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REPLICATOR DYNAMICS AS THE LARGE POPULATION LIMIT
OF A DISCRETE MORAN PROCESS IN THE WEAK SELECTION
REGIME: A PROOF VIA EULERIAN SPECIFICATION

MARCO MORANDOTTI'® AND GIANLUCA ORLANDO®**

Abstract. We study the large population limit of a multi-strategy discrete-time Moran process in
the weak selection regime. We show that the replicator dynamics is interpreted as the large-population
limit of the Moran process. This result is obtained by interpreting the discrete process in its Eulerian
specification, proving a compactness result in the Wasserstein space of probability measures for the
law of the proportions of strategies, and passing to the limit in the continuity equation that describes
the evolution of the proportions.
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1. INTRODUCTION

Understanding the behavior of large populations of interacting agents is crucial in a variety of scientific fields,
including biology [1, 2], sociology [3, 4], ecology [5, 6], artificial intelligence [7], and economics [8]. Evolutionary
game theory provides the mathematical framework to model and analyze these dynamics, in which agents are
typically endowed with strategies. These are rationally selected by each agent according to complex mechanisms,
often influenced by the interplay of the individuals among themselves and with the environment, and based on
an underlying optimality principle.

In this context, the replicator dynamics accomplishes the task of modeling the evolution of strategies in the
population by subjecting the probability of reproduction to their fitness: The higher the fitness, the higher the
chance of being selected to reproduce. More specifically, letting U = {u1,...,up} be the set of strategies and
At) = Ay (1), -+, Ay, (1)) T be the vector collecting the proportions of agents with strategies uy,...,uas at
time ¢, and given a fixed payoff matrix A = (a;;) € RM*M | the fitness of strategy u; at time ¢ is modeled as
(see [9], Chapter 8)

M M M
(AX®)i = (AX®)) - A(E) = D @i, () = DY aridu, (DA, (1), fori=1,... M.
i=1 j

(=1 j=1
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2 M. MORANDOTTI ET AL.

Interpreting a;; as the payoff of an agent with strategy u; interacting with an agent with strategy wu;, the
formula above measures the performance of the selected strategy u; compared to the average performance of all
the strategies. The replicator dynamics encodes the Darwinian principle that if u; outperforms the average, then
its fitness is positive and its spreading within the population is favored. Vice versa, strategies which underperform
are progressively suppressed. In formulae, the replicator dynamics evolves according to the system of ODEs

%x\ui () = Au, () ((AA(®)); — (AA(E)) - A(t))

bi(A(?)),

te (0,T), fori=1,...,M, (1.1)

subject to a given initial condition A\(0) = A°. The criterion followed by individual agents to select their strategies
is latent in (1.1), which describes the continuous-time evolution of the proportions of strategies in an averaged
fashion.

The objective of this paper is to provide the mathematical framework to derive (1.1) as a mean-field limit of
a discrete stochastic process modeling this evolutionary mechanism from the point of view of individual agents
and their pairwise interactions.

Before describing in detail this process, we recall the classical Moran process [10], a prototypical example
of discrete stochastic process used in evolutionary biology to model natural selection in finite populations
with two strategies (alleles, in biology) competing for dominance. Letting M = 2, the set of strategies becomes
U = {uy,uz}. We denote by N the number of individuals in the population, and by NV,,, the number of individuals
with strategy u; at a given time. If no fitness affects the evolution (i.e., a neutral mutation scenario), the Moran
process is a discrete-time Markov chain for IV,,, with uniform birth-death transition probabilities given by:

Ny, N, N,, N - N,
IP’(“Nu1 increases by 1”) = Nl N2 _ N1 Tl
= P(“a up-individual is chosen for reproduction”)]P’(“a ug-individual is chosen to die”),
N,, N, N —N,, N,
IP’(“NU1 decreases by 1”) = N2 Nl _ Tl Nl

= P(“a us-individual is chosen for reproduction”)P(“a uy-individual is chosen to die”) ;

(1.2)

by complementarity, one obtains the probability that N,, remains unchanged.

When fitness of strategies is introduced, the Moran process is modified to account for the fact that the higher
the fitness of a strategy, the higher the probability that one of its bearers is selected to reproduce. More precisely,
letting f,, be the fitness of individuals with strategy w;, the reproduction probabilities in (1.2) are replaced by

Nu, fu
P(“a u1-individual is chosen for reproduction”) = L ,
Nulfu1+Nu2fu2 (1 3)
Ny, fu '
P(“a us-individual is chosen for reproduction”) = 22 :
Nulful + Nu2fu2

Let us discuss the case where a payoff matrix A € R?*2 is used to describe interactions. An individual carrying
strategy u; interacts with another individual chosen randomly uniformly among the others in the population
and has an expected payoff
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FIGURE 1. Graphical representation of one time step of a Moran process. In the picture, we
have N = 8 agents and M = 3 strategies, u; (white circle), us (grey circle), us (black circle).
At time tp, for each agent a fitness is calculated in terms of the expected payoff due to the
interaction with an agent sampled randomly uniformly in the population. The fitness is used
to determine the probability of reproduction. In the figure, an agent with strategy u; has been
chosen for reproduction (biggest circle), and an agent with strategy us has been chosen to die
(smallest circle). The generation is updated at time ¢541 accordingly.

Analogously, for an individual carrying strategy us, the expected payoff is

N,, —1
N—-1°

My, = 021 + ag2

Uy
N -1
A common choice [11] is to define the fitness of individuals with strategy w; as a convex combination of the
expected payoff and the constant 1, i.e.,

fu, = (1 —w) +wmy,, fori=1,2,

where w € [0,1] is a weight that interpolates between the case of neutral selection w = 0, giving (1.2), and
the case of strong selection, w = 1, where the fitness is solely determined by the payoffs. The regime w ~ 0 is
typically referred to as the weak selection regime, where the payoffs provide a small contribution to the fitness.

In this paper, we consider a generalization of the Moran process to a population with strategies U =
{u1,...,up}, M > 2, see Figure 1. In this case, the probability that an individual with strategy u; is chosen
for reproduction (as in (1.3)) is given by

Ny, fu,
]P’(“a u;-individual is chosen for reproduction”) = # (1.4)

M )
Zj:l N’uJ‘ ij

where N, is the number of individuals with strategy w; in the population and f,, is the fitness of individuals
with strategy u; defined via the convex combination

fu, = (1 —w) +wmy,, fori=1,...,M. (1.5)
The expected payoff of an individual with strategy w; interacting with another individual chosen uniformly at
random in the population is now given by
M

Ny, N, —1 ,
mLi:Za,;jN_fl+ai,; N fori=1,...,M. (1.6)

j=1
i
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In this paper we study rigorously the asymptotic behavior of this generalized Moran process by considering;:

e the large population limit N — +oc;

e the discrete-time to continuous-time limit; letting 7 be the time step of the process, this corresponds to

T — 0;

o the weak selection regime w — 0.
From our analysis it emerges that the relation between the three limits have to be taken simultaneously and
with a precise relation among the parameters to obtain a nontrivial and meaningful result. To describe this
relation between these parameters, we introduce sequences Ny — +o0, 7, — 0, and wy — 0.

Our main result can be summarized as follows: Assuming that

1
Ny ~ 1., wk~T£7 for some o, 5 >0, a+p=1, a>§, (1.7)

the replicator dynamics describes the limit as k — oo of the generalized Moran process modeled by (1.4)—(1.6).

Previous works in the literature addressed the problem of deriving the replicator dynamics from discrete
stochastic processes, see, e.g., [12-18]. The results in [13-15, 17-19] are aligned with the scaling assump-
tions (1.7). In fact, they are not merely technical, as they determine the PDE governing the limit dynamics.
In particular, if & 4+ 8 > 1, then the result is trivial (the evolution is constant). If « + 8 < 1, a different time
scaling would be necessary. Finally, if & = 1/2, then higher order terms have to be considered in the limit
dynamics [14, 15, 17, 18].

We describe now more in detail the results obtained in this paper. The discrete process is fully described by
the stochastic evolution of the vector )\k(th) collecting the proportions of strategies at discrete times t;, = hry,
for h = 0,...,k, see Section 3. Noticing that the components of A\*(¢;) sum to one, we can interpret \*(¢;)
as a random point in the (M — 1)-dimensional simplex AM~1 € RM (recall that M is number of available
strategies). The discrete path A\¥(¢;,) is suitably interpolated to obtain a continuous path A\*: [0,T] — AM~1
see (4.1). The asymptotic behavior of the discrete process as k — oo is obtained in terms of the limit of the law
A¥ € P(AM=1) of the random vector A\*(t) (see (4.2)); for every k, the map t — AF € P(AM~1) is a continuous
path in the space of probability measures on the simplex AM~1. In Proposition 4.4, we show that this path
solves, in the sense of distributions,

A} + div(bA}) ~ 0, (with initial condition), (1.8)
a continuity equation driven by the velocity field b = (by,...,by) " with components defined in (1.1). We turn
the reader’s attention to the symbol & in (1.8), meaning that the equation holds in an approximate sense, up
to an error term vanishing as k — oo under the assumptions (1.7).
A crucial technical step in our result is showing compactness of the sequence of paths ¢ — A¥, that guarantees
a meaningful limit as k — oo to be taken in (1.8). Since the probability measures A¥ have finite first moment (see
Rem. 5.1), it is natural to endow P(AM~1) with the 1-Wasserstein distance W;. As we illustrate in Remark 5.2,
straightforward estimates for the discrete stochastic process seem not to guarantee that the paths t — AF
satisfy equi-continuity properties in the Wasserstein distance, ruling out an immediate application of available
compactness results for paths of probability measures. For this reason, we prove compactness in Theorem 5.3
by deriving a more refined estimate and exploiting it in an argument that follows the lines of the proof of the
original Arzela—Ascoli theorem. Once compactness is established, we can pass to the limit in (1.8) and obtain
that Wy (AF, A;) — 0 as k — oo for every t € [0,T], where A, € P(AM~1) is the solution to

9 Ay + div(bAy) =0, (with initial condition). (1.9)
We recognize that the latter equation is the Eulerian specification of the replicator dynamics (1.1), see Section 6.

We conclude this introduction by remarking that the technique in this paper allows us to obtain the limit
result with no regularity ansatz on the distribution of proportions A¥. The approach we follow is inspired by
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[20-22], where the equivalence of the Eulerian and Lagrangian notions of solution to (1.9) is obtained wvia the
superposition principle [21], Section 5.2 (see also [23], Thm. 8.2.1 and [24]).

2. NOTATION AND BASIC DEFINITIONS

In this section we collect some basic definitions and notation that will be used throughout the paper.

Probability

Hereafter, we fix a probability space (2, &#,P).

If X is a random variable, we usually adopt the notation X to indicate a fixed realization of the random
variable X.

The expectation of a random variable X is denoted by E[X].

We denote by X4P the pushforward of the probability measure P through the random variable X, which
defines a probability measure on the range of X.

1-Wasserstein distance

Let (M, d) be a complete, separable metric space, equipped with its Borel o-algebra. We let P(M) denote
the set of Borel probability measures on M. The 1-Wasserstein distance between two probability measures
u, v € P(M) is defined by

Wi (1, ) = inf / d(z,y) dy(z,y),
Y I MxM

where the infimum is taken over all probability measures v € P(Mx M) with marginals p and v.
We consider the subset of P(M) consisting of probability measures with finite first moment, i.e.,

PuM) = { € P(M) /M (o, x) dp(x) < 0},

for some (and hence any) zy € M. The 1-Wasserstein distance is a metric on Py (M).
We recall the Kantorovich’s duality formula for the 1-Wasserstein distance [25], Remark 6.5:

Wh(,v) = sup{/ ’L/Jdl/—/ vdp 1—Lipschitz}.
M M
Finally, we recall the following fact: If Wi (ptn, ) — 0 as n — oo, then
R
M M
for every ¢ € C(M) such that |¢(z)| < C(1 + d(z,x0)) for some C > 0 and some zy € M.
3. THE DISCRETE STOCHASTIC PROCESS

In this section we describe in detail the multi-strategy Moran process studied in this paper. Each subsection
is dedicated to a specific aspect of the process.
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Time

We fix an equi-spaced discretization of step 74 of a time interval [0, 7] given by

T
O=to<t1 < ---<tp,="T, TkZZE, tp, = hte, for h=0,...,k.

Population set

We consider a population of N > 2 agents and we identify agents with elements n € A :={1,...,N}. We
will be interested in the limit behavior of the population size N — oo. Later on, we will consider a sequence of
population sizes of the form

Ny~ 7, %, for some a > 0.
In this section, we stick to the notation N for the population size, not to overload the notation.

Strategies

Each agent is allowed to choose a strategy in a set U = {uy,...,up}'. The strategy chosen by agent n € A
at the discrete time ¢, for h € {0, ..., k}, is represented by a random variable Sy, (t;): Q — U. At each discrete
time tj, the state of the system is described by the random N-tuple

S(th) = (Sl(th), .. .,SN(th)): O — Z/{N.

For i € {1,..., M}, we let Ay, (ts): Q — 24 be the random subset of agents with strategy u; at discrete time
ty given by

Ay, (tr) :={ne A : Sy(tn) = u;}.

Accordingly, we let N, (t) := #Ay,, (tn): @ — {0,1,..., N} be the random variable given by the number of
agents with strategy u; at discrete time t;. We remark that

M
> Ny, (th) = N. (3.1)
i=1

Accordingly, for i € {1,..., M}, we let Ay, (tn) := N“LTW 0 — {0, %, R %, 1} be the proportion of agents

with strategy u;. We introduce the random vector collecting all proportions:
Atn) = My 1)y -+ s Ay, (1) T Q@ — [0, 1]M.

We will refer to A(1,) as the proportions at time t,. In fact, by (3.1), A(¢) takes values in the (M — 1)-dimensional
simplex

M

AV == O )T e 0 Y Y n =1
=1

It follows that A(t,) can be identified with the empirical probability measure on the strategy set wu(tn) :=
Doy A, (t4)8u, € PU).

When M = 2, the strategies u; and ug are typically called the mutant and the resident.
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Later on, we will consider a sequence Ny — 400 and the the proportions A(¢;) will depend on k and will be
denoted by A*(¢;,). In this section, we stick to the notation A(t},), not to overload the notation.

If not explicitly specified, when a realization S(t;) = S of the random state of the system S(tr) is observed,
we will write A, (tn) = .ﬁui, Ny, (tn) = Nui, and A(tp) = \ for the corresponding realizations of the random
strategy sets, random number of agents, and random proportions, respectively.

Initial conditions

The process starts with an initial random state S(0) = (S1(0),...,Sn(0)): Q — U™N. This fixes an initial
proportion A(0) = (A, (0),..., Ay, (0))T € AM~1 We assume that the initial proportions A(0) are distributed

according to a given law Ag € P(AM~1). This means that
Ao = A(0)4P € P(AMTY),
Later on, we will consider a sequence of initial laws AX € P(AM~1).

Payoff matrizx

The evolution of the strategies in the population will be described in terms of a payoff matrix A = (a;;) €
RM*M " wwhere a;; is the payoff of an agent with strategy u; when interacting with an agent with strategy u;.
We shall assume that the entries of A are non-negative, i.e., a;; > 0 for all 4, j € {1,..., M}. The payoff matrix
is represented in the table below.

2
Uy Up
1
(5% ail Qa1 p
(5] ag1 aa pNf
upr apnri QpnT M

At each time step tj, an agent n € A with strategy u; € U interacts with a different agent n’ # n_chosen
uniformly at random in A\ {n}. Specifically, given that the observed strategies at time t;, are S(¢,) = S, there
are two possibilities for the second agent:

>

Uj

N
e for j # i, agent n’ has strategy u; with probability =4 = NL

—1
e for j =i, agent n’ has strategy u; with probability N]\’}i__ll = %S\U -

As a consequence, agent n has an average payoff (depending on on the strategy u; of agent n, the proportions
A, and N) given by

A N A 1 N 1
Tu, (V) = ——> aijhy, — O I

N la“- = N_1 Ay (32)

where (A)); denotes the i-th component of the matrix-vector product AX.

Remark 3.1. The assumption that a,; > 0 for all ¢,j € {1,..., M} is not restrictive, but it simplifies the
exposition. If some entries of the payoff matrix A are negative, one can add a matrix C' with entries all equal
to a suitable constant ¢ > 0 to obtain a new payoff matrix A’ = A 4+ C. Working with this new payoff matrix
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A’ leads, in the limit, to the following replicator dynamics:

Con 1) = A (D (AN — (AND) - A1)
= A, () (A + C)IA(1)i — (A + C)A®)) - A1)
= X (O ((AND); — (AND) - A(E) + ¢ — )
= A, (1) ((AX())i — (AX(D)) - A1),
where we used that CA(t) = (c,...,c)T € RM. This shows an invariance with respect to the addition of a

constant matrix C to the payoff matrix A.

Fitness

Let w € [0,1] be a weight, whose precise value will be specified later. Given an agent n € A with strategy
u; € U, and given that the observed strategies are S(t,) = S, we define the fitness of agent n at time t;, as the
convex combination

Fur(3) = (1= w) 4+ wmy, (A). (3.3)

The weight w is a parameter that determines the importance of the payoff in the fitness, as it interpolates
between two extreme cases:

e For w = 0, the fitness is constant and equal to 1: This corresponds to a population where the agents are
indifferent to the payoffs;
e For w = 1, the fitness is equal to the payoff.

The regime w — 0 is typically referred to as the weak selection regime. We are interested in this regime, hence,
in the rest of the paper, we will consider a sequence of weights wy — 0 of the form
Wy ~ T,’f, for some 3 > 0.

Note that for wy, small enough, the fitness f,,(\) is non-negative.

Replication

At each new time step tp41, an agent n € A is chosen to reproduce its strategy, depending on the state of
the system at the time tp,.

The probability that an agent n € A with strategy wu; is chosen to reproduce its strategy depends on its
fitness. We explain this precisely in the following. Let R(t41): 2 — A denote the random variable representing
the agent chosen to reproduce its strategy at time t541. Let S(t,) = S be an observed realization of the random
state of the system S(¢;) at the previous time step. Then

P(R(th+1) =n | S(ty) = S) = cfu,(N) for every n € A,,.

The value ¢ (depending on the status of the system) is chosen so that

M
>3 P(R(thyr) =n| S(ta) =5) =1,

=1 nEAW
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hence
M R M R M R
122 Z Cfuz()‘)ZCZ#Auefue()‘):CNZ)\uzfue()‘)
(=1 ncAy, (tn) =1 =1

nEAy,
1 S o (V) (34

:N)\ub M 1 < ful(A):%

NZZ:l )\'U«qui O‘) ZZ:I )‘uzfuz O‘)
Introducing the notation

_ A M ~ A~

f(>\) = Z )\ug fuz(A)a (35)
=1

to denote the average fitness of the population with proportions 5\, we conclude that

1 o .
— fu;(A)  for every n € A,,.

P(R(ths1) =n | S(tn) = S) = )

Abandoned strategy

At each new time step t41, after the selection R(tj41) = n, an agent n’ € A (not necessarily distinct from
the agent n) is chosen uniformly at random in A to abandon its strategy, independently from R(tp1). Letting
D(tp+1): Q@ — A denote the random variable (independent from R(t;11)) representing the “dead” agent chosen
to abandon its strategy at time tj41, we have

1
P(D(th41) =n') = N for every n’ € A.

In particular, if S(t5) = S is an observed realization of the random state of the system S(t;,) at time tj,, then
the probability that an agent with strategy u; is chosen to abandon its strategy is given by

# A, _

P(D(tps1) € Ay, | S(tn) =8) = N

Aujs (3.6)
forj=1,..., M.

Transition probabilities

Let us fix i¢,5 € {1,..., M} (possibly i = j). Let us assume that at discrete time t;, we have observed a
state S(tp) = S. Let us compute the probability that the proportions transition from Atp) = A to Athe1) =
A+ %(ei —ej), where e;, e € RM are vectors of the standard basis of RM. Writing more explicitly the updated
proportions, we have that
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i.e., they are the proportions where the number of agents with strategy u; increases by 1 while the number of
agents with strategy u; decreases by 1. This means that, given {A(t5) = A}, the event {\(tp41) = A+ L(ei—ej)}
occurs if and only if an agent n with strategy w; is selected for replication and an agent n’ with strategy w; is
chosen to abandon its strategy. In formulas, by independence, (3.4) and (3.6), we have that

P</\(th+1) A+ %(

= P(R(th41) € A,

—¢;) ‘ S(tn) 5) = P({R(ths1) € A} N {D(tni1) € Au} | S(th) = )
L - (3.7)

S(tn) = S)P(D(tp11) € Ay, | S(tn) = 8) = m)\mfui(/\nu;

The probability that the proportions remain unchanged is given by?

P(A(tht1) = A | S(tn) = 9) P({R(ths1) € Ay, } N {D(tns1) € Ay, }|S(tn) = S)

s

&
Il
-

P(R(ths1) € Au, |S(tn) = S)P(D(tht1) € Au,|S(t) = 5)

o

s
Il
-

— A, fu, M, = =— A2 fu,
2y ek V) fAZf

||PH1§

We concluded the description of the discrete stochastic process. We are interested in the large-population
limit of the process as N — oo and the time step 7, — 0. Before proceeding with the analysis, we introduce the
main tool that we will use to study the limit of the process.

4. EULERIAN SPECIFICATION OF THE DISCRETE STOCHASTIC PROCESS

In this section we introduce a probability measure A¥ that we will use to describe the discrete stochastic
process with an Eulerian point of view. After deriving some properties of this measure, we will show that A¥
is an approximate solution of a suitable continuity equation. This will also allow us to study the limit of the
process as N — oo and 7, — 0.

Sequences N and wy,

From now on, we will consider
Ny ~ 7, %, for some o >0, wkNTkB, for some 8 > 0,

2This can be also computed via the complementary probability

M M

B(A(tner) = A | S(0) = 8) =1 3 S B(Mtner) = A+ %(ei ) | St = 8)
i=1j5=1
J#i

M M 1 s M M >\u fu )\u 21\/11)\% fu ( )
=1- ,A,\uf1%>\,\ug_1— J_ 4 = L -
2.2 FA) 22 Sl Mg Fur V) 0L A fug (V)

i=1j=1 i=1j=1
J#L

A O S I NV
-1— Aul"r%**A )\Z uiA‘
Z Z )\uefueo\) f(>‘) ; 1f ( )
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where we recall that 7, = % is the time step of the process. Since we are interested in the limit behavior of the
process as k — 400, we will stress the dependence on k of \¥(t},), i.e., the proportions at time #;, in the process
described in Section 3 with population size Ny and time step 7.

Piecewise affine interpolation

First of all we extend the discrete stochastic process to all times ¢ € [0,7] by defining A\*(¢): Q — AM~1 by
piecewise affine interpolation, i.e., we set

t—th

Ne(t) = N (ty,) + (N (thin) = Ne(t)) € AMTL for t € [th, thya], (4.1)

for h =0,...,k— 1. For every realization w € Q of the probability space, we obtain a continuous path \*(-)(w) €
C([0,T], AM~1). Hence, we have defined a random continuous path

M) = oo, 7], AMh).

Distribution of proportions

We define the probability measure on continuous paths
AR =N ()P e P(C([0,T], A1),
where A¥(+) »IP denotes the pushforward of P through the random continuous path A¥(-). The probability measure

AF describes how the evolution of the random proportions A\¥(¢) is distributed over the space of continuous paths.
For every t € [0,T], we consider the evaluation map on continuous paths, i.e.,

eve: C([0,T),AM=1) 5 AM=1 X evi(N) = A(1).
With this map, we define the probability measure
Af = (th)#Ak = (th)#)\k(-)#IP = (ev; 0 /\k(-))#P = )\k(t)#P S 'P(A]M_l). (4.2)

This probability measure can be regarded as the distribution of the random proportions A\*(t) at a given time ¢.
Remark 4.1. If one adopts the identification of AM~1 with the set of probability measures on U, one can

interpret Af as an element of P(P(U)).

Piecewise constant interpolation

~k . .
We introduce the notation A, for the piecewise constant curve defined by

A =AF fort € ftntni), A=Ak (4.3)

—k . R
In the next lemma we show that A, and A} are close in the 1-Wasserstein distance as k — +00.

Lemma 4.2. Let AF be as in (4.2) and Kf be as in (4.3). We have that Wy (Af,Kf) — 0 as k — +oo for every
te[0,T].
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Proof. If t = T there is nothing to prove. Let us fix t € [tp,tp 1) for some h € {0,...,k — 1} and let us fix
¢: AM~1 5 R a 1-Lipschitz function. By the definition of A* and Kk, we have that

/ B dAEQ) - / B dRE)
AM—1

AM—1

= [ OVAE - AN = [ e At - X ) PO
AM-1 AM-1

=E[p(\F(£) — v\ (th)] S E[IA"(#) — A (ta)]]-

(4.4)

By (4.1), we have that

t—tp
Tk

E[IN"(8) = A*(tn)]] =

B[\ (thr1) = Xo(tn)|] SE[IA (thg1) = A (tn)[]-

To estimate the right-hand side, we apply the law of total probability and take the sum over all possible states
of the system at time tp,:

E[|X* (thg) = XN ()] = D E[IM (tnga) — Al | S(tn) = S]P(S(tn) = 8). (4.5)
S

Given \(t),) = 5\, the proportions A¥(t,11) either remain unchanged or one component of the proportions
increases by Nik and another decreases by N%c Hence,

E[|A(ths1) — Al | S(tn) = 8] <

R

By (4.4)—(4.5), we infer that

— 2
/ P(N)dAF(N) — / () dAf()\) < Ni’ for every 1-Lipschitz function 1.
AM-1 AM-1 k

Taking the supremum over all 1-Lipschitz functions ¢, by Kantorovich’s duality we obtain that Wl(Af,Kf)

<
J\/f—f — 0 as kK — 400, concluding the proof. O

Continuity equation

To describe the Eulerian evolution of the process, we introduce the vector field b = (by,...,6M)T: AM~-1
RM defined by

bi(A) == Au, ((AN); — (AN) - N), fori=1,...,M. (4.6)

Remark 4.3. The vector field b is tangent to the simplex AM =1 .. b(\) € Tan(AM =1 }) for every A € AM~1,
Indeed, recalling that e; + - - - + eas is the normal to AM~1 at every A, we have that

M M
D bi(N) =D A ((AN); = (AN - A) = (AN) - A — (AN) - A = 0.
1 i=1

i=
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We have the following result, in which we show that, in a suitable sense, A* solves is an approximate
distributional solution to the continuity equation

O AF + div(bA}) ~
Proposition 4.4. Let A} be as in (4.2) and Kf be as in (4.3). Let ¢ € C°((—o0,T) x RM). Then

/T/ Drp(t, N) dAF(N) dt+/T/ Do (t, \)b(N) dA, (A) dt = —/ (0, \) dAE(N) + P,
0 AM-—1 0 AM-—1 AM-—1

where

i = O( - 3z IDéle) + O kanm)+0( ID?6]l= ).

T NP
Before proving the proposition, we need a technical estimate.

Lemma 4.5. Let AF be as in (4.2) and Kf be as in (4.3). Let ¢ € C(RM). Then

Wi

B[DUOF )N (i) = X)) = T [ DU A ) +

forh=0,...,k—1, where
— 0% Dy ) + O(“E Dyl )
Pk = N]? 0 N, o |-
Proof. By the law of total probability:

E[Dy(\* (t0)) N (tr1) = X (tn)]] = D EDON N (tnr1) = A | S(ta) = S]P(S(tn) = 5).  (4.7)
S

Then, by (3.7), we obtain that

22 ; Nt (4.8)
| M oM A 1. L

- 0; (N) == A fus (VA
kgiﬂ(w<> w(nﬂM fus (V)

Using the fact that Z;Vil 5\% = 1, we infer that
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while, by the definition of f()) in (3.5), we have that

R TP - T A N S
N 0 qﬁ()‘)— < )‘uiful()‘))‘uj =~ a'wO‘))‘uJ =3 )‘uiful()‘) = 5 0 w()‘)AuJ
Ngg ey N g 27 N g
| M )
Inserting these two expressions in (4.8), we deduce that
. 1 . 1 M .
E[DyNN* (tne1) = Al | S(ta) = 5] = 5 wa = ) uifus (V) = 5= 30N,
i=1
Y ) ) ) (4.9)
61 — Ay, (fu, (V) = F(A
= 3 D) () = TR
On the one hand, by (3.5), (3.3), and (3.2) we have that
o M M ) A R
f()‘) = Z)‘wfuz( ) Au (1 —wg + wkﬂue(A)) =1—wp + wy ZAueﬂ—ue()‘)
=1 =1 =1
M
A Ne 1
—1— AN, — ——
wk-i-wkgz:;)\ue(Nkl( )\)e Nkflau)
= 1 — )\ . A\ \
Wk + W N1 (AN) - A — Nk — dlag(A) A,
where diag(A) € RM denotes the vector with the diagonal elements of A. On the other hand, by (3.3)
N N Nk Ny Wi N
fu,(A) =1 —wy + wiemy,,(A) =1 wk—i—wka_l( )i Nk—la”.
We substitute these expressions in (4.9) to obtain that
. o wn N 1oL A -
DU ) =3 | Sttn) = 8] = [t 755 20w ((ad; = (4 - 3)
wp 11 =
k 14 . %
~ == ip (M)A, (diag(A4) - A — ai
N Ne =1 f(N\) = ( ) (4.10)

Wi 1 M kN
Wi 1

- We_ 4+ Y 3
N7y D) + Nle,kw,
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where
. 1 M - . . .
RLAMNk_lfOJ;;&wQMW(QML(AM~A+deA)Aah)
Let us estimate Ry j. To bound W’ we set
R Ny, 1 . Q
ge(A) = =14 N 1(A)\) A— N 1dlag(A) - A

We start by observing that
lgr(N)| < co, for every A e AM~L k> 1,

for some constant ¢y > 0 depending on A. This implies that

<e¢;, forevery Ae AM-1 g large enough,

Fiey

for some constant ¢; > 0, where k > 1 large enough means, e.g., wi < ﬁ
We use (4.13) to estimate the remainder R j in (4.11) by

. 1 .
|R1 k(A < C1||D7/1||L°°F, for every A € AM~1 [ large enough,
k

where the constant C; > 0 depends on A and c;.

We recast the term m in (4.10) in a more convenient form. Exploiting once more (4.12), from
1 _ 1 -1 U}kgk(j\)
T T4 wege(V) 1+ wigr(A)’

we also deduce that

A )
‘, Lk() < cowy, for every A € AM~1 L large enough,
J) L wrgr(A)]
for some constant ¢y > 0, where k > 1 large enough means, e.g., wy < ﬁ
Then we recast (4.10) as
~ ~ W ~
E[DY(3) N (trer) = A | S(tn) = 8] = 55 (DU(R) + B s(Y) + Bai(V)).
where
. 1 M o
Ron(N) = (= = 1) D2 s (0bi(N)

15

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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By (4.15), we estimate the remainder Ry j by
|Ry.x(A)| < Co||DY||powy, for every A € AM~L k large enough, (4.17)

where the constant Cy > 0 depends on A and cs.
We have concluded the estimate. Indeed, by (4.7), (4.16), (4.14), and (4.17), we deduce that

E[Dy(A* (tn)) [N (tny1) — A¥(tn)]] = ]u\% > (Dw(;\) (N) + Rii(A) + R (A ))P(S(th) =9)
S

Wy

=N (E[Diﬁ(Ak(th))b(Ak(th))] + E[Ry k(A (th))] +E[R2,k()‘k(th))])
D] L
Ny

(B[O @) @) +0( ) +O(ID¥ ] p<wn) ).

TN

We note that

E[Dy (A (t4))b(N* (t1))] = /

Q

_ / D(AB(A) dAF, (N,
AJVI—l

DUV () )P () @) dP(w) = [ | DU AN (1) 5PN

hence
E (DU (1)) V(1) = A (00)]] = 57 /A DB A, ()
B (4.18)
D|| 1,0
o2l 1 oDy )
This concludes the proof of the lemma.
O

We are now in a position to prove Proposition 4.4.
Proof of Proposition 4.4. Let us fix ¢ € C°((—o0,T) x RM). By (4.1), for a.e. realization w € 2, we have that

€ (01 N (1)) = blt, M (1)) + Dot X (1)) [ (D))

A (thi1)(w) — M (tn) (W)
Tk

(4.19)

= 0,6(1, A (£)(w)) + Do(t, M (1))

for every t € (tp,tn+1). We take the expectation and we integrate in ¢ the above equality. The left-hand side
in (4.19) reads

L5 et ) B ar= [ o, ¥ n)w) 4B - [ o035 0)w) dPe)

_ / Bltnsn, ) AAE (V) - / o(tn, A) dAE (V).
AM-1

AM-—1
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The right-hand side in (4.19) reads

/th+1 / Aot )\ o)) dP(w dt+/th+1 / D (t, )\k (t)(w ))[)\k(tthl)(w) - )\’f(th)(w)} dP(w) dt

Tk

/ / Orb(t, N) AAE(A) df + t”“E[D¢<t,xk<t>>w<th+l) = A(tn)]] dt.

Tk

We now estimate the term E[De(t, \*(£)) [A*(tn11) — A¥(¢4)]]. To do so, we use (4.1) and Taylor’s formula to
write a.s. in )

D(t, A1) [N (tn1) = A (t)] = Do (£ A" (tn) + NF(8) = No())) ) [N () = A (1)
= D (t, AN (tn)) [N (tns1) — N (tn)] + R(E, Xo(tn), A (tns1)),
where
R(t, N (1), N (tn41))

_ izt / D2¢(t, NF(t) + (AR () — )\’“(th))) [NF(tngn) — N (tn)), M (tnga) — M (tn)] dr.
Tk 0

Since t is fixed, we apply Lemma 4.5 to ¥ = ¢(t,-) to get that

E[Do(t, A (tn) X" (th41) — A" (t)]]

W

_ k W w?
N /A Do(t, Mb(Y) dA;, (A) + O(NfIgHDwHoo) + O(FkHDme).

Moreover, we use the law of total probability to estimate

E[R(t, X" (th), X" (th+1)) ZE (8, A M (tnn)) | S(tn) = S]P(S(tn) = 9),

and
k 2 2 ||D2¢||Loo

from which we deduce that

%>. (4.20)

E R(17)\k(15h)7>\k(1h+1)) =0 |
Combining (4.19)*(4.20), we infer tha

/ bltnss, ) dAE () — / $(tn, A) dAE (V)
AM—1 AM-—1

thyt th41
/ / Drp(t, N) dAF(N) dt + / / B(t, Nb(N) dAF (X)
ka AM-—1 h

+0( 3DVl +O(F’;||Dw||w) +0( D%,

7l
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Summing the above equality over h =0, ...,k — 1, we obtain that

- / 6(0, X) dA(A) = / H(T, X) dAk () — / 6(0, 1) dA(N)
AM—l AM—I

AM-1
Wi

T
= [ [, astenaatdes 2 [ Dol b AR
0 JAM-1 TeNg Jam—1

2
Wi, wy, 1 9
+0(- 3z ID¥le ) + O ID¥ o) + O D70l )-

TkN

This concludes the proof of the proposition.

5. CONTINUOUS-TIME LARGE POPULATION LIMIT

We are in a position to prove the main result in this paper, in which we characterize the limit of the measures
AF as k — 4o0.

First of all, we need to establish a compactness result for the sequence A¥. For this, we start with a preliminary
observation.

Remark 5.1. Let AF be as in (4.2). We have that:

(i) AF € P (AM~Y) for every t € [0,T);
(i) (Py(AM=1) W) is a compact metric space.

For (i), we fix e; € AM~1 and we obtain, by boundedness of AM~1 that

/ e —Alddy <o [ avy <
A]\f—l AI\/I*]

for some constant C' > 0. In fact, the estimate is uniform in ¢ € [0,7T], N, and 7.
Fact (ii) is a known result, since AM~1 is compact. See, e.g., [25], Remark 6.19.

Remark 5.2. If the curves ¢t € [0,T] — A¥ € P;(AM~1) were equicontinuous (for example if they were equi-
Lipschitz continuous), then one could apply Arzela—Ascoli’s theorem to extract a subsequence converging to
a continuous curve t € [0,T] — Ay € P1(AM~1). However, straightforward estimates coming from the discrete
stochastic process do not seem to provide equicontinuity. Indeed, notice that we can obtain the rough estimate

_V2

‘)\k(tthl) — )\k(th)| < W almost surely. (5.1)
k
From this, we deduce that for every Lipschitz continuous function v with Lipschitz constant < 1, we have that
[ B =85 = [ $OF i)~ D) 4 = E [0\ th0)) — 0N (01))]
2
SE[|Ne(tngn) = No(t)]| < 1= = V2re.
N,
Owing to Kantorovich’s duality formula, we obtain that

Wi (AF

thy1?

Af ) < V21
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It seems that this estimate is not enough to deduce equicontinuity. Note that, iterating it yields

t—s| 1 1
Ak Ay < oll2sl L oL
Wi (A AS) < C A <C| S|T]i_a7

an evidently bad estimate for equicontinuity purposes.
In the proof of the next theorem we avoid using (5.1), replacing it with (5.8) below. However, this requires
to provide a proof in the spirit of Arzela—Ascoli’s compactness result from scratch.

Theorem 5.3. Let N, ~ 7, %, wy, = 7'5 and assume that o, 3> 0 and o+ B =1, a > 1. Let A} be as in (4.2)

and Kf be as in (4.3). Then there exists a subsequence independent of t (that we do not relabel) and a Lipschitz
curve t € [0,T] — Ay € P1(AM=Y) such that Wi (A, Ay) — 0 as k — +oo for every t € [0,T].

Proof. Before proving the compactness result, we need to establish a crucial estimate, i.e., (5.8) below. We
begin with an estimate for s < ¢ satisfying s,t € [ts,ts41] for some h € {0,...,k —1}. Let us fix ¢» € C°(RM).
By the definition of A*, we get that

/ BN AAE(N) - / BN dAE) = / B)A(AF — ARV
Al\/f—l AM—I A]VI—I

— /AAF1 77/1()\) d()\k(t) - )\’f(s))#]P’()\) — /Q <¢(/\k(t)(w)) . w(}\k(s)(w))) d]P’(w) (5.2)
=E[p(\ (1)) — (A (s))].

By Taylor’s formula, we have that

where the remainder is given by
RO (), A"(1)) = /O (1 =)D (A" (1) + (N (E) = X(ta)) [N*(2) = A"(8), A" (1) = N¥(tn)] dr,

with the same formula with s in place of ¢ for R(A\*(t;), \¥(s)). Subtraction of the two equations in (5.3)
and (4.1) yields

DN (1) = B (A (s)) = DY(N* (1)) [N*() = X ()] + RO (t0), X (1) = RO (tn), " (5))
= LDyt (n) [N*(the1) = A%(E)] + ROE (), A°(2) = RO (tn), A¥(s)).

Tk

(5.4)

Let us estimate the expectation of R(A\¥(t3),\*(t)) and R(N\*(t4),\F(s)). We show the estimate for
R(N¥(t,), Ak (t)); the estimate for R(A¥(t},), \*(s)) is completely analogous. By the law of total probability,
we have that

E[R(M\*(t1), \(t) Z]E RN () | S(tn) = S]P(S(tn) = S). (5.5)
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Then, using that A*(£) — A = = (AF(¢,41) — ), we estimate

M M 1 . _ 1 _ 1 B 1
:ZZ/O (I_T)D21/)()\+Tt thm(ei—ej)) [t Tkthﬁk(ei—ej%ﬂm(ei—ej)}

Tk

nﬂﬁ@Hg=X+i4@—@Hst=@dr

Ny
M M 9
<33 0Pl i A (DA, = ol ID*la
i=1 j=1 ( ) k

Inserting this estimate in (5.5), we obtain that

) D2¢)|| oo
BRO (1) A1) < D%l = 0 (1255, (5.6)

We now exploit the estimate obtained in Lemma 4.5. Taking the expectation in (5.4) and using (4.18)
and (5.6), we infer that

B[0(0) — ()] = (5 [ D) an, o)

Tk NNVg
w D ) w ]:)2 o
#5ro(PRE) + golpvliaw)) +o(EE) - s)
k
w ! ID?¢] 1~
(Il + g+ e IDy e + O

Let us now fix generic s < t in [0,7]. Let us denote by h’ € {0,...,k — 1} the index such that s €
[th/ th+1) and by A" € {h',...,k — 1} the index such that t € [tpr,tpr41) (if t =T, we set B/ =k —1).
We estimate the difference E[1)(A\*(t)) — A*(s)] by concatenating the local inequality in (5.7) in the intervals
[thysthig1)s .oy [Erry thrgt):

E[p (A (1)) = (X*(s))]

h'—1
<E[SO (1) — 0O )] + Y B (1)) = M ()] + E[O (1)) — BN (5)]
h=h'+1
L D24 1~
< - " —_— S —
Ot~ | 5 (||b\|L + o) DYl + O
h''—1
W i D o=
+ 3 (O =g (Il + 5+ w0V + 0755
h=h'+1
+C\thf+1—8| (Hb“Lac'f’F"rwk)”D’lp”L +c” 1/’||L°°
" ? Yl

< Clt—s|

W 1 " p
bl| L + — )D o+ C(h —h +1
]WJML+M+W”WH+Q DR
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We remark that

tf
Wiy =W =ty —tpy <t —s+1, = h”—h’+1§‘ il +2Sg-
Tk Tk
It follows that
E[p(\F (1)) — h(\F <Clt— wk(bm— )Dm 0 ¥liLe=
[BO4(E) = D] < Ot = sl (Il + 5+ )Pl +CT

Inserting this estimate in (5.2), we have shown that

/ BN dAEQ) - / P A )

AA{—l A]\/I—l

w 1 |24
Newy (Bllee + -+ we) IDgl - + ==,

< C|t— s

for every s,t € [0,7] and every v € C2°(RM).

We are now in a position to prove the compactness result. Let us fix a countable dense set D C [0,7T]. We
exploit the compactness of (P;(AM~1) W) in Remark 5.1-ii to extract, by a diagonal argument, a subsequence
independent of ¢ € D (that we do not relabel) such that AZ converges in W to some A, € P1(AM~1) for every
q € D. We now extend the convergence to the whole interval [0, T. Let us fix ¢, ¢’ € D. Recalling the assumptions
on Nj and wy, we have that

B
Wi, T, _1 1 1 _
~ k :T]?J’_ﬁ = 17 72 ~ 7_2 :Tlfa 1 —)0.
wNg e,

-
Nyt Ty,

Then we use the convergences W, (A’;7 Ag) = 0 and Wy (A’q“,, Ag) = 0 as k — 400 to pass to the limit in (5.8)
with s = ¢ and t = ¢’ and obtain that

/ P(A) dAg(A) — / (X)) dAg (A) < Clg — ¢'[[[bl[ = [[DY ]| =, (5.9)
AM-—1 AM-—1
for every ¢ € C°(RM).

We can generalize (5.9) to 1-Lipschitz competitors 1) by an approximation argument. Indeed, let 1p: AM~—1 —
R be a 1-Lipschitz function. By Kirszbraun’s extension theorem, we can extend 1 to a 1-Lipschitz function (not
relabeled) ¢/: RM — R. We can then approximate ¢ with a family of smooth functions 1. € C2°(RM) obtained
by convolution with a mollifier and a multiplication by a compactly supported cut-off function identically equal
to 1 on a neighborhood of AM~1, Since 1. — 1 locally uniformly, we pass to the limit in (5.8) with . in place
of ¢ and obtain that (5.9) holds for every 1-Lipschitz function .

Taking the supremum in (5.9) over all 1-Lipschitz functions v, we obtain that

Wl(Aquq’) < C‘q_q/|- (5.10)
This implies that for ¢ — ¢ and ¢ — ¢, with ¢,¢’ € D, we have that Wy (A,,Ay) — 0, ice., {Ay | ¢ = t,¢ € D}
is a Cauchy sequence in (P1(AM=1), Wy). Since (P1(AM~1), W) is a complete metric space, we deduce that

there exists a limit A; € P1(AM~1) such that Wi (Ag, Ay) — 0 as g — t.
We observe that Wy (A¥, Ay) — 0 as k — +oc for every t € [0, T)]. For, given ¢ — t, ¢ € D, we have that

WAL, Ar) S WIAF,AG) + Wi(Ag, Ag) + Wi(Ag, Av),



22 M. MORANDOTTI ET AL.

and the right-hand side converges to 0 as k — +o0o and then ¢ — ¢.
Finally, passing to the limit in (5.10) for ¢ — ¢t and ¢’ — s, we obtain that

Wi (A, Ag) < Clt — s,

for every s,t € [0,T], i.e., A € C([0,T); P1(AM~1)) is Lipschitz continuous.
This concludes the proof of the proposition. O

We are ready to prove the main result of this paper.

Theorem 5.4. Let N, ~ 7, %, wy, = T,f and assume that o, 3 >0 anda+ =1, a > % Let A¥ be as in (4.2)

and Kf be as in (4.3). Let t € [0,T) — Ay € Pi(AMY) be the Lipschitz curve obtained in Theorem 5.3 (we do
not relabel the subsequence). Then Ay is a distributional solution to

Ay +div(bAy) =0, in (0,T) x AM~1 (5.11)
with initial condition Ag, i.e.,
T
| [ @t + Dot b)) drnyde == [ 60,0 dda(,
0 JAM-1 AM-1
for every ¢ € C°((—o00,T) x RM).

Proof. Let us fix ¢ € C°((—o0,T) x RM). By the assumptions on Ny and wy, and by Proposition 4.4, we have
that

/T/ Drp(t, N) dAF(N) dt+/T/ Do (t, \)b(A) dAy (A) dt = —/ (0, ) dAE(N) + P,
0 AM-—1 0 AM-—1 AM-—1

where

~ o — D [e'e] a — o—
i ~ TP 10(” ;f]l' )+Tk+5 LO(|DY ]| sowr) + 7227 LO([D*] ) — 0, as k — +oc.

Moreover, by Theorem 5.3, we have that

T T
/ / Drp(t, \) dAF (N dt — / / rp(t, N)dA,(N\) dt, as k — +oo,
0 JAM-1 0 JAM-1

and, exploiting also Lemma 4.2,

T T
/ / D(t, V() dAT (\) dt — / / Do (t, Vb(A) dA;(A) dt, s k — +oo.
0 AM~—1 0 AM-1

We have shown that

T T
/0 /MH Drp(t, A) dAs(N) dt+/0 /MH Do(t, \)b(\) dA;(N\) dt = _/AMﬂqs(o,A) dAo(N),

concluding the proof of the theorem. O
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Remark 5.5. In the next section we recall that the continuity equation (5.11) has a unique solution. This implies
that the limit curve ¢ € [0,T] — A; € P;(AM~1) is independent of the subsequence extracted in Theorem 5.3.
Hence, a posteriori, the convergence Wi (A¥, A;) — 0 as k — +oc holds for the whole sequence k — +oo.

6. REPLICATOR DYNAMICS

We conclude this section by recalling the connection between the continuity equation
Ay +div(bAy) =0, in (0,7) x AM~1

and the replicator dynamics. This will explain in which sense the replicator dynamics is a mean-field limit of
the finite-population stochastic process described in Section 3.
The replicator dynamics is governed by the following system of ODEs:

d
A(0) = Xp.
In a more compact form, using the vector field b: AM~1 — RM introduced in (4.6),
d
A(0) = Xo.
Let us denote by ¥: (0,7) x AM=1 — AM=1 the flow of the vector field b, i.e., W(t, \g) is the solution of the
ODE system above with initial condition Ag.

A first connection between the continuity equation and the replicator dynamics is given by the following
result. This fact is known, see, e.g., [23], Lemma 8.1.6.

Proposition 6.1. Let Ag € P1(AM~1) and let

Ay = T(t, ) Ao € PLAMTY), te€[0,T). (6.1)
Then A, is a distributional solution to the continuity equation

Ay + div(bA;) =0, in (0,T) x AM~1

with initial condition Ag.
In fact, (6.1) characterizes the solution of the continuity equation. See also [23], Proposition 8.1.8.

Theorem 6.2. Let Ag € Py(AM1). Let t € [0,T] = Ay € Pi(AM™Y) be a narrowly continuous path, being a
distributional solution to the continuity equation

8tAt + le(bAt) = O, m (O,T) X AMﬁl.
Then
Ay = W(t,)uho, te0,T).

The two results above explain the connection between the continuity equation and the replicator dynamics.
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