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Abstract

The COVID-19 pandemic has highlighted two fundamental challenges in epidemic mod-
eling: the need to account for population heterogeneity and the crucial role of behav-
ioral adaptations. This thesis addresses both aspects by extending the classical SIR
(Susceptible-Infected-Recovered) framework to settings that incorporate network effects
and endogenous behavioral feedback. The overall aim is to understand how contact pat-
terns and behavioral responses shape epidemic dynamics, and how such understanding can
inform the design of effective mitigation strategies. Adopting the classical SIR framework
for its analytical tractability and generality, we first investigate a behavioral-feedback
model within a homogeneous population, where the transmission rate evolves dynami-
cally as a function of the epidemic state. In this setting, we establish a sufficient condi-
tion ensuring the unimodality of the infection curve and provide closed-form expressions
for the infection peak and the final epidemic size, thus generalizing well-known results
from classical SIR theory. We then extend the model to a network-based SIR framework
with endogenous behavioral feedback. In this setting, the nodes of the network represent
subpopulations that share similar characteristics, such as infectivity, susceptibility, activ-
ity levels and behavioral patterns. The interaction matrix, encoding the contact rates
between groups, evolves dynamically in response to the epidemic state. We first analyze
the asymptotic behavior of the system, deriving explicit invariants of motion for the case
of constant interaction matrices, and show that when the matrix is constant and of rank-
1, the limit equilibria can be characterized. We then focus on the transient dynamics,
introducing a weighted aggregate infection measure and proving its unimodality under
suitable conditions, thereby generalizing classical SIR properties to networked settings.
We study the infection curves at the single node level and show that they can undergo at
most two changes in monotonicity before eventually decreasing. We further extend some
of these results to a broader class of models with state-dependent interaction matrices,
emphasizing how the interplay between network structure and feedback mechanisms can
give rise to complex and heterogeneous epidemic trajectories. Finally, we address an op-
timal control problem for behavioral-feedback SIR epidemic models, where interventions
such as lockdowns are constrained by healthcare capacity. Through a geometric analysis
of the system’s state space, we derive optimal strategies under general monotonicity as-
sumptions, showing that a filling-the-box policy minimizes cumulative costs. Under this
optimal strategy, the infection is initially allowed to grow until the critical threshold is
approached, at which point strong restrictions are applied and then gradually relaxed. We
also show that, when behavioral responses violate the monotonicity assumptions, more
adaptive strategies may be required. Overall, this work contributes a rigorous analytical
foundation for understanding the interplay between behavior, network structure, and epi-
demic control, and it offers new tools for designing robust intervention strategies in the

face of complex population dynamics.
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Introduction

1.1 Motivation

Throughout history, humanity has repeatedly faced the challenges posed by epidemics.
From the devastating plagues of antiquity to modern viral diseases, these crises have pro-
foundly shaped human societies, economies and scientific paradigms. As mathematical
theory developed, it became natural to apply modeling in order to describe and study
the spread of infectious diseases (Kermack and McKendrick, 1927). One of the most
catastrophic examples is the Black Death of the 14th century, a bubonic plague pandemic
that claimed the lives of an estimated 25 million people in Europe, roughly a quarter of
the population at the time (Thieme, 2003). The 20th century witnessed further devas-
tating epidemics, including the Spanish Flu of 1918-1919, which caused an estimated 50
million deaths worldwide, surpassing even the fatalities of World War I (Taubenberger
and Morens, 2006). More recently, the world has faced a series of global health emer-
gencies, such as the SARS outbreak in 2002-2003, the HIN1 influenza pandemic in 2009
and the Ebola epidemic in West Africa between 2013 and 2016. The COVID-19 pan-
demic, caused by the new coronavirus SARS-CoV-2, marked a pivotal moment in the
history of modern public health. First detected in December 2019 in Wuhan, China,
the virus quickly spread around the world, initially affecting Asia, then Europe, North
America and South America. By early 2025, more than 775 million confirmed cases and
nearly 7 million deaths had been reported worldwide (World Health Organization, 2024;
Our World in Data, 2024). In response to the rapid spread, governments implemented
strict public health measures, including lockdowns, school closures and restrictions on
mobility. These decisions were heavily influenced by the predictions of epidemiological
models, which played a crucial role in guiding early intervention strategies. At the very
beginning of the pandemic, when no vaccines were yet available, models highlighted the
urgent need for non-pharmaceutical interventions such as social distancing, contact re-
duction and health system capacity planning. Later, as vaccination campaigns progressed
and the situation began to improve, models continued to support decisions about easing
restrictions, reopen economies and avoid resurgences. In every phase of the emergency,
they helped compare different strategies and predict their potential effects, offering useful
guidance for managing a rapidly evolving situation.

The COVID-19 pandemic has been a fundamental test for epidemic mathematical
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models and, besides confirming their concrete utility, has also brought out a number of
important limitations. In particular, two main challenges emerged: the need to better
account for population heterogeneity and the necessity of modeling behavioral adaptation.

Heterogeneity played a crucial role at multiple levels during the pandemic. Differ-
ent communities faced varying levels of exposure to infection, largely due to their living
and working conditions. For instance, individuals living in overcrowded urban hous-
ing, frequently using public transportation, or employed in high-contact settings, such as
healthcare, service industries, or other essential jobs, were more frequently exposed to
situations that increased their risk of contagion. At the same time, specific demographic
groups, such as the elderly or individuals with preexisting medical conditions, were far
more vulnerable to severe outcomes if infected. Another important source of heterogeneity
was the presence of asymptomatic individuals. Indeed, COVID-19 has ability to spread
silently, especially through people who had no symptoms or had not yet developed them.
This characteristic made traditional containment strategies, such as targeted isolation and
contact tracing, less effective, unless combined with mass testing, which was expensive
and difficult to organize. The pandemic also exposed vulnerabilities in healthcare sys-
tems worldwide: shortages of ICU beds, ventilators, personal protective equipment and
testing capacity forced governments to make difficult decisions regarding resource alloca-
tion. These decisions were further complicated by the significant heterogeneity within the
population, which models must accurately capture to support effective policymaking. To
design effective and equitable policies, models should account for differences in activity,
susceptibility, infectivity and outcomes across subpopulations. One common approach
is to divide the population into distinct groups based on relevant characteristics so that
policies can be tailored to the needs of each subgroup. Ignoring these differences can
lead to general solutions that might not give enough protection to the people most at
risk and could also waste important health and economic resources. Although models
incorporating heterogeneity already existed before COVID-19, the pandemic highlighted
the lack of strong theoretical results for these complex systems. Most available models
could simulate epidemic evolution under heterogeneity, but they often depended heav-
ily on numerical simulations rather than providing clear analytical insights or long-term
predictions.

Another major challenge highlighted by the pandemic was the role of behavioral adap-
tations and individual responses. Throughout COVID-19, people’s actions, whether vol-
untary or prompted by government measures, had a decisive impact on how the disease
spread. The success of non-pharmaceutical interventions, such as social distancing, mask-
wearing and later vaccination campaigns, depended heavily on public participation and
on how people perceived the risk of infection. However, people’s behavior was influenced
by a complex mix of factors. Risk perception varied greatly between individuals and com-
munities and was often shaped by access to information, trust in government and health
authorities and the clarity and consistency of communication strategies. In many cases,
misinformation and conflicting messages fueled confusion and distrust, undermining pub-

lic health efforts. As the pandemic continued, additional challenges emerged: pandemic
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fatigue led to a gradual decline in adherence to preventive measures, while vaccine hes-
itancy, driven by fear, misinformation, or distrust, complicated vaccination campaigns.
These dynamics made it even harder to maintain control over the epidemic and high-
lighted how crucial it is to consider human behavior in epidemic modeling and in the
design of effective health policies.

All of these factors highlight the critical importance of developing mathematical mod-
els that can not only predict how infections spread, but also incorporate the social and
behavioral dimensions that influence epidemic outcomes. Such models are essential tools

for designing more effective and realistic intervention strategies.

1.2 Related literature

1.2.1 Compartmental epidemiological models

Epidemiological models have long been essential tools for understanding how infectious
diseases spread and for supporting public health decisions, such as introducing social
distancing or lockdowns. The mathematical modeling of epidemics dates back to the
18th century, most notably with the study on smallpox in (Bernoulli, 1760).

In the early stages of an epidemic, when the number of infected individuals is still
very small, disease transmission is better represented as a random process rather than
a deterministic one. This is because, at such times, the probability of infection largely
depends on the specific interactions and contact patterns between individuals, making the
process inherently stochastic rather than deterministic. In these circumstances, stochas-
tic models, which explicitly account for randomness in transmission events, offer a more
realistic representation of epidemic dynamics. These models are especially useful in small
populations or localized outbreaks, where the randomness of interactions plays a signif-
icant role (Daley and Gani, 2001; Britton, 2010). One of the first and most influential
stochastic models is the Reed—Frost chain binomial model, introduced by W.H. Frost in
1928 and later formalized and widely applied (Abbey, 1952; Wilson and Burke, 1943).
The model assumes discrete time steps, during which each susceptible individual has a
certain probability of avoiding infection, depending on how many infectious individuals
they come into contact with. The stochastic nature of this approach means that even
with identical initial conditions, different simulation runs can lead to varying outcomes,
which mirrors the unpredictable nature of real-world epidemics. Interestingly, a similar
model was developed even earlier by P.D. En’ko in the late 19th century (En’ko, 1989),
whose work was rediscovered and recognized decades later. Since the introduction of the
Reed—Frost model, numerous extensions and refinements have been proposed. A key dis-
tinction arises when comparing the Reed—Frost model with other stochastic approaches,
such as those considered in (Nowzari et al., 2016). In their study, the authors explore
models where infected individuals have the opportunity to continuously infect susceptible
individuals, rather than just having a single chance of transmission, as in the Reed—Frost
model. This continuous risk of infection is more appropriate for diseases like the flu,

where a susceptible person is always at risk when in contact with an infected individual.
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In contrast, the Reed—Frost model might be better suited for modeling the spread of non-
biological infections, such as an e-mail virus, where the recipient only faces a one-time
decision to open the email.

While stochastic models are valuable for understanding the dynamics of small-scale
outbreaks and the early stages of epidemics, they can become complex and computation-
ally intensive. This complexity often motivates researchers to seek more tractable models
that focus on the overall, average behavior of the system. This transition is formalized
through mean-field limits, which rigorously show how stochastic models converge to their
deterministic counterparts as the population size tends to infinity (Ethier and Kurtz, 2009;
Andersson and Britton, 2012). By removing randomness and focusing on average quan-
tities, they provide clear, predictive insights into the dynamics of large-scale outbreaks.
Thanks to their analytical tractability and lower computational costs, deterministic mod-
els are widely used to design intervention strategies and guide public health policies. A
major step forward in deterministic epidemic modeling came in the early 20th century,
with the contributions of Kermack and McKendrick (Kermack and McKendrick, 1927,
Kermack and McKendrick, 1932), who introduced the first compartmental models, estab-
lishing the foundation of modern epidemic theory (Diekmann et al., 1995). This models
divide the population into distinct compartments, each representing a different stage of
the disease and describe how individuals move between these compartments using differ-
ential equations. The simplest model is the SI (Susceptible-Infected) epidemic model,
where individuals once infected, remain infectious forever. Although basic, this model is
typically applied to diseases for which no recovery or immunity is observed, or in early
outbreak stages when recovery is negligible. It has been used also in the study of com-
puter viruses and certain sexually transmitted infections (Bailey, 1975). A more realistic
variation is the SIS (Susceptible-Infected-Susceptible) epidemic model, which captures
diseases that do not provide lasting immunity: individuals return to the susceptible state
after recovery. This is relevant for many bacterial infections (e.g., gonorrhea), or for some
strains of the common cold. On the other hand, the SIR (Susceptible-Infected-Recovered)
epidemic model assumes that recovered individuals acquire permanent immunity, making
it suitable for many viral infections like measles or chickenpox. Between SIS and SIR lies
the SIRS (Susceptible-Infected—Recovered—Susceptible) epidemic model, which assumes
that immunity lasts only for a limited time (Hethcote and Levin, 1989). After recovering,
individuals eventually become susceptible again. This framework is particularly impor-
tant for modeling seasonal diseases like influenza (Hethcote, 2000), where immunity fades
and recurring waves of infection are common. Both SIR and SIRS models reflect different
assumptions about the duration and effectiveness of immunity, which is a key factor in
epidemic dynamics. In the SIR framework, immunity acts as a permanent shield that
removes individuals from the transmission chain. In the SIRS setting, immunity is tran-
sient, allowing the disease to persist or re-emerge in cycles. In the SIS and SI epidemic
models, immunity is either absent or irrelevant, leading to the possibility of endemic or
unlimited disease spread unless other interventions are introduced.

To better reflect the complexity of real-world diseases, further model refinements
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have been proposed. For instance, the SEIR (Susceptible-Exposed-Infected-Recovered)
epidemic model includes a latent period between exposure and infectivity (Brauer et al.,
2019). The SAIR (Susceptible-Asymptomatic-Infected-Recovered) epidemic model dis-
tinguishes between asymptomatic and symptomatic cases, which is especially important
for diseases like COVID-19 (Kemper, 1978). During the last pandemic, a more detailed
model called SIDHARTE was proposed (Giordano et al., 2020). This model includes
compartments that reflect not only the progression of the disease but also the state in
the healthcare system: Susceptible (S), Infected (I), Diagnosed (D), Hospitalized (H),
in intensive care (A), Recovered (R), Threatened (T) and Extinct (E). Such detailed
structures allow for more precise estimates of healthcare needs and the impact of inter-
ventions. While complex models like SIDHARTE offer greater detail, they also require a
large amount of accurate data, which is not always available. Simpler models such as SIR
and SIS remain widely used, especially in the early stages of an epidemic, for theoretical

studies, or as building blocks for more elaborate models.

1.2.2 Network-based models

Traditional compartmental models in epidemiology often assume homogeneous mixing
within a population (Anderson and May, 1991; Hethcote, 2000), meaning that every
individual has an equal chance of coming into contact with any other. However, this as-
sumption is rarely accurate in real-world scenarios. In practice, human contact patterns
are uneven, influenced by factors such as social structure, geography, mobility and indi-
vidual behavior. To address this limitation, network-based epidemic models have been
developed. In these models, individuals or subgroups are represented as nodes in a graph
and the connections between them (edges) represent potential pathways for disease trans-
mission (Pastor-Satorras et al., 2015; Paré et al., 2020; Zino and Cao, 2021; Newman,
2002). These models introduce a contact or interaction matrix A, where each element
A;; quantifies the transmission rate from node j to node ¢. This formulation enables
more realistic representations of disease transmission by incorporating heterogeneity in
susceptibility, infectivity and interaction patterns (Hethcote, 1978; Nowzari et al., 2016;
Fall et al., 2007; Mei et al., 2017; Ogura and Preciado, 2016). Network-based approaches
provide a powerful framework to capture the structure and dynamics of real populations,
making them especially relevant for studying localized outbreaks, targeted interventions
and the effects of heterogeneity on disease spread.

One of the earliest network-based SIS model was proposed in (Lajmanovich and Yorke,
1976), where authors introduced a continuous-time, n-dimensional deterministic system.
They identified an epidemic threshold that depends on both disease parameters and the
spectral radius of the contact network. When the basic reproduction number is below
this threshold, the infection dies out; when it exceeds the threshold, a unique endemic
steady state arises. This idea was later expanded in (Allen, 1994), which confirmed
similar threshold behavior in discrete-time models. Further studies, such as (Wang et
al.; 2003; Ahn and Hassibi, 2013; Ruhi and Hassibi, 2015), refined the analysis and
validated the link between the threshold and the spectral radius. (Van Mieghem et al.,
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2008) proposed the "intertwined" SIS model, interpreting the network SIS model as a
mean-field approximation of the full Markov-chain model, a connection rigorously justified
by (Sahneh et al., 2013). Subsequent developments used tools from Lyapunov theory
and positive systems. (Fall et al., 2007) employed Metzler matrix theory to establish
equilibrium stability conditions, while (Khanafer et al., 2016) generalized these results to
weakly connected digraphs using positive system theory.

The network-based SIR epidemic model extends the scalar framework to capture dis-
eases that confer immunity after infection. These models are more complex to analyze
than their SIS counterparts due to their non-monotonic nature and higher dimensional-
ity. However, they provide a richer and more realistic description of long-term epidemic
dynamics, particularly when immunity plays a key role. One of the earliest generaliza-
tions was proposed by (Hethcote, 1978), who introduced a multi-group SIR model that
incorporates births, deaths, immunization campaigns and the possible loss of immunity.
In scenarios without demographic changes or loss of immunity, the model predicts conver-
gence to the disease-free equilibrium. This line of research was extended by (Guo et al.,
2008), who included vital dynamics and used Lyapunov analysis to derive sufficient condi-
tions for the existence and global stability of endemic equilibria. In a different direction,
(Youssef and Scoglio, 2011) proposed an individual-based SIR model on networks, using
simulation-based methods to characterize epidemic thresholds in terms of the network’s
spectral radius. (Mei et al., 2017) introduced a dynamic reproduction number R(¢) in the
network SIR context, offering a time-varying metric for assessing transmission dynamics.
Several studies have also examined how network structure and population heterogeneity
influence epidemic outcomes. (Ellison, 2020) showed that heterogeneous contact patterns,
common in real-world networks, can lead to lower overall infection levels compared to pre-
dictions from homogeneous mixing models. Recent works have explored more detailed
network topologies. For instance, (Stolerman et al., 2015) and (Das and Stolerman,
2024) modeled city-wide dynamics where neighborhoods are represented as well-mixed
subpopulations and edges correspond to the movement of individuals between areas of
residence and daily activity. These models allow for the analysis of equilibrium behavior
and demonstrate how epidemic spread depends on mobility patterns and network topol-
ogy. Given the analytical complexity of network-based SIR models, some works have
focused on simplified settings involving only two interacting communities. For example,
(Yang, 2024) proposed a two-population SIR network model in which two groups have
distinct internal contact structures and interact differently with each other. Similarly,
(Han et al., 2024) developed a two-community model where interactions occur through
temporary commuters, deriving an explicit formula for the basic reproduction number
and an implicit equation for the final epidemic size. Their analysis provides important

insights into how inter-community connectivity affects epidemic outcomes.

1.2.3 Behavioral adaptation component

Another key limitation of the classical SIR model is the assumption of a constant trans-

mission rate, which fails to account for behavioral adaptations. However, both historical
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and contemporary evidence indicate that individuals adjust their behavior in response
to perceived risk of infection, leading to changes in contact patterns that affect dis-
ease transmission. For example, during the 1918 influenza pandemic, people voluntarily
avoided crowded areas (Crosby, 2003); during the SARS outbreak, a widespread use of
face masks and reductions in travel were observed (Lau et al., 2005); and during the more
recent COVID-19 pandemic, behavioral responses were further reinforced by government-
imposed measures such as social distancing and lockdowns (Hsiang et al., 2020). While
early modeling efforts mostly focused on evaluating the effects of institutional interven-
tions like school closures (Bootsma and Ferguson, 2007), recent studies have increasingly
emphasized the role of endogenous behavioral changes. These individual actions, often
driven by perceived risk, can significantly influence the course of an epidemic and should
be explicitly considered in disease modeling (Ferguson, 2007). To incorporate such be-
havioral adaptations into epidemic models, two main modeling approaches have been
explored.

The first relies on evolutionary game theory (Sandholm, 2010), which provides a nat-
ural framework to describe how individuals make strategic decisions when facing an epi-
demic. In this context, people evaluate the trade-offs between adopting protective mea-
sures (e.g., vaccination, self-isolation, or social distancing) and continuing usual activities.
Their choices are influenced by personal risk perception, social pressure and previous ex-
periences. Unlike classical compartmental models where individual behavior is fixed or
exogenously prescribed, game-theoretic models account for adaptive behavior, allowing
individuals to switch between strategies dynamically. This approach captures more re-
alistically the feedback loop between disease progression and behavioral response. This
paradigm forms the basis of the emerging interdisciplinary field of sociophysics (Castel-
lano et al., 2009), which integrates methods from statistical physics and game theory to
model the co-evolution of social behavior and epidemic dynamics (Satapathi et al., 2022;
Ye et al., 2021; Frieswijk et al., 2022; Paarporn and Eksin, 2023; Amaral et al., 2021;
Kabir and Tanimoto, 2020; Martins et al., 2023; Certorio et al., 2022). Among the most
representative contributions, (Satapathi et al., 2022) and (Paarporn and Eksin, 2023)
analyze SIS epidemic models in which behavioral adaptation is governed by a replicator
dynamics, allowing individuals to choose between cooperating with health recommenda-
tions or defecting from them, depending on observed outcomes. In (Amaral et al., 2021),
the authors propose a scalar SIR model integrated with a “quarantine game,” where agents
choose between continuing normal activities and voluntary self-isolation, thereby influenc-
ing the course of the epidemic. The study in (Kabir and Tanimoto, 2020) introduces a SE-
QIHR (Susceptible-Exposed-Quarantined-Infected-Hospitalized-Recovered) compartmen-
tal framework, where agents decide whether to comply with stay-at-home policies within
a game-theoretic structure. Similarly, (Certorio et al., 2022) and (Martins et al., 2023)
adopt a system-theoretic perspective, demonstrating how the endemic equilibrium of a
SIRS model can be controlled and stabilized through the strategic interactions of agents

who modulate the transmission rate. Other works explore how social behavior spreads
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via imitation and learning. For instance, (Ye et al., 2021) and (Frieswijk et al., 2022) an-
alyze multilayer network SIS epidemic models where individuals adopt protective actions
by imitating the strategies of their peers. These studies highlight how social dynamics
can influence both the speed and extent of behavioral adoption. A complementary line
of research emphasizes decentralized strategies, where individuals react to local infection
data rather than global information. In this context, (Hota and Sundaram, 2019; Khaz-
ael et al., 2021; Elokda et al., 2021) investigate how people adjust their contact rates or
mobility in response to perceived local risk. Notably, (Elokda et al., 2021) propose a net-
worked SAIR model, that includes an asymptomatic compartment, in which individuals
continuously adapt their level of activity, number of contacts and mobility across different
regions. These behavioral choices evolve over time, often on the same scale as the epi-
demic itself. A comprehensive overview of these behaviorally adaptive and game-theoretic
epidemic models can be found in the review by (Huang and Zhu, 2022).

The second main modeling strategy incorporates behavioral changes through feedback
mechanisms in the transmission dynamics. In these so-called feedback epidemic models,
the transmission rate 8 is no longer assumed constant, but is instead modeled as a func-
tion of the epidemic state, typically depending on the number of infected or susceptible
individuals. This approach allows the model to capture collective behavioral adaptations
at the population level (Funk et al., 2010; Verelst et al., 2016). A seminal contribution
in this direction is the work in (Capasso and Serio, 1978), who proposed a scalar SIR
model where the transmission rate is a bounded and decreasing function of the fraction of
infected y. This simple yet effective feedback captures the idea that people reduce their
contacts or adopt protective measures as they become more aware of the epidemic risk.
The authors showed that such a mechanism induces a unimodal infection curve, meaning
the number of infected individuals rises and falls in a single wave, a pattern observed
in many real-world epidemics and in the classical SIR model with constant transmission
rate. This modeling framework has motivated a substantial body of research exploring
how endogenous behavioral responses can mitigate epidemic severity. Several studies
demonstrate that feedback-driven reductions in transmission can significantly flatten the
infection curve (Baker, 2020; Franco, 2020), while preserving key stability properties of
the disease-free and endemic equilibria (Korobeinikov, 2006). Recent work by (Nguyen,
2024) provides further analytical insights, establishing upper bounds on epidemic over-
shoot (e.g., the number of individuals infected beyond the peak) and identifying invariants
of motion when the transmission rate depends only on the susceptible population. Fi-
nally, (Srivastava et al., 2024) investigates a behavioral SIRS model with ratio-dependent
incidence and saturated treatment response, analyzing existence and stability of endemic
equilibria under complex feedback structures. Beyond models where the transmission
rate depends solely on the infected population, other works allow § to also vary with
the fraction of susceptibles x. Such general formulations have been explored in (Feng
and Thieme, 2000; Gao et al., 2024; Liu et al., 1987), where the rate of new infections
B(x,y)ry is modeled as an arbitrary nonlinear function of the susceptible and infected

fractions. These studies establish general conditions for the existence, uniqueness and
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stability of equilibria, thus extending classical compartmental models to settings with
endogenous behavioral feedback. Finally, an additional line of work incorporates time-
dependent transmission rates to capture delayed responses or seasonal variation. For
example, (Boatto et al., 2018) study an SIR model where 3(t) varies periodically, model-
ing behavioral changes that follow external cycles or institutional measures.

A related but distinct modeling approach introduces behavioral adaptation as an ex-
plicit dynamic variable that responds to the observed progression of the epidemic. Instead
of modifying the transmission rate directly as a function of the current state, these mod-
els incorporate a separate variable, typically representing risk perception or awareness,
that evolves over time and influences individual behavior. For instance, (Zhou et al.,
2020) introduces an SIS epidemic model where the transmission rate 5 depends on the
perceived infection level, taking into account delays in perception and heterogeneity in
individual risk profiles. Similarly, (Bizyaeva et al., 2024) extends this idea to a networked
SIS setting with a dual-layer structure: one layer describes the physical spread of the
disease through contact interactions, while the other layer models the dissemination of
information. In this setting, the effective transmission rate is shaped by a dynamic risk
perception variable, which evolves based on the information individuals receive through
the network. While these models represent important progress, especially for SIS dynam-
ics in both scalar and networked forms, the study of network-based feedback SIR models
is still relatively limited. Most existing results rely on mean-field approximations and
rigorous analytical insights remain scarce due to the inherent complexity introduced by
network heterogeneity and individual behavioral differences. A notable exception is the
recent work by (Wang et al., 2024), who analyze a networked SIR model with saturated
incidence and nonlinear recovery. Their results offer valuable insights into how feedback
mechanisms can shape epidemic dynamics in structured populations.

Building on these ideas, recent studies have begun to incorporate explicit models of
opinion dynamics in multilayer network settings, where epidemic spreading co-evolves
with the formation and diffusion of public attitudes and beliefs (She et al., 2022; Xu and
Ishii, 2024; Xu et al., 2025). For instance, (She et al., 2022) presents an SIS epidemic
model in which the infection dynamics and the prevailing opinions of the community influ-
ence each other. In contrast, (Xu and Ishii, 2024; Xu et al., 2025) develop network-based
SIV (Susceptible-Infected-Vigilant) epidemic models that integrate polarizing opinion dy-
namics, where the transition to a vigilant state is driven by both perceived risk and social

influence, ultimately altering the epidemic trajectory.

1.2.4 Optimal control of epidemic spread

The COVID-19 pandemic has brought particular attention to the use of non-pharmaceutical
interventions (NPIs), such as lockdowns and mobility restrictions, especially during the
initial phases of an outbreak when effective vaccines or treatments are not yet available
(Flaxman et al., 2020). While highly effective in reducing transmission and preventing

healthcare system collapse, these interventions also come with significant economic and
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social costs. As a result, countries around the world adopted a wide range of strate-
gies, often reflecting different priorities and trade-offs between public health goals and
economic sustainability.

Broadly speaking, two classes of intervention strategies have been identified (Fergu-
son et al., 2020): suppression strategies, which aim to reduce infection numbers to very
low levels and maintain them over time through strong and sustained interventions and
mitigation strategies, which aim instead to slow down transmission without necessarily
suppressing it entirely, with the goal of reducing the epidemic peak and relieving pres-
sure on healthcare systems while limiting economic disruption. A natural framework to
formalize and optimize these trade-offs is offered by optimal control theory (Zino and
Cao, 2021), which allows the design of time-varying interventions that minimize a cost
functional typically combining epidemic and economic objectives. Early works in this
direction date back to (Morton and Wickwire, 1974), which introduces an optimal im-
munization strategy within the classical SIR model, laying the foundation for subsequent
control-theoretic approaches to epidemic management. Later, (Behncke, 2000) extends
this framework by modeling lockdown as a control input that reduces the transmission
rate, while the cost function explicitly incorporates a trade-off between the severity of
the epidemic and the socioeconomic impact of the intervention. Similarly, (Hansen and
Day, 2011) considered both vaccination and isolation policies within an optimal control
framework.

More recently, this line of research has gained renewed interest in the context of
COVID-19. In (Alvarez et al., 2021; Acemoglu et al., 2021), lockdown costs are modeled
as reductions in economic activity, while mortality costs take into account the risk of
hospital congestion. This is achieved by introducing a lethality rate that increases with
infection prevalence, resulting in a quadratic cost term. Such a formulation captures a key
aspect of the recent pandemic, where overwhelmed healthcare systems led to increased
mortality. In the multigroup SIR framework, (Acemoglu et al., 2021) further shows that
targeted interventions, based on age or risk group, significantly outperform uniform poli-
cies, emphasizing the importance of population heterogeneity in the design of optimal
strategies. Along similar lines, (Birge et al., 2020) proposes a spatial model calibrated
on mobility data from New York City to evaluate geographically targeted interventions.
Their results show that differentiated restrictions across neighborhoods can better contain
infections while preserving more economic activity than uniform city-wide policies.

Although these studies rely heavily on numerical approaches, a few analytical results
have also been derived. A notable exception is (Kruse and Strack, 2020), which addresses
a finite-horizon control problem with linear epidemic cost and convex intervention cost,
proving that the optimal policy is quasi-convex and of the bang-bang type, with at most
two switching times. An alternative infinite-horizon formulation is considered in (Cian-
fanelli et al., 2021b), where a quadratic epidemic cost captures hospital congestion. The
authors demonstrate that stabilizing the infection prevalence leads to better long-term
outcomes than strategies focused solely on minimizing the reproduction number. (Birge

et al., 2020) A different modeling approach is presented in (Miclo et al., 2022), where

10 1. Introduction



a hard constraint is imposed on the maximum allowed fraction of infected individuals,
representing the capacity of intensive care units (the so-called ICU constraint). This set-
ting reflects situations where exceeding hospital capacity, as observed during COVID-19
peaks, can severely compromise patient care. Respecting this constraint guarantees ac-
cess to treatment for all critical cases. The resulting optimal strategy, known as “filling
the box”. consists of allowing the epidemic to grow initially, then implementing a sharp
lockdown to prevent crossing the threshold, followed by a gradual relaxation. A similar
outcome is obtained in (Acemoglu et al., 2024), where epidemic control is coupled with op-
timal testing strategies. By jointly optimizing NPIs along with molecular and serological
testing, the model aims to reduce both health impacts and economic costs. Feedback-
based strategies under ICU constraints are also investigated in (Di Lauro et al., 2020),
where simple rule-based policies adapt in real-time to the observed epidemic state, ensur-
ing that healthcare demand remains within manageable limits. More detailed numerical
studies are provided in (Djidjou-Demasse et al., 2020; Kantner and Koprucki, 2020),
which explore the timing and combination of various NPIs using complex compartmental
models. From a network-based perspective, (Yi et al., 2022) formulates a combinatorial
optimization problem aimed at reducing infections by selectively removing edges from a
contact network. This structural control approach highlights how targeted modifications
to the topology of social interactions can achieve substantial epidemic mitigation with
minimal disruption to mobility or economic activity.

Beyond classical optimal control on compartmental models, many recent studies have
started to include behavioral feedback in epidemic models. These models aim to better
capture how individuals adjust their behavior in response to perceived infection risk.
For instance, (Parino et al., 2024) introduces a coupled model combining a SIS epidemic
process with a population game framework where behavior and disease dynamics co-evolve
over time. They define a cost function that balances health and socio-economic impacts
and use the Pontryagin Maximum Principle to design optimal intervention strategies.
Such formulations allows for control strategies that are not only efficient from a policy
perspective, but also realistic in capturing how people actually respond to epidemics, an

essential feature for the effectiveness of any public health intervention.

1.3 Main contributions

The COVID-19 pandemic highlighted two major challenges for epidemic modeling: the
need to account for population heterogeneity and the critical role of behavioral adapta-
tions. Developing models that properly address these aspects is key for improving the
ability to predict and control epidemic outbreaks. This thesis directly addresses both
challenges by advancing the analysis of the SIR epidemic model in settings that include
behavioral feedback and network effects between different populations. We focus on un-
derstanding how contact patterns and collective behaviors affect the spread of diseases and

on designing effective intervention strategies. To do this, we study both scenarios where
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the population is treated as homogeneous and network-based models, where interactions
happen across different subpopulations.

While more complex models (e.g., SEIR, SAIR, or SIDHARTE) offer a detailed de-
scription of specific diseases, we deliberately adopt the SIR framework. This choice is
guided by its analytical tractability and by its universality: unlike more detailed models
that are tailored to the peculiarities of specific pathogens, the SIR model captures the
core nonlinear dynamics of contagion in a general and widely applicable way. It provides
a solid foundation for studying fundamental mechanisms, such as behavioral feedback or
network effects, without relying on assumptions tied to a specific epidemiological scenario.
Compared to the SIS epidemic model, the higher dimensionality and lack of monotonicity
in the SIR model present significant analytical challenges. These complexities motivate
the development of new techniques and provide deeper insights into the long-term behav-

ior of epidemics with feedback and interactions.

We begin in Chapter 2 with a brief recap of the classical results for the scalar SIR
model and then introduce a generalized version in which the transmission rate is no
longer constant, but depends dynamically on both the susceptible and infected fractions of
individuals. This extension captures behavioral responses that evolve with the progression
of the epidemic. Within this framework, we define a behavioral reproduction number and
show that, under a broad monotonicity assumption, the infection curve is unimodal (i.e.,
it has at most a single peak) and the epidemic eventually fades out. This result extends
the analysis of the classical SIR model and builds upon previous studies on behavioral-
feedback dynamics. For a specific functional form of the state-dependent transmission
rate, we further derive an invariant of motion for the behavioral-feedback SIR epidemic
model, that is a quantity that remains constant along the trajectories of the system. This
invariant enables a closed-form characterization of both the infection peak and the final
epidemic size. These results provide useful analytical tools to better understand how
behavioral feedback shapes epidemic outcomes. This work builds on and extends the
results presented in (Alutto et al., 2021; Alutto et al., 2025Db).

Chapter 3 builds upon the previous analysis by extending the model to a network-
based SIR model with endogenous behavioral feedback. In this framework, the nodes of
the network represent subpopulations that share similar characteristics, such as infectiv-
ity, susceptibility, activity level and behavioral patterns. The interaction matrix, which
encodes the contact rates between subpopulations, evolves dynamically as a function of
the susceptible and infected fractions across the entire network. This approach captures
heterogeneous behavioral responses, including increased interactions due to low perceived
risk, voluntary distancing, policy-induced restrictions, and other factors that may vary
among different groups. We analyze how such adaptive interactions influence stability
and long-term behavior of the epidemic. In particular, for constant interaction matrices
we derive invariants of motion, and under the additional assumption of rank-1 structure,
we characterize the final epidemic state directly from the initial conditions. Finally, we
complement the theoretical analysis with numerical simulations, exploring how different

behavioral-feedback mechanisms affect the stability region, and emphasizing the central
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role of behavioral dynamics in shaping epidemic trajectories. This work is part of the
results presented in (Alutto et al., 2025a; Alutto et al., 2024).

In Chapter 4, we focus on the transient behavior of the behavioral-feedback network
SIR model introduced in Chapter 3. We begin by investigating a class of models where
the interaction matrix is assumed to be constant over time. This setting reflects scenarios
where contact patterns between subpopulations are fixed and do not adapt to the evolving
epidemic state. Each entry of the interaction matrix encodes features such as inter-
group contact frequency, susceptibility and infectivity. After analyzing a simplified two-
subpopulation scenario, we focus on the analytically tractable class of rank-1 interaction
matrices and present several novel theoretical contributions. We first introduce a weighted
aggregate infection quantity and prove that it exhibits a unimodal behavior as function
of time, thus generalizing classical results from the scalar SIR setting. Moreover, we
investigate the transient dynamics at the node level: we show that the infection curve at
each node undergoes at most two changes of monotonicity before entering a monotonic
decreasing phase. Through numerical simulations, we explore scenarios in which the
interaction matrix has rank higher than 1. In such cases, we observe more complex
dynamics, with local infection curves potentially exhibiting multiple peaks. Finally, we
extend some of the theoretical insights, obtained in the first part, to a broader class of
behavioral-feedback SIR models with state-dependent interaction matrices. We analyze
how different feedback structures influence the transient dynamics and identify conditions
under which similar unimodality results may still hold. This chapter contributes to a
deeper understanding of the interplay between network topology and epidemic dynamics
and extends the analytical framework for studying networked epidemic models. This work
is developed in (Alutto et al., 2024; Alutto et al., 2025a).

Finally, in Chapter 5, we address the problem of optimal epidemic control in the con-
text of the behavioral-feedback SIR model introduced in Chapter 2. In this setting, the
state-dependent transmission rate evolves with infection and susceptibility levels, cap-
turing adaptive behavioral responses and enabling more realistic modeling of mitigation
strategies. We consider an optimal control problem in which interventions, such as lock-
downs, are used to limit the spread of the disease while minimizing socio-economic costs.
The model includes a hard constraint on the maximum allowed fraction of infected indi-
viduals, representing, for example, the saturation threshold of healthcare facilities. The
core of our analysis lies in a geometric study of the state space, where the system evolves
within a simplex constrained by the infection threshold. By partitioning this simplex
and analyzing the structure of the reachable sets, we are able to characterize the feasible
trajectories of the system under control. Building on this geometric insight, we construct
a candidate value function that represents the minimum cumulative cost required to pre-
vent the infection from exceeding the critical threshold, starting from any given state.
Under general monotonicity conditions on the transmission rate, we rigorously prove that
the optimal control follows a filling-the-box strategy: the infection is initially left uncon-
trolled until it approaches the threshold, then a sharp intervention is applied, followed by

a gradual reopening until a time after which the spread is no longer regulated. We further
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demonstrate that this strategy is not universally optimal: by constructing an analytical
counterexample, we show that when the monotonicity assumptions are violated, more
adaptive strategies may be required. This highlights the importance of understanding
how behavioral feedback mechanisms shape both epidemic dynamics and the structure of
optimal interventions. The results presented here appear in (Alutto et al., 2025b; Alutto
et al., 2025¢).

1.4 Notation

We briefly gather here some notational conventions adopted throughout the thesis. We
denote by R,R; and Ry the sets of real, nonnegative real and positive real numbers,
respectively, while R.*" indicates the set of real matrices with dimension n x n and
nonnegative entries. We indicate by Re(z) the real part of a number z. The all-1 vector
and the all-0 vector are denoted by 1 and O respectively. The transpose of a matrix A
is denoted by AT. For x in R™, let ||z||y = Y, |2 and ||z||oc = max; |z;| be its l;- and
loo- norms, while [x] denotes the diagonal matrix whose diagonal coincides with x. For
an irreducible matrix A in R}*", we let Apaz(A) and vy (A) denote respectively the
dominant eigenvalue of A and the corresponding left eigenvector normalized in such a way
that 1'vya.(A) = 1, which has positive entries and is unique due to the Perron-Frobenius
theorem. Inequalities between two vectors x and y in R™ are meant to hold true entry-
wise, i.e., x < y means that z; < y; for every i, whereas z < y means that x; < y; for
every ¢ and x < y means that z; < y; for every ¢ and z; < y; for some j.

We model networks as finite weighted directed graphs G = (V, &, A), where V =
{1,2,...,n} is the set of nodes, £ C V x V is the set of directed links and A in R}*™ is
a nonnegative weight matrix, to be referred as the interaction matrix, with the property
that A;; > 0 if and only if there exists a link (4, j) in € directed from node i to node j.

A network is connected if its interaction matrix A is irreducible.
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Scalar SIR Epidemic Models

In this chapter, we explore dynamical models that describe the spread of infectious dis-
eases within a homogeneously mixed population. In Section 2.1, we present the classical
SIR epidemic model, first introduced and studied in (Kermack and McKendrick, 1927),
and review several well-known analytical results from the literature (Brauer et al., 2019;
Diekmann and Heesterbeek, 2000; Diekmann et al., 2010; Martcheva, 2015). This model
captures the essential mechanisms of disease transmission and recovery, assuming con-
stant contact and infection rates over time. In particular, we introduce a key quantity,
known as the effective reproduction number R(t), which describes the average number
of new infections caused by an infected individual at time ¢t. The behavior of the infec-
tion curve is closely linked to the value of R(t): when R(t) < 1, the fraction of infected
individuals decreases, while when R(t) > 1, it increases. Importantly, in the classical
SIR model, R(t) can be shown to decrease monotonically over time and to eventually
fall below 1. As a consequence, the infection curve is necessarily unimodal: if R(0) < 1,
the fraction of infected individuals decreases monotonically and vanishes asymptotically;
if R(0) > 1, the infection initially grows, reaches a peak at the time ¢ when R(#) = 1,
and then decreases monotonically thereafter, eventually vanishing as time becomes large.
We also discuss an invariant of motion, a quantity that remains constant along system
solutions, which allows for an explicit characterization of both the infection peak and the
final epidemic size. While this model offers valuable insights, it does not account for the
potential impact of behavioral changes in response to the evolving state of the epidemic.
In real-world scenarios, individuals often adjust their behavior, such as modifying social
interactions or adopting protective measures, based on the perceived risk of infection.
To address this limitation, in Section 2.2 we introduce and analyze a novel extension of
the SIR model, which constitutes the main theoretical contribution of this chapter. This
behavioral-feedback SIR model incorporates behavioral adaptations driven by the current
infection prevalence, offering a more realistic representation of epidemic dynamics, partic-
ularly in scenarios where public awareness and behavioral responses play a significant role
in influencing the disease spread. We define a behavioral reproduction number, and under
a certain monotonicity assumption on the transmission rate, we show that it retains the
key qualitative property of the classical SIR model: the infection curve remains unimodal,
with at most a single peak. However, a notable difference is that the behavioral repro-

duction number is not necessarily decreasing over time. Nevertheless, once it falls below

2. Scalar SIR Epidemic Models 15



the critical threshold of 1, it remains below 1 for all subsequent times. This property is
fundamental to ensuring that, after reaching the peak, the epidemic eventually vanishes.
Next, we focus on a specific functional form of the behavioral transmission rate, for which
we can derive an invariant of motion. Similar to the classical case, this quantity provides
a closed-form characterization of both the infection peak and the final epidemic size, ex-
tending the analytical tools of the classical model to settings that incorporate behavioral
feedback.

Both models discussed in this chapter assume a homogeneous population, where all
individuals are equally likely to interact with each other, without considering any subpop-
ulation structure or network effects. For clarity, we shall refer to these models as scalar

SIR epidemic models throughout the thesis.

2.1 Scalar SIR epidemic model

In this section, we introduce the classical SIR epidemic model, that describes the spread of
a disease among a homogeneous population. This model, first proposed in (Kermack and
McKendrick, 1927), serves as the foundation for much of modern epidemic theory. Here,
we summarize several key analytical results that are well established in the literature.
The dynamics of the model are governed by the following assumptions. The rate at which
susceptible individuals become infected is proportional to the product of the fractions of
susceptible and infected individuals, scaled by a constant infection rate 8 > 0. Infected
individuals recover at a constant recovery rate v > 0, transitioning irreversibly to the
recovered compartment. Let z(t), y(t), and z(¢) denote the fractions of susceptible,
infected, and recovered individuals at time ¢ > 0, respectively.

Under these assumptions, the SIR epidemic model is described by the following system

of ordinary differential equations:

T = _Bwyv
y = Bxy — vy, (2.1)
zZ="y.

This model offers a fundamental yet insightful framework for describing the spread of an
infectious disease within a closed and homogeneously mixed population. Thanks to its
simplicity and analytical tractability, the SIR epidemic model (2.1) serves as a natural
starting point for the development of more advanced epidemic models, and several foun-
dational results concerning its dynamics are well established. The following propositions

are summarized from (Brauer et al., 2019).

Proposition 2.1. Consider the SIR epidemic model (2.1), with B > 0 and v > 0. For
every initial state (x(0),y(0), 2(0)) in

A={(@yz) RS iaty+z=1}, (2:2)
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it admits a unique solution (z(t),y(t),z(t)) in A fort >0 and

(i) the set of equilibrium points in A is

A" ={(z*,0,1—2x%): 2* € [0,1]"} ;

(i1) a disease-free equilibrium (x*,0,1 — x*) in A* is stable if fx* /vy < 1;
Moreover, for every initial state (x(0),y(0), 2(0)) in A such that x(0) > 0, y(0) > 0:
(iii) t — x(t) is monotonically decreasing, while t — z(t) is monotonically increasing;
(iv) if Bx(0) <=, then y(t) is strictly decreasing for t > 0;

(v) if Bx(0) > v, then there exists a peak time t > 0 such that y(t) is strictly increasing
for t in [0,1] and strictly decreasing for t in [t,4+00).

Proof. See (Brauer et al., 2019, Chapter 2.4). O

A key feature of the classical SIR model is the disease-free equilibrium, which cor-
responds to a state in which the infection is completely eradicated, i.e., y* = 0. This
equilibrium is stable as long as the condition Sz* /v < 1 is satisfied. This condition high-
lights the central role of the basic reproduction number, Ry = 3/, which represents the
average number of secondary infections generated by a single infectious individual in a
fully susceptible population. Another important result for the SIR epidemic model is the
unimodal behavior of the infection curve. The fraction of infected individuals y(t) admits
at most one local maximum over time. This means the epidemic follows a single wave
of infections: after reaching its peak, the fraction of infected individuals monotonically
decreases until the disease eventually vanishes. As the epidemic progresses, the fraction
of susceptible individuals z(t) decreases, which leads to a reduction in the effective re-
production number, R(t) = fx(t)/y. Once R(t) drops below one, the epidemic starts to
decline and eventually goes to 0. This behavior is a direct consequence of the model’s

structure, and is illustrated in Figure 2.1.

The next result establishes an invariant of motion for the SIR epidemic model (2.1)
in the domain A, that is a function ¥ : A — R such that U (z(t),y(¢)) remains constant
along every solution of (2.1). This concept is fundamental in the study of the model (2.1),
as it provides a conserved quantity that remains unchanged throughout the progression
of the epidemic. In particular, the existence of such an invariant allows us to derive
important characteristics of the epidemic’s dynamics, including the peak of infection and

the final size of the epidemic.

Proposition 2.2. Consider the SIR epidemic model (2.1), with 8 > 0, v > 0, and initial
state (2(0),y(0),2(0)) in A such that z(0) > 0 and y(0) > 0. Then,

(i) the quantity B(x +y) — vylogz is an invariant of motion;
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FI1GURE 2.1: Numerical simulation of the scalar SIR epidemic model with 8 = 1.6 and v = 0.4. In plot
(A), the initial condition is given by z(0) = 0.95 and y(0) = 1 — x(0), corresponding to a scenario in
which R(0) > 1, leading to the epidemic outbreak. In contrast, plot (B) shows a scenario with initial
condition z(0) = 0.15 and y(0) = 1 — z(0), for which R(0) < 1, and the infection rapidly dies out.

(ii) if Bx(0) > =, then the peak of infection is

T g g
maz = —— + 5 1og = + 2(0) + y(0) — = log z(0); 2.3
y gtgles ()y()ﬁg() (2.3)
(i1i) there exists oo = tl}lin x(t) such that xoo is the unique solution of the equation
Broc —Y1log oo = B(z(0) +y(0)) — vlog z(0), (2.4)
in the interval (0,v/5].
Proof. See (Brauer et al., 2019, Chapter 2.4). O

The invariant 5(x + y) — vlogx, as shown in Proposition 2.2(i), plays a crucial role
in understanding the dynamics of the epidemic. Since it allows to derive a closed-form
relationship between the fractions of susceptible and infected individuals throughout the
epidemic evolution, directly linking them to the initial state, it also provides a precise
estimate for the peak of the infected fraction. By setting the second equation in (2.1)
equal to 0, Proposition 2.1(v) guarantees the existence of a unique instant t* at which
this condition can be met. At this particular moment, the dynamics of the epidemic reach
its peak, with the susceptible fraction of the population satisfying z(¢*) = v/, while the
maximum infected fraction y(t*) = ymax can be expressed as defined in (2.3). This result
is crucial because it provides an accurate estimate of the peak infection level, which is
important for designing containment policies. Furthermore, this invariant allows also for
a precise characterization of the final size of the epidemic, that is determined by the value
of 1 — x4, which represents the fraction of the population who has been infected over the

course of the epidemic.

For this classical SIR model, invariants of motion have been used to derive exact

analytical solutions (Harko et al., 2014). More broadly, this approach has been highly
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effective in a variety of epidemic models, including more complex settings, where it is used
to determine important quantities such as the asymptotic value of the susceptible fraction
and the peak value of the infected fraction (Sontag, 2023; Feng, 2007). These quantities
offer a systematic way to characterize the long-term behavior of epidemic systems, even

in the presence of nonlinearities or more intricate transmission dynamics.

Despite its simplicity and theoretical significance, the classical SIR epidemic model
has notable limitations that restrict its ability to accurately describe real-world epidemic
dynamics. In particular, it relies on the assumption of a fully mixed population, in which
each individual is equally likely to come into contact with any other, and it assumes
complete homogeneity across the population in terms of susceptibility, recovery rates,
and behavioral responses. The latter assumption, concerning the absence of behavioral

adaptation, is especially unrealistic and will be addressed in the following section.

2.2 Behavioral-feedback scalar SIR epidemic model

To account for the influence of behavioral changes during an epidemic, we consider an ex-
tension of the classical scalar SIR model in which the infection rate is no longer constant,
but instead depends on the current state of the epidemic. We introduce the following gen-
eralized SIR epidemic model, that describes the spread of a disease within a homogeneous

population with a state-dependent transmission rate,

i = —B(x,y)ry,
v =Bz, y)zy — vy, (2.5)
=Y,

where again © = z(t), y = y(t) z = z(t) indicate the fractions of susceptible, infected
and recovered individuals in the population, respectively. The transmission rate is now
a function B : [0,1]2 — (0, +0c0), that captures an endogenous behavioral reaction to
the epidemics through a modification of the interaction level, that is assumed to be a C!
function of (x(t),y(t)), while v > 0 represents the constant recovery rate, as in (2.1). We
shall refer to (2.5) as the behavioral-feedback SIR (BF-SIR) epidemic model.

This section presents original results on the qualitative and quantitative behavior
of the BF-SIR epidemic model (2.5). Despite the added complexity introduced by the
feedback mechanism, we show that several key properties of the classical model, such as
the unimodality of the infection curve and the existence of an invariant of motion, can
be preserved under certain assumptions. This allows for a tractable yet more realistic
representation of epidemic dynamics in contexts where individual behavior is reactive to

the epidemic evolution.

Example 2.1. Let

Bla) = 1oL (2.6)
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where the function b : [0,1] — (0,400) is non-decreasing, differentiable and captures
how the transmission rate varies with the number of susceptibles: a higher fraction of
susceptibles may lead to a lower perceived risk, encouraging social interactions and riskier
behaviors that facilitate contagion. The constant ¢ > 0 measures how susceptibles adapt
their behavior based on the presence of infected individuals. Observe that this class of
models includes as a special case the classical SIR epidemic model (2.1), where ¢ =0 and
b is a positive constant. This model generalizes (Franco, 2020; Baker, 2020), by adding a

dependence on x.

The next result establishes the well-posedness of the model by showing that the set
A, defined by (2.2), is positively invariant also for the BF-SIR epidemic model (2.5), and

provides some preliminary results on the dynamics.

Proposition 2.3. For every initial state (x(0),y(0),2(0)) in A, the BF-SIR epidemic
model (2.5) admits a unique solution (z(t),y(t),z(t)) in A for t > 0. Moreover,

(i) t — x(t) is monotonically non-increasing for all t > 0;
(it) y(t) > 0 for all t > 0 if and only if y(0) > 0;

(1) there exists xoo € R such that

lim (x(t),y(t), 2(t) = (00,0,1 — o) -

t—+o00

Proof. Since the vector field of (2.5) is Lipschitz with respect to (z,y, z), local existence
and uniqueness for the Cauchy problem related to the ODE (2.5) is a standard result
(Hale, 2009, p. 1.3). By integrating the equations in (2.5), assuming initial condition
(2(0),y(0),2(0)) in A, we get

x(t exp

) = 2(0) ( / <—ﬁ<x<r>,y<f>>y<f>>df), (27)

y(t) = y(0) exp ( [ Gt -) df) , (2.8)
t

)22(0)+7/0 y(r) dr .

Moreover, the sum of equations in (2.5) gives

z(t

B(t) + () + (1) = 0. (2.10)
All this implies that, as long as the solution (x(t),y(t), 2(t)) exists, we must have that
()20, ()20, 2(6)>0, () +y(t) + 2(1) = 1. 2.11)

In other terms, as long as the solution exists, it lives in A. In particular, this implies that
the solution is globally defined, (Knauf, 2018, Section 3.3).
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The proof of the remaining statements is as follows.
(i) It follows from (2.11) and the first equation in (2.5).
(ii) It follows directly from (2.8), since the exponential cannot be 0.

(iii) Since z(t) and z(t) +y(t) = 1 — z(¢) are monotonic functions, they both admit a
limit:
Too := M (1), €oo:= lim [2(t) +y(t)].
As a consequence, the following limit

Yoo = lm y(t) = &oo — Too > 0, (2.12)

t—+00

exists. Suppose now by contradiction that y., > 0. This means that there exist T,e > 0
such that y(t) > ¢, for all ¢t > T'. Then, we get

lim [2(t) + y(t)] = £(0) + y(0) — 7 /0 " y(rydr

t—-+o0
t

=2(0)+y(O) =7 Iim | y(r)dr

t
< —~ i d
< @O +y(0) =y lim | y(r)dr
< z(0) +y(0) — e tlg—noo(t -T)

= —00.
As this is an absurd, it must be yo, = 0. Then, the result follows from (2.11). O

To facilitate our analysis, we define the following sets
S = {(:U,y) ERi rx+y < 1} ,

Sy={(x,y) eRY, :x+y<1},
and observe that there exists an invertible map s : & — A such that s(z,y) = (z,y,1 —
x —y). For this reason, from now on, we shall omit the variable z when denoting the
state.

2.2.1 Reproduction number

In this subsection, we analyze the transient behavior of the infection dynamics, showing
that, under a monotonicity condition, the infection curve exhibits a unimodal behavior,

i.e. it has at most one peak. We define a behavioral reproduction number as

R(z,y) = iﬁ(x,y)x. (2.13)
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Note that the BF-SIR epidemic model (2.5) can be rewritten in S in terms of the repro-

duction number (2.13) as

(2.14)
v = (R(z,y) — 1)y,

We will establish the next result under the assumption that 3 is of class C! satisfying

the condition

D ay) 4 Blay) >0, Ve, (2.15)

Note that (2.15) implies that the reproduction number is increasing with respect to the

fraction of susceptible individuals, i.e.,

%(aﬁ,y) >0, V(z,y) €S. (2.16)
The following result shows that R(z,y) plays the same exact role than the reproduction

number for the classical SIR model.

Proposition 2.4. Let R(xz,y) satisfy condition (2.16). Consider the BF-SIR epidemic
model (2.14) with initial state (xo,yo) in S such that yo > 0. Then, for every solution
(z(t),y(t)) € S the following facts hold:

(i) if R(zo,yo0) <1, t — y(t) strictly decreases for t > 0;

(ii) if R(xg,y0) > 1, there exists a peak time t > 0 such that t — y(t) strictly increases
for t in [0,t] and strictly decreases for t > t.

Proof. (i) We first notice that if g = 0, then z(¢) = 0 at all time and consequently
R(z(t),y(t)) = 0 at all time. We now consider the case when zy > 0 that yields (by
uniqueness of the solution) z(t) > 0 at all time, while y(¢) > 0 at all time follows from
Proposition 2.3(ii). In this case, we can now compute the time derivative of R(t):

YR =i [ﬁ+x§f] +xg§y. (2.17)
Notice that if for some ¢t* > 0 it happens that R(z(t*),y(¢t*)) = 1, then from the sign
of &, the standing fact that x > 0 at all time and (2.15), we have that the first term in
the right-hand side of (2.17) is always negative. Finally, the third term is 0 at ¢* since
y(t*) = 0. We conclude that R(z(t*),y(t*)) < 0, then R(t) is strictly decreasing. As
R(z0,y0) < 1, this implies that for sure there exists € > 0 such that R(z(t),y(t)) < 1
for every t € (0,e]. We claim that R(x(t),y(t)) < 1 for every t > 0. If not, by contra-
diction, there exists t* > 0 such that R(x(t*),y(t*)) = 1 and R(z(t),y(t)) < 1 for every
t € (0,t*). This contradicts the fact that R(x(t),y(t)) is strictly decreasing at ¢*. The
condition R(z(t),y(t)) < 1 for every ¢ > 0 implies that §(¢) < 0 for every ¢t > 0 and yields
the thesis.
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FIGURE 2.2: Numerical simulation of the behavioral feedback SIR model with a transmission rate of the
form defined in Example (2.1), with b(z) = 0.35z and ¢ = 1.5. In plot (A), the initial condition is given
by zo = 0.99 and yo = 1 — zo, corresponding to a scenario in which R(zo,yo) > 1, leading to the epidemic
outbreak. In contrast, plot (B) shows a scenario with initial condition g = 0.4 and yo = 1 — o, for
which R(zo,y0) < 1, and the infection rapidly dies out.

(ii) If R(x(t),y(t)) > 1 for every ¢, then y(t) would be strictly increasing at all times
and could not converge to 0, violating Proposition 2.3(iii). Therefore, { = min{t >
0| R(z(t),y(t)) = 1} must exist finite. Then y(t) is increasing up to £. For t > £, previous
point (i) implies that y(t) is strictly decreasing. O

Remark 2.1. Note that Proposition 2.4 mirrors Proposition 2.1(iv)-(v), by establishing
the unimodality of the infection curve under the assumption that the reproduction number

increases with respect to the fraction of susceptible individuals, as stated in (2.16).

A numerical simulation of the BF-SIR epidemic model is presented in Figure 2.2. The

state-dependent transmission rate considered is 13‘_%?5’;, that satisfies condition (2.15),
while the recovery rate is v = 0.05. The plot in Figure 2.2(A) depicts the solution
corresponding to the initial condition zp = 0.99 and yo = 1 — x¢, for which R(xq,yo) > 1.
Under this scenario, the fraction of infected individuals has a unimodal behavior, attaining
a single peak before decreasing monotonically. In contrast, the plot in Figure 2.2(B) show
the solution with initial condition xg = 0.4 and yo = 1 — xg, satisfying R(xo,y0) < 1.
As showed in Proposition 2.4(i), in this case the fraction of infected individuals decreases

monotonically to zero.

While, Figure 2.3 shows a numerical simulation of the BF-SIR epidemic model (2.5)

where condition (2.15) is not satisfied. Indeed, the transmission rate is given by f(x,y) =

22—z + Sy(ﬁ).lv leading to a non-monotone dependence of R(z,y) on the fraction of
susceptibles, while the recovery rate is set to v = 0.025. The simulation starts from the
initial condition zg = 0.95, yo = 1 — zg. As illustrated in the plot, the infection curve
displays a multimodal behavior, characterized by the presence of two peaks. This example
serves as a counterexample to the general unimodality result previously established under
the monotonicity condition (2.15). In the absence of such monotonicity, the infection curve

can lose its classical unimodal structure, leading to more complex epidemic dynamics with
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FIGURE 2.3: Numerical simulation of the behavioral-feedback SIR model with a transmission rate that
does not satisfy condition (2.15). The initial state is o = 0.95 and yo = 1 — xo. The fraction of infected
individuals exhibits a multimodal behavior with multiple peaks.

multiple waves and peaks of infection. This highlights the critical role of the behavioral
feedback structure in shaping the qualitative properties of epidemic trajectories. Even
when the monotonicity condition does not hold, it is often still possible to identify a time
t after which the infection curve becomes monotonically decreasing toward zero. This
marks the point where the fraction of susceptibles falls below the so-called herd immunity

level, a threshold of critical importance for the design of effective control strategies.

2.3 A special case of non-constant behavioral feedback trans-

mission rate

In this section, we refine our analysis by considering a special case of the non-constant
behavioral feedback transmission rate 3(z,y), introduced in Example 2.1. Compared to
the general behavioral feedback transmission rate case, this special setting is more ana-
lytically tractable, as it admits an invariant of motion and exploit it to characterize the
orbits of the BF-SIR epidemic model (2.5), estimating infection peak and the final epi-
demic size. Such information is crucial for informing the design of containment strategies
aimed at reducing the burden of an epidemic on public health systems.

Therefore, we now consider the dynamics corresponding to the setting of Example 2.1,
that is

b

T=— 1 j—x) Ty,

c

4 (2.18)
) b(x)

= Ty — VY.
Y 1+cy Yy—7Y
Within this framework, the effective reproduction number can be expressed as:

xb(x)

R(z,y) = ————. 2.19
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The assumptions that ¢ > 0 and that b(z) > 0 is differentiable and non-decreasing imply
that

b(x) + zb/ (x)

Ry(z,y) = Y0+ ) >0, (2.20)
Ry(z,y) :m <0, (2.21)

for every state (x,y) in S, namely, the reproduction number is increasing with respect to
the fraction of susceptible individuals x and non-increasing with respect to the fraction
of infected individuals .

For our analysis, it will prove convenient to also define

p(w,y):1—R(;’y):1—W, (2.22)

for all (z,y) in S+ and observe that p(z,y) > 0 if and only if R(z,y) > 1.

2.3.1 Invariant of motion

As done in Section 2.1 for the classical SIR model, we can derive an invariant of motion for
the BF-SIR epidemic model (2.18) in the domain S;. Recall that an invariant of motion
is a function ¥ : S; — R such that ¥(z(t),y(t)) remains constant along every solution
of (2.18). Assuming that ¥(z,y) is differentiable on S, the chain rule, together with

system (2.14), implies that W is an invariant of motion if and only if, for every (x,y) € S4,

0=
= W, + Uy

or, equivalently, if and only if

for every (z,y) in S;, where p(x,y) is given by (2.22).

Proposition 2.5. For every xg > 0, a constant ¢ > 0 and a differentiable non-decreasing
function b : [0,1] — (0, +00), let

= < 2.24
o) = [ Jds<o. (2.24)
and -
— 9@ _ —g(s) [ _ i
Y(x,y) = ye /m0 e < 1+ sb(s)> ds. (2.25)
Then, ¥(x,y) is differentiable in Sy with
Yyl y) =e 9D hu(a,y) = e I p(a,y) . (2.26)
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Moreover, (x,y) is an invariant of motion for the BF-SIR epidemic model (2.18) in Sy .

Proof. The first equation in (2.26) can be obtained by direct computation. To prove the

second one, note that

Vale,y) = —ye g (@) + 7 (1‘@413;))
_ _ﬂx)<1__7g%25y)>

Since (2.23) is satisfied, 1(z,y) is an invariant of motion. O

Remark 2.2. Note that Proposition 2.5 establishes a result analogous to that in Propo-
sition 2.2(i) for the classical SIR epidemic model, under the assumption of a specific

state-dependent transmission rate, as illustrated in Example 2.1.

2.3.2 Peak of infection

Leveraging the derivation of the invariant of motion, we will characterize the maximum
infection peak of the BF-SIR epidemic model. To establish the result, observe that,
since b(x) is positive, differentiable and non-decreasing, the function f(z) := zb(z) is
differentiable and strictly increasing in [0, 1], and thus invertible. Let us start with a

technical lemma.

Lemma 2.1. Suppose that there exists an initial condition (x¢,yo) in St such that
R(z0,y0) > 1. Define the value &, = f~1(v) and the function & as

i(y) =1y +ey), ¢>0, (2.27)

then % € (0,1) and E(y) € (0,1] for all y € (o,nnn{1,f£9:1}],

ey

Proof. First observe that since there exists an initial condition (zg,yo) € S+ such that
R(zo,y0) > 1, from (2.20) and (2.21), we obtain R(1,0) > 1 which means f(1) > 7.
Hence, Z, is well defined. From f(Z,) =+, the fact that v € (0, f(1)) and monotonicity
of f(z), it follows that Z, € (0, 1).

Next, note that since

1 _
f(1) Yoo y< 7
ey oy

c> 0,
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it follows that v(1+ cy) < f(1). Hence, Z(y) is well defined. From f(Z(y)) =v(1+cy) €
(0, f(1)] and monotonicity of f, we obtain Z(y) € (0, 1]. O

Define now the value y. as
1 if c=0,

Yo min{1,M} if ¢ > 0.

cy

(2.28)

Building on the previous lemma, we can now proceed to characterize the peak infection
level in the BF-SIR epidemic model.

Proposition 2.6. Consider the BF-SIR epidemic model (2.18). Let (xo,yo) be the initial
state in S with yo > 0. Then,

(i) if R(xo,y0) <1, then y(t) < yo for allt > 0;
(i) if R(zo,y0) > 1, define
¢y) =y (T (1 +ey).y) (2.29)

for all y € (0,y.], then ¢ is invertible and y(t) < ¢~ (¢ (z0,yo)) for all t > 0.

Proof. (i) Let (z(t),y(t)) be the solution of the BF-SIR epidemic model (2.18), with ini-
tial state (zo,yo) in S. If R(zo,yo) < 1, from Proposition 2.4(i), the fraction of infected

y(t) attains its maximum value at its initial state yq.

(ii) Assume now that R(xg,yo) > 1. From Proposition 2.4(ii), there exists a peak
time £ > 0 such that ¢(£) = 0. Since yo > 0 implies y(t) > 0 for all ¢ > 0, from (2.14), it
follows that, R(x(),y(f)) = 1, that is

w(8) b(a(f) = y(1 +cy(t)), (2.30)

where y(f) > yo. It follows from (2.30) that y(f) € (0,%.]. Hence, by Lemma 2.1, the

fraction of susceptibles at the peak time ¢ is

Z(y(t)). (2.31)

z(t) = f71 (v(1 + ey (D))
Moreover, note that R(Z(y),y) = 1 for y € (0, .|, which in turn is equivalent to
p(E(y),y) =0, Vy e (0,uc], (2.32)

by definition of p. From Proposition 2.5, it follows that 1 (z(f), y(f)) = ¥ (xo, yo). More-
over, (2.29) and (2.30) imply

S(y(t)) = »(@(y(D)),y(D) = v(x(f), y()) = Y(xo, o) - (2.33)
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From (2.26) and (2.32), ¢(y) is differentiable with derivative

F) = ul@W),y) e by (F(y),y)

J(@()

= IO (E(y).y) ot + e
&)

— (@)

> 0.

This means that ¢ is invertible and from (2.33) we get

y(t) = ¢~ (¥ (z0,m0)) -

Proposition 2.4(ii) implies that y(t) < y(f) = ¢~ (1 (w0, yo)) for all t > 0. O

Remark 2.3. Note that from Proposition 2.3(ii), if yo = 0 then the fraction of infected
y(t) will remain O for all t > 0. Then, for all (zg,yo) in S we can define the peak of

infection as

Yo if R(zo,y0) <1 oryo=0
max y(t) =

(2.34)
t20 ¢ MW (wo,m0))  if R(zo,y0) > 1, yo > 0.

Remark 2.4. Proposition 2.6(ii) and Proposition 2.2(ii) characterize the infection peak
for the BF-SIR and classical SIR models, respectively, both relying on the invariant of
motion, the former in the case of a state-dependent transmission rate as in the functional

form of Example 2.1.

Understanding the maximum value of y(t) is crucial, as social planners typically aim
to keep the proportion of infected individuals below a predetermined threshold, while si-
multaneously minimizing the economic and social costs associated with limiting economic
activity and social interactions. This threshold often reflects the healthcare system’s ca-
pacity to provide adequate care to infected patients. Ensuring that the infection level
remains below this critical value is essential to guarantee that all patients receive the
necessary medical attention and to prevent the healthcare system from becoming over-

whelmed.

In Chapter 5 of this thesis, we will formulate and analyze an optimal control problem
that incorporates this type of constraint, balancing public health considerations with the

need to mitigate the economic cost.
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2.3.3 Size of epidemic

Having derived the invariant of motion for the BF-SIR epidemic model (2.18), we can
now also define the size of epidemic, similar to the analysis done for the classical case in
Proposition 2.2(iii).

Let us first define, for all (zg,y0) in S such that yo > 0,

it R(z0,y0) <1,
o= H@050) (2.35)
x(t) if R(zo,yo) > 1.

where (%) is the fraction of susceptibles at the peak time ¢, defined in (2.31).

Proposition 2.7. Consider the BF-SIR epidemic model (2.18). Let (zo,yo) be the initial
state in S with yo > 0. Given the g function defined in (2.24), then o = tli+m x(t) is
— 400

the unique solution of the equation

o
—g(s) [ _ i —
/xw e < 1+ sb(s)) ds =yo, (2.36)

in the interval (0, z].
Proof. From the invariant of motion (2.25) and the characterization of the asymptotic
state of the model in Proposition 2.3(iii) where yoo = 0, it follows that (zo,y0) =

P(To0,0), that is

¥(x0,y0) = yoe I = yq

= e 70 / ( +sb?s>>ds
e (o

By rearranging the equations, we obtain

We can define the function

h(z) = /:0 e=9(s) <—1 + szs)) ds,

that is differentiable with first derivative as follows

W (z) = —e~9@) <—1 + MZ:U)) ,

for all z in (0,z.]. Note that if R(zo,y0) < 1, then from (2.20), (2.21) it follows that
R(z,0) = zb(x)/y < 1 for all z in (0,z.]. While, if R(xo,yo) > 1, from Proposition
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(2.4)(ii) we get that there exists a time instant  such that R(z(#),y(#)) = 1 and again
from (2.20), (2.21) it follows that R(z,0) = xb(x)/y < 1 for all z in (0,z.]. Therefore,
R'(x) < 0 for all 2o in (0, x.] and thus it is invertible, then there exists xo, = h~1(yp). O

Remark 2.5. As for the classical SIR epidemic model (2.1), the final size of the epidemic
can be precisely characterized by the value 1 — x~, which represents the total fraction of
the population that has been infected over the course of the epidemic. Note also that the

result in 2.7 mirrors that of Proposition 2.2(iii) for the classical case.

2.3.4 Some final remarks

After revisiting the scalar SIR model in Section 2.1, we introduced in Section 2.2 the
behavioral-feedback SIR epidemic model, showing that the unimodality of the infection
curve is preserved whenever the behavioral reproduction number increases with respect
to the fraction of susceptible individuals. Building on this, in Section 2.3, we analyzed a
special functional form for a non-constant transmission rate and we derived an invariant
of motion for the behavioral-feedback SIR epidemic model in Subsection 2.3.1. This result
enabled a closed-form characterization of both the infection peak (Subsection 2.3.2) and
the final epidemic size (Subsection 2.3.3). It is worth noting that alternative functional
forms for the transmission rate could also be considered, provided they satisfy the same

analytical conditions. For example, one could use

Bla,y) =b(x)(1—cy)  c€l0,1),

and
B(z,y) = b(x)e ™ k>0,

where the function b : [0,1] — (0,+00) is again a non-decreasing and differentiable
function of the fraction of susceptibles. However, the form presented in Example 2.1
was chosen primarily for analytical convenience. In particular, this rational expression
enabled the derivation of an invariant of motion. While alternative decreasing functions
of the infected fraction, such as the ones presented above, are also viable and potentially
more realistic in some contexts, they lead to more complex dynamics and may not yield
closed-form expressions for those quantities. Therefore, the selected form serves as a

tractable yet representative example to illustrate the theoretical framework.
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Asymptotic Behavior and Stability 0
Network Behavioral-Feedback SIR
Epidemic Model

The classical SIR epidemic model, discussed in Chapter 2, relies on several strong ho-
mogeneity assumptions. It assumes a fully mixed population in which all individuals are
equally likely to interact, share the same susceptibility and infectivity, and recover at the
same rate. These assumptions, while simplifying the analysis, rarely hold in real-world
scenarios, where contact patterns, susceptibility, and recovery behaviors often exhibit
significant heterogeneity. To better capture these complexities, network-based epidemic
models have been developed (Pastor-Satorras et al., 2015; Paré et al., 2020; Zino and
Cao, 2021). In these models, nodes represent subpopulations that share similar charac-
teristics, such as infectivity, susceptibility, and interaction rates. This allows for a natural
aggregation of individuals, enabling a more structured yet tractable description of epi-
demic dynamics. For instance, nodes can correspond to age groups, geographic regions,
or communities with distinct patterns of susceptibility, infectivity, and social activity
levels. Another key limitation of the classical SIR model is the assumption of a con-
stant transmission rate, which fails to account for behavioral adaptations in response to
epidemic severity. Historical and contemporary evidence suggests that individuals often
modify their behavior, such as reducing social contacts or adopting preventive measures,
in reaction to perceived risk. This limitation was partially addressed in Chapter 2 by
introducing a scalar SIR model with behavioral feedback, where the transmission rate
depends on the current epidemic state.

In this chapter, we extend the analysis to a network-based SIR model with behavioral
feedback. Unlike standard network models with fixed contact structures, we consider
an adaptive interaction matrix A whose entries evolve dynamically based on the current
epidemic state. Specifically, each element A;; is modeled as a function of the susceptible
x and infected y fractions of individuals, thereby capturing heterogeneous behavioral
responses such as voluntary distancing, behavioral fatigue, or policy-induced restrictions
across different subpopulations. Our main objective in this chapter is to investigate how
this feedback and the network mechanism affects the stability properties of the epidemic

dynamics. Section 3.2 is devoted to this analysis, where we characterize the stability
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region of the disease-free equilibrium and, in the case of constant interaction matrices,
derive explicit invariants of motion. In Section 3.4, we build on these invariants and
show that, under the additional assumption of a rank-1 interaction matrix, they can be
exploited to describe the long-term dynamics of the system and to determine the final
epidemic state directly from the initial conditions. Finally, in Section 3.5, we complement
the theoretical analysis with numerical simulations, which reveal how different functional
forms of the behavioral-feedback interaction matrix influence the size and geometry of
the stability region. These results underline the importance of accounting for adaptive
behavior in network epidemic models and provide valuable insights for the design of

effective and targeted intervention strategies.

3.1 Model definition

We consider a system of n interacting subpopulations, each composed of indistinguishable
individuals. A subpopulation is represented by a node of a state-dependent network
G =& Az,y)), where (i,j) belongs to £ if and only if A;;(x,y) > 0 for some state
(z,y) in [0,1]?". For each subpopulation i € {1,...,n}, the variables x;(t), y;(t), and
z;(t) denote the fractions of susceptible, infected, and recovered individuals, respectively.
The entries A;j(x,y) represent the infection rate from subpopulation j to subpopulation
7, and are dynamically modulated by the current epidemic state. Their dependence
on the fraction of susceptible x and infected y individuals across the network, allows
the model to capture behavioral adaptations; for instance, a reduction in contact with
highly infected groups or an increase in activity among low-risk ones, thereby embedding a
feedback mechanism between epidemic prevalence and social interaction patterns. Finally,
a positive parameter v models the recovery rate, which is assumed to be homogeneous
across the network.

The network behavioral-feedback SIR (BF-SIR) epidemic model with irreducible in-
teraction matrix A : [0,1]*® — RT*" of class C' and recovery rate v > 0, is then the

autonomous system of ordinary differential equations

¢ n
b= —w; Y Aij(z, Y)Y
j=1

n
. Vi=1,...,n. 3.1
gi =iy Aij(2,y)y; — i ! " (3-1)
=
Zi = VYi

In this section, we first prove a well-posedness result for the system, showing that solutions
exist and are unique. We then characterize the space in which the trajectories evolve and

describe the set of equilibrium points.

Example 3.1. Consider a class of models with interaction matriz

Aij(z,y) = gi(z:) fi(y;)
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for all i,5 = 1,...,n, where g; : [0,1] — [0,00) is a non-decreasing function of x; and
fj +[0,1] — [0,00) is non-increasing in y;. Here, gi(x;) reflects the susceptibility and
social activity rate of subpopulation i, depending on the local fraction of susceptibles x;. A
higher fraction of susceptibles may lead to a lower perceived risk, which encourages riskier
social interactions and behaviors that increase both susceptibility and contagion. On the
other hand, fj(y;) captures how a higher fraction of infected individuals in subpopulation
7 leads to a reduction in outgoing interactions, as others respond by limiting contact to
reduce their risk of infection. This factorized structure of the interaction matrix models
the impact of adaptive behavior on epidemic dynamics through varying interaction rates

between subpopulations.

The following result gathers some properties of the network BF-SIR epidemic model,
with a generalization of (Mei et al., 2017, Theorem 7).

Proposition 3.1. Consider the network BF-SIR epidemic model (3.1) with an irreducible
interaction matriz A : [0,1]*" — RY*™ and recovery rate v > 0. Then, for every initial
condition (x(0),y(0), 2(0)) in

A:{(x,y,z)E[0,1]3":m+y+z:1},

it admits a unique C' solution on R™, denoted by (z(t),y(t), z(t)) in A. Moreover,
(i) for every i =1,...,n, x;(t) is non-increasing for t > 0, and x;(0) > 0 if and only
if ;(t) > 0 for every t > 0;
(i) if y(0) > 0, then y(t) > 0 for everyt > 0;

11) there exists x* in R™ such that 0 < z* < z(0) and
+

lim xz(t) =z*, lim y(t) =0; (3.2)

t——+o0 t——+o00
(iv) the set of equilibrium points in A is

A* = {(z*,0,1—2*): 2* € [0,1]"} .

Proof. Note that the vector field of (3.1) is C! with respect to (x,y, z), then existence
and uniqueness for the Cauchy problem related to the ODE (3.1) is a standard result
(Hale, 2009, Chapter 1.3), (Knauf, 2018, Chapter 3.2). We now apply Nagumo’s theorem
(Blanchini and Miani, 2007), since for every point belonging to the boundary of A, the
vector field of the dynamics is either tangent, or points inside the set A. Therefore for
(2(0),y(0),2(0)) in A, it follows that (x(t),y(t), 2(t)) belong to A for all ¢ > 0, which
means that A is a positively invariant set for the system (3.1). In particular, this implies
that the solution is globally defined (Knauf, 2018, Section 3.3).
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(i) The invariance of A implies that z(t), y(¢) and A(x(t),y(t)) have non-negative

entries for every time ¢. Therefore,

n

i(t) = —ai(t) > Agj(z,y)y;(t) <0

=1

forall i =1,...,n and t > 0. By integrating the first equation of (3.1), for each node ¢

we get
tn
n(t) =m0 esp | = [ 3 Ayatr) )y r)ir |
j=1
hence z;(t) > 0 for every ¢t > 0 if and only if x;(0) > 0.

(ii) Assume by contradiction the existence of i € {1,...,n} and T" > 0 such that
yi(T) = 0. Then, (3.1) implies that ¢;(T") > 0, which yields y;(t) = 0 for all ¢ € [0, T] oth-
erwise y;(t) would be negative for some ¢ < T'. By (3.1), this would imply that y;(t) =0
for all ¢t € [0,T7] for all j such that A;;(x,y) > 0. We could iterate this argument and,
using the irreducibility of A(z,y), we would reach the contradiction that y(¢) = 0 for all
t€0,7).

(iii) Observe that the sum of the first two equations of (3.1) is

i(t) + 9i(t) = —ywi(t) <0, (3-3)
for all 7. Since x;(t) and z;(t) + y;(t) are monotonic functions, they both admit a limit:

x; = lim z;(t), & = lim [x;(t) +vi(t)].

t——+o0 t——+o00

As a consequence, the following limit

y; = lim y;(t) =& —x; >0

t—+o00

exists. Suppose now by contradiction that y > 0. This means that there exist T,e > 0
such that y;(t) > ¢, for all t > T'. Then, we get

& = Tim [zi(t) + 4:(t)] = 2(0) + y(0) — /0 ()

t——4o00
t
= z;(0) + y;(0) — v lim yi(T)dr
0

t——4o00
t
< z;(0) + y;(0) — v lim yi(T)dT
T

t—+o0

< x;(0) + 4 (0) — ve t£+moo(t —T)=—-

As this is a contradiction, it must be y7 = 0 and this is valid for all i € {1,...,n}.
From the invariance of A, for every (z(0),y(0), 2(0)) in A, the trajectory (x(t),y(t), z(t))
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converges to some equilibrium of the form (z*,0,1—2*) and from point (i), (0) > 2* > 0.
(iv) Note that a point (x*,y*, z*) € A is an equilibrium if and only if

0= —[z"]A(z", y")y", 0 = [z"]A(z", y")y" —vy", 0=1y".

This implies that any point of the form (z*,0,1 — z*) is an equilibrium, referred to as a
disease-free equilibrium. Moreover, these are the only equilibrium points, since any point

with y* # 0 would not satisfy the equilibrium conditions given above. O

Notice that, from Proposition 3.1, the third equation of (3.1) can be omitted since the
dynamics of the recovered fraction of individuals z; = 1 —x; —; can be deduced from that
of the fractions of susceptible individuals x; and of infected individuals y;, respectively,
for every subpopulation i in V. The model (3.1) can then be more compactly rewritten

in the following vectorial form

& = —[z]A(z, )y,
y = [2]A(z, y)y — vy,

for all x and y belonging to the positively invariant set
S={(z,y) 0,1 :x+y<1}.
We refer to the set of equilibrium points within & as

S* = {(«*,0): 2" € [0,1]"} .

3.2 Stability results

In this section, we analyze the stability properties of the network BF-SIR epidemic model.
We first investigate general conditions under which the disease-free equilibrium is stable,
focusing on the influence of the feedback structure encoded in the interaction matrix. We
also provide an example that allows for a more detailed characterization of the stability
condition.

We begin by establishing a general stability result.

Theorem 3.1. Consider the network BF-SIR epidemic model (3.4) with irreducible in-
teraction matriz A : [0,1]?" — RY*™ and recovery rate v > 0. Then, for every initial

state (2(0),y(0)) in S:

(1) if
Amax ([2"]A(2", 0)) > v, (3.5)

then (z*,0) € S* is unstable,
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(i) if
Amax([27]A(2",0)) <, (3.6)

then (z*,0) € S* is stable.

Proof. First observe that the Jacobian matrix of (3.4) evaluated in a disease-free equilib-
rium (z*,0) is

0 —[z*]A(z",0)

J(z*,0) = . (3.7)

0 [¥]A(x*,0) — T
It then follows that half of the eigenvalues are equal to 0, while the remaining ones
correspond to the eigenvalues of the n x n dimension matrix [z*]A(z*,0) —vI. According
to the linearization theorem, the stability analysis depends on the sign of the real part of

the eigenvalues of the Jacobian matrix (3.7), which is determined by
max{Re(\) : A € o(J(z",0))} = max{0, Amax([z*]A(z",0)) —~}.

(1) It is immediate that if Apax([z*]A(z*,0)) > v then max{Re(\) : A € o(J(z*,0))} >
0, so that (x*,0) is linearly unstable.

(ii) Instead, if Apax([z*]A(2*,0)) < 7, then we shall use the center manifold theory
(Bacciotti, 2006; Guckenheimer and Holmes, 1983), by analyzing the stable and center

spaces. In this case, the stable subspace is given by

Vs ={(0,y): y €[0,1]"},
while the center subspace is

Ve ={(x,0): x €[0,1]"}.

Since V¢ coincides with the set of equilibrium points, as stated in Proposition 3.1(iv), we
can exploit center manifold theory to analyze the stability of the disease-free equilibrium
by studying the dynamics restricted to the manifold Vo. The reduced equation on this
manifold is given by & = 0, which implies that the equilibrium (z*,0) is stable for the
reduced system. Consequently, stability holds also for the system (3.4). ]

The next result provides sufficient conditions for the monotonicity of stability condi-
tion (3.6).

Proposition 3.2. Consider the network BF-SIR epidemic model (3.4) with C' irreducible

interaction matriz A : [0,1]*" — RY*™ and recovery rate v > 0. If the following conditions
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hold:

0A;;
aAij

for every i,j and k such that k # i, then the stability condition of the equilibrium (z*,0)

given by (3.6) is monotone.

Proof. From conditions (3.8)-(3.9), it follows that

0

%[x]A(m, 0)>0. (3.10)

Therefore, for any x, z in [0, 1] such that z < z, we get
[x]A(x,0) < [z]A(z,0). (3.11)

Recalling a standard property of nonnegative square matrices, such that if B < C entry-
wise, then Amax(B) < Amax(C) (Meyer, 2000), we obtain that

Amaxc([£]A(z, 0)) < Amax([2]A(z, 0)) . (3.12)

This implies that if the equilibrium (z,0) is stable, then every equilibrium of the form
(z,0) with = < z is also stable. O

Theorem 3.1 provides a stability condition for the disease-free equilibrium points of
the network BF-SIR model, based on the dominant eigenvalue Apax([z*]A(x*,0)). This
quantity plays a crucial role in determining whether a given equilibrium is stable. In
Chapter 4, we will further explore how this eigenvalue governs the evolution of a weighted

aggregate of the infected fractions, under specific conditions.

Remark 3.1. For the class of behavioral-feedback network SIR models introduced in
Ezample 3.1, the interaction matriz takes the form A(z,y) = g(x)f(y)T, where g, f :
[0,1]™ — R™ are vector-fields. This formulation highlights that A(x,y) has a rank-1 struc-
ture, that varies over time. As a consequence, the dominant eigenvalue of A(x,y) is
given by f(y)g(x), corresponding to the trace of A(x,y). While, the associated dominant
left-eigenvector of A(x,y) is f(y(t)) for all t > 0.

3.3 Invariants of motion for constant interaction matrices

We now consider a simplified version of the model in which the interaction matrix A
is constant, i.e., it does not depend on the current fractions of susceptible and infected

individuals. This assumption corresponds to a scenario where contact rates between
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subpopulations remain fixed over time and are not influenced by the evolution of the
epidemic. Although simplified, this setting allows for a more tractable analysis and serves
as a useful reference for interpreting the behavior of more complex models with adaptive
or state-dependent interactions. In this framework, we show that, for the network SIR
model (3.1) with constant interaction matrix, it is possible to identify a set of invariants
of motion. These quantities play a key role in understanding the long-term behavior of
the system and, as shown in Chapter 2 for scalar SIR epidemic models, they can be used

to relate the final state to the initial state.

Proposition 3.3. Consider the connected network SIR epidemic model (3.1) with con-

stant interaction matric A € R"*™. Then, for every i = 1,...,n, the quantity

1
h; = x; exp —; ZAU(ZEJ + yj) (3.13)
J

s an invariant of motion.

Proof. Equations (3.1) and (3.3) imply that

: . 1 . . 1
h; = T; —xi;ZAij(xj +7;) | exp —;ZAij(mj —i—yj)
J J

1 1
= | = Ay —m= > A=) | exp | =D Ay(ay +yj)
- v v
J J J
= 0,
thus proving the result. O

From Proposition 3.1 and Proposition 3.3, the invariants of motion (3.13) at equilib-

rium satisfy

n
x; exp —EZAMZL‘; =hi(0), i=1,...,n,
i3
where x7 denotes the limit fraction of susceptibles for subpopulation i, and h;(0) depends
only on the initial state. Solving this system would, in principle, yield the limit equilibrium
points of the model. However, in the general case this is a coupled set of n nonlinear
equations in n unknowns, for which existence and uniqueness of a meaningful solution
are not guaranteed. To gain a clearer understanding of the system’s dynamics and to
analytically characterize the limit equilibrium point as a function of the initial state, in
the next section we consider a special case where the interaction matrix A € R™*" is
constant and has rank-1. This structure effectively allows for an explicit characterization

of the final epidemic size as a function of the initial conditions.
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3.4 Constant rank-1 interaction matrices

To further simplify the analysis and derive analytical insights into the long-term behavior
of the epidemic, we now consider a special case where the interaction matrix A € R™*"

is constant and has rank-1. Specifically, we assume that
A=ab?, (3.14)

where a = [a1,...,a,]7 and b = [b1,...,b,]T are two vectors with strictly positive en-
tries. This formulation corresponds to replacing the functions g;(x;) and f;(y;) in the
behavioral-feedback model introduced in Example 2.1 with positive constants a; and b;,
respectively. As a result, the entries of A no longer vary over time or with the state
of the epidemic. From an epidemiological perspective, the vector a captures both the
susceptibility and the activity level of individuals in each subpopulation. In particular, a;
reflects how likely individuals in group ¢ are to become infected and how frequently they
interact. Conversely, the vector b represents the infectivity, activity, and relative size of
each subpopulation: the entry b; measures how infectious and socially active individuals
in group j are, as well as how numerous they are within the overall population.

Under this assumption, the network BF-SIR epidemic model (3.1) simplifies to the

following system of equations:

T = —a; 25,
yi = a;T;Y — VY, Vi = 1,...,71, (315)
Zi = VYi,
where
n
g=Y by (3.16)
j=1

is a weighted aggregate of infected individuals that drives the infection rate in all sub-
populations. This quantity combines the prevalence of infection in each group with their
corresponding size, infectivity and activity levels, and serves as a global measure of infec-
tious pressure within the system.

This rank-1 formulation includes the class of models studied in (Ellison, 2020), where
the matrix A is also assumed to be symmetric. More broadly, such structures have been
used to design optimal epidemic control policies in heterogeneous populations, as discussed
in (Acemoglu et al., 2021). The assumption of a rank-1 constant interaction matrix allows
for significant analytical tractability and captures key heterogeneities across groups, even
if it does not capture homophily, that is, the tendency of individuals to preferentially
interact within their own group or with similar individuals. This limitation may reduce
the realism of the model in certain contexts, such as age-structured or spatially localized

populations, where within-group interactions are typically more frequent.
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3.4.1 Limit equilibrium points

In this subsection, we leverage the invariants of motion associated with the rank-1 network
SIR model (3.15) to derive the final epidemic size as a function of the initial state. To
carry out our analysis, it is useful to define two different types of weighted aggregates of

the susceptible individuals in the population. These are given by:

T=Y bzj, (3.17)
j=1

T = Z (IjbjfL‘j . (3.18)
j=1

The first quantity, Z, represents a weighted average of the susceptible individuals, where
the weights account for each subpopulation’s size, activity and infectivity levels. The
second quantity, z, adds a further weighting by the susceptibility. We begin by introducing

a technical result that will serve as the foundation for deriving these invariants.

Lemma 3.1. Fiz two vectorsa > 0 and b > 0 in R™. Then, for every (z,y) in S\{(z,0) :
T >}, the following hold:

(i) the equation
£=) bimiexp(ai(§ T —7)/7), (3.19)

i=1
admits exactly one solution in the interval [0, ] that is denoted by & = ¢(x,y);

(ii) p(z,y) =T if and only if y =0 or x = 0;

(1ii) o(x,y) =0 if and only if © = 0O;

() p(z,y) is continuous on S\ {(x,0) : & > ~}.

Proof. For z = 0, equation (3.19) reduces to £ = 0, which has a unique solution ¢(0,y) =
= Z. This proves claims (i)—(ii) in the special case x = 0 and the "if" part of claim (iii).
For x > 0, consider the function g : Ry — R defined by

9(&) = bjcjexp(a&/y) — &,
j=1

where ¢; = xj exp(—a;(Z+7y)/v), for 1 < j < n. Observe that equation (3.19) is equivalent
to g(§) = 0. We have that:
(a) g(&) is differentiable and strictly convex in £ > 0;
(b) 9(0) = X, bye; > 0 and g(&) =57 +oo;
() g() = >, bjzjexp(—a;y/v) — T < 32 bjz; — 7 = 0, with equality if and only if
y=0;
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(d) if y =0 then ¢'(x) = >_; a;bjz;/y—1=2/y—1<0.

Points (a)—(c) imply that g(£) has at least one and at most two zeros. By (b), p(x,y) >0
for > 0, proving the “only if” part of (iii). For y > 0, by points (b)—(c), g(§) has one
zero in (0,7) and another one in (T, 4+00), proving claim (i) and the “only if” part of claim
(ii). For y = 0, (b)—(d) imply that g(£¢) has no zeros in [0,7) and g(Z) = 0, proving claims
(i) and the “if” part of claim (ii). Finally, since ¢'(p(z,y)) < 0 for y > 0, the Implicit
Function Theorem implies that ¢(z,y) is differentiable for (x,y) in S such that = > 0.
Continuity of ¢(x,y) on the whole space S\ {(z,0) : £ > «} then follows upon noting
that 0 < p(z,y) <T 2220, so that
lim p(z,y) = 0= ¢(0,y).
O

Our next result generalizes in a network setting Proposition 2.2(i)-(iii), as it charac-
terizes the dependence of the limit equilibrium point on the initial state for the network
SIR epidemic model with irreducible rank-1 interaction matrix. First, note that from

Proposition 3.3, for every ¢ = 1,...,n, the quantity
h; = z;exp(—a;(T +7)/7) (3.20)

is an invariant of motion for the rank-1 connected network SIR epidemic model (3.15).

Proposition 3.4. Consider the rank-1 connected network SIR epidemic model (3.15).
Then, for every initial state (x(0),y(0)) in S,
lim_a(t) = ®(2(0), y(0), (3.21)

t——+o0

where, for every (z,y) in S and 1 < i <n,

®;(z,y) = ziexp (a;(¢(z,y) — T —79)/7)

where o(x,y) is defined as in Lemma 3.1(1).

Proof. Tt follows from Proposition 3.1(iv) that (3.2) holds true for some 0 < z* < z(0),
so that point Proposition 3.3 and (3.20) imply that

hi(2(0),1(0)) = hi(x(t), y(t) "=5° hi(2*,0). (3.22)
Let ¥ = >, bjx}. It then follows from (3.20) and (3.22) that

zfexp(—a;T"/y) = hi(z*,0)
= hi(x(0),3(0))
= 2;(0) exp(—a;(z(0) +5(0))/7),
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so that
lim ;(t) = x; = z;(0) exp(a;(z* —7(0) —y(0))/7) .

t—+oo
Multiplying both sides of the above by b; and summing up over ¢ = 1,...,n shows
that * is indeed a solution of (3.19). Now, observe that Proposition 3.1(i) ensures
that Z(t) is non-increasing in ¢, so that necessarily Z* belongs to the interval [0,7Z(0)]. By
Lemma 3.1(i), ¢(2(0),y(0)) is the unique solution of (3.19) in [0, 7Z(0)], so that necessarily
7" = p(2(0),y(0)), thus completing the proof. O

Remark 3.2. In the absence of behavioral feedback, the stability of the disease-free equilib-
rium (z*,0) can also be established through the use of the invariants of motion h; defined
in (3.20), offering an alternative to the approach used in Theorem 3.1. Note that in this
case the dominant eigenvalue, that determines the stability of disease-free equilibrium,

becomes

Amax([27]4) = " ajbja,
j=1

and a proof of stability of the equilibrium point (x*,0) can be derived in term of the

invariant of motion h; and the quantity ®(z,y).

Remark 3.3. In Chapter 2, invariants of motion were introduced for scalar epidemic
models to determine the limiting value of the fraction of susceptible individuals and the
peak value of the fraction of infected individuals. This approach has also been applied to
other compartmental models (Feng, 2007), and to models with time-varying transmission
rates (Sontag, 2023). For the classical scalar SIR model and its variant with equal death
and birth rates, this method has even led to exact analytical solutions (Harko et al., 2014).
The novelty of Proposition 2.5 lies in its application to a network SIR epidemic model
with n subpopulations, forming a 2n-dimensional system, and in determining n invariants
of motion for this system. Proposition 3.4 then utilizes the form of these invariants to

characterize the functional dependence of the limiting equilibrium point on the initial state.

3.5 Region of stability

Understanding the stability properties of an epidemic model is a key step toward design-
ing effective and targeted control strategies. In particular, identifying the set of initial
conditions and system parameters that lead to a stable disease-free state is crucial to
guide interventions that can prevent the uncontrolled spread of the infection. From a
public health perspective, an ideal outcome corresponds to reaching an equilibrium in
which the largest possible fraction of the population remains uninfected. Control policies
should therefore aim to steer the system toward such favorable configurations, minimizing
the total number of infections while ensuring that the disease does not re-emerge in the

long term.
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We define the stability region of network BF-SIR epidemic model (3.1) as:
S ={(x,0) €S :(3.6)} .

This set identifies the stable equilibrium points, as per Theorem 3.1. In this region of the
state space, the infection naturally dies out over time, even in the absence of additional
interventions. Assuming that the subpopulations have equal size (the definition can be

adapted if the subpopulations have different size), we define

&
(z,y)esS
as the set of points inside the closure of the stability region that maximize the fraction of
susceptible agents. By construction, X belongs to the boundary of $**. Identifying both
the stability region and the set X is crucial to design effective control strategies. Indeed,
in optimal control problems with infinite time horizons, the cost of control policies that
do not steer the system towards stable equilibrium points diverges in time (Cianfanelli
et al., 2021a). Hence, a sustainable control policy should drive the system toward a stable
equilibrium with as large as possible fraction of susceptible agents, that is, in the stability
region and as close as possible X, to minimize the overall spread of the infection while
ensuring long-term stability. The set X was first informally introduced in (Ellison, 2020)
to discuss the effects of heterogeneity when a planner aims to design a control that drives
the system toward stable equilibrium points that maximize the fraction of susceptible
agents in the network SIR model with no feedback and with rank-1 symmetric interaction
matrices. In what follows, we investigate how the shape and size of this stability region
change depending on the network structure and the behavioral feedback mechanisms
encoded in the interaction matrix A(z,y). To build intuition, we consider a simplified
scenario with only two subpopulations and visualize the stability region in the (z1,z2)

plane.

Models comparison

To explore the role of different behavioral assumptions and network configurations, we
compare a selection of models, each characterized by a specific form of the interaction
matrix A(x,y). In all cases, we fix the recovery rate to v = 1 and analyze how the struc-
ture of A affects the shape of the stability region. Figure 3.1 shows the resulting regions
(in green) for various models, plotted in the (z1,z2) plane. Since the stability condition
in Theorem 3.1 only depends on the susceptible fractions, the comparison focuses on how

different functional dependencies of A on z affect stability.

(A) Homogeneous: A = 1.5117. This simple case corresponds to an arbitrary parti-
tioning of a fully homogeneous population into two subgroups, allowing separate
analysis of epidemic dynamics under different initial conditions. This approach has

been used to assess targeted lockdown strategies, especially when individuals are
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Stability region of two nodes network SIR epidemic models with different interaction
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of the infected population. This behavior may represent the effect of increasing pan-
demic fatigue, where individuals progressively reduce their adherence to restrictive

measures as the epidemic evolves.

(E) Local mized feedback:
1+ 1+
2 — i) 2 — xI9

A=

In this setting, the first subpopulation exhibits a positive feedback response to its
own fraction of susceptibles, while the second subpopulation follows a negative feed-
back response. This hybrid model captures the coexistence of different behavioral
patterns within a population, reflecting a diverse range of individual reactions to

epidemic evolution.

(F) Global mized feedback:

|14+ (1t w2) 1A+ (21 +x2)

A=
3—(x1+x2) 3—(%1—1—:62)

In this model, the first subpopulation exhibits a positive feedback mechanism rel-
ative to the total fraction of susceptibles. These are individuals who reduce their
interactions as the infection spreads, similar to those who adhered to strict social
distancing measures during the COVID-19 pandemic. In contrast, the second sub-
population shows negative feedback relative to the total fraction of susceptibles.
This behavior patterns individuals who had to maintain high levels of interaction,
such as health-care workers, delivery personnel, and other essential workers. This
distinction in behavioral responses is a more general scenario, similar to the catego-
rization of individuals into risk-averters and risk-tolerators, analyzed in works such
as (Bizyaeva et al., 2024) and (Zhou et al., 2020).

Implications for control

As emphasized by (Ellison, 2020) and further explored in (Cianfanelli et al., 2021b) when
dealing with optimal control problems over an infinite time horizon, it is crucial for the
system to converge to a stable long-run state. If the epidemic dynamics do not stabilize,
but instead continue to oscillate or persist indefinitely, the associated social or economic
costs would accumulate without bound. In such cases, the overall outcome becomes
suboptimal or even infeasible from a policy standpoint. In the context of epidemic control,
this means that an effective strategy should drive the system toward a stable equilibrium
where the disease eventually dies out. Ideally, this target state should also minimize the
total number of infections over time, i.e., it should preserve as large a fraction of the
susceptible population as possible.

Depending on the specific structure of the interaction matrix, the optimal target state
can vary significantly. Below, we summarize the implications for each of the models

presented above:
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e In the homogeneous case (A), where both subpopulations behave identically, the
boundary of the stability region S** is symmetric. In this case, every point on the
boundary of $** belongs to X', implying that the planner should steer the system
as close as possible to this boundary. All such boundary points are equivalent in
terms of their effect on the system’s long-term behavior, which is not surprising,
since the model is effectively equivalent to a scalar SIR model with no structural

heterogeneity in the interaction patterns.

e In the rank-1 case (B), it may be preferable to target a state where the fraction
of susceptibles is higher in node 1 than in the more infectious subpopulation (node
2), since it has a stronger influence on disease spread. Due to this heterogeneity, X
is indeed the singleton that contains the maximally asymmetric equilibrium on the
boundary of §** where all agents that have been infected and are now recovered

belong to the most infective subpopulation.

e For local positive feedback (C), a balanced distribution of susceptibles is favorable
due to the convex shape of the stability region &**. This is because increasing
the susceptible fraction in one subpopulation enhances contact rates, making im-
balanced states less favorable from a stability perspective. The convexity of the
stability region and the structure of A imply that X is the singleton that con-
tains the maximally symmetric equilibrium on the boundary of the stability region,
therefore the planner should drive the system in the stability region and as close as

possible to such equilibrium.

e In the local negative feedback case (D), an uneven distribution of susceptibles can
be advantageous. Specifically, allowing one subpopulation to absorb the majority
of the infections can help maintain a higher susceptible fraction in the other group,
effectively preserving part of the population through a form of natural segmentation.
In this case, the convexity of [0, 1]\ S** and the structure of A imply that X contains
the two maximally asymmetric equilibrium points on the boundary of the stability
region. Hence, the planner should promote lockdown in a single population to drive
the system as close as possible to these asymmetric equilibrium points where all

agents that have been infected belong to the same population.

e In mixed-feedback scenarios (E-F), local dependence indicates that a balanced dis-
tribution of susceptibles is still a viable strategy, while with global dependence it
may be preferable to allow higher infection levels in the second subpopulation, which

is less responsive or more exposed (e.g., essential workers).

Behavioral Feedback Enhances Stability

We now explore how behavioral feedback mechanisms can positively influence the stability

and overall trajectory of epidemic dynamics. In particular, we compare the behavior
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FIGURE 3.2: Stability region and trajectory of two nodes network SIR epidemic models with different
interaction matrices.

of two network epidemic models: one with static interactions and one with feedback-
modulated interactions.

In Figure 3.2, we compare the trajectories of the two models to highlight the effects
of behavioral feedback on epidemic dynamics. Plot (A) shows the homogeneous scenario,
where the interaction matrix is given by A = 1.51, along with the system trajectory
starting from the initial conditions x1(0) = x2(0) = 0.98 and y;(0) = y2(0) = 0.02.
Conversely, plot (B) illustrates the system dynamics under the feedback interaction matrix
with entries:

Ay =0A;;(1+13y), Vij=1,...,n,

where ¢ is a scaling parameter and A is the same base matrix used in the homogeneous
case. The initial conditions remain the same as in plot (A), allowing for a direct com-
parison between the two settings. Since both models share the same dependence on the
fraction of susceptibles, they exhibit qualitatively similar stability regions. Moreover,
when § = 1, the stability region would have exactly the same size as in the homogeneous
case. In plot (B), the simulation is performed with 6 = 0.8, and we observe that this
modification leads to an expected expansion of the stability region.

The main insight from this comparison is that incorporating behavioral feedback,
where contact patterns adapt to the epidemic state, can significantly improve the stability
properties of the system without altering the long-term fraction of susceptible individu-
als. In particular, the network BF-SIR epidemic model reaches the same equilibrium as
the homogeneous model but with a smoother trajectory and fewer infections along the
way. This helps to mitigate epidemic overshooting, a phenomenon in which the number
of infections temporarily exceeds what is necessary to achieve herd immunity, causing
excessive suppression of the susceptible population. Avoiding overshooting is crucial not
only to reduce the burden on healthcare systems and the economic cost of infections but
also to limit long-term disruptions in population behavior and immunity. Therefore, mod-
els that incorporate endogenous behavioral responses provide valuable tools for designing

more effective and sustainable epidemic control strategies.
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In this chapter, we developed a network-based SIR model with behavioral-feedback
mechanisms, in which the interaction matrix evolves in response to the epidemic state.
This framework captures essential features such as heterogeneous risk perception and
adaptive contact reduction across subpopulations. In Section 3.2, we characterized the
stability region of the disease-free equilibrium. In Section 3.3, for the case of constant
interaction matrices, we derived invariants of motion that provide structural insights into
the dynamics and in the special rank-1 setting (Section 3.4), these invariants enabled a
characterization of the long-term behavior and of the equilibrium points. In Section 3.5,
we presented numerical simulations that illustrate the impact of different feedback mecha-
nisms on epidemic outcomes. Overall, these results highlight the importance of accounting
for both network structure and behavioral adaptation when designing effective interven-

tion strategies.
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Dynamics of Behavioral-Feedback
Network SIR Epidemic Model

In this chapter, we focus on the transient dynamics of the behavioral-feedback network
SIR (BF-SIR) epidemic model introduced in Chapter 3. Our goal is to investigate how
the epidemic evolves over time across a network of interacting subpopulations, paying
particular attention to the shape and complexity of infection trajectories before reaching
equilibrium.

To make the analysis more tractable, we begin by studying a simplified version of the
model in which the entries of the interaction matrix A = (A4;;) are assumed to be constant.
This means that the contact patterns between individuals from different subpopulations
do not change over time and are not influenced by the current state of the epidemic.
Although this is a simplifying assumption, it reflects scenarios where interaction rates are
driven by characteristics, such as susceptibility, infectivity and activity, that remains fixed
during the epidemic. Within this framework, we introduce new theoretical results that
deepen the understanding of the dynamic behavior of the network SIR epidemic model
with n nodes in Section 4.1. We first highlight a particularly interesting case: a two-
node network SIR model where the infection curve in one of the nodes exhibits bimodal
behavior, with two distinct infection peaks. This phenomenon illustrates how even simple
network structures can generate rich transient dynamics. Motivated by this example,
we then focus on a particularly important and analytically convenient case: the rank-1
network SIR model, already introduced in Section 3.4. In this context, we make two main
contributions. First, we introduce a time-varying, weighted aggregate index of infected
individuals that we prove to be unimodal throughout the evolution of the epidemic. This
quantity generalizes the behavior observed in scalar SIR models. Second, we investigate
the transient dynamics at the level of individual nodes. Specifically, we provide a detailed
classification of the infection curves for each subpopulation and prove that the infection
level at each node can exhibit at most two changes in monotonicity. This result sets a
general bound on the complexity of local epidemic trajectories. We then present numerical
simulations that explore what happens when the interaction matrix has higher rank. In
these more complex cases, the transient infection curves at individual nodes may exhibit
multiple peaks, indicating more intricate and less predictable dynamics. In Section 4.2,

we take a step further by generalizing some of these results to a broader class of network
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BF-SIR epidemic models. In particular, we examine how the structure of the feedback
mechanism affects the transient behavior and explore whether similar properties hold

when the interaction matrix depends dynamically on the state of the epidemic.

4.1 Network SIR epidemic model

We adopt the same modeling framework introduced in the previous chapter, where a
population is divided into n interacting subpopulations, each associated with a node of a
network and composed of indistinguishable individuals. Here, we focus on the case where
the interaction matrix A € R’}rxn is constant, i.e., it does not vary over time nor depend
on the state variables. As before, each subpopulation i € 1,...,n is described by the
state variables x;(t), y;(t), and z;(t), representing the fractions of susceptible, infected,
and recovered individuals, respectively, with the constraint z;(t) + y;(¢) + zi(t) = 1 for all
nxn

times. The network SIR epidemic model with interaction matrix A in R}™" and recovery

rate v > 0 is then the autonomous system of ordinary differential equations:

T = —x; ) Aijy;
Vi = xi > Aigyj — VY Vi=1,...,n. (4.1)

Zi = VYi

This model has been previously studied in (Mei et al., 2017) and (Nowzari et al., 2016).
In these works, it has been proven that all solutions converge to an equilibrium point of
the form (z*,0,1 — 2*) € Ri” and that the unstable equilibrium points are those such
that

Auma (ding (27)4) > 7

where A\pax is the dominant eigenvalue of the nonnegative matrix diag (z*)A. We have
extended these results in Theorem 3.1 to the more general case in which the interaction
matrix A depends dynamically on the state variables. In particular, we have provided
conditions that guarantee not only the convergence to an equilibrium but also the stability
properties of the equilibrium points in the presence of state-dependent interactions.

Moreover, under the assumption of strong connectivity of the graph G, (Mei et al.,
2017, Theorem 7) shows that the quantity

R(t) = Amax(diag (x(t))A) /v

is decreasing along solutions of (4.1) and it serves a role similar to the one played by the
reproduction number in the scalar SIR model. According to their result and indicating
by Umax(t) the left eigenvector corresponding to the dominant eigenvalue at time ¢, if
R(0) < 1, then the weighted average of the infected individuals, vmax(0)Ty(t), decays
monotonically to zero. On the other hand, if R(0) > 1, then the weighted average

Vmaz(0)Ty(t) will initially increase, indicating an epidemic outbreak. There exists a time
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instant 7 > 0 such that R(7) < 1,after which the weighted average vyq.(7)Ty(t) will be
monotonically decreasing to 0 for ¢ in |7, +00).

This result creates a parallelism with classical SIR theory (see Proposition 2.1(iv)-
(v)), identifying an aggregate quantity of infected individuals that exhibits a unimodal
behavior. However, since the quantity v,q.(7)7y(t) explicitly depends on the fraction of
susceptibles x(7), the quantity vyq.(0)Ty(t) may not be unimodal in general. Moreover,
several simulations highlight how the infection dynamics at individual nodes can display
complex patterns, including multimodal behaviors with multiple peaks. In the following,
we will investigate these phenomena in detail, aiming to identify sufficient conditions

under which such behaviors can emerge.

Homogeneous two-nodes network

We begin our analysis of the network SIR model by considering a minimal setting with
two interacting subpopulations. This simplified scenario provides a useful starting point
to investigate how the epidemic dynamics at the level of individual nodes can differ from
the behavior observed in the scalar SIR model. As shown in Proposition 2.1(iv)-(v), the
scalar SIR model typically exhibits a unimodal infection curve. However, in the two-
node network case, we demonstrate that this property may no longer hold: under certain
conditions, the infection curve of one subpopulation can display multiple peaks, revealing
a richer and more complex dynamic.

To explore this phenomenon, we study the network SIR model (4.1) with n = 2
subpopulations, assuming a fully connected interaction structure given by the matrix
A = 117 and a unit recovery rate v = 1. This framework represents a completely
homogeneous population, where all individuals have equal chances of interacting with one
another, irrespective of their subpopulation. It was also used in the stability comparison
analysis in Section 3.5 of the previous chapter. The two-node setup can thus be interpreted
as a simple partitioning of an otherwise well-mixed population, allowing us to isolate and
examine the effects of asymmetric initial conditions on the epidemic evolution in each

subpopulation. Indeed, let us consider an initial state as

y1(0) =1—21(0) =, 22(0)=1—122(0)=0, (4.2)
for some € > 0 such that )
%(1 —log(2—¢)) > €. (4.3)

Note that the range of such values of € is nonempty since the function

1—¢

gle) = 3——(1—log(2— <)) — e

is continuous in the interval [0,1] and g(0) = 3(1 —log2) > 0. Observe that, with these

initial states, from (4.1) we have

91(0) = 21(0)(1(0) + y2(0)) — y1(0) = —€*> < 0, (4.4)
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which implies that y;(¢) is strictly decreasing for sufficiently small ¢ > 0. We now show
that y1(¢) cannot remain decreasing for all values of ¢ > 0, but will necessarily become
strictly increasing in a certain time range, before eventually starting to decrease again
and vanish as ¢ grows large.

Towards this goal, first observe that the aggregate variables
T =21+ 22, y=uy1+y2,

satisfy an autonomous scalar SIR epidemic model
r=-Ty, y=(T-1)7. (4.5)

Then, since (0) = (Z(0) — 1)5(0) > 0, Proposition 2.1(v) implies that there exists a peak
time £ > 0 at which () = 0, i.e., T(f) = 1. This fact, Proposition 2.2(ii) and (4.2) imply
that

7(t) = z(0) +5(0) — T(£) + log ZEZ; =1-1log(2—¢). (4.6)

Since @3 = —x2y and x2(0) = 1, we have that

22(F) = exp (-/0 y(t)dt) _ ;’;Et; _ 2;, (4.7)

where the second equality follows from integrating the first equation in (4.5) and the last
one follows from (4.2). It then follows from (4.6) and (4.7) that

i) = a2(0)(0) () = LD iy, (4.9

Now, assume by contradiction that g1 (¢) < 0 for all ¢ > 0. In particular, this would imply
that y1 () < 91(0) = ¢, so that

y(t) =7(t) —y1(t) =1 —log(2 —¢) ¢,
follows by (4.6). Recalling that 7j(f) = 0, substituting the above in the right-hand side of

(4.8), and using (4.3), we would then get

() =y(t) —galt)
1—¢
T 2—c

\Y,

(1 —log(2—¢))—e>0,

thus contradicting the assumption that g;(¢) < 0 for ¢ > 0. It then follows that there
must exist some values of time ¢t > 0 such that ¢;(¢) > 0. Combining with (4.4) and
the fact limy, o y1(t) = 0, as established in Proposition 3.1(iii), this implies that the
infection curve ¢ — y;(t) is multimodal. That is, it does not simply rise and fall once,
as in the standard scalar SIR model, but instead exhibits multiple phases of increase and

decrease. More specifically, the analysis presented later in Section 4.1.1 shows that this
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FIGURE 4.1: Numerical simulation of the network SIR epidemic model with n = 2 nodes with interaction
matrix A = 117 recovery rate v = 1, and initial state y1(0) = 1 —21(0) = 0.15 and 32(0) = 1 —z2(0) = 0
satisfying (4.2)-(4.3).

behavior follows a particular structure, illustrated in Figure 4.1. Initially, y;(¢) decreases
over an interval [0,#;], reaching a local minimum at some time #; > 0. It then increases
again until reaching a second peak at a later time #; > 1, after which it finally decreases
for all ¢ > ¢;. This pattern reveals how even in a simple two-node setting, the epidemic

dynamics can exhibit unexpectedly rich and nontrivial behavior.

As previously noted, the network SIR epidemic model analyzed in this part can be seen
as an extension of the classical scalar SIR model, where the population is split into two
equally sized subpopulations that differ only in their initial conditions. In particular, we
assume that all initially infected individuals are concentrated in the first subpopulation,
while the second subpopulation starts entirely susceptible. The model parameters are
selected in such a way that, if the two subpopulations were isolated, the first would display
a typical decline in infections over time, eventually reaching a disease-free state through
exponential decay. However, because the two subpopulations interact, the presence of
the susceptible individuals in the second subpopulation allows the infection to spread
further. Eventually, the infection may return to the first subpopulation, triggering a
second wave of infection. This results in a non-monotonic infection curve for the first
subpopulation, where the initial peak occurs at time 0, followed by a decrease and then
a resurgence leading to a second, delayed peak. This phenomenon highlights how inter-
subpopulation interactions can significantly influence the local epidemic trajectories, even

after an apparent decline.

4.1.1 Rank-1 network SIR epidemic model

We now focus on the special case introduced in Section 3.4 of the previous chapter, where
the interaction matrix A is irreducible and has rank-1, as defined in equation (3.14). This
structure simplifies the analysis while still capturing key heterogeneities across subpopu-
lations. In particular, it allows us to derive explicit analytical results that provide deeper

insight into the system’s dynamics (3.15) and its transient behavior.
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Unimodality of the weighted aggregate infection curve

In this part, we analyze the evolution of the weighted aggregate of infected individuals,
denoted by y and defined in (3.16). We will show that this aggregate quantity always
exhibits a unimodal behavior over time. In other words, even though infection levels at
the individual node level may display complex or multimodal behaviors, the aggregate
weighted infection curve has a single peak.

The following result describes the dynamics of the weighted aggregates z, defined
in (3.17), and g of susceptible and, respectively, infected individuals. In particular, it
shows that the logarithmic time derivative of i equals the difference between the weighted
aggregate of susceptible individuals Z, defined in (3.18), and the recovery rate . This
relationship provides a key insight into the monotonicity properties of ¥ and lays the

foundation for proving its unimodality.

Lemma 4.1. Consider the rank-1 connected network SIR epidemic model (3.15). Then,

(4.9)

Proof. By taking the time derivative of both sides of (3.17) and substituting it in (3.15),

we get
n n
T = Z bji’j =—y Z bjaja:j = —yT,
j=1 j=1

thus proving the first equation in (4.9). Analogously, by taking the time derivative of
both sides of (3.16) and substituting the second equation in (3.15), we get

n n
y= b= bjajz; —g=7E ),
j=1 j=1
thus proving the second equation in (4.9). O

The following is the main result of this part. It shows that the weighted aggregate
infection curve t — y(t) is always unimodal. Moreover, it reveals a dichotomy in the
shape of this curve that depends on the initial value of the weighted aggregate of infected

individuals Z(0).

Theorem 4.1. Consider the rank-1 connected network SIR epidemic model (3.15). Let
the initial state (x(0),y(0)) in S be such that

0<z(0)<1-y(0)<1. (4.10)
Then, Z(t) is strictly decreasing for t > 0 and

lim Z(t) < 7. (4.11)

t—+o00
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Moreover:

(i) if
2(0) <7, (4.12)

then Y(t) is strictly decreasing for t > 0;

(i) if
z(0) > v, (4.13)
then there ewists t > 0 such that 7(t) is strictly increasing on [0,1] and strictly

decreasing on [t, +00).

Proof. By the way  is defined in (3.18) and using the equations in (3.15), we can express

its time derivative as

n n
T = Zajbji'j = —yZa?bjmj . (4.14)
Jj=1 Jj=1

Now, the rightmost inequality in (4.10) and Proposition 3.1(ii) imply that y(t) > 0 for
every t > 0, whereas the leftmost inequality in (4.10) and Proposition 3.1(i) imply that
there exists some ¢ in {1,...,n} such that z;(t) > 0 for every ¢ > 0. From (4.14), and
since @ > 0 and b > 0, we get that

B(t) = —7(t) > abja;(t)
j=1

< —abx;(t)y(t) (419)

<0,

for every t > 0. Inequality (4.15) implies that ¢t — Z(t) is strictly decreasing for ¢ > 0.
Now, let

Z(00) = tiigloo:i(t) .

If (0) < 7, then Z(oc0) < Z(0) < =, so that (4.11) is satisfied. On the other hand, if
Z(0) > ~, assume by contradiction that Z(co) > . Then Z(t) > ~ for every ¢t > 0, so
that, by (4.9),

y(t) =5(t) (E() =) 20,  Vt>0.

The above would imply that 7(¢) is nondecreasing, so that

lim 7(t) >g(0) >0,

t—+00

thus contradicting Proposition 3.1(iii). Hence, we have Z(c0) < 7 also when Z(0) > =,

thus completing the proof of the first part of the statement.
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(i) If (0) <, by point (i) we have that Z(¢) < ~ for ¢ > 0. Hence, (4.9) implies that

y(t) =y(t) (z(t) =) <0 Vt>0,

thus showing that 7(t) is strictly decreasing for ¢ > 0.
(ii) If £(0) > ~, by point (i), Z(t) is strictly decreasing and

tlg-noo ZL‘(t) <7
Then, there necessarily exits a time £ > 0 such that #(t) > v for 0 < ¢ < ¢, &(#) = v, and
#(t) <y for t > t. It then follows from (4.9) that () is strictly increasing for ¢ in [0, #]
and strictly decreasing for ¢ in [f, +-00), thus proving (ii). O

Remark 4.1. The quantity (t) acts as a time-varying analogue of the reproduction
number for the aggregate infection dynamics. In particular, the threshold condition &(0) =
v separates two qualitatively different behaviors of the curve t — y(t). When £(0) > 7,
the infection initially grows and reaches a single peak before declining. Conversely, when
z(0) < v, the infection starts decreasing immediately. This highlights the central role of

Z(t) in governing the transient evolution of the epidemic at the population level.

Remark 4.2. As mentioned earlier, (Mei et al., 2017) shows that for irreducible interac-
tion matrices, if Amax([2(7)]A) < v for some T > 0, the weighted aggregate vmax(T)T y(t)
decreases monotonically to 0. Conversely, if Amax([z(0)]A) > 7, then vmax(0)Ty(t) ini-
tially grows exponentially. This result has been generalized in Theorem 3.1. For rank-1
interaction matrices of the form A = ab”, the vector vmax(t) simplifies to b for all t > 0.
This allows us to conclude that the weighted aggregate vmax(t)Ty(t), which we denote as
y(t), is unimodal. We will try to generalize this result for a broader class of behavioral-

feedback interaction matrices.

Dynamic behavior of the infection in the single subpopulations

Inspired by the analysis on the homogeneous two-node network at the beginning of this
section, this part focuses on the analysis of infection curves for each individual subpopu-
lation within the context of the rank-1 connected network SIR epidemic model.

We first define the quantities

w; =% —v— a7y, i=1,...,n, (4.16)

which represent how the rate of new infections in each subpopulation evolves over time.
These quantities provide a measure of the relative change in the infection rate, accounting
for both the dynamics of the epidemic and the parameters that influence the spread.

Indeed, from the second equation in (3.15) observe that the rate of new infections in node

56 4. Dynamics of Behavioral-Feedback Network SIR Epidemic Model



1 is described by the quantity f; = a;x;y. Moreover, considering the time derivative of f;,

we have
+—==T—7—ay=w.
T

fi _
fi

Hence, w; is the logarithmic derivative of the rate of new infections in node i. Let also

Q|-

t=inf{t >0: (t) <~} (4.17)

denote the peak time of the weighted aggregate of infected individuals g, and observe
that Theorem 4.1 implies that £ < +o00. Also, for every i = 1,...,n, let

ti =inf{t>0: w;(t) <0} = inf{t>0: Z(t) <7+ a;y(t)}

be the first time instant at which the rate of new infections in node ¢ starts decreasing,
and notice that
t<t, (4.18)

and t; < ¢; if and only if a; < a;. Hence, it is possible to order these time instants from
the entries of vector a.

The following are two useful technical results.

Lemma 4.2. Consider the rank-1 network SIR epidemic model (3.15) and every initial
state (2(0),y(0)) in S such that y(0) > 0. Then, for everyi=1,...,n,

(1) wi(t) < —a;gw;(t) for every t > 0;
(11) w;(t) is strictly decreasing for 0 <t < t;;
(111) w;(t) <O for every t > t;;

(iv) for everyt >0,
Gi(t) = aizi()y()wi(t) — v9i(t) ; (4.19)

(v) if yi(t) = 0 for some t > t;, then t cannot be a local minimum point of y;(t).

Proof. (i) From the first equation (3.15), we have that

By Proposition 3.1(ii), the assumption y(0) > 0 implies that
y(t) >0, vVt >0, (4.21)

so that in particular

y(t) =D by () >0,  VE>0, (4.22)
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It then follows from (4.16),(4.9), (4.20), and (4.22) that

W =i — a;y
=7 — ag(i — )
2

2 = 2
=T — aqyw; —a;y

< —a;yw; ,
thus proving the claim.

(ii) For 0 < t <'t;, we have w;(t) > 0 so that, by point (i) and (4.22), we have that
w;(t) < —a;y(t)w;(t) < 0. This implies that w;(t) is strictly decreasing for 0 < ¢ < ;.

(iii) It follows from (i) that, for every ¢; > 0 such that w;(¢]) = 0, we have
wi(t7) < —ag(t; )wi(ti) =0,

so that w;(t) < 0 for ¢ > t¥. If w;(0) < 0 so that ¢; = 0, this implies that w;(¢) < 0 for all
t > 0 = t;. On the other hand, w;(0) > 0 so that #; > 0, it follows that w;(t) < 0 for all
t> iz

(iv) Taking the derivative of both sides of the second line in (3.15) and substituting
the first line of (3.15) and (4.9) yield

Gi = ai(#§+xiy) — Vi
= @iz (T —7—ay) — Vi

= a;TYyw; —VYi,

thus proving (4.19).

(v) Assume by contradiction that ¢ > ¢; is a local minimum point of y;(¢) with y;(t) =
0. By (4.19), we then have

i(t) = a;zi(O)y(t)wi(t) — v9i(t) = yyi(t)wi(t), (4.23)

where the last identity holds true since, by the second equation in (3.15), ¢;(t) = 0 is

equivalent to
a;iz;i (1)y(t) = yyi(t) . (4.24)

Equations (4.23) and (4.21) imply that

sgn(iji(t)) = sgn(wi(t)) . (4.25)

Now, recall that by point (iii) we have w;(t) < 0 for every t > #;. If w;(t) < 0, then
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equation (4.25) implies that ;(t) < 0, so that ¢t cannot be a local minimum point for
yi(t). On the other hand, if w;(t) = 0, by point (i) and (4.22) we get that

w;(t) < —ag(t)wi(t) =0, (4.26)

while (4.25) implies that §;(t) = 0. Hence, taking the derivative of both sides of (4.19),
by (4.24) and w;(t) = 0, we get

) = am(OFwi(t) + ai((@a (7)) wi(t) — yiji(t)
= qyi(t)wi(t)

< 0,

where the last inequality follows from (4.21) and (4.26). Together with y;(t) = 3;(t) = 0,
the above implies that ¢ is an inflection point for y;(¢), hence it particular it is not a local
minimum point. We have thus proven that y;(¢) cannot have any stationary minimum

points in the interval [¢;, +00). O

Proposition 4.1. Consider the connected rank-1 network SIR epidemic model (3.15)
with initial state (z(0),y(0)) in S such that y(0) > 0. Then, for everyi=1,...,n,

(i) yi(t) admits at most one local minimum time t; > 0.
Moreover, if such local minimum time t; exists,

(i) it satisfies
0<t;<t, (4.27)

with t; = t; = 0 if and only if w;(0) < 0 and 7;(0) > 0;

(iii) it cannot occur after any stationary local mazimum point of y;(t).

Proof. 1f w;(0) < 0, then ¢; = 0 and Lemma 4.2(v) implies that no stationary point ¢ > 0
of y;(t) can be a local minimum point. It follows that the only local minimum point of
yi(t) can possibly be #; = 0, which is the case if and only if ;(0) > 0. Hence the claims
are proved in the special case w;(0) < 0.

On the other hand, if w;(0) > 0, then ¢; > 0 and the interior extremum theorem and
Lemma 4.2(v) imply that there cannot be any minimum points of y;(¢) in the interval
[ti, +00). This proves point (ii). We are then left with studying local minimum points of
y;(t) in the interval [0,%;). Let s > 0 be a stationary local maximum point of y;(t), and

let u in (s,%;) be a (necessarily stationary) local minimum point of y;(¢). Then,

i(s) = 9i(u) = 0, (4.28)

and
3i(s) <0, gi(u) > 0. (4.29)
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Notice that we cannot have y;(s) = 0 or otherwise y;(t) = 0 in a neighborhood of s
(as s is a local maximum point for y;(t)) thus contradicting Proposition 3.1(ii). Hence,
we get

0= i(s)/yi(s) = aizi(s)y(s)wi(s)/yi(s) — v9i(s)/yi(s)
= qwi(s)
> ywi(u)
zi(w)y(w)wi(u)/yi(u) —ygi(u)/yi(u)
= dii(uw)/yi(u)

> 0,

(4.30)

- ’L

where the first and the last inequalities above follow from (4.29), the first and the last
identities follow from (4.19), the other two identities from (4.28) and the fact that, by the
second equation in (3.15), a;x;(t)y(t) = vy;(t) when y;(t) = 0, and the strict inequality in
the middle holds true because of Lemma 4.2(ii). As (4.30) is a contradiction, this shows
that a local minimum point u < ¢; of y;(¢) cannot follow any stationary local maximum
point s > 0 of y;(t), thus proving point (iii).

Finally, to prove point (i), assume by contradiction that there exist two distinct local
minimum points 7 < u of y;(¢) in the interval [0,%;). Then, there would necessarily exist
a local maximum point of y;(¢) in the interval (r,u). But, since s > r > 0, such local
maximum point would also be stationary, thus violating point (iii). Therefore, there
cannot exist two distinct local minimum points r < u of y;(¢) in the interval [0,%;), thus

completing the proof of point (i). O

Remark 4.3. Equations (4.27) and (4.18) imply that the local minimum point of y; can
never occur after the peak of the weighted aggregate of infected individuals . Hence, if at
some time T > 0 both y(1) < 0 (so that § has peaked at some time t < 7) and 3;(1) < 0
(so that the epidemic in i is currently regressing), then y;(t) will remain decreasing for
allt > .

As a consequence of Proposition 4.1, we get the following result classifying the possible
dynamic behaviors of the fraction of infected individuals in the single subpopulations of
the network SIR epidemic model with rank-1 interaction matrix. This classification is

based on the study of the sign of two quantities:

wi(0) = #(0) - — agg(0).

Theorem 4.2. Consider the connected rank-1 network SIR epidemic model (3.15) with
initial state (x(0),y(0)) in S such that y(0) > 0. Then, for everyi=1,...,n,

(1) if
4i(0) <0, (4.31)
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and

w;(0) <0, (4.32)

then y;(t) is strictly decreasing fort > 0;

(i) if
9:(0) >0, (4.33)
or if
7:(0) =0, (4.34)
and
w;(0) >0, (4.35)

~

then there exists a peak time t; > 0 such that y;(t) is strictly increasing on [0, ;]

and strictly decreasing on [t;, +00);

(iii) if
7:(0) < 0, (4.36)

and

w;(0) >0, (4.37)

then either y;(t) is strictly decreasing for t > 0 or there exist a local minimum time
t; and a peak time t; such that 0 < t; < t; and y;(t) is strictly decreasing on [0,%;],

strictly increasing on [t;,;], and strictly decreasing on [t;, +00);

Proof. (i) If (4.32) holds true, then ¢; = 0. On the other hand, (4.31) and Proposition
4.1(ii) rule out the possibility that there exists any minimum point for y;(¢). Therefore,

y;(t) is strictly decreasing for ¢ > 0.

(ii) If (4.33) holds true, then Proposition 4.1(i) implies that #; = 0 is the only minimum
point of y;(¢). On the other hand, if (4.34) and (4.35) both hold true, then it follows from
(4.19) that

3i(0) = a;2:(0)7(0)w; (0) — v3:(0)
= 757 (0)w;(0)
>0,

(where the second identity follows from the fact that, by the second equation in (3.15),
a;x;(t)y(t) = yyi(t) when g;(t) = 0) thus implying that also in this case {; = 0 is a local
minimum point for y;(t).

Since y(0) > 0 and, by Proposition 4.1(i), y;(t) cannot have another local minimum
points besides #; = 0, it follows that exists a peak time ¢; > 0 such that y;(t) is strictly

increasing for ¢ in [0,#;] and strictly decreasing for ¢ in [;, +00).
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%i(0) < 0 ]%i(0) >0

FiGURE 4.2: Conceptual illustration of Theorem 4.2.

(iii) From (4.36), 0 is a non-stationary local maximum point of y;(¢). Since, by Propo-
sition 4.1(i), y;(t) can have at most one local minimum point, and by Proposition 3.1(v),
Jim yi(t) =0 <i(0), (4.38)

it follows that either y;(¢) is strictly decreasing for ¢ > 0 (in case there is no local minimum

point) or, if a local minimum point ; > 0 exists, then there exists also a peak time ti > 1

so that y;(t) is strictly increasing on [0, ;] and strictly decreasing on [£;, +00). O

The previous result provides a classification of the behavior of infection curves of the
single subpopulations and Figure 4.2 offers a conceptual illustration of this classification.
In particular, observe that if ¢;(0) = 0, then the behavior of the single infection curves
depends only on the sign of w;(0): in this case, Theorem 4.2 provides a tight condition.

In Theorem 4.2, each condition is considered from the perspective of the single sub-
population i. However, note that if (4.31) is true for all ¢ = 1,...,n, meaning that the
infection curves are initially decreasing, then they will decrease forever. To see this, one
can multiply both sides of (4.31) by b; and sum over ¢. This gives Z(0) < =, which implies
that w;(0) < 0 for all i.

Sufficient conditions for multimodal infection curves

We now consider a particular class of rank-1 interaction matrices in the form
A= g1’ (4.39)

with 8 > 0 and 17b = 1. This is a special case of the one studied in the previous part,

where the vector a has all equal entries and the components of b sum up to 1.
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This model represents a scenario in which all individuals have the same susceptibility
to the disease but exhibit different levels of infectivity. A practical example could be
individuals wearing medical masks, who might become infected with the same probability
as others but transmit the disease at different rates depending on their level of protection.
A simple special case of this class of matrices is A = 117, which was explored in Subsection
4.1. The network SIR epidemic model with this interaction matrix is particularly relevant
for control applications, as demonstrated in (Acemoglu et al., 2021). Even if the dynamics
at the individual nodes are homogeneous, meaning the infection spreads at the same rate
across all individuals, it can still be valuable to classify individuals into multiple groups.
This classification can be crucial when considering the effects of differentiated control
policies. For example, control measures may be adjusted based on factors such as age,
since the costs of implementing these measures and the epidemic costs (in terms of disease
spread) may vary significantly across different age groups or other demographic factors.

We observe that, for rank-1 interaction matrices in the form (4.39), the dynamics

become
& = —B2;7,
‘z B Y (4.40)
Ui = By — VY,
for every i =1,...,n, and
T = —pT7,
’ bzy (4.41)

since T and Z differ in a constant term only. The next result provides sufficient conditions
for multimodality of the infection curve at the single node level and encompasses the

analysis at the beginning of this section. We first need to define auxiliary functions

_1-—e Yo Y
gi(e) = T (1 — ﬁ—i_ﬁlOgﬁ(l—be)) —c. (4.42)

Notice that

9:(0) = 1—%+%log%, gi(1) = —1.

As a consequence, when v/ < 1, g; admits zeros in [0, 1] and we put
g =min{e € [0,1] : gi(e) =0}. (4.43)

Proposition 4.2. Consider the rank-1 network SIR epidemic model (3.15) with a = 51
and 176 = 1. Consider a subpopulation i in {1,...,n} and an initial state (x(0),y(0)) in
S that satisfy the following conditions:

z(0) +y(0) =1, (4.44)
Bzi(0)5(0) — vyi(0) <0, (4.45)
Bz(0) > v, (4.46)

0<y;(0) <&. (4.47)
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Then, there exist a local minimum time t; and a peak time t; such that 0 < &; < t; and
y; (t) is strictly decreasing on [0,%;], strictly increasing on [t;,t;], and strictly decreasing

on [t;, +00).

Proof. From (4.45) and (4.40) it follows that y;(0) < 0, which implies that y;(¢) is strictly
decreasing for sufficiently small ¢ > 0. On the other hand, (4.41) and (4.46) imply that
y(t) is strictly increasing for sufficiently small ¢ > 0. Since T and g satisfy the scalar
autonomous SIR epidemic model (4.41), this implies that 7(¢) has a peak at some time
t >0 and

(@) = 1. (4.48)

From Proposition 2.2(ii) we obtain that the peak value of the weighted aggregate of

infected individuals is

7E) = F0)+50) - 7)) + L log 2
ge0) (4.49)
g B " pT0)’

where the second equality follows from (4.44) and (4.48). Moreover, (4.40) and (4.41)
imply that z;(t)/x;(0) = Z(t)/Z(0), for i = 1,...,n, and t > 0. Therefore, using (4.48)

we obtain

~—

~  vz(0

xz(t) - B E(O) )

We now prove that y;(¢) cannot remain decreasing for all ¢ > 0. Assume by contradiction

that g;(t) < 0 for all ¢ in [0, #]. In particular, this implies that y;(f) < v;(0). This together
with (4.50) and (4.49) imply that

(4.50)

0 > ui(t)
= Bai(t)y(t) —yui(t)
() v, gl L (4.51)
EO <15+610gﬁw(0)> e
;(0) v,y gl ,
> 7 50 (5 h e ) v o)

Notice that, because of the assumptions on b, we have that Z(0) = 1 —7(0) < 1 —b;y;(0).
Since the last expression in (4.51) is decreasing in 7(0) and z;(0) = 1 —y;(0), we get that

79i(y:(0)) < 0. (4.52)

By (4.46), we necessarily have that 7/ < 1. This implies that ¢;(0) > 0 and, with
(4.52), that y;(0) > &;, thus violating (4.43). This contradiction implies that y;(¢) cannot

remain decreasing for all ¢t > 0. The claim then follows from Theorem 4.2. O
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Remark 4.4. Observe that the set of model parameters and initial states that satisfy the
assumptions of Proposition 4.2 is nonempty. To prove this, consider a network with n

nodes, where the interaction matriz is given by (4.39) with parameters > ~ and

B B

Neat, fiz an initial state (x(0),y(0)) in the set S such that 0 < y1(0) < & and y;(0) =0
for 2 < j < n. Notice that 5(0) = b1y1(0). A straightforward check confirms that both

(4.45) and (4.46) are automatically satisfied, imposing no additional restrictions on y1(0).

by <min{7,1—7}. (4.53)

Thus, all the assumptions of Proposition 4.2 hold.

Observe that, under the assumptions of Proposition 4.2, we can derive an upper bound
for the stationary infection peaks that can occur in a node i. Let ; be the peak time for
node 4, such that g;(%;) = 0. From (4.40), this implies that

yi(t) = —ai(t)y(E:) . (4.54)

Since the weighted aggregate of infected individuals is bounded above by its peak in-
fection value, i.e. 7(t) < 7(t) for t > 0, and the fraction of susceptible individuals is

monotonically decreasing over time, we can derive the following upper bound for y;(%;):

~ ,3331<0)

yi(ti) < 5 y()
_ Bnl0) (- —2(0) + L1og 20
= CORVORE DRty
N R
= 0 (5 -1+ ).

where the first equivalence follows from (4.49), and the final equality comes from (4.48)
and (4.44).

As discussed in Chapter 2, accurately estimating the peak level of infections is crucial
for designing effective containment policies. Knowing in advance how high the infection
curve may rise allows policymakers to assess whether healthcare capacities, such as hos-
pital beds or ICU units, will be sufficient, and to plan timely interventions to mitigate

the epidemic’s impact.

4.1.2 Numerical Simulations

In this subsection, we present the results of several numerical simulations of the network
SIR epidemic model. These simulations aim to illustrate the dynamics of disease spread

across different types of networks with varying interaction matrices and initial conditions.

We start by reporting the infections curves of a network SIR epidemic model (4.1)

with n = 5 nodes and rank-1 interaction matrix. In Figure 4.3, the interaction matrix is
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FiGURE 4.3: Numerical simulations of the network SIR epidemic model with n = 5 nodes and rank-1
interaction matrix.
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FI1GURE 4.4: Simulations of the network SIR model in a non-homogeneous network with 4 nodes and
full-rank interaction matrix.

A = ab” with a = (0.1,0.25,0.6,1,0.2) and b = (0.45,0.4,0.6,0.65,0.01), and the recovery
rate is v = 0.6. The initial state has entries x1(0) = 0.85, x2(0) = 0.999, z3(0) = 0.8,
x4(0) = 1, 25(0) = 0.75, and y(0) = 1 — x(0). The left-hand side plot in Figure 4.3
shows that the infection curves of nodes 1 and 3 are both multimodal with two changes
of monotonicity: for both ¢ = 1 and ¢ = 3, the fraction of infected individuals y;(t) is
strictly decreasing for times ¢ in [0,%;], it is strictly increasing in [f;,%;], and it is strictly
decreasing for ¢ in [t;, +00). The bottom plot displays the weighted aggregate infection
curve ¢ — g(t), which is unimodal with a peak in #. This behavior aligns with the result
proven in Theorem 4.1. Furthermore, as a consequence of Proposition 4.1(ii) (see also
Remark 4.3), we observe that #; < t for i = 1,3. This implies that the local minimum
in the infection curve for each of these nodes occurs before or at the peak time of the

weighted aggregate infection.
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FIGURE 4.5: Numerical simulation of the network SIR epidemic model with n = 4 nodes and full-rank
interaction matrix.

Next, in Figure 4.4, we report numerical simulations of a network SIR epidemic model

with n = 4 nodes, recovery rate v = 0.5, and interaction matrix

0.05 0.05 0.05 0.05
0.0001 0.8 0.0001 0.0001
0.0001 0.0001 0.05 0.0001
0.0009 0.0009 0.0009 0.0009

Initial conditions are x1(0) = x2(0) = 1, y1(0) = y2(0) = 0, z3(0) = 0.3 = 1 — y3(0),
24(0) = 0.99 = 1 — y4(0), i.e. subpopulation 3 has 30% of infected individuals while
subpopulation 4 has 1% of infected individuals at time ¢ = 0. In this simulation, the
infection curve for node 1 exhibits three peaks, which is characteristic of non-rank-1
interaction matrices. We also observe significant delays between the peaks of infection in
different nodes. This behavior highlights that, while rank-1 interaction matrices typically
restrict infection curves to two peaks, more complex, full-rank matrices can give rise
to multiple peaks, even in small networks. This distinction is crucial when modeling

epidemic dynamics in networks with more intricate interaction structures.

Finally, Figure 4.5 presents another simulation for a network SIR epidemic model with

n = 4 nodes, recovery rate v = 0.5, and the interaction matrix

0.05 0.07 0.05 0.05
0.0001 0.8 0.0001 0.0001
0.0001 0.0001 0.1  0.0001

0.01 0.01 0.01 0.9

The initial state has entries 21(0) = 22(0) = z4(0) = 1, y1(0) = y2(0) = y4(0) = 0, and
x3(0) = 0.9 = 1 —y3(0), i.e., all subpopulations are initially completely susceptible except
for subpopulation 3 that has 10% of infected individuals at time ¢ = 0. In this scenario,
the infection curve for node 1 again displays three peaks. Notably, the second and third
peaks are higher than the first one, suggesting that multiple peaks in the infection curves

could result from varying network dynamics, potentially due to the interaction matrix’s
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structure. These additional peaks warrant further investigation, especially when designing
targeted interventions or control strategies. This further confirms that the limitation of
infection curves to two peaks is a specific feature of rank-1 interaction matrices. This is
an interesting feature of the network SIR epidemic model especially since actual epidemic
data often displays multimodal infection curves with multiple peaks occurring at different
times in different subpopulations. (See, e.g., (Our World in Data, 2024) for COVID-19

infection curves in the different countries.)

4.2 Unimodality in the network BF-SIR model

After analyzing the case of constant rank-1 interaction matrices, we now move to a more
general and realistic setting. In this extended model, the interaction matrix still has
rank-1, but its entries evolve as functions of the epidemic state. This extension captures
the adaptive nature of contact patterns in response to changing levels of infection. We
focus on the class of models introduced in Example 3.1 and we derive conditions under
which an aggregate weighted fraction of infected individuals exhibits global unimodal-
ity. Specifically, under the assumptions of Example 3.1, the equations of the behavioral

network SIR epidemic model (3.1) can be rewritten as follows:

n

T = —x;9i(x;) Z fi(yi)y;

St Vi=1,...,n. (4.55)
gi = migi(w:) > Fi(yi)ys — i

Jj=1

Observe that the rate of new infections in node 7 due to the infected individuals in

subpopulation j is described by the function
wij (@i, y5) = xigi(xi) f5(Y3);

which represents the force of infection from node j to node ¢ and incorporates both
susceptibility and infectivity modulated by behavioral responses.
To analyze the overall evolution of the epidemic across the network, we now introduce

the following weighted aggregate of infected individuals,
n
gt) =Y filyi(6)y;(¢) - (4.56)
j=1

This quantity generalizes the aggregate infection variable (3.16) by incorporating behav-
ioral responses via the weighting functions f;(y;). It provides a global measure of the
infection level across the network, where each subpopulation’s contribution is modulated
to reflect heterogeneities in behavioral responses or infectivity. The following result shows

that the weighted aggregate infection curve ¢ — g(t) is unimodal, under some assumptions
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on the rate of new infections w;;(z;,y;) defined above. This can be seen as a generalization
of Theorem 4.1 to this broader class of rank-1 network BF-SIR epidemic models.

To analyze its behavior, consider the time derivative of 7:
n
Y= Z |:fj (Yi)y; + f; (y])] (4.57)

Theorem 4.3. Consider the rank-1 network BF-SIR epidemic model (4.55). Let the
initial state (z(0),y(0)) in S be such that x(0) > 0, y(0) > 0. If the following hold:

200, .
881;22]( 0 y;) <0 (4.58)
J
O (1135) > 0 (4.59)
J
811)1"
87;(:52-,%) >0 (4.60)

foralli,j=1,...,n. Then, Y(t) has at most one peak, i.e.
(i) if y(0) < 0, then y(t) is strictly decreasing for t > 0;

(ii) if §(0) > 0, then there exists t > 0 such that j(t) is strictly increasing on [0,%] and

strictly decreasing on [t, +00).

Proof. (i) We prove the result by contradiction. If not, by continuity, there exists 7 > 0
such that g(7) = 0 and y(7) < 0 for all t < 7. We compute the second time derivative of

Y,
n

i= 3 [+ 20w+ 3 [Hww + 1] i (4.61)
j=1 j=1

where, from (4.55),
U = @595 (x)7 + 295 (25) 57 + 2595 (25)§ — V9, (4.62)

for all j =1,...,n. We study the sign of y(7) and from (4.58) the first sum in (4.61) is

always non-positive, then we get

n

Z (i) + £l (4.63)
7j=1

Substituting (4.62) in (4.63), from (4.55) and 3(7) = 0 we get

) < yz [ (y;)y; + fg(yg)] [gj(xj) +;g5(x;) |45 <0
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FIGURE 4.6: Numerical simulations of the aggregate infection curve of the network BF-SIR epidemic
model (4.1), simulated under different initial conditions, with n = 5 nodes and a rank-1 feedback inter-
action matrix of the form defined in (4.64), where g;(x;) = 0.15(1 4 z;).

where the last inequality follows from assumptions (4.59), (4.60) and Proposition 3.1(i).
By continuity, we can state that y(¢) < 0 in an interval [7 — ¢, 7] for some € > 0. Since
7(t) is decreasing in [7 — &, 7] and stays strictly below 0 for all ¢ < 7 for the assumption
made, it follows that also §(7) < 0 contrarily to what we had assumed. This yields the

result.

(i) Notice that there must exist ¢ > 0 such that y(t) < 0. Indeed, if not, there
exist some j for which g;(¢) > 0 for all ¢ and y; could not converge to 0. Therefore,
t = min{t > 0 : (t) = 0} must exist finite. Then ¢(t) is increasing up to . For ¢t > {,

previous point (i) implies that g is strictly decreasing. O

Remark 4.5. The assumptions (4.58) and (4.59) require that the rate of new infections
w;j s increasing and concave with respect to y;, while condition (4.60) ensures that is
increasing with respect to x;. These assumptions have a clear epidemiological motivation:
the increase of w;; with respect to y; reflects the idea that more infected individuals lead
to a higher transmission risk. The concavity captures saturation effects: when many
individuals are already infected, the impact of an additional one tends to diminish, for
example due to limited contact opportunities. Similarly, the monotonicity with respect
to x; simply reflects that a larger susceptible population increases the potential for new

infections.
Remark 4.6. An example of the interaction matriz between subpopulations that satisfy
(4.58), (4.59), (4.60) is the following, that has rank-1 and its entries are:

A — g9i(zi)

Vi,j=1,...,n, (4.64)

where g; : [0,1] — [0,00) is an arbitrary non-decreasing function of x;.
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Figure 4.3 displays the aggregate infection curves t — () for the network BF-SIR
epidemic model (4.1), simulated under different initial conditions, with n = 5 nodes
and a rank-1 feedback interaction matrix of the form defined in (4.64), where g;(z;) =
0.15(1 4+ x;). The recovery rate is set to v = 0.6. In particular, Figure 4.3(A) shows
a simulation where the initial condition is given by z(0) = [0.85, 0.999, 0.8, 1, 0.75],
and y(0) = 1 — z(0), for which y(0) > 0. In this case, the weighted aggregate infection
curve g(t) is unimodal, reaching its peak at time £, as established in Theorem 4.3(ii). In
contrast, Figure 4.3(B) illustrates a simulation with a different initial condition: z(0) =
[0.55, 0.7, 0.6, 0.6, 0.75], and again y(0) = 1 — x(0), for which %(0) < 0. Here, the
aggregate infection curve is monotonically decreasing over time, which is also consistent
with the result stated in Theorem 4.3(i).

Having analyzed the case of rank-1 behavioral interaction matrices, we now move
toward a general class of network BF-SIR epidemic models, still described by system
(3.1), with the aim of characterizing their transient behavior.

Inspired by the approach in Mei et al., 2017, we explore the role of the dominant
eigenvalue of the matrix [z(¢)]A(z(t),y(t)) in governing the transient dynamics. This
matrix captures the interaction between susceptible and infected individuals across the
network, modulated by behavioral responses. The next result focuses on a class of models
where the dominant eigenvalue of [z(¢)]A(x(t),y(t)) can be interpreted as a time-varying
effective reproduction number that drives the epidemic’s evolution. Drawing an analogy
with the classical scalar SIR model, we introduce the following time-dependent feedback

reproduction number:

Rty — Amee(( )AL 5(0) w6

This reproduction number provides valuable insight into the behavior of an aggregate
infection index over time, under certain assumptions. Before presenting the formal result,

we define vpax(t) as the left eigenvector associated with the dominant eigenvalue of the

matrix [z(¢)]A(x(t),y(t)).

Proposition 4.3. Consider the network BF-SIR epidemic model (3.4) with irreducible

interaction matriz A : [0,1]*" — R'>*"™ and recovery rate v > 0. Assume that

(A A 9) + 228D A ) > 0, (4.60)
%jw[x] A, gyl + Al y)lal Al y) <0, (4.67)
A(z,y) + 814((;;?/)[3;] >0. (4.68)

If R(0) > 1 and y(0) > 0, then for small time, the weighted average t +— Vmax(0)Ty(t)
grows exponentially fast and then there exists T > 0 such that R(T) < 1. Then, for every

t > 7, the weighted infection curve t — vmax(7)Ty(t) is monotonically decreasing to zero.
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Proof. By left multiplying 7(0) for vmax(0)T, we get

VUmnax (0)79(0) = vmax(0)" ([2(0)] A(2(0),y(0)) — 7)y(0)
= V(R(O) - l)vmax(O)Ty(O) y

where the last equality follows from the fact that vy, (7) is the left dominant eigenvector

of [z(7)]A(x(7),y(7)) and from definition of R(t). Since R(0) > 1, it follows that there
exists t; > 0 such that

2 07 3(0) >0, Vi 0.1]

Suppose now by contradiction that R(t) > 1 for every time ¢. This would imply,
R(t*) = Amax([z*]A(2*,0)) /v > 1,

which means that the equilibrium (z*, 0) would be unstable from Theorem 3.1(i) and this
would contradict Proposition 3.1(iii). Then, there exists 7 > 0 such that R(7) < 1.

Following similar steps as before, by multiplying ¢(7) for vmax(7)7, we get
Vinax (T)T9(T) = Vmax(7) ([2(7)]A(z(7), y (1)) = 7)y(7)
= Y(R(7) = 1)vmax(1)Ty(r) < 0.

Then there exists a time interval after 7 for which ¢ — vpax(7)7y(t) is decreasing. If
t — Umax(7)Ty(t) is not monotonically decreasing for all ¢ > 7, then there would exist a
time instant ¢* such that vpmay(7)T9(t*) = 0 and vmax(7)T9(t) < 0 for all 7 <t < t*. We

now compute the time derivative of vy (7)79(t) at t = t*, that is

d

dt (UmaX(T)Ty(t)) ‘t:t*

= UmaX(T)T <[x]A(x, y)y + [x]% (A(xa y)) Y+ [x]A(x, y)y - 7y>

=t (r)" (81 Gy + 125 il + 225 gy + A1) ) = ()30
A(z,y) . OA(z,y) . 0A(z,y)

— (7} (81 Gy + 12 8l — 122 ity el Pl ) +

+ Umax(T)T ([a:]A(x, y)[az]A(x, y)y - ’}/[QZ]A(J,‘, y)y)

= ()" la] (A A ) + P2 el Al )] ) o+

—eLr (W[az} Az, y)y) + Al ) 2] A, y>) g+

o) 2] <A<a:, b+ a/ggw[y]) .
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where the equalities follow from (3.4). From the assumptions (4.66)-(4.67)-(4.68), we get

% (Vmax(T) 75 (1)) ] <0,

t=t*
By continuity, we can state that % (vmax(7)79(t)) < 0 in an interval [t* — e, t*] for some
e > 0. Since vmax(7)T9(t) is decreasing in [t* — ,t*] and stays strictly below 0 for all
t < t* for the assumption made, it follows that also vmax(7)79(t) < 0 contrarily to what

we had assumed. Then t — vpax ()7 y(t) is monotonically decreasing for all ¢t > 7. [

Remark 4.7. Note that the conditions (4.58), (4.59), (4.60) are not a special case of the
set of conditions (4.66), (4.67), (4.68) stated in Proposition 4.3, nor does the converse
hold, even if (4.59),(4.60) correspond to (4.68),(4.66), respectively.

Remark 4.8. Notice that, as already mentioned, the quantity vmax(0)Ty(t), which exhibits
an initial growth phase, represents a weighted average of the infected fractions that depends
on the initial conditions. On the other hand vumax(T)Ty(t), which explicitly depends on
the state variables x(7) and y(7), eventually decreases over time. Consequently, this
result does not provide a globally unimodal quantity that characterizes the entire epidemic
trajectory. Nevertheless, in certain specific settings, discussed in this section above, it is

possible to identify an aggregate infection quantity that is globally unimodal.

Remark 4.9. Note that assumption (4.66) generalizes the condition (2.15) for the uni-
modality of the infection curve in the scalar BF-SIR epidemic model (2.5). It expresses
that the interaction induced by susceptible individuals increases with their proportion in
the population: a higher proportion of susceptibles can be associated with a lower perceived
risk, which can lead individuals to engage in more frequent or riskier social interactions,
thereby increasing the potential for transmission. Condition (4.67) captures the behavioral
adaptation of individuals, who tend to reduce their interaction levels in response to the
spread of infection, introducing a form of negative feedback into the transmission dynam-
ics. At the same time, condition (4.68) ensures that this feedback is not excessively strong:
although individuals react to increasing infection levels by limiting their contacts, the ef-
fect is not so pronounced as to completely suppress epidemic propagation. Instead, these
conditions jointly maintain a balance between behavioral responses and the persistence of

the epidemic dynamics.

This chapter focused on the transient dynamics of the network-based behavioral-
feedback SIR model. In Section 4.1, we began by analyzing the case of constant interaction
matrices. In particular, we showed in Subsection 4.1 that even very simple settings, such
as a two-node network, can already give rise to multimodal infection curves, thereby

illustrating the nontrivial role of heterogeneity in shaping epidemic trajectories. Building
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on this, in Subsection 4.1.1 we restricted attention to rank-1 interaction matrices. Within
this simplified yet insightful framework, we proved that a weighted aggregate infection
index remains unimodal over time, and we established that the infection curve of each
individual node can change monotonicity at most twice during the course of the epidemic.
Moving beyond rank-1, in Subsection 4.1.2 we conducted numerical experiments with
higher-rank interaction matrices. These simulations revealed richer dynamics at the node
level, with multiple infection peaks and more complex transient patterns emerging from
the network structure. Finally, in Section 4.2, we extended our analysis to state-dependent
interaction matrices, capturing the impact of behavioral feedback. This generalization
highlighted how different feedback mechanisms qualitatively alter the transient epidemic
dynamics, underscoring the interplay between network topology, adaptive behavior, and

epidemic progression.
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Optimal Control on
Behavioral-Feedback SIR Epidemic
Model

In this chapter, we address an optimal control problem for the behavioral-feedback SIR
model, whose uncontrolled version was introduced and analyzed in Chapter 2. It de-
scribes the disease spread within an homogeneous population with a transmission rate
dynamically depends on both the susceptible and infected populations. Such dependence
captures behavioral responses of individuals to the perceived epidemic risk, e.g. increased
caution as infection levels rise, thus extending the classical SIR framework to a more
realistic setting.

The optimal control of epidemic dynamics has become a major focus of recent research,
especially following the COVID-19 pandemic. Various studies have explored strategies
for minimizing both health and economic costs under various constraints, including ICU
capacity limits. In these models, control signals, such as lockdown intensity, are chosen to
prevent overwhelming the healthcare system while minimizing socio-economic disruption.
A commonly recurring outcome in this context is the so-called filling-the-box strategy,
which prescribes a sharp intervention only when necessary, maintaining the infection
level just below the critical threshold.

Building on this line of research, we consider an optimal control problem in which
the behavioral-feedback SIR epidemic model is constrained by a fixed threshold on the
infected fraction, modeling, for instance, the ICU saturation limit. We formulate a socio-
economic cost functional that penalizes both the level of intervention and the duration of
restrictions. Our main goal is to identify policies that minimize this cost while ensuring
that the infection curve never exceeds the given threshold. The optimal control framework
we adopt is similar to that in Miclo et al. (2022), with the key distinction that the epidemic
dynamics are governed by the behavioral-feedback SIR model.

To tackle this problem, we adopt a dynamic programming perspective based on the
Hamilton-Jacobi-Bellman (HJB) framework (Soner, 2009; Liberzon, 2011). The central
part of our analysis involves a geometric study of the state space associated with the

uncontrolled dynamics, presented in Section 5.2. In this setting, the system evolves in
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a simplex with a threshold for the fraction of infected, reflecting the saturation thresh-
old of ICU capacity. After examining the structure of this constrained region and how
trajectories evolve within it, we define a candidate value function representing the mini-
mum cumulative cost required to keep the infection below the threshold starting from any
given state. Under certain monotonicity conditions, in Section 5.3 we rigorously prove
that the filling-the-box strategy remains optimal: it involves initially allowing the disease
to spread uncontrolled, followed by an abrupt lockdown and then a gradual reopening
until a time, after which the spread is no longer regulated. In Section 5.4, we consider
a special functional form of the transmission rate and refine our previous analysis in
this particular case, illustrating how the structure of the optimal policy adapts to the
model’s parametrization. Finally, in Section 5.5 we provide an analytical counterexample
illustrating that the optimality of the filling-the-box strategy fundamentally relies on the
monotonicity assumptions of the behavioral transmission rate. If these conditions are not
satisfied, the filling-the-box approach may no longer be optimal, and more complex or
adaptive intervention strategies may be required to minimize the overall cost.

This chapter contributes to the expanding literature on epidemic control by extending
classical optimal intervention strategies to a broader class of models that explicitly account
for behavioral dynamics. In doing so, it offers both new theoretical insights and practical

guidance for designing more effective and realistic responses to future epidemics.

5.1 Problem Statement

We build this analysis on the behavioral-feedback SIR model, introduced and studied in
Chapter 2, which describes the spread of an infectious disease within a homogeneous pop-
ulation, while accounting for a behavioral feedback mechanism. To incorporate external
interventions, we introduce an exogenous control input u : Ry — [0, 1], representing a
policy level available to a social planner. This control signal modulates the intensity of
social interactions, thereby mitigating the transmission of the disease. The resulting con-
trolled epidemic dynamics are described by the following system of ordinary differential

equations:
& =—(1—u)b(z,y)zy,
y=0—-u)pz,y)zy -y, (5.1)
Z=1Y,
where, 3 :[0,1]?> — (0, 4+00) models, as in Chapter 2, an endogenous behavioral reaction
to the epidemic through changes in the effective transmission rate. We shall refer to (5.1)
as the controlled behavioral-feedback SIR (BF-SIR) epidemic model.

The following result establishes well-posedness of the initial value problems for the

controlled BF-SIR epidemic model (5.1) in the compact state space

A={(z,y,2) ERL : z+y+2z=1}.
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Lemma 5.1. For every initial state (xg,%0,20) in A and every piecewise continuous
control signal u(t), the controlled BF-SIR epidemic model (5.1) admits a unique solution
(z(t),y(t), z(t)) fort >0, such that

z(0) = zo, y(0) =y, 2(0) = zp. (5.2)

Such solution is a piecewise-Cl function of t and is such that (x(t),y(t), z(t)) in A for
t>0.

Proof. The right-hand side of of (5.1) is locally Lipschitz with respect to (x,y,z). On
any time interval on which wu is continuous, local existence and uniqueness of a solution
for the corresponding Cauchy problem is a consequence of the Picard-Lindel6f theorem
Hale, 2009, p. 1.3). If u admits jump discontinuities at times 0 < #; < to < ---, we
define u” : [tg,tx11] — R for k > 0 (letting ¢p = 0) to be the unique continuous function
that coincides with u on [tg,tx+1]. Given an initial condition (zo,yo, 20), we iteratively
solve the Cauchy problem relative to (5.1) with such initial condition as follows. On
every interval [ty,tr41] We use the control u* and solve for initial conditions (zg, yg, 2k ).
We call (z¥(t),y*(t), 2*(t)) the corresponding solution. We then recursively impose that
(Ths1s Yrst 2he1) = (@ (ter1), ¥* (tes1), 25(try1)). This yields, by construction, piecewise
C! maximal solution (z(t),y(t), 2(t)) that concides with (z*(t),y*(t), 2*(t)) on [ty, trs1]-

By integrating equations in (5.1), assuming initial condition (zg, yo, 2z0) in A, we get

£(t) = w exp ( [ G = st vt dT) , (53)
y(t) = yoexp ( [ (@ = uestatn.yiryetr) ) dv) , (5.4)

() = 20 + 7 /0 y(7) dr (5.5)

Moreover, the sum of the equations in (5.1) gives @(t) 4+ y(t) + 2(¢) = 0. All this implies
that, as long as the solution (x(t),y(t), z(t)) exists, we must have that z(t) > 0, y(t) > 0,
z(t) > 0, and x(t) + y(t) + 2(t) = 1. In other terms, as long as the solution exists, it
lives in A. In particular, this implies that the solution is globally defined (Knauf, 2018,
Section 3.3). O

To facilitate our analysis, we recall the following compact set
S = {(z,y) ER?:az+y< 1} .

Throughout this part, we will assume the following regularity conditions. The control
signal u : Ry — [0, 1] is assumed to be a piecewise continuous function. The transmission
rate function 3 is assumed to be of class C? and satisfies the following conditions for all
(z,y) €S,

wfe(x,y) + Bz, y) >0, (5.6)
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and
By(x,y) <0. (5.7)

Under condition (5.6), the uncontrolled dynamics has been analyzed in Chapter 2, where
it was shown that the infection curve y(t) exhibits unimodal behavior. This property
will be essential for the analysis of the optimal control problem addressed in this chapter.
This assumption captures how the transmission rate varies with the number of suscep-
tibles: a higher fraction of susceptibles may lead to a lower perceived risk, encouraging
social interactions and riskier behaviors that facilitate contagion. While, condition (5.7)
captures the tendency of individuals to reduce their interaction levels in response to the
spread of infection within the population. This second assumption has also been consid-
ered in previous works, such as (Baker, 2020; Franco, 2020). It is important to note that
the constant transmission rate, along with the class of functions defined in Example 2.1,

satisfies both of these conditions.

Notice that the first two equations in (5.1) can be rewritten in S in terms of the

behavioral reproduction number R(x,y), defined in (2.13), as follows

= —(1-u)yR(z,y)y,

v =71 —-uR(z,y) — 1]y

(5.8)

Observe now that (5.6) and (5.7) imply that the reproduction number is increasing with
respect to the fraction of susceptible individuals while non-increasing with respect to the

infected individuals, i.e.,

Ry(z,y) >0, (5.9)

Ry(z,y) <0, (5.10)

for every point (z,y) in S.

We consider the control problem of an external planner whose objective is to keep
the fraction of infected individuals below a specified threshold ¥ < 1, representing, for
example, the capacity of the healthcare system. The planner can intervene only through
a control function wu(t) that modifies the rate of infection transmission, modeling possible
lockdown or social distancing measures. The implementation of this intervention incurs

an economic cost that we want to minimize. To formalize this constraint, we define
Dy ={(z,y) €S: 0<y <7}, (5.11)

that is the portion of state space below this threshold. For a given initial condition
(70,%0) in Dy, we then consider the set U, ., 7 of piecewise continuous control signals
u: Ry — [0, 1] such that the solution (z(t),y(t)) of the controlled BF-SIR epidemic model

78 5. Optimal Control on Behavioral-Feedback SIR Epidemic Model



(5.8) with initial state (zq,yo) satisfies
(x(t),y(t)) € Dy, Vt>0. (5.12)

Notice that the set U(xo,yo,g)

which keeps the fraction of infected individuals always below the threshold by enforcing

is never empty since it contains the trivial control u = 1,

a complete lockdown and reduction of the interactions. We model the cost through a

functional J : Uy, 4, .5) — [0, +00] defined by

+oo
J(u) :/0 u(t) dt,

and we consider the optimal control problem

V*(zo,y0) = min  J(u). (5.13)

ueu(wo 190,9)

Remember the definition of p, given in (2.22), as

. R(.Z',y) —1 — 1 _ Y
PO = Ry T wBwy) (5:14)

Building on the previous discussion, we can now formulate the main theoretical result

of this chapter. A detailed proof will follow in Section 5.3

Theorem 5.1. Assume that (3 is a C? function satisfying conditions (5.6) and (5.7). Fix
a threshold § < 1 and consider Dy as defined in (5.11). Then, for any initial condition
(x0,y0) € Dy, the optimal control problem (5.13) admits solutions. Moreover, there exists

an optimal control u* € U, 5 such that, if (x*(t),y*(t)) is the corresponding solution to

$0,Y

the ODE (5.8), the control can be expressed as
u'(t) = p(x*(t),y"(t), t=0, (5.15)
where S — [0, 1] is defined as

p(z,y) = " Tu<v (5.16)

(9], fy=1.

Proof. See Section 5.3. O

A numerical simulation of the controlled BF-SIR (5.1) model, with §(z,y) = 1&%?%
is presented in Figure 5.1. The optimal control problem (5.13) considers an infection
threshold of § = 0.2. The top plot shows in green the solution y*(¢) corresponding to
the optimal feedback policy u*(t), described by (5.15)-(5.16) and reported in the bottom
plot. While the dashed blue curve is the corresponding uncontrolled solution, i.e. the

solution of the BF-SIR epidemic model (5.1) with v = 0.
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FIGURE 5.1: Numerical simulation of the controlled BF-SIR model with 8(z,y) = &i?gy, The top plot

shows in green the solution y*(t) corresponding to the optimal feedback policy u*(t) reported in the
bottom plot. While the dashed blue curve is the corresponding uncontrolled solution.

The optimal feedback policy u*(t) consists in allowing the disease to spread without
control until the fraction of infected individuals reaches the threshold y. Indicated with

t* > 0 the time this happens, the system then evolves as follows,

¥ =—(1—u")p(x*,9)x"y = —v7, gy =0. (5.17)

The fraction of susceptibles x*(t) has the explicit solution z*(t) = —yg(t —t*)+a*(t*). At
time ¢ such that R(z*(t),7) = 1 (or equivalently, p(z*(f),7) = 0), the control is released
and the trajectory follows the uncontrolled dynamics and the infection curve declines
from there on. The corresponding control signal u*(t) starts abruptly above 0 at time
t* and subsequently is adjusted in time to maintain the fraction of infected exactly at
the threshold 7 until ¢. At that point, the control is deactivated. The economic rationale
behind this optimal policy is to avoid unnecessary societal shutdowns while ICU resources
remain unused. Therefore, whenever the natural spread of the disease does not pose a
threat to ICU capacity, the spread should proceed without intervention. This policy,
known in the literature as filling-the-box strategy, was proven to be optimal also in the
classical controlled SIR model, in (Miclo et al., 2022).

The proof of Theorem 5.1 will come after some geometric considerations in the state
space for the dynamics with a threshold for the infected fraction of individuals, discussed

in Section 5.2.
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Before proceeding to the analysis, the next result ensures that the problem (5.13) is

well-defined and studies the asymptotic behaviour of the solution of (5.8).

Proposition 5.1. For any initial condition (xo, Yo, 20) € S and any piecewise continuous
control u(t), the system (5.8) admits a unique piecewise C* solution on Ry, denoted by
(z(t),y(t)) in S. Moreover, the following statements hold:

(i) t — x(t) is monotonically non-increasing for all t > 0;

(ii) there exists T, € R such that

lim (z(t),y(t)) = (o0, 0) -

t—+o0

Proof. (i) and (ii) follow similar steps as in the proof of Proposition 2.3(i)-(iii). O

5.2 Geometric considerations on the state space

In this section, we analyze the dynamics of the uncontrolled BF-SIR epidemic model (2.5)
in the presence of a fixed infection threshold g € (0, 1]. Our goal is to determine which
trajectories naturally remain below this threshold without requiring external intervention.

We start with a remark.

Remark 5.1. From the standard local existence and uniqueness results, cited in Lemma
5.1, it also follows that for the uncontrolled model there exists a map ¢ : Ry xS — S such
that (x9,y0) — ¢(t, z0,y0) and t — G(t, z0,y0) are both of class C* and t — ¢(t,xo,0) is
the unique solution on Ry with ¢(0;x0,y0) = (xo,y0) € S.

Furthermore, it is useful for the subsequent analysis to define the uncontrolled positive

semi-orbit associated to an initial condition (zg,yo) € S:

['(xo,y0) = {&(t, w0, 0) [t > 0} .

In certain occasions, we also need to consider the solution backward for ¢ < 0. Indicating
such a solution with the same symbol ¢(t, zo, yo) with ¢ € (T, 0] where T' < 0 is the max-
imal existence time in the past (possibly —o0), we also define the uncontrolled negative

semi-orbit
Fi(xO) 3/0) = {¢(t7 Z0, y()) ‘ te (T7 O]} .

The first part of our analysis leads to a decomposition of Dy into two sets Dy and
D; . From every initial condition in Dy, the solution stays below y without the need of
a control, while for any initial condition in D; , the uncontrolled solution always hits the
line y = 7 and goes above it for a certain time interval. In this case the control must be

active for some time. We will visualize the results in the bi-dimensional phase space A,
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FIGURE 5.2: Phase portrait of the uncontrolled BF-SIR model (5.1) on the simplex A, with a transmis-
sion rate given by Example 2.1, using parameters b(xz) = 0.75z, ¢ = 1.5, and v = 0.05. The vertices of the
simplex represent states where the entire population is concentrated in one compartment (susceptible,
infected, or recovered), while the boundary segments correspond to configurations in which one compart-
ment is absent. The curve R(z,y) = 1 is shown in green, and the infection threshold y = ¢ is shown in
red. Two representative trajectories starting from different initial conditions are displayed in blue and
light blue.

represented in Figure 5.2. Vertices correspond to scenarios in which the entire population
belongs to one of the compartments (susceptible, infected, or recovered). Similarly, the
boundary segments represent configurations in which one compartment is absent from
the population.

The following result shows that the set of states where R(z,y) = 1 can be represented

as the graphical of a function of y.
Lemma 5.2. Let 3 satisfy conditions (5.6) and (5.7). If
B(1,0) >, (5.18)

then there exist § > 0 and a C* function & : [0,7] — [0,1] such that

{(z,y) €S R(z,y) =1} = {(k(y),y) : y € [0,7]}.

Proof. Notice first that R(0,1) = 0 while R(1,0) > 1 thanks to condition (5.18). There-
fore, since y — R(1 — y,y) is continuous on [0, 1], there exists ¢ in (0,1) such that
R(1—79,9) = 1. It follows from the assumptions (5.9) and (5.10) that R(1 —y,y) > 1 for
every 0 <y < g. For any such y, since R(0,y) = 0, we have that there exists x = k(y),
unique because of (5.9), such that R(k(y),y) = 1. The fact that k is of class C! comes
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from a direct application of the Implicit Function Theorem (Canuto and Tabacco, 2015,
Theorem 7.1) given that Ry (z,y) # 0 in every (x,y) because of (5.9). O

Figure 5.2 shows the curve R(z,y) = 1 colored in green and the splitting of the
simplex into two areas: the left-hand one with R(z,y) < 1 and the right-hand one with
R(z,y) > 1.

Remark 5.2. The function k maps every y € [0,7] into the fraction of susceptibles
k(y) € [0,1 — y] such that R(k(y),y) = 1. In classic SIR model, this function is a

constant, i.e. k(y) =~/B for ally € 0,1 —~/p].

We first notice that if condition (5.18) is not satisfied, R(x,y) < 1 for every (z,y) € S.
Similarly, if condition (5.18) is satisfied and it holds ¥ > g, then, for every z € [0,1 — 7],
R(z,7) < 1. In both cases, this implies that, by item (i) of Proposition 2.4, the solution
will never cross the line y = 7 from below. Consequently, in both cases, the control set
to 0 is a feasible and optimal one.

From now on, we assume that condition (5.18) is satisfied, that ¥ < g, and we focus
on the set Dy. It is useful in our analysis to consider the negative semi-orbit I'"(Z,7) of
the uncontrolled system (5.1) with initial condition (Z,7) where Z = k(7). The following

result gives information on this set.

Lemma 5.3. There exists y* € (0,%) and a C' decreasing function X : [y*,y] — [0, 7]
such that

@y NS ={(\My),y): ¥y <y <7}.

Moreover, R(A(y),y) > 1 for every y € [y*,y].

Proof. We consider the backward solution (x(t),y(t)) = ¢(t,Z,7) with t < 0 and we put
R(t) = R(x(t),y(t)). Notice that (2.17) and the fact that by construction R(0) =1 yield
R(0) < 0. This implies that the solution (z(t), y(t)) enters in the set R(t) > 1 for t < 0 and
the same argument shows that such set can not be exited. In other terms R(¢) > 1 as long
as the solution exists. Since such a condition implies that y(¢) is strictly increasing, while
x(t) is always strictly decreasing, we conclude that the backward evolution (x(t),y(t))
has interval of existence (—o0,0]. Either (z(t),y(t)) converges to a point in the boundary
of S, for t — —o0, or the solution hits the boundary of S at some finite time. Let us
indicate the convergence or hit point by (z*,3*). We notice that, in the first case, such
point must be an equilibrium, so that necessarily y* = 0. In the second case, instead, such
a point must satisfy the equation z* + y* = 1 with y* € (0,%). In both cases, considering
the strict monotonicity of y(t), the negative semi-orbit can be always represented as the
graphical of a C! strictly decreasing function of y denoted A(y) and defined in [y*, 7]. We
set A\(§) = k(y) = T by construction. The fact that R(A(y),y) > 1 for every [y*, 7| follows
from (5.6) and the fact that R(t) > 1 as long as the solution exists. This proves the
result. O
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Lemma 5.3 allows for the partition of Dy in two subsets
Df ={(z,y) €Dy : ye[y" ¥, > \y)}, Dy =Dy\Dj.

In Figure 5.2, the negative semi-orbit I'" (%, ¥) is represented by the thick blue curve. The
green and the light-blue area are, respectively, the sets Dy_ and D; .

The next two results discuss the behavior of the uncontrolled orbit of the system
from initial conditions either in Dy or in D; . In the first case, the orbit remains in D
and thus, in particular, the number of infected never exceeds 7. In the second case, the
orbit always crosses the line y = 7. We show that the ascissa of the hitting point is a
regular function of the initial condition, a fact that will play a crucial role in the proof of

optimality.

Lemma 5.4. Let 8 satisfy (5.6) and (5.7). Then, for every (zo,yo) € Dy and for every
t Z 0; ¢<t7x07y0) € Dg_

Proof. Since the negative semi-orbit '~ (Z,%) is the graphical of a C! function, we have
that the boundary D as a subset of S is given by 0D; = I U '~ (z,y) where I =
{(z,y) : * < T}. Since the solution stays in S at all times, the only way it can leave
Dy is by crossing the boundary apy— . Notice that R < 1 on every point of the segment
I, consequently, y(t) is decreasing and thus the solution can not cross I from below.
Standard uniqueness results for ODE imply that also the negative semi-orbit can not be

crossed. This completes the proof. O

Lemma 5.5. Let 3 satisfy (5.6) and (5.7). Then, there exists a C> map h : D; — (z,1-7]
such that for every (x,y) € D;, (h(x,y),q) belongs to T'(x,y), that is the uncontrolled
positive semi-orbit of (5.8) associated to the initial condition (x,y). Moreover, for every
(xo,y0) € T7(Z,7) NS, the following limit condition holds

lim h(z,y) =7=. (5.19)

(z,y) — (z0,v0)
(z,y) € DF

Proof. We notice first that, thanks to Lemma 5.3 and condition (5.9), R(z,y) > 1 for
every (z,y) € D; . This implies that the solution

(‘T(t’ zo, yO)a y(t, Zo, yO)) = gb(ta Zo, yO)’

with initial condition (x,y0) € D; , is such that y(t,zg, yo) is strictly increasing in ¢ as
long as the solution remains in D; . It thus follows from Proposition 2.4 that the solution
exits Dg in finite time. Arguing as in the proof of Lemma 5.4, we have that the boundary
Dg as a subset of S is given by 81); = JUTI'~(7,y) where

J={(z,9) :T<x<1-7}, (5.20)
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and that the only way the solution can leave D; is by crossing the segment J. Proposition
2.4 again insures that this segment is hit only once at some finite time. We call T'(xg, yo)
the corresponding hitting time and we put h(xg,yo) = z(T(x0,y0); 0, v0) € (Z,1 — 7).
We notice now that, by construction, y(7T'(xo, y0); o, y0) = ¥ and y(T(zo, y0); To, yo) > 0
for every (xo,40) € D; . A direct application of the Implicit Function theorem (Canuto
and Tabacco, 2015, Theorem 7.1) (on all points of D; including the boundary segment
J) together with the regularity results in Remark 5.1 yield that T is of class C2. By the
way the function h is defined, the first part of the result follows.

We now prove the limit relation. We fix (zg,40) € T (Z,7) NS and we let T'(xg, y0)
be the time such that (T (x0,v0), Z0,y0) = T. Fix now ¢ > 0 and let 0 < T' < T'(zo, yo)
be such that ||¢(T, zo,y0) — (Z,7)|| < £/2. Put € = min{e/2,y — y(T, zo,y0)}. By the
regularity results on the solution, we have that there exists 6 > 0 such that for every
(z,y) € Bs(zo,y0) N Dg, it holds ||¢(T, o, y0) — ¢(T, z,y)|| < € and Oy(T, z,y)/0t > 0.
Notice that, by construction, ¢(T,z,y) € D; and the hitting time of the line y = ¥
is above T. Since z(t,z,y) is decreasing in time, we thus have that T < h(z,y) <
T+ E+¢/2 <T+e. This proves the result. O

Remark 5.3. Note that h(x,y) is the abscissa of the crossing point of the orbit with
matial conditions in D; with the line y =y, i.e. the fraction of susceptibles reached by the
dynamics when the fraction of infected individuals reaches 3. An example of trajectory

that starts in D; 1s llustrated in Figure 5.2 by the light-blue dashed curve.

Remark 5.4. By its definition, the function h remains constant along the uncontrolled
orbits of (5.1), since all points that belong to the same orbit will hit segment J in the

same point because of the uniqueness of the solutions. Indeed

for every (z(t),y(t)) e I~ ({,9) NS with § € (z,1 —y].

Before proceeding with the analysis of the optimal control, we introduce the following

technical result, which involves the behavior of the A function defined above.

Lemma 5.6. Let 3 satisfy (5.6), (5.7) and (5.18). Then, the following holds

1
0< hy($7y) <

= @) (5.21)

for all (z,y) € Dg. Moreover, the right-hand side inequality is an equality when y = y.

Proof. As h is a constant of motion for the uncontrolled model (see Remark 5.4), it holds
ha@ + hyy = 0. Using (5.8) we derive the identity on Dl'/i':

he (2, y) R(z,y) = hy(z,y)(R(z,y) = 1). (5.22)
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We now show that h.(z,y) is always non negative on D; . For (zg,y0) € D; , choose
any € > 0 such that (xzg —e,y0) € D;. Denote by (z(t),y(t)) and by (z:(t),y:(t)) the
solutions associated with the initial conditions, respectively, (o, yo) and (xg — €, yp). As
long as they leave in D; , such solutions are characterized by a second term that is strictly
increasing in ¢, so that the corresponding orbits can be described as graphicals of functions
say x = f(y) and = = f.(y) with y € [yo,y]. Since orbits can not intersect and since
zo = f(yo) > xo — € = f=(yo), it must hold that h(zg,y0) = f(¥) > f-(¥) = h(zo — €, yo).
Given the arbitrariness of £, this implies that h,(zg,y0) > 0. Notice moreover that since
x +— h(z,y) is the identity matrix on [z, 1], we have that h,(x,y) = 1. Consequently,

thanks to relation (5.22) we also have that

. R(z,7) 1
hy(z,y) > 0V(x,y) € D, hy(z,y) = - = — . 5.23
We now analyze the behavior of hy(z,y) along the orbits, computing as follows
hy = $hxy($>y) +yhyy($:y) (524>

= —R(z,y)vyhay(z,y) + (R(z,y) — 1)yyhyy(2,y) .

Taking the partial derivative of expression (5.22) with respect to y and then substituting

expression (5.22) inside, we get

hay (@, y)R(x,y) = hyy(z,y)(R(2,y) = 1) + (hy(2,y) = ha(2,y)) By(2,y)
hyy (2, 9) (R(z,y) = 1) + R(z,y) ™ hy (2, y) Ry (2, y)

and substituting in expression (5.24) we finally get
hy = =y R(x,y) " hy (@, y) Ry(2,y) > 0, (5.25)

where the sign follows from relation (5.10). From expression (5.25) and since (h(z,y)y)

belongs to the positive orbit I'(x, y), for all (z,y) € D; we get that

hy(x7y) S hy(h(xa y)v g) )

and combining with (5.23) we obtain the result. O

5.3 Proof of optimality

In this section we provide the proof of Theorem 5.1. We start by introducing a candidate
value function. This is obtained by computing the cost for the candidate optimal control
u* defined in (5.15)—(5.16). The next result shows this computation and the dynamical
behavior of the solution of controlled BF-SIR epidemic model (5.8).
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Lemma 5.7. Let (z*(t),y"(t)), for t > 0, be the solution of controlled BF-SIR epidemic
model (5.8) with initial state (xo,y0) in Dy and feedback control (5.15)-(5.16). The dy-

namics evolves as follows,
(i) if (zo,y0) € Dy then (z*(t),y*(t)) € Dy for every t > 0 and the cost is J(u*) = 0.
(ii) if (zo,y0) € D; then there exist two time instants t*,t > 0, such that
(a) (x*(t),y*(t)) for every t € [0,t*] coincides with the solution of the uncontrolled
BF-SIR epidemic model (2.5) with initial state (xo,yo);
(b) (z*(t),y*(t)) for everyt € [t*,t] evolves as (5.17) with initial state (x*(t*),y*(t*)) =
(h(fE(], y[))v?);

(c) (x*(t),y*(t)) for every t >
BF-SIR epidemic model (2.

coincides with the solution of the uncontrolled

i
5) with initial state (T,7);

and the cost is

() 1 h(zo,y0) (z.9)
Ju*) = _/ z,y)dx.
YY Jz Py

Proof. (i) Observe that u*(¢t) > 0 if and only if (x*(¢),y*(t)) € J \ {(Z,9)}, where J is
the segment defined in (5.20). By Lemma 5.4, if (zo,y0) € D5, then (2*(t),y*(¢)) € Dy,
so that (x*(t),y*(t)) ¢ J, for every t > 0. Hence, the cost is 0 for every state (xg,yp) in
Dg_.

(ii) For every state (zo,yo) in Dg, Lemma 5.5 ensures that (z*(¢),y*(t)) enters the
segment J at some time t* > 0 in a point (z*(t*),y*(t*)) = (h(x0,%0),y). It follows
from the structure of u* (5.15)—(5.16) that (z*(¢),y*(¢)) for ¢ € [0,¢*] corresponds to a
control u*(t) = 0. Again from the structure of u*, we get that the corresponding solution
(x*(t),y*(t)) for t € [t*,t] evolves as (5.17) along the segment 7, hence keeping y*(t) = 7,
until reaching the point (z*(%),y*(¢)) = (Z,y) at some time ¢. Since R(Z,y) = 1, then
the control u*(t) = [p(, )], becomes 0, and the dynamics will evolve as (2.5). The total

cost along the segment 7 is given by

T t
o= [ ot @)
= [ sta” @)

1 h(zo0,y0)

= — 11:'7@ d.',U
YY Jz L )
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Motivated by Lemma 5.7, we introduce the candidate value function V' : Dy — R, as

0 if (z,y) € Dy

V(z,y) =49 1 [hlzw)
—~ [ peas it @) e

(5.26)

The following result characterizes technical properties of the candidate value function,

which will be instrumental for the subsequent analysis.

Lemma 5.8. Let 3 satisfy (5.6) and (5.7) and V defined by (5.26). Then the following
facts hold:

~ ~ ~ 1 +
(i) V is continuous on Dy and C* on Dy .

(ii) Partial derivatives on D; are determined by the relations

Vo) = LD ), (5.27)

(iii) 0 < Vy(z,y) < % for all (x,y) € D;.

() Vy(z,y) = % for all (z,y) € J.

Proof. (i) is a direct consequence of the regularity of 4 on D; and the limit relation (5.19)

expressed in Lemma 5.5.
(ii) It follows from a direct differentiation of the expression of V' on D; and from (5.22).

(iii) From the previous point, Lemma 5.6 and (5.14) it follows that Vy(z,y) > 0
for all (z,y) € D;. Note also that, since h(z,y) < x and g(x) is increasing in = then
g(h(z,y)) < g(z) and Vy(z,y) < ’le for all (z,y) € Dg.

(iv) From evaluating (5.27) at (z,y) and from the definition of & in Lemma 5.5, we
get the result.
U

The next result shows the existence of a time instant at which the solutions, under
an admissible control with finite cost, reach the region of the simplex where R(z,y) < 1

in finite time.
Lemma 5.9. Let u € Uiy 0 5) and let (x(t),y(t)) be the corresponding solution. Then,

—+00

/u(t)dt< too = Ifs. b R(z(B),y(®) <1.
0
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Proof. Assume by contradiction that R(x(t),y(t)) > 1 for every time ¢ and let R be the
maximum of the function R over the compact set S. Integrating the second equation in

(5.8) and using the inequality
(1 —u(@)R(x(t),y(t) —1 > —u(t)R(z(t),y(t)) > —u(t)R,

yields

) =y0)exp (7 [ (1= ul) Ristr)o(r)) ~
> y0)exp (1R [ (-u(r))ar)

Since lims—s 40 y(t) = 0 by Proposition 5.1(ii), we get that
t

J(u) = tl}frnoo ; u(T)dr = +o00,

contradicting the assumption made. O

5.3.1 Proof of Theorem 5.1

We aim to apply the Hamilton-Jacobi-Bellman (HJB) approach (Liberzon, 2011; Ka-
malapurkar et al., 2018), which characterizes the optimal value function V* as the unique

solution of the HJB equation

inf  {Vi(z,y)& + Vy(x,y)y +u} = 0. (5.29)

ueu(royyo \9)

Under this framework, the candidate optimal control u* is given by

w = argmin {Vi(z, )i+ Vy(z,y) + u} (5.30)
UEU () yg.9)

The HJB theorem provides a necessary and sufficient condition for optimality, ensuring
that if V is a C! solution to the HJB equation, then the control w* is optimal. However,
in our setting, the function V' is continuous on Dy and C! only on D; . Indeed, for all
(zo,y0) € D, we have that Vy(x0,y0) = 0, while

. 1

lim Vy(lz,y) = —,

(z,y) — (%0, y0) YYo
(z,v) € DF

then V is not C! on all Dy. Consequently, we derive from scratch the proof of optimality.
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Notice that when R(1 — g,9) < 1, we have that R(z,y) < 1 for every y > y and
z € (0,1 — yl, thanks to the monotonicity properties expressed in (5.9) and (5.10). Con-
sequently, for every initial condition (xo,yo) € Dy, indicated with (z(t),y(t)) the corre-
sponding solution of (2.14), the peak of the function y(t) is necessarily below g since,
because of Proposition 2.4, it must necessarily happen at a location where R = 1 and

R(z,y) < 1 for every y > y.

We now assume that R(1 —7,y) > 1. Consider an initial state (zo,y0) in Dy and
a admissible control signal u in Uy, 5 such that J(u) < +oo. Let (z(t),y(t)), for
t > 0, be the solution of (5.8) with initial state (x¢, o). It follows from Lemma 5.9 that
necessarily there exists a finite time ¢° such that (z(¢°),y(t°)) € D . Let u® be the control
signal defined as
) { u(t) t€0,1°),

0 t € [t° +00).

Thanks to Lemma 5.4, u® € U )- Moreover,

Z0,Y0,Y
+o0 t° +o00
J(u®) = / u*(t)dt = /u(t) dt < / u(t)dt = J(u).
0 0 0

Let (x°(t),y°(t)), for t > 0, be the solution of (5.8) with initial state (xg,yo) and control
u®. Notice that the function ¢ — V (2°(t),y°(t)) is C! except in a finite number of points
where u° presents discontinuities and, possibly, in ¢°. Outside of these points, its time

derivative can be computed as follows:

VI(@®(t),y°(8) = Val2®,y°)a° + V (2%, y°)5°
= (p(2®,y°)2" + 9°)Vy (2, %) (5.31)

o

= =y Vy(2°,y°)u’,

=

where the second equality follows from (5.28) and the last equality from (5.14), (5.8).
Note that from (5.31) and Lemma 5.8(iii), it follows that for all (z,y) € D;,

0> V(2°(t),y°(t) = —u’(1),

while from (5.31) and (5.26), V' = O for all (x,y) € D . Then, V(z°(t),y°(t)) has bounded
time derivative and thus it is absolutely continuous. Observe also that, by computing the
time derivative of V(z*(¢),y*(¢)), as in (5.31), it follows from Lemma 5.8(iv) that for all
t > 0 such that y*(¢t) =7,

V(0 5%() = —* (1),

while V (z*(t), y*(t)) = 0 for all t > 0 such that y*(t) < 7, since the candidate optimum
u*(t) is 0.
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For every time T" > 0,

T, T T . T
/O Va8, y (t))dt+/0 " (t)dt>/0 V(a*(8),y (t))dt—i—/o o ()t

As all functions are absolutely continuous, the fundamental theorem of calculus holds and

we can write

T T
/ W (t)dt > / G (O)dt + V(@* (), (T)) — V(@ (T), 5°(T))
0 0

Since both trajectories (z*(T), y*(T')) and (z°(T'),y°(T)) live in D for large T', it holds
that

lim V(@' (1), (1) =l V(@ (T),y°(T)) = 0.

This yields the following inequalities
J(u) > J(u®) > J(u*).

Therefore, we have shown that the functional cost resulting from the control u* is less
than or equal to the cost resulting from any other control u. In conclusion, V(x,y) is the

optimal cost and u* is an optimal control.

5.4 Non-constant behavioral feedback transmission rate case

In this section, we concentrate on a special functional form of the transmission rate f3,
namely the one introduced in Example 2.1. Under this setting, the analysis developed
in Section 2.3 allows for a substantial simplification of the optimal control problem. In
particular, two key results enable this simplification: the existence of the invariant of
motion described in equation (2.25), and the explicit characterization of the infection
peak provided in equation (2.34).

These results permit a precise decomposition of the state space Dy as follows:

D, ={(z,y) € Dy: R(z,y) > 1, ¢ '(¢(z,y)) < §}U
{(z,y) € Dy : R(z,y) <1 ory=0},

D; ={(x,y) € Dy : R(x,y) > Lo~  (¥(z,y) >y, y >0}

In this setting, the definition of the function h can be made explicit, thereby allow-
ing for the direct computation of its partial derivatives and significantly simplifying the

subsequent analysis. Let start by defining the function 6 : [z,1 —gy] — R as

0(x) =¢(x,7), Ve e [z,1—7]. (5.32)
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where 1) is defined in (2.25). Since v is C! on Sy, so is # on [z,1 — 7]. From the second

equation in (2.26) evaluated in (x,y), we get
0'(w) = Yu(2,9) = plz, §)e”" >0 (5.33)

for every z in (Z,1 — y]. Therefore, there exists a continuous inverse function =1 :
(6@, 7),¥(1 —5,5)] = [,1 — 7] that is C* on ((7,), (1 — F,7)]. We can now define
the function h : Dg — [z,1—yg] as

hz,y) =07 (¥(z,y)) - (5.34)

Clearly, for every z in [Z,1 — 7], we have

W, g) =0 (Y(2,7) ==.

Moreover, since v (z,y) is constant along the orbits of the uncontrolled dynamics by
Proposition 2.5, so is h(x,y) = 671 (¢(x,7)). Notice that h is continuous on Dig since so
are ¥(z,y) on Sy and 0! on [¢(7,7), ¥ (1 —7,7)]. Similarly. h is C! on Dg, since so are
Y(x,y) on Sy and 6~ on (¢(7,7), ¥ (1 —7,7)]. Hence, computing the partial derivatives
in both sides of (5.34) yields

_ he(w,y) _
he(z,y) = P (h(z.y) hy(z,y) = T (hz.y)) (5.35)

Substituting (2.26) and (5.33) in (5.35) we get

p(z, y)edh(z:v))

p(h(z,y),7)es®)
e9(h(z,y))

p(h(z,y),g)es®
The explicit definition of the function h in (5.34) and its partial derivatives (5.36)-

: (5.36)

hy(z,y) =

hy(z,y) = (5.37)

(5.37) makes it possible to simplify the analysis provided in Section 5.3 when the trans-

mission rate § has the functional form described in Example 2.1.

5.5 Counterexample

In this subsection, we present a counterexample showing that the control strategy u* is

not always optimal. Consider the transmission rate given by

5(x,y):l<%—|—1) )

X

Given an initial condition (x¢,yo) € Sy with z¢ > 0, the corresponding Cauchy problem
for the controlled system (5.1) admits a unique local solution (x(t),y(t)) € Sy such

that x(t) > 0 for all times. Note that this transmission function does not satisfy the
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monotonicity conditions stated in (2.15) and (5.7), which were essential for proving the

optimality of the filling-the-box strategy.

We begin by deriving the invariant of motion for the uncontrolled system under this

choice of 8. Then, we compare the trajectory under the control * with that resulting from

an alternative candidate control. We will demonstrate that the value function associated

with u* is strictly larger, thus proving that u* is not optimal in this case.

Lemma 5.10. Let )
Y
T \x
then the function
x

Wla,y) = —%m ((y + 1)2 —7> “Inz

is an invariant of motion of the uncontrolled model (2.5).

Proof. Note that equations (2.5) imply that the first time derivative of (5.39) is

Qb__}Q(%"‘l)(yx—yu’U)_{
2 (1)’ —y)a2 @

I CES) (((§+1)—7)y+y2(§;+1)>_5c
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(5.38)

(5.39)

which proves that (5.39) is an invariant of motion of (2.5) with S(z,y) as in (5.38). O

Let us now consider a first policy for which the control is applied once the infection

curve reaches a threshold 1 < ¢ and it is released when the fraction of susceptible individ-

uals reaches Z1, chosen so that the effective reproduction number satisfies R(Z1,41) = 1.

The control function is defined as follows:

wn(t) = 0 if y(t) <

L= seman=n Lyl =0

5.5. Counterexample

(5.40)
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The functional cost will be
J(ul) == / Ul(t)dt
0

1 [
= —— 1 — =

YY1 Ja(tr) 441
(1 =)z + 751 e+ 71)]

)dx

x tl)

i
where ¢; is the first time instant at which y(t) = 9.

We now consider a second control policy, analogous to the first one, but with an
earlier intervention. In this case, the control is applied once the infection curve reaches
the threshold g2 < 41 and it is released when the fraction of susceptible individuals reaches

if y < 9o
(5.41)

Tg, such that R(Z9,y2) = 1. The control strategy is defined as:
0
if y(t) = v2

ug(t) = .,
T Bla(t),y2)z(t)

The functional cost in this case will be

(1) = /0 s ()t
1 T2 o
(1 — & n 1) dx

T (ta)
(1= )z + 5 In(z + 52)|

x tg)

O
where ¢ is the first time instant at which y(¢) = g2. By comparing J(u1) and J(ug), we
will show that the second policy results in a lower total cost, thereby demonstrating that

u1 (which corresponds to the filling-the-box strategy) is not optimal for this choice of 3.
Observe that -
=0T 2=

therefore Z; > Z9 and after some calculations we can rewrite J; as
v —1xz(t)

—1a(t —1
+lm<7 rt) | 7 )—
Y y Y

1
Jp=—
Y

Y1

(’Y—lx(tz) ’Y—l>_7—1l’(t2)
¥ Y Y

Y Y2

Analogously, we can rewrite Jo as

1
ng——l—ln

Y
From Lemma 5.10, (5.39) must be constant along the solutions. In order to find x(¢1),
We solve the resulting equation in terms of

impose now ¥(x(t1),41) = ¥(x(0),y(0))
x(t1), by assuming an initial condition such that there are no recovered individuals, i.e.
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2(0) + y(0) = 1. Then the steps follow as

—In (y% + 2y12(t1) + m(751)2 - ’)/58(751)2) =—In (1 — Pym%)
Y2 4 2u1x(ty) + x(t)? —yz(t)? =1 — fyx%
i =1+

=0
v—1

p(t)—

2
2(t1)? - po—

Therefore,

= = 2 52 2
o= ()R
v—1 v—1 v—1

and then by dividing for 7; we obtain

z(ty) 1 1 \? 72— 1+~a2 1
= 4 - 0> :
g oy-1 v-1 (v=Dgi ~ -1

Since y2 < ¥1, then x(t2) > x(t1). It follows that

Consider the function f(s) = 1 +1In (L_ls + L_l) — 215, which is non-increasing for

(5)-1(%)

Therefore, we have provided an analytical counterexample showing that relaxing the

s> ﬁ It follows that

and this implies J; > Js.

monotonicity assumptions on the transmission rate may render the filling-the-box strategy

suboptimal.

5.6 Generalizations

5.6.1 Alternative costs

In the optimal control problem analyzed above, the cost functional was defined as the
time integral of the control u(t), implicitly assuming that the social and economic cost of
interventions is directly proportional to a reduction in the infection rate. While mathe-
matically convenient, this assumption may be too simplistic. In practice, when infection
levels are high, moderate measures can significantly reduce transmission at relatively
low cost. Conversely, when infections are already rare, further reductions require more
intrusive and costly interventions, leading to a steeper marginal cost. This motivates

considering alternative formulations where the cost is weighted relative to the natural
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transmission rate or to the perceived difficulty of further reducing infections. Such mod-
els better capture the diminishing returns of strict measures in low-risk contexts and
encourage efficient resource allocation, while also altering the structure of the optimal
control and leading to more state-dependent intervention strategies.

We still consider an exogenous control input, representing a policy level available to a
social planner, which modulates the intensity of social interactions and thus mitigates

disease transmission. The controlled epidemic dynamics are now described by:

&= —(B(z,y) — wy, (5.42)

v = (B(z,y) — u)zy — Y.

where 3 : [0,1]2 — (0, 4+0o0), defined as in previous sections, models the endogenous be-
havioral response to the epidemic through variations in the effective transmission rate,
satisfying (5.6)—(5.7). The control u : Ry — [0, B(x,y)] represents the level of interven-
tion (e.g., lockdown or social distancing) implemented by the planner, with the maximum
admissible intensity directly determined by the current transmission rate g(z,y). We fo-
cus on the scenario where the planner’s goal is to keep the fraction of infected individuals
y(t) below a fixed threshold < 1. For an initial condition (x¢,y0) in the domain Dy,
defined in (5.11) that is the portion of state space below this threshold, we then consider
the set Uy, y,,5) as the set of admissible control functions ensuring that y(t) < g for all
t > 0. This set is never empty, since it contains the control u = f(z,y), corresponding to
a complete lockdown.

To model the economic impact of interventions, we define the cost functional J : U

[0, +00] defined by . 0
o0 u(t
1= Sty

which measures the relative intensity of the control compared to the natural transmission

20,90,5) 7

rate. The optimal control problem can then be stated as:

V*(xo,90) = min  J(u). (5.43)

ueu(z(),yo \7)

As before, we can rewrite the first two equations in (5.42) in S in terms of the behavioral

reproduction number R(z,y), defined in (2.13), as follows

&= —y(R(z,y) — ul)y,

y=(R(z,y) —uZ) - 1y.

(5.44)

Under these assumptions, the qualitative properties of the uncontrolled dynamics, as
well as the geometric considerations on the state space, can be recovered with minimal
modifications. Moreover, it can be shown that there exists an optimal control u* €

Ulzg,yo,5) Such that, if (z*(¢),y*(t)) is the corresponding optimal trajectory for (5.44),
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then u* can be expressed in feedback form as:

u*(t) = p(z*(t),y*(t)), t>0, (5.45)

where the feedback law p : S — [0, 1] is now given by:

0, if y <y,
Blag) -2, ity =y,

This new formulation normalizes the control cost with respect to the natural transmis-
sion rate, reflecting that the marginal effort to further reduce infections increases as the
transmission rate decreases. The core idea of the optimal control policy remains to mini-
mize intervention efforts while keeping the infection level below the prescribed threshold.
Consequently, the optimal policy tends to avoid excessive measures in low-risk scenarios
and applies stronger controls only when the infection level approaches the threshold .

In this setting, we can rely on the same candidate value function V' : Dy — R introduced
in (5.26), and adapt the optimality proof previously established to the present formula-
tion. Consider an initial state (w0, yo) € Dy and an admissible control signal u € Uy o 7
such that J(u) < 4+o00. Let (z(t),y(t)), for t > 0, be the trajectory of (5.44) starting from
(20, Y0). From Lemma 5.9, there exists a finite time ¢° such that (z(t°),y(t°)) € D;. As

in the previous analysis, we define a truncated control signal

’U,o(t)_ U(t) te [07to)7
Sl 0 teto, +o0).

which, by Lemma 5.4, still belongs to Uy, 4, 7). Moreover,
400 t° +00
J(u®) = / u*(t)dt = /u(t) dt < / u(t)dt = J(u).
0 0 0

Let again (z°(t),y°(t)), for t > 0, be the solution of (5.8) with initial state (zo,yo) and
control u°. Where the function ¢ — V(z°(t),y°(t)) is differentiable, we can compute

the derivative exactly as in the previous analysis, but with the modified analysis. From
relations (5.28), (5.14), (5.44) we obtain

VI(@®(t),y°(8) = Val2®,y°)a° + Vy (2°,4°)5°
= (p(z°%,y°)2° + §°)Vy(2°,y°)

o o o u (547)
=y V(@) o
) B )
yO uO
> 7
g BE0y0)
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Note that from (5.47) and Lemma 5.8(iii), it follows that for all (z,y) € D;,

u®(t)

0> V(z°(t),y°(t)) > B @), (D)

Since V = 0 for (z,y) € D, we again conclude that V' (z°(t),y°(¢)) has bounded deriva-
tive and is absolutely continuous. For the candidate optimal control u(t), Lemma 5.8(iv)

implies that whenever y*(t) =y we have

while V (x*(t),y*(t)) = 0 for all t > 0 such that y*(t) < 7, since u*(t) is 0. Repeating the

comparison argument from the previous proof, we obtain
J(u) > J(u®) > J(u¥).

Thus, the cost achieved by u* is minimal among all admissible controls, and V(z,y)

coincides with the optimal cost function also in this setting.

5.6.2 Partial compliance to control measures

In the previous sections, the control input was assumed to mitigate social interactions
for the entire population. However, in real-world settings, interventions such as mobility
restrictions or mask mandates are often subject to partial compliance: only a fraction
of individuals adopt the recommended behaviors, due to factors like personal beliefs,
economic constraints, and enforcement challenges. From a modeling perspective, this
heterogeneity has two key implications. First, the effective reduction in the transmission
is generally lower than in the idealized full-compliance case, even for the same nominal
control intensity. Second, the epidemic dynamics now depend on the interactions between
two distinct subpopulations: a compliant group, whose contacts are attenuated by the
intervention and a non-compliant group, whose interactions remain largely unaffected.
To capture this phenomenon, we introduce an explicit partition of the population into
compliant and non-compliant individuals, each with their own susceptible and infected
compartments. Let p. € [0,1] be the fixed fraction of the population that is compliant
and subject to control, while the remaining fraction 1 — p. is non-compliant and does not

modify their behavior regardless of u(t). Hence, the state variables satisfy

Te(t) + ye(t) = pe,  @u(t) +yult) =1 - po, (5.48)

where (z,,y,) denote the fraction of susceptibles and infected individuals who behave
uncontrolled, while (z, y.) denote the corresponding fractions for those who comply with
the policy. We denote the control function by w : Ry — [0, 1], which represents the
fraction by which the transmission rate is reduced for compliant individuals (e.g., u = 0

means no intervention, u = 1 means complete suppression of contacts for the compliant
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group). Given a constant interaction matrix A : [0,1]?> — R?*2, the dynamics can be

formulated as:

(fbu = —Ty Z Auj Yjs
je{u,c}
Te=—(1—u)x,. Z Acjyj,
Jetune} (5.49)
Yu = Ty Z Auj Yj — YYu,
je{u,c}
Ye = (1 —u)z, 2 ch Yi — VYe-
\ je{u,c}

We now formulate the associated optimal control problem. The planner’s objective is to
keep the total fraction of infected individuals y,(t) + y.(t) below a specified threshold

y < 1, while minimizing the economic cost of interventions. We define
DZ? = {(%a%,yu»yc) €S:0<yy +yc < ,73} (550)

the admissible set of states. For a given initial condition sg = (2,(0), z.(0), ¥.(0), y.(0)) €
Dy, we denote by Uy, 5) the set of piecewise continuous control functions u : Ry — [0, 1]
such that the solution of (5.49) satisfies

(2 (t), 2c(t), yu(t), ye(t)) € Dy, ¥Vt >0 (5.51)

The cost functional is given by

+oo
J(u) = /0 u(t) dt (5.52)

and the optimal control problem reads

V*(so) = min J(u) (5.53)
u€lsy )

It is important to observe that, in this setting, we cannot guarantee a priori that the ad-
missible set Dy is non-empty. Indeed, the control u(t) acts only on the compliant fraction
of the population, while the non-compliant individuals continue to follow the uncontrolled
dynamics. If the compliant group is too small, the uncontrolled infections in the remain-
ing population may prevent the threshold y from being satisfied for all time, regardless of
the control intensity applied to the compliant group. It is crucial to emphasize the role of
the initial condition of the non-compliant subpopulation in determining whether the epi-
demic can be effectively controlled. In particular, if the non-compliant group, evolving in
isolation (i.e., without any control intervention), exhibits an infection peak strictly below
the threshold 7, then applying maximal control v = 1 to the compliant subpopulation
can completely suppress the epidemic within that group. In this case, the admissible set
is non-empty, meaning that it is possible to keep the total infected fraction below the

threshold with a suitable control policy. To illustrate this, we consider two simulation
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Fi1GURE 5.3: Comparison of two scenarios with different initial infections in the non-compliant group and
a total lockdown is applied (u = 1). On the left, the controlled total infected curve remains below the
threshold y = 0.2, illustrating a non-empty admissible set Dy. While on the right plot, the initial infection
in the non-compliant group is high, causing the controlled total infection to exceed the threshold. In both
plots, the green curve represents the controlled dynamics with maximal control w = 1, the red horizontal
line indicates the threshold g, and the blue dashed curve shows the uncontrolled infection dynamics.

scenarios, illustrated in Figure 5.3. In the left plot, the initial conditions satisfy the above
property, so that maximal control on the compliant group ensures that the total infected
fraction remains below g, corresponding to Dy # (). In the right plot, the initial infected
fraction in the non-compliant group is sufficiently large to produce a peak exceeding the
threshold g, regardless of the control applied to the compliant group. These simulations
highlight that the feasibility of keeping infections below the threshold crucially depends
on the initial conditions of the non-compliant group. Building on this observation, one
could extend the analysis in previous sections to a two-node network setting, where the
two subpopulations represent the compliant and non-compliant groups and investigate
whether the optimal control strategies derived in the previous sections remain effective
when starting from feasible initial conditions. A natural extension of this work would be
to explore time-varying compliance rates, allowing individuals to switch between compli-
ant and non-compliant states in response to the epidemic evolution or external incentives.
Another promising direction is the characterization of Dy under stochastic infection dy-
namics or network-based contact structures, to assess robustness of the control policy in
more realistic heterogeneous settings.

In this chapter, we investigated an optimal control problem for the behavioral-feedback

SIR model, with the goal of containing infection levels below a prescribed threshold while
minimizing the associated socio-economic costs of interventions. We began in Section 5.2
with a geometric analysis of the state space associated with the uncontrolled dynamics.
This allowed us to characterize the structure of the admissible region, to describe how
epidemic trajectories evolve within it, and to introduce a candidate value function quan-
tifying the minimum cumulative cost required to keep the infection below the threshold
from any initial condition. Building on this foundation, in Section 5.3 we showed that,
under mild monotonicity assumptions, the optimal control strategy follows the filling-
the-box pattern: interventions are delayed until they become strictly necessary, then a

sharp reduction of the transmission rate is applied to prevent the infection from exceeding
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the threshold, followed by a gradual relaxation of control as the epidemic subsides. This
pattern captures in a simple and intuitive way the trade-off between public health pro-
tection and socio-economic burden. In Section 5.4, we focused on a special non-constant
functional form of the transmission rate, which made it possible to refine the previous
analysis and to provide a more explicit characterization of the optimal control strategy.
This case study highlighted how the precise structure of optimal policies is shaped by
the parametrization of behavioral feedback. However, as shown in Section 5.5, the filling-
the-box strategy is not universally valid: when behavioral feedback mechanisms do not
satisfy the required monotonicity conditions, the structure of the optimal solution may
break down. This result underscores the importance of adaptive control designs that can
accommodate richer behavioral responses. Finally, in Section 5.6 we outlined possible
extensions of this framework, such as considering alternative cost structures, or partial
compliance to control measures. These directions open a broader line of research aimed at
capturing the complexity of epidemic—behavior interactions and at designing intervention
strategies that are not only effective in controlling disease spread but also sustainable in

the long run.
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Conclusion

6.1 Summary

This thesis investigates the dynamics of the SIR epidemic model under the influence of
both behavioral feedback and network effects, with the overarching goal of understanding
how these two factors shape the progression of an epidemic and how such dynamics can be
controlled more effectively. By incorporating these elements into the traditional epidemic
framework, we provide a more nuanced understanding of disease spread and its potential
mitigation.

We began in Chapter 2 by revisiting the classical scalar SIR model and introducing
an extended formulation in which the transmission rate depends dynamically on both
the susceptible and infected individuals. This extension captures endogenous behavioral
adaptations in response to the epidemic, such as voluntary distancing or changes in risk
perception. Within this framework, we derived a generalized reproduction number and
showed that, under a broad monotonicity condition, the infection curve is guaranteed to
be unimodal, meaning it can show at most one peak. We also identified an invariant of
motion that allows for a closed-form characterization of both the peak and final size of
the epidemic. A key insight from this analysis is the explicit determination of the max-
imum number of infected individuals, which is of central importance for public health
decision-making. Indeed, policymakers often aim to ensure that this peak remains below
a predefined threshold representing the healthcare system’s capacity to deliver effective
care without being overwhelmed. In Chapter 5, we addressed this issue by formulating
an optimal control problem that incorporates the healthcare capacity constraint, with
the goal of keeping infection levels below critical thresholds while minimizing the associ-
ated socio-economic costs. Through a geometric analysis of the constrained state space,
we characterize the structure of optimal control policies and identify a “filling-the-box”
strategy as optimal under general monotonicity assumptions. However, we also demon-
strated through counterexamples that this strategy may fail in certain cases, emphasizing
the importance of incorporating adaptive behavioral responses in the design of effective
mitigation policies. These findings underscore the necessity of considering both public
health and economic factors when formulating control strategies during an epidemic.

Building on this previous analysis, Chapter 3 introduces a network-based formulation
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of the behavioral-feedback SIR model, in which individuals are grouped into subpopula-
tions, each represented as a node in the network, with distinct behavioral and epidemio-
logical characteristics. Interactions across subpopulations are described by a time-varying
interaction matrix, which may adapt dynamically in response to the evolving epidemic
state. This network perspective allows us to explore how local adaptations, contact het-
erogeneity, and varying risk perceptions across subpopulations influence both the global
and local dynamics of disease spread. In particular, we examine the system’s equilibrium
stability under behavioral feedback and we derive invariants of motion and final epidemic
states for specific interaction structures, such as constant rank-1 matrices.

Chapter 4 shifts focus to the transient phase of the epidemic, where we present new
theoretical results under the assumption of constant rank-1 interaction matrices. Specifi-
cally, we show that a weighted aggregate of infected individuals exhibits unimodal behav-
ior over time, thereby generalizing the classical results of the scalar SIR epidemic model.
We also explore the dynamics at the single node level, proving that the infection curve
for each subpopulation can undergo at most two changes in monotonicity. Complement-
ing the theoretical analysis, numerical simulations illustrate that interaction matrices
of higher rank can give rise to more complex and even multimodal transient dynamics.
Building on these findings, we extend the analysis to more general behavioral-feedback
models, identifying conditions under which unimodality at the aggregate level can still be
preserved.

Overall, this thesis contributes to a deeper theoretical understanding of epidemic
dynamics in networked and adaptive populations. By integrating behavioral feedback
and network-based heterogeneity, we offer new modeling frameworks and analytical tools
to study the spread and control of infectious diseases in realistic settings where human

behavior and contact patterns are intrinsically coupled.

6.2 Future research lines

This work lays the foundation for several promising directions of future research, aimed
at improving the way we model behavioral responses and networked interactions in epi-
demic dynamics. Although our current framework incorporates feedback through a state-
dependent transmission rate, several open challenges remain in capturing how individuals
and groups adapt their behavior in response to perceived risk.

A natural next step is to refine how people perceive epidemic risk and how this percep-
tion shapes their behavioral choices. In real-world situations, individuals rarely respond
to the actual real-time number of infected individuals. Instead, their behavior is often
influenced by delayed or aggregated information, which may be shaped by media cover-
age, public communication, or social networks. Inspired by the works of (Funk et al.,
2010; Bizyaeva et al., 2024; Zhou et al., 2020), a valuable extension would be to model
the transmission rate as a function of an observed fraction of infected individuals, pos-
sibly incorporating delays or smoothing effects. This would allow us to capture realistic

response delays and study their impact on epidemic dynamics, such as the emergence of
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oscillatory behaviors or secondary waves of infection, beyond what network heterogeneity
alone can explain. Explicitly introducing time delays in the behavioral feedback could
provide a principled way to study cycles of resurgence and control, often observed in
real-world outbreaks.

Another fruitful direction is to couple epidemic dynamics with models of opinion for-
mation and information spread. Individual decisions are influenced not only by epidemi-
ological data, but also by beliefs, trust, peer influence, and exposure to (mis)information.
Integrating epidemic models with opinion dynamics frameworks (e.g., DeGroot, Fried-
kin—Johnsen, Altafini) could enable a richer analysis of how public sentiment, social learn-
ing, or misinformation affect vaccination uptake, compliance with public health measures,
or resistance to interventions. Such integrated models could also inform optimal strategies
for information-based control, including awareness campaigns and trust-building mea-
sures.

A further promising avenue is the extension to more complex and realistic compart-
mental models. In particular, the SIRS model, where immunity wanes and recovered
individuals may become susceptible again, offers a natural generalization of our analy-
sis. The inclusion of reinfection dynamics would allow us to explore persistent or re-
current outbreaks and their interplay with behavioral adaptation. Preliminary studies
such as Zhang and Pan (2021) and Li et al. (2014) have examined SIRS epidemic models
on complex networks, showing how layered structure and heterogeneity affect epidemic
persistence. Building on these works, future research could investigate how behavioral
feedback modifies the long-term behavior and stability properties of SIRS models, and
whether analytical techniques developed here for the classical SIR case can be extended
or adapted to this richer setting.

Finally, exploring behavioral feedback in multilayer networks is a critical step toward
more realistic modeling. Real-world contact structures are layered across multiple do-
mains (e.g., households, workplaces, transportation systems, and online networks), each
with distinct behavioral and epidemiological dynamics. Understanding how local behav-
ioral adaptations interact across layers, and how these shape global epidemic outcomes,
could lead to improved strategies for targeted, context-sensitive interventions.

Together, these future directions aim to bridge the gap between theoretical models
and the complex, adaptive behaviors observed in real societies. By incorporating more
realistic behavioral assumptions and network structures, we aim to develop more accurate
and useful tools for forecasting, managing, and ultimately controlling infectious disease

outbreaks.
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