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Abstract

We rephrase Gurtin and Anand’s formulation of strain-gradient plasticity (“A theory of strain-gradient plasticity for
isotropic, plastically irrotational materials. Part lI: Finite deformations”. Int. J. Plasticity, 2005) to describe the isochoric
structural transformations (remodeling) of multicellular aggregates in in silico compression tests. We consider solid—
fluid biphasic media, thereby accounting for interactions that cannot arise in classical elasto-plastic materials. To gain
insight into the behavior of the fluid, especially in the proximity of the aggregate’s boundary, we introduce a Darcy—
Brinkman model, coupled with the deformation of the solid. This results in a constitutive framework of grade | in the
fluid velocity (Darcy’s law is of grade 0), wherein the stress tensor of the fluid acquires a dissipative contribution. To
obtain the equations determining the system’s evolution, we adopt the Principle of Virtual Power, which allows us to
handle explicitly the internal constraints of incompressibility of the solid—fluid mixture and of isochoricity and null-spin
of the remodeling rate tensor. Furthermore, we enforce the Principle of Maximum Dissipation to justify the generalized
dissipative forces of our model. Finally, we discuss some relevant results of a numerical experiment, and we provide a
brief computational background for the initial- and boundary-value problem representing our model.
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I. Introduction

The mechanical behavior of soft and hydrated biological tissues is often studied by having recourse to
the theory of mixtures [1-6]. Within a minimal modeling approach, a tissue of the aforementioned class
may be described as a mixture comprehending a solid phase and a fluid phase [1,5,7,8]. The solid phase
idealizes the complex of cells, extracellular matrix, protein links, and many other species. The fluid phase
represents the tissue’s interstitial fluid, mostly consisting of water, macromolecules, nutrients, ions, and
various chemical substances or compounds.

In this work, with the terminology “biological tissues,” we intend both true tissues (e.g., articular
cartilage, muscles, blood vessels or skin) and cultures of cells. Such cultures are often referred to as mul-
ticellular aggregates and are important to study, through in vitro or in silico experiments, the mechanical
behavior of tumor masses [9,10] before vascularization begins.

As is common for living matter, biological tissues experience changes of their material properties [11,
12], which can be viewed as the result of the activation of some specific structural degrees of freedom. In
general, such changes are dynamically coupled with transformations of morphology and shape, although
being virtually independent of those. Given suitable time and length scales, the structural changes may
be primarily related to genetics [12], physio-pathological events [13], aging [14], as well as to a variety
of possibly concurring stimuli, which include mechanical, chemical, and electromagnetic interactions of
the tissue with its surrounding environment.

The structural transformations experienced by a tissue are often conventionally classified on the basis
of the phenomena by which they are predominantly characterized (see, e.g., Taber [12]): the uptake or
loss of mass, and the structural rearrangements associated with these processes, constitute growth; the
(usually mass-preserving) reorganization of the internal structure of a tissue is referred to as remodel-
ing and pertains, for example, to the transformations of the extracellular matrix or to the breaking and
reconstruction of the intercellular bonds [10,15]; the production of patterns, and the processes yielding
the specific morphology and size of a tissue are the primary expressions of morphogenesis [16]. Other
essential processes for the evolution of a tissue are cellular differentiation and migration.

Although the distinction among growth, remodeling, and morphogenesis is not sharp [12], it is possi-
ble to determine time scales and experimental settings in which each of these phenomena is preponderant
with respect to the others. In the remainder of this work, we concentrate exclusively on remodeling, and
we consider the specific case in which it occurs in multicellular aggregates undergoing compression tests
[9,10].

The aforementioned tissutal transformations are often described by a second-order tensor field,
termed remodeling tensor from here on, that is conceived with the property of being incompatible, i.e.,
not expressible as the Jacobian tensor field of a deformation (see, e.g., the seminal papers by Rodriguez
etal. [17], Epstein and Maugin [18], and the works by Vandiver and Goriely [19], Yavari [20], Yavari and
Goriely [21] and Goriely [22]). In fact, according to a somewhat standard praxis, the remodeling tensor
is taken as one of the factors that decompose multiplicatively the deformation gradient tensor of a medium
undergoing remodeling, which, instead, is by definition the Jacobian tensor field of the deformation. If
such decomposition features two factors only, the first factor is usually identified with an accommodating
tensor field, which is incompatible, too, and compensates for the incompatibility of the remodeling ten-
sor. Often, the accommodating tensor is assumed to describe elastic distortions, whereas the remodeling
tensor is attributed intrinsically inelastic nature and is thus said to describe anelastic distortions.

The studies on remodeling available in the literature which we are aware of are mainly developed upon
theories of “grade zero” [23] in the remodeling tensor. Accordingly, the dependence of the remodeling
tensor on the points of a medium is not resolved explicitly by accounting for its gradient, or higher-order
derivatives, in the list of the basic variables with which the mathematical models are constructed and, in
particular, the constitutive framework is established (see, e.g., [5,6,12,17,23-29]). However, theories of
remodeling and growth of grade 1 or higher can also be found, and were proposed, e.g., by Epstein and
Maugin [18], Epstein [30,31], Epstein and Elzanowski [32], Goriely [22] and, later, by Grillo et al. [33]
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and by Grillo and Di Stefano [34-36]. Still, to the best of our knowledge, they have not been given the
attention that grade-0 theories have received.

Conversely, in plasticity, higher-order effects are well established and studied, since the inclusion of
such effects is necessary for capturing size-related phenomena (see, e.g., the review of strain-gradient
plasticity by Voyiadjis and Song [37]). Theories of plasticity that do not account for the gradients of their
inelastic descriptors are unable to recover the stress—strain curves obtained, for example, in indenta-
tion, torsion, and bending tests for metals at low scales. In biomechanics, however, low-scale mechanical
tests on biological tissues are rather common, and assessing the effectiveness of the grade-0 theories of
remodeling may become an interesting topic, especially to evaluate when it is convenient to switch to
theories of higher grade. Aside from that, the theories of higher order are interesting, at least, for other
two reasons: they may unravel boundary effects due to the contact interactions between the tested tissues
and the experimental apparatus, and they make it possible to blend the mere phenomenological aspects
of remodeling with those pertaining to phase transitions and to the generation of patterns typical of mor-
phogenesis [18]. These are, in fact, our main motivations for undertaking a strain-gradient formulation
of remodeling, which we obtain by re-proposing the work by Gurtin and Anand [38] on plasticity in the
biomechanical context of the compression tests of multicellular aggregates.

In conjunction with remodeling, another major role on the evolution of the aforementioned systems
is played by the interactions between the interstitial fluid and the solid phase. The models of fluid mostly
encountered in the literature assume Darcy’s law, which is often provided in the form of a linear relation
between the velocity of the fluid relative to the solid and the pressure gradient of the fluid. The pressure
gradient is multiplied from the left by the permeability tensor, which contains important pieces of infor-
mation about the pore space and material symmetries of the porous medium under study, and is usually
coupled with the deformation [1]. In our work, however, we abandon Darcy’s law in favor of an enriched
description of the fluid known as Darcy-Brinkman model. Our motivation is twofold. First, in addition
to the interactions resolved within the Darcian approach, the Darcy-Brinkman model accounts also for
self-interactions of the fluid, resulting in a dissipative contribution to the overall stress tensor, usually
taken linear in the fluid velocity gradient. Indeed, due to the presence of macromolecules, nutrients, and
other substances dissolved in the fluid, the assumption of negligible viscosity may not hold, and the fluid
flow may be non-Darcian. Second, at variance with Darcy’s law, the Darcy-Brinkman model allows for
describing “boundary effects” [39,40]. We mention that, before us, other, pioneering, works employed an
extension of Darcy’s law, named Brinkman equation [41], to study the interstitial flow in biological media
[42,43].

This work is organized as follows: Section 2 presents the relevant modeling hypotheses for hydrated
soft tissues, the kinematic framework (with all the considered constraints), and the mass balance laws;
Section 3 summarizes all the force balances and the constraints, after formulating the Principle of Virtual
Power [44,45] (PVP) for constrained systems, and for a grade-1 theory both in the remodeling tensor [38]
and in the velocity field of the fluid phase (at variance with previous works of our group—see, e.g., Grillo
and Di Stefano [34, 35] and Giammarini et al. [46]—we provide some notions about the functional spaces
involved in the formulation); Section 4 presents the constitutive framework; Section 5 shows the initial-
and boundary-value problem to be solved and contains a discussion on some numerical results; Section
6 provides some concluding remarks.

2. Hydrated soft tissues as biphasic mixtures undergoing remodeling

We present the main hypotheses with which we describe the mechanics of fluid-saturated soft tissues
undergoing remodeling of their internal structure. As “representative” for this kind of biological systems
we refer to the so-called “multicellular aggregates” [10]. These are conglomerates of various types of
cultured cells that are typically used in laboratory experiments on the mechanics of tumor spheroids
[47]. The latter ones, in turn, inspire mechanical models of the evolution of in situ tumors in the stages
of their growth that precede vascularization [48,49].

In the mechanics of multicellular aggregates, it is often assumed that remodeling is a volume-
preserving process, thereby requiring the isochoricity of the remodeling tensor. In fact, this requirement
defines a constraint [50]. In the remainder of this section, we shall discuss the kinematics of the mechan-
ical system describing our representation of a multicellular aggregate. Attention will be given to the
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isochoricity constraint imposed on the remodeling tensor and to the implications of such constraint in
the mass balance law of each constituent of the aggregate. In particular, the aggregate will be described
as a biphasic mixture comprising a porous “solid” constituent—or phase—, represented by cells and
extracellular matrix, and an interstitial fluid, which saturates the pores of the solid constituent. Since the
theory presented hereafter models a fluid—solid biphasic system as a biphasic mixture resulting from a
suitable volume-averaging technique [51,52], it is referred to as “Hybrid Mixture Theory” [2].

We remark that some parts of the model are unavoidably similar to previous works of our group on
similar topics [34,35,46]. In particular, the multiplicative decomposition of the deformation gradient ten-
sor, the kinematics of biphasic mixtures and of the essential mass balance laws, as well as the handling of
the constraints in Section 2.3 and of Chetaev’s conditions in Section 2.4 expand the treatment of the same
subjects outlined by Giammarini et al. [46]. However, in this work, we concentrate on quite a different
type of remodeling (of grade 1) and consider a rather different dynamic regime for the fluid phase.

2.1. Biphasic mixtures undergoing remodeling: basic kinematics and notation

Like in previous works of our group [46,53], the description of the kinematics of the biphasic system
under study is taken, with slight modifications, from the works by Quiligotti [54] and Quiligotti et al. [55].
Consistently with these approaches, we admit the existence of a reference placement for the system as
a whole [10,25,49,56-58]. The reference placement is indicated with & and is assumed to be a (smooth)
differentiable manifold hosted in the three-dimensional Euclidean space .. Hence, it holds that Z C .%.
Moreover, we enforce the saturation condition, according to which the pore space of the solid phase is
entirely filled with the interstitial fluid. This condition has to be respected at all points of % and at all times
of the time window .7 =10, e[, with ze being the final time of observation of the system. The region of
. occupied by the system at an instant of time 7 € .7 is denoted by #(r) C . and is referred to as current
placement. In our description, the fluid and the solid coexist in each spatial point x € Z(¥).

We denote by x : Z x 7 — . the motion of the solid phase, so that x = x(X, r) € . is the spatial point
in which the point X € & is mapped at time t€ 7. For t€ .7, the map x;=x(-,t): % — . defines a
smooth embedding parameterized by time, and the current placement of the mixture is obtained as the
image of & through x;, i.e., Z(t) = x(#) = x(%, t). We remark that, even though & is originally asso-
ciated with the solid constituent (Quiligotti [54] and Quiligotti et al. [55]), the fluid particle occupying
a point x € #4(t) is mapped, at each time t € .7, into the point X =y, ! (x) € & through the inverse map
X7 i (B)—B, where 3, is defined as {;: B — xi(B).

Foragivenx € ., Ty and (Tx.)* are the tangent space and the co-tangent space of . at x. Similarly,
for a given point X € 4, Tx% and (Tx%)* are the tangent space and the co-tangent space of % at X. For
completeness, we recall that 7% = Lixc 4 Tx% and (TA)* .= Uxc5(Tx%)* are the tangent bundle and
the co-tangent bundle associated with 4, respectively. For any given vector space 7 attached to X € 4,
“Uxeg X’ indicates the “disjoint union” of all ¥, for X varying in # [59]. The same notation is used
for vector spaces 7y attached to x € .7, and we write 7.¥ = L,c o T and (T.)* = Uyc o (Tx.)* for the
tangent and co-tangent bundles associated with .7.

As for the tangent and co-tangent spaces and bundles, here and in the following we adopt the x-notation
to indicate the dual space ¥ of a generic space ¥, be it a vector, tensor or functional space. It is, indeed,
to emphasize duality that, in this work, we denote the co-tangent spaces by (7y.¥)* and (Tx%)* instead
of using the more standard notation 75.% and Ty.% (see, e.g., Marsden and Hughes [59]).

We endow . and # with the metric tensor fields g and G. For each x€. and Xe %, g(x) and G(X) can
be viewed as the linear maps g(x) = g, Tx. —(Tx.¥)* and G(X) = Gx:TxB— (TxA)*, i.e., as the spatial
and material musical isomorphisms that map univocally each vector u € T,.¥ and each vector U € TxZ into
the co-vectors g.u € (T.)* and GxU € (Tx#)*, respectively [59]. For instance, given the spatial musical
isomorphismby : 7. — (Tx.)*, itholds that g, u = by (u) € (T.¥)*, for each u € T.¥. By definition, g(x)
and G(X) are invertible, and their inverse maps are given by g~ ! (x) = g ' : (Te.%)* = T’ and G~ (X) =
G;(l :(TxPB)* — Tx A, thereby corresponding to the spatial and material musical isomorphisms that map

univocally each co-vector w € (T.%)* and each co-vector Q € (Tx%)* into g; 'w € T\.” and G)}IQ €
Tx %A, respectively [59]. Also in this case, given the spatial musical isomorphism f : (Tx.)* — Ty, the
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identity gy 'w = fx(w) € Ty applies, for each w € (Ty.¥)*. It is commonly praxis to say that b, “lowers”
indices and f, “raises” indices.

Before going further, we recall that the metric tensors are often introduced as the tensor maps g(x) =
g T x Tv. - Rand G(X) = Gx: Tx# x Tx# — R, such that, for any pair of spatial vectors (u,v) €
T x Ty and for any pair of material vectors (U, V) € Tx# x Tx %A, the real numbers g, (u,v) and
Gx(U, V) are the scalar products between u and v and between U and V generated by the corresponding
metrics. With this definition of the metric tensors, it makes no sense to speak of their inverse. When
there is no room for confusion, in the remainder of this work we will use interchangeably both the latter
definition and the one viewing metric tensors as linear maps between a tangent space and its associated
co-tangent space.

Granted all the necessary regularity requirements for x, we introduce the deformation gradient tensor
F(X, 1) :=Tx:(X) = Dx(X), which is defined as the tangent map of x; at X [59], or as the Jacobian tensor
of x; at X. By construction, F(X, ) is the two-point tensor map F(X, 1) : Tx% — T, x ;. Accordingly,
F(-,1): B —TY ®(TA)* is, for t varying in .7, the two-point tensor field that associates the deformation
gradient tensor F(X, t) with each X € #. At each pair (X, ) € # x 7, the tensor F(X, t) is non-singular,
and its determinant J(X, ¢) :=det F(X, 1) is strictly positive.

The remodeling tensor, hereafter denoted by Fy(X,1), is introduced by having recourse to the
Bilby-Kroner-Lee (BKL) decomposition of the deformation gradient tensor F(X, ) into an elastic (or
accommodating) part and an anelastic (remodeling) part [60], i.e.,

F(X, 1) = Fe(X, 1)) Fy (X, 1), (X.)eBXT. (1)

The tensor fields Fe and F, have the property of being non-integrable, that is, none of them reduces, in
general, to the Jacobian tensor field of a deformation map. Rather, Fy represents the distortions induced by
the process of remodeling, while F is the accommodating tensor field that describes the elastic distortions
necessary to restore the integrability of F. Both F; and F, are non-singular for all pairs (X, t) € % x .7 and
their determinants Je := det Fe and J,, := det Fy are strictly positive. Moreover, the Cauchy-Binet formula
yields J = JeJ.

The remodeling tensor field Fy can be viewed as the tissue-scale descriptor of the structural reorgani-
zations that occur at different scales of a tissue, including those characterizing intercellular interactions.
Moreover, F, relates the configurational changes of the microstructure of a medium that undergoes
remodeling to the alterations in the medium’s mechanical and hydraulic properties. In the terminology of
DiCarlo and Quiligotti [23], Fy (X, t) operates incompatible transformations on the “body element” Tx%
in order to (virtually) mold it, at each instant of time ¢ € .7, into a relaxed and stress-free state. The result
of these transformations is referred to as the natural state of Ty at t€ .7, and can be identified with
the image of Ty through Fy (X, 1) [22], i.e., Ax(t) := Fy (X, t)[Tx#] (square brackets are used to empha-
size that F, (X, f) operates linearly on the vectors of Tx%). Hence, we may write Fy (X, 1) : Tx%# — Nx(t)
and, consequently, Fe(X,1): Ax(r) = Ty (x,)%(1). Finally, the natural state at time /€ 7 of the body
as a whole is obtained as the vector bundle collecting the natural states of all body elements, i.e.,
N (1) = Uxe 5x(1).

To simplify the mathematical formulation, we make the hypothesis that .#%(¢) is “the relaxed version
of Tx%” [46]. It is, thus, possible to identify F, with a mixed, but (formally) not two-point, tensor field.
This way, the forthcoming calculations gain the notational advantage of avoiding the introduction of an
additional family of indices pertaining solely to the natural state, and uppercase Latin indices, proper of
the reference placement, can be used to denote the components of F,, as we now proceed to describe.

Given a point X € 4, and by denoting by {E4(X) }f‘: | & basis of Ty% and by {EB (X)}%:1 the dual
basis of (Tx%)* (thus, EB(X)[E4(X)] =084, with 68, being the Kronecker delta), F,(X,t) can be rep-
resented as F (X, t) = [F, (X, )45 Eo(X) ® EB(X) and its time derivative Fy(X,t) is given by Fy(X,1) =
[F,(X,1)/Ap EA(X) ® EB(X). Furthermore, the components of the material gradient GradF, are identified
with the components of the covariant derivative of F,, i.e.,

O[F, )"
0x¢

A
[GradF,|" pc= + [E)) 5T 0 — (B2 T e (2)
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Here, TR st are the Christoffel symbols associated with the material connection induced by G [61].
Throughout this work, Christoffel symbols are symmetric in the second and third (lower) indices, so that
IRep=TRpg, forallR, S, Te{1,2,3}.

For the forthcoming discussions, also the material curl of Fy will be relevant, i.e.,

[Curlk, )P4 = — L DCB [GradF, " 5., 3)

det[G]

where e is the Levi-Civita symbol and det[G] is the determinant of the matrix associated with the material
metric tensor G (see, e.g., the work by Birsan and Neff [62]). Moreover, it is possible to introduce a
Kinematic quantity, constructed upon F, and CurlFy, which is invariant under smooth changes of the
reference placement. This quantity is referred to as Burgers tensor field [38,63] and reads

B :=J. | F,CurlF,, (8148 =J 1 [F))A c[CurlE, | 5. (4)

Some considerations on the definition of F, adopted in this work and on CurlFy are summarized in
Appendix 1.
In accordance with the formulation of elasto-plasticity in finite deformations of Gurtin and Anand [38],

we introduce the rate of the remodeling tensor field Ly := F, E I and we extract its symmetric and skew-
symmetric parts with respect to the metric tensor field G, i.e., Dy = Sym(GL,) and W, = Skew(GL). We
refer to D, and W., as the remodeling stretch rate and the remodeling spin tensor fields. Finally, we introduce

the anelastic Cauchy—Green deformation tensor field Cy = FVT GF,, its inverse B, := C; 1 , and the elastic

Cauchy—Green deformation tensor field Ce := FeT gF..

In the remainder of this work, we will introduce spaces of tensor fields that, when expressed in
components, may have contravariant, covariant, or mixed indices. By assuming that the spaces under
consideration refer all to the tangent bundle 7.2 and/or to the co-tangent bundle (7.%)* associated with
the system’s reference placement, we denote by [T%]" the space of tensor fields that, decomposed in
a given tensor basis, have n € N contravariant components, with n > 1. Analogously, we write [T4], to
indicate the space of tensor fields with n covariant components. For instance, the metric tensor field G can
be understood as the map G: X € Z — G(X) € [Tx %), that associates each point X of Z with the second-
order tensor G(X) having covariant components and representing the metric at X. Analogously, it holds

that G~ (X) € [Tx%)?. In addition, the space of tensor fields having the first n > 1 indices of contravariant
type and the second m > 1 indices of covariant type is given by [T%]",,, whereas [T %], represents the
opposite situation in which the first n > 1 indices are covariant and the second m > 1 indices are contravari-
ant. Examples are [T%]!, = T# @ (TA)* @ (TA)* and [TH),*> = (TB)* ® T# ® TH. A similar notation
can be used for the spaces of tensor fields involving the tangent bundle 7. and/or the co-tangent bundle
(T.)*. The spatial metric tensor field, in fact, is represented by the map g:x€.¥ +— g(x) € [Tx.¥]5, SO
that, for each x € .7, g(x) is the second-order tensor with covariant components denoting the metric at x.
Moreover, as for the inverse of the material metric tensor, it holds that g~ (x) € [Ty.%]%. For two-point
tensor fields, like the deformation gradient F or the first Piola—Kirchhoff stress tensor fields of the solid
and of the fluid phase, i.e., Ps and Py, we write F € T.¥ ® (T9)* and Ps, Py € (T.¥)* @ TA.

We emphasize that in our model, the remodeling tensor Fy is regarded as a configurational [64] Kine-
matic descriptor taking into account the evolution of the medium’s microstructure. Specifically, we
re-formulate the “first-neighbor” approach by Gurtin and Anand [38], used in finite plasticity, within
the context of the remodeling of biological mixtures.

2.2. Mass balance laws and the constraint of incompressibility for mixtures

We model the multicellular aggregate under study as a biphasic mixture, comprising a soft solid phase
and an interstitial fluid. To account for the mass balance of each phase, we introduce the infrinsic mass
densities ps and pf, the volumetric fractions ¢g and ¢¢, the apparent mass densities pg := ¢sps and pg =
oros, as well as the apparent density of the mixture p = ps + p¢. The volumetric fractions are regarded as
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real-valued, non-negative functions of the current placement fulfilling the saturation condition ¢s(x, f) +
o¢(x, 1) =1 for all pairs (x, r) € A(t) x 7. Hence, we can write ¢s( -, 1) : Z(t) — [0, 1] and ¢¢( -, 1) : B(t) —
[0, 1]. We require os and pf to be constant, so that the evolution of the apparent mass densities ps and p¢
is entirely due to the variations of the volumetric fractions ¢s and ¢¢ =1 — ¢s.

In our model, we neglect growth, be it volumetric or appositional, and, in general, any phenomena
representing mass exchanges between the phases. Under this assumption, and dropping the constant
intrinsic mass densities, the mass balance equations for the biphasic mixture read

Oyrs + div(svs) =0, in (1), (5a)
Ordr + diV(¢fo) =0, in %(l‘), (5b)

where vg and v¢ denote the velocity fields of the solid and fluid phases, respectively. Summing equations
(5a) and (5b) yields the so-called “mixture incompressibility condition” [52], which is given by

div(psvs + dpve) =0, in A(1). (6)

By introducing the substantial derivative operator with respect to the velocity of the solid phase, i.e.,
Dgf= 0if + (gradf)vs, with f being a differentiable scalar function, equation (5a) can be recast in the
form Dgog 4 ¢sdivvs = 0. Moreover, upon denoting by 7 : # x .7 — .7 the time-projection map [59,65],
defined such that (X, )+ T (X,t)=t, and recalling the identity J=J[divvso (x,7)], we can compute
the solid phase volumetric fractions associated with the natural state and with the reference placement
as ®gy :=Jk[pso (x, T)] and ®gg =J[¢s o (x, T )| =JPsy, respectively. The composition of functions,
expressed by the symbol “o”, gives f{X, t) = [fo h](X, {) = f(h(X, 1)), for any triple of functions f, f, and h.
Note that 4 can also be a collection of functions defined in & x .7, as is the case for (x, 7). Then, we
obtain

br=7P5, =0 = I {5+ Os,tr(E, ')} =0, (7)

where &g, and ®¢R are the backward Piola transformations of ¢ to the natural state and to the reference
placement of the medium, respectively. In particular, equation (7) prescribes that ®4R is constant in time,
and that ®g,, can be obtained as g, =J, 1(I>8R. In fact, this expression of ®g,, is the solution to equation
(7). Moreover, if ®¢g is regarded as given, e.g., in terms of the (initial) distribution of the solid phase in
the medium’s reference placement, then ®g;,, describes how the volumetric fraction of the solid phase
evolves in response to the volumetric anelastic distortions, modeled by J.,.

The condition of incompressibility (6) can be pulled back to Z and recast in the two equivalent forms

J+Div[®g (Vi — Vs)F 1] =0, in A, (8a)
Div[(®r Vs + Pr Vi) F 1] =0, in A, (8b)

where @ :=J — R is the volumetric fraction of the fluid phase per unit volume of %, while Vg :=
vso(x,7T) and Vg:=vso(x,T) are the velocity fields of the solid and of the fluid phase defined over
A x 7. In spite of their being one equivalent to the other, equations (8a) and (8b) will be handled in
a different way. Indeed, equation (8a) represents the condition of incompressibility as typically handled
in the mechanics of porous media, whereas equation (8b) expresses how such condition constrains the
velocities of the solid and of the fluid phase and, in the forthcoming sections, it will be used to perform
the variations on these velocities. In this respect, equation (8b) is, in the biphasic setting, the counterpart
of the condition that the velocity of an incompressible monophasic medium be divergence free. Indeed,
in a monophasic continuum in which mass is locally conserved (e.g., in the absence of growth or similar
phenomena), the condition of incompressibility is reflected by the kinematic constraint that the velocity
of the medium have zero divergence. On the contrary, in a saturated biphasic medium, it is the so-called
“composite velocity” [66], 1.e., psvs + ¢¢vs, that has to be divergence free when both phases are intrinsically
incompressible. The composite velocity, pulled back to the medium’s reference placement, returns the
argument of the divergence in equation (8b). This point of view has been exploited by Giammarini et al.
[46].
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2.3. Constraints on the rate of remodeling distortions

Following Gurtin and Anand [38], we hypothesize that the remodeling distortions represented by Fy are
isochoric and yield vanishing spin. In our notation, these two conditions, holding at all points of % and
at all instants of .7, read

Jy=detF, =1, W, =3 [GEE ' — (B,E TG =0, 9)

where O is the null tensor field of the second order. Gurtin and Anand [38] handled these assumptions in
strong form, thereby developing their theory on the kinematic descriptor D, naturally compliant with the
condition (9),, and which they took deviatoric as a direct consequence of (9);. However, by adhering to
the framework of the Analytical Mechanics of constrained systems [67-70], we view the conditions (9)
as two independent constraints on F, and Fy. This is a methodological alternative to that used by Gurtin
and Anand [38], and is based on some recent works of our group [34,35,71-73] and on the references
therein.

While the constraint of isochoric remodeling distortions is holonomic [67], meaning that, as stated in
(9)1, itis expressed as a function of F,, the constraint of vanishing spin is in general nonholonomic [67],

since it conveys a restriction on the admissible values of Fv- However, for the forthcoming formulation,

it is convenient to express also equation (9); in differential form, so that, in terms of L, := FWF{ I we
obtain:

Caev = Caey © Ly = (J,IT|L,) = (J,G'|GL,) =0, (10a)
Csym =Csym o Ly == 1 [GL, — (GL,)T] = 0, (10b)

where I: T% — T2 is the material identity tensor field. Here, the subscripts “dev” and “sym” indicate that
L., and GL., have to be “deviatoric” (isochoric remodeling) and “symmetric”, respectively. Moreover, for
a generic kinematic quantity f—be it a vector or a tensor field—and its dual 3, the angular brackets (3|f)
denote the duality products between 3 and f.

Equations (7), (9);, and (10a) imply that &, is constant in time and that its numerical value coincides
with that of the volumetric fraction of the solid phase in the reference placement, i.e., with ®¢g.

To handle GradL., with the restrictions placed on L., one could also take the gradient of equations (10a)
and (10b), and regard the resulting expressions as additional constraints. This approach is followed, e.g.,
by Anderson et al. [74], Chen and Fried [75], and Pastore et al. [73] for uniaxial nematic elastomers, and
by Bertram and Gliige [76] for incompressible second-gradient monophasic media. In the present work,
however, we do not follow this path.

2.4. Chetaev’s conditions

The constraints (10a) and (10b) restrict the set of the admissible virtual velocities associated with F7 or
L. Indeed, upon denoting by Ly, the virtual velocity associated with L., and introducing the hypothesis
of “ideal constraints” [34,35,67,71,72,77], Ly must comply with so-called “Chetaev’s conditions” [71,77]:

) aC -
Adey ::Adevo(Ly,LW)=< a,‘f“@%) [Lyy] = (I, TT L) = (J,G 1 |GLyy) =0, (11a)
Y
— A 8ésym 1 T
Asym = Asym © (Ly, Lyv) =  —5F— oLy [Lyv] =5 [GLyy — (GLyy)" | =0, (11b)
Y

where (al,yédev o Ly)[Lv] and (O, flsym o L)[Lyy] are the Gateaux derivatives of Cgey and flsym evalu-
ated in Ly and along L.y. Accordingly, the virtual velocities Ly must be deviatoric and symmetric with

respect to the metric tensor field G. Also, Lyy can be expressed as Ly = VWFW_ 1, with V,y being the
virtual velocity field associated with the time derivative of the remodeling tensor.
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Remark 1. (Chetaev’s conditions). In Analytical Mechanics (see, e.g., the work by Flannery [78]), Chetaev’s
conditions are relations that indicate how to select generalized virtual fields and variations (represented, in our
problem, by the components of the tensorial virtual velocity L~y) in compliance with the imposed constraints.
They generalize the selection criteria for the virtual displacements or velocities of holonomic systems to the
case of nonholonomic constraints. In other words, Chetaev’s conditions identify the virtual variations that are
physically admissible for the system at hand, and make it possible to extend the Principle of Virtual Power or
the d’Alembert—Lagrange Principle to systems featuring nonholonomic constraints (see, e.g., the treatises by
Pars [68], Neimark and Fufaev [70] and Gantmacher [69]). To briefly contextualize Chetaev’s conditions, let
us consider a (discrete) mechanical system characterized by n> 1, n € N, generalized coordinates, collected
in the array q = (q1 ,---»q"), and by n generalized velocities, represented by q (we recall that, at each time t,
q(1) is a tangent vector at the point q(t) of the system’s configuration manifold). In addition, let us assume that
the system is subjected to m < n, m € N, constraints of the type ck=cko (g, q,7) =0, which, fork=1,...,m,
may be nonholonomic or holonomic, but all expressed in differential form. Here, g and ¢ are functions of time
t, and T is an auxiliary map such that 7(t) =t for each t. Note that, among these m constraints, the holonomic
ones are either linear or, at the most, affine in the generalized velocities (indeed, if Ck, forsomeke{l,...,m},
is holonomic, it is obtained by taking the total time derivative of a condition of the type fk :j‘k o(gq,7)=0;
hence, the corresponding CK is linear in q if 0-f=0, and affine in g otherwise). However, the nonholonomic
constraints can be linear or nonlinear in the generalized velocities, depending on the problem at hand. Then,
given the tangent vector field of the generalized virtual velocities, here denoted by u, Chetaev’s conditions are
defined as the Gdteaux derivatives of the given constraints, evaluated at (q, q, T) and along u, i.e.,

. . ack . ", rack . i
Ak:Ako(q’anvu): ( 8q O(q,q,T)) [M]ZZ (aqlo(q,q,']—)> [M:IZO, (12)
i=1

fork=1,...,m. Hence, Chetaev’s conditions are by construction linear in the generalized virtual velocities,
even when the corresponding constraints are nonlinear in q (e.g., when they are dffine in q). Clearly, when the

constraints C', ... ,C™ are all linear in the generalized velocities (as is the case for the constraints considered
in this work), Chetaev’s conditions are obtained by replacing the generalized velocities with the virtual ones.
Yet, it should be remarked that there also exist constraints for which Chetaev’s conditions are not applicable
(see, e.g., the work by Borisov and Tsiganov [79] and the references therein). However, this is not the case for
the constraints studied in our work.

Note that, since the constraint functions édev and @sym are both linear in Ly, the corresponding func-
tions Agey and .flsym are independent of L, and depend linearly on L.y . For this reason, to simplify the

notation, we shall write fldev oL,y and /lsym o Ly from here on.

Quite differently from equations (11a) and (11b), in which the Gateaux derivatives are performed by
direct differentiation of the constraints (10a) and (10b) with respect to L., Chetaev’s condition associated
with the constraint (8b) is obtained as follows. First, we redefine equation (8b) through the functional

Cine = Cinc © (Vs, V) = Div[(®sg Vs + Dr Vi) F 1] =0, (13)
which is linear in the velocities Vs and Vy (we adopt this notation for convenience, but éinc could also be
defined as a function of Vs, V¢, GradV and GradVs). Then, we introduce the homotopies Vg — Vg 4 cViy
and Vi — Ve +eVyy,, where € is a non-dimensional smallness parameter, and we define the function

Cinc(€) = Cinc © (Vs +Vsv, Vs + Vi) = Div[(Dr (Vs +Vsy) + Prr (Ve + Vi) ) F ]
=Div[(®er Vs + PR VOF ] +eDiv[(Der Vov + SR Viv)F . (14)

Thus, Chetaev’s condition is given by (see the work by Giammarini et al. [46] for an analogous expression)

Ainc = 7(0) = (Déinc © (VS’ Vf))[VSV’ va] = Div[((I)SRVSV + (I)fRVfV)F_T] =0, (15)
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where (DCipnc o (Vs, V))[Vsv. V] is the Gateaux derivative of Cjp., evaluated at (Vs, Vy) and along the
virtual velocities Vsy and Vy,. For future use, we write Ajpn := Aine © (Vsv, Viy ). Also for Aj,. the same
notational considerations hold that have been reported in the parentheses after equation (13), but in terms
of the virtual fields.

3. Force balances in biphasic mixtures undergoing remodeling

We complete the kinematic picture of the system under study by defining, for each of the considered
degrees of freedom, the generalized virtual velocity field chosen as descriptor. From here on, unless
there is room for confusion, we use “virtual velocity field” and “virtual velocity” interchangeably.

Next, we introduce the generalized force fields acting on the system. We do this by identifying each
of such fields with the entity that represents the virfual power expended on the corresponding virtual
velocity. Each virtual power constructed this way is, by definition, a linear functional in the associated
virtual velocity. This functional has the property of being bounded in this virtual velocity, and continuous.
Also for the force fields, we shall simply speak of “forces” when there is no lack of clarity.

To define the generalized forces, we distinguish them between internal and external. Furthermore, we
classify the external forces as bulk forces and surface forces, depending on how they act on the system.

For the framework of the Principle of Virtual Power (PVP), we refer to the foundational works by
Germain [44] and Epstein and Segev [45].

3.1. PVP in the presence of constraints

Granted the kinematical setting outlined in Section 2, we consider the collections

M ={Vs=x, Vy, GradVs, GradVy, L., GradL }, (16a)
%V = { st, va 5 Grad VSV 5 Grad VfV 5 L")/V 5 Gl‘adeyV } 5 ( 1 6b)

comprising the generalized velocity fields of the system under study and the corresponding virtual fields,
respectively, and in which Vg and Vi, as well as Vgy and Vi, comply with the constraint (8b), while L., and
L. comply with equations (10a) and (10b) (in fact, the virtual fields comply with Chetaev’s conditions
(15), (11a) and (11b)). The subscript “v” stands for “virtual” in all the symbols in which it appears. The
fields Vi, Vyand L, and their virtual counterparts Vgy, Vi, and L,y are defined on the topological closure
of #,i.e.,on B=98U0A.

To define the virtual power, we introduce the functional spaces which Vgy, Vy, and Ly belong to,
and we denote them by 75y, ¥, and 74y, respectively. For o =s.f, 7,y is a subset of the Sobolev space
H! (A, T.) of functions valued in 7., characterized by the Dirichlet boundary conditions assigned to the
motion of the solid and of the fluid phase. Analogously, ¥y is, in general, a subspace of H 1 (%, [THA) 1 1) of
tensor functions valued in [T'%]!|. We recall that, for a given scalar, vector, or tensor space S, H' (%;S)
is the Sobolev space of fields defined over %, valued in S, square-integrable in #, and with distributional
gradient square-integrable in 4. Integrability is understood in the sense of Lebesgue, and the space of S-
valued fields that are square-integrable in % according to Lebesgue’s measure is denoted by L2 (%;S) [80].

To handle the values attained by V,, and V,y on the boundary of %, we have recourse to the trace
operators [80], which, in the present setting, map a given field of H' (%; T.¥) into a field of L?>(0.%8; T.7 ).
However, since it is known from Functional Analysis that the trace operators defined in this way are not
surjective [80], they are re-defined as p: H' (%; T.%) — H'/2(0.%;T.%), where H'/2(0%;T.%) is given
by H'/2(08, T.7) == {p(W): We H (8, T.7)} C L*(08; T.¥), and p(W) is said to be the trace of W on
0%. To simplify the notation, we shall omit the symbol p(W) to indicate that W is evaluated on 0.4, or
on a portion of it. However, such evaluation will be understood in the sense of the trace of W. The same
shall apply to the evaluation of a component of W in a given vector basis.

Since in this work we deal with second-order tensors for which their algebraic trace “tr” has to be eval-
uated, the operator “tr”” should not be confused with the trace operator of Functional Analysis. However,
it will be clear from the context which operator is meant.
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For d=1,2,3, let F?D and F?D be the portions of .28 on which, in a given local coordinate system and
in the associated vector basis, the dth component of the solid phase motion y and of the fluid velocity V¢

are prescribed by means of Dirichlet boundary conditions. On Fg"D and F?D, the dth component of Vgy

and Vg, ie., vg’v and V?V, are identically null by construction. On the contrary, since we prescribe no
Dirichlet conditions on Fy or on L, no restriction of this type is required for L. Hence, we set

Yov={Vsv €H (B, T.7): V&, =00n T4, de{1,2,3}}, (17a)
Yoy ={Viy €H (B, T.7): V& =00onT%, de{1,2,3}}, (17b)
Vv =H'(%:[TB)"). (17¢)

3.1.1. Internal virtual power. Given gy, 7, and 7y, we define the internal virtual power as
W56y x Fhy x oy 2R, (182)

W@(VSV, Vi, Lyy) i= /%)Z {(Uma|Vay) +(Pa|GradVay) }

+/@ {(Yu|Lyv) +(Yy|GradL,y)}, (18b)

where Jm,, is the active part of the force, expressed per unit volume of the reference placement, that the
ath phase, « € {s, f}, exchanges with the other one [55] (it is here referred to as “active” because it is not
directly related to the constraints and, in the following, it will be expressed constitutively); P, is the active
part of the first Piola—Kirchhoff stress tensor associated with the ath phase; Yy, is the active stress-like
generalized force dual to Lyy; finally, Y is the tensor field of the third order that expresses the active
generalized stress dual to GradL.y.

The generalized forces Jm, Py, Yy and Y, must belong to functional spaces that guarantee the exis-

tence and finiteness of the integrals of equation (18b). Moreover, Wéi) should be linear and bounded in
each of its arguments.

3.1.2.  Null reactive virtual power. Since the constraints (10a) and (10b) are “ideal” [67,77], the reaction forces
generated by them expend zero virtual power against any admissible virtual velocity field. We enforce this
property weakly by employing the Lagrange multiplier technique. Hence, we introduce a scalar Lagrange
multiplier n and a tensorial Lagrange multiplier Y, their associated virtual fields ny and Yy, and we
conjugate 7y and Yy with equations (10a) and (10b), respectively, and n and Y with Chetaev’s conditions
(11a) and (11b). Note that 7, v, X and Yy have physical units of mechanical stress.

Analogous considerations are made for the incompressibility constraint, expressed in the form (8b)
and in Chetaev’s condition (15). The condition (15) is conjugated with a Lagrange multiplier p, acquiring
the meaning of a pressure, while the constraint (8b) is conjugated with the virtual pressure py.

We denote by 77y, Yy, and ¥y the functional spaces in which the virtual multipliers 7y, Yy, and py
live, and we define them as

Yy =L*(B;R), Yoy = L2 (B; [TA)%), Yov=H' (%;R). (19)
Then, we write the null virtual powers expended by the reaction forces on the constraints as

dev)

WISy R, (20a)
W\(}dev) (L’VV; Ny) = /% W[Adev OLyv] + /93 Ny [édev oLy] =0, (20b)

WM™y x Yy SR, (20¢)
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WY (L 1) = /%<T|Asym oLyv)+ /@<Tv,ésym oLy) =0, (20d)
WD) X Hy X Voy R, (20e)
W\(}mc) (Vsv, Veyspv) == — /%P[/iinc o (Vsv, V)] — [@pv [éinc o (Vs, V)] =0. (201)

As for W\(,l), the functional spaces of the “true” Lagrange multipliers n, Y and p, of the “true” velocity
fields Vg and V¢, and of the motion x must be such that the integrals in equations (20b), (20d) and (20f)
exist and be finite. Moreover, the total (null) virtual power done by the reaction forces on the constraints
is linear and bounded in its arguments and is given by

W\(IC) (VSV, Vivs va;[?v, v, TV)
d .
= W\(/ =) (Lyvinv) + Wésym) (Lyv; Yv) + W\(fmc) (Vsv, Vevipv) =0. (2D

Although equations (20b) and (20d) state that the virtual power done by the reaction forces is zero, n
and Y are not the reaction forces, in general. They are, however, related to these forces, as will become
clear in equations (22a) and (22b) below. Note also that, since 7y and Yy can be taken arbitrarily (see the
forthcoming calculations), the last summands of equations (20b) and (20d) return the constraints (10a)
and (10b) in strong form. Moreover, if the last integrals of equations (20b) and (20d) are evaluated for the
“true” values of L., i.e., for the velocities solving the dynamic problem under study, which have to fulfill

the constraints, then Cgey © L, and ésym o L vanish identically. The same holds true for the velocities Vg
and V¢ in the last integral of equation (20f).
To identify explicitly the reaction forces associated with the constraints on L., let us rewrite the

integrands U[Adev oL+y]and <T|Asym o L+v) in equations (20b) and (20d) as
n[AdeV oLy]= <J'y771T|va> =0, (22a)
(Y[ Asym © Lyy) = (G(Skew )| Lyv) =0. (22b)

These expressions make it clear that the reaction forces are dual to L.y and are represented by the tensor
fields leT and G(SkewY). These quantities, in turn, viewed as real-valued linear maps acting on 7y,
read <J7171T| -) and (G(SkewY)| - ). Consistently with this picture, the generalized virtual velocities Ly
must belong to the intersection of the kernels of <J7nIT| -} and (G(SkewY)|-). Hence, we write

Ly e Ker({JynI'|-) NKer(G(SkewY)|-), (23)
which implies that a generic L,y is admissible if it is deviatoric and symmetric with respect to the metric

tensor field G. These conditions are prescribed on L, by the constraints (10a) and (10b), and allow us to
rewrite the first two summands on the right-hand side of equation (21) as

W\(}dev)(LW;nv)+W\(}Sym)(LW;TV):/%<17n1T+G(SkeWT)]L7v>

+/ v [édev o L’y] +/ <TV‘ésym o L7> =0. (24)
B B
On the same footing, we can determine the reaction forces associated with the Lagrange multiplier

p by working out the first integrand on the right-hand side of equation (20f). Indeed, by expanding the
divergence in Ajpc o (Vsv, Viy ), and using the Piola identity, we obtain

W\(/mC) (Vsv, Vevipv) = /% Z {<_JP F_TGradd)aR|VaV> + <_q)aRpF_T|GradVO‘V>}
a
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- / pv[Cinc o (Vs, V)], (25)
B
where ¢p,r = da 0 (x, T) = P,r/J. Hence, for a =s,f, we identify the reactive contributions

— JpF~TGradg,g = —Jp [gradéy o (x, T)]. — @, gpF~T. (26)

The force in equation (26); is the reaction part of the internal force due to the momentum exchange
between the solid and the fluid phase of the considered medium. For a=s,f, —Jp F_TGrad¢aR adds to
Jmg, to determine the overall internal force dual to V,y. Moreover, it satisfies the requirement that the sum
over o =s,f of the internal forces should be null. This follows from the saturation condition ), ¢,r =
1, which yields — 3", Jp F~TGrad¢,g = —JpF~TGrad( 3, ¢or) =0. Similarly, the stress contribution
—@aRpF_T in equation (26), identifies the reaction part of the first Piola—Kirchhoff stress tensor of the
ath phase dual to the gradient GradV,y of the corresponding virtual velocity.

3.1.3. External virtual power. Next, we define the external virtual power as

W Sy X Fy x Foy R, (27a)

3
WV Vi Lo)i= [ SUVad + 3030 [ raavit [ @i @)

d
a g=1792\I'4p

where f, .= ®,ro0f is the amount of the external force per unit mass f felt by the ath phase [55]; 7,4
is the dth component, in the given basis of co-vector fields {e¢ }3:1 C (T.)*, of the contact force 7,

relative to the ath phase, that is assumed to act on the portion of 0% complementary to FiD (see Hughes
[81]); Z is the external force density associated with the remodeling process acting on the remodeling
rate L. The forces f,, 7o, and Z must guarantee the existence and finiteness of the integrals in equation

(27b), and W\(,e) must be linear and bounded in each of its arguments. Moreover, we assume negligible
inertial forces and no external forces dual to the functional trace of the virtual remodeling rate on 0.4.
It is worth emphasizing that, as evidenced by Gurtin and Anand [38], one could also account for an
additional supply of external work manifested in the form of “remodeling” contact forces operating on
the boundary 0%4. However, we do not introduce these external agencies here and, consequently, we
restrict our investigation to what Gurtin and Anand [38] call “microscopically free” boundaries.

3.1.4. Principle of Virtual Power (PVP) The definition (21) of WSC) as a useful tool for studying constrained
systems by means of the PVP is taken from the book by Bonet and Wood [82], in which the PVP is
formulated for computational problems. Following this methodology, we employ a constrained form of
the PVP, which requires the fulfillment of the condition

W\(/l) (st, Vv, Lfyv) + W\(/C) (st, Vv, va§PV’ v, TV) = W\(/e) (VSV, Vv, Lfyv) (28)

for all the triples (Vsv, Viy, Lyv) € Yoy X Y5y X Y4y and (py, v, Xv) € %pv X Vv X Py A similar treat-
ment of the constraints of the mixture incompressibility and of the isochoricity of the remodeling tensor
is given in the work of Giammarini et al. [46].

From here on, we introduce the notation

M, :=—®.gpF ' +P,, a=s.f, (29)

and, by invoking Gauss’ Theorem and Leibniz rule of differentiation, and recalling that the dth component
of the virtual velocity Vv vanishes identically on FgD, we recast equation (28) in the form

/@ S (g —JpF~TGradd g ~DivITy —Bog 0of]Vav)
o
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+ / (Ya+1J 1" +G(SkewX) —DivYy —Z|Ly)
B

(LN~ g} Ve + /a (YuNLy)

- / Pv[Cinc © (Vs, Vp)] + / 1v[Caey © Ly + / (Xy|Csym o Ly) =0, (30)
B B B

with [IT4N];= [I1,)2Ng, and N being the field of co-normals associated with d.4. Finally, as shown
in equation (22b), only the skew-symmetric part of Y is accounted for in equation (30) because the
symmetric part, SymY, is filtered out by the duality product with Agym o L+y, which is a skew-symmetric
tensor field.

To deduce equation (30), we first apply Leibniz rule to (P, |GradV,y) and (Y y|GradL,y) in equation

(18b) and to (—® g pF~T|GradV,y) in equation (25), i.e.,

(P4|GradVeay) = Div(PL Vo) — (DivPy | Vay), (31a)
(Yy|GradL,y) =Div(Y{: L) — (DivYy|Lyy), (31b)
<_(I)aRpF7T|GradVav> :Div(_(DaRpFilvav) - <DiV(_(I>aRpF7T)’VaV>- (31c)

The transposed tensor YE in equation (31b) has components [YE]LMN (instead, Y has indices
placed as in [Yy]p™) and Y L.y represents a pseudo-vector field with components DEE LA =
(YL B

The products [IL,N]; V2, (no summation over d = 1,2,3) and (YN |Lv) in the surface integrals over
&%’\FgD and 04 of equation (30) descend from the application of Gauss’ Theorem to DiV(HCT)z Vav) and
Div( YE : L,v), which arise by working out equation (28) and adding equations (31a) and (31c) term by
term. On &%’\FZD, the components V‘O{V of the generalized virtual velocities need not vanish identically.
Hence, we find:

/ ZDWH Vav) / Z (TIL Vo |N) = ZZ/ [TI,N]) Ve, (32a)

PR LAV
/ Div(Y{: Ly) = / (YL LNy = / (YuN|Lyy), (32b)
B oA 0P

where we used the identities (IT), Vy|N) = (II,N|V,y) and (Yo : Lyy|N) = (YuN|Lyy).

To obtain equations (30), (32a), and (32b), we have adapted a result of Functional Analysis (see
Corollary 7.1, page 413 of the book by Salsa [80]), which requires IT, € H' (%; (T.¥)* ® T%) and Yy €
H'(%;[T%),?). This implies —DivIl, € L*(%; (T.¥)*) and —DivY € L*(%; [T#);}).

3.2. Strong form of the problem of the remodeling of biphasic mixtures

Starting from equation (30), classical localization procedures yield the force balances and the constraints
of the system under consideration in local form, i.e.,

Jmg —JpF~TGradggg —Div(—®eg pF~ T 4 Ps) —f, =0, in 2, (33a)
Jmg —JpF~ T Gradgeg —Div(—®eg pF~ ' + Pg) —f =0, in 2, (33b)
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[(—®r pF~ T + Ps)N| = Ty on dA\I'Y,  d=1,2,3, (33¢)
[(—®r pF~ T + Pp)N) = 714, on OB\I'Y,,  d=1,2,3, (33d)
Yy +nJyIT 4+ G(SkewY) — DivY, — Z=0, in 8, (33e)
YuN=0, on 0.8, (33f)
Cinc © (Vs, Vi) = Div[(Der Vs + Or Vi) F 1] =0, in 8, (33g2)
Caey © Ly = (J4IT|Ly) = JytrLy =0, in 8, (33h)
Csym oLy = }[GL, — (GL,)"] = 0, in . (33i)

Aside from the natural boundary conditions (33c), (33d) and (33f), the system (33a)—(33i) yields 20
independent scalar equations and features 80 unknown scalars fields: 20 of these are given by the basic
kinematic variables x, V¢, and Fy (15 scalar unknowns) and by the Lagrange multipliers p, n, and Skew Y
(5 scalar unknowns), while the remaining 60 unknowns are the components of the fields mg, m¢, Pg, Py,
Yy, and Y. We recall that @4 is regarded as known, while & =J — ®gR, dsr = Psr/J, and ¢r = PR /J
are expressed as functions of J, as per equation (7). Similar considerations have recently been done in
the work by Giammarini et al. [46]. Moreover, equation (33e) splits as

n=—4u[J; 1 (Yy - Divyy - 2)], (34a)
SkewY = —Skew[G~! (¥, — DivYy — Z)], (34b)
DevgSym[G~! (Y, —DivY, — Z)| =0, (34c)

with DevgA :==A — 1(G|A)G™ !, for any A =AYNE); @ Ey, A=AT (see Grillo and Di Stefano [34,83] and
Giammarini et al. [46]). Hence, n and SkewY can be computed separately, and the balance law (34c),
which is equivalent to 5 scalar equations, replaces (33e) in the system (33a)—(33i). This reduces the num-
ber of coupled scalar equations to 16 and the number of effective unknowns to 76. However, granted the
restrictions mg + m¢ =0 and g_lPaF T — (g_lPaF T)T, for a =s,f, which originate from the invariance of
the internal virtual power under the superposition of arbitrary translational and rotational rigid motions
[44,55], the fields my, Pg, Py, Yy, and Y will be assigned constitutively, thereby providing 60 scalar
constitutive functions.

4. Constitutive assignments

For brevity, we concentrate on the consistency of the constitutive relations with objectivity and with the
dissipation inequality of the system under study, while we give for granted all the other axioms of the
general theory of constitutive laws [84]. Following Cermelli and Gurtin [63] and Gurtin and Anand [38],
some constitutive functions depend solely on the remodeling descriptors Fy and CurlF,, and are defined
so as to be invariant under smooth transformations of the reference placement of the system.

4.1. Dissipation inequality

By adapting the approaches of Cermelli and Gurtin [63], Cermelli et al. [85], and Gurtin and Anand [38]
to biphasic mixtures, we consider a fixed region # C % and the Helmholtz free energy density 1), of the
ath phase, with a=s,f, per unit mass of the same phase. Then, we write the dissipation inequality:

Di=— Zéamwa— (DrorsVi— VSIFTTIN) + | Y (| Va)
R R OR 2"



16 Mathematics and Mechanics of Solids 00(0)

+/ Z<(—<I>aRpFT+Pa)N!Va>+/ <Z|L7>+/ (Y uN|Ly) > 0. (35)
0R % OR

Given aregion Z(t) C %(t) contained in the current placement of the system, and the spatial (or Eule-
rian) representation of an S-valued field : Z(t) x .7 — S, where S is R or any vector or tensor space, we
define f := %o (x, T):Zx T —S,with Z=[x(-,0)] " (Z()) c Band [Y(-,1)] ' = )Qt_l. Hence, the time
derivative of the integral of fover % reads

/ f= / 7 with f= (Ds%)o (x. T) = [0 %+ (grad g o (x. 7). (36)
R R

The quantity f= (Ds %) o (x, T) is the time derivative of % with respect to the solid phase motion.

The second term on the right-hand side of equation (35) compensates for the fact that, in the first
term, the derivative of ®,ron%q is taken with respect to the velocity of the solid phase even for oo =
f. Then, by working out the time derivatives, and invoking Gauss’ Theorem, the mass balances,1 the
incompressibility constraint (8b), the force balances (33a) and (33b), and the condition mg + m; =0, we
obtain

[ D= 3 [@uroatia— (PalGraaVa)] + | Gme— oo Grad vyl Vi - vy
% U %
+ / {(Yu +ndo I+ G(Skew)|L,) + (Y y|GradL,)} >0, 37)
74

Moreover, by neglecting the variability of 1) in space and time, localizing equation (37), and recalling
that the constraints (10a) and (10b) imply the identity

(nJ, 1" + G(Skew )| Ly) = 1J-y trL, +(SkewX | Skew(GL,)) =0, (38)
iny 0

we obtain the following local form of the dissipation inequality [2,6,52]:

D= — dgrostis + (Jme| Vi — Vs) + (Ps|GradVs) + (Pr|Grad V)
+ (Yy|L,) + (Yy|GradL,) > 0. (39)

4.2. Constitutive descriptors and residual dissipation
From here on, we make three fundamental hypotheses:

Hp.1 The stress response of the solid phase is hyperelastic.

Hp.2  Aside from the exchange interactions with the fluid, the solid phase dissipates energy because
of the remodeling of its internal structure.

Hp.3  The fluid phase features two sources of dissipation: one is due to the exchange interactions with
the solid phase, while the other one is due to the viscosity of the fluid, and results into a dissipative
stress tensor, here identified with Py.

To deal with these hypotheses, we choose the following collection of independent constitutive variables:
U:=(F,F,,B, Ly,GradL,, GradV;, Vi), with Vi = V¢ — V. (40)

The tensor fields F and Fy account for the fact that the solid phase is hyperelastic (Hp. 1) and undergoes
remodeling (Hp. 2). In fact, the elastic distortions and those due to the remodeling are described by F. and
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F,, respectively, with Fe = FF{ 1 Thus, Fe could be selected in lieu of F in the collection (40). However,
since F is directly related to the motion of the solid phase, we find it more intuitive to use F.

The Burgers tensor 28 resolves the spatial variability of F, in a way that is unaffected by changes of
the system’s reference placement [86], while Ly and GradL, account for the dissipation induced by the
remodeling within a first-grade theory in L. Both 25 and GradL., have their own length scale [38].

The relative velocity Vi, is power-conjugate to the dissipative exchange interactions between the solid
and the fluid phase, whereas GradVs is introduced because, at variance with the Darcian regime, the
overall stress tensor of the fluid phase, Iy, features the dissipative contribution Py in addition to the

non-dissipative and hydrostatic term —<I>prF_T (Hp. 3). This generalization captures also more com-
plex behaviors of the fluid flow, such as boundary effects, and yields the Darcy-Brinkman model of the
flow [41].

The fields s, m¢, Ps, Pr, Yy, and Y in the inequality (39) are the dependent constitutive variables of
the present framework, and are assumed to be representable as functions of the collection U4, i.e.,

s =1 ol, Ps=Psol, Yo=Y olU, Yy=Yyold,  (4la)
Py =P;old, mg =g ol. (41b)
Since the dissipation of the system depends on U through the quantities (41a) and (41b) and since ¢s

can be formally written as s = (3/1s o U|U), D admits the representation D = Do . U.
Computing s permits to combine the partial derivatives 8F¢S, 8F71/)S, and 8%1/15 with P, Yy, and

Yu, respectively, as can be proven by recalling the identities F=GradV; and F =L F,, and noticing
that 5 can be written as (cf. equation (6.8) of Gurtin and Anand [38])

B=LB+BL I\ (F, x F)": (GradL,)", (42)

in which the condition trL~ = 0 has been enforced explicitly, and the cross product between two second-
order tensors A and B of [T#]! is defined as (cf. with Gurtin and Anand [38])

1

AxBPABC= ——
det[G]

APEA1B B, and [(A x B)Y|*"MN .— (A x B)NM, (43)

The relation (42) can be recast in the form OB = —J_ (FV x Fy)t: (GradLy)!, where O, is the
Oldroyd derivative of 25 with respect to Fy, defined as Ow% B — L5 — %LT
On the contrary, the summands of s given by

(Or. s oU|Ly), (OGraar, s oU|GradLy), (442)
(OGraav,¥s oU|GradVy), (O, s oU| Vi) (44b)

cannot be comblned w1th any other term of the inequality (39), and, since D is affine in the rates LW,

GradLy, Grade, and st, which can be varied arbitrarily, the duahty products in equations (44a) and
(44b) could take on any real value and violate the non-negativity of D. Thus, to prevent this occurrence,
we require the partial derivatives dr,, s, 8GradL7 ¥s, OGradv; Vs, and dy, s to vanish identically. This can

be achieved by redefining the constitutive expression of s as a function of F, F,, and *8, only. To this
end, we find it convenient to introduce the solid phase Helmholtz free energy density per unit volume of

B, i.e., Wi = Pgrosi)s, for which it holds that WsR =dr gsz/}s, since pg is assumed to be constant, while
dgRr is constant by virtue of equation (7). Then, following Gurtin and Anand [38], we write

Wer = Wsr o (F, Fy,B) = Wse o (F, F,y) + Wyp 0B, (45)
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where Wse is a hyperelastic free energy density of the solid phase, while Wy is referred to as a “defect”
free energy [38] and resolves explicitly the spatial variability of F, within a first-order theory in the
remodeling tensor (accounted for through 2). In our work, this is done to account also for the influence
of boundary effects on remodeling. Yet, the formalism from which we are departing adopts GradF, to
describe geometric incompatibilities that, for example, arise in metals at the scale of the lattice due to
concentrated defects such as dislocations and disclinations [63,86-91].

To ensure objectivity, Wse depends on F and F through the elastic Cauchy—Green deformation tensor

G= FeT gFe. Hence, we set Wse o (F,Fy) = W,g o G, and we reformulate Wg as
Wsr = Wsr o (F, Fy, B) = Wsg 0 G + Wyp o B, (46)
where W, and Wyp are to be assigned. Hence, upon introducing the short-hand notation
9¢, Wsg = 0. WsEg © G, dsg Wep = s Wyp 0 B, (47)
the term ®5R95¢S = W,R in the inequality (39) admits the following representation [38]:
derosts = (gFe(20¢, WSE)ny_T|F>

+ < — G (20, Wsg) + (O WSD)%T + (O WSD)T%] ‘L7>
+ (=71 (0 Wsp) T (Fy x F,)!|GradL, ). (48)

By plugging the derivative (48) into equation (39), the dissipation inequality becomes
Do (U, F)=(Psold — gFe(ZacsWsE)F,y_T]F> + (P;oU|GradVy) + (Jing o U| Vi)
+ <ifu ol + Cs(zaa; Weg) — (O WSD)§BT + (O WSD)T%] ‘L'y>

+{(YuolUl +J; (9 Wsp) T (Fy x F,)'|GradLy) >0, (49)

where, with a slight abuse of notation, we have reformulated D as a function of ¢/ and F, only. However,
D is affine in F. Hence, following the same reasoning that has conducted to equation (45), the entity dual
to F in the inequality (49) must vanish, and the active stress tensor Ps is represented by

Ps=Pso (F,F,)=gFF, (20 Wse)F; T (50)

Now, we particularize the hypotheses Hp. 2 and Hp. 3 by requiring each summand on the right-hand
side of the inequality (49) to be non-negative independently of the other ones (the first summand satisfies
trivially this requirement, since it is zero by virtue of equation (50)). Moreover, as for the fluid, for which

P; and my are a dissipative stress and a dissipative force density, we define the dissipative stress-like
quantities

Yua = Yy ol ==Yy ol + G:(20¢Wsg) — [(Os Wsp) BT + (993 Wep ) T98], (51a)
Yya=Yyaol =Yool +J5 ' (9 Wsp) " (Fy x Fy)', (51b)

and, by recalling the result (50), we write the residual dissipation inequality as
Dol = (Prold|GradVy) + (Jing oU| Vi) + (¥yq oU| Ly ) + (Yyq 0 U|GradL,) > 0. (52)

In the inequality (52), we split I/ into the two sub-collections of variables & := (F, F,, B) and R =
(L% GradL~, GradVy, Vi), with the latter comprising all the rates considered in the model, and we require
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Dold=Do (&;R) to be non-negative for all £ and R, null for R =0 independently of £ (i.e., Do (&;0) =
0 uniformly with respect to £), continuous and differentiable in £, and at least continuous in R. The

continuity of D in R is needed to ensure that D o (€;R) tends to zero for indefinitely small rates R. We
refer to the work by Cermelli et al. [85] for the reasoning reported so far.

In the following, we further assume D to be quadratic in the rates R, as specified by the law

Do (&;R) = PR (V : GradV;|GradVy) + O (rVig| Vis)
+ BrSy || Ly ||> + PsrSy£?||GradL, [|*> >0, (53)

where & =J — &g >0 depends on F through J; WV :=Vo& and r=#o& are a fourth-order and a
second-order tensor field, both positive semi-definite; Sy > 0 and £ > 0 are constants representing a char-
acteristic mechanical stress of the solid phase and the characteristic length of L+, respectively [38]; the

squared norms ||L||? and ||GradL, || are defined by

Iy 1> = (L3I Ly) = GaglLy )P cGP L, A p = u[L3T L), (54a)
|GradL ||*> = ((GradL.)*|GradL,) = G4 y[GradL,# y,yGMBGNC[GradL, | g, (54b)

where L := GLWG_1 and (GradL~)* are the tensor fields dual to Ly and GradL.. The components of

(GradLy)* are given by the product of the first four factors on the right-hand side of equation (54b).
Since in this work we need the stronger condition that D o (£; R) be zero if, and only if, all the rates are

null, i.e., R =0, we consider only positive definite tensor-valued functions Vofandiok. Analogously,

although ® is non-negative in general, we assume ® > 0, meaning no compaction. Moreover, since
the duality products in equation (53) symmetrize W and r, we shall assume from here on that W possesses
major symmetry and that r is symmetric. Hence, in components, we have WaAbB = WbBaA and rp, = rp,.

Starting from the inequality (53), we retrieve the Darcy—Brinkman model of the flow and a strain-
gradient theory of remodeling a la Gurtin and Anand [38] by invoking the Principle of Maximum
Dissipation (see, e.g., Hackl and Fischer [92]).

4.3. Elastic energy and “defect” energy

To supply constitutive expressions for Ps, Yy, and Yy, we prescribe a Neo-Hookean strain energy density
for the hyperelastic behavior of the solid phase and, following Gurtin and Anand [38], a “defect” energy
density quadratic in the Burgers tensor, i.e.,

Wsg 0 G = 1 dpus[tr(G1 G) —3] —@rpus logle +3 @sp As[logJe)?, (55a)
Wp 0B = 3 derpsL?| B, with [|B* = (B*|98) = w(B*TB), (55b)
where B* := GBG is the dual of the Burgers tensor, ug and \g are the first and the second Lamé param-

eters, and L is a phenomenological length scale that, as remarked by Gurtin and Anand [38], should be
determined experimentally. Then, with J, = 1, the relations (50), (51a), and (51b) take on the form

Py=Pgo (F,F,) = ®pus[gFB, — F 1]+ (Bsp s log )F T, (56a)
Yu=YyoU =¥,qoU — E; T [F'PF! + OpusL*[B* BT +5°T8], (56b)
Yu=Yyold =YyqoUd — DsgusL*B*T(F, x F,), (56¢)

with FTPg being the Mandel stress tensor of the solid phase, associated with the reference placement.
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4.4. Constitutive relations for the generalized internal forces that drive remodeling

Applying the Principle of Maximum Dissipation [92] to the summands of the dissipation inequality (53)
associated with the remodeling yields

. 1/ 0D
Y, =Y, o0GradL. = l i o (5' R) | =PRS 62(GradL )* (57b)
ud = “ud 72\ 8GradL, ) T SR v

The relations (57a) and (57b) are a rewriting, in covariant formalism, and up to the rescaling of Sy
through &4 and the choice of some model parameters, of the constitutive laws proposed in equation
(6.17) of the work by Gurtin and Anand [38]. Indeed, in Cartesian coordinates, they read Y,q = ®srSy Ly

and Yyq= <I>SRSy£2 GradL., which are identical to the laws reported in the work by Gurtin and Anand
[38] upon taking an identically null “hardening (softening) function” and unitary “rate-sensitivity parame-
ter” [38]. Moreover, if the constraint (10b) is enforced explicitly, as done by Gurtin and Anand [38], then
L. and GradL can be substituted with D~ and GradD-, in the relations (57a) and (57b).

Within their theory of strain-gradient plasticity, Gurtin and Anand [38] call Sy >0 “coarse grain yield
strength” of the material, and introduce the length scale ¢ > 0 to characterize the dissipation associated
with the spatial inhomogeneity of L.

In our framework, we neglect any hardening or softening effects as well as any nonlinear relations
similar to the “nearly rate-independent behavior” accounted for by Gurtin and Anand [38]. Indeed, the
functional forms (57a) and (57b) are linear in Ly and GradL., respectively, and have been obtained by

requiring D to be quadratic in each of these variables. Hence, they may fail to capture some particular
physical aspects of remodeling. However, a more general picture can be obtained by hypothesizing Y4
and Y 4 to be nonlinear in L, and GradL., [38], and showing that the resulting dissipation is non-negative.

Substituting the relations (57a) and (57b) into the expressions (56b) and (56¢) for Yy and Yy, and
defining the apparent material parameters Sy := ®sg Sy, fis = Psrus and A = Pg As lead to

Yu="Yuo (L)) =8yL — F T [F' P + s L [9B*BT + 8*Ts], (58a)
Yu=Yyo (& GradL,) = Sy (GradL,)* — isL*B*T(E, x F,), (58b)

where we have set Jy =1 and, with a slight abuse of notation, we have retained the sole dependence on
L. and GradL. Finally, by using the results (58a) and (58b), equation (33¢) becomes

SyL: — F T FTPGE] + s L2 [T + 5T98] +nI" + G(Skew)
— Div{Sy¢*(GradL,)* — s L*B*T(F, x F)'} —Z=0. (59)

The partial differential equation (59) and the constraints (33h) and (33i) rephrase, for remodeling, one
of the main results of the theory of strain-gradient plasticity of Gurtin and Anand [38], formulated for
D+ . In our derivation, we develop the model for L., and enforce the constraints on it via the Lagrange mul-

tiplier technique (see Section 2.3), which generates the reaction force nIT + G(SkewY) in equation (59).
This can be eliminated by projecting equation (59) onto the space of deviatoric and symmetric second-
order tensor fields, as shown in equation (34c), thereby retrieving Gurtin and Anand’s strain-gradient
“micro-force balance” [38]. Moreover, in our work, this result is framed within the context of solid-fluid
mixtures. However, the coupling with the fluid is indirect and occurs through the influence that the fields
associated with the fluid (i.e., pressure p and velocity field V¢) exert on F (and, thus, on Pg). Another
generalization is the presence of Z, unaccounted for in the work by Gurtin and Anand [38], but relevant
in the certain biological contexts, as is the case for growth [23,83].
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4.5. Darcy—Brinkman model for the flow of the interstitial fluid

The Darcy—Brinkman model [41] of the flow accounts for two independent types of dissipation, both related
to the fluid (see Hp. 3). One is intrinsic to the fluid and hypothesizes a macroscopically viscous behavior,
described by the dissipative stress tensor Py. The other one, instead, stems from the dissipative character
of the interactions between the solid and the fluid, described by my. By applying the formulation of the
Principle of Maximum Dissipation presented by Hackl and Fischer [92] to the terms in the dissipation
inequality (53) associated with the fluid flow, we find

. 1/ oD A
Pf—PfO (5,R) = 5 (8Gpade (¢] ((C/',R)> = q)fR[Wog] . GI‘ade, (60&)

. 1/ 0D .
Jme=Jmgo (E;R)] ::( o(S;R)) = ®¢r[Fo & Vi, (60b)

where WV = W o £ is a fourth-order tensor field of generalized Brinkman viscosities and r =ro £ is the (spa-
tial) resistivity tensor field of the porous medium (as specified above, W enjoys major symmetry and r is
symmetric). Since r is positive definite, it is invertible, and we identify its inverse with the expression

=gl (61)

where k is the tensor field of the hydraulic conductivity of the medium (i.e., the permeability tensor field
divided by the fluid dynamic viscosity). The tensor field k is symmetric and positive definite, too. We
prescribe it to be a function of F only, and, since we are modeling biological tissues, we express it as
suggested by Holmes and Mow [1], i.e.,

; J—og]" ) —1
where kg, x, and mq are positive material parameters (see Table 1).

To assign W =W o £, we start from the constitutive expression of the Cauchy stress tensor of the fluid
phase, i.e., oy = JfleFT, which, under the hypothesis of Newtonian-like behavior, can be written as

o= Lora (divep) " +2¢¢b sym(g gradvp)g ™!, (63)

where a/3 and b are the Brinkman viscosity coefficients, fulfilling the inequalities a 4+ 2b >0 and b >0,
and 1: 7.7 — T.% is the spatial identity tensor field (note that, for simplicity, in these calculations we are

omitting the composition of the involved fields with the maps y and 7). Then, by computing Py = JO'fF_T,
we obtain the expression (60a) with

V=VoF=4aF ToF T+bo(geaCc ' +FTRF), (642)

VoyB=LalF T AF T8 + 0 (gu[C A8 + [FT]BF11A,), (64b)

W=

where W has been redefined as a function of F alone, and the notation introduced by Curnier et al. [93]
has been adopted for the tensor products ® and ®. Note that, by virtue of equation (64a), and recalling
that &g =J — PR, the constitutive representation of Py can be reformulated as

Py =P;o (F,GradVy) = (J — ®er)(V o F) : Grad V. (65)

The quantity %a corresponds to the so-called “second viscosity”, also known as “bulk viscosity” or
“volume viscosity”, that, within the monophasic framework, features in the compressible Navier—Stokes
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equation. However, in spite of this formal correspondence, %a is physically distinct from the second vis-

cosity of a compressible fluid (see Remark 2 below). From here on, we refer to %a and b as Brinkman
second viscosity and Brinkman dynamic viscosity, respectively. Often, b is also referred to as effective vis-
cosity and is assumed to be different from the “true” viscosity of the fluid. Bear and Bachmat [94] express
b as proportional to the fluid true shear viscosity, with the proportionality factor being the ratio between
the (scalar) tortuosity and the porosity of the porous medium in which the flow takes place.

Differently from the Darcian model, in which the Cauchy stress tensor of the fluid phase is the
hydrostatic term —¢gp1!, the Darcy-Brinkman model distinguishes the pressure contribution due to the
Lagrange multiplier p from the viscous one. In other words, the fluid pressure is given by

pri=—3tr(—¢pt’ + o) = dpp — S0 divy. (66)

Although the fluid phase is assumed to be incompressible, the divergence of vy is not zero. Rather, the
hypothesis of incompressibility, enforced also for the solid phase, is expressed by equation (6), and the
model of flow features the Brinkman bulk viscosity (a+2b)/3. However, if the velocity field of the solid
phase is null and the volumetric fraction of the fluid phase is constant in space, equation (6) reduces
to divvy =0 and, thus, o¢ features only the contribution due to the Brinkman dynamic viscosity b. This
approximation is often used in hydro-geological problems based on the Darcy—Brinkman flow model.

By substituting the relations (60a) and (60b) into (33b), and using (61), we obtain

Div(®rV : GradVy) — O [ (F~ T Gradp — ogf) + ¢rk ™ (Ve — Vs)] =0. (67)

Equation (67) is a partial differential equation for the fluid velocity field Vi, coupled with the pressure
field p and with the velocity field Vg and deformation of the solid phase. Since W is positive definite and
®r >0, equation (67) is elliptic in V.

Remark 2. (Comparison with the stress tensor of a compressible fluid in the monophasic framework).
Within the monophasic framework, the dissipative part of the stress tensor of a compressible fluid features
the volumetric contribution ¢ (divv) 1Y, in which v is the velocity field of the fluid and ¢ is a positive quantity
termed volume viscosity coefficient (in the Newtonian case, ( is independent of the velocity gradient). Yet, ( is
not necessarily equal to (a + 2b) /3. There are two main reasons for this. First, ¢ pertains to the description of
a compressible fluid in the monophasic framework, whereas the bulk Brinkman viscosity (a +2b)/3 is defined
also for an incompressible fluid phase in a fluid-solid biphasic mixture. Second, the Brinkman viscosities need
not be equal to the viscosities that the same fluid would have if it were considered alone, i.e., decontextual-
ized from the framework of mixture theory [41], although the two types of viscosities take values that become
increasingly closer to each other for relatively small volumetric fractions of the solid phase.

5. Boundary-value problem, ‘“effective’” weak form, and numerical results

By substituting the constitutive relations (50), (58a), (58b), (60a), and (60b) into the system (33a)—(33i),
and applying Dirichlet boundary conditions and initial conditions, we state an initial- and boundary-value
problem (IBVP) for x, Fy, V¢ and p. However, the boundary condition (33f), i.e.,

YuN = Sy¢?(GradL,)*N — jis L>B*1 (E, x F,)'N=0, on 0.4, (68)

does not have the expression of a classical Neumann boundary condition in Fy, since it involves also Fv’

GradFv, and CurlF,, as can be recognized by writing it explicitly.
To overcome this difficulty, we reformulate the IBVP by regarding L., as a primary unknown, rather

than as a derived quantity, and we regard the relation F7 = L+ F, as the additional equation for determining
F,. By doing so, equation (59) can be recast in the form of a (linear) modified Helmholtz equation [95] in
L., with a right-hand side that is highly nonlinear in F and F,, and equation (68) can be interpreted as
a linear, nonhomogeneous, Neumann boundary condition for L, in which the non-homogeneity term
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depends on Fy through Fy x Fy and the Burgers tensor 28. Moreover, the constraints (33h) and (331)
become algebraic equations for L. This fact permits us to resolve them explicitly and, thus, to replace
the nine unknown components of L., with the five unknown components of the symmetric and deviatoric

tensor D, which satisfies identically the conditions D :l~)$ and (G~! |D.,) = 0. Moreover, the reaction
force nI' + G(SkewY) can be eliminated from equation (59) by projecting it onto the space of symmetric
and deviatoric second-order tensors, as done in equation (34c).

From here on, we neglect the external force densities ®ggosf and P o¢f, and, to visualize the
reformulated IBVP, we rewrite equations (33a), (33b), (33¢e) and (33g)—(33i) as

—Div(Pso (F, F,)) + Jo2k 1 [Vs — Vi + &g F~ TGradp =0, (69a)
— Div (PR : GradVy) +Jofa k™ [Vi — V| + & F~ TGradp =0, (69b)
— Div{Sy(*(GradD,)* — &%} + Sy =A* + 7, (69¢)
—Div[®RVsF T + & ViF 1] =0, (69d)
xX=Vs, (69e)
. -
B =G 'D,F,, (691)
where we have introduced the auxiliary terms
D} =G"'D,G7!, (70a)
S =usLl’>B*T(F, x F,)", (70b)
&t ::%[G_16+(G_16)(t")] —%G_l®s, EC:GNNC, (70¢)
A =F T[F'PF] — i1 [B*BT + 8T8, (70d)
Al= DevgSym(G~'A), 7' :=DevgSym(G~'Z), (70e)

and Vj is viewed as an additional unknown, related to the solid phase motion y through equation (69e).
The components of (GradD-)*, i.e., of the third-order tensor field dual to GradD.,, are given by
[(Gradi)y)*]ABC =G\ [GradD-] mnpGVBGPC. Moreover, for an arbitrary third-order tensor field T of
[T2)]3, the transpose (%) means, in components, [‘I(t’ ' )]ABC = gBAC,
The system (69a)—(691) consists of 24 scalar equations in the 24 scalar unknowns supplied by the
components of y, FE,, Vs, Vg, lN)W and by p, and is endowed with the boundary conditions

[(Pso (F, Fy) — ®rpF~V)N|g=Tsg, on 0B\I'%y, de{1,2,3}, (71a)
(DR : GradVy — ®ppF TN ;= ¢4, on OB\I'L, de {123}, (71b)
x4=xg, on 4, de {123}, (71c)
vi=vd, onT%,, de{1,2,3}, (71d)
{Syf*(GradD,)* — &*}N=0, on 0.4, (71e)

where x{f and fob are known boundary data on the solid phase motion and fluid velocity.

5.1. Initial- and boundary-value problem (IBVP)

The typical experimental apparatus for the compression test of multicellular aggregates consists of a
chamber filled with water, kept at the temperature of 20°C, and two rigid and impermeable plates, usually
made of resin or steel, placed within the chamber, parallel to each other, and oriented horizontally.
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We consider a cylindrical specimen of a multicellular aggregate inserted between the plates and we
study the case in which its bottom and upper surfaces are glued to the plates.

For the experiment under study, we assume the specimen’s reference placement, i.e., %, to coincide
with its just described initial placement, and we partition the boundary of # as 0 =1'g UI'L, UI'y, with
I'g, I'L, and I'yy denoting the bottom, lateral, and upper surface of the specimen, respectively.

The test is carried out in displacement control: a displacement ramp is applied uniformly to all
the points of the upper plate (which, thus, remains parallel to its initial position) and, because of the
hypothesis of rigidity, it is perfectly transmitted to I'y;. The lower plate is kept fixed.

Since the aggregate and the plates are glued together in the contact areas, and since the entity of
the imposed displacement is relatively low (although large enough to generate finite deformations), the
contact areas do not change in time.

The motion of the solid phase on the points of I'; and I'g is fully determined by the prescribed dis-
placements: only the imposed vertical motion is allowed on I'yy, while no motions are permitted on I'g.
For the fluid phase, we prescribe no-slip conditions on I'yy and I'g, so that the fluid velocity on the points
of I'y equals the (vertical) velocity of the upper plate and is null on I'g. We assume I'} to be traction-free.
For the remodeling, we assume that 08 =1y UIL'g UT'L, is “microscopically free”, to use the words of
Gurtin and Anand [38].

By gathering the items of information collected so far, we obtain

BCs on I'y: BCs on I'g: BCson Iy :

X(X, 1) = x(X,0) = —f{t)es, X(X, 1) —x(X,0) =0, (Ps — gpF " )N=0, (72a)
Vi(X, 1) = —f(t)e3, Vi(X, 1) =0, (Pg— (I)prF_T)N: 0, (72b)
Yu(X,r)N=0, Yu(X,)N=0, Yu(X, 1) N=0, (72¢)

with f(r) = [H(t)H(tr — t)t/tr|fmax + [H(te — t)H(t — tr)]fmax, fmax specified in Table 1, and H(s) being the
Heaviside function, i.e., H(s) =1 for s >0, H(s) =0 for s <0, and H(s)=1/2 for s=0. Here, f is the
instant of time at which the loading ramp ceases, while e is the final time of the simulation. Note that the
solid phase velocity field on I'yy is undefined for 7= #-, and we obtain Vs(X, t) = Vg, (X, 1) = —(fmax/fr) €3
for t€]0, #r[, and Vs(X, 1) = Vg (X, ) =0ej3 for 7€ Jtr, fe[. The same applies to the velocity of the fluid
phase on I'y.

The prescribed initial conditions for the IBVP are

X (X, 0) = Xin (X), Vi(X,0)=0, E,(X,0)=1, (73)

with xin (X) = (X!, X2, X3) for all X € &, and I: Tx# — Tx% the “material” identity tensor.
Although our IBVP is inspired by an experiment, our simulations do not aim to recover experimental
curves, at this stage. To do so, indeed, one necessitates a careful calibration of the model parameters.

5.2. The weak form of the IBVP used in this work

The boundary conditions (72a)—(72c) suggest a weak formulation of the problem, based on equations
(69a)—(691), that is customary when Darcy’s regime is assumed, and consists of three main steps: (i)
adding together the force balances (69a) and (69b); (ii) rewriting (69b) in a form in which the overall
fluid stress tensor, i.e., Il = —(I>prF_T + & WV : GradVy, features under the divergence operator; (iii)
recasting the condition (69d) as Div[®g (Vi — Vs)F 1] +J = 0. Accordingly, we obtain:

/@ (Pso (F, Fy) + Pgo (F,GradVy)|GradVsy) + /% (—JpF~T|GradVsy) =0, (74a)
/ (P¢o (F,GradVy) —®mpF~ 1|Grad Vg, ) + / (Jp2ek ™V [Vi— V5] — pDiv(® F~T)|Vy,) =0, (74b)
B B

| @tV varTiGradp) - [ (@lVi=ViFTNp)— [ Jpe=o. (740)
17 JIL Z



Giammarini et al. 25

Table I. Values of the material parameters used for the numerical simulations.

Parameter Symbol Numerical value Unit of measure Reference
Initial radius R 5.0 mm -

Initial height H 10.0 mm -

Referential solidity dr 0.6 - -

Referential hydraulic conductivity ko 2.557. 102 mm4/(N -s) -

Material parameter mg 0.0848 - Holmes [96]
Material parameter K 4.6380 - Holmes [96]
First Lamé’s constant As 1.3-10* Pa -

Second Lamé’s constant s 2.0-10* Pa -

Coarse grain yield strength Sy 1.0-103 Pa-s -

Dissipative length [38] L 1.0 mm -

Energetic length [38] L 1.0 mm -
Volumetric fluid viscosity coefficient a 0.0¢ Pa-s -

Shear fluid viscosity coefficient b 1.0-1073 Pa-s -

Prescribed displacement frnax 2.0 mm -

Loading time tr 10.0 s -

End time te 20.0 s -

9Note that, in some simulations, the value a = 100.0 Pa - s is assigned to obtain the Brinkman viscosity a/3.

//3 {(Sy(*(GradD,)*|GradD.y) +(SyD% D) } = /@ {(A* +ZF|D4y) +(&*|GradDy) }. (74d)

The absence of surface integrals in equations (74a) and (74b) is due to the fact that I'[ is a traction-free
boundary both for the overall stress tensor and for the fluid stress tensor, while I'yy and I'g are Dirichlet
boundaries for each of the three components of Vs and V¢. In what follows, we assume Z = O.

A more detailed presentation of the weak form of the considered problem, written for more general
boundary conditions, is provided in Appendix 2.

5.3. Discussion of the numerical results

In this section, we depart from the IBVP described in Section 5.1 and we simulate two benchmarks.

For the first benchmark we disregard remodeling and we compare the generalized Darcy-Brinkman
model with the “classical” poroelastic model based on Darcy’s law.

In the second benchmark, we consider also remodeling and we study two scenarios:

e  The “Grade-0” case, or model, characterized by Darcy’s law for the fluid and by F, for remodeling
(we refer to this type of remodeling as “grade-0 remodeling”), with no spatial derivatives of Fy
explicitly featuring in the constitutive framework (at a glance, the Brinkman viscosities are set equal
to zero, i.e., a=0Pa-s and b =0Pa- s, and the remodeling lengths ¢ and L are null, i.e., /=0 m and
L=0m);

e  The “Grade-1” case, or model, characterized by the Darcy—Brinkman model for the fluid flow and by
F, and GradF, for remodeling, as presented above (we refer to this type of remodeling as “grade-1
remodeling”).

For the second benchmark, we compare the results predicted by the Grade-1 and the Grade-0 cases. The
latter model can be retrieved by reverting to Darcy’s regime, neglecting the terms associated with the
Burgers tensor 2B and GradL~, or GradD., (by virtue of the constraints put on L,), and disregarding the
boundary conditions prescribed on L.

We use COMSOL Multiphysics® v5.3 to solve numerically the two benchmarks. In particular, for
both problems, we generate a mesh consisting of 7656 volume elements, 1576 surface elements and
168 line elements. For the simulations of the Grade-1 model, we use quadratic Lagrange elements for
the deformation y, linear Lagrange elements for the fluid velocity V%, linear Lagrange elements for the
pressure field p, and, when remodeling is considered, linear discontinuous Lagrange elements for the
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Figure |. Left panel: fluid effective pressure ps (see equation (66)) evaluated at the middle point Xy of the upper surface I'y of the
specimen (dashed lines), and at the center of the specimen X¢ (solid lines). Right panel: overall stress magnitudes Ry (see equation
(752)), evaluated at the middle point Xy of the upper surface I'y of the specimen (dashed lines), and Rz (see equation (75b)),
evaluated at the center of the specimen X¢ (solid lines). We consider three cases for the fluid flow: Darcian regime (“D”); Darcy—
Brinkman model (“DB”) with a =0Pa-s; and Darcy—Brinkman model (“DB”) with a = 100.0 Pa - s. (a) Fluid effective pressure ps at
Xy € T'y and at Xc¢ (no remodeling). (b) Overall stress magnitudes Ry at Xy € I'y and Rp3 at Xc (no remodeling).

remodeling tensor F, and linear Lagrange elements for the remodeling rate Dv- For the simulations of
the Grade-0 model, we employ linear Lagrange elements for y, linear Lagrange elements for p and,
when remodeling is considered, linear discontinuous Lagrange elements for F,. We did not carry out
convergence tests with mesh refinement.

To reach convergence in the simulations of equations (74a)—-(74d), we adopt one strategy, provided
directly by COMSOL Multiphysics® v5.3. Namely, we regularize the imposed displacement on the upper
surface of the specimen by slightly modifying the slope of the displacement ramp f{z). In particular,
we smooth the edges of the ramp at r=0s and r=# = 10s, and we make it steeper over the time win-
dow [0.5s, 1y — 1s]. Hence, in some simulations, the end of the increasing part of the non-regularized
compressive ramp, i.e., &y = 10 s, does not coincide with the instant of time at which the registered value
of quantities such as fluid pressure and mechanical stress acquire their highest values. Rather, these
quantities reach their maxima before #- = 10s.

5.3.1.  First benchmark: Poroelastic Darcy—Brinkman model (no remodeling). The purpose of this benchmark is to eval-
uate how switching from Darcy’s model to the Darcy—Brinkman model presented in our work influences
the fluid pressure and the overall stress in the considered specimen. To this end, we select some represen-
tative points of the specimen. In particular, we discuss the role of the Brinkman second viscosity a (referred
to as the “volumetric fluid viscosity coefficient” in Table 1), since, in our model, the stress associated with
it is nonzero in spite of the incompressibility of the fluid phase. This is a major difference with respect to
the Darcy—Brinkman models of porous media that do not account for the deformation of the solid matrix
and for the spatial variability of the porosity. Indeed, in these models, the fluid phase velocity field turns
out to be divergence-free and the fluid Cauchy stress tensor becomes oy = 2¢¢b sym(g gradvy) g~ !, where
gradvy is deviatoric. In our framework, instead, o¢ is given by equation (63), since divv¢ is nonzero as a
consequence of the deformation of the solid phase and variability of the medium’s porosity.

Figure 1. In Figure 1(a), we plot the fluid effective pressure field ps (in Darcy’s case, py=¢¢p) versus
time, evaluated both at the middle point Xy of the upper interface I'yy between the specimen and the upper
plate (dashed lines) and at the center of the specimen, X¢ (solid lines).

In Figure 1(b), we plot the time trend of the following overall stress magnitudes:

Ry:=|[{-JpF~ T+ Pso (F,F,) + (J— ®)(V o F) : GradV¢} N||, on Iy, (75a)
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Figure 2. Left panel: fluid effective pressure ps (see equation (66)) evaluated at the middle point X of the upper surface I'y of
the specimen. Right panel: overall stress magnitude Ry (see equation (75a)) evaluated at the middle point X of the upper surface
I'y of the specimen. The solid vertical line at t =tr = 10 indicates the instant of time in which the compressive ramp exerts the
maximum displacement. Because of the regularization of the compressive ramp, the maxima of all the plotted curves are attained
at time tmax =tr — | =9s. (a) Fluid effective pressure ps at Xy € I'y (case with remodeling). (b) Overall stress magnitudes Ry at
Xy € T'y (case with remodeling).

Rps = |[{=JpF "+ Pso (F,F,) + (J— ®R)(V o F) : Grad V¢ } 3 |, onTl¢, (75b)

where N is the field of co-normals associated with I'yy and E3 is the unit co-vector field of the basis

{EA }3\:1’ taken as the field of co-normals associated with the surface I'c passing through Xc and
orthogonal to the specimen’s symmetry axis. We evaluate Ry at Xy and R3 at Xc.

For the simulations that involve the Darcy-Brinkman model, we observe the response of the system
for a=0Pa-s and for a=100.0Pa-s. The reason for choosing these values, which, to our knowledge,
are not supported by experimental data, is to estimate the impact of the parameter a on p¢, Ry, and Ry;.
For this purpose, we consider both a=0Pa-s and a=100.0Pa-s, which is five orders of magnitude
greater than b and much bigger than the volume viscosity coefficient of fluids that are often regarded as
incompressible in biological media (about four orders of magnitude greater than water volume viscosity
at 25°C).

We denote by p]f), RR and RB3 the curves obtained by using Darcy’s model, and by plf)B, RRB and Rg?
those obtained by switching to the Darcy—Brinkman model.

Figure 1(a) and (b) compare the time trends of plf), RB and R23 (squares) with those of p]f)B, R%B and

R%B for a=0Pa-s (triangles) and a = 100.0 Pa - s (circles). In Figure 1(a), the transition from the Darcian

model to the Darcy—-Brinkman model produces, for both values of a, appreciable changes in the values
of ps only at Xy (dashed lines) and for 7 € |1, f [, while it yields very modest differences at X and over
the same time window (solid lines). In Figure 1(b), instead, no remarkably appreciable differences are
observed in the time trends of Ry and RE3 , regardless of the values attributed to a. These results could
be related to the simple geometry of the contact zones between the specimen and the plates, which do
not give rise to particularly noticeable boundary effects (at least, as long as remodeling is deactivated).
Hence, for the next simulations we take a=0Pa- s.

5.3.2.  Second benchmark: Darcy—Brinkman model with strain-gradient remodeling. We discuss the evolution of the sys-
tem with remodeling. We compare three cases: (i) the flow is in Darcian regime and the remodeling

distortions evolve according to a grade-0 theory in F,, i.e., with Grale)W and B absent from equation
(69¢), which thus reduces to SyDi = Al with A = F;T[FTP]FY; (i) the fluid obeys the Darcy-Brinkman
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model, but the non-dissipative effects of remodeling associated with W, are neglected, which amounts
to prescribe L =0m; (iii) the full IBVP of Section 5 is solved.

Figure 2. In Figure 2(a) we report the evaluation of the fluid effective pressure py in the middle point Xy
of the specimen’s upper surface I'yy, and over the time interval [0's, fe =20 s]. In Figure 2(b) we show the
evaluation of Ry at the same point and over the same time interval. In both figures, we observe changes
in the time trend when we pass from Darcy’s model and grade-0 remodeling, i.e., the “Grade-0” case,
to the Darcy-Brinkman model and grade-1 remodeling, i.e., the “Grade-1” case (identified by the values

given to the length scales £ and L). For conciseness, we denote by pg}o and R]C\',O the curves referring to the

Grade-0 case (squares) and by p?l and Rg,l those referring to the Grade-1 case (triangles and circles).
Note that, for all these simulations, the Brinkman viscosity a is set equal to zero, while b is given the
value reported in Table 1.

A noticeable result is that, when remodeling is activated, the values of both py and Ry are appreciably
smaller than those appearing in the case in which remodeling is switched off. This behavior is expected as
a consequence of the mitigating effect that remodeling has on the distribution of the stresses in a medium.
Moreover, the presence of remodeling accelerates the relaxation of all the curves plotted in Figure 2(a)
and (b) towards a state of lower pressure and stress.

Aside from the considerations made above, to us one result is noteworthy: the curves of pg’l and Rgl ,
obtained for L=0m and L=10"3 m, share a time trend qualitatively similar to those of p?o and Rg}o,
although there is an appreciable difference after a certain instant of time greater than the instant fiy,x at
which all the curves attain their maxima. In fact, for L =0m, the values of plgl and of R]C\},l (triangles)
are higher than the corresponding ones obtained for L = 10~3 m (circles). This means that, although the
Grade-1 curves are all above the Grade-0 ones, the activation of the length scale L, related to the non-
dissipative parts of Yy and Yy, plays a mitigating role both on the pressure and on the overall stress,
thereby accelerating their relaxation.

Figure 3. In Figure 3(a)—(d) we plot the time trends of the radial, circumferential, and axial components
of F, as well as of the radial-axial (13-)component of F,. All these evaluations are taken at the point
X1, € I'L of coordinates (5.0, 0.0,5.0) mm, lying at half of the height of the specimen’s lateral boundary,

I'L. We indicate with FAYGO the remodeling tensor related to the Grade-0 case (squares), and with FnyGl the
same quantity obtained within the Grade-1 case (circles for non-vanishing “defect” free energy density

Wsp, i.e., L= 1073 m, and triangles for vanishing Wp, i.e., L=0m).

A relevant feature of Figure 3 is that, after a certain instant of time in the interval [0s, 5], [FS1]1
becomes larger than [FWGO] I, both for L =0 m and for L= 103 m (see Figure 3(a)), while [F,yGl]zz remains
smaller than [FAYGO]ZZ for almost the entire duration of the simulation (see Figure 3(b)), although, at r= ¢,
[FWGI]ZZ for L=0m (triangles) comes closer to the value attained by [F7G0]22 at fe (squares). Moreover,
both for L =0m and for L =103 m (triangles and circles), the curves of [F7G1]3 3 intersect the curve of
[ES0)35 (squares) at an instant of time #, in the interval |5 s, #r — 1[, and, in particular, they attain smaller
values after ¢, (see Figure 3(c)). Finally, both for the Grade-0 case and for the Grade-1 case, the values of
[F,] 1 3 are negligibly small with respect to the diagonal components of the remodeling tensor (see Figure
3(d)). Although we expect this result, due to the symmetries of the problem under investigation, we notice
that, while [F00]15 is zero (in fact, its simulated values are of the order of 10~!6), [FS1]15 is of the order
of 1077,

We remark that, in Figure 3(a), (¢) and (d), switching from L=0m to L= 103 m yields apprecia-
ble differences in the examined components of the remodeling tensor, while these differences are less
marked in Figure 3(b). In particular, in the Grade-1 model, and during the relaxation phase, the presence
of the energetic contributions to Yy and Yy due to L= 103 m (circles) tend to decrease [FyGl]ll and
[FWG1 ]?5 and to increase [F,YG1 ]33 with respect to the case L = 0 m. Hence, we conclude that these energetic
contributions tend to hinder these components of the remodeling tensor near the lateral boundary.

Figure 4. In Figure 4(a), we report the 33-component of F«YGl and FﬂyGO atr=fr=10sandatr=1=20s
(final time of observation). The curves of [F7G0]33 (squares) take on unitary values at the extrema of the
spatial interval [0 mm, 10 mm]|, corresponding to the middle points of the bottom and upper surfaces,
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denoted by Xg =(0,0,0) mm and Xy = (0,0, 10) mm, respectively. The evolution of the remodeling is

testified by the fact that, at the end of the simulation, i.e., for = te, the curve of [FWGO} 33 (solid line marked
by squares) is below the one obtained for ¢t=# (dashed line marked by squares). We notice that the

derivative of [F7G0]33 along the axial direction, and evaluated at the points Xg and Xy, is nonzero.

A quite different behavior can be observed for [F7G1]33. In this case, indeed, although the curves plot-
ted for = #r = 10 s (dashed lines marked with triangles and circles) and for # = fe =20 s (solid lines marked
with triangles and circles) are symmetric with respect to the straight line of equation X3 =5mm (corre-
sponding to transverse plane passing through X¢), the derivatives of [FWG1}33 along the axial direction,
and evaluated at the points Xg and Xy, are (almost) zero, in accordance with the boundary conditions
YuN = O (see equation (68)). This is, in fact, an effect of the boundary that is not visible for the Grade-0
model.

In Figure 4(b) we show the radial component [F°!]!} and [FS9]1. As one expects, for each curve,
the maximum is attained at the symmetry axis.

It is worth mentioning that, as shown in Figure 4(a) and (b), in the inner region of the specimen the
components [FAYGl]3 3 and [FyGl] 1| for =1y = 10 s (dashed lines marked with triangles and circles) assume
values closer to unity than their Grade-0 counterparts do. However, for ¢ =t = 20 s, the values of [FVG1]33
and [FYGI] 1 1 (solid lines marked with triangles and circles) become very similar to the ones predicted by

the Grade-0 theory. This suggests that [F7G1 ]33 and [FVGI] 1| distance themselves from unity on the interval
[fr, te] a little bit more than their Grade-0 counterparts.

6. Concluding remarks

We have studied the mechanics of a multicellular aggregate within a strain-gradient theory of remodeling
(re-proposed from the work by Gurtin and Anand [38]) and a Darcy-Brinkman model for the interstitial
fluid. This framework has been obtained by selecting the motion of the solid phase, the velocity field of
the fluid phase and the remodeling tensor as basic kinematic fields for the system under consideration.

Our results show that, in the absence of remodeling, the Darcy-Brinkman model for simulating the
compression test of a homogeneous and isotropic cylindrical specimen leads to rather modest variations
of the fluid effective pressure and to almost no appreciable changes in the stress distribution as com-
pared with the same quantities predicted by standard Darcy’s law. As discussed in the presentation of
the figures, this could be partially imputable to the simple geometry of the specimen’s boundary and
to the loading conditions, which do not alter such geometry, thereby not giving room to strong bound-
ary effects. In this respect, the benchmark test that we have simulated may seem to be inappropriate for
justifying the Brinkman correction. However, the fact that there appear differences in the fluid effective
pressure already in the simple situation analyzed in our work suggests that the Darcy—Brinkman model
could become important in situations generating strong gradients of the fluid velocity field. These could
involve, for instance, twist tests or indentation tests, in which the original geometry of the specimen is
remarkably modified, or transport problems in which the fluid is injected into the tested medium.

A different consideration concerns the role of the bulk viscosity parameter a. For the values consid-
ered in our work, a does not alter significantly the evolution of the system, but we have not assessed yet
whether, from the point of view of computing, a could stabilize the numerical solution.

These considerations notwithstanding, appreciable differences in the fluid effective pressure, stress
distribution within the specimen, and in the components of the remodeling tensor emerge when the
Grade-0 model is compared with the Grade-1 model. In this respect, we remark that, while strain-gradient
theories in the anelastic descriptor have been historically introduced to account for size effects in crys-
talline solids, and their importance cannot be understated (see e.g. the review by Voyiadjis and Song
[37]), the determination of the phenomenological length scales ¢ and L in biological media is still an open
problem. To the authors’ knowledge, there is a lack of experimental protocols for the identification of size
effects in biological tissues, with a notable exception being the study of the mechanics of trabecular bone
[97,98]. In fact, following the opening of a crack, the neighboring region of the bone undergoes a remod-
eling process by developing plastic-like distortions and forming the so called “plastic zone” [97], which
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Figure 3. Evolution of the radial (a), circumferential (b), axial (c), and radial-axial shear component of Fy (d) at the point X| of
coordinates (5.0,0.0,5.0) mm of the specimen’s lateral surface I',.. (a) | I-component of Fy at X| € I'|, (b) 22-component of Fy at
XL €T, (c) 33-component of Fy at X| €I'| and (d) |3-component of Fy at X| € T'|.

can be regarded as a size effect encompassing various elementary cells of a bone [97,98] and determines
a dissipative phenomenological length scale that can be estimated [97].

We conclude this discussion on the Darcy—Brinkman model with a remark. Auriault [99] obtains
the Darcy—Brinkman model starting from Stokes’ equation as a result of an up-scaling procedure that
involves the asymptotic expansion of the fields of fluid pressure and velocity in a non-deforming porous
medium made of “swarms of fixed particles or fixed beds of fibers at very low concentration, only, and under
precise conditions” [99]. In this case, Auriault [99] finds that the so-called Brinkman viscosity equals the
true viscosity of the fluid. However, he also warns that “for isotropic and macroscopically homogeneous
porous media [...] Brinkman’s equation has no physical background” [99]. While bearing this criticism in
mind, we are aware of studies suggesting the usefulness of the Darcy-Brinkman model in addressing
biomechanical problems [40]. Since biological porous media, especially when subjected to remodeling,
have an internal structure that evolves and may deviate somewhat from the one of “macroscopically
homogeneous porous media” [99], examining the influence of Brinkman’s correction on the flow and its
interaction with remodeling could deserve investigations. This has indeed motivated the present work and
some results have been discussed in the previous section. Another case worthy of attention is provided by
fiber-reinforced composites, which, besides the remodeling of the matrix, undergo also the reorientation
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of the fibers. Although the Darcy-Brinkman model in fiber-reinforced media is present in the literature
(see, e.g., Hwang and Advani [100]), it could be useful to investigate how the non-spherical and dissipative
stress tensor predicted by the Brinkman model couples with the fibers’ distribution in the medium and
whether it plays a role in the reorientation of the fibers themselves [46]. Clearly, all these considerations
are at the moment conjectures and await experimental verification.
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Note
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reported in Section 2.2. Recall that the intrinsic mass densities gs and of are assumed to be constant throughout this work.
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Appendix |

A comment on CurIF7

Equation (3) provides the covariant definition of CurlF,, since it employs the covariant material gradi-
ent of F,, and is thus valid in any coordinate system. In Cartesian coordinates, the Christoffel symbols
are null, det[G] =1, and, consequently, the definition of CurlF, becomes identical to the one given by
Gurtin and Anand [38]. In this case, if F, happens to be the Jacobian tensor field of some sufficiently reg-

ular deformation-like map ¢, so that [FW]A p=0¢"/0XB, then CurlF, vanishes by virtue of Schwartz’s
Theorem, i.e., [CurlF,]PA = PCBH2 A /19XBoXC =0, for all D,A=1,2,3.
This conclusion, however, is less immediate when the covariant gradient of Fy is used. Indeed, even

by setting [FW]A 5= 0¢?/0XB and enforcing the symmetry property of the Christoffel symbols, say I' ¢,
in the lower indices B and C, equation (3) returns

DA 1 DCBip 1L 1A 1 pcB Ot A
CurlF- = ¢ E I = € I , 76
[CurlF, ] 4G [Fy]" B Lc GG oxBIC (76)

which, to be zero, requires the symmetry of (9oL /0XB)I"4; ¢ in the indices B and C. Yet, this is in general
not the case unless it holds that 8goL / oxB = ¢ oL B, for some c € |0, 400, which yields (for c=1)
1

1
}DA _ DCBL A = DCBPA L ), (77)

[CurlFy det[G] det[G]

since T4 BC= A CB-

The non-vanishing of [Curle]DA in equation (76) follows from regarding the generic basis vector field
Ej, of the decomposition Fy = [FV]L MEL ® EM as a function of X, so that its partial derivatives are given
by

OEp A ,
——= =11 cEq4, with L,C=1,2,3. 78
aXC Lcka (78)

On the other hand, if F, is to be identified with the Jacobian tensor field Dy of a c? map v, which

defines a transformation of % into a new placement % := v¢)(4), as is the case for configurational changes
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(see, e.g., the works by Grillo et al. [101] and Federico et al. [102]), then F, is naturally represented by a
two-point tensor field and its decomposition reads

a ~

0
ny =Dy = 8?3[804 o w] ®EB, D¢(X) :Tx B — T¢(X)<%’, (79)

where {ea(¢(X)>}i:1 C Tw(X)@ is a basis of the tangent space T, w(X)QE. Accordingly, the components of
the covariant material gradient of Fy become

Py W )

[GradF’Y}aBC: [Grad Dw]aBC: oxBoxC + OXB '706)\/1 9xC - 8XDF BC>

(80)

with v%, ,, being the Christoffel symbols, composed with 1, generated by the differentiation of the generic
Y g y p g Yy g

basis vector field e, with respect to the coordinates (locally) covering 2. Hence, unlike equation (76),
the components of CurlF, are given by

1 1 o A Ot
[CurlF,|P* = —— PP [Grad Dy e = DCBOV” o OV

det[G] detG] . 0xB' MpxC ™

0 81)

(see also the work by Bonet et al. [103], in which the definition of the curl of a second-order tensor field is
the transpose of the one adopted by Gurtin and Anand [38]). Indeed, while the first term and the third term
on the right-hand side of equation (80) do not contribute to [Curle}Da because of Schwartz’s Theorem
and because of the symmetry of the Christoffel symbols rb pc in the indices B and C, the second term
yields the vanishing of [CurlFW]DO‘ since the symmetry of %), in the indices A and . makes it symmetric
in B and C, too, for each =1, 2, 3.

Finally, we consider the case in which Fy is given by Fy =M, Dy, where ¢ and Dy are defined as
before and M- (X, 1) : T3 % — N5(1) is intrinsically incompatible, unless it trivially reduces to the identity

tensor I from Ty@ into itself (see, e.g., the work by Ciancio et al. [104]). According to this decomposition

of Fy, Fy is a two-point tensor with components [Fy|%g = [M]% (88 /9XB) and CurlF, vanishes when
Mfy — I.

In the main body of our work, however, when we say that F, is a “mixed, but (formally) not two-point,
tensor field”, we are considering the opposite situation, in which Fy is intrinsically incompatible and,

thus, coinciding with M~ up to an unessential shift from Ty% to TS{'@' This condition, in fact, is met by

considering the trivial maps WP (X):= 5P X8 + cg , where 6° p are the components of the shifter operator

[59] and cg are real constants (which may be taken to be null). Hence, by disregarding the unessential
shifter and using uppercase indices only, our approach amounts to taking F, as the fully incompatible
clement of the class of tensors of the type M,Dv. Hence, granted the identification F, =M., CurlF,
is non-null and the case in which it reduces to the Jacobian tensor field of a deformation-like map is
excluded.

Appendix 2

Weak form for general boundary conditions

In this appendix, we put equations (69a)—(69d) and the boundary conditions (71a)-(71e) in weak form.
Although this procedure has some similarities with the Principle of Virtual Power (PVP), it yields four
important differences: first, the constitutive information is now fully exploited; second, the force bal-
ances (33a) and (33b), replaced by equations (69a) and (69b), are reformulated in a way in which, when
put in weak form, the gradients of the volumetric fractions no longer appear; third, L is replaced by the

symmetric and deviatoric tensor field lN)W; finally, l~)7 and F, are regarded as kinematic variables that,
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although being formally independent of each other, are reciprocally related by equation (691). Note that,
because of the identities ¢sgr = Psr/J and ¢pr = 1 — Pgg/J, the elimination of the gradients of the volu-
metric fractions entails the elimination of the gradient of J and, thus, of F, so that, when equations (69a)
and (69b) are put in weak form, the highest order of spatial differentiation of  is the first.

To put equation (69¢) in weak form, we introduce as test field the generalized virtual rate DW, which
is symmetric and deviatoric by construction.

We compute the duality products of equations (69a)—(69d) with Vgy, Vg, DW, and py, respectively,
we integrate over %4, and we apply Leibnitz rule and Gauss’ Theorem. Hence, we obtain

/j (Pso (F, F,)|GradVsy) + / (T2 k™ V| Vey) + [g (—Jo k™ V| Vsy)

3
/ (DsrF~ T Gradp|Vsy) — Z /a J\Fd [@rpF NIV, = / ToaVevs (82a)
& d=1

02\,
| @mv:GraaviiGraaviy) + [ okk vilviy) + /%<—J¢%Rk*1 VilVa)

/ (@RF~TGradp| V) — Z /8 s, [DrpF TN VE, = Z / TaViy (82b)

0\

/g {(5y(2(GradDs )*|GradDay) + (3, D (Do) } = /J [(A} 4 Z}D,y) +(&F|GradDoy) L. (82¢)

/ (D VsF~T|Gradpy) Z / @b TNV pe+ [ (@mViFTGradpy)
0B\ B

3
,Z/ . @mF’TN]dV?pv:Z/d [@SRF*TN]dxﬁpVJrZ/d [@mF’TN]dV?bpv. (82d)
9%\, d=1"Tp =17

The unknowns p, V‘Si and Vf feature also on the boundary portions complementary to the ones on which

Dirichlet conditions are imposed on x4 and Vl‘f.
We do not put equations (69¢) and (69f) in weak form because they are solved pointwise. In view of the
finite element implementation, they must be fulfilled by the nodal values of the discretized representations

of Vg and 1~)7, including the values at the nodes of &%’\Fg]D and 04, respectively, which are unknown. In
fact, if Ng and N, are the numbers of nodes of the discretizations of Vs and lN)W, respectively, then equations

(69¢e) and (69f), which amount to three and nine scalar equations, generate a number of conditions equal
to 3N + 9N,

Let us now introduce the velocity field Vsb’ associated with the solid phase, and defined as follows:
letd € {1,2,3} be the index 1dent1fy1ng, in a given ba81s {ea} o—1- the component of the trace of the solid
phase velocity field prescribed on PsD’ so that Vg = Xb on I‘ng in the sense of the trace operators. Then,

we introduce Vg, = Zgzl Vg‘bea as a vector field defined on % = % U 0% and having components that,
on the given FsD, satisfy Vg‘ = Xb for a=d, and V"b =0 for a#d. In fact, Vg, prolongs the Dirichlet
boundary data prescribed on I'¢ for the solid phase velocity to the inner points of % and onto 8%\F3D

Introducing Vg, permlts usto rewrlte Vs as Vg = Us + Vi, where the rescaled velocity field Us := Vg — Vg,

is such that, on FsD’ its components satisfy U¢ =0 for a =d, and U¢ = V¢ for a # d. Hence, Us belongs to
the same functional space as Vgy, i.e., Us € Ygy.
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We apply now an identical reasoning to the fluid phase velocity field, thereby rewriting V¢ as Vi =
Us + Vi, with Uy := Vi — Vi, € %y, and where Vi =373, V& eq is a vector field defined on 2 such that,

on F?D (for some d € {1,2,3}), its components satisfy V?b = Vf‘?b for a=d, and V?d =0fora+#d.
The structure of the weak forms (82a)—(82d) and the rescaled velocity fields Us and Uy yield

Mss(X, Fry; Us|Vsy)  + Me(xs Ur|Vsv)  + Msp(x;pl Vsv) = Ts(x; Vsv)s (83a)
ML Us| Vi) + Mee(x: UslVey)  + Megp (X3 p[ Vi) = Tr(x: Viv)s (83b)
My (x: Uslpy) +M§p(><; Utlpv) = Tp(x;Pv)s (83c)

Moy (D4|D4y) = Ty (x. Fy: Day), (83d)

where we have used the dagger “1” to indicate the adjoint of an operator, we have switched equations
(82c) and (82d), now corresponding to equations (83d) and (83c), and we have introduced the functionals

MSS(X’F"/;US‘VSV)::/_Z<PSO(F’F’Y)‘Gradvsv>+/_Z<J¢%Rk71US‘VSV>7 (84a)
M (x; Ut| Vsy) ::/%<_J¢%Rk_lUf|st>, (84b)
Misp(x: p|Vsv) ::/g< sRF~TGradp| Vsy) — Z/H/J\Fd sRPF_TN]dng» (84c)

Ts(x: Vsv) :=Z / TsaVev — / ok~ (Vsb = Vi) | Vev), (84d)
LA B

Mie(X; Uf|VfV)::/ @tRW:Grade\GradeV)—i—/o (JqS%Rk_lUf\va), (84e)

Mip (Pl Vi) = /(‘I’tRF TGradp|Vgy) — Z/ag\rd [@RpF~ TN VA, (84f)

Tr(x: Viy) = / TeaV —/ (Joik™ (Vip — Vsp)| Vi)
; om\rd Y g

- / (PR : Grad Vi, |Grad Ve ), (84g)
B

3
TP(X§PV) = /Z<¢’SRVst_T|GradPV> + Z ~/Fd [q)sRF_TN]ngPV
3
X —T —-T
_/gg<@fRVbe |Gradpv>+z_:/rd (D F N]dV?bpv

+Z/ d<I>3RF Nddepv+Z/ [®RFTN]4V4 py, (84h)

%\Fd
Moy (Dy|Doyy) = /gg (Sy£?(GradD.,)*|GradDy) + /97 (SyD% D), (84)

Ty (x, Fy: D) = /% {(A* + Z}|D.y) + (&|GradD.y) }. (84j)
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To determine the dependence of T on x and F,, we have assumed that Z? can be represented as a
function of F and F,. This hypothesis allows for a feedback of F and F, on the external generalized force
density described by Z.

With the exception of M., the functionals appearing in equations (83a)—(83d) are all nonlinear in ,
while Mg and T, are nonlinear also in F,. Clearly, more general situations can be envisaged, for example
when the constitutive representations of k and W are also functions of F,. Moreover, each functional of
equations (84a)—(84;j) is linear in the corresponding virtual field. Similarly, Mss, Mg, Msp, Mgg, My
and M.~ are linear also in the field featuring in the slot on the left-hand side of “|”, i.e., in Us, Uy,
p, and Dv-

Performing the numerical analysis of the system (83a)—(83d) requires the identification of the func-
tional spaces hosting the entities dual to the virtual fields and to their gradients as well as the linearization
of the functionals (84a)—(84j). While these aspects of the problem are out of the scopes of the present
work (indeed, we use a commercial software to determine a numerical solution to our problem), we
notice that equations (83a)—(83d) constitute a symmetric system. Its well posedness relies on the func-
tional properties of the solid phase Helmholtz free energy density function —and, thus, of the constitutive
expressions of Ps, A? and &%—, on the positive-definiteness of the permeability tensor ko F and of the
Brinkman viscosity tensor W o F, and on the positivity of the yield stress Sy. In particular, we notice
that M.~ defines a scalar product in the functional space H'(%;DevgSym|[T4],) (see, e.g., the book
by Salsa [80] for details). Equation (82b) generalizes to the present framework some results obtained in
the work by Vacca [105] in the case of the Darcy-Brinkman model studied for a non-deforming porous
medium, and velocity of the fluid phase assumed to be divergence-free and satisfying homogeneous
Dirichlet conditions on the entire boundary of the computational domain.

Comparison with the “classical” Darcy model. Apart from the equations describing remodeling, i.e., equation (69c)
in the strong formulation and equation (83d) in the weak, operatorial, setting, the way in which our prob-
lem is posed is rather different from the classical formulation of the finite-deformation poro-mechanics
in Darcian regime [5,7,8,25,56,57,106]. The first, and most important, difference is that the force bal-
ance (69b) cannot be eliminated to obtain Darcy’s law <I>fRF*1 [V¢ — V| = —KGrad p, with K := JFkF~T
being the material permeability tensor field. This is obviously due to the presence of the dissipative stress
&RV : GradVy, which is the core of Brinkman’s model. The second difference is a direct consequence
of the non applicability of Darcy’s law. Indeed, in the Darcian case, it is computationally advantageous to
substitute Darcy’s law into the force balance (69a) and into the incompressibility condition (69d), thereby
transforming (69d) into a Poisson equation for the pressure field and making (69a) equivalent to the sum
of equations (69a) and (69b). In fact, even though similar steps can be done also for the Darcy—-Brinkman
model, they are not always so computationally advantageous as in the case of the Darcian regime. The
third difference pertains to the boundary conditions. Indeed, adding the stresses implies that also the
boundary conditions (71a) and (71b) must be added together and, thus, that they have to hold on the
same boundary portions. In particular, equation (71b) imposes a relation, modulated by the deforma-
tion, between p and V. In addition, while equation (71¢) remains unchanged when passing from the
Darcy—Brinkman model to Darcy’s one, the Dirichlet condition (71d) on the fluid velocity is replaced by
a condition on the relative velocity V¢ — Vg, which, again, requires equations (71c¢) and (71d) to be defined
on the same boundary portion. In this case, however, given the relation @R F -1 [Vi — V5] = —KGrad p,
the boundary condition on Vi — Vg becomes a Neumann boundary condition on the pressure.



