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Abstract

Cognitive systems, whether biological or artificial, operate under inherent resource
limitations that necessitate efficient coding strategies. This thesis explores the
fundamental principles governing efficient coding through the framework of Rate-
Distortion Theory (RDT), investigating how limitations on information representa-
tion shape the geometry of latent spaces in generative models and contribute to the
emergence of cognitive abilities, specifically number sense. The central argument is
that resource constraints, formalized by RDT, impose a trade-off between the fidelity
of information representation and the capacity of the encoding system, leading to
systematic distortions in internal models of the world.

To explore the geometry of efficient codes, a series of experiments were con-
ducted using β -Variational Autoencoders (β -VAEs). By varying model capacity,
introducing biases in the training data, and imposing specific task objectives, the
research identifies and characterizes key types of geometric distortions, includ-
ing prototypization (collapsing similar stimuli into prototypical representations),
specialization (over-representing frequent stimuli), and orthogonalization (forming
task-specific representations). These distortions, which emerge as principled adap-
tations to RDT constraints, highlight the trade-offs between accuracy and resource
allocation in learned representations.

The second line of inquiry investigates the emergence of number sense in β -
VAEs trained solely to reconstruct visual scenes. This work demonstrates that a
capacity for numerical perception can arise spontaneously under rate-distortion prin-
ciples, without explicit supervision for counting or numerical tasks. Behavioral and
neural analyses reveal key signatures of human number sense, including Weber’s
law scaling and distinct mechanisms for processing small versus large numerosities.
Furthermore, severely limiting model capacity induces deficits in numerical repre-



iv

sentations that parallel those observed in developmental dyscalculia, suggesting a
direct link between resource constraints and cognitive impairments.

This thesis provides compelling computational evidence for the unifying role
of RDT in understanding the emergence of intelligent behavior. It demonstrates
how efficient coding principles manifest in complex, non-linear systems and offers a
framework to understand how statistical properties of the environment shape neural
representations. By integrating information theory, cognitive science, and artificial
intelligence, this work advances our understanding of how resource limitations
sculpt cognitive representations and highlights the potential of RDT to explain the
emergence of complex cognitive abilities in both biological and artificial systems.
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Chapter 1

Introduction

Operating efficiently under limited resources is a fundamental constraint shared by
all intelligent systems, from biological organisms to artificial agents. Energy con-
sumption, neural tissue availability, and processing time itself are finite commodities.
To navigate the complexity of the world effectively, these systems must therefore
employ strategies for efficient information processing. This imperative for efficiency
is not merely a matter of optimization, it is a defining characteristic of intelligent
systems, shaping their architecture and their modes of operation. Efficient coding,
the ability to represent relevant information using minimal resources, becomes not
just advantageous, but essential for survival and for achieving complex cognitive
functions. This inherent need for efficiency influences how we perceive, remember,
decide, and act within our environments.

However, this drive for efficiency comes at a cost. The very act of compressing
information, of distilling the essential from the superfluous, inevitably introduces
a degree of distortion. Representations within resource-limited systems cannot be
perfect mirror images of the external world. Instead, they are necessarily simplified,
abstracted, and shaped by the constraints of the encoding process. This distortion is
not simply random noise or error, it is a structured consequence of efficient coding.
Understanding the nature of this distortion, how it is systematically introduced and
shaped, is crucial to understanding how cognitive systems function. These imper-
fections in representation are not arbitrary failings, but rather potentially adaptive
features, reflecting the system’s optimized balance between fidelity and resource
expenditure. The challenge then becomes not to eliminate distortion entirely - an im-
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possible feat given resource limitations - but to characterize its forms and understand
its functional role in efficient cognition.

Rate-Distortion Theory (RDT) offers a robust theoretical framework for address-
ing this challenge. Originally developed within the field of communication theory to
understand the limits of transmitting signals through noisy channels, RDT provides
a principled approach to analyzing the trade-off between the accuracy of information
transmission and the resources required to achieve it. The core idea is that for any
given limitation on resources, there exists an optimal way to encode information
that minimizes the loss of relevant details, or ‘distortion’. We can draw an analogy
between communication systems and cognitive systems: just as a communication
channel has a limited capacity to transmit information, cognitive systems have lim-
ited resources for processing and storing information. RDT provides a mathematical
language to describe and analyze this trade-off, defining ‘rate’ as the measure of
resources used for encoding and ‘distortion’ as the measure of information loss.
Importantly, RDT is a normative theory, meaning it specifies what the best possi-
ble encoding strategy is, given certain constraints. This normative aspect makes it
particularly valuable for understanding biological cognition, suggesting that brains,
through evolutionary and developmental pressures, may have converged on solutions
that approximate these theoretically optimal strategies. Therefore, RDT provides not
just a descriptive tool, but a predictive framework for understanding the principles
governing efficient neural coding and the emergence of structured representations.

To explore these principles in the context of complex, real-world data, this
thesis turns to generative models, specifically Beta-Variational Autoencoders (β -
VAEs). Generative models, trained using unsupervised learning techniques, learn
to capture the underlying statistical structure of data and generate new samples
from that structure. This process of learning to generate data inherently involves
learning compressed, latent representations. β -VAEs are particularly well-suited
for investigating rate-distortion trade-offs in neural systems for several reasons.
First, their architecture and loss function are explicitly designed to approximate the
principles of RDT. The loss function of a β -VAE directly balances reconstruction
accuracy (minimizing distortion) against the complexity of the latent representation
(constraining rate). Second, β -VAEs allow for direct manipulation of the encoding
capacity through a key parameter, allowing us to systematically study the effects
of varying resource limitations. Third, β -VAEs are capable of learning from and
generating complex, high-dimensional data like images, providing a powerful tool



3

to investigate efficient coding in domains relevant to biological perception and
cognition. By using β -VAEs as a computational model, we can directly examine
how rate-distortion principles shape the emergent properties of latent representations
when learning from rich sensory inputs.

This thesis pursues two complementary lines of inquiry to explore the impli-
cations of Rate-Distortion Theory for cognitive representations. The first line of
investigation focuses on uncovering the general principles that govern how efficient
coding shapes the geometry of latent spaces in generative models. Using a novel
dataset of spatially structured images, this research investigates how varying model
capacity, introducing biases in the training data, and imposing specific task objectives
affect the organization and structure of the latent representations learned by β -VAEs.
This line of inquiry seeks to identify and characterize fundamental types of geometric
distortions that emerge under different RDT constraints. These distortions, including
the tendency towards prototypical representations, the specialization of resources
for frequent or task-relevant stimuli, and the orthogonalization of representations
under task demands, reveal how efficient coding principles manifest in the internal
geometry of learned representations. By studying these general principles, we aim
to build a foundational understanding of how resource limitations shape the way
information is encoded and represented in complex systems.

The second line of inquiry delves into a specific and fundamental cognitive
capacity: number sense. Numerosity perception, the intuitive ability to estimate and
discriminate quantities without explicit counting, plays a crucial role in adaptive
behaviors across species. This line of research investigates whether number sense can
emerge spontaneously in unsupervised β -VAEs trained solely to reconstruct visual
scenes containing varying numbers of objects. Furthermore, it explores how the en-
coding capacity of the model influences the accuracy, precision, and psychophysical
characteristics of this emergent number sense. Specifically, we examine whether the
model’s performance aligns with known psychophysical laws, such as Weber’s law,
which describes the scaling of discrimination thresholds with magnitude. Crucially,
this investigation also examines whether imposing severe capacity limitations on the
model leads to deficits in numerosity perception that parallel those observed in devel-
opmental dyscalculia, a learning disability characterized by difficulties with number
processing. By focusing on number sense as a concrete example, this line of inquiry
aims to demonstrate how RDT can provide a principled account for the emergence
of specific cognitive abilities and their susceptibility to resource constraints.
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The contributions of this thesis are multifaceted, advancing our understanding of
efficient coding in both general and specific cognitive domains. Firstly, it provides
compelling computational evidence for the unifying role of Rate-Distortion Theory
in shaping the geometry of latent representations in generative models, demon-
strating how fundamental principles of information theory manifest in complex,
non-linear systems. Secondly, it identifies and characterizes key types of distortions
– prototypization, specialization, and orthogonalization – that emerge as principled
adaptations to varying constraints on capacity, data distribution, and task demands.
These findings offer a taxonomy of distortions and a framework for understand-
ing their functional significance in efficient coding. Thirdly, this thesis provides
a novel computational account for the unsupervised emergence of number sense,
demonstrating that a capacity for numerosity perception can arise spontaneously in
generative models trained under rate-distortion principles, without explicit supervi-
sion for counting or numerosity tasks. Fourthly, it reveals how resource limitations
can induce deficits in numerosity perception, suggesting a link between resource
constraints and cognitive impairments. Finally, by bridging information theory,
computational neuroscience, and artificial intelligence, this thesis offers a valuable
framework for future research aimed at understanding the fundamental principles
that govern the emergence of intelligent behavior in both biological and artificial
systems.

The structure of this thesis is as follows: Chapter 2 presents the computational
framework and tools. Specifically it introduces the principles of rate-distortion theory,
the beta variational autoencoders and the main applications of rate-distortion theory
in cognitive science. Chapter 3 presents the results of the first line of inquiry. Chapter
4 presents the results of the second line of inquiry. Finally, Chapter 5 concludes the
thesis.



Chapter 2

Rate-Distortion Theory

This chapter lays the methodological foundation for the investigations presented in
this thesis. It begins by providing a comprehensive introduction to Rate-Distortion
Theory (RDT), tracing its historical origins and elucidating its core mathematical
principles. Following this theoretical exposition, the chapter transitions to a discus-
sion of Beta-Variational Autoencoders (β -VAEs), detailing their architecture and
loss function, and critically highlighting their role as a powerful computational tool
for approximating the principles of RDT in the context of complex, high-dimensional
data. The chapter then explicitly establishes the theoretical link between the β -VAE
loss function and the fundamental tenets of Rate-Distortion Theory, justifying the
use of β -VAEs as the primary computational instrument for exploring the research
questions posed in this thesis. Finally, the chapter broadens the scope to consider
the applications of RDT within cognitive science, highlighting how this framework
provides a normative perspective on efficient coding in the brain.

2.1 A normative framework for efficient coding

Rate-Distortion Theory (RDT) stands as a cornerstone of information theory, provid-
ing a rigorous mathematical framework for understanding the fundamental limits
of data compression and the inherent trade-off between data rate and distortion.
Its genesis can be traced back to the seminal work [1] of Claude Shannon in the
late 1940s and 1950s, during the burgeoning era of information theory and digital
communication. Shannon’s groundbreaking contributions laid the groundwork for
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Figure 2.1: Rate-distortion Theory. (A) The problem of transmitting a message from a
source to a receiver through a communication channel with limited capacity, as originally
formulated by Shannon. (B) Rate-distortion trade-off. (C) Architecture of a Variational
Autoencoder.

understanding the theoretical limits of reliably transmitting information across noisy
channels. Extending this foundation, Rate-Distortion Theory, formalized in Shan-
non’s 1959 paper "Coding theorems for a discrete source with a fidelity criterion"
[2] directly addressed the problem of lossy data compression, moving beyond the
realm of perfect, lossless transmission to consider scenarios where some level of
information loss is acceptable, or even necessary, to achieve efficient encoding.

Historically, RDT emerged from the practical challenges of communication engi-
neering, where bandwidth limitations and noise inevitably constrain the amount of
information that can be transmitted from a source to a receiver over a communication
channel [2] (Figure 2.1A). However, its conceptual reach extends far beyond this
initial context. The core principles of RDT, concerning the efficient allocation of re-
sources under constraints and the management of information fidelity, are profoundly
relevant to a wide range of fields, including signal processing [3], image and video
compression [4], and, as we argue in this thesis, cognitive science and neuroscience
[5]. Indeed, the brain, operating under severe metabolic and physical constraints, can
be viewed as a prime example of a resource-limited information processing system,
suggesting that principles analogous to those formalized in RDT may govern the
efficiency and structure of neural representations.

At its heart, Rate-Distortion Theory seeks to answer a fundamental question:
given a source of information and a constraint on the available resources for encoding
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this information (the ‘rate’), what is the minimum achievable distortion in the recon-
structed information? To formalize this question mathematically, RDT considers a
source of information, represented by a random variable X with a probability distri-
bution p(x). The goal is to encode this information into a compressed representation,
denoted by Z, and then decode this representation to obtain a reconstruction X̂ . The
encoding process is formally described by a conditional probability distribution
q(z|x), representing the encoder, and the decoding process by p(x̂|z), representing
the decoder.

The key concepts within RDT are:

• Rate (R): The rate quantifies the average amount of information, typically
measured in bits or nats, required to represent the source X in the compressed
space Z. In the context of RDT, the rate is typically defined as the mutual
information between the source X and its encoded representation Z:

R(q(z|x)) = I(X ;Z) (2.1)

In other terms, the rate R essentially measures the reduction in uncertainty
about X gained by observing Z. It also can be interpreted as the average
number of bits or nats needed to describe Z.

• Distortion (D): The distortion measures the average loss of fidelity in the
reconstruction X̂ compared to the original source X . This loss is quantified
by a distortion function d(x, x̂), which measures the discrepancy between an
original source value x and its reconstruction x̂. The average distortion is then
given by:

D(q(z|x), p(x̂|z)) = Ep(x)q(z|x)p(x̂|z) [d(x, x̂)] (2.2)

The choice of distortion function d(x, x̂) as defined in Equation (2.2) is crucial
and depends on the specific application and the nature of the data. Commonly
used distortion measures include the squared Euclidean distance for continuous
data and the Hamming distance for discrete data. For image data, pixel-wise
squared error or more perceptually relevant metrics can be employed.

• Distortion-Rate Function D(R): The central object of study in RDT can
also be framed in terms of the distortion-rate function D(R). This function
represents the minimum achievable distortion for a given rate budget, where
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the rate is constrained to be less than or equal to a certain value C. Formally, it
is defined as:

D(R) = min
q(z|x),p(x̂|z)

D(q(z|x), p(x̂|z)) subject to R(q(z|x))≤C (2.3)

The distortion-rate function D(R), as shown in Equation (2.3), thus charac-
terizes the fundamental limit of compression from a different perspective. It
defines a lower bound on the distortion for any encoder-decoder pair that
operates within a given rate constraint C. In other words, for a system with a
limited encoding capacity C, RDT seeks to find the encoding and decoding
strategies that minimize the unavoidable distortion, leading to the distortion-
rate function D(R). The constrained optimization problem in Equation (2.3)
can be equivalently formulated using the Lagrangian:

L = D(q(z|x), p(x̂|z))+β

(
R(q(z|x))−C

)
(2.4)

where β is the Lagrange multiplier that sets the trade-off between minimizing
the distortion D(q(z|x), p(x̂|z)) and satisfying the rate constraint I(X ;Z)≤C.
Minimizing this Lagrangian represents the core objective of rate-distortion
theory when framed in terms of the distortion-rate function.

The rate-distortion function typically exhibits a monotonically decreasing rela-
tionship: as the allowed resources R increases, the minimum achievable distortion
D(R) decreases (Figure 2.1B). This embodies the fundamental trade-off: to achieve
higher fidelity (lower distortion), more resources (higher rate) are needed. Con-
versely, to reduce resource usage (lower rate), some fidelity must be sacrificed
(higher distortion). The shape of the rate-distortion function is determined by the
statistical properties of the source X and the chosen distortion measure d(x, x̂).

In practice, finding the exact rate-distortion function and the optimal encoder-
decoder pair is often analytically intractable, especially for complex sources like
images. However, RDT provides invaluable theoretical insights and serves as a
normative benchmark against which practical compression algorithms can be eval-
uated. Furthermore, the conceptual framework of RDT, emphasizing the trade-off
between rate and distortion, provides a powerful lens through which to understand
efficient coding in diverse domains, including the study of neural representations
and cognitive systems.
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2.2 Approximating the rate-distortion trade-off with
deep learning

While Rate-Distortion Theory provides a valuable normative framework, its direct
application to complex, high-dimensional data, such as images, poses significant com-
putational challenges. Beta-Variational Autoencoders (β -VAEs) [6] have emerged as
a powerful class of generative models that offer a practical approach to approximating
the principles of RDT within the domain of deep learning.

β -VAEs are a variant of Variational Autoencoders (VAEs) [7], which are them-
selves probabilistic generative models based on variational inference. VAEs learn
to map high-dimensional input data X into a lower-dimensional latent representa-
tions Z and then to generate reconstructions X̂ from this latent representation. The
architecture of a VAE (Figure 2.1C) typically consists of two main neural network
components:

• Encoder qφ (z|x): The encoder network, parameterized by φ , learns to map an
input data point x to a distribution in the latent space Z. In practice, this is often
implemented by parameterizing a Gaussian distribution in Z with a mean and
covariance that are functions of the input x, i.e., qφ (z|x) =N (z; µφ (x),Σφ (x)).
The encoder effectively compresses the input x into a probabilistic latent
representation z.

• Decoder pθ (x|z): The decoder network, parameterized by θ , performs the
inverse mapping, taking a latent vector z and generating a reconstruction x̂ in
the input space. Similar to the encoder, the decoder can also be probabilistic,
often modeled as a Gaussian or Bernoulli distribution depending on the data
type, i.e., pθ (x|z) = N (x; µθ (z),Σθ (z)) for continuous data or pθ (x|z) =
Bernoulli(x;σ(νθ (z))) for binary data, where σ is the sigmoid function and
νθ (z) parameterizes the Bernoulli distribution.

The standard VAE is trained by maximizing the Evidence Lower Bound (ELBO)
[7] on the log-likelihood of the data. This is equivalent to minimize the negative
ELBO and it can be expressed as the following loss function:

LVAE(θ ,φ ;x,z) = Eqφ (z|x)[− log pθ (x|z)]+DKL(qφ (z|x)||p(z)) (2.5)
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where p(z) is a prior distribution over the latent space, typically chosen to be a
standard Gaussian N (0, I). The first term in the ELBO, Eqφ (z|x)[− log pθ (x|z)], as
seen in Equation (2.5), is the reconstruction term, which encourages the decoder
to generate reconstructions x̂ that are similar to the original inputs x. This term
can be seen as minimizing the distortion in the reconstruction. The second term,
DKL(qφ (z|x)||p(z)), also part of Equation (2.5), is the Kullback–Leibler (KL) diver-
gence between the encoder’s posterior distribution qφ (z|x) and the prior p(z). This
term acts as a regularizer, encouraging the learned latent distribution to be close
to the prior distribution. In the context of RDT, this KL divergence term can be
interpreted as a constraint on the rate, limiting the complexity of the latent code.

The Beta-VAE (β -VAE) extends the standard VAE by introducing a hyperparam-
eter β that scales the KL divergence term:

Lβ -VAE(θ ,φ ;x,z,β ) = Eqφ (z|x)[− log pθ (x|z)]︸ ︷︷ ︸
≈D

+β DKL(qφ (z|x)||p(z))︸ ︷︷ ︸
≈R

(2.6)

The hyperparameter β , in Equation (2.6), provides a crucial control over the trade-
off between reconstruction accuracy and latent space regularization. By increasing β

to values larger than 1, we increase the weight of the KL divergence term in the loss
function. This forces the encoder to learn latent representations that are closer to
the prior distribution, effectively reducing the rate or complexity of the latent code,
but potentially at the cost of increased reconstruction distortion. Conversely, setting
β = 1 recovers the standard VAE loss, while β < 1 would prioritize reconstruction
over latent space regularization, although this is less commonly explored in the
context of disentanglement or efficient coding.

The connection between the β -VAE loss function and Rate-Distortion Theory
becomes apparent when we examine the terms in Equation (2.6) in light of the
RDT framework. The reconstruction term, Eqφ (z|x)[− log pθ (x|z)], which encourages
accurate reconstruction, directly corresponds to minimizing the distortion D in RDT,
as defined in Equation (2.2). Specifically, if we consider the negative log-likelihood
of the data under the decoder model, − log pθ (x|z), as a measure of distortion
between the original input x and its reconstruction from latent code z, then minimizing
the expectation of this quantity over the encoder distribution qφ (z|x) effectively
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minimizes the average reconstruction distortion. This correspondence becomes even
more evident when we consider the common case where the decoder pθ (x|z) is
modeled as an isotropic Gaussian distribution, i.e., pθ (x|z) = N (x; µθ (z),σ2I). In
this Gaussian case, the negative log-likelihood term, assuming a fixed variance σ2,
simplifies to:

− log pθ (x|z) =
1

2σ2 ||x−µθ (z)||2 + constant.

Ignoring the constant term and scaling factor 1
2σ2 , minimizing − log pθ (x|z) becomes

equivalent to minimizing the squared Euclidean distance ||x−µθ (z)||2 between the
input x and the mean of the decoder’s output µθ (z), which serves as the reconstruc-
tion x̂ = µθ (z). This squared Euclidean distance, or Mean Squared Error (MSE),
is a widely used distortion measure d in Rate-Distortion Theory, particularly for
continuous data.

The KL divergence term, DKL(qφ (z|x)||p(z)), which regularizes the latent space,
can be seen as approximating the rate R in RDT, as defined in Equation (2.1). In the
context of variational inference, this term arises from the need to approximate the
intractable true posterior distribution p(z|x). VAEs employ an encoder qφ (z|x) as a
variational approximation to this true posterior. By minimizing the KL divergence
between qφ (z|x) and a prior distribution p(z), we are essentially constraining the
complexity of the approximate posterior and, consequently, the amount of infor-
mation that the latent representation z can encode about the input x. If the prior
p(z) is chosen to be simple, such as a standard Gaussian, then pushing the approxi-
mate posterior qφ (z|x) towards p(z) limits the capacity of the latent space to deviate
significantly from this simple prior, thereby implicitly limiting the rate.

Thus, minimizing the β -VAE loss function can be interpreted as approximately
solving the rate-distortion optimization problem. By varying β , we directly manip-
ulate the emphasis on rate versus distortion, exploring the spectrum of solutions
along the rate-distortion curve. Increasing β prioritizes rate reduction (latent space
regularization) at the potential expense of increased distortion (reconstruction error),
while decreasing β allows for lower distortion but potentially at the cost of a more
complex and less efficient latent representation.

It is crucial to emphasize that the β -VAE loss function and the VAE frame-
work as a whole provide just an approximation to the true Rate-Distortion Theory
optimization. The approximation arises from several factors: First, VAEs rely on
variational inference to approximate the intractable true posterior p(z|x). Second,
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both the encoder qφ (z|x) and decoder pθ (x|z) are parameterized by neural networks
with limited capacity and specific architectural biases. These parametric choices can
constrain the space of possible encoder-decoder pairs and may not perfectly achieve
the optimal solutions predicted by RDT. Third, using the negative log-likelihood as a
distortion measure and the KL divergence as a rate proxy are themselves approxi-
mations. In particular, the KL divergence term in Equation 2.6 serves as a tractable
upper bound on the mutual information, i.e., the rate term in rate-distortion theory
(Equation 2.1). In fact, by considering the joint distribution over data and latent
codes as qφ (x,z) = p(x)qφ (z|x) and also considering the mutual information Iq(X ;Z)
between X and Z under qφ (x,z), it is possible to write the KL term of the β -VAE
loss as:

Ep(x)DKL(qφ (z|x)∥ p(z)) =

= Ep(x)Eqφ (z|x)

[
log

qφ (z|x)
p(z)

]
= Ep(x)Eqφ (z|x)

[
log

qφ (z|x)
q(z)

+ log
q(z)
p(z)

]
= Ep(x)Eqφ (z|x)

[
log

qφ (z|x)
q(z)

]
+Ep(x)Eqφ (z|x)

[
log

q(z)
p(z)

]
= Ep(x)DKL(qφ (z|x)∥q(z))+Eq(z)

[
log

q(z)
p(z)

]
= Iq(X ;Z)+DKL(q(z)∥ p(z))

≥ Iq(X ;Z)

where q(z) =
∫

p(x)qφ (z|x)dx is the marginal over the latent variables. Therefore,
by minimizing the KL divergence term, the β -VAE is implicitly minimizing an upper
bound on the rate. While these approximations are common and effective choices,
they may not perfectly capture the ideal distortion and rate measures in all scenarios.

Despite these approximations, the β -VAE framework provides a remarkably
powerful and practical tool for investigating the core principles of Rate-Distortion
Theory in the context of complex data and neural network models. By training β -
VAEs and systematically varying the hyperparameter β , we can empirically explore
the trade-off between rate and distortion, observe how different levels of capacity
constraint shape the emergent properties of latent representations, and gain valuable
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insights into the principles of efficient coding that may be relevant to biological cog-
nitive systems. Therefore, the β -VAE serves as the central computational instrument
in this thesis, allowing us to probe the research questions concerning the geometry of
efficient codes and the emergence of cognitive functions under resource constraints.

2.3 Applications in Cognitive Science

The conceptual framework of Rate-Distortion Theory, initially conceived for com-
munication systems, has found increasing relevance and application within the field
of cognitive science [5].

The brain, as a biological information processing system, operates under stringent
resource constraints, including limitations in metabolic energy, neural tissue, and
processing time [8–10]. This inherent resource scarcity necessitates efficient coding
strategies, leading to the hypothesis that the brain may optimize its neural represen-
tations to maximize information content while minimizing resource expenditure [9].
Rate-Distortion Theory provides a normative lens through which to examine this
hypothesis, offering a framework for understanding how the brain achieves efficient
and adaptive representations of the world.

The core principle of efficient coding, deeply intertwined with Rate-Distortion
Theory, suggests that the brain aims to create internal representations that are both
informative and economical. This principle is supported by a wealth of evidence
across various cognitive domains.

In perception, for example, efficient coding predicts that neural systems should
prioritize the encoding of novel or unexpected stimuli, while efficiently representing
predictable or redundant information [11, 12].

Attneave [11], in his work on informational aspects of visual perception, argued
that sensory processing is designed to reduce redundancy. He specifically highlighted
that we tend to focus our perceptual resources on contours and points of high
information content, effectively ignoring areas of uniform color or texture, a form of
efficient encoding.

Barlow [12] built upon this, proposing the "redundancy reduction hypothesis."
He suggested that neurons in the visual system are tuned to represent statistical
regularities in the natural environment, effectively "explaining away" predictable
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patterns and leaving only the unexpected or novel aspects to be explicitly encoded.
This allows the brain to represent sensory information with fewer active neurons.
This is reflected in phenomena such as sensory adaptation and predictive coding,
where neural responses are attenuated to predictable sensory inputs, freeing up
resources for processing novel or behaviorally relevant information [13].

Młynarski and Hermundstad [13] investigated how neurons adapt to dynamic
stimuli. They found that adaptation is not simply a reduction in sensitivity, rather,
it’s an optimization process where neurons become more sensitive to changes in
the stimulus relative to the recent history. This adaptation has been observed in
the fly visual system [14], allowing the animal to efficiently track moving objects
and respond to changes in the visual environment, even in the presence of noisy or
fluctuating inputs.

Similarly, in working memory, the limited capacity of this cognitive system
necessitates efficient encoding and compression of information to maintain relevant
data online for short-term use [15–17].

Jakob and Gershman [15] directly applied rate-distortion theory to model working
memory limitations. Their model shows that phenomena like set size effects, stimulus
prioritization, serial dependence, and systematic biases in working memory tasks,
can be explained as optimal solutions to the problem of encoding information under
a limited rate (bit-rate) constraint. The proposed model is a population coding model
with spiking neurons and they tested it on five datasets with human subjects and one
dataset with monkey subjects performing delayed response tasks.

Brady, Konkle, and Alvarez [16] demonstrated that visual working memory
exploits statistical regularities in the environment to compress information. When
displays contain redundant structure (e.g., frequently co-occurring color pairs), mem-
ory performance improves, not because of increased capacity per se, but because
structured stimuli allow for more efficient, compressed encoding. Their results
support the view that working memory operates as a resource-limited system that
adaptively reallocates representational resources by leveraging regularities to re-
duce redundancy—thereby increasing the effective number of items stored without
violating capacity constraints. More specifically, they presented two experiments
contrasting memory capacity for displays where colors were presented in random
pairs versus in recurring patterns. In the first experiment, the colors that formed a
pattern were presented as part of the same object. In the second experiment, the
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colors that formed a pattern were presented on two different but spatially adjacent
objects. They proposed a quantitative model of how learning the statistics of the
input would allow observers to form more efficient representations of the displays
and used a compression algorithm to demonstrate that observers’ performance ap-
proaches what would be optimal if their memory had a fixed capacity in bits. In
addition, they illustrated that a discrete model of chunking also fits experimental data.
The degree of compression possible from the display was highly correlated with
behavior, suggesting that people optimally take advantage of statistical regularities
to remember more information in working memory.

Mathy and Feldman [17] redefined memory "chunks" through the lens of data
compression (Kolmogorov complexity), demonstrating that working memory capac-
ity depends on information compressibility rather than fixed item limits. It reconciles
the classic "7±2" (Miller) and "4±1" (Cowan) capacity estimates by showing that
uncompressed data (e.g., random digits) approaches Miller’s limit, while highly com-
pressible patterns (e.g., ordered sequences) align with Cowan’s stricter constraint.
Memory performance reflects efficient encoding - simpler patterns require fewer
chunks, allowing apparent capacity to vary. In their experiments, subjects had to
recall digit sequences, with some sequences showing more regular patterns that
could be more compressed than others. Their computational analysis calculates the
complexity of a string as the sum of the space required to encode each "run" (a
monotonic series of digits with a constant increment), thus quantifying the degree to
which a sequence can be compressed.

Sims, Jacobs, and Knill [18] developed a theoretical framework to quantify the
capacity limitations of human visual working memory using rate–distortion theory.
This framework defines visual memory capacity in a task-independent manner and
predicts human performance under varying conditions. The authors validated these
predictions through empirical studies, demonstrating that a model allowing variability
in the number of stored memory representations — without assuming a fixed item
limit — adequately accounts for observed data. In the experiments, participants had
to recall the angular orientation of arrows or the length of line segments after a brief
presentation and a retention interval. The set size (number of items in the display)
and variance of the features were manipulated. Their model framed visual working
memory as an information transmission channel, where encoding and decoding
processes were optimized to minimize distortion subject to a capacity limit, and
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where sensory input was corrupted by noise. The model assumed a Bayesian decoder
and allowed variability in the number of encoded items.

Sims [19] employed rate–distortion theory to elucidate the trade-off between
information retention and error minimization in visual working memory. By applying
this theoretical framework, the study derives the optimal memory system tailored
to specific task demands, revealing that the inherent loss function deviates from
traditional assumptions. This approach underscores the task-dependent nature of
memory errors, offering a rational basis for evaluating existing models of visual
working memory. In the experiments, participants were asked to remember visual
features like color or orientation from a display of triangles, or the length of line
segments, and later report their memory in a delayed recall task. The computational
model used inverse decision theory to estimate the implicit loss function from
empirical data, assuming that observed behavior is optimally efficient for some
underlying loss function.

Nagy, Török, and Orbán [20] introduced a semantic compression framework
to elucidate systematic distortions in human episodic memory, positing that such
distortions arise from the brain’s reliance on an internal generative model adapted to
environmental statistics. Utilizing deep generative models (β -VAEs), the authors
analyze datasets—including chess games, natural text, and hand-drawn sketches—to
demonstrate that memory compression via this generative model accounts for phe-
nomena such as expertise-related distortions, gist-based recall errors, contextual
influences, and changes in memory over time. This approach suggests that the brain
optimally manages memory resources by compressing experiences in a manner that
inherently leads to predictable distortions.

In spatial cognition, for instance, the tendency for cognitive maps – mental
representations of spatial environments – to exhibit shape compactness and biases
towards prototypical forms [21, 22] can be interpreted as a consequence of efficient
coding under capacity constraints.

Costa and Bonetti [21] specifically examined systematic distortions in large-scale
geographical cognitive maps using a sketching methodology. Key findings reveal
consistent geometrical transformations in mental representations of geographic re-
gions. For example, participants rotated Italy’s shape toward vertical, overestimated
its width, and underestimated its height, leading to a more compact form. Sardinia
was similarly distorted and mislocated northward. Across European capitals, dis-
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tances were compressed and cities were aligned to horizontal and vertical axes.
These findings indicate a strong tendency toward simplification, regularization, and
centralization in mental representations of geographic space. This suggests a form
of compression where detailed geometric information is lost, but the overall "gist" of
the shape is retained.

Tversky [22] demonstrated that cognitive maps are systematically distorted with
respect to physical maps. These distortions are not random degradations but arise
from cognitive organizing principles, including hierarchical organization, perspective
effects, and reliance on landmarks or reference points. Specifically, spatial memory
is shaped by categorization (e.g., grouping locations by state or function), leading to
biases in direction, distance, and alignment judgments. Additionally, people tend to
mentally rotate or align spatial figures toward canonical orientations and frames of
reference, resulting in further distortions. These phenomena suggest that cognitive
maps integrate multiple sources of information in a non-coherent, constructionist
manner, undermining the view of memory as a veridical but compressed/regularized
image of the world. This allows to reduce cognitive load, to simplify spatial repre-
sentations and to facilitate efficient navigation and spatial reasoning.

Muhle-Karbe et al. [23] investigated how goal-directed behavior distorts the
neural representation of allocentric space. They found that spatial maps in the human
hippocampus and orbitofrontal cortex were "compressed" so that locations cued as
goals were coded together in neural state space, and these distortions predicted suc-
cessful learning. This effect was captured by a computational model in which current
and prospective locations are jointly encoded in a place code. In their fMRI experi-
ment, participants navigated an avatar through a grid-world environment consisting
of four interlinked rooms. A contextual cue indicated the conditional dependence
of one goal location on another, and participants had to visit two successive goal
locations. The computational model encoded the avatar’s location using simulated
Gaussian place fields and was equipped with parameters for orthogonalization, sep-
aration, and compression of spatial representations based on context. This model
generated representational dissimilarity matrices (RDMs) which were then compared
to BOLD signals to infer how spatial codes were distorted.

In decision-making, systematic biases in the representation of value and probabil-
ity [24] can also be viewed through the lens of RDT, suggesting that these distortions



18 Rate-Distortion Theory

may reflect optimal strategies for making decisions under limited computational
resources, balancing accuracy with cognitive cost [25–27].

Juechems, Balaguer, Spitzer, and Summerfield [24] investigated why humans
distort the value and probability of prospects when making economic choices, leading
to seemingly irrational decisions. The authors propose that these distortions are
optimal adaptations that maximize reward and minimize uncertainty, given the
constraint of finite computational precision (irreducible noise in neural computation).
Through simulations and experiments, they show that canonical nonlinear forms of
utility functions arise from the interplay between reward maximization, uncertainty
minimization, and intrinsic decision noise, and that humans adapt optimally to
manipulations of outcome certainty.

Bhui, Lai, and Gershman [25] reviewed recent work that aims to reconcile
seemingly contradictory views of human decision-making as both rational and irra-
tional. It focuses on a "resource-rational" analysis, which models human decisions
as optimal under cognitive resource constraints, connecting psychology and neu-
roscience to ideas from information theory. The paper highlights the implications
of an information-theoretic formalization of cognitive resources for understanding
reference dependence, stochastic choice, and perseveration. These phenomena, tradi-
tionally viewed as irrational biases, are suggested to arise from a rational solution to
resource-limited decision-making.

Gershman, Horvitz, and Tenenbaum [26] discussed the convergence of AI, cog-
nitive science, and neuroscience on a shared view of intelligence as computational
rationality. It outlines advancements in addressing challenges of perception and
action under uncertainty, emphasizing the development of representations, inference
procedures, and mechanisms for reflecting on tradeoffs in effort, precision, and
timeliness of computations. Computational rationality is identifying decisions with
the highest expected utility, while considering the costs of computation in complex
real-world problems, aligning with the principles of rate-distortion theory.

The convergence of evidence from diverse areas of cognitive science – spanning
perception, working memory, spatial cognition, and decision-making – strongly
supports the principle of efficient coding as a fundamental organizing principle
of neural representation. The cited studies, employing a range of experimental
paradigms and theoretical frameworks, demonstrate that the brain consistently seeks
to represent information in a manner that balances informativeness with resource
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expenditure. The observed phenomena, from sensory adaptation and ensemble
coding in working memory to distortions in cognitive maps and biases in decision-
making, are not merely quirks or limitations of the cognitive system. Instead, they can
be interpreted as structured and potentially adaptive consequences of operating under
inherent resource constraints. Rate-Distortion Theory provides a powerful normative
framework for understanding why these phenomena occur, offering a principled
account of how limited resources shape the nature of neural representations and
the types of distortions that inevitably arise. The findings reviewed here highlight
the importance of considering computational limitations and the trade-off between
accuracy and efficiency when investigating cognitive processes, suggesting that
many seemingly irrational behaviors or cognitive biases may, in fact, reflect optimal
solutions within the constraints of a resource-limited brain.

Furthermore, the principle of efficient coding connects to a prominent family
of theories that frame the brain as an active inference engine. This perspective
posits that the brain builds and maintains an internal generative model of the world
to predict and explain the hidden causes of its sensory inputs [28]. Frameworks
such as the Bayesian Brain hypothesis [29], Predictive Coding [30], and the Free
Energy Principle [31, 32] suggest that the brain continuously generates predictions
about incoming sensory data and primarily processes the "prediction error" — the
mismatch between expectation and reality. This provides a powerful, unifying
account for perception, action, and learning. However, much of this literature
has traditionally focused on modeling the inferential process itself, assuming the
structure of the generative model is largely known [33, 34]. The central question
is often how an agent uses its pre-existing model to perceive and act, rather than
how the model itself is acquired from raw sensory experience. Conversely, studies
that do tackle the problem of learning the generative model often operate with
simplified, low-dimensional inputs or abstract and small state spaces [35–37], which
may not fully capture the statistical complexity of the real-world sensory signals, like
vision, that the brain must learn from . This thesis, instead, focuses on the learning
of the generative model from high-dimensional, unstructured inputs and uses of
β -Variational Autoencoders to do so under the principles of efficient coding.

Moreover, the framework of β -VAEs is particularly relevant to this thesis be-
cause of its demonstrated property to learn disentangled representations [38]. A
disentangled representation is one in which the distinct, underlying generative factors
of the observed data are captured by separate dimensions in the model’s latent space.
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For example, in a visual scene, these factors might correspond to an object’s position,
shape, or color. By constraining the information capacity of the latent bottleneck,
β -VAEs encourage the model to discover and isolate these fundamental sources
of variation, as this is a highly efficient way to encode the data. This process of
disentanglement is not only a consequence of data statistics but can also be driven
by task objectives [39]. When a system needs to solve a specific task, it is often ad-
vantageous to develop representations that clearly separate task-relevant information
from irrelevant details. This creates a more abstract and robust internal generative
model that is specialized for the required computations. Several studies have shown
that humans also learn such abstract, disentangled representations, as this strategy
is crucial for generalizing knowledge from familiar to novel situations [40, 41, 23].
This property of learning disentangled representations, shaped by the dual pressures
of efficient data compression and task utility, provides not only another justification
for adopting β -VAEs as the computational models but also justifies the specific
design choices for models’ architectures used in the experiments.

The following chapters will build upon this foundation, exploring specific in-
stantiations of RDT principles in generative models, to provide a more detailed and
mechanistic understanding of how efficient coding shapes the geometry of latent
representations and influences cognitive functions.



Chapter 3

The geometry of efficient codes

This chapter is adapted from the paper: "D’Amato L., Lancia G.L. and Pezzulo
G., The geometry of efficient codes: how rate-distortion trade-offs distort the latent
representations of generative models" published by PLOS Computational Biology.

3.1 Introduction

As described in Section 2.3, rate-distortion theory elucidates why factors such as
encoding capacity, data likelihood, and utility for goal attainment can distort latent
representations in the brain by formalizing the trade-off between information rate
(the average number of bits per stimulus used for encoding) and distortion (the cost
of reconstruction errors).

However, while rate-distortion theory provides a normative principle to under-
stand why latent representations are distorted, we still lack a systematic understand-
ing of how they are distorted under different experimental conditions.

To address this challenge, in this chapter we systematically examine the distor-
tions in the geometry of latent representations (embeddings) of generative models,
specifically Beta Variational Autoencoders (β -VAEs), under varying constraints of
model capacity, data distributions, task objectives or their combinations. We focus
on two sets of experiments that involve memorizing sets of images representing
simple spatial maps composed of two “corridors”, placed at the upper and lower
parts of the image, respectively (Figure 3.1). The first experiment allows us to test
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Figure 3.1: The Corridors dataset. The figure shows 21 example images in the “corridors”
dataset used for this study. Each figure comprises two white corridors, placed at the upper
and at the lower parts of the image, with a white horizontal line that is common to all the
images. Each corridor is a noisy vertical line of white pixels, whose true center is in one of
13 x positions, coded from 0 (left) to 12 (right). For example, in the first image, the upper
corridor is in the position xUC = 0 and the lower corridor is in the position xLC = 12. The
corridor positions are reported on top of each image.

the distortions of latent representations that arise under different capacities and data
distributions, such as familiar or unfamiliar images. In this experiment, models are
trained to remember images from balanced or unbalanced datasets, where the to-be-
remembered image appears more or less frequently. The second experiment enables
us to test the distortions of latent representations emerging under different capacities
and tasks/goals. Here, models are trained to perform various image classification
tasks, such as determining whether the upper corridor is to the left or right of the
bottom corridor, or whether the corridors are aligned or not. For instance, for the
first image in Figure 3.1, the correct answers would be “yes” in the first case and
“no” in the second case.

As motivated in Section 2.2, we employ a β -VAE [6] as computational model
since it has been demonstrated to approximate rate-distortion theory [42, 38] when
dealing with complex stimuli such as images [43, 20]. Furthermore, in the second
experiment set, in order to study the effect of task objectives in shaping the latent
space of the model, we modify the β -VAE architecture by supplementing it by
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a series of classifiers, each trained in a supervised manner to address a specific
classification task. In all the experiments, the dimension of the latent space of the
models is fixed to 5 neurons. For more details on the specific architectures used in
the two experiment sets, refer to Section 3.4.1.

The dataset, the code and the models’ checkpoints of our experiments are avail-
able at: https://github.com/damat-le/geom_eff_codes.

3.2 Results

3.2.1 Problem specification: the two experiments

Here, we perform two experiments. Experiment 1 addresses the distortions induced
by statistically biased training sets by comparing the representations learned by the
same neural network, first trained on an unbiased dataset, and then trained on a
biased one. Experiment 2 addresses the distortions induced by the classification
task assigned to the network. To do this, we compared the representation learned
by the network when the only objective was to reconstruct input images against the
representation learned when the objective was augmented with a classification task.
In both experimental sets, we trained multiple networks by varying their encoding
capacity to study how this impacts on the magnitude of distortions (see below).

3.2.2 The Corridors dataset

To study the emergence of disentangled or distorted latent representations in gen-
erative models, we designed a novel dataset – the Corridors dataset – in which two
generative factors vary orthogonally.

The Corridors dataset consists of 200.000 black and white 13x13 images. Each
image is divided into two sections, upper and lower, by an horizontal white line
of width 1 pixel. Each section includes a vertical noisy “corridor”, i.e., a white
vertical core segment with white random pixels around it (Figure 3.1). The white
random pixels are independent samples of a Bernoulli distribution f (g(x; µ,σ)),
where g(x; µ,σ) is a Gaussian probability density function with standard deviation
σ = 1.2 and mean µ equal to the position of the vertical core segment. The position

https://github.com/damat-le/geom_eff_codes
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of the vertical core segment, also referred to as the position of the corridor, is an
integer number ranging from 0 to 12, since each corridor can slide horizontally from
pixel 0 to pixel 12 across images. Thus, each image is associated with two labels,
(xUC,xLC), where xUC denotes the position of the upper corridor and xLC denotes
the position of the lower corridor. The positions of the upper and lower corridors
represent the two orthogonal factors of variation of the dataset. The Corridors dataset
is available at: https://github.com/damat-le/geom_eff_codes.

3.2.3 Experiment 1: distortions induced by varying model capac-
ity and data distributions

In Experiment 1, we examine the distortions of the β -VAE representations, as an
effect of model capacity and statistically biased training sets, in which some types of
images are more frequent than others.

For this, we train 3 models: baseline, E1M1, and E1M2. The baseline β -VAE
model is trained on the Corridors dataset. The E1M1 model is a β -VAE trained on
an unbalanced dataset, in which the images with the lower corridor on the left appear
10 times more often than images with the lower corridor on the right. Let xLC be the
pixel at which the lower corridor is centered, then “lower corridor on the left” means
that xLC ≤ 6, where xLC ∈ {0,1, . . . ,12}. The E1M2 model is a β -VAE trained on an
unbalanced dataset in which the images having the two corridors aligned (xLC = xUC)
appear 10 times more often than images with non-aligned corridors.

We repeat the training of all the models (baseline, E1M1, E1M2) for 5 different
values of encoding capacity Cmax ∈ {0.3,1,3,6,10} nats.

Performance of the models

Figure 3.2A shows the reconstruction loss of the three β -VAE models trained on the
balanced dataset (baseline), the unbalanced dataset with a bias for lower corridor
to the left (E1M1), and the unbalanced dataset with a bias for corridors aligned
(E1M2), at the 5 different capacities of Cmax ∈ {0.3,1,3,6,10} nats. As expected,
for all models, reconstruction loss decreases as the model’s capacity increases. The
decrease of reconstruction loss follows the same trend across all models.

https://github.com/damat-le/geom_eff_codes
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Figure 3.2: Reconstruction loss, all the models. For ease of reading, a brief description of
each model along with its label is reported in the legend. (A) Experiment 1. The figure
illustrates that increasing capacity reduces reconstruction loss. The trend is similar for the
baseline β -VAE model that is trained with a balanced dataset and for the two models (E1M1
- E1M2) that are trained with unbalanced datasets. (B) Experiment 2. The figure illustrates
that at any given capacity, the baseline model has a smaller reconstruction loss compared to
the hybrid models that are additionally trained to solve classification tasks (E2M1 - E2M5).
Furthermore, at any given capacity, reconstruction loss changes across the different tasks and
is worst for the E2M5 model, which addresses four classification tasks simultaneously. See
the main text for explanation.
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Geometry of the latent representations of the models

We next compare the representations learned by the three models, when trained at
high (Cmax = 10 nats) and low capacity (Cmax = 0.3 nats).

Baseline model, at high and low capacity Figures 3.3A and F show 2D pro-
jections of the latent spaces learned by the baseline β -VAE model trained on the
balanced dataset, at high and low capacity, respectively. In these and the subsequent
figures, each dot corresponds to the position of a specific image within the low-
dimensional latent space of the generative model. For ease of interpretation, some
images are labeled with corridors positions, such as "6,6" in the center. The colors
of the dots correspond to the classes of images that have a high frequency (orange)
or low frequency (green) in the E1M1 and E1M2 models. These colors are irrelevant
for the baseline model, but are retained for ease of comparison with the E1M1 and
E1M2 models, see later.

Figure 3.3A-B shows that, at high capacity, the representation is perfectly disen-
tangled. It is possible to notice that the geometry of the latent space is a square, with
the two axes corresponding to the two generative factors of variation of the dataset:
namely, the positions of the two corridors. Moving along one axis while keeping
the other fixed affects the position of only one of the two corridors. For example,
moving from the top-left to the top-right angles of the square corresponds to moving
from the image (0,0) to the image (12,0). In other words, the first factor (the position
of the top corridor, from 0 to 12) changes, whereas the second factor (the position
of the bottom corridor, from 0 to 12) remains the same. The opposite is true if one
moves from the top-left to the bottom-left angles of the square. The disentanglement
of the internal code is confirmed by the activation patterns of the latent channels,
shown in Figure 3.3B. The figure shows the average (standardized) activity of each
of the 5 neurons of the latent space as a heatmap. Each heatmap reports the neural
activity for every possible combination of the corridors’ positions (xUC,xLC) of the
input images (see Section 3.4.3). In the figure, we observe that only two channels are
active, each of which encoding the position of a single corridor (the color changes
only along one of the two axes). Moreover, the color transition is smooth, indicating
that the model is able to encode every single value of the position of each corridor.

Figure 3.3F-G shows that when baseline model is trained at low capacity, the
representation is still disentangled, as evident from the fact that it uses two latent
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channels for two orthogonal dimensions of the task (Figure 3.3G). Furthermore, the
latent space maintains a square-like shape (Figure 3.3F), even if the scales of the two
axes is much smaller than the in Figure 3.3A and some points are flipped between the
two latent spaces (e.g., 0,12 and 10,10). Importantly, we observe a prototypization
effect: the model collapses the representations of images that are similar to one
another. This is evident from the fact that the data points are clustered around the
vertices of the square that correspond to four main type of images (or prototypes):
both corridors on the left (2,2), both corridors on the right (10,10), upper corridor
on the left and lower corridor to the right (2,10), upper corridor on the right and
lower corridor on the left (10,2). The prototypization effect is also apparent when
comparing the activation patterns of the latent channels in the baseline model at high
(Figure 3.3B) and low (Figure 3.3G) capacity. At low capacity, the color transitions
are no longer smooth as for the model at high capacity; rather, each channel presents
a more binarized activation as if it is able to encode only two possible positions
of the corresponding corridor. Note that the observations made in this paragraph
about panels A, B, F and G hold true for the Figures 3.3, 3.4, 3.6, 3.7, 3.8, 3.9 and
3.10. In fact, they all represent the same baseline model, except for the fact that that
data points have been assigned different colors to facilitate comparison with other
models.

Comparison of baseline and E1M1 models Figures 3.3C and 3.3H show 2D
projections of the latent spaces learned by the β -VAE trained on the unbalanced
dataset with a bias for the bottom corridor to the left (E1M1), at high and low
capacity, respectively. At high capacity (Figure 3.3C), the data imbalance slightly
alters the structure of the latent space and it is still possible to recognize a square-like
shape. Despite this similarity, the activation patterns of the latent channels for the
unbalanced dataset (Figure 3.3D) differ substantially from the baseline model, with
four active channels. The first and the fourth channels encode the position of a
single corridor in a binarized fashion (this explains the square-like shape and the two
clusters). Rather, the second and third channels enrich the latent representation with
fine-grained details about corridors positions, which allow the network to reconstruct
more faithfully the input stimuli. Since the number of active channels in the E1M1
model is larger than two, it can be helpful to also inspect the 3D projection of its
latent space, reported in Figure A2 (left panel). The figure reveals that, as an effect
of the data imbalance, the latent space has been slightly bent to form a cylinder-like
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shape. This reconfiguration in a higher-dimensional space leads to a general dilation
of the distances between points, an effect that may not be apparent from the 2D
projection. The distortion matrix shown in Figure Figure 3.3E provides formal
confirmation of this effect.

As a consequence, the data points in the E1M1’s latent space are further apart
with respect to the baseline model’ s latent space, despite in the 2D projection seems
to be the contrary, as confirmed by Figure 3.3E. This matrix quantifies the extent
to which the latent space of the E1M1 model has been compressed (values < 1) or
dilated (values > 1) relative to the latent space of the baseline model. Each element
(i, j) represents the average compression/dilation of the pairwise distances between
data points of class i and data points of class j. The predominantly larger-than-1
values across the matrix confirm that the E1M1 model allocates more space to its
representations compared to the baseline.

At low capacity (Figure 3.3H), the number of active channels returns back to two
(one per corridor), as shown in Figure 3.3I. In particular, the first channel encodes
upper corridor positions while the the second channel only encodes bottom corridor
positions ≤ 6, (i.e. the most frequent images), ignoring images with bottom corridor
position >6 (i.e., the least frequent images); note that the color corresponding to
xLC > 6 is equal to the color of inactive channels. This still results in a square-
like shape of the latent space, but in this case the square only comprises the most
frequent images. The less frequent images are ignored in the latent representation
and when the network is presented with a image of type (xUC,xLC) with xLC > 6, it
generates an image of type (xUC,3). This explains why the less frequent images are
positioned at the center of the square. In conclusion, at low capacity, the network
encodes the most frequent images (with relatively high fidelity), but not the less
frequent images – plausibly, because ignoring rare images still ensures a small loss.
We call this a specialization effect, in the sense that the model is biased in the
allocation of resources. The specialization effect is similar to the prototypization, but
is specific for frequent stimuli rather than forming averages. The magnitude of such
specialization effect with respect to the baseline model at low capacity is quantified
by the distortion matrix in Figure 3.3J. The matrix is computed as described above
and the larger-than-1 value for the element (1,1) confirms that most frequent stimuli
have been dilated, while a smaller-than-1 value for the elements (0,1) and (1,0)
confirms that the less frequent stimuli are ignored, in the sense that they are mapped
into the same region of the latent space where high frequency stimuli live.
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Figure 3.3: Comparison of the latent representations of the baseline model and the model
E1M1. The E1M1 model is trained on an unbalanced dataset, in which images with xLC ≤ 6
(orange) are 10 times more frequent than images with xLC > 6 (green). (A, F) 2D projections
of the 5D embeddings learned by the baseline model at high (Cmax = 10 nats) and low
(Cmax = 0.3 nats) capacity, respectively. (C, H) 2D projections of the 5D embeddings learned
by the hybrid E1M1 model trained at high (Cmax = 10 nats) and low (Cmax = 0.3 nats)
capacity, respectively. (B, G) Activation patterns of the 5 latent channels of the baseline
model at high and low capacity, respectively. Each of the five heat-maps is computed as in
sec. 3.4.3. (D, I) Activation patterns of the 5 latent channels of the E1M1 model at high and
low capacity, respectively. Each heat-map is computed as in Section 3.4.3. (E, J) Measure of
distortions in the latent representations of the hybrid E1M1 model compared to the baseline
model at high and low capacity, respectively.
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Comparison of baseline and E1M2 models Figures 3.4A and 3.4F show 2D
projections of the latent spaces learned by the β -VAE trained on the balanced dataset
(baseline), at high and low capacity, respectively. These are identical to Figures 3.3A
and 3.3F discussed above, except that the colors of the dots indicate the images that
have high frequency (aligned corridors in orange) or low frequency (non-aligned
corridors in green) in the E1M2 model.

Figures 3.4C and 3.4H show 2D projections of the latent spaces learned by
the β -VAE trained on the unbalanced dataset with a bias for aligned corridors
(E1M2), at high and low capacity, respectively. When the E1M2 model is trained
with high capacity, both the latent space (Figure 3.4C) and the latent channels
(Figure 3.4D) differ significantly from the baseline model (Figure 3.4A). Notably,
this reconfiguration requires using more than two latent channels (Figure 3.4D),
which implies that the latent space is higher dimensional compared to the baseline
model. By inspecting the 3D projection in Figure A3 (left panel), we observe that,
as for the E1M1 model, the latent space has been bent to form a cylinder-like shape.
The same observations on the dilation of the data points made for the E1M1 model
holds true for the E1M2 model, as confirmed by the distortion matrix in Figure 3.4E.

Similar considerations hold for the E1M2 trained with low capacity (Figure 3.4H).
However, in this case the specialization effect – and the significant compression
required to encode the points belonging to class 1 (aligned corridors) with sufficient
fidelity – moves them farther apart in latent space compared to the baseline model
(Figure 3.4J). As a consequence, the overall latent space appears significantly recon-
figured and folded (Figure 3.4H). The folding can be appreciated in greater detail by
considering Supplementary Figure A3, which shows the latent representation in 3
dimensions.

Summary of the results of Experiment 1

Experiment 1 explored the geometry of latent space that emerge in β -VAE models,
by varying model capacity (i.e., high or low capacity) and data distributions (i.e.,
balanced vs. unbalanced datasets).

To summarize, our results show that that a baseline β -VAE trained with a bal-
anced data distribution correctly recovers the two generative factors of variation of
the dataset (i.e., the positions of the upper and lower corridors, which vary indepen-
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Figure 3.4: Comparison of the latent representations of the baseline model and the hybrid
model E1M2. The E1M2 model is trained on an unbalanced dataset in which images with
xL = xU (orange) are 10 times more frequent than images with xL ̸= xU (green). (A, F) 2D
projections of the 5D embeddings learned by the baseline model at high (Cmax = 10 nats) and
low (Cmax = 0.3 nats) capacity, respectively. (C, H) 2D projections of the 5D embeddings
learned by the hybrid E1M2 model trained at high (Cmax = 10 nats) and low (Cmax = 0.3
nats) capacity, respectively. (B, G) Activation patterns of the 5 latent channels of the baseline
model at high and low capacity, respectively. Each of the five heat-maps is computed as in
sec. 3.4.3. (D, I) Activation patterns of the 5 latent channels of the E1M2 model at high and
low capacity, respectively. Each heat-map is computed as in Section 3.4.3. (E, J) Measure of
distortions in the latent representations of the hybrid E1M2 model compared to the baseline
model at high and low capacity, respectively.
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dently). This is evident from the fact that the geometry of the latent states is a square
and the two factors of variation are encoded separately, in two latent channels. When
the baseline model is trained at low capacity, we found that the model performance
decreases (as expected) and the disentanglement coexists with a prototypization
effect: namely, the model collapses the representations of images that are similar to
one another.

Rather, the models E1M1 and E1M2 trained on unbalanced datasets develop a
latent representation that is distorted (folding) compared to the baseline model and
this distortion is more evident at low capacity. In this case, the models E1M1 and
E1M2 show specialization: they devote more resources to encode the most common
stimuli and this changes the position of their corresponding latent compared to the
baseline model. Interestingly, not only training on unbalanced datasets disrupts the
disentanglement but it also renders the latent representations higher-dimensional.
This is plausibly because it is easier to distinguish common from rare stimuli in more
dimensions.

3.2.4 Experiment 2: distortions induced by varying model capac-
ity and tasks

In Experiment 2, we examine the distortions of the β -VAE embeddings, as an effect
of varying model capacity and including classification tasks.

For this, we compare the same β -VAE baseline model considered above with
five models: E2M1, E2M2, E2M3, E2M4, and E2M5. The first four models (E2M1 -
E2M4) are hybrid models composed of a β -VAE and one classifier. These hybrid
models are trained in a supervised manner on the same dataset. However, for each
model the images are relabeled, depending on the classification task that the model
has to solve. The classification tasks assigned to the four hybrid models are explained
below:

1. The E2M1 model is assigned a binary classification task. We labeled with 1
the images in which xUC ≤ xLC and with 0 all the other images. In other words,
the correct class is 1 if the upper corridor is to the left of or aligned with the
right corridor, and 0 otherwise.
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2. The E2M2 model is assigned a binary classification task. We labeled with 1
the images in which xUC < 6 (regardless of the value of xLC) OR (xUC ≥ 6
AND xLC ≥ 6) and with 0 all the other images.

3. The E2M3 model is assigned a binary classification task. We labeled with 1
the images in which the corridors are aligned (xLC = xUC) and with 0 all the
other images.

4. The E2M4 model is assigned a classification task with 25 classes. The 25
classes are defined as follows: we divided both upper and lower part of the
image in 5 bins respectively. The upper corridor is assigned a label from 0
to 4 according to which bin it occupies. The bin size is not uniform and the
bins for corridor positions are as follows: [0,1] (bin 0), [2,4] (bin 1), [5,7]
(bin 2), [8,10] (bin 3), [11, 12] (bin 4). The same holds for the lower corridor.
Each image is then assigned one of the 25 possible combinations of labels
according to the positions of the two corridors. For example, an image with
(xUC,xLC) = (6,11) has the upper corridor falling into bin 2 and the lower
corridor into bin 4 and the it is assigned the label 2∗5+4 = 14.

Finally, E2M5 is a hybrid model composed of a β -VAE and 4 classifiers, trained to
solve the 4 above tasks simultaneously.

For all the five hybrid models (E2M1 - E2M5), the β -VAE and classifier(s) are
trained jointly end-to-end in a supervised manner on the same dataset, whose images
are labeled depending on the task. All the classifiers are linear, except the one used
in the E2M4 model, which is non-linear, since a linear classifier is not sufficient to
solve the task. More details about the architecture of the hybrid models are reported
in Section 3.4.1.

We repeat the training of all the models (E2M1, E2SM2, E2M3, E2M4, E2M5)
for 5 different values of encoding capacity Cmax ∈ {0.3,1,3,6,10} nats.

Performance of the models

Figure 3.2B shows the reconstruction loss of the baseline β -VAE model and the
hybrid β -VAE - classifier models, trained in each of the four classification tasks
(E2M1 - E2M4) and in all the four classification tasks simultaneously (E2M5). As
expected, in all cases, reconstruction loss decreases as the model’s capacity increases.
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Furthermore, as expected, the reconstruction loss is better for the baseline model
compared to the hybrid models, since the latter have to optimize an additional
(classification) objective. The decrease of reconstruction loss follows the same trend
in all models, but the loss remains slightly higher for the model that solves the four
classification tasks simultaneously (E2M5).

We next considered to what extent the baseline and hybrid models generalize
to novel tasks, beyond those for which they were trained. For this, we assessed
the performance of a frozen baseline β -VAE model, when linear classifiers are
trained afterwards (Figure 3.5A). We found that using this sequential training regime
permits solving all but one of the tasks, for which the embedding learned through
unsupervised learning is not sufficient for downstream classification tasks, using a
linear classifier. Furthermore, we found the sequential training regime in which the
β -VAE is trained before the classifiers (Figure 3.5A) to be less efficient than the
joint training regime of the hybrid models (E2M1 - E2M5), in which the β -VAE
and the classifiers are trained jointly (Figure 3.5B,C), across all the model / capacity
combinations.

We next asked whether the classification tasks have the same of different capacity
demands and what this implies for the latent representations developed by the
models. We found that while almost all models reach a high F1 score, they require
different capacities to do so. For example, in Figure 3.5B, the models E2M1 and
E2M3 reach a F1 score of 0.8 with a low capacity (0.3), whereas the model E2M4
reaches the same F1 score of 0.8 only with a high capacity (10). Since capacity
influences reconstruction loss, two models having the same F1 score can have
different reconstruction losses. For example, models E2M1 and E2M3 with a
capacity of 0.3 (that is sufficient for a F1 score of 0.8) have a reconstruction loss of
0.15, whereas model E2M4 with a capacity of 10 has a reconstruction loss of 0.06
(Figure 3.2B). Interestingly, this results indicate that greater discrimination difficulty
during learning induces better and more distinct input representations, which is in
keeping with empirical findings [44].

Finally, we considered to what extent the hybrid models trained on one task
generalize to other tasks when the representations of the β -VAE are frozen and novel
classifiers are trained (Figure 3.5D). Comparing Figure 3.5A with Figures 3.5D
permits appreciating that in some instances, training the β -VAE before the classifiers
(Figure 3.5A) leads to better performance compared to training jointly the β -VAE
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Figure 3.5: Performance analysis. For ease of reading, a brief description of each model
along with its label is reported in the legend. (A) We first trained the baseline β -VAE model.
Its frozen latent embeddings are then used to train separately 4 linear classifiers, one per task.
This permits solving all tasks, except one. (B) We trained a β -VAE and classifier jointly and
we repeated it for each task. In this case the classifier can modify the latent representation of
the β -VAE. In fact, with respect to case A, the new representation is optimised for the given
task and as result the network is able to solve the task1 and learn faster and better in the other
tasks. (C) We trained only one β -VAE jointly with 4 classifiers (one per task). Such network
is able to solve all the task simultaneously. (D) In this plot we asses the overspecialization
of the networks trained in B. Consider the network trained on task 0. We use its latent
representation (specialised for task0) to train 3 classifiers on the other tasks. What we can
see is that task1 can never be solved using the representation learnt from an other task while
this is not true for task 0, 2 and 3 (nevertheless, performance is worse than case B).

and one classifier and later train another classifier (Figures 3.5D). However, this
advantage is not systematic. Finally, comparing Figure 3.5B and Figure 3.5C
permits appreciating that in many instances, jointly training multiple classifiers
((Figure 3.5C)) achieves a performance that approximates models with one single
classifier (Figure 3.5B), especially at high capacity.
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Geometry of the representations of the models

We next considered what representations emerge in the baseline β -VAE model that
only uses unsupervised learning and to what extent the joint training of classification
tasks (E2M1 - E2M5) distorts these representations.

Baseline β -VAE model. The representation learned by the baseline β -VAE model
at high and low capacity is depicted in Figures 3.6A and F, respectively. This is the
same as Figure3.3A and F, except that the dots have different colors. The colors of
the dots indicates the class to which the image belongs in the classification task under
analysis: green denotes class 0, while orange signifies class 1. While the baseline
β -VAE model has no classification task, we color the dots anyway (here, with the
classes used by the E2M1 model) for ease of comparison with the other models, see
later.

Comparison between baseline and E2M1 models. Figure 3.6 compares the latent
representations learned by the baseline model at high capacity (Figure 3.6A) and
low capacity (Figure 3.6F) with those learned by the hybrid model E2M1 at high
capacity (Figures 3.6C) and low capacity (Figures 3.6H), respectively. These images
help understand how the classification task distorts the latent representation of the
model.

At high capacity (Figure 3.6C), the representation retains the square-like shape of
the baseline network (Figures 3.6A), but the datapoints of the two different categories
are more segregated. This is evident by considering Figure 3.6E, which measures an
average dilation for images of distinct classes (in red). Interestingly, as elucidated
by Figure 3.6D, the activation pattern of the latent channels of the E2M1 model
completely changed and it is not aligned anymore with the two factors of variation
in the dataset (i.e., there is no disentanglement) but rather it is a 45◦-rotation of the
baseline’s latent representation: the axes of the new latent space correspond to the
diagonals of the square in the baseline’s latent space. In this way, the E2M1 model
is able to solve the task by using only one latent channel and it uses the other latent
factor to improve the fidelity of stimulus reconstruction.

When the E2M1 is trained at low capacity, the latent space reduces to a 1-
dimensional space and only the axis allowing to solve the task is kept by the network
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(see Figure 3.6I). As a consequence, the square-like shape is completely lost an all
the data points collapse into two clusters, corresponding to the two categories that
the model learned to discriminate (Figure 3.6H). In other words, the classification
objective at low capacity induces an orthogonalization of representations, which is
quantified in Figure 3.6J: data points belonging to the same class are pushed close to
each (in blue) other while data points belonging to distinct classes are more separated
(in red). This result is reminiscent of the empirical finding that learning visuomotor
associations orthogonalizes population codes in the cortex [45].

In sum, at high capacity, the classification task induces a weak form of orthogo-
nalization of the latent space, which is manifest in a better separation of the points
of the two classes compared to the baseline model. Rather, at low capacity, the
classification task induces a strong orthogonalization of the latent state, forming two
clusters organized around prototypes of the two classes.

Comparison between baseline and E2M2 models. Figure 3.7 compares the latent
representations learned by the baseline model at high capacity (Figure 3.7A) and
low capacity (Figure 3.7F) with those learned by the hybrid model E2M2 at high
capacity (Figures 3.7C) and low capacity (Figures 3.7H), respectively.

Due to the similarity with the task being solved by the E2M1 model (Figure 3.6),
the same observations hold true, confirming previous results. However, in this task,
the numerosity of stimuli belonging to the two categories is different and this is
reflected in the different sizes of their two corresponding subspaces (green and
orange areas) in the latent representation.

Comparison between baseline and E2M3 models. Figure 3.8 compares the latent
representations learned by the baseline model at high capacity (Figure 3.8A) and
low capacity (Figure 3.8F) with those learned by the hybrid model E2M3 at high
capacity (Figures 3.8C) and low capacity (Figures 3.8H), respectively. As evident
from Figure 3.8D, at high capacity, the E2M3 network presents four active latent
channels: one of them (the third from the top in Panel D) only activates when the
input image has the two corridors aligned, while the remaining three active channels
encode the corridor positions, similar to the baseline model. Thus, interestingly, the
E2M3 model does not only encode task positions but also task-relevant information
into a separate, almost-binary latent channel (the third one). The usefulness of this
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Figure 3.6: Comparison of the latent representations of the baseline model and the hybrid
model E2M1. The E2M1 model is assigned a binary classification task, in which images
with xU ≤ xL are labeled as 1, 0 otherwise. (A, F) 2D projections of the 5D embeddings
learned by the baseline model at high (Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity,
respectively. (C, H) 2D projections of the 5D embeddings learned by the hybrid E2M1
model trained at high (Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity, respectively. (B,
G) Activation patterns of the 5 latent channels of the baseline model at high and low capacity,
respectively. Each of the five heat-maps is computed as in sec. 3.4.3. (D, I) Activation
patterns of the 5 latent channels of the E2M1 model at high and low capacity, respectively.
Each heat-map is computed as in Section 3.4.3. (E, J) Measure of distortions in the latent
representations of the hybrid E2M1 model compared to the baseline model at high and low
capacity, respectively.
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Figure 3.7: Comparison of the latent representations of the baseline model and the hybrid
model E2M2. The E2M2 model is assigned a binary classification task, in which images
with xU < 6 (regardless of the value of xL) OR (xU ≥ 6 AND xL ≥ 6) are labeled as 1, 0
otherwise. (A, F) 2D projections of the 5D embeddings learned by the baseline model at high
(Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity, respectively. (C, H) 2D projections
of the 5D embeddings learned by the hybrid E2M2 model trained at high (Cmax = 10 nats)
and low (Cmax = 0.3 nats) capacity, respectively. (B, G) Activation patterns of the 5 latent
channels of the baseline model at high and low capacity, respectively. Each of the five
heat-maps is computed as in sec. 3.4.3. (D, I) Activation patterns of the 5 latent channels of
the E2M2 model at high and low capacity, respectively. Each heat-map is computed as in
Section 3.4.3. (E, J) Measure of distortions in the latent representations of the hybrid E2M2
model compared to the baseline model at high and low capacity, respectively.
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latent space representation becomes apparent when considering the nature of the
task being solved: while the classification tasks of E2M1 and E2M2 models are
linear, recognising corridors alignment represents a non-linear classification task.
Since the classifier of the E2M3 model is linear, the classifier alone cannot solve
the task on the basis of a representation like the one of the baseline model (see also
Figures 3.5A and D) and thus the network adapted the representation to explicitly
encode alignment information enabling the linear classifier to correctly solve the
task. This also explains the separation in the latent space between class 1 and class 0
images observable in Figure 3.8C and quantified in Figure 3.8E. This result shows
that an explicit latent representation specialized for the task can emerge in complex
classification tasks and coexist with latent representations that capture the generative
factors and allow an accurate reconstruction of stimuli.

Interestingly, at low capacity, only the latent channel encoding task-relevant
information is active, resulting in a latent space with two clusters (Figures 3.8H and
I). This latent space induces a strong separation of task-relevant inputs compared to
the baseline model trained at low capacity, as it can be notice from a plot of their
differences (Figures 3.8J).

Comparison between baseline and E2M4 models. Figure 3.9 compares the latent
representations learned by the baseline model at high capacity (Figure 3.9A) and
low capacity (Figure 3.9F) with those learned by the hybrid model E2M4 at high
capacity (Figures 3.9C) and low capacity (Figures 3.9H), respectively.

The channel activations illustrated in Figure 3.9D show that at high capacity, the
E2M4 model exploits all the 5 latent channels to encode stimuli. Some channels
show horizontal or vertical bands, indicating that they encode information about
a single corridor. The presence of these channels indicates that the latent state
is still to some extent disentangled; however, the fact that the bands are sharply
separated indicates that the representation is distorted compared to the baseline
model – plausibly, to favor the performance of the model on the classification task.
Furthermore, and interestingly, the channels coding for single corridors coexist with
channels coding for both channels simultaneously, as evident from the fact that they
show both horizontal and vertical bands. The coexistence of these different types
of channels produce a significant rearrangement of the latent space compared to the
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Figure 3.8: Comparison of the latent representations of the baseline model and the hybrid
model E2M3. The E2M3 model is assigned a binary classification task, in which images
with xU = xL are labeled as 1, 0 otherwise. (A, F) 2D projections of the 5D embeddings
learned by the baseline model at high (Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity,
respectively. (C, H) 2D projections of the 5D embeddings learned by the hybrid E2M3
model trained at high (Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity, respectively. (B,
G) Activation patterns of the 5 latent channels of the baseline model at high and low capacity,
respectively. Each of the five heat-maps is computed as in sec. 3.4.3. (D, I) Activation
patterns of the 5 latent channels of the E2M3 model at high and low capacity, respectively.
Each heat-map is computed as in Section 3.4.3. (E, J) Measure of distortions in the latent
representations of the hybrid E2M3 model compared to the baseline model at high and low
capacity, respectively.
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baseline model, with different and separated subspaces allocated to the different
stimulus classes (Figures 3.9C-E).

When the E2M4 model is trained at low capacity, it does not have sufficient
capacity to encode all the stimulus classes: indeed, only 9 of 25 classes are encoded
in the latent representation, while remaining classes are collapsed into a single one
(Figure 3.9H-J). This effect can be considered analogous to the specialization effect
observed with unbalanced datasets, in the sense that the model uses its limited
resources to perform only partially its task. Note that the patterns shown by the latent
channels of the E2M4 model trained at low capacity are more patchy compared to
both the baseline model and the E2M4 model trained at high capacity (Figure 3.9I).
This limited task representation explains the poor behavioral performance of the
model (Figure 3.2B).

Comparison between baseline and E2M5 models. Figure 3.10 compares the
latent representations learned by the baseline model at high capacity (Figure 3.10A)
and low capacity (Figure 3.10F) with those learned by the hybrid model E2M5 at
high capacity (Figures 3.10C) and low capacity (Figures 3.10H), respectively. Note
that while in the figures, the label colors reflect the same task as the E2M4 model,
the E2M5 model is trained simultaneously on all the tasks solved by models E2M1 -
E2M4.

The latent channels of the E2M5 model trained at high capacity (Figure 3.10D)
reveal patterns that are compatible with a combination of those observed in the
models E2M1 – E2M4 – which also explains the good performance of the E5M5
model across all the tasks (see Figure 3.5C and Figure 3.2B). The first and last
latent channels show a complex pattern that partly resembles tho one observed in
the baseline model: specifically, the color is constant along one of the axis when
considering the upper or lower triangular part only. Rather, the difference in color
between the upper and lower triangular parts resembles the activation pattern of
the E2M1 model. The second and third latent channels show patterns resembling
the E2M3 and the E2M2 models, respectively. It is also possible to observe five
color bands in each channel, compatible with the task solved by the E2M4 model.
The resulting latent space is square-like, but the data points are further separated to
accommodate all the tasks simultaneously (Figure 3.10C). As an example, consider
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Figure 3.9: Comparison of the latent representations of the baseline model and the hybrid
model E2M4. The E2M4 model is assigned a multiclass classification task. The possible
positions of each corridor are grouped into 5 bins (as explained in Section 3.2.4) resulting
in a partition of input images into 25 possible classes. (A, F) 2D projections of the 5D
embeddings learned by the baseline model at high (Cmax = 10 nats) and low (Cmax = 0.3
nats) capacity, respectively. (C, H) 2D projections of the 5D embeddings learned by the
hybrid E2M4 model trained at high (Cmax = 10 nats) and low (Cmax = 0.3 nats) capacity,
respectively. (B, G) Activation patterns of the 5 latent channels of the baseline model at high
and low capacity, respectively. Each of the five heat-maps is computed as in sec. 3.4.3. (D,
I) Activation patterns of the 5 latent channels of the E2M4 model at high and low capacity,
respectively. Each heat-map is computed as in Section 3.4.3. (E, J) Measure of distortions in
the latent representations of the hybrid E2M4 model compared to the baseline model at high
and low capacity, respectively.
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Figure 3.10: Comparison of the latent representations of the baseline model and the hybrid
model E2M5. The E2M5 model is required to solve all the previous tasks simultaneously. (A,
F) 2D projections of the 5D embeddings learned by the baseline model at high (Cmax = 10
nats) and low (Cmax = 0.3 nats) capacity, respectively. (C, H) 2D projections of the 5D
embeddings learned by the hybrid E2M5 model trained at high (Cmax = 10 nats) and low
(Cmax = 0.3 nats) capacity, respectively. (B, G) Activation patterns of the 5 latent channels
of the baseline model at high and low capacity, respectively. Each of the five heat-maps
is computed as in sec. 3.4.3. (D, I) Activation patterns of the 5 latent channels of the
E2M5 model at high and low capacity, respectively. Each heat-map is computed as in
Section 3.4.3. (E, J) Measure of distortions in the latent representations of the hybrid E2M5
model compared to the baseline model at high and low capacity, respectively.

that the violet cluster containing the images with labels (5,1) and (6,0) is divided
into two sub-clusters, to accommodate tasks solved by models E2M2 and E2M4.

At low capacity, the E2M5 model learns to solve only 2 tasks (see Figure 3.5C,
showing that only the F1 scores of task associated to E2M1 and E2M2 models are
high). This effect can be considered analogous to the specialization effect observed
with unbalanced datasets, in the sense that the model uses its limited resources to
perform only partially its task. The latent channels of the E2M5 model resemble
those of E2M1 and E2M2 models (Figure 3.10I). This translates into a latent space
with three clusters: the first cluster contains images having label 1 on both tasks, the
second cluster contains images having label 0 on both tasks, and the third cluster
contains images having different labels on the two tasks.
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Summary of the results of Experiment 2

Experiment 2 investigates the distortions in β -VAE embeddings resulting from
varying model capacity and incorporating classification tasks. Five hybrid models,
E2M1 to E2M5, are compared to a baseline β -VAE model, at different capacities.
E2M1 to E2M4 are hybrid models combining β -VAE and one classifier, each trained
on a specific classification task. E2M5 includes four classifiers trained simultaneously
with β -VAE.

Performance analysis reveals that as model capacity increases, reconstruction
loss decreases across all models. However, hybrid models consistently exhibit higher
reconstruction loss than the baseline model, due to the additional classification
objective. Joint training of β -VAE and classifiers enables solving multiple tasks,
with different capacities required for optimal performance in each task. Sequential
training of β -VAE followed by classifiers yields less efficient performance compared
to joint training, except in specific cases. Furthermore, joint training of multiple
classifiers approaches the performance of single-classifier models, particularly at
high capacity.

Regarding the geometry of representations, the classifiers induce task-specific
distortions, as evident in comparisons between baseline and hybrid models. At high
capacity, the distortions primarily improve segregation of class representations. In-
terestingly, explicit latent representations specialized for particular tasks can emerge
and coexist in complex classification tasks with latent representations that capture
the generative factors and allow an accurate reconstruction of stimuli. At low capac-
ity, the distortions are more severe: the trained models show an orthogonalization
of latent channels, with collapsed representations focused solely on task-relevant
information – which also implies a severe loss of stimulus reconstruction accuracy
of performance. This phenomenon is consistent across models E2M1 to E2M4.

In E2M5, joint training enables the model to simultaneously solve multiple tasks,
with latent representations accommodating all tasks. However, at low capacity, the
model only learns to solve two tasks effectively, leading to a poor latent space with
fewer distinct clusters compared to the number of tasks.
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3.3 Discussion

When creating internal models of the world, the brain necessarily compresses infor-
mation. Formal frameworks like rate-distortion theory provide a normative perspec-
tive explaining why three different factors – model capacity, data distributions and
tasks – distort latent representations. Here, instead, we ask how these factors distort
latent representations.

To address this question, we employ a Beta Variational Autoencoder (β -VAE)
[6], which approximates rate-distortion theory, while allowing for the utilization
of real-world stimuli such as images [43, 20]. We use the β -VAE to conduct two
computational experiments, in which we vary model capacity and data distributions
(Experiment 1) and model capacity and classification task, while also augmenting
the β -VAE with additional classification objectives (Experiment 2).

We report six main findings. First, the β -VAE trained at high capacity success-
fully recovers efficient latent representations that disentangle the two dimensions
of variation of the stimuli (here, the positions of two corridors). However, lowering
capacity distorts latent representations, inducing a prototypization effect, which is
evident in panels F of Figures 3.3-3.4, 3.6-3.10. These compressed representations
can be equally interpreted as abstract representations with a categorical bias – in the
sense that they abstract away from sensory details [43].

Second, manipulating data distributions (i.e., training the model with unbalanced
datasets) distorts latent representations, especially at low capacity. The resulting
latent representations lose the disentanglement and show some specialization: they
faithfully represents the most common stimuli, but not the infrequent ones. Interest-
ingly, this training regime also favors the development of higher dimensional latent
representations, plausibly as a way to distinguish rare stimuli from frequent ones.
Simultaneously lowering capacity and manipulating data distributions (i.e., using an
unbalanced dataset) makes the prototype unbalanced, too.

Third, introducing an additional objective – classification accuracy – penalizes
reconstruction accuracy in hybrid models. Furthermore, classification accuracy
produces an orthogonalization effect – and the increase of distance between latent
representations for stimuli of different classes – which is most evident for low
capacity, but is also present for high capacity. This result is in line with the empirical
finding that task training orthogonalizes visual cortical population codes in rodents
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[45]. Interestingly, in the hybrid models, the orthogonalization is not achieved by
projecting information in a high dimensional space and then using linear readouts
trained for specific computational tasks, as happens in reservoir computing and
support vector machines [46]. Rather, it happens in the low dimensional space of
VAEs.

Fourth, certain hybrid models can specialize different latent channels for its two
main objectives: reconstruction accuracy and classification. For example, in the case
of model E2M3, an explicit latent channel specialized for the task coexists with latent
channels that capture the generative factors and allow an accurate reconstruction of
stimuli (Figure 3.8D).

Fifth, the three kinds of distortions that we described – prototypization, orthog-
onalization and specialization – can have compound effects. For example, the
simultaneous presence of capacity limitations and task produces both prototypization
and orthogonalization. This is most evident by looking at the latent representations
of hybrid models trained at low capacity (e.g., Figures 3.6H and 3.7H), which show
a separation of two orthogonal prototypes. Interestingly, these are not the same
prototypes that appear in the baseline model trained at low capacity (Figures 3.6F
and 3.7F), but are rather amplifications of the separation between classes already
observed when the hybrid models are trained at high capacity (Figure 3.6C and
Figure 3.7C).

Sixth, task difficulty significantly affects the specificity of encoding and per-
ceptual learning. Specifically, greater discrimination difficulty during perceptual
learning induces more distinct representations of individual images, which is in
keeping with empirical findings [44]. This is because easy tasks can be addressed
with a greater level of compression.

Taken together, these results illustrate that three main classes of distortions of
latent representations – prototypization, specialization, orthogonalization – emerge
as signatures of information compression, under constraints on capacity, data distri-
butions and tasks. These distortions can coexist, giving rise to a rich landscape of
latent spaces, whose geometry could differ significantly across generative models
subject to different constraints.

These results could be potentially useful to interpret neural data. Various empiri-
cal studies reported that the geometry of latent representations in neuronal popula-
tions is distorted, as in the case of reward-induced compression of spatial representa-
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tions of mazes in the hippocampus and orbitofrontal cortex [24] or frequency-induced
biases of working memory representations [47]. These and other empirical results
can be interpreted in the light of the necessity for the brain to efficiently compress
information – keeping with rate-distortion theory [2]. Interestingly, the brain is
able to flexibly adapt the type and level of compression to task demands, rather
than employing a fixed compression level. For example, the degree of specificity
of internal representations along the visual pathway depends on the difficulty of
the training conditions, with more specific representations emerging when learning
difficult tasks [44]. Furthermore, the prefrontal cortex can rapidly remap the repre-
sentation of stimuli according to their usefulness [48]. It remains to be established in
future studies whether these empirical findings can be characterized formally using
rate-distortion theory.

Furthermore, future studies might use the computational framework developed
here for the ambitious objective to reverse-engineer the brain’s training objective
from the geometry of latent representations of neuronal populations. Some re-
searchers have argued that the ventral visual stream pursues the goal of perceptual
categorization [49] and others that it pursues efficient data compression or efficient
coding [9]. Our analysis shows that these two goals induce different types of distor-
tion; furthermore, it shows that the two goals are not mutually exclusive, but can be
pursued in parallel. The relative importance of these two goals for the ventral visual
stream (or other brain structures) could be in principle identified, by analyzing the
geometry of latent representations.

This work has some limitations that could be addressed in future work. First,
while our method assumes that reconstruction is part of the loss function (Equation
3.1), other methods, such as the information bottleneck [50] dispense from recon-
struction. It remains to be assessed whether the results obtained here generalize to
these methods. Second, for the sake of simplicity, we adopted a simple training
scheme for the hybrid models of Experiment 2, in which the β -VAE model and
the classifier are trained together (with the exception of the results shown in Fig-
ure 3.5A, in which the classifier is trained after the β -VAE was fully trained and
frozen). An alternative possibility is adopting a more sequential training regime,
in which the classifier is trained after the β -VAE has developed stable latent rep-
resentations. Preliminary investigations shows that this sequential training regime
produces additional changes to the geometry of the representation, but these changes
need to be investigated in more detail. Third, future studies might consider more



3.4 Methods 49

sophisticated generative architectures (e.g., hierarchical or conditional β -VAEs) ,
which permit addressing the trade-offs between the capacity and accuracy afforded
by different models [51] as well as more sophisticated methods to quantify how
well latent representations support classification objectives [52]. Fourth, while we
have focused on relatively simple measures of the geometry of latent representa-
tions of β -VAEs and their distortions, future studies might consider more advanced
analysis methods, which are based on interventions [53]. Finally, we focused on a
specific dataset – the Corridors dataset – which we created specifically to study the
distortions of generative models. We opted to create a new dataset instead of using
standard datasets like MNIST [54] because the lack of clearly defined orthogonal
factors of variation would make it difficult to interpret the effects of rate-distortion
trade-offs. While other less standard existing datasets like dSprites [55] do feature
orthogonal factors, they usually include a large number of independent dimensions
of variation, significantly increasing the complexity of the analysis. By contrast, the
Corridors dataset was designed to contain only two orthogonal generative factors,
allowing us to systematically study how capacity constraints, data distributions, and
task requirements distort latent representations. We expect our results to generalize
to other datasets with a larger number of disentangled dimensions. Furthermore,
we expect our methods to be particularly useful to study neural representations in
biological systems and their distortions, which have been demonstrated in previous
empirical studies [23, 48, 45]. However, the generalization of our methods to other
datasets and their application to address biological systems remain to be addressed
in future research.

3.4 Methods

3.4.1 Computational Models

As explained in Section 2.2, we use the β -VAE architecture (Figure 3.11A) as
computational model since it represents an effective approximation of RDT for
high-dimensional data, such as images [43, 20].

The β -VAE used for both Experiments 1 and 2 comprises an encoder block and
a decoder block. The encoder block consists of 3 convolutional layer, each followed
by a leaky ReLU activation [56, 57]. Similarly, the decoder block consists of 3
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Figure 3.11: Computational models. (A) The standard β -VAE model used in Experiment
1. (B) The general hybrid model used in Experiment 2. It extends the standard β -VAE
architecture with one or more classifiers that are jointly trained with the β -VAE.

transposed convolutional layers, also followed by a leaky ReLU activation function,
except for the last layer having a sigmoid activation function to output grayscale
images. The latent dimension is fixed to 5, since there are only two generative
factors of variation in the data. We added three extra dimensions to see whether the
models are able to use them efficiently or not. All the models are trained with Adam
optimizer and a learning rate of 5 ·10−5.

Inspired by [38], we trained all the models using the following variant of the loss
function in equation 2.6:

L (θ ,φ ;x,z,β ) = Eqφ (z|x)

[
− log pθ (x | z)

]
+β

∣∣∣DKL
(
qφ (z | x)∥p(z)

)
−C

∣∣∣ (3.1)

where C represents the encoding capacity available to the model. In fact, the amount
of information that each latent dimension of the VAE can encode about the input
depends on the KL divergence between the approximate posterior qφ (z | x) and the
prior p(z). By penalizing with a factor β any deviation of the KL divergence from the
required capacity C, the loss function in Equation 3.1 allows to adjust the encoding
capacity of the model during training. Following the training recipe introduced in
[38], during training, we gradually increased the capacity C from 0 to a target value
Cmax to favor the disentanglement of latent representation [38]. All the models have
been trained 5 times, each time with a different value for the maximum encoding
capacity Cmax. Possible values for Cmax are 0.1, 1, 3, 6 and 10 nats.

Note that, with respect to Equation 2.4, in Equation 3.1 we introduced the
absolute value in the rate term. This is equivalent to require that the KL divergence
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is exactly C and not just less or equal to C. This choice is motivated by a well-known
issue in VAE training called "posterior collapse". In fact, a powerful decoder can
learn to ignore the latent code entirely, causing the information rate (R) to collapse
to zero [58]. By enforcing a target capacity C > 0, we force the model to use the
latent channel to transmit a specific amount of information, measured in nats. This
makes C a directand interpretable measure of the channel’s capacity.

However, in Experiment 2, we extend the β -VAE architecture with one or more
classifiers (Figure 3.11B) that are jointly trained with the β -VAE by means of the
following loss function:

L (θ ,φ ;x,y,z,β ) =

Eqφ (z|x)

[
− log pθ (x | z)

]
+β

∣∣∣DKL
(
qφ (z | x)∥p(z)

)
−C

∣∣∣+ n

∑
i=1

L
(i)

clf

(
z,y(i)

)
,

(3.2)

where the last term represents the sum of the losses L
(i)

clf of the classifiers that are
jointly trained with the β -VAE. It is possible to have only one classifier (n= 1), as for
models E2M1-E2M4, or more than one (n > 1), as for model E2M5 which features
n = 4. The i-th classifier receives as input the latent vector z from the β -VAE and
the label y(i) associated to z in the i-th task. This joint training procedure allows us
to study the distortion induced by the classification task on the latent representation
learnt by the β -VAE models. Depending on the specific task, the classifier can be
linear or non-linear. The linear classifier is a feedforward neural network with no
activations and a single hidden layer with 1024 units. The non-linear classifier is a
feedforward neural network with leaky ReLU activations and a single hidden layer
with 1500 units.

3.4.2 Comparing latent representations (or embeddings) learned
by the different models

Our goal is to compare the geometry of the latent representations (or embeddings)
learned by different models in our experiments. Since all models present a 5-
dimensional latent space, we employ Multidimensional Scaling (MDS) [59] as a
dimensionality reduction technique to render 2D representations of the latent space
structure.
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To execute MDS, we input a dissimilarity matrix derived from pairwise Euclidean
distances between data points in the high-dimensional space. For each trained model,
we generate 2D projections of the latent space by applying MDS to the pairwise
Euclidean distance matrix computed from the 5-dimensional vectors associated with
each image via the encoder block of the respective network. Then, we compare the
2D embeddings learned by the different models considered (see panels A, C, F and
H of figures 3.3, 3.4, 3.6, 3.7, 3.8, 3.9 and 3.10); see also Supplementary Figures A2
- A8 for 3D plots of the embeddings.

Class distortion matrix and Item distortion matrix Given two models, M1

and M2, a way to quantitatively measure how much the latent space of model M2 is
distorted with respect to that of model M1 is to measure, for each pair of images u and
v, how far the distance between M2(u) and M2(v) deviates from the distance between
M1(u) and M1(v), where M•(u) denotes the embedding of image u according to
model M•. More specifically, we compute the ratios

ρ(u,v) =
d (M2(u),M2(v))
d (M1(u),M1(v))

, ∀u ̸= v. (3.3)

for all pairs of images employing the Euclidean distance as d(·, ·). When ρ > 1, the
two images are farther apart in the latent space of M2 with respect to M1. When
ρ < 1, the two images are closer in the latent space of M2 with respect to M1. When
ρ = 1, the two images have the same distance in the latent space of both models. This
allows us to measure the magnitude of dilation or compression of the embeddings of
a model with respect to those of an other model.

Panel E of Figures 3.3, 3.4, 3.6, 3.7, 3.8, 3.9 and 3.10 reports the distortion
matrix arising when having an unbalanced dataset or a task assigned to the network
at high capacity. In particular, we consider the baseline model at high capacity as
M1 and a "hybrid" model at high capacity as M2. In this case, we group images into
classes depending on the experiment. In experiment 1, for example, it is possible
to divide images according to their frequency of appearance in the dataset (low and
high frequency) and thus we have two classes (0 and 1 labels). In experiment 2, it
is possible to divide images into classes according to the specific classification task
being solved by the network. The number of classes will hence depend on that task.
By aggregating images according to the class they belong to, we can measure the
average distortion for couple of images within the same class or belonging to distinct



3.4 Methods 53

classes. This tells us how much, on average, the relative distance between an images
of one class and a image of an other class is compressed (ρ < 1) or dilated (ρ > 1)
when passing from the latent space of model M1 to that of model M2. Similarly for
panel F, the models involved are the same of panel E but they are trained at low
capacity.

3.4.3 Comparing neurons’ activity of the different models

Another way to qualitatively assess the distortion induced by a task (or stimuli
statistics) onto the embedding space is to visualize the activation patterns of the
individual latent channels of the 5D latent space when specific stimuli are passed
as input to the model. For each latent channel, we create a 13x13 matrix whose
(i, j) element is the average value of that channel when a image with corridors in
position (i, j) is passed as input, where the average is computed on all the images
on the test set. For each model we thus obtain 5 matrices, one for each dimension
of the latent space, and we plot them as heat maps (panels B, D, G and I of figures
3.3, 3.4, 3.6, 3.7, 3.8, 3.9 and 3.10). This approach facilitates the identification of
significant differences between models, such as variations in the number of active
channels within the representation or their distinct activation patterns.



Chapter 4

Number Sense in unsupervised
generative models

In Section 2.3, we examined existing applications of rate-distortion theory in cogni-
tive science. In this chapter, we specifically focus on number sense, the cognitive
ability to estimate the number of items in a visual scene without explicit counting.
We begin with a general overview of number sense, exploring its cognitive and
neural underpinnings, and its characterization through established psychophysical
laws. We then transition to a rate-distortion perspective, exploring how RDT can
provide a normative explanation for the emergence of number sense and the observed
psychophysical phenomena, particularly in the context of limited cognitive resources.
We thus present the results of the second line of inquiry as described in Chapter 1.

4.1 Introduction

Number sense, the intuitive ability to estimate and discriminate quantities [60], is a
fundamental cognitive capacity shared by humans and animals [61–63]. This innate
ability allows for quick, approximate judgments about the number of objects in a
scene, without relying on symbolic counting or formal mathematical knowledge.
This "approximate number system" (ANS) [62] supports crucial adaptive behaviors,
such as foraging, predator avoidance, and social interaction, where rapid assessments
of quantity can be critical for survival [64].
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From a neural perspective, neuroimaging and lesion studies have identified
specific brain regions associated with number sense. The intraparietal sulcus (IPS)
in the parietal lobe is consistently implicated in numerical processing, showing
activation during both symbolic and non-symbolic numerical tasks [65]. Furthermore,
the prefrontal cortex, known for its role in executive functions and working memory,
also contributes to numerical cognition, particularly in tasks requiring numerical
comparison and manipulation [66]. The interplay between these brain regions
suggests a distributed neural network supporting various aspects of number sense.

At behavioral level, the performance of both humans and animals in numerical
tasks is characterized by specific psychophysical laws that describe the relationship
between objective quantities and subjective perception. In this context, the Weber’s
law is a foundational principle in psychophysics, stating that the just-noticeable
difference (JND) between two stimuli is proportional to the magnitude of the stimuli
[67]. In the specific context of number sense, Weber’s law predicts that the ability
to discriminate between two numerosities decreases as the numerosities increase.
For example, it is easier to discriminate between 2 and 3 than between 22 and 23,
even though the absolute difference is the same. Empirical studies have consistently
demonstrated that Weber’s law holds for number sense, with discrimination accuracy
declining as numerosity increases [68, 69].

While the aforementioned psychophysical laws provide a descriptive account
of number sense, Rate-Distortion Theory offers a normative framework for under-
standing why these laws emerge and how they reflect efficient coding under resource
constraints. As highlighted in Section 2.3, the brain operates under stringent resource
constraints, including limitations in metabolic energy, neural tissue, and processing
time [8–10]. This necessitates efficient coding strategies that maximize the amount
of relevant information represented while minimizing resource expenditure. In the
context of number sense, this suggests that the brain may have evolved representa-
tions that optimally balance the accuracy of numerosity estimates with the cost of
encoding and processing numerosity information. Theoretical studies suggest that
numerosity representations in the brain might emerge from the efficient (unsuper-
vised) coding of statistical regularities of sensory inputs, under limited computational
resources [70–72]. Such representations indeed emerge in neural networks that im-
perfectly capture visual scenes, highlighting that an explicit, supervised objective
to count objects is not required for learning [73–77]. While these previous works
revealed many insights, they have limitations that prevent a full mechanistic under-
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standing of numerosity perception. For example, theoretical investigations have
linked the psychophysics of numerosity perception to limited information capacity
[71], or more specifically to bandwidth-limited scene memory [70], using abstract
mathematical (Bayesian) models that cannot take real images as input. Conversely,
computational studies based on unsupervised neural networks have not systemat-
ically explored the link between numerosity perception and information capacity
(in the information-theoretic sense) [78], nor have they compared the solutions that
emerge in unsupervised systems with those of supervised models explicitly trained
to estimate the number of items in the images.

In sum, the precise computational principles governing how these numerosity
representations emerge in resource-limited neural systems, and their relationship to
known psychophysical laws, remain poorly understood. One question that remains
unaddressed is whether psychophysical signatures of numerosity, such as Weber’s
law, are an unavoidable effect of information compression and therefore can occur
regardless of the amount of resources available at the encoding stage, or if instead
they only occur in systems with severe encoding capacity constraints as an effect of
resource limitations. Another question is whether unsupervised learning is sufficient
to develop numerical codes with the capability to generalize beyond the training
set and to generate novel numerical stimuli, hence fully capturing the complexity
of numerical perception – or whether these capabilities necessarily require the
supervised objective of learning to explicitly estimate visual numerosity. Finally,
another question is what is the effect of severely limiting the capacity of unsupervised
systems – and whether there are relations between these capacity limitations and
deficits in numeosity perception as observed in developmental dyscalculia, a learning
disability characterized by difficulties in number sense, memorization of arithmetic
facts, accurate or fluent calculation, and accurate mathematical reasoning [79].

To address the above questions, here we investigate the emergence of number
sense in unsupervised generative models through the lens of RDT [2]. While apply-
ing RDT to visual image learning can be challenging, as demonstrated in Section
2.2, β -Variational Autoencoders (β -VAEs) approximate RDT principles by learning
compressed latent representations of high-dimensional data under capacity con-
straints [43]. In this chapter, we exploit the capability of β -VAEs to incorporate RDT
principles and examine how numerosity information extracted from visual images
is represented in the latent space of β -VAEs trained in an unsupervised manner to
reconstruct the images. This allows us to assess whether the statistical structure of
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numerosity can be inferred without explicit supervision, whether the latent repre-
sentations that emerge during β -VAE training at high capacity align with known
psychophysical laws of numerosity perception, and whether low capacity learning
impairs performance in ways similar to that observed in dyscalculic children.

To assess the ability of β -VAE models trained at different capacities to learn nu-
merosity as a summary statisticof visual scenes, we conducted a series of behavioral
analyses using a dataset commonly employed in numerosity perception research,
which includes images containing items that vary in numerosity, size and spatial
arrangement. Our analyses include numerosity estimation and discrimination tasks,
examinations of latent space structure using dimensionality reduction techniques, and
tests of generalization to novel stimuli. Additionally, we evaluate the models’ gener-
ative capabilities, assessing whether numerical representations can be flexibly used
to generate images with a specified numerosity. Our main analysis focuses on the
β -VAE model trained at high capacity, which we call β -VAE-high, to assess whether
it captures key aspects of human numerosity perception. As a control analysis, we
compare the behavior and latent representations of the unsupervised β -VAE-high to
those of a supervised network explicitly trained to estimate the number of items in
the image. We refer to this supervised model as β -VAE-sup-high. Finally, we pro-
gressively reduced the encoding capacity of the β -VAE models, observing a gradual
degradation in behavioral performance and, at low capacity, we investigated whether
the models exhibited maladaptive numerosity perception abilities comparable to
dyscalculia.

To preview our main results, we found that the unsupervised β -VAE trained at
high capacity captures numerosity perception in a manner akin to human perception,
demonstrating sensitivity to numerosity. In contrast, the supervised model exhibits
superhuman precision in estimating numbers, highlighting the impact of task-specific
constraints. Additionally, the unsupervised β -VAE develops a robust coding for
numerosity that generalizes to novel datasets and permits generating novel images
having a desired number of items, by simply sampling from the latent space of
the model. Furthermore, in keeping with RDT, we observe that varying encoding
capacity decreases behavioral performance in numerosity perception. Finally, the
β -VAE trained at low capacity displays impairments in numerosity perception and
limited generalization, offering insights into the role of resource limitations in
numerosity perception.
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Figure 4.1: Dataset and computational approach. (A) Samples from the dataset used in
the study. The training dataset consists of 50.000 256x256 black-and-white images, each
containing N items (black squares), with N ranging from 1 to 50. (B) Schematic illustration
of the unsupervised learning model (β -VAE). (C) Schematic illustration of the supervised
learning model (β -VAE-sup) used for control analyses. It extends the standard β -VAE
architecture with a linear regression layer attached to the latent space, explicitly trained to
predict the numerosity of the input images. See the Section 4.4 for explanation.

The code to reproduce the simulations, the models’ checkpoints and the datasets
used in this study are available at:https://github.com/damat-le/num_sense_rdt.git

4.2 Results

To explore the emergence of number sense in unsupervised generative models, we
trained a β -Variational Autoencoder (β -VAE) at high capacity. The training dataset
comprised 50,000 black-and-white images, each containing N items (black squares),
with N ranging from 1 to 50. Representative samples are shown in Figure 4.1A. Our
primary goal was to assess the capabilities of this unsupervised β -VAEs (Figure
4.1B), trained with the sole objective of reconstructing the input stimuli, in addressing
phenomena related to numerosity perception. Furthermore, we aimed to study the
effect of varying encoding capacity on numerosity perception.

To this end, we conducted six distinct sets of analyses. The first four sets
of analyses focus on the main model considered in this study: a β -Variational
Autoencoder trained at high encoding capacity (5000 nats). We refer to this model as

https://github.com/damat-le/num_sense_rdt.git
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β -VAE-high. First, in Section 4.2.1, we evaluate the performance of linear readouts
trained on top of the model’s latent representations to solve numerosity estimation
and numerosity discrimination tasks. Second, in Section 4.2.2, we explore the
structure of the latent space that emerges in the model. Third, in Section 4.2.4,
we assess the robustness and abstractness of the learned latent representations by
measuring the model’s ability to generalize to a novel set of images. Fourth, in
Section 4.2.4,we evaluate the model’s ability to generate visual numerosities through
top-down sampling from the latent state. The fifth set of analyses, illustrated in
Section 4.2.5, focuses on the rate-distortion trade-off that emerges when varying the
encoding capacity of the β -Variational Autoencoder. For this, we train seven β -VAE
models with various capabilities, from high (5000 nats) to low (50 nats). Finally, in
the fifth set of analyses in Section 4.2.6, we examine whether low-capacity training
impairs numerosity perception abilities in a β -VAE model trained at low capacity
(50 nats). We refer to this model as β -VAE-low.

As control simulations, we also trained a supervised counterpart of the β -VAE,
at both high and low capacity, by augmenting the loss function with an additional
term that requires to explicitly estimate the numerosity of input images (Figure
4.1C). We refer to these supervised models as β -VAE-sup-high and β -VAE-sup-low,
respectively. This allows to compare the latent representations of the unsupervised
β -VAE-high model with the numerosity-specific representations of the β -VAE-sup-
high model, which had access to numerosity ground truth during training. We thus
repeated all the analyses above, except for the fourth, on the β -VAE-sup model and
report the results in Section B.1 of Supplementary Materials.

Technical details about the training recipes of the models, the dataset and the six
sets of analyses are reported in Section 4.4.

4.2.1 Behavioral Analyses

The behavioral analyses were structured to mimic experimental paradigms used in
human psychophysics studies [79, 80], allowing direct comparisons between the
model’s performance of the β -VAE-high model and human number sense. We
conducted two tests, one to assess the model ability to represent an estimate of the
number of items in a given input image (numerosity estimation) and the other to
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assess the model ability to support the discrimination between the numerosity of
items in an input image and a reference number (numerosity discrimination).

Numerosity estimation. To quantify the ability of the unsupervised model to
encode numerosity relevant information, we trained a linear regression model to
predict the number of items in an image from the corresponding latent representa-
tion generated by the pre-trained β -VAE-high. Figure 4.2A compares the actual
numerosity of the input images (x-axis) with the numerosity predicted by the linear
regression trained on the model’s latent representations (y-axis). The data points,
which represent the linear regression’s average predictions for each numerosity class,
align closely with the diagonal, indicating strong agreement between predicted and
true numerosities. As evident from Table 4.1, the low mean square error (MSE) of
regression (MSE = 4.98) confirms the model’s ability to support accurate numeros-
ity estimation. Interestingly, for small numerosities (N < 5), the linear regression
exhibits low bias (predictions closely align with the diagonal) and low variance (aver-
age standard deviation of 1.3). For large numerosities (N > 46), the linear regression
exhibits a slightly higher bias (the mean predictions exhibit minimal deviation from
the true values) and also the variance grows (the average standard deviation of 2.8)
with respect to small numerosities.

Numerosity discrimination. To assess the model’s ability to support the discrim-
ination between images with distinct numerosity, we trained a logistic regression
to determine whether the numerosity of an input image exceeds a fixed reference
numerosity nref = 25. The logistic regression is trained on the latent representations
of the input images, obtained through the pre-trained model. Figure 4.2B presents
the probability of the logistic regression correctly discriminating whether the nu-
merosity of an input image exceeds 25. The curve is smooth and sigmoidal, with a
steep transition around the reference numerosity, indicating that the model is highly
confident in its discrimination ability even for numerosities near 25. The slope of the
curve implies fine sensitivity to numerical differences in this range, supporting the
model’s capability for accurate numerosity discrimination. As reported in Table 4.1,
the Weber fraction (w = 0.12) derived from this analysis is consistent with empirical
findings in human psychophysics [79], reflecting a number acuity comparable to that
observed in adult human populations.
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Figure 4.2: Analysis of the β -VAE-high model. (A) Results of the numerosity estimation
task on the test dataset. (B) Results of the numerosity discrimination task on the test dataset.
(C) Latent space visualization: first two principal components (PCs), colored by numerosity.
(D-F) Zero-shot generalization tests on the "item size" dataset: (D) Numerosity estimation,
(E) Numerosity discrimination, (F) Latent space (PC1 vs. PC2), colored by item size (top)
and numerosity (bottom). (G-I) Zero-shot generalization tests on the "field radius" dataset:
(G) Numerosity estimation, (H) Numerosity discrimination, (I) Latent space (PC1 vs. PC2),
colored by field radius (top) and numerosity (bottom). See main text for details.
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zeroshot retrained
MSE w n_ref MSE w n_ref

model dataset

β -VAE-high test 4.98 0.12 25.00 4.98 0.12 25
itemsize_4 15.48 0.11 29.93 3.74 0.10 25
itemsize_8 5.52 0.11 24.61 3.31 0.10 25
itemsize_12 5.65 0.11 24.76 2.96 0.09 25
itemsize_16 15.38 0.13 26.07 2.30 0.08 25
itemsize_20 48.05 0.18 27.68 1.54 0.06 25
fieldradius_65 148.09 0.15 51.89 1.28 0.07 25
fieldradius_85 69.33 0.16 36.42 2.76 0.08 25
fieldradius_105 21.30 0.14 28.03 4.10 0.09 25
fieldradius_125 7.52 0.12 25.35 4.03 0.09 25
fieldradius_150 5.81 0.11 24.63 3.89 0.10 25

β -VAE-low test 40.71 0.38 25.00 40.71 0.38 25
itemsize_4 564.57 0.44 111.76 62.72 0.50 25
itemsize_8 114.98 0.25 37.57 24.25 0.29 25
itemsize_12 34.29 0.24 26.97 15.33 0.21 25
itemsize_16 63.41 0.23 22.36 10.49 0.18 25
itemsize_20 143.28 0.22 19.51 7.92 0.15 25
fieldradius_65 610.73 1.76 4382.17 21.03 0.25 25
fieldradius_85 444.57 0.67 149.83 19.31 0.23 25
fieldradius_105 322.23 0.45 73.52 18.53 0.23 25
fieldradius_125 226.64 0.32 49.73 19.97 0.24 25
fieldradius_150 168.97 0.27 42.72 22.07 0.27 25

β -VAE-sup-high test 1.10 0.05 25.00 1.10 0.05 25
itemsize_4 8.22 0.08 24.64 2.75 0.11 25
itemsize_8 4.48 0.05 22.69 1.39 0.09 25
itemsize_12 1.13 0.05 24.66 0.75 0.07 25
itemsize_16 1.10 0.05 26.26 0.51 0.06 25
itemsize_20 7.92 0.05 25.54 0.51 0.05 25
fieldradius_65 93.34 0.10 39.71 0.87 0.06 25
fieldradius_85 35.29 0.09 29.33 1.55 0.08 25
fieldradius_105 10.68 0.07 25.44 1.59 0.07 25
fieldradius_125 4.38 0.06 23.76 1.51 0.08 25
fieldradius_150 3.81 0.06 23.11 1.47 0.08 25

β -VAE-sup-low test 21.90 0.25 25.00 21.90 0.25 25
itemsize_4 192.88 0.24 48.19 30.31 0.31 25
itemsize_8 29.27 0.22 28.89 16.87 0.23 25
itemsize_12 21.40 0.20 26.23 10.66 0.18 25
itemsize_16 22.51 0.18 24.32 6.48 0.14 25
itemsize_20 46.05 0.18 21.81 4.43 0.12 25
fieldradius_65 307.95 0.56 99.93 25.15 0.25 25
fieldradius_85 171.96 0.31 46.93 19.03 0.23 25
fieldradius_105 100.41 0.26 37.05 16.66 0.22 25
fieldradius_125 62.21 0.25 32.78 16.15 0.22 25
fieldradius_150 42.84 0.23 30.58 17.04 0.23 25

Table 4.1: Performance metrics for numerosity estimation and discrimination tasks across
different models and datasets. MSE: Mean Squared Error for numerosity estimation task.
w: Weber fraction for numerosity discrimination task. nref: Reference numerosity used for
discrimination. Results are shown for both zero-shot evaluation (without retraining readouts)
and after retraining the linear readouts on each dataset, with models’ weights frozen. Each
model is evaluated on three datasets: test dataset, a dataset with the same distribution of
the training dataset, item size dataset, a dataset in which item size and numerosity vary
orthogonally and field radius dataset, a dataset in which field radius and numerosity vary
orthogonally (see Section 4.4.5 for more details).
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Control analyses. To establish a performance baseline and further probe the be-
havioral capabilities of the β -VAE-high model, we conducted two control analyses.
First, we evaluated the supervised β -VAE-sup-high model, which was explicitly
trained using numerosity labels, on the same numerosity estimation and discrimina-
tion tasks. The β -VAE-sup-high model exhibited good performance in both tasks
(Figure B.1.1A-B, Table 4.1). However, its performance substantially surpassed
human psychophysical capabilities, as evidenced by a "superhuman" Weber fraction
as low as w = 0.05 in the numerosity discrimination task and a MSE of 1.10 in the
numerosity estimation task. This underscores the considerable impact of task-specific
supervised training.

Second, to evaluate the reconstruction quality of the unsupervised β -VAE-high
model and its impact on numerosity perception, we administered more challenging
versions of the numerosity estimation and discrimination tasks. Instead of using
the original input images, the β -VAE-high model first reconstructed the images,
and then performed the numerosity estimation and discrimination tasks on these
reconstructed images in a zero-shot manner (i.e., without retraining any part of the
model). The results demonstrate that the model performs these more challenging
tasks with accuracy comparable to the original tasks (Figure B.4.1), showcasing
its effective reconstruction capabilities. This control analysis guarantees that the
β -VAE-high model has correctly optimized both the rate and distortion terms during
training (see Equation 3.1).

To summarize, our behavioral analyses reveal that the unsupervised β -VAE-
high model supports successful visual numerosity estimation and discrimination,
without explicit training. Moreover, it exhibits excellent reconstruction capabilities,
supporting accurate numerosity tasks not only with original input images but also
with reconstructed images. Finally, and in contrast to the supervised β -VAE-sup-
high model, the unsupervised β -VAE-high model demonstrates signatures of human
visual numerosity perception, including greater precision in estimating smaller versus
larger numerosities and a discrimination ability (measured by the Weber fraction)
within the range of human psychophysics.
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4.2.2 Neural Analyses, β -VAE-high model

The good performance in numerosity perception tasks suggests that the β -VAE-
high model could develop numerosity-related features in its latent space through
unsupervised learning. To test this hypothesis, we applied a Principal Component
Analysis (PCA) to the 256-dimensional latent space of the model. Figure 4.2C shows
the first two principal components (PC1 and PC2). The points are colored according
to the numerosity of the corresponding input images and range from blue (for smaller
numbers) to yellow (for larger numbers). Notably, the plot reveals distinct clustering
of points based on numerosity, with a gradual and smooth transition of colours
along the first principal component (see Figure B.5.4 for another illustration of
the first PC). This result indicates that the model has successfully organized its
latent representations in a way that preserves numerosity information – as a one-
dimensional, population-level "number line" – in the first PC. Moreover, the spread
of points along PC2 highlights the model’s ability to encode variance in numerosity
while preserving separability between different numerosities. Interestingly, the
variance along PC2 is greater for smaller numbers, possibly reflecting the greater
diversity of input images with lower numerosity (i.e., images containing fewer
items tend to be more varied compared to those with higher numerosity). However,
importantly, this increased variance does not hinder the model’s ability to estimate
numerosity for images with fewer items, indicating a robust numerical representation.

To obtain more insight about how numerosity information is coded in the β -
VAE-high model’s latent space, we performed three additional analyses. In these
analyses, we asked whether numerosity is coded in a distributed manner across
the 256 dimensions of the model’s latent space or localized in a small number of
dimensions. In the first additional analysis, we sorted the 256 neurons of the latent
representation according to the Spearman correlation between their neural activity
and the numerosity of the input images, then we trained 256 linear regressions, each
with an increasing number of neurons, and computed the respective MSE. Figure
B.5.1A shows that while the first 20 neurons give the greatest contribution, the MSE
scores degrade gracefully, indicating that also all the other neurons contribute to a
distributed numerosity coding. This result can also be appreciated by looking at the
Spearman correlation score between neurons and numerosity which is higher for the
first 20 neurons and degrades gracefully for the remaining ones.
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In the second additional analysis, we used mutual information, to assess whether
smaller and larger number of items are coded by the same or different neurons. Our
analysis suggests that the latent code that emerges in the β -VAE-high includes a
mixture of neurons that code specifically for smaller (N ≤ 4) versus larger (N ≥ 47)
number of items and neurons that show a mixed selectivity for both (Figure B.5.2A).
Furthermore, there are more neurons that code specifically for smaller compared to
larger number of items.

In the third additional analysis, we examined the average activity of individual la-
tent neurons in response to images containing varying numbers of items. Specifically,
neural activity was first standardized using z-score normalization. Subsequently,
we computed the average activity across images, grouped by numerosity. Figure
B.5.3A displays the average activity of each neuron within the latent space of the
β -VAE-high model for each numerosity class, visualized as a heatmap. The heatmap
reveals that many neurons exhibit high activity (red) when presented with images
depicting small numerosities, and low activity (blue) in response to large numerosi-
ties. Conversely, other neurons exhibit the opposite pattern. These observations
corroborate the findings of the mutual information-based analysis. Furthermore, the
majority of neurons exhibit a discernible pattern that varies with the numerosity
of the input images, which is consistent with prior results suggesting a distributed
representation of numerosity.

Finally, we replicated all the analyses for the control β -VAE-sup-high model.
Interestingly, the PCA analysis applied to the control β -VAE-sup-high model reveals
a very similar structure of the latent space, albeit with slightly less variance along
PC2, as evident from the scale of the y-axis in Figure B.1.1C. The supervised β -VAE-
sup-high model also develops a more specialized neural code, in which the MSE
scores degrade more abruptly (Figure B.5.1B). The higher Spearman correlations (in
absolute value) also confirm this specialization. Instead, no significant difference
emerges in the neurons’ selectivity for small or large numbers (Figure B.5.2B)
compared to the β -VAE-high model.

To summarize, this analysis the β -VAE-high model’s latent space reveals a
structured representation of numerosity, encoded in a distributed manner across
latent dimensions, with specialized neurons for small and large numbers.
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4.2.3 Robustness of the β -VAE-high with respect to non-numerical
magnitudes

A robust numerosity code should generalize to visual stimuli that are out-of-distribution
with respect to the training data. Furthermore, it should not be confounded by addi-
tional factors, such as the size and spatial distribution of items, which often correlate
with numerosity (e.g., larger and smaller items could correlated with low and high
numbers, respectively).

To evaluate the generalization capability of the β -VAE-high model and to en-
sure its numerosity estimation and discrimination abilities stemmed from a robust
numerosity code rather than correlated non-numerical visual features, we conducted
the same behavioral and neural analyses on two novel datasets: "item size" and "field
radius". Crucially, these tests were performed as zero-shot evaluations, without any
fine-tuning or re-training of the β -VAE-high model or of the linear readouts.

Item size. In this test, we evaluate the β -VAE-high model using a dataset where
all items in a single image share the same size, but such size can vary across images
(a condition never encountered during training). Samples from the dataset are shown
in Figure B.2.1. This experiment tests whether the model can estimate numerosity
independently of item size. The size of an item in this novel dataset is given by the
length (measured in pixels) of the edge of the square-shaped items. Possible edge
lengths are 4,8,12,16,20. Figure 4.2D shows the predicted versus true numerosity
for different item sizes. As reported in Table 4.1, the model maintains strong
performance, as evidenced by the small MSE values (ranging from 5.52 to 15.48)
across all item sizes, except for edge length equal 20 on which case the predicted
numerosity consistently underestimates the true numerosity when the number of
items in a image is large. Similarly, as evidenced by Figure 4.2E, the model preserves
a good number acuity since the Weber fraction remains low (w∼ 0.11 to 0.13), except
for edge length equal to 20.

Field radius. In this test, we evaluate the β -VAE-high model using a dataset where
all items share the same size and they are confined to circular fields of varying radii
at the center of the image (a condition never encountered during training). Samples
from the dataset are shown in Figure B.2.2. This experiment tests whether the model
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can estimate numerosity independently of items’ spatial distribution. Possible values
of the field radius are 65,85,105,125,150. Figure 4.2G show the performance of
the model in the numerosity estimation task. As reported in Table 4.1, the model
shows improved performance as the radius increases, with MSE values decreasing
from 148.09 (for the smallest radius) to 5.81 (for the largest). This trend suggests
that spatial crowding in smaller radii introduces challenges for accurate numerosity
encoding. Figure 4.2H shows a similar pattern for number acuity. The sigmoidal
curves become sharper with increasing radii, reflecting better discrimination of nu-
merosity at larger radii.

Considering the zero-shot nature of these tests, the β -VAE-high model demon-
strates a remarkable ability to generalize numerosity estimation to novel item sizes
and spatial distributions without any additional training. Despite being trained only
on images with randomly sized items and uniform distributions, the model retains
strong performance across a wide range of item sizes and field radii. However, we
found the generalization ability of the model to break down with stimuli that are
very large in size or that are spatially constrained into very small areas. We asked
whether this drop in performance depends on a poor latent code or on a poor readout
of the latent code using the regressions. To address this question, we repeated the
same tests by retraining the linear and logistic regressions on the new datasets (while
keeping the weights of the β -VAE-high model frozen). Interestingly, our results
show that after retraining the regressions, the model’s performance becomes as
high as with the training dataset (Figure B.3.1, Table 4.1). This indicates that the
model’s latent representations capture essential numerosity-related information –
and the decline in performance during generalization is due to the read-out (i.e., the
regression component), not to the latent representations. A similar trend is observed
when testing the control β -VAE-sup-high model, both zero-shot (Figure B.1.1) and
after retraining the regressions (Table 4.1).

Finally, to shed further light on the robustness of the β -VAE-high model’s
numerical code, we repeated the PCA analyses, but considering the two new datasets,
item size and field radius. Interestingly, our results show a marked disentanglement
of numerosity with respect to both item size (Figure 4.2F) and field radius (Figure
4.2I). This is evident by considering that in the item size dataset, five partially
independent subspaces in PC space become apparent (color-coded in Figure 4.2F, top
panel), one for each of the five item sizes in the dataset. Importantly, each of these
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five subspaces includes data-points that span numerosities from 1 to 50 (color-coded
in Figure 4.2F, bottom panel). The same result is apparent when considering the
field radius dataset (Figure 4.2I).

Furthermore, the structure of the latent space of the β -VAE-high model is similar
to that of the β -VAE-sup-high control model (Figures B.1.1F and I) but, in the latter
case, a greater disentanglement of features is evident.

To summarize, the results illustrated here show a remarkable generalization
capability of the β -VAE-high model to stimuli that have different statistical properties
compared to the training set. This is due to the fact that the unsupervised model
forms disentangled representations of numerosity and of other, non-numerical factors
of variation, such as the size and spatial distribution of items, despite numerical and
non-numerical factors correlate in the training dataset.

4.2.4 Generative capability of the β -VAE-high model

We next assessed the capability of the β -VAE-high model to generate stimuli having
a given target numerosity, by selectively activating the model’s latent numerosity
code. We should note that generating novel stimuli having a given target numerosity
is significantly more challenging than simply reconstructing the input image (which
is the model’s unsupervised objective), and it is considered a challenging tasks even
for state-of-the-art generative models based on transformer architectures [81, 82].

To generate novel stimuli, we "prompted" the β -VAE-high with target numerosi-
ties, from 1 to 50, by sampling from the model’s latent space (see Section 4.4.7
for a detailed description of this sampling procedure). Figure 4.3A shows that the
β -VAE-high model tends to generate stimuli with the required numerosity, albeit (as
expected) more noisy compared to the stimuli in the training set. Then, we computed
the probability of generating a image with M items when the target numerosity is
N, with M,N = 1, . . . ,50, and we report it in Figure 4.3B. The result shows that
generation accuracy is very high for stimuli with low numerosity and decreases for
stimuli with high numerosity – with the network systematically generating stimuli
having a lower numerosity. These results are coherent with the other analyses of the
model’s behaviour in numerosity perception tasks.
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Figure 4.3: Generative capability of the unsupervised β -VAE-high model. (A) Representa-
tive generated samples for various target numerosities. (B) Confusion matrix quantifying
generation accuracy: For each target numerosity N, 100 images were generated. The matrix
shows the probability of generating an image with M items, given the target numerosity N.
See Section 4.4.7 for more details.

4.2.5 Rate-distortion trade-off when varying encoding capacity

The β -VAE-high evaluated so far was trained to reconstruct images, with a high
encoding capacity (5000 nats). As discussed, this unsupervised objective endows
the model with a robust numerosity code. Here, we aim to explore whether a
rate-distortion trade-off emerges in numerosity perception, implying that reducing
the information that the model can encode about the input reduces its numerosity
perception capability.

Specifically, RTD formalizes the fact that low capacity training produces a
compression of the neural code and we are interested in assessing the effects of
such compression on the model’s numerosity perception capability. To explore the
impact of encoding capacity on numerosity perception, we exploit the formal relation
between the RTD and the encoding capacity of β Variational Autoencoders (Section
4.4.1) and we train β Variational Autoencoders at seven levels of capacity (50, 100,
300, 500, 1000, 2500 and 5000 nats; note that the β -VAE trained at 5000 nats is the
one considered in the previous analyses).

The results, summarized in Figure 4.4, reveal a clear rate-distortion trade-off:
as the encoding capacity increases, the MSE of the numerosity estimation task de-
creases, and the Weber fraction of the numerosity discrimination task also decreases.
This analysis provides a direct visualization of the trade-off between compression
efficiency and the accuracy of numerosity representation, confirming that the perfor-
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mance of the model is directly related to the amount of information it can encode
about the input.
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Figure 4.4: Rate-distortion trade-off in numerosity perception when varying the encoding
capacity of β Variational Autoencoders . (A) Mean Squared Error (MSE) of the numerosity
estimation task as a function of the encoding capacity of the β Variational Autoencoder. (B)
Weber fraction for the numerosity discrimination task as a function of the encoding capacity
of the β -VAE model. The tested capacity levels were 50, 100, 300, 500, 1000, 2500 and
5000 nats. Note that the model trained at 5000 nats corresponds to the β -VAE-high model
illustrated in Figure 4.2. Rather, the model trained at 50 nats corresponds to the β -VAE-low
model illustrated in Figure 4.5.

4.2.6 The effects of low capacity training in the β -VAE-low model

The previous analysis showed a rate-distortion trade-off in numerosity perception.
Here, we aimed to get more insight on how low capacity training influences the
numerosity perception abilities and the neural codes exhibited by the model. Fur-
thermore, we are interested in assessing whether the effects of low capacity training
could be comparable to deficits of numerical cognition, like dyscalculia.

To address these questions, we performed detailed behavioral and neural analyses
(Figure 4.5) using the β Variational Autoencoder trained at the lowest level of
capacity (50 nats) in the previous analysis. We refer to this model as the β -VAE-low
model.

Our analyses shows that compared with the β -VAE-high model, the β -VAE-low
model shows an impaired performance in numerosity perception tasks, which is
evident by the large variance and systematic underestimation of large numbers in the
numerosity estimation task (Figure 4.5A), where it achieves a MSE = 40.71. The
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Figure 4.5: Analysis of the β -VAE-low model. Panels A-I are the same as Figure 4.2.

large Weber fraction (w = 0.38) also confirm a poor number acuity in numerosity
discrimination task (Figure 4.5B). Furthermore, the neural space is significantly more
compressed, with the range of variation of PC1 and PC2 being one order of magni-
tude smaller than in the β -VAE-high model (Figure 4.5C). The capacity constraint
also significantly reduces the number of neurons involved in numerosity perception
(∼ 70) compared to the β -VAE-high model, as evident from Figure B.5.1C. Finally,
the β -VAE-low show a reduced ability to generalize to the novel datasets "item size"
(Figure 4.5D-E) and "field radius" (Figure 4.5G-H) and to correctly disentangle their
latent factors of variation (Figure 4.5F and I). Retraining the readout significantly
improves generalization, but the severe capacity constraints do not allow the model
to perform as the β -VAE-high model, suggesting that (unlike the β -VAE-high) part
of the problem is in the latent representation (Figure B.3.2). These results are also
confirmed by the numerical values in Table 4.1.

As control, we trained the supervised counterpart of β -VAE-low model, named
β -VAE-sup-low, using the same low-capacity constraints of Cmax = 50 nats. The
results are illustrated in Figure B.1.2 and numerical values are reported in Table 4.1.
As before, the β -VAE-sup-low model certainly benefits from supervision during
training showing superior performance compared to the β -VAE-low model in both
numerosity estimation and discrimination tasks and in generalizing to novel images.
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Interestingly, the two models have a similar latent space structure.

In sum, our results indicate that the ability of the β -VAE-high model to support
numerosity perception tasks and generalization to novel inputs is severely limited
when the model is trained under strict capacity constraints.

Potential relationship with dyscalculia

The Diagnostic and Statistical Manual of Mental Disorders [83] defines dyscalculia
as a specific learning disability characterized by difficulties in number sense, memo-
rization of arithmetic facts, accurate or fluent calculation, and accurate mathematical
reasoning . Within this broad definition, various classifications of dyscalculia have
been proposed [84], including verbal dyscalculia (difficulties in naming numbers
and mathematical symbols), lexical dyscalculia (challenges in reading mathemati-
cal symbols), operational dyscalculia (difficulties in performing calculations), and
ideognostical dyscalculia (difficulties in understanding mathematical concepts and
performing mental calculations). This heterogeneity suggests that a singular com-
putational model might not fully capture the diverse manifestations of dyscalculia,
and different subtypes could potentially exhibit distinct information processing
characteristics.

Several core cognitive deficits have been consistently observed in individuals
with dyscalculia [85, 86]. One prominent theory posits a deficit in number sense,
specifically an impairment in the Approximate Number System (ANS) [85]. The
ANS is responsible for the intuitive understanding of quantity and the ability to
compare numerical values without counting [62]. Individuals with dyscalculia often
show a less precise ANS, indicated by a reduced sensitivity to numerical differences
in comparison tasks [79]. This lower precision in the internal representation of
numerical magnitudes could be interpreted as a higher level of distortion for a given
amount of encoded information. Additionally, difficulties with subitizing, the rapid
identification of small quantities, have been noted in individuals with dyscalculia
[85], possibly reflecting a lower rate of information processing for small numerical
sets.

Existing computational models of dyscalculia have attempted to capture these
various cognitive deficits but they often target specific aspects of numerical cognition.
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Rate distortion theory could potentially offer a more overarching framework to
understand how limitations in information processing efficiency and accuracy across
these different aspects contribute to the overall disorder.

To the best of our knowledge, there is currently a lack of research explicitly ap-
plying rate distortion theory to develop computational models of dyscalculia. While
several studies discuss rate distortion theory in the context of working memory and
neural coding, which are pertinent to cognitive deficits observed in dyscalculia [87],
a direct application of this framework to model the specific numerical processing
challenges in dyscalculia appears to be a significant gap in the current research. This
absence presents a notable opportunity for future research to explore the potential of
rate distortion theory in providing a novel perspective on the information processing
limitations in this learning disability.

In our results, when training the β -VAE at low capacity, we observed a weber
fraction of 0.38 that is compatible with the one observed in [79] for 10 years old
dyscalculic children. This observation reinforces the fact that rate distortion theory
may be a good perspective for examining learning disabilities like dyscalculia in the
future.

4.3 Discussion

In this study, we investigate the emergence of number sense in unsupervised genera-
tive models through the lens of rate-distortion theory (RDT), a normative framework
to understand information processing under limited resources. We use RDT to ex-
amine whether known psychophysical phenomena related to numerosity emerge in
unsupervised generative models with bounded resources and how capacity limita-
tions influence the models’ performance in numerosity perception tasks and their
numerical representations.

For our investigation, we trained a β -Variational Autoencoder (β -VAE) on a
dataset commonly used in number sense experiments, in an unsupervised manner.
This specific class of models incorporates fundamental principles of RDT and per-
mits addressing visual image learning. As control, we also designed a supervised
counterpart of the model (β -VAE-sup) that was explicitly trained to estimate nu-
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merosity. The latter allowed us to better understand the impact of task-specific
training on the latent representations of the model.

We then conducted a series of behavioral and neural analyses to evaluate the
extent to which the model’s representations can support linear readouts in numerosity
perception tasks. These analyses were structured to mimic experimental paradigms
used in human psychophysics studies, allowing for direct comparisons between the
model’s performance and human numerosity perception. Linear readouts allow to
extract numerosity information from the model’s latent space while minimizing the
potential for confounding factors arising from more complex, non-linear decoding
architectures. In fact, complex decoders could potentially compensate for poor
latent representations by learning intricate mappings, obscuring the true nature of
the encoded information. By using linear readouts, we ensure that any observed
performance reflects the inherent structure of the latent space itself.

The results of our behavioral analyses (numerosity estimation and discrimina-
tion tasks) indicate that the unsupervised β -VAE-high model successfully supports
numerosity perception tasks without being explicitly trained to do so. Interestingly,
the unsupervised β -VAE-high model shows key signatures of human number sense,
such as a greater sensitivity to smaller compared to larger numbers. For small num-
bers, the accuracy is excellent, whereas for larger numbers the mean predictions are
accurate but their standard deviation increases. The greater sensitivity to smaller
compared to larger numbers is a ubiquitous feature of human numerosity perception
and it is typically explained as an effect of a greater familiarity with smaller numbers
[88]. In contrast, in our model, smaller and larger numbers are equally present in
the training dataset. The lower sensitivity to larger numbers emerges from lossy
information compression during the encoding phase. This process happens also at
high capacity, suggesting that the information compression – and the noise in the
neural representation of stimuli – is more impairing for the discrimination or larger
compared to smaller numbers [89]. This effect is mitigated but not eliminated in the
supervised model β -VAE-sup-high that is explicitly trained to estimate numerosity
and hence (differently from the unsupervised β -VAE-high) devotes a large portion
of its resources to this task. Another key feature exhibited by the unsupervised
β -VAE-high model is a discrimination ability (Weber fraction w = 0.12) in the range
of human psychophysics, reflecting a number acuity comparable to that observed in
adult human populations [79]. In contrast, the supervised β -VAE-sup-high model
shows a superhuman performance (Weber fraction w = 0.05). Finally, the β -VAE-
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high model shows excellent reconstruction capabilities, affording accurate numerical
perception tasks not only with input images but also with reconstructed images.

We next assessed the nature of the neural representations that emerged during
the training of the unsupervised β -VAE-high model. Our findings reveal that despite
the absence of explicit numerosity labels during training, the β -VAE-high model
encodes robust numerical representations that are comparable to the neural code
developed by a model trained with the supervised objective to estimate numerosity,
but in which numerosity information is encoded in a more distributed manner. The
fact that robust numerical codes emerge in unsupervised systems is important since
it indicates that, first, these codes need not to be innate, and second, that living
organisms could learn latent codes implicitly supporting a "number sense" from
statistical learning unrelated to numerical perception, without (or before) having the
explicit goal to count. These codes are not qualitatively different from those acquired
through supervised learning with explicit labels, suggesting that supervised or "goal-
driven" [49] learning approaches are not always necessary to develop internal codes
supporting efficient solutions to perceptual and cognitive tasks. This perspective is in
keeping with mounting evidence about the importance of unsupervised (pre)training
in the brain [90].

Furthermore, we assessed the robustness and generality of the learned latent
representations by measuring the ability of the unsupervised β -VAE-high model
to generalize to novel images with respect to the training data in terms of size and
spatial distribution of the items. We conducted all the evaluations in a zero-shot
manner, i.e., without re-training or finetuning the model or the linear readouts.
Considering the zero-shot nature of tests, our results show a good generalization
capability of the β -VAE-high model to encode novel inputs even though we observe
a substantial performance degradation on inputs that have very different statistical
properties compared to the training set. We thus conducted further experiments to
understand if the performance degradation is due to a poor latent representation or to
oversimplified readout. To this end, we retrained the readouts on the novel datasets
but keeping model’s representations frozen as before. We observed a significant
improvement of all the metrics to the level of the training set, indicating that probably
the model representations are robust enough and that the problem is in the linear
readouts. Further indications of a robust latent space are given by the dimensionality
reduction, that shows a rather disentangled latent space.
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We also tested the generative aspects of the unsupervised β -VAE-high model
and its capability to exploit the structure of the latent space to generate images
having a given target numerosity. This is a particularly challenging task for existing
generative models addressing numerical tasks [73, 72]. Our analysis shows that in
the unsupervised β -VAE-high model, the accuracy of this generative process is very
high for stimuli with low numerosity and decreases for stimuli with high numerosity –
with the network systematically generating stimuli having a lower numerosity. These
results are coherent with the other analyses of the model’s behaviour in numerical
perception tasks.

Finally, we compared the numerosity perception capabilities of β -Variational
Autoencoders trained at seven different encoding capacities, from high to low. Our
results reveal a clear rate-distortion trade-off, with the model’s number acuity de-
creasing as a function of the amount of information it can encode about the input. A
more detailed behavioral and neural analysis was then carried out on a model with
severe encoding capacity constraints (β -VAE-low). Our analyses shows that the low
capacity training significantly impairs performance in numerosity perception tasks.
Furthermore, low capacity training produces neural codes for numerosity that show
a much reduced generalization to novel inputs that, however, improves when retrain-
ing the linear readouts. The latent space appears more compressed and much less
disentangled. The numerosity information is encoded in a less distributed manner
among neurons compared to the high capacity β -VAE-high, since only few neurons
appear to be correlated with numerosity and contributing to form a representation of
numerosity estimates.

Taken together, these results show that interesting numerosity perception capabil-
ities and a robust encoding of numerosity emerge in an unsupervised β -VAE-high
model trained at high capacity to reconstruct the input, without labels related to num-
bers. The β -VAE-high model shows signature of human psychophysical experiments,
including an underestimation of high numbers. The fact that these effects emerge
also at high capacity indicates that they are intrinsic properties of statistical learning
of numerosity stimuli. These effects are mitigated but not eliminated in the super-
vised β -VAE-sup-high model that, being explicitly trained to estimate numerosity,
dedicates a large portion of its resources to build numerosity-specific codes. Instead,
training at low capacity (β -VAE-low) significantly impairs numerosity perception.
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More broadly, the results presented here are relevant to theories that emphasize
the emergence of sophisticated cognitive abilities in generative models through
unsupervised learning objectives. Previous studies have shown that inferential and
predictive processing mechanisms, closely related to the variational approach of the
β -VAE, can support various cognitive abilities, ranging from (active) perception to
planning and cognitive control [31, 91–93]. Our study extends this line of inquiry
by demonstrating that numerosity perception can be conceptualized within the same
framework but future studies are needed to further assess the empirical validity of
this claim.

In sum, By integrating insights from numerosity perception and information
theory, our study aims to contribute to the understanding of how abstract numerical
concepts can emerge in generative models, under resource constraints. More broadly,
this work sheds light on the computational principles that may underlie numeros-
ity perception in biological systems and offers a framework for investigating the
intersection between cognitive science and artificial intelligence.

4.4 Methods

4.4.1 Models

As explained in Section 2.2, we use the β -VAE architecture (Figure 3.11A) as
computational model since it represents an effective approximation of RDT for
high-dimensional data, such as images [43, 20].

Unsupervised Model. The core of our analysis relied on a classical β -VAE ar-
chitecture, which operates in an entirely unsupervised manner. The model learns
to compress input images (256x256 pixels) into a 256-dimensional latent space,
capturing the essential statistical structure of the data without explicit supervision.
The β -VAE consists of two main components: an encoder and a decoder. Our
encoder block comprises 5 convolutional layers, each followed by a leaky ReLU
activation function [56, 57]. The encoder maps input images to a 256-dimensional
latent space, where each dimension represents a compressed feature of the input data.
Our decoder block consists of 5 transposed convolutional layers, also followed by
leaky ReLU activations, except for the final layer, which uses a sigmoid activation to
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output grayscale images. The decoder reconstructs the input images from the latent
representations.

In our experiments, inspired by [38], we trained the model using the loss function
in Equation 3.1, since it allows to control the encoding capacity C of the network
by penalizing with a factor β any deviation of the KL divergence from the required
capacity C. However, differently from the training procedure in Section 3.4.1, C is
not gradually increased from 0 to a target value Cmax during training but it is fixed at
C = 5000 nats. In addition, we used Adam optimizer with a learning rate of 10−3.

Supervised Model. We also implemented and tested a supervised version of the
β -VAE, which we refer to as β -VAE-sup. This model incorporates an additional
numerosity estimation module f that is explicitly trained to predict the (ground truth)
numerosity y associated to the latent vectors z. The numerosity estimation module is
implemented as a linear regression layer attached to the latent space of the β -VAE
(Figure 4.1E). The supervised model is thus trained using a modified loss function:

L (θ ,φ ;x,z,y,β ) =

Eqφ (z|x) [− log pθ (x | z)]+β
∣∣DKL

(
qφ (z | x)∥p(z)

)
−C

∣∣+MSE( f (z),y),
(4.1)

where MSE( f (z),y) is the mean squared error of the numerosity estimation module.
This joint training procedure allows the supervised model to learn numerosity-
informed latent representations, while still maintaining the generative capabilities
of the β -VAE. The training procedure and hyperparameters are the same as the
unsupervised model.

Low-Capacity Model To investigate the impact of resource limitations on nu-
merosity perception, we also trained a low-capacity version of the β -VAE-high,
referred to as β -VAE-low. This model is identical in architecture to the high-capacity
β -VAE-high, uses the loss in Equation 3.1, but is constrained to an encoding capacity
of C = 50 nats. This severe capacity constraint forces the model to compress the
input data more aggressively, leading to a loss of fine-grained information in the
latent space. We used this model to study the effects of capacity limitations on
the emergence of numerical representations and to draw parallels to conditions like
dyscalculia, which is characterized by deficits in numerical processing.
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Rate-distortion trade-off. To explicitly demonstrate the rate-distortion trade-off
predicted by RDT, we conducted experiments varying the encoding capacity, C, of the
β -VAE model. Specifically, we trained multiple β -VAEs with different fixed capacity
values, ranging from 50 nats to 5000 nats. More specifically, the capacity values used
for training are 50, 100, 300, 500, 1000, 2500 and 5000 nats. For each capacity level,
we then evaluated the model’s performance on both the numerosity estimation task
(quantified by the Mean Squared Error, MSE) and the numerosity discrimination task
(quantified by the Weber fraction, w) as a proxy for distortion measure. By plotting
MSE and w as a function of C, we generated rate-distortion curves (Figure 4.4) that
visually illustrate the trade-off between compression efficiency and the accuracy of
numerosity representation and perception. These curves provide empirical evidence
for the theoretical predictions of RDT within the context of unsupervised numerosity
perception.

4.4.2 Dataset

All the models are trained on a dataset commonly used in number sense experiments.
The dataset consists of 50.000 black-and-white 256x256 pixel images. Each image
contains a random number of black squares, ranging from 1 to 50. The positions
of the squares are uniformly distributed across the image. Notably, the dataset
generation ensures that the total number of black pixels is not correlated with the
numerosity, preventing the model from using pixel density as a proxy for numerosity.
This design facilitates the investigation of robust numerosity representation in the
latent space.

4.4.3 Behavioral Analysis

To evaluate the capabilities of the generative models to support numerical perception
tasks, we conducted a two behavioral tests. The behavioral tests were structured to
mimic experimental paradigms commonly used in human psychophysics studies,
allowing for a direct comparison between the models’ performance and human
numerical perception.
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Numerosity estimation. To quantify the ability of the unsupervised model to
encode estimates of numerosity, we trained a linear regression model on top of the
latent representations of the pre-trained β -VAE. This regression model predicts the
number of items N in the encoded images z. For each numerosity class N (ranging
from 1 to 50), we computed the mean and standard deviation of the predicted
estimates. This allows us to evaluate both the accuracy and uncertainty of the
predictions for each numerosity class. For the supervised model β -VAE-sup, we did
not train a separate linear regression, as we directly used the linear module that was
jointly trained with the model (Figure 4.1C).

Numerosity discrimination. To quantify the model’s ability to support numerosity
discrimination, we estimated the Weber fraction [94], a measure commonly used
in numerical perception research. In numerosity discrimination tasks, participants
are typically asked to judge whether the numerosity represented in a given image
is larger or smaller than a reference numerosity nref. In our study, we trained a
logistic regression to classify latent vectors z based on whether they corresponded
to images with numerosity N smaller (class 0) or larger (class 1) than nref = 25.
This task can be modelled using the logarithmic number line framework, where
the internal representation of numerosity is assumed to be noisy and follows a
Gaussian distribution on a logarithmic scale [88]. More specifically, the numerosity
N of a set of objects is represented internally by a Gaussian random variable R ∼
N (log(N),w2) where the standard deviation w is known as Weber fraction and
quantifies the precision of the internal representation. A smaller Weber fraction
indicates better acuity in numerosity discrimination. In a larger-smaller judgment
task, the optimal decision strategy under a maximum likelihood criterion is to respond
"larger" whenever the internal sample R exceeds a criterion value c. The criterion c
should coincide with the internal representation of the reference numerosity nref. For
the experiments in which the training and test data of the logistic regression have the
same distribution, we assume c = log(nref), i.e., the representation of the reference
numerosity is unbiased. Otherwise, when the logistic regression is tested on a dataset
statistically different than the training one (like in the zero-shot tests on item size and
field radius datasets), we estimate c from the data. This explains why in some rows
of Table 4.1 the value for nref is different than 25 (it represents the exponential of c,
when c is treated as a free parameter). Thus, the probability of responding "larger"
to a target numerosity N is given by the integral of the Gaussian distribution from c
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to infinity:

Plarger(N,nref) =
∫

∞

c

1√
2πw

exp
(
−(r− log(N))2

2w2

)
dr (4.2)

This integral can be simplified using the error function (erf):

Plarger(N,nref) =
1
2

(
1+ erf

(
log(N)− c√

2w

))
(4.3)

We then fitted the model to behavioral data (logistic regression outputs) by treating
w, and in some cases as explained above also c, as a free parameter. This approach
allows us to directly compare the unsupervised and supervised models under varying
capacity conditions.

4.4.4 Neural Analysis

We conducted several neural analyses to examine the latent representations learned
by the models. This involved:

Principal Component Analysis. To analyze the structure of the latent space and
assess the disentanglement of numerosity from other visual features, we performed
Principal Component Analysis (PCA) on the 256-dimensional latent representations
of the input images. To visualize the organization of the latent space, we plotted
the projected latent vectors in the 2D subspace spanned by PC1 and PC2, coloring
each point according to the numerosity N or other relevant features (e.g., item size
or field radius). This analysis allowed us to evaluate the extent to which numerosity
and other visual features are disentangled in the latent space, providing insights into
the structure of the learned representations.

Spearman Correlation. To quantify the relationship between individual neuron
activations in the latent space and the numerosity of the input images, we computed
the Spearman rank correlation coefficient. For each neuron zi (i = 1, . . . ,256), we
calculated the correlation between its activation values and the numerosity N of the
corresponding input images. The Spearman correlation coefficient ρi for neuron zi

is defined as ρi = Spearman(zi,N), where Spearman(zi,N) measures the strength
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and direction of the monotonic relationship between the neuron’s activations and
the numerosity. Neurons with high absolute values of ρi are considered particularly
relevant for numerosity estimation. We report the Spearman correlation coefficients
for all neurons in Figure B.5.1.

Mutual Information. To further investigate the encoding of numerosity in the
latent space, we computed the mutual information I(zi;N) between the activations of
individual neurons zi and the numerosity N of the input images. Mutual information
quantifies the reduction in uncertainty about the numerosity N given the knowledge of
a neuron’s activation zi. Since the numerosity N is a discrete variable, we compute the
mutual information I using the non-parametric method based on entropy estimation
from k-nearest neighbors distances as described in [95] and [96]. To examine
whether the models learned distinct mechanisms for processing small and large
numerosities as observed in human cognition [97], we divided the training set into
two subsets, small (N ≤ 4) and large (N ≥ 47) numerosities. Then, on each subset,
we computed the mutual information I(zi;N). This allowed us to identify neurons
that were selectively tuned to either small or large numerosities, providing insights
into the specialization of the latent space for different numerical ranges. We report
the results in a 2D plane, where each point is a neuron, with the x-axis denoting the
mutual information between its activity and small numerosities, while the y-axis
denotes the mutual information between its activity and large numerosities (Figure
B.5.2). The range 1−4 for small numbers aligns with previous studies in the field
[97, 63]. Consequently, we choose the range 47−50 for large numbers to preserve
symmetry and balance in the data.

Heatmap of neural activity. To further investigate the relationship between latent
neuron activity and numerosity, we conducted an analysis to quantify the average
activity of individual latent neurons in response to images containing different
numbers of objects. First, we standardized the activity of each neuron across the
entire dataset using z-score normalization. This ensured that all neurons were
on a comparable scale, mitigating the effects of differing baseline activity levels.
Subsequently, the images were grouped based on their object count (numerosity).
For each numerosity class, we computed the average activity of each latent neuron
across all images belonging to that class. This resulted in a matrix of average neuron
activities, with rows representing individual neurons and columns representing
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different numerosities. This matrix was then visualized as a heatmap to reveal
patterns of neuron activity as a function of numerosity, as depicted in Figure B.5.3A.
This analysis allowed us to identify neurons that exhibited preferential activation for
specific numerosity ranges, providing insights into how numerosity information is
encoded within the latent space of the models.

4.4.5 Robustness with respect to non-numerical magnitudes

To assess the models’ ability to generalize beyond the training distribution and
to determine if they rely on spurious correlations instead of robust numerosity
representation, we evaluated their behavioral and neural performance on novel
datasets with varying item sizes and field radii. These datasets present conditions not
encountered during training, allowing us to examine the robustness of the learned
numerosity representations. Specifically, we performed zero-shot evaluations, i.e.,
directly performing inference on the new datasets without retraining any model
component (linear or logistic regressions).

Item Size Dataset. We created a dataset where all items within a single image have
the same size, but this size varies across different images (Figure B.2.1). The size
of an item (square) is given by the length of its edge measured in pixels. Possible
values of item size are 4,8,12,16,20. This contrasts with the training data, where
item sizes within each image were randomly varied. This variation challenges the
models to estimate numerosity independently of item size.

Field Radius Dataset. We also created a dataset where items are constrained
to appear within a specific field radius measured from the center of the image
(Figure B.2.2). The field radius is measured in pixels and possible values are
65,85,105,125,150. This spatial constraint, not present in the training data (where
items are uniformly distributed), probes the models’ ability to estimate numerosity
independently of the spatial distribution of the items.

For both Item Size and Field Radius datasets, we conducted the numerosity es-
timation and numerosity discrimination tasks as described in Section 4.4.3. We
analyzed the performance metrics (mean, standard deviation, Weber fraction) to
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quantify the degree of generalization achieved by each model. Furthermore, we
performed Principal Component Analysis (PCA) on the latent representations ob-
tained from these new datasets to examine how the internal organization of the latent
space adapts to the novel stimuli and whether numerosity remains disentangled from
item size and field radius. The results of the unsupervised β -VAE-high on the new
datasets are displayed in Figure 4.2D-I, while the results of the β -VAE-sup-high
model are reported in Figure B.1.1D-I. Instead, Figure 4.5D-I shows the results of
the β -VAE-low model.

4.4.6 Reconstruction capability

To rigorously assess the models’ ability to reconstruct the input data from their
latent representations, we performed a reconstruction fidelity analysis. This analysis
evaluated the quality of the reconstructed images and served as a complementary
assessment of the information preserved within the latent space. Specifically, we
passed the images from the test set through the model’s encoder to obtain their latent
representations. These latent representations were then fed into the model’s decoder
to generate reconstructed images. The reconstructed images are then encoded again
through the model’s encoder to obtain a latent representation of the reconstructed
images. To quantify the fidelity of the reconstructions, we repeated the numerosity
estimation and numerosity discrimination tasks, as detailed in Section 4.4.3, using the
latent representations of reconstructed images as input. This allowed us to directly
compare the performance of the models on the original images with their perfor-
mance on the reconstructed images. Any significant degradation in performance
on the reconstructed images would indicate a loss of relevant information during
the encoding and decoding process, highlighting limitations in the reconstruction
fidelity of the model. The performance metrics obtained from these analyses (mean,
standard deviation of estimates, Weber fraction) were used to quantitatively evaluate
the reconstruction capability of each model. The results are reported in Figure B.4.1.

4.4.7 Generative capability

To evaluate the generative performance of the models, we established a procedure
for generating novel images conditioned on a specified target numerosity, without
providing any input stimulus. This assessment aimed to determine whether the
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models could synthesize realistic and controllable images that accurately reflected
the desired numerical quantity. This involved characterizing the learned latent
space representation of each numerosity and subsequently sampling from these
representations to generate new visual stimuli.

Latent Space Characterization. For each target numerosity class N, we modeled
the distribution of latent vectors z corresponding to images with that given numerosity
using a Gaussian Mixture Model (GMM) with K = 28 components. The GMM
provides a compressed probabilistic representation of the latent space for each
numerosity, allowing us to sample representative latent vectors. The model is defined
as:

p(z|N) =
K

∑
k=1

πkN (z|µk,Σk),

where πk are the mixture weights, µk are the mean vectors, and Σk are the covariance
matrices for the k-th Gaussian component. The matrices Σk are assumed to be
diagonal. The parameters of the GMM (mixture weights, means, and covariances)
were estimated using the Expectation-Maximization (EM) algorithm, iteratively
optimizing the likelihood of the latent representations of the training images with
numerosity N.

Conditional Image Generation. To generate a novel image conditioned on a
target numerosity N, we first sample a latent vector z from the corresponding GMM,
z ∼ p(z|N). The sampled latent vector z then serves as input to the decoder network
pθ (x|z), producing the generated image x̂. This process allows us to synthesize
images whose latent representations are statistically consistent with the specified
numerosity.

Evaluation of Generated Images. To quantitatively evaluate the accuracy of the
generated numerosity, we used the following procedure: given a generated image x̂,
since it is a grayscale image, we first binarize it by applying a threshold t = 0.016.
Pixels with intensity values less than or equal to t were set to black (item), while
pixels with intensity values greater than t were set to white (background). Then we
count the number of connected components in the binary image. Each connected
component corresponds to an item. In this way, we can count the number of items
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in a generated image. For each target numerosity N, we generated 100 images and
computed the probability of generating an image with M items when the target
numerosity is N. We report the probabilities in a confusion matrix (see Figure
4.3B), providing a quantitative measure of the model’s ability to control numerosity
during generation. Note that the threshold t and the number of components (K) were
determined via a grid search to maximize the average F1-score across all numerosity
classes.



Chapter 5

Conclusions

5.1 Summary of Findings

This thesis has explored the fundamental principles governing efficient coding in
cognitive systems, with a particular focus on how Rate-Distortion Theory (RDT)
shapes the geometry of latent representations in generative models. By bridging
information theory, computational neuroscience, and artificial intelligence, this work
has provided compelling evidence for the unifying role of RDT in understanding the
emergence of structured internal representations under resource constraints.

The core argument of this thesis is that cognitive systems, whether biological or
artificial, operate under inherent resource limitations that necessitate efficient coding
strategies. These limitations, formalized by RDT, impose a trade-off between the
fidelity of information representation and the capacity of the encoding system. As a
consequence, internal models of the world are not perfect mirror images, but rather
simplified, abstracted, and systematically distorted by the constraints of the encoding
process.

Chapter 3, "The Geometry of Efficient Codes," systematically investigated how
varying model capacity, introducing biases in the training data, and imposing specific
task objectives affect the organization and structure of latent representations learned
by β -VAEs. This research identified key types of geometric distortions, including
prototypization, specialization, and orthogonalization, that emerge as principled
adaptations to different RDT constraints. Specifically, we found that:
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• Prototypization: Under limited capacity, models tend to collapse similar
stimuli into prototypical representations, sacrificing fine-grained details for
efficient encoding.

• Specialization: Biased training data leads to an over-representation of fre-
quent stimuli at the expense of rare ones, reflecting an adaptive allocation of
resources.

• Orthogonalization: Task objectives drive the formation of orthogonal rep-
resentations that facilitate discrimination and classification, enhancing task
performance.

Chapter 4, "Number Sense in Unsupervised Generative Models," delved into
a specific cognitive capacity: numerosity perception. This research demonstrated
that a capacity for number sense can emerge spontaneously in unsupervised β -VAEs
trained solely to reconstruct visual scenes containing varying numbers of objects.
The models exhibited key signatures of human numerosity perception, including
Weber’s law scaling and distinct mechanisms for processing small versus large
numerosities. Furthermore, we found that imposing severe capacity limitations on
the model led to deficits in numerosity perceptionsuggesting a link between resource
constraints and cognitive impairments. For this reason we advance the hypothesis
that resource limitations can play a role in developmental dyscalculia, but this must
be accurately tested in future works. This work further showed that the unsupervised
model developed robust coding for numerosity that generalized to novel datasets and
permitted generating novel images having the desired number of items.

These findings, taken together, provide a cohesive picture of how efficient coding
principles shape cognitive representations. The geometric distortions observed in
the latent spaces of β -VAEs are not arbitrary failings, but rather adaptive features
that reflect an optimized balance between fidelity and resource expenditure. The
emergence of number sense in unsupervised models demonstrates that complex
cognitive abilities can arise spontaneously from the efficient coding of sensory
inputs, without explicit supervision for specific tasks.
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5.2 Theoretical Implications

This thesis has significant implications for Rate-Distortion Theory and the efficient
coding framework in cognitive science. By providing compelling computational
evidence for the unifying role of RDT in shaping latent representations, this work
strengthens the argument that the brain operates under principles analogous to those
formalized in information theory. The brain, operating under severe metabolic and
physical constraints, can be viewed as a resource-limited information processing
system, suggesting that RDT provides a normative lens through which to examine
how the brain achieves efficient and adaptive representations of the world.

The identified geometric distortions – prototypization, specialization, and orthog-
onalization – offer a taxonomy of distortions and a framework for understanding
their functional significance in efficient coding. These distortions are not merely
imperfections in representation, but rather potentially adaptive features that reflect
the system’s optimized balance between fidelity and resource expenditure. These
concepts offer valuable insights for deep learning models since they can be used to
diagnose and address issues such as mode collapse, overfitting, and lack of general-
ization.

Specifically, the emergence of number sense in unsupervised models demon-
strates that complex cognitive abilities can arise spontaneously from the efficient
coding of sensory inputs. This finding challenges the traditional view that such abili-
ties require explicit supervision or innate mechanisms, suggesting that the brain may
leverage statistical learning and efficient coding principles to develop fundamental
cognitive capacities. The dyscalculia analogy further underscores the importance
of resource constraints in shaping cognitive abilities, suggesting that deficits in
numerosity processing may arise from limitations in encoding capacity.

Importantly, this work contributes to a growing trend in neuroscience that moves
beyond the analysis of single neurons towards understanding the collective behav-
ior of neuronal populations. Traditional neuroscience has often focused on the
function of individual neurons, but recent advances in recording and analysis tech-
niques have enabled researchers to study the activity of large populations of neurons
simultaneously. This shift has led to the realization that cognitive functions are
often implemented by the coordinated activity of distributed neuronal ensembles,
rather than by the isolated activity of single cells [98–101]. A central aspect of
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this population-level approach is the analysis of the geometry of neural activity
[102, 41, 23], using methods such as dimensionality reduction and manifold anal-
ysis [103, 104]. These techniques reveal the underlying structure and organization
of neural activity, allowing researchers to identify the low-dimensional manifolds
that capture the essential dynamics of cognitive processes. Results from this line
of research have provided insights about the neural coding underlying control of
movement [105], working memory [106], value-based decision making [107] and
other cognitive functions. The methods developed in this thesis, which characterize
the distortions in latent representations, can directly support this type of analysis
by revealing the structure and characteristics of neuronal populations under differ-
ent computational constraints. By providing a framework for understanding how
resource limitations shape the geometry of neural activity, this thesis contributes to
the emerging field of "geometric neuroscience" and offers a set of tools for analyzing
the complex dynamics of neuronal populations.

5.3 Limitations

This thesis has several limitations that should be acknowledged. First, as explained in
Section 2.2, the β -VAE is only an approximation of the true Rate-Distortion Theory
optimization. The approximation arises from the use of variational inference, the
limited capacity and architectural biases of the neural networks, and the choice of
negative log-likelihood as a distortion measure and KL divergence as a rate proxy.

Second, the findings are based on specific datasets and tasks, and may not
generalize to other domains. The "Corridors" dataset, while carefully designed to
isolate and control generative factors, is a simplified representation of real-world
sensory inputs. Similarly, the number sense experiments focused on a specific visual
numerosity task, and may not capture the full complexity of numerosity perception.

Third, the β -VAE architecture, while effective for exploring rate-distortion trade-
offs, is a relatively simple model compared to the intricate architectures of biological
neural networks. More complex models, such as hierarchical or conditional β -VAEs,
may reveal further insights into the mechanisms of efficient coding.

Fourth, while this work provides valuable insights into the emergence of number
sense in unsupervised generative models, more sophisticated analysis methods,
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which are based on interventions [53], may be needed to characterize the causal
relationships between latent representations and cognitive abilities.

5.4 Concluding Remarks

In conclusion, this thesis has provided compelling evidence for the unifying role of
Rate-Distortion Theory in shaping cognitive representations. By demonstrating how
efficient coding principles manifest in the geometry of latent spaces in generative
models, this work has offered a valuable framework for understanding the emergence
of intelligence in both biological and artificial systems. The findings of this thesis
contribute to a deeper understanding of the fundamental principles that govern the
emergence of intelligent behavior in both biological and artificial systems and offer
a valuable framework for future research aimed at reverse-engineering the objective
functions that shape the neural codes of the brain.

This research has highlighted the importance of considering resource limitations
when studying cognitive systems and has demonstrated that the seemingly imperfect
representations that arise under these constraints are not arbitrary failings, but rather
potentially adaptive features that reflect an optimized balance between fidelity and
resource expenditure. By bridging the gap between information theory, computa-
tional neuroscience, and artificial intelligence, this thesis has laid the groundwork
for a more principled and unified understanding of the nature of efficient coding.
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Supplementary materials of
Chapter 3

Figure A1: Comparison of the latent representations of the baseline model, trained at high
capacity (left) and low capacity (right), in three dimensions.
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Figure A2: Comparison of the latent representations of the model E1M1, trained at high
capacity (left) and low capacity (right), in three dimensions.

Figure A3: Comparison of the latent representations of the model E1M2, trained at high
capacity (left) and low capacity (right), in three dimensions.



103

Figure A4: Comparison of the latent representations of the model E2M1, trained at high
capacity (left) and low capacity (right), in three dimensions.

Figure A5: Comparison of the latent representations of the model E2M2, trained at high
capacity (left) and low capacity (right), in three dimensions.
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Figure A6: Comparison of the latent representations of the model E2M3, trained at high
capacity (left) and low capacity (right), in three dimensions.

Figure A7: Comparison of the latent representations of the model E2M4, trained at high
capacity (left) and low capacity (right), in three dimensions.
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Figure A8: Comparison of the latent representations of the model E2M5, trained at high
capacity (left) and low capacity (right), in three dimensions.



Appendix B

Supplementary materials of
Chapter 4

B.1 Analysis of the supervised β -VAE-sup models

To provide a comparative baseline and assess the impact of explicit supervision
on numerosity representation learning, we analyzed the supervised counterpart of
our β -VAE model, denoted as β -VAE-sup. This model was trained with additional
information about the ground truth numerosity, enabling us to examine how super-
vision influences the emergent latent space structure and behavioral performance.
The subsequent sections detail the results obtained from this analysis, mirroring the
investigations performed on the unsupervised β -VAE model.
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Figure B.1.1: Analysis of the β -VAE-sup-high model with zero-shot generalization tests.
All panels are analogous to those described in Figure 4.2. The generalization tests in panels
D, E, G and H are conducted without re-training the model or the readouts. This allows
comparison of the model’s performance in numerosity estimation and discrimination tasks
and the organization of its latent space under supervised training conditions.
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Figure B.1.2: Analysis of the β -VAE-sup-low model with zero-shot generalization tests. All
panels are analogous to those described in Figure 4.2. The generalization tests in panels
D, E, G and H are conducted without re-training the model or the readouts. This allows
comparison of the model’s performance in numerosity estimation and discrimination tasks
and the organization of its latent space under supervised training conditions and severe
resource constraints.
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B.2 Datasets used in generalization tests

To evaluate the generalization capabilities of our models, we employed two novel
datasets, "item size" and "field radius," which present conditions not encountered
during training. These datasets systematically vary the size and spatial distribution of
items, allowing us to assess the robustness of the learned numerosity representations
to changes in these visual attributes. Figures B.2.1 and B.2.2 illustrate representative
samples from each dataset.

ite
m
siz

e_
4

1 5 10 20 30 40 50

ite
m
siz

e_
8

ite
m
siz

e_
12

ite
m
siz

e_
16

ite
m
siz

e_
20

Figure B.2.1: "Item size" dataset used for assessing generalization capabilities. Each subplot
displays a representative sample with a specific combination of numerosity and item size.
The size refers to the length measured in pixels of the edge of the squared items.



110 Supplementary materials of Chapter 4

fie
ld
ra
di
us

_6
5

1 5 10 20 30 40 50

fie
ld
ra
di
us

_8
5

fie
ld
ra
di
us

_1
05

fie
ld
ra
di
us

_1
25

fie
ld
ra
di
us

_1
50

Figure B.2.2: "Field radius" dataset used for assessing generalization capabilities. Each
subplot displays a representative sample with a specific combination of numerosity and field
radius. The field radius is measured in pixels from the center of the image and constrains the
location of the items.
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B.3 Generalization tests on the β -VAE-high model,
when retraining the linear readouts
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Figure B.3.1: Analysis of the β -VAE-high model with re-trained readouts in the general-
ization tests. All panels are analogous to those described in Figure 4.2. The generalization
tests in panels D, E, G and H are conducted by re-training only the readouts. Retraining the
readouts improves the model’s generalization performance, indicating that the initial decline
in performance was primarily due to limitations in the readout layer rather than fundamental
deficiencies in the learned latent representations.
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Figure B.3.2: Analysis of the β -VAE-low model with re-trained readouts in the generalization
tests. All panels are analogous to those described in Figure 4.2. The generalization tests
in panels D, E, G and H are conducted by re-training only the readouts. Retraining the
readouts improves generalization performance, but the underlying limitations of the latent
representation due to the low encoding capacity still constrain the model’s overall abilities.
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B.4 Analysis of reconstructions of the β -VAE-high
model

Imposing capacity constraints on the β -VAE, while beneficial for studying rate-
distortion trade-offs, introduces the risk that the model might prioritize optimizing the
rate term of the loss function at the expense of the distortion term (i.e., reconstruction
fidelity). To ensure that both terms are adequately optimized during training, we
evaluated the reconstruction capability of the β -VAE-high model. Specifically,
instead of directly analyzing the latent representations of the input images, we
repeated the behavioral analyses (numerosity estimation and discrimination) on
the reconstructions of the input images. This allows us to verify that the model
not only compresses the information effectively but also produces high-fidelity
reconstructions.
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Figure B.4.1: Analysis of reconstructions of the β -VAE model, with zero-shot evaluations.
(A) Reconstruction samples (B) Zero-shot numerosity estimation test on latent represen-
tations of reconstructed samples (C) Zero-shot numerosity discrimination test on latent
representations of reconstructed samples.
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B.5 Supplementary neural analyses on the β -VAE
model

To gain further insights into the neural coding strategies employed by the models,
we performed various supplementary analyses on the latent representations. These
analyses, including investigations of the relationship between neuron activity and nu-
merosity, aim to characterize how numerosity information is encoded and organized
within the models’ latent space. The following figures present the results of these
supplementary neural investigations.
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Figure B.5.1: Distributed nature of the neural code. For each model, the plots show the MSE
of 256 linear regressions trained to estimate numerosity from neural activity (top), using an
increasing number of neurons, sorted by absolute value of correlation scores. The correlation
score between neurons and numerosity is computed as spearman correlation (bottom).
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Figure B.5.2: Selectivity of neurons for small versus large numerosities. Each data point
represents a neuron in the latent space, with its coordinates indicating the mutual information
between its activity and either small (N ≤ 4) or large (N ≥ 47) numerosities. This visual-
ization helps identify neurons that are preferentially tuned to specific ranges of numerosity,
suggesting potential specialization within the latent space for processing different numerical
magnitudes.
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Figure B.5.3: Heatmaps of average neuron activity as a function of numerosity. Each heatmap
represents the average activity of each neuron in the latent space for images containing
different numerosities. Activity levels have been standardized (z-scored). These heatmaps
reveal patterns of neuron activation that correlate with numerosity, illustrating how different
neurons respond preferentially to specific numerical quantities. The color scale represents
the standardized activity, with red indicating high positive activations and blue indicating
negative activations.
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Figure B.5.4: First principal component of the PCA applied to the latent space of each model.
Data points are colored according to the numerosity of the input image.
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