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RATIONAL DISCRETE COHOMOLOGY FOR
TOTALLY DISCONNECTED LOCALLY COMPACT GROUPS

I. CASTELLANO AND TH. WEIGEL

ABSTRACT. Rational discrete cohomology and homology for a totally discon-
nected locally compact group G is introduced and studied. The Hom-® iden-
tities associated to the rational discrete bimodule Bi(G) allow to introduce the
notion of rational duality groups in analogy to the discrete case. It is shown
that semi-simple groups defined over a non-discrete, non-archimedean local
field are rational t.d.l.c. duality groups, and the same is true for certain topo-
logical Kac-Moody groups. However, Y. Neretin’s group of spheromorphisms
of a locally finite regular tree is not even of finite rational discrete cohomolog-
ical dimension. For a unimodular t.d.l.c. group G of type FP it is possible to
define an Euler-Poincaré characteristic x(G) which is a rational multiple of a
Haar measure. This value is calculated explicitly for Chevalley groups defined
over a non-discrete, non-archimedean local field K and some other examples.

1. INTRODUCTION

For a topological group G several cohomology theories have been introduced
and studied in the past. In many cases the main motivation was to obtain an
interpretation of the low-dimensional cohomology groups in analogy to discrete
groups (cf. [3], [33], [34], [35]).

The main subject of this paper is rational discrete cohomology for totally discon-
nected, locally compact (= t.d.l.c.) groups. Discrete cohomology can be defined in
a very general frame work. We will call a topological group G to be of type OS, if

(1.1) Osgrp(G) = {O C G | O an open subgroup of G }

is a basis of neighbourhoods of 1 in G, e.g., any profinite group is of type OS,
and, by van Dantzig’s theorem (cf. [48]), any t.d.l.c. group is of type OS. For any
topological group G of type OS and any commutative ring R the category pig)dis
of discrete left R[G]-modules is an abelian category with enough injectives. This
allows to define dExt;%[G] (—,—) as the right derived functors of Hompgjg)(—,—), and
dH*(R[G],_) as the right derived functors of the fixed point functor _“. Even
in this general context one has a Hochschild-Lyndon-Serre spectral sequence for
short exact sequences of topological groups of type OS (cf. §2.8), and a generalized
Eckmann-Shapiro type lemma in the first argument (cf. §2.9).

In case that G is a t.d.l.c. group it turns out that ggdis is also an abelian
category with enough projectives (cf. Prop. 3.2). Moreover, any projective rational
discrete right Q[G]-module is flat with respect to short exact sequences of rational
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2 I. CASTELLANO AND TH. WEIGEL

discrete left Q[G]-modules (cf. (4.4)). Thus for a discrete left Q[G]-module M one
may define rational discrete cohomology with coefficients in M by

(1.2) dH* (G, M) = dExt,(Q, M), k>0,
and discrete rational homology with coefficients in M by
(1.3) dH, (G, M) = dTor{ (Q, M), E>0

in analogy to discrete groups (cf. §4).
The rational discrete cohomological dimension c¢dg(G) (cf. (3.11)) reflects struc-
tural information on a t.d.l.c. group G, e.g.,
(1) G is compact if, and only if, cdg(G) = 0 (cf. Prop. 3.7(a));
(2) the flat rank of G is bounded by cdg(G) (cf. Prop. 3.10(b));
(3) if G is acting discretely on a tree with compact stabilizers then cdg(G) <1
(cf. Prop. 5.4(b));
(4) more generally, if G is acting discretely on a contractable simplical complex
¥ with compact stabilizers, then cdg(G) < dim(X) (cf. Prop. 6.6(a));
(5) a nested t.d.l.c. group G satisfies cdg(G) <1 (cf. Prop. 5.8).

The existence of finitely generated projective rational discrete Q[G]-modules allows
to define the FPy-property, k € No U {00}, (cf. §3.6) in analogy to discrete groups
(cf. [14, §VIIL5]). A t.d.l.c. group G is compactly generated if, and only if, it is of
type FPy (cf. Thm. 5.3). Using the theory of rough Cayley graphs due to H. Abels
(cf. [1]) and Bass-Serre theory, one may also introduce the notion of a compactly
presented t.d.l.c. groups (cf. §5.8). Such a group must be of type FPs.

For a t.d.l.c. group G there is not necessarily a group algebra but two natu-
ral rational discrete Q[G]-bimodules Bi(G) and C.(G, Q) and both turn out to be
useful in this context. If G is unimodular, they are isomorphic, but not necessar-
ily canonically isomorphic; if G is not unimodular, they are non-isomorphic (cf.
Prop. 4.11(b)). The Q[G]-bimodule C.(G, Q) just consists of the continuous func-
tions with compact support from G to the discrete field Q. The rational discrete
left Q[G]-module Bi(G) is defined by
(1.4) Bi(G) = lm  QIG/O),

0eCO(G)
where €O(G) = { O € Osgrp(G) | O compact } and the direct limit is taken along a
rational multiple of the transfers (cf. (4.15)). It carries naturally also the structure
of a discrete right Q[G]-module.

The rational discrete Q[G]-bimodule Bi(G) can be used to establish Hom-®
identities which are well known for discrete groups (cf. §4.3). This allows to define
the notion of a rational t.d.l.c. duality group. In more detail, a t.d.l.c. group G will
be said to be a rational duality group of dimension d > 0, if

(i) G is of type FP;
(ii) cdo(G) < oo
(iii) dH"(G,Bi(G)) = 0 for k # d.
Note that any discrete virtual duality group in the sense of R. Bieri and B. Eckmann
(cf. [9]) of virtual cohomological dimension d > 0 is indeed a rational t.d.l.c.
duality group of dimension d > 0, and the same is true for discrete duality groups
of dimension d over Q (cf. [8, §9.2]). For these t.d.l.c. groups one has a non-
trivial relation between discrete cohomology and discrete homology (cf. Prop. 4.10).
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However, it differs slightly from the usual form. A t.d.l.c. group G satisfying (i)
and (ii) will be said to be of type FP. Note that a t.d.lL.c. group G satistying (i),
(ii) and (iii) must also satisfy cdg(G) = d (cf. Prop. 4.7). The rational discrete
right Q[G]-module

(1.5) D¢ = dHY(G, Bi(G))

will be called the rational dualizing module. A compact t.d.l.c. group G is a
rational t.d.l.c. duality group of dimension 0 with dualizing module isomorphic
to the trivial right Q[G]-module Q. If G is a compactly generated t.d.l.c. group
satisfying cdg(G) = 1, then G is a rational t.d.l.c. duality group of dimension 1.
Provided that G acts discretely on a locally finite tree 7 with compact stabilizers
one has an isomorphism of rational discrete left Q[G]-modules

(1.6) “Dg =~ H.(IT],Q) ® Q(A)

(cf. §6.10), where |T| denotes the topological realization' of T(cf. §A.2), and
H!(_,Q) denotes cohomology with compact support with coefficients in the discrete
field Q. If ¥ is a locally finite €-discrete simplicial G-complex (cf. §6.4), then
HEF(|2],Q) carries naturally the structure of a rational discrete left Q[GJ]-module
(cf. §A.4). Here Q(A) denotes the 1-dimensional rational discrete left Q[G]-module
which action is given by the modular function? A: G — Q7 of G (cf. Remark 4.13).
For a right Q[G]-module M we denote by * M the associated left Q[G]-module, i.e.,
form € M and g € G one has g-m =m - g~ '.

Let G be a t.d.l.c. group. The family of compact open subgroups € of G is closed
under conjugation and finite intersections. Hence there exists a G-classifying space
E«(G) for the family € (cf. [32, §2], [47, Chap. 1, Thm. 6.6]) which is unique up
to G-homotopy equivalence. E.g., if II = w1 (A, A, z¢) is the fundamental group of
a graph of profinite groups, then the tree T = T (A, A, E,£T) arising in Bass-Serre
theory (cf. [41, §1.5.1, Thm. 12]) is an Ey(II)-space (cf. §6.10). For algebraic
groups defined over a non-discrete non-archimedean t.d.l.c. field K a celebrated
theorem of A. Borel and J-P. Serre yields the following (cf. §6.11).

Theorem A. Let G be a simply-connected semi-simple algebraic group defined over
a non-discrete non-archimedian local field K, let (C,S) be the affine building asso-
ciated to G, and let |S(C,S)| denote the topological realization of the Bruhat-Tits
realization of (C,S). Then G(K) is a rational t.d.l.c. duality group of dimension
d =1k(G) = dim(X(C, S)), and

(1.7) “Daxy ~ HI(|Z(C, 9)], Q).
Moreover, |2(C, S)| is an Ex(G(K))-space.

Here rk(G) denotes the rank of G as algebraic group defined over K, i.e., rk(G)
coincides with the rank of a maximal split torus of G. As already mentioned in [12]
one may think of * Dg(k) as a generalized Steinberg module of G(K).

Another source of rational t.d.l.c. duality groups arises in the context of topolo-
gical Kac-Moody groups as introduced by B. Rémy and M. Ronan in [40, §1B].
In principal, these t.d.l.c. groups behave very similarly as the examples described

1Although this topological space is also known as the realization of the tree T (cf. [41, §1.2,
p. 14]), we have chosen this name in order to avoid the linguistic ambiguity with the geometric
realization of buildings.

2Throughout this paper Haar measures are considered to be left invariant.
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in Theorem B, but there are also quite notable differences. Any split Kac-Moody
group G(F) defined over a finite field F has an action on the positive part 2 of the
associated twin building. Assuming that the associated Weyl group (W, S) is infinite
one defines G(F) as the permutation closure of G(F) on its action on the chambers
of Z¥. Then G(F) acts also on X(ZT), the Davis-Moussang realization of =*,
which is a finite dimensional locally finite simplicial complex. The subgroup G/(F)°
of G(IF), which is the closure of the image of the type preserving automorphisms of
Z, is of finite index in G(IF). This group has the following properties.

Theorem B. Let F be a finite field, let G(F) be a topological Kac-Moody group
obtained by completing the split Kac-Moody group G(F), and let (W, S) denote its
associated Weyl group.
(a) Then X(E) is a tame €-discrete simplicial G(F)°-complex, and |S(Z)| is an
E¢(G(F)°)-space.
(b) ¢cdo(G°(F)) = cdo(G(F)) = cdg(W).
(c) For d=cdo(G°(F)) one has * Dgr)o ~ HY(|2(2)],Q).
(d) G(F)° (and hence G(F)) is a rational t.d.l.c. duality group if, and only if,
W is a rational duality group.

One may verify easily that whenever W is a hyperbolic Coxeter group, the topo-
logical Kac-Moody group G(F)° is indeed a rational t.d.l.c. duality group (cf. Re-
mark 6.12). However, one may also construct examples of topological Kac-Moody
groups which are not rational t.d.l.c. duality groups (cf. Remark 6.13).

We close our investigations with a short discussion of the FEuler-Poincaré char-
acteristic x(G) one may define for a unimodular t.d.l.c. group G of type FP. The
value x(G) is a rational multiple of a left invariant Haar measure up, po(0O) =1,
for some compact open subgroup O of G. Indeed, for a discrete group II of type
FP it is straightforward to verify that x(II) = xmu - 1113, where x1 denotes the
classical Euler-Poincaré characteristic (cf. [14, §X1.7]). Although we present some
explicit calculations in section 7.2, we are still very far away from understanding
the generic behaviour of the Euler-Poincaré characteristic. We conjecture that a
unimodular compactly generated t.d.l.c. group G satisfying cdg(G) = 1 should
have non-positive Euler-Poincaré characteristic (cf. Question 6). An affirmative
answer to this question would resolve the accessibility problem, and thus would
yield a complete description of unimodular compactly generated t.d.l.c. groups of
rational discrete cohomological dimension 1.

Acknowledgements: Sections 2, 3, 4 and 5 are part of the first author’s PhD
thesis (cf. [20]). The authors would like to thank M. Bridson for some helpful
discussions concerning CAT(0)-spaces.

2. DISCRETE COHOMOLOGY

2.1. Topological groups of type OS. Let G be a topological group of type OS.
If H is a closed subgroup of G, then {O N H | O € Osgrp(G) } is a basis of
neighbourhood of 1 in H. Hence H is also of type OS. Moreover, if 7: G — G is
a continuous, open, surjective homomorphism of topological groups, then { 7(O) |
O € Osgrp(G) } is a basis of neighbourhoods of 1 in G. Thus G is also of type OS.
Finally, if G is homeomorphic to an open subgroup of a topological group Y, then
Y is of type OS as well.
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Any compact totally-disconnected topological group is profinite and therefore,
by definition, of type OS (cf. [42, Prop. 1.1.0]). By van Dantzig’s theorem (cf. [48]),
every t.d.l.c. group contains a compact open subgroup. Hence from the previously
mentioned properties one conlcudes the following.

Fact 2.1. Any totally-disconnected locally-compact group is of type OS.

2.2. Discrete modules of topological groups of type OS. Let R be a com-
mutative ring with 1 € R. For a group G we denote by R[G] its R-group algebra,
and by gjgymod the abelian category of left R[G]-modules. Let G be a topological
group of type OS. For M € ob(gjgymod) the subset

(2.1) d(M) = {m € M | stabg(m) open in G},

where stabg(m) = {g € G | g- m = m}, is an R[G]-submodule of M, the largest
discrete R|G]-submodule of M. Here we call a left R[G]-module B discrete, if the
map _ - _: G x B — B is continuous, where B carries the discrete topology. If
¢: B — M is a morphism of left R[G]-modules and B is discrete, one concludes
that im(¢) C d(M). This has the following consequences (cf. [49, Prop. 2.3.10]).

Fact 2.2. Let G be a topological group of type OS, and let rigdis denote the full
subcategory of gigymod the objects of which are discrete left R[G]-modules. Then

(a) giedis is an abelian category;

(b) d: gigymod — g dis is a covariant additive left exact functor, which is
the right-adjoint of the forgetful functor f: gigdis — gigmod;

(c) d is mapping injectives to injectives;

(d) rigydis has enough injectives.

The abelian category gjgymod admits minimal injective envelopes, i.e., for M €
ob(rjgymod) the maximal essential extension ips: M — I(M) is a minimal injective
envelope (cf. [31, §IIL.11]). Thus, if M € ob(g(gdis), then d(ins): M — d(1(M))
is a minimal injective envelope in gjgdis. This has the following consequence.

Fact 2.3. The abelian category griedis admits minimal injective resolutions.

If M and N are left R[G]-modules, then M @ N = M ®r N is again a left
R[G]-module. Moreover, if G is a topological group of type OS and M and N are
discrete left R[G]-modules, then M ® N is discrete as well.

2.3. Closed subgroups. Let H be a closed subgroup of the topological group G
of type OS. Then one has a restriction functor
(2.2) resg(f): R[G]dis — R[H]dis
which is exact. The discrete coinduction functor
(2.3) deoind$ () = d o coind$}(—): gimydis — gigdis
where coind$ (M) = Hompgg)(R[G], M), M € ob(gzjmod), is the coinduction
functor, is left exact. It is the right-adjoint of the restriction functor. In particular,
dcoind% (_) is mapping injectives to injectives (cf. [49, Prop. 2.3.10]).

Let N be a closed normal subgroup of the topological group G of type OS. The

canonical projection 7: G — G, where G = G/N, is surjective, continuous and
open. One has an inflation functor

(2.4) inf&(_): g dis — pigdis
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which is exact. The inflation functor is left-adjoint to the N-fized point functor
(2.5) N plgdis — gedis
which is left exact. In particular, one has the following (cf. [49, Prop. 2.3.10]).

Fact 2.4. Let G be a topological group of type OS, and let N be a closed normal
subgroup of G. Then the N-fized point functor _N : rlg)dis — pgdis, G = G/N,
is mapping injectives to injectives.

2.4. Open subgroups. Let H C G be an open subgroup of the topological group
G of type OS, and let M € ob(g[g)dis). Then fory =", _, . rigi®m; € indg(M)
one has (),<;<, Istabg(m;) C stabg(y). In particular, M is a discrete left R[G]-
module, and one has an exact induction functor

(2.6) ind% (_): pdis — gigdis.

which is the left adjoint of the restriction functor res%(_). Hence one has the
following (cf. [49, Prop. 2.3.10]).

Fact 2.5. Let H C G be an open subgroup of the topological group G of type OS.
Then res$; () is mapping injectives to injectives.

2.5. Discrete cohomology. Let G be a topological group of type OS. For M €
ob(gjg)dis) we denote by

(2.7) dExthy (M, ) = R*Hom,, , ais(M, )

the right derived functors of Hompg (M, ) in gjgdis. The contra-/covariant
bifunctors

(2.8) dExtfye)(— —): rigdis® X g dis — rmod,

k > 0, admit long exact sequences in the first and in the second argument. More-
over, dExt%[G](M, —) ~ Hompg (M, —), and dExt%[G] (M,I) = 0 for every injec-
tive, discrete left R[G]-module I. We define the k" discrete cohomology group of
G with coefficients in g dis by

(2.9) dH*(R[G], ) = dExtfyq (R, ), k>0,
where R denotes the trivial left R[G]-module.

Example 2.6. Let R =7Z.

(a) If G is a discrete group, G is of type OS and 7 dis = z;gmod. In particular,
dH*(Z|G],—) = H*(G,—) coincides with ordinary group cohomology (cf. [14]).

(b) If G is a profinite group, G is of type OS and 7 dis coincides with the abelian
category of discrete G-modules. Thus dH*(Z[G], —) = H*(G,_) coincides with the
Galois cohomology groups discussed in [42].

2.6. The restriction functor. Let H C G be a closed subgroup of the topological
group G of type OS, and let M € ob(ggdis). Let (I®,0° pg) be an injective
resolution of M in ob(g(gdis), and let (J*, 6%, up) be an injective resolution of
resg (M) in gygjdis. By the comparison theorem in homological algebra, one has a
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morphism of cochain complexes of left R[H]-modules ¢*: res$ (I*) — J* such that
the diagram

2.10 resC (M) —2%~ vesG (10 _ L s (T Lresg A
i i i i
[
resG(M) L2 g0 % 8 &

commutes. Moreover, ¢* is unique up to chain homotopy equivalence with respect
to this property. Let

g (@97

(2.11) e (IM)G — (1%) ()1
Then ¢*: ((I*)%,d*) — (J*),§*) is a mapping of cochain complexes of R-modules.
Applying the cohomology functor yields a mapping of cohomological functors

(2.12) res$; g (M): dH®(R[G], M) — dH*(R[H],res% (M)).

The map resg, (—) will be called the restriction functor in discrete cohomology.

2.7. The inflation functor. Let N be a closed normal subgroup of the topological
group of type OS, and let 7: G — G, G = G/N, denote the canonical projection.
Let M € ob(gjgdis), and let (I°,0°, ug) be an injective resolution of M in g dis.
Let (J*, 6%, ug) be an injective resolution of infg(M) in gigdis. By the comparison
theorem in homological algebra, one has a mapping of cochain complexes of left
R[G]-modules ¢*: infg(I *) — J* which is unique up to chain homotopy equivalence
such that the diagram

inf€ (ue 1 2
(2.13)  infS(ar) 26 g0 oy 0 ingS( ) — 2 G (r2) 2L

o, ek

infS (M) —-< JO d J! d J?

52

commutes. Applying first the fixed point functor _¢ and then the cohomology
functor one obtains a functor

(2.14) infg (M): dH*(R[G], M) — dH*(R[G],inf&(M)),

which will be called the inflation functor in discrete cohomology.

2.8. The Hochschild - Lyndon - Serre spectral sequence. Let NV be a closed
normal subgroup of the topological group G of type OS, and let 7: G — G, G =
G/N, denote the canonical projection. The functor _&: R[g)dis — gmod can be
decomposed by _¢ = (_%) o (_N). Moreover, _"V: r[g)dis — g(gdis is mapping
injectives to injectives (cf. Fact 2.4). Thus for M € ob(gjgjdis) the Grothendieck
spectral sequence (cf. [49, Thm. 5.8.3]) yields a Hochschild-Lyndon-Serre spectral
sequence

(2.15) ESY(M) = dH*(R[G], dH'(R[N],res$ (M) = dH*M(R[G], M)
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of cohomological type concentrated in the first quadrant which is functorial in M.
The edge homomorphisms are given by

infg o (MN)

e dH*(R[G], M) E3°(M) B3 (M),
(2.16)
rest MmN
et B (M) —— B () =2 i (RN, )OI,

and one has a 5-term exact sequence

1
€

—% dH'(R[N], M)&/N

ldg,l

AH?(R[G], M) <" dH(R[G), M™)

(2.17) 0 ——= dHY(R[G], M™) eh dH'(R[G], M)

2.9. An Eckmann-Shapiro type lemma. Let H be an open subgroup of the
topological group G of type OS, and let M € ob(gjgdis). Let (I*,0° ug) be
an injective resolution of M in pgdis. Then (res$;(I®), res(9°),res% (i) is an
injective resolution of res§ (M) in ggjdis (cf. Fact 2.5). For B € ob(pydis) one
has natural isomorphisms

(2.18) Hompg (ind$(B), I*) ~ Hom g g (B, res$ (I%))
k > 0, which yield isomorphisms
(2.19) dExthy g (indF (B), M) ~ dExt}y (B, res§; (M)),

k > 0. In particular, for B = R one obtains natural isomorphisms

(2.20) "+ dBxtjyg (indf (R), —) — dH"(R[H], )
such that
(2.21) dExt}q (indf (R), )

dExt %6 (e)

dExtpe (R, —)

e

dH* (R[H), res§ (L))

resg; p(—)

is a commutative diagram of cohomological functors with values in g dis, where
e: ind%(R) — R is the canonical map.

3. RATIONAL DISCRETE COHOMOLOGY FOR T.D.L.C. GROUPS

Throughout this section we will assume that G is a t.d.l.c. group. Furthermore,
we choose R = Q to be the field of rational numbers. From now on we will omit the
appearance of the field Q in the notation, i.e., we put dH*(G,_) = dH*(Q[G], ),
dEXt(.Q[G] (i, i) = dEXt&(i, i), etc.
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3.1. Profinite groups. It is well known that a t.d.l.c. group is compact if, and
only if, it is profinite (cf. [42, Prop. 1.1.0]). The main goal of this subsection is to
establish the following property which will turn out to be essential for our purpose.

Proposition 3.1. Let G be a profinite group. Then every discrete left Q[G]-module
M is injective and projective in g[gdis.

Proof. The proposition is a consequence of several facts.

Claim 3.1.1. One has dH*(G, M) = 0 for every M € ob(g¢gdis) and k > 1. In
particular, every finite dimensional discrete left Q[G]-module is projective.

Proof of Claim 3.1.1. By [42, §2.2, Prop. 8|, one has
(3.1) dH¥ (G, M) = lim,_ dH*(G/U,MY),

where the projective limit is running over all open normal subgroups U of G.
By Maschke’s theorem, one has dH*(G/U,MV) = 0 for k > 1, and thus, by
(3.1), dH*(G,M) = 0 for all k > 1. Let U be an open subgroup of G. Since
dExt;;(Q,—) = 0, Homy (Q, _): g1dis — gmod is an exact functor. In particu-
lar, Q € ob(gdis) is projective. Thus, as res(_) is exact, Q[G/U] ~ ind$(Q) is
projective for every open subgroup U of G (cf. [49, Prop. 2.3.10]). By Maschke’s
theorem, every finite dimensional discrete left Q[G]-module is a direct summand of
Q[G/U] for some open subgroup U of G. This yields the claim. O

As a consequence one obtains the following.

Claim 3.1.2. Let S € ob(gjgdis) be irreducible, and let M € ob(ggdis). Then
dExtf (S, M) =0 for all k > 1.

Proof of Claim 3.1.2. Note that every irreducible discrete left Q[G]-module S is of
finite dimension, and therefore projective (cf. Claim 3.1.1). O

For a discrete left Q[G]-module M we denote by soc(M) C M the socle of M,
i.e., soc(M) is the sum of all irreducible left Q[G]-submodules of M. Moreover, as
m € M is contained in the finite dimensional discrete left Q[G]-module Q[G] - m,
one has that soc(M) = 0 if, and only if, M = 0.

Claim 3.1.3. Every discrete left Q[G|-module M is injective in ob(g|gdis).

Proof of Claim 3.1.3. Let (I*,6®) be a minimal injective resolution of M in g dis
(cf. Fact 2.3). By Claim 3.1.2, for any irreducible S € ob(gjgdis) one has for
k > 1 that 0 = dExt},(S, M) = Homg(S, I*) (cf. [6, Cor. 2.5.4(ii)]). In particular,
soc(I*) = 0, and therefore I* = 0. Hence M is injective. O

Claim 3.1.4. The category g|g)dis has enough projectives.

Proof of Claim 3.1.4. Let M € ob(g|g)dis). By definition, for m € M the left Q[G]-
submodule Q[G] - m C M is finite dimensional and discrete. Thus, by Claim 3.1.1,
Q[G]-m is projective in g dis, and therefore, P =[], .5, Q[G]-m is projective in
g[c1dis. The canonical map 7: P — M is surjective, and this yields the claim. [

Claim 3.1.5. Every discrete left Q[G|-module is projective in g dis.
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Proof of Claim 3.1.5. Let M € ob(g|gdis). By Claim 3.1.4, there exist a projective
discrete left Q[G]-module P and a map 7: P — M such that

(3.2) 0 ker () P—"sM 0

is a short exact sequence in g dis. By Claim 3.1.3, ker(7) is injective. Hence (3.2)

splits, and M is isomorphic to a direct summand of P, i.e., M is projective. O
O

3.2. Discrete permutation modules. Let G be at.d.l.c. group. A left G-set Q is
said to be discrete, if stabg(w) is an open subgroup of G for any w € Q. In this case
_ - _: G xQ — Qis continuous, where {2 is considered to be a discrete topological
space and G x ) carries the product topology. We say that ) is a discrete left
G-set with compact stabilizers, if stabg(w) is a compact and open subgroup for any
w € Q.

Let © be a left G-set. Then Q[Q] - the free Q-vector space over the set Q -
carries canonically the structure of left Q[G]-module. Moreover, €2 is a discrete left
G-set if, and only if, Q[ is a discrete left Q[G]-module. For a discrete left G-set
Q, Q[] is also called a discrete left Q[G]-permutation module. Additionally, one
has the following property.

Proposition 3.2. Let G be a t.d.l.c. group, and let Q be a discrete left G-set with
compact stabilizers. Then Q[SY] is projective in gigdis. In particular, the abelian
category ggdis has enough projectives.

Proof. Let Q = [ ];.; € be the decomposition of Q into G-orbits. Since Q[Q] =
[1;c; Q€] and as the coproduct of projective objects remains projective, it suffices
to prove the claim for transitive discrete left G-sets €2 with compact stabilizers, i.e.,
we may assume that for w € €2 one has an isomorphism of left G-sets Q ~ G/O, and
an isomorphism of left Q[G]-modules Q[Q] ~ ind$(Q), where O = stabg(w). The
induction functor is left adjoint to the restriction functor which is exact. Since the
trivial left Q[O]-module is projective in g[oydis (cf. Prop. 3.1), and as ind$(_) is
mapping projectives to projectives (cf. §2.4 and [49, Prop. 2.3.10]), one concludes
that Q[€?] is projective.

Let M € ob(ggdis). For each element m in M let O,, be a compact open
subgroup of stabg(m). Then 7, : indgm (Q) = M given by mpp(g® 1) =g-misa
mapping of left Q[G]-modules. Tt is straightforward to verify that

(3.3) T=1Ter ™m: Himen indgm Q) — M
is a surjective mapping of discrete left Q[G]-modules, and ]_[meMindgm (Q) ~
Q“—lmEM G/Om} is pl“Ojective. 0

It is somehow astonishing that for a t.d.l.c. group G, the category g[gdis is
a full subcategory of gigmod with enough projectives and enough injectives (cf.
Fact 2.2), but the reader may have noticed that this is a direct consequence of
Proposition 3.1.

Corollary 3.3. Let G be a t.d.l.c. group. A discrete left Q[G]-module M is pro-
jective if, and only if, it is a direct summand of a discrete left Q[G]-permutation
module Q[Q] for some discrete left G-set Q with compact stabilizers.

From Proposition 3.2 and Corollary 3.3 one deduces the following properties.
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Proposition 3.4. Let G be a t.d.l.c. group and, let H C G be a closed subgroup
of G. Then resg: o[a)dis — qujdis is mapping projectives to projectives. More-
over, if H is open in G, then indg: oadis — qjgidis is mapping projectives to
projectives.

Proof. By Corollary 3.3, it suffices to prove that res%(Q[€2]) is projective for any
discrete left Q[G]-permutation with compact stabilizers. Since res$ (_) commutes
with coproducts, we may also assume that (2 is a transitive discrete left G-set with
compact stabilizers, i.e., for w € Q and O = stabg(w) one has Q ~ G/O. Let R C G
be a set of representatives of the (H, Q)-double cosets in G, i.e., G = | HrO.
Then

(3.4) res; (QG/O]) = [1,er QUH/(HNTO)].
Since H is closed and O compact and open, H N"O is compact and open in H.

Hence, by Proposition 3.2, res% (Q[G/O]) is a projective discrete left Q[H]-module.
Assume that H is open in G. Since ind%(_): o[a)dis — g[gdis is the left adjoint

reR

of the exact functor res%(_): gle)dis — gpmdis, indg (_) is mapping projectives
to projectives (cf. [49, Prop. 2.3.10]). O

We close this subsection with the following characterization of compact t.d.l.c.
groups.

Proposition 3.5. Let G be a t.d.l.c. group, and let O be a compact open subgroup
of G. Then Homg(Q, Q[G/O]) # 0 if, and only if, G is compact. Moreover, if G
is compact, then Homg(Q, Q[G/0]) =~ Q.

Proof. If G is not compact, then |G : O] = co. Hence Homg(Q,Q[G/O]) = 0
(cf. [14, SIIL5, Ex. 4]). If G is compact, then |G: O] < oo, and Q[G/O] co-
incides with the coinduced module coind$(Q) (cf. [14, §III, Prop. 5.9]). Hence
Homg(Q, Q[G/0)]) ~ Homp (Q, Q) =~ Q. This yields the claim. O

3.3. Signed rational discrete permutation modules. For some application it
will be useful to consider signed discrete permutation modules. Let (Q,—,-) be a
signed discrete left G-set, i.e., (,7) is a signed set (cf. §A.5), and (Q,-) is a left
G-set satisfying

for all g € G and w € Q. Then (cf. (A.16))
(3.6) QI = QI /spang{w+ @ |w € 0}

is a discrete left Q[G]-module. For w € Q let w denote its canonical image in Q[€)].
Let Q = [_|j€J Q, be a decomposition of Q in G x Cs-orbits, where Cy = Z/27
and o = 1427 € C5 acts by application of —. We say that G acts without inversion
on Q;, if g-w # w for all g € G and w € Q; , otherwise we say that G acts with
inversion. In this case, there exists g € G and w € € such that g-w = @. Moreover,
the action of G4, = stabg({w,®}) on Q- w C Q[Q)] is given by a sign character

(3.7 sgn,: Gu, — {£1}.

Moreover, by choosing representatives of the G x Cs-orbits, one obtains an isomor-
phism of discrete left Q[G]-modules

(3.8) Q) ~ [T indg,, (Qsen,) @ [[ indé_(Q).

WERw wWERwo
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Note that by the _*-construction (cf. §A.5) any rational discrete permutation
module Q[Q?] can be considered as the signed rational discrete permutation module

Q.

3.4. The rational discrete cohomological dimension. Let M be a discrete left
Q[G)-module for a t.d.l.c. group G. Then M is said to have projective dimension
less or equal to n < oo, if M admits a projective resolution (P, ds,€) in gjgdis
satisfying P, = 0 for k > n, i.e., the sequence

0. an—l 82

39) 0——=P,—>P, =

Py

Py—=M 0

is exact. The projective dimension projodim(M) € N U {co} of M € ob(g|gdis)
is defined to be the minimum of such n < oco. As in the discrete case one has the
following property.

Lemma 3.6. Let G be a t.d.l.c. group, and let M be a discrete left Q[G]-module.
Then the following are equivalent.
(i) projodim(M) < n;
(i) dExt’(M,_) =0 for all i > n;
(i) dExt"t'(M,_) =0;
(iv) In any exact sequence

01

O
(310) 0— =K =P, 2 "o p Po—==M 0
in gigdis with P;, 0 <1 < n — 1, projective, one has that K is projective.
Proof. The proof of [14, Chap. VIII, Lemma 2.1] can be transferred verbatim. O

For a t.d.l.c. group G
(3.11) cdg(G) = projpdim(Q)
will be called the rational discrete cohomological dimension of G, i.e., one has
cdg(G) =projpdim(Q)
(3.12) =min({n € Ny | dH(G,_) =0 for all i > n} U {o0})
=sup{ n € No | dH" (G, M) # 0 for some M € ob(g[¢dis) }.

Proposition 3.7. Let G be a t.d.l.c. group.

(a) One has cdg(G) =0 if, and only if, G is compact.
(b) If N is a closed normal subgroup of G, then

(3.13) CdQ(G) < CdQ(N) + CdQ(G/N).
(¢) If H is a closed subgroup of G, then
(3.14) cdg(H) < cdg(G).

In particular, if H is normal and co-compact, then equality holds in (3.14).

Proof. (a) If G is compact, then G is profinite, and thus, by Proposition 3.1,
cdg(G) = projpdim(Q) = 0. Suppose that G satisfies cdg(G) = 0, e, Q €
ob(g¢)dis) is projective. By van Dantzig’s theorem, there exists a compact open
subgroup O of G. By hypothesis, the canonical projection ¢: Q[G/O] — Q ad-
mits a section. In particular, Homg(Q, QG/O]) # 0. Hence one concludes that
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|G : O] < o0, and G is compact. (b) is a direct consequence of the Hochschild-
Lyndon-Serre spectral sequence (cf. (2.15)) and (3.12). (c) By Proposition 3.4, the
restriction of a projection resultion of Q in g|gjdis is a projective resolution of Q in
qa)dis showing the inequality (3.14). The final remark is a consequence of (3.13),
(3.14) and part (a). O

Remark 3.8. Let G be a t.d.l.c. group, and let H C G be such that |G : H| < co.
One concludes from Proposition 3.7(c) that cdg(H) = cdg(G). However, the fol-
lowing question will remain unanswered in this paper.

Question 1. Suppose that H is a closed co-compact subgroup of the t.d.l.c. group
G. Is it true that cdg(H) = cdg(G) ?

Remark 3.9. Proposition 3.7(c) implies that for any discrete group D of a t.d.l.c.
group G one has

(3.15) cdg(D) < cdg(G).

3.5. The flat rank of a t.d.l.c. group. Let G be a t.d.l.c. group, and let H
be a closed subgroup of G. Then H is called a flat subgroup of G, if there exists
a compact open subgroup O of G which is tidy for all h € H (cf. [5, §2, Def. 1)).
For such a subgroup H(1) = {h € H | s(h) = 1} is a normal subgroup, and
H/H(1) is a free abelian group over some set Iy (cf. [51, Cor. 6.15]). Moreover,
tt(H) = card(Iy) € NU {oo} is called the rank of the flat subgroup H. The flat
rank frk(G) of G is defined by

(3.16) frk(G) = sup({ v¢(H) | H a flat subgroup of G } U{0}) € Ny U {c0}

(cf. [4, §1.3]). We call the t.d.l.c. group G to be N-compact, if for any compact
open subgroup O of G, the open subgroup Ng(O) is also compact. One has the
following property.

Proposition 3.10. Let G be an N-compact t.d.l.c. group.

(a) Let H be a flat subgroup of G. Then v¢(H) = cdg(H).
(b) frk(G) < cedg(G).

Proof. (a) For any abelian group A which is a free over a set I4 one has
(3.17) cdg(A) = cdz(A) = card(L4) € No U {oo}.

Let O be a compact open subgroup such that O is tidy for all h € H. By hy-
pothesis, Ng(O) is compact, and therefore C = H N Ng(O) is compact. Then, by
Proposition 3.7(a) and the Hochschild-Lyndon-Serre spectral sequence (cf. (2.15)),
one has natural isomorphisms dH*(H,_) ~ dH*(H/C,_C) for all k > 0. Hence,
by (3.17), cdg(H) = cdo(H/C) = tt(H). (b) is a direct consequence of (a). O

Remark 3.11. (Neretin’s group of spheromorphisms) Let 7441 be a d+1-regular tree,
and let G = Hiero(Tg4+1) = Nat1,4 be the group of all almost automorphisms (or
spheromorphisms) of 731 introduced by Y. Neretin in [37]. It is well known that G
is a compactly generated simple (in particular topologically simple) t.d.l.c. group.
The group G contains a discrete subgroup D which is isomorphic to the Higman-
Thompson group Fg41,4. From this fact one concludes that G contains discrete
subgroups isomorphic to Z™ for all n > 1. Hence, by Remark 3.9, cdg(G) = cc.
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3.6. Totally disconnected locally compact groups of type FP,. Let G be
a t.d.l.c. group, and let M be a discrete left Q[G]-module. Then M is said to be
finitely generated, if there exist compact open subgroups Oi,...,0, of G and a
surjective homomorphism 7: [[, . ;., Q(G/O;] — M. A partial projective resolu-
tion o

C O — 02 1

(3.18) p—ep, e p M p oty 0

of M will be called to be of finite type, if P; is finitely generated for all 0 < j < n.
One has the following property.

Proposition 3.12. Let G be a t.d.l.c. group, and let M be a discrete left Q[G]-
module. Then the following are equivalent:
(1) There is a partial projective resolution (Pj,0;,€)o<;<n of finite type of M
m Q[G]dis;
(ii) the discrete left Q[G]-module M is finitely generated and for every partial
projective resolution of finite type
Ok 01 2 91 e

(3.19) Qr Qr-1 Q1 Qo
in gigdis with k < n, ker(0y) is finitely generated.

M 0

Proof. The proposition is a direct consequence of generalized form of Schanuel’s
lemma (cf. [14, Chap. VIII, Lemma 4.2 and Prop. 4.3]). O

The discrete left Q[G]-module M will be said to be of type FP,, n > 0, if M
satisfies either of the hypothesis (i) or (ii) in Proposition 3.12, i.e., M is of type
FPy if, and only if, M is finitely generated. If M is of type FP,, for all n > 0, then
M will be said to be of type FP,. The t.d.l.c. group G will be called to be of type
FP,, n € NU {oo}, if the trivial left Q[G]-module Q is of type FP,,.

4. RATIONAL DISCRETE HOMOLOGY FOR T.D.L.C. GROUPS

For a profinite group @ any short exact sequence 0 — L = M 2N S0 of
discrete left Q[O]-modules splits (cf. Prop. 3.1). Hence, if Q € ob(disgjo)) denotes
the trivial right Q[O]-module, the sequence

idg®a idg
(4.1) 0—>Q®OLL®>Q®OMﬂ>Q®oN—>O

is exact. Let G be a t.d.l.c. group, let O C G be a compact open subgroup, and
let 0 — L% M 2 N — 0be a short exact sequence of discrete left Q[G]-modules.
Since ind$(_): disg[o) — disg|g is an exact functor, and as

(4.2) ind$(Q) ®¢ — ~ Q ®p resG(_): g[¢)dis — gmod

are naturally isomorphic additive functors, the sequence

. id®a . deg |
(4.3) 0 —ind$(Q) ®¢ L —2% ind$(Q) @ M — ind$(Q) ©g N —=0
is exact, ie., ind%(Q) ®¢ _: g[edis — gmod is an exact functor. Moreover, as
_ ®¢ — commutes with direct limits in the first and in the second argument (cf.
[14, §VIIL4, p. 195]), the sequence

id «@ id
(4.4) 0— Qe L L QesM =2 Qeg N—=0
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is exact for any projective discrete right Q[G]-module @ (cf. Cor. 3.3), ie., @ is
flat. For a discrete right Q[G]-module C, we denote by
(4.5) dTor{ (C,_): g(gdis — gmod

the left derived functors of the right exact functor C ®g —: g[g)dis — gmod, and
define the rational discrete homology of G by

(4.6) dH,(G,_) = dTor$ (Q,_).
By definition, one has the following properties.
Proposition 4.1. Let G be a t.d.l.c. group, let C be a discrete right Q[G]-module,
and let M be a discrete left Q[G)-module. Then
(a) dHk(G, M) =0 for all k > cdg(G);
(b) if P € ob(g|gdis) is projective, one has dTor§ (C, P) = 0 for all k > 1;
(c) if G is compact, one has dTor$ (C, M) =0 for all k > 1.
Proof. (a) is a direct consequence of the definition of cdg(G) (cf. (3.11)). (b) Using
the previously mentioned arguments one concludes that _ ®q P: disg|g) — gmod
is an exact functor. This property implies that for the left derived functors E{CW of

_ ®¢ M one has that dTor§ (C, M) ~ L} (C). Since P is projective, L = 0 for
all k > 1. This yields the claim. (c¢) is a direct consequence of Proposition 3.1. O

4.1. Invariants and coinvariants. Let O be a profinite group, and let M be a
discrete left Q[O]-module. The Q-vector space

(4.7 MCP={meM|g-m=mforallgec Oy C M

is called the space of O-invariants of M, and

(4.8) Mo =Q®o M,

is called the space of O-coinvariants of M. By definition, one has a canonical map
(4.9) pao: MC — Mo

given by ¢ .0(m) =1®e m for m € M. One has the following.

Proposition 4.2. Let O be a profinite group, and let M be a discrete left Q[O]-
module. Then ¢pr.o is an isomorphism. Moreover, if U C O is an open subgroup,
one has commutative diagrams

(4.10) MO 0 g, MO PO
l \LPO,U /\U'OT T

where

1
(411) )\U7O(m) = W Z r-m,

ER

1
4.12 1 =—— V1 -
(4.12) po.u(l®on) |O:U|T€ZR Qur.-n,

me MY, neN, and R C O is any set of coset representatives of O/U.
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Proof. The space of O-invariants M© C M is a discrete left Q[O]-submodule of M.
Hence, by Claim 3.1.3, M = M© @ C for some discrete left Q[O]-submodule C of
M. Since C is a discrete left Q[O]-module, one has C' = @ie] C;, where C; are

finite-dimensional discrete left Q[G]-submodules of C. By construction, C® = 0,
and thus, by Maschke’s theorem, (C;)o = 0. Since Q ®» _ commutes with direct
limits, this implies that Co = 0. Hence C'is contained in the kernel of the canonical
map Tar: M — Mo. Let ¢pr0 = (Tar)|pro denote the restriction of 7ps to the
Q[O]-submodule M®. Since dH;(0O,_) = 0 (cf. Prop 3.7(a), Prop. 4.1(a)), the
long exact sequence for dHe (O, _) implies that the map (M©)o — Mo is injective.
As Tyr0: MO — (M) is a bijection, the commutativity of the diagram

(4.13) MO — oM

MO ™

(M®)o Mo

yields that ¢ar o is injective. As 7ps is surjective and C' C ker(7as), one concludes
that ¢ar,0 is bijective, and C' = ker(7ps). The commutativity of the diagrams (4.10)
can be verified by a straightforward calculation. O

4.2. The rational discrete standard bimodule Bi(G). For a t.d.l.c. group G
the set of compact open subgroups €O(G) of G with the inclusion relation ”C” is a
directed set, i.e., (€O(G), Q) is a partially ordered set, and for U,V € €O(G) one
has also UNV € €O(G). For U,V € €O(G), V C U, one has an injective mapping
of discrete left Q[U]-modules

A1) QUYL D) = g S
: rer

where R C U is any set of coset representatives of U/V. As ind$ = ind§ o ind¥,
fy,v induces an injective mapping

@15) s QIG/U)— QUG/V). muyal) = e S ar Vi a€G.
’ TER

By construction, one has for W € €O(G), W CV C U, that nuw = nv,w o nu,v.
For g € G one has an isomorphism of discrete left Q[G]-modules

(4.16) cu,q: QG/U) — Q[G/UY], cug(xU)=a2gUY, z €@,
where U9 = g='Ug. Moreover, for g,h € G and U,V € €O(G), V C U, one has
(4.17) Cv,g ©NU,v = Nus,ve © CU,g,

(4.18) Cus,h © CU,g = CU,gh-

Let Bi[G] = @UeeD(G)(Q[G/U}, nu,v). Then, by definition, Bi[G] is a discrete left
Q[G]-module. By (4.17), the assignment

(4.19) (@U)-g=cug(zU) =290, g,xeG, UeCOG),

defines a Q-linear map _ - _: Bi(G) x Q[G] — Bi(G), and, by (4.18), this map
defines a right Q[G]-module structure on Bi(G). By (4.19), Bi(G) is a discrete
right Q[G]-module making Bi(G) a rational discrete Q[G]-bimodule. Therefore, we
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will call Bi(G) the rational discrete standard bimodule of G. Tt has the following
straightforward properties.

Proposition 4.3. Let G be a t.d.l.c. group.

(a) Bi(G) is a flat rational discrete right Q[G]-module, and a flat rational dis-
crete left Q[G)-module, i.e.,

(4.20) dTor{ (A, Bi(G)) = dTor (Bi(G), B) = 0
for all A € ob(disg|q)), B € ob(g¢gdis) and k > 1.
(b) One has
. Q if G is compact,
4.21 H ,Bi(G)) ~
( ) oma(Q, Bi(¢)) {O if G is not compact.

Proof. (a) The direct limit of flat objects is flat (cf. [14, §VIIL4, p. 195]). Thus,
by Proposition 4.1(b), Bi(G) is a flat rational discrete left Q[G]-module. A similar
argument shows that Bi(G) is also a flat rational discrete right Q[G]-module.

(b) is a direct consequence of Proposition 3.5. O

Let M € ob(g|gdis) and U € €O(G). The composition of maps (cf. Prop. 4.2)

oo
(4.22) O QUG ©6 M — L Qey M —0 o U

where &y (Ug ®am) =1Qy gm, g € G, m € M, is an isomorphism. Moreover,
if Ve €O(G), V CU, one has by (4.10) a commutative diagram

On

(4.23) QIU\G) ®¢ M —22 s MU
VU,V®GidMl l
O, v
QV\G] ®e M MY
which is natural in M, where vy, : Q[U\G} — Q[V\G] is given by
~1,
(4.24) vuv(Uz) = ‘U 1P Z Vr e,

r € G,and R C U is a set of coset representatives of U/V, ie., U = | | g 7V.
Thus the family of maps (0r,v)veen (@) induces an isomorphism

(4.25) O : Bi(G) ©g M — M

which is natural in M. Note that the map 0,; can be described quite explicitly.
For g € G and m € M the subgroup W = stabg(g - m) is open. In particular, for
U € €O(G) the intersection UNW is of finite index in U. Let U = | |, .5 7-(UNW).
Then

(4.26) O (Ug ®cm) = T A UmW Zrm

From the commutative diagram (4.23) one concludes the following property.

Proposition 4.4. Let G be a t.d.l.c. group. Then one has a natural isomorphism
0: BI(G) Qg — — id@[c]diS'
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Remark 4.5. Let G be a t.d.l.c. group. One verifies easily using (4.26) that
(4.27) = HBi(G) : Bi(G) ®¢ Bi(G) — Bi(G)

defines the structure of an associative algebra on (Bi(G),-). However, (Bi(G),-)
contains a unit 1g;g) € Bi(G) if, and only if, G is compact. Nevertheless, the
algebra (Bi(G), ) has an augmentation or co-unit, i.e., the canonical map

(4.28) e: Bi(G) — Q, e(zU) =1, z €@, UeeOq)

is a mapping of Q[G]-bimodules satisfying e(a - b) = €(a) - £(b) for all a,b € Bi(G).
The algebra Bi(G) comes also equipped with an antipode

(4.29) S =_":Bi(G) — Bi(Q), SUg)=g'U,  g€G, UceDG).

Again by (4.26) one verifies also that 0y : Bi(G) ® ¢ M — M defines the structure
of a Bi(G)-module for any rational discrete Q[G]-module M.

4.3. The Hom-®-identity. Let G be a t.d.l.c. group, and let Q, M € ob(g[gdis).
Then one has a canonical map (cf. (4.25))

CQ,M: Homg(Q, BI(G)) ®Ra M —» Homg(Q, M),
C.m (h ®@a m)(q) = O (h(q) @c m),

for h € Homg(Q, Bi(G)), ¢ € Q, m € M. Let U C G be a compact open subgroup
of G. From now on we will assume that the canonical embedding

(4.31) v Q[G/U] — Bi(G)

(4.30)

is given by inclusion. By the Eckmann-Shapiro-type lemma (cf. §2.9), the map
(4.32) 2 Homg (Q[G/U],Bi(GQ)) — Bi(@), h = h(U),

h € Homg (Q[G/U], Bi(@)), is injective satisfying

(4.33) im(~) = spang{zU” | z € G } C Bi(G).

In particular, one has an isomorphism

(4.34) ju: Homa(QIG/U], Bi(G)) — QIU\G]

induced by ~. Hence, by the Eckmann-Shapiro-type lemma (cf. §2.9), (4.22), and
the commutativity of the diagram

(435)  Homg(QIG/U],Bi(G)) ©a M — 2™ . Homg(QIG/U], M)
Jju ®Gid]v1l T
QU\G) ®g M My — 20 U

one concludes that {gig/u),m is an isomorphism for all M € ob(gjgdis). The
additivity Homg(—, M) yields the following.

Proposition 4.6. Let G be a t.d.l.c. group, let M, P € ob(g(gdis), and assume
further that P is finitely generated and projective. Then

(4.36) (p,v: Homg (P, Bi(GQ)) ®¢ M — Home (P, M)

is an isomorphism.
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4.4. Dualizing finitely generated projective rational discrete Q[G]-modu-
les. From (4.34) one concludes that for any finitely generated projective rational
discrete left Q[G]-module P, Homg (P, Bi(G)) is a finitely generated projective ra-
tional discrete right Q[G]-module. In order to obtain a functor _®: gigdis™ —

gg1dis we put for M € ob(g|gdis)
(437) M® = HomJ (M, Bi(Q))
. = {p € Homg(M,Bi(G)) |[Yge GVYm e M : o(g-m)=m-g'}.

Obviously, —* o _: Homg (M, Bi(G)) — M® (cf. (4.29)) yields an isomorphism of
Q-vector spaces. Note that for g € G, ¢ € M® and m € M one has
(4.38) (9-¢)(m) =g-p(m).

By construction, if P is a finitely generated projective rational discrete left Q[G]-
module, then P® is a finitely generated projective rational discrete left Q[G]-module
as well. Let M € ob(g(¢dis), let m € M and let ¢ € M®. Put

(4.39) Inr(m) () = @(m)*.
Then for g € G one has
ar(m)(g- @) = ((g-)(m))* = (g-(m))*
(4.40) = p(m)* - g7t = Iar(m)(p) - g7,
i.e., Upr(m) € M®® and thus one has a Q-linear map Jp;: M — M®®. As
In(g-m)(p) = (g -m)* = (p(m) - g~1)*
(4.41) =g-e(m)* = (g-9nu(m))(p),

Iar: M — M®® is a mapping of left Q[G]-modules. It is straightforward to verify
that one obtains a natural transformation

(4.42) 0 idy g ais — —2%.

By (4.32) and (4.34) one has for U € €O(G) that dgiq/u)(U) = j;;, where jj; is
the map making the diagram

(4.43) Hom(Q[G/U), Bi(G)) —2=> QIU\G]
i/ — 20 Bi(G)

commute. This yields that Jg(q/y) is an isomorphism. Hence the additivity of
and the functors id ais and _®® imply that 9p: P — P®® is an isomorphism
for every finitely generated projective rational discrete Q[G]-module P.

4.5. T.d.l.c. groups of type FP. A t.d.l.c. group G is said to be of type FP, if
(i) cdg(G) =d < o0;
(ii) G is of type FP
(cf. [14, §VIIL6]). By Lemma 3.6 and Proposition 3.12, for such a group G the triv-
ial left Q[G]-module Q possesses a projective resolution (Ps, de,¢) which is finitely
generated and concentrated in degrees 0 to d. One has the following property.
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Proposition 4.7. Let G be a t.d.l.c. group of type FP. Then
(4.44) cdo(G) = max{ k > 0 | dH*(G, Bi(G)) #0}.

Proof. Let m = max{k > 0 | dH*(G,Bi(G)) # 0}. Then m < d = cdg(G). By
definition, there exists a discrete left Q[G]-module M such that dH*(G, M) # 0.
As G is of type FP, the functor de(G,f) commutes with direct limits (cf. [14,
§VIIL.4, Prop. 4.6]). Since M = hﬂiel M;, where M; are finitely generated Q[G]-
submodules of M, we may assume also that M is finitely generated, i.e., there
exist finitely many elements m1,...,m, € M such that M = >7, ., Q[G] - m;.
Let O; be a compact open subgroup contained in stabg(m;). Then one has a
canonical surjective map [[,.;, Q[G/O;] — M. Thus, as dHY(G, _) is right
exact, dH(G, [li<j<, QIG/O;]) # 0, and therefore dHY(G,Q[G/0;]) # 0 for some
element j € {1,...,d}. Let O = O;. For any pair of compact open subgroups
U,V of G, V C U, which are contained in O the map nyv: Q[G/U] — Q[G/V]
(cf. (4.15)) is split injective (cf. Prop. 3.1). From the additivity of dH*(G, _) one
concludes that dH(nyv): dHY(G, Q[G/U]) — dHY(G,Q[G/V]) is injective. Hence

(4.45) dHY(G,Bi(G)) =lim, .o AHY(G,QIG/U]) # 0,
i.e., m > d, and this yields the claim. O

For a t.d.l.c. group G of type FP with d = cdg(G) we will call the rational
discrete right Q[G]-module

(4.46) D¢ = dHY(G, Bi(G))
the rational dualizing module of G. It has the following fundamental property.

Proposition 4.8. Let G be a t.d.l.c. group of type FP with d = c¢dg(G). Then
there exists a canonical isomorphism

(4.47) v: dHYG,_) — Dg ®¢ —
of covariant additive right exact functors.

Proof. Let (P,,0F,c%) be a projective resolution of the trivial left Q[G]-module Q,
which is finitely generated and concentrated in degrees 0 to d, and let (Q,, Jq, )
be a projective resolution of the discrete right Q[G]-module Dg. Let (Cs,d¢) be
the chain complex of discrete right Q[G]-modules given by

(4.48)

Cr = Homg(Pu—, Bi(G)), 0 = Homg(d4—r41,Bi(G)): Cx = Cp1, 0<k<d,

(cf. (4.37)). In particular, by construction, Hy(C,, ) is canonically isomorphic to
D¢. Since (C,,,) is a chain complex of projectives, and as (Qs, D, 7€) is exact,
the comparison theorem in homological algebra implies that there exists a mapping
of chain complexes Xeo: (Co, ) — (Qe, o) which is unique up to chain homotopy
equivalence. For M € ob(g(¢dis), xe induces a chain map

(4.49)  Xear = Xo @ idar: (Co ®c M, 08 @¢ idp) — (Qe @c M, e @¢ idar).
The right exactness of _ ®g M implies that
(450) Ho(X.’M)I Ho(C. Ra M) — Dg ®a M
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is an isomorphism. By the Hom-® identity (4.36), one has a natural isomorphism
of chain complexes

(4.51) Coe @ M ~ Homg(Pd,., M)
Hence Hy(Cy ®¢ M) ~ dH%(G, M), and this yields the claim. O

Remark 4.9. A straightforward modification of the proof of Proposition 4.8 shows
that for a t.d.l.c. group G of type FP one has natural isomorphisms

(4.52) Yo : dH™*(G,_) — dTor%(C,, _[0]),
where dTor% (_, _) denotes the hyper-homology (cf. [6, §2.7], [14, §VIIL4, Ex. 7]).
4.6. Rational duality groups. A t.d.l.c. group G is said to be a rational duality
group of dimension d > 0, if

(i) G is of type FP;

(i) dH"(G,Bi(G)) = 0 for all k # d.
By Proposition 4.7, for such a group one has d = cdg(G). These groups have the

following fundamental property.

Proposition 4.10. Let G be t.d.l.c. group which is a rational duality group of
dimension d > 0, and let Dg denote its rational dualizing module. Then one has
natural isomorphisms of (co)homological functors

dH*(G,_) ~ dTor§ ,(D¢,_),

(4.53) .
dH,(G,_) ~ dExt& *(* Dg, ).

Proof. Let (Ps,ds,c%) be a projective resolution of the trivial left Q[G]-module Q,
which is finitely generated and concentrated in degrees 0 to d. Then

(454) Qk = Homg(Pd,k, BI(G)), O = HOIng(ad,k+1, BI(G)), ke {07 . ,d},
is a chain complex of projective rational discrete right Q[G]-modules concentrated
in degrees 0, ..., d which satisfies

Dg  for k=0,

(4.55) Hi(Qe, ) = { 0 for k #£0

By Proposition 4.6, one has for M € ob(g|¢dis) isomorphisms
(4.56) Hip(Qe ®G M,ds @¢ idas) ~ dTor (Dg, M) ~ dExt& " (Q, M)

which are natural in M. This yields the first natural isomorphism in (4.53).

Let (P2[d],02[d]) be the chain complex (P®,0¥) concentrated in homological
degrees —d, ..., —0 moved d-places to the left such that it is concentrated in homo-
logical degrees 0, ...,d, i.e.,

*Dg for k=0,

(4.57) Hy,(P[d), 05°[d]) ~ { 0 fork 0.

In particular, (P@[d],0@[d]) is a projective resolution of the rational discrete left
Q[G]-module *D¢. Then, by (4.42) and the remarks following it, one has an
isomorphism of chain complexes of projective rational discrete left Q[G]-modules

(4.58) (P[d)®[d], 03 [d)®[d]) = (Ps, ).
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By the same arguments as used before, one obtains for M € ob(g|gdis) and
(4.59)

Ry = HOIH(;(P® [d]d—ka BI(G)), O = HOmg(a® [d]d—k—i-h BI(G)), ke {0, . ,d},
isomorphisms
(4.60) Hi(Re ®c M,8e ®¢ idp) =~ dTorg (Q, M) ~ dExtd ¥ (* Dg, M)
which are natural in M. This yields the claim. (Il

4.7. Locally constant functions with compact support. Let G be a t.d.l.c.
group, and let C(G, Q) denote the Q-vector space of continuous functions from G
to @, where Q is considered as a discrete topological space. Then C(G,Q) is a
Q[G]-bimodule, where the G-actions are given by

(461)  (g-f)@)=flg" 2), (f 9)@)=f(zg™"), gxeG, fel(G,Q).
For any compact open set 2 C G let Io: G — Q denote the continuous function
given by Io(z) =1 for x € Q and Ig(z) =0 for x € G\ Q. Then g- Io = I;o and
Io - g = Iq 4. Moreover,

(4.62) C.(G,Q) =spang{ I, | g € G, U € €O(G) } C C(G,Q),

coincides with the set of locally constant functions from G to Q with compact sup-
port. It is a rational discrete Q[G]-bisubmodule of C(G, Q).

The rational discrete left Q[G]-module Bi(G) is isomorphic to the left Q[G]-
module C.(G,Q), but the isomorphism is not canonical. Let O C G be a fixed
compact open subgroup of G, and put €On(G) = {U € €O(G) | U C O}. The
Q-linear map 1/180) : QIG/U] = C.(G, Q) given by

(4.63) Ol@U)y=10:U| Ly

is an injective homomorphism of rational discrete left Q[G]-modules. For U,V €
€O0(G), V C U, one has z/;&o) onuy = ((JO) (cf. (4.15)), and thus ( I(JO))UGQ:DO(G)
induces an isomorphism of left Q[G]-modules

(4.64) W@ BIG) » (G, Q). ¥ Vlgiap = vy -

This isomorphism has the following properties.

Proposition 4.11. Let G be a t.d.l.c. group with modular function A: G — QT,

i.e., if p: Bor(G) — R U {oo} is a left invarinat Haar measure on G, one has
w(S - g) = A(g) - u(S) for all S € Bor(G). Let O € €O(G).

(a) IfU is a compact open subgroup of G containing O, then

(4.65) @ =Y - O] - PO,
(b) For all g,h € G and u € Bi(G) one has
(4.66) WO g- W h) = A(T) - g O (W) - h.
Proof. (a) Let g € G and W € €O(G). Then, by subsection 4.2,
1
4. - . o .
(4.67) W = Ao ;g r-(Wno)

Here we omitted the mappings nw,wno in the notation. Hence
O WNO| 7 1(O)

(0) ., 9~
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for some left invariant Haar measure p on G, and

U)
n @ gy = MY

As p(U) = U : O] - u(0O), this yields the claim.

(b) As ¥(©) is a homomorphism of left Q[G]-modules, it suffices to prove the claim
forg=1landu=W € €OG). UW'=h"t W -h=]|].s5 (W'NnO), one
obtains by (a) that

$O(Wh) = h - (Wh)
1

’ seES
0:WhN o 4(0)
4. = . Jwn=— - Iyyn.
(4.70) W whno] e gy Twe

In particular, (O (Wh) = w(W)/u(Wh) - ©) (W) - h. Since

(4.71) p(WP) = p(h= Wh) = u(Wh) = A(h) - u(W),
this completes the proof. O
L

Remark 4.12. With a particular choice of Haar measure p: Bor(G) — R U {co}
on G one can make (C.(G,Q),*,) an associative algebra where *, is convolution
with respect to u. However, we have seen that Bi(G) carries an algebra structure
which is independent of the choosen Haar measure p (cf. Remark 4.5). Both
rational discrete Q[G]-bimodules Bi(G) and C.(G,Q) will turn out to be useful.
The standard rational Q[G]-bimodule Bi(G) seem to be the canonical choice for
studying Hom-® identities or dualizing functors (cf. §4.3, §4.4); while C.(G,Q)
seem to be the right choice for relating the cohomology groups dH®*(G,C.(G,Q))
with the cohomology with compact support of certain topological spaces associated
to G (cf. §6.8).

Remark 4.13. Let G be a t.d.lc. group, and let A: G — Q7 denote its mod-
ular function. Let Q(A) denote the rational discrete left Q[G]-module which is
isomorphic - as abelian group - to @ and which G-action is given by

(4.72) g-q=2Ag)-q, ge€G, ¢€QA).

Let Q(A)* denote the rational discrete right Q[G]-module associated to Q(A), i.e.,
Q(A)* = Q(A) and for g € G and q € Q(A)* one has ¢- g = g~ ! - q. Then, by
Proposition 4.11(b), one has a (non-canonical) isomorphism

(4.73) Bi(G) ~¢ C.(G) @ Q(A)*

of rational discrete right Q[G]-modules. Considering Q(A)* as a trivial left Q[G]-
module, the isomorphism (4.73) can be interpreted as an isomorphism of rational
discrete Q[G]-bimodules.
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4.8. The trace map. For a compact open subgroup O of G let u» denote the
left-invariant Haar measure on G satisfying uo(O) = 1, i.e., if U is a compact open
subgroup of G containing O, then pp = [U: O| - uyy. We also denote by

(4.74) h(G) = Q- jio

the 1-dimensional Q-vector space generated by all Haar measures po, O € €O(G).
One has a QQ-linear map

(4.75) tr = (@ (_)(1) - po: Bi(G) — h(G),

which is independent of the choice of the compact open subgroup O of G, i.e., for
all v € Bi(G) and all O,U € €O(G) one has

(4.76) tr(u) = (O (w)(1) - po = ¢ (u)(1) -
(cf. (4.65)). In particular, by definition,

fuo itog=o0,
(4.77) tr(Og) = { 0 if0g£0.

In case that G is unimodular one has the following.
Proposition 4.14. Let G be a unimodular t.d.l.c. group. Then one has
(4.78) tr(g-u) =tr(u-g) for allu € Bi(G) and g € G.

In particular, putting Bi(G) = Bi(G)/{(g-v—u-g | u € Bi(G), g € G)q, the
Q-linear map tr induces a Q-linear map tr: Bi(G) — h(G).

Proof. Since (g- f)(1) = (f-9)(1) = f(g7!) for all g € G and f € C(G,Q), one
concludes from (4.66) that

(4.79) tr(g-u) = tr(u-g) = W (u)(g™") = ()(g™")) - po = 0.
This yields the claim. ([l

4.9. Homomorphism into the bimodule C.(G,Q). Let G be a t.d.l.c. group.
In order to simplify notations we put C.(G) = C.(G, Q) (cf. (4.62)). For a rational
discrete left Q[G]-module M we put also

(4.80) M® = Homg (M, C.(G)),

and consider M© as left Q[G]-module, i.e., for g € G and h € M® one has
(4.81) (g-h)(m) =h(m)-g~".

One has a homomorphism of Q-vector spaces

(4.82) —¥r: Homg (M, C.(G)) — Homg(M,Q),

which is given by evaluation in 1 € G, i.e., for m € M and h € M® one has
(4.83) hY;(m) = h(m)(1).

The Q-vector space M* = Homg(M,Q) carries canonically the structure of a left
Q[G]-module, i.e., for g € G and f € M* one has

(4.84) (g-f)m) = flg~"-m).
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However, M* is not necessarily a discrete Q[G]-module. For m € M, g € G and
h € Homg(M,C.(G)) one concludes from (4.81) and (4.84) that

(g-h)3r(m) = ((g-h)(m)) (1) = (h(m) - g=)(1) = h(m)(g)
(4.85) = (971 - Am)) (1) = k(g™ - m)(1) = hi, (g~ - m),

i.e., Y, is a homomorphism of left Q[G]-modules. This homomorphism has the
following property.

Proposition 4.15. Let G be a t.d.l.c. group, and let M & ob(gigdis). Then
_Yi: M® — M* is injective.

Proof. Let h € M®, h # 0, i.e., there exists m € M with h(m) # 0. In particular,
there exists g € G such that h(m)(g) # 0. Since

(486)  h(m)(g) = (g1 - h(m))(1) = hlg™" - m)(1) = Y (g™" - m),

this implies hy, # 0. O

Let ac: B — M be a homomorphism of rational discrete left Q[G]-modules. Then
for h € M® and b € B one has (cf. (4.83))

a®(h)p(b) = (a”(h)(0))(1) = h(a(b))(1)
(4.87) = hy(a(b)) = o™ (hy,) (b),
i.e., the diagram
(4.88) Mo 22 go
M* a* B*

is commutative.

4.10. Proper signed discrete left G-sets. Let G be a t.d.l.c. group. A signed
discrete left G-set Q (cf. §3.3) will be said to be proper, if G has finitely many
orbits on Q and stabg(w) is compact for all w € Q. In particular, Q[Q] is a finitely

generated projective rational discrete left Q[G]-module (cf. (3.8)). For w €  define
w* € Q[Q]* by

1 if £ = w,

(4.89) w' (&) =¢-1 ife&=a, and
0 iféé{w,a}.

In particular, if g € G then

(4.90) g w' = (g w)"

For a proper signed discrete left G-set €2 we put also
(4.91) Q[Q"] = spang{w” |w € 2} C Q[Q]".

In particular, as 2* = {w* | w € 2} is a proper signed discrete left G-set, Q[Q7]
is a finitely generated projective discrete left Q[G]-module. One has the following
property.



26 I. CASTELLANO AND TH. WEIGEL

Proposition 4.16. Let G be a t.d.l.c. group, and let Q) be a proper signed discrete
left G-set. Then im(ﬂ\é[ﬂ]) = Q[Q"]. In particular, f(\é[m induces an isomorphism
—: QIQ]° — Q]

Proof. In suffices to prove the claim for a proper signed discrete left G-set 2 with
one G x Co-orbit (cf. (3.8)). We distinguish the two cases.

Case 1: G acts without inversion on Q. Let w € Q and put O = stabg(w). By
hypothesis, @ = G-w UG -@. Let R C G be a set of representatives for G/O.
For x € R there exists h, € Q[Q]® = Homg(Q[Q],C.(G)) given by hy(w) = Ipg-1.
Moreover, as ©C.(G) = spang{lp,-1 | * € R} (cf. (4.34) and (4.64)), one has
Q[Q]® = spang{ h, | z € R}. For w € G - w there exists a unique element y € R
such that w = y - w. Hence
(4.92) (ha)gia)(@) = (ha)giey(y - w) = ha(y - w)(1) = Iyoz-1(1) = Lo () = dayy.
Thus (hz)é@] = (z-w)*. From this fact one concludes that *(VJJ[Q] induces a mapping
_q: Q[Q]° — Q[Q*], and that _g is surjective. Hence the claim follows from
Proposition 4.15.

Case 2: G acts with inversion on €. Let w € Q and ¢ € G be such that 0-w = @.
Put U = stabg({w,®}) and O = stabg(w). In particular, O is normal in & and
o € U. Let S C G be a set of representatives for G/U, and put R = S U So.
Then R is a set of representatives for G/O. For x € S there exists k, € Q[Q]® =
Homg (Q[],C.(G)) given by ki(w) = Ipgz-1 — log-1,-1. Moreover, as before one
has ©C.(G) = spang{ Io.-1 | z € R}, and spang{ k, | # € S} coincides with the
eigenspace of the endomorphism o, € End(®C.(G)) with respect to the eigenvalue
—1. Thus Q[Q]® = spang{k, |z € S}.

By hypothesis, @ = G -w. Let QF = S-w. Then Q = QFt U Q~, where
Q" ={@|weQ"}. Hence for w € N there exists a unique element y € S such
that w = y - w. This yields

(ko )gra) (@) = (ka) g (v - @) = ka(y - w)(1) = Lyoy—1 (1) = Iyog-15-1(1)-
(4.93) = Loy (1) = 6,y

Here we used the fact that Iyp,-1,-1(1) = Lg-1(1) — Iyo,-1(1) = 0. Hence
(kI)(\é[Q] = (z -w)* and the claim follows by the same argument as in the previous
case. g

One also concludes the following.

Proposition 4.17. Let G be a t.d.l.c. group, let 2 and Q2 be proper signed discrete
left G-sets, and let a: Q[E] — Q[Q] be a proper homomorphism of left Q[G]-modules
(cf. (A.20)). Then one has a commutative diagram

(4.94) Q) > Q[E)®

]

o

Q"] — Q[ET,

where the vertical maps are isomorphisms.

m<

Proof. This is an immediate consequence of Proposition 4.16 and the commutativity
of the diagram (4.88). O
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5. DISCRETE ACTIONS OF T.D.L.C. GROUPS ON GRAPHS

The notion of graph which will be used throughout the paper coincides with the
notion used by J-P. Serre in [41], i.e., a graph I' = (V(T"), E(T")) will consist of a set
of vertices V(T'), a set of edges E(T'), an origin mapping o: V(T') — E(T), a terminus
mapping t: V(I') — E(T) and an edge inversion mapping ~: E(I') — E(T') satisfying
(5.1) t(e) = o(e), o(e) =t(e), e=e, e#e
for all e € £(T") (cf. [41, §1.2.1]). In particular, £(T") is a signed set (cf. §A.5). Such
a graph is said to be combinatorial, if the map
(5.2) (t,0): E(T') — V() x V()
is injective. Moreover, I is said to be locally finite, if str(v) = {e € E(T") | o(e) = v }
is finite for every vertex v € V(T').

5.1. The exact sequence associated to a graph. For a graph I let
(5.3) V() = QW]
denote the free Q-vector space over the set of vertices of I', and let

(5.4) E(I) = QM) =QEM)]/(e+e|eec&(l)),

(cf. (A.16)), i.e., if e € E[I'] denotes the image of e € £(T") in E(T"), one has e = —e.
One has a canonical Q-linear mapping 9: E(I') — V(I") given by

(5.5) d(e) = t(e) — o(e), ec &),

which has the following well known properties (cf. [41, §2.3, Cor. 1]).

Fact 5.1. Let T' = (V(I"),E(T)) be a graph, and let 0: E(I') — V(T') be the map
given by (5.5). Then
(a) ker(9) ~ Hy(|T'|,Q), where |T'| denotes the topological realization of T'.
(b) coker(9) ~ Q[V(T')/~], where ~ is the connectedness relation, i.e., ' is
connected, if and only if, coker(9) ~ Q.

In particular, T is a tree if, and only if, ker(0) = 0 and coker(9) ~ Q.

Let L(T") = ker(9), i.e., if I' is a connected graph the sequence

(5.6) 0 L(T) E(T)
is exact.

5.2. Rough Cayley graphs. Let G be a t.d.l.c. group, let O be a compact open
subgroup of G, and let S C G\ O be a symmetric subset of G intersecting O
trivially, i.e., s € S implies s=' € S. The rough Cayley graph T = TI'(G, S, O)
associated with (G, S, Q) is the graph given by V(T") = G/O and

(5.7) EMM)=1{(g90,g950) | g€ G, s€S}.

The origin mapping is given by the projection on the first coordinate, the terminus
mapping is given by the projection on the second coordinate, while the edge in-
version mapping permutes the first and second coordinate. The definition we have
chosen here follows the approach used in [29, §2]. However, in our setup edges of
a graph are directed, and we do not claim I" to be connected. By construction, G
has a discrete left action on I' = T'(G, S, O). It is straightforward to verify that T’
is combinatorial. One has the following properties.
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Proposition 5.2. Let G be a t.d.l.c. group, let O be a compact open subgroup of
G, let S be a symmetric subset of G\ O, and let T = T'(G, S, O) be the rough Cayley
graph associated with (G, S, O).

(a) G acts transitively on the set of vertices of T';

(b) if S is a finite set, then T is locally finite;

(¢) T is connected if, and only if, G is generated by O and S, i.e., G = (S, O).

Proof. (a) is obvious.

(b) Suppose that S is finite. By (a), it suffices to show that stp(O) is a finite set.
By definition, stp(0) = { (wO,wsO | w € O, s € S}. Since O is compact open
in G, any double coset OsO is the union of finitely many right cosets g1(s)O,. ..,
Ga(5)(8)0, ie., t(str(0)) = {g;(s)O | s€ S, 1 <j <a(s)}. AsT is combinatorial,
the restriction of ¢ to str(O) is injective. This yields the claim.

(c¢) Suppose that T' is connected, and let ¢ € G. Then there exists a path p =
ey --e, from O to ¢gO, ie., o(eg) = O, t(e,) = gO and o(e;) = t(ej_1) for
1 <j<n Letyg; € G,s; €8S such that e; = (g;0,g;5;0) for 0 < j < n, ie,
go = wp € O. By induction, one concludes that g; € (S,0) for all 1 < j <n. By
construction, there exists w,, € O such that g,s,w, = g. In particular, g € (S,O),
and thus G = (S,0).

Suppose now that G = (S,0). By (a), it suffices to show that for any vertex
gO € V(I'), there is a path from O to gO. By hypothesis, there exists elements
S$1,---,8, € S and wy,...,w, € O such that ¢ = wgsy - spw,. Hence for eg =
(woO,wps10) and e = (wosy - Sg—1wWr—10,wps1 -+ -sxO) for 1 < k < n one
verifies easily that p = e ---e, is a path from O to gO. Thus I' is connected. [

5.3. T.d.l.c. groups of type FP;. It is well known that a discrete group is fini-
tely generated if, and only if, it is of type FPy (cf. [14, Ex. 1d of §1.2 and Ex. 1 of
§VIII]). For t.d.l.c. groups one has the following.

Theorem 5.3. Let G be a t.d.l.c. group. Then the following are equivalent.

(i) The group G is compactly generated.
(ii) The discrete Q[G]-module ker(Q[G/O] < Q) is finitely generated for any
compact open subgroup O of G, where € is the augmentation map.
(iii) There exists a compact open subgroup O of G such that ker(Q[G/O] = Q)
1s finitely generated.
(iv) The group G is of type FP;.

Proof. The implication (ii)=-(iii) is trivial, and, by Proposition 3.12, (iii) and (iv)
are equivalent. Suppose that G is compactly generated, and let O be any compact
open subgroup of G. Then there exists a finite symmetric subset S C G\ O such
that G = (S,0). Let I' = T'(G, S, O) be the rough Cayley graph associated with
(G,S,0). Then, as I' is connected (cf. Prop. 5.2), one has a short exact sequence
(cf. (5.6))

(5.8) E(I) —2= Q[G/0] —>=Q —= 0.

Moreover, as E(I') is a rational discrete left Q[G]-module being generated by the
finite subset { (O, sO) | s € S'}, ker(e) is finitely generated. This shows (i)=-(ii).
Let O be a compact open subgroup of G such that K = ker(ep: Q[G/O] — Q) is
a finitely generated discrete left Q[G]-module, i.e., there exist finitely many elements
U, ..., Uy € K generating K as Q[G]-module. Theset B={gO0—-0 | g€ G\O}is




RATIONAL DISCRETE COHOMOLOGY FOR T.D.L.C. GROUPS 29

a generating set of K as Q-vector space, i.e., any element u; is a linear combination
of finitely many elements of B. Hence there exists a finite subset S C G\ O such
that any element u; is a linear combination of ¥ = {sO — O | s € §}. Adjoining
the inverses of elements in S if necessary, we may also assume that S is symmetric,
i.e., s € S implies s~! € S. Note that, by construction, one has

(5.9) K = Zlgjgn QG] - uj; =35 QG] - (sO = 0).

Let I' = T'(G, S, O) be the rough Cayley graph associated with (G, S, O), and let
0: E(I') — Q[G/O] denote the canonical map, where we have identified V(I') with
Q[G/O]. Then im(9) C ker(ep), and sO — O € im(9) for all s € S (cf. (5.5),
(5.7)). In particular, by (5.9), im(9) = K, and coker(d) ~ Q, i.e., I" is connected
(cf. Fact 5.1(b)). Therefore, G = (S,0) (cf. Prop. 5.2(c)), and G is compactly
generated. This yields the implication (iii)=-(i) and completes the proof. O

5.4. T.d.l.c. groups acting discretely on a tree. Let G be a group acting
discretely on a graph T, i.e., all vertex stabilizers G, = stabg(v), v € V(T'), and
all edge stabilizers Ge = stabg(e), e € £(T') are open. For e € £(T') the set {e, €}
will be called a geometric edge of I'. By £9(I") we denote the set of all geometric
edges of T, i.e., E9(T") = E(T")/Cy, where C5 is the cyclic group of order 2 where
the involution is acting by edge inversion. Let G} denote the stabilizer of the
geometric edge {e, €}, i.e., one has a sign character

(5.10) sghg: Gey — {£1}.

By Qe we denote the 1-dimensional rational discrete left Q[G ey]-module with ac-
tion given by (5.10), i.e., for g € Gey and q € Qe one has g - g = sgn.(g) - q.

For a tree T one has L(7T) = 0. Hence the exact sequence (5.6) specializes
to a short exact sequence. This fact implies the following version of a result of
I. Chiswell (cf. [14, p. 179], [23]).

Proposition 5.4. Let G be a t.d.l.c. group acting discretely on a tree T. Let
Ry CV(T) be a set of representatives of the G-orbits on V(T), and let Re C E(T)
be a set of representatives of the G x Cy-orbits on E(T).

a) For M € ob(gig1dis) one has a long exact sequence
Q[G]
(5.11)

== dH* (G, M) — [1,er, dH*(Gy, M) — [[oer, dH* (Giep, M @ Qe) — ...

(b) Suppose that G, is compact for all v € V(T). Then cdo(G) < 1. In
particular, (5.11) specializes to an exact sequence

(5.12) 0 ——dH"(G, M) —— [[,cr, dH(G,, M)
0<—dHY (G, M) =< [Locr, AH*(Gie}, M ® Qe)

Proof. (a) By hypothesis, one has isomorphisms

V(T)~ er, indg (Q),

5.13
(5.13) E(T)~ [Leer, indg,, (Qe),
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and a short exact sequence

17}

(5.14) 0——E(7) V(T)—=Q 0.

of rational discrete left Q[G]-modules. Hence (5.11) is a direct consequence of the
long exact sequence associated to dExtg(_—, M) and (5.14), the Eckmann-Shapiro
lemma (cf. §2.9), and the isomorphisms dExtg{e}(Qe,M) o~ de(G{e},M ® Qe)
which are natural in M.

(b) By hypothesis, G, is compact open, and G is open for all v € V(T) and
e € £(T). As Ge C Gy(e), this implies that Ge and G e are also compact and
open. Hence (5.14) is a projective resolution of Q in gjgjdis, and thus cdg(G) < 1.
The exact sequence (5.12) follows from (5.11) and the fact that in this case one has
cdg(Gy) = cdg(Gey) = 0 (cf. Prop. 3.7(a)). O

Remark 5.5. If G is a compactly generated t.d.l.c. group, then dH'(G, Bi(G)) must
have dimension 0, 1 or co. It is shown in [21] that in the latter case G is either
isomorphic to a free product with amalgamation H ][, O, where H is an open
subgroup of G, O is a compact open subgroup of G and |O : O N H| # 1, or
G is isomorphic to an HNN-extension HNN(H, ¢) for some open subgroup H, O
and U are compact open subgroups of H with at least one of them different from
H and ¢: O — U is an isomorphism, i.e., Stallings’ decomposition theorem holds
for compactly generated t.d.l.c. groups. As a consequence a compactly generated
t.d.l.c. group G satisfying dim(dH' (G, Bi(G))) > 2 must have a non-trivial discrete
action on some tree T.

5.5. Fundamental groups of graphs of profinite groups. Let A be a connected
graph. A graph of profinite groups (A, A) based on the graph A consists of
(i) a profinite group A, for every vertex v € V(A);
(ii) a profinite group A for every edge e € £(A) satisfying Ae = As;
(iii) an open embedding te: Ae — Ay(e) for every edge e € £(A).
For a graph of groups (A, A) one defines the group F(A, A) (cf. [41, §1.5.1]) as the
group generated by A,, v € V(A), and e € £(A) subject to the relations

(5.15) e '=¢ and ew(a)e”! = g(a) foralle € E(A), a € Ae.

Let 2 C A be a maximal subtree of A. The fundamental group m (A, A, =) of the
graph of groups (A, A) with respect to Z is given by

(5.16) I =m(AAZ) =F(AA)/(e|ec&E))

(cf. [41, §L1.5.1]). Choosing an orientation €T C E(A) of A one may construct a tree
T =T(A,A = ET) with a canonical left IT-action (cf. [41, §1.5.1, Thm. 12]). The
fundamental group of a graph of profinite groups carries naturally the structure
of t.d.l.c. group. Indeed, the set of all open subgroups of vertex stabilizers are a
neighborhood basis of the identity element of the topology. Thus from the Main
Theorem of Bass-Serre theory one concludes the following.

Proposition 5.6. Let (A, A) be a graph of profinite groups, let = C A be a mazimal
subtree of A, and let EY C E(A) be an orientation of A. Then 11 = 71 (A, A, E) car-
ries naturally the structure of a t.d.l.c. group, and its action on T = T (A, A, Z,ET)
is discrete and proper, i.e., vertex stabilizers and edge stabilizers are compact and
open. In particular, cdg(Il) < 1.
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Proof. This follows from the Main Theorem of Bass-Serre theory and Proposi-
tion 5.4(b). O

Remark 5.7. The Main Theorem of Bass-Serre theory would yield more information
than stated in Proposition 5.6. Indeed, a discrete and proper action of a t.d.l.c.
group G on a tree 7 can be used to define a graph of profinite groups (A, A) such
that G ~ 71 (A, A, E).

5.6. Nested t.d.l.c. groups. A t.d.lc. group G is said to be nested, if there
exists a countable ascending sequence of compact open subgroups (Ok)r>o of G
such that

(5.17) G= Ukzo Ok.
Such a group can be represented as the fundamental group of the graph of profinite
groups

(5.18) (.A, A) : 01 02 03 (94 05

based on the straight infinite half line A, where all injections are the canonical ones,
i.e., one has

(5.19) G ~mi(A A A).
Thus from Proposition 5.6 one concludes the following.
Proposition 5.8. Let G be a nested t.d.l.c. group. Then cdg(G) < 1.

Remark 5.9. Let p be a prime number. Then Q, = [J,, p‘kZp, the additive
group of the p-adic numbers is a nested t.d.l.c. group, but Q, is not compact.
Hence cdg(Q,) = 1.

5.7. Generalized presentations of a t.d.l.c. groups. Let G be a t.d.l.c. group.
A generalized presentation of G is a graph of profinite groups (A, A) together with
a continuous open surjective homomorphism

(5.20) ¢: m(ANE) — G,
such that ¢| 4, is injective for all v € V(A).

Proposition 5.10. Let G be a t.d.l.c. group.

(a) G has a generalized presentation ((A,Ao),d), where Ay is a graph with a
single vertex.

(b) For any generalized presentation ((A,A),¢), K = ker(¢) is a discrete free
group contained in the quasi-center

(5.21) QZ(I) ={g €Il | Cul(g) is open in 11 }.
of 1 =m(A,AE). In particular,
(5.22) R(¢) = K/[K, K]z Q

is a rational discrete left Q[G]-module.
(¢) If ((Ai, Ny), i), © = 1,2, are two presentations of G, then R(¢$1) and
R(¢2) are stably equivalent, i.e., there exist projective rational discrete

Q[G]-modules Py and Py such that R(¢1) ® Py =~ R(¢p2) ® Ps.
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Proof. (a) By van Dantzig’s theorem there exists a compact open subgroup O of G.
Choose a subset S of G such that G =< O, 5 >. Without loss of generality we may
assume that S = S~1, and choose a subset S* C S such that S = ST U (S+)~L.
Let Ag be the graph with a single vertex v with a loop attached for any s € St i.e.,
V(Ao) = {v} and E(Ag) = {es, &5 | s € ST }. Let (A, Ag) be the graph of profinite
groups based on Ag defined as follows:

- A, =0;

- Ao, =As, =0Ns10s for all s € ST;

- Qo,: Ao, — 87105 =5 A, for all s € ST, where i is left conjugation by

53

- as,: Ae, = A, is the canonical inclusion for all s € S*.

Clearly, (A, Ag) is a graph of profinite groups, and for the canonical map

(5.23)  ¢0: EA)UO =G, ples) = d(e,) ! =5, do(w) =w, weO,

the relations (5.15) are satisfied. The edge set of the maximal subtree = is empty.
Hence F(A, Ag) — m1(A, Ag, E) is an isomorphism. This show that there exists a
unique group homomorphism ¢: 71(A, Ag,Z) — G such that ¢[ga,)uo = ¢o. By
construction, ¢ is surjective and ¢| 4, is injective. Hence ((A, Ag), ¢) is a generalized
presentation.

(b) Let T = T(A,A,Z,ET). Then, by construction, any non-trivial element of K
acts without inversion of edges and without fixed points on 7. Thus, by Stallings’
theorem (cf. [41, §1.3.3, Thm. 4]), K is a free discrete group. As K is normal in IT
and discrete, K must be contained in QZ(II). This implies that R(¢) is a rational
discrete left Q[G]-module.

(c) Let II; = m1(A;, Ay, =), and let T; = T(A;, Ai, Zi,E) be trees associated to
(A;, A;). In particular, II; is acting without inversion on 7;. Put K; = ker(¢;).
Then for the quotient graphs T'; = T; /K,

ai E4

(5.24) E(T;) V() Q

are partial projective resolutions of Q in ggjdis. Hence, by Schanuel’s lemma (cf.
[14, §VIIL.4, Lemma 4.2]), ker(9; ) and ker(d;) are stably equivalent. By Fact 5.1(a),
one has ker(91) ~ R(¢1) and ker(d2) ~ R(¢2). This yields the claim. O

Remark 5.11. Let ((A, A), ¢) be a presentation of the t.d.l.c. group G. One should
think of R(¢) as the relation module of the presentation ((A,A),$). By Proposi-
tion 5.10, its stable isomorphism type is an invariant of the t.d.l.c. group G.

5.8. Compactly presented t.d.l.c. groups. A t.d.l.c. group G is said to be
compactly presented, if there exists a presentation ((A, A), ¢), such that

(i) A is a finite connected graph, and

(ii) K = ker(¢) is finitely generated as a normal subgroup of I = 71 (A4, A, Z).
Condition (i) implies that such a group G must be compactly generated. Hence
G is of type FPy (cf. Thm. 5.3). From condition (i) follows that R(¢) is a
finitely generated rational discrete Q[G]-module. Thus, as R(¢) ~ L(T"), where
T =TAMNEET) and T = TJK (cf. (5.6)), G must be of type FPy (cf.
Prop. 3.12).

It has been an open problem for a long time whether discrete groups of type

FPs are indeed finitely presented. Finally, it has been answered negatively by
M. Betsvina and N. Brady in [7]. In our context the following question arises.
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Question 2. Does there exist a non-discrete t.d.l.c. group G which is of type FPs,
but which is not compactly presented?

6. GG-SPACES FOR TOPOLOGICAL GROUPS OF TYPE OS

Throughout this section we assume that G is a topological group of type OS,
and that § C Osgrp(G) is a non-empty subset of open subgroups of G satisfying

(Fy) for A€ F and g € G one has 94 = gAg~' € §;

(Fy) for A,B € § one has AN B € §;
In some cases it will be helpful to assume that the class § satisfies additionally the
following condition.

(F3) for A, B € Osgrp(G), BC A, |A: B| < oo and B € § one has A € §.

6.1. F-discrete G-spaces. Let G be a topological group of type OS. We fix a non-
empty set of open subgroups § satisfying (F) and (F3). A non-trivial topological
space X together with a continuous left G-action __-_: G x X — X will be called
a left G-space. Such a space will be said to be §F-discrete, if stabg(z) € § for all
x € X. A continuous map f: X — Y of left G-spaces which commutes with the
G-action is called a mapping of G-spaces. The non-empty G-space X together with
an increasing filtration (X™),>o of closed subspaces X" C X is called a (G,F)-
CW-compler, if

(C1) X =U,50X™;

(Cy) XY is an F-discrete subspace of X;

(C3) for n > 1 there is an §-discrete G-space A,, G-maps f: S""1 xA,, — X"~}

and f: B"™ x A, — X™ such that

(6.1) Sl x A, — L x

L,

B x A, — 1 xn

is a pushout diagram, where S"~! denotes the unit sphere and B™ the unit
ball in euclidean n-space (with trivial G-action);
(Cy4) asubspace Y C X is closed if, and only if, ¥ N X" is closed for all n > 0.

The dimension of X is defined by
(6.2) dim(X) = min({k € Ng | X* = X } U {o0}).

Moreover, X is said to be of type F,,, n € Ng U {o0}, if G has finitely many orbits
on Ay for 0 <k <n.

6.2. The F-universal G-CW-complex. Let G be a topological group of type
OS, and let § C Osgrp(G) be a non-empty set of open subgroups satisfying (F})
and (F3). A left G-CW-complex X said to be §-universal or an Ez(G)-space, if

(Uy) X is contractable;

(Us) for all z € X one has stabg(z) € F;

(Us) for all A € F the set of A-fixed points X4 is non-empty and contractable.
It is well known that an §-universal G-CW-complex E4(G) exists and is unique
up to G-homotopy. The G-CW-complex E5(G) is universal with respect to all
G-CW-complexes with point stabilizers in §, i.e., if X is a G-CW-complex with
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stabg () € § for all x € X, then there exists a G-map X — E3(G) which is unique
up to G-homotopy (cf. [32, Remark 2.5], [47, Chap. 1, Ex. 6.18.7]). This space can
be explicitly constructed as the union of the n-fold joins of the discrete G-space
Q5 = [Uacz G/A (cf. [32, §2], [47, Chap. 1, §6]). This notion leads to an obvious

notion of dimension, i.e.,
(6.3) dimg(G) = min{ dim(X) | X an E;(G)-space } € Ng U {00}

may be considered as the topological §-dimension of G. Although this might be
the most natural dimension to be considered, we prefered to introduce and study
a combinatorial version of this dimension, the simplicial §-dimension of G. This
choice is motivated by the fact, that for the examples we are interested in the Ez(G)-
spaces arise naturally as the topological realization of certain simplicial complexes.

6.3. Simplicial G-complexes. A simplicial complex (cf. §A.1) ¥ with a left G-
action will be called a simplicial G-complex. The simplicial G-complex ¥ is said to
be of type F,,, n € Ny, if G has finitely many orbits on X, for all ¢ € {0,...,n},
and of type F o, if it is of type F,, for all n € Ny. For a simplicial G-complex ¥ and
a g-simplex w = {xo, ..., .} € ¥, we denote by

stabg(w) = (Ny< <, Staba(z;),

stabg{w} ={geGlg-w=yg},

the pointwise and setwise stabilizer of w, respectively. In particular, one has
stabg(w) C stabg{w}, and |stabg{w} : stabg(w)| < co. The simplicial G-complex
¥ will be said to be G-tame? if stabg(w) = stabg{w} for all w € ¥. For the con-

venience of the reader some basic properties of simplicial complexes are recollected
in §A.

(6.4)

6.4. §-discrete simplical G-complexes. Let G be a topological group of type
OS, and let § C Osgrp(G) be a non-empty set of open subgroups satisfying (F),
(Fy) and (F3). A simplicial G-complex ¥ will be said to be §-discrete, if stabg(x) €
§ for all x € ¥y. Thus, by (F»), for an F-discrete simplicial G-complex one has
stabg(w) € § and, by (F3), stabg{w} € § for all w € ¥. This property has the
following consequence.

Fact 6.1. Let G be topological group of type OS, and let § C Osgrp(G) be a non-
empty set of open subgroups of G satisfying (Fy), (Fz) and (F5). Then for every
F-discrete simplicial G-complex ¥, its topological realization || (cf. §A.2) is an
§-discrete G-CW-complez.

Proof. The property of being a G-CW-complex is straightforward. For any point
z € |X|, there exists a unique ¢-simplex w € ¥ such that z is an interior point
of |E(w)| (cf. Fact A.3). Hence stabg(w) C stabg(z) C stabg{w}, and thus
stabg(z) € § by (F3). O

6.5. Contractable F-discrete simplical G-complexes. The F-discrete simpli-
cal G-complex ¥ will be said to be contractable, if || is contractable. But note
that we do not claim that || is G-homotopic to a point (cf. [32, Thm. 2.2]).

3In case that ¥ = X(T') for a graph I' (cf. Ex. A.2), then ¥ is a G-tame simplicial G-complex
if, and only if, G acts without inversion of edges on the graph I'.
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Ezample 6.2. Let G be a topological group of type OS, and let § C Osgrp(G) be
a non-empty set of open subgroups satisfying (F1), (F») and (F3). Let A € §, and
put Q(A) = X[G/A] (cf. Ex. A.1). Then Q(A) is an F-discrete simplical G-complex.
By Fact A.4, |Q(A)] is contractable, i.e., Q(A) is a contractable F-discrete simplicial
G-complex.

We define the simplicial §-dimension of G by
sdimz(G) = min({n € Ny | 3 a contractable §-discrete
simplicial G-complex ¥: dim(X) =n} U {oo})
(cf. (A4)). For n € NgU {oo} we call G to be of type sF,(F), if there exists
a contractable F-discrete simplicial G-complex ¥ which is of type F,, (cf. §6.3).

Moreover, G will be said to be of type sF(F), if there exists a contractable F-discrete
simplicial G-complex ¥ of type F, satisfying dim(X) < oo.

(6.5)

6.6. The Bruhat-Tits property. The §-discrete simplicial G-complex 3 is said
to have the Bruhat-Tits property, if for all A € § one has |X|4 # (. For every point
z € |S|4 there exists a unique g-simplex w(z) € ¥ such that z is contained in the
interior of |X(w(z))| (cf. Fact A.3). Hence A C stabg(z) C stabg{w(2)}.

6.7. Classes of open subgroups for t.d.l.c. groups. Let G be a t.d.l.c. group.
Obviously, the class of all open subgroups O = Osgrp(G) and the class € = €O(G)
of all compact open subgroups satisfy the conditions (F}), (F3) and (F3). The same
is true for

(6.6) o9 = { O € Osgrp(G) | 3U C O, U open and nested, |0 : U| < o0 },
the class of all virtually nested open subgroups of G (cf. §5.6).

Proposition 6.3. Let G be a t.d.l.c. group. Then v satisfies the conditions (Fy),
(Fy) and (F3).

Proof. Obviously, o) satisfies (F}) and (F3). Let O € v, and let 4 C O be an
open, nested subgroup of finite index, i.e., U = JysqUk, Up C Upy1, Up, € CO(G).
Since |O : U| < oo, we may also assume that ¢/ is normal in O. Let V € v9%. Then
Y NU is a nested open subgroup of G. Moreover, as V NU = ker(V — O/U), one
has that |V : VNU| < oo. Hence vI1 satisfies (F) as well. O

Remark 6.4. The proof of Proposition 5.8 show also that 91 - the class of all nested
open subgroups of a t.d.l.c. group G - satisfies the conditions (F}) and (F3).

Remark 6.5. It is a remarkable fact, that although the Higman-Thompson groups
Frr, Thyr, Gnr are not of finite cohomological dimension, they still satisfy the
FP.-condition (cf. [15]). The Neretin group N,, , of spheromorphism of a regular
rooted tree 7, , can be seen as a t.d.l.c. analogue of the Higman-Thompson groups
(cf. Remark 3.11). In particular, this group has a factorization

(67) Nn,'r = O : ]:’I’L,T’7 O n]:n,r = {1}7

where F,, , is a discrete subgroup isomorphic to the Richard Thompson group F;,
and O is a nested open subgroup of N, .. Hence the following questions arise.

Question 3. Is N, , of type sF(MN)oo or even of type sF(€)s ¢

Question 4. Does there exist an Eg (N, ,)-space which is of type Foo ?
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The finiteness conditions we discussed in subsection §6.5 for €-discrete simplicial
G-complexes for a t.d.l.c. group G have the following consequence for its cohomo-
logical finiteness conditions.

Proposition 6.6. Let G be a t.d.l.c. group. Then one has the following.
(a) sdime(G) > cdg(G).
(b) Letn € NgU{oo}. If G is of type sF,(€), then G is of type FP,,.
(c) If G is of type sF(€), then G is of type FP.

Proof. Let ¥ be a €-discrete simplicial G-complex, let w = {zg,...,z4} € ¥y, and
let w=xgA---ANzxy €3y (cf. (A.8)). Then stabg{w} is acting on {+w}, i.e., one
has a continuous group homomorphism

(6.8) sgn,, : stabg{w} — {£1}.
Let Q,, denote the 1-dimensional rational discrete left stabg{w}-module associated

to sgn,,, i.e., for g € stabg{w} and z € Q, one has g -z = sgn,(g) - z. Thus if
R4 C X, is a set of representatives for the G-orbits on 3, one has an isomorphism

(6.9) Co(2) = [oer, M5 0} (Qu)

of rational discrete left Q[G]-modules (cf. §A.3). In particular, Cy(X) is a projective
rational discrete left Q[G]-module.

If 3 is contractable, one has Hy(|X],Q) ~ Q and H(|X|,Q) = 0 for k # 0. Hence
(Ce(X),0) is a projective resolution of the rational discrete left Q[G]-module Q
(cf. Fact A.6). In particular, cdg(G) < dim(X). This yields (a).

If ¥ is contractable and of type F,, n € Ny U {oo}, then, by (6.9), Cr(X) is a
finitely generated projective rational discrete left Q[G]-module for 0 < k& < n. This
yields (b). Part (c) follows by similar arguments. O

6.8. Simplicial t.d.l.c. rational duality groups. As in the discrete case it is
possible to detect from a group action that a t.d.l.c. group G is indeed a rational
duality group.

Theorem 6.7. Let G be a t.d.l.c. group, and let X be a C-discrete simplicial
G-complex such that

(D1) X is contractable;
(D3) dim(X) < oo and X is of type Foo;
(D3) X is locally finite.
Then d = c¢dg(G) < dim(X) and one has
(6.10) “De = HI(|Z],Q) ® Q(A).
In particular, if
(D4) HZ(IZ[,Q) =0 fork #d,
then G is a t.d.l.c. rational duality group of dimension d.
Proof. By (D7), (Ce(X), 0) is a projective resolution of Q in g dis, and by (Ds),

Cy(X) is a finitely generated projective rational discrete Q[G]-modules for all ¢ > 0.
As ¥ is locally finite by (D3), 0q: Cq(X) = Cyq—1(X), ¢ > 1, has an adjoint map

0y Q@;fl] — (@[2:]7 where one has to replace 3o by & (cf. §A.5). Moreover,

(6.11) %, Cu(D)° — Q]
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is an isomorphism (cf. Prop. 4.16), and one has the commutative diagram

(6.12) C,y(2)® Q) =————=04(>)
G?HJ( lf’;l o1
Co+1(2)® B L QE ]| ———0C0(%)

(cf. Prop. 4.17). In particular, one obtains canonical isomorphisms (cf. Fact A.7)
(6.13) dH (G, C(G)) = HE (3], Q)

of rational discrete right Q[G]-modules, and non-canonical isomorphisms

(6.14) “dHM (G, BI(G)) = HE(|2],Q) @ Q(A)

of rational discrete left Q[G]-modules (cf. Remark 4.13). In particular, as G is of
type FP (cf. Prop. 6.6(c)), one has

(6.15) cdg(G) = max{k € Ng | H¥(|2|,Q) #0}

(cf. Prop. 4.7). Thus for d = cdg(G) one has an isomorphism

(6.16) *Da = HY(S1,Q) © Q(A).

This yields the claim. O

A t.d.lc. group G admitting a €-discrete simplicial G-complex ¥ satisfying (D),
1 <5 <4, will be called a simplicial t.d.l.c. rational duality group. It should be
mentioned that the dimension of 3 as simplicial complex does not have to coincide
with d = c¢dg(G).

6.9. Universal ¢-discrete simplicial G-complexes. Let 3 be a €-discrete sim-
plical G-complex, and let &: |S| x |¥| — Ry be a G-invariant metric on its topo-
logical realization. Then (X, ¢) is called a €-discrete CAT(0) simplicial G-comple,
if

(E1) (|%|,9) is a complete CAT(0)-space?,

(E2) X is G-tame.
Note that property (E1) implies that || is contractable (cf. [2, Prop. 11.7]). Let
O be a compact open subgroup of G. By hypothesis, any orbit O -z, z € |X],
is finite and thus in particular bounded. In particular, O has a fixed point z in
|Z] (cf. [2, Thm. 11.23]). Let w(z) € ¥ denote the unique simplex such that
z is contained in the interior of w(z) (cf. Fact A.3). Then, by property (Es),
O C stabg(z) = stabg{w(z)} = stabg(w(z)), i.e., ¥ has the Bruhat-Tits property
(cf. §6.6). By property (Ez), £ is a simplicial subcomplex of ¥, and, by (E;),
(|2€],6) is a complete CAT(0)-space. In particular, |[X©| is contractable. This
shows the following.

Proposition 6.8. Let G be a t.d.l.c. group, and let ¥ be a €-discrete CAT(0)
simplical G-complex. Then |X| is an Ey(G)-space.

4For details on CAT(0)-spaces see [13].
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6.10. Compactly generated t.d.l.c. groups of rational discrete cohomo-
logical dimension 1. Let G be a compactly generated t.d.l.c. group satisfying
c¢dg(G) = 1. Then G is of type FP (c¢f. Thm. 5.3). As G is not compact (cf.
Prop. 3.7(a)), one has

(6.17) dH’(G, Bi(G)) = Homg(Q, Bi(G)) = 0

(cf. (4.21)). Hence G is a rational t.d.l.c. duality group.

Suppose that II = m (A, A, Z) is the fundamental group of a finite graph of
profinite groups (A, A), i.e., A is a finite connected graph. Moreover, II acts on the
tree T = T(A,A,E,ET) without inversion of edges. L We also assume that II is
not compact. Then c¢dg(G) =1 (cf. Prop. 5.6). Hence the simplicial version of the
tree T - which we will denote by the same symbol - has the following properties:

(1) T is a locally finite simplicial complex of dimension 1;
(2) T is a €-discrete simplicial II-complex;
(3) I has finitely many orbits on the simplicial complex T, i.e., T is of type
Foos
(4) T is I-tame;
(5) the standard metric 0: |T| x |T| — Ry gives (|T],8) the structure of a
complete CAT(0)-space.
(6) H(IT1,Q) = 0.
Hence (1), (2), (3) and (5) imply that II is a simplicial t.d.l.c. duality group.
Moreover, by Theorem 6.7, one has

(6.18) “Dn =~ H,(|T],Q) ® Q(A).

From (4) and (5) one concludes that T is a €-discrete CAT(0)-simplicial II-complex,
and thus an E(IT)-space (cf. Prop. 6.8).

6.11. Algebraic groups defined over a non-discrete, non-archimedean lo-
cal field. Let K be a non-discrete non-archimedean local field® with residue field
F; in particular, F is finite. Let G be a semi-simple, simply-connected algebraic
group defined over K, and let G(K) denote the group of K-rational points. In
particular, G(K) carries naturally the structure of a t.d.lL.c. group. Suppose that
G(K) is not compact. Then G(K) has a type preserving action on an affine building
(C,S), the Bruhat-Tits building, where (W, S) is an affine Coxeter group. More-
over, d = |S| — 1 coincides with the algebraic K-rank of G. For further details see
[17], [18], [46] and [50].

The Tits realization 3(C, S) of the Bruhat-Tits building (C, S) is a discrete sim-
plicial G(K)-complex of dimension d with the following properties:

(1) For w € X(C,S) its stabilizer stabg(k)(w) is a parahoric subgroup and
hence compact, i.e., ¥(C,S) is a €-discrete simplicial G(K)-complex.

(2) G(K) has finitely many orbits on X(C, S), i.e., 3(C, S) is of type Fo..

(3) As G(K) acts type preserving, X(C, S) is G(K)-tame.

(4) 3(C,S) is locally finite.

5By a local field we understand a non-discrete locally compact field. Such a field comes
equipped with a valuation v, and, in case that v is non-archimedean, v is also discrete. Hence
such a field is either isomorphic to a finite extension of the p-adic numbers Q) or isomorphic to a
Laurent power series ring Fq[t~1,¢] for some finite field Fy.
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(5) There exists a G(K)-invariant metric §: |2(C, S)| x |Z(C, S)| — Ry making
(12(C, S)|,0) a complete CAT(0)-space (cf. [2, Thm. 11.16]). In particular,
|X(C, S)| is contractable.

(6) By a theorem of A. Borel and J-P. Serre, one has H*(|2(C, S)|,Q) = 0 for
k # d and HL(|S(C, 9)|, Q) # 0 (cf. [10], [12]).

From these properties one concludes the following.

Theorem 6.9. Let G be a semi-simple, simply-connected algebraic group defined
over the non-discrete non-archimedean local field K.

(a) The topological realization |X(C,S)| of the Tits realization of the affine
building (C, S) is an Ex(G(K))-space.

(b) G(K) is a rational t.d.l.c. duality group of dimension rk(G) = dim(X(C, S)).

(¢) For d = cdg(G(K)) one has * D iy ~ HE(|2(C, S)|, Q).

Proof. (a) is a direct consequence of the properties (1), (3), (5) and Proposition 6.8.
(b) and (c) follow from the properties (1), (2), (4), (5), (6) and Theorem 6.7. O

Note that G(K) is in particular a simplicial t.d.l.c. rational duality group and
(6.19) dime (G(K)) = sdime (G(K)) = cdo(G(K)).

6.12. Topological Kac-Moody groups. Let F be a finite field, and let G(F)
denote the rational points of an almost split Kac-Moody group defined over F (cf.
[38, 12.6.3]) with infinite Weyl group (W, S). Such a group acts naturally on a twin
building = (cf. [40, 1.A]). Let (") denote the Davis-Moussang realization of the
positive part of Z (cf. [24], [36]). In particular,

(1) B(ET) is a locally finite simplicial complex of finite dimension.
Moreover, G(F) is acting on Z* and hence on X(Z"), and thus one has a homomor-
phism of groups 7: G(F) — Aut(X(Z")). As X(ET) is locally finite, Aut(X(Z))
carries naturally the structure of a t.d.l.c. group. The closure G(F) of im(w) is
called the topological Kac-Moody group associate to G(F) (cf. [40, 1.B and 1.C]).
By construction,

(2) (") is a €-discrete G(F)-simplicial complex.
Indeed, if IF is of positive characteristic p, then stabg ) (w) is a virtual pro-p group
for all w € ¥(=*) (cf. [40, p. 198, Theorem]). Let G(F)° denote the subgroup of
G(F) which elements are type preserving on =, and let G(F)° denote the closure
of m(G(F)°). Then G(IF)° is open and of finite index in G(F). As G(F)° is type
preserving, one concludes that

(3) ©(E1) is G(F)°-tame.

Since G(F) (and thus G(F)) acts 6-2-transitive on chambers of Z, one has that

(4) ©(ET) is a €-discrete simplicial G(F)°-complex of type Fo, (cf. §6.3).
By a remarkable result of M.W. Davis (cf. [24]) the topological realization |2(Z7)]
admits a G(F)°-invariant CAT(0)-metric d: [S(Z1)| x [S(EF)| — RY (cf. |2,
Thm. 12.66]). Hence Proposition 6.8 implies the following.

Theorem 6.10. Let F be a finite field, let G(F) denote the rational points of an
almost split Kac-Moody group defined over F with infinite Weyl group, and let G(F)
be the associated topological Kac-Moody group. Then the topological realization

|X(E1)| of the David-Moussang realization (27) is an Eq(G(F)°)-space.
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Note that by Davis’ theorem,
(5) ¥(ET) is a contractable €-discrete simplicial G(F)-complex.

Hence Theorem 6.7 implies that
(6.20) d = cdg(G(F)) = cdg(G(F)°) < dim(%(ET)) < oo,
G(F) is of type FP, and since G(F) is unimodular (cf. [39, p. 811, Thm.(i)]),
(6.21) “Deywy =~ HY(Z(E)],Q).
Moreover, by (6.15),
(6.22) cdg(G(F)) = max{k > 0| HE(S(E")],Q) £ 0}.

However, G(FF) may or may not be a rational t.d.l.c. duality group (cf. Remark 6.12
and 6.13). The cohomology with compact support of |X(ZT)| with coefficients in
Z was computed in [26]. In more detail,

(6.23) HE(2(EN)],2) = [] #HA (K, K57T) @ AT(2Y),
TeS

and a similar formula holds for the Davis realization of the Coxeter complex %(C')
associated to (W, S) (cf. [25]), i.e.,

(6.24) HY(2(0)],2) = [] B (K. K5T) @ AT(C),

TeS
Here S denotes the set of non-trivial spherical subsets of S, and K is a simplicial
complex associated to (W,S) build up from the spherical subsets of S. A more
detailed analysis of the coeffcient modules A7 (Z1) and A\T(C) yields the following.

Theorem 6.11. Let F be a finite field, let G(F) denote the rational points of an
almost split Kac-Moody group defined over F with infinite Weyl group (W,S), and
let G(F) be the associated topological Kac-Moody group. Then

(6.25) cdo(G(F)°) = cdg(W).

Moreover, G(F)° (and thus G(F)) is a rational t.d.l.c. duality group if, and only if,
W is a rational discrete duality group.

Proof. Note that AT(Z%) and AT (C) are free Z-modules. Moreover, for T € S one
has AT(C) # 0 and AT(Z) # 0 (cf. [26, §6, p. 570, Remark and Definition 7.4]).
As the abelian groups H”* (K, K°~T) are finitely generated, the universal coefficient
theorem implies that

cdg(W) =max{k>0|3T € S: H*K,K°T) is not torsion }
=max{k > 0| HI(|2(E"),Q) # 0}

(6.26) = cdg(G(F))

(cf. Thm. 6.7). Let d = cdg(W) = cdg(G(F)). Then W is a rational duality group
if, and only if, H*(K, K°7) is a torsion group for all T € S and all k¥ # d. By
(6.24), this is equivalent to HX(|S(Z+)[,Q) = 0 for all k # d. Thus Theorem 6.7
yields the claim. O

Remark 6.12. Let F be a finite field, let G(F) denote the rational points of a split
Kac-Moody group defined over F, and let G(IF) be the associated topological Kac-
Moody group. Suppose further that



RATIONAL DISCRETE COHOMOLOGY FOR T.D.L.C. GROUPS 41

(1) the associated generalized Cartan matrix is symmetrizable, and that

(2) the associated Weyl group (W, S) is hyperbolic (cf. [28, §6.8]).
Condition (2) implies that W is a lattice in the real Lie group O(n,1), |S|=n+1
(cf. [28, p. 140, and the references therein]). Moreover, as W is the Weyl group
of a (split) Kac-Moody Lie algebra with property (1), the Tits representation of
the Weyl group W is integral (cf. [19, §16.2]). Hence W is an arithmetic lattice
in O(n,1). Thus by A. Borel’s and J-P. Serre’s theorem (cf. [11]), W is a virtual
duality group, and thus, in particular, a rational duality group. Hence Theorem 6.11
implies that G(F) is a rational discrete t.d.l.c. duality group.

Remark 6.13. Consider the Coxeter group (W, S) associated to the Coxeter diagram

(6.27)

Then W ~ W (Ay) [[W(A;). In particular, cdg(W) = 2. By Stallings’ decomposi-
tion theorem (cf. [44]), H(W,Q[W]) # 0. Thus W is not a rational duality group.
Let G(F) denote the rational points of a split Kac-Moody group defined over F
with associated Coxeter group is (W, S), and let G(FF) be the associated topological
Kac-Moody group. Then Theorem 6.11 implies, that G(F) is of rational cohomo-
logical dimension 2, but that G(F) is not a rational t.d.l.c. duality group, i.e.,
dH' (G(F), Bi(G(F)) # 0. The t.d.l.c. version of Stalling’s decomposition theorem
established in [21] implies that G(F) can be decomposed non-trivially as a free prod-
uct with amalgamation in a compact open subgroup (where one factor is a compact
open subgroup as well), or as an HNN-extension with amalgamation in a compact
open subgroup. It would be interesting to understand how this decomposition is
related to the root datum of G(F).

We close this section with a question which is motivated by (6.19).

Question 5. For which topological Kac-Moody groups G(F), F a finite field, does

dime (G(F)) = cdo(G(F)) hold (cf. §6.3)7

7. THE EULER-POINCARE CHARACTERISTIC
OF A UNIMODULAR T.D.L.C. GROUP OF TYPE FP

In this subsection we indicate how one can associate to any unimodular t.d.l.c.
group G of type FP an Euler-Poincaré characteristic

(7.1) X(G) € h(G) = Q- po,

where O is a compact open subgroup, and pe denotes the left invariant Haar
measure on G satisfying pup(0O) = 1. If h € QT - pp we simply write h > 0;
similarly i < 0 shall indicate that h € Q™ - puo.

In some particular cases discussed in §6.10 and §6.11 it will be possible to calcu-
late the Euler-Poincaré characteristic x(G) explicitly. It is quite likely, that similar
calculation can be done also for the examples decribed in §6.12. However, one of the
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most interesting question from our perspective which was our original motivation
to introduce and study this notion we were not able to answer.

Question 6. Let G be a compactly generated t.d.l.c. group satisfying cdo(G) = 1.
Does this imply that x(G) <07

An affirmative answer of Question 6 would resolve the problem of accessibility for
compactly generated t.d.l.c. groups of rational discrete cohomological dimension 1
in analogy to the discrete case (cf. [30]).

7.1. The Hattori-Stallings rank of a finitely generated projective rational
discrete Q[G]-module. Let G be a t.d.l.c. group, and let P be a finitely generated
projective rational discrete Q[G]-module. The evaluation map

evp: Homg (P, Bi(G)) ®g P — Bi(G), evp(p @ p) = d(p),

(7:2) ¢ € Homg (P, Bi(G)), pEP

induces a mapping evp: Homg (P, Bi(G)) ®¢ P — Bi(G) such that the diagram

(7.3) Homg (P, Bi(G)) ®g P — Homg (P, Bi(G)) ©¢ P
Bi(G) Bi(G)

commutes, where the horizontal maps are the canonical ones and Bi(G) is as defined
in §4.8. Then - provided that G is unimodular - one has a map

—1

ev tr

(7.4)  pp: HomG(P,P)gHomG(P,Bi(G))@)GP —> Bi(G) — h(G).

(cf. Prop. 4.6, Prop. 4.14). The value rp = pp(idp) € h(G) will be called the
Hattori-Stallings rank of P.

Proposition 7.1. Let G be a unimodular t.d.l.c. group, and let O C G be a
compact open subgroup. Then roc 0] = po-

Proof. Let no: Q[G/O] — Bi(G) be the canonical embedding (cf. (4.31)). Then
Jjo(no) =0 € O\G (cf. (4.34)). Hence,

(7.5) (Jo ®¢ idgja/o))(no ® O) = O ®@g O
and
(7.6) Poic 0,00 ®c 0) = 0 € Q[G/O]°.

Under the Eckmann-Shapiro isomorphism a: Q[G/0]® — Homg(Q[G /O], Q[G/O))
the element O is mapped to idgjg,0). Hence, by (4.35),

(7.7) Cole/o,0ic/0) (Mo ®c O) = idgja/ o),

and evg g o) (Cd[lG/O]’Q[G/O] (idgia/01)) = O, where O denotes the canonical image
of O in Bi(G). Thus, by the definition of tr: Bi(G) — h(G) (cf. (4.77)),

(7.8) rqia/o) = tr(0) = po
and this yields the claim. [
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Remark 7.2. Let G be a unimodular t.d.l.c. group, and let P € ob(ggdis) be
finitely generated and projective. In [22] it is shown, that rp > 0, and rp = 0 if,
and only if, P = 0.

7.2. The Euler-Poincaré characteristic. Let G be a unimodular t.d.l.c. group,
and let Py, P> € ob(gjgdis) be finitely generated and projective. Then, by (7.4),

one has pp,ep,(idpep,) = pp,(idp,) + pp,(idp,), ie.,
(79) PP, = TP + TPy

Let (P, ds) be a finite projective resolution of Q in g¢dis, i.e., there exists N >0
such that P, = 0 for £ > N, and P, is finitely generated for all kK > 0. From the
identity (7.10) one concludes that the value

(7.10) X(G) = Zkzo(_l)k -rp, € h(G)

is independent from the choice of the projective resolution (P, ds) (cf. [45, Propo-
sition 4.1]) for a similar argument). We will call x(G) the Euler-Poincaré charac-
teristic of G.

7.3. Examples.

7.3.1. Compact t.d.l.c. groups. Let O be a compact t.d.l.c. group. Then Proposi-
tion 7.1 implies that x(G) = rg = po.

7.3.2. Fundamental groups of finite graphs of profinite groups. Let (A, A) be a finite
graph of profinite groups. Assume further that IT = 7 (A, A, zg) is unimodular®.
Then, by Proposition 7.1,

(7.11) XM = > pa,— D pHa.
) )

veV(A ecET(A

In particular, if (A, A) is a finite graph of finite groups one obtains

(7.12) X(H):( > %f > V%)-u:mwm,
) e

vEV(A) Al ecE+(A

where xr1 denotes the Euler characteristic of the discrete group IT (cf. [41, §I1.2.6,
Ex. 3]). One has the following:

Proposition 7.3. Let (A, A) be a finite graph of profinite groups, such that II =
m1(A, A, zg) is unimodular and non-compact. Then x(II) < 0.

Proof. Suppose that one of the open embeddings ae: Ae — Aye) is surjective.
Then removing the edge e form A, idetifying ¢(e) with o(e) and taking the induced
graph of profinite groups (A’, A’) does not change the fundamental group, i.e., one
has a topological isomorphism 71 (A, A, zg) ~ m1 (A, A/, 2()). Thus we may assume
that the finite graph of profinite groups has the property that none of the injections
ae: Ae — Ay(e) is surjective. Since II is not compact, A cannot be a single vertex.
Thus, as [A;(e) : @e(Ae)| > 2 one has pa, > pa,,, + Ha,,, for any edge e € E(A).
Choosing a maximal subtree of A then yields the claim. O

6For a given finite graph of profinite groups it is possible to decide when IT is unimodular.
However, the complexity of this problem will depend on the rank of H(|A[,Z). E.g., if A is a
finite tree, then IT will be unimodular.
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7.3.3. The automorphism group of a locally finite reqular tree. Let Tgiq be a (d+1)-
regular tree, 1 < d < oo, and let G = Aut(7Ty41)° denote the group of automorphism
not inverting the orientation of edges. Then, as G is the fundamental group of a
finite graph of profinite groups based on a tree with 2 vertices, G is unimodular.
One concludes from Bass-Serre theory and §7.3.2 that

_1-d
T 114 HGe>
where G, is the stabilizer of an edge. Moreover, x(Aut(74+1)°) < 0.

(7.13) x(Aut(7a41)°)

7.3.4. Chevalley groups over non-discrete non-archimedean local fields. Let X be a
simply-connected simple Chevalley group scheme, and let K be a non-archimedean
local field with finite residue field F. Put ¢ = |F|. Let W be the finite (or spherical)
Weyl group associated to X, and let W denote the associated afﬁngv Weyl group
associated to W. We also fix a Coxeter generating system A of W. Let n =
k(W) = 1k(W) — 1 = |A]| — 1 denote the rank of W as Coxeter group. It is well-
known that X (K) modulo its center is simple. In particular, X (K) is a unimodular
t.d.l.c. group.

Let ¥ be the affine building associated to X(K) (cf. §6.11). The stablizer
Iw = stabx(k)(w) of a simplex w € ¥, of maximal dimension is also called a
Twahori subgroup of X(K). Let Y(w) = {w € ¥ | w Cw} = P(w) \ {0}. For
w € N(w) let Py = stabx(x)(w) denote the parahoric subgroup associated to w,
i.e., P, =Iw. Then

(7.14) X(X(K) = Y (=D pp,

weD(w)

where |w| is the degree of w, i.e., w € X5 (cf. §6.11). Any parahoric subgroup
P, w € ¥(w), corresponds to a unique proper subset A(w) of A of cardinality
lw| — ||, i-e., A(w) = 0. Moreover,

(7.15) [P Iw| = pw (A (@) (@)

where py (a(w))(t) € Z[t] is the Poincaré polynomial associated to the finite Weyl
group W(A(w)). Thus, by [28, §5.12, Proposition], one obtains that

—1)l=l
)= (X o)

weB(w)

_(_qyn+l (—pHi=t ) _ (=t _
(7.16) =) ICZAPW(I)(Q)> M= @ M
I#A

By R. Bott’s theorem, one has py; (t) = pw (t)/ [[1<;<,, (1 —t™*), where m; = d; —1
are the exponents of W (cf. [28, §8.9, Theorem]). Thus x(X(K)) can be rewritten
as

(7.17) X(X(K)) = - I @™ =1 e

In particular, x(X(K)) < 0.
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Remark 7.4. One may speculate whether in a situation which is controlled by
geometry the Euler-Poincaré characteristic should be related to a meromorphic (-
function evaluated in —1. There are some phenomenon supporting this idea which
arise even in a completely different context (cf. [16]). Indeed, using Hecke algebras
one may define a formal Dirichlet series (g 0(s) for certain t.d.l.c. groups G and
any compact open subgroup O of such a group G. It turns out that for the example
discussed in §7.3.4 one obtains x (X (K)) = (—1)""" - Cx (k) 1w (—1) " - purw (cf. [22]).
Nevertheless, further investigations seem necessary in order to shed light on such a
possible connection.

We close the discussion of the Euler-Poincaré characteristic with a question which
is motivated by the examples discussed in §7.3.2 and §7.3.4.

Question 7. Suppose that G is a t.d.l.c. group admitting a €-discrete simplicial
G-complex ¥ such that
(1) dim(X) = cdg(G) < oo;
(2) X is of type Foo;
(3) X is locally finite;
(4) X is G-tame;
(5) %] admits a G-invariant metric §: |X| x |X| — RE making (|2,9) a com-
plete CAT(0)-space (cf. §6.9).
What further condition ensures that x(G) <07

The most trivial examples (cf. §7.3.1) show that the conditions (1)-(5) are not
sufficient (for G compact ¥ can be chosen to consist of 1 point).

APPENDIX A. SIMPLICIAL COMPLEXES

A.1. Simplicial complexes. A simplicial complex ¥ is a non-empty set of non-
trivial finite subsets of a set X with the property that if B € ¥ and A C B then
A € . Any simplicial complex ¥ carries a canonical grading ¥ = | >0 2g; Where
(A1) Yy={AecX|card(A) =¢qg+1}.

Ezample A.1. Let X be a set, and let X[X] C P(X) \ {0} denote the set of all
non-trivial finite subsets of X. Then X[X] is a simplicial complex - the simplicial
complex generated by X.

Ezample A.2. Let T' = (V(T'),E(T")) be a combinatorial graph (cf. §5.4). Then
X(T) given by 3o(I") = V(T') and £1(T') = {{o(e),t(e)} | e € E(T) } is a simplicial
complex - the simplicial complex associated with the graph T.

In a simplicial complex ¥ and n > 0 the subset
(A.2) M ={Ae¥|card(A) <n+1}

is again simplicial subcomplex of X - the n-skeleton of 3. A subset Y C X defines
a simplicial subcomplex

(A.3) SY)={CeX|CCY}.
For a simplicial complex ¥ one defines the dimension by

(A.4) dim(X) = min({¢g € Ny | 2441 =0} U {o0}).
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In particular, dim(¥X(X)) = card(X) — 1. A simplicial complex of dimension 0
is just a set, while simplicial complexes of dimension 1 are unoriented graphs (cf.
Ex. A.2). For A € 3, one defines the set of neighbours Nx(A) of A by

(A.5) Nx(A)={Be€Xy1 |ACB}.
Moreover, X is called locally finite if for all A € ¥, one has card(Nx(A4)) < oco.

A.2. The topological realization of a simplicial complex. With any sim-
plicial complex ¥ C P(X) \ {#} one can associate a topological space |X| - the
topological realization of ¥ - which is a CW-complex. The space |X| can be con-
structed as follows: Let V' = R[X] denote the free R-vector space over the set X,
and for A € ¥,, A= {ao,...,a4}, put

(A.6) Al = {50t -a; [0<t; <1, 375 ot =1} CR[X].

Then |X| = J ey |Al € R[X], and [X] carries the weak topology with respect to
the embeddings i4: |A| — |X|, where |A| C R[A] carries the induced topology (cf.
[43, §3.1]). By construction, one has the following property.

Fact A.3. Let X be a simplical complex, and let z € |X|. Then there exists a unique
simplex A € ¥ such that z is an interior point of |S(A)| C |X].

The topological space |X| has the following well-known property.

Fact A.4. Let ¥ be a simplicial complex, and let C be a compact subspace of |X|.
Then there exists a finite subset Y C ¥y such that C C |2(Y)].

Proof. (cf. [27, p. 520, Prop. A.1]). O
The just mentioned property has the following consequence.
Fact A.5. Let X be a non empty set. Then |X[X]| is contractable.

Proof. Put ¥ = X[X]. As |X| is a connected CW-complex, one concludes from
Whitehead’s theorem (cf. [27, Thm. 4.5]) that it suffices to show that m;(|3], z9) = 1
for all i > 1. Note that ¥ = UAerO Y(A), where

(A.7) Poo ={AC X |zo € A, card(A) < o0 }.

By Fact A.4, for any compact subset C' of |X], there exists a finite set A € P,, such
that C' C |E(A)|. Hence (||, z0) = lim mi(|12(A)],z0). As |X(A)| coincides
zQ

with the standard (card(A) — 1)-simplex, one has 7;(|X(A)], zo) = 1. O

A.3. The chain complex of a simplicial complex. Let ¥ C P(X)\ {0} be a
simplicial complex. For ¢ > 0 put

(A.8) Se={zo A Axg | {0, ., 24} € 5g} C Agy1(Q[X]),

where Ao (Q[X]) denotes the exterior algebra of the free Q-vector space over the set
X, and define

(A.9) Co(S) = spang(Sy) € Ay (QLX]).
Then (C4(X), s), where
(A].O) 8q(:r0 VANRERIVAN :Eq) = Zog;‘gq(_l)j To N ANTj_1 ANZjp1 N Nxy

is a chain complex of Q-vector spaces - the rational chain complex of the simplicial
complex ¥ (cf. [43, §4.1]). It has the following well-known property (cf. [43, §4.3,
Thm. 8]).
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Fact A.6. Let ¥ be a simplicial complex. Then one has a canonical isomorphism
(A1) Ha(C(5),04) = Ha(|5), Q).

A.4. Cohomology with compact support. Let ¥ C P(X) \ {0} be a locally
finite simplicial complex. Put X* = {z* | x € X }, and think of X* as a subset of
the Q-vector space C.(X,Q), the functions from X to Q with finite support, i.e.,
for z,y € X one has 2*(y) = 0,,,. Here ¢ _ denotes Kronecker’s function. For ¢ > 0
put

(A.12) S0={af A Ak | {zo,.. .20} € g } C Ag(QIX)),
and define

(A.13) CI(X) = spang(27) C Ay (Q[X*]).

By definition, for A € ¥, the set

(A.14) Is(A)={z e \A|AU{z} € Z;11}

is finite. Then (C2(X),d°®), where

(A.15) OUTG A ANTG) = Dty ({wormg}) 2N TO N ATy

Zog N ANxy € ZA]q, is a cochain complex. It has the following well-known property
(cf. [27, p. 242ff)).

Fact A.7. Let X be a locally finite simplicial complex. Then one has a canonical
isomorphism H®(C2(X),0°%) ~ H2(|X|,Q), where H2(—,Q) denotes cohomology
with compact support with coefficients in Q.

A.5. Signed sets. A set X together with a map —: X — X satisfying z = = and
Z # x for all x € X will be called a signed set. A map of signed sets ¢: X — Y is
a map satisfying ¢(z) = ¢(z) for all x € X. Every signed set X defines a Q-vector
space

(A.16) Q[X] = Q[X]/spang{z + T |z € X }.
For a signed set X let X* = {z* | z € X } denote the signed set satisfying z* :T
Then we may consider Q[X*] as a Q-subspace of Q[X]* = Homg(Q[X],Q), i
1 ify ==,
(A.17) ¥ (y) =< -1 ify=z,

0 ify¢{x,z}.

Any map of signed sets ¢: X — Y defines a Q-linear map ¢g: Q[X] — Q[Y], but
it does not necessarily possess an adjoint map ¢5: Q[Y "] — Q[X*]. However, if ¢
is proper, L.e., ¢ has finite fibres, then there exists a unique map ¢f, satisfying

(A.18) <U*7 ¢Q(u)>y = <¢<a(v)7 u>X7 u € Q[KL CAS Q[X*]v

where (.,.)x and {.,.)y denote the evaluation mappings, respectively. Let X+ C X
and YT C Y be a set of representative for the Z/2Z-orbits on X and Y, respectively.
For a map ¢: Q[X] — Q[Y] and z € Q[X] - the canonical image of z € X in
Q[X] - one has ¢(z) = 3° cy+ Ay(z) - y for Ay(z) € Q. Put

(A19) supp(¥,z) = {y € YT | Ay (z) #0}.
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We call the map ¢: Q[X] — Q[Y] proper, if for all y € Y+ the set

(A.20) csupp(,y) = {z € X" | y € supp(¢, ) }
is finite. It is straightforward to verify that the mapping ¢*: Q[Y*] — Q[X ],
(A.21) = Y M@t yevt

x€csupp(,y)

satisfies (A.18) and thus can be seen as the adjoint of .
If ¥ is a simplicial complex, then ¥;, ¢ > 1, are signed sets, and one has a
canonical isomorphism

(A.22) QE,] = Oy (B).

The same applies also for ¢ = 0 replacing o by
(A.23) SF = {£20 | 70 € Zo} C A1(Q[S0)),

ie.,

=~=*
Q[X, ] = Co(X). Moreover, if ¥ is locally finite, then 9,: Cy(X) — Cy—1(X2) is

proper for ¢ > 2. By construction, one has for ¢ > 1 a canonical isomorphism
(A.24) Ci(%) ~ Q[Z,],
and C9(2) ~ Q[(ij)*] Moreover, 07 = ;1.
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