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Abstract

We give optimal bounds for the radial, space and time derivatives of arbitrary order of the heat
kernel of the Laplace—Beltrami operator on Damek—Ricci spaces. In the case of symmetric spaces of
rank one, these complete and actually improve conjectured estimates by Anker and Ji. We also provide
asymptotics at infinity of all the radial and time derivates of the kernel. Along the way, we provide
sharp bounds for all the derivatives of the Riemannian distance and obtain analogous bounds for those
of the heat kernel of the distinguished Laplacian.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper we obtain optimal bounds for all the derivatives of the heat kernel 4, of the
Laplace—Beltrami operator £ on Damek—Ricci spaces. These are one-dimensional extensions
S = N x RT of an H-type group N and include all symmetric spaces of noncompact type
of rank one and hence all real hyperbolic spaces. Heat kernel estimates in such framework,
for h, itself, for some of its derivatives and in different degrees of generality, have been
object of longstanding investigations; see the milestones [2,3,16] but also [18,21,22,27], and the
references therein. Our estimates improve and extend all those known so far for the derivatives
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of h, on Damek—Ricci spaces, and in the case of symmetric spaces of noncompact type of
rank one they complete (actually improve) conjectured bounds by Anker and Ji [3]. We also
transfer some of our estimates of /4, to analogous estimates of the heat kernel of the so-called
distinguished Laplacian A on S, by means of a well-known equivalence of A and £ at the L?
level.

The derivatives of h, which we consider are of three types: radial derivatives, time
derivatives, and space derivatives, namely those along the vector fields in the Lie algebra of S.
Of the first two, we also provide the asymptotic behavior at infinity. On the way to estimate the
third ones, we establish sharp bounds for all the derivatives of the left-invariant Riemannian
distance on S, which have independent interest.

It is well known that heat kernel estimates offer a great number of applications [26]. We
conclude our paper by showing the weak-type (1, 1) of certain maximal operators associated
with &, and its derivatives, and by obtaining spectral properties of Ornstein—Uhlenbeck
operators on S. We envisage more applications in the next future, ranging from estimates for
the derivatives of the Bessel-Green—Riesz and Poisson kernels of the semigroups generated
by L [3] to the study of function spaces [6,7] and related geometric inequalities [12], to
boundedness results for singular integrals associated with £ [1,19,25], just to name a few.

We now describe in detail the setting and the main results of the paper.

1.1. Damek—Ricci spaces. Preliminaries

An H-type group N is a 2-step stratified group whose Lie algebra n is endowed with an
inner product (-, -) such that

e if 3 is the center of n and v = 3{ then [v, v] = 3;
e for every Z € 3, the map Jz:0 — v,

(JzX,Y)=(Z,[X,Y]) VX, Y e,
is an isometry whenever (Z, Z) = 1.

In particular, n stratifies as v & 3. We shall realize an H-type group N as R* x R”, for some
w, v € N, via the exponential map. More precisely, we shall denote by (x, z) the elements of
N, where x € R* and z € R". We denote by (e, ..., e,) and (uy, ..., u,) the standard bases
of R* and R respectively. Under this identification, the Haar measure on N is the Lebesgue
measure dx dz. The maps {J;:Z € 3} are identified with  x u skew-symmetric matrices
{J,:z € R"} which are orthogonal whenever |z| = 1. This identification endows R* x R" with
the group law

(x,2)-(x',7) = <x +x',z+7 + % Z(Jukx, x/)uk>.
k=1
We recall that u is always even, and we denote by Q = (u + 2v)/2 (half) the homogeneous
dimension of N.

A Damek—Ricci space [14,15] is then the one-dimensional extension § = N x RT of an H-
type group N obtained by making R act on N by homogeneous dilations. The aforementioned
notation for N will be fixed throughout, and the elements of S will be correspondingly denoted
by (x, z, a), where a € R*. The resulting group law on S is then given by

1 v
(x,z,a)-(x',7,d) = (x +Vax', z+az' + E\/EZ(Jukx, xuy, ac/),
k=1

2
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and its identity is e = (0, 0, 1). For notational convenience, the generic element of § will
sometimes be denoted also by x = (x, z,a). The Lie algebra of S can be identified with
5 =0 ® 3 @R and its Lie bracket satisfies

(X, Z.b), (X', Z',b)] = (36X — 3b'X,bZ' —b'Z +[X, X'],0). (1.1)
We endow S with the left-invariant Riemannian metric induced by the product
(X,Z,b),(X',Z,b)y =(X,X)+(Z,Z")+ bV
on s. The associated Riemannian left-invariant (Haar) measure on § is
di(x,z,a) = a2 dxdzda.

The modular function is 8(x,z,a) = a2, and the associated right Haar measure is
do(x, z,a) = a~'dx dz da. We shall denote by n =y + v + 1 the dimension of S. We recall
that the Riemannian manifold S is locally doubling but not globally doubling, as the measure
of its balls grows exponentially for large radii; cf. [2, (1.18)].

Denote by d: S x S — [0, oo) the Riemannian distance. A function f on § is said to be
radial if it depends only on the distance from the identity, i.e., if there exists a function f; on
[0, +00) such that f(x, z,a) = fo(r), where

r=r(x,z,a)=d((x,z,a),e).

We abuse the notation and write f(r) instead of fy(r); and the terminology by referring to
r:S — [0, 00) as the distance function. A more detailed account on r and further details will
be given in due course, in particular in Section 3.

Let Xo, Xy, ..., X, and X, 11, ..., X,,_; be the left-invariant vector fields on S which agree
with 9,4, 0y, ..., 0y, and 9;, ..., d;, respectively at the identity. In other words, given f in
C2(S),

'XH

d
Xofroza)= 2| f((za)-0.0.¢),

while, for £ =1,..., u,

d
X f(za) = 2| (@) e 0. 1),

and, fork=1,...,v,

d
leH’kf(-xv Z’a) = E‘t:of((x’ Zva) ° (Ov tuk7 ]))

Simple computations then lead to

1 v
Xo=ads, X¢=+a (a + 5 D (s e@)a“), Xypk = ad,,
k=1

foré=1,...,uand k =1,...,v. In particular, the vector fields X; do not involve derivatives

in the variable a when j # 0. The non-negative Laplace—Beltrami operator on S takes the form,
see [13],

n—1
L=-) X+ 0X,.
j=0
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The operator £ is essentially self-adjoint on L?() and its L>-spectrum lies in [Q?/4, c0). We
shall denote by e~ the heat semigroup generated by £ and by #;, its radial right-convolution
kernel on S, i.e. its heat kernel. In particular

e Cf = fxh,

where * denotes the convolution on S. Following the aforementioned abuse, we shall sometimes
interpret /#, as a function on S, and other times as a function on [0, 00), namely A,(x) =
hy(r(x)).

Remark 1.1. If one considers the degenerate case N = R" among H-type groups, namely
v = {0} (whence u = 0) and 3 = R", then the so-called “ax 4+ b” groups and hence all real
hyperbolic spaces fall within the above framework. In this order of ideas, all symmetric spaces
of noncompact type and rank one are Damek—Ricci spaces. All of our results do include such
degenerate case, though the proofs might require minor modifications (actually simplifications,
as i = 0 and the x-variable should always be neglected). No further comment on this will be
given and the few details will be left to the interested reader.

1.2. More on the heat kernel. Main results

The spherical analysis available on § provides a rather explicit expression of /,. Denote,

for future convenience,
G =211k "5 0 k=0,1,... 1.2)

If v is even, then

hy(r) = cor—Se— % AL AT - (1.3)
= e — — — — ) e # .
A €0 sinhr or sinh% or

while if v is odd

2
h(r) = con_%t_%e_QT’
o sinh s 1 9\ 2 1 9\z _2

x ——— ———— | e #ds. (1.4)

» +/coshs —coshr \ sinhs ds sinh § ds
This difference is due to the underlying presence of an inverse Abel transform; we will not go
into details here, but rather pick (1.3) and (1.4) as starting points of our analysis. The reader
can find a comprehensive discussion in [2].

Precise bounds for /4, and its gradient were obtained in [2, Section 5]. In particular

n—3

1 R
he(r) = t72(1 + 1) (1 + :—r) e im

T (1.5)

and

n—

2 2 2
=13 (1 n 1;”) e Ti-%r- (1.6)

Here and all throughout, v < w for two positive functions v and w means that there exists a
constant C (depending only on structural constants of S, and possibly on other circumstantial
parameters) such that C~'v < w < Cv. Analogously, we shall write v < w if there exists such
a C with the property that v < Cw.

[V hi(r)] =

0
Eht(")
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Observe in particular that the upper bound in (1.6) is equivalent, by (1.5), to
L+ -+ ifr>1

S hy(r) x
> r(1414) st

0
'a—rh,(r) (7

One of the aims of this paper is to generalize (1.7) by considering derivatives of arbitrary
order. In particular, for k¥ € N and a multi-index J = {0, ...,n — 1}¢, we shall write J ; for
J’s jth component and |J| for its length, i.e., |J| = k. By X; we shall mean the left-invariant
differential operator

X, =X, Xy, - Xy,

Let us define, for k € N and ¢, r > 0, the functions

k
(l—i—%—i—;) ifr>1,orr <1andk is even
G(r, 1) = t k-1
r(l—}—\/%—f-f) (1—{—%) if r <1 and k is odd,
and
Kk
~ (14_%4-%) if r>1,0rr <1 and k is even
G(r, 1) = lf k1 ' ,
(1+$+;> <1+;) if <1 and k is odd.

Observe that ~Wk(r, )= W(r,t)ifr > 1 orif r <1 and k is even, while W, (r,t) < @k(r, 1) in
the remaining case. We shall also need, for p, g € N, the function

o r er/2 P r e’ q
pa(r) = (1 T 2sinh(r/2)> <1 o sinh(r)) >0 (1.8)

Notice that lim, o+ 6, 4(r) = lim,_, o O, ,(r) = 1. Our main results are as follows.

Theorem 1.2. Suppose m, k € N. Then the following holds.

(1) There exists Cy > 0 such that

ak
Wh,(r) < Ce Wi (r, t) hy(r), Vt,r > 0.
;
(2) There exists Cy, x > 0 such that for all J € {0, ..., n — 1}*
am -
at_mXJht(r) < Couk Yomgk (1, 1) 1y (1), Vi, r>0.

If in particular J = {j}* for some j € {0, ..., n — 1}, then
IX5h(r)| < Cox Wi(r, ) hy(r),  Vi,r>0.
(3) If A +r)/t — 0o, then

k t 1 0%, 2 0 %
—h,(r) = (=1 ¢yt "2e” 7"~ 2"(e”" sinhr)

ark
LS| k+%
1+r)\?2 §+l" 2 t
(57) (57) ee[eo((53)])

5
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while if r — oo and t > 0 is fixed, then
v
am 3k 2 2 r 7+§+k+2m
o ()~ (=D ey he T e e%”< ) .
Along the way to Theorem 1.2 (2), we obtain sharp bounds for all the derivatives of the
Riemannian distance.

t

Theorem 1.3. Suppose k € N. There exists a constant Cy > 0 such that, for all J €
{0,....,n— 1}",

| k=1
X7 SCk( —i—r) .
p

The results above extend all the estimates of this kind previously known on Damek—Ricci
spaces or on real hyperbolic spaces. A few comments may help to clarify our results.

(i) The estimates for the derivatives of order > 2 in Theorems 1.2 (1) and 1.3 seem to be
the very first of their kind on any Damek—Ricci space, actually on any Lie group of
exponential growth. Those for the space derivatives of /4, contained in Theorem 1.2 (2)
are obtained by a (nontrivial) combination of these, by means of a new algorithm which
might have independent interest; see in particular Proposition 4.5.

(i) The time derivatives contained in Theorem 1.2 (2) generalize those obtained in
[22, (5.18)] on real hyperbolic spaces to all Damek—Ricci spaces; they also imply
those of [18, Theorem 1.1]. In the case of the first-order time derivative, a slightly
better estimate is indeed available; on real hyperbolic spaces, this was already known
[22, (5.16)], and we extend it to Damek—Ricci spaces (Proposition 6.2).

(iii) The space derivatives contained in Theorem 1.2 (2) prove [3, Conjecture 3.6] in the case
of symmetric spaces of noncompact type of rank one (in higher rank the conjecture is still
open). For derivatives of odd order, Theorem 1.2 (2) is actually strictly better than the
aforementioned conjecture, as the case r =t — 0T shows. This should not surprise: in
the Euclidean setting itself, odd-order derivatives show a “better” behavior at the origin,
as they vanish at 0, while even-order derivatives do not. It is rather more surprising, then,
that ¥ appears in place of ¥ unless the derivatives are all along the same direction. In
case of mixed derivatives, however, this cannot be improved and the distinction is really
needed. Further comments will be given in due course, see in particular Remark 4.8.

(iv) The bounds of Theorem 1.3 should be compared with those of the derivatives of the
Euclidean distance on R". While their singular behavior for r — 0% is the same,
interestingly, no decay appears for r — oo on Damek—Ricci spaces. This is not a defect
in our argument: we show in Proposition 3.6 that our estimate is sharp.

(v) To the best of our knowledge, the asymptotic expansions for the derivatives of 5,
contained in Theorem 1.2 (3) appear here for the first time. To prove the first part of
the statement, we borrow some ideas from [20,21], though in the case r — oo we can
provide also a different argument (see Remark 5.2). A quite deeper analysis seems to be
needed to obtain the estimates for (1 4+ r)/t — oo for the time derivatives, at least when
the order is larger than 1. Since this would go out of the scopes of the present paper, we
do not tackle this problem here.

We conclude this section by describing the structure of the paper, which is as follows.
Section 2 is devoted to the study of the radial derivatives of the heat kernel. These will

6
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not only prove Theorem 1.2 (1), but also lay the ground for the remainder of the paper.
Section 3 contains the estimates for the derivatives of the Riemannian distance which will prove
Theorem 1.3. In Section 4, we combine Theorem 1.2 (1) and Theorem 1.3 to get the bounds
for the space and time derivatives of &, stated in Theorem 1.2 (2). We also obtain analogous
estimates for the heat kernel of the distinguished Laplacian. In Section 5 we complete the proof
of Theorem 1.2 by obtaining the asymptotic expansions in (3), and in the last Section 6 we
provide two applications of our results.

2. Radial derivatives

The aim of this section is to prove Theorem 1.2 (1) and its optimality. All throughout the
paper, we shall denote by R the differential operator

1 9

sinhr or

on C*((0, +00)), and for a,b € N, by p,, the function on (0, c0) given by p,,(r) =
sinh® r cosh? r. Observe that for a, b > 1

iPa,b = apa-1.p+1 + bpat1p-1-

ar
We begin with a lemma. As a general rule in the paper, an empty sum (i.e., a sum for which
there is no index satisfying the given conditions) is supposed to be zero. For any positive «,
we denote by [«] its integer part.

Lemma 2.1. Suppose k € N. There exist non-negative real numbers by ; = b, j(k) and
dej=dgjk) for j=1,....,kand £ =1,...,[k/2] + 1, such that:

(i) if k is odd, then

8" (k+1)/2

ark Z( Z de,j P22+1,j—2z—1>72j

j=1 M<2041<j

k
+ Z( Z be,jpzj—k+2z,k—j—2z>Rj'

j=(k+3)/20<20<k—j

(ii) if k is even, then

k)2 k

9k ) )
E = E ( E dy.; Pzz,jzz)R’ + E ( E by j szk+2zz,kaz>73]-
0 Nozaesg j=k 120226k

Proof of Lemma 2.1. With the straightforward observation that = R* = sinh rR¥*! for all
integers k > 0, the cases k = 1,2 can be easily checked. Thus (i) and (ii) hold in these
cases. The remaining part is a tedious, but elementary, proof by induction, and we omit the
details. [

The key ingredient to prove Theorem 1.2 (1) is the following lemma. We also note that
combined with (1.5) it provides a direct proof of (1.6).

7
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Lemma 2.2. Suppose k € N. Then

1 k
(—DARER, (r) =< e_k’(l + #) h(r).,  rt>0.

Proof. We distinguish the cases when v is even or odd. In the first case, the result follows
by (1.3) and [2, Proposition 5.22], according to which for r > 0 and p,q € N

1 0\ _2 1+4r T+r\Pret e

R ————n— ) e 7 = 1 RER AT 2.1
( )< sinhr/28r> ©T e <+ ‘ ) © ’ 1

Suppose then that v is odd. By (1.4)

_1 o1 _0*
h(r)y=com 2t 2e 4

[e ]
! / 2 (5)go(s) ds (2.2)
where, for any £ > 0, we denote the functions (the function w, will be of use later on)

© 1 9\ '3 1 9\? 2
= — —_— _—— c t’
Bk sinhs as sinhs/2 ds

sinh s 1

7 (8) = ——, w,(s) = .
(%) +/coshs — coshr ) J/cosh(s) — coshr

[N
(S

Given
o0 oo
0 = [ momeds = [0+ 0ge 0 du,
r 0

we shall prove that

= Rf(r) = fira(r). (2.3)
Assuming (2.3) for a moment, we complete the proof. Indeed, by (2.2) and (2.3), one gets

kpk T B v kpk S R R v
(=D)"R h(r)y=con™ 2t 2 4 '(=1)"R" fo(r) =com "2t 2" #' fi(r). 2.4)

By (2.1) and [2, Proposition 5.26], we obtain

v+l »
o 1+ 145\ 2 ™27t ., 52
fk(r)x/ ar(s)— <1+ ) e G 5 g
r

t

(1+7r) <1 L r>”2+'+"+’2“g

so that

2 1 k
e ) xekr<1 + Jt”) hy(r),

which completes the proof. We are then left with proving the claim (2.3).
To show this, observe first that

0 d . 0 0 0
—z(r+u)=—z,(r +u) —sinhr—w,(r +u), —glr+u)=—gr+u).
ar ou ou ar ou

8
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Then

9 ) = f 9 zr<r+u)gk<r+u>) du
ar 0 ar

> 9 *° d
/ — (2 (r 4 w) ge(r + u) du+/ 2 (r + u)—gi(r +u) du
o Or 0 ou

> 9
f ™ <zr(r + u) — sinhr w,(r + u))gk(r +u) du
0 u
o0 ad
+ / 2(r +u)—gi(r +u) du.
0 ou
We now integrate by parts in the first integral, and this gives
d ) 0 0
— fi(r) = sinhr wr(r +u)—gr(r +u) du
ar 0 ou
[o.¢]
=— sinhr/ w,(r + u) sinh(r + u)gx+1(r + u) du
0

o0
= — sinhr/ 2(r + u)gr+1(r +u) du,
0
as desired. [l

We are now ready to prove Theorem 1.2 (1). Before that, we observe once and for all that
fort,r >0

T if r > 1,
1+ — + - = ! !
VT [ ma L2 (14 ) P (14 B2) T e <1

This provides an equivalent form of W, and ¥ which, though more involved and apparently
overcomplicated, will be more practical now and in the following sections. In particular

2.5)

- 1 k
U(r,t) < Up(r,t) < <1+¥) if r > 1,

while, when r < 1,

he ) rmax[l, r2(1 + %)JAZ <1 + 1+’)% if k odd,
r, 1) =<
‘ max-l, rz(l + lti)- 7( + 1 ) if k even,
and
- max'l,r2(1+1ti)_k21(1+I,i)kzl[r(1+‘,i)+1] if k odd,
r,t) =< L 4
‘ max-l, r2<l + lti)-%<1 + lli>§ if k even.

The proof of (2.5) is elementary and left to the reader.

Proof of Theorem 1.2 (1). If k = 1, the estimate is nothing but (1.7).
9
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Thus, let £ > 3 be an odd number. By combining Lemmas 2.1 and 2.2, we get

k+1)/2 Lty
§h,(r)[ > ) purjoaae "<1+ )

j=1 1=<2t+1<j

A 4
_; L+’
+ E E D2j—k+20.k—j—2¢ € ”(1 + ; > } .

Jj=(k+3)/20<20<k—j

ak
'mht(r)

2.6)

Suppose now r > 1. Then, since coshr =< sinhr =< e" and hence p, ;(r) =< e@tbr for all
a,b € N, we obtain

k i k
1+r)’ 1+
5ht(”)2<1+Tr> Sh,(l’)(l—i— ; r) ,
=1

as desired.

Suppose now r < 1. In this case coshr < 1 while sinhr < r, whence p,;(r) < r¢. By
(2.6), we obtain
k

G
th(r) S he(r)gi(r)

where g, (r) is given by
(k+1)/2

3D S (T R D S (0

j=1 1<20+1<j =(k+3)/2 0<20<k—j

(k+1)/2 j k 147 J
< + U1+ ,
3 (14 ) > (e

j=(k+3)/2
so that
k
P8 ) (1) 2
q(r) < r(l + — ) + k43 2.7
! r3(1 + lti> otherwise.

Depending now on r2(1 + lti) being smaller or larger than 1, there is always a leading term
in the sum in (2.7). One gets

k
ArE) (1) 2
() S

ktl
2

r (1 + 1ti> otherwise.

This proves the statement when k is odd.
The case when k is even is similar, and we omit few details. Let k > 2 be an even number.
By combining Lemma 2.1 with Lemma 2.2, we get

k2

h(r)[z > puj- zz(1+1+r> -

j=10<2t<j

k ‘
L+r\ _.,
+ Z ( Z szk+2e,kj2z> <1 + ; > e’ ] .

j:%‘H 0<2¢<k—j

'—h QIS

10
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If r > 1, then
9k 1+r\*
mht(’”) < <1 + T) he(r),

as desired. If instead r < 1, then by arguing as above one gets

ok 2 1+r J k ik 1+r J
() 5hr<r>[z(1+ t ) 3 (1+ : )]
j=1 j=k+1
k

k(l + lf’) if r2<1 + %) > 1,
S hy(r) x k)2
<1+1ti) 1fr2<1+]ti) <1

This concludes the proof. O

2.1. Optimality

In this section we prove that in certain regions the estimates of Theorem 1.2 (1) are optimal.
We begin by observing that a simplified version of Lemma 2.1 is that, for any k > 1,

A :
57 =2 iR, (2.8)
r =
for certain functions f;; satisfying
" ‘
ferr) =sinhr, o fix() 20, 0= fix S forr =1, 2.9)
r

forall 1 < j <k and m € N.

In order to detect the leading term among those appearing in the radial derivatives of A, by
Lemma 2.1, especially when r < 1, we need to show that certain coefficients do not vanish.
This leads us to the following proposition. We maintain the notation of (2.8).

Proposition 2.3. Suppose k € N. Then there exist constants ¢, > 0 and d; = dy(k) > 0,
L=1,..., [i—i], such that

(i) if k is odd, then

. k=1
fk%l’k(r) = ¢y sinhrcosh 2 r + E a’gpz@rl %72(710);
1<20+1<(k+1)/2

(ii) if k is even, then

k
f%k(r) = ¢y cosh2 r+ Z dgp%%_ze(r).
0<2¢<k/2

Proof. We proceed by induction. The case k = 1 is obvious; since

92 93
— = coshrR + sinh®> R?, — = sinhr + 3 sinhr cosh rR? + sinh® R3,
or? ar3

11
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one has f,(r) = coshr and f,3(r) = 3sinhr coshr which satisfy (ii) and (i). Now assume
that (ii) holds for some even integer k € N. By differentiating
k

k k
9 . d . . ,
3 Z fix(R/ = Z(d—rfj,k(r))RJ + Z fix(r)sinhr RIT!

j=1 j=1 j=1

d : d 7 J s k1 k+1
= (A )R+ > T Sikr) + sinhrfi () JRY - sinh e R
j=2
Then, by Lemma 2.1(i7),
d .

feiiipm ) = Efgﬂ,k(r) + sinhrfy  (r)

= Z dzngﬂ,%,u(r) + Z dﬁpzus,%fzzfz(r)

1=2e+1<k 41 3<2043<k 41
. I3
+ ci sinh 7 cosh2 r + § d£p2g+1’§,2((r),
0=20+1<4+1

from which the conclusion follows. The proof of (ii) follows the same reasoning; if (i) holds
for some odd integer k, then by Lemma 2.1(i)

d .
feg ja () = d_rf%'k(r) +sinhrfici , (r)
-1 .5 k=3
sinh”“r cosh 2 r

k+1
=crcosh 2 (r)+ ¢,

+ Z dipze,’%'fze(r)"‘ Z dlpZ(lvtl),%fZ(e—l)(r)

k=1 k=3
2<2U< 5 OgZZgT

+ Z dy Dace+1), (k+1)/2—20e+1) (),
220+ 1)< KL

as desired. [

We are now ready to prove that, in certain regimes, Theorem 1.2 (1) is optimal.

Proposition 2.4. Suppose k € N and o € [1, 2). There exists a constant i o > 0 such that,
if (1+71)/t = ko then
k

a—hr(r) 2 Wi(r, h(r) (2.10)
ark

when either r > 1 or r“(l + lti) < 1.

Proof. In the proof we shall make heavy use of Lemma 2.2 without further mention. We first
prove (2.10) when r > 1. By (2.8) and (2.9)

k—1
> sinh* r|R 0, () = D 1 fi4R i)

Jj=1

1+7r k A ;
> c(l + T) B — 3 1 f R ()

j=1
12

ak
Wht(r)
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for a certain ¢ > 0. Since moreover
) 1
[ fix(MR h(r)] S <1 + L) hy(r), 1<j<k-1

by (2.9), (2.10) follows if “t’—l is large enough.
Assume now that r"‘(l + lti) < 1 for ¢ € [1,2). Since in particular r < 1, one gets
rz(l + lli) < 1, whence

ktl
2

if k is odd,

r(1+55)

Ui (r,t) < h,(r) x A
(14 4z)2 if k is even.

If k is even, then by Proposition 2.3 one has that

k
k 14+r\2
| fi 1 (R2A ()] = <1 + T) hy(r),
while, by Lemma 2.1(ii)

1
| fik(RIB ()| S r 7RIy (r)| =< rZJ_k(l + L) he(r) f+1<j<k,

and
. . 1+r .k
[ fixR A ()| SR () < (1 4+ —— h (r) l<j=<3;-1L

Therefore, for 1 < j < k with j # k/2,

k_2-a
| £ix ORI )] S (1 + lti) hi(r),

from which the desired estimate follows again provided ’*1 is large enough.
The case k is odd is completely analogous. By Proposmon 23

k+1

147\ 2
| fig (ORT ()] =< r(l + %) i),

For any 1 < j < (k+ 1)/2, by Lemma 2.1(i) we get

k=1
xR ()] < r(l 4 1+’> b,

while for any (k +1)/2 < j <k

kt1_ 2—a
£ ORI )] S 720 "(1 + L) h(r) < r(l ) !

which imply the desired estimate also in the odd case.

3. Derivatives of the Riemannian distance

It is well known, cf. [2, (2.18)], that

r(x,z,a) a'? 44712 1 S|
2 » 2 _ —12 e
cos ( 5 > ( 5 + 3 x| +4a 1z]7,

13
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or equivalently (we often do not stress the dependence on (x, z, a))

12 4 -2 2
coshr = —1 + 2(% + a2 ) +5a7 P G.1)

At a local scale, the Riemannian distance r behaves like the Euclidean distance. This is shown
in the following simple lemma.

Lemma 3.1. Ifr <1, thenr < |a — 1]+ |x]| + |z].

Proof. An elementary computation shows that
coshr — 1 = i (a—1)7°+ i|x|4 + 20 +a Y + 2
2a 16 2 '

Since coshr — 1 =< ; forr <1, whilea =< 1 and |x| < 1if r < 1, the conclusion follows. [

The aim of this section is to prove Theorem 1.3. The case k = 1 is well known, since
|Vr| < 1. In order to obtain the other cases, the first ingredients will be the classical and a
multivariate versions of Faa di Bruno’s formula.

In its classical form, given a vector field X € s, an integer £ € N, and two compatible
functions g: [0, 00) - R and w:S — [0, 00), such formula states that

a7 X XM
X‘(gou»—fz'z (—g)() 3 P S (32)

_ ml! mj!
m1+~~-+mj_l

where the inner sum is meant to run over all possible integers my, ..., m; > 1 whose sum is £
(this condition will always be implicit in the above notation). A multivariate version turns out
to be much more involved, but the weaker form which we now prove will be enough to us.

Here and in the following, it will be convenient to identify a multi-index J with the ordered
set of its entries (where repeated elements are considered to be different). Given two multi-
indices J, I, we write J C [ if there exists an injective “order preserving” map o:J — I, i.e.
such that, if j; < j, and iy, i, are such that o(J;) = I;; and o(J},) = I;,, then i; < i>.

Lemma 3.2. Suppose b € N and J € {0, ...,n — 1}°. There exist functions oj,j such that,
for all smooth radial functions g on S,

b
Xg=Y gV, (3.3)
j=1

In particular, o1, ; = X;r and o 5 = 1_[1;:1 Xy,r.

Proof. Let J(J) be the family of all partitions of J, namely the set of vectors of multi-
indices J = {JO, ..., J™} for some m € {1, ..., b} with the property that J© C J for all
¢=1,...,mand JONJM =@ for all h # ¢, and that Y ;- |J©| = |J|. By induction on
b € N, one proves that

b
Xy = Z gV,
=1

14
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where

J
o;(r) = > [TeiXsor (3.4)

T={JO, . JWDyeg ) =1

for certain constants €, ; € {0, 1}, and in particular €, j =€, ; =1. [

If we apply Lemma 3.2 to g(r) = coshr, we get the following.

Lemma 3.3. ForallmeN, m>2,and J €{0,...,n—1}",

Xy(coshr) = (X, r)sinhr + f;(r) coshr + g,(r) sinhr, 3.5)
where f; is a linear combination of functions of the form

Xpr-Xpr---Xp,r, p even, [+ + ) <m—1,
and gy is a linear combination of

Xpr-Xpr---Xpr, p odd, |+ -4 <m—2

(g7 =0 if m =2). Moreover, I, ik C J for all k.

Proof. We recall that radial derivatives of odd (even) order of cosh r are equal to sinhr (coshr).
Then, (3.5) immediately follows by (3.3) and (3.4). O

The key to prove Theorem 1.3 is the following lemma, whose proof we postpone for a
moment. Right after the statement, we show that Theorem 1.3 follows at once.

Lemma 34. ForallmeNand J €{0,...,n—1}"

|X;(coshr)| < coshr.

Proof of Theorem 1.3. By Lemma 3.3, for J € {0,...,n — 1}}, k > 2

1
IXyrl S =——(Xy(coshr)| + | f;(r)| coshr + |g,(r)| sinhr),
sinhr
whence by Lemma 3.4
IXyr| S cothr(1+ | f,(r)) +1gs(r)l. (3.6)

If k = 2, then f,(r) is a product of first derivatives of the distance, whence | f;(r)| < 1, while
g = 0. Then by (3.6)

1
IX,(7)] < cothr = ——"

Assume now that for k > 2, j =1,...,k andfe{O,...,n—l}f

j-1
xor < (AE0)
~ r

15
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and pick J € {0, ...,n — 1}**1. By (3.6), one gets
Xy S cothr(1+ | f5(r)]) + 1gs(r)

1 k—1 1 k=2 1 k
sonr(1(57) ) (57) = (7))
r r r

as desired. [

We are then left with proving Lemma 3.4.

Proof of Lemma 3.4. We begin by observing that the statement holds when m = 1, as for
£=0,...,n—1

|X¢ coshr| = |sinhrX,r| < sinhr < coshr.

Moreover, the statement also holds when m is arbitrary and 0 ¢ J, namely J € {1, ..., n—1}".
Indeed, coshr is a polynomial of degree 4 in x and degree 2 in z, and one sees that

Xycoshr =0 forall J e{l,...,n—1}", m > 5.

The fact that | X, coshr| < coshr for 0 ¢ J and 2 < m < 4 can be checked via elementary
(though tedious) computations.

Then, we consider the case when all the derivatives are along Xy, i.e. J = {0}". The key
observation in this case is that by (3.1)

X2 |x|2
o(coshr) = coshr — R

Therefore, for all k e N, k > 1,

2
ng coshr = coshr — %, ngH coshr = X, coshr. 3.7
Since |x|*> < coshr and
1 a1 S|
Xdu&w):za—2< 5 +§a1ﬂuﬁ)-—§aluﬁ (3.8)
we easily get that
X2 coshr| < coshr, X5t coshr| S coshr.

We are then left with proving that the desired bound holds for arbitrary mixed derivatives. We
observe that by the commutation relations (1.1), for 1 < j <n —1,

[Xo, X;] =¢;X;, equivalently XoX; =X;Xo+¢;Xj,

with ¢; € {1/2,1} (precisely, c; =1/2if j=1,...,u, whilec; =1if j=pu+1,...,n—1).
Therefore, for all J € {0, ..., n — 1}"

X, = Z crXp +X,XP (3.9)
[1"|<m, 0¢1’
forsome 0 < p <m, I € {1,...,n— 1}""? and coefficients ¢, (which might well be zero).

In particular, p is the number of occurrences of 0 in J, and we can assume 0 < p < m;
otherwise, the statement follows by previous cases.

16
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Suppose J € {0,...,n —1}" and 0 < p < m. By (3.9) and the preceding cases

IX,(coshr)| < coshr + |X;X{ coshr|

|)c|2 . .
= coshr + |X1 (COShr - T)| %f )4 ?s even,
IX;Xo coshr| if p is odd.
It remains to realize now that forall 7 € {1,...,n — 1}/, j € N,

< coshr + [X;(|x[»)| < coshr,

2
X, <coshr — ﬁ)
4

as well as, by (3.8), that

IX;Xp(coshr)| =0 if [|I|=>5, IX;Xo(coshr)| < coshr

The proof is then complete. [

if 1 <|I|<4.

We conclude this section by stating a corollary of Theorem 1.3 and Lemma 3.2, whose
notation we maintain, and by observing that the estimates at infinity of the derivatives of the
distance of Theorem 1.3 are sharp; i.e., the derivatives of r can admit a non-zero limit at infinity.

Corollary 3.5. Suppose b€ Nand J € {0, ...,n — 1}*. Then

14+r

b—j
IG,,',J(F)|§< ) , r>0, j=1,...,b.

Proof. Just combine (3.4) with Theorem 1.3 to get

j_ O-1) b—
1 + r Z({_|(u ‘ 1 + r
IFIRIRS > ( r) 5( r)

T={W, . IDeT )

as desired. O

(3.10)

J

Proposition 3.6. For all k € N there exist a smooth curve y;:(0,00) — S and a constant
by # 0 such that lim,_, o r(yx(a)) = 400 and lima_,oo(X’(;r)(yk(a)) = by.

Proof. Suppose y € (—1, 1). Then, the curve

[T—y
=(0, | —auy,a), 0,
ny(a) ( 1+yau1 a> a>

satisfies lim,_, o 7(1,(a)) = +o00 (observe that lim,_, o, coshr(n,(a)) = +00) and

(Xo coshr)(ny(a))
sinhr(n,(a))

Xor)(ny(a)) =

-y, a — oo.

Therefore, the statement holds for k = 1. We now claim that for all k£ > 2 the limit

Pu(y) = lim (Xgr)(ny(@).  ye(=1.1)

17
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exists and is a non-null polynomial of degree k in y. Therefore, for all k € N there is
vk € (=1, 1) such that Pr(y;) # 0, and the choice y; = n,, gives the desired curve.

We proceed by induction, and show that (3.11) exists and that the coefficient of its highest
degree term is (—1)*~!(k — 1)!. For k = 1 this has just been proved. Assume that this holds up
to k — 1 for some k > 2. From the Faa di Bruno formula (3.2),

k . .
Sty — XE coshr L 1 (coshr)) Xl Xyl
of = ————— ! TR r— — -
sinh r ~— jl sinhr 1 m;j
j=2 my+--+mj=k

Since the outer sum runs over j > 2, all the m,’s in the inner sum are < k — 1, and the
inductive assumption ensures that the limit (3.11) exists. By (3.7), moreover,

. Xkcoshr ) . Xkcoshr )
lim ———(n,(a)) =y if k odd, lim ——(n,(a)) =1 if k even.
a—oo sinhr a—oo sinhr

By this and the inductive assumption, Py is a polynomial of degree k and the coefficient of its
term of highest degree is

Ly EDTm o Chtn 1y

! my! m;!
my+-+mj=k 1 J

It remains to prove that the above equals (—1)*(k — 1)!, but this is the same as proving that

M, :kvz Z (=D™en — D! (=D my = D) o

! my! m;!
= mi+-- +mj:k 1 J

This immediately follows by Faa di Bruno’s formula, as M; = (e"*)®(1) =0. O

4. Space and time derivatives of &,

The aim of this section is to prove Theorem 1.2 (2). As a first step, we shall prove the
estimates for the space derivatives, namely (2) when m = 0. The case m > 0 will be treated
afterwards.

4.1. Space derivatives

We begin by stating the aforementioned special case of Theorem 1.2 (2), which reads as
follows.
Proposition 4.1.  Suppose k e N and J € {0, ..., n — 1}*. Then
X0, (r) < (r, Dh(r),  Yi,r >0,
and in the particular case when J = {j}* for some j € {0,...,n — 1},
IXEho ()| S Wi(r, Dhi(r), Vi, > 0.

As already mentioned, one cannot replace v by ¥ in the first formula above. We shall go
into details later on.

18
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The estimates in Proposition 4.1 for large radii are easy to get as they immediately follow
from the Faa di Bruno formula, in particular Lemma 3.2 and (3.10).

Proposition 4.2. Suppose k € N and J € {0, ...,n — 1}*. Then

1+r k
IXyh (M) S 1+T hi(r), r>1,t>0.

Proof. By combining Lemma 3.2, Theorem 1.2 (1) and (3.10) one gets, for r > 1,

k : k 1+r J 1+r k
IXsh( S 1k oyl S h(r)Y (1 + 7) S (1 + T) hi(r)

j=1 j=1
which is the claimed estimate. [

The simple argument contained in Proposition 4.2 does not work when r < 1. Since the
derivatives of the distance are singular at 0, indeed, the same reasoning leads to

k
IXshe (O S he(r) Y 050, 00077,
j=1

namely to an estimate which is in turn singular at 0. Since £, is smooth, such a bound is too
rough; and it suggests that some cancellation should occur among a number of terms. This is
what we show in Proposition 4.5, before which we need a certain amount of preliminaries.

We begin by introducing some functions which will be used throughout the remainder of
the section. For b, g € N, write

Bl (gt
Po2g.r = h TP, Bop2ga(r) =Y Thgzﬁul)(r), b>1.
=0

Lemma 4.3. Suppose b,q € N. Then for all t >0 andr <1

| D25, 2.1 (M| S 120 W1 (r, DR(F).

Proof. The case b = 0 is part of Theorem 1.2 (1). If b > 1, one proves by induction that

Bzgr) = = s [P s, @
Suppose ¢ > 0 and r < 1. We distinguish two cases, either

r2(1+1jr)51 4.2)
or

r2(1+ ltr) > 1. 4.3)

.. . 2 L _r2
Assume (4.2), and observe that this is equivalent to ’7 < 1—r. Therefore, in this case e™ # <1,

and by (1.5), forr <1

hy(0) < hy(r).
19
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By (4.1) and Theorem 1.2 (1)

.
| Brp2g. i ()] S / sPN RPN ()] ds
0

r 1 b+q+1
< / s2b1s(l —+ %) hi(s) ds
0

1 b+q+1
< P (1 - ’) ().

as desired. Now assume (4.3). By Theorem 1.2 (1)

2b—1 1+r 2g+L+1
| Bap 2g ()] S Y i H2HEH (1 + T) hi(r)
=0

L4\ 20 2h-1 L\
— 2g+1 1 h 2¢ 1
r ( +_t ) ,(r)gr + ;
1 2q+2b
xr2q+4b—]<] + —l_r) ht(r)

2q+2b+1
< r2‘]+4b+1<1 + 1 _:r> h[(r),

as desired. In the last inequality we have used (4.3). This concludes the proof. [J

ForkeN, k>1,and J €{0,...,n — 1}", define now the functions
j-1 F2i=2¢ e

o =0y — — 7T , i =0,...,|5|—1
2j+1,0 = 02j+1,J . ) —20)! 20+1,J J [ 2 ]

(0j,s are those of (3.3)), as well as
Yic1.7 =0k—1.J if k is even, Yig =0k if k is odd.
Then, define also

j-1 p2j—20-1
. k=1
T e i=1L...[5]

0 =0t 2 Gy
£=0 J

Observe that all the functions 1%, ;s and 5;; ;’s implicitly depend on k, since so does J.
Therefore, their definitions above are well posed.

Lemma 4.4. Suppose k € N and J € {0,...,n — 1}X. Then the functions 2.0, ] =
1,..., [%] are smooth.

Proof. We claim that for j =1, ..., [5!]

1 R .
5= Xy =Y s, ), 4.4
2j.d @) 7(r) ; 2= 26)!7 20,7 4.4
which amounts to
.y I 2
X;r%) = — 5. 4.5
) NEOEDY @ = 2o 4.5

=1
20
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Since by (3.3)

_ [

Sy =0y +ro, = EXJ(F ),

whence =, ; is smooth by the smoothness of r2, the smoothness of =, ;.0 for j =2 will follow
by (4.4).
We now prove (4.5). First, we observe that by definition of 15,1 s

¢ 726-2p

0241, = ﬁ Tops1.a (4.6)

p=0

so that, since k > 2j and by Lemma 3.2,

2j 2j—¢
1 Y r</
—X,(r) = 0]
2! ; 2j-0!
J p2i-2¢ F2i—20+1

2 W 2@J+Zm 20—1,J

where we have just split the sum into odd and even indices respectively. We now make use
of (4.6) to get

1 2] B J F2i-2¢ F2i—2¢ =1 F2t=2p—1
(2j)!XJ(r - Z oot Z (2j — 20+ 1)! ; 20 —2p—2) Topsis
I 2 -1 F2e-2p-1
Ze:1m{02z,1+ —26—1— )g(%_ — ,T2p+1,1}-
We now consider the term in brackets, which equals
-1 F20=2p—1
02,5 + Z m Tapsrs

< 2-2p—1 1 1

E L O R - —

< Ql—2p—1)  (2j =20+ )2l —2p—2)
-1

1 1
== _ 20-2p—1 T _ )
267 ;r 2”*”((213 —2p—1!  (j—20+ D2t —2p —2)!)

We are then left with showing that the sum

d 2J 2 - 20—-2p—1 1 1
r=lr —
21: (2 —20)! 4 Z’ 2+, J((zz 2p— DI (2j —20+1)(2¢ —2p — 2)!)

vanishes. After sw1tch1ng the orders of summation, one gets

j—1 J
DoAY Y B, ),

p=0 {=p+1
21
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where

o 1 |
Pelp )= i —2p =) Q) =20+ DIl —2p =2

It remains to realize that the inner sum over the 8,’s is zero. We first rescale it so that

Jj N
Y B D=) Vs 4.7
m=1

l=p+1

where N = j — p and (we do not stress the dependence of y,, on N)

1 1
Ym = ON —2m)@m —1)! 2N —2m + )!2m —2)!"
If N = 2h 4+ 1 is odd, then the sum in (4.7) vanishes because y,, = —yop42-n for all
m = 1,...,h while y,.; = 0. If N = 2h is even, then the sum in (4.7) vanishes because

Vimn = —Vohl-m forallm =1,...,h. U

We are now ready to prove the key result which will allow us to get the estimates in
Proposition 4.1 for small radii. Roughly speaking, we “smoothen” the singularities coming
from the derivatives of r in the Faa di Bruno formula by introducing the functions @’s above,
and then highlight the cancellations occurring in what is left by means of the functions =’s.

Proposition 4.5. Suppose k e N and J € {0, ..., n — 1}*. Then

(i) 1 T2j1 s S r 2% for r < Land j =0, [52];
(ii) if k is odd, then
(k—1)/2 (k—1)/2 ‘
Xohi= Y BajoinjuDja + Y b5 (4.8)
=0 =1
(iii) if k is even, then
k/2—1 k-1
Xsh = Z Dr—2j—22jt Vajy1,0 + Z h§21)52j,J +hPoy ;. 4.9
=0 j=1

Proof. Since |0} ;| < r~%* 7/ when r < 1by (3.10), the estimate | 1241, /] S r %1 follows
and (i) is proved.
We first consider the case when k is odd. We assume k > 3, otherwise the statement is
trivial. By Lemma 3.2,
k .
tht = Zhgj)o'j“]
=1
k=1
= Zhg'])aj,J + Pok—1.00k7 = Ri + Dos—1. Ti.s»
=1
where R is the above sum over j = 1, ...,k — 1. We now proceed as follows. We start from
01,7, namely the most singular term; we add and subtract the quantity

k=2
(—1)rt
oL (Z Th§e+1) )

=1
22



T. Bruno and F. Santagati Journal of Approximation Theory 307 (2025) 106144

The part that we add, together with the term corresponding to j = 1 in R, gives o ; Px—_1.0;-
Then we distribute each term of the part that we subtract to the term with same order of
derivative in A, in the sum over the remaining j > 2. To be more explicit, we get

k-1 <
j (==t
Ry = 01,7 Pr_1,01 +h§2)(02,1 +roiy) + Zh;j) 0j;————ri"oy
= (j—D!
_ 2) =
=11y P—10:+h" 57+ Rs,

where R; is the above sum over j = 3, ...,k — 1. We proceed recursively. We will now add
and subtract the quantity

k—4
<O’3J__r T, J>< ( l)r ([H))
=1

so to get

1 1 1
R; = @—3,2,1(03,1 - Erz Tl,J) +h? [0’4,1 + §V3 Y5+ r<03,1 - 5r201,1>]

k=1
. —1)/-1 1)/-3 1
+Zh§])|:0j,1—ij_—)1), oy — EJ_)?))'F] 3( 31—5r201 J>i|

4 -
= G 30, s + V5 + Rs,

where

( /! (=1
R _Zh(j)[ jJ_ ])' Tl’J—(j_3)!rj 3T3’Ji|.

If we do this (k — 1)/2 times, we obtain precisely (4.8).
We now consider the case when k is even. The proof is similar and we omit some details.
We assume k > 4, since when |J| =2

Xshe = h"or; +hP sy = So,015 +h0s
and there is nothing to prove.
By Lemma 3.2,
k
Xyh = Zhgj)ajj

J=1

k=2
' -1 k
= Zhﬁ”am +h Vo s+ 1oy
j=1
k-1 k
=P +h"N oy

We now proceed as in the odd case. We first add and subtract the quantity

o1 (Z( 2 r h(z+1)>

=1

The part that we add, together with the term corresponding to j = 1 in Ry, gives o1y $r_2.0..
Then we distribute each term and proceed recursively as before; at the second step we add and
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subtract the quantity

k=5
<<73 7= —r T J) ( - 1) d h(£+3)>
=1

and so on; if we do this k/2—1 times, we obtain precisely (4.9). The proof is then complete. [J

Corollary 4.6. Suppose k e Nand J € {0, ..., n — 1}*. Then
IXshel S Ge(r.Oh(r),  t>0,7 <1
Proof. Observe that |55; ;| < C for some C = C(k), all j =1,..., []%1] and r < 1, as they

are smooth by Lemma 4.4. Then one needs to combine Proposition 4.5 with Lemma 4.3 and
Theorem 1.2 (1). Suppose, e.g., that k is odd. Then, for r < 1,

(k—1)/2 (k—1)/2 4
Xoh S D 1Paj12i O Do+ Y 1))
j=0 j=1
(k—1)/2 (k—=1)/2
§h,(r)( PN ACHESY %,(m)) (4.10)
j=0 j=1

S h(r) Ui, 1),
The case when k even is similar, and can be proved in the exact same manner. [

Corollary 4.6 and Proposition 4.2 prove the first part of Proposition 4.1, as we shall explicitly
observe below.

It remains to show the second part, namely that when the derivatives are not mixed one
gets a better estimate; namely ¥ can be replaced by ;. This is unfortunately not possible,
in general, if the derivatives are mixed, as we shall see in Remark 4.8.

Proposition 4.7. Suppose k, L € N, and j € {0,...,n — 1}. Then there exists a bounded
positive function Y o on [0, 1] such that

N Sree(r),  r <1
Proof. We begin by observing that
1 o r2(n71)
— 2 Z
coshr —1=r (2+nz_; (2n)!)’ r> 0.
If we write

gr) =

1
1 =l
3+ 202 B
then g € C*°([0, 00)) and > = (coshr — 1)g(r?). By the Faa di Bruno formula (3.2)
XM X0

2k+1 1 94 4
2k+10,20y _ ! 29 )2 J 2
X = @+ 1Yy q!<8sqs >(r )y o~ -

g=1 myeetmg=2k+1

Since for all ¢ = 1,...,2k + 1 at least one m, in the inner sum, 7 = 1, ..., ¢q, is odd, it is
enough to prove that the statement holds when ¢ = 1.
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If Kk =0 then X j(rz) = 2rX;r, and since X;r is bounded by Theorem 1.3 the statement
follows. Assume that for some k > 0 the result holds. Then,

X% = X (coshr — Dg(r?)

2k+3
2k +3
= Z < ;r )X§k+3—”(coshr — DX)(g(r?)).
h=0

A.11)

Now we recall that for every m € N (see (3.7) and the subsequent discussion)
XémH coshr = X, coshr,
Xé(’"H) coshr = coshr — |x|>/4
X3 coshr =0, j#0, (4.12)
X*coshr =0 j=p+1,...,n—1,
|X§coshr|§«/5|x|§r, j=1,...,u.

Suppose j = 0. Then, by splitting the cases when m is odd or even in (4.11) and by (4.12)

k+1

2k +3

XF0?) = (coshr — DXFH (g2 + < o
h=0

Y2k +3 2
+> <2h N 1) <coshr - %)Xﬁ“‘(g(rz)).

h=0

)(Xo cosh )X (g(r?))

Observe now that, if » < 1, then |Xgcoshr| = |sinhr||Xor| < r|Xor| and | coshr — 1| < r?;
while for h =0, ..., k, by the Faa di Bruno formula

2h+1

1 . X 2 X" 2
X0 = Ch+ LY g0 Y v A (4.13)
X J! m1! m,-!
Jj=1 my4--tm j=2h+1 :
and since 2h + 1 is odd, at least one among the m,’s (¢ = 1,...,j) is odd. Moreover,

my < 2k + 1 for all g’s, whence the statement follows by the inductive assumption.
Suppose now j # 0. By (4.11) and (4.12)

4

2k +3
XHH0?) = (coshr — DXF (g0 + Y (
h=1

N )(X? cosh )X+ 7"(g(r?)).

We conclude by observing that |X; coshr| < r|X;r| and |X3 coshr| < r by (4.12), while the
terms corresponding to 7 = 2 and h = 4 can be estimated by means of (4.13) as above. [

Proof of Proposition 4.1. To get the first estimate, just combine Corollary 4.6 and Proposi-
tion 4.2. To get the second estimate, it is enough to observe that by Proposition 4.7 and (4.4),
if J = {j}* then |5y ;(r)] < Cr for some C = C(k)and all £ =1, ..., [%], thus, e.g. when
k is odd, an extra r appears in the second sum in (4.10), and this gives ¥ in place of ¥. The
case k even is analogous. [

We finally prove that in Proposition 4.1, equivalently in Theorem 1.2 (2), the function v
cannot be replaced by ¥ if one considers compositions of an odd amount of different vector
fields.
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Remark 4.8. Pick two integers 1 < ¢ < p and u+ 1 <m <n — 1. Then
X%Xm(rz) = (X?Xm coshr)g(r?) + 2(X;X,, cosh r)X,g(r?) + (X, cosh r)X%g(rz)
+ (X? cosh )X, 8(r?) + (X cosh )X X, g(r?)
+ (X¢ cosh r)XX,,g(r%) + (coshr — DX}X,,g(r?).

Observe that all the terms on the right hand side above tend to zero as r — 0T, except
(X%Xm coshr)g(r?) for which the estimate

|(X2X,, coshr)g(r?)| < a < 1, r<l1

holds. Therefore, |X§Xm(r2)| =<1 forr <1.
Write then J = (¢, £, m) where £ and m are as above and suppose r(l + lti) < 1. In
particular, » < 1 and r2(1 + lti) < 1. By Proposition 4.5 and (4.5)

1

1
Xsh = Z D3 012 Vojr1,0 + Ehgz)XJ(f”z)
=0

where, by Lemma 4.3,

1 2
5r(1+ f’) ()

I
E D3 012 Vajr1,s
=0

while, since |X,;(r?)| < 1, if (1 + r)/t is large enough then by Proposition 2.4

2 (14 5 e

Therefore, e.g. in the regime when ¢ = /r and r — 0%, one has (1 + r)/t — oo and

1 ~
K sh(r) 2 (1 + %)hm =< Ts(r. D),

1
S0

whence the estimate |X;h,(r)| < @5(r, t)h,(r) does not hold.
4.2. Time derivatives

We begin with the simple observation that since 3, "% = —Le ™'~ for all ¢ > 0, one has
Fn, = (=1 L*A,, t>0. (4.14)
Moreover, 9fXh, = Xafh, for any vector field X in s. By (4.14), Proposition 4.1, and the
simple observation that ¥, < ¥, if £ < h,
0fhe ()] = 1R < Y [Kyhi(r)] S W, DRA(r).
k<|J|<2k

Analogously, we prove Theorem 1.2 (2).

Proof of Theorem 1.2 (2). Just observe that, for k,m e Nand J € {0,...,n — 1}
10X k() = X, L") < Y K] S P (s O ()
m+k<|I|<2m-+k
by Proposition 4.1. The second half of the statement is part of Proposition 4.1 itself. [
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We conclude this section by showing that some of our results can be “transferred” to
analogous estimates of the heat kernel of the so-called distinguished Laplacian

n—1
a--3x,
j=0
which is essentially self-adjoint on L?(p) and is related to the Laplace-Beltrami operator £ by
the identity, see e.g. [4, Proposition 2],

§TV2ASV2f = (L - Q¥4 f

for all (sufficiently regular) radial functions f on S. In particular, if 42 denotes the heat kernel
of A, i.e. the convolution kernel of the heat semigroup e’ generated by A, then

A _ <12 12
hA =812 T h,. (4.15)

Since the modular function § is not radial, neither is hlA. We have the following.

Corollary 4.9. Suppose m, k € N. There exists C,, i > 0 such that for all J € {0, ..., n— 1}¥

8m

2o Xsh @] < CosVamas(r, OB, Vx €S, 1>0.

Proof. Observe first that since the modular function § is a character of S,
X812 = ¢;82, cj = (X;8%)e), jel{o,....,n—1}.
Therefore, for all k e Nand J € {0,...,n — 1}"

k
X812 = ¢,612, c; = H(ijal/z)(e).

j=1
Thus, by Proposition 4.1 and (4.15)

m m sz
0K, hA@] = X, A"RA@ < e 5 Y X2 0h ()]
|1|=2m+k

2
ST @) Y (Xl
|[)1<2m+k

5 2
Dy (r, 1) € 5181200, (r)
W si(r, DRE ().

A

The proof is complete. [

5. Asymptotics

In this section we shall find the asymptotic behavior of all the radial derivatives of &, when
(1 4+ r)/t is large, and in the particular case when ¢ is fixed and r — o0, also of the time
derivatives. In other words, we will prove Theorem 1.2 (3). The proof of the first part is inspired
by [21]; we shall observe, however, that if one is interested only in the estimates for r — oo
and fixed ¢ > 0 then the proof can be slightly simplified, see Remark 5.2.

27



T. Bruno and F. Santagati Journal of Approximation Theory 307 (2025) 106144

For notational convenience, we shall denote

Rpq = (=R)! L2y (") = Rpg(=1?)
=(— — — 1, r)= —ro).
P4 sinh 5 dr Tr.a P4
By simple computations, see e.g. [2, Eq. (5.23)],
PR 2
Rpqe @ =Y aj(rit /e, (5.1)

j=1
where (recall (1.8))

r P r q
ap+q(r) = 4_(p+q)'71p,o(r)ﬂg,1(r) = 2_(p+q)<m> ( )
2

sinh r
=A+n"( +r)le g, 1),
while for j =1,...,p4+qg—1,
la; ()] S (14 r)le 2o,

Thus

: 147\’
|a,-<r>|t—15< : )e_(g“”v j=1...p+q—1

By (5.1) we obtain, for (1 4+r)/t > 1,

22 e (T (g 1
RP,qe i =e e (’7+2) <T> <2 ; ) QP,q(r)[l +O<m>} (52)

The above estimate (5.2) is almost all we need, together with Lemmas 2.1 and 2.2, to prove
the first part of Theorem 1.2 (3) when v is even. When v is odd, the following lemma will be
particularly useful; see also [20, Lemma 5]. Its proof is elementary and omitted.

Lemma 5.1. For p, g € N define the function
Epyr,5) = (coshs — coshr 4 ) (== )
r,s) = (coshs — coshr - :
patls y sinh s sinh £

a+y P
VAt - () ()
sinh r smh%

and suppose r > 0 and s € (r,r + 2). Then

(i) 1Epq(r, )| S (52 = r)2(1 4 pypta—2e~ritats);
(ii) 10, E . (r, )| < 5(s2 — r2)"2(1 + ryrta-zer5taty),

We are now ready to prove Theorem 1.2 (3).

Proof of Theorem 1.2 (3). By Lemmas 2.1 and 2.2

ak 1 k=1
P ) = sinh* rR R, (1) + 0| hy () - .
ark t
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We claim that
n
2 2 1 7

sinh* rR¥ R, (r) = (—l)kcot_%e_QT’_W_ "(e™" sinh r)k< + r>

1 k+%
3 +r\ "2 t
2
x( ; ) 9;21,k+;(r)|:1+0< 1 r)]

(5.3)

Once the claim is proved, by (1.5)
1 k=l t
h (r)< tr ) = (—1)* sinb* rR*n (r)O( o )

and the first part of the theorem follows. Therefore, we shall prove (5.3)

Suppose that v is even. By (5.2)
k k 1 Q2 r2

RER(r) = (—1) Cot_fe_TlR% ye T

*272}’ kr

k 2,
= (=1 "¢cot™ Ze AT

T4r\2 /3 +r\*2 t
(Y ) o ofr)]

t t

and the claim (5.3) follows.
Suppose now that v is odd. In this case, it is notationally helpful to get rid of the function

6. By (2.4), the claim follows if we prove

0 r ks r 5 t
() () (s o([ ) e

flry=@n™*272 sinh 7

By (5.2)
fi(r) = (2t)_k_ugl_/51k(r)[1 + 0(1;_'_’”)}

where
1 k v+l 1
o0 1 K 2 K S 2
se 4 ds.

Ik(f”)=/ < — .
r a/coshs — coshr \ sinh 7 sinh s

We split I(r) into the sum of the integral I; 1(r) on (r, r 4+ 2) and I; »(r) on (r + 2, 00). By
Lemma 5.1, whose notation we maintain throughout the proof.

ket b o2 52
I (r) = V2 .r - 4 / (sz—rz)_%se_ﬂ ds
’ sinhr sinh 5 -

r+2 2
+/ E%’val(s,r)se_ﬂ ds.
r

With the change of variables u = *~—,
r+l

r+2
/ (s> =r?" Sse” 41 ds = +/te” 4t/ —e_”du
t
= 4t 1 0] ,
-t (1 ( 7))
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and as we shall see, this gives the main contribution to I;(r). Integrating by parts the second
2 2

. . _ s _ s
integral in I; 1, as se” 4 = —2t%e ar

r42 2
/ E%,k+u51 (s,r)se 4 ds
,

( ) (r+2)2 r+2 ( ) s2
= -2t| E —1 r+2,re 4 — —FE -1(s,r)ye 4 ds ).
%’kJrUT r os %’kJrle

By Lemma 5.1

r+2)? < /i r ks r 2 t
2tE w1 (r +2,r)e” 4 t| — - e & ,
%v’”Tl( ) ' ~ (smhr) (smh%) 14+r

while

as

r+2 a 2
Zt/ —FE. k+u;1(s,r)e’47ds
’ 2 2

-2 Bk =1 —r(L4k+2) 2 2 2v—1
Stem @ (14 r)zthtalerathts s(s“—r°)"2ds

P
s 5 .
r t
< Vi — .r e .
~ sinhr s1nh% 1+r

"

k+% 5
r 2 r 2 .2 t
1 =2 “al1+01,) .
k1(r) m(sinhr) (sinh%) ¢ 4t< + ( 1+r>>

We now estimate I; »(r). We integrate by parts as before, and we get that I; »(r) is the sum of
the boundary term, which we call I; 3(r), and an integral which we denote by I 4(r). We get

L)) S 1 1 (FH )( s )kw_le“fn”z
I~ J/cosh(r +2) — coshr sinh# sinh(r + 2)

Ja k+£

2 2 2
< Vi — .r e
~ sinh 5 sinh r 1+r

Summing up

<~

N

as well as

[T a(r) St

~

v+1
o | : o,
/ 85( ( i ; 3 ) ( [ S ) )e_4t ds
42 4/coshs — coshr \ sinh 3 sinh s
I3 kJrﬂ
0 1 2 7 2
St = (.SS) (.s > e #ds
r42 +/sinh s \ sinh 5 sinh s

k+3 5
r 2 r 2 2 t
St T .
NI(Siﬂh;”) <sinh§) e 1+r

The claim (5.4) follows, and the proof of the first part of the statement is complete.

Let us now restrict to the case r — 0o and ¢ > 0 fixed. An immediate consequence of what
we just proved is that the second part of the statement holds for m = 0. Thus, we are left with
considering the case when m > 0.
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Recall [2] that the radial part of L is

92 Bl
rad(£) = —— — M+vcoth£+ztanh£ —.
2 2] or

ar? 2 2
We claim that for every £ € N
al 4
— coth — tanh <1, r>1.
art 2| |art 2
Indeed, this easily follows by the identities
eS e—S eS e—S
tanhs = — , coths = + s s > 0,
eS + e*S eS + e*S eS —_ e*S eS —_ e*S
and, for r > 0,
r/2 —r/2 ( 1)
Je="i, Ja—r(+
er/2 +e r/2 Z( 1) er/2 +e- r/2 Z( 1)
r/2 —r/2 ( 1)
—r] —r(j+
er/2_e—r/2 ZC e"/Z_e—r/2 - Zoe
This implies that for m € N
Im 2m—1
(—D"rad(L)" = —— + Z ij(r)a -,

where c; ,, are suitable bounded functlons. Therefore
am 8k m r~om ak
() = (1)L —kh,(r)
2m+k 2m—+k—1

= (- l)mrad(ﬁ)’” h (r) = [a — + Z ()5 ]h (r).
Hence, the asymptotic expansion follows directly by the case m = 0. O

Remark 5.2. When r — oo and ¢ > 0 is fixed, the proof of the asymptotic expansion for the
radial derivatives of h, can be proved in a slightly simpler way when v is odd. In this case,
indeed, one can prove that for p,qg € N

sinh s 52 2 oo (r\PT12

R, .e Tds ~ \/Eewe—w-%’z)’(-) : (5.5)
P,q

r» /coshs — coshr t

To show this, let I(r, t) be the above integral. By (5.2), if r — oo,

r2 t
I(r 1) = 7P~ T~ @ [ (r, t)|:1 + 0(-)],
.
where

o0 sinh 2 s ‘
Li(r,1) = / G+ e~ Te Be Ut (s 4 p)PH gy,
o /cosh(s +r)— coshr

(o]

Observe now that

sinh(s + r) 1/ sa 1 _
=2 / es+2 —— 4 0 e 2r ,
J/cosh(s +r) — coshr Jes —1 ( ( ))
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the remainder being uniform in s > 0, so that
L(r, 1) =272 L(r, (1 + 0(e™)),
where

2
s&o_rs P _
L(r,t) = e me e WIS (g 4 pyPH gy,

° 1
/0 ves —1
By means of the binomial expansion,

Ptq

. o0 1 52 rs ;
L= (,, i q) | o= Feteriyas,
0 —

j=0
and by Laplace’s method [17], for j =0, ..., p 4+ g one gets
1
© 2 s : 1\ /2:\' "2
/ e Te e @I Dsgd gg ~ F(j + —) (—) , r — 00.
0 es —1 2 r

Since the choice j = 0 provides the leading term, (5.5) follows.

6. Maximal and Ornstein—-Uhlenbeck operators

In this section we provide two applications of the estimates given in Theorem 1.2. They
concern the weak type (1, 1) of certain maximal operators associated with A, and its time
derivatives, and the discreteness of the spectrum of certain Riemannian Ornstein—Uhlenbeck
operators on S.

6.1. Weak type (1, 1) of maximal operators
In this section we study the weak type (1, 1) boundedness of the maximal operators

J

min(1, t)j%e_’ﬁf , jeN, felL'.
The operators #; have a longstanding history which dates back at least to Stein [28], and
their L”-boundedness, 1 < p < oo, has been already studied in depth (see, e.g., [18,23]). As
for endpoint results, on real hyperbolic spaces it is known that H,; is of weak type (1, 1),
while H; is not if j > 2; cf. [22, Theorem 1]. By means of Theorem 1.2 (2), we shall
extend this boundedness result for #; to Damek—Ricci spaces, and prove that instead H jis
of weak type (1, 1) for all j’s. This motivates and justifies their introduction. Observe indeed
that H; f <H; f forall j > 1.

Y ~
t We_tﬁf , H;jf =sup

t>0

H;f =sup

t>0

Theorem 6.1. The operators H, and ’}sz (j = 1) are of weak type (1, 1).

Before we prove this result, we need a more precise estimate of the first time derivative
of h,. This is a generalization of [22, (5.16)], from which we borrow part of the proof, to
Damek—Ricci spaces.

Proposition 6.2. For every r,t > 0, the following holds

d r? 0?
Thl < (1= - 2
o1 ’(r)’ ~ < a4

l)h )
+t ().
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Proof. We maintain the notation R, , introduced in the previous section, and we first assume
that v is even. In this case,

1
hi(r) = cot2e” ’Ru ye a

Thus
1 5 o 202 2
¢y a—ht(r)———t Ze 4’R%,%e t—Tt Ze 4’R%,%e a
2 a ,2
+1t " 2e QTt—'R& ve
t 202
where by (5.1)
Bl 2 (niv)/2 r2 Gwvy2 o2
R = X e G e
j=1
Therefore
9 1 P22 1 R
Eht(r) = —2—tht(i’)+ |:4t }h r) — ;cot te T Z jaj(re e,
j=1
and in particular, since a;’s are non-negative functions (cf. [2]),
0 r2 Q2
iy <(|= - = h
'8t t(r)‘N<4t2 4 ) (r)

Next, we assume that v is odd. Then

L1 0%, [ sinh s 52
h(r) = con‘ft‘fe‘T’/ — Ry v T ds,
r a/coshs —coshr 2°2
and by similar computations to those above
2 2
;.10 1 r 0
¢ T2—h(r)= 4+ — == ¢ nZhr
0 25 r) [2: 42 4 |0 ")
10, ™ sinh s s2 —r?
+ t72e 7! 3 Ry vuie” ds
» A/coshs —coshr 4t 22

102, sinh s 2
— t72e” 4 a;(s)r I le” 4r ds.
/; J/coshs — coshr £ ZJ /
Therefore
QZ
4
where, by [2, Proposition 5.22],

0 1 1 0%,
Eht(") N h,(r)—i—;h,(r)—{—t ze” 1N I(t, ),

o0 2 2 2

sinh s sc—r

I(t,r) = Ru vrie @ ds
»  A/coshs —coshr 412 753
" v+1
o sinh s sP—r?l+s 1+l—i-s I+ RUSSTIINC
= e 7 ds.
+  a/coshs — coshr 412 t t
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One can now follow [22, Lemma 6] to obtain that

10 1

r 2e 4tl(t7r)§;hl(r)7

which implies the desired conclusion. We omit the details. [

Proof of Theorem 6.1. To begin with, observe that #; < ”HQ + ’H‘]?O, where

37
fxt/—h,.

37
i
fxt hy a77

0
H;f = sup ag7

O<r<l

. HEf =sup

t>1

We split H ; analogously. By general well-known estimates for £,, cf. [30] or [11, Lemma 3.2],
for all j € N there is ¢ = ¢(j) > 0 such that

.9/ :
t—e "E I < e Ef, t€(0,1]. 6.1)
ot/
Therefore, the weak type (1, 1) of ’HO follows by that of H{ [2, Theorem 5.50]. Thus, we focus
on the boundedness of H{® and 7—[°° Observe first that

J
—l’lt .

9/
Frgah| = ati

o7 | f1 % sup

t>1

sup
t>1

f*r—h, |1 % sup

t>1

t—h
a t

, sup
t>1
Suppose t > 1. By Proposition 6.2,
2 2
he(r) ( A 1)

t—h ()] < — — =t
One can then follow closely [22, Lemma 8] to deduce that, for r > 1,

4

d
t—h(r)| <e 9"
sup 7= (| Se

t>1

’

and by [2, Theorem 3.14], this implies that the convolution operator whose kernel is
135‘(e)|t%ht| is of weak type (1, 1). If r < 1, instead,

2 2
———t

r 3 r\ 2 2 o 02
gsup( <+1>t2r<14—;> e S
t>1

4t 4
thus H; is of weak type (1,1). We now focus on 7’5[]’ for j > 1. By (6.1), it suffices to prove
that the operator

sup
t>1

d
tah,(r)

f—= fxsup|—

t>1 8tj '

is of weak type (1,1). By Theorem 1.2(2), for t > 1
—h (M| S

P\
a77 14+ <;> _h,(r), r>0,

S0 it is in turn enough to prove that

r 2
sup(—) h:(r)
t>1 \ I

f=fx
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is of weak type (1,1). If = <30, then

r 2
<;) hz(”)ght(”)

Suppose now 7 > 30Q. Then

2j 2j | I ,
(;) hf(r)x(;) t—3(1+r)(1+ ;Lr) - 2-8r-

2j 414153
<r>’ T 2 0, @2,
< | - e 42 5!,
~ A\t

Now we observe that

0 0 r 0 50

— =4+ = > — =) >r—,

PRI zr—r(4zJr 2>—r 4
whence

2j+1+22 > . ~
(1) 8- G1 < 2R -G < -0r,
t

Summing up, we have proved that
9/
—h
EYY, «(r)
An application of [2, Theorem 3.14, (5.55)] gives the desired conclusion. [J

S suphy(r) +e "

t>1

sup
t>1

6.2. Riemannian Ornstein—Uhlenbeck operators

Suppose ¢t > 0, and consider the operator
t

which arises from the Hermitian form (¢, ) — fs V¢ -V h, dx, see e.g. [10]. The operator
L, can be considered as a Riemannian version on S of the classical Ornstein—Uhlenbeck
operator, cf. [5,8,9,24] and references therein. It is nowadays classical, see e.g. [29, Theorem
2.4], that L, is essentially self-adjoint on L?(1,), where A, is the absolutely continuous measure
with density &, with respect to A. We denote by £, its closure, which is its unique self-adjoint
extension.

We recall that an operator has purely discrete spectrum if its spectrum is a discrete set and
consists of eigenvalues of finite multiplicity. Then, we have the following.

L[=£_

-V, Dom(L) = C°,

Theorem 6.3. L, has purely discrete spectrum for all t > 0.

Proof. Consider the operator U, £, U; ! on L?(1) obtained by conjugating £, with the isometry
U,: L*(A,) — L*(}) given by U, f = f/hy. Simple computations, see e.g. [10, Sec. 7], lead
to

1|Vh()*> 1Lh,

4 2 2
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on C°, where V; has to be meant as a multiplication operator by the function V;. Observe that
V; is smooth since Ak, is smooth and does not vanish.
By Theorem 1.2 (3), as r — o0,

v~ =56 () 5 () =36 ()

ry~——|\- (=) ==-) .

' 16 \1 8 \r 16 \t

In other words, V,(r) =< (?)2 for r — oo (we notice that this is the same behavior of the
sub-Riemannian analogs of V, on H-type groups, see [9, Proposition 5.3], and of its Euclidean
version on R?:; we wonder whether this is a manifestation of a more general result). This
implies that V; is bounded from below, whence £+ V; is essentially self-adjoint on the domain
C2° by [10, Proposition 2.2]. Moreover, its closure £ + V; has purely discrete spectrum by
[10, Proposition 4.6]. But by [10, Proposition 7.2], L+ YV, and L, are unitarily equivalent,
whence the spectrum of £, is discrete as well. [
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