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Heterogeneously structured compartmental models of

epidemiological systems: from individual-level processes to

population-scale dynamics∗

Emanuele Bernardi, Tommaso Lorenzi, Mattia Sensi, and Andrea Tosin

Department of Mathematical Sciences “G. L. Lagrange”

Politecnico di Torino, Italy

Abstract

We develop a general modelling framework for compartmental epidemiological systems
structured by continuous variables which are linked to the levels of expression of compartment-
specific traits. We start by formulating an individual-based model that describes the dynam-
ics of single individuals in terms of stochastic processes. Then we formally derive: (i) the
mesoscopic counterpart of this model, which is formulated as a system of integro-differential
equations for the distributions of individuals over the structuring-variable domains of the
different compartments; (ii) the corresponding macroscopic model, which takes the form of
a system of ordinary differential equations for the fractions of individuals in the different
compartments and the mean levels of expression of the traits represented by the structuring
variables. We employ a reduced version of the macroscopic model to obtain a general for-
mula for the basic reproduction number, R0, in terms of key parameters and functions of the
underlying microscopic model, so as to illustrate how such a modelling framework makes it
possible to draw connections between fundamental individual-level processes and population-
scale dynamics. Finally we apply the modelling framework to case studies based on classical
compartmental epidemiological systems, for each of which we report on Monte Carlo simula-
tions of the individual-based model as well as on analytical results and numerical solutions of
the macroscopic model.

1 Introduction

The basic tenet of compartmental models of epidemiological systems formulated as ordinary dif-
ferential equations (ODEs) is that each compartment is homogeneous (i.e. it is composed of indi-
viduals that are identical) [10, 33, 34]. For instance, focusing on SIRS systems [12, 39, 40, 42], all
susceptible individuals are assumed to have the same level of resistance to infection, all infectious
individuals express the same viral load, and all recovered individuals share the same immunity
level (cf. the schematic in Figure 1(a)). However, it has long been recognised that individuals
in the same compartment are rarely (if ever) homogeneous – i.e. still focusing on SIRS systems,
there is variability in the level of resistance to infection, viral load, and immunity level amongst
individuals (cf. the schematic in Figure 1(b)).

An increasing body of literature provides compelling evidence for the fact that this form of inter-
individual heterogeneity plays a pivotal role in shaping the evolution of epidemic processes [11, 18,
29, 41, 56, 58, 61, 62]. As a result, continuously structured compartmental models formulated as
partial differential equations and integro-differential equations (IDEs) have also been developed,

∗T.L., M.S., and A.T. gratefully acknowledge support from the Italian Ministry of University and Research
(MUR) through the PRIN 2020 project (No. 2020JLWP23) “Integrated Mathematical Approaches to So-
cio–Epidemiological Dynamics” (CUP: E15F21005420006).
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Figure 1: The schematic in panel (a) shows the flow diagram for a homogeneous SIRS system,
where individuals in each compartment are assumed to be identical, while the schematic in panel
(b) shows the corresponding flow diagram for a heterogeneous SIRS system, where individuals in
each compartment express a specific characteristic to different degrees, which are here represented
by different colour shades

wherein one or more compartments are structured by continuous variables that capture variation
in relevant characteristics amongst individuals, such as age [16, 36, 37, 55], resistance to infection
or immunity level [7, 31, 35, 47, 45], viral or pathogen load [6, 21, 22, 31, 45, 48], and other
phenotypic [1, 5, 13, 14, 15, 28, 43, 49, 59] or socio-economic [8, 27, 26, 63] characteristics.

Building upon previous work on continuously structured compartmental models of epidemi-
ological systems [21, 22], in this paper we generalise the modelling approach for SI systems that
we presented in [45] by developing a modelling framework that comprises an arbitrary number of
compartments, each structured by a continuous variable that is linked to the level of expression
of some compartment-specific traits.

We start by formulating a general continuously structured individual-based model for com-
partmental epidemiological systems, which describes the dynamics of single individuals in terms
of stochastic processes. This model takes into account the effects of both changes in the indi-
viduals’ level of expression of compartment-specific traits and transitions of individuals between
different compartments. Next, we formally derive the mesoscopic counterpart of this model, which
is formulated as a system of IDEs for the population density functions that represent the distribu-
tions of individuals over the structuring-variable domains of the different compartments (cf. the
schematic in Figure 2).

Then, considering an appropriately rescaled version of this IDE system, we carry out a formal
derivation of the corresponding macroscopic model, which takes the form of a system of ODEs for
the fractions of individuals in the different compartments and the mean levels of expression of the
traits represented by the structuring variables.

The remainder of the paper is organised as follows. In Section 2 we present the individual-
based model, the mesoscopic and macroscopic counterparts of which are then formally derived in
Sections 3 and 4, respectively. In Section 5, we apply the modelling framework presented here
to case studies based on classical compartmental epidemiological systems. For each case study,
we report on the results of Monte Carlo simulations of the individual-based model and integrate
them with analytical results and numerical solutions of the macroscopic model. In Section 6 we
conclude with a discussion and propose some future research directions.
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Figure 2: Schematic showing the flow diagram for a heterogeneous SIRS system along with the
related representation in terms of the population density functions, ni(t, vi), each representing the
distribution of individuals in a given compartment, labelled by the index i ∈ I := {S, I,R}, over
the domain of the corresponding compartment-specific structuring-variable, vi ∈ Vi, at time t

2 Stochastic individual-based model

We consider a system ofN > 1 interacting compartments labelled by an index i ∈ I := {1, . . . , N}.
Each compartment is structured by a specific continuous variable vi ∈ Vi ⊂ R, where Vi is a
bounded interval. At time t ∈ [0, ∞), we describe the microscopic state of individuals in the
system, regarded as being indistinguishable, by the random vector (It, Vt), where It ∈ I and
Vt ≡ (V1,t, . . . , VN,t) ∈ V := V1 × . . . × VN ⊆ RN . The discrete random variable It specifies the
compartment of an individual at time t (i.e. individuals belonging to compartment i at time t will
have It = i), while the continuous random variable Vi,t models the level of expression of the trait
represented by the ith structuring variable at time t.

We let
(It, Vt) ∼ f(t, i,v), (1)

where the distribution function f : [0, ∞)× I × V → R+, being a probability density function, is
such that ∑

i∈I

∫
V
f(t, i,v)dv = 1 ∀ t ∈ [0,∞). (2)

We focus on a scenario where between time t and time t+∆t, with ∆t > 0:

(I) At rate θi ∈ R∗
+, structuring-variable switching may occur, whereby an individual in com-

partment i with expression level vi of the trait represented by the structuring variable may
spontaneously acquire a new expression level v′i, with probability Ki(v

′
i|vi).

(II) At rate ζ ∈ R∗
+, compartment switching may take place, whereby an individual in com-

partment i with expression level vi of the trait represented by the structuring variable may
transition into compartment j. Compartment switching can either be spontaneous (i.e.
not driven by interactions with other individuals) with probability r ∈ [0, 1], or driven
by intra-/inter-compartment interactions (i.e. interactions between individuals of the same
compartment/different compartments) with probability 1− r. In more detail:

(IIa) when spontaneous compartment switching occurs, the individual transitions into com-
partment j, with probability p(j|i, vi), and acquires a value v′′j of the structuring variable
of the new compartment, with probability P (v′′j |j, i, vi);

(IIb) when interaction-driven compartment switching occurs, the interaction with an indi-
vidual in compartment k with value v∗k of the structuring variable leads the individual
to transition into compartment j, with probability q(j|i, vi, k, v∗k), and acquire value v′′j
of the structuring variable of the new compartment, with probability Q(v′′j |j, i, vi, k, v∗k).
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The aforementioned kernels Ki, P , and Q and the functions p and q satisfy the following assump-
tions for all i, j, k ∈ I:

Ki(·|·) ∈ P(Vi;C(Vi)), P (·|j, i, ·) ∈ P(Vj ;C(Vi)), p(j|i, ·) ∈ C(Vi),

Q(·|j, i, ·, k, ·) ∈ P(Vj ;C(Vi × Vk)), q(j|i, ·, k, ·) ∈ C(Vi × Vk),

Supp(Ki) ⊆ Vi × Vi, Ki ≥ 0 a.e., (3a)∫
Vi

Ki(v
′
i|vi)dv′i = 1 and

∫
Vi

v′iKi(v
′
i|vi)dv′i ∈ Vi ∀vi ∈ Vi, (3b)

∫
Vi

(v′i)
2Ki(v

′
i|vi)dv′i −

(∫
Vi

v′iKi(v
′
i|vi)dv′i

)2

> 0 ∀ vi ∈ V̊i, (3c)

Supp(P (·|j, i, ·)) ⊆ Vj × Vi, P (·|j, i, ·) ≥ 0 a.e.,∫
Vj

P (v′′j |j, i, vi)dv′′j = 1,

∫
Vj

v′′j P (v
′′
j |j, i, vi)dv′′j ∈ Vj ∀vi ∈ Vi,

Supp(Q(·|j, i, ·, k, ·)) ⊆ Vj × Vi × Vk, Q(·|j, i, ·, k, ·) ≥ 0 a.e.,∫
Vj

Q(v′′j |j, i, vi, k, v∗k)dv′′j = 1,

∫
Vj

v′′jQ(v′′j |j, i, vi, k, v∗k)dv′′j ∈ Vj ∀(vi, vk) ∈ Vi × Vk,

Supp(p(j|i, ·)) ⊆ Vi, 0 ≤ p(j|i, ·) ≤ 1,

Supp(q(j|i, ·, k, ·)) ⊆ Vi × Vk, 0 ≤ q(j|i, ·, k, ·) ≤ 1,∑
j∈I

p(j|i, vi) = 1 ∀vi ∈ Vi,

∑
j∈I

q(j|i, vi, k, v∗k) = 1 ∀(vi, v∗k) ∈ Vi × Vk,

(4a)

(4b)

where P(Vi) denotes the set of probability distributions defined on the measurable space (Vi,B),
with B the Borel σ-algebra, and Supp(·) denotes the support of (·). Note that the normalisation
conditions (4a) and (4b) imply that

p(i|i, vi) = 1−
∑
j∈I
j ̸=i

p(j|i, vi) ∀vi ∈ Vi,

q(i|i, vi, k, v∗k) = 1−
∑
j∈I
j ̸=i

q(j|i, vi, k, v∗k) ∀(vi, v∗k) ∈ Vi × Vk.

(5a)

(5b)

Under this scenario, the evolution of the microscopic state (It, Vt) is governed by the following
system 

It+∆t = (1− Z) It + Z [ΞI ′t + (1− Ξ)I ′′t ] ,

Vi,t+∆t = (1− Z)
[
(1−Θi)Vi,t +Θi V

′
i,t

]
+ Z V ′′

i,t, i ∈ I,
(6)
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where Z, Ξ, and Θ1, . . ., ΘN are independent Bernoulli random variables with parameters ζ∆t,
r, and θ1∆t, . . . , θN∆t, respectively. Note that we are implicitly assuming ∆t to be small enough
so that max (ζ, θ1, . . . , θN )∆t ≤ 1. In the system (6), the random variables I ′t ∈ I and I ′′t ∈ I
model, respectively, the index of the new compartment an individual belongs to if spontaneous
and interaction-driven compartment switching occurs, while the random variable V ′′

i,t ∈ Vi models
the corresponding value of the structuring variable that is acquired by the individual. Moreover,
the random variable V ′

i,t ∈ Vi models the new value of the structuring variable that is acquired by
an individual in compartment i if structuring-variable switching occurs.

For ease of presentation, in the remainder of the paper we use the notation

iV̂ := V1 × . . .× Vi−1 × Vi+1 × . . .× VN ,
iv̂ ≡ (v1, . . . , vi−1, vi+1, . . . , vN ). (7)

To incorporate (I) into (6), for all i, h ∈ I we let

(V ′
i,t|It, Vt) ∼ T (v′i|It,Vt),

T (v′i|h,v) :=

{
Ki(v

′
i|vi) if i = h,

δvi(v
′
i) if i ̸= h,

(8a)

(8b)

where δ(·) denotes the Dirac delta centered at (·). Moreover, recalling the notation (7), to incor-
porate (IIa) into (6), for all i, i′ ∈ I we let

(I ′t, V
′′
t |It, Vt) ∼ T (i′,v′′|It,Vt),

T (i′,v′′|i,v) := δi′ v̂(
i′ v̂′′)p(i′|i, vi)P (v′′i′ |i′, i, vi),

(9a)

(9b)

while to incorporate (IIb) for all i, i′′, k ∈ I we let

(I ′′t , V
′′
t |It, Vt, I

∗
t , V

∗
t ) ∼ Tk(i′′,v′′|It,Vt, I

∗
t ,V

∗
t ),

Tk(i′′,v′′|i,v, i∗,v∗) := δi′′ v̂(
i′′ v̂′′)q(i′′|i, vi, k, v∗k)Q(v′′i′′ |i′′, i, vi, k, v∗k).

(10a)

(10b)

In summary, the definition (8b) translates in mathematical terms the idea that only individuals
in compartment i undergo changes in the trait represented by the structuring variable vi due to
structuring-variable switching, according to the kernel Ki. Moreover, the definition (9b) (resp. the
definition (10b)) captures the fact that spontaneous compartment switching (resp. interaction-
driven compartment switching) leads individuals in compartment i with expression level vi of the
trait represented by the structuring variable to transition into compartment i′ (resp. compartment
i′′), with probability p(i′|i, vi) (resp. with probability q(i′′|i, vi, k, v∗k), where k and v∗k are the
compartment and the value of the structuring variable of the individual with which/whom the
interaction occurs), and acquire the expression level v′′i′ (resp. v′′i′′) of the trait represented by
the structuring variable of the new compartment, according to the kernel P (v′′i′ |i′, i, vi) (resp. the
kernel Q(v′′i′′ |i′′, i, vi, k, v∗k)).

3 Mesoscopic model

Starting from the system (6), we now formally derive the mesoscopic model corresponding to
the microscopic model presented in the previous section, which comprises a system of balance
equations for the population density functions

ni(t, vi) ≡ n(t, i, vi) :=

∫
iV̂
f(t, i,v)div̂, i ∈ I, (11)

where f(t, i,v) is the probability density function given in (1), and iV̂ and iv̂ are defined via (7).
The population density function ni(t, vi) represents the distribution of individuals in compartment
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i over the corresponding structuring-variable domain Vi at time t (cf. the schematic in Figure 2).
Specifically, we will formally show that the dynamics of the population density functions ni(t, vi)
with i ∈ I are governed by the following IDE system

∂tni(t, vi) = θi

[ ∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)
]

+ ζ r
[∑
j∈I
j ̸=i

∫
Vj

p(i|j, vj)P (vi|i, j, vj)nj(t, vj)dvj −
∑
j∈I
j ̸=i

p(j|i, vi) ni(t, vi)
]

+ ζ (1− r)
[∑
k∈I

∑
j∈I
j ̸=i

∫
Vj

∫
Vk

q(i|j, vj , k, vk)Q(vi|i, j, vj , k, vk)nk(t, vk)nj(t, vj)dvkdvj

−
∑
k∈I

∑
j∈I
j ̸=i

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)dvk ni(t, vi)
]
, vi ∈ Vi, i ∈ I. (12)

General evolution equation for expectations of observables. We start by noting that,
since the components of the random vector (It+∆t, Vt+∆t) are given by (6), for any observable
Φ : I × V → R the expectation

⟨Φ (It,Vt)⟩ :=
∑
l∈I

∫
V
Φ(l,v)f(t, l,v)dv

satisfies (see, for instance, [51])

⟨Φ (It+∆t,Vt+∆t)⟩ = ⟨Φ (It,Wt)⟩ (1−ζ)∆t+r ⟨Φ (I ′t,V
′′
t )⟩ ζ∆t+(1−r) ⟨Φ (I ′′t ,V

′′
t )⟩ ζ∆t, (13)

where

Wt ≡ (W1,t, . . . , WN,t) with Wi,t := (1−Θi)Vi,t +Θi V
′
i,t for i = 1, . . . , N

and V′′
t ≡

(
V ′′
1,t, . . . , V

′′
N,t

)
. Recalling that Z and Θ1, . . . , ΘN are independent Bernoulli random

variables with parameters ζ∆t and θ1∆t, . . . , θN∆t, respectively, introducing the diagonal matrix

Θ := diag (Θ1, . . . , ΘN )

and rewriting the vector Wt as

Wt = (I−Θ) Vt +ΘV′
t,

where I is the identity matrix, yields

⟨Φ (It,Wt)⟩ = ⟨Φ (It,Vt)⟩ P(Θ = 0) +
∑
h∈I

〈
Φ
(
It,V

′,h
t

)〉
P(Θh = 1 ∧ Θj = 0∀j ̸= h)

+ o.t. . (14)

In (14), P(·) is the notation that we will be using for probability, 0 is the null matrix,

V′,h
t :=

(
V1,t, . . . , Vh−1,t, V

′
h,t, Vh+1,t, . . . , VN,t

)
, (15)

and o.t. are all the other terms accounting for the remaining cases in which multiple diagonal
elements of the matrix Θ are equal to 1. Using (14), we rewrite (13) as

⟨Φ (It+∆t,Vt+∆t)⟩ =
[
⟨Φ (It,Vt)⟩ P(Θ = 0)

+
∑
h∈I

〈
Φ
(
It,V

′,h
t

)〉
P(Θh = 1 ∧Θj = 0∀j ̸= h) + o.t.

]
(1− ζ∆t)

+ r ⟨Φ (I ′t,V
′′
t )⟩ ζ∆t+ (1− r) ⟨Φ (I ′′t ,V

′′
t )⟩ ζ∆t (16)
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and then, using the fact that, as proved in Appendix A,

P(Θ = 0) =
∏
h∈I

(1− θh∆t) = 1−∆t
∑
h∈I

θh + o(∆t), (17)

P(Θh = 1 ∧Θj = 0∀j ̸= h) = θh∆t
∏
j∈I
j ̸=h

(1− θj∆t) = θh∆t+ o(∆t)

and
o.t. = o(∆t), (18)

with a little algebra we rewrite (16) as

⟨Φ (It+∆t,Vt+∆t)⟩ = ⟨Φ (It,Vt)⟩+∆t
∑
h

θh

(〈
Φ
(
It,V

′,h
t

)〉
− ⟨Φ (It,Vt)⟩

)
+ ∆t ζ

(
r ⟨Φ (I ′t,V

′′
t )⟩+ (1− r) ⟨Φ (I ′′t ,V

′′
t )⟩ − ⟨Φ (It,Vt)⟩

)
+ o(∆t). (19)

From (19), rearranging terms, dividing through by ∆t and letting ∆t → 0+, we formally obtain
the following evolution equation:

d

dt
⟨Φ (It,Vt)⟩ =

∑
h∈I

θh

(〈
Φ
(
It,V

′,h
t

)〉
− ⟨Φ (It,Vt)⟩

)
+ ζ

(
r ⟨Φ (I ′t,V

′′
t )⟩+ (1− r) ⟨Φ (I ′′t ,V

′′
t )⟩ − ⟨Φ (It,Vt)⟩

)
, (20)

which can be regarded as a weak form of the conservation equation for the probability density
function f(t, i,v). Expressing the expectations ⟨·⟩ in (20) in terms of sums and integrals against
the probability density function f , and using (8a), (9a), and (10a), the evolution equation (20)
can then be rewritten as

d

dt

∑
l∈I

∫
V
Φ(l,v) f(t, l,v)dv =

=
∑
h∈I

θh

[∑
l∈I

∫
V
Φ(l,v′,h)

(∫
Vh

T (v′h|l,v) f(t, l,v)dvh
)
dv′,h −

∑
l∈I

∫
V
Φ(l,v) f(t, l,v)dv

]
︸ ︷︷ ︸

=: i○

+ ζ r
∑
l∈I

∫
V
Φ(l,v′′)

∑
j∈I

∫
V
T (l,v′′|j,v)f(t, j,v)dv

 dv′′

︸ ︷︷ ︸
=: ii○

+ ζ (1− r)
∑
l∈I

∫
V
Φ(l,v′′)

∑
k∈I

∑
j∈I

∫
V

∫
V
Tk(l,v′′|j,v, k, v∗k)f(t, j,v)f(t, k,v∗)dvdv∗

dv′′

︸ ︷︷ ︸
=: iii○

− ζ
∑
l∈I

∫
V
Φ(l,v) f(t, l,v)dv︸ ︷︷ ︸

=: iv○

, (21)

where, recalling the notation (15), v′,h = (v1, . . . , vh−1, v
′
h, vh+1, . . . , vN ).

From (21) we now derive a weak form of the IDE system (12). To do so, we choose

Φ(l,v) := δi,l ϕ(vi) 1iV̂(
iv̂), (22)

7



where iV̂ and iv̂ are defined via (7), δ is the Kronecker delta, 1iV̂ is the indicator function of the

set iV̂, and ϕ ∈ C∞(Vi) is a smooth test function. We then substitute (22) into (21) and, for ease
of presentation, carry out calculations for the left-hand side (LHS) of (21) and the terms i○- iv○
on the right-hand side (RHS) of (21) one by one.

LHS of (21) Recalling (11), substituting (22) into the LHS of (21) yields

d

dt

∑
l∈I

∫
V
Φ(l,v) f(t, l,v)dv =

∫
Vi

ϕ(vi) ∂tni(t, vi) dvi. (23)

i○ on the RHS of (21) Recalling (11), substituting (22) along with (8b) into i○ yields

i○ = θi

[∫
Vi

∫
Vi

ϕ(v′i)Ki(v
′
i|vi)ni(t, vi)dv′idvi −

∫
Vi

ϕ(vi)ni(t, vi)dvi

]
+
∑
h∈I
h̸=i

θh

[∫
Vi

∫
Vh

ϕ(vi)δvh(v
′
h)ni(t, vi)dv

′
hdvi −

∫
Vi

ϕ(vi)ni(t, vi)dvi

]

= θi

[∫
Vi

∫
Vi

ϕ(v′i)Ki(v
′
i|vi)ni(t, vi)dv′idvi −

∫
Vi

ϕ(vi)ni(t, vi)dvi

]
,

from which, swapping v′i and vi in the first integral and then rearranging terms, we find

i○ =

∫
Vi

ϕ(vi)

{
θi

[∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)

]}
dvi. (24)

ii○ on the RHS of (21) Substituting first (22) and then (9b) into ii○ and rearranging terms
yields

ii○ =

∫
Vi

ϕ(v′′i )

∑
j∈I

∫
iV̂

∫
V
T (i,v′′|j,v)f(t, j,v)dvdiv̂′′

 dv′′i

=

∫
Vi

ϕ(v′′i )

∑
j∈I
j ̸=i

∫
iV̂

∫
V
δiv̂′′(iv̂)p(i|j, vj)P (v′′i |i, j, vj)f(t, j,v)dvdiv̂′′

 dv′′i

+

∫
Vi

ϕ(v′′i )

(∫
iV̂

∫
V
δiv̂′′(iv̂)p(i|i, vi)δv′′

i
(vi)f(t, i,v)dvd

iv̂′′
)
dv′′i

=

∫
Vi

ϕ(v′′i )

∑
j∈I
j ̸=i

∫
V
p(i|j, vj)P (v′′i |i, j, vj)f(t, j,v)dv

 dv′′i

+

∫
Vi

ϕ(v′′i )

(∫
V
p(i|i, vi)δvi(v′′i )f(t, i,v)dv

)
dv′′i ,

from which, recalling (11), using the relation (5a) and renaming v′′i to vi, we find

ii○ =

∫
Vi

ϕ(vi)


∑
j∈I
j ̸=i

∫
Vj

p(i|j, vj)P (vi|i, j, vj)nj(t, vj)dvj +

1−
∑
j∈I
j ̸=i

p(j|i, vi)

ni(t, vi)

dvi. (25)
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iii○ on the RHS of (21) Substituting first (22) and then (10b) into iii○ and rearranging terms
yields

iii○ =

∫
Vi

ϕ(v′′i )

∑
k∈I

∑
j∈I

∫
iV̂

∫
V

∫
V
Tk(i,v′′|j,v, k, v∗k)f(t, j,v)f(t, k,v∗)dvdv∗div̂′′

dv′′i

=

∫
Vi

ϕ(v′′i )

∑
k∈I

∑
j∈I
j ̸=i

∫
iV̂

∫
V

∫
V
δiv̂′′(iv̂)q(i|j, vj , k, v∗k)Q(v′′i |i, j, vj , k, v∗k)f(t, j,v)f(t, k,v∗)dvdv∗div̂′′

dv′′i

+

∫
Vi

ϕ(v′′i )

(∑
k∈I

∫
iV̂

∫
V

∫
V
δiv̂′′(iv̂)q(i|i, vi, k, v∗k)δv′′

i
(vi)f(t, i,v)f(t, k,v

∗)dvdv∗div̂′′

)
dv′′i

=

∫
Vi

ϕ(v′′i )

∑
k∈I

∑
j∈I
j ̸=i

∫
V

∫
V
q(i|j, vj , k, v∗k)Q(v′′i |i, j, vj , k, v∗k)f(t, j,v)f(t, k,v∗)dvdv∗

 dv′′i

+

∫
Vi

ϕ(v′′i )

(∑
k∈I

∫
V

∫
V
q(i|i, vi, k, v∗k)δvi(v′′i )f(t, i,v)f(t, k,v∗)dvdv∗

)
dv′′i .

Then, recalling (11), computing the integrals with respect to all the components of v except vj
and all the components of v∗ except v∗k, using the relation (5b) along with the fact that (cf. the
integral identity (2)) ∑

k∈I

∫
Vk

nk(t, v
∗
k)dv

∗
k = 1 ∀ t ∈ [0, ∞),

and renaming v′′i to vi and v
∗
k to vk, we find

iii○ =

∫
Vi

ϕ(vi)


∑
k∈I

∑
j∈I
j ̸=i

∫
Vk

∫
Vj

q(i|j, vj , k, vk)Q(vi|i, j, vj , k, vk)nj(t, vj)nk(t, vk)dvjdvk

 dvi

+

∫
Vi

ϕ(vi)


1−

∑
k∈I

∑
j∈I
j ̸=i

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)dvk

ni(t, vi)

dvi. (26)

iv○ on the RHS of (21) Recalling (11), substituting (22) into iv○ yields

iv○ =

∫
Vi

ϕ(vi)ni(t, vi) dvi. (27)

Substituting (23), (24), (25), (26), and (27) into (21), after a little algebra one obtains a weak
formulation of the IDE system (12).

4 Macroscopic model

In this section, we aim to recover a macroscopic representation of heterogeneously structured
compartmental epidemiological systems starting from the mesoscopic representation provided by
the IDE system (12), i.e. to obtain a set of equations describing the time evolution of macroscopic
quantities such as the fractions of individuals in the various compartments

Ni(t) :=

∫
Vi

ni(t, vi)dvi, i ∈ I,
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and the mean values of the compartment-specific structuring variables

Mi(t) :=
1

Ni(t)

∫
Vi

vini(t, vi)dvi, i ∈ I.

Integrating directly the IDE system (12) does not produce closed equations for these quantities.
For instance, in the case of the Ni’s, noticing that∫

Vi

(∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)

)
dvi = 0 (28)

because of (3b), one finds

dNi

dt
= ζr

∑
j∈I
j ̸=i

(∫
Vi

∫
Vj

p(i|j, vj)P (vi|i, j, vj)nj(t, vj)dvjdvi −
∫
Vi

p(j|i, vi)ni(t, vi)dvi

)

+ ζ(1− r)
∑
k∈I

∑
j∈I
j ̸=i

(∫
Vi

∫
Vj

∫
Vk

q(i|j, vj , k, vk)Q(vi|i, j, vj , k, vk)nk(t, vk)nj(t, vj)dvkdvjdvi

−
∫
Vi

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)ni(t, vi)dvkdvi
)
,

which still requires the knowledge of the population density functions. To circumvent this difficulty,
we adopt a procedure reminiscent of the hydrodynamic limit, which in statistical mechanics allows
one to obtain evolution equations for the hydrodynamic parameters of a gas (such as, for instance,
the bulk density, velocity, and energy) from an underlying mesoscopic representation.

We introduce a small scaling parameter 0 < ε ≪ 1 and let ζ = ε in (12). Since ζ is the rate
at which compartment switching occurs, this amounts to assuming a quasi-invariant regime of
transitions across the compartments. In other words, the probability that an individual leaves
their compartment over time is small. To compensate for such a smallness, thereby enabling the
observation of significant time trends, we scale simultaneously the time variable as t→ t/ε. Upon
introducing the scaled population density functions

nεi (t, vi) := ni
(
t
ε , vi

)
, i ∈ I,

whence ∂tn
ε
i =

1
ε∂tni, we rewrite (12) as

ε∂tn
ε
i (t, vi) = θi

(∫
Vi

Ki(vi|v′i)nεi (t, v′i)dv′i − nεi (t, vi)

)
+ εr

∑
j∈I
j ̸=i

(∫
Vj

p(i|j, vj)P (vi|i, j, vj)nεj(t, vj)dvj − p(j|i, vi)nεi (t, vi)

)

+ ε(1− r)
∑
k∈I

∑
j∈I
j ̸=i

(∫
Vj

∫
Vk

q(i|j, vj , k, vk)Q(vi|i, j, vj , k, vk)nεk(t, vk)nεj(t, vj)dvkdvj

− nεi (t, vi)

∫
Vk

q(j|i, vi, k, vk)nεk(t, vk)dvk
)
. (29)
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Integrating both sides with respect to vi and recalling (28), we obtain

d

dt

∫
Vi

nεi (t, vi)dvi = r
∑
j∈I
j ̸=i

∫
Vi

(∫
Vj

p(i|j, vj)P (vi|i, j, vj)nεj(t, vj)dvj − p(j|i, vi)nεi (t, vi)

)
dvi

+ (1− r)
∑
k∈I

∑
j∈I
j ̸=i

∫
Vi

(∫
Vj

∫
Vk

q(i|j, vj , k, vk)Q(vi|i, j, vj , k, vk)

× nεk(t, vk)n
ε
j(t, vj)dvkdvj

− nεi (t, vi)

∫
Vk

q(j|i, vi, k, vk)nεk(t, vk)dvk
)
dvi (30)

for all ε > 0. To proceed further, we assume that the Ki’s are conservative also on average, i.e.∫
Vi

viKi(vi|v′i)dvi = v′i ∀ v′i ∈ Vi, ∀ i ∈ I, (31)

so that ∫
Vi

vi

(∫
Vi

Ki(vi|v′i)nεi (t, v′i)dv′i − nεi (t, vi)

)
dvi = 0.

Hence, multiplying (29) by vi and integrating with respect to vi itself we find

d

dt

∫
Vi

vin
ε
i (t, vi)dvi = r

∑
j∈I
j ̸=i

(∫
Vj

p(i|j, vj)P̄ (i, j, vj)nεj(t, vj)dvj −
∫
Vi

p(j|i, vi)vinεi (t, vi)dvi

)

+ (1− r)
∑
k∈I

∑
j∈I
j ̸=i

(∫
Vj

∫
Vk

q(i|j, vj , k, vk)Q̄(i, j, vj , k, vk)

× nεk(t, vk)n
ε
j(t, vj)dvkdvj

−
∫
Vi

vin
ε
i (t, vi)

∫
Vk

q(j|i, vi, k, vk)nεk(t, vk)dvkdvi
)

(32)

for all ε > 0, where we have used the following definitions:

P̄ (i, j, vj) :=

∫
Vi

viP (vi|i, j, vj)dvi, Q̄(i, j, vj , k, vk) :=

∫
Vi

viQ(vi|i, j, vj , k, vk)dvi.

To discover a universal trend valid in the regime of small ε we pass now to the limit ε → 0+.
To do so, we assume that nεi converges to some n0i , i ∈ I, which, owing to (29), formally satisfies∫

Vi

Ki(vi|v′i)n0i (t, v′i)dv′i − n0i (t, vi) = 0.

Therefore, n0i is an eigenfunction of the integral operator ψ 7→
∫
Vi
K(vi|v′i)ψ(t, v′i)dv′i associated

with the eigenvalue 1 and such that∫
Vi

n0i (t, vi)dvi = N0
i (t),

∫
Vi

vin
0
i (t, vi)dvi = N0

i (t)M
0
i (t),

N0
i , M

0
i being the limit values of the scaled fraction and mean compartment-specific structuring

variable of the individuals in compartment i ∈ I. Following [45], we let n0i (t, vi) = N0
i (t)ψi(t, vi),

where ψi fulfills ∫
Vi

ψi(t, vi)dvi = 1,

∫
Vi

viψ
0
i (t, vi)dvi =M0

i (t).
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Then, letting, without loss of generality, Vi = [
¯
vi, v̄i] with

¯
vi < v̄i, under assumptions (3a), (3b), (3c),

and (31), it is possible to prove, see again [45], that there exists a unique ψi, which is in the form

ψi(t, vi) = (1−M0
i (t))δ

¯
vi(vi) +M0

i (t)δv̄i(vi), i ∈ I,

so that finally there exists a unique n0i , which is in the form

n0i (t, vi) = N0
i (t)(1−M0

i (t))δ
¯
vi(vi) +N0

i (t)M
0
i (t)δv̄i(vi), i ∈ I.

In the following, without loss of generality, we set
¯
vi = 0 and v̄i = 1, that is,

Vi = [0, 1] ∀ i ∈ I. (33)

Substituting the expressions for the n0i ’s just found into (30), after passing there to the limit
ε→ 0+, and dropping the superscripts “0” for convenience, yields

dNi

dt
= r

∑
j∈I
j ̸=i

[(
p(i|j, 0)(1−Mj) + p(i|j, 1)Mj

)
Nj −

(
p(j|i, 0)(1−Mi) + p(j|i, 1)Mi

)
Ni

]

+ (1− r)
∑
k∈I

∑
j∈I
j ̸=i

[(
q(i|j, 0, k, 0)(1−Mj)(1−Mk) + q(i|j, 1, k, 0)Mj(1−Mk)

+ q(i|j, 0, k, 1)(1−Mj)Mk + q(i|j, 1, k, 1)MjMk

)
Nj

−
(
q(j|i, 0, k, 0)(1−Mi)(1−Mk) + q(j|i, 1, k, 0)Mi(1−Mk)

+ q(j|i, 0, k, 1)(1−Mi)Mk + q(j|i, 1, k, 1)MiMk

)
Ni

]
Nk. (34)

Note that, as expected, the ODE system (34) is mass-preserving, that is,

d

dt

∑
i∈I

Ni(t) = 0 ∀ t > 0 =⇒
∑
i∈I

Ni(t) =
∑
i∈I

Ni(0) ∀ t > 0. (35)

Similarly, substituting the expressions for the n0i ’s found above into (32), after passing also
there to the limit ε→ 0+, and dropping again the superscripts “0”, gives

d

dt
(NiMi) = r

∑
j∈I
j ̸=i

[(
p(i|j, 0)P̄ (i, j, 0)(1−Mj) + p(i|j, 1)P̄ (i, j, 1)Mj

)
Nj − p(j|i, 1)NiMi

]

+ (1− r)
∑
k∈I

∑
j∈I
j ̸=i

[(
q(i|j, 0, k, 0)Q̄(i, j, 0, k, 0)(1−Mj)(1−Mk)

+ q(i|j, 1, k, 0)Q̄(i, j, 1, k, 0)Mj(1−Mk)

+ q(i|j, 0, k, 1)Q̄(i, j, 0, k, 1)(1−Mj)Mk

+ q(i|j, 1, k, 1)Q̄(i, j, 1, k, 1)MjMk

)
Nj

−
(
q(j|i, 1, k, 0)Mi(1−Mk) + q(j|i, 1, k, 1)MiMk

)
Ni

]
Nk. (36)

The ODE system (34),(36) constitutes, for i ∈ I, a self-consistent compartmental model de-
scribing the evolution in time of the macroscopic quantities Ni, Mi in terms of the microscopic
information contained in the model parameter r and functions p, q, P̄ , and Q̄.
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4.1 The homogeneous case

A considerable simplification of the ODE system (34),(36) is obtained in the homogeneous case,
i.e. when one assumes that the functions p, q, P̄ , and Q̄ depend on the compartment indices but
are independent of the structuring variables, that is,

p(j|i, vi) ≡ p(j|i), P̄ (i, j, vj) ≡ P̄ (i, j),

q(j|i, vi, k, vk) ≡ q(j|i, k), Q̄(i, j, vj , k, vk) ≡ Q̄(i, j, k).

In this case, recalling (4), we then find that (34) can be written in the form

dNi

dt
= r

∑
j∈I
j ̸=i

(
p(i|j)Nj − p(j|i)Ni

)
+ (1− r)

∑
k∈I

∑
j∈I
j ̸=i

(
q(i|j, k)Nj − q(j|i, k)Ni

)
Nk, i ∈ I. (37)

Notice that (37) is a self-consistent system in the unknowns Ni, i ∈ I. In other words, in the
homogeneous case the evolution of the fractions of individuals is independent of that of the mean
values of the compartment-specific structuring variables. The same is not true in the general
case (34), owing to the coupling produced by the inhomogeneous coefficients p, q. This result
makes it possible to assimilate (37) to a classical compartmental model of population dynamics.
On the other hand, unlike a classical compartmental model, the framework defined by (34),(36)
still allows one to track the evolution in time of the mean values of the compartment-specific
structuring variables in consequence of the transitions of the individuals between the various
compartments. In fact, from (36), under the homogeneity assumption, we find

d

dt
(NiMi) = r

∑
j∈I
j ̸=i

p(i|j)P̄ (i, j)Nj − (1− p(i|i))NiMi


+ (1− r)

∑
k∈I

∑
j∈I
j ̸=i

(
q(i|j, k)Q̄(i, j, k)Nj − q(j|i, k)NiMi

)
Nk, i ∈ I,

which, developing the time derivative on the left-hand side and using (37), further becomes

dMi

dt
=

r

Ni

∑
j∈I
j ̸=i

p(i|j)
(
P̄ (i, j)−Mi

)
Nj

+
1− r

Ni

∑
k∈I

∑
j∈I
j ̸=i

q(i|j, k)
(
Q̄(i, j, k)−Mi

)
NjNk, i ∈ I. (38)

We notice that when Ni approaches 0 a singularity in (38) has to be expected. Moreover, we
observe that the right-hand side of (38) is linear in Mi and, therefore, the existence of an endemic
equilibrium (N∗

i )i∈I ∈ (0, 1)N of (37) implies straightforwardly the existence of a corresponding
equilibrium (M∗

i )i∈I . In such a case, if (N∗
i )i∈I is asymptotically stable then (M∗

i )i∈I inherits
the same stability property.

4.1.1 Basic reproduction number R0

In this section, we apply the Next Generation Matrix method [24, 25, 57] to derive the basic
reproduction number R0 of the ODE system (37). We remark that the construction presented here
reduces the method to its most elementary building blocks, which are the probabilities of leaving
each infectious compartments and the probabilities of contaminating a susceptible individual upon
interacting with them. This way, we elucidate the structural microscopic origin of an aggregate
parameter as significant as R0 in the context of compartmental epidemiological models.
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Without loss of generality, we assume that i = 1 corresponds to the Susceptible compartment.
We focus on systems of ODEs of type (37) which possess only one Disease Free Equilibrium (DFE)
of the form

(N1, N2, . . . , NN ) = (1, 0, . . . , 0). (39)

Such systems are quite common in the literature, see Section 5 for specific case studies.
The entry (i, j) of the Jacobian matrix J of (37) is given by

Jij = r
(
p(i|j)− δi,j

)
+ (1− r)

∑
l∈I
l ̸=i

(
q(i|l, j)Nl − q(l|i, j)Ni

)
+
∑
k∈I

q(i|j, k)Nk(1− δi,j)−
∑
k∈I

∑
l∈I
l ̸=i

q(l|i, k)Nkδi,j


where δi,j is the Kronecker delta, cf. (22). Evaluating at the DFE (39), this produces

Jij(DFE) = r
(
p(i|j)− δi,j

)
+ (1− r)

q(i|1, j)(1− δi,1)−
∑
l∈I
l ̸=i

q(l|i, j)δi,1 + q(i|j, 1)(1− δi,j)−
∑
l∈I
l ̸=i

q(l|i, 1)δi,j

 .

Next, we consider the sub-matrix J∗(DFE) of J(DFE) determined by infectious or infection-
related (such as, for instance, Exposed, Asymptomatic, . . . ) compartments and we seek a decom-
position of the form

J∗(DFE) = A−B,

where the matrix A has non-negative entries and represents transmission, whereas the matrix B
is invertible and represents transitions. There is not a unique way to define these two matrices.
However, considering their respective interpretations, natural definitions for their entries are

Aij := (1− r)

q(i|1, j)(1− δi,1)−
∑
l∈I
l ̸=i

q(l|i, j)δi,1 + q(i|j, 1)(1− δi,j)−
∑
l∈I
l ̸=i

q(l|i, 1)δi,j

 ,

Bij := r
(
δi,j − p(i|j)

) (40)

for all i, j ∈ I associated with infectious or infection-related compartments. Notice that, owing
to (4a), Gershgorin first theorem applied to the columns of B ensures that all the eigenvalues
of B have strictly non-negative real parts. Nevertheless, the origin of the complex plane may be
contained in each of the Gershgorin discs; hence, we do not know in general whether B is invertible
or not. A simple criterion ensuring invertibility is that there exists at least one non-infectious
compartment that can be reached with a spontaneous flow from each infectious compartment.
This will be the case in all the specific models we shall present in Section 5.

Assuming that B in (40) is invertible, the Next Generation Matrix method provides the basic
reproduction number R0 as

R0 = ρ(AB−1), (41)

where ρ denotes the spectral radius.
One of the most classical results on compartmental models is the global stability of the DFE

under the condition R0 < 1. In addition to this, the modelling framework based on (37) allows
one to build compartmental models which exhibit both forward and backward bifurcations at
R0 = 1. In the former case, the DFE usually loses stability as R0 becomes greater than 1, in
favour of the stability of a (unique) Endemic Equilibrium (EE). In the latter case, there exists a
value R∗

0 ∈ (0, 1) such that for R∗
0 < R0 < 1 the system exhibits bi-stability of DFE and EE plus

the existence of an unstable EE at the boundary of the corresponding basins of attraction.
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Another classical result is the existence of at least one EE whenR0 > 1. However, the modelling
framework based on (37) presented here can easily be adapted to at least one system which does
not possess this characteristic, namely the celebrated SIR model. Under the assumption R0 > 1,
SIR orbits are indeed heteroclinic to the set of null infection (see e.g. [39, Lemma 1] for a proof) and
the system does not possess any EE. Consequently, we cannot conclude, in general, the existence
of any EE for system (37) without referring to specific cases or enforcing additional assumptions
on the coefficients p, q, P̄ , and Q̄.

5 Case studies

In this section, we demonstrate, through a few case studies, how different classical compartmental
epidemiological models can be derived from the ODE system (37), under appropriate choices of
the microscopic parameter functions p, q, P̄ , and Q̄. In contrast to their classical counterparts,
the models here derived comprise also a system of ODEs for the mean values of the corresponding
compartment-specific structuring variables, which is obtained from the ODE system (38), thus
providing a richer description of the dynamics of the epidemiological system considered.

For every case study, we specify the choices of the microscopic parameter functions p, q, P̄ ,
and Q̄ under which (37) reduces to the ODE system of the classical model. Moreover, we compare
numerical solutions and analytical results of the ODEs of the macroscopic model with the results
of Monte Carlo simulations of the underlying individual-based model, and show that there is
excellent agreement between them. This provides validation of the formal procedures employed
in Sections 3 and 4 to obtain first the IDE system (12) and then the ODE systems (37) and (38)
from the individual-based model governed by the system (6).

For consistency with the extant literature, in each case study we use an alphabetic index set
I rather than a numerical one. For instance, in the case of three compartments of Susceptible,
Infectious, and Recovered individuals, we set I = {S, I, R} instead of I = {1, 2, 3}. Moreover,
for consistency with (33), we choose Vi = [0, 1] for all i ∈ I. The values of key parameters of the
macroscopic models used in numerical simulations are provided in the captions of Figures 4, 6,
8, while the definitions of the model parameters and functions that are used to carry out Monte
Carlo simulations of the individual-based models are provided in Appendix B. Finally, the initial
conditions for the fractions of individuals in the various compartments are such that, consistently
with (2), the following normalisation condition holds:∑

i∈I
Ni(0) = 1.

Since the macroscopic model and the underlying microscopic model are mass-preserving, cf. (35),
such a normalisation condition then holds for all t > 0, i.e.∑

i∈I
Ni(t) = 1 ∀ t > 0.

We notice that in all cases considered here the components of the unique DFE, cf. (39), are
NS = 1 and Nj = 0 for all j ∈ I with j ̸= S.

5.1 SIRS model

Considering an SIRS system, we take N = 3 and I = {S, I, R}. As per the diagram displayed
in Figure 3, only the following types of compartment switching are allowed: S → I (driven by
the interaction between a susceptible and an infectious individual), I → R (spontaneous), and
R → S (spontaneous). Therefore, the non-vanishing transition probabilities are q(I|S, I), p(R|I),
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NS NI

NR

(1− r)q(I|S, I)NSNI

rp(R|I)NI

rp(S|R)NR

Figure 3: Flow diagram of the SIRS model

and p(S|R), whereas all the remaining p’s and q’s are zero. The ODE system (37) then reduces to

dNS

dt
= rp(S|R)NR − (1− r)q(I|S, I)NSNI

dNI

dt
= −rp(R|I)NI + (1− r)q(I|S, I)NSNI

dNR

dt
= r
(
p(R|I)NI − p(S|R)NR

)
.

(42)

In particular, the matrices defined via (40) are scalar quantities, i.e.

A ≡ A = (1− r)q(I|S, I), B ≡ B = r(1− p(I|I)) = rp(R|I),

where the above expression for B follows from (4a), recalling that in this case p(S|I) = 0. Finally,
through (41), we find

R0 =
A

B
=

(1− r)q(I|S, I)
rp(R|I)

.

This coincides with the basic reproduction number classically computed as the ratio between the
rate at which susceptible individuals become infectious and that at which infectious individuals
become recovered, which from (42) are indeed (1− r)q(I|S, I) and rp(R|I), respectively.

The DFE (NS , NI , NR) = (1, 0, 0) is globally asymptotically stable when R0 < 1, cf. [17].
Conversely, when R0 > 1 there is a unique EE of components

N∗
S =

1

R0
, N∗

I =
p(S|R)

p(S|R) + p(R|I)

(
1− 1

R0

)
, N∗

R = 1−N∗
S −N∗

I ,

which is globally stable, cf. [50].
Moreover, in this case the compartment-specific structuring variables can be interpreted as:

(i) the level of resistance to infection in compartment i = S; (ii) the level of viral load in compart-
ment i = I; (iii) the level of immunity in compartment i = R. The evolution of their mean values
is governed by the following ODE system, which is derived from (38):

dMS

dt
= r

p(S|R)(P̄ (S,R)−MS)

NS
NR

dMI

dt
= (1− r)q(I|S, I)(Q̄(I, S, I)−MI)NS

dMR

dt
= r

p(R|I)(P̄ (R, I)−MR)

NR
NI ,

(43)

the equilibrium of which corresponding to the EE of (42) is

M∗
S = P̄ (S,R), M∗

I = Q̄(I, S, I), M∗
R = P̄ (R, I).

The plots in Figure 4 show a comparison between numerical solutions of the ODE systems (42)
and (43) and the results of Monte Carlo simulations of the corresponding individual-based model
for the case where R0 > 1.
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Figure 4: SIRS model. Solid lines: numerical solutions of (42) (panel (a)) and (43) (panel (b));
circles: results of Monte Carlo simulations of the individual-based model governed by (6) adapted
to this case; dashed lines: analytical equilibria. Relevant parameters: rp(S|R) = 0.05, (1 −
r)q(I|S, I) = 0.2, rp(R|I) = 0.1, P̄ (S,R) = 0.3, Q̄(I, S, I) = 0.4, P̄ (R, I) = 0.5. Hence, R0 = 2.
Initial condition: (NS(0), NI(0), NR(0), MS(0), MI(0), MR(0)) = (0.98, 0.01, 0.01, 0.5, 0, 0.6).
Monte Carlo simulations are carried out using 106 agents and defining the model parameters and
functions as detailed in Appendix B.1

NS

NI NT

NP NY

NR
rp(T |I)NI

rp(P |T )NT

rp(S|P )NP

rp(R|Y )NY
rp(P |R)NR

Figure 5: Flow diagram of the SIRS model with secondary infections. The infection rates between
NS and NI (primary) and between NP and NY (secondary) are omitted to avoid overcrowding

5.2 SIRS model with secondary infections

Within the general formulation provided by (37), we can model systems exhibiting either for-
ward bifurcations when R0 = 1, such as the SIRS model presented in Section 5.1, or backward
bifurcations. In the former case, one usually expects global asymptotic stability of the DFE when
R0 < 1, and global asymptotic stability of the EE when R0 > 1. On the contrary, in the latter
case there exists a value R∗

0 ∈ (0, 1) of the basic reproduction number such that for R∗
0 < R0 < 1

the system exhibits bi-stability between the DFE and one EE along with a second unstable EE.
This happens, for instance, in the SIRS model with secondary infections [42], which can be recast
in the form (37) with N = 6 compartments and I = {S, I, T, P, Y, R}. Precisely, besides the
compartments i = S, I, R, three additional compartments are introduced: (i) i = T , comprising
the individuals that are temporarily immune after recovering from a primary infection; (ii) i = P ,
comprising partly susceptible individuals that lost their transient immunity after recovering from
a primary infection; (iii) and i = Y , comprising the individuals that undergo a secondary infection.
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On the basis of the diagram of Figure 5, the ODE system (37) particularises to

dNS

dt
= rp(S|P )NP − (1− r)

(
q(I|S, I)NI + q(I|S, Y )NY

)
NS

dNI

dt
= −rp(T |I)NI + (1− r)

(
q(I|S, I)NI + q(I|S, Y )NY

)
NS

dNT

dt
= r
(
p(T |I)NI − p(P |T )NT

)
dNP

dt
= r
(
p(P |T )NT − p(S|P )NP + p(P |R)NR

)
− (1− r)

(
q(Y |P, I)NI + q(Y |P, Y )NY

)
NP

dNY

dt
= −rp(R|Y )NY + (1− r)

(
q(Y |P, I)NI + q(Y |P, Y )NY

)
NP

dNR

dt
= r
(
p(R|Y )NY − p(P |R)NR

)
.

(44)

Since both i = I and i = Y are infectious compartment, in this case the matrices defined
via (40) are

A =

(
(1− r)q(I|S, I) (1− r)q(I|S, Y )

0 0

)
, B =

(
rp(T |I) 0

0 rp(R|Y )

)
,

whence

AB−1 =

(
(1−r)q(I|S,I)

rp(T |I)
(1−r)q(I|S,Y )

rp(R|Y )

0 0

)
,

and consequently, through (41), we find

R0 =
(1− r)q(I|S, I)

rp(T |I)
.

Notice that the above expression of R0 does not depend directly on any transition probability
related to secondary infections.

Moreover, in this case the additional compartment-specific structuring variables can be inter-
preted as: (i) the level of temporary immunity in compartment i = T ; (ii) the level of partial
immunity in compartment i = P ; (iii) the level of viral load following a secondary infection in
compartment i = Y . The evolution of the mean values of the compartment-specific structuring
variables is in this case governed by the following ODE system, which is derived from (38):

dMS

dt
= r

p(S|P )(P̄ (S, P )−MS)NP

NS

dMI

dt
= (1− r)

q(I|S, I)
(
Q̄(I, S, I)−MI

)
NI + q(I|S, Y )

(
Q̄(I, S, Y )−MI

)
NY

NI
NS

dMT

dt
= r

p(T |I)
(
P̄ (T, I)−MT

)
NT

NI

dMP

dt
= r

p(P |T )(P̄ (P, T )−MP )NT + p(P |R)(P̄ (P,R)−MP )NR

NP

dMY

dt
= (1− r)

q(Y |P, I)
(
Q̄(Y, P, I)−MY

)
NI + q(Y |P, Y )

(
Q̄(Y, P, Y )−MY

)
NY

NY
NP

dMR

dt
= r

p(R|Y )
(
P̄ (R, Y )−MR

)
NR

NY .

(45)

Backward bifurcation for R0 = 1 has been observed in many other epidemic models but mainly
including demography [9, 32, 54, 60]. The modelling framework presented here, which instead
does not account for birth and death phenomena owing to global mass conservation (cf. (2)), can
describe backward bifurcation as a consequence of simple compartment switching.
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Figure 6: SIRS model with secondary infections. Solid lines: numerical solutions of (44)
(panel (a)) and (45) (panel (b)); circles: results of Monte Carlo simulations of the individual-
based model governed by (6) adapted to this case; dashed lines: analytical equilibria. Relev-
ant parameters: p(S|P ) = p(P |R) = 0.5p(P |T ), rp(P |T ) = 0.15, (1 − r)q(I|S, I) = 0.1225,
q(I|S, Y ) = 2q(I|S, I), rp(T |I) = 0.125, q(Y |P, I) = 2q(I|S, I), rp(R|Y ) = 0.125, P̄ (S, P ) =
0.8, Q̄(I, S, I) = 0.7, Q̄(I, S, Y ) = 0.6, P̄ (T, I) = 0.85, P̄ (P, T ) = 0.8, P̄ (P,R) = 0.4,
Q̄(Y, P, I) = 0.6, Q̄(Y, P, Y ) = 0.5, P̄ (R, Y ) = 0.9. Hence, R0 = 0.98. Initial condition:
(NS(0), NI(0), NT (0), NP (0), NY (0), NR(0), MS(0), MI(0), MT (0), MP (0), MY (0), MR(0)) =
(0.91, 0.05, 0.01, 0.01, 0.01, 0.01, 0.2, 0.3, 0.8, 0.5, 0.9, 0.7). Monte Carlo simulations are carried
out using 106 agents and defining the model parameters and functions as detailed in Appendix B.2

NS NI

NRNW

(1− r)q(I|S, I)NSNI

rp(R|I)NIrp(S|W )NW

rp(W |R)NR

(1− r)q(R|W, I)NWNI

Figure 7: Flow diagram of the SIRWS model

The plots in Figure 6 show a comparison between numerical solutions of the ODE systems (44)
and (45) and the results of Monte Carlo simulations of the corresponding individual-based model,
which indicate that convergence to the EE occurs even though R0 < 1.

5.3 SIRWS model

We present now a model, also included in the framework (37), wherein interaction-driven com-
partmental switching does not lead individuals to enter an infectious compartment. Specifically,
to consider the SIRWS model [20, 39], we choose N = 4 and I = {S, I, R, W}, where the
compartment i = W comprises individuals undergoing a “waning immunity” phase: while in
this compartment, interacting with an infectious individual boosts the immunity, which induces
a switch back to compartment i = R. Otherwise, an individual will eventually lose immunity
completely and move to compartment i = S.

In [20, 39] the authors include demography, which we neglect here so as to recast their model
in our framework. Following the diagram depicted in Figure 7, we derive from (37) the following
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ODE system: 

dNS

dt
= rp(S|W )NW − (1− r)q(I|S, I)NSNI

dNI

dt
= −rp(R|I)NI + (1− r)q(I|S, I)NSNI

dNR

dt
= r
(
p(R|I)NI − p(W |R)NR

)
+ (1− r)q(R|W, I)NWNI

dNW

dt
= r
(
p(W |R)NR − p(S|W )NW

)
− (1− r)q(R|W, I)NWNI .

(46)

The matrices A and B of this system are again scalar quantities, as it is the case for the ODE
system (42), because only one infectious compartment is present, that is,

A ≡ A = (1− r)q(I|S, I), B ≡ B = r
(
1− p(I|I)

)
= rp(R|I).

The above expression for B follows from (4a) together with the fact that, in this model, p(S|I) =
p(W |I) = 0. Through (41) we find

R0 =
A

B
=

(1− r)q(I|S, I)
rp(R|I)

,

i.e. the same basic reproduction number as that of the SIRS model.
Moreover, in this case the additional compartment-specific structuring variable can be inter-

preted as the level of immunity in compartment i = W . The evolution of the mean values of the
compartment-specific structuring variables is now governed by the following ODE system, which
is again derived from (38):

dMS

dt
= r

p(S|W )(P̄ (S,W )−MS)

NS
NW

dMI

dt
= (1− r)q(I|S, I)(Q̄(I, S, I)−MI)NS

dMR

dt
=
rp(R|I)(P̄ (R, I)−MR) + (1− r)q(R|W, I)(Q̄(R,W, I)−MR)NW

NR
NI

dMW

dt
= r

p(W |R)(P̄ (W,R)−MW )

NW
NR.

(47)

Assuming that the fractions of individuals in each compartment tend asymptotically in time to the
EE, say (N∗

S , N
∗
I , N

∗
R, N

∗
W ), we see from (47) that the corresponding mean compartment-specific

structuring variables tend to M∗
S = P̄ (S,R), M∗

I = Q̄(I, S, I), M∗
W = P̄ (W,R), and

M∗
R =

rp(R|I)P̄ (R, I) + (1− r)q(R|W, I)Q̄(R,W, I)N∗
W

rp(R|I) + (1− r)q(R|W, I)N∗
W

.

Since the SIRWS model admits periodic limit cycles, see [20, 39], we might observe periodic
fluctuations in MR, which depends on NW , while the mean values of all the other compartment-
specific structuring variables, which are independent of the fractions of individuals in the various
compartments, converge to an equilibrium. To better investigate this possibility, we look at the
equilibrium value of MR as a function of NW

MR(NW ) =
rp(R|I)P̄ (R, I) + (1− r)q(R|W, I)Q̄(R,W, I)NW

rp(R|I) + (1− r)q(R|W, I)NW

and we compute

dMR

dNW
= r(1− r)p(R|I)q(R|W, I) Q̄(R,W, I)− P̄ (R, I)

(rp(R|I) + (1− r)q(R|W, I)NW )
2 ,
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(a) (b)

Figure 8: SIRWS model (without demography). Solid lines: numerical solutions of (46) (panel
(a)) and (47) (panel (b)); circles: results of Monte Carlo simulations of the individual-based model
governed by (6) adapted to this case. Relevant parameters: rp(S|W ) = rp(W |R) = 1/3100,
(1 − r)q(I|S, I) = 3/31, rp(R|I) = 17/310, q(R|W, I) = 10q(I|S, I), (1 − r)q(R|W, I) = 30/31,
P̄ (S,W ) = 0.3, Q̄(I, S, I) = 0.4, Q̄(R,W, I) = 0.9, P̄ (R, I) = 0.4, P̄ (W,R) = 0.2. Hence,
R0 = 30/17. Initial condition: (NS(0), NI(0), NR(0), NW (0), MS(0), MI(0), MR(0), MW (0)) =
(0.97, 0.01, 0.01, 0.01, 0.5, 0, 0.6, 0). Monte Carlo simulations are carried out using 106 agents
and defining the model parameters and functions as detailed in Appendix B.3

whence we discover that MR is strictly increasing or decreasing with respect to NW depending
on the sign of Q̄(R,W, I) − P̄ (R, I). In particular, Q̄(R,W, I) > P̄ (R, I) results in peaks of MR

while Q̄(R,W, I) < P̄ (R, I) in dips of MR. If instead Q̄(R,W, I) = P̄ (R, I) then MR does not
oscillate. Moreover, large values of Q̄(R,W, I) − P̄ (R, I) result in large excursions of MR away
from the equilibrium valueM∗

R. Nevertheless, we observe that the term NI in the equation forMR

in (47) makes the evolution of MR quite slow if the epidemic is dormant, i.e. NI ≈ 0. Therefore,
excursions away from M∗

R can be clearly observed only when NI grows sufficiently far from 0.
The plots in Figure 8 show a comparison between numerical solutions of the ODE systems (46)

and (47) and the results of Monte Carlo simulations of the corresponding individual-based model.
Notice how MR reacts to the dips of NW , which coincide with the spikes of NI representing
consequent epidemic waves.

6 Conclusions

We developed a general modelling framework for heterogeneously structured compartmental epi-
demiological systems. In this framework, each compartment, labelled by an index i ∈ I, is
structured by a specific continuous variable, vi ∈ Vi, which represents the level of expression of a
compartment-specific trait. The framework takes into account the effects of structuring-variable
switching (i.e. the fact that the levels of expression of the compartment-specific traits can evolve in
time) and compartment switching (i.e. the fact that individuals can transition between compart-
ments), where the latter can be both spontaneous or driven by interactions amongst individuals
belonging to the same or different compartments.

We first formulated a stochastic individual-based model that tracks the dynamics of single
individuals, from which we formally derived the corresponding mesoscopic model, which consists
of the IDE system (12) for the population density functions, ni(t, vi), of the various compartments
at time t. We then considered an appropriately rescaled version of this system, which is given by
the IDE system (29), and we carried out formal asymptotic analyses to derive the corresponding
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macroscopic model.
The macroscopic model so obtained comprises the ODE system (34),(36) for the fractions,

Ni(t), of individuals in the different compartments and the mean values, Mi(t), of the compart-
ment-specific structuring variables. In this ODE system, the dynamics of such macroscopic quant-
ities are described in terms of the microscopic information contained in the model parameters and
functions. From the ODE system (34),(36), under the homogeneity assumption that the model
functions depend on the compartment indices but are independent of the structuring variables,
we obtained the reduced ODE systems (37) and (38), and then, employing the Next Generation
Matrix approach, we obtained a general formula for the basic reproduction number, R0, in terms
of key parameters and functions of the underlying microscopic model. This illustrates how the
modelling framework developed here makes it possible to draw connections between fundamental
individual-level processes and population-scale dynamics.

Moreover, we applied the modelling framework to case studies from classical compartmental
epidemiological systems (i.e. the SIRS model, the SIRS model with secondary infections, and the
SIRWS model) and, for each of them, we showed that there is excellent agreement between the
results of Monte Carlo simulations of the individual-based model and both numerical solutions
and analytical results of the macroscopic model. This validates the formal limiting procedures
employed to obtain the mesoscopic and macroscopic models from the underlying individual-based
model.

Possible extensions of the present work include incorporating demography into the modelling
framework, in order to take into account proliferation and death of individuals in one or more
compartments. This would require generalising both the individual-based modelling approach as
well as the formal approach employed in this paper to derive the corresponding mesoscopic and
macroscopic models, since both approaches rely on the fact that the total number of individuals
in the system is conserved, which would not be the case if demography was incorporated. In the
same vein, building for instance on the methods employed in [19, 30, 44] in different application
domains, an additional development of this work would be to extend the individual-based mod-
elling approach and the derivation methods employed here to the case where a spatial structure
is also included, in order to then investigate how the interplay between spatial movement and
both structuring-variable switching and compartment switching may impact on the evolutionary
dynamics of epidemiological systems.

Moreover, while the modelling approach presented here is framed in an abstract context to
highlight general properties, it would be interesting to apply it to the study of the dynamics
of specific infectious diseases. In particular, an additional avenue for future research would be
to explore the possibility to estimate the forms of the model functions based on data; for this,
techniques similar to those employed in [2, 3, 27] may prove useful.

Finally, while our attention has been focused on the microscopic and macroscopic models, it
would be relevant to consider also the mesoscopic model defined by the IDE system (12). In
this regard, it would be interesting to investigate possible limiting regimes and conditions on the
model terms under which the population density functions become unimodal or multimodal (i.e.
the various compartments become monomorphic or polymorphic). For this, techniques similar
to those employed in [4, 23, 38, 46, 52, 53] may prove useful. This would allow for further
investigation into the mechanisms and processes underpinning the emergence of inter-individual
and intra-compartmental heterogeneity in epidemiological systems.

A Proofs of (17), (18)

Recall that the Θi’s, i ∈ I, are independent Bernoulli random variables with parameters θi∆t.
We introduce the random variable

S :=
∑
i∈I

Θi,
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and we want to show that, for ∆t small, it holds that P(S ≥ 2) = o(∆t). Clearly,

P(S ≥ 2) = 1−
(
P(S = 0) + P(S = 1)

)
and, furthermore,

P(S = 0) = P(Θi = 0 ∀ i ∈ I) =
∏
i∈I

(1− θi∆t), P(S = 1) =
∑
i∈I

θi∆t
∏
j∈I
j ̸=i

(1− θj∆t).

Now, let p :=
∏
i∈I

(1− θi∆t); then

log p =
∑
i∈I

log (1− θi∆t) = −
∑
i∈I

θi∆t+ o(∆t) as ∆t→ 0+,

whence
p = elog p = e−

∑
i∈I θi∆t+o(∆t) = 1−

∑
i∈I

θi∆t+ o(∆t) as ∆t→ 0+.

Using this, we can also write

P(S = 1) =
∑
i∈I

θi∆t

1−
∑
j ̸=i

θj∆t+ o(∆t)


=
∑
i∈I

θi∆t−
∑
i∈I

∑
j∈I
j ̸=i

θiθj∆t
2 + o(∆t2)

=
∑
i∈I

θi∆t+ o(∆t2)

and finally

P(S ≥ 2) = 1−

(
1−

∑
i∈I

θi∆t+ o(∆t) +
∑
i∈I

θi∆t+ o(∆t2)

)
= o(∆t) as ∆t→ 0+,

which proves the claim.

B Definitions of the parameters and functions used in sim-
ulations of the individual-based models

B.1 SIRS model

The model parameters and functions are defined as follows:

∆t = 10−2, r = 0.5, θi = 0.5 ∀ i ∈ I,

Ki(v
′
i|vi) := δ(v′i − vi) ∀ i ∈ I,

p(j|i, vi) ≡ p(j|i) :=


δjS for i = S,

0.2 δjR + 0.8 δjI for i = I,

0.1 δjS + 0.9 δjR for i = R,

q(j|i, vi, k, v∗k) ≡ q(j|i, k) :=

{
0.4 δjI + 0.6 δjS for i = S, k = I,

δji otherwise.
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Moreover, the terms P (v′′j |j, i, vi) ≡ P (v′′j |j, i) and Q(v′′j |j, i, vi, k, v∗k) ≡ Q(v′′j |j, i, k) which are
relevant (i.e. either different from zero or with j ̸= i) for the present case study are defined as

P (v′′j |j, i) :=

{
1[0, 1](v

′′
j ), for j = R, i = I,

5
31[0, 0.6](v

′′
j ) for j = S, i = R,

Q(v′′j |j, i, k) :=
5

4
1[0, 0.8](v

′′
j ) for j = k = I, i = S.

At the initial time t = 0, the individuals in the various compartments are distributed according
to the following distributions:

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I,

where the values of Ni(0) and Mi(0) are reported in the caption of Figure 4.

B.2 SIRS model with secondary infection

The model parameters and functions are defined as follows:

∆t = 10−2, r = 0.5, θi = 0.5 ∀ i ∈ I,

Ki(v
′
i|vi) := δ(v′i − vi) ∀ i ∈ I,

p(j|i, vi) ≡ p(j|i) :=



δjS for i = S

0.25 δjT + 0.75 δjI for i = I,

0.30 δjP + 0.70 δjT for i = T,

0.15 δjS + 0.85 δjP for i = P,

0.25 δjR + 0.75 δjY for i = Y,

0.15 δjP + 0.85 δjR for i = R,

q(j|i, vi, k, v∗k) ≡ q(j|i, k) :=



0.245δjI + 0.755δjS for i = S, k = I,

0.490δjI + 0.510δjS for i = S, k = Y,

0.490δjY + 0.510δjP for i = P, k = I,

0.980δjY + 0.020δjP for i = P, k = Y,

δji otherwise.

Moreover, the terms P (v′′j |j, i, vi) ≡ P (v′′j |j, i) and Q(v′′j |j, i, vi, k, v∗k) ≡ Q(v′′j |j, i, k) which are
relevant (i.e. either different from zero or with j ̸= i) for the present case study are defined as

P (v′′j |j, i) :=



10
171[0, 1.7](v

′′
j ) for j = T, i = I,

5
81[0, 1.6](v

′′
j ) for j = P, i = T,

5
81[0, 1.6](v

′′
j ) for j = S, i = P,

5
91[0, 1.8](v

′′
j ) for j = R, i = Y,

5
41[0, 0.8](v

′′
j ) for j = P, i = R,

Q(v′′j |j, i, k) :=


5
71[0, 1.4](v

′′
j ) for j = k = I, i = S,

5
61[0, 1.2](v

′′
j ) for j = I, i = S, k = Y,

5
61[0, 1.2](v

′′
j ) for j = Y, i = P, k = I,

1[0, 1](v
′′
j ) for j = k = Y, i = P.
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At the initial time t = 0, the individuals in the various compartments are distributed according
to the following distributions:

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I,

where the values of Ni(0) and Mi(0) are reported in the caption of Figure 6.

B.3 SIRWS model

The model parameters and functions are defined as follows:

∆t = 0.0032, r = 0.05, θi = 0.5 ∀ i ∈ I,

Ki(v
′
i|vi) := δ(v′i − vi) ∀ i ∈ I, ∀ i ∈ I,

p(j|i, vi) ≡ p(j|i) :=


δji for i = S,

0.5806 δjR + 0.4194 δjI for i = I,

0.0323 δjW + 0.9677 δjR for i = R,

0.0323 δjS + 0.9677 δjW for i =W,

q(j|i, vi, k, v∗k) ≡ q(j|i, k) :=


0.1019 δjI + 0.8981 δjS for i = S, k = I,

0.5093 δjR + 0.4907 δjW for i =W, k = I,

δji otherwise.

Moreover, the terms P (v′′j |j, i, vi) ≡ P (v′′j |j, i) and Q(v′′j |j, i, vi, k, v∗k) ≡ Q(v′′j |j, i, k) which are
relevant (i.e. either different from zero or with j ̸= i) for the present case study are defined as

P (v′′j |j, i) :=


5
41[0, 0.8](v

′′
j ) for j = R, i = I,

5
21[0, 0.4](v

′′
j ) for j =W, i = R,

5
31[0, 0.6](v

′′
j ) for j = S, i =W,

Q(v′′j |j, i, k) :=

{
5
41[0, 0.8](v

′′
j ) for j = k = I, i = S,

5
91[0, 1.8](v

′′
j ) for j = R, i =W, k = I.

At the initial time t = 0, the individuals in the various compartments are distributed according
to the following distributions:

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I,

where the values of Ni(0) and Mi(0) are reported in the caption of Figure 8.
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