,...,n such
that z0 = x and zn = y. We define the path generalised quasi-metric dΓ on V as follows: for every x, y ∈ V ,

dΓ(x, y) :=

{
inf{|P | | P is a directed path connecting x to y} if x ̸= y,

0 otherwise,

with the usual notation that inf ∅ = ∞, and thus dΓ(x, y) = ∞ in case there is no directed path from x to y in Γ. So, dΓ
is a generalised quasi-metric as there may be no directed path connecting a vertex to another one. More precisely, dΓ is a
quasi-metric if and only if Γ is strongly connected, i.e., for every pair of vertices x, y there is a path connecting x to y and a
path connecting y to x.
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Proposition 2.16. Let Γ = (V,E) be a strongly connected directed graph. Then the quasi-metric dΓ is weakly weighted if and
only if dΓ is a metric, that is, Γ is a non-directed graph (i.e., (x, y) ∈ E if and only if (y, x) ∈ E).

Proof. Clearly, if dΓ is a metric, then it is weakly weighted (a weak weight is any constant function). Moreover, dΓ is a metric
if and only if Γ is non-directed. In fact, for every distinct x, y ∈ V , (x, y) ∈ E if and only if dΓ(x, y) = 1 if and only if
dΓ(y, x) = 1, which is equivalent to (y, x) ∈ E.

Assume now that dΓ is weakly weighted by w. Define

C = {dΓ(x, y) + dΓ(y, x) | (x, y) ∈ V × V : d(x, y) > d(y, x)} ⊆ N

(recall that dΓ has integer values). Suppose, by contradiction, that C is non-empty. Then there exist x, y ∈ V such that
dΓ(x, y) > dΓ(y, x) and dΓ(x, y)+dΓ(y, x) is the minimum of C. Let P and Q be two directed paths going from x to y and from
y to x, respectively, of minimum length. Note that dΓ(x, y) ≥ 2, and so we can take a point z /∈ {x, y} that is crossed by the
path P . Hence, P is divided into two directed paths whose concatenation gives P : P1 and P2 going from x to z and from z to
y, respectively. Note that |P1| = dΓ(x, z) and |P2| = dΓ(z, y) as, otherwise, we could provide a directed path going from x to y
that is strictly shorter than P . Moreover, dΓ(x, y) = dΓ(x, z)+dΓ(z, y). By Lemma 2.9, one has dΓ(y, x) = dΓ(y, z)+dΓ(z, x).
Then dΓ(x, z)+dΓ(z, y) = dΓ(x, y) > dΓ(y, x) = dΓ(y, z)+dΓ(z, x) implies that either dΓ(x, z) > dΓ(z, x) or dΓ(z, y) > dΓ(y, z),
and so a contradiction as dΓ(x, y) + dΓ(y, x) was taken as minimal with that property.

Example 2.17. On T we define the quasi-metric d′ as the path quasi-metric associated with the following strongly connected
directed graph:

0 1.

2

Then d′ is not weakly weighted by Proposition 2.16.

Thanks to Proposition 2.13, we can drop the strong connectivity requirement from the statement of Proposition 2.16.

Corollary 2.18. Let Γ = (V,E) be a directed graph. Then dΓ is weakly weighted if and only if dΓ is a metric, that is, Γ is a
non-directed graph.

2.3. Componentwisely weakly weighted generalised quasi-metric spaces

Proposition 2.13 and Corollary 2.18 suggest that the notion of weak weightedness is too restrictive in the realm of generalised
quasi-metric spaces having more than one large-scale connected component. So, inspired by Proposition 2.13, we propose a
more suitable version.

Definition 2.19. Let (X, d) be a generalised quasi-metric space. Then X is componentwise weakly weighted if there exists
a function w : X → R, called componentwise weak weight for (X, d) (or, for d), such that (2.3) is fulfilled for every x, y ∈ X
satisfying x ∼=d y (i.e., for every x ∈ X, w ↾Q(x) is a weak weight for d ↾Q(x)).

Clearly, a weakly weighted generalised quasi-metric space is, in particular, componentwise weakly weighted, and the two
notions coincide for quasi-metric spaces.

Fact 2.20. A generalised quasi-metric space (X, d) is componentwise weakly weighted if and only if each large-scale connected
component with the induced quasi-metric is weakly weighted (i.e., condition (a) of Proposition 2.13 holds). More precisely,
w : X → R is a componentwise weak weight of d if and only if, for every x ∈ X, w ↾Q(x) is a weak weight of the restriction of
d to Q(x).

Proof. The “only if” implication is trivial. Conversely, the componentwise weak weight can be obtained by gluing together all
the weak weights defined on the large-scale connected components. More explicitly, suppose that {(Xi, di)}i∈I is the partition
of a generalised quasi-metric space (X, d) in its large-scale connected components endowed with the inherited quasi-metrics
that are weakly weighted by the corresponding functions wi : Xi → R. Then the function w : X → R defined by w(x) = wi(x)
if x ∈ Xi is a componentwise weak weight.

According to Proposition 2.16, a directed graph Γ = (V,E) is componentwise weakly weighted if and only if each strongly
connected component (i.e., each large-scale connected component of (V, dΓ)) is a non-directed graph. So, one can easily
find an example of such a directed graph not satisfying condition (b) in Proposition 2.13, and so providing an example of a
componentwise weakly weighted generalised quasi-metric space that is not weakly weighted.

In the following example we provide two generalised quasi-metric spaces that are componentwise weakly weighted. However,
for the proof of the property we wait for stronger results (see Example 6.3).

Example 2.21. (a) For a set S, we define a generalised quasi-metric dP(S) on P(S) as in (2.6).
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(b) For an abelian group G, we define a generalised quasi-metric dL(G) on L(G) as in (2.7), with the abuse of notation
log∞ = ∞. The large-scale geometry of the metric space (L(G), dsL(G)) is studied in [20].

Even though the two examples provided in Example 2.21 are componentwise weakly weighted (we prove it in Example 6.3),
they are not weakly weighted unless the set S (respectively, the group G) is finite, i.e., unless they are quasi-metric spaces
according to Proposition 2.13. In fact, if S (respectively, G) is infinite, then the pair ∅ and S (respectively, {0} and G) does
not satisfy condition (b) of the mentioned result.

The equivalence relation ∼ from (2.5) can be extended in the following way. Given a family {Si}i∈I of pairwise disjoint
subsets of a set S (most commonly, a partition of S), two functions f, g : S → R are equivalent relatively to the family {Si}i∈I ,
and we write

f ≈{Si}i
g, if f ↾Si∼ g ↾Si for every i ∈ I. (2.8)

If the family is clear from the context, we simply write ≈ for ≈{Si}i
.

Proposition 2.6(a) implies its extension to componentwise weak weights for generalised quasi-metric spaces.

Corollary 2.22. Let X be a generalised quasi-metric space, and w be a componentwise weak weight for X. Then the set of
all componentwise weak weights for X is [w]≈ where ≈ is relative to {Q(x)}x∈X .

3. Generalisations of partial metrics

3.1. Partial metrics and their relation with weakly weighted quasi-metrics

Partial metrics were introduced by Matthews ([34]). Then, O’Neill ([33]) extended the notion maintaining the same
terminology. In this paper we prefer to distinguish the two notions, and we call them partial metrics and weak partial metrics,
respectively.

Definition 3.1 ([33]). A weak partial metric p on a non-empty set X is a function p : X × X → R satisfying the following
properties:
(PM1) for every x, y ∈ X, x = y if and only if p(x, x) = p(y, y) = p(x, y);
(PM2) for every x ∈ X, the function p(x, ·) is minimised at x (i.e., p(x, x) ≤ p(x, y), for every y ∈ X);
(PM3) p is symmetric (i.e., for every x, y ∈ X, p(x, y) = p(y, x));
(PM4) for every x, y, z ∈ X, p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).
A partial metric, according to [34], is a weak partial metric p on X satisfying the further property p ≥ 0.

The pair (X, p) is a (weak) partial metric space if p is a (weak) partial metric on X.

If we consider the equivalence relation ∼ defined in (2.5), it is trivial to check that, if (X, p) is a weak partial metric space,
every function p′ : X ×X → R satisfying p′ ∼ p is actually a weak partial metric. A similar result holds for partial metrics
with the further assumption that p′ ≥ 0.

Before introducing some examples, let us show how weak partial metrics are tightly connected to weakly weighted quasi-
metrics. The corresponding connection between partial metrics and weighted quasi-metrics was proved in [34], where the two
notions were introduced.

Theorem 3.2. Let X be a non-empty set.
(a) If d is a quasi-metric on X that is weakly weighted by w, then the function pd,w : X ×X → R defined by the law

pd,w(x, y) := d(x, y) + w(x), for every x, y ∈ X,

is a weak partial metric on X. If w′ is another weak weight for d, then pd,w′ ∼ pd,w.
In particular, if w is a weight (and so d is weighted) then pd,w is a partial metric.

(b) If p is a weak partial metric on X, then the function dp : X ×X → R≥0 defined by the law

dp(x, y) := p(x, y)− p(x, x), for every x, y ∈ X,

is a quasi-metric on X which is weakly weighted by wp : X → R, where wp is defined by wp(x) = p(x, x) for every x ∈ X.
Moreover, if p′ : X ×X → R satisfies p′ ∼ p, then p′ is a weak partial metric, dp′ = dp and wp′ ∼ wp.
In particular, if p is a partial metric, then wp is a weight for dp.

Proof. (a) Let w be a weak weight for the quasi-metric d on X. Properties (PM1) and (PM2) are easily verified for pd,w and
(PM3) descends from (2.3). Let us show (PM4). If x, y, z ∈ X, then the triangle inequality (QM2) yields

pd,w(x, z) = d(x, z) + w(x) ≤ d(x, y) + w(x) + d(y, z) + w(y)− w(y) =

= pd,w(x, y) + pd,w(y, z)− pd,w(y, y).

The second assertion can be easily verified, in view of Proposition 2.6, whereas the last assertion is clear by definition.
(b) Let p be a weak partial metric. Property (PM2) implies that dp ≥ 0.
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Property (QM1) for dp is satisfied because of (PM1) and (PM3). In fact, for x, y ∈ X, assuming that dp(x, y) = dp(y, x) = 0,
we have that p(x, x) = p(x, y) and p(y, x) = p(y, y); in view of (PM3) p(x, y) = p(y, x), so p(x, x) = p(x, y) = p(y, x) = p(y, y)
and we get x = y by (PM1).

Let us prove property (QM2) by using (PM4). For every x, y, z ∈ X one has

dp(x, z) = p(x, z)− p(x, x) ≤ p(x, y) + p(y, z)− p(y, y)− p(x, x) = dp(x, y) + dp(y, z).

Finally, by construction and (PM3), wp is a weak weight for dp.
The second assertion can be easily verified, also using Proposition 2.6, whereas the last assertion is clear by definition.

As mentioned in the introduction, the particular case of the following correspondence between weighted quasi-metrics and
partial metrics was already pointed out by Matthews in [34].

Corollary 3.3. Let X be a non-empty set. If d is a quasi-metric on X that is weakly weighted by w and if p is a weak partial
metric on X, then

dpd,w
= d and pdp,wp

= p.

So, there exists a one-to-one correspondence between weakly weighted quasi-metrics (respectively, weighted quasi-metrics) on
X and equivalence classes of weak partial metrics (respectively, partial metrics) on X.

Proof. Let us consider a quasi-metric d weakly weighted by w. By Theorem 3.2(a), [pd,w]∼ does not depend on the choice of
w, so the map d 7→ [pd,w]∼ is well-defined. Moreover, for every x, y ∈ X,

dpd,w
(x, y) = pd,w(x, y)− pd,w(x, x) = d(x, y) + w(x)− d(x, x)− w(x) = d(x, y).

In particular, dpd,w
does not depend on the choice of w.

Conversely, let us take two weak partial metrics p ∼ p′ on X. According to Theorem 3.2(b), dp = dp′ and it is weakly
weighted, so the map [p]∼ 7→ dp is well-defined.

Moreover, for every x, y ∈ X,

pdp,wp(x, y) = dp(x, y) + wp(x) = p(x, y)− p(x, x) + p(x, x) = p(x, y).

Example 3.4. Let Σ∗ be the family of all strings, both finite and infinite, on the alphabet Σ. For every pair of strings
s, s′ ∈ Σ, we denote by |s| the length of s and by l(s, s′) the length of the longest common prefix of s and s′. Then we define
a partial metric p on Σ∗ by the law p(s, s′) = 2−l(s,s′), for every s, s′ ∈ Σ∗.

Using Theorem 3.2 we can associate to p the quasi-metric dp (that is, dp(s, s
′) = 2−l(s,s′) − 2−|s|, for every s, s′ ∈ Σ∗),

which is weighted by the function wp (namely, wp(s) = 2−|s|, for every s ∈ Σ∗).

The following example from [3] provides a weak partial metric space (X, p) coming from a biological setting, satisfying the
following stronger condition with respect to (PM2):
(PM2S) for every x, y ∈ X with x ̸= y, p(x, x) < p(x, y).

Example 3.5. Let Σ<∞ be the family of all finite strings on the (finite) alphabet Σ. For two strings x = (x1, . . . , xn), y =
(y1, . . . , ym) ∈ Σ<∞, an alignment of x and y is given by two strings x′ = (x′

1, . . . , x
′
k) and y′ = (y′1, . . . , y

′
k) of the same length

that can be obtained from x and y, respectively, by adding occurrences of a new, blank, character # /∈ Σ at any positions.
Given such an alignment x′ and y′, we compute its score s′(x′, y′) by comparing the two strings at each position i ∈ {1, . . . , k}
and adding the following real values:
- α if x′

i = y′i ̸= #;
- β if x′

i ̸= y′i and both x′
i ̸= # and y′i ̸= #;

- γ if precisely one of the two characters x′
i and y′i is #;

- 0 if x′
i = y′i = #.

For example, the alignment
x′ = G#A#T T AC A# and

y′ = GC A#T C AC GA

of the strings x = GATTACA and y = GCATCACGA on the alphabet Σ = {G,A, T,C} has score s′(x′, y′) = 5α+2β+2γ+0.
Then we assign to the two strings x and y the following value:

s(x, y) = max{s′(x′, y′) | x′ and y′ form an alignment of x and y}.

The score scheme just described is a useful technique to compare partial DNA strands (see [21]).
The function p : Σ<∞ × Σ<∞ → R defined by p(x, y) = −s(x, y), for every x, y ∈ Σ<∞, is a weak partial metric with

(PM2S) provided that α > β, α > γ, β ≥ 2γ and γ < 0 (see [3, Proposition 2.1]).
If we note that, for every x ∈ Σ<∞, x and y provide the best alignment of x and y themselves (the one with the

highest score), we can characterise the weakly weighted quasi-metric dp induced by p as follows: for every x, y ∈ Σ<∞,
dp(x, y) = α|x| − s(x, y).
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3.2. Generalised partial metrics and their relation with weakly weighted generalised quasi-metrics

Inspired by the notions of weak partial metric and generalised quasi-metric space, we introduce the following.

Definition 3.6. A generalised weak partial metric p on a non-empty set X is a function p : X ×X → R ∪ {∞} satisfying the
properties (PM1)–(PM4) of Definition 3.1 (with the usual convention that b < ∞+ a = a+∞ = ∞, for every a, b ∈ R) and
the following further one:
(PM5) for every x ∈ X, p(x, x) < ∞.
The pair (X, p) is called generalised weak partial metric space.

Note that property (PM4) is well-defined thanks to (PM5).
Similarly to what we have done for generalised quasi-metric spaces, we can introduce an equivalence relation ∼=p on a

generalised partial metric space (X, p) as follows: for every x, y ∈ X, x ∼=p y if p(x, y) < ∞. Then the equivalence classes
of ∼=p are called p-connected components. Moreover, for every x ∈ X, Qp

X(x) denotes the p-connected component to which x
belongs, i.e., [x]∼=p

. To distinguish between these two notions and the corresponding ones defined for generalised quasi-metric
spaces, we emphasise the role of p in the notation.

As one may expect, also weakly weighted generalised quasi-metric spaces and generalised weak partial metric spaces are
two faces of the same coin.

Theorem 3.7. Let X be a non-empty set.
(a) If d is a generalised quasi-metric on X which is weakly weighted by w, then the function pd,w : X ×X → R∪ {∞} defined

by putting
pd,w(x, y) := d(x, y) + w(x), for every x, y ∈ X,

is a generalised weak partial metric on X. Moreover, ∼=d=∼=pd,w
.

(b) If p is a generalised weak partial metric on X, then the function dp : X ×X → R≥0 ∪ {∞} defined by

dp(x, y) := p(x, y)− p(x, x), for every x, y ∈ X,

is a generalised quasi-metric weakly weighted by the function wp : X → R defined by wp(x) := p(x, x), for every x ∈ X.
Moreover, ∼=dp

=∼=p.

Proof. The proof is an easy adaptation of that of Theorem 3.2. To verify the coincidence of the equivalence relations, use the
symmetry of the partial metrics.

In order to fully extend Theorem 3.2, we need to discuss the uniqueness part of the statement. Let d be a generalised
quasi-metric on a non-empty set X weakly weighted by w and w′, and let {Xi}i∈I represent the partition of X in its large-scale
connected components with respect to d. They coincide with the p-connected components with respect to pd,w and pd,w′ in
view of Theorem 3.7(a). Then pd,w ≈{Xi×Xi}i

pd,w′ (see (2.8) for the definition of ≈).
On the other hand, let p and p′ be two generalised weak partial metrics on X, with ∼=p=∼=p′ and p ≈{Xi×Xi}i

p′, where
{Xi}i∈I is the family of all p-connected components of X. They coincide with the large-scale connected components with
respect to dp and dp′ by Theorem 3.7(b). Then dp = dp′ and wp ≈{Xi}i

wp′ .
Now, as in Corollary 3.3, we obtain the following correspondence.

Corollary 3.8. Let X be a non-empty set. If d is a generalised quasi-metric on X weakly weighted by w and p is a generalised
weak partial metric on X, then dpw

= d and pdp,wp
= p.

Hence, there is a one-to-one correspondence between weakly weighted generalised quasi-metrics on X and equivalence classes
with respect to ≈{Xi×Xi}i

of generalised weak partial metrics on X inducing the same partition into large-scale connected
components and p-connected components {Xi}i∈I .

Let us provide an example of a generalised weak partial metric (and so, according to Theorem 3.7, of a weakly weighted
generalised quasi-metric) inspired by Example 3.4.

Example 3.9. Let Σ be an alphabet. Define the set

Σ∗
−∞ = {(xn)n∈(−∞,m)∩Z | m ∈ Z ∪ {∞}, ∀n < m, xn ∈ Σ}.

Let us fix some notation. For every x = (xn)n∈(−∞,m)∩Z ∈ Σ∗
−∞, set Lx = m− 1 if m < ∞, and Lx = ∞ otherwise. One can

think of Lx as the last index for which x is defined. Then, for every k ≤ Lx, x[k] denotes the substring obtained by cutting x
at the level k, i.e., x[k] = (xn)n∈(−∞,k]∩Z. Set now, for every x, y ∈ Σ∗

−∞,

l(x, y) = sup{k ∈ Z | k ≤ min{Lx, Ly}, x[k] = y[k]},

where the supremum is computed in the totally ordered set Z ∪ {+∞,−∞} with the usual conventions sup ∅ = −∞ and
supZ = +∞. Then the function p : Σ∗

−∞ × Σ∗
−∞ → R ∪ {∞} defined by putting, for every x, y ∈ Σ∗

−∞, p(x, y) = 2−l(x,y) is
a generalised weak partial metric on Σ∗

−∞. If Σ has at least two elements σ1, σ2, it is not a weak partial metric; in fact, the
distance between the constant sequences (σ1)n∈Z and (σ2)n∈Z is infinite. Moreover, according to Theorem 3.7, dp is a weakly
weighted generalised quasi-metric.
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Remark 3.10. Let now (X, d) be a generalised quasi-metric space and w be a componentwise weak weight for it. Then it
can be easily shown that the function pd,w defined as

pd,w(x, y) =

{
d(x, y) + w(x) if x ∼=d y,

∞ otherwise,

for every x, y ∈ X, is indeed a generalised weak partial metric. By Corollary 3.8, it follows that every componentwise weak
weight induces a weakly weighted generalised quasi-metric onX which can be explicitly described as follows: for every x, y ∈ X,

dpd,w
(x, y) =

{
d(x, y) if x ∼=d y,

∞ otherwise.

In particular, the identity map idX : (X, dpd,w
) → (X, d) is non-expansive and dpd,w

is the coarsest weakly weighted generalised
quasi-metric on X having this property, i.e., if d′ is a weakly weighted generalised quasi-metric on X such that idX : (X, d′) →
(X, d) is non-expansive, then idX : (X, d′) → (X, dpd,w

) is non-expansive.
For example, let Γ = (V,E) be a directed graph endowed with the generalised quasi-metric dΓ and suppose that each

strongly connected component of Γ is a non-directed graph (see §2.2 and §2.3). In other words, dΓ is componentwise weakly
weighted, say by wΓ. In this case, the quasi-metric dpd

Γ
,w

Γ
coincides with dΓ′ , where Γ′ is obtained as the disjoint union of all

strongly connected components of Γ.

4. Generalised quasi-metric semilattices

Let (X,≤) be a partially ordered set (briefly, poset), i.e., a pair of a set X and a partial order ≤ on it, which is a reflexive,
transitive and antisymmetric relation. The dual poset (X,≥) consists of the same set X and the inverse order ≥ (i.e., x ≥ y if
and only if y ≤ x). A subset Y of X is said to be convex if, for every x, y, z ∈ X, y ∈ Y provided that x ≤ y ≤ z and x, z ∈ Y .

A meet-semilattice (respectively, join-semilattice) is a poset (X,≤) such that for every x, y ∈ X the meet x∧ y = inf{x, y}
(respectively, the join x ∨ y = sup{x, y}) exists. If a poset (X,≤) is simultaneously a meet- and a join-semilattice, then it is
a lattice. Vice versa, any lattice can be seen separately as a join-semilattice or as meet-semilattice.

Remark 4.1. The poset (X,≤) is a meet-semilattice if and only if (X,≥) is a join-semilattice. More precisely, we have that
x ∧≤ y = x ∨≥ y, for every x, y ∈ X.

We write simply semilattice to indicate either a meet-semilattice or a join-semilattice when the statement holds for both
of them. In such a case we use an ∗ to indicate the semilattice operation. Indeed, a semilattice can be seen as a commutative
semigroup where every object is idempotent, and we can retrieve the partial order from the semilattice operation ∗: if ∗ = ∧,
then x ≤ y if and only if x = x ∧ y, and if ∗ = ∨, then x ≤ y if and only if y = x ∨ y.

When maintaining the distinction between meet- and join-semilattices is instead necessary, sometimes we write results
explicitly only for meet-semilattices, while the dual statements can be similarly deduced using Remark 4.1.

An equivalence relation ∼= on a semilattice (X, ∗) is a congruence if, for every x, y, z, w ∈ X, x ∗ z ∼= y ∗ w provided that
x ∼= y and z ∼= w.

Fact 4.2. Let (X, ∗) be a semilattice and ∼= a congruence on it. Then every equivalence class of ∼= is a convex subsemilattice
of X with respect to the partial order ≤ of (X, ∗).

Proof. Let x, y ∈ X satisfying x ∼= y. Then x ∗ y ∼= x ∗ x = x, thus [x]∼= is a subsemilattice of X. To prove that [x]∼= is convex,
take two points y, z ∈ X such that x ≤ y ≤ z and z ∼= x. Then x ∗ y ∼= z ∗ y, and thus x ∼= y (if ∗ = ∧, then x ∧ y = x and
z ∧ y = y, while, if ∗ = ∨, then x ∨ y = y and z ∨ y = z ∼= x).

4.1. The specialisation order of a generalised quasi-metric

Every generalised quasi-metric space (X, d) comes with the partial order ≤d, called specialisation order, i.e., for x, y ∈ X,
x ≤d y if and only if d(x, y) = 0.

Remark 4.3. The partial order ≤d is indeed nothing but the specialisation order of the quasi-metric topology τd induced
by d on X. Let us recall that τd is the T0-topology generated by the base {Bd

ε (x) | x ∈ X, ε > 0}, where Bd
ε (x) = {y ∈ X |

d(x, y) < ε} is the ε-ball around the point x ∈ X. Moreover, if τ is a topology on a set X, then the specialisation order ≤τ of
τ is defined as follows: for x, y ∈ X, x ≤τ y if y is contained in the closure of {x}.

Fact 4.4 (Monotonicity). Let (X, d) be a generalised quasi-metric space and x1, x2, y1, y2 ∈ X. Then

d(x1, y1) ≤ d(x2, y2) provided x1 ≤d x2 and y2 ≤d y1.

Proof. Take four points x1, x2, y1, y2 ∈ X such that x1 ≤d x2 and y2 ≤d y1. Then the triangle inequality (QM2) implies

d(x1, y1) ≤ d(x1, x2) + d(x2, y2) + d(y2, y1) = d(x2, y2),

since d(x1, x2) = 0 = d(y2, y1).

11



Remark 4.5. Given a generalised quasi-metric space (X, d), for every x ∈ X, Q(x) is convex with respect to ≤d. In fact, fix
x ∈ X, take x, y, z ∈ X, and suppose that x, z ∈ Q(x) and x ≤d y ≤d z. Since z ∈ Q(x) = Q(x) and d(y, z) = 0 by hypothesis,
we get d(y, x) ≤ d(y, z) + d(z, x) = d(z, x) < ∞. Hence, y ∈ Q(x) as d(x, y) = 0 by assumption.

We extend the following definition from [40] (see also [41] where it is called order-convexity, and [22, Definition VI-1.17]
and [27, Exercise 6.7.19] where it is called radial convexity) to every generalised quasi-metric space.

Definition 4.6. For a generalised quasi-metric space (X, d), the descending path condition is:
(DPC) for every x, y, z ∈ X satisfying x ≥d y ≥d z, one has d(x, z) = d(x, y) + d(y, z).

The following result immediately descends from the definition of (DPC).

Fact 4.7. Let (X, d) be a generalised quasi-metric space and Y be a subset of X. If (X, d) satisfies (DPC), then (Y, d ↾Y )
satisfies (DPC).

As a straightforward consequence of Fact 4.7, if a generalised quasi-metric space satisfies (DPC), then so does each large-
scale connected component. Moreover, (DPC) can be separately verified in each large-scale connected component.

Proposition 4.8. Let (X, d) be a generalised quasi-metric space. Then (X, d) satisfies (DPC) if and only if each large-scale
connected component (Q(x), d ↾Q(x)) of X satisfies it.

Proof. The ‘only if’ implication follows from Fact 4.7. Conversely, suppose that Q(x) satisfies (DPC) for every x ∈ X.
Let x ≥d y ≥d z be elements of X, for which (QM2) yields d(x, z) ≤ d(x, y) + d(y, z). If d(x, z) = ∞ then d(x, z) =
d(x, y) + d(y, z). Assume now that d(x, z) < ∞, and so z ∈ Q(x). Since Q(x) is convex by Remark 4.5, also y ∈ Q(x). Thus,
d(x, z) = d(x, y) + d(y, z) since Q(x) satisfies (DPC).

Proposition 4.8 was proved in a more restrictive context in [16].

4.2. Invariant generalised quasi-metric semilattices

Given a poset (X,≤), we say that a (generalised) quasi-metric d on X is compatible with the partial order of X if ≤d=≤.
In the rest of this section, we focus on generalised quasi-metrics defined on semilattices that are compatible with the algebraic
structure of the underlying space.

Definition 4.9. A generalised quasi-metric meet-semilattice (respectively, generalised quasi-metric join-semilattice) is a gen-
eralised quasi-metric space (X, d) such that the poset (X,≤d) is a meet-semilattice (respectively, join-semilattice).

A generalised quasi-metric meet-semilattice (respectively, join-semilattice) satisfying d(x, y) = d(x, x ∧ y) (respectively,
d(x, y) = d(x ∨ y, y)) for all x, y ∈ X is said to be invariant

In [32] invariant semilattices are called optimal.

Remark 4.10. Given a generalised quasi-metric space (X, d), it may occur that (X,≤d) is a lattice and that the invariance
property holds for both the meet and the join, as in Example 4.16. Anyway, one can consider in the lattice (X,≤d) only the
meet (respectively, join) and the invariance property for the meet (respectively, join), in other words one can use only the
structure of invariant generalized quasi-metric meet-semilattice (respectively, join-semilattice).

This remark is particularly relevant since there are generalised quasi-metric spaces (X, d) inducing lattices (X,≤d) that are
invariant for only one of the two lattice operations. Consider, for example, the four-point lattice X = {x, y, z, t} represented
in the following diagram:

x

y z

t.

It can be induced by a quasi-metric d defined by setting d(x, y) = d(x, z) = d(x, t) = 2 and d(y, z) = d(y, t) = d(z, y) =
d(z, t) = 1 (all the other values are 0). Then, X is an invariant quasi-metric meet-semilattice, but it is not invariant if we
consider the join operation. Similarly, (X, d−1) is invariant with respect to the join operation, but it is not invariant as a
meet-semilattice.

In the above definition of (generalised) quasi-metric semilattice, we do not require the semilattice operation to be quasi-
uniformly continuous. This slight abuse of terminology is motivated by the fact that we mainly deal with invariant quasi-metric
semilattices, which automatically meet the continuity requirement (see Proposition 4.13(b)).

In the sequel, when we work with generalised quasi-metric semilattices (X,≤d), we simply denote by ≤ the specialisation
order ≤d if there is no risk of ambiguity.

Remark 4.11. As a consequence of Remark 4.1, (X, d) is a generalised quasi-metric meet-semilattice if and only if (X, d−1)
is a generalised quasi-metric join-semilattice. More explicitly, ≤d−1 is the inverse order of ≤d and x ∧≤d

y = x ∨≤d−1 y, for

every x, y ∈ X. Moreover, (X, d) is invariant if and only if so is (X, d−1).
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Similarly to (DPC) that is inherited by subspaces, invariance is inherited by subsemilattices as stated in the following
result.

Fact 4.12. Let X be a generalised quasi-metric semilattice and Y a subsemilattice of X endowed with the induced generalised
quasi-metric. If X is invariant, then so is Y .

Let us see some useful characterisations of invariance. The proof can be obtained by adjusting that provided in [16].

Proposition 4.13. Let (X, d) be a generalised quasi-metric meet-semilattice. Then the following properties are equivalent:
(a) X is invariant;
(b) for all x, y, z ∈ X, d(z ∧ x, z ∧ y) ≤ d(x, y) (i.e., for every z ∈ X, the shift sz : x 7→ z ∧ x is non-expansive);
(c) for all x, y, z ∈ X, d(x, y ∧ z) ≤ d(x, y) + d(x, z) (i.e., for every x ∈ X, d(x, ·) : X → R≥0 ∪ {∞} is subadditive).

For quasi-metric join-semilattices a similar result holds (as for item (c), it should be replaced with the following condition:
for all x, y, z ∈ X, d(y ∨ z, x) ≤ d(y, x) + d(z, x)).

By invariance, we see that the large-scale connected components are subsemilattices:

Proposition 4.14. If (X, d) is an invariant generalised quasi-metric semilattice, then ∼=d is a congruence. In particular,
every large-scale connected component Q(x) of (X, d) is a convex invariant subsemilattice.

Proof. To prove that ∼=d is a congruence, let x, y, z, w ∈ X satisfying x ∼=d y and z ∼=d w. Then, applying (QM2) and
Proposition 4.13(b), we obtain that

d(x ∗ z, y ∗ w) ≤ d(x ∗ z, x ∗ w) + d(x ∗ w, y ∗ w) ≤ d(z, w) + d(x, y) < ∞,

and similarly d(y ∗ w, x ∗ z) < ∞. Finally, Facts 4.2 and 4.12 imply the second part of the statement.

The convexity of the large-scale connected components of a generalised quasi-metric semilattice was already verified in
Remark 4.5.

Let us mention that a (generalised) quasi-metric semilattice satisfying (DPC) is not necessarily invariant (see [16] and
Example 4.15(a) below).

Next we review Examples 2.10, 2.17, 3.4 and 3.5 to see whether the quasi-metric spaces introduced there are generalised
quasi-metric semilattices and what properties they satisfy.

Example 4.15. (a) Let us assume the notation used in Example 2.10. The specialisation orders ≤dS , ≤dT and ≤dR coincide
with the usual orders. Moreover, it is easy to see that (S, dS), (T, dT) and (R, dR) are both invariant quasi-metric meet-
semilattices and invariant quasi-metric join-semilattices satisfying (DPC).

(b) Let (T, d) be the quasi-metric space defined in Example 2.11. Then the specialisation order ≤d coincides with the usual
order 0 ≤ 1 ≤ 2. Moreover, (T, d) is both an invariant quasi-metric meet-semilattice and an invariant quasi-metric
join-semilattice. However, it does not satisfy (DPC).

(c) As for the family of all strings Σ∗ endowed with the quasi-metric dp (see Example 3.4), we can see that, for every s, s′ ∈ Σ∗,
s ≤dp

s′ if and only if s is a prefix of s′ (i.e., s coincides with an initial substring of s′). Thus the meet of two strings s and
s′ is given by the longest common prefix of s and s′. The pair (Σ∗, dp) is then an invariant quasi-metric meet-semilattice
with (DPC).

(d) Let (Σ<∞, dp) be the quasi-metric space defined in Example 3.5. Since the weak partial metric p satisfies property (PM2S),
dp satisfies the following strengthened version of (QM1): for every x, y ∈ X, dp(x, y) = 0 if and only if x = y. This property
implies that the topology induced by dp satisfies the separation axiom T1. Hence, in particular, the specialisation order
≤dp

coincides with equality, and so Σ<∞ is not a semilattice.

Let us now consider the generalised quasi-metric spaces defined in Example 2.21 and already studied in [11].

Example 4.16. (a) For a set X, the specialisation order ≤dP(X)
coincides with the containment ⊇, which means, more

explicitly, that, for every A,B ⊆ X, dP(X)(A,B) = 0 (i.e., A ≤dP(X)
B) if and only A ⊇ B. With this partial order, P(X)

is a lattice, where the meet of A and B is their union, while the join is their intersection. Moreover, (P(X), dP(X)) is both an
invariant generalised quasi-metric meet-semilattice with (DPC) and an invariant generalised quasi-metric join-semilattice
with (DPC).

(b) Given an abelian group G and two subgroups H,K ∈ L(G), dL(G)(H,K) = 0 (and so H ≤dL(G)
K) if and only if H ⊇ K.

Thus L(G) with this partial order is a lattice, where, for every H,K ∈ L(G), the meet of H and K is H +K and the join
is H ∩K. Then (L(G), dL(G)) is both an invariant generalised quasi-metric meet-semilattice with (DPC) and an invariant
generalised quasi-metric join-semilattice with (DPC).

Remark 4.17. Let X be a non-empty set. Any generalised weak partial metric p on X induces a partial order ≤p on X
defined as follows: if x, y ∈ X, then x ≤p y whenever p(x, x) = p(x, y). It is trivial to see that ≤p=≤p+c for every constant
c ∈ R. The partial order ≤p is just the other side of the coin of the specialisation order. In fact, we have that ≤p=≤dp , and,
moreover, if d is a generalised quasi-metric on X weakly weighted by w, then ≤d=≤pd,w

(see Theorem 3.7 for the definitions

13



of dp and pd,w). In order to show it, let x, y ∈ X and w be a weak weight for d. Then the claim follows from the following
two chains:

p(x, y)− p(x, x) = dp(x, y), and pd,w(x, y)− pd,w(x, x) = d(x, y) + w(x)− d(x, x)− w(x) = d(x, y).

Therefore, (X,≤p) is a semilattice, and in this case we say that (X, p) is a generalised weak partial metric semilattice, if
and only if (X,≤dp

) is a semilattice. Furthermore, if ∗ is the semilattice operation, p(x, y) = p(x, x ∗ y) for every x, y ∈ X if
and only if dp is invariant. For consistency, we refer to this property by saying that p is invariant. Similarly, a generalised
quasi-metric semilattice (X, d) weakly weighted by w is invariant if and only if so is pd,w. Thus, Corollary 3.8 leads to a
similar correspondence between invariant weakly weighted (generalised) quasi-metric semilattices and invariant (generalised)
weak partial metric semilattices.

5. Weakly weighted quasi-metric semilattices and their characterisations

The notion of weak weightedness for generalised quasi-metric semilattices (and so that of generalised weak partial metric
semilattice according to Remark 4.17) is too restrictive, as the following remark shows. Motivated by that observation, in this
section we focus on weakly weighted quasi-metric semilattices.

Remark 5.1. Let (X, d) be a generalised quasi-metric meet-semilattice (the other case can be similarly treated). Suppose
that there exist x, y ∈ X such that d(x, y) = ∞ (and so d is not a quasi-metric). Fact 4.4 implies that d(x, y) ≤ d(x, x ∧ y),
and so d(x, x ∧ y) = ∞. Moreover, d(x ∧ y, x) = 0, and so (X, d) cannot be weakly weighted in view of Proposition 2.13.

5.1. Weakly weighted quasi-metric semilattices and (DPC)

Proposition 5.2. A quasi-metric space (X, d) satisfies (DPC) provided that it is weakly weighted.

Proof. Let w be a weak weight for d, and x, y, z ∈ X such that x ≥d y ≥d z. By Lemma 2.9, one has that d(x, z) =
d(x, y) + d(y, z), which implies that (DPC) holds.

We show in Theorem 5.4 that the statement of Proposition 5.2 can be reversed for invariant quasi-metric semilattices. To
this end, we use the following functions and the subsequent lemma describing them.

Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC), and x ∈ X. We define the function wx : X → R as
follows:

wx(y) := d(x, y)− d(y, x), for every y ∈ X. (5.1)

Lemma 5.3. Let (X, d) be an invariant quasi-metric meet-semilattice satisfying (DPC). Then,

wx(y) = d(x, x ∧ y ∧ z)− d(y, x ∧ y ∧ z), for every x, y, z ∈ X.

Proof. Let x, y, z ∈ X. Then invariance and (DPC) imply that

wx(y) = d(x, y)− d(y, x) = d(x, x ∧ y)− d(y, x ∧ y) =

= d(x, x ∧ y) + d(x ∧ y, x ∧ y ∧ z)− d(y, x ∧ y)− d(x ∧ y, x ∧ y ∧ z) =

= d(x, x ∧ y ∧ z)− d(y, x ∧ y ∧ z).

Theorem 5.4. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then, for every x ∈ X, wx is a weak
weight for d (so, (X, d) is weakly weighted). In particular, for all x, y ∈ X, wx ∼ wy.

Proof. We prove the statement assuming that (X, d) is a meet-semilattice. Fixing x ∈ X, we claim that, for every y, z ∈ X,
d(y, z) + wx(y) = d(z, y) + wx(z). Applying Lemma 5.3, we obtain that

wx(y)− wx(z) = d(x, x ∧ y ∧ z)− d(y, x ∧ y ∧ z)− d(x, x ∧ y ∧ z) + d(z, x ∧ y ∧ z) =

= d(z, x ∧ y ∧ z)− d(y, x ∧ y ∧ z) = wz(y) = d(z, y)− d(y, z),

which concludes the verification that wx is a weak weight for d. The last assertion follows from Proposition 2.6(a).

So, Proposition 5.2 and Theorem 5.4 immediately give the following result.

Corollary 5.5. An invariant quasi-metric semilattice is weakly weighted if and only if it satisfies (DPC).

Let us consider the examples contained in Example 2.10 satisfying (DPC).

Example 5.6. (a) We start from the Sierpiński space S = {0, 1}. Since (S, dS) is an invariant quasi-metric semilattice with
(DPC), according to Theorem 5.4, it is weakly weighted. Moreover,

w1(x) = dS(1, x)− dS(x, 1) = dS(1, x) = 1− x,

which is the weight provided in Example 2.10(a).
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(b) Analogously to (a), we recover the weight w defined in Example 2.10(b) for (T, dT) as w2.
(c) In Example 2.10(c) we have provided a weak weight w for the quasi-metric space (R, dR) with dR(x, y) = max{x − y, 0}

for every x, y ∈ R. A straightforward computation gives w = w0.

Next we review the examples contained in Example 2.12.

Example 5.7. (a) As in Example 2.12(a), let X be a finite set and on the power set P(X) consider the quasi-metric dP(X).
We know that dP(X) is weighted by the weight w(A) = |A| for every A ⊆ X, and now we recover it as w = w∅.

(b) Let G be a finite abelian group and dL(G) be the quasi-metric on L(G) defined in Example 2.12(b). We have already
noticed in the mentioned example that dL(G) is weighted by the weight w(H) = log|H| for every subgroup H of G, and
now we have that w = w{0}.

Now we present some important applications of Theorem 5.4.

Theorem 5.8. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then the following properties are equiv-
alent:
(a) (X, d) is weighted;
(b) for every x ∈ X, there exists cx ∈ R such that wx(y) ≥ cx, for every y ∈ X;
(c) there exist x ∈ X and c ∈ R such that wx(y) ≥ c, for every y ∈ X.
If (X, d) is a join-semilattice, then also the following condition is equivalent:
(d) (X, d) is an M -space ([41, Definition 2.1]), i.e., for every x ∈ X, there exists c′x ∈ R≥0 such that, for every y ∈ X

satisfying x ≤ y, d(y, x) ≤ c′x.

Proof. Theorem 5.4 implies that, for every x ∈ X, wx is a weak weight for d. Then the equivalences (a)⇔(b)⇔(c) follow from
Proposition 2.7(a).

(b)⇒(d) Let x ∈ X and cx as in (b). If y ∈ X is such that x ≤ y, then cx ≤ wx(y) = d(x, y) − d(y, x) = −d(y, x); in
particular cx ≤ 0. Hence, d(y, x) ≤ −cx =: c′x ≥ 0.

(d)⇒(b) Let x, y ∈ X, and c′x ∈ R satisfying the hypothesis in (d). Then invariance implies that

wx(y) = d(x, y)− d(y, x) ≥ −d(y, x) = −d(y ∨ x, x) ≥ −c′x =: cx.

The equivalence of (a) and (d) in the above theorem provides another proof to [41, Theorem 2.31].
We can analogously obtain the counterpart of Theorem 5.8 characterising co-weighted quasi-metric semilattices. The

equivalence of (a) and (d) in the theorem below covers [41, Theorem 2.34].

Theorem 5.9. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then the following properties are equiv-
alent:
(a) (X, d) is co-weighted;
(b) for every x ∈ X, there exists cx ∈ R such that wx(y) ≤ cx, for every y ∈ X;
(c) there exist x ∈ X and c ∈ R such that wx(y) ≤ c, for every y ∈ X.
If (X, d) is a meet-semilattice, then also the following condition is equivalent:
(d) X is an m-space ([41, Definition 2.10]), i.e., for every x ∈ X, there exists c′x ∈ R≥0 such that, for every y ∈ X satisfying

y ≤ x, d(x, y) ≤ c′x.

Proof. Theorem 5.4 implies that, for every x ∈ X, wx is a weak weight for d. Then the equivalences (a)⇔(b)⇔(c) follow from
Proposition 2.7(b).

(b)⇒(d) Let x ∈ X and cx as in (b). Then, if y ∈ X satisfies y ≤ x,

cx ≥ wx(y) = d(x, y)− d(y, x) = d(x, y).

(d)⇒(b) Let x, y ∈ X, and c′x ∈ R satisfying the hypothesis in (d). Then, since X is invariant, and x ∧ y ≤ x,

wx(y) = d(x, y)− d(y, x) ≤ d(x, y) = d(x, x ∧ y) ≤ c′x.

Remark 5.10. Let us consider two particular cases of Theorems 5.8 and 5.9. Let (X, d) be an invariant quasi-metric semilattice
satisfying (DPC) and with a bottom element ⊥. The definition of the function w⊥ can be simplified as follows: for every
x ∈ X, since ⊥≤ x, w⊥(x) = d(⊥, x) − d(x,⊥) = −d(x,⊥) ≤ 0. Hence, (X, d) is co-weighted. If, otherwise X has a top
element ⊤, for every x ∈ X, w⊤(x) = d(⊤, x) ≥ 0, and so (X, d) is weighted.

Clearly, the functions w⊥ and w⊤ can be considered also in semilattices that do not satisfy (DPC). Then the following
results can be proved.
(a) Let X be a quasi-metric meet-semilattice.

(a1) If X has a bottom element ⊥, then w⊥ is supadditive (i.e., w⊥(x ∧ y) ≥ w⊥(x) + w⊥(y) for every x, y ∈ X). In fact,
w⊥(x ∧ y) = −d(x,⊥), w⊥(x) + w⊥(y) = −(d(x,⊥) + d(y,⊥)), and d(x ∧ y,⊥) ≤ d(x,⊥) ≤ d(x,⊥) + d(y,⊥) by the
monotonicity of d (see Fact 4.4).

(a2) If X has a top element ⊤ and X is invariant, then w⊤ is subadditive because of Proposition 4.13.
(b) Let X be a quasi-metric join-semilattice.

(b1) If X has a top element ⊤, then w⊤ is subadditive (the proof of item (a1) can be easily adapted).
(b2) If X has a bottom element ⊥ and X is invariant, then w⊥ is supadditive according to Proposition 4.13.
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5.2. Semivaluations, semi-co-valuations and weak weights

We start recalling the definition of semivaluation from [35], giving also the corresponding notion of semi-co-valuation.
These were proposed with the following terminology in [42] with domain R≥0 instead of the whole R and using equivalent
defining conditions.

Definition 5.11. Let (X,≤) be a meet-semilattice. A function f : X → R is called:
- meet valuation if f(x) + f(x ∧ y ∧ z) ≥ f(x ∧ y) + f(x ∧ z), for all x, y, z ∈ X;
- meet co-valuation if f(x) + f(x ∧ y ∧ z) ≤ f(x ∧ y) + f(x ∧ z), for all x, y, z ∈ X.
Let (X,≤) be a join-semilattice. A function f : X → R is called:
- join valuation if f(x) + f(x ∨ y ∨ z) ≤ f(x ∨ y) + f(x ∨ z), for all x, y, z ∈ X;
- join co-valuation if f(x) + f(x ∨ y ∨ z) ≥ f(x ∨ y) + f(x ∨ z), for all x, y, z ∈ X.

We refer to [16] for other characterisations of join valuations, and the respective equivalent conditions for the other
properties can be easily and similarly obtained.

The following definition, as given in [35] and [42], conveniently summarises the notions provided in Definition 5.11.

Definition 5.12. A function f : X → R on a semilattice (X,≤) is called a semivaluation (respectively, semi-co-valuation) if
it is either a meet or a join valuation (respectively, either a meet or a join co-valuation).

In other words, the prefixes join and meet before the term (co-)valuation appear when we want to emphasise the type of
semilattice with which we are working. In the remaining cases we use the more general term semi(-co-)valuation.

Proposition 5.13. Let (X,≤) be a semilattice and f : X → R a function.
(a) The function f is a semivaluation (respectively, semi-co-valuation) if and only if −f is a semi-co-valuation (respectively,

semivaluation).
(b) If f is a semi(-co-)valuation, then every f ′ ∈ [f ]∼ has the same property.
(c) If f is a semivaluation, then f is non-decreasing.
(d) If f is a semi-co-valuation, then f is non-increasing.

Proof. Items (a) and (b) are trivial, while item (c) follows from items (a) and (d).
We want to prove item (d). Assume that X is a meet-semilattice and f is a meet co-valuation. If x, y ∈ X satisfy x ≤ y,

then
f(y) + f(x) = f(y) + f(y ∧ x ∧ x) ≤ f(y ∧ x) + f(y ∧ x) = f(x) + f(x),

and so f(y) ≤ f(x), that is, f is non-increasing. If X is a join-semilattice and f is a join co-valuation, then the claim can be
similarly shown.

As for the monotonicity results provided in Proposition 5.13(c) and (d), proofs can be found in [42, Lemma 4] and [35,
Lemma 3.1(1)]. The same items of Proposition 5.13 also imply that a semi(-co-)valuation is strictly monotone if and only if
it is injective.

Let us now start describing the connection between weak weights and and semi(-co-)valuations.

Theorem 5.14. Let (X, d) be an invariant quasi-metric semilattice and let w be a weak weight for d. Then w is a strictly
decreasing semi-co-valuation, while −w is a strictly increasing semivaluation.

Proof. We prove the result for (X, d) a meet-semilattice. Let x, y, z ∈ X. Invariance and Proposition 4.13(b) imply that
d(x ∧ z, x ∧ y ∧ z) ≤ d(x, x ∧ y). Since d(x ∧ y ∧ z, x ∧ z) = 0 = d(x ∧ y, x), (2.3) implies that

w(x ∧ y ∧ z)− w(x ∧ z) = d(x ∧ z, x ∧ y ∧ z) ≤ d(x, x ∧ y) = w(x ∧ y)− w(x),

and so w is a meet co-valuation. Moreover, w is strictly decreasing as, if x < y, then d(y, x) > 0 thanks to (QM1) since
d(x, y) = 0, and so

w(y) < w(y) + d(y, x) = d(x, y) + w(x) = w(x).

That −w is a strictly increasing meet valuation follows from Proposition 5.13(a) and (c).

When a semilattice admits a semi(-co-)valuation, it can be equipped with a distance function as follows.

Definition 5.15. If X is a meet-semilattice and f is a meet co-valuation, we define df : X ×X → R≥0 as follows:

df (x, y) := f(x ∧ y)− f(x), for every x, y ∈ X.

Dually, if X is a join-semilattice and f is a join co-valuation, we define df : X ×X → R≥0 as follows:

df (x, y) := f(y)− f(x ∨ y), for every x, y ∈ X.

Definition 5.15 generalises that given in [42, Theorem 11] to co-valuations that admit also negative values.

The following result shows how to produce weakly weighted invariant quasi-metrics from semi(-co-)valuations,
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Theorem 5.16. Let (X,≤) be a semilattice and f : X → R. If f is a strictly decreasing semi-co-valuation, then df is an
invariant quasi-metric on X satisfying ≤=≤df

, and weakly weighted by f .
If f is a strictly increasing semivaluation, then d−f is an invariant quasi-metric on X satisfying ≤=≤d−f

, and weakly
weighted by −f .

Proof. Assume that (X,≤) is a meet-semilattice and so f is a meet co-valuation. Let us first prove that df is a quasi-
metric. Since f is decreasing, df assumes non-negative values. To prove (QM1), take two points x, y ∈ X such that
df (x, y) = df (y, x) = 0. Then the definition of df implies that f(x) = f(x ∧ y) = f(y). As f is strictly monotone, the
equalities x = x ∧ y = y follow. To verify the triangular inequality (QM2), let x, y, z ∈ X. Due to the fact that f is a
non-increasing meet co-valuation,

f(y) + f(x ∧ z) ≤ f(y) + f(x ∧ z ∧ y) ≤ f(x ∧ y) + f(z ∧ y),

and so, again since f is non-increasing,

df (x, z) = f(x ∧ z)− f(x) = f(x ∧ y)− f(x) + f(x ∧ z)− f(x ∧ y) =

= df (x, y) + f(x ∧ z)− f(x ∧ y) ≤ df (x, y) + f(y ∧ z)− f(y) = df (x, y) + df (y, z).

Note that x ≤df
y if and only if f(x) = f(x ∧ y), which is then equivalent to x = x ∧ y and therefore to x ≤ y. Hence,

≤=≤df
. Finally, df is invariant by construction and it can be easily seen that f is a weak weight for df .

The second part of the theorem follows from the first one. In fact, if f is a strictly increasing semivaluation, then −f is a
strictly decreasing semi-co-valuation, by Proposition 5.13(a). Thus, we can associate to f the map d−f .

Corollary 5.17. Let (X,≤) be a semilattice. There are one-to-one correspondences between the three sets consisting of the
following objects:
(a) invariant weakly weighted quasi-metrics d on X satisfying ≤d=≤;
(b) equivalence classes of strictly decreasing semi-co-valuations f on X;
(c) equivalence classes of strictly increasing semivaluations g on X.
More precisely, to d we associate [w]∼ and [−w]∼, where w is a weak weight for d, to [f ]∼ we associate df and [−f ]∼, and,
finally, to [g]∼ we associate d−g and [−g]∼.

Proof. Let (X,≤) be a meet-semilattice. We prove the correspondence between (a) and (b) as that between (b) and (c) is
trivial by Theorem 5.16 and Proposition 5.13(a). Both associations described in the statement are well-defined, respectively,
one by virtue of Theorem 5.14 and Proposition 2.6(a), and the converse one by Theorem 5.16 since two semi-co-valuations
f, g of X satisfy df = dg provided that f ∼ g.

Moreover, we have to verify that the two associating maps are one the inverse of the other. Indeed, given a strictly
decreasing semi-co-valuation f of X, we have seen in Theorem 5.16 that f is a weak weight for df and with df we associate
[f ]∼. It remains to check that if d is an invariant quasi-metric on X with ≤d=≤ and weakly weighted by w, then d = dw. For
x, y ∈ X, since d(x ∧ y, x) = 0 and d is invariant,

dw(x, y) = w(x ∧ y)− w(x) = w(x ∧ y) + d(x ∧ y, x)− w(x) = d(x, x ∧ y) = d(x, y).

As particular cases of Corollary 5.17, we find the following classical results due to Schellekens [42] since each (co-)weighted
quasi-metric admits a unique fading (co-)weight in view of Remark 2.8.

Corollary 5.18. (a) ([42, Theorem 11]) Let (X,≤) be a meet-semilattice. There are one-to-one correspondences between the
three sets consisting of the following objects:
(i) invariant co-weighted quasi-metrics d on X with ≤d=≤;
(ii) fading strictly increasing meet valuations on X;
(iii) fading strictly decreasing meet co-valuations on X.

(b) ([42, Theorem 10]) Let (X,≤) be a join-semilattice. There are one-to-one correspondences between the three sets consisting
of the following objects:
(i) invariant weighted quasi-metrics d on X with ≤d=≤;
(ii) fading strictly decreasing join co-valuations on X;
(iii) fading strictly increasing join valuations on X.

6. Componentwisely weakly weighted generalised quasi-metric semilattices and their characterisations

Remark 5.1 shows that the notion of weak weightedness is a bad fit with generalised quasi-metric semilattices. In what
follows we prove characterisations of componentwise weakly weighted generalised quasi-metric semilattices similar to those
obtained for weakly weighted quasi-metric semilattices.

Proposition 5.2 extends to generalised quasi-metric spaces as follows.

Proposition 6.1. If (X, d) is a componentwise weakly weighted generalised quasi-metric space, then (X,≤d) satisfies (DPC).
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Proof. It immediately follows from Fact 2.20, and Propositions 5.2 and 4.8.

Similarly to the previous result, the following theorem can be proved applying Propositions 6.1 and 4.8, Theorem 5.4 and
Fact 2.20.

Theorem 6.2. Let (X, d) be an invariant generalised quasi-metric semilattice. Then (X, d) satisfies (DPC) if and only if it
is componentwise weakly weighted. Moreover, w is a componentwise weak weight for d precisely when w ≈ wX , where wX

is defined by wX ↾Q(xi)= wxi
for every i ∈ I, where {xi}i∈I is a fixed family of representatives of the large-scale connected

components of X.

Example 6.3. Using Theorem 6.2 we can prove that the generalised quasi-metric meet-semilattices provided in Example 2.21
are componentwise weakly weighted. It is in fact easier to see that they satisfy (DPC) (see [16]), and so Theorem 6.2 implies
that they are componentwise weakly weighted.
(a) Let S be a set. For the reasoning above, the generalised quasi-metric semilattice (P(S), dP(S)) is componentwise weakly

weighted. Let us construct a componentwise weak weight. Fix a family {Ai}i∈I of representatives of the equivalence
classes of ∼=dP(S)

. Then define w : P(X) → R as follows: for every A ⊆ X, take the index i ∈ I such that A ∼=dP(S)
Ai and

set
w(A) = wAi

(A) = dP(S)(Ai, A)− dP(S)(A,Ai) = |A \Ai| − |Ai \A|.

(b) Let us now explicitly provide the componentwise weak weight for the generalised quasi-metric semilattice (L(G), dL(G)),
where G is an abelian group. Let {Ki}i∈I be a family of representatives of the equivalence classes of ∼=dL(G)

. Then define
w : L(G) → R as follows: for every i ∈ I, w coincides with wKi

on Q(Ki), i.e., for every subgroup H of G such that
H ∼=dL(G)

Ki,

w(H) = wKi
(H) = dL(G)(Ki, H)− dL(G)(H,Ki) = log|H +Ki : Ki| − log|H +Ki : H|.

Keeping Theorem 6.2 in mind, we generalise the notion of semivaluations and semi-co-valuations in order to extend
Corollary 5.17 to generalised quasi-metrics (see Corollary 6.11).

Definition 6.4. Let (X,≤) be a meet-semilattice. Given a congruence ∼= on X, a function f : X → R is called:
- generalised meet valuation with respect to ∼= if f(x) + f(x ∧ y ∧ z) ≥ f(x ∧ y) + f(x ∧ z), for every x, y, z ∈ X satisfying
x ∼= x ∧ z and y ∼= x ∧ y;

- generalised meet co-valuation with respect to ∼= if f(x) + f(x ∧ y ∧ z) ≤ f(x ∧ y) + f(x ∧ z), for every x, y, z ∈ X satisfying
x ∼= x ∧ z and y ∼= x ∧ y.

Let (X,≤) be a join-semilattice. Given a congruence ∼=, a function f : X → R is called:
- generalised join valuation with respect to ∼= if f(x) + f(x ∨ y ∨ z) ≤ f(x ∨ y) + f(x ∨ z), for every x, y, z ∈ X satisfying
x ∼= x ∨ z and y ∼= x ∨ y;

- generalised join co-valuation with respect to ∼= if f(x) + f(x ∨ y ∨ z) ≥ f(x ∨ y) + f(x ∨ z), for every x, y, z ∈ X satisfying
x ∼= x ∨ z and y ∼= x ∨ y.

Similarly to the non-generalised case, a generalised semivaluation is either a generalised join valuation or a generalised meet
valuation, and a generalised semi-co-valuation is either a generalised join co-valuation or a generalised meet co-valuation.

It is easy to see that the notions provided in Definition 6.4 extend the ones given in Definition 5.11. In fact, for example, if
X is a meet-semilattice, then f : X → R is a meet co-valuation if and only if it is a generalised meet co-valuation with respect
to the trivial congruence having just one equivalence class X.

Let us provide an immediate, but useful fact.

Fact 6.5. Let x, y, z be three points in a semilattice X and ∼= be a congruence. If x ∼= x ∗ z and y ∼= x ∗ y, then

y ∼= x ∗ y ∼= x ∗ y ∗ z ∼= y ∗ z.

Proof. Since x ∼= x ∗ z and ∼= is a congruence, x ∗ y ∼= x ∗ y ∗ z. Finally, the convexity of the equivalence class (see Fact 4.2)
implies that y ∼= y ∗ z since y ∼= x ∗ y ∗ z.

The following diagram represents the statement of Fact 6.5 if X is a meet-semilattice. The hypotheses are marked by the
symbol ∼= on the edge connecting the two elements. Then the elements of the equivalence class that the fact relates to one
another are framed.

x

∼=

z y
∼=

x ∧ z x ∧ y y ∧ z

x ∧ y ∧ z

Proposition 6.6. Let (X,≤) be a semilattice, ∼= be a congruence on X and f : X → R be a function.
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(a) The function f is a generalised semivaluation if and only if −f is a generalised semi-co-valuation.
(b) If f is a generalised semi(-co-)valuation, then every f ′ ≈ f with respect to {[x]∼=}x∈X has the same property.
(c) If f is a generalised semivaluation, then f ↾[x]∼= is a semivaluation for every x ∈ X. In particular, f ↾[x]∼= is non-decreasing.
(d) If f is a generalised semi-co-valuation, then f ↾[x]∼= is a semi-co-valuation. In particular, f ↾[x]∼= is non-increasing.

It is important to note that we cannot extend the final implications of items (c) and (d) of Proposition 6.6 and state
that a generalised semi(-co)-valuation is monotone with respect to the whole semilattice. On an intuitive level, item (b) of
Proposition 6.6 represents an obstruction to that property. We provide an explicit example of a strictly increasing generalised
semi-co-valuation.

Example 6.7. Consider the lattice S = {0, 1} as defined in Example 2.10(a), and the congruence ∼= given by equality. It can
be verified that the map f = idS is a generalised meet co-valuation even though it is strictly increasing.

Corollary 6.8. Let (X, d) be an invariant generalised quasi-metric semilattice and w be a componentwise weak weight for d.
Then w is a generalised semi-co-valuation with respect to ∼=d such that, for every x ∈ X, w ↾Q(x) is strictly decreasing. Thus
−w is a generalised semivaluation with respect to ∼=d such that, for every x ∈ X, w ↾Q(x) is strictly increasing.

Proof. Assume that (X,≤d) is a meet-semilattice. Let us take three points x, y, z ∈ X such that x ∼=d x ∧ z and y ∼=d x ∧ y.
By Fact 6.5, y ∼=d x ∧ y ∼=d x ∧ y ∧ z ∼=d y ∧ z. Then, thanks to Proposition 4.13(b) and the invariance of d,

w(x) = w(x) + d(x, x ∧ z)− d(x, x ∧ z) = w(x ∧ z)− d(x, x ∧ z) ≤
≤ w(x ∧ z)− d(x ∧ y, x ∧ y ∧ z)− w(x ∧ y) + w(x ∧ y) =

= w(x ∧ z)− w(x ∧ y ∧ z) + w(x ∧ y).

Hence, w is a generalised meet co-valuation with respect to ∼=d. Theorem 5.14 implies the second part of the statement.
The second statement follows from the first one by applying Proposition 6.6(a).

Definition 6.9. If X is a meet-semilattice, ∼= a congruence on X and f : X → R is a generalised meet co-valuation, we define
df : X ×X → R≥0 ∪ {∞} as follows: for every x, y ∈ X,

df (x, y) :=

{
f(x ∧ y)− f(x) if x ∼= x ∧ y,

∞ otherwise.

If X is a join-semilattice, ∼= a congruence on X and f : X → R is a generalised join co-valuation, we define df : X ×X →
R≥0 ∪ {∞} as follows: for every x, y ∈ X,

df (x, y) :=

{
f(y)− f(x ∨ y) if y ∼= x ∨ y,

∞ otherwise.

Theorem 6.10. Let (X,≤) be a semilattice and ∼= a congruence on it.
If f is a generalised semi-co-valuation such that f ↾[x]∼= is strictly decreasing for every x ∈ X, then df is an invariant

generalised quasi-metric on X satisfying ≤=≤df
, and it is componentwise weakly weighted by f . Moreover, ∼==∼=df

.
If f is a generalised semivaluation such that f ↾[x]∼= is strictly increasing for every x ∈ X, then d−f is an invariant

generalised quasi-metric on X satisfying ≤=≤d−f
, and it is componentwise weakly weighted by −f . Moreover, ∼==∼=d−f

.

Proof. We give a proof when (X,≤) is a meet-semilattice and f is a generalised meet co-valuation.
First of all, we claim that, ∼==∼=df

(note that ∼=df
can be defined even if df is not a priori a generalised quasi-metric).

Indeed, let x, y ∈ X. If x ∼= y, then, since ∼= is a congruence, x ∼= x ∧ y ∼= y, and thus df (x, y) < ∞ and df (y, x) < ∞. Vice
versa, if df (x, y) < ∞ and df (y, x) < ∞, then x ∼= x ∧ y and y ∼= x ∧ y, and so x ∼= y.

Let us now show that df is a generalised quasi-metric. Since f is non-increasing on each [x]∼=, df assumes non-negative
values. To prove (QM1), take two points x, y ∈ X such that df (x, y) = df (y, x) = 0. Then the definition of df implies that
x ∼= x ∧ y ∼= y and f(x) = f(x ∧ y) = f(y). As f is strictly monotone on [x]∼=, the equalities x = x ∧ y = y follow.

Let us prove that df satisfies (QM2). For every triple of points x, y, z ∈ X, we claim that

df (y, z) ≤ df (y, x) + df (x, z). (6.1)

If either df (y, x) = ∞ or df (x, z) = ∞, there is nothing to prove. Therefore, we can assume that y ∼= x ∧ y and x ∼= x ∧ z.
Then Fact 6.5 implies that also y ∼= y∧z. Since f is a generalised meet co-valuation and f is non-increasing on the equivalence
classes of ∼=, we obtain the following chain:

f(x ∧ y)− f(y) + f(x ∧ z)− f(x) ≥ f(x ∧ y)− f(y) + f(x ∧ z) + f(x ∧ y ∧ z)− f(x ∧ y)− f(x ∧ z) =

= f(x ∧ y ∧ z)− f(y) ≥ f(y ∧ z)− f(y).

Hence, (6.1) follows by plugging in the definition of df .
Note that, for x, y ∈ X, x ≤df

y if and only if x ∼= x ∧ y and f(x) = f(x ∧ y), which is then equivalent to x = x ∧ y and
therefore to x ≤ y. Hence, ≤=≤df

. Finally, df is invariant by construction and it can be easily seen that f is a componentwise
weak weight for df .

The second statement can be derived from the first one by using Proposition 6.6.
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Using the steps provided in this subsection, we can now extend Corollary 5.17 to generalised quasi-metrics.

Corollary 6.11. Let (X,≤) be a semilattice and ∼= a congruence on it. There are one-to-one correspondences between the
three sets consisting of the following objects:
(a) invariant componentwise weakly weighted generalised quasi-metrics d on X satisfying ≤d=≤;
(b) equivalence classes of generalised semi-co-valuations f strictly decreasing on each [x]∼=;
(c) equivalence classes of generalised semivaluations g strictly increasing on each [x]∼=.
More explicitly, to d we associate [w]≈ and [−w]≈ where w is a componentwise weak weight for d and ≈ is relative to
{Qd(x)}x∈X . To [f ]≈, where ≈ is relative to {[x]∼=}x∈X , we associate df and [−f ]≈. Finally, to [g]≈, where ≈ is relative to
{[x]∼=}x∈X , we associate d−g and [−g]≈.

Proof. Let (X,≤) be a meet-semilattice with a congruence ∼=. We prove the correspondence between (a) and (b) since that
between (b) and (c) is trivial by Theorem 6.10 and Proposition 6.6(a).

Both associations described in the statement are well-defined by virtue of Corollaries 2.22 and 6.8, Proposition 6.6(b) and
Theorem 6.10 since two generalised semi-co-valuations f, f ′ of X satisfy df = df ′ provided that f ≈ f ′.

Moreover, we have to verify that the two associating maps are one the inverse of the other. Indeed, given a generalised
semi-co-valuation f of X strictly decreasing on each [x]∼=, we have seen in Theorem 6.10 that f is a generalised weak weight for
df ; and then to df we associate [f ]≈ as in Corollary 6.8. On the other hand, to check that if d is an invariant generalised quasi-
metric on X with ≤d=≤ and componentwise weakly weighted by w, then d = dw, proceed as in the proof of Corollary 5.17,
taking into account that, for x, y ∈ X, d(x, y) = ∞ if and only if dw(x, y) = ∞ as ∼==∼=d by Theorem 6.10.

7. Entropy for meet-semilattices with respect to an equivalence relation

A self-map ϕ : X → X of a meet-semilattice X is an endomorphism if, for every x, y ∈ X, ϕ(x ∧ y) = ϕ(x) ∧ ϕ(y). For
n ∈ N+, the n-th trajectory of ϕ in x ∈ X is

Tn(ϕ, x) := x ∧ ϕ(x) ∧ · · · ∧ ϕn−1(x).

Fix a function f : X → R and, for x ∈ X, let

hf (ϕ, x) := lim sup
n→∞

f(Tn(ϕ, x))

n
. (7.1)

Clearly, if the function g : X → R satisfies g ∼ f , then hg(ϕ, x) = hf (ϕ, x) for every x ∈ X.

We introduce in the following definition a new notion of intrinsic entropy for endomorphisms of meet-semilattices with
respect to an equivalence relation.

Definition 7.1. Let X be a meet-semilattice, ∼= an equivalence relation on X and ϕ an endomorphism of X. A point x ∈ X
is (ϕ,∼=)-inert if Tn(ϕ, x) ∼= x for every n ∈ N+. Let Iϕ(X,∼=) be the set of all (ϕ,∼=)-inert points of X.

For a function f : X → R, the intrinsic semilattice entropy relative to ∼= is defined as

h̃f,∼=(ϕ) := sup{hf (ϕ, x) | x ∈ X, x is (ϕ,∼=)-inert}.

Whenever the equivalence relation ∼= is a congruence on X, we can provide the following characterisations of a (ϕ,∼=)-inert
point. We say that an endomorphism ϕ of a meet-semilattice X respects an equivalence relation ∼= if ϕ(x) ∼= ϕ(y) for every
x, y ∈ X satisfying x ∼= y.

Lemma 7.2. Let X be a meet-semilattice, ∼= a congruence on X, ϕ an endomorphism of X and x ∈ X. Then the following
conditions are equivalent:
(a) x is (ϕ,∼=)-inert;
(b) x ∧ ϕn(x) ∼= x for every n ∈ N.
Moreover, they imply the following item:
(c) x ∧ ϕ(x) ∼= x.

In addition, if ϕ respects ∼=, then (a) and (b) are equivalent to (c).

Proof. (a)⇒(b) For every n ∈ N+ one has that x ∼= Tn+1(ϕ, x) by assumption. By the convexity of [x]∼= provided by Fact 4.2,
also x ∧ ϕn(x) ∼= x.

(b)⇒(a) For n = 1 one has T1(ϕ, x) = x ∼= x. Thus, we proceed by induction and assume that Tn(ϕ, x) ∼= x for n ∈ N+.
Notice that Tn+1(ϕ, x) = ϕn(x) ∧ Tn(ϕ, x). Thus, since ∼= is a congruence, (b) and the induction hypothesis imply that
Tn+1(ϕ, x) ∼= ϕn ∧ x ∼= x, which concludes the proof.

The implication (b)⇒(c) is trivial.
(c)⇒(a) Assume that x ∼= x ∧ ϕ(x). As T1(ϕ, x) = x ∼= x, we proceed by induction: if Tn(ϕ, x) ∼= x for some n ∈ N+, then

ϕ(Tn(ϕ, x)) ∼= ϕ(x), and so, since ∼= is a congruence, we have

Tn+1(ϕ, x) = x ∧ ϕ(Tn(ϕ, x)) ∼= x ∧ ϕ(x) ∼= x.
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Item (c) of Lemma 7.2 is strictly weaker than (a) and (b) if ϕ does not respect ∼=. We provide a small counterexample.

Example 7.3. Consider the lattice X described by the following Hasse diagram

⊤

x y

⊥,

the endomorphism ϕ defined by ϕ(⊤) = x, ϕ(x) = ϕ(y) = ϕ(⊥) =⊥, and the congruence ∼= partitioning X into the two subsets
{⊤, x} and {y,⊥}. Note that ϕ does not respect ∼= since ϕ(⊤) ̸∼= ϕ(x) even though ⊤ ∼= x. The point ⊤ satisfies item (c) of
Lemma 7.2, but ⊤ ∧ ϕ2(⊤) =⊥̸∼= ⊤.

Remark 7.4. Let X be a meet-semilattice together with a congruence ∼=, and let ϕ be an endomorphism of X that respects
∼=.
(a) If x ∈ X is (ϕ,∼=)-inert, then every y ∈ [x]∼= is (ϕ,∼=)-inert. Indeed, y ∼= x ∼= x ∧ ϕ(x) ∼= y ∧ ϕ(y) and then Lemma 7.2(c)

applies.
(b) Consequently, Iϕ(X,∼=) is a disjoint union of congruence classes of X.

7.1. Entropy for generalised normed semilattices

Following [15, 16], a generalised normed meet-semilattice is a meet-semilattice X with a function v : X → R≥0 ∪ {∞}, and
so v is called generalised norm. Let ∼=v be the equivalence relation induced by the following partition:

Fv(X) := {x ∈ X | v(x) < ∞} and X∞ := X \ Fv(X).

Define fv : X → R≥0 by letting fv(x) = v(x) if x ∈ Fv(X) and fv(x) = 0 otherwise.
The following result shows that hfv,∼=v (ϕ) coincides with the semigroup entropy hv(ϕ) from [16] by slightly generalising

that invented in [15]. It is worth to recall that many of the classical entropy functions in mathematics, such as the measure
entropy ([30, 46]), several instances of topological entropy ([2, 29, 23]), many kinds of (adjoint) algebraic entropy ([2, 14, 17,
19, 26, 38, 50]) and the two set-theoretic entropies ([4, 12]), are found to be semigroup entropies, and in almost all these cases
the underlying semigroup is a semilattice.

Proposition 7.5. Let v : X → R≥0 ∪ {∞} be a generalised norm on a meet-semilattice X that is subadditive on Fv(X), and
let ϕ : X → X be an endomorphism that is monotone with respect to v (i.e., for every x ∈ X, v(ϕ(x)) ≤ v(x)). Then, for
every x ∈ Fv(X), x is (ϕ,∼=v)-inert and

hfv (ϕ, x) = lim sup
n→∞

v(Tn(ϕ, x))

n
. (7.2)

In particular, h̃fv,∼=v
(ϕ) = sup{hfv (ϕ, x) | x ∈ Fv(X)} and so h̃fv,∼=v

(ϕ) = hv(ϕ).

Proof. Let x ∈ Fv(X). Since ϕ is monotone with respect to v, for all n ∈ N+, v(ϕ
n(x)) ≤ v(x) < ∞. We have to prove

that for every n ∈ N+, also Tn(ϕ, x) ∈ Fv(X), that is, v(Tn(ϕ, x)) < ∞. We can proceed by induction, and the case n = 1
is clear as T1(ϕ, x) = x. Assume that v(Tn(ϕ, x)) < ∞ for some n ∈ N+; then v(Tn+1(ϕ, x)) = v(Tn(ϕ, x) ∧ ϕn(x)) ≤
v(Tn(ϕ, x))+ v(ϕn(x)) < ∞ by the subadditivity of v, by inductive hypothesis and by the monotonicity of ϕ with respect to v.

The last assertion follows since every x ∈ Fv(X) is (ϕ,∼=v)-inert and hfv (ϕ, x) = 0 for every (ϕ,∼=v)-inert x ∈ X∞, and by
the definition of semigroup entropy.

The limit superior in (7.2) is actually a limit as proved in [15].

Remark 7.6. Let v : X → R≥0 ∪ {∞} be a generalised norm on a meet-semilattice X, and let ϕ be an endomorphism of X.
If v is non-decreasing, then all the elements of Fv(X) are (ϕ,∼=v)-inert and the conclusions of Proposition 7.5 hold true.
If, instead, v is non-increasing, all the points of X∞ are (ϕ,∼=v)-inert. Therefore, if v is also subadditive on Fv(X) and ϕ

is monotone with respect to v, every x ∈ X is (ϕ,∼=v)-inert in view of Proposition 7.5. Moreover,

hfv (ϕ, x) =

 lim sup
n→∞

v(Tn(ϕ, x))

n
if x ∈ Fv(X),

0 if x ∈ X∞.

Remark 7.7. Let v : X → R≥0 ∪ {∞} be a generalised norm on a meet-semilattice X, and let ϕ be an endomorphism of X.
If v is non-increasing and subadditive, then ∼=v is a congruence: for every x, y ∈ X, x∧ y ∈ Fv(X) if and only if both x and y
belong to Fv(X). Moreover, if ϕ is monotone with respect to v, then ϕ(Fv(X)) ⊆ Fv(X). However, this is not enough to get
that ϕ respects ∼=v: one needs either ϕ(X∞) ⊆ X∞ or ϕ(X∞) ⊆ Fv(X).
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7.2. Entropy for componentwise weakly weighted invariant generalised quasi-metric semilattices

Let (X, d) be an invariant generalised quasi-metric meet-semilattice together with a componentwise weak weight w for d.
Let ϕ be a non-expansive endomorphism of X (i.e., d(ϕ(x), ϕ(y)) ≤ d(x, y)). Hence, we have the following data:
- the equivalence relation ∼=d is a congruence and so every large-scale connected component Q(x) is a convex invariant
subsemilattice of X (see Proposition 4.14);

- ϕ respects ∼=d by definition of non-expansive endomorphism;
- for every x ∈ X one has that w ↾Q(x) ∼ wx, where wx = d(x, y) − d(y, x) < ∞ for every y ∈ Q(x) (see Theorem 6.2 and
(5.1)).

The following result shows in particular that h̃w,∼=d
(ϕ) coincides with the intrinsic semilattice entropy hd(ϕ) from [11].

This entropy was introduced to get a unifying approach able to cover all (or at least, most) of the intrinsic-like entropies in
literature: the intrinsic algebraic entropy ([18]), the algebraic and the topological entropies for locally linearly compact vector
spaces ([9, 10]), the topological entropy for totally disconnected locally compact abelian groups ([13, 25]) and the algebraic
entropy for compactly covered locally compact abelian groups ([13, 24]).

Proposition 7.8. Let (X, d) be an invariant generalised quasi-metric meet-semilattice componentwise weakly weighted by w
and ϕ be a non-expansive endomorphism of X.
(a) An element x ∈ X is (ϕ,∼=d)-inert if and only if d(x, ϕ(x)) < ∞.
(b) For every x ∈ Iϕ(X,∼=d),

hw(ϕ, x) = lim sup
n→∞

d(x, Tn(ϕ, x))

n
. (7.3)

In particular, hw(ϕ, x) does not depend on the choice of w.

Moreover, h̃w,∼=d
(ϕ) = sup{h̃w(ϕ, x) | x ∈ X such that d(x, ϕ(x)) < ∞} and so h̃w,∼=d

(ϕ) = h̃d(ϕ).

Proof. (a) For every x ∈ X, d(x, ϕ(x)) = d(x, x ∧ ϕ(x)) by the invariance of d. Moreover, as x ∧ ϕ(x) ≤ x, d(x ∧ ϕ(x), x) = 0
and so x ∧ ϕ(x) ∼=d x if and only if d(x, ϕ(x)) < ∞. Lemma 7.2 concludes the proof.

(b) Let x ∈ Iϕ(X,∼=d). First notice that, for every n ∈ N+, Tn(ϕ, x) ∈ [x]∼=d
. Since w ↾Q(x) ∼ wx as stated above,

there exists a constant cx > 0 such that w(Tn(ϕ, x)) = wx(Tn(ϕ, x)) + cx for every n ∈ N+. Moreover, since Tn(ϕ, x) ≤ x,
wx(Tn(ϕ, x)) = d(x, Tn(ϕ, x)), and so one computes

hw(ϕ, x) = lim sup
n→∞

w(Tn(ϕ, x))

n
= lim sup

n→∞

wx(Tn(ϕ, x))

n
= lim sup

n→∞

d(x, Tn(ϕ, x))

n
.

The last assertion follows from the definitions.

The limit superior in (7.3) is actually a limit, as proved in [11, Theorem 3.15].

The requirement that the generalised quasi-metric meet-semilattice has to satisfy (DPC) may seem restrictive. However,
this property is fulfilled by all the examples of intrinsic entropies collected in [11]. Nevertheless, we explicitly pose the following
problem.

Question 7.9. Let ϕ be a non-expansive endomorphism of an invariant generalised quasi-metric meet-semilattice (X, d). Fix
a family {xi}i∈I of representatives of the large-scale connected components of X, and define wX as in Theorem 6.2, i.e., by

setting wX ↾Q(xi)= wxi , for every i ∈ I. For a (ϕ,∼=d)-inert point x ∈ X, is it true that the value h̃wX
(ϕ, x) does not depend

on the choice of the representative family? If so, can we conclude that hwX
(ϕ, x) = lim supn→∞

d(x,Tn(ϕ,x))
n ?

7.3. How to recover some classical entropies

We conclude by listing some concrete and classical examples of entropies obtained using Example 2.21 (see also Exam-
ples 4.16 and 6.3).

7.3.1. The algebraic entropy

Let G be an abelian group and (L(G),⊇) the meet-semilattice consisting of all subgroups of G ordered by reverse inclusion
(see Example 4.16(b)). Every group endomorphism ϕ : G → G induces an endomorphism of L(G), which we call again
ϕ : L(G) → L(G), by setting H 7→ ϕ(H) for every H ∈ L(G). For H ∈ L(G),

Tn(ϕ,H) = H + ϕ(H) + · · ·+ ϕn−1(H), for every n ∈ N+.

(a) The meet-semilattice (L(G),⊇) can be equipped with the subadditive generalised norm

v : L(G) → R ∪ {∞}, v(H) := log |H|.

In particular, ϕ : L(G) → L(G) is monotone with respect to v. By Proposition 7.5, one has

h̃fv,∼=v
(ϕ) = sup{hfv (ϕ,H) | H ∈ Fv(L(G))}.
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Since Fv(L(G)) = {H ≤ G | H finite} and fv : L(G) → R is given by fv(H) = log |H| if H is finite and fv(H) = 0
otherwise, we get that

hfv (ϕ,H) = lim
n→∞

log |Tn(ϕ,H)|
n

, and so h̃fv,∼=v
(ϕ) = ent(ϕ), (7.4)

where ent(ϕ) is the classical algebraic entropy of abelian group endomorphisms ([2, 15, 19, 50]).
(b) The pair (L(G), dL(G)) is an invariant generalised quasi-metric meet-semilattice satisfying (DPC). Suppose that w is a

componentwise weak weight for dL(G). By Proposition 7.8, we obtain that, for every (ϕ,∼=dL(G)
)-inert subgroup H of G,

hw(ϕ,H) = lim
n→∞

log|Tn(ϕ,H) : H|
n

, and so h̃w(ϕ) = ẽnt(ϕ),

where ẽnt(ϕ) is the intrinsic algebraic entropy of ϕ as defined in [18] (see also [11, §5.2.1]).

Remark 7.10. In the above setting, as Fv(L(G)) is a ϕ-invariant subsemilattice of L(G), we can consider on it the restrictions
ϕfin and vfin of ϕ and v, respectively. Restricting the generalised quasi-metric dL(G) defined in Example 2.21(b), we obtain
a quasi-metric d on Fv(L(G)) for which vfin is a weight. Therefore, vfin is a strictly decreasing meet co-valuation by
Theorem 5.14. Since (Fv(L(G)), d) has only one large-scale connected component, for every E ∈ Fv(G), wE ∼ vfin by
Theorem 5.4 and Proposition 2.6(a), where wE is defined in Example 6.3(b). Thus, given any fixed E ∈ Fv(G), for every
H ∈ Fv(L(G)),

hfv (ϕ,H) = hwE
(ϕfin, H) = lim

n→∞

log|Tn(ϕ,H) + E : E| − log|Tn(ϕ,H) + E : Tn(ϕ,H)|
n

,

which has to be compared with (7.4).

Example 7.11. Let now G be a compactly covered locally compact abelian group (i.e., the Pontryagin dual Ĝ of G is a
totally disconnected locally compact abelian group) and ϕ : G → G be a continuous endomorphism. Denote by B(G) the
subsemilattice of L(G) consisting of all compact open subgroups of G and call dB(G) the restriction of dL(G) to B(G).

In this case, (B(G), dB(G)) is an invariant quasi-metric meet-semilattice satisfying (DPC), that is, we have only one large-
scale connected component: for every U, V ∈ B(G), U ∼=dB(G)

V ; in fact, the indices |U + V : V | and |U + V : U | are finite
since both U and V are open in the compact subgroup U + V .

Hence, fixed V ∈ B(G), by Theorem 5.4 and Proposition 7.8(a), we get that

hwV
(ϕ,U) = lim sup

n→∞

log |Tn(ϕ,U) : U |
n

, for every U ∈ B(G),

and so
hwV

(ϕ) = sup{hwV
(ϕ,U) | U ∈ B(G)} = halg(ϕ),

where halg(ϕ) is the algebraic entropy of ϕ as described in [13, Proposition 2.2]
For the general definition of the algebraic entropy for continuous endomorphisms of locally compact groups, see [12, 47].

In [15], it was already obtained as a semigroup entropy in the general case.

Remark 7.12. One can carry out considerations similar to those of Example 7.11 also in other settings. For example,
they can be applied to the topological entropy of continuous endomorphisms of totally disconnected locally compact groups
(see [11, 13, 15, 25]), and to the algebraic and the topological entropy of continuous endomorphisms of locally linearly compact
vector spaces (see [9, 10]).

7.3.2. The set-theoretic entropy

Analogously to §7.3.1 for the algebraic entropy, one can treat the set-theoretic entropy as follows.
Let S be a non-empty set and (P(S),⊇) the meet-semilattice consisting of all subsets of S ordered by inverse inclusion

(see Example 4.16(a)). Every self-map φ : S → S induces an endomorphism of P(S), that we call again φ : P(S) → P(S),
such that A 7→ φ(A) for every A ∈ P(S). Note that

Tn(φ,A) = A ∪ φ(A) ∪ · · · ∪ φn−1(A), for every n ∈ N+.

(a) The meet-semilattice (P(S),⊇) can be equipped with the subadditive generalised norm

vset : P(S) → R ∪ {∞}, vset(A) := |A|.

In particular, φ : P(S) → P(S) is monotone with respect to vset. By Proposition 7.5,

h̃fvset ,
∼=vset

(φ) = sup{hfvset
(φ,A) | A ∈ Fvset(P(S))}.

Since Fvset(P(S)) = {A ⊆ S | A finite} and fvset : P(S) → R is given by fvset(A) = |A| if A is finite and fvset(A) = 0
otherwise, we get that

hfvset
(φ,A) = lim

n→∞

|Tn(φ,A)|
n

, and so h̃fvset ,
∼=vset

(φ) = hset(φ),

where hset(ϕ) is the classical set-theoretic entropy of φ ([4, 15, 16]).
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(b) The pair (P(S), dP(S)) is an invariant generalised quasi-metric meet-semilattice satisfying (DPC). If w is a componentwise
weak weight for dP(S), by Proposition 7.8 one obtains that, for every (ϕ,∼=dP(S)

)-inert subset A of S,

hw(φ,A) = lim
n→∞

|Tn(φ,A)\A|
n

, and so h̃w,∼=dP(S)
(φ) = h̃set(φ),

where h̃set(φ) is the intrinsic set-theoretic entropy of φ from [16]. In the same paper, it was also proved that always

h̃set(φ) = hset(φ).

Similar considerations as those in Remark 7.10 can be done also for the set-theoretic entropy.
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