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FINITENESS PROPERTIES OF TOTALLY DISCONNECTED
LOCALLY COMPACT GROUPS

I. CASTELLANO AND G. COROB COOK

ABSTRACT. In this paper we investigate finiteness properties of totally
disconnected locally compact groups for general commutative rings R, in
particular for R = Z and R = Q. We show these properties satisfy many
analogous results to the case of discrete groups, and we provide analogues
of the famous Bieri’s and Brown’s criteria for finiteness properties and
deduce that both FP,-properties and F,-properties are quasi-isometric
invariant. Moreover, we introduce graph-wreath products in the category
of totally disconnected locally compact groups and discuss their finiteness
properties.

INTRODUCTION

The notion of compact presentation was introduced in 1964 by Knesern,
and a first attempt at generalising this to higher dimension is due to Abels
and Tiemeyer [3]. However, compact presentability and related finiteness con-
ditions for locally compact groups have received little attention until recently.
In [17] Cornulier and de la Harpe revisited o-compactness, finite presentability
and compact presentability of locally compact groups from the point of view
of coarse geometry. A homological approach to finiteness conditions of totally
disconnected locally compact groups over the rationals was introduced in [13].
Nevertheless, the theory of finiteness conditions for totally disconnected lo-
cally compact (t.d.l.c.) groups is still less developed than the one for discrete
groups.

In this paper we investigate finiteness properties of t.d.l.c. groups for general
commutative rings R (and in particular for R = Z and R = Q) bringing forward
the study initiated in [13]. There the authors take advantage of the divisibility
of Q in order to deal with a category of modules with enough projectives.
When R is arbitrary instead, the lack of projective objects means that to get
results over R, rather than just Q, requires some additional work: it requires
the theory of topological R[G]-modules introduced in [14]. The benefits of
this generalisation will become apparent when we want to study G-spaces and
F,-properties. Indeed, we need to understand the homology over Z in order
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wreath products.
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2 I. CASTELLANO AND G. COROB COOK

to use the Hurewicz theorem to deduce information about the homotopy of
these spaces from their homology; see, for example, Proposition 3.13.

The paper opens with a section dedicated to the categories r[gjdis and
r[g]top, whose objects are respectively discrete R[G]-modules and topological
R[G]-modules. The objects of g[)dis are the left R[G]-modules M such that
the action GxM — M is continuous if M is endowed with the discrete topology.
In the literature, discrete modules first appeared in the context of profinite
groups [30] and were then brought to the context of t.d.l.c. groups in [13].

For an arbitrary ring R, the category grg)dis is well-behaved: it is abelian,
it has enough injectives and all (co)limits exist, but the situation is best for
R =Q. In fact, g[g1dis has also enough projectives and the category becomes
amenable to many other homological tools. For example, a Lazard-type the-
orem (see Theorem 1.6) provides a complete description of all flat objects of
g[c¢1dis by means of permutation modules.

The use of permutation modules is predominant in the study of finiteness
conditions of t.d.l.c. groups. Of particular interest are the so-called proper
discrete permutation modules, i.e., modules R[] freely R-generated by a G-
set 2 whose pointwise stabilisers are compact open subgroups of G. Proper
discrete permutation modules are the key example of projective objects in
g[c1dis which the reader may wish to keep in mind while reading the paper.
Unfortunately, they fail to be projective over other rings, even in such basic
cases as R =7.

Therefore, we embed g[)dis into a quasi-abelian category that has enough
projectives, whatever R is chosen. This is possible because a t.d.l.c. group G
is a k-space and we can construct the category rgjtop whose objects are the
so-called k-R[G]-modules, i.e., module objects in the category of k-spaces over
the k-R-algebra R[G]; see §1.7 for more details.

The key technical part of this work is Section 3 where we define several
finiteness properties for t.d.l.c. groups, in terms of the category grjgjtop as
well as g[gjdis. The terms FP,, and F,, will indicate finiteness conditions in
g[c1dis and the terms KP;, and K,;, will denote that we are in the topological
context of k-spaces. For instance, a t.d.l.c. group G is defined to have type
FP,, over R (n € NuU {oo}) if the trivial discrete R[G]-module R admits a
resolution P — R formed by finitely generated proper discrete permutation
R[G]-modules. This definition coincides with the one in [13] when R = Q and
proper discrete permutation modules are projective. On the other hand, G will
be said to have type KP,, if there is a projective resolution P — R in gjg top
with P; a free k-R[G]-module on a compact space for i < n. Since gigjdis
is an abelian subcategory of gjg top, we may compare these notions: having
type FP,, turns out to be equivalent to having type KP, by Theorem 3.10.

By analogy with the abstract case, we also consider G-spaces and introduce
type F,, and type K,, over R. These notions generalise compact presentability
to dimension n > 2; see § 3 for definitions and details. Theorem 3.23 shows
that type F,, implies type K,, but the converse remains open.
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Many well-known properties that hold for abstract groups satisfying some
finiteness properties can be transferred to the context of t.d.l.c. groups:

e I, (resp. K,,) implies FP,, (resp. KP,,) over R;

o P, implies F,, over Z if G is compactly presented by Proposition 3.13;

e finiteness properties behave well with respect to short exact sequences
of modules (see Proposition 3.9 and Corollary 3.12) and extensions of
t.d.l.c. groups (see Theorem 3.20);

and some can be even improved; see, for example, Remark 3.22.

In addition, various famous criteria for finiteness properties — such as Bieri’s
criterion and Brown’s criteria — find an analogue in the context of t.d.l.c.
groups as well; see Theorem 4.2, Theorem 4.7 and Theorem 4.10. Indeed, the
whole of Section 4 deals with all these criteria. Though these results remain
true, the proofs of their discrete analogues do not always carry over directly to
our situation (this occurs for Theorem 4.7, for example), and some additional
work is required.

Sections 5 and 6 present several applications for the finiteness criteria de-
scribed above. More precisely, in Section 5 we answer a question by N. Pet-
rosyan by proving Theorem 5.5 and deducing that being of type FP,, (or F,,)
is a quasi-isometric invariant property of a t.d.l.c. group G. Furthermore,
we introduce in Section 6 the notion of graph-wreath product in the category
of t.d.l.c. groups and address finiteness properties for such a construction by
extending results from [6] and [23].

Finally, in Section 7 we consider homological and cohomological dimension
for t.d.l.c. groups, and prove some basic properties.

1. A BIT MORE ON THE CATEGORIES g[g)top AND g[gdis

In this paper R will always be a commutative ring, with the discrete topol-
ogy. (In practice, we can think of R as being either Z or Q.) By G we will
always denote a t.d.l.c. group - unless stated differently - and the subgroups of
G will usually be considered to be closed. The category of abstract left R[G]-
modules and their homomorphisms is denoted by rjgjmod, while the objects
of modg() are the abstract right R[G]-modules. Subsequently, the cate-
gory g[g)dis (resp. disg[q) indicates the full subcategory of gjgymod (resp.
modg[s]) whose objects are the discrete left (resp. right) R[G]-modules.
Recall that an abstract R[G]-module M is said to be discrete if the action
G x M — M is continuous with the discrete topology on M, or equivalently
if the pointwise stabiliser G,,, m € M, is an open subgroup of G for every
element m of M. The category r[g)dis (resp. disg[q) is an abelian category
with enough injectives. All the upcoming properties and definitions stated for
left modules find an analogue for right modules as well.

1.1. Discrete permutation R[G]-modules. Suppose G acts continuously
on a discrete left G-set (2, i.e., the stabiliser G, = {g € G | g-w = w} is open for
all w € Q. The R-module R[] — freely spanned by 2 — carries canonically the
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structure of a discrete left R[G]-module which is then defined to be a discrete
permutation R[G]-module. More precisely, as R[G]-modules,

R[Q] = ]_LR[G/GW], (1.1)

where R is a set of representatives of the G-orbits in 2. We call proper those
discrete permutation R[G]-modules with compact stabilisers. A left resolution

P, P, P R 0

of R in gpg1dis will be called a (proper) discrete permutation resolution of R
if each module P, is a (proper) discrete permutation R[G]-module.

Let R = Q. In this case, every proper discrete permutation Q[G]-module
Q[©] is a projective object in g[g)dis. More precisely, one has the following
useful characterisation.

Fact 1.1 ([13, Corollary 3.3]). Let G be a t.d.l.c. group. A discrete Q[G]-
module M is projective if and only if M is a direct summand of a proper
discrete permutation Q[G]-module.

Therefore, by van Dantzig’s theorem, one deduces that g(g)dis has also
enough projectives. Note, though, that the same is not true in general for
proper discrete permutation R[G]-modules: the divisibility of Q is crucial to
the argument. Moreover, in the special case of G being a profinite group, one
has that every discrete Q[G]-module is both injective and projective by [13,
Proposition 3.1].

1.2. Limits and Colimits. The abelian category gr[g)dis has all small col-
imits: gg)dis is a full subcategory of gjgymod closed under taking colimits
and g[gymod has all small colimits. On the other hand, limits in g[gdis are
not created in gjgymod in general. For example, let G = Q) be the field of
p-adic rationals for some prime p and {U, = p"Z, | n € N} the nested family
of open balls centred at 0. The product [],.nR[G/U,] is not discrete: the
element (Upy)nen has stabiliser equal to N, Uy, = 1, which is not open in G.

However, for arbitrary t.d.l.c. groups, gjg)dis does always admit all limits.
To this end, for A € ob(g[g)dis), let

d(A) ={a € A|stabg(a) open in G}, (1.2)
be the largest discrete R[G]-submodule of A. The “discretising” functor
d: R[G]mod g R[G]dis (13)

is a covariant additive left exact functor, which is the right-adjoint of the
forgetful functor f:g[g)dis - g[gymod; see [13, § 2.2] for the details. This ad-
junction makes g[gdis a coreflective subcategory of gjgjmod, so it has small
limits because gjg)mod does: explicitly, limits in g[gjdis can be constructed
by applying d to limits in gjgjmod, and we will write dlim for such limits to
avoid confusion; lim will represent limits in gjgjmod.

Fact 1.2. Let G be a t.d.l.c. group. Then products in g[g)dis are exact.



FINITENESS PROPERTIES OF T.D.L.C. GROUP 5

Proof. This holds in any abelian category with enough projectives. ([l

1.3. The rational discrete standard G-bimodule. In the context of dis-
crete Q[ G]-modules, there is an important discrete Q[ G ]-bimodules which can
play some of the role of the group algebra: the so-called rational discrete stan-
dard G-bimodule Bi(G). In the case that G is unimodular, Bi(G) turns out to
be isomorphic but not canonically isomorphic to the Q-vector space C.(G,Q)
of continuous functions from G to Q with compact support; see [13] for the
results. Here we recall the construction of Bi(G), which will play a crucial
role throughout this paper.

Let €O(G) = {U < G | U compact and open}. For U,V € €O(G), V c U,

one has an injective map
1
nuv:QIGIU] — Q[G/V], nuy(zU) = v YoarV, zeG, (14)

of discrete Q[G]-modules. By construction, one has that nyw = nyv.w o nu,v
whenever W e €O(G) with W cV cU. Let

Bi(G)= lim (QIG/ULmuy). (L5)
UeeH(Q)

Then, by definition, Bi(G) is a discrete left Q[G]-module and the assignment
(zU)-g=xgU% g,xeG, Ue€O(G)and U’=g'Uyg, (1.6)

defines a right Q[G]-module structure on Bi(G) that commutes with the left
structure, i.e., Bi(G) is a discrete Q[ G]-bimodule, which is then called rational
discrete standard G-bimodule.

Proposition 1.3. Let G be a t.d.l.c. group and H an open subgroup. Then
as Q[H ]-bimodules Bi(H) is (isomorphic to) a direct summand of Bi(G).

Proof. We may define Bi(G) as a direct limit lim Q[G/U] where U ranges
over the compact open subgroups contained in H, because this is cofinal in
the poset of all compact open subgroups. For each compact open subgroup
U of H, as left Q[H ]-modules Q[ H/U] is a direct summand of Q[G /U], and
this decomposition into direct summands Q[H /U] & Q[(G - H)/U] is easily
seen to be compatible with (1.4) and (1.6) with respect to H, so as Q[H |-

bimodules the direct limit lim () Q[H/U] = Bi(H) is a direct summand

of Bi(G). 0

Proposition 1.4. Let G be a t.d.l.c. group. For every closed normal subgroup
N of G, one has an isomorphism

Q@ Bi(G) = Bi(G/N),
of Q[G/N]-bimodules.
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Proof. Let N be a closed normal subgroup of G. Firstly, note that the set
CON(G/N) ={UN/N |U € €O(G)} is a local basis at N in G/N consisting
of compact open subgroups, i.e., €On(G/N) is cofinal in €O(G/N) . Thus

QenBi(G)xQeyx ( lim Q[G/U]) (by definition)

Ue€O(G)
= lim Q[N\G/U] (since Q@y — commutes with direct limits)
UeCO(G)
= lim Q[G/UN] (for N\G/U = G/UN since N is normal)
Ueed(G)
= ln Q[U%jvjv]
UetH(G)

Bi(G/N) (for €On(G/N) is cofinal in €O(G/N)).

We denote Q ® y Bi(G) by Bi(G) .

1.4. Flat discrete R[G]-modules. A discrete left R[G]-module M is said
to be flat if the functor

— ®g M:g[g)dis » rmod, (1.7)
is exact.

Let R = Q. Since every short exact sequence of discrete Q[G]-modules
over a profinite group splits (cf. the end of § 1.1) and _ ®¢ — preserves split-
tings in each argument, it is not difficult to prove that every proper discrete
permutation Q[G]-module is flat. More generally, one has the following.

Fact 1.5. Let G be a t.d.l.c. group.

(1) Every projective discrete Q[G]-module is flat.
(2) Bi(G) is flat in g dis.

Moreover, one has the following characterisation of flat discrete Q[G]-
modules that resembles Lazard’s theorem for abstract modules.

Theorem 1.6 (Lazard-type Theorem). Let G be a t.d.l.c. group and M €
ob(q[gdis). Thus the following are equivalent:

(a) the discrete Q[G|-module M s flat;

(b) for every morphism f: P — Py of finitely generated proper discrete permu-
tation Q[G]-modules and every morphism ¢a: Po — M such that ¢oo f =0,
there exists a morphism f': Py — P3 of finitely generated proper discrete
permutation Q[G]-modules and a morphism ¢s: Ps — M such that f'o f =
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0 and ¢o = g3 0 f'. In other words, the following lift occurs
Ps (1.8)

i.e., every map a:coker(a) - M factors through some ¢'.
(¢) M is a direct limit of finitely generated proper discrete permutation Q[G]-
modules.

Proof of Theorem 1.6. (a) = (b) Let f:P| - P, and ¢o: P, > M as in (b).
Consider the rational discrete standard G-bimodule Bi(G) and let

f*=_o f:Homg (P2, Bi(G)) » Homg (P, Bi(G)) (1.9)

denote the map - induced by f - of discrete right Q[G]-modules (where the
right action on Homg(—,Bi(G)) is given by the right module structure of
Bi(G)) and denote by K the kernel of f*. Notice that Homg (P, Bi(G)) is a
finitely generated discrete right Q[G]-module with compact stabiliser when-
ever P is a left one. Since M is flat, one has the following commutative
diagram

00— KQ®a M —— Homg(PQ,Bi(G)) Ra Mf*(ST. Homg(Pl,Bi(G)) ®q M
idar
HOI’HG(P27M) HOI’HG(P]_,M)
(1.10)

in gmod (cf. [13, Prop. 4.6]). Since ¢ 0 f =0, ¢2 can regarded as an element
of K®g M, i.e.,

pa ~ ) ki ®ami, (1.11)
i€l

for some k; € K, m; € M and I finite. Now let P be a finitely generated
discrete right permutation Q[G]-module with compact stabilisers mapping

onto the G-submodule of K generated by {k; | i € I'}. Namely,
Py =[[QIU:\G] » Homg (P, Bi(G)), U;—k; Viel (1.12)

iel
where U; c stabg(k;) for each ¢ € I. Dualizing yields a map
Py =] [Q[G/U;] - P, (1.13)
i€l

by [13, § 4.4], such that f’o f = 0. Finally, ¢3: P3 > M is defined by U; » m;.
(b) = (¢) We may write M as a direct limit of finitely presented modules in
the usual way; see [31, Lemma 2]. Now (b) is telling us precisely that every
map from a finitely presented module to M factors through a map from a
finitely generated proper discrete permutation module to M, so (c) follows by
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the same argument as [31, Lemma 2]. (¢) = (a) Since direct limits of flat
modules are flat, Fact 1.5 concludes the proof. O

1.5. Rational discrete homology. Following [13], for every discrete right
Q[G]-module B we denote by

dTorg(B,f):@[G]dis - gomod, k>0, (1.14)

the left derived functors of the right exact functor B ®¢ —: g[g)dis - gmod.
Clearly, one has dTor§ (B, A) = B®g A for any discrete left Q[G]-module
A. The dTor-spaces can be computed using flat resolutions of either the first
or the second argument but one may also use projective resolutions for this
purpose. The rational discrete homology of G is defined by

dH,(G,_) = dTor{ (Q,), k>0, (1.15)

where Q is the trivial right Q[G]-module. As a direct consequence of the
definition one has the following properties:

(1) If P is projective, then dTor$(C, P) =0 for all k > 1.
(2) If G is compact, then dH;(G,_) =0 for all k > 1.

Similarly, we define dExt-functors as the right derived functors of Hom,
these may be calculated by taking a projective resolution of the first argu-
ment or an injective resolution of the second, we define group cohomology by
dH* (G, -) = dExt% (Q, -), and this is trivial for G compact and k > 1.

1.6. Module structures on dTor and dExt. As for abstract groups, when
N is a (closed) normal subgroup of G, and B is a discrete right Q[ G]-module,
we may think of dTor} (B,-) as a functor g[e]dis —»g[g/n] mod. The G/N-
action is induced by the action on the tensor product: if A € g[gydis, G acts
on B®y A by
g-(b®a)=bg ' ®ga,

which is trivial for g € N. In fact dTor) (B,-) is a functor from g[c)dis to
g[a/n)dis. To see it we just need to check this for tensor products. First
consider an element of B @y A of the form b ® a. If a is stabilised by some
open U, and b by some open V then, for gin UnV, g(b®a) =bg ' ®ga =b®a
as required. Therefore, for a general element of B®y A, the stabiliser contains
a finite intersection of such subgroups, so it is open.

On the other hand, for A € g(¢)dis, we may think of Homgy(4,-) as a
functor ggdis —q[g/n) mod with the G/N-action given by

g-f(a)=gf(g '), VaeA,
which is trivial for g € N. Suppose N =1 and U is a compact open subgroup
of G whose normal core is not open, e.g., a compact open subgroup in a (topo-
logically) simple t.d.lL.c. group. Then consider Homg(®q/r Q, Q[G/U]) =
[lqu Q[G/U], where @¢/u Q is given the trivial action. The G-action on
[Tgu Q[G/U] is the diagonal one, acting by left-multiplication on each copy
of G/U. But this is not a discrete G-module because the stabiliser in G of
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the element (gU)gueq/u is the normal core of U. Neretin’s group of almost
automorphisms of a regular tree is an example of a such a group; see [21].
Therefore, we can define an ‘internal Hom’ functor

do HOII]Q (A ) QG diS QQ[G/N] diS, (116)

which satisfies the usual adjunction with tensor products and is left exact.
We write dHom for this. Indeed, it is left exact because d and Hom are; for
A,C € g[gdis, and B € g[g/n1dis, we have

Homg(q/n1(B,dHomg (A, C)) = Homggn1(B, Homgn(4,C))
= Homg(q(B ®q 4,C)),

where the action on B ®g A is the diagonal one.

This difference must be borne in mind whenever we want to define Lyndon-
Hochschild-Serre-type spectral sequences, and care should always be taken
over the distinction here between Hom and dHom. For example, since Hom
is balanced, its derived functors may be calculated by taking a projective
resolution of the first variable, an injective resolution of the second variable,
or both; the same is not true of dHom. In the context of a normal closed
subgroup N of a t.d.l.c. group G, we will take group cohomology H*(N,-)
to be the derived functors of —V: this avoids any ambiguity because applying
~N to a discrete Q[G]-module gives a discrete Q[G/N]-module automatically.
Observe, for A € g[g)dis, that:

(i) H™(N, A) can be calculated as dExt(%[N] (Q, A), even though dExt&N] (-,
is not in general a functor g[g)dis™ x g[g)dis —q[g/n] mod;

(ii) H"(N,A) can be calculated as the homology of dHomg[x}(Q, I) where I
is an injective resolution of A, but not as the homology of dHomQ 1(P,A)
for P a projective resolution of Q.

1.7. Topological modules. As a concrete motivation for introducing this
more general category of modules: we will want to study when discrete R[G]-
modules have resolutions by finitely generated proper discrete permutation
modules, but when they are not projective (e.g. R =Z), studying these reso-
lutions has some extra obstacles. It turns out that the key to making things
work is Corollary 3.11; the proof uses Theorem 3.10, which in turn requires
that we use topological R[G]-modules.

In this paper, we consider algebraic objects in the category of k-spaces,
that is, spaces which are compactly generated and weakly Hausdorff. For
background on such spaces, see [24].

We can consider the categories of group objects, module objects, etc. in
this category, and call such objects k-groups, k-modules, etc. See [14, Section
1, Section 7] for background on these categories. We summarise the details
we will need.

First, all locally compact Hausdorff spaces are k-spaces, and so all t.d.l.c.
groups are automatically k-groups.

-)
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The group ring R[G] can be given a topology making it a k-R-algebra
satisfying the usual universal property: if S is a k-R-algebra, every continuous
group homomorphism from G to the group of units of S (with the subspace
topology) factorises uniquely through G - R[G] — S.

The category g[g)top of k-R[G]-modules is well-behaved: it is quasi-abelian,
and has several interesting exact structures that make it into a left exact cat-
egory (in the sense of [14]; see there for details) with enough projectives. In
fact this left exact structure is even exact, by [7, Proposition 4.3]. Moreover
there are well-behaved Homg[g)(—,—) and _ ®g[g) — functors satisfying the
usual form of adjunction.

The relevant left exact structure here is the one induced by taking the
class of projectives to be summands of free modules on disjoint unions of
compact Hausdorff spaces, which we call the compact Hausdorff structure.
This helpfully makes the group algebra R[G] a projective R-module when G
is t.d.l.c., by van Dantzig’s theorem. Indeed, we can say more:

Lemma 1.7. For G a t.d.l.c. group and H a (closed) subgroup, R[G] is
projective as a k-R[H]-module, in the compact Hausdorff structure.

Proof. By [1, Lemma 2.3], the quotient map G — H\G has a continuous sec-
tion. So as an H-space, G is homeomorphic to H x H\G, where H acts by
left-multiplication on the first factor. Thus R[G] is the free R[H ]-module
on the space H\G with the quotient topology, which is a disjoint union of
compact Hausdorff spaces since it is homeomorphic to a subspace of G. ]

We will write SLR for the projective-split maps (that is, maps which have
the right lifting property for projective objects) in this category, and call such
maps CH-split.

Finally, note that rjg)dis is an abelian subcategory of gjgjtop, and that
the restriction of the compact Hausdorff structure of gjgjtop to grig)dis gives
the usual abelian structure.

2. G-SPACES WITH DISCRETE ACTIONS

2.1. Discrete G-CW-complexes. Following [13], let § be a non-empty set
of open subgroups of GG satisfying

(F1) for AeF and g € G one has YA = gAg™ € §;

(F2) for A,B€§ one has AnBe€3.
A non-trivial topological space X together with a continuous left G-action
_+_GxX - X is called a left G-space. Moreover a G-space is said to be
$-discrete, if stabg(x) € § for all x € X. We shall call a G-space X discrete,
whenever the family § is clear. If the family § is contained in €O(G), we say
that the G-space is proper. A map of G-spaces is a continuous map f: X - Y
of left GG-spaces which commutes with the G-action.

Definition 2.1. A non-empty G-space X together with an increasing filtration
(X1n)nso of closed subspaces X, ¢ X is called a (G,§)-CW-complez, if

(Dl) X = Unso Xn;



FINITENESS PROPERTIES OF T.D.L.C. GROUP 11

(D2) Xy is a §-discrete subspace of X;
(D3) for n > 1 there exist a F-discrete space A, G-maps f: S" 1xA, - X,
and f:B" x A,, > X,, such that

Sl x Ay ; Xn1

L,

B"x A, —— X,

is a push-out diagram, where S™~! denotes the unit sphere and B" the
unit ball in euclidean n-space (with trivial G-action);
(D4) a subspace Y c X is closed if and only if Y n X, is closed for all n > 0.

Remark 2.2. All the spaces A,, comes equipped with the discrete topology since
§ is a family of open subgroups of G. Therefore a discrete G-CW-complex is,
forgetting the group action, a CW-complex.

Fact 2.3. Let G be a t.d.l.c. group and X a discrete G-CW-complex. Then

(1) the action of G on X is continuous;
(2) the action of G on X is by cell-permuting homeomorphisms;
(3) an element in G fixing a cell o of X setwise fizes o pointwise.

We shall refer to X simply as discrete G-CW-complex when there is no need
to specify the family §. Moreover, X will be called proper if § ¢ €O(G), i.e.,
the cell-stabilisers are compact and open.

Remark 2.4. In [29], a (G,€O(G))-CW-complex X is called proper smooth G-
CW-complex. Moreover, if X is also contractible, then X is called a topological
model of G.

Remark 2.5. Alternatively, one could allow actions with inversions and talk
about discrete G-complezes: this is the approach taken in [10], for example.
In such a case, the associated cellular chain complex is no longer formed by
discrete permutation modules because some kind of “twisting” is involved.
Nevertheless, many of the upcoming results can be stated for discrete G-
complexes as well.

The dimension of X is defined by
dim(X) =min({k e Ny | X, = X} u{oo}), (2.1)

and X is said to be of type F,, n € Ngu{oo}, if G has finitely many orbits on
the k-skeleton X of X for 0 <k < n.

Example 2.6. The topological realisation of a simplicial complex acted on by
G with open stabilisers is an example of discrete G-CW-complex. For exam-
ple, let G be a compactly generated t.d.l.c. group. Recall that every locally
finite connected graph equipped with a transitive G-action with compact open
stabilisers is called a Cayley-Abels graph of G. For every compact open sub-
group U < G there exists a Cayley-Abels graph whose vertices are taken to be
the cosets G/U. The topological realisation of a Cayley-Abels graph of G is a
proper discrete G-CW-complex.
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2.2. Cellular homology with coefficients in R. Since the ordinary theory
of CW-complexes is easily extended to the equivariant setting with discrete
actions, one can associate to any discrete G-CW-complex X the cellular chain
complex Co(X,R) = Co(X) ®z R with coefficients in R.

Fact 2.7. Let G be a t.d.l.c. group and X a contractible (proper) discrete
G-CW-complex. Then the augmented cellular chain complex

s (X, R) —2 1 (X,R) —2> - — = (X, R) ——>R —>0

is a (proper) discrete permutation resolution of R in r(c1dis, where € denotes
the augmentation map o — 1 (for all 0-cells o in X ). For R =Q and X proper,
one obtains a projective resolution of Q in ggdis.

By construction, the homology of (Ce(X,R), de) is the cellular homology of
X with coefficients in R. Moreover, one can also consider the reduced cellular
chain complex of X with coefficients in R defined by

Cp(X,R) = Cp(X.R) p>0. g dp =0y, Vp20. (2.2)
ker(e) p=0.

and its homology is thus the reduced homology of X with R-coefficients and
satisfies the following well-known property.

Proposition 2.8 ([32, Ch. 4, Lemma 1]). Let G be a t.d.l.c. group and X a
discrete G-CW-complex; then

H,(X,R) p>0,

Ho(X,R)®R p=0. (23)

HP(X7 R) = {
2.3. Rational discrete equivariant homology. Let X be a discrete G-
CW-complex X. For every discrete left RG-module M, set

C.(X,M):C.(X,R) ®RM and ¢ = e ®Rid]\/[, (2.4)

and equip Co (X, M) with the diagonal G-action. Thus (2.4) is a chain complex
in g[g)dis which is called cellular chain complex of X with coefficients in M.
For R = Q, we will refer to

dHS (X; M) :=H,(P ®g C(X,M)), k>0, (2.5)

as rational discrete equivariant homology of (G,X) with coefficients in M,
where P — Q is a projective resolution of Q of discrete right Q[G]-modules.

By definition, ng(X ; M) is the homology of the total complex associated
to the double complex P, ®¢ Cy,(X, M) (or, alternatively, to P, ®c Cq(X, M)).
Therefore the standard theory yields two spectral sequences for computing
dH,?(X , M), where the E%-term in each case is the horizontal homology of the
vertical homology (cf. [9, Ch. VII]). Namely, one has

B}, = dHy(G;Cp(X, M)) = dHS, (X; M), p,q>0, (2.6)
and

B2 = dH,(G; Hy(X; M)) = dHS, (X; M), p,q>0. (2.7)

p+q
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To analyse P;®cCp(X, M) further, let M denotes the module M € ob (g dis)
regarded as discrete right Q[G]-module. There is a natural isomorphism

(A ®Rr BX) Qg C (A ®R Cx) ®qaB, VAe Ob(diSQ[G]), BC e Ob(Q[G]diS),
(2.8)
where G acts on each tensor product _®p__ by the diagonal action. Therefore
in each dimension p + ¢ one has

Pq Jel Cp(X,M) = (Pq ®Q Cp(X,Q)X)(X)G M. (2.9)
So if we take the vertical homology (fixing p and taking the homology with
respect to q), we get

B}, =dTorS (Cp(X,Q)*; M) = dH

prg(X3 M), p.g20, (2.10)

which gives (2.6) back in different terms.

3. Type F,,, TyrPE FP,, AND TyYPE KP,,

3.1. T.d.l.c. groups of type F,. A t.d.l.c. group G is said to be of type
F,, (n e Nu{oo}) if there exists a contractible proper discrete G-CW-complex
X of type F,, i.e., the n-skeleton of X has finitely many G-orbits. Moreover,
the t.d.l.c. group G is of type F if there is a contractible proper discrete
G-CW-complex X of type Foo with dim(X) < oo.

Example 3.1. (i) Neretin’s group of almost automorphisms of a regular
tree has type Fo, by [29].
(ii) Hyperbolic t.d.l.c. groups have type F. Indeed one can construct a
contractible Rips’ complex of finite dimension (cf. Fact 5.3).
(iii) Simply-connected semi-simple algebraic groups defined over a non-discrete
non-archimedean local field have type F.
(iv) Certain Kac-Moody groups have type F; see [13] for details.

3.2. Compactly presented t.d.l.c. groups. We start by recalling the no-
tion of generalised presentation of a t.d.l.c. group G. For a detailed definition
of a graph of profinite groups and its fundamental group the reader is referred
to [13, §5.5].

A generalised presentation of G is a graph of profinite groups (A, A) together
with a continuous open epimorphism

(A AN) -G (3.1)

such that ¢ | 4, is injective for all v € V(A).

v

Definition 3.2. A t.d.l.c. group G is defined to be compactly presented if
there exists a generalised presentation ((A,A),¢) of G such that

(G1) A is a finite connected graph, and
(G2) N is finitely generated as normal subgroup of 71 (A, A).

One can define the isomorphism directly or deduce it from — ®¢ — = (—®g —)g-
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A generalised presentation satisfying both (G1) and (G2) will be called
finite. Notice that G is compactly generated if and only if there exists a
generalised presentation based on a finite connected graph A. Clearly, being
compactly presented implies being compactly generated.

Remark 3.3. In the literature there is a widely used equivalent definition of
compact presentability based on the notion of compact presentation: G is
compactly presented if, as an abstract group, it admits a presentation (S | R)
where S is a compact set of generators and R is a set of relators of bounded
length. The notion of generalised presentation may have already been im-
plicit in [2]. Anyway it has independently been made explicit in [13] and [17,
Corollary 8.A.17] (up to Bass-Serre theory).

Proposition 3.4. Let G be a t.d.l.c. group. Then

(i) G is compactly generated if and only if G is of type F1;
(i) G is compactly presented if and only if G is of type Fs.

Proof. Being of type F1 (respectively, F5) implies compact generation (respec-
tively, presentation) by [29, Prop. 2.5].

Suppose now that G is compactly generated. Let ((A,A),®) be a gener-
alised presentation of GG based on a finite connected graph A. Let 7 denote
the Bass-Serre tree of 1T =71 (A, A) and N = ker(¢). Thus the quotient graph
I'=T /N is a Cayley-Abels graph of G, which is cocompact. Since T is the
universal cover of I', m(I') = N (after fixing some basepoint); the action of G
on I' induces conjugation on N. Let {w;};cs be a set of normal generators of N
in GG, and identify these with the corresponding loops in I'. When G is com-
pactly presented, choose this set to be finite. Now attach a G-orbit of 2-cells
to the G-orbit of each of these loops: this space is simply connected because
the w; normally generated N. Then we can add higher cells to kill higher
homotopy. By Whitehead, the resulting G-CW-complex is contractible. g

In a t.d.l.c. group G, a group retract is a closed subgroup H of G such that
there exists a continuous epimorphism p: G — H whose restriction to H is the
identity map.

Corollary 3.5. Let G be a compactly presented t.d.l.c. group and H a group
retract of G. Then H is compactly presented.

Proof. This holds by the same argument as [27, Theorem 6]. ([l

Remark 3.6. The general version of Corollary 3.5 in the context of o-compact
locally compact groups has been proved in [17, 8.A.12] from the point of view
of coarse geometry.

The next proposition imitates the well-known fact that maps Homg,,(G, -)
from finitely presented groups G commute with filtered colimits.

Proposition 3.7. (i) Suppose (H,) is a sequence of t.d.l.c. groups with
quotient maps hy, : Hy, - Hy11, and that the abstract colimit H, together
with the quotient topology, is Hausdorff, and hence a t.d.l.c. group. If G
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is compactly presented, then any map f : G - H factors through some
G- H,.

(ii) Every compactly generated t.d.l.c. group G can be written as a colimit of

such a sequence (Gy,), with every G, compactly presented.

(iii) If G is compactly presented, and written as a colimit of such a sequence

(Gn) with every G, compactly generated, this sequence stabilises, i.e.
there is some n such that G, =2 G.

Proof. (i) Write k,, for the canonical map H, — H. Fix a compact open

subgroup U of Hp; the image U’ of this in H is again a compact open
subgroup (because H has the quotient topology from Hy). Let V' =
f~HU") and pick a compact open subgroup V of V.

We start by showing that f|y factors through some V' — H,,. Indeed,
let W < U be the preimage in U of f(V), K the kernel of koly, and
K, the kernel of (hp-1hp-2...ho)|lw. By hypothesis, U, K, = K, so
by standard techniques for profinite groups (resulting from the Baire
category theorem) K, = K for some m. Write g,, for the resulting map
V - H, for n>m.

Next, choose a generating system G = (V, S) with S a finite symmetric
set disjoint from V. From this, construct a generalised presentation
¢ :m1(A,A) - G using the construction from the proof of [13, Proposition
5.10]. We claim there is some n such that f¢ factors through some
7T1(A, A) g Hn

Write g/, for some choice of lift S — H,, of f|s such that if s,s71 €9,
gh(s71) = gl (s)7Y; write g/, for the composite hy,_1hy 2. .. hmgh,. To
prove the claim, it remains to show for each s € S that there is some
n > m such that g,(szs™) = g/ (s)gn(x)g,(s) ™! for all z e Vns Vs —
then all the relations of [13, (5.15)] will be satisfied. For each n > m,
write V, for the set of z € V n s 'Vs for which this holds; note V,, is
closed in V ns™1Vs because H,, is Hausdorff, and Upsm Vi, =V ns Vs
by hypothesis. By the Baire category theorem, there is some m' > n such
that Vs contains an open set of V ns™'Vs, so it contains a coset vZ
of some open subgroup Z with v € V.ns™'Vs. As Z has finite index in
V ns Vs, a quick calculation shows there is some m” > m/ such that
Vir =V N s1Vs.

Since S is finite, and this holds for all s € S, the claim follows. Then we

are done by the same method as for finitely presented abstract groups,
since by [13, Proposition 5.10] ker(¢) is finitely generated.
If G is compactly presented, take G, = G for all n; assume it is not.
By the proof of [13, Proposition 5.10], construct a compactly presented
t.d.l.c. group Gg with a quotient map Gy — G. The kernel K of this map
is discrete, and countable because G is o-compact. Now enumerate the
elements (ky,) of K, and define G,, = Go/(ko,...,kn) for n > 1: clearly
these G, with the obvious maps between them, give the sequence we
want.
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(iii) The result follows in the same way as for finitely presented abstract
groups, using similar techniques to (i); it is left as an exercise.
O

Note the condition that colim, G, = G as abstract groups as well as t.d.l.c.
groups — otherwise it is easy enough to find counterexamples using profinite
groups, which are always compactly presented. We will describe this situation
by saying that G is the abstract and topological colimit of the sequence.

3.3. T.d.l.c. groups of type FP,, and KP,,. A discrete (left) R[G]-module
M is said to be finitely generated if it contains a set of finitely many elements
which is not contained in any proper submodule. A resolution P - M in
r[e]dis is said to be finitely generated (or of finite type) if the discrete R[G]-
module Py is finitely generated in each dimension k£ > 0. Recall that, by van
Dantzig’s theorem, every discrete R[G]-module M has a proper discrete per-
mutation resolution. If the discrete R[G]-module M admits a finitely gener-
ated proper discrete permutation resolution then we say that M has type FP
over R. Note that we are not asking for projective permutation modules.
Moreover, if the module M has a finitely generated partial proper discrete
permutation resolution of length n, i.e., there exists n > 0 such that P is
finitely generated for 0 < k < n, we say that M has type FP, over R. E.g.,
M is of type FPy if and only if M is finitely generated and that M is of type
FP; if and only if M is finitely presented. Note that the (partial) resolution
P — M is not required to be projective; it will be so automatically for R = Q.

Now, given a k-R[G]-module A, we say it is compactly generated if there
is a CH-split map onto A from a free module on a compact Hausdorff space.
Consider projective resolutions of A in the category rjgtop. Explicitly, this
means an exact chain complex

B Ny RN

such that, for all n, the map P, — ker(d,-1) is CH-split. We say A has type
KPy, over R, n < oo, if it has a projective resolution P - A in g[gjtop with P;
compactly generated for ¢ < n. Schanuel’s lemma applies to these projective
resolutions, so by standard methods we get:

Lemma 3.8. Let G be a t.d.l.c. group and A a k-R[G]-module.
(i) If A has type KP,, over R and

Pr1—->Pyro—>>P—>A-0

is any partial projective resolution of A in gigjtop with P; compactly
generated for i <n—1, then ker(P,-1 - P,_2) is compactly generated.
(ii) If A has type KP,, over R for all finite n, it has type KPos over R.

We can also define type K,, by considering the contractible cofibrant objects
with cocompact n-skeleta, in the compact Hausdorff model structure on G-k-
spaces (see [14]), by analogy with the abstract case.
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Trivially, profinite groups have type Ko and KP4 (consider the bar resolu-
tion). By inducing from a compact open subgroup, finitely generated proper
discrete R[G]-permutation modules have type KP.

Proposition 3.9. Let 0 — A’ Lo A% A7 50 be a short ezact sequence of
k-R[G]-modules. Then the following statements hold over R:

(a) If A" has type KP,_1 and A has type KP,,, then A" has type KP,;
(b) If A has type KP,,_1 and A" has type KP,,, then A’ has type KP,,_1;
(c) If A" and A" have type KP,, then so does A.

Proof. (a) Take a type KP,_1 resolution P’ of A" and a type KP,, resolution
P of A. There is a map P’ — P extending A" - A. The mapping cone of
this is a type KP,, resolution of A”.

(b) Fix a map @ 4 A with @ compactly generated projective. By (a), ker(q)
is of type KP,_2 and ker(gq) is of type KP,_;. By the snake lemma,
0 > ker(gq) — ker(q) - A" > 0 is exact. By (a), A’ is of type KP,,_1.

(¢) Use the Horseshoe lemma.

]

Theorem 3.10. Let G be a t.d.l.c. group. A discrete R[G]-module M has
type FP,, over R if and only if it has type KP, over R.

Proof. First note that M is finitely generated (FPy over R) if and only if
it is compactly generated (KP( over R), because the image of any compact

space in M is finite. Indeed, given f: R[G x X] M with X compact, the
restriction G x X — M factors through a discrete quotient G/H x X’ - M with
H compact and open and X’ finite. Thus f factorises through the induced
map f': R[G/H x X'] - M, so f" is CH-split. Conversely, any surjective map
onto a discrete module is CH-split, so any finite choice S of generators for M
gives a CH-split map R[G x S] - M.

Now we argue inductively, using Proposition 3.9: we have already shown
the base case holds.

Suppose M has type KP,, so it is finitely generated. Take a finitely gener-
ated proper discrete permutation R[G]-module P and an epimorphism P — M
with kernel K. P has type KPo so, by Proposition 3.9, K has type KP,,_1;
by hypothesis, K has type FP,,_1, so we can concatenate sequences to show
M has type FP,,.

Conversely, suppose M has type FP,,. Take a length n partial resolution of
M by finitely generated proper discrete R[G]-permutation modules

Py oo P Py % S0,

Then ker(dy) has type FP,,_1 so by hypothesis it has type KP,_1. Py has type
KP4 so by Proposition 3.9 M has type KP,,. ]

Corollary 3.11. Let G be a t.d.l.c. group and M a discrete R[G]-module.
(i) If M has type FP,, over R and

Po1—>Pro—>>PFB—>A->0
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is a partial proper discrete permutation resolution of finite type in g dis,
then ker(P,-1 - P,_2) is finitely generated.
(ii) If M has type FP,, over R for all finite n, it has type FPo over R.

Corollary 3.12. Let 0 - M’ ERSVIERS VN 0 be a short exact sequence of
discrete R[G]-modules. Then the following statements hold over R:

(a) If M" is of type ¥P,,_1 and M of type FP,,, then M" is of type FP,;

(b) If M is of type FP,_1 and M" of type ¥P,,, then M’ is of type FP,,_1;
(c) If M" and M" are of type FP,, then so is M.

The t.d.l.c. group G is said to be of type FP,, over R, n € Nu {oo}, if the
trivial R[G]-module R is of type FP,,. Since Q is flat over Z, if A has type
FP, over Z, A ®7 Q has the same type over Q; in particular, if G has type
FP,, over Z, it has the same type over Q.

Clearly, a t.d.l.c. group G of type F, is also of type FP,, (n e Nu{oo}) over
any ring R, by Fact 2.7. By considering discrete groups, it is clear that FP,,
does not imply F,, in the context of t.d.l.c. groups. The following result shows
that it does hold for compactly presented t.d.l.c. groups.

Proposition 3.13. For compactly presented t.d.l.c. groups, being of type F,
over Z is equivalent to being of type FP,, over Z.

Proof. As for abstract groups, this is a consequence of the Hurewicz theorem
and Corollary 3.11. O

Remark 3.14. This is the motivation for working with discrete permutation
modules over Z rather than restricting to Q-modules where we have enough
projectives: the Hurewicz theorem allows stronger conclusions from knowing
the Z-homological type.

Moreover, we can immediately deduce by Theorem 3.10 that various t.d.l.c.
groups have type KP4 ; see Example 3.1. We can use Theorem 3.10 to obtain
the following analogue of the invariance of type FP,, under commensurability
for abstract groups.

Recall by Lemma 1.7 that quotient maps f : G - G/H of t.d.l.c. groups,
where H is a closed subgroup of G, are topologically split, that is, there is a
continuous map of spaces s: G/H — G such that fs is the identity on G/H.

Lemma 3.15. (i) If G is a k-group and H is a closed subgroup such that
G/H is compact and G — G[H s topologically split, G has type KP,
over R if and only if H does.

(i) For G a t.d.l.c. group, G has type FP,, over R if and only if H does, and
G has type F,, if and only if H does.

Proof. R[G] is free as a k-R[H ]-module R[H x G/H]. So a compact type
partial projective resolution of length n for G is also one under restriction to
H. If H has type KP,, and hence (by induction) G has type KP,,_1, take a
partial projective resolution of length n — 1 for G: the kernel of the (n - 1)th
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map is compactly generated as an R[ H J-module by Schanuel’s lemma, so it is
compactly generated as an R[G]-module.

Thanks to Theorem 3.10, the type FP,, part of (ii) follows immediately.
The type F,, part follows because G is compactly presented if and only if H
is by [17, Corollary 8.A.5]. (‘Cocompact’ in the statement of [17, Corollary
8.A.5] is equivalent to G/H being compact by [17, Lemma 2.C.9].) O

In particular this holds when H has finite index in G.
Remark 3.16. Part (ii) of this lemma can be also deduced from Corollary 5.7.

Lemma 3.17. If H is a closed subgroup of a k-group G and A is a k-R[H ]-
module, A has type KP,, over R if and only if ind% A = R[G] ®y A has type
KP,, over R.

Proof. Induction is exact because R[G] is free as a k-R[H |-module, so the
‘only if’ part is clear. In the other direction, it suffices to prove the result
when n = 0; the rest follows by induction on n.

So suppose ind%A is compactly generated, that is, we have a CH-split
map f: R[G x X] - R[G] ®g[y) A with X a compact Hausdorff space. We
may identify X with its image in ind%A: indeed, if X is not homeomorphic
to f(X), the induced map R[G x f(X)] — ind§A is CH-split too, so we
replace X with f(X). Thanks to Lemma 1.7, R[G] ®g[g) A 2 R[G/H] ®r A.
Choose a continuous section s : G/H — G, so that every ‘pure’ element of
R[G/H]|®R A, of the form x ® a, can be written as 2’ ® o’ with 2’ € s(G/H).
Recall from the construction of tensor products of k-modules in [14, Section
7] that, topologically, R[G/H] ®r A is the colimit of the sequence of closed
subspaces .5, consisting of elements that can be expressed as a sum of at most
n terms of the form z ® a, x € s(G/H),a € A. Hence any compact subspace
of R[G/H] ®r A must be contained in some Sy; in particular this holds for
X. Now define the compact subset Y,, of A by letting y € Y, if there is some
reX withx =YY" 2;®a;,z; € s(G/H),a; € A, and y = a; for some i. Lastly,
set Y = U,jlvzl Y, with the subspace topology from A, and this is once again
compact.

It is easy to check that Y generates A as an abstract module. To see that
R[H xY] - A is CH-split, observe that we have a commutative diagram of
R[H ]-modules

R[H xY] ——=R[G x Y]

| |

A ind% A.
From the construction of Y, we see that f factors through
R[GxY]=indGR[H x Y] - indG A,

so this map is CH-split. Finally, observe, from the construction, that for
a compact subspace of ind%A contained in A, a continuous section may be
chosen whose image is contained in R[H x Y], as required. O
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Corollary 3.18. If H is an open subgroup of a t.d.l.c. group G and M is
a discrete R[H]-module, M has type FP, over R if and only if indGM =
R[G]®y M has type FP,, over R.

Remark 3.19. In the latter corollary the subgroup H needs to be open in order
to ensure that the induced module R[G] @y M is discrete.

Theorem 3.20. Suppose G is a t.d.l.c. group and N is a normal closed
subgroup. Suppose N has type FP,, over R. Then if Q = G/H has type FP,,
G has type FP in(mny, and if G has type FPy, Q has type FP in(ma1,n) over
R. The result also holds if we replace type FPo with type F,.

We prove a more general result, with the theorem as a special case. Let
G be a k-group, N closed and normal, and @ = G/N. Suppose the quotient
map G — @ has a continuous section (recall this is always the case for t.d.l.c.
groups). Suppose N has type FP,, over R. Let A be a k-R[Q]-module, which
we think of also as a k-R[G]-module by restriction.

Proposition 3.21. (i) If A has type KP,, over R[G], it has type KPryin(m+1,n)
over R[Q].
(i) If A has type KP,, over R[Q], it has type KPpin(mny over R[G].

Proof. First note that A is compactly generated as an R[G]-module if and
only if it is compactly generated as an R[Q]-module: this follows from the
canonical map R[G] - R[Q] being C' H-split. If A is not compactly generated
we are done; assume it is. Take a short exact sequence

0-K->P->»“ A0, (3.2)

with P a compactly generated projective R[@]-module. Now P has type KP,,
as k-R[G]-module: indeed, R[G/N] has type KP,, over R by Lemma 3.17,
and the rest follows easily.

(i) Use induction on n. When n =0 we are done. The R[@Q]-module K has
type KPpin(m,n-1) over R[G] by Proposition 3.9 so by hypothesis it has
type KPin(m+1,min(m,n-1)) = KPmin(mn-1) over R[Q]. Therefore as an
?[%]_mOdUIe A has type KPmin(m,n—1)+1 = KPmin(erl,n) over R[Q] by
3.2).

(ii) Use induction on n. When n = 0 we are done. K has type KP,,_; over
R[Q] by Proposition 3.9 so by hypothesis it has type KPin(m -1y over
R[G]. Since P has type KP,, over R[G], by Proposition 3.9, A has type
KPin(m,n) over R[G].

O

Since compactly presented t.d.l.c. groups are closed under extensions, and
under quotients by compactly generated subgroups, by [17, Proposition 8.A.10],
the result also holds for type F,.

Remark 3.22. Other sources in the literature, when K has type FP,, and G
has type FP,, say only that G/K has type FP min(m,n), 80 we improve this by 1.
(The other sources are speaking of abstract groups, but our proof applies there
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without change.) Note that this new statement fits much more comfortably
alongside analogous results about finite presentability.

As for type FP,, and type KP,,, we can compare the type F,, and type K,
conditions for a t.d.l.c. group G.

Theorem 3.23. If G has type Fy, it has type K,,.

Proof. If G has type F,,, we can copy the argument of [25, Lemma 4.1], replac-
ing “finite” with “compact” in the appropriate places and recalling that com-
pact groups have type Ko,. Given a contractible (G, €)-CW-complex X with
finite n-skeleton, this procedure is essentially taking a cofibrant replacment of
X in the compact-open model structure on the category of G-KW-complexes
(see [14]). O

Question 3.24. Is the converse true?

Remark 3.25 (Type FP,, vs Type CP,,). In [3] Abels and Tiemeyer introduced
compactness properties C, and CP,, for arbitrary locally compact groups,
which generalise finiteness properties for discrete groups. Even though the
starting point of their definition is (the discrete versions of) Brown’s criteria
we do not know at this stage how their compactness properties relate to our
finiteness properties over the class of t.d.l.c. groups. Nevertheless, a relation
of their property Co to the above Fo-property has been promised in [29] to
be discussed in forthcoming work of the authors.

3.4. Almost compactly presented t.d.l.c. groups. Let ((A,A),¢) be a
generalised presentation of G. Notice that the kernel N =ker(¢) is a discrete
free subgroup of 71 (A, A). Indeed N is discrete because it intersects trivially
the vertex groups A, of (A, A) - which are open in 71 (A, A) - and, furthermore,
N if free since it acts freely on the Bass-Serre tree of m1 (A, A). Moreover, if N
is both normal and discrete, the centraliser of = in 71 (A, A) is open whenever
x € N, and so one has that

_ N

R(9) = v,V &2 R (3.3)
is a discrete left R[G]-module, which is named the relation module of the
generalised presentation ((A,A),¢) over R.

A t.d.l.c. group G is said to be almost compactly presented if there exists a
generalised presentation ((A,A),¢) of G such that A is connected and finite
and the corresponding relation module R(¢) is a finitely generated R[G]-
module. Clearly,

compactly presented = almost compactly presented = compactly generated;

the converse implications fail because, as is well known, there are discrete
groups giving counterexamples.

Proposition 3.26. A t.d.l.c. group G is almost compactly presented if and
only if G is of type FPo over R.
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Proof. Since G is of type FPq if and only if G is compactly generated, we can
assume G to be compactly generated without loss of generality. Let ((A, A), ¢)
be a generalised presentation of G such that A is finite and connected. For
IT = m (A, A), let T denote the Bass-Serre tree of IT. Put N = ker(¢) and notice
that the partial simplicial chain complex of the quotient graph I' = T /N given
by

EMT) ez R—2-V(I) ez R—>=R——>0

is a partial proper discrete permutation resolution of R of finite type in gg)dis.
Since R(¢) 2 ker(9) (cf. [13, Fact 5.1(a)]), the result follows. O

4. FINITENESS CRITERIA FOR T.D.L.C. GROUPS

4.1. Bieri’s criterion. We now investigate the homological behaviour of these
finiteness conditions over Q.

Let T" be a directed graph with no loops. Then limits and colimits can be
regarded as functors from the category of (I'-diagrams in the category gg1dis)
into g[g)dis and denoted by dlim and dcolim respectively. One speaks about
exact limits or exact colimits whenever the graphs I' are such that dlim and
dcolim are exact functors. E.g., d[] can be regarded as the exact limit (cf.
Fact 1.2) over a graph I' consisting of a set of vertices and no edges. Dually,
the direct limit is a special case of exact colimit. For every discrete left Q[ G]-
module A and all k£ >0 one has easily that
(a) the functor dTor{ (_, A) commutes with exact colimits;

(b) the functor dExtf (A, _) commutes with exact limits.

In this section we prove the analogue in the context of t.d.l.c. groups of Bieri’s
famous criterion for modules of type FP,. Those modules turn out to be the
discrete Q[G]-modules making dTor commute with exact limits. The proof
is essentially the one provided by Bieri with some adjustment such as the
following lemma.

Lemma 4.1. Let P be a finitely generated proper discrete permutation Q[G]-
module. Then _ ®g P commutes with limits. Namely, the natural homomor-
phism
(dlim M,) ®g P - lim(M, ®g P)

s an isomorphism of Q-modules.
Proof. Since _ ®¢ — and lim are additive functors, we can assume P to be
transitive, i.e., P = Q[G/U]. Since

— ®¢ indf(Q) 2 res{i (—) ®y Q: g[)dis - gmod (4.1)
are naturally isomorphic functors, one has to prove that limits are preserved
by taking co-invariants (_)y. Since U is profinite, the canonical map

pa AV - Ay, ¢av(a)=a®yl, VaeA (4.2)

is an isomorphism for every A € ob(g[gydis) (cf. [13, Prop. 4.2]). Now it
suffices to notice that limits are preserved by taking invariants. g
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Theorem 4.2 (Bieri’s criterion). Let A be a discrete (left) Q[G]-module.
Then the following are equivalent:

(a) A is of type FP,,, n e Nu {oco}.
(b) For every exact limit the natural homomorphism
dTor$ (dlim M, , A) - limdTor{ (M., A) (4.3)

s an isomorphism for k <n -1 and an epimorphism for k =n.
(¢) For an arbitrary direct product dT]Bi(G) of copies of the rational discrete
standard bimodule the natural map
dTor{ (d[] Bi(G), A) » [] dTor{ (Bi(G), A) (4.4)
s an isomorphism for k <n -1 and an epimorphism for k =n.
Proof. (a)=(b) Choose a projective resolution P — A such that the discrete

modules P, are finitely generated permutation modules with compact open
stabilisers for all k£ <n. By the previous Lemma, the natural homomophism

(dlim M) ®¢ P — lim(M, ®¢ P)
is an isomorphism for all k£ <n. Since lim is assumed to be exact it commutes
with the homology functor and (b) follows by diagram chasing.
(b)=(c) is trivial.
(c)=(a) Let n =0 and recall that there is an isomorphism
04:Bi(G) ®c A - A, (4.5)
natural in A (cf. [13, §4.2]) that can be described by

1
GA(Ug®Ga):er'a, VQEG,VCLEA, (46)
: reR

where W =stab(g-m) and R is a set of representatives of Un W in U.
Now take A itself as an index set. By assumption and (4.5) the map

p(d[]Bi(G))®c A~ [ A (4.7)
acA acA
is an epimorphism, and so the diagonal in [] A has a preimage

k
c=>([TX) ®c as, (4.8)

i=1 aeA
with A\? € Bi(G) and a; € A for all i =1,...,k and a € A. In particular,

k
[Ta=n(c) =2 (nU([] ) ®c ai)) =

! P ) (4.9)
= 2 (TT0a(N ©c ai)) = [T X (04N @ a:)).
i=1 acA acAi=1

Note that 64(\! ®¢ a;) is in the Q[G]-submodule generated by a;. Thus,
by comparing component-wise in (4.9), the description (4.6) shows that A is
finitely generated by {ai,...,ax}, i.e., A is of type FPy.
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Let n > 0. As before A is finitely generated, so it admits a presentation
0 K P A 0

where P is a finitely generated proper discrete permutation module. It suffices
then to prove that K is of type FP,_;. To this end let d[]Bi(G) be an
arbitrary product of copies of Bi(G). By naturality one may consider the
following commutative diagram

dTor% (A1 Bi(G), P) - dTor,(dT1Bi(G), A) = dTorS , (d[1Bi(G), K) -~ dTor$ , (d[1Bi(G), P) -~ dTor$ , (d [T Bi(G), A)
[1dTorS (Bi(G), P) — [1dTor$ (Bi(G), A) — [1dTorS ; (Bi(G), K) — [1dTor% ; (Bi(G), P) — [1dTor ; (Bi(G), A)
where the first and fourth maps are isomorphisms by Lemma 4.1. Finally the
5-Lemma yields that dTor ([T Py, k) - []dTorg(Py, K) is an isomorphims for
k < n -1 and an epimorphism for £ = n. By the induction hypothesis one
conclude that K is of type FP,,_;. O

Fact 4.3. Condition (b) in the previous result is equivalent to one/both of the
following conditions:

(b') p: (ATIBI(G))®g A > [T A and dTor$ (A1 Bi(G),A) =0 for 1 <k <n-1.
(b") A is finitely presented and dTor$ (d[]Bi(G),A) =0 for 1<k<n-1.

Remark 4.4. Bieri’s cohomological criterion - i.e., dExt commutes with exact
colimits - also works as in the abstract case without any adjustment. Indeed,
it has been already used in [12].

4.2. Brown’s criteria. A discrete G-CW-complex X is said to be n-good for
G over R if the following two conditions hold:
(G1) X is acyclic in dimensions < n, i.e., the reduced homology fIi(X; R)=0
for i < n.
(G2) For 0 < p <n and every p-cell o, the stabiliser G, - which is a t.d.l.c.
group - is of type FP,,_, over R.

Such an X always exists. For example, we could take X to be the universal
discrete G-CW-complex with compact stabilisers (cf. [13, §6.2]) of G, in which
case (G1) and (G2) both hold for all n for trivial reasons.

Proposition 4.5. Suppose that a t.d.l.c. group G admits an n-good G-CW-
complex X over R of type F,, i.e., such that the n-skeleton has finitely many
G-orbits. Then G is of type FP,,.

Proof. The proof of [11, Proposition 1.1] can be transferred verbatim. ]

Remark 4.6. Notice that [13, Proposition 6.6] can be deduced from this result
considering the topological realisation of a discrete simplicial G-complex.

A filtration {X,} of X is said to be of finite n-type if each G-subcomplex
X is of type F,. Moreover, the filtration is H-essentially trivial in di-
mension n if for all « there is some § > « such that the canonical map
H, (X4, R) - Hy (X3, R) is trivial, or, equivalently, the nth homology group
satisfies lim [T, H, (X, R) = 0, for any index set J. The following theorem
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can equivalently be stated using reduced homology, cf. [11, Theorem 2.2] —
but note that the proof there works by exploiting Bieri’s criterion, which we
avoid as our analogue of Bieri’s criterion only holds over Q.

Theorem 4.7 (Brown’s criterion for FP-properties). Let G be a t.d.l.c. group
and X an n-good discrete G-CW-complex over R with a filtration {X,} of
finite n-type. Then G has type FP,, over R if and only if { X, } is H-essentially
trivial in dimension 1 <k <n.

Proof. The case n =0 is trivial; assume n > 0.

Consider the cellular chain complex of X,: if G has type FP,,, using Corol-
lary 3.12, an easy induction shows that Zx(X,, R), the k-cycles of this com-
plex, is finitely generated for k < n, so Hx(X,, R) is too. But h_r)na Hip(Xa, R) =
0 for k < n, so there is some 8 > « such that the images of the finitely many
generators of Hi(X,, R) are 0, so the image of the whole thing is 0.

Conversely, suppose {X,} is H-essentially trivial in dimension k& < n. For
some fixed a, find a § > a such that the maps Hy (X, R) - Hy (X3, R) are
trivial for £ < n. Assume inductively that G has type FP,_1. We may therefore
attach finitely many orbits of k-cells, k& < n, with compact open stabilisers to
X3 to kill the homology Hy (X3, R) for k <n -1, to get a new complex, X},
still with finite n-skeleton. Attach k-cells, kK < n -2, to X, to get a new
complex X/, with the same (n - 2)-skeleton as Xj. Notice that the new cells
do not affect H,_1 (X4, R), so the induced map H,_1(X/,R) — Hn_l(Xé,R)
is trivial.

To deduce that G has type FP,,, it remains to show Z,_1(X/, R) is finitely
generated. Then we can apply Proposition 4.5 to X/, after attaching finitely
many orbits of cells to kill H,,_1 (X, R). Now consider the commutative dia-
gram

Bo(X}, R—> Zy-1(X}, R) — H,1 (X}, R)

| | |

Bn(Xé,R} P H,-1(X.,R)

| | i

B, (X}, Ry—— Zn_l(Xé,R) —=H,,_1 (X}, R),

where B, () denotes the n-boundaries and P is defined by the top-left square
being a push-out. Observe that the rows are short exact, so the map of
homology being trivial implies there is a map P — B, (X é,R) making the
diagram commute, and hence P is a retract of the finitely generated module
B, (X 23, R), so itself finitely generated. Now we have an exact sequence

0 By(XL,R) = Bo(X4,R) @ Zy1 (XL, R) > P >0

with P and B, (Xg, R) finitely generated; therefore B, (X}, R) ® Z,-1(X,,, R)
and hence Z,_1(X/, R) are too. O
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We now prove a similar condition for compact presentability. We will need
[10, Theorem 1’]. We quote the result in the notation of [10]; see there for the
definitions.

Theorem 4.8. Let G be an abstract group and X a simply-connected G-CW-
complex. Then the canonical map ¢:G — G is surjective and its kernel is the
normal subgroup of G generated by the r. (T € F).

In particular, G is the fundamental group of a graph of groups (G,A) (ct.
[10, § 3]) whose vertex/edge groups correspond to vertex/edge isotropy groups
of X in G. Moreover, for every vertex group G, in (G, A), the restriction map
¢ 1g,: Gy = G is the inclusion map.

Theorem 4.9. Let G be a t.d.l.c. group which admits a simply connected
discrete G-CW-complex satisfying:

(a) Every vertex isotropy group is compactly presented.

(b) Every edge isotropy group is compactly generated.

(¢) X has a finite 2-skeleton mod G.

Then G is compactly presented.

Proof. Let ¢:G — G be the map of (abstract) groups given by Theorem 4.8.
Since all the isotropy groups are open in G, we can endow G with the unique
group topology such that the inclusions G, — G and G, > G are topological
isomorphisms onto open subgroups of G for all vertices v and edges e in the
graph A defining G. Therefore, G is compactly presented by (a) and (b); see
[17, Propositions 8.B.9 and 8.B.10] for all the details. In particular, ¢ is a
continuous surjective map of t.d.l.c. groups by construction. To conclude the
proof it suffices to notice that we now have a short exact sequence

0->N->G->G-0, (4.10)

of t.d.l.c. groups and continuous homomorphisms, where the kernel N is
finitely generated as normal subgroup of G, by (c¢). Indeed, [17, Prop. 8.A.10]
shows that G is compactly presented. ]

As a consequence, we now obtain an analogue of [11, Theorem 3.2].

Theorem 4.10 (Brown’s criterion for compact presentability). Let X be a
simply connected discrete G-CW-complex such that the vertex stabilisers are
compactly presented and the edge stabilisers are compactly generated. Let {X,}
be a filtration of X such that each X, has a finite 2-skeleton mod G, and let
v € NXy be a basepoint. If G is compactly generated, then G is compactly
presented if and only if the direct system {m1(Xq,v)} is essentially trivial.

Proof. As in the proof of [11, Theorem 3.2], we may reduce to the case where
every X, is connected. Write H, for the image of G in Aut(X,), with the
quotient topology from G. Let K, denote the group of homeomorphisms of
the universal cover of X, which are in the preimage of some element of the
action of H, on X,. Then one has a canonical short exact sequence

0->m(Xy) > Ky—>Hy—0 (4.11)
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of abstract groups, where 71(X,) maps to the deck transformations; since
H, acts on X, (and hence m(X,)) with open stabilisers, it follows from
[17, Proposition 8.B.4] that there is a unique topology making K, a t.d.l.c.
group such that 4.11 is a short exact sequence of t.d.l.c. groups, with 71(X4)
discrete.

Now we may pull back by the quotient G - H,, to get a short exact sequence

0->7m(Xo) >G> G0 (4.12)

of t.d.l.c. groups, and our hypotheses imply that G, acts on the universal cover
of X, with compactly presented vertex stabilisers and compactly generated
edge stabilisers. Therefore G, is compactly presented by Theorem 4.9.
Finally, note that if G is compactly presented, each (X, ) is compactly
normally generated in G, (cf. [17, Prop 8.A.10]), and discrete, hence finitely
normally generated. Now the rest of the proof follows by the same argument
as [11, Theorem 3.2]. O

As in [11, Corollary 3.3], we immediately get:

Corollary 4.11. Let X be a contractible discrete G-CW-complex such that
the stabiliser of every cell is of type Foo. Let {X;}jen be a filtration of X
such that each X; is of finite type. Suppose that the connectivity of the pair
(Xj4+1,X;) tends to oo as j tends to co. Then G is of type Foo.

Example 4.12. In the discrete case, this criterion has been used for example
to prove that Highman-Thompson groups [11] and Brin—Thompson groups
[18] are finitely presented and of type FPo. The Higman—-Thompson families
of groups Fy, and V, embed into certain tree almost automorphisms groups,
denoted sometimes by Aé)r, which are totally disconnected and locally compact.
In [29], the t.d.l.c. groups AC?T has been recently proved to be of type Fo, and
Corollary 4.11 immediately gives an alternative proof of this fact. Indeed, [29,
4.5] shows that the contractible proper smooth Ag—CW—complex Q, together

with the filtration Q(k), satisfies the hypotheses of the corollary, and we get:
Corollary 4.13. The groups Ag have type Fo.

Remark 4.14. All the results stated in this section continue to hold when X
is a discrete G-complex, i.e., G-actions with inversions are allowed.

o. QUASI—ISOMETRIC INVARIANCE

5.1. Large-scale language. Let X be a set. A pseudo-metric on X is a map
d: X x X — [0,+00[ such that d(z,z) =0, d(x,z") = d(2',z), and d(z,z") <
d(z,z") +d(2',2") for all x,2",2" € X. A pseudo-metric space is a pair (X, d)
consisting of a set X and a pseudo-metric d on X. A map f:(X,d) - (X', d")
of pseudo-metric spaces is said to be large-scale Lipschitz if there exist p > 0
and « > 0 satisfying d'(f(x1), f(22)) < p-d(z1,22) + o, Vay, 29 € X. Maps
f,9: X — X' are said to be close (or at bounded distance) if

supd'(f(x), g(x)) < oo,
reX
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and they are denoted by f ~ f’. A quasi-isometry between pseudo-metric
spaces X and X' is a large-scale Lipschitz map f: X — X' together with a
large-scale Lipschitz map f’: X’ — X such that

fof’ ~ idXI and f,Of ~ idx;
the map f is called an inverse quasi-isometry to f. Two pseudo-metric spaces
are quasi-isometric if there exists a quasi-isometry from one to the other (and
thus conversely).
More generally, X is a quasi-retract of X', denoted by X < X', if there exist
large-scale Lipschitz maps X — X’ > X such that r o ~ idx. The pair (i,7)
is called a quasi-retraction of X' to X.

Fact 5.1. The following properties hold:
(1) if X is quasi-isometric to X' than X < X" and X' < X;
(2) if X < X" and X' < X", then X < X";
(8) quasi-retraction is preserved by quasi-isometries.

Example 5.2 (T.d.l.c. groups as pseudo-metric spaces). By [17, Prop. 1.D.2],
every compactly generated locally compact group can be regarded as a pseudo-
metric space, well-defined up to quasi-isometry.

Whenever G is totally disconnected we can consider X to be a Cayley-Abels
graph of G and dx the combinatorial metric on X. The natural action of G on
X is geometric and, therefore, it induces a geodesically adapted pseudo-metric
dg on G such that the orbit map (G, dg) — (X, dx) is a quasi-isometry (cf. [17,
Thm. 4.C.5]). In particular, we deduce that two compactly generated t.d.l.c.
groups G and H are quasi-isometric if some/any Cayley-Abels graph for G
and H, respectively, are quasi-isometric. Analogously for quasi-retraction.

5.2. The Rips’ complex of a compactly generated t.d.l.c. group. Let
G be a compactly generated t.d.l.c. group and I' a Cayley-Abels graph of
G. For every positive integer d, the Rips’ complex Py(T') of T is the simplicial
complex whose n-simplices correspond to (n+1)-tuple {vg, v1, ..., v, } of vertices
of I satisfying
d(vi,vj)<d for0<i<j<n.

Since I' is a connected graph of bounded valency such that the G-action is
continuous, proper and vertex-transitive, one has the following properties.

Fact 5.3. Let G be a compactly generated t.d.l.c. group and T' a Cayley-Abels
graph associated to G. Then

(a) Py(T) is locally finite and finite dimensional for all d;

(b) G acts simplicially and cocompactly on Py(T');

(c) G acts transitively on the vertices of Py(T');

(d) the stabiliser of any simplex in Py(I') is compact and open in G;
(e) the simplicial complex Ps(I') = Ug Py(T) is contractible.

Corollary 5.4. Let ' be a Cayley-Abels graph of a compactly generated t.d.l.c.
group G. The discrete G-CW-complez |Ps(T')| is an n-good G-complex for all
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n > 1. Moreover, {|Py(T")|}q is a filtration of |Pe(T)| of finite n-type for all
n>1.

Proof. Tt is a direct consequence of Fact 5.3 (recall that every totally discon-
nected compact group is of type FPo). O

Theorem 5.5. Let G,G’ be compactly generated t.d.l.c. groups. Suppose that
G is a quasi-retract of G' and let n >2. Then

(1) if G' is of type FP,, over R, then so is G;

(2) if G' is of type F,,, then so is G.

Proof. The proof of [5, Theorem 8| can be transferred verbatim. O

Corollary 5.6. Let G be a compactly generated t.d.l.c. group and H a closed
subgroup. If H is a group retract, then

(1) G is of type FP,, over R, then so is H;

(2) G is of type Fy,, then H is of type F,,.

Corollary 5.7. Let G and G’ be quasi-isometric compactly generated t.d.l.c.
groups. Then

(1) G is of type FP,, over R if and only if G’ is of type FP,, over R.

(2) G is of type Fy,, then H is of type F,,.

5.3. Uniform lattices. A uniform lattice I' in G is a cocompact discrete
subgroup of G. For example, given a finitely generated (discrete) group H
and a Cayley graph X for H, then H is a uniform lattice in Aut(X), which is
a (not necessarily discrete) t.d.l.c. group (see [26, Proposition 2.3]).

Let G be a t.d.l.c. group and I" a uniform lattice in G. By [17, Prop. 5.C.3],
G is compactly generated if and only if I' is finitely generated. Moreover,
the natural inclusion (I',dr) < (G,dg) is a quasi-isometry whenever G is
compactly generated. Therefore one deduces the following generalisation as a
consequence of Corollary 5.7.

Proposition 5.8. Let I' be a uniform lattice of G. Then G is of type FP,
(resp. ¥y, ) if and only if the discrete group T' is of type FP,, (resp. F,).

This provides a new technique to investigate finiteness properties of both
t.d.l.c. groups and discrete groups. On the other hand, it is worth remarking
that there exist t.d.l.c. groups that not contain any uniform lattice, indeed
any lattice at all (e.g., non-unimodular t.d.l.c. groups and Neretin’s group).

Example 5.9. (i) Every compactly generated abelian t.d.l.c. group G is
of type FP over Q. Indeed, G = Z™ x K with K compact, i.e., Z'™ is a
uniform lattice in G, and c¢dg(G) = cdg(Z™) = m since K is compact
and normal (see Section 7).

(ii) If the automorphism group G of a locally finite tree contains a uniform
lattice, then G is of type FPu; see [17, 5.C.11]. More generally, ev-
ery compactly generated unimodular t.d.l.c. group whose rough Cayley
graph is quasi-isometric to a tree is of type Foo; see [22, Theorem 3.28|.
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In particular, we know these groups to be rational duality t.d.l.c. groups;
compare with [13].

(iii) Let I' be a discrete group of type FP, or F,, with n > 0. Then the
automorphism group of a Cayley graph of T is a (possibly discrete) t.d.l.c.
group of the same type.

Remark 5.10. Proposition 5.8 gives a promising new approach to answering
Question 2 in [13], by using suitable examples of discrete groups of type FP,,
but not of type F,,.

6. T.D.L.C. GRAPH-WREATH PRODUCTS

6.1. Polyhedral products and graph-wreath products. A wreath prod-
uct is defined for t.d.l.c. groups in [15]: for B and H two t.d.l.c. groups, A
a compact open subgroup of B, and X a discrete space on which H acts con-
tinuously, the wreath product B 234( H is defined to be the semidirect product,
by H, of the semi-restricted power

BXA = {feB¥: f(x) ¢ A for all but finitely many x}. (6.1)

There is a unique t.d.l.c. group topology on BX** making the obvious embed-
ding of A¥X a topological isomorphism onto a compact open subgroup: this
defines a t.d.l.c. topology on the wreath product.

Here we define graph-wreath products, analogously to the graph-wreath
products of abstract groups defined in [23], of which the wreath product is a
special case; this generality will make the proof of Theorem 6.6 much easier.
We fix here notation for the building blocks of a graph-wreath product that
will be used throughout this section. Suppose B is a t.d.l.c. group with
compact open subgroup A, and I' is a graph with vertices V. We define the
polyhedral product, BT4, as follows. As an abstract group, B4 is the free
product of the product AV, and a copy B, of B, for each v € V, subject to:

(i) if (ay) € AV with a, = 1, for all v # w, then (a,) is identified with a,, € By;

(i) if (ay) € AV with a, = 1, some w, and g € B, then g commutes with
(av);
(iii) if v1,vq € V are joined by an edge in I, g € By, , and h € B,,,, then gh = hg.

Now, if H is a t.d.l.c. group with a continuous discrete action on I', we
define the graph-wreath product B %? H to be the semi-direct product of
BhA by H, via the action of H on I' permuting the copies of B.

Proposition 6.1. Think of the copy of AV in B'4 as a profinite group, with
the product topology from the topologies on the copies of A.
(i) There is a unique structure of a t.d.l.c. group on BYA with AV a compact
open subgroup.
(i) There is a unique structure of a t.d.l.c. group on B %? H that makes it
a topological semi-direct product.

Proof. (i) follows from [17, Proposition 8.B.4]. (ii) may be proved in exactly
the same way as [15, Proposition 8.B.4]. O
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Note that the polyhedral product BUA where T is the complete graph on
its vertices, is the same as the semi-restricted power BY*4 on the vertices of
I'. So wreath products of t.d.l.c. groups are a special case of graph-wreath
products.

Note too that, if I'y,I's are two graphs with the same set of vertices and the
edge set of I'1 is contained in the edge set of I'2, the induced map B %I‘i‘l H -
B %142 H is a quotient. Moreover this map is an isomorphism only if the two
graphs are equal (see [16, Lemma 2.4]). The same is true if instead I's is a
quotient graph of I';.

It would be more comforting if the compact open subgroup AV of B4
looked more like a colimit, as is the case for abstract groups. Indeed, when I’
is a discrete graph, we might hope for B™4 to be something like a coproduct
of t.d.l.c. groups. The following proposition tells us not to interpret this hope
too literally.

Proposition 6.2. The category of t.d.l.c. groups does not have all small
coproducts.

Proof. If the category of t.d.l.c. groups had coproducts, so would the category
of abelian t.d.l.c. groups, because abelianisation is a reflection functor from
the former to the latter. But the Pontryagin dual of [20, Lemma 9] says that
a coproduct [[; G; exists in the category of abelian t.d.l.c. groups only if, for
all but finitely many 4, GG; has a minimal compact open subgroup — that is,
only if all but finitely many of the G; are discrete. g

On the other hand, the following construction of a BT4-space, when I'
is discrete, should be thought of as corresponding to building an Eilenberg-
MacLane space for a free product of groups as the wedge sum of Eilenberg-
MacLane spaces for each of the groups.

See [23] for the definition of a flag complex L of a graph T.

The presentation of B described above suggests a generalised presenta-
tion for B4, following the approach of [13, Proposition 5.10]: fix a discrete
subset S of B such that A and S together generate B; write A, and S, for
the copies of A and S in each B,. Without loss of generality, we may assume
S = S7!. Let A be the graph with one vertex z and a loop for every s € U, Sy,
which we abusively call s. Let (II,A) be the graph of profinite groups based
on A, defined as follows:

(i) I, = AY;

(ii) TIs = AV ns7tAVs for all s € U, Sy;

(iii) o : I, > s1AYs — AV,

(iv) wy: I, = AV,
The proof of [13, Proposition 5.10(a)] shows that (II,A), together with the
obvious map 1 (IT, A) — B4 isa generalised presentation of B''4; the kernel
K of this map is then a discrete free group.

Similarly, for each S,, we can imitate [13, Proposition 5.10] to define a
generalised presentation (IL,, A,) for B,. Write K, for the kernel of the map
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m1(I,, Ay) = B, and T, for a set of generators of K,. The canonical maps
B, - B4 S, - U, S, and A, » A induce a map K, - K, and we will
identify T, with its image under this map. Now it is not hard to check that
U, Ty, together with the elements [s,t] for all s € S, t € S, such that v, w are
joined by an edge in I', generate K.

Finally, using the construction from the proof of Proposition 3.4, we can use
this generalised presentation to get a simply connected B"4-CW-complex Xg .
Moreover, the H-action on I' induces an H-action on our choice of generalised
presentation — that is, H acts on the graph of profinite groups (II, A) and on
our choice of generating set of K — and thus we get a cellular H-action on
Xg which is compatible with the BT4-action, and makes Xg into a simply
connected B %1’3 H-CW-complex.

Thanks to the Hurewicz theorem, we may add higher cells to kill higher
homotopy and get a contractible B %f‘ H-CW-complex.

6.2. Sufficient finiteness conditions. With these definitions in place, we
can prove various necessary and sufficient conditions for wreath products and
graph-wreath products of t.d.l.c. groups. We will give necessary conditions
in the next subsection, and sufficient conditions in this; in both cases, we
prove conditions about compact presentation for graph-wreath products, and
restrict to wreath products for type F,, conditions for higher n, thanks to the
technical issue of constructing the right space for the graph-wreath product
to act on.

For the rest of Section 6, type FP,, will always mean over Z — this allows
us to use Proposition 3.13.

We start by noting that the following analogues of [16, Proposition 2.1,
Theorem 2.2] hold here:

Proposition 6.3. (i) Suppose that B and H are compactly generated, and
that H acts on the vertices of X with finitely many orbits. Then G =
B %? H is compactly generated.

(i) Suppose that B and H are compactly presented, and that H acts on the
vertices of I' with compactly generated stabilisers and acts on the vertices
and edges of I' with finitely many orbits. Then G = B %?H s compactly
presented.

Proof. (1) G is generated by AV, a compact set of generators for H, and a
compact set of generators for B,,, for one choice of v from each H-orbit
of V.
(2) A presentation can be written out explicitly, as in [16, Theorem 2.2].
The details are left to the reader.
O

Now we can produce an analogue, for t.d.l.c. groups, of higher finiteness
conditions for wreath products of abstract groups. Here we imitate the proof
of [23, Theorem A].
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Theorem 6.4. Suppose that B and H have type F,,, and that for 1 <p <n
H acts diagonally on XP with finitely many orbits and with stabilisers of type
FP,_,. Then G=DB 234( H has type Fy,.

Proof. Let Y be a contractible (B, €)-CW-complex of type F,,. The construc-
tion in the proof of Proposition 3.4 shows that we may choose Y to have a
single orbit of 0-cells, one of which is stabilised by A (which we take to be the
basepoint * of Y). We define the finitary product @x Y to be a CW-complex
with cells given by the set

{(Cy)zex : Cy = * for all but finitely many z} :

n-cells are elements (C,) for which the dimensions of the C, sum to n, and
the attaching maps are defined component-wise. This has basepoint (*),.

Since Y is a CW-complex, it is well-pointed: that is, the inclusion * - Y
is a (Hurewicz) cofibration. By [4, Proposition 4.4.14], it follows that Y is
contractible by a based homotopy. Now, applying this contracting homotopy
componentwise to @x Y, we see that @x Y is contractible.

Now BX4 acts componentwise on @x Y and H acts by permuting com-
ponents, making @x Y into a G-CW-complex. For each p < n, since Y has
finitely many B-orbits of ¢-cells for all ¢ < p, and X7 has finitely many H-
orbits for all ¢ < p, @ x Y has finitely many G-orbits of p-cells. By Proposition
4.5, to show G has type FP,, it suffices to show the stabilisers of this G-action
in dimension p have type FP,,_,.

To see this, we consider a p-cell (Cy), where only Cy,,...,C;, have dimen-
sion > 0. Note that stabp(C,) for C, any 0-cell # * is conjugate to A: therefore
stabg((Cy)) = stabg((CL)), where (C.) is the p-cell defined by C. = C, for
z € {x1,...,x;} and C) = * otherwise. We will show stabg((C7,)) has type
FP,_p.

Let K be the stabiliser in H of (z1,...,2;) € X7: by hypothesis, this has
type FP,,_;, and n—j > n—p. Now the stabiliser of (C},) in BXA ig

j
[[stabp(Cy) =[]stabp(Cs,) x  [] A,

=1 x¢{r1,...,x;}

which is a compact open subgroup of BX:A (and hence has type FPo). It
follows that the semidirect product

(ﬁ stabp(Cy,) x H A)x K
i=1

o¢{x1,. x5}

given by the restriction of B4 x H is isomorphic (as topological groups) to
a subgroup of finite index in stabg((CL)).

As an extension of a type FP group by a type FP,,_, group, this semidirect
product has type FP,_, by Theorem 3.20, so stabg((C%)) has type FP,,_, too
by Lemma 3.15.

Therefore G has type FP,,. For n =1 we are done. For n > 2, G is compactly
presented by Proposition 6.3, and so G has type F, by Proposition 3.13. [
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Remark 6.5. As noted in [23], we could also prove an analogous condition
replacing every instance of type F,, with type FP,,, similarly to [6], at the cost
of notational complexity.

6.3. Necessary finiteness conditions. In the rest of this section we will
prove a partial converse to Theorem 6.4, starting with the following converse
to Proposition 6.3. We assume from now on, in our wreath products B 234< H,
that X # @ and B # 1, to avoid trivial counter-examples. Similarly, for graph-
wreath products B %? H, we assume I' + @ and B # 1.

Theorem 6.6. (i) Suppose the graph-wreath product G = B %?H of t.d.l.c.
groups is compactly generated. Then B and H are compactly generated,
and H acts on the vertices of I' with finitely many orbits.

(ii) Suppose G = B %? H is compactly presented. Then B and H are com-
pactly presented; H acts on the vertices of I' with compactly generated
stabilisers, and acts on the vertices and edges of I' with finitely many
orbits.

Proof. (i) H is a quotient of G, hence compactly generated. B embeds in
G, so is o-compact. Similarly, B" 4 is g-compact, so V is countable.

Now if B is not compactly generated, it can be written as the union of
a nested sequence (B,,) of compactly generated open subgroups, by [17,
Proposition 2.C.3]. We may assume every B, contains A. But then G
is the union of the nested sequence of open subgroups (B,, %% H), and
hence G is not compactly generated.

Finally, if V' has infinitely many H-orbits Vi, V5, ..., G is the union of a
sequence (B %?ﬂ H), where each Iy, is the subgraph of I" on U}*, V;,. For
each n, B'4 is a closed subgroup B 14 because the inclusion map
is split (see [16, Lemma 2.3]). Therefore B %?n H is a closed subgroup
of B %Ién-#l H, and hence G is not compactly generated.

(ii) By (i), B and H are compactly generated, and H acts on V with finitely
many orbits. Now H is compactly presented because it can be written as
a quotient of the compactly presented group B %? H by adding relations
which put a compact generating set of B, equal to 1, for one x from each
H-orbit of V.

Using Proposition 3.7, we may write B as the abstract and topological
colimit of a sequence (B),) of compactly presented groups with quotient
maps between them. Assume B is not compactly presented, so the se-
quence does not stabilise. Then B %? H is the abstract and topological
colimit of the sequence (B, %? H) of compactly generated groups by
Proposition 6.3(i), which does not stabilise, giving a contradiction.

Now [16, Lemma 2.9] holds in the context of t.d.l.c. groups, so we may
imitate the proof of [16, Proposition 2.10]. As there, if I' has infinitely
many H-orbits of edges, or the stabiliser of some vertex is not compactly
generated, we may construct a sequence of H-graphs (I'),) with colimit
I', so that B %? H is the abstract and topological colimit of the sequence
(B Oof}n H) which does not stabilise. Moreover the I, all have finitely
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many H-orbits of vertices, so every B Oolf‘n H is compactly generated by
Proposition 6.3(i). So Proposition 3.7 gives a contradiction.
O

We now restrict once again to wreath products. We follow the general
approach of [23].

Theorem 6.7. Suppose G = B z§ H has type F,,. Suppose for 1 <p<n-1
that H acts diagonally on XP with stabilisers of type ¥P,_,. Then B and H
have type F,, and H acts diagonally on X™ with finitely many orbits.

Proof. H has type F,, because it is a retract of G. For n < 2 we are done by
Theorem 6.6; assume n > 3. By induction, we may assume B has type F,_1
and H acts diagonally on XP with finitely many orbits for 1 <p<n-1. Let
Y be a contractible (B, €)-CW-complex of type F,_1. As in Theorem 6.4, we
take Y to have a single orbit of 0-cells, one of which, =, is stabilised by A.
Let (Y,) be a directed family of finite subcomplexes of Y which contain the
(n — 1)-skeleton. Let (W) be the directed family of complexes W, = @ xY,.
Note that every W, has the same (n — 1)-skeleton as W = @xY, so they are
all (n - 2)-connected. Now the chain complex of W gives an exact sequence

0->Zy (W) > Cpoy(W) » - > C1(W) > Co(W) > Z -0

of discrete G-modules. As in the proof of Theorem 6.4, G acts on the p-cells of
W with stabilisers commensurable with the stabilisers of the H-action on X7;
by Corollary 3.18 and Lemma 3.15, the submodule of each C,(WW') generated
by each orbit of p-cells has type FP,_,; because we have finitely many orbits,
each C,(W) has type FP,_,. Also Z has type FP,, as a Z[G]-module.

Now, by Corollary 3.12, Z,,_1(W) is finitely generated. For each o we have
a short exact sequence

0— Bn—l(Wa) - Zn—l(W) - n—l(Wa) - 0,
SO h_r)na H,1(Wy) = Hy,—1(W) = 0 implies there is some « such that H,,_1 (W) =
0. Therefore X, is (n — 1)-connected. By adding higher cells to kill higher
homotopy, we can get a contractible (B, €)-CW-complex of type F,,.
Showing that H acts on X" with finitely many orbits can be done similarly,
and is left as an exercise for the reader. This is an adaptation of part of
the proof of [23, Theorem B|: here we write @xY as a directed union of

subcomplexes Y X« of @xY containing only the n-cells whose grand support
(see [23, p.8]) is in X, € X™. O

In general, we know of no necessary and sufficient conditions on H, B and
X for G to have type F,. However, we do have the following important
special case, using the same assumption as is employed in [23, Theorem C],
for example:

Theorem 6.8. Suppose G = BZQH has type F,,, and there is an epimorphism
f from B to Z with the discrete topology. Then B and H have type F,, and H
acts diagonally on XP with finitely many orbits and stabilisers of type FP,_,
for 1<p<mn.



36 I. CASTELLANO AND G. COROB COOK

Proof. Thanks to Theorem 6.7, we just have to show H acts diagonally on
XP with stabilisers of type FP,,_, for 1 <p <n. Note that f(A) is a compact

subgroup of Z, so it is trivial. Since Z is free, Z:x H =7 ZQA) H is a retract
of G, and hence of type F,,, so we may assume that B = Z.

Clearly Z has the same homology groups considered as a t.d.l.c. group
that it has considered as an abstract group. Together with Bieri’s criterion,
Theorem 4.2, this shows that the proofs of [23, Proposition 4.1, Corollary 4.2,
Theorem C] immediately carry over to our context, and the result follows. [

We sketch briefly a t.d.l.c. analogue of [23, Theorem D]. Suppose H is poly-
(compact-open-by-cyclic). Now for any compact open subgroup U of H, U is
poly-(cyclic or finite)-ly contained in H, in the terminology of [19], so we may
apply the proof of [19, Lemma 3|, and the same inductive argument as the
Corollary after [19, Lemma 3], to show: for N a discrete U-module contained
in a discrete H-module M such that N generates M as an H-module, if N is
noetherian as a U-module, M is noetherian as an H-module.

In particular, taking M = Z[H /U] and N the copy of Z generated by the
identity coset of U, we get that Z[ H/U] is a noetherian H-module. Since this
is true for all proper smooth discrete H-permutation modules (over Z), we
deduce that all finitely generated discrete H-modules have type FPs. This
fact, together with H having type Fo (by Theorem 3.20), gives everything we
need for the proof of [23, Theorem D] to hold in our case, and we get:

Theorem 6.9. For H poly-(compact-open-by-cyclic), G = Bz?( H has type F,
if and only if B has type ¥y, and H acts diagonally on XP with finitely many
orbits for p <n.

7. HOMOLOGICAL DIMENSION VS COHOMOLOGICAL DIMENSION

A projective resolution P — A is said to have finite length if there is a
positive integer n such that P, =0 for all £ > n. The projective dimension of
A is defined to be the minimum n such that A has a projective resolution of
finite length n. If such an n does not exist we say that A has infinite projective
dimension.

Over a general ring R, of course these things are perfectly well-defined. But
when R[G] does not have enough projectives, it is difficult to know how to
make progress: we have nothing like Theorem 3.10 to help us here. So we
‘search under the streetlight’, and see what can be said working over Q.

Subsequently, the rational discrete cohomological dimension of G, denoted
by cdg(G), is defined to be the projective dimension of the trivial module
Q over Q[G]. By substituting projective discrete modules with flat discrete
modules, the notion of rational discrete flat dimension arises in g[gdis. In
particular, a t.d.l.c. group G will be said to have rational discrete homological
dimension n € Nu {oo}, denoted by hdg(G), if the trivial module Q has flat
dimension n. Since every projective discrete Q[G]-module is flat one easily
concludes the following.

Fact 7.1. Let G be a t.d.l.c. group.
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(1) fl.dimg(M) < pr.dimgy(M) for every M € ob(gie)dis)-
(2) hd@(G) < CdQ(G).

Proposition 7.2. Let G be a t.d.l.c. group. Then:

(a) every finitely presented flat discrete Q[G]-module is projective;

(b) if M is of type FP, then pr.dimg(M) = fl.dimg(M);

(c) if G is of type FP, then cdg(G) = hdg(G);

(a") every countably presented flat discrete Q[G]-module has projective dimen-
ston less or equal to 1;

(b") if M has a resolution by countably generated permutation Q[G]-modules
with compact open stabilisers, then pr.dimg (M) < fl.dimg(M) +1;

(") If G is o-compact, then cdg(G) <hdg(G) +1.

Proof. Let P be a finitely generated projective discrete Q[ G]-module. Follow-
ing [13, §4.3], there is an isomorphism

Home (P, Bi(G)) ®¢ M — Home (P, M),

which is the so-called Hom — ® identity. Thus one can transfer verbatim the
proof of [8, Lemma 4.4(a)] and (a) holds. Moreover, (b) and (c) are straight-
forward consequences of (a).

Since a Lazard-type Theorem is available in the context of discrete Q[G]-
modules, one can prove (a’) by following the argument of [8, Lemma 4.4(b)].
Subsequently, (b") holds since kernels in a countably generated resolution are
countably presented. Finally, when G is o-compact, countably generated dis-
crete Q[G]-modules are countable and vice-versa. Therefore let P - Q be a
countable-type resolution and apply (b). O

Proposition 7.3. Let G be a t.d.l.c. group and N a normal closed subgroup.
Then c¢dg(G) < cdg(N) +cdgo(G/N) and hdg(G) <hdg(N) +hdg(G/N).

Proof. Apply the Lyndon-Hochschild-Serre spectral sequence. O
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