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Abstract

We provide a characterization of Carleson measures on locally finite trees. This charac-
terization establishes the connection between Carleson measures and the boundedness
of a suitable Poisson integral between L”-spaces. Additionally, when the tree has
bounded degree, we investigate the relationship between Carleson measures and BMO
functions defined on the boundary of the tree.
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1 Introduction and Preliminaries
1.1 Introduction

Carleson measures were originally introduced and characterized in the Euclidean set-
ting by Carleson [2, 3]. In this context, it was proved that a positive measure o is
a Carleson measure if and only if the classical Poisson integral defines a bounded
operator from L?(R", dx) to L?(R*T x R"*, o).

Subsequently, Fefferman and Stein established a connection between Carleson mea-
sures and functions of bounded mean oscillation on R"” (BMO(R")). Indeed, they
exhibited a suitable class of operators acting on BMO(IR") such that the square of the
image of a function is the density of a Carleson measure with respect to the Lebesgue
measure [8]. These results have been generalized to other contexts. For instance, when
R" is replaced by a space of homogeneous type [11], or when Rt x R" is replaced
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368 Page2of 25 A. Ottazzi, F. Santagati

by a homogeneous tree (or more in general, by a radial tree), analogous results have
been obtained [4, 5].

In this note, we aim to provide a characterization of Carleson measures on locally
finite trees without any further restriction on the geometry of the tree. This is the
content of Theorem 2.8, which is proved in Sect.2. It is worth mentioning that a tree
is not a product space; rather, it is the image of a surjective map on the product of the
boundary of the tree itself and Z. We use a natural definition of Carleson measures
involving sectors instead of cylinders, which adapts to our setting the definition given
in [4-6]. We point out that, because of the lack of symmetries in our settings, we
cannot exploit the techniques used in the aforementioned papers. In particular, we
introduce a suitable Laplacian associated with a random walk, where the probability
of transitioning from a vertex to a neighbour is nonzero only if the neighbour lies
below the original vertex. This hierarchical structure on the tree arises naturally from
the choice of a root, which in this paper will be a point of the boundary of the tree. We
then give a Poisson integral representation formula for harmonic functions associated
with this distinguished Laplacian. In Sect. 2, we introduce a Hardy space H? contain-
ing harmonic functions, which serves as the discrete counterpart of the Hardy space
HP(R* x R) on the upper half-plane. It turns out that, when p > 1, H? characterizes
the space of harmonic functions which are Poisson integrals of L? functions on the
boundary of the tree, see Theorem 2.5. Subsequently, Carleson measures o are char-
acterized as measures on the tree for which the Poisson integral maps continuously
the natural L? space on the boundary of the tree to L? (o). This property is shown to
be equivalent to the boundedness of the identity map from H? to L? (o).

In Sect. 3, we focus on trees with bounded degree and, in Theorem 3.3, we prove
a result in the spirit of [8, 11], which relates Carleson measures to BMO functions
on the boundary of the tree. We show that a class of integral operators whose kernels
satisfy suitable cancellation and decay properties maps BMO functions to functions
that are densities of Carleson measures with respect to a suitable reference measure.
Additionally, we prove that a converse statement holds true. In fact, Theorem 3.3
provides a characterization of the BMO space on the boundary of a tree.

Throughout the paper, C will denote a positive constant which may vary from line
to line and that is independent of any involved variable but may depend on fixed
parameters. Sometimes, we will stress such a dependence by adding a subscript.

1.2 Preliminaries and Notation

In this section we introduce the notation and recall some well-known results on trees.

Let T be a tree and let d denote the usual geodesic distance on 7. We fix a root
of the tree by choosing a point w, in the boundary of T, that we denote by 2 (see
[9, Chapter 1.1] for a detailed definition). We then introduce the punctured boundary
dT = Q\{w4}. The choice of a root induces a partial order on 7': given two vertices
x,y € T, we say that x lies below y (or equivalently, y lies above x) if y € [x, wy),
where [x, w,) denotes the infinite geodesic starting from x and ending in w,. Similarly,
we say that w € 9T lies below the vertex x if x € (w, wy), that is x belongs to the
doubly infinite geodesic with endpoints w and w,. We shall write x < y whenever
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x € T UJT lies below y € T (see also [14, Section 3] for a reference about this
construction).

We say that a vertex x is a neighbour of y € T if there is one edge connecting x
and y or, equivalently, if d(x, y) = 1. In this case, we write x ~ y.

We fix once and for all an origin 0 € T and we denote by {x;} ;-0 an enumeration
of the geodesic starting at 0 and ending in w, such that x; ~ x4 for every j > 0.
We define the level of a vertex by

£(x) = lim j—d(x,x;) VxeT.
]*)OO

For every x € T we define the set of successors by

s() ={y ~x:l(y)=Ll(x)—1}
and the predecessor of x € T by

p(x) ={y ~x:£(y)=L£(x)+1}.

We set p¥(x) = x and define inductively p"(x) = p(p" 1 (x)) for every x € T and
n > 1. Similarly, we set so(x) = {x} and define

sn(x) = Uyes,_i0)s(y) VxeT,n>1. (1.1)
A measure on T is a positive function on 7T'; this means that the measure of a subset

of T is the sum of the values of the measure on that set. We say that a measure m on
T is a flow measure if it satisfies the conservation property

m(x)= Y m(y) VxeT. (1.2)

yes(x)

Observe that by iterating (1.2), a flow measure also satisfies

m(x) = Z m(y) VxeT,neN.

Yé€sp(x)
Given two points , ¢ € T := T U 3T, their confluent is
nA¢=argmin{l(x):x €T,n, ¢ <x},
and for every x € T, the sector T, and its boundary at infinity 07 are

Ii={yeT:y=ux}
0Ty = {w € 0T : w < x}.
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368 Page4of 25 A. Ottazzi, F. Santagati

We define the Gromov distance on T x T, denoted p, by

6 =10 1=
PRLS) = pbmre)  otherwise,

It is straightforward that the collection of balls with positive radii in (37, p) consists
of {97, },er. Indeed, the Gromov distance of two points only depends on the level of
their confluent. Moreover, it is clear that if 07), N dT, # @, then either 07, C 9Ty or
0T, C dT. Analogous considerations hold if 37y and 37 are replaced by Ty and T},
respectively.

Observe that for every positive measure v on 97 that is positive and finite on balls,
there is an associated natural flow measure given by

my(x) =v(@Ty) VxeT.

From now on, we shall always assume that a measure on d7 is finite and positive on
balls.

Given a measure v on 97 and a measure m on T, we denote by || - [|L»(57,1) and
Il - lLr(r,m) the corresponding L”-norms. Sometimes, the measure will be omitted
from the norm subscript if it is clear from the context.

Definition 1.1 We define the map ® : T x Z — T such that ®(w, j) is the unique
vertex which lies above w at level j. Namely, ® is uniquely defined by ®(w, j) €
(0, wy) and £(P(w, j)) = J.

Throughout the paper, we will make instrumental use of the Hardy-Littlewood
maximal operator, whose definition we briefly recall. Given a positive measure v on
dT we define by M the associated Hardy-Littlewood maximal operator, namely,

1
M = _— d
0 = 80 B @wo ) iy T
= sup ! | f(w)|dv(w) VYag € 0T, (1.3)

x€e(wo,wx) mv(x) Ty

where B, (wo, r) denotes the ball in (3T, p) centered at wo with radius r with respect
to the distance p and f is a locally integrable function.

The next proposition establishes the weak type (1, 1) of the Hardy-Littlewood
maximal operator on (a7, p, v) independently of the choice of the measure v. This
is a straightforward consequence of the covering properties of {07} er discussed
above. For the sake of completeness, we provide a proof.

Proposition 1.2 Let v be a measure on 3T and M denote the associated Hardy—
Littlewood maximal operator on 0T . Then,

||M||L1(6T,v)—>L1"°°(3T7V) <1
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where | M L157.1)— L1097 v) denotes the operator norm of M between the spaces
L! (0T, v)and L1(3T, v). Moreover, M is bounded on LP (T, v) forevery p > 1.

Proof 1t suffices to prove the weak type (1, 1) boundedness since the statement about
the L? bounds follows directly by interpolating with the obvious L boundedness.
Fix A > 0 and a function f € L'(dT,v). Define E; = {Mf > A} and choose a
collection of balls {37, }je; in 9T such that

E) CUjejdTy;,

|fldv>A VjelJ.
v(9Tx;) o7,

Since two balls with nonempty intersection are such that one contains the other, we
can extract a subcollection of pairwise disjoint balls {97} je,’ such that

Ujejaij = Ujej/aij.

It follows that

1
v(E) < 3 v@Te) < 1 flir -
jeJ’

2 Poisson Integral and Carleson Measures

From now on we shall assume that 7' is a locally finite tree, that is, every vertex in 7 has
a finite number of neighbours. We stress that we are not assuming that the number of
neighbours of a vertex is a bounded function. While the local finiteness is not essential
for part of our result, it simplifies our approach by avoiding some technicalities.

We fix once and for all a positive measure v on 7. We introduce a Laplace operator
A, on T that will be central later. For a given function f on T we define

my (y)
my (x)

Avf) =fx)— > fO)

yes(x)

, VxeT,

where m,, is the flow measure induced by v. A, is a probabilistic Laplacian in the
sense that

Ay=1-P
and P acts on a function f by Pf(x) = ZyeT p(x,y)f(y) where

0 ifx «yory=p),
0=plx,y)= {mum
my (x)

if y € s(x),
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368 Page 6 of 25 A. Ottazzi, F. Santagati

and

Zp(x,y):l VxeT.
yeT

Notice that, since there are no restrictions on the flow measure m,, p(x, y) can be
arbitrarily close to either O or 1 when y € s(x) and it is zero when y = p(x) ~ x.
We say that a function f is harmonicon S C T if

A, f(x)=0 VxeS.

Remark 2.1 Observe that our definition of harmonic functions coincides with that of
a martingale as given in [16], in the specific case of a homogeneous isotropic tree.
In our framework, harmonic functions may not satisfy certain classical properties.
For instance, unlike the classical setting, there exist nontrivial, nonnegative harmonic
functions on 7.

Observe that a harmonic function f on T satisfies

fEmy@) = Y fOm(y) VxeT,neN. 2.1)

Yesp(x)

Indeed, (2.1) holds trivially when n = 1. We proceed by induction: assuming (2.1) for
some n > 1 and exploiting the fact that f is harmonic for all y € s, (x),

fOm@) =Y mOf)

YESH(x)
my(z)
= > m® ) m”( /@
YEsn(x) zes(y) Y Y
= Y m@f@ VxeT,
ZE€Spn41(x)
which proves (2.1).
Therefore, the limit
D DAt e 2.2)
=00 my(x)

Y€Esn(x)

makes sense and it is equal to f(x). Thus, since s,(x) tends to 97y as n — o0
in a suitable sense, (2.2) suggests that if f is good enough, then a Poisson integral
representation formula for harmonic function holds. To this purpose, we need the
following notion of continuous extension of a function on 7.
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Definition 2.2 We say that a function f on T admits a continuous extension on T if
there exists a function g on d7 such that lim,_,,, f(x) = g(w) for a.e. w € dT. The
above limit is defined as follows: for every ¢ > 0 and a.e. @ € 9T there exists a
6 = §(e, w) > 0 such that

plw,x) <d = |f(x) —glw)| <e.

With a slight abuse of notation we denote by f the continuous extension of f to T.

The following result provides a Poisson representation formula for harmonic func-
tions. While the proof is not hard, we present the details for the reader’s convenience.

Proposition 2.3 Let f be a bounded harmonic function on T that admits a continuous
extension to T. Then,

! / fw)dv(w) Vx eT.
(x) Jar,

f) =

ny

Conversely, for every g € L} (3T, v), the function f defined by

loc

1

my (x)

fx) =

/ glwydv(w), VxeT,
oT

is harmonicon T.

Proof We first observe that || f|lze@7r,v) < Il fllLoe(r,m,). Indeed, for a.e. w € 9T
and ¢ > O there is a x; € (w, w,) such that

If (@) < 1f(x)l +& < flleer,m,) + e

This implies that for every x € T, f is integrable on 07, and thus
f (@) dv(w) (2.3)
T,

makes sense. Moreover, by (2.1), for every n € N

my)fx) = Y fOmG» = Y. FOVQT). 2.4)

Y€Esn(x) Y€Esn(x)

Define the sequence of simple functions f, »(w) = fu(w) = Zya.n ) f) XoT, (w).
It is clear that

/8T h@dv@) = Y fO@OTy) = f(x)my(x) VneN, 2.5

yEsn(x)
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by (2.4). We notice that {37y} ¢, (x) 18 a partition of 37, hence for every w € 07, we
have that f,(w) = f(wy,) where w, is the unique vertex in s, (x) such that ® < w,.
Moreover,

p(wn, w) = @) = @™ 0 ag p tends to co.
Since f admits a continuous extension, we deduce that

li)rréofn(w) = f(w) ae wedTk.

Observe that | £, (w)| < || flloo X1, (w), SO we conclude by the Lebesgue Dominated
Convergence Theorem that

f&x)my(x) = lim / Jn(w) =/ f(w)dv(w).
n—o0 Jar AT,

It is easy to see that the converse holds: if f is such that

fx) =

my (x)

/ g(@) dv(w),
T,

for some g € Ll (0T, v), then

loc

Ay fx) = / Ay K (x, w)g(w) dv(w) =0,
aT

where K (x, w) := XZCX(;“))) . Indeed, it is readily seen that forevery x € T and w € 9T
my(y) Xo1, (@)
AVK (L o)(x) = ——xor, (@) — Y, ————
v( ) my, (x)my, (y)
yes(x)
)0 if o ¢ 0Ty,
i — o X 1 ifwedT,
=0.
O
For the remaining of the paper, we write P for the integral operator defined by
Pre) = / P(x, ) f @) dv(w). 2.6)
oT

where P (x, w) = %S‘;) We will refer to P as the Poisson integral operator.

InTheorem 2.5, we will characterise harmonic functions that are the Poisson integral
of a function in L? (3T, v). For a different approach on the Poisson representation of
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harmonic functions on trees, we refer the reader to [13] and the references therein. In
order to state our result, we need to introduce a suitable Hardy space.

Definition 2.4 For every p > 1, we say that a harmonic function f on T belongs to
H? if

I s=sup Y~ | f(0)|Pmy(x) < 00 if p < oo,
kezl(x):k
1 f oo == Nl fllLee(ry < 00 if p = oo.

HP can be thought of as the analogue of the Hardy spaces on the upper half-plane
(see for example [10, Chapter 2]).
Observe that if g € LP(97, v) then by Jensen’s inequality

1

my(x)

1Pglfy =sup y_
keZ £(x)=k

p
/BT g(w) dV(w)‘ my(x) < gl pory 27

because {07 }¢(x)=k 1s a partition of 97'.

Theorem 2.5 Let f be a harmonic function on T and p > 1. Then, f is the Poisson
integral of a L (0T, v) function if and only if f € HP.

Proof The necessary condition follows by (2.7). For the other direction, assume that
f € H? for some p > 1. We provide the details of the proof for p < co. The proof
for p = oo is analogous with obvious modifications. We aim to show that f = Pg
for a suitable g € LP(dT, v). We first observe that it suffices to prove that there exists
g € LP(9T, v) such that

Pgx) = f(x) Vx:€(x)=<0. 2.8)

Indeed, assume that (2.8) holds. If z has level > 0 then by (2.1) we see that

1
Y Fmuy)

m
v(2) Vvesim ()

1 v
= > P ) dvio)
my(z) “ my(y) Jar,
VESy(z)(2) )

f@)=

z/“p@wm@mw@, 2.9)
oT

which concludes the proof.
We prove (2.8). Let x € T be such that £(x) = 0. For every n € N, set

T! =T, Ny : €(y) = —n)
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368 Page 10 of 25 A. Ottazzi, F. Santagati

and consider the sequence of functions u’} defined by

f) if y e TP,
ut(y) =1 f(x) ify ¢ Ty,
Fp" =ty ify e T\T!.

We remark that if y € T, \T", p~"~*0)(y) is the closest vertex in T to y. Note that
u’} coincides with f on 7} and for every y € (T})° one has u’} (y) = u’(z) for every
z ~ y. We deduce that ] is harmonic on 7', constant on 7y for every y such that
£(y) < —n, and

sup |uy(y)| < max | f(2)|.
yeT €Ty

Thus, by Proposition 2.2 we conclude that forevery y € T
uy (y) =/ P(y, o)uy (o) dv(w),
aT

where u} also denotes the continuous extension of u’} on 37, which exists because
u' is constant on T, for every y with level < —n. In particular, for every y € T, and
n > —£(y), namely, for every n such that y € T, we have that

10 =wm=[ Poot@ae=[ Poowede. e
Observe that the sequence {u}}, is bounded on L? (97, v) because
/a Wi @) dv(@) = Y 1f@Pmy@) < I, YneN, (@11

X zE€sy (x)

where we have used that for every z € s,(x), u} = f(z) on 9T; and 97T, =
Uzes, (x)0T;. Next, the Banach—Alaoglu Theorem implies that {u’}, admits a sub-
sequence {18} that weakly converges in L” (9T, v) to a function u,. It follows by
(2.10) that for every y € Ty

F = lim u’*(y) = lim / P(y, o)u"* (w) dv(w)
k—o00 k=00 JyT,
=/ P(y, w)uy(w)dv(w),
Ty

because P(y, ) € L9(3Ty, v) for every y € Ty, where ¢ = p/(p — 1). We conclude
that for every y € Ty, () = Pu,(y).
We set

g(w) = ux((l)) Yo € BTX
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So far we have proved that f = Pg on T, where x € T is a vertex of level 0. Then,
by the arbitrariness of x in the set of vertices of level 0, we conclude Pg = f on T.

It remains to prove that g € LP (3T, v). We observe that foreveryn € Nandx € T
with £(x) =0

| werse = 3 oo s Y 1o,

* Z€8p (x) ZE€Sp+1(x)

where the last inequality follows from the fact that f is harmonic for every z € s, (x)
and an application of Jensen’s inequality. It follows that n — [, oT, [ (@) dv(w) is
increasing and bounded because f € H?. Then, on the one hand

Jm, [, @I dvie) = lim ;(:)If(Z)I”mu(z)=c§ I W50 < o0
‘ zesy(x

(2.12)

On the other hand it is known that the p-norm is weakly lower semicontinuous (see,
e.g., [1, Proposition 3.5]), thus

/ lux ()| dv(w) < liminf/ [ (w)]? dv(w) = lim / |u§(a))|p dv(w),
AT, k—oco JaT, k—o00 JaT,
(2.13)

where in the second equality we have used (2.12). We conclude that

”g”ip(aT’v) = Z / |Mx((1))|pd\)((,())
0Ty

x:(x)=0

= lim Z / iy ()P dv(w)
n—oo aT,

x:4(x)=0,d(x,0)<n

IA

lim lim uk (@) |? dv(w
Jm o i [l )
x:4(x)=0,d(x,0)<n X

= lim lim > Y I @Pmy)

n—o00 k— o0
x:8(x)=0,d(x,0)<n z€si(x)

lim lim Y |f(@)]"my ()

n—00 k— o0

x:l(x)=—k
<1 £ -

IA

We are now ready to define Carleson measures.
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Definition 2.6 We say that a positive measure o on 7T is a Carleson measure if there

exists a constant C > 0 such that foreveryx € T

o(Ty) < Cv(0Ty).

Like in the Euclidean case, we show that Carleson measures are related to the
boundedness of P between suitable L? spaces. To accomplish this, we first discuss

some properties of the Poisson integral operator.
We define the maximal operator U by

Uf(w)= sup [f(x)], Yo edT,

X€E(w,wy)

where f is a function on T'.
Proposition 2.7 Let ® be as in Definition 1.1. The following hold:
(i) forall f € L} (3T, v)
UP f(w) < Mf(w) VYo € 0T,
and thus in particular
Pf(®(w, j) =Mf(w) VjeZ wedl;
(ii) fora.e. w € 0T, p € (1,0) and f € LP (0T, v)

jglzloo Pf(®(w, ) = f()

and

lim , Pf(@(, j) = f(@)]’dv(o) =0;

j—>—00 Jy

(iii) foreveryx € T
/ P(x,w)dv(w) = 1.
aT
Proof Let f € L}, (3T, v). Then, by (1.3)

UPf(w) < sup !

xe(w,wy) mv(x)

/ | f (@) dv(w) = M f(w) Yo €dT,
ATy

(2.14)

(2.15)

(2.16)

(2.17)

which is (i). In order to prove (ii), assume that f € L” (3T, v) for some p € (1, o).
Since 9T is a locally compact space on which M is of weak type (1, 1), the Lebesgue
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differentiation Theorem holds. Thus for a.e. wg € 9T,

1
j—>—o00 j==00 V(0T o (wy. j)) T (wy. /)
(2.18)

By (i), the fact that M f € LP (3T, v), (2.18) and the Dominated Converge Theorem,
we have that (2.16) holds. Finally, (iii) follows from a straightforward computation. O

We remark that since P(x, w) > 0 for every (x,w) € T x 97, (iii) in the above
proposition implies that for every positive measure o on 7T,

IPflleecr,oy < I flle@r,yy, Vf e L®@OT,v). (2.19)

Theorem 2.8 Let v be a positive measure on dT. The following facts are equivalent

(i) o is a Carleson measure;
(ii) there exists a C > O such that for every p > 1 and f € L (9T, v)

IPflleer,oy < CNfllLror, v,
and
IPfllprocr oy < CNFNL1or, v
(iii) there exists C > 0 such that for every p > 1 and f € L (0T, v)
IPflleerr,oy < CIPfllar.
Proof Assume that o is a Carleson measure. To prove (ii), by (2.19) it suffices to prove
the weak type (1, 1) boundedness of P and interpolate. For A > Oand f € LT, v),
set F, = {x € T |Pf(x)| > A}. The fact that x € T for every x € T readily implies
that
F, CUxer, Tx.
Since when Tx N Ty # @ we have that Ty, C Ty or Ty C Ty, there exists a nonempty
set F; C F;, such that for every x, y € F; we have that T, N T\, # # implies that
x =y and
UxeF)iTx = Uyep, Tk.

It follows that

F, C UxeF)’LTX’
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where {Ty},c Fj are pairwise disjoint. We conclude that

o(F) < ) o(T) =C Y v@T). (2.20)

’ !
xeF, xXeF}

Next, observe that if P f(x) > A then UP f(w) > A for every w € d7T. This means
that 97, C {U(Pf) > A} for every x € F;. Observing that {37, }XGFA/ are pairwise
disjoint, (2.20) implies

o(F) < C Y v@T NUPS) > 1) < Co(UP ) > A).

xeFy
We conclude by (2.14) that
o (Fy) < Cv({IM[f > A},

and now the result follows by Proposition 1.2.
Next, we show that (ii) implies (iii). Indeed, assume that for p > 1

IPfllerroy < ClfliLrar,yy Yf e LP@T,v). (2.21)

Then by (2.16) and Fatou’s Lemma, for every f € LP(3dT,v) and k € Z

/aTlf(w)l”dv(w) > / |f (@)]” dv(w)

x:(x)=k

= 2 dim IPF@C I br,
x:l(x)=k

< liminf Z / [P f(®(w, j))|P dv(w)
I=7 o=k

<sup Y / Pf( @@, j)IPdv@)  (222)

J=k o=k

= sup D PLOIPmy ()

J=k o=k y=<x

ty)=j
=sup Y [PLO)IPmu(y)
I=k ye()=j
<P fll%s, (2.23)

where in (2.22) we have used that  — P f(®(w, j)) is constant on 37w, j) for
every j fixed. Next, (2.21) together with (2.23) imply (iii).
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Now assume (iii) and consider f = xs7, for some v € T. By (2.17), on the one
hand, we have that

p
o(x)

PA ooy =D /3 P o) f@dv@)

xeT

p
o(x)

> f P(x, ) f (@) dv(w)
oT

1
=Y. / Xor, (@) dv(@)
aT,

my(x)

= Zo(x)

x<v

= o(T). (2.24)

p
o(x)

In the second last equality, we have used that 07, C 97, for every x < v and
v(0Ty) = m,(x). On the other hand, we claim that

IP fll5e = my(v). (2.25)

This would conclude the proof since (i) follows by combining (2.25), (2.24), and (iii).
To prove (2.25), we observe that

Pf) = — ST, 10T,

my(x

which is non-zero if and only if x < v or v < x. In the first cases P f(x) = 1 and in
the second case P f(x) = Z;:—E;;
Thus, forevery k < £(v) the above considerations and the definition of flow measure

yield

Y@M = Y myx) =my(v),

L(x)=k x<v,l(x)=k

while for every k > £(v), the unique vertex with level k that lies above v is p¥—¢®)(v)
and

D PPy (x)

L(x)=k

m,(v) b e
<—mv(pk€(v>(u))> my (PO ()

m, (v)?
m, (pk—t@ (v))p=1"

We conclude by observing that

my, (v)?P < m, ()
my, (pF—t@ (py)p=1 = 7"
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since the above is equivalent to
my(v) < my (p* =V (),

which is always true for k > £(v) since m, is a flow measure. This proves (2.25) and
concludes the proof. O

3 Carleson Measures and BMO

In this section, we assume that the number of successors of every vertex is bigger than
or equal to two.

Let (X, d, ) be a metric measure space. We say that u is doubling if there exists
a constant C > 0 such that

u(Bar(x)) < Cu(By(x)) Vx € X,Vr > 0.

Similarly, w is locally doubling if for every R > 0 there exists a constant Cg such
that

(B2 (x)) < Cru(Br(x)) Vx € X,Vr <R.

In [12, Proposition 2.2] it is proved that m is a locally doubling flow measure on T
equipped with the geodesic distance if and only if there are two positive constants
c1, ¢ > 1 such that

com(y) <m(x) <cym(y), VxeT,yes(x). 3.1

In the same proposition it is also proved that the inequality m(x) < cim(y) for every
x € T and y € s(x) implies m(x) > c¢;/(c1 — 1)m(y) for every x € T. This is where
we need the assumption regarding the minimum number of successors of a vertex:
the latter inequality holds as long as each vertex has at least two successors (see [12,
Proposition 2.2 (ii)]). Moreover, it is known that if m is locally doubling, then the
number of neighbours of a vertex is bounded on T, see [12, Corollary 2.3].

Lemma 3.1 Let v be a positive measure on oT. Then, (0T, p, v) is doubling if and
only if (T, d, m,) is locally doubling.

Proof Fix wy € 3T and observe that for a given r > 0
By(wo,7) = {w € 9T : £(w A wp) < logr} = 0Tw(wy,r)s

where W (wo, r) is the unique vertex such that £(¥ (wg, r)) = [logr] and WV (wyp, r) €
(wo, wx). Then, v(B,(w, ) = my, (¥ (wo, r)). Similarly,

B, (wo, 2r) = 0Tw(wy,2r)
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and £(W(wg, 2r)) = |log2r]| < [logr] +1 = £(¥(wo,r)) + 1 = L(p(¥V(wp, 1))).
Thus (9T, p, v) is doubling if and only if there exists a constant C > 0 such that for
every wpg € 0T andr > 0

my (W (@0, 2r) _

3.2
my(W(wo, 7)) — G2

Forevery x € T and w € 8T, we choose r = ¢/@+1-1022 and we get that W (w, r) =

x and ¥ (w, 2r) = p(x). Therefore, we deduce that (3.2) is equivalent to

mPM) _ o oyer
ny (x)
so we conclude by invoking (3.1) and the discussion thereafter. O

From now on we shall assume that v is a doubling measure on 9 7. We shall introduce
the BMO space on T defined in terms of balls. More precisely, we set

BMO ={be Ll .(dT,v): |Iblamo < 0o},

where

1
b = _ b — byr.|d
bl Bpo = sup Ty /;7}| () — byr, | dv(w)

xeT

and for every E C 07T we set bg = ﬁ /, b dv. Notice that this is a particular case
of the BMO spaces considered in [7].

Definition 3.2 We define a space of integral operators that we denote by O such that
every KC in O acts on a suitable complex-valued function f on 97 by

Kf(x) =/ K, o) f(w)dv(w) VxeT,
aT

where K(-,-) : T x aT — C is an integral kernel that satisfies the following
cancellation, integrability and decay properties:

(1) for every fixed xg € T the map 0T > w — K (xp, ®) is integrable and

/ K (xg, w) dv(w) = 0;
aT

)
Ck :=esssup Z |K (x, w)|m,(x) < oo;
wedT xeT
(3) thereexists ¢ > Osuchthat |K (x, )| < #%,foreveryx €eTandw € 0T.
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The following is the main result of this section and may be viewed as the analogous
of [15, Theorem 3, p. 159].

Theorem 3.3 Let b be a locally integrable function. Then, the following are equivalent
facts:

(1) b € BMO;
(i) there exists a function f : [0, 00) x (0,00) — [0, 00) depending on b that is
increasing in the first variable and for every K € O the measure o defined by
o = |Kb|m, is a Carleson measure satisfying
o(Ty) = f(Ck,)my(v) YveT,
where Ck is as in (2) and o as in (3).

Proof We first prove that (i) implies (ii).
Fix v € T and assume that b € BMO. We have that

o(Ty) = Y [Kb(x)|m,(x).

xeT,
Observe that, by (1),

Kb < IKL(B = baT, ) XoT)) (O + IKI(B = bor, ) Xare,, 1001

For notational convenience, we set g, = b — by Tp)- Thus,

o (1) < ) 1K (80X, () lmu@) + D 1K (guxars, )@ |my(0) =: It + 1.

xeT, xeTy

Observe that by (2)

n=Y [ Kol @ d@mw

xeT, Tpw)
= / gu(@)] D 1K (x, )|m, (x) dv(w)
Tpw) xeT,

< a1Ck IbllBMomy (v),
because m,, (p(v)) < cym,(v) by (3.1). Similarly, since
aTvc == U]?ioank+l(U)\ank(v)

and {7 k1) \d T k() 172 are pairwise disjoint,

CEDDN B 1K (&, @)lgo @] dv(@ymy (0 = 3 3 Jem, (o).

xeTy k=07 T pt1 ) \IT k() xeT, k=0
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Observe that for every x € T, and @ € 9T k+1(,)\0T k() We have that x A w =
p*T1(v). Hence, by (3)

h=/ 1K (x, )1g0(@)] dv(w)
AT 1 ) \OT,

pk (v)

my (x)*
< T et 180 (@] V(@)
AgmwwmwmdMH@W”lv

mv(x)a . mv(x)a
= my (P (v))atl /3T,,k+1(v) |gv(@)] dv(w) =: (T (o)) T Sk.

Moreover, we set vy = pk(v) for every k > 0 and observe that

Si= [ W)= bar, ldvie)
T,

Vk+1
<[ @ = b, @)+ [ b, bar, lav@)
8TUk+1 aT”lc-¢—1
k
< my (s Db llaso + my (i) Y Ibar, |, — bor, |
j=1

< cumy (Vet1) (k + Dbl Bmo,

because
b b < ! b b d
\bor,,,, — bor, | = ) aijl (@) = by, |dv(®)
my(Vit1) 1
<1 b(w) — bar,, | dv(w)
my(v;) my(vjqr) 0Ty, i+
=<cilbllamo, Vj €N,
where the last inequality follows by (3.1). We conclude that
o0
L <cillblaymo Y my)* Y "k + Dmy (P )7, (3.3)

xeTy k=0

Since o > 0 we claim that there exists a constant C, > 0 such that
o
D G+ Dmy (P )7 < Comy (0) ™ (3.4)

k=0
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and

Y my ()Y < Comy () (3.5)

xeTy

The above claim, together with (3.3), implies that

L < c1Cyllblamo Y my(@)*'m, ()™ < 1 C2IIblIBMOM, (V).
xeTy

This, combined with the estimates involving 1, yields
o(Ty) < f(Ck,a)m,(v)

where f(Ck,®) := ||bllpmoc1(Cx + Cé), concluding the first part of the proof. It
remains to prove (3.4) and (3.5). By (3.1),

my (PF (v) = hm, (v),

thus
D G4+ Dmy (P )T <Y k4 Dy my (0) T < Comy(v) 7,
k=0 k=0

because ¢ > 1, where Co := Y ok + l)cz_k“ < oo. This proves (3.4). Similarly,

by (3.1) again, we have that m, (x) < m,,(v)cz_k for every x € s;(v) and k € N. Thus

D om @ =3 my () my(x)

xeT, k=0 xesg(v)
o
<Y m@G Y my)

k=0 xesg(v)

1
= mv(U)aJrl Z ﬁ

k=0 "2
< Coymy(v)*™, (3.6

where in (3.6) we have used that m,, is a flow measure. This proves (3.5) and concludes
the proof of the first part of the theorem.

We now prove that (ii) implies (i). Assume (ii). For every y € T letay be a function
to be constructed explicitly later, supported in 07}, with zero integral average, and
such that

llayllLe < 3.7)

mv(y).
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Define

Kqy(x, 0) = :ay(w) ifx =y,

0 otherwise.
Clearly K, satisfies (1) and (3) with « = 1 because

[Ka,(y, ®)| = lay(w)| < llayllz~ < : = my (y) Vo € 9Ty,
’ T ~ my(y) mu(w/\y)2

by (3.7) and the fact that supp a, C 97T. Moreover, K, fulfills (2) because

3 1K, (6. @) |my(x) = lay(@)|my () < 1 Vo € 3T,

xeT

again by invoking (3.7). In particular, Cg, < 1. By (ii) and the definition of K,

my(y) f(1,1) = Z 1KCayb(x)my (x) = my(y) faT ay(w)b(w)dv(w)|,
X<y y
from which it follows
sup/ ay(@)b(w)dv(w)| < f(1,1), (3.8)
yeT [JOT

where f is as in (ii). It is easy to deduce that (3.8) implies that b € BMO. Indeed, for
every x € T we have to prove that

1

my(x)

/ |b(w) — bar, | dv(w) < C (3.9
Ty

for some absolute constant C > 0. We shall give a suitable definition of a, to get (3.9).
We will deal with the real case; if b is complex-valued the argument can be slightly
modified to obtain the same result. Define on 97 the function a/y by

/ 1 if b(w) = by,
ay(w) = ) !
Y —1 if b(w) < by, .

Set ay(w) = m[a; (w) — (a;)ary] for every w € 87). Observe that a, has zero

average on 97 and satisfies (3.7) for every x € T. Moreover,
@par, = s [ a@r et
o my(y) aT, Y ’
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Using that ay has zero integral average on 07, and (3.8), it follows that

a0z [ a@be o

Ty

= '/ ay(a))(b(a)) — baT}.) dv(w)
Ty

1
= / |b(w) — byr, | dv(w) — (@))ar, / b(w) — byr, dv(w)
2m, (y) |Jor, ’ - oy ’
1
= |b(w) — byr, | dv(w),
2my(y) Jor, "
because
/ b(w) — byr, dv(w) = 0.
Ty :
This implies (3.9) and thus b € BMO. O

my (x)*

Remark 3.4 Note that (3) does not imply (2). Indeed, if K (x, w) = ———
my(w A x)etl

for some @ > 0 then K clearly satisfies (3) but

my(x)%

E ——my(x) > E l=00 YwedT,
my(w A x)ot! v 2

xeT xe(w,wy)

so K does not satisfy (2).

Example 3.5 We provide some examples of operators in O. Given § > 0 and o > 0,
assume that a function K satisfies

Ky, )] < —0 Oy : o) (3.10)
X, 0)| < ———— —  my(wAx . )
8 my(w A x)o+l my(wAx) "
It is clear that
my (x)*

Ksx,0)| < ———m—.
Ko, o) = o

Moreover, recalling the map @ in Definition 1.1 and that w A x = ®(w, k) for every
X € Tow,p)\Towk-1) and k € N,

D IKs(x, @)lmy (x)

xeT
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o my () 1 oo in)
< - —
—kZ 2 @ e mm{mv@(w,k))’m”( @ ))}
=—00 x€Tg(wk)>

X¢ETe(w,k—1)

o ) 1 » )
SkZX:OQmm{m,,(cp(w,k))oz+2+é”"v(dD(a),k))‘S } Z my (x)% T

X€To(w k)

ad 1
< ckZ min {mm(wy oy (@, kyy> e } my (@ (w, k)**!

ad 1
C Z min{m, mv(q)(wa k))6+1}
k=—00 ’

1
= C Z m (q)(w k))5+1 + Z ml)(q)(ws k))8+1

k:my,(P(w,k))>1 k:my, (®(w,k))<1
3.11)

where (3.11) is proved as in (3.5). We next claim that

2 : 1
_ ,k §+1 < Cs.
o my(®(w, k))3+! Z my (®(w, k)) s
Koy (®(@.R)=1 kimy (@ (w,k)) <1

Indeed, set ko as the biggest integer such that m, (P (w, kp)) < 1, which exists by
(3.1). By (3.1) we deduce that

1 1 1
2 < 2. F e
my (@ (@, k)P~ my (@ (0, ko + 1)+ c§hom e+

kemy (@ (w,k))>1 k>ko+1
1
C < Cs,
=y (@ (. ko + )L = 0
1
Yo m(@@ ) = m (@, ko) Y s
ki (D(w,k)) <1 k>ko €2

< Cmy(®(w, ko))’ < C;.

In summary, we showed that if K5 satisfies (3.10) then it also satisfies (2). We conclude
by showing that it is possible to construct a K satisfying (3.10) that also fulfills (1).
Indeed, for every fixed x € T, the map 97 > w — K;s(x, w) is integrable because

/IKs(x,w)ldV(w)Z/ |Ks(x, )| dv(w)
T ATy

o0

Y| 1K (¥, )] dv(®)
k=17 0Tk o\ ph=1 )
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<
~ my(x)

my()* 1 k }1+5
+ ; mu(Pk(x))a min {mu(pk(x)) ,my (p*(x))
< Cy5.

246
my(x) +

Next, we have to construct a kernel that also satisfies the zero integral condition (1).
For every x € T we set cy(w) = cx(k) if w € T k() \OT i1y if Kk > 1 and
ce(w) = cx(0) if w € 3Ty where {cx (k) }ren € €2(N) is to be chosen. We also assume
that {cy (k) }ren belongs to the unit ball of £°°(N). Then we set

Ks(x, w) = cx(w)

my (x)% . { 1

148
— Y min] —————, my(® A X) .
my(w A x)etl my(@Ax) " }

For notational convenience, for every k > 1 we set

my (x)% . 1 1+
dx(k)zf —mm{— mv(a)/\x)} dv(w),
aT

a+1 ’
T my(w A X) my(w A x)

and similarly

o 1+68
dx(0)=/ %min{;,mv(w/\x)} dv(w).
d

7, Mmy(w A x)et+! my(w A x)

Then

fa Kix,0)000) = L) = ex. di)y.

k>0
Since {d (k) }ren € £'(N) C £2(N), we can choose any ¢y € {dy (k)i C €X°(N)
where the orthogonal complement is taken with respect to the £>(N) inner product.

Sincesuchac, € £°°(N) we can assume without loss of generality that ||c, || ¢y = 1.
We finally conclude that for such a choice

f Ks(x, w)dv(w) =0,
aT
and thus K fulfills (1), (2) and (3) of Definition 3.2.
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