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A B S T R A C T

This study presents a parametric numerical analysis for the selection of the best seismic parameters character
ising seismic records to model the dynamic response of non-linear single-degree-of-freedom (SDOF) structural 
systems by using Machine Learning (ML) techniques. This analysis is carried out using appropriate indices within 
Information Theory (IT), which allow for estimation of the amount of usable information from input data. 
Specifically, 400 artificial seismic excitations were generated, and, for each one, 23 seismic parameters were 
evaluated. Subsequently, step-by-step numerical analyses were conducted to study the seismic responses of 1000 
equivalent elastic perfectly-plastic SDOF systems with different mechanical properties. The "conditional infor
mation" index was thus evaluated for both peak relative displacement and hysteretic energy response, given the 
input values of specific seismic parameters. The same data were treated using supervised learning techniques 
with 20 ML algorithms: linear regression, decision trees, support vector machine (SVM), boosted trees, bagged 
trees and artificial neural networks (ANN). Each analysis considered the identical set of seismic parameters, used 
for the conditional information index, to verify whether a higher theoretical amount of information, obtainable 
from the input parameters, can lead to a more efficient ML modelling. Finally, the most effective model esti
mation, derived from a single ML algorithm with the best combination of the input parameters, have been 
compared with the results of the parametric step-by-step analyses performed for some natural ground motions. 
The results validate the proposals and show that a higher amount of information, gained from the input pa
rameters, generally corresponds to a better performance estimation of the ML models. This allows for the 
identification of which and how many seismic parameters should be considered as the best-performing combi
nation of the input parameters for the modelling algorithm. Furthermore, when the training phase is suitably 
calibrated, considering the specific site hazard and the best seismic parameters, the ML model can effectively 
estimate the seismic performance. This highlights considerable potentials of integrating ML techniques within 
the performance-based seismic design approach.

1. Introduction

The accurate evaluation of the seismic response of structural systems 
poses a significant challenge in earthquake engineering. Specifically, 
single-degree-of-freedom (SDOF) systems are commonly employed to 
represent the dynamic response of structures subjected to seismic ac
tions. Conventional numerical approaches, like incremental parametric 
evaluations, have been widely employed to assess the response of these 
systems. Nonetheless, as large datasets and computational capabilities 
become more accessible, Machine Learning (ML) methods provide an 
alternative for predicting structural responses. The capacity of ML to 
analyze large quantities of data and identify significant patterns makes it 

especially appropriate for modelling seismic responses. Information 
Theory (IT) and ML are two closely related branches of the theory un
derlying data analysis. The former, born with the pioneering contribu
tion by Shannon [1], has actually a consolidated theoretical basis and 
has been applied in various scientific contexts. On the contrary, the 
latter [2] has recently received significant impulse for the following two 
reasons: the vast amount of data available at low costs, related to the 
expansion of the web network, and the increased computational ca
pacity of devices due to technological innovation.

IT can be defined as the mathematical treatment of the concepts, 
parameters and rules governing the transmission of information through 
communication systems [3]. A meaning of the term “information” is 
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referred to as what removes uncertainty regarding the realization of a 
random variable [4]. From this perspective, a seismic signal, charac
terized by synthetic seismic parameters variable over time, represents a 
vehicle of information for different random variables. The main con
tributions related to the use of IT within earthquake engineering depend 
on the variable adopted to evaluate the informational contribution. This 
variable can denote the seismic response of a structural system [5,6], 
characteristics of the rocks crossed by the seismic wave [7], occurrence 
of a seismic event in a given region and its propagation [8,9], or mea
surements of both seismic intensity and features characterizing a seismic 
time-history [10,11]. In all these cases, through the concept of entropy, 
IT provides a formal mathematical tool capable to compare the amount 
of information contained in a dataset or quantify how much knowledge 
of one variable can contribute to reduce uncertainty about a different 
correlated variable.

ML is a set of algorithms that gives computers the ability to achieve a 
mathematically formalised goal without being explicitly programmed, 
based solely on the available data and capacity to derive information 
from the data. ML algorithms can be divided into three main categories: 
supervised learning, unsupervised learning and reinforcement learning. 
Supervised learning category uses prior information contained in a 
labelled dataset to determine a model that as best as possible approxi
mates the relationship between the input and labelled output data. 
Differently, unsupervised learning aims to infer the natural structure 
present in a no labelled dataset, while reinforcement learning is based on 
an autonomous agent’s searching for the best strategy to maximise its 
gain through interaction with an environmental system. The use of these 
procedures within civil engineering research dates to the early 2000s 
[12] with the idea of integrating soft-computing techniques, such as 
artificial neural networks, genetic algorithms, fuzzy logic and wavelet 
analysis, into the solution of numerical engineering problems. An 
extensive analysis on evolutionary computation in the context of 
structural design, such as topological optimal design, was conducted by 
Kicinger et al. [13], while various mathematical modelling schemes, 
aimed at the optimal design of steel frames, were examined by Saka and 
Geem [14]. Applications to earthquake engineering have considerably 
increased in recent years due to the possibility of high-performance 
computing machines, at ever lower costs, capable of handling large 
databases in an acceptable timeframe. Xie et al. [15] provided an 
exhaustive overview of the numerous contributions distinguishing four 
sectors: seismic hazard analysis, system identification and damage 
detection, seismic fragility assessment, structural control for earthquake 
mitigation. ML techniques therefore offer a new paradigm in the 
modelling and prediction of the dynamic response of a structural system, 
based exclusively on the processing of databases. Several studies 
confirm the applicability and effectiveness of ML methods for dynamic 
response analysis of different structural types [16–19], both in the linear 
and non-linear field [20–23] as well as in the case of soil-structure 
interaction [24].

With reference to the prediction of SDOF systems non-linear 
response, recent contributions analyzed different structural types 
[25–27] and seismic protection systems [28]. Abdellatif et al. [29]
showed how an Artificial Neural Network (ANN) model emerges as a fast 
tool for precisely predicting the dynamic response of SDOF systems, 
particularly those characterized by vibration periods exceeding 0.5 s. 
Hammal et al. [30] presented a model to predict inelastic response 
spectra of 5 % damped SDOF systems using an ANN with a 
Back-Propagation (BP) learning algorithm. Furthermore, Dwairi & 
Tarawneh [31] investigated the inelastic displacement demand of 
structures by means of an ANN and Bayesian regularization algorithm, 
considering four types of hysteretic models. Besides neural networks, 
other ML algorithms have also been used to predict structural response. 
In detail, Yinfeng et al. [32] demonstrated that the two-stage method 
based on support vector machines (SVM) provides excellent perfor
mance in generalization and accuracy, so, it can be a powerful tool for 
non-linear system simulation and prediction. Meanwhile, Gharehbaghi 

et al. [33] showed that an explicit multi-gene genetic 
programming-based mathematical model is both practical and effective 
in quantifying the potential seismic damage of structures. Moreover, 
decision tree methods have been used by Demir et al. [34], namely 
Random Forest, eXtreme Gradient Boosting and Stochastic Gradient 
Boosting, to predict the seismic response of structures. Additionally, 
Gaussian process regression was used by Gentile & Galasso [35] to 
predict the probabilistic seismic demand modeling of SDOF systems.

Regarding the use of ML techniques aimed to effectively characterise 
a seismic signal, it is possible to select appropriate data from the 
available databases of recorded events [36,37] for modelling future 
events probabilistically and studying their impact on the built envi
ronment. Within this topic, there are many studies dealing with neural 
networks [38,39], genetic programming techniques [40], modelling 
through tree structures [41] and mixed methods [42].

As for the modelling of seismic response of a structural system, the 
characterisation of seismic signals represents a crucial point in vulner
ability assessment, particularly when the dynamic response is strongly 
non-linear [43,44]. The mathematical model of the structural dynamic 
response is generally obtained, through supervised or unsupervised ML 
techniques, without a preliminary study aimed at understanding which 
parameters as best as possible characterise the properties of the seismic 
excitation and, therefore, allow for a more reliable modelling of the 
seismic response. Similar sensitivity studies have been conducted in 
[45], however, within a traditional numerical approach. In this context, 
the use of IT to analyse the information contained in a seismic signal can 
be very useful to simulate the dynamic response of a structure by using 
ML techniques with very important applicative advantages: it allows for 
the definition of more reliable structural models, it limits the amount of 
information to be stored and processed for a single seismic signal and, 
consequently, the computation time, making it possible to perform 
seismic response analysis within classical design approach without high 
performance computer machines. An explicit and synergic approach 
between IT and ML, where IT is used to analyse the usable information in 
the characteristics of a seismic input to model the seismic response 
through ML, can lead to relevant results, according to [46,47].

This research focuses on creating predictive ML models guided by IT 
to estimate the non-linear seismic response of SDOF systems and ex
amines the choice of seismic parameters to improve the model precision. 
It is described a parametric analysis for the selection of the best seismic 
parameters characterising seismic records to model the dynamic 
response of non-linear structural systems by using ML techniques. This 
analysis is carried out by using appropriate indices defined within the IT, 
which allow to estimate the amount of information from the input data. 
Specifically, 400 artificial seismic excitations were generated, and, for 
each one, 23 seismic parameters were evaluated. Subsequently, step-by- 
step numerical analyses were conducted to study the seismic responses 
of 1000 equivalent elastic perfectly-plastic SDOF systems with different 
mechanical properties. The obtained data were initially analysed using 
IT elements. Specifically, the “conditional information” index was 
evaluated for each seismic response, expressed in terms of both peak 
relative displacement and hysteretic energy, based on the input values of 
specific seismic parameters. The same data were treated using super
vised learning techniques with 20 ML algorithms: linear regression, 
decision trees, SVM, boosted, bagged trees and ANN. Each analysis 
considered the identical set of input parameters, analysed by using the 
conditional information index, to verify whether a higher theoretical 
amount of information, obtainable from the input parameters, corre
sponds to a more efficient ML modelling. A set of High Predictive 
Seismic Parameters (HPSP) are thus identified as those with the best 
estimation levels in accordance with two significant metrics, showing 
how they correspond to the parameters with the highest informational 
content. Finally, with the aim to validate the obtained results, the most 
effective model predictions, deriving from a single ML algorithm 
together with the best-performing combination of the seismic parame
ters, have been compared with the results of the parametric step-by-step 
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analyses performed for a new group of natural ground motions.

2. Generation of synthetic seismic records

The ML techniques are based on algorithms that analyse data to 
numerically infer the relationship between input and output variables: 
the higher the amount of available data, the more information can be 
utilized by the algorithm to effectively reproduce a reliable structural 
response. This consideration naturally highlights the need to have 
enough data defining seismic demand by selecting seismic input signals 
with respect to the seismic hazard of the site where the structure is 
located. Therefore, according to performance-based design and regula
tions [48], the need to select a set of seismic events as realistic as 
possible becomes crucial. ML algorithms create numerical models by 
analysing available data in "training phase" based on the comparison 
between the simulated response, obtained from the numerical algo
rithm, and actual response of the structural system to several accelero
grams. Given any specific site conditions, a very large number of natural 
seismic records for training a ML model is not available, therefore, the 
alternative is to synthetically generate such accelerograms. Adopting the 
"specific barrier model" by Aki [49,50], variables such as magnitude, 
Joyner-Boore distance [51], soil type and tectonic regime (i.e., 
intra-plate, inter-plate, active extensional tectonic regimes) are consid
ered. Such model has been implemented through the Seismoartif soft
ware [52] and calibrated by means of a large database of response 
spectral amplitudes related to seismic events in intraplate areas, inter
plate regions and regions of tectonic extension [53]. Within this 
approach, artificial accelerograms are defined starting from a single 
synthetic signal, compatible with the target spectrum, and adapting its 
frequency content using the Fourier transform method. The correction of 
the random process is carried out at each iteration using Eq.(1) [54]: 

Φi+1(f) = Φi(f) •
ST(f)
Si(f)

(1) 

where ST(f) is the value of the target spectrum at frequency f , Si(f) is the 
value of the response spectrum at frequency f corresponding to the i-th 
iteration, Φi+1(f) and Φi(f) are the values of the accelerogram in the 
frequency domain at step i and i + 1, respectively. Eq.(1) is defined in 
the frequency domain, where the signal correction process occurs. 
However, this correction requires calculating the response spectra using 
the signal representation in the time domain. This entails the need to 
continuously move between the two domains by means of direct and 
inverse Fourier transforms. Fig. 1 shows a schematic representation of 
this process.

Note that this process starts with a single synthetic acceleration ob
tained through a completely random Gaussian signal (i.e., white noise), 
which is multiplied by a modulating function [55] and, then, adapted to 
a fixed target spectrum. Once this first synthetic signal is generated, in 
the interactive correction process, there is no need of additional 
modulating functions as the process does not start from a random pro
cess but from the synthetic signal preliminarily obtained. The total 
duration ([s]) of seismic signals is taken constant and evaluated by using 
the magnitude (M), as follows [56]: 

Tt = 10(0.31•M− 0.774) (2) 

In the present study, the following parameters have been selected to 
describe site seismic hazard: far field earthquake with moment magni
tude equal to 8 leading to Tt = 50.82s, Eurocode 8 part C ground type A 
design spectrum [57], importance factor equal to 1, target PGA= 0.24 g, 
linear site effect, VS30 = 940m/s, distance between epicentre and site 
randomly selected according to a uniform distribution within 15 and 
25 km. In this way, 400 artificial seismic excitations have been 
randomly generated. In Fig. 2(a), the time-history of one generated 
signal is represented, whereas the elastic pseudo-acceleration spectra 
Sa[g] for all the artificial seismic records together with the reference 
spectrum, corresponding to Eurocode 8 – ground type A [57], are plotted 
in Fig. 2(b).

The present investigation is focused on studying soft computing 
prediction of structural response to seismic records by evaluating 23 
seismic parameters (Sp) for every single synthetic seismic signal [58]. 
These seismic parameters are listed in Table 1.

3. Dynamic response of non-linear SDOF systems

The assessment of seismic performance of non-linear structural sys
tems with respect to the characteristics of seismic inputs represents one 
of the primary objectives within earthquake engineering. This issue re
quires an accurate modelling of the non-linear behavior of the system 
with a suitable representation of expected collapse modes and an 
effective probabilistic modelling of both material properties and seismic 
inputs. In this context, the adoption of ML models can represent a 
turning point in the numerical analysis of the non-linear structural 
response. However, the use of such algorithms should never neglect the 
physical understanding of the obtained results. This suggests the need to 
classify the seismic parameters, describing the input motions, to identify 
the most significant ones with respect to the seismic response.

The elastic perfectly-plastic model for SDOF system has been adop
ted to evaluate the seismic response in terms of both relative displace

Fig. 1. Scheme of the synthetic accelerogram generation (modified from [53]).
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ment and hysteretic energy. This structural model, introduced by Shi
bata and Sozen [70] and widely used in both scientific literature and 
design provisions [71–73], is characterized by three parameters: the 
elastic stiffness (k), yield strength (fy) and relative displacement capacity 
(xm) (Fig. 3). The dynamic equation governing the seismic response of a 
non-linear SDOF system with mass m, inherent viscous damping coef
ficient c and resisting force fS(x) can be written as follows: 

ẍ+ 2ξω0ẋ+ω2
0xyf s(x) = − üg (3) 

where the circular frequency ω0 =

̅̅̅
k
m

√

, damping factor ξ = c
2mω0 

and 

f s(x) =
fS(x)

fy . In the following, the value of the yield strength has been 
defined in each case as the product between the peak value of the 
earthquake-induced resisting force in the corresponding linear system f0 
and the yield strength factor Ry, as follows: fy = Ry • f0. During the 
elastic response, f s(x) represents the restoring force and depends on k. 
The corresponding elastic vibration period is denoted as T0.

The dynamic response of a non-linear SDOF system can also be 
expressed through the energy balance equation, which can be written as 
follows [74–75]: 

EI(t) = EK(t)+ ED(t)+ES(t)+EH(t) (4) 

where: EI(t) = −
∫ x

0 müg(t)dx is the input energy, EK(t) = mẋ2

2 is the ki
netic energy of the mass associated with its motion relative to the 
ground, ED(t) =

∫ x
0 cẋ(t)dx is the energy dissipated by viscous damping, 

ES(t) = kx2

2 is the recoverable strain energy of the system and EH(t)
=

∫ x
0 fS(x)dx − ES(t) is the hysteretic energy (e.g., dissipated by yielding).
Fig. 4 shows a dynamic response in terms of relative displacement 

time history, force-relative displacement and hysteretic dissipated en
ergy for a non-linear SDOF system (T0 = 0.5 s, Ry = 3). The yield 
strength is the same in both directions of the response and strongly in
fluences the non-linear response.

A comprehensive parametric analysis, aimed at determining the 
seismic demand and, thus, the maximum ductility and hysteretic energy 
for the 400 generated seismic excitations, has been carried out. Specif
ically, for each seismic excitation, 1000 different elastic perfectly-plastic 
SDOF systems have been considered. The initial stiffness k has been 
modified such that T0 varies in the range [0.05 s, 3.00 s]. Similarly, the 
yield strength has been varied so that Ry ranges from a minimum value 
of 0.05 to a maximum value of 1, corresponding to a linear dynamic 
response of the system. The results of the parametric analysis are rep
resented, respectively, in Figs. 5–8 in terms of peak relative displace
ment, xpeak, peak relative velocity, ẋpeak, peak absolute acceleration, 
üpeak, and hysteretic energy, EH, for a single record together with their 
mean values over all the 400 records on varying elastic and inelastic 

mechanical parameters of the SDOF systems.
In the following, the peak relative displacement and hysteretic en

ergy are the response variables of the non-linear SDOF systems to esti
mate through ML models combined with the IT suggestions.

4. Information theory and time-histories conditional entropy

In the field of earthquake engineering, application of concepts from 
IT can serve as an important tool to support modelling with soft 
computing techniques. The main idea of this theory is based on the 
concept of entropy [1], which applies as follows for a random variable Y: 

H(y) = −

∫

yϵY
p(y) • log2(p(y))dy (5) 

where p(y) is the probability density function (PDF) for the variable Y. 
This quantity (Shannon entropy) measures the level of unpredictability 
of a random variable and reaches its maximum value when all possible 
outcomes are equally probable, corresponding to maximum uncertainty 
regarding the realization of the variable. As evident, the higher Shannon 
entropy, the higher the amount of information provided by realizations 
of the variable. To use Eq.(5), it is necessary to know the PDF associated 
to the variable Y. If enough data are available, it is possible to adopt a 
non-parametric estimator of H(y), called “empirical entropy”, whose 
expression derives from Eq.(5) by considering an appropriate number b 
of bins and substituting the PDF with the occurrence frequency, fj: 

Ĥ(y) = −
∑b

j=1
fj•log2

(
fj

)
(6) 

This is a correct estimator of entropy, efficient in the case of a large 
number of observations which are representative of the underlying 
distribution of the variable. The number b of bins, in this work, is 
selected with the Freedman-Diaconis’ Rule [76], which estimates the 
optimal width h of each bin through the InterQuartile Range (IQR) and 
sample size S, according to Eq.(7): 

h =
2 • IQR

̅̅̅
S3

√ (7) 

Fig. 9 represents the empirical entropy calculated by using the 400 
synthetic accelerograms for all the considered seismic parameters 
(Table 1). This figure highlights the significant differences, in terms of 
Shannon information, between the seismic parameters for the 400 
selected excitations. Particularly, parameters such as the peak acceler
ation, peak velocity, peak displacement, bracketed duration and A95 
parameter show higher entropy levels, while parameters like the ac
celeration RMS and predominant period exhibit more uniform values.

The issue now is to explore how much information from the seismic 

Fig. 2. (a) artificial seismic signal; (b) elastic pseudo-acceleration spectra of the 400 artificial seismic records.
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parameters, which represent also input parameters, is usable in defining 
the seismic response. It is possible, in fact, that the variability of a 
seismic parameter does not lead to a similar variability in output 
quantities, meaning that the input information provided by one or more 
seismic parameters might be "compressed" by the process into a narrow 
range of seismic response values. To assess this, a specific index, origi
nally introduced by [77], called the “conditional information” is 
examined. Let Y be the output variable and V→ a vector of input pa
rameters with size n, the conditional information can be computed as 
follows: 

I
(

Y|V→
)
= H(Y)+H(V1,V2,V3,…,Vn) − H(Y,V1,V2,V3,…,Vn) (8) 

where H(Y) is the marginal entropy of Y, H(V1,V2,V3,…,Vn) is the joint 
entropy between the components of input parameters vector V→ and 
H(Y,V1,V2,V3,…,Vn) is the joint entropy including both the output Y 
and input V→ parameters. The joint entropy is formally defined as Eq.(6), 
with the only difference in the number of bins, equal to the product of 
the bins of each individual variable. The conditional information was 
initially calculated considering a single input parameter Vi by selecting 
the peak relative displacement or the hysteretic energy as the output 
variable Y: 

I(Y|Vi) = H(Y)+H(Vi) − H(Y,Vi) (9) 

In Fig. 10, for all 23 input seismic parameters (Sp), the minimum, 
maximum and average values evaluated across all the responses of 1000 
SDOF systems to the 400 records are shown. Specifically, the results in 
Fig. 10(a) represent the case Y = xpeak, while those in Fig. 10(b) refer to 
the case Y = EH.

For the same cases, Fig. 11 plots the quantity defined in Eq. (10), 
which measures the ratio of the information carried by the input 
parameter Vi and transferred by the dynamic process to the output 
variable (i.e., seismic response). 

rH,i =
I(Y|Vi)

H(Vi)
(10) 

From Fig. 10, it is clear that a set of seismic parameters appear to be 
more “effective” in terms of contributing information within the dy
namic process for the seismic response: Peak Velocity (No. 2), AV ratio 

Table 1 
Seismic parameters characterizing the signals adopted in numerical analyses.

Sp Seismic parameter Description

No. 1 Peak Acceleration Peak acceleration of the seismic input time- 
history: üg,peak

No. 2 Peak Velocity Peak velocity of the seismic input time-history: 
u̇g,peak

No. 3 Peak Displacement Peak displacement of the seismic input time- 
history: ug,peak

No. 4 AV ratio Peak ground acceleration-to-velocity ratio: AV =

üg,peak

u̇g,peak

No. 5 Acceleration RMS Square root of the mean of acceleration squares: 

aRMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫ Tt
0 ü2

g dt
Tt

√

, where Tt is the time duration 

of the signal
No. 6 Velocity RMS Square root of the mean of velocity squares: 

vRMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫ Tt
0 u̇2

g dt
Tt

√

, where Tt is the time duration 

of the signal
No. 7 Displacement RMS Square root of the mean of displacement squares: 

xRMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫ Tt
0 u2

g dt
Tt

√

, where Tt is the time duration 

of the signal
No. 8 Arias Intensity Time-integral of the square of the acceleration: 

IA =
π
2g

∫ Td
0 ü2

g (t)dt, where Td is the time duration 

of the signal above a threshold equal to 0.05g 
[59]

No. 9 Characteristic 
Intensity

IC = aRMS
1.5 • ts0.5, where tS is the significant 

duration [60]
No. 

10
Specific Energy 
Density

Energy of the velocity-time history: SED =
∫ Td

0 u̇2
g (t)dt, where Td is the time duration of the 

signal above a threshold equal to 0.05g [61]
No. 

11
Cumulative Absolute 
Velocity

Area under the accelerogram over a significant 

duration: CAV =
∫ Tt

0

⃒
⃒
⃒ü2

g (t)
⃒
⃒
⃒dt, where Tt is the 

time duration of the signal [62]
No. 

12
Acceleration Spectrum 
Intensity

Area under the acceleration response spectrum 
between periods of 0.1 s and 0.5 s: ASI =

∫ 0.5
0.1 

PSA(T, ξ)dT, where PSA is the pseudo spectral 
acceleration; T is the natural period and ξ= 0.05 
is the damping coefficient [63,64]

No. 
13

Velocity Spectrum 
Intensity

Area under the velocity response spectrum 
between periods of 0.1 s and 0.5 s: VSI =

∫ 0.5
0.1 

PSV(T,ξ)dT, where PSV is the pseudo spectral 
velocity; T is the natural period and ξ= 0.05 is the 
damping coefficient [63,64]

No. 
14

Housner Intensity SIH =
∫ 2.5

0.1 Sv(T, ξ)dT, where Sv is the pseudo- 
velocity response spectrum; T is the natural 
period and ξ= 0.05 is the damping coefficient 
[62]

No. 
15

Sustained Maximum 
Acceleration

Third-highest acceleration absolute value largest 
peak in the time history record: SMA [65]

No. 
16

Sustained Maximum 
Velocity

Third largest velocity peak in the time history 
record: SMV [65]

No. 
17

Effective Design 
Acceleration

Peak acceleration that remains after filtering out 
seismic signals above 9 Hz: EDA [66]

No. 
18

A95 parameter Peak value of acceleration corresponding to 95 % 
of Arias Intensity value: A95 [62]

No. 
19

Predominant Period Period corresponding to the maximum spectral 
acceleration occurs in a 5 % damped acceleration 
response spectrum: Tp [67]

No. 
20

Mean Period Average frequency content: Tm =

∑

i

(
C2

i
fi

)

/
∑

i
C2

i , where Ci are the Fourier 

amplitudes, and fi represent the discrete Fourier 
transform frequencies between 0.25 and 20 Hz 
[68]

No. 
21

Uniform Duration Total time of the earthquake motion in which the 
amplitudes exceed a specified threshold 
(0.025 g): Du [69]

No. 
22

Bracketed Duration Elapsed time between the first and last 
acceleration excursions greater than a specified 
threshold (0.025 g): Db [69]

Table 1 (continued )

Sp Seismic parameter Description

No. 
23

Significant Duration Time required for the release of accumulated 
strain energy by rupture along the fault. It is 
herein defined as the duration between 5 % and 
95 % of the Arias intensity: DS [69]

Fig. 3. Force-relative displacement curve: actual response compared with the 
elastic perfectly-plastic model.
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(No. 4), Velocity RMS (No. 6), Arias Intensity (No. 8), Specific Energy 
Density (No. 10), Cumulative Absolute Intensity (No. 11), Sustained 
Maximum Velocity (No. 16) and Significant Duration (No. 23).

Furthermore, Fig. 11 shows that the amount of information from 
each individual seismic parameter translated into information about the 
output quantity ranges between 60 % and 90 % when the peak relative 
displacement is considered as the output variable, whereas the vari
ability is significantly greater, ranging from 40 % to 90 %, when the 
output variable is the hysteretic energy.

Additionally, note that a single seismic parameter (i.e., No. 5, Ac
celeration RMS) exhibits significantly lower values of both empirical 
entropy and Shannon conditional information compared to all the other 
ones. These results concern the case where a single seismic parameter is 
considered as input.

The subsequent issue to address is how the knowledge of additional 

seismic parameters may increase the amount of information usefully 
employed by the process to get the output. In fact, the possibility of 
considering either 2 or 3 input parameters has been investigated. Spe
cifically, the conditional information I(Y|V1,V2), by considering 2 
seismic parameters as input, was evaluated in average terms over all the 
considered 1000 non-linear SDOF systems subjected to the 400 records. 
For the sake of readability, only the values of the conditional informa
tion corresponding to the pairs including the best and worst single 
predictive parameter, respectively, Specific Energy Density - No. 10, and 
Acceleration RMS - No. 5, are represented in Fig. 12. The results show 
the minimum information is obtained when the two selected seismic 
parameters coincide: I(Y|V1,V1) = I(Y|V1), as expected. Meaningfully, 
the maximum usable information defining the output seismic response is 
obtained, in most cases, when one of the two seismic parameters has an 
energetic physical insight, such as Specific Energy Density (No. 10) or 

Fig. 4. Relative displacement (a), force-relative displacement (b), hysteretic energy (c) time-histories for an elastic perfectly-plastic SDOF model.

Fig. 5. Peak relative displacements of the SDOF systems: (a) single artificial record, (b) average over the 400 records.
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Fig. 6. Peak relative velocities of the SDOF systems: (a) single artificial record, (b) average over the 400 records.

Fig. 7. Peak absolute accelerations of the SDOF systems: (a) single artificial record, (b) average over the 400 records.

Fig. 8. Hysteretic energy of the SDOF systems: (a) single artificial record, (b) average over the 400 records.
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Cumulative Absolute Intensity (No. 11), which together represent the 
most informative pair of seismic parameters (Fig. 12). Fig. 12 also shows 
that there are negligible differences in average Shannon’s conditional 
information depending on the selected output. This trend was observed 
across all the analyses performed for the two response variables, with 
the difference that the average conditional information values, obtained 
using hysteretic energy as the output, are slightly lower than those ob
tained when peak relative displacement is considered.

Fig. 13 highlights the cases where the conditional information value, 
considering peak relative displacement as output variable, is significant 
even in the absence of an energy-based parameter. Specifically, this is 
evident for the pair Velocity RMS (No. 6) and Arias Intensity (No. 8), or 
for the parameters AV ratio (No. 4) and Displacement RMS (No. 7), 
whose information is more effectively integrated with a duration-based 
parameter, Significant Duration (No. 23), rather than an energy-based 

one.
From all the responses of the 1000 non-linear SDOF systems to the 

400 records, Fig. 14 summarizes the values of average conditional in
formation for the case of single parameters, pairs and triplets of seismic 
parameters. Specifically, for each seismic parameter considered, the 
figure shows the average conditional information corresponding to that 
parameter, as well as the best pair and triplet containing that parameter. 
The figure explicitly indicates the best pairs, while for triplets, only the 
configuration corresponding to the maximum conditional information is 
indicated. The results highlight the increase in conditional information 
associated with the inclusion of a second and third seismic parameter. 
Adding a second seismic parameter generally leads to a 10–30 % in
crease in conditional information relative to the output variable, while 
adding a third parameter a smaller, though still significant, increase is 
observable. Furthermore, a reduction in differences in the information 

Fig. 9. Shannon empirical entropy for the considered seismic parameters.

Fig. 10. Shannon conditional information for the considered seismic parameters.
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conveyed by the best-performing triplets is observed. This is due to 
evidence that even the presence of a parameter with limited informa
tional content can be compensated by the inclusion of other input pa
rameters selected to maximize conditional information. It is also noted 
that the results show minimum values corresponding to the seismic 
parameters Acceleration RMS (No. 5) and Predominant Period (No. 19). 
Among the best-performing triplets, the one characterized by the highest 
average conditional Shannon information is composed of the parameters 
Specific Energy Density (No. 10), Cumulative Absolute Intensity (No. 
11) and Housner Intensity (No. 14), which are integral-based parameters 
related to the energy of the signal. The results also indicate that the 
seismic parameters most frequently appearing in such triplets are Spe
cific Energy Density (No. 10) and Cumulative Absolute Intensity (No. 
11). The presence of Arias Intensity (No. 8) is also recurrent, while it is 
observed that temporal parameters (No. 19 – No. 23) appear in best- 
performing triplets in combination with peak or RMS values of accel
eration, velocity and displacement. These considerations hold true for 
both the output variables considered.

5. Supervised machine learning models

The previous results representative of the non-linear response of the 

considered SDOF systems have been utilized as input and output data in 
an extensive numerical analysis involving 20 ML algorithms. The aim is 
to study the relationship between the mechanical properties character
izing SDOF systems, the characteristics of the seismic excitations and the 
seismic responses in terms of both peak relative displacement and hys
teretic energy. Specifically, the two properties characterizing the sys
tem, namely k and Ry, together with the 23 seismic parameters, 
representing the seismic signal, have been provided as input data for the 
specific ML algorithm defining the corresponding ML model. The aim of 
the numerical analysis is to identify the best set of seismic parameters 
(Table 1) to model the non-linear dynamic response of several structural 
systems using supervised ML techniques. This analysis also involves a 
comparison of the results using the indications deriving from the con
ditional information index.

The supervised ML algorithms, adopted in the numerical analysis, 
belong to five macro-categories: 

• Linear Regression: this category represents the classical approach to 
model the relationship between input parameters and output vari
ables through linear functions [78]. Four different versions of algo
rithms have been considered: 

Fig. 11. Ratio of the input parameter information transferred to the output seismic response.

Fig. 12. Average conditional information in case of 2 input parameters - best and worst cases.
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￮ linear: the algorithm minimizes the sum of squared differences 
between predicted and observed values;

￮ interaction linear: the algorithm introduces interactive terms 
capturing non-linear relationships or conditional dependencies 
between independent parameters;

￮ robust: the algorithm introduces a loss function to mitigate the 
impact of outliers during training, ensuring reduced sensitivities to 
errors from anomalous values;

￮ stepwise: the algorithm sequentially adds or removes parameters 
basing on statistical criteria, this simplifies the model by consid
ering only the most significant parameters.

• Tree: this category is based on decision trees, which iteratively split 
data into homogeneous subsets based on their most significant fea
tures. Three versions of algorithms have been utilized: fine, medium 
and coarse, based on the number of terminal nodes in the tree 
structure. Finer structures capture more details from input data but 
are more susceptible to overfitting, creating a model specific to the 
training set rather than generalizing to the entire dataset [79].

• Support Vector Machine (SVM): the goal of this category is to find a 
hyperplane in an N-dimensional space that optimally classifies input 
data. Six versions of algorithms have been tested: three versions 
named as linear, quadratic and cubic SVM, utilizing polynomial 

Fig. 13. Average conditional information in case of 2 input parameters – relevant pairs.

Fig. 14. Conditional information comparison between different input parameters cases.
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kernel functions of the first, second and third degree, respectively. 
These kernels transform data from the original space to a higher- 
dimensional space to define more complex decision boundaries. 
The other three versions, named as SVM with fine or medium or 
coarse Gaussian kernel, present a kernel function between two vec
tors defined by a Gaussian function, with its width depending on 
parameter γ. This parameter varies in the three cases, influencing the 
algorithm’s ability to adapt to complex patterns [80].

• Ensemble: this category combines different approaches to enhance 
overall performance. Two distinct versions of algorithms are 
considered: 
￮ Boosted Trees: this algorithm combines several simpler ap

proaches, often shallow decision trees or weak learners, to create a 
more robust predictive ML model. The iterative training process 
focuses on correcting errors made by preceding ML models;

￮ Bagged Trees: this algorithm combines multiple instances of de
cision trees using bootstrap sampling with replacement. Each tree 
is trained on a different subset of the data, introducing diversity to 
the ensemble and improving overall robustness [81].

• Neural Networks: this category is inspired by the functioning of the 
human brain, consisting of layers of interconnected artificial neurons 
(i.e., nodes). Each node receives input, undergoes a weighted 
transformation and produces an output. Training involves opti
mizing connection weights, enabling the network to learn complex 
patterns in the data. The various algorithms derive from the number 
of nodes considered and number of hidden layers. Specifically, five 
versions of algorithms are considered: three with a single hidden 
layer of different sizes: narrow (i.e., 10 nodes), medium (i.e., 25 
nodes) and wide (i.e., 100 nodes); two with two and three hidden 
layers, respectively [82].

Therefore, 20 different algorithms have been analyzed with respect 
to the 23 seismic parameters to model the responses of the 1000 non- 
linear SDOF systems to the 400 artificial records.

As for the ML model validation, the method called “N-fold cross- 
validation” has been employed. This implies to divide the original 
dataset, composed of the 400000 cases, into N equal parts, denoted as 
“validation folds”. The training and validation process is repeated N 
times, each time using a fold as validation set and the remaining N − 1 
folds as the training set. This way, each observation in the dataset has 
the opportunity to be in both the training and validation sets. During 
each iteration, the model is trained on the N − 1 training folds and 
evaluated on the basis of the single validation fold. In this study, N was 
set to 5, dividing the dataset into 5 subsets for each analyzed case (i.e., 
each algorithm with each seismic parameter).

Two evaluation metrics are then computed: specifically, the root 
mean squared error (RMSE) and the Mean Absolute Error (MAE). The 
RMSE provides a measure of the dispersion between the model- 
predicted values and actual values in the validation dataset, as 
expressed by Eq.(11): 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N

∑N

s=1
(xs,true − xs,pred)

2

√
√
√
√ (11) 

in which N represents the total number of observations in the validation 
dataset (i.e., N=400000), xs,true is the target parameter value for the non- 
linear SDOF system, represented by the peak relative displacement and 
hysteretic energy obtained from the parametric analysis (Section 3), and 
xs,pred is the predicted value by using the considered ML model. The MAE 
is a measure of the accuracy of the prediction model, it is the average of 
the absolute errors, which is the absolute value of the difference between 
the model’s predictions and the observed actual values, Eq.(12): 

MAE =
1
N

∑N

s=1

⃒
⃒xs,true − xs,pred

⃒
⃒ (12) 

The combined use of both metrics allows for a more comprehensive 
evaluation of the model’s performance. In fact, while the RMSE reveals 
the presence of outliers and level of dispersion in the predictions, the 
MAE provides a simple and straightforward measure of the average 
error, being less sensitive to high-intensity prediction errors. This 
approach is particularly useful when dealing with limited datasets, 
aiming to obtain reliable performance estimates. It also helps to identify 
the variability in model performance across different partitions of the 
dataset, providing a more robust assessment of its ability to capture the 
relationship between input and output data.

To show some results of the validation process, Figs. 15–16 report 
both the RMSE and MAE values for the 20 algorithms considered, 
assuming the peak velocity as the seismic parameter (Table 1) and the 
two output variables (i.e., peak relative displacement and hysteretic 
energy) related to all the 1000 non-linear SDOF systems subjected to the 
400 signals. Figs. 15 and 16 also highlight that the Bagged Trees and 
Fine Tree algorithms respectively represent the best predictive algo
rithms for peak relative displacement and hysteretic energy outputs.

Similar analyses were also carried out by considering the other input 
parameters (Table 1) to define the corresponding most predictive algo
rithms, as deducible in the following.

In addition, for such best-performing algorithm, Fig. 17 shows the 
partial dependent plot where the structural response in terms of peak 
relative displacement averaged over the 1000 SDOF systems predicted 
by the ML model is illustrated with respect to the peak velocity of the 
400 signals. This emphasizes the type of relationship between the input 
parameters and output variables within the ML model obtained during 
the training phase.

6. Comparison between the ml models

The performance of all the 20 considered ML algorithms has been 
assessed with respect to the 23 seismic parameters through numerical 
analyses, where a set of seismic parameters, denoted as SP,i (Table 1), is 
provided as input data together with the 400 signals and dynamic 
characteristics of the 1000 elastic perfectly-plastic SDOF systems. The 
main scope is to numerically test and compare the significance of the 
seismic parameters within ML models and verify if the conditional in
formation, previously computed, can be considered an effective index to 
select the best-performing combination of the input parameters in esti
mating the non-linear dynamic response of the structural systems.

To achieve this goal, 960 ML models have been implemented, as 
follows: 

• a single seismic parameter SP as input parameter and 20 ML algo
rithms (460 cases);

• 15 significant pairs of seismic parameters 
(
SP,1, SP,2

)
as input pa

rameters and 20 different ML algorithms (300 cases);
• 10 significant triplets for seismic parameters 

(
SP,1, SP,2, SP,3

)
as 

input parameters and 20 different ML algorithms (200 cases).

For all these models, the effectiveness of the model prediction has 
been analyzed by using both the RMSE and MAE indices with respect to 
both peak relative displacement and hysteretic energy outputs, as 
commented in the following subsections.

6.1. A single seismic parameter as input parameter

The main results related to a single input parameter are summarized 
in Figs. 18–20. In Fig. 18, for each seismic parameter Sp the ML algo
rithm that achieved the best performance is highlighted. Specifically, 
Fig. 18(a),(b) refer to the RMSE index for both peak relative displace
ment and hysteretic energy, respectively, while Fig. 18(c),(d) present 
the results related to the MAE index.

The results in Fig. 18 clearly highlight that the most effective 
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algorithms for achieving the prediction objective are Bagged Trees, Fine 
Tree, Coarse Tree, Wide Neural Network and Fine Gaussian SVM. 
Among these, Bagged Trees and Fine Tree stand out as the best choices, 

particularly, in cases involving seismic parameters which lead to better 
predictive performances. Generally, algorithms based on decision trees 
exhibit higher average predictive performance in this case, as shown in 

Fig. 15. RMSE for each considered algorithm assuming the peak velocity as seismic parameter.

Fig. 16. MAE for each considered algorithm assuming the peak velocity as seismic parameter.

Fig. 17. Partial dependent plot for bagged trees model in terms of peak relative displacement.
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Fig. 19, for both the metrics and the two output variables considered. 
This figure shows the performance achievable with some relevant al
gorithms as the seismic parameters vary, for both the metrics and the 
two output variables. It highlights how the choice of the seismic 
parameter Sp plays a significant role. Based on the performance pre
dictions, the set of 23 seismic parameters can be divided into two 
groups: (i) a group of five parameters (denoted as High Predictive 
Seismic Parameter (HPSP) set) where the RMSE index ranges between 
1.5 % and 2.0 % for the peak relative displacement and 1.0 %-1.5 % for 
the hysteretic energy as well as the MAE index ranges between 0.75 % 
and 1 % for the peak relative displacement and around 0.75 % for the 
hysteretic energy; (ii) a second group where these indices are signifi
cantly higher.

The HPSP set includes the following seismic parameters: Peak Ve
locity, Peak Displacement, Velocity RMS, Specific Energy Density and 
Sustained Maximum Velocity. It is important to underline that the 
seismic parameters in the HPSP set achieve high predictive performance 
regardless of the metric used. The seismic parameters in the HPSP set 
involve velocity and displacement, as well as integral-based energetic 
factors. In contrast, parameters directly related to acceleration or time 
are less effective in this context.

In Fig. 20, the actual response in terms of peak relative displacement 
and the response obtained using the Bagged Trees model (i.e., xpred), for 
all the signals and non-linear SDOF systems, are compared in two cases: 

one where the seismic parameter is the Cumulative Absolute Intensity 
(Sp = No. 11 − Figure20(a)) and another one where the seismic 
parameter is represented by a HPSP, namely the Specific Energy Density 
(Sp = No. 10 − Figure20(b)). The difference in the predictions ob
tained with the two ML models is evident, highlighting how the use of 
Specific Energy Density values allows for a more efficient modeling.

Figs. 21–24 show partial dependence plots to highlight the re
lationships between the structural properties (i.e., the system elastic 
period T0 and the yield strength factor Ry), the response predicted by the 
ML model and the two seismic parameters (i.e., Specific Energy Density 
(SED – Sp= No. 10) and Velocity RMS (vRMS – Sp= No. 6)), for which the 
ML model leads to the best predictions.

Specifically, Figs. 21 and 22, respectively, show how the elastic 
period, T0, of the structural system and the yield strength factor, Ry, 
influence the peak relative displacement (Figs. 21(a) and 22(a)) and 
hysteretic energy (Figs. 21(b) and 22(b)), predicted by the ML model 
averaging over the 400 signals and other structural characteristics. 
These figures are related to both the Specific Energy density and Ve
locity RMS and present identical trend for any seismic parameter. It is 
highlighted how the Bagged Trees model, with the knowledge of a single 
seismic parameter belonging to the HPSP set, effectively manages to 
capture the dependence of the non-linear response on the mechanical 
characteristics of the SDOF systems. In detail, the relative displacement 
demand is greater in the case of lower stiffness levels (Fig. 21), while the 

Fig. 18. Prediction performance obtained by the most effective ML algorithm.
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Fig. 19. Performance comparison between the different seismic parameters for some ML algorithms.

Fig. 20. Comparison between predicted response and true response in Bagged Trees models: (a) Sp=No. 11, (b) Sp= No. 10.
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Fig. 21. Partial dependence plot of model prediction depending on SDOF system elastic period: (a) peak relative displacement, (b) hysteretic energy.

Fig. 22. Partial dependence plot of model prediction depending on SDOF system yield strength factor: (a) peak relative displacement, (b) hysteretic energy.

Fig. 23. Partial dependence plot of model prediction depending on seismic parameter (vRMS): (a) peak relative displacement, (b) hysteretic energy.
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trend of the peak relative displacement as a function of the elastic 
resistance of the equivalent SDOF system is consistent with the formu
lations defining yield strength factors within the displacement-based 
design [71]. As for the hysteretic energy, the trend shown in Fig. 21 is 
perfectly consistent with the expected prediction for elastic 
perfectly-plastic SDOF systems having different initial stiffness: after an 
initial phase where the hysteretic energy in non-linear field increases 
rapidly, then the increase is less pronounced [83].

Figs. 23 and 24 show how these seismic parameters influence, 
respectively, the structural response in terms of peak relative displace
ment and hysteretic energy predicted by the ML model averaging over 
both the 400 signals and 1000 SDOF systems. The analysis of this rela
tionship is particularly useful for understanding the physical role that 
each seismic parameter plays in the non-linear response of the system. In 
detail, the Bagged Trees model predicts a quite regular increasing trend, 

highlighting a significant linear correlation between both the input data 
and the seismic responses, especially in the range of feature values 
where the largest number of examples, used during the model’s training 
phase, is available.

Analyzing the results obtained, it is worth noting how the perfor
mance achievable through ML predictive models, in the case of a single 
input parameter, is strongly correlated with the quantity of the condi
tional information calculated for each seismic parameter and relative to 
the empirical entropy of the seismic response (i.e., output). In Fig. 25, 
the values of the conditional information relative to each seismic 
parameter and mean performance values, in terms of prediction (i.e., 
RMSE), of all ML algorithms considered, are represented. In order to 
effectively compare these values and highlight that higher information 
generally corresponds to lower RMSE values, the graph has two scales, 
with different representations: a classic linear scale for I(Y|V1), and a 

Fig. 24. Partial dependence plot of model prediction depending on seismic parameter (SED): (a) peak relative displacement, (b) hysteretic energy.

Fig. 25. Comparison between Shannon conditional information and average RMSE for every seismic parameter.
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functional scale for RMSE : (10 • mean[RMSE])− 1. The resulting graph 
clearly highlights how the parameters that yield higher conditional in
formation are also those for which generally the best predictive per
formances are obtained by considering the average value over all the 
algorithms. Exceptions are represented by the Arias Intensity parameter 
(No. 8), whose choice leads to lower predictive results with respect to 
the conditioned information, and by the Velocity Spectrum Intensity 
(No. 13) and Housner Intensity (No. 14) parameters, which lead to 
better predictions with respect to the conditional information. Qualita
tively identical results were obtained in the case where the MAE metric 
and hysteretic energy were considered. The conditional information 
therefore appears to be an effective index for guiding the selection of a 
single seismic parameter to be used as input for the best numerical 
modeling based on ML algorithms.

6.2. Two seismic parameters as input parameters

The next step in this subsection is to assess how predictive perfor
mance can be improved by considering multiple seismic input parame
ters, selected on the basis of the conditional information. The results, 
represented in Figs. 11 - 14, allow to identify a series of best-performing 
combinations in terms of Shannon’s conditioned information.

By considering the case of two input parameters, the pairs “Specific 
Energy Density (No. 10) - Cumulative Absolute Intensity (No. 11)” and 
“Velocity RMS (No. 6) - Arias Intensity (No. 8)” appear particularly 
promising, as well as expecting poor predictive results can derive in the 
case of the pair “Acceleration RMS (No. 5) - Predominant Period (No. 
19)”. Following these indications and with the aim of verifying whether 
Shannon’s conditional information can also be considered a reliable 
index, 15 pairs of seismic parameters have been considered as input 
parameters for the ML algorithms examined. These pairs are listed in 
Table 2 with their respective alphanumeric labels (Table 1). They were 
selected with the aim of investigating the performance obtained through 
input pairs having various informative content, pairs for which higher 
predictive performance is expected along with cases where lower ex
pected performances are considered.

For each of these pairs, the predictive performance in terms of RMSE 
and MAE achievable by the different algorithms has been analyzed for 
both the two model outputs. In detail, in Fig. 26(a)-(b), the RMSE values 
are shown for the algorithm that proved to be the most efficient in 
modelling the seismic peak relative displacement and hysteretic energy, 
whereas in Fig. 26(c)-(d), the same cases are presented using the MAE 
performance metric.

The results show that, except for cases where pairs with lower con
ditional information are chosen, the use of two seismic parameters 
generally allows for an improvement of 10–20 % in predictive perfor
mance of the best ML algorithm compared to the scenario where only a 
single seismic parameter is provided. The ML algorithm providing the 

best performance is generally the ’Bagged Trees’. It is notable to high
light that the best predictive performances are achieved precisely in the 
case of pairs with higher conditional information, particularly, combi
nations denoted as C4, C13 and C14 are the most performing. These 
combinations consistently include the Specific Energy Density (No. 10) 
parameter, which individually exhibited higher performance, indicating 
its effective pairing with other seismic parameters without duplicating 
the information of any second input parameter.

6.3. Three seismic parameters as input parameters

In this subsection the combinations of three seismic parameters are 
considered as input parameters. The triplets with higher values of the 
conditional information are generally those containing the Specific En
ergy Density (No. 10) and Cumulative Absolute Intensity (No. 11) in the 
selected seismic parameters. Particularly, these two parameters com
bined with the Housner Intensity represent the triplet with the highest 
informational content with respect to the seismic response of SDOF 
systems. Other triplets leading to high information include combinations 
of a peak parameter (e.g., Peak Velocity - No. 2), an energy parameter (e. 
g., Specific Energy Density - No. 10) and a time parameter (e.g., 
Bracketed Duration - No. 22). Guided by these considerations, the pre
dictive performances of the ML algorithms were analyzed concerning 10 
triplets of input parameters, as indicated in Table 3. These sets were 
chosen following the same criteria adopted in Subsection 6.2, with the 
aim to verify a range of different predictive performances: some triplets 
are between the best-performing ones (i.e., T3, T4, T6, T7, T8), other 
ones between those expected to have a medium predictive behavior and 
one with lower informational content (i.e., T5).

In Fig. 27, the predictive performance associated with these choices 
is illustrated for the best-performing model (i.e., Bagged Trees and Fine 
Tree model). The results align well with expectations for both the met
rics and output variables. They demonstrate a significant improvement 
in modeling performance, compared to the best-case scenario with two 
seismic parameters, specifically, for the triplets identified as best- 
performing with respect to conditional information. Additionally, the 
analysis underscores how a poor selection of seismic parameters (e.g., 
T5 triplet) can lead to models with low predictive capacity, although a 
higher number of parameters. These findings are consistent when the 
average performance across all the considered ML algorithms is taken 
into account.

Fig. 28 compares the actual seismic response with the predicted 
response from the best model for both peak relative displacement and 
hysteretic energy outputs. The comparison is carried out for: a single 
seismic parameter, a pair of seismic parameters and a triplet of seismic 
parameters as input data. In the case of peak relative displacement, a 
reduced dispersion is evident in the latter cases, primarily attributed to 
an improvement in estimation for cases where the seismic response is 
less than 0.8 m. The additional information provided by the second and 
third input parameter seems not to significantly enhance prediction only 
in cases where seismic excitations lead to high seismic response values. 
It is important to note, however, that these cases refer to situations in 
which the analyzed SDOF system exhibits very low stiffness or resistance 
values, corresponding to specific practical situations. As for hysteretic 
energy, the improvement achieved using additional input parameters 
appears to be more evenly distributed, with a slight underestimation of 
the actual output value.

Figs. 29–30 respectively illustrate the relationship between the 
seismic parameter “Specific Energy Density” and the peak relative 
displacement (Fig. 29) and hysteretic energy (Fig. 30) seismic responses 
for the single input parameter Sp = 10, the input parameter pair C13 and 
the input parameter triplet T6.

It is important to emphasize how the inclusion of multiple seismic 
input parameters significantly regularizes the increasing trend of these 
relationships. The “Specific Energy Density” parameter (SED – Sp= No. 
10), therefore, demonstrates a strong correlation with non-linear seismic 

Table 2 
Seismic parameters pairs in numerical analysis.

Sp pair Seismic parameters

C1 Peak acceleration (No. 1) – Peak velocity (No. 2)
C2 Peak acceleration (No. 1) – AV Ratio (No. 4)
C3 Peak velocity (No. 2) – Velocity RMS (No. 6)
C4 Peak velocity (No. 2) – Specific Energy Density (No. 10)
C5 Peak velocity (No. 2) – Velocity Spectrum Intensity (No. 13)
C6 Peak velocity (No. 2) – Housner Intensity (No. 14)
C7 AV ratio (No. 4) – Significant Duration (No. 23)
C8 Acceleration RMS (No. 5) – Specific Energy Density (No. 10)
C9 Acceleration RMS (No. 5) – Predominant Period (No. 19)
C10 Velocity RMS (No. 6) – Arias Intensity (No. 8)
C11 Velocity RMS (No. 6) – Specific Energy Density (No. 10)
C12 Displacement RMS (No. 7) – Housner Intensity (No. 14)
C13 Specific Energy Density (No. 10) – Cumulative Absolute Intensity (No. 11)
C14 Specific Energy Density (No. 10) – Sustained Maximum Velocity (No. 16)
C15 A95 parameter (No. 18) – Mean Period (No. 20)
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responses, and this relationship can be reliably represented using simple 
mathematical expressions.

The correlation level of the SED parameter, similarly to other seismic 
parameters with high Shannon conditional information values, is 

significantly higher than that of the PGA parameter, which is currently 
used to represent site seismic hazard. Based on available data, this result 
suggests that this parameter could effectively be integrated to define 
probabilistic seismic hazard maps within performance-based design 
procedures aimed at controlling the non-linear response of structures.

7. ML models within performance-based seismic design

The most advanced seismic regulations foresee the possibility, in 
specific cases (e.g., the design of safety-critical structures, highly irreg
ular buildings, base-isolated structures and structures designed for a 
high level of ductility), to perform non-linear dynamic analyses 
considering suites of accelerograms. Although this approach is theo
retically the most general, it is characterized by numerical difficulties 
and long processing times. Implementation of ML models can simplify 
this approach and make it easier to use and more widely applicable. 
After identifying a seismic scenario in terms of magnitude, source-to-site 
distance and site geology, a perspective evolution can be the definition 
of a spectral response on the basis of specific site hazard studies [84] and 
a generation of several seismic excitations compatible with this spec
trum. These seismic signals can be used for the training phase of a ML 
algorithm capable of predicting the seismic performance of a structure 
on varying one or more seismic parameters and main mechanical 
characteristics of the structural system. The advantage of such an 
approach is relevant: the estimation of the system performance would be 
carried out through numerically stable functions with dramatically 

Fig. 26. Minimum values of both RMSE and MAE for each considered seismic parameters pairs.

Table 3 
Seismic parameters triplets in numerical analysis.

Sp 

triplet
Seismic parameters

T1 Peak acceleration (No. 1) – Peak velocity (No. 2) – Peak displacement 
(No. 3)

T2 Peak velocity (No. 2) – Acceleration RMS (No. 5) – Predominant Period 
(No. 19)

T3 Peak velocity (No. 2) – Specific Energy Density (No. 10) - Bracketed 
Duration (No. 22)

T4 AV ratio (No. 4) – Arias Intensity (No. 8) – Significant Duration (No. 23)
T5 Acceleration RMS (No. 5) – A95 parameter (No. 18) – Predominant Period 

(No. 19)
T6 Specific Energy Density (No. 10) – Cumulative Absolute Velocity (No. 11) 

– Housner Intensity (No. 14)
T7 Specific Energy Density (No. 10) – Cumulative Abs. Velocity (No. 11) – 

Sustained Max Velocity (No. 16)
T8 Specific Energy Density (No. 10) – Cumulative Abs. Velocity (No. 11) – 

A95 parameter (No. 18)
T9 Cumulative Absolute Velocity (No. 11) – Housner Intensity (No. 14) – 

Predominant Period (No. 19)
T10 Uniform Duration (No. 21) – Bracketed Duration (No. 22) – Significant 

Duration (No. 23)
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reduced computational times, allowing for a preliminary real-time 
assessment of the safety level of the structure.

Having this aim, the results of this study are useful to understand 
which set of seismic parameters are the most suitable to capture the 
information necessary for estimating the relative displacement and 
hysteretic energy demands of an event. Secondly, it is important to 
investigate the level of reliability that the ML model presents in terms of 
its predictive objective. It is therefore useful a comparative analysis 
between the predicted response, through the obtained Bagged trees 
model, with the response that the structural system exhibits in the case 
of natural ground motions with dynamic characteristics similar to those 
of the set used for the ML algorithm training phase.

In this context, it is also important to emphasize that the goal of ML 
modeling is to calibrate the algorithm based on the specific hazard 
characteristics of the reference site where the structure will be built. The 
present work has highlighted that ML model becomes more efficient 
when specific input parameters combinations are used to model the 
structural response. This means that a meaningful verification should 
focus on natural excitations whose seismic parameters, belonging to the 
HPSP set, have values close to those of the artificial records used for the 
training. Therefore, from the PEER database [85], ten seismic events 
(no-frequent records [86]) have been identified and properly scaled so 
that the HPSPs have values within the range defined by the synthetic 
accelerograms used to train the ML models. Table 4 reports the selected 
earthquake events, including the scale factors. These events have been 
considered to compute the non-linear dynamic responses of the 1000 
SDOF systems through (a) numerical time integration of the motion 

equation using a step-by-step solution method, in comparison to (b) 
peak and energy responses prediction by means of the ML techniques (i. 
e., Bagged Trees model using the T6 input combination).

The results of these analyses are presented in Figs. 31–36. 
Figs. 31–33 illustrate the seismic response in terms of peak relative 
displacement (Fig. 31), hysteretic energy (Fig. 32) and Park & Ang 
damage index, DPA (Fig. 33), for a single ground motion (i.e., #8 of 
Table 4). More specifically, the Park & Ang damage index [87] is a 
measure of the level of structural damage as a function of the peak 
relative displacement and hysteretic energy, expressed as follows: 

DPA =
xpeak

xm
+

β
fy • xm

• EH (13) 

where xm is the relative displacement capacity of the system, fy is the 
calculated yield strength and β is a parameter depending on the struc
tural typology. In the following, xm will be assumed to be five times the 
displacement of the system at the elastic limit (i.e., structural ductility 
equal to 5) and β = 0.15, a typical value for reinforced concrete 
structures.

The graphs on the left represent the seismic response obtained from 
the non-linear dynamic analyses as a function of the yield strength factor 
of the structural system, Ry for various values of the elastic period, T0. 
The graphs on the right show the results predicted using the Bagged 
Trees model, considering the T6 combination of seismic parameters as 
input data. The comparison demonstrates how, for the seismic event #8 
and without any information about the non-linear dynamic model, the 

Fig. 27. Minimum RMSE for each considered seismic parameters triplets.
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Fig. 28. Comparison between the predicted response and true response in Bagged Trees models: (a) xpeak - Sp= No. 10, (b) xpeak - C13, (c) xpeak - T6, (d) EH - Sp= No. 
10, (e) EH - C13, (f) EH - T6.

Fig. 29. Partial dependence plot comparison: seismic parameter SED vs peak relative displacement model prediction.
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Fig. 30. Partial dependence plot comparison: seismic parameter SED vs hysteretic energy model prediction.

Table 4 
Selected ground motion events.

# Earthquake Name Year Station Name Magnitude Mechanism Scale factor

1 Iwate_Japan 2008 IWT010 6.9 Reverse 1.0
2 Iwate_Japan 2008 Tamati Ono 6.9 Reverse 1.5
3 Iwate_Japan 2008 Semine Kurihara City 6.9 Reverse 1.5
4 Chuetsu-oki_ Japan 2007 Kawaguchi 6.8 Reverse 2.2
5 Chuetsu-oki_ Japan 2007 NIGH01 6.8 Reverse 1.0
6 Darfield_New Zealand 2010 DFHS 7.0 Strike slip 0.7
7 Loma Prieta 1989 San Jose - Santa Teresa Hills 6.93 Reverse Oblique 1.5
8 Landers 1992 North Palm Springs 7.28 Reverse 1.5
9 Imperial Valley− 06 1979 Cerro Prieto 6.53 Reverse 1.5
10 Manjil_ Iran 1990 Abbar 7.37 Strike slip 0.7

Fig. 31. Comparison between peak relative displacement response obtained by (a) dynamic analysis and (b) ML model.
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Fig. 32. Comparison between hysteretic energy response obtained by (a) dynamic analysis and (b) ML model.

Fig. 33. Comparison between Park&Ang damage index obtained by dynamic analysis and ML model (a) and representation of the damage estimation error (b).

Fig. 34. Comparison between mean value of non-linear seismic response (xpeak) obtained by (a) dynamic analysis and (b) ML model – contour maps.
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ML model can capture the relationship between input and output data. It 
predicts peak relative displacements (Fig. 31) with maximum errors 
within 15–25 % compared to the traditionally calculated seismic 
response. These errors are larger in the case of flexible structures with 
lower yield strength values, while they decrease for structural systems 

with higher stiffness and resistance. An even better level of prediction is 
observed in the case of hysteretic energy (Fig. 32), where the ML model 
reliably captures the effect of the yield strength factor, showing a ten
dency to underestimate the values by about 5 % for longer periods.

This observation also applies to the Park & Ang index in Fig. 33, 

Fig. 35. Comparison between mean value of non-linear seismic response (EH) obtained by (a) dynamic analysis and (b) ML model – contour maps.
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Fig. 36. Comparison between mean value of non-linear seismic response (DPA) obtained by (a) dynamic analysis and (b) ML model – contour maps.

Fig. 37. Error committed by ML best model in estimating the peak displacement (a), hysteretic energy (b) and Park&Ang damage index (c).
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where a comparison between the computed, DP.A.,com, and estimated, 
DP.A.,est , values of this index is carried out through a direct comparison of 
its trend as the reduction coefficient varies. In Fig. 33(b), the error in 
Park&Ang damage index estimation, ΔDP.A. = DP.A.,com − DP.A.,est, is 
shown. This graph highlights how the estimation error is limited. 
Moreover, a slight overestimation is observed for lower-period values, 
while higher-period values tend to be slightly underestimated. The case 
of T0 = 1.20s exhibits intermediate behavior, with an underestimation 
for lower values of the reduction coefficient and an overestimation of the 
damage level for Ry > 0.35. Similar results are obtained for the entire set 
of natural seismic excitations analyzed.

Figs. 34–36 illustrate contour maps representing the average values 
of peak relative displacement (Fig. 34), hysteretic energy (Fig. 35) and 
Park & Ang damage index (Fig. 36) calculated by (a) time integration 
and (b) Bagged Trees model with the T6 input parameter triplet, for all 
1000 SDOF systems subjected to the 10 natural events. In addition, 
Fig. 37 shows the estimation error obtained using the same model for the 
three quantities considered. It is observed that the maps related to the 
peak relative displacement (Fig. 34) exhibit similar trends for structural 
systems with periods less than 1.5 s. Beyond this threshold, the ML 
numerical models tend to underestimate the peak relative displacement 
(average error less than 5 %). Regarding the hysteretic energy and Park 
& Ang damage index, the maps indicate that the considerations made 
concerning seismic excitation #8 can also be extended to the averages 
calculated across all seismic events. With respect to the dynamic ana
lyses, the ML model slightly overestimated the hysteretic energy. A 
significant underestimation is only observable for very low resistance 
values and high periods (Fig. 37(b)). The collapse region (DPA > 1) 
appears less extensive, particularly, in the range of longer periods. It is 
worth emphasizing that the errors in the damage index remain below 
10 %, except for a very limited region of the T0 − Ry domain (Fig. 37(c)), 
thus enabling a rapid and effective assessment of this parameter for 
equivalent SDOF structural systems.

Similar results are obtained when considering the Bagged Trees 
model trained with other input combinations of the seismic parameters 
(i.e., T3, T4, T7, T8, C13). Conversely, less promising results are 
observed using other algorithms or when the training is conducted with 
less informative input seismic parameters combination, confirming the 
relevance of the proposals. It follows that the proposals represent a 
promising initial step to integrate ML techniques into the context of the 
performance-based seismic design. If the training phase is properly 
calibrated with respect to the site seismic hazard and seismic parameters 
are selected within the HPSP set, the model is capable to estimate the 
performance of an equivalent structural system, reducing significantly 
the computational effort and using simple modelling of the relationship 
between seismic responses and high predictive seismic parameters. This 
highlights the potential for enhancing the efficiency of the performance- 
based seismic design through a judicious incorporation of ML 
methodologies.

8. Conclusions

The use of supervised learning algorithms in the field of structural 
engineering, and, in general, the potential offered by ML, is a topic that 
has recently attracted the interest of the scientific community. While 
these techniques appear to be promising in terms of numerical results, 
they pose challenges due to being black-box models, compromising the 
physical understanding of the problem and the control of information 
necessary for a correct design approach.

This contribution presents the results of a comprehensive investiga
tion with a dual objective: firstly, the identification and validation of a 
numerical technique based on the concept of the conditional informa
tion that allows to identify the best seismic parameters characterizing a 
seismic signal able to be the most useful for modeling seismic responses 
through techniques based on supervised learning algorithms; secondly, 

to study the ML algorithms that can be effectively used in the context of a 
performance-based seismic design procedure, leading to the definition 
of the ML model with the best capability to predict the non-linear re
sponses of structural systems. These seismic parameters can be inter
preted as the physical quantity with the most complete information to 
enable the model for a reliable prediction of the system response.

The results demonstrate that using seismic parameters, with a higher 
value of Shannon conditional information, allows supervised learning 
algorithms to generate models with better performance in terms of 
seismic response prediction. Furthermore, the family of algorithms 
called "Tree", specifically the "Bagged Tree", leads to models capable of 
making more reliable predictions of the non-linear dynamic response, in 
terms of both peak relative displacement and hysteretic energy, of a 
wide class of equivalent SDOF systems. The results also highlight that 
five out of the twenty-three considered seismic parameters, provided as 
single input data for the ML model, can be classified as HPSP for their 
superior quality of the performance predictions. It is also noteworthy 
that the HPSP set is composed of the seismic parameters involving ve
locity, displacement and parameters with an energetic nature. Instead, 
the use of seismic parameters directly related to acceleration or time is 
less effective, highlighting the low effectiveness of the seismic hazard 
definition if ML models will be considered in the context of performance- 
based design. Using a combination of multiple seismic parameters, as 
input data, significantly improves the predictive performance, reducing 
the model RMSE and MAE values by over 30 %. Pairs and triplets con
taining at least one element from the HPSP set demonstrate quite always 
a superior predictive performance.

Finally, the seismic response in terms of peak relative displacement, 
hysteretic energy and Park & Ang damage index, obtained from the time 
integration of the non-linear dynamic equations, is compared to the 
behavior predicted by the best ML models using one of the most pre
dictive combinations of the seismic parameters (i.e., T6). This compar
ison was performed using natural ground motions properly scaled to 
match seismic parameter values similar to those of the artificial records 
used during the ML algorithm’s training phase. The results demonstrate 
that the ML model can estimate the performance level of an equivalent 
SDOF system while significantly reducing computational effort by using 
energy-based parameters with high conditional informative content 
with respect to seismic response. This represents a promising approach 
for integrating ML models into performance-based design procedures 
regarding both the choice of the best seismic parameters in the defini
tion of seismic hazard maps and safety assessment. In detail, the pro
posals can guide engineers to a better selection of one or more intensity 
measures for seismic reliability assessment of a specific structure or 
substitute non-linear dynamic simulations in case of classes of systems or 
for simplified multi-risk analysis.

Declaration of Competing Interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

Acknowledgments

This study was carried out within the «Data fusion based digital 
twins for structural safety assessment» project – funded by European 
Union – Next Generation EU within the PRIN 2022 program (D.D. 
104–02/02/2022 Ministero dell’Università e della Ricerca). This 
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