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J. Noncommut. Geom. (submitted)

Yetter—Drinfeld post-Hopf algebras and Yetter-Drinfeld
relative Rota—Baxter operators

Andrea Sciandra

Abstract. Recently, Li, Sheng and Tang introduced post-Hopf algebras and relative Rota—Baxter
operators (on cocommutative Hopf algebras), providing an adjunction between the respective cat-
egories under the assumption that the structures involved are cocommutative. We introduce Yetter—
Drinfeld post-Hopf algebras, which become usual post-Hopf algebras in the cocommutative setting.
In analogy with the correspondence between cocommutative post-Hopf algebras and cocommutative
Hopf braces, the category of Yetter—Drinfeld post-Hopf algebras is isomorphic to the category of
Yetter—Drinfeld braces introduced by the author in a joint work with D. Ferri. This allows to explore
the connection with matched pairs of actions and provide examples of Yetter—Drinfeld post-Hopf
algebras. Moreover, we prove that the category of Yetter—Drinfeld post-Hopf algebras is equivalent
to a subcategory of bijective Yetter—Drinfeld relative Rota—Baxter operators. The latter structures
coincide with the inverse maps of Yetter—Drinfeld 1-cocycles introduced by the author and D. Ferri,
and generalise bijective relative Rota—Baxter operators on cocommutative Hopf algebras. Hence the
previous equivalence passes to cocommutative post-Hopf algebras and bijective relative Rota—Baxter
operators. Once the surjectivity of the Yetter—Drinfeld relative Rota—Baxter operators is removed, the
equivalence is replaced by an adjunction and one can recover the result of Li, Sheng and Tang in the
cocommutative case.

1. Introduction

Post-Lie algebras have been introduced in [30] and have found several interesting applic-
ations [7, 10, 25], just to name a few; while Rota—Baxter operators on Lie algebras first
appeared in [19] and are now studied in different fields, such as quantum field theory [9,18].
Post-Lie algebras and Rota—Baxter operators are strictly related: given a post-Lie algebra,
the identity morphism is a Rota—Baxter operator on the subadjacent Lie algebra and, vice
versa, one can induce a post-Lie algebra structure on the domain of a Rota—Baxter operator.
In [21] Li, Sheng and Tang introduced post-Hopf algebras and relative Rota—Baxter oper-
ators on cocommutative Hopf algebras, the latter generalising Rota—Baxter operators given
in [13] (where the action involved is the adjoint one). The space of primitive elements of a
post-Hopf algebra results to be a post-Lie algebra and a relative Rota—Baxter operator on a
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cocommutative Hopf algebra restricts to a Rota—Baxter operator between the Lie algebras
of primitive elements. Moreover, in [21], the aforementioned connection between post-Lie
algebras and Rota—Baxter operators is extended to cocommutative post-Hopf algebras and
relative Rota—Baxter operators on cocommutative Hopf algebras, providing an adjunction
between the respective categories. In [22] (which is the arXiv version of [21]), a corres-
pondence between cocommutative post-Hopf algebras and cocommutative Hopf braces is
exhibited, then further investigated [31] in terms of relative Rota—Baxter operators. Hopf
braces were introduced by Angiono, Galindo and Vendramin in [2] as the Hopf-theoretic
version of skew braces, introduced in [14]. Moreover, cocommutative Hopf braces are
shown to be equivalent to matched pairs of cocommutative Hopf algebras. In [12] the author
and D. Ferri proved that, removing the cocommutativity hypothesis, matched pairs result
to be equivalent to the more general Yetter—Drinfeld braces. The latter structures coincide
with Hopf braces if the cocommutativity is assumed.

The purpose of this paper is to generalise post-Hopf algebras and relative Rota—Baxter
operators in a not-cocommutative setting, keeping in mind the connection with Yetter—
Drinfeld braces.

More precisely, the content of the paper is the following. In Section 2 we recall the
notions and results that motivate this work and are frequently used throughout the paper.
In Section 3 we introduce Yetter—Drinfeld post-Hopf algebras, which coincide with post-
Hopf algebras in the cocommutative case, and we prove that the category of Yetter—Drinfeld
post-Hopf algebras is isomorphic to the category of Yetter—Drinfeld braces (and thus to
the category of matched pairs of actions). Explicitly, a Yetter—Drinfeld post-Hopf algebra
is the datum (H, -, 1, A, €, S, —) where (H, -, 1) is an algebra, (H, A, €) is a coalgebra,
S is the convolution inverse of the morphism Idy and — is a morphism of coalgebras
satisfying some technical hypotheses. Then, one can build the subadjacent Hopf algebra
H_ :=(H,e_,1,Ae,5_.)sothat (H,-,1,A,¢€,S) results to be an object in Hopf(Z:MZ))
and (H,-,e_,1,A,¢,S,5_.) becomes a Yetter—Drinfeld brace. A Yetter—Drinfeld post-
Hopf algebra induces a post-Lie algebra structure on its space of primitive elements. At
the end of the section we provide examples of Yetter—Drinfeld post-Hopf algebras coming
from Yetter—Drinfeld braces. Finally, in Section 4 we introduce Yetter—Drinfeld relative
Rota—Baxter operators; these generalise relative Rota—Baxter operators on cocommutative
Hopf algebras and, under the assumption of bijectivity, they coincide with the inverse maps
of Yetter—Drinfeld 1-cocycles introduced in [12]. As in the cocommutative case, we can
restrict Yetter—Drinfeld relative Rota—Baxter operators to primitive elements and group-
like elements, obtaining Rota—Baxter operators on Lie algebras and groups, respectively.
We show that a subcategory of bijective Yetter—Drinfeld relative Rota—Baxter operators is
equivalent to the category of Yetter—Drinfeld post-Hopf algebras: given a Yetter—Drinfeld
post-Hopf algebra (H, —) the identity morphism Idy : H — H_. is a Yetter—Drinfeld rel-
ative Rota—Baxter operator and, vice versa, one can induce a structure of Yetter—Drinfeld
post-Hopf algebra on the domain (or codomain) of a bijective Yetter—Drinfeld relative
Rota—Baxter operator. This equivalence passes to cocommutative post-Hopf algebras and
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bijective relative Rota—Baxter operators on cocommutative Hopf algebras. Once the sur-
jectivity of the Yetter—Drinfeld relative Rota—Baxter operators is removed, the equivalence
is replaced by an adjunction and one can recover, in the cocomutative case, the result given
in [21]. Then, the aforementioned correspondence between post-Lie algebras and Rota—
Baxter operators, generalised in [21] for cocommutative Hopf algebras, is now given in
full generality.

Notations and conventions. We denote by k an arbitrary field and all vector spaces will
be k-vector spaces. By a linear map we mean a k-linear map and the unadorned tensor
product ® is the one of k-vector spaces. Algebras over k will be associative and unital and
coalgebras over k will be coassociative and counital. We use symbols like @ and - for the
multiplication of an algebra; equivalently, the multiplication will be denoted by m, m., ma,.
The unit of an algebra A will be denoted by 1 or u : k — A. The comultiplication and the
counit of a coalgebra C will be denoted by A and e, respectively. We will use Sweedler’s
notation for calculations involving the coproduct, i.e. we write A(c) = ¢ ® ¢, forall ¢ € C,
omitting the summation. The antipode of a Hopf algebra will be denoted by S or 7.

2. Preliminaries

In this section, we recall the notions and results that we are going to use throughout the
paper. For more details about Hopf algebras and category theory we refer the reader to
[24,27,29] and [6], respectively.

Post-Lie algebras and relative Rota—Baxter operators. The notion of post-Lie algebra
was introduced in [30] and it has found several interesting applications, such as [7, 10,25].
Recall that a post-Lie algebra (g, [+, -], —) is the datum of a Lie algebra (g, [-,-]) and a
linear map —: g ® g — g such that, for all x, y, z € g, the following equalities hold:

x—‘[y,z]=[x—\y,z]+[y,xéz], (2.1)

(kY] +(x =y -(—=x))—z=x—=(y—=2)-(y—= (x—2). (2.2)

If (g, [+,-]) is abelian, (g, [, -], —) is called a pre-Lie algebra [8]. More precisely, a pre-Lie
algebra (g, —) is just a vector space g equipped with a linear map —: g ® ¢ — g such that

(x=y-(—=x)—=z=x=0—=2)- (= (x—=2).

To any post-Lie algebra (g, [-, -], —) one can associate a Lie algebra g_. := (g, [+, -]—~),
called the subadjacent Lie algebra, where the Lie bracket [-, -] is defined by

[-x’y]g‘ = (X - y) - (y Ax) + [X,)’],

so that (2.1)-(2.2) equivalently mean that g — gl(g),x — (x — (-)) is an action of the Lie
algebra (g, [-, -]—) on the Lie algebra (g, [-, -]). Recently, many studies on the universal
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enveloping algebra of a pre-Lie algebra and a post-Lie algebra were conducted, see e.g.
[11,26].

We also mention that the corresponding notion of post-group was introduced in [4]. It
consists of a group (G, -) equipped with a map —: G X G — G such that, for each a € G,
the map @ — (-) : G — G is an automorphism of the group (G, -), that is

a—(b-c)=(a—>b)(a—c).
Moreover, the following deformed associativity holds:
a—=(b—-c)=(a-(a—=>b)) —c.

As shown in [1], the notion of post-group formalises properties of group-like elements in
the completion of the enveloping algebra of a post-Lie algebra, see also [11]. The category
of post-groups is proven to be isomorphic to the category of skew braces [4, Theorem 3.25].

We also recall that, given an action ¢ : ¢ — Der(b) of a Lie algebra (g, [, -]4) on a
Lie algebra (b, [, -]y), a linear map R : h — g is called a relative Rota—Baxter operator of
weight 1 on g with respect to (}, ¢) if the following condition holds true for all x, y € b:

[R(x), R(y)]g = R(¢(R(x))y = @(R(y))x + [x, y]p).

It was shown in [3] that, given a relative Rota—Baxter operator R : §) — g, the Lie algebra
b inherits a post-Lie algebra structure defined by

x —=y:=¢(R(x))y, forallx,y€el

and, given a post-Lie algebra, the identity map is a relative Rota—Baxter operator on the
subadjacent Lie algebra. Similarly, given an action ¢ : G — Aut(H) of a group G on a
group H,amap R : H — G is called a relative Rota—Baxter operator of weight I on G with
respect to (H, ¢) if

R(h) -G R(k) = R(h -1 ¢(R(h))k), forall h,k € H.

This notion was introduced in [17] and its connection with skew braces was studied in [5].

Yetter—Drinfeld braces and matched pairs. The notion of skew brace was introduced in
[14], generalising that of brace given in [28]. The Hopf-theoretic version of a skew brace,
namely a Hopf brace, was introduced in [2]. Hopf braces are equivalent to bijective 1-
cocycles, see [2, Theorem 1.12]. Moreover, in the cocommutative case, Hopf braces are
also equivalent to matched pairs of Hopf algebras in the sense of [24, Definition 7.2.1] which
satisfy an additional relation (precisely (2.8) below), see [2, Theorem 3.3]. In [12] we have
introduced Yetter—Drinfeld braces, which coincide with Hopf braces in the cocommutative
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case, and in [12, Theorem 3.25] we proved that the category of Yetter—Drinfeld braces is
isomorphic to the category of matched pairs of actions on a Hopf algebra.

Let us recall the notions of Yetter—Drinfeld brace and matched pair of actions on a Hopf
algebra. In order to do this we first recall the definition of Yetter—Drinfeld module:

Definition 2.1. Let (H,e,1,A,€,T) be a Hopf algebra. A (left-left) Yetter—Drinfeld module
on H is the datum of a left H-module V with an action —: H ® V — V, which is also a
left H-comodule with a coaction p : V — H ® V, satisfying the following compatibility
condition:

p(h—v)=hyev_; e¢T(h3) ® (hy — 1p).

A morphism of Yetter—Drinfeld modules is a morphism of both left H-modules and left
H-comodules. We denote by Zy D the category of Yetter—Drinfeld modules over H.

More generally, one can define Yetter—Drinfeld modules over a bialgebra but we will
work with Hopf algebras in the following.

It is known that, see e.g. [27], given any monoidal category (M, ®, 1), one can con-
sider the categories of algebras Mon(M) and coalgebras Comon(M) in M. Once the
category is braided (or even just prebraided) one can also define the categories of bialgeb-
ras Bimon(M) and Hopf algebras Hopf(M) in M.

The category gy D of Yetter—Drinfeld modules over a Hopf algebra H is monoidal
and it is equipped with a prebraiding defined, for all X,Y € gy D, as

cxy  X®Y -YQ®X, x®y— (x_1 = ¥) ®x9
and this is bijective if the antipode of H is bijective, see e.g. [27]. Thus, one can define
Hopf algebras Hopf (Y D) in the category #Y D.

Definition 2.2 ([ 12, Definition 3.16]). A Yetter—Drinfeld brace (or YD-brace) (H,-,e,1,A,€,S,T)
is the datum of a Hopf algebra H* = (H, e, 1,A,¢€,T), a second operation - on H, and a
linear map S : H — H such that:
1) (H,-1,A€S) is in Hopf(H.Y D) with the action — defined by a — b := S(a;) -

(a; e b), and the coaction given by Ady ;

2) ifwedefinea — b :=T(a; — by) e ap e by, the two maps —, — satisfy (2.9);
3) the two operations e and - satisfy the Hopf brace compatibility:
ae(b-c)=(aieb)-S(az)-(azec). (2.3)

Given two Yetter—Drinfeld braces H and K, a morphism of Yetter—Drinfeld braces is a map
f: H — K that is a morphism in Hopf(Vecy) between the respective Hopf algebras in
Vecy, and satisfies

fla-ub)=f(a)k f(b).
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In particular, thisimplies Sk f = f Sy, f ~p=—k (f ® f)and (Adp)x f = (f ® f)(AdL)H.
We denote the category of Yetter—Drinfeld braces by Y DBr(Vecy).

Definition 2.3 (cf. [12, Definition 2.1]). Let H be a bialgebra. A matched pair of actions
(H,—, <) on H is the datum of a left action — and a right action — of H on itself, such
that H is a left H-module coalgebra and a right H-module coalgebra with the respective
actions, and the following conditions hold for all a, b, ¢ € H:

a—1=¢€(a)l, 2.4

1 —a=¢€(a)l, 2.5
a—(b-c)=(a;—by)- ((a2 = b)) = ¢), (2.6)
(a-b) —c=(a~—(by—c1)) (b2 = c2), 2.7
a-b=(ar— b)) (a2 = by). (2.8)

A morphism of matched pairs of actions between (H, =g, —p) and (K, =g, —g) is a
morphism of bialgebras H — K that intertwines the two left actions and the two right
actions, respectively, in the following sense:

fla—=nb)=f(a) =k f(b), fla<nub)=f(a)—k f(b).
The category of matched pairs of actions (in Vecy) is denoted by MP(Vecy).

Given a matched pair of actions (H, —, <) on a Hopf algebra H, the following equality
is always satisfied

(ay — by) ® (a2 = by) = (ar = b2) ® (a; — by), (2.9)

see [12, Corollary 3.7]. Thus, matched pair of actions on a Hopf algebra form a subclass
of matched pair of Hopf algebras in the sense of [24, Definition 7.2.1].

We also recall that in [12, Definition 4.1] we introduced the category of Yetter—Drinfeld
I-cocycles and in [12, Theorem 4.3] we proved that a subcategory of it is equivalent to
the category of Yetter—Drinfeld braces. We will give more details about Yetter—Drinfeld
1-cocycles in the last section.

3. Yetter-Drinfeld post-Hopf algebras

The notion of post-Hopf algebra is introduced in [21, Definition 2.1] and in [21, Theorem
2.7] it is shown that the subspace of primitive elements of a post-Hopf algebra is a post-
Lie algebra. Moreover, in [22, Theorem 2.13] (where [22] is the arXiv version of [21]) it
was also proven that, in the cocommutative case, one can obtain a Hopf brace from a post-
Hopf algebra and vice versa. Here we introduce a generalisation of the notion of post-Hopf
algebra, which we call Yetter—Drinfeld post-Hopf algebra, that coincides with a post-Hopf
algebra in the cocommutative case. The category of Yetter—Drinfeld post-Hopf algebras
will turn out to be isomorphic to the category of Yetter—Drinfeld braces given in [12].
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Definition 3.1. A Yetter—Drinfeld post-Hopf algebra (H, -, 1, A, €, S, —), also denoted
as a pair (H, —), is the datum of an algebra (H, -, 1), a coalgebra (H, A, €), a morphism
S : H — H such that x| - S(x) = S(x1) - xo = €(x) 1y for all x € H and a morphism of
coalgebras —: H ® H — H satisfying the following equalities, for any x,y,z € H:

x=0-2=x =y (x—2), (3.1

x=(=2=-(2—=y)—z (3.2)
Moreover, the morphism a@_. : H — End(H) defined by

(a—x)(y) =x—y, forallx,y € H,

is convolution invertible in Hom(H, End(H)), i.e. there exists a unique morphism S_. :
H — End(H) such that

(@—=xy) o (B=x2) = (B_x1) o (@—x3) = €(x)Idy, forallx € H. (3.3)

Moreover, € is a morphism of algebras, i.e. €(a - b) = €(a)e(b) and €(1y) = 1y, A(1gy) =
1y ® 1y and the following compatibility condition between A and - holds true:

Alx-y) = (xl : (Omxz(ltm(yl)))) ® (x3-y2). (3.4)
Finally, defined
xe_y:=x-(x2 =), (3.5)
S (x) := B-x1(S(x2)), (3.6)
and
x—y:=8_.(x1 = y1)e.xre.y, 3.7

we require that S_. is anti-comultiplicative, i.e. it satisfies AS_.(x) = S_.(x2) ® S_.(x1),
and the pair (—, <) satisfies (2.9).

A morphism of Yetter—Drinfeld post-Hopf algebras from (H,—) to (H’,—") is amorph-
ism of algebras and coalgebras g : H — H’ satisfying

glx —y)=g(x) =" g(y), forallx,yeH. (3.8)

We denote the category of Yetter—Drinfeld post-Hopf algebras and morphisms of Yetter—
Drinfeld post-Hopf algebras by Y DPH(Vecy).

Remark 3.2. We use notations e_. and S_., similarly to those used in [21, Theorem 2.5].
Let us observe that one can recover — as

x=y=8@)-x-(n—y) ESE) - (rey) (3.9)

and rewrite (3.2) as
x—=(y—=z)=(xey —z (3.10)
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Remark 3.3. Suppose H is cocommutative. Then, we obtain

AGx-y) 2 (xl . (a;xz(ﬁéxz;(y])))) ® (x3-y2) = (x] : (anz(ﬁAm(yl)))) ® (x4 - y2)

(3.3)
=" (x1-y1) ® (x2 - y2), ,

hence H becomes a standard Hopf algebra and (H, —) is a post-Hopf algebra, see [21,
Definition 2.1]. Moreover, clearly, (2.9) is automatically satisfied and, as we will observe
later, S_. becomes comultiplicative.

One can prove that the same properties given in [21, Lemma 2.4] hold for Yetter—
Drinfeld post-Hopf algebras. We include the proof for the sake of completeness, showing
that there are no problems with this more general definition.

Lemma 3.4. Let (H,—) be a Yetter-Drinfeld post-Hopf algebra. Then, the following prop-
erties are satisfied, for all x,y € H:

x—=1=€ex)l, 3.11)
1 —=x=x, (3.12)
S(x—=y)=x—=58(0). (3.13)

Proof. Since — is a morphism of coalgebras, we have

xol=@ = Deln= D= =D -(n—=1-Saz—=1 "= (x1 = 1)-Sx = 1)

=e(x =11 =€e(x)1.
By (3.3) we have (@—1) o (B_1) = (B—1) o (a—~1) = Idy, so @_1 is an automorphism
of H with inverse given by S_. 1. Moreover, we have

(1)@ =1=1=0EF 121 =x2"1 2 x= (1)),

hence 1 — x = (a—~1)(x) = x (and so also B_.1 = Id). Finally, we have

S(x —y) =8Sx; — y1)e(x2)e(y2) e2h S(xp = y1) - (x2 = €(y2)1)

=8(x1 = y1) - (x2 = y2- S(y3)) = S(xy = y1) - (x2 = y2) - (x3 = S(¥3))

=€e(x; = y)(x2 = S(y2)) =x — S(y).

Remark 3.5. Given a Yetter—Drinfeld post-Hopf algebra (H, —) we know by definition
that a_. has convolution inverse given by S_.. We prove that @_.S_. is a right convolution
inverse of a—_. in order to obtain 8. = a_.S_.. We compute
(3.2)
a—xi(@=S~(x2)(a)) =x1 = (S=(x2) = a) =" (x1-(x2 = S~(x3))) ~ a
(3.6) (3.3)
= o1+ (e (Brs (S@a) ) = a2 (11 S(2)) — a

3.12
CL» e(x)a,
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thus we get
aS_ =p_.. (3.14)

Remark 3.6. Notice that, from (3.10) and (3.12), we have that H is an object in g_ I, the
category of left H_.-modules. Moreover, from (3.1) and (3.11), we have that (H, -, 1) is in
Mon(z_ ). Recall also that, by definition of Yetter—Drinfeld post-Hopf algebra, — is a
morphism of coalgebras, i.e. (H, A, €) is in Comon(g_ ).

We can prove the following result.

Lemma 3.7. The following equations are satisfied, for all x € H:

Ao (a—x) = (@—x] ® @a—x3) o A, (3.15)
Ao (Box) = (Box2 ® Bxy) 0 A, (3.16)
(a=x)om. =m. o (@_x] @ ®_X2), (3.17)
(B=x)om. =m. o (B_xy ® B_x1). (3.18)

Proof. First we compute

A((@—x)(y)) =A(x = y) = (x1 = y1) ® (x2 = y2) = (@—x1)(y1) ® (@—x2)(y2)
= ((Z;Xl 9 a—\XZ)A(y)’

hence (3.15) holds true. Thus, we have

(0x1 ® —x3) (Bx ® Bx) A(Y) = e(x1)e(x2)A(y) = A(e(x)y)
(33)

=" Ala—x1(B-x2(y)))

C2 (a_x @ amx)ABx3(y),  (3.19)

hence

(1d ® a—x)A(B-x2(») = (Boxia—xs ® @—x3)A(Bx4(y))

(329) (Box1a—x2 ® @—x4)(B-Xx3 ® B_x5)A(y)

(3.3)
=" (Id ®@ a—x3)(B_x| ® B_x3)A(y) (3.20)
and then we obtain

A(B—x)(y) = (1d ® Bxiax2)A(B_x3(y))

C2" (1d @ Bxia—x3) (Bx2 ® Bx4)A()

W (Bxy ® Box))A().

Hence (3.16) is satisfied. Moreover, we have
(@_x)m(a®b)=x — (a-b) =) (x; = a) - (x2 = b) = m.(0—x1 ® @—x2)(a ® b),

s0 (3.17) holds true. The proof of (3.18) is the dual of the proof of (3.16). ]
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Remark 3.8. Notice that

(3.6) (3.16)

A(S—(x)) = AB—x1(S(x2)) (B=x2® B—-x1)A(S(x3)) = B-x2(S(x4)) ® B-x1(S(x3)),

hence the fact that S_. is anti-comultiplicative reads in terms on S_. as:

Bx2(S(x4)) ® Bx1(S(x3)) = Bx3(S(x4)) ® Bx1(S(x2)).

Remark 3.9. Notice that

Box(1) = ﬁéxl(f(xz)l) ﬁ4x1(0mx2(1)) £ f(x)l

and then

Boxa(S(x3)) - By () "= Bxi (S(x2) - x3) = Bx(1) = €(x)1, (3.21)

for all x € H. Observe also that if H is cocommutative we have A o (8_.x) = (B—x] ®
B-x2)A and (B_x) om. =m. o (f_x] ® B_xy) for all x € H and moreover S_. is comul-
tiplicative.

The following result generalises [21, Theorem 2.5], removing the hypothesis of cocom-
mutativity.

Proposition 3.10. Let (H, —) be a Yetter-Drinfeld post-Hopf algebra and define o_. and
S_. asin (3.5) and (3.6), respectively. Then, H_. := (H,e_.,1,A,€,S_.) is a Hopf algebra.
We call H_. the subadjacent Hopf algebra in analogy with [21].

Proof. By definition of Yetter—Drinfeld post-Hopf algebra we already know that A(1y) =
1y ® 1y and €(1gy) = 1x. We show that A and € are multiplicative with respect to e_.:

Alx e y) A(x1 (x2 = y)) L) ( (CY—\XZ(,B—\)M(XS - yl)))) ® (x3 - (x6 = y2))

= x1 - (emr2(Boxa(amxs(3))) ) @ (a3 - (6 = 12))

(- (= y1) @ (x3+ (x4 = ¥2))

= (x1 0~ y1) ® (x2 0 y2)

and
e(rony) el - (2= y)) = e(x)e(xr = y) = e(x1)e(x2)e(y) = e(x)e(y).

We show that (H, e_., 1) is an algebra, so that (H,e_., 1, A, €) is a bialgebra. We have

le_x=1-(1—-x) GL) -X =X, xoé1=x1~(xz—\1)(3;|)x1~6(x2)1=x
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and also

xe_.(ye_.z)=x1-(x2 = (y1-(y2—12))

G.1)
="x1-(x2—=y1) - (a3 = (y2 = 2)

2 0 (= ) (- (o = 32) = 2)

=(x; o~ y1) - ((x20y2) = 2)
=(xe_.y)e_.z

where the last equality follows from the fact that A is multiplicative with respect to e_..
Finally, we prove that S_. is an antipode. We compute

X1 S (v) E k- (= Sm () Exy - (anz(/Lx3(S(x4)))) =x1-S(x2) = €(x)1.

Moreover, since S_. is anti-comultiplicative, we obtain

S_(x1) e xy =S (x1)1 - (S—(x1)2 = x2)
=8~ (x2) - (S~ (x1) = x3)

= Bx2(8(x3)) - (@=S_x1(xs))
(3.14)

=" B_x2(S(x3)) - B-x1(xs)

(z=2]) f(x) 1 ’
hence S_. is an antipode and (H,e_., 1, A, €, S_.) is a Hopf algebra. [

Remark 3.11. Let us observe that, since S_. is an antipode, one can recover - as

aje (S~(az) = b)=ay (a2 — (S~(az) = b)) =a; - (age~ S~(a3) ~b)=a-b.
(3.22)

The relation between post-Hopf algebras and post-Lie algebras given in [21, Theorem
2.7] still remains true for Yetter—Drinfeld post-Hopf algebras as it is written in the following
result.

Proposition 3.12. Let (H, —) be a Yetter—Drinfeld post-Hopf algebra. Then, its subspace
of primitive elements P(H) is a post-Lie algebra.

The proof is exactly the same of [21, Theorem 2.7]. Indeed, this only involves the
equations (3.1),(3.2),(3.11),(3.12) and the fact that — is a morphism of coalgebras. This
shows that the notion of Yetter—Drinfeld post-Hopf algebra is the natural one in the not-
cocommutative setting.

Remark 3.13. A kind of converse of the previous result holds. Indeed, it is known that,
given a post-Lie algebra (g, [, -], =), the map — can be extended to its universal envelop-
ing algebra and induces a subadjacent Hopf algebra structure isomorphic to the universal
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enveloping algebra of the subadjacent Lie algebrag_., see [11, Proposition 3.1 and Theorem
3.4]. In this case, since universal enveloping algebras are cocommutative, the definition of
Yetter—Drinfeld post-Hopf algebra coincides with that of post-Hopf algebra and one can
refer to [21, Theorem 2.8]. Observe also that one can easily obtain examples of cocommut-
ative post-Hopf algebras which do not come from Lie algebras considering group algebras
with action coming from Rota—Baxter operators on the base group, as it is done in [21,
Example 2.11].

Remark 3.14. In [21, Definition 2.3] a post-Hopf algebra (H, —) is called a pre-Hopf
algebraif H is commutative. In this case P(H) results to be a pre-Lie algebra since [x,y] =0
for all x, y € P(H). We will introduce the notion of Yetter-Drinfeld pre-Hopf algebra later
and it will coincide with the notion of pre-Hopf algebra in the cocommutative case.

3.1. Yetter-Drinfeld post-Hopf algebras and Yetter—Drinfeld braces

We are ready to prove that the category of Yetter—Drinfeld post-Hopf algebras is isomorphic
to the category of Yetter—Drinfeld braces. First, we show some preliminary results.

Lemma 3.15. Let (H,—) be a Yetter—Drinfeld post-Hopf algebra and define — as in (3.7).
Then, we have e(a — b) = e(a)e(b) and (ay — by) e (ay — by) =ae_ b.

Proof. We compute
€(a—b)=e(S~(ar—b1)e_are_by)=e(S~(a1—b1))e(az)e(by) =€(a—b) =€(a)e(b)
and also

(a1 = b1) e (az — by) =(ar = b1)e_.S_.(ap — by)e_.aze_. b3

=€e(ay = by)aye_by=ae_b. (]

Remark 3.16. By [12, Lemma 3.6] we have that (2.9) is equivalent to < being a morphism
of coalgebras, i.e. A(a — b) = (a; — by) ® (ap — b;) and also to

(a1 — by) e_. (a3 — b3) ® (ar = by) = (a; e~ b1) ® (a2 — by). (3.23)

Let us also observe that, from the definition of < and the fact that S_. is the antipode of
H_., we obtain

S_.(a — b) = (aj — by) e— S—(bs) e_. S_.(a2). (3.24)

Now, we show that a Yetter—Drinfeld post-Hopf algebra is automatically a Hopf monoid
in the category of (left-left) Yetter—Drinfeld modules over H_..

Theorem 3.17. Given a Yetter-Drinfeld post-Hopf algebra (H, —) one has that (H, —
,Ady) isin Z:y@. Moreover, (H,-,1,A,¢€,S) is in Hopf(H:yZ)).
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Proof. Given the left adjoint coaction Ad;, : H > H..Q H,a+> a; _. S_.(a3) ® a; and
the action —: H_. ® H — H, we verify the compatibility condition:

Adp(a — b) = (a1 — by) e~ S.(az — b3) ® (a2 — b2)

3.24
C2Y (a1 = b1) o (a3 — b3) o S_(bs) o—. S—.(as) ® (az — by)

C27 ) e by e S_(b3) o~ S—.(a3) ® (a2 — by).

Hence, we obtain the braiding operator 0';'; g :H®H — H ® H given by

O'g’g :a®b (a; e S_.(az) = b)®ay.
Let us observe that
(a) o S(a3) = b)®az = (a; = (S~(a3) = b)) ®ar = a~a(@~S5~(a3)(b)) ® az
"= anai(Boas(b) @ @
We compute
(m. ®@m.)(Idg ® o'g’g ®ldy)(A®A)(a®b) = (a) - (@—~az(B-as(b1)))) ® (a3 - ba)

L Am.(a ® b),

thus, since e€(a - b) = e(a)e(b), e(1y) = 1y and A(1y) = 1y ® 1y hold by definition of
Yetter—Drinfeld post-Hopf algebra, the compatibility condition for a bialgebra in Z: YD
is satisfied. By Remark 3.6 we already know that (H, -, 1) is in Mon(g_9I) and (H, A, €)
is in Comon(gy_ ). Moreover, clearly, u, A and € are morphisms in H-9% with respect to
the adjoint coaction Ady,. Hence, we show that also m. is left colinear in order to obtain
that (H, -, 1, A, €) is in Bimon(,;~ Y D). Let us first observe that

(Id® A)A(a - b) = (a; - (@—az(B—as(b1)))) ® Alas - bs)
= (a1 - (@=a2(B=a7(b1)))) ® (a3 - (a—as(B-as(b2)))) ® (as - b3).
From (3.23) we obtain that
(S~ (az) = b1) e~ (S~ (a1) = b3) ® (S~ (a2) = b2) = (S~ (az) e~ b1) ® (S—~(ar) — b2),
which is equivalent to

(a10—(S—(as) = by) e_. (S~(a3z) < b3) e_. S_.(by)) ® (az ®_ (S_(as) = by))
= (a; o~ S_(as) o by e_. S_.(b3)) ® (az e (S—(az) — b2))

C2Y (a) o S_(a3) o by o_ S_.(b3)) ® (a2 - by).
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Moreover, we have

(a1 o~ (S—~(as) = by) e (S~(az) < b3) e S_.(b4)) ® (az e (S—(as) = b))

2 (a1 o (S_(ae) — by) o S_(S—(as) — b3) o S_(a3) e_ by e S_(bs))®

(a2 o (S—(as) = by))

= (a; o~ (S—(ag) = b1) o S_.(S_(as) — b3) e_. S_.(a3)) ® (az e (S—(as) — b))
= (a) o~ (S—(ag) — by) o S_.(az e (S_.(as) = b3))) ® (az o (S_(as) = by))

= (a1 0= (S~ (a2) = b)) o~ S (a1 o= (S (a2) = b)3) ® (a1 o~ (S—(a2) = b)),

22 (a-b)i o~ S.((a-b)3) ® (a- b,

hence we obtain
(a-b)ye_S_.((a b)3)®(a-b)=(aye.S_.(a3)e_bje.S_.(b3))® (az-b),

i.e. m. is left colinear. Thus, (H,-, 1, A, €) is in Bimon(,;,~ Y D). Finally, we already know
that S satisfies a; - S(az) = €(a)ly = S(ay) - ap forall a € H, hence (H,-,1,A,¢€,S) isin
Hopf(;;~ Y D) by [12, Proposition 3.10]. (]

Remark 3.18. If A is cocommutative the braiding a'gzl_), ca®b— a_a(Boasz(b)) ®ar
becomes the canonical flip 7 g and (H, -, 1, A, €, ) becomes a standard Hopf algebra.
We can prove the following result:

Proposition 3.19. Let (H, -, 1,A, €, S, —) be a Yetter—-Drinfeld post-Hopf algebra. Then,
the set of group-like elements G (H) is a post-group.

Proof. We know that A(1g) =1y ® lg and e(1g) = 1y, so 1y € G(H). In order to obtain
that (G(H), -) is a group, we need to prove that G (H) is closed under - and S. Indeed, we
already know that x - S(x) = S(x) -x = 1y for allx € G(H). Since @_. : H — End(H) is
convolution invertible with convolution inverse S_., we obtain (@_x) o (8—x) = (_x) o
(a—x) =1d for all x € G(H) and then, for all x, y € G(H), we have

Ay E (v (emx(Box())) @ () = (0 © (x-3), elxey) =e(e(y) =i,

hence x - y € G(H). Moreover, by Theorem 3.17, we know that (H, -, 1, A, €, S) is in
Hopf(;;~ Y D), hence S satisfies (S ® S)O'%%A =AS and €S = €. Hence, given x € G(H),
we obtain

(S® oy HAX) = (S® 8oy h(x@x) = (S® 8) (a—x(B-x(x)) ®x) = S(x) ® S(x),

o A(S(x)) =S(x) ® S(x) and €(S(x)) = €(x) = 1y and then S(x) € G(H). Thus, (G(H), ")
is a group. Moreover, since — is a coalgebra morphism, for all x, y € G(H) we have

Ax=y)=(xi=yD)®x=yn)=x—=y)0x—=y), ex—=y) =€ex)e@y) =1
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hence we obtain a map —: G(H) X G(H) — G(H). Since (3.1) and (3.2) are satisfied for
all x,y,z € H, we have

x=p-2=x—=y) - (x—2), x=(—2=x-(x—=y)—z

forall x,y,z € G(H). In particular, «_.x : G(H) — G(H) is an automorphism of the group
G (H) for all x € G(H) and then (G(H), -, —) is a post-group. |

Since a Yetter—Drinfeld post-Hopf algebra (H, —) is an object in Mon(Z: YD) we call

it a Yetter—Drinfeld pre-Hopf algebra if H is braided commutative, i.e. m. o o2

H.H =M
which on elements a, b € H reads:

a—aij(B-az(b))-a=a-b.

If H is cocommutative then o2

7 5 = TH.H and the braided commutativity becomes the
classical commutativity.

Remark 3.20. Since a Yetter-Drinfeld post-Hopf algebra (H,—) is an object in Hopf(j;~ Y D),

one can consider the braided commutator [a,b]yp :(=a - b — m.o-fj?l(a ® b) studying
primitive elements. But if a € P(H), recalling that .1 = B_.1 = Idy, we obtain

oy pa®b) =a_1(B-a(b)) ®1+a_1(B_1(b) ®a+a_a(B-1(h)) @

O o S ab)y®1+b®a+aralb)®1

=—a_ab)®1+b@a+a_a(b)® 1
=bQ®a,

hence the braided commutator coincides with the classical one.

Finally, we obtain that any Yetter—Drinfeld post-Hopf algebra provides a Yetter—Drinfeld
brace.

Corollary 3.21. Let (H, —) be a Yetter-Drinfeld post-Hopf algebra. Then, we have that
(H,,e_.,1,A,¢,S,S_.) is a Yetter-Drinfeld brace. This yields a functor F : Y DPH(Vecy) —
Y DBr(Vecy).

Proof. We know that (H,e_, 1,A, €, S_.) is a Hopf algebra by Proposition 3.10 and
(H,-, 1,A,€,S8) is in Hopf(;;~ Y D) by Theorem 3.17, where the coaction is given by
Ady. Moreover, by (3.9) we know that the action — is givenby a — b = S(ay) - (ap o_. b)
and, if we define < as in (3.7), the pair (—, <) satisfies (2.9). In order to conclude that
(H,-,e_,1,A,€,S,5_.) is a Yetter—Drinfeld brace it remains to prove that - and e_. satisfy
the compatibility of Hopf braces:

xe o (y-)=x-(—(-2) Ex (o= (3—2)
=x1-(x2—=y) - S(x3) x4 (x5 = 2)

= (x1 0~ y) - S(x2) - (x3 0 2).
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Letf:(H,-,1,A¢,8,—) > (H',”/,I",A,€',S’,—") be a morphism of Yetter—Drinfeld
post-Hopf algebras. We already know that f is a morphism of algebras and coalgebras, so
we just have to show that it is multiplicative with respect to e_. to obtain that it is a morphism
of Yetter—Drinfeld braces f : (H,-,e_,1,A,¢,5,5.) — (H',/, ¢ ,, 1", N €,5,5 ).
We compute

flaeb)=f(ar - (ay— b)) = flar) - flaz = b) L far) - (fax) = £(b))
= fa) - (f(a)y = £(b)) = f(a) o—r F(D).

Clearly, the assignment F respects identities and compositions. |

We can also prove that any Yetter—Drinfeld brace provides a Yetter—Drinfeld post-Hopf
algebra as follows.

Proposition 3.22. Let (H,-,e,1,A,€,S,T) be a Yetter—Drinfeld brace. Then (H,-,1,A,€,S,—
) is a Yetter—Drinfeld post-Hopf algebra with — defined by

a—b:=S8(a)) (apeb)

and B—a : b+ (T(a) — b), forall a,b € H. This yields a functor G : Y DBr(Vecy) —
Y DPH(Vecy).

Proof. Since (H,-,o,1,A,¢€,S,T) is a Yetter—Drinfeld brace, by definition (H, -, 1, A, €, S)
isin Hopf(g:MD), where H® := (H, e, 1,A,¢,T) is a Hopf algebra, the H®-action and the
H*-coaction on H are givenby a — b := S(ay) - (ap e b) and Adp : a +— a; e T(a3) ® ay,
respectively. In particular, (H, -, 1) is an algebra, (H, A, €) is a coalgebra, S satisfies a; -
S(az) =€(a)l = S(ay) - ap and — is a morphism of coalgebras which satisfies (3.1). From
ai-(ap = b)=aj-S(ay) - (a3 @ b) = a e b, also (3.2) is automatically true as — is an
action. Define (B_.a)(b) :=T(a) — b, for all a, b € H. Hence we have

B-ai(a~ay(b)) =T(ar) = (ay = b) = (T(a1) e az) = b =€(a)l = b =¢€(a)b,

and, similarly, @—.a; (8—az(b)) = €(a)b. So @_. is convolution invertible in Hom(H, End(H))
with inverse given by S_.. Moreover, we already know that € and A are morphisms of algeb-
ras in Z:J/Z), ie. €(a - b) = e(a)e(b), e(1yg) = 1, A(lg) = 1y ® 1y and the following
compatibility condition holds true:

A(a-b) =ay-(azeT(as) = by) ® (a3 - b2). (3.25)

Hence we have

3.25)
Aa-b) "2 ay - (ar = (T(as) = b1)) ® (a3 - by) = (a1 - (@—~az(B—as(h1)))) ® (a3 - b2),
i.e. (3.4) is satisfied. Finally, « e_. b := a; - (ap — b) = a e b and, since a; — T(ay) =
S(ay) - (ap @ T(asz)) = S(a), we obtain

S_(a) "2 pai(S(a2)) =T(a)) = (a3 — T(a3)) = (T(ay) ® az) — T(as) =T(a).
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Hence S_. is anti-comultiplicative and a — b := S_.(a; — b1) e ar e_. by =T(a; —
b1) e ay e by. Thus, by definition of Yetter—Drinfeld brace, the pair (—, <) satisfies (2.9)
and (H, —) is a Yetter—Drinfeld post-Hopf algebra.

Let f:(H,-,o,1,A,¢,5,T) —» (H',”,¢,1",A, ¢, 5", T") be a morphism of Yetter—
Drinfeld braces, so f : (H,e,1,A,€,T) — (H',o’,1",A’,€’,T’) is a morphism of Hopf
algebras and satisfies f(a - b) = f(a) -’ f(b) and fS = S’ f. We prove that f(a — b) =
f(a) =" f(b),sothat f: (H,-,1,A,€,S,—) — (H',”/,1",N',€,S’,—’) is a morphism
of Yetter—Drinfeld post-Hopf algebras:

fla—b)=f(S(a) - (azeb)) = f(S(a1)) " flazeb) =5(f(a1)) " (f(az) " f(b))
=8 (f(a)) " (fla) o f(b) = f(a) =" f(b).

Clearly, the assignment G respects identities and compositions. ]

Remark 3.23. The previous proof also shows that the subadjacent Hopf algebra of the
Yetter—Drinfeld post-Hopf algebra (H, -, 1, A, €, S, —), where the latter is obtained from
the Yetter—Drinfeld brace (H, -, e, 1,A, €, S,T),is given by the Hopf algebra (H,e,1,A,€,T).
Then FG = 1d. Moreover, given a Yetter—Drinfeld post-Hopf algebra (H, -, 1,A, €, S —)
and the Yetter-Drinfeld brace F((H,—)) = (H,-,e_.,1,A,€,5,5_.),then GF((H,—)) is
the Yetter—Drinfeld post-Hopf algebra (H, -, 1, A, €, S, —’) where

a—"b:=5(a)) (ape_~b)=S(a1)-ar (a3 = b)=a—b.
Hence GF = Id and we obtain the following result.

Corollary 3.24. The categories Y DPH(Vecy) and Y DBr(Vecy) are isomorphic.

By [12, Theorem 3.25] we know that the category Y DBr(Vecy) is isomorphic to the
category MP(Vecy) of matched pairs of actions. Thus, we also obtain the following result.

Corollary 3.25. The categories Y DPH(Vecy) and MP(Vecy) are isomorphic. Explicitly,
from a Yetter-Drinfeld post-Hopf algebra (H,-, 1, A, €, S, —) one obtains a matched pair of
actions (H_., —, <) on the subadjacent Hopf algebra H_., where — is defined as in (3.7).
Conversely, given a matched pair of actions (H,—, —) on a Hopf algebra (H,e,1,A,€,T)
one obtains a Yetter—Drinfeld post-Hopf algebra (H,-,1,A,€,S,—) where a-b :=a; e
(T(az) = b) and S(a) :=a; — T(ay).

The previous result generalises [21, Corollary 4.5].

To end this subsection we make a connection with braiding operators. It is known that
matched pairs of actions on cocommutative Hopf algebras, braiding operators on cocom-
mutative Hopf algebras and cocommutative Hopf braces are equivalent [16]. Moreover,
in [15, Theorem 6.34] the category of Yetter—Drinfeld braces is proven to be isomorphic
to the category of braiding operators on Hopf algebras [15, Definition 5.1]. Hence, from
Corollary 3.24, we obtain the following:
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Corollary 3.26. The category Y DPH(Vecy) is isomorphic to the category of braiding
operators on Hopf algebras.

Let us recall the definition of braiding operator on a Hopf algebra H as stated in [20,
Definition 3.1]. It consists of a coalgebra morphism r : H ® H — H ® H such that:
1) mr=m,
i) r(m®Id)=Idem)(rId)(Id®r),
i) r(Idem)=meIld)(Id®r)(r ® 1d),
iv) r(u®ld) =Id®u,
v) r(Id®u)=u®Id,

where m and u denote the multiplication and the unit of H, respectively.

In [15, Theorem 5.27] it is proved that braiding operators on Hopf algebras provide
solutions of the braid equation. Thus, as it is shown in [20, Theorem 3.2], matched pairs
of actions on Hopf algebras (H, —, <) provide solutions of the braid equation r (x ® y) :=
(x1 = y1) ® (x2 < y3). This result extends [2, Corollary 2.4], obtained under the cocom-
mutativity assumption. Therefore, from Corollary 3.25, we obtain:

Proposition 3.27. Let (H,-,1,A,€,S,—) be a Yetter-Drinfeld post-Hopf algebra. Then
rrH®H > H®H, xQyr (x| = y1)® (x2 — y3) (3.26)

is a solution of the braid equation, where — is defined as in (3.7). More explicitly, we have

r(x®@y)=(x1—=y1)® (/J’A (x4 = y4) (x5 = S(y5)) - B (x3 = ¥3) (x6) - B~ (x2 = y2) (x7 = y6)),
where B_. is the convolution inverse of @—_.

Proof. We compute

3.7
(x1 = y1)®(x2 = y2) =

(3.5)

) (x1=y)® (Sé(xz — y2) e xze_. y3)
=) (01 =y @ (S (3 = y2) - (S (2 = y2) = (- (x5 = ya)
(s

3.

=" (x1 = y1) ® (S~ (x4 — y4) - (S=(x3 = y3) = x5)-

(S (x2 = y2) = (x6 = ys)))
=@ —=y)® (SA(M = y4) @S (x3 = y3)(x5) - @S (x2 — y2)(xg — )’5))

P27 = ) @ (S (e = ) - B (a3 = 3)(x3) - B (32 = ) (%6 = ¥5))

COLI (1) = 31) @ (B (s = ya)(xs = S(35)) - B (13 = y3) (x6)
B—(x2 = y2)(x7 = y6))

where B_. is the convolution inverse of @_.. ]
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3.2. Examples of Yetter—-Drinfeld post-Hopf algebras

By Proposition 3.22 we can use Yetter—Drinfeld braces to provide examples of Yetter—
Drinfeld post-Hopf algebras. In [12, Section 6] some examples of Yetter—Drinfeld braces
are given, using matched pairs of actions coming from coquasitriangular structures R
(we refer the reader to [24] for coquasitriangular Hopf algebras). In this case, as it is
said in [12, Remark 5.7], the structure (H, -, 1, A, €, S) results to be the transmutation of
(H,o,1,A,€,T,R), see [24, dual of Example 9.4.10], [23]. Hence, translating [ 12, Theorem
5.6] into our setting we get the following result.

Lemma 3.28. Let (H,e,1,A,€,T,R) be a coquasitriangular Hopf algebra. Define - and
S as

a-b:=aje bR (T(az) ® by « T(b3)), S(a) :=R(a; ® as)T(a4)R(az ® T(a3)),

forall a,b € H, where R~1 denotes the convolution inverse of R: H® H — k. Then, we
have that (H, -, 1, A, €,S,—) is a Yetter—Drinfeld post-Hopf algebra where — is defined by

a—b:=bR (a®b; eT(h3))
and B_a : b+ byR™ (T (a) ® by e T(b3)).

In the examples of [12, Section 6], the morphisms — are explicitly computed, hence
we just have to collect the results writing them in terms of the - operation. We will only
explain the structures (H, -, 1, A, €, S, =), saying which standard Hopf algebras they are
the transmutation of, without indicating the R structures; the standard Hopf algebras cor-
respond to the subadjacent Hopf algebras. We refer the reader to [12, Section 6] for more
details above the following examples.

Example 3.29. Let k be a field of char(k) # 2 and the algebra (H, -, 1) generated by g, x
modulo the relations

g-g=1, x-x=kl-kg, x-g=g-x,
where k € k. Define A, € and S on g and x as
A(g)=g®g, AX)=x®1+g®x, €(g)=1x, €(x)=0, S(g) =g Skx)=-x-g.

We have that (H, -, 1, A, €, S) is the transmutation of the Sweedler’s Hopf algebra Hy, see
[12, 6.1]. Moreover, (H,-, 1,A, €, S,—) is a Yetter—Drinfeld post-Hopf algebra, where —
is given as in the following left diagram and a_. has convolution inverse S_. explained in
the right diagram.

— ‘ 1 g X X-g B ‘ 1 g X X-g
1 1 g x xX-g 1 1 g X xX-g
g |1 g —X —X-g g |1 g —x —X-g
X 0 0 k(1-g) k(g-1 X 0 0 k(g-1) k(1-g)
x-g10 0 k(g-1) k(1-g) x-g 10 0 k(g=1) k(l-g)
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Let us observe that post-Hopf algebra structures on the Sweedler’s Hopf algebra are classi-
fied in [21, Example 2.12]. The Sweedler’s Hopf algebra is not cocommutative and indeed
the post-Hopf algebra structures generally differ from the previous Yetter—Drinfeld post-
Hopf algebra structures, in which H is a Hopf monoid in the category of Yetter—Drinfeld
modules and not a standard Hopf algebra.

Example 3.30. Letk be a field of char(k) # 2. For a fixed 1 < n € N, consider the algebra
(H,-, 1) generated by g, x1, . .., x, subject to the relations

g-8=1, xi-xj+xj-x;,=2A;;(1-¢), xi-g=g-x;,

where A = (A;;);; is an n X n symmetric matrix with entries in k. Define A, € and S on
g,x; as

A(g)=g®g, Ax)=x;®1+g®x;, €(g)=1x, €(x;)=0, S(g)=g, S)=-x;g.

In case n = 1 we recover the previous example. We have that (H, -, 1, A, €, S) is the trans-
mutation of the Hopf algebra E (n), see [12, 6.2]. Moreover, (H, -, 1,A,€,S,—) is a Yetter—
Drinfeld post-Hopf algebra, where — and S_. are defined by the following tables.

- |1 g Xj xj-8 B~ |1 ¢ Xj Xj- 8

1 1 g X; Xj- g 1 1 g Xj Xj-g

g 1 g —X;j —Xj- g g 1 g —Xj —Xj-g

xi |0 0 A (l-g) Aij(g-1 xi |0 0 A (g-1) Aj;(1-g)
xi-g 0 0 Ajg-1) Aj;(1-g) xi-g |0 0 Ajg-1) Aj;(1-g9)

Example 3.31. Let 0 # ¢ € C and consider the C-algebra (H, -, 1) generated by a, b, ¢, d
modulo the relations

a-b=qg*b-a, b-c—c-b=(¢g*-1)(a-a-a-d),
a-c=q%c-a, b-d—d-b=(¢*>-1a-b,
a-d=d-a, c-d-d-c=(1-q¢%c-a,

anda-d—q ?c-b=1.Define A, eand Sona,b,c,d as
Aab_ab@ab a by (1 0
c dl " \e d/®\c 4> e a)Tlo 1

S (a b) _ (q‘zd +(1-¢g%a —q‘zb)

and

c d -q7%¢ a

We have that (H, -, 1, A, €, S) is the transmutation of the Hopf algebra SL,, (2), see [12, 6.3].
Moreover, (H, -, 1,A,€,S,—) is a Yetter—Drinfeld post-Hopf algebra where — is given as
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in the following diagram.

— ‘ a b c d
a a q'b qc d
b | (1-¢gHb 0 q(l-g*(d-a) (1-¢*b
c 0 0 0 0
d a qb g 'c d

Moreover, a—. has convolution inverse S_. given as in the following diagram.

B— ‘ a b c d

a a gb q ¢ d

b | q(¢g*-Db 0 (1-¢*)d-a) -q(1-¢*)b
c 0 0 0 0

d a g 'b qc d

Example 3.32. Let k be an algebraically closed field of char(k) # 2. Consider the algebra
(H,-, 1) generated by a, b, ¢, d modulo the relations

a-a=d-d, c-c:aﬁ_1b~b, c-b=b-c, a-d=d-a,
a-b=b-a=a-c=c-a=b-d=d-b=c-d=d-c=0,

where a, 8 € k. Define A, e and Son a, b, ¢, d as
A a by (a b ® a b . a by (1 0
¢ dl \e¢ d c d|’ c dl\o 1

g[® b\ _ @*B(a-d*)  a*(b*-0)
c d) \ a*(b-c? a?Bd-ad?))]’

and

We have that (H, -, 1, A, €, S) is the transmutation of the Suzuki Hopf algebra Ai”z", see

[12, 6.4]. Moreover, (H, -, 1,A, €, S,—) is a Yetter—Drinfeld post-Hopf algebra where —
is given as in the following diagram, which coincides also with the diagram of 5_..

- ‘ a b c d
a|d o 'Bc af'b a
b |0 0 0 0
c |0 0 0 0
d|d aB'c a'Bb a

Remark 3.33. Notice that, starting from a Hopf algebra (H, e, 1, A, €,T), one can obtain a
Yetter—Drinfeld brace through the matched pair of actions (—, <) given by the left adjoint
actiona — b :=aj e b e T(ay) and the right trivial action a — b := ae(b) asin [12, Lemma
3.22]. Hence, one obtains a Yetter—Drinfeld post-Hopf algebra (H, -, 1, A, €, S, —) where -
and S are defined by

a-b:=ayeT(az)ebeT(T(ay)), S(a) :=ay eT(az)eT(ay).
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Recall that B_.a : b — (T (a) — b). This can be a way to produce other examples of Yetter—
Drinfeld post-Hopf algebras, which are not post-Hopf algebras in general.

4. Yetter-Drinfeld relative Rota—Baxter operators

The notion of Rota—Baxter operator on a cocommutative Hopf algebra H was introduced
in [13] as a morphism of coalgebras R : H — H satisfying

R(x)R(y) = R(xjad. (R(x2) ® ¥)) = R(x;R(x2)yS(R(x3))) forallx,y € H,

where ady, denotes the left adjoint action H ® H — H,x ® y — x1yS(x7), then generalised
for arbitrary actions with the notion of relative Rota—Baxter operator on a cocommut-
ative Hopf algebra [21, Definition 3.1]. Moreover, in [21, Theorem 3.4] an adjunction
between the categories of relative Rota—Baxter operators on cocommutative Hopf algebras
and cocommutative post-Hopf algebras was provided.

Remark 4.1. In [21, Definition 3.1] H and K are cocommutative Hopf algebras and K
is also an object in Bimon(gy¥t) (where the braiding considered for I is given by the
canonical flip, which corresponds to the quasitriangular structure 1 7 ® 1y on H). But then,
mimicking the proof of [12, Proposition 3.10], one obtains that S is in g9, hence K is
actually an object in Hopf (5 It).

We introduce a generalisation of the notion of relative Rota—Baxter operator, which
we call Yetter-Drinfeld relative Rota—Baxter operator. A subcategory of the category of
bijective Yetter—Drinfeld relative Rota—Baxter operators will turn out to be equivalent to
the category of Yetter—Drinfeld post-Hopf algebras.

Definition 4.2. Let H be a Hopf algebra and K be an object in Bimon(#Y D), and let the
action of H on K be denoted by —. A coalgebra morphism R : K — H is called a Yetter—
Drinfeld relative Rota—Baxter operator on H with respect to (K, —) if the following
equalities hold, for all a, b € K:

R(a) - R(b) = R(ai1 - (R(a2) — b)), 4.1

SuR(R(a) = b1)-R(az) - R(b2) ® R(R(a3) — b3) =
SuR(R(a2) = b2) - R(az) - R(b3) ® R(R(a1) = b1).  (4.2)
A morphism of Yetter—Drinfeld relative Rota—Baxter operators from R : K — H to R’ :
K’ — H’ is a pair of morphisms of algebras and coalgebras (f : H —» H',g : K — K’)
such that
fR=Rg, g—=="(feg). 4.3)

The category of Yetter—Drinfeld relative Rota—Baxter operators and morphisms of Yetter—
Drinfeld relative Rota—Baxter operators will be denoted by Y DrRB(Vecy).
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Remark 4.3. Since R(1k) is a group-like element in G(H), it has inverse (given by
SuR(1k)). Moreover, from (4.1) we have

R(1g) - R(1g) = R(1g - (R(1g) — 1k)) = R(e(R(1k))1x) = R(1k),
hence R(1g) = 1g.

Remark 4.4. Notice that, if K is cocommutative, then (4.2) is automatically satisfied.
Moreover, if R : K — H is bijective, the cocommutativity of K induces the cocommut-
ativity of H (and vice versa). We point out that a subcategory of bijective Yetter—Drinfeld
relative Rota—Baxter operators will turn out to be equivalent to the category of Yetter—
Drinfeld post-Hopf algebras and (4.2) will correspond to (2.9).

Even when R is bijective, the morphism R~ Sy R is not an antipode for K in general,
since R is not a morphism of algebras, but we can equip K with an antipode in the following
way.

Lemma4.5. Let R : K — H be a bijective Yetter-Drinfeld relative Rota—Baxter operator.
Then, the morphism Sk : K — K, a — (R(a;) — R 'Sy R(ay)) satisfies Sk (a1) - ay =
€(a)lg = ay - Sk (az). As a consequence, K is an object in Hopf(gyl)).

Proof. First, we compute
R(ar - Sk(a2) = R(a1 - (R(@2) = R'SuR(@3))) = R(ar) - RR™' Sy R(az)
=R(a): - Su(R(a)2) = €(R(a))1n = €(a)ln,

so that a1 - Sk (a2) = €(a)1 . Moreover, using that — is multiplicative, we also have
R(SuR(a) = (Sk(a2) - a3)) = R((SuR(an) = Sk(a2) - (SuR(a)s = a3))
= R((SHR(az) — Sk(a3)) - (SuR(ay) — a4))
= R((SuR(a2) = (R(az) = R™'SuR(ay)) - (SuR(a1) = as))
= R(R7'SuR(@) - (SuR(a1) = )
= R(R‘ISHR(al)I (R(R™'SyR(ar)) — ag))

= RR™'SyR(a1) - R(az) = Su(R(a)1) - R(a)2

e(a)ly

so that SyR(a;) — (Sk(az) - a3) = €(a)l k. Then, we obtain

Sk (a1) -az = R(a1) = (SuR(az2) = (Sk(a3) - a4)) = R(a1) — €(az)1x = €(R(a)) 1k

=e(a)lg

and so K is an object in Hopf (}].¥ D) by [12, Proposition 3.10]. (]
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We denote by BY DrRB(Vecy) the category of bijective Yetter—Drinfeld relative Rota—
Baxter operators.

Remark 4.6. We have shown that every bijective Yetter—Drinfeld relative Rota—Baxter
operator R : K — H is such that K is in Hopf (gy D). Clearly, one can deduce the same for
Yetter—Drinfeld 1-cocycles in the sense of [ 12, Definition 4.1], so that (20) in [ 12, Definition
4.1] becomes redundant. We have that R is a bijective Yetter—Drinfeld relative Rota—Baxter
operator if and only if R™! is a Yetter-Drinfeld 1-cocycle in the sense of [12, Definition
4.1]; this result generalises [31, Proposition 3.18].

Moreover, denoting by C the full subcategory of Y DrRB(Vecy) whose objects are
Yetter—Drinfeld relative Rota—Baxter operators R : K — H such that K is in Hopf (].Y D),
the category BY DrRB(Vecy) is a subcategory of C.

A Yetter—Drinfeld relative Rota—Baxter operator naturally induces relative Rota—Baxter
operators on the group G (H) and on the Lie algebra P(H).

Proposition 4.7. Let R : K — H be a Yetter—Drinfeld relative Rota—Baxter operator on H
with respect to (K, —). Then, the following statements hold:

1) R|gk) : G(K) — G(H) is a relative Rota—Baxter operator on the group G (H) with
respect to (G(K), —),

2) Rlpk) : P(K) — P(H) is a relative Rota—Baxter operator on the Lie algebra P(H)
with respect to (P(K), —).

The previous result generalises [21, Theorem 3.2] and it has the same proof, which only
uses (4.1) and the fact that R is a morphism of coalgebras. Hence, Yetter—Drinfeld relative
Rota—Baxter operators are natural candidates in a not-cocomutative setting.

4.1. Connection with Yetter—Drinfeld post-Hopf algebras

A Yetter—Drinfeld post-Hopf algebra produces a Yetter—Drinfeld relative Rota—Baxter oper-
ator, as it is shown in the following result that generalises [21, Proposition 3.3] removing
the hypothesis of cocommutativity.

Proposition 4.8. Let (H, —) be a Yetter-Drinfeld post-Hopf algebra and H_. the sub-
adjacent Hopf algebra defined in Proposition 3.10. Then, the identity map Ildyg : H —
H_. is a (bijective) Yetter—Drinfeld relative Rota—Baxter operator on H_. with respect to
(H,—). Moreover, if g : (H,—) — (H',—") is a morphism of Yetter—Drinfeld post-Hopf
algebras, then (g : H.. — H' ,, g : H — H’) is a morphism of Yetter—Drinfeld relative
Rota—Baxter operators from Idg : H — H_. to Idyg : H' — H'_,. This yields a functor
L : YDPH(Vecy) — Y DrRB(Vecy).

Proof. For any a,b € H, we have

Idy(a) e— Idy(b) =ae_ b = a; - (ay = b) = Idy(a; - (Idy (a2) — b))
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so (4.1) holds true. Moreover, also (4.2) is satisfied:

S_Idg(Idg(ar) — by) e Idy(az) e Idy(b2) ® Idy (Idg (a3) — b3) =
=S.(a; = by)e_are_.by® (a3 — b3)

37
=" (a1 = b1) ® (a2 — by)

29
@ (az = b2) ® (a1 — by)

D S_(ay = by)e_aze_.b3®(a; — by)

= S_Idg(Idp(az) — b2) e Idp(az) e~ Idp (b3) ® Idg (Idy (a1) — by).

Thus, Idy : H — H_. is a (bijective) Yetter—Drinfeld relative Rota—Baxter operator on H_.
with respect to (H, —).

Letg: (H,,1,A¢,S,—) = (H',”,1",A',€',5",—") be a Yetter—Drinfeld post-Hopf
algebra morphism, i.e. g : H — H’is amorphism of algebras and coalgebras which satisfies
g —=—"(g®g).Clearly, the pair (g : H_. — H'’_,,g : H — H’) satisfies (4.3). Moreover,
we have

glroy) = g(x - (a—= ) =gx1) gl = y) =g(x1)  (g(x2) = g(»)) =g(x) o—r g(y).

s0 g is also a morphism of algebras from H_. to H’, and the pair (¢: H. > H' ,,g: H —
H’) is a morphism of Yetter—Drinfeld relative Rota—Baxter operators from Idy : H — H_.
toIdy : H — H’_,. Clearly, the assignment L respects identities and compositions. =

Remark 4.9. The previous result can also be deduced in the following way.

Given a Yetter—Drinfeld post-Hopf algebra (H, —), one obtains the Yetter—Drinfeld brace
(H,-,o_,1,A,¢,5,5_.) asin Corollary 3.21. Then, from [12, Theorem 4.3 (ii. to i.)], one
obtains the Yetter—Drinfeld 1-cocycle Idy : H_. — H, hence the Yetter—Drinfeld relative
Rota—Baxter operator Idg : H — H_..

We can use Proposition 4.8 to obtain examples of Yetter—Drinfeld relative Rota—Baxter
operators.

Example 4.10. In Examples 3.29, 3.30, 3.31 and 3.32 we obtained Yetter—Drinfeld post-
Hopf algebras that coincide with the transmutation of the Sweedler’s Hopf algebra Hy, the
Hopf algebras E(n), the Hopf algebra SL, (2) and the Suzuki Hopf algebra A;’:;, respect-
ively. We denote them as Hy, M ,SL4(2) and Ar; Therefore, using Proposition 4.8, we

obtain that

Id: Hy > Hs, 1d:E(n) > E(n), 1d:SLg(2) - SL,(2), Id: AIV;; - A;’”;

are all examples of Yetter—Drinfeld relative Rota—Baxter operators.

Let D be the full subcategory of BY DrRB(Vec,) whose objects are bijective Yetter—
Drinfeld relative Rota—Baxter operators R : K — H such that K has coaction given by
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(Idg ® R ‘I)Ad? R, where Adf denotes the left adjoint coaction on H (equivalently, R :
K — H is left H-colinear by considering H equipped with Adf ).

Remark 4.11. If H is cocommutative then Adf is the trivial H-coaction on H and so
the previous H-coaction on K is trivial. Hence, in this case, o-,{,zg becomes the canon-
ical flip 7x_x and K becomes a standard (cocommutative) Hopf algebra (and an object in
Hopf (xzIM)). Thus, the subcategory of O whose objects R : K — H are such that H is
cocommutative coincides with the category of bijective relative Rota—Baxter operators on
cocommutative Hopf algebras, see [21, Definition 3.1].

As it is shown in the following result, we can build a functor M : D — Y DPH(Vecy).

Proposition 4.12. Let R : K — H be a bijective Yetter—Drinfeld relative Rota—Baxter oper-
ator on the Hopf algebra (H, -, 1, A, €, S) with respect to (K, —), where K is in TIN with
coaction given by (Idg ® R‘I)Ade. Then, (H, g, 1,A, €, Sgr, —R) is a Yetter—Drinfeld
post-Hopf algebra where -g and Sg are defined, for all a,b € H, by

a-gb=R(R"(a) xk R\ (b)),  Sr(a):=R(ai — R'S(a2)) (4.4)

and — R is defined by
a —g b:=R(a — R (b)).

Proof. Given a bijective Yetter—Drinfeld relative Rota—Baxter operator R : K — H, we
obtain a Yetter—Drinfeld 1-cocycle R™! : H — K. Thus, we can apply [12, Theorem 4.3
(i. to ii.)] obtaining a Yetter—Drinfeld brace (H, ‘g, -, 1, A, €, Sg, S), where -g and Sg are
defined as in (4.4). Then, by Proposition 3.22 we have that (H, g, 1, A, €, Sg, —=Rr) is a
Yetter—Drinfeld post-Hopf algebra where — is defined by

a =g b:=Sg(ar) & (az-b) = R(a; = R™'S(az)) g (a3 - b)
- R(R_IR(al — R'S(a2)) -x R (a3 - b))
2 R((ar = R'S(a2)) -k R (@) & (as = R7' (1))
= R(Sk(R™ (@) x R (@2) -« (a3 = R™ (1))

(f(al)lK ‘k (a2 — R_l(b)))
(a =R (D)),

R
R
where the equality marked with (!) follows using that R™! is a Yetter—Drinfeld 1-cocycle.

Remark 4.13. Since we know that (H, ‘g, -, 1, A, €, Sg, S) is a Yetter—Drinfeld brace we
immediately have that H™ := (H, -, 1, A, €, S) is the subadjacent Hopf algebra of (H, g, 1,A, €,SR),
so that (H, g, 1, A, €, Sg) is an object in Hopf(#. Y D).
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Let us observe that the functor L given in Proposition 4.8 goes into the category D. In
analogy with [12, Theorem 4.3], using functors L and M, we obtain the following result.

Corollary 4.14. The category Y DPH(Vecy) and the subcategory D of BY DrRB(Vecy)
are equivalent.

Proof. LetR : K — H be an objectin D. Then, by Remark 4.13, LM ((R : K — H)) is the
Yetter—Drinfeld relative Rota—Baxter operator Idy : (H, g, 1,A,€,Sg,—r) — (H,-,1,A€,5).
Since Idy (a) =g R(b) = R(a — R™'R(b)) = R(a — b) and R is a morphism of algebras
with respect to the new algebra structure (H, -g, 1), we have that (Idg, R) is an iso-
morphism of Yetter—Drinfeld relative Rota—Baxter operators between R : K — H and
LM((R : K — H)) (and it is clearly natural). Hence LM = Id. On the other hand

ML((H,-1,A, €S, —)) = M(IdH C(H, 1A 6,8, —) — (H, o, 1,A €, SA))
=(H,,1,A eS8, —),

since a; — S_.(az) = a—a|(B-az(S(a3))) = S(a). Thus ML =1d. [ ]

Restricting the previous equivalence, we obtain an equivalence between cocommutative
post-Hopf algebras and bijective relative Rota—Baxter operators on cocommutative Hopf
algebras.

Remark 4.15. If we restrict the functor L to cocommutative Yetter—Drinfeld post-Hopf
algebras we recover the functor given in [21, Proposition 3.3] from the category of cocom-
mutative post-Hopf algebras to the category of (bijective) relative Rota—Baxter operators on
cocommutative Hopf algebras. Moreover, in [21, Theorem 3.4] it is proven that this functor
has a right adjoint. We want to recover this result from a different equivalence between the
category of Yetter—Drinfeld post-Hopf algebras and the subcategory D of the category of
bijective Yetter—Drinfeld relative Rota—Baxter operators.

Given a bijective Yetter—Drinfeld relative Rota—Baxter operator R : K — H in D, we
want to induce a structure of Yetter—Drinfeld post-Hopf algebra on K.

Proposition 4.16. Let R : K — H be an object in D. Then, (K, —R) is a Yetter—Drinfeld
post-Hopf algebra where — g is given by
a—rb:=R(a) — b, foralla,b € K. 4.5)

LetR:K — Hand R’ : K’ — H' be objectsinD and (f : H— H’,g : K — K’) amorphism
between them. Then, g is a morphism of Yetter—Drinfeld post-Hopf algebras from (K, —Rg)
to (K',—"%,). This yields a functor R : D — Y DPH(Vecy).

Proof. Let us observe that —=g:=— (R ® Idg). Thus, since R and — are morphisms of
coalgebras, also — g is a morphism of coalgebras. Moreover, we already know that (K, -, 1)
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is an algebra and (K, A, €) is a coalgebra and Sk : K — K satisfies a; - Sx (az) = €(a)lg =
Sk (ay) - ay, for all k € K. Moreover, since — satisfies (3.1), the same holds for —g:

a—g(b-c)=R(a)— (b-c) = (R(ar) = b) - (R(az) — ¢) = (a1 =g b) - (az =g ©).

We already know that — is an H-action on K, so also (3.2) is satisfied:

4.1
a—g (b =g c)=R(a) = (R(b) = ¢) = (R(a) - R(b)) = ¢ ‘=  R(a1 - (R(az) = b)) — ¢
= (ay - (ap =r b)) —=r c.
Forall a,b € K, define (B—,a)(b) := Su(R(a)) — b, so that
B-rai(a—zaz(b)) = SuR(a;) = (R(az) = b) = (Su(R(a1)) - R(az)) —= b
=¢e(R(a))l —= b =€(a)b,
hence (B ai1) o (@~ a2) = €(a)ldk for all a € K. Similarly, (e~ a;) o (B~pa2) =
€(a)ldk, for all a € K. We already know that e(a - b) = e(a)e(b) forall a,b € K, e(1g) =
Iy and A(lg) = 1 ® 1. Moreover, since K is in Bimon(z]y@) and it is in 79 with
(Idg ® R™")Ad¥ R, we have
o R (a®b) = (R(a) - Su(R(a3)) = b) ® ay,
so that
Ala-b) = (mem)(Idk ® of 2 @ 1dx)(A® A)(a ® b)

=ay - (R(a2) - Su(R(a4)) = b1) ® (a3 - by)

=a; - (R(az) = (Su(R(as)) = b1)) ® (a3 - by)

=ay - (@—ra2(B=gas(b1))) ® (a3 - by), ,
hence (3.4) holds true. Furthermore, (3.5) and (3.6) become

ae_pbi=ay- (a3 =g b)=as (R(a) — b) "=’ R"\(R(a) - R(D))

and
S—r(a) = p-rai(Sk(az)) = Su(R(a1)) — Sk(az).
But, by Lemma 4.5, we know that S (a) = R(a;) — R™'SyR(a») and then

S_p(a) =Su(R(ar)) = (R(az) = R™'SyR(a3)) = (Su(R(a1)) - R(az)) = R™'SuR(a3)
=R 'SyR(a).

Thus,S—., =R~ 1Sy R and, since R and R~! are comultiplicative and S is anti-comultiplicative,
S_., 1s anti-comultiplicative. Finally, (3.7) becomes

a —R b= S_\R([ll —R bl) o_.,ar e ., b2
= R (RS, (a1 = b1) - R(a2) - R(2))

= R™(SuR(R(a1) = b1) - R(a2) - R(b)).
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So, we can compute

(a1 —r b1) @ R(az =g b2) = R (SuR(R(a1) = b1) - R(a2) - R(b2)) @ R(R(az) = b3)
2R (SuR(R(a2) = b2) - R(a3) - R(bs)) @ R(R(ar) = b1)
= (a2 “—r b2) ® R(a1 —r by).

Thus, since R is injective, also (2.9) is satisfied and (K, —g) is a Yetter—Drinfeld post-Hopf
algebra.

Let (f:H — H’,g: K — K’) be amorphism of Yetter—Drinfeld relative Rota—Baxter
operators from R : K — H to R’ : K’ — H’.In particular, g is a morphism of algebras and
coalgebras; moreover it satisfies

g(a =g b) = g(R(a) = b) = f(R(a)) =" g(b) = R'(g(a)) =’ g(b) = g(a) =% g(b),

so g is a morphism of Yetter-Drinfeld post-Hopf algebras from (K, —g) to (K’, —%,).
Clearly, the assignment R respects identities and compositions. ]

Hence, using the functors L and R, we obtain another equivalence between Y DPH (Vecy)
and the subcategory D of BY DrRB(Vecy) which again restricts to an equivalence between
cocommutative post-Hopf algebras and bijective relative Rota—Baxter operators on cocom-
mutative Hopf algebras.

Corollary 4.17. The categories Y DPH(Vecy) and D are equivalent.

Proof. Givena Yetter—Drinfeld post-Hopf algebra (H, —), we have RL((H,—)) =R(ldp :
H — HA) = (H,—), so RL =Id. On the other hand, given R : K — H in D, we have

LR((R: K — H)) = L((K, —g)) = (ldg : (K, —g) — Kg).

The pair (R~ : H — Kg,Idg) clearly satisfies (4.3):indeed R~! (a) =g Idg (b) = RR™ ' (a) —
b =Idg (a — b). Moreover, R™! is a morphism of coalgebras and

R (a)e_, R™'(b) =R "(ar) - (aa = R (b)) =R '(a - b),

where the last equality follows since R~! is a Yetter—Drinfeld 1-cocycle. Thus, (R~!,1dk)
is an isomorphism (which is clearly natural) and so LR = Id. ]

Remark 4.18. Notice that the bijectivity of R : K — H is not used in the first part of
Proposition 4.16. Hence one can try to obtain a similar result considering the category
Y DrRB(Vecy) of Yetter—Drinfeld relative Rota—Baxter operators and its subcategory C
whose objects R : K — H are such that K is in Hopf(ZMZ)).

Define the full subcategory C’ of C whose objects are injective Yetter—Drinfeld relative
Rota—Baxter operators R : K — H such that K has H-coaction givenby a — R(a1)Sg(R(a3))
® aj.
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Remark 4.19. The difference between the categories C’ and D is simply that an object R :
K — Hin C’ is not necessarily invertible; the category D is a subcategory of C’. Moreover,
the subcategory of C’ whose objects R : K — H are such that H is cocommutative (so also
K is cocommutative since R is injective) is the category of injective relative Rota—Baxter
operators on cocommutative Hopf algebras, see [21, Definition 3.1].

Notice that the functor L of Proposition 4.8 goes into the category C’. We can then
show the following result.

Proposition 4.20. Let R : K — H be an object in C’. Then, (K, —R) is a Yetter-Drinfeld
post-Hopf algebra where — g is defined by a —g b .= R(a) — b, forall a,b € K. Consider
also the same assignment on morphisms of the functor R given in Proposition 4.16. This
yields a functor R’ : C' — Y DPH(Vecy), which coincides with R when it is restricted to
D. Moreover, the functor R’ is a right adjoint of the functor L.

Proof. The first part of the proof of Proposition 4.16 remains true in this setting. Then, we
have

ae_.,b:=ay-(R(ax) = b), S—r(a) =Su(R(a1)) = Sk(az).

In order to obtain that (K, —g) is a Yetter—Drinfeld post-Hopf algebra it only remains to
prove that S_., is anti-comultiplicative and the pair (—g, <—r) satisfies (2.9), where

a—rb:=S_,(a1 =r b1)e_,are_, bs.
Observe that, intermof e_. ., (4.1) reads R(a) - R(b) = R(a e_., b) and then (4.2) becomes:
SuR(ar =g b1)-R(az e— by) ® R(az —r b3)
=SuR(az =g b2) - R(az e~ b3) ® R(a; —r b1). (4.6)
Let us observe that

R(ay) = S—i(az2) = R(a)) = (SuR(a2) — Sk (a3))
= (R(a1) - Su(R(a2))) — Sk (a3) = Sk (a) 4.7)

and so

R(a)) - R(S—q(a2)) =" R(ar - (R(az) = S_,(a3))) =R(a, - Sk (a2)) =€(a) 1 . (4.8)

Thus, we obtain

R(S_r(a)) = S (R(a1)) - R(az) - R(S—p(a3)) ‘2 Su(R(a)), 4.9)

i.e. RS_., = SuR. Therefore, since R is injective and comultiplicative and Sy is anti-
comultiplicative, S_., is anti-comultiplicative. Moreover, (4.6) becomes

R(SAR(al —rby)e_are_., bz) ® R(az —g b3) =
R(S—p(ay =g by) e, aze_, b3) ® R(a; =g by),
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which is exactly
R(ay “=g b1) ® R(ay =g b2) = R(az “—g b2) ® R(a) —r b1).

Since R is injective we get that the pair (—g, —g) satisfies (2.9), hence (K, —=g) is a
Yetter—Drinfeld post-Hopf algebra. As in the proof of Proposition 4.16 one concludes that
R’ is a functor.

Finally, we just have to prove that, forevery R : K — HinC’ and (H’,—") in Y DPH(Vecy),
there is a natural bijection between Hom(L(H’, —’), R : K — H) and Hom((H’, =’
),R’(R : K — H)), i.e. between Hom(Idy- : H' — H’ ,,R : K — H) and Hom((H’, =’

), (K,—R)).Givenamorphism (f : H , — H,g: H — K)inHom(Idy- : H' — H' ,,R:
K — H) we take g as a morphism in Hom((H’, —=’), (K, —gr)). Indeed, g is a morphism
of algebras and coalgebras; moreover, since f = fIdy = Rg, we have

gla—="b) = f(a) =k g(b) = R(g(a)) —k g(b) = g(a) =g g(b).

On the other hand, given g : (H’,—’) — (K, —g) in Hom((H’, =’), (K, —r)) we take
(Rg:H', > H,g:H — K) as a morphism in Hom(Idy- : H — H’ ,,R : K — H).

Indeed, g : H' — K is a morphism of algebras and coalgebras, so Rg is a morphism of
coalgebras. Moreover, Rg is also a morphism of algebras:

Rg(ae_. b) =Rg(ai - (ax =" b)) = R(g(a1) - g(ar =" b)) = R(g(a1) - (g(az) —=r g(b)))
= R(g(a1) - (Rg(az) — g(b))) = Rg(a) - Rg(b)

and (4.3) is trivially satisfied. Clearly, the two assignments are inverse to each other and
the bijection is natural. ]

In the cocommutative setting we obtain an adjunction between cocommutative post-
Hopf algebras and injective relative Rota—Baxter operators on cocommutative Hopf algeb-
ras. This is exactly the adjunction given in [21, Theorem 3.4], which is given for relative
Rota—Baxter operators on cocommutative Hopf algebras not necessarily injective. These
can be seen as objects R : K — H in C where K and H are cocommutative and the H-
coactionon K is givenby a — R(a;)Sy (R(a3)) ® a: an example is given by the extension
of a relative Rota—Baxter operator on a Lie algebra to the respective universal enveloping
algebras, as it is proved in [21, Theorem 3.6].

Remark 4.21. Assume the hypotheses of the previous result are satisfied. By Proposition
3.10 we have that (K,e_..,1,A, €, S_.,) is a Hopf algebra, where

ae_,b:=ai (R(ax) = b), S_g(a) =SyR(ar) — Sk(a),

which we call the descendent Hopf algebra Kg in analogy with [21, Corollary 3.5]. We
automatically have that (K,-,e_,,1,A, €, Sk, S— ) is a Yetter—Drinfeld brace by Corollary
3.21; this result generalises [31, Proposition 3.16]. Moreover, using Corollary 3.25, one
obtains a matched pair of actions (Kr, =g, “—r), Where a < b :=S_.,(a; —=r b1) o,
ay e_., by; this result generalises [21, Corollary 4.10].
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