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Summary

The increasing complexity of modern supply chains, driven by industry 4.0 principles
and advances in artificial intelligence (AI), has created a growing need for adaptive,
data-driven supply chain management strategies. While simple and widely recognized,
traditional inventory policies often struggle to address the multidimensional, uncertain,
and dynamic challenges inherent in supply chain inventory management (SCIM). In
this context, deep reinforcement learning (DRL) has emerged as a promising alternative
capable of directly learning effective policies by interacting with simulated supply chain
environments. However, its practical adoption remains constrained by several barriers,
including computational complexity, scalability issues, limited real-world data, and
interpretability concerns.

This thesis explores the potential of DRL to improve SCIM across diverse structural
attributes and operational factors, focusing on three primary research objectives: 1)
evaluating the performance of state-of-the-art DRL algorithms in two-echelon systems
subjected to stochastic and seasonal demand, varying numbers of product types and
warehouses, and different lead times, thus addressing scalability issues; 2) developing a
hybrid heuristic that combines DRL with multi-stage (MS) stochastic programming to
mitigate the computational complexity associated with the curse of dimensionality, while
accounting for production limits; and 3) assessing the applicability and interpretability
of DRL in a real-world pharmaceutical supply chain characterized by perishability,
production yields, batch limits, lead times, and lost sales under non-stationary demand.

The first study demonstrates that DRL, particularly the proximal policy optimization
(PPO) algorithm, consistently outperforms base-stock and (s, Q)-policies in capacitated
two-echelon systems. By leveraging continuous action spaces and designing a balanced
allocation rule, PPO effectively handles increasing complexity, scales across large state-
action spaces, and achieves training times that are comparable to traditional inventory
policies. The second study introduces a hybrid heuristic in which DRL determines
long-horizon production planning while MS stochastic programming optimizes short-
term logistics decisions. This combined approach results in robust, computationally
tractable solutions that outperform both standalone methods. The third study focuses on
a pharmaceutical supply chain, where we evaluate PPO with the order-up-to policy and
one of its variants based on projected inventory levels, for which we derive and validate
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bounds-based procedures to optimize their parameters. All three policies surpass human-
driven policies in minimizing costs under complex conditions, providing managerial
insights, and interpreting the impact of costs and lost sales in relation to ethical and
legal constraints.

These findings collectively highlight the transformative potential of DRL, demon-
strating its ability to tackle uncertain and dynamic SCIM problems, exploit high-di-
mensional state and action spaces, and outperform traditional inventory policies while
also extending and identifying best practices for integrating DRL into practical SCIM
decision-making. Furthermore, the open-source SCIMAI-Gym Python library, developed
as part of this research, provides a flexible simulation environment that encourages
further experimentation, collaboration, and practical implementation.

In conclusion, this thesis lays a solid foundation for future research. Potential direc-
tions include implementing action masking and reward shaping techniques, integrating
large language models, leveraging advanced computational frameworks, and modeling
even more complex supply chain configurations. Ultimately, these contributions advance
the field toward more robust, efficient, and adaptive supply chains that align with the
principles of Al and industry 4.0.
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Chapter 1

Introduction

1.1 Background and Motivation

The integration of artificial intelligence (AI) and industry 4.0 principles has transformed
supply chain inventory management (SCIM), addressing challenges like multi-echelon
systems, demand variability, and operational constraints. Traditional inventory policies
often lack adaptability to complex, dynamic, and high-dimensional environments under
uncertainty. Deep reinforcement learning (DRL) offers a promising alternative, enabling
data-driven, adaptive decision-making with the potential to outperform traditional
optimization methods. However, barriers such as computational complexity, real-world
data limitations, scalability issues, and interpretability concerns limit its broader adoption.
In the following sections, we provide background and motivation by exploring these
topics, examining the evolution of inventory policies, the opportunities in applying DRL
to SCIM, and the path toward innovative solutions with the potential to enhance the
efficiency and robustness of modern supply chains.

1.1.1 Artificial Intelligence and Industry 4.0 in Supply Chains

Al is a transformative domain of computer science dedicated to developing systems
capable of performing tasks that typically require human intelligence, such as reasoning,
learning, and decision-making [22]. Machine learning (ML), a branch of Al focuses on
algorithms that enable systems to identify patterns and make data-driven decisions for
specific tasks without explicit programming [17].

The importance of Al and ML lies in their ability to process vast amounts of data effi-
ciently, generating actionable insights that drive operational efficiency, reduce costs, and
improve customer satisfaction. Their integration into modern industries has accelerated
innovation by optimizing processes and minimizing the need for human intervention
in repetitive tasks. These technologies are central to solving complex and dynamic
challenges across various domains, including supply chains, where they help manage un-
certainty, intricate interdependencies, and critical issues related to structural attributes
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and operational factors.

As industries increasingly adopt Al and ML, their transformative power has be-
come indispensable for maintaining competitiveness in a rapidly evolving technological
landscape, enabling organizations to capitalize on emerging opportunities. Central to
this impact is deep learning (DL), a specialized branch of ML that employs artificial
neural networks (ANNSs) to learn non-linear data relationships directly from raw in-
puts, enhancing pattern recognition and decision-making processes [8]. DL not only
addresses problems previously considered intractable but also redefines the potential of
automated systems, offering a significant competitive advantage in an interconnected
digital economy:.

This potential aligns closely with the principles of industry 4.0, also known as the
fourth industrial revolution. Industry 4.0 integrates advanced digital technologies into
manufacturing and industrial practices, including Al the internet of things, and big
data. By emphasizing the development of smart, connected, and autonomous systems, it
promotes data-driven decision-making and automation, fundamentally revolutionizing
traditional operational paradigms [11]. The principles of industry 4.0 are transforming
supply chains by integrating advanced analytics and predictive tools that enhance
efficiency in logistics, demand forecasting, and other critical operations [20].

1.1.2 Supply Chain Management and Inventory Management

A supply chain is defined as an interconnected network of entities, resources, activities,
and processes involved in the production and delivery of products or services, from raw
material suppliers to end consumers. It includes key stages such as procurement, manu-
facturing, transportation, warehousing, and distribution, forming a complex system of
interdependent functions. Complementing this, supply chain management (SCM) refers
to the strategic coordination of these activities to optimize efficiency, minimize costs, and
improve customer satisfaction [12]. The importance of SCM has grown significantly in
response to increasing globalization, digitization, and sustainability concerns, extending
its influence beyond individual organizations to serve as the backbone of global trade
and commerce.

Within SCM, SCIM focuses on coordinating inventory levels across the entire supply
chain. At its core, SCIM addresses critical questions related to how much stock to hold,
where to store it, and how to distribute it effectively [24]. Efficient SCIM ensures timely
product delivery while optimizing resource utilization. Conversely, inefficiencies in
SCIM can result in substantial financial losses, customer dissatisfaction, and operational
disruptions, highlighting its indispensable role in the success of modern industries.

The core components of SCIM include inventory control, production planning, and
logistics. Inventory control focuses on maintaining optimal inventory levels to prevent
stockouts or overstocking, balancing the need to meet customer demands without
incurring excessive costs. Production planning aligns manufacturing schedules with
demand forecasts, optimizing resource utilization and mitigating the risk of production
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delays. Logistics plays a crucial role in transporting and storing products, ensuring
timely delivery to meet customer requirements. Collectively, these functions form
an interconnected system that supports seamless operations across the supply chain.
Advanced computational approaches are increasingly being applied to address the
complexities inherent in SCIM and enhance operational efficiency.

1.1.3 Advancements through Deep Reinforcement Learning

Reinforcement learning (RL), a specialized branch of ML, has emerged as a powerful
tool in this context. RL focuses on sequential decision-making in dynamic and uncer-
tain environments, where algorithms are designed to optimize cumulative rewards by
learning the optimal action to take in a given state through continuous interaction with
the environment [19]. RL problems are typically formulated using the mathematical
framework of Markov decision processes (MDPs), which define the environment in terms
of states, actions, and rewards. Unlike supervised learning, which trains models using
labeled data for classification and regression tasks, or unsupervised learning, which
discovers hidden patterns and clusters within data, RL relies on a trial-and-error process.
Through this process, agents develop policies by receiving feedback from their actions,
enabling them to adapt and optimize their strategies over time [30].

DRL extends the capabilities of RL by integrating ANNSs to approximate value func-
tions—quantitative measures of expected future rewards—and policy mappings, which
determine the optimal action for a given state. In environments with high-dimensional
state and action spaces, where states represent the system’s conditions and actions
denote possible decisions, DRL excels in addressing the complexities of real-world appli-
cations, such as managing large-scale supply chains. State-of-the-art DRL algorithms
include value function-based methods, such as the deep Q-network; policy mapping
approaches, like the vanilla policy gradient (VPG); and hybrid techniques that combine
both methodologies, such as asynchronous advantage actor-critic (A3C) and proximal
policy optimization (PPO) [6].

The adoption of Al in SCM has led to transformative advancements in inventory
control, production planning, and logistics, as reported in the academic literature. Review
studies have consolidated key insights from significant papers, demonstrating how
ML techniques have enhanced SCIM practices. For instance, Panzer and Bender [18]
discussed the application of ML in real-time monitoring and optimization of production
systems, which has become an increasingly critical aspect in the context of industry
4.0. Similarly, Khedr and S [14] emphasized the role of ML in supplier selection and
demand forecasting, highlighting its potential to reduce costs and improve supply chain
coordination. These findings underscore that DL techniques, such as ANNSs, enable
precise predictions and adaptive responses to market fluctuations, thereby contributing
to developing robust and efficient supply chains.

A comprehensive review by Yan et al. [33] further highlighted the increasing adoption
of RL to address dynamic decision-making challenges, particularly in inventory control
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and supply chain coordination. Additionally, Boute et al. [5] proposed a roadmap
outlining key design choices for applying DRL in inventory control, emphasizing its
capacity to expand the scope of inventory research by providing structural policy insights.
These contributions illustrate the growing relevance of RL and DRL, which have the
potential to outperform traditional optimization methods in addressing complex, data-
driven problems under uncertainty in modern supply chain operations.

1.1.4 Challenges in Supply Chain Inventory Management

Supply chains operate within environments characterized by structural attributes, such
as the number of echelons and product types, and operational factors, including but
not limited to perishability, lead times, demand variability, and capacity constraints.
Together, these parameters pose significant challenges for decision-making and perfor-
mance optimization [15]. By unifying these components, effective SCIM serves as the
backbone of robust supply chain operations, directly influencing an organization’s ability
to ensure consistent product availability, reduce costs, and maintain competitiveness.

One key contributor to complexity is the number of echelons, where decisions at
one stage affect other stages in a multi-echelon system. For instance, balancing inven-
tory levels between a central factory and regional local warehouses requires careful
production planning and logistics coordination in a two-echelon system [26]. Interde-
pendencies among echelons amplify the difficulty of maintaining optimal inventory
levels and service performance, especially as the number of warehouses increases.

The presence of diverse product types, each with distinct demand patterns and
capacity constraints, further complicates the problem. This complexity is particularly
evident in industries such as pharmaceuticals, where perishable products add another
layer of complexity [29]. Perishability necessitates tracking the age of each product to
ensure timely production and delivery, minimizing stockouts and overstocking while
reducing waste. Efficiently managing stock turnover, prioritizing older stock, and
maintaining proper storage conditions are essential to prevent spoilage and support
sustainability efforts.

Lead times, defined as the delays between order placement and product receipt, are
another factor contributing to the overall difficulty. Effective management of lead times
requires proactive planning across the supply chain to ensure materials and products are
available where and when needed. This approach is crucial for maintaining coordination,
preventing disruptions, and ensuring a smooth flow of products that meets customer
demands efficiently.

Demand variability represents another significant source of complexity arising from
features like stochastic, seasonal, and non-stationary demand. For example, stochastic
demand fluctuates unpredictably, making accurate forecasting challenging. Seasonal
patterns introduce cyclical variations, such as increased sales during holidays or specific
times of the year, necessitating adjustments to inventory levels to align with anticipated
peaks. Non-stationary demand, driven by long-term shifts due to evolving market
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fluctuations or external disruptions, requires dynamic and adaptive policies to remain
aligned with changing conditions.

Finally, capacity constraints—including production and batch limits, storage avail-
ability, and transportation capabilities—represent critical factors that require proactive
planning to prevent bottlenecks and ensure efficient operations. These constraints
become especially important during demand surges, such as peak seasons or unexpected
disruptions, necessitating careful balancing of supply chain activities while maintaining
adequate inventory levels to meet customer demands.

Another crucial challenge is managing unsatisfied demand when products are un-
available. This situation can lead to either lost sales, resulting in permanent revenue loss
and potential damage to customer relationships, or backorders, where customers wait
for product availability, delaying revenue but incurring additional order management
costs. Addressing these scenarios requires precise coordination to minimize delays and
associated costs.

Ultimately, the goal in SCIM is to maximize profit or minimize total costs, including
components such as ordering, production, transportation, holding, expiration, and
costs associated with lost sales or backorders. Traditional approaches often struggle to
account for the multifaceted nature of these challenges, resulting in suboptimal policies.
The structural attributes and operational factors outlined above highlight the need for
advanced tools and sophisticated methodologies. Modern advancements, including DRL,
offer promising solutions by enabling dynamic, data-driven decision-making that adapts
to the complexities and uncertainties of real-world supply chains.

1.1.5 Evolution of Inventory Policies

An inventory policy is a systematic framework designed to guide decisions regarding
inventory levels, order quantities, and replenishment schedules within a supply chain.
The primary objective of inventory policies is to balance customer satisfaction with cost
minimization while addressing uncertainties in demand and other operational factors.
Traditional inventory policies, such as rule-based approaches, provide straightforward
frameworks for decision-making but rely on fixed parameters optimized under specific
assumptions. These policies are often supported or refined by optimization methods
that identify optimal or near-optimal parameters [24, 12].

Rule-based approaches, such as the (s, S)-policy and the (s, Q)-policy, have been
widely adopted due to their simplicity. The (s, .S)-policy maintains a fixed target in-
ventory level S and triggers an order whenever the inventory position falls below the
threshold s. Here, the inventory position is defined as the on-hand inventory plus
in-transit products minus backorders (if any). For this reason, it is also known as
the order-up-to (OUT) policy. Among its variations are the base-stock policy, where
s = 8§ — 1 [23], and the projected inventory level (PIL) policy, which estimates the
expected inventory level in the future to determine the order quantity [13]. In contrast,
the (s, Q)-policy specifies a reorder point s and a fixed order quantity Q. When the
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inventory position drops below s, an order of size Q is placed [9]. While policies like
the (s, S)-policy and the (s, Q)-policy are effective in environments with stable demand
and minimal variability, their reliance on static parameters limits their adaptability to
uncertain conditions. Optimizing parameters, such as target inventory levels and reorder
points, often requires advanced mathematical techniques to ensure these policies remain
effective in practice.

Optimization methods have played a critical role in developing more sophisticated
inventory policies. Early models, such as the economic order quantity (EOQ), used exact
mathematical formulations derived from operations research to calculate the optimal
order quantity that minimizes total costs by balancing ordering and holding costs under
deterministic demand and fixed lead times [10]. Similarly, the economic production
quantity (EPQ) model extends EOQ principles by determining the optimal production lot
size that minimizes total costs under deterministic conditions. While models like EOQ
and EPQ provided foundational insights, they fail to capture the complexities of real-
world supply chains, which often involve stochastic demands, lead times, multi-echelon
systems, and other operational factors.

More sophisticated optimization methods have been developed to address these
limitations [31]. Linear programming is effective for deterministic problems, offering
solutions to optimize decisions within linear constraints [3]. Stochastic programming ex-
tends this framework by incorporating probabilistic scenarios, enabling decision-makers
to optimize under uncertain conditions [4]. However, this technique is computationally
intensive and faces scalability challenges due to the curse of dimensionality [2]. As the
number of variables, scenarios, or interdependencies in a supply chain increases, state
and action spaces grow exponentially, making exact solutions infeasible, particularly in
multi-echelon systems.

Approximate methods, such as heuristics, have emerged as practical alternatives
when exact solutions are computationally prohibitive. For example, the Silver-Meal
algorithm [1] and the Wagner-Whitin method [32] are widely used in dynamic lot-sizing
problems to determine optimal order quantities and replenishment schedules. These
methods minimize the average cost per period by balancing ordering and holding costs.
Heuristics prioritize computational efficiency and feasibility over exact precision, making
them suitable for diverse operational contexts.

Optimization via simulation has also emerged as a complementary approach for deter-
mining optimal parameters in inventory policies, particularly for rule-based approaches
[7]. This data-driven method involves simulating the performance of different parameter
configurations to identify the most effective combination. Standard techniques include
brute-force searches and Bayesian optimization. Despite their potential, these methods
face significant scalability challenges as the computational effort required to evaluate
parameter spaces grows exponentially, limiting their applicability to large-scale supply
chains.

In response to these challenges, DRL offers a transformative, data-driven method that
overcomes the limitations of traditional optimization methods, which often rely on static
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parameters, simplifying assumptions, or predefined mathematical formulations that
constrain their practical applicability. In contrast, DRL learns optimal policies directly
through interaction with the environment. By leveraging ANNs to approximate value
functions and policy mappings, DRL can effectively navigate high-dimensional state and
action spaces, making it particularly effective for multi-echelon systems [5]. For example,
while stochastic programming requires explicit modeling of probabilistic scenarios, DRL
dynamically adapts to evolving conditions—such as stochastic demands and lead times-
without the need for exhaustive scenario enumeration. This adaptability enables DRL to
outperform traditional inventory policies and heuristics in environments characterized
by dynamic challenges, including uncertainty and non-linear data relationships.

Moreover, a key advantage of DRL lies in its ability to incorporate structural attributes
and operational factors, such as the number of echelons, demand variability, and capacity
constraints, directly into its decision-making process. Traditional optimization methods
often rely on separate models or heuristics to address these components, increasing
computational complexity and reducing applicability. In contrast, DRL inherently learns
policies that account for these interdependencies, optimizing order quantities at each de-
cision period based on the actual state of the environment, including on-hand inventory,
in-transit products, and demand forecasts, among other elements [5]. By continuously
interacting with the environment and refining decisions over time, DRL achieves un-
paralleled flexibility and adaptability. These characteristics position DRL as a powerful
tool for modern SCIM, enabling organizations to navigate the complexities of real-world
supply chains effectively.

1.1.6 Barriers to Implementing Deep Reinforcement Learning in
Supply Chain Inventory Management

Despite the growing interest in applying DRL to SCIM, significant barriers persist that
affect its practical implementation in real-world applications, as documented in the
academic literature [5, 33, 21, 16, 14]. Among the most critical issues is computational
complexity. The intricate nature of supply chains, particularly in multi-echelon systems,
requires modeling high-dimensional state and action spaces. This complexity is further
exacerbated by demand variability, capacity constraints, and other operational factors,
substantially increasing the computational effort required. Additionally, hyperparameter
tuning represents a time-consuming, computationally intensive process that adds further
challenges. As a result, extensive computational resources and advanced strategies are
necessary to train DRL algorithms effectively.

Challenges related to scalability also represent a critical barrier. Although DRL has
demonstrated potential in controlled or small-scale environments, scaling its application
to large, complex supply chains—with increased numbers of echelons, warehouses, and
product types—often reduces algorithmic performance. The inclusion of lead times and
perishability introduces additional layers of complexity. The resulting increase in compu-
tational requirements frequently leads to longer convergence times or even algorithmic
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divergence, limiting the practical applicability of DRL for large-scale problems.

Another major obstacle lies in the availability of real-world data. Successfully imple-
menting DRL algorithms depends on access to comprehensive, high-quality datasets,
which are typically scarce. Many organizations face limitations due to fragmented and
inconsistent data sources, complicating algorithm training and compromising decision-
making processes. Furthermore, the scarcity of real-world data makes evaluating DRL
performance in practical applications challenging, as assumed environments may fail to
capture the actual complexities of realistic supply chains. This reliance on robust data
infrastructure poses a critical barrier to the adoption of DRL in real-world applications.

Finally, the interpretability of DRL algorithms remains a persistent barrier. Unlike
traditional inventory policies, DRL algorithms can be perceived as black-box systems,
where the rationale behind their decision-making is not easily interpretable. This issue is
particularly problematic in highly regulated industries, such as pharmaceuticals, where
decision-makers require clear explanations to ensure compliance with ethical and legal
constraints. Consequently, it is essential to analyze the actions chosen by DRL algorithms
and closely examine inventory trends to reveal patterns and managerial insights that
help interpret the results. Such analyses can build trust in DRL-based solutions and
support their broader acceptance across industries.

Addressing these significant barriers requires continued innovation and dedicated
research in both methodologies and implementation strategies. Emphasizing the im-
portance of reducing computational complexity, validating DRL effectiveness using
real-world data, and enhancing the scalability and interpretability of DRL algorithms is
thus essential. Such advancements are crucial for unlocking the full potential of DRL
and driving its practical application in SCIM.

1.1.7 Opportunities for Advanced Solutions

In addition to these barriers, the studies presented in this thesis reveal further chal-
lenges facing DRL adoption. Research on two-echelon systems, for instance, highlights
insufficient testing across various combinations of the number of warehouses, prod-
uct types, and length of lead times. Moreover, a lack of comprehensive benchmarking
persists when comparing DRL to traditional inventory policies, such as base-stock or
(s, Q)-policies, and also among different state-of-the-art DRL algorithms themselves.
Additionally, existing DRL algorithms often struggle with high-dimensional state and
action spaces in multi-product, multi-echelon systems, leading to infeasible actions and
suboptimal policies. To address these issues, exploiting continuous action spaces, which
scale linearly with the size of the problem, in contrast to discrete action spaces that grow
combinatorially, can improve effectiveness by enabling faster training convergence and
more efficient decision-making.

Multi-stage (MS) stochastic programming models are commonly used for SCIM
but are computationally intractable due to the curse of dimensionality, particularly
under demand variability. While DRL offers an alternative method, it presents its own
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challenges, including computational complexity and hyperparameter tuning. Incor-
porating capacity constraints, production limits, and transportation capabilities adds
further complications, even for DRL. Hybrid approaches that integrate DRL with MS
stochastic programming hold the potential to combine the optimization strengths of MS
stochastic programming with the adaptability and decision-making efficiency of DRL. By
leveraging these complementary strengths, such approaches can mitigate computational
bottlenecks, improve solution quality, and enhance scalability. However, despite their
promise, hybrid approaches have yet to be thoroughly explored.

Pharmaceutical supply chains introduce unique challenges, including perishable
products, non-stationary demand, and strict ethical and legal constraints. Existing
studies lack rigorous comparisons of DRL with traditional inventory policies in this
context. Notably, there is a scarcity of evaluations using real-world demand data and
realistic supply chain models to benchmark DRL performance against human-driven
policies currently employed by industries. Addressing these gaps is essential to validate
the practical applicability and effectiveness of DRL in real-world domains.

1.2 Research Questions

The research presented in this thesis aims to address the challenges and limitations
associated with SCIM, particularly through the application of DRL and mathematical
approaches, as discussed in the previous sections. Each paper contributes to advancing
the field by tackling specific research questions and proposing innovative methodologies
and implementation strategies to enhance DRL’s performance and applicability in diverse
supply chain contexts.

Performance of Deep Reinforcement Learning Algorithms in Two-Echelon
Inventory Control Systems [27]

The first paper, discussed in Chapter 2, investigates how DRL algorithms can advance
SCIM within a two-echelon system. The study focuses on the following key questions:

1. How can DRL improve performance in multi-echelon systems under
seasonal and stochastic demand scenarios, varying the number of local
warehouses, product types, and the length of lead times?

2. Can we design an allocation rule for selecting feasible actions and pre-
venting backorders in the first echelon?

3. How does the performance of DRL compare to traditional inventory

policies in terms of cost minimization and training time?

These research questions are addressed by mathematically formulating the problem
as an MDP and evaluating the performance of three state-of-the-art DRL algorithms-
PPO, VPG, and A3C-against traditional inventory policies, namely the base-stock and
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(s, Q)-policies, through comprehensive numerical experiments assessing both costs and
training time.

Key findings reveal that the PPO algorithm consistently outperforms the other al-
gorithms across diverse experimental conditions, including variations in the length of
lead times, number of product types, and number of local warehouses. While compu-
tationally efficient, the (s, Q)-policy offers a balanced trade-off between performance
and implementation simplicity. These results underscore DRL’s ability to handle large
state-action spaces and complex demand patterns by exploiting the balanced allocation
rule designed for continuous action spaces, thereby addressing critical challenges related
to computational complexity and scalability.

Combining Deep Reinforcement Learning and Multi-Stage Stochastic Program-
ming to Address the Supply Chain Inventory Management Problem [25]

The second paper, described in Chapter 3, examines the combination of DRL with MS
stochastic programming and aims to answer the following research questions:

1. How can combining DRL with MS stochastic programming optimize
production and logistics decisions in two-echelon systems?

2. How can the hybrid heuristic adapt to changes in supply chain parame-
ters, such as seasonal and stochastic demand patterns, production limits,
warehouse capacity constraints, and fixed and variable logistics costs,
while mitigating computational complexity?

3. Can the hybrid heuristic improve performance compared to standalone
DRL and MS stochastic programming methods?

This study introduces a hybrid heuristic combining the PPO algorithm with MS
stochastic programming to enhance state-of-the-art methodologies. The PPO algorithm
determines batch production quantities, leveraging its adaptive learning capabilities to
manage long-horizon production processes. Simultaneously, MS stochastic programming
is applied for short-horizon logistics decisions, providing a mathematical formulation to
address operational constraints effectively.

Key contributions of this research include addressing the curse of dimensionality
commonly associated with MS stochastic programming. This is achieved by leveraging
DRL’s capacity and decomposing complex decision spaces into more manageable com-
ponents. The hybrid heuristic demonstrates scalability and computational efficiency,
consistently outperforming standalone DRL algorithms in minimizing costs and suc-
cessfully solving computationally intractable problems using standalone MS stochastic
programming. Comprehensive numerical experiments show that performance remains
robust under various demand scenarios, operational constraints, and costs, including
production limits, warehouse capacity constraints, and fixed and variable logistics costs.
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Classical and Deep Reinforcement Learning Inventory Control Policies for
Pharmaceutical Supply Chains with Perishability and Non-Stationarity [28]

The third paper, presented in Chapter 4, focuses on SCIM for perishable products in a
real-world pharmaceutical supply chain. It highlights two critical challenges for DRL
implementation, specifically the scarcity of real-world data for training and performance
evaluation and the need for behavioral analysis to enhance interpretability. This research
investigates the following questions:

1. How should DRL and traditional inventory policies be adapted to provide
robust solutions for managing non-stationary demand while considering
product perishability, production yields, batch limits, lead times, and lost
sales?

2. How does DRL compare to human-driven policies and traditional inven-
tory policies in managing a real-world pharmaceutical product?

3. How do human-driven policies compare to data-driven methods, and
what managerial insights can be drawn from their performance across
varying experimental conditions?

The study employs synthetic data based on information provided by a multinational
pharmaceutical company to evaluate the PPO algorithm against OUT and PIL policies
while modeling the problem as an MDP. Numerical experiments simulate the lifecycle of
a real pharmaceutical product under varying levels of demand noise, planning horizons,
and diverse supply chain parameters.

Key findings indicate that DRL offers strong performance in minimizing costs, par-
ticularly in high-risk environments characterized by significant lead times, lost sales
costs, and production yields. However, it does not consistently outperform traditional
inventory policies across all experimental conditions. Compared to human-driven
policies, which mitigate lost sales through higher holding costs, DRL and rule-based
approaches achieve lower average costs but exhibit greater cost variability. This trade-off
underscores the need for decision-makers to balance cost efficiency with the variability
inherent in more sophisticated data-driven methods while also considering ethical and
legal constraints.

1.2.1 SCIMAI-Gym Python Library

The collective contributions of the three papers presented in this thesis represent notable
advancements in the field of SCIM, particularly through the implementation of DRL to
address multifaceted challenges. By combining state-of-the-art DRL algorithms with
domain-specific mathematical formulations, this work advances both the theoretical
understanding and the practical implementation of innovative solutions in complex,
dynamic, high-dimensional environments under uncertainty. Beyond addressing specific
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research questions, this work also introduces a comprehensive and flexible open-source
Python library, called SCIMAI-Gym (which stands for SCIM-through—AI-Gym), which
facilitated the resolution of these challenges.

This library enables researchers and practitioners to tackle SCIM barriers using a wide
range of DRL algorithms, traditional optimization methods, and inventory policies while
simultaneously promoting reproducible research through standardized and customizable
experimental conditions. Its simulation environment, designed for both single- and
two-echelon systems, serves as a central platform for advancing research. It offers
unparalleled flexibility and adaptability in adjusting key parameters related to non-
stationary, seasonal, or real-world stochastic demand patterns; lengths of lead times;
numbers of product types and local warehouses; production limits and warehouse
capacity constraints; perishability and production yields; and handling unsatisfied
demand through backorders or lost sales. It also accommodates various cost components,
including ordering, transportation, holding, and expiration costs.

In addition, the library allows extensive customization of the state vector, including
information such as available and in-transit stock or age-specific inventory levels for
perishable products. It also supports the integration of historical demand data or demand
forecasts, enhancing the realism and applicability of simulations. Moreover, employing
continuous action spaces helps address scalability and computational complexity by
leveraging features such as the balanced allocation rule. It can also adjust the sequence
of events within the supply chain modeled as an MDP to reflect specific operational
contexts. Furthermore, the library provides tools to visualize and analyze the behavior of
algorithms through detailed plots, enabling researchers and practitioners to explore the
interpretability of learned policies thoroughly. By offering such an adaptable platform,
the library facilitates rigorous experimentation, fosters actionable insights, and bridges
the gap between methodological research and real-world applications. The open-source
library is publicly available on GitHub at the following link: https://github.com
/frenkowski/SCIMAI-Gym.

Collectively, the advancements presented in this thesis represent a significant step
forward in applying DRL to SCIM. By demonstrating the potential of DRL to optimize
complex, multidimensional decision-making processes, this work highlights the growing
relevance and transformative power of these methodologies. Through its combination
of theoretical mathematical rigor and practical adaptability, this thesis lays a solid
foundation for future research and innovation in SCIM, mapping a clear path toward
more robust and efficient supply chains.
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Abstract

This study conducts a comprehensive analysis of deep reinforcement learning (DRL)
algorithms applied to supply chain inventory management (SCIM), which consists of a
sequential decision-making problem focused on determining the optimal quantity of
products to produce and ship across multiple capacitated local warehouses over a specific
time horizon. In detail, we formulate the problem as a Markov decision process for a
divergent two-echelon inventory control system characterized by stochastic and seasonal
demand, also presenting a balanced allocation rule designed to prevent backorders in
the first echelon. Through numerical experiments, we evaluate the performance of
state-of-the-art DRL algorithms and static inventory policies in terms of both cost
minimization and training time while varying the number of local warehouses and
product types and the length of replenishment lead times. Our results reveal that the
Proximal Policy Optimization algorithm consistently outperforms other algorithms
across all experiments, proving to be a robust method for tackling the SCIM problem.
Furthermore, the (s, Q)-policy stands as a solid alternative, offering a compromise in
performance and computational efficiency. Lastly, this study presents an open-source
software library that provides a customizable simulation environment for addressing the
SCIM problem, utilizing a wide range of DRL algorithms and static inventory policies.



2.1 — Introduction

2.1 Introduction

In this study, we address an optimization problem that consists of a two-echelon inventory
control system with limited capacity at each echelon. The system includes a capacitated
source (central warehouse) that receives products from the upstream level (factory). The
downstream level consists of multiple retailers (local warehouses) that face stochastic
and seasonal demands for a diverse range of product types. Excess demand for each type
of product that cannot be directly satisfied from stocks is backordered. Local warehouses
place orders at the upstream level, and these orders are delivered after a constant and
positive replenishment lead time. The objective is to minimize the total cost of the
system under consideration.

This problem can be viewed as a nonlinear stochastic problem whose optimal solution
is challenging to find due to the curse of dimensionality, which emerges from the number
of product types, the number of warehouses, the presence of lead times, and the stochastic
nature of the demand [28]. The simplest solutions available for one-warehouse-one-
product-type inventory control systems or employed in serial supply chains cannot be
extended to systems involving multiple warehouses and multiple product types in a
multi-echelon structure as the complexity grows with the problem size. By relaxing the
assumption of stochastic demand and replacing it with a deterministic value (e.g., with
its mean), the system can be modeled as a linear programming problem, which can be
technically solved for a reasonable number of warehouses and product types and length
of lead times. Nevertheless, for supply chain systems with large-scale instances, even
when considering deterministic demand, the problem remains arduous to solve.

Consequently, the goal is to identify an approximate solution that provides robust
performance in terms of cost minimization or profit maximization, all while maintaining
limited computation time. A common approximate approach for dealing with the supply
chain inventory management (SCIM) problem involves formulating the system as a
Markov decision process (MDP) and solve it approximately. For further information on
approximate techniques for solving MDPs, the interested reader can refer to the work of
Gordon [17].

In this context, artificial intelligence (AI) enhances the decision-making capabilities
and operational efficiency in supply chains, leading to its expanding role in the SCIM
field [41]. For example, Jackson, Jesus Saenz, and Ivanov [22] demonstrated how recent
advances in Al and natural language processing can be leveraged to enable human
experts to automatically build simulation models of inventory control systems using
verbal descriptions. Additionally, artificial neural networks (ANNs) have been effec-
tively employed to propose a deep learning method for demand forecasting, which has
proven robust compared to other benchmarks used in the study [35], and to develop
a predictive model that determines the likelihood of product backorders in complex
scenarios, particularly those characterized by unbalanced training datasets [40]. Accord-
ing to Rolf et al. [36], the most common application of reinforcement learning (RL) in
supply chains lies in addressing the SCIM problem, with Q-learning emerging as the
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most utilized algorithm. However, to overcome the limitations of traditional tabular RL
algorithms such as Q-learning, deep reinforcement learning (DRL) has recently emerged
as a promising approach for efficiently tackling MDP problems.

Given the recent advancements and the increasing application of deep learning in
SCIM, this study aims to investigate this trend by comparing different state-of-the-art
DRL algorithms in two-echelon inventory control systems. In detail, we focus on evalu-
ating the effectiveness of DRL algorithms by comparing their performance in terms of
cost minimization and computation time. It is worth noting that the considered problem
remains challenging to solve, even with the implementation of DRL algorithms. Conse-
quently, we assess their performance by simplyfing certain assumptions of the original
system. Specifically, we limit the set of experiments by considering one and two product
types, a number of local warehouses ranging from one to three, and replenishment lead
times of length one and three. These constraints allow all the algorithms used in the
benchmark to converge within a reasonable amount of time. The primary objective of
this study is thus to evaluate the effectiveness of DRL algorithms and compare their
performance with static inventory policies. Through this effort, we aim to provide
insights into the relative strengths of each approach and contribute valuable information
for decision-makers in selecting appropriate SCIM strategies that balance performance
and computational efficiency.

In what follows, Section 2.2 will offer a review of recent literature on SCIM, specifi-
cally focusing on the use of DRL algorithms in this domain. Then, in Section 2.3, we
will outline the general MDP framework of DRL algorithms and detail their application
within our assumed inventory control system. In Section 2.4, we will conduct numerical
experiments to assess the performance of the different DRL algorithms and static inven-
tory policies. Finally, Section 2.5 will conclude the paper, summarizing our findings and
discussing their implications for both researchers and practitioners in the field of SCIM.

2.2 Literature Review

The SCIM problem is a sequential decision-making problem that involves determining
both the optimal production quantities at the factory and the optimal shipment quantities
from the central warehouse to local warehouses over a specified time horizon (either
finite or infinite). As evidenced by the roadmap provided by Boute et al. [4], DRL
algorithms are rarely applied to the SCIM field. Nevertheless, they hold the potential to
develop near-optimal policies that are challenging, if not impossible, to achieve using
traditional methods. Indeed, the uncertain and stochastic nature of product demand,
combined with lead times, presents significant challenges for mathematical programming
approaches to be effective. Furthermore, when the inventory control system accounts
for limited storage capacity, identifying effective SCIM strategies becomes even more
complex.

As observed by Kok et al. [25], the optimal policy for capacitated two-echelon
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inventory control systems is multidimensional and infeasible for real-world scenarios.
In this context, installation stock and echelon stock policies represent two primary
strategies for defining ordering decisions. Under installation stock policies, decisions are
based solely on the local inventory position at each warehouse, whereas under echelon
stock policies, orders are made based on the inventory position across downstream levels
of the supply chain [3].

Classical static inventory policies, such as the base-stock policy [10] and the (s,
Q)-policy [37], can be implemented under either installation or echelon control logic.
Specifically, the base-stock policy has been extensively investigated in multi-echelon
structures. De Bodt and Graves [11] analyze it under stochastic demand in serial supply
chains, considering backorders at the final level. Chen [9] derive an optimal base-stock
policy for similar structures, extending them with batch ordering constraints. Kouki,
Arts, and Babai [26] evaluate the performance of the base-stock policy in a two-echelon
supply chain with lost sales, offering exact and approximate solutions under stochastic
demand conditions and lead times. Similarly, the (s, Q)-policy has been applied across
different two-echelon inventory control systems with stochastic demand. Forsberg
[13] evaluate the (s, Q)-policy, providing exact methods for cost analysis under Poisson
demand and constant lead times. Lee and Wu [27] study it and propose strategies to
mitigate the bullwhip effect, which refers to the amplification of order fluctuations
at upstream levels. Ntio et al. [32] investigate the (s, Q)-policy within divergent two-
echelon supply chains, considering stochastic lead times and particularly emphasizing
the challenges associated with lost sales.

The relative advantage of installation stock versus echelon stock policies depends on
the specific structure of the supply chain [2]. In line with this observation, we adopted
installation stock policies in our numerical experiments as benchmark strategies for
evaluating the performance of DRL algorithms. Although decisions are based on local
inventory positions, the policy parameters were optimized globally to minimize the total
supply chain cost, as will be explained in Section 2.4.2.

Interested readers can refer to Bouti, Boukallal, and El Khoukhi [5] for an extended
overview of classical inventory policies. In what follows, we review studies that investi-
gate solutions to inventory control systems through RL and DRL algorithms.

Reinforcement Learning Algorithms

RL algorithms have recently achieved remarkable results in the field of Al Essentially,
RL adopts the MDP framework to represent the interactions between a learning agent
and an environment [45], as depicted in Figure 2.1. To define this interaction, at each
time step ¢, the agent observes the current state of the environment, s,, chooses an
action, a,, and receives a reward, r,,; € R; then, the environment transitions into a
new state, s,, ;. The primary objective of RL is to find an optimal policy that maximizes
the sum of expected discounted rewards, Z£=z+1 )/k_’_lrk, where 0 < y < 1 represents a
hyperparameter known as the discount rate.
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Figure 2.1: Agent-environment interaction in an MDP (taken from Sutton and Barto

[45]).

One of the most common approaches to addressing the SCIM problem through RL
algorithms is Q-learning [50, 36]. This approach is rooted in a tabular and temporal-
difference algorithm that learns to determine the value of an action g, in a state s,,
referred to as the Q-value and denoted O (st, a,). The Q-values for each state-action pair
are stored in a table known as the Q-table, where each state corresponds to a row and
each action to a column. Through the Q-learning algorithm, the Q-values associated with
each state-action pair are estimated according to an updating rule. Once convergence
has been achieved — which is guaranteed under certain conditions [21] — an optimal
policy can be derived by identifying the action with the highest Q-value for each state.

Chaharsooghi, Heydari, and Zegordi [7] proposed a method based on Q-learning to
tackle the beer game problem, which consists of a serial supply chain structure with four
participants and specific assumptions. In particular, they defined the current system state
using a vector that consists of the current four stock levels. However, since the stock
levels thus defined could potentially take infinite values, directly applying this strategy
appears unfeasible since the Q-table would become infinitely large. Consequently, the
authors discretized the state space into nine intervals, resulting in 9* possible state values.
Regarding actions, their method determines the number of products to order using the
d+x policy (precisely, if a participant in the previous time step received a request for d
units from the downstream level, this policy requires ordering d+x units to the upstream
level in the current time step). The primary goal of the learning process is to determine
the optimal value of the unknown variable x based on the given system state. To keep
the Q-table’s size manageable, the authors constrained x to values within the range [0,
3], resulting in 4* possible actions.

By defining limited state and action spaces, the resulting Q-table becomes more
manageable. However, it becomes evident that the Q-tables implemented are typically
huge and, thus, unscalable. For example, the Q-table adopted by Chaharsooghi, Heydari,
and Zegordi [7] contains (9* - 4* =) 1679616 cells, equivalent to the number of states
multiplied by the number of actions. Consequently, expanding the size of the state or
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action spaces might not be feasible, as the Q-tables can no longer be handled. Geevers,
Hezewijk, and Mes [15] also considered the beer game problem and demonstrated that
the method proposed by Chaharsooghi, Heydari, and Zegordi [7] is unable to learn an
effective policy since the impact of the variable x is so limited that even random values
yield basically the same outcomes.

In conclusion, tabular RL approaches are feasible only when state and action spaces
are discretized or constrained. However, such limitations can lead to a loss of critical
information, in addition to being inappropriate for real-world scenarios. As a result,
enhanced RL methods are necessary for effectively addressing multi-echelon inventory
control systems.

Deep Reinforcement Learning Algorithms

DRL combines RL with deep learning, enabling it to tackle decision-making problems
previously considered intractable. DRL is particularly well-suited for environments with
high-dimensional state and action spaces, such as video games and gaming in a general
sense [30, 42, 46]. Deep learning is rooted in ANNs, which are capable of providing
optimal approximations for highly nonlinear functions. Basically, function parameters
are adjusted during the learning process to minimize or maximize a specific objective
function.

The DRL algorithms we used belong to a class called policy-based methods. These
methods can learn a parameterized and stochastic policy to select actions directly, in
contrast to value-based methods like Q-learning. Under this class of algorithms, policy
gradient methods offer a significant theoretical advantage due to the policy gradient
theorem, and the vanilla policy gradient (PG) algorithm [48] is a natural result of this
theorem. However, the high variance of gradient estimates can lead to policy update
instabilities [49]. To mitigate this issue, Schulman et al. [39] introduced the trust region
policy optimization (TRPO) algorithm, an actor-critic method that simultaneously learns
a policy and a value function while bounding the difference between the new and the
old policies in a trust region. Proximal policy optimization (PPO) [38] shares the same
background as TRPO but is simpler to implement and tune while demonstrating compa-
rable or superior performance. Mnih et al. [29] proposed the asynchronous advantage
actor-critic (A3C) algorithm, which involves multiple agents interacting with different
instances of the environment, each with its parameters. These agents periodically and
asynchronously update a global ANN that incorporates shared parameters. For a more
in-depth and rigorous discussion of various DRL algorithms, interested readers can refer
to Francois-Lavet et al. [14].

The implementation of DRL algorithms in inventory control systems has been limited,
but some promising results have been reported in recent studies. Oroojlooyjadid et al.
[33] used an extension of the deep Q-network (DQN) proposed by Mnih et al. [30] for
the beer game problem. Their DQN agent, which uses an ANN instead of a Q-table to
return Q-values for state-action pairs, learned a near-optimal policy while other supply
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chain participants followed a base-stock policy. Due to the DQN’s requirement for a
limited action space cardinality, the authors conducted numerical experiments using a
d+x policy imposing different constraints on the variable x.

Peng et al. [34] proposed the PG algorithm to address a two-echelon inventory con-
trol system characterized by stochastic and seasonal demand while considering storage
capacity constraints. Their experiments demonstrated that the PG agent outperformed
the (s, Q)-policy used as a baseline in all three experiments. Gijsbrechts et al. [16]
applied and tuned the A3C algorithm to a similar supply chain structure, showing that
A3C achieved performance comparable to state-of-the-art heuristics and approximate
dynamic programming algorithms despite its initial tuning being computationally in-
tensive. Alternatively, Hezewijk et al. [18] investigated the capacitated single-echelon
lot-sizing problem — a type of production planning problem — proposing modifications
to the standard PPO algorithm, which matched state-of-the-art benchmarks. These
modifications included the use of a feasibility mask and the scaling of states and rewards,
aimed at reducing the action space size in large-scale instances.

For more extended inventory control systems, Hubbs et al. [19] studied a four-echelon
structure and employed the PPO algorithm in two different environments (i.e., without
and with backorders), demonstrating that PPO outperformed the base-stock policy in
both cases. Finally, Alves and Mateus [1] considered a similar structure and proposed
the PPO algorithm to deal with the problem, while a deterministic linear programming
model (i.e., considering deterministic demand) is employed as a baseline. Results of
numerical experiments showed that PPO still achieved satisfactory performance.

While these studies highlight the potential of DRL algorithms in multi-echelon
inventory control systems, more research is needed to further explore their abilities in
this domain.

Contributions to Literature

The current state of DRL algorithms applied in multi-echelon inventory control systems
presents several limitations. These include insufficient testing across various supply
chain typologies (e.g., by varying the number of local warehouses), lack of extensive
experiments with different configurations (e.g., number of product types, length of lead
times, and associated costs), and an absence of comprehensive comparisons between
different state-of-the-art DRL algorithms.

Moreover, relevant aspects of the SCIM problem have not yet been efficiently ad-
dressed. Notable gaps include the lack of a well-established open-source library for
reproducing and validating simulation models, insufficient performance benchmarking
against an oracle, and an absence of multiple product types in multi-echelon inventory
control systems, which results in a high-dimensional action space that necessitates a
more interconnected and complex set of constraints. In this context, our work contributes
to the existing literature by avoiding infeasible actions through specific constraints and
employing an allocation rule designed to prevent backorders in the first echelon. This
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contrasts with approaches that combine RL with operations research methods [47] or
rely on knowledge of the optimal solution in small-scale instances to model the action
space in larger-scale ones [18].

In an attempt to address these shortcomings, this paper offers the following con-
tributions to the literature on multi-product types and multi-echelon inventory control
systems:

+ Design and formulation of a simulation environment representing a divergent
two-echelon inventory control system under stochastic and seasonal demand,
avoiding central warehouse backorders and allowing for an arbitrary number of
warehouses and product types to be managed.

« Comparison of a set of state-of-the-art DRL algorithms in terms of their ability
to find an optimal policy, i.e., a policy that minimizes the supply chain costs as
determined by an oracle.

« Evaluation of performance achieved by DRL algorithms and comparison with
selected static inventory policies, such as the base-stock policy and the (s, Q)-policy,
with their optimal parameters determined through a data-driven approach.

+ Design and execution of a rich experimental setup involving different system
configurations (i.e., considering different lead time lengths and varying numbers of
local warehouses and product types) to assess the performance of DRL algorithms
and static inventory policies in a wide range of experiments.

« Design and development of an open-source library ! for addressing the presented
SCIM problem, thus embracing open science principles and guaranteeing repro-
ducible results.

Through addressing these gaps and offering these contributions, this paper aims to
advance the understanding and application of DRL algorithms in multi-echelon inventory
control systems and provides a foundation for future research and advancements in this
domain.

2.3 Problem Definition and Modelling

We consider a finite-horizon, periodic-review, two-echelon inventory control system
composed of a factory and its central warehouse (first echelon), denoted by the index
zero, along with J local warehouses (second echelon). The structure of the system under
consideration is depicted in Figure 2.2 and is defined as divergent because, while the
first level consists of a single central warehouse, the second level can include multiple

!Our open-source library is available at https://github.com/frenkowski/SCIMAI-Gym.
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local warehouses. Each local warehouse j,j € {1,...,J}, faces, for each time step
t,t € {1,...,T}, and each product type i,i € {1,..., 1}, a stochastic and seasonal
demand. Any unsatisfied unit of demand that exceeds the on-hand stocks is backordered.
Contextually, the central warehouse produces and ships products to local warehouses
throughout the finite episode horizon of length 7. Products produced by the factory are
available to the central warehouse at the same time step, while products shipped to the
local warehouse j are received after a positive and constant lead time L ;.

= -]

-

o 5
|
e

Figure 2.2: A divergent two-echelon supply chain consisting of a factory and its central
warehouse (first echelon) and three local warehouses (second echelon). Shopping carts
represent customer demands.

The inventory control system proposed in this study primarily draws inspiration from
the models presented in Kemmer et al. [24], Peng et al. [34], and Stranieri and Stella [44].
However, we introduce two critical distinctions to more accurately characterize complex
inventory control systems. First, we extended the model to consider a multi-product type
case in a multi-echelon structure rather than focusing exclusively on a single product
type. This extension not only prevents central warehouse backorders but also enables an
assessment of the performance in challenging and heterogeneous configurations where
multiple product types are managed simultaneously. Secondly, we incorporated positive
lead times between the central and local warehouses. By accounting for lead times, we
capture the inherent uncertainty and delay in the replenishment strategy, which can
significantly influence SCIM decisions and the overall system process, allowing for a more
in-depth exploration of how lead times impact performance. These distinctions to the
original models aim to offer a more comprehensive understanding of the effectiveness and
applicability of the DRL algorithms and static inventory policies in managing complex
inventory control systems.

For every time step 7 and each product type i, the factory determines its production
level af)y ,» which represents the number of units to produce, considering a fixed produc-
tion cost of pf) per unit (as mentioned before, we assume j = 0 for the central warehouse
and 1 < j < J for local warehouses). The central warehouse can store a maximum of cé
units for product type i, implying that the overall capacity is Zilzl cé = ¢(. The cost of
storing one unit of product type i at the central warehouse is /1, per time step, while the
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corresponding stocks on hand, also referred to as stock level, at time step ¢ equals qé -
At every time step f, ai.J units of product type i are shipped from the central to local

warehouse j, with an associated transportation cost of z} per unit. For each product

type i, each local warehouse j has a maximum storage capacity of c;. (resulting in an

overall capacity of 2,-I=1 cj. = c;), a storage cost of h; per unit and time step, and a stock

level at time ¢ equal to qj',r The demand for product type i at local warehouse j during
time step ¢ is indicated by dj".J.

Products in the considered inventory control system are assumed to be non-per-
ishable and provided in discrete quantities. In addition, we assume that each local
warehouse is legally obligated to satisfy all submitted demands. Unsatisfied demands
are designed as a negative stock level (corresponding to backorders) and maintained over
time. Consequently, if a demand for a specific time step exceeds the corresponding stock
level, a backorder cost, denoted by b;, is applied for each time step and unit of negative
stocks. This assumption implies that when the backorder cost is specifically high, the
agent may find it challenging to develop cost-effective solutions if it incurs backorders.
As a result, an agent should prefer a policy that leads to preserving stocks in advance,
even if it means incurring storage costs. By including backorder costs in our model, we
offer a more complex and practical scenario for evaluating the DRL algorithms and static
inventory policies, enhancing our understanding of the trade-offs between satisfying
customer demands and reducing supply chain costs. A summary of the SCIM notation
is available in Table 2.1.

Table 2.1: The adopted SCIM notation accompanied by a relative explanation (and units
of measure).

Parameter Explanation Parameter Explanation

I Number of Product Types pé) Production Cost (per unit)

J Number of Local Warehouses z; Transportation Cost (per unit)

T Episode Horizon (time step) q;.}, Stock Level (units)

L; Length of Lead Times (time step) c;. Storage Capacity (units)

d ’:‘ Demand (units) h Storage Cost (per unit and time step)

s

Production and Shipping Level (units) b Backorder Cost (per unit and time step)

<

2.3.1 Markov Decision Process Formulation

In this subsection, we formalize the considered SCIM problem using the previously de-
scribed MDP framework. More precisely, we introduce and define the main components
related to the MDP formulation, that is, the state vector, the action vector, and the reward
function.
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State Vector

Considering time step 7, we denote the stocks on hand at warehouse j, j € {0, ..., J},
by:
1
9
q°
qu .= {J y (21)
T
9

where q}l represents the stock level for product type i, i € {1, ..., I}. It is important to
note that, due to backorders, the stock level can assume negative values.

The quantity of product type i already ordered from local warehouse j but not yet
delivered at time step # — 1,...,# — L; + 1 is represented by x;.J. In this respect, we
express the vector of total in-transit orders as follows:

1 1 I
Yja—1 Xjr—2 Xy 41
2 2 2
X X cee X7
Xj,z ‘= j,.Z—] J,z—.2 /,t—.Lj+1 . (2_2)
I I I
Yji—1 Xje—2 Xj-L41

The state vector of the MDP can then be defined as:

St 2= (Qos Q1,00 X1 g0 -+ > Qs X ) (2.3)

Action Vector

Regarding the actions, the quantities produced and shipped at time step ¢ are denoted
by:
1
9

a,. =| i}, (2.4)

a;,
where j = 0 indicates the production level and 1 < j < J denotes the shipping level,
respectively. In our formulation, we assume that for every warehouse j, j € {0, ..., J},
and every product type i, i € {1, ..., 1}, the quantities shipped or produced cannot
exceed their respective storage capacities, formally aj.’t < c;

The action vector of the MDP is consequently defined as:

a, 1= (ag---,ay,), (2.5)
with a size of I(J + 1).
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Reward Function

The goal of our study is to minimize the total cost associated with the assumed inventory

control system. Consequently, the optimization problem we aim to address is a multi-

variable, non-linear, non-convex, mixed-integer programming problem (MINPP).
Mathematically, this optimization problem can be defined as follows:

mmzzz J Jt+hl(qjt)++bl( th)+ +ZZPO Ot Oth (2'6)

t=1 j=1 i=1 t=1 i=1

staJ,SCJ Vjel{0,..,J}LViell,....I} (2.7)

+q;,<c Vje{0,..,J},Vie{l, .., I} (2.8)
Za;JSq(i)J vie{l,....I} (2.9)
j=1

J
Qo = ooy + Gy, — Za}t_l vie{oLViell,.. I} (2.10)
j=1
g, = ;J_1+x;7t_Lj—d;7, Vie{l,..,J},VYie(l,...,I}
(2.11)
a;'.JGN Vjiel{o,...,J},Vie(l, .. I}
(2.12)
q;, €N Vje{o},Vie(l,.. I} (2.13)
q}ZEZ Vviel(l,..,J}Vie{l,... I},
(2.14)

where (-)* denotes max(0, -).

The objective function expressed in Equation (2.6) consists of several terms repre-
senting various costs. The first term accounts for the transportation cost of quantity
a ; from the central to local warehouses. The second term quantifies the storage cost
at local warehouses considering the current stock level. This latter is updated through
Equation (2.11) by adding incoming orders x’, ji-L, and subtracting the demand d j’.’t from

the on-hand stocks qj’ ,_p at the time step ¢ — 1. The third term, analogous to the second,
represents the backorder cost. Clearly, it is possible to incur either storage or backorder
costs, but not both, depending on whether the stock level, qj.’t, is positive or negative.
Lastly, the final two terms delineate the production and storage costs at the central
warehouse, respectively.

Moving on to the constraints, Equations (2.7) and (2.8) address the capacity bounds,
c; of each warehouse j and product type i. Specifically, Equation (2.7) ensures that
neither the production nor the shipping level can exceed the warehouse’s maximum
capacity. Furthermore, Equation (2.8) also considers the current stock level in a more
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restrictive form. Equation (2.9) specifies that the total sum of products shipped to all
local warehouses of a specific product type i cannot exceed the on-hand stocks in the
central warehouse, qa - This constraint is crucial to guarantee that the central warehouse
does not fall into backorders. Finally, Equations (2.10) and (2.11) delineate the stock
dynamics for the central and local warehouses, respectively, while Equations (2.12)
to (2.14) define the domains for the variables, ensuring that production or shipment of a
negative number of products is not allowable.

It should be noted that our minpp formulation is challenging to solve as it is an
NP-hard problem. When considering a deterministic version of the model (for example,
assuming demand as deterministic or known in advance), the MINPP becomes a linear
programming problem solvable for a proper number of warehouses and product types
and length of lead times. However, with stochastic and seasonal demand distributions,
even stochastic programming approaches struggle to find an effective solution within
a reasonable amount of time, mainly due to the curse of dimensionality [43]. In what
follows, we consequently focus on a simplified versions of our miNpp. Specifically, we
address the problem under the conditions of I = {1,2},J = {1,2,3},and L = {1, 3}.
This implies that only one or two product types are sold by all local warehouses, which
can range in number from one to three, with lead times of either one or three. These
lead times apply uniformly to all product types and local warehouses. Consequently, we
removed the subscript j from L;. Although we have defined specific values for I and J
in our assumptions, we use the notation I and J in a more general sense. In the end, the
size of the MDP state vector reducesto I + IJ(L + 1).

Based on our MDP formulation and exploiting the MINPP problem, we can now define
the reward at time ¢ when taking action a, in state s, as:

J 1 1
rispa,) = - (Z 2 254+ )+ g )+ D pay + héﬂf),z) - (215)
j=1i=1 i=1

The objective of the MDP is thus to determine an optimal policy that maximizes the
sum of expected discounted rewards through a mapping between states and actions.
Specifically, our approach employs DRL algorithms trained to minimize the supply chain
costs (thereby defining the reward as the negative cost).

System Dynamics

Let us define the demand vector for all product types and each local warehouse j,
jef{l,...,J}, as:
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Then, as illustrated in Figure 2.3, at each time step 7, € {1,2,..., T}, a sequence of
events characterizing our system dynamics occurs in the following order [20, 8]:

1. New orders, x ji—L» are received and added to the stocks on hand, q it for every
warehouse j, j € {0, ..., J}, and product type i,i € {1,...,1}.

2. Based on the actual state, s,, ordering decisions, a,, are made.

3. Demands, dj’t, are then realized for every local warehouse j, j € {1,...,J},

and product type i, i € {1,...,1}, and satisfied using the current stock level,
accounting for potential backorders.

4. Cost, r,, is computed.

5. The next state, s, |, containing new stocks on hand and in transit is determined.

orders (X, ,_ L,) demands (d; ) next state (s,,)
received realized determined
t l l l r+1
: +—s

I I |

actions (a,) cost (r,)
taken computed

Figure 2.3: Representation of the dynamics of the inventory control system considered.

To determine the next state s, |, the vector representing the total in-transit orders for
each local warehouse is updated by shifting existing values to the right and appending
the new ordering decisions a; ; to the first column on the left:

1 1 1

Gjo Xji—1 Xji-L42
2 .2 2
a. X e X
_ % X1 4—L 42
Xj,l+1 = ‘{ J . J . J . (217)
T I
Qo Xji=1- Xji-L42

Finally, the stocks dynamics as delineated in Equations (2.10) and (2.11) are defined
as:
q67t+1 = min (q&t +a671 — {:l aj.’t> ,06] Vje{0}, Vie{l,..., 1},
— min <q§+x§t_b —d;t> ,cj.] Vief(l,... J), Viefl, .. I}
b J )
(2.18)

i
9141
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This means that, at the beginning of the next time step ¢ + 1, the central warehouse
stock level equals the initial stocks, plus the units produced, minus the units shipped.
Similarly, the local warehouses’ stock levels are equal to the initial stocks, plus the units
received, minus the current demands. To ensure compliance with Equation (2.8), the
system prohibits storing products exceeding storage capacities, directly discarding any
units in excess. Clearly, if the stock level is positive, a storage cost is incurred; otherwise,
a backorder cost applies.

2.3.2 Deep Reinforcement Learning Formulation

In this section, we explain how we adapt DRL algorithms to fit the previously described
MDP formulation.

State Vector

The state vector defined in Section 2.3.1 contains the current stocks on hand and in
transit for each warehouse and product type. In addition, we also include the demand
values from the last 7 time steps, defining it as:

(spdy....dy,), (2.19)
where: . ' .
dj,t—'r dj,t—r+1 dj,t—l
. d> = d? . d?
d;, =/ e Sl P (2.20)
I I I
dj,t—‘r dj,t—r+1 dj,z—l

It is crucial to highlight that the size of the newly defined state vectoris I +IJ(L+7+1).

To simulate a stochastic and seasonal behavior, drawing inspiration from Kemmer
et al. [24], Peng et al. [34], and Stranieri and Stella [44], we represent the demand as a
sinusoidal function augmented with a stochastic component, as defined by the following

equation:
i dlln X 2i+j+1t
), =[ 22 1o (ZELL2D

. . +% (0, dw)J, (2.21)

where |-| denotes the floor function, d’, . is the maximum demand value for each

product type i, and % is a uniformly distributed random variable on the support (0, d’ )
representing demand variations (i.e., the uncertainty). At each time step, the demand
can vary for each local warehouse and product type while maintaining the same general
behavior, as depicted in Figure 2.4.

To provide DRL agents with limited knowledge about the demand history, we include
the most recent demand values within the state vector. This approach benefits the agent

in developing a basic understanding of demand fluctuations. It is important to note that
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Figure 2.4: Different demands behaviors generated according to Section 2.3.2 fixing
dl =10,d}  =5andd2  =5,d>2, = 10fordistinct typologies and configurations of
the SCIM problem. Specifically, a represents one product type and two local warehouses
with lead times of three; b shows two product types and one local warehouse with a
lead time of one; and ¢ depicts two product types and two local warehouses with lead

times of three.

the actual demand d, will not be included within the state vector s; until the subsequent
time step ¢ 4+ 1. This design choice enables DRL agents to benefit from learning demand
patterns, integrating a sort of demand forecasting directly into their policy.
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Action Vector

Regarding the action vector a, represented in Section 2.3.1, we opted for a continuous
action space, which means that the ANN generates action values directly, as it scales
linearly with the size of the problem. Specifically, each value a; , represents the number
of units produced at the factory and the number of units shipped to each local warehouse
for each product type.

In practical terms, a relatively small and identical upper bound is commonly adopted
for all action values to minimize computational effort. However, this method can
lead to a significant drop in terms of performance. Indeed, if the upper bound is too
small, the agent may choose an inefficient action since the optimal one lies outside the
admissible range. On the other hand, if the upper bound is too high, the agent may
repeatedly select an incoherent action that falls within the admissible range but exceeds
a specified maximum capacity, thus slowing down the training process. Accordingly,
our implementation provides a continuous action space with independent bounds for
each action value, ensuring a balance between computational efficiency and DRL agents’
performance.

Consequently, we set the lower bound for each value at zero, as producing or shipping
negative quantities of products would be not allowed. Conversely, the upper bound for
each warehouse corresponds to its maximum capacity for each product type. Formally,
these bounds are represented as 0 < aj.yt < cj., reflecting our assumption of a specific
storage capacity for each warehouse with respect to each product type. Accordingly, we
have a clearly defined and coherent action space that adheres to the constraint described
in Equation (2.7). This approach is expected to enhance training times and performance
since the action space is bounded (and therefore limited) but contains only coherent
actions.

Balanced Allocation Rule

When the stocks on hand in the central warehouse are insufficient to satisfy orders
from all local warehouses, the central warehouse must allocate the available stocks
according to a specific decision rule. In the work of Kaynov et al. [23], two different
allocation rules for a multi-discrete action space were proposed for selecting feasible
actions. The first one is the proportional allocation. However, this does not provide the
DRL agents with an incentive during training to determine feasible and effective actions.
The second one is the sequential allocation rule, which randomizes the sequence of the
local warehouses at every time step and executes the determined actions sequentially.
Nevertheless, following this rule, the last local warehouses in the sequence could receive
an amount of product close to zero, making it harder to recover from possible backorders.

To address this issue and respect the constraint detailed in Equation (2.9), we propose
a new balanced allocation rule for continuous action spaces. This rule ensures a fair
distribution of products among the local warehouses while maintaining the stocks on
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hand in the central warehouse as non-negative. Please note that the proposed allocation
rule should also be applicable to multi-discrete action spaces.

As described in Algorithm 1, for each product type, if the total number of products to
ship exceeds the available products at the central warehouse, proceed with the following
steps:

1. Randomly select one local warehouse.

2. If the determined quantity to ship to the selected local warehouse is greater than
zero, then decrease this quantity by one.

3. Repeat steps 1 and 2 until the total number of products to ship reaches the available
products at the central warehouse.

Algorithm 1 The proposed balanced allocation rule for continuous action spaces.
forallie {l1,...,1} do
if ZJJ.zl a;, > qé)J‘then.
while ZJJZ 14, > gy, do
X < U1, J) ’
ifa\ , > 0 then
x

a,,<a.  —1
b

This allocation rule guarantees that the central warehouse does not ship more
products than those available while maintaining a balanced distribution among local
warehouses and preventing the issue of some warehouses receiving close to zero products.
It is important to note that DRL agents do not explicitly consider on-hand stocks when
selecting an action. However, due to Equation (2.18), the system constraint expressed in
Equation (2.8) is satisfied, and producing or shipping more products than those that can
be stored leads to a cost, resulting in an implicit penalty for the agents. An alternative
formulation involves considering the action masking technique to prevent agents from
taking invalid actions, as proposed for a discrete action space by Peng et al. [34].

Reward Function and System Dynamics

The reward function for each time step ¢ is detailed in Section 2.3.1. Also, the state update
rule follows the system dynamics of the MDP presented in Section 2.3.1. It is worth
highlighting that demand values within the state vector are also updated, discarding the
oldest value and appending the most recent one.

2.4 Numerical Experiments

In this section, we conduct a numerical analysis to assess the performance of various
agents. First, we detail the parameters of the environment, followed by an explanation
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of the DRL algorithms’ hyperparameters and static inventory policies’ parameters. Then,
we present and discuss the results.

2.4.1 Environment Parameters

We designed and conducted a comprehensive set of numerical experiments to compare
the performances of DRL algorithms and static inventory policies under two distinct
scenarios, specifically with two different values of replenishment lead times (i.e., L =
{1,2}). To thoroughly assess the adaptability and robustness of DRL algorithms, each
scenario encompasses a varying number of product types (i.e., I = {1,2}) and local
warehouses (i.e., J = {1,2,3}), resulting in a total of 12 experiments. Moreover, each
scenario is associated with its specific environment parameters, as detailed in Table 2.2.
It is crucial to highlight that the capacity of the central warehouse is adjusted based
on the number of local warehouses to ensure it can fully absorb the demand for each
product type. In detail, it is set to 15 when there is one local warehouse, 25 for two local
warehouses, and 35 for three, respectively. In the authors’ opinion, this experimental
setup facilitated an extensive evaluation of DRL algorithms and static inventory policies
under different conditions, providing valuable insights into their effectiveness and
adaptability.

Table 2.2: The environment parameters associated with the experiments conducted.
For episode duration, the first value pertains to the experiments with a lead time of one,
while the second is for the experiments with lead times of three. Concerning backorder
costs, the two values represent experiments with one and two product types, respectively.
Finally, for maximum demand value and variation, the first value corresponds to the
first product type, while the second value relates to the second product type.

Parameter Values
Episode Horizon {9, 13}
Maximum Demand Value {10, 5}
Maximum Demand Variation {5, 10}
Production Cost 1
Transportation Cost 0.05
Storage Capacity Local Warehouses 15
Storage Cost Central Warehouse 0.01
Storage Cost Local Warehouses 0.1
Backorder Cost {10, 20}

For the first product type, the demand value is upper-bounded by 10 units. However,
at each time step, it can stochastically increase by up to 5 additional units, leading to
a maximum potential demand of 15 units. For the second product type, these values
are inverted with an upper bound of 5 units and a potential increase of up to 10 units.
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Each local warehouse has a capacity of 15 units and can store stocks as needed at a
unit storage cost of 0.01 per time step. Similarly, the cost of storing each unit at the
central warehouse is 0.1 per time step. The cost to produce a single product unit is set
at 1. For every time step and every unit of unsatisfied demand, the backorder cost is
10 with one product type and 20 with two. Finally, the transportation cost from the
central warehouse to a local one is 0.03 per unit. It is worth noting that we focus on a
symmetrical environment, which means that all local warehouses share identical values
for the specified parameters. This simplification allows for a more precise comparison
of the performance of different agents while still maintaining a level of complexity that
is representative of real-world supply chain systems.

For each episode, we selected different time horizons, 7, based on lead times, L.
Specifically, we evaluated seven time steps. To account for the lead times effect, we
added L time steps at the beginning of each episode, during which the demand is set to
zero, as this demand cannot be satisfied. Similarly, we added L time steps at the end
of the episode, in which the value of the actions is set to zero. We made this decision
because the corresponding orders for the L time steps after T will never arrive, and
the optimal actions would inherently be zero, providing no additional information for
evaluation purposes. This method enables us to consider the lead time effects while
ensuring a proper evaluation of the agents.

2.4.2 Implemented Algorithms

After specifying the environment parameters, we implemented the DRL agents using
three different state-of-the-art DRL algorithms, namely A3C, PG, and PPO, which were
briefly introduced in Section 2.2. For our implementation, we relied on Ray [31], an open-
source Python framework that includes RLib, a scalable RL library, and Tune, a scalable
hyperparameter tuning library. A significant advantage of Ray is its native support for
the OpenAl Gym APIs [6] that we utilized to develop the simulator representative of the
environment and used for the agents’ training process. We chose the hyperparameters
for the DRL algorithms to tune based on the Ray documentation and discussions in the
papers of Alves and Mateus [1], Gijsbrechts et al. [16], and Stranieri and Stella [44], as
reported in Table A.1 of Appendix A.1.

To evaluate and compare the performance of the DRL algorithms, we implemented
two distinct static inventory policies, the well-known base-stock policy (referred to as
the BS policy) and the (s, Q)-policy (referred to as the sQ policy). The BS policy requires
ordering up to .S units whenever the stock level falls below this threshold. In contrast,
the sQ policy involves ordering Q units whenever the stock level drops below s.

In our implementation, we opted to make reordering decisions independently, mean-
ing that the policy parameter values (i.e., SJ’: for the BS policy and sj. and Q; for the
sQ policy) can differ based on the specific warehouse and product type. Despite this
flexibility, these policies are still considered static because their values remain constant
over time. To determine the optimal parameter values that minimize Equation (2.6),
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we adopted a data-driven method using Bayesian optimization. This method does not
necessitate any assumptions or simplifications. As a result, it can be applied to any sup-
ply chain typology or configuration, sharing the same simulator as the DRL algorithms.
It is crucial to note that our experimental setup employs data-driven approaches that
interact with the simulator under the assumption that they have no access to additional
information, such as forecasts.

We also implemented an additional model called EVP (an acronym that means
“expected value problem”). In the EVP model, the demand variables dji',t in Equation (2.6)
are replaced at each time step ¢ with the expected demand value for each product type
i and local warehouse j. To compare DRL agents with static inventory policies, we
finally implemented an oracle, which consists of a baseline that knows at each time
step t the exact demand value dji.J in Equation (2.6) for each product type i and local
warehouse j. As a result, it can select the optimal actions to take a priori (for this reason,
we refer to this model as PI, which stands for “perfect information”). It is important
to note that the formulation for the EVP and PI models remains the same as expressed
in Equations (2.6) to (2.14). However, when the EVP agent takes an action and solves
the problem, it replaces the demand at time step ¢ with its expected value (rounded up)
over the episode horizon T. In contrast, in the PI model, the agent possesses additional
information and knows the exact demand realization at time step ¢, which leads it to
take optimal actions at each time step .

2.4.3 Results

To compare the performance of different agents (i.e., DRL algorithms and static inventory
policies), we simulated 1000 testing episodes for each experiment, reporting the expected
value of perfect information (EVPI gap) achieved (calculated as the average of the
difference between the profits of a specific agent and the profits of the oracle, divided by
the profits of the oracle). This comparison highlights the effectiveness of the agents as
opposed to an optimal solution, which remains not feasible in real-world deployments
because the PI model assumes complete knowledge of future demand realizations.

All experiments were run on a machine equipped with an Apple M2 Pro chip with
10 cores and 16 GB of RAM, ensuring consistent computing resources across all tests.
By evaluating the performance of DRL algorithms and static inventory policies under
diverse conditions, we can gain valuable insights into their effectiveness, adaptability,
and potential for application in different supply chain typologies and configurations.

One Product Type

The results of numerical experiments under one product type are summarized in Fig-
ure 2.5.

In the first experiment conducted within the context of a single local warehouse with
lead times of one, the PPO and A3C algorithms significantly outperform other agents,
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Figure 2.5: EVPI gap, grouped by experiment, for the experimental setup with one
product type. For each number of local warehouses and length of lead times, the figure
compares the performance of DRL algorithms, static inventory policies, and EVP. The
lower the gap, the better the agent.

with the BS policy performing poorly even when compared to the EVP model. When
the lead times increase to three, the performance of A3C and the sQ policy become more
balanced, while PPO continues to demonstrate superior results, and both the BS policy,
PG, and EVP underperform.

With two local warehouses and lead times of one, PPO still performs better than
all other agents, while the performance of the sQ policy falls between that of the A3C
and PG algorithms. Meanwhile, the BS policy performs worse than EVP. Extending lead
times to three further accentuates the excellent performance of PPO, with the sQ policy
following closely behind, while the BS policy slightly surpasses both A3C and PG. In
this experiment, static inventory policies tend to perform marginally better than A3C
and PG, with the former having an advantage over the latter.

Upon introducing a third local warehouse to the experimental setup, PPO consistently
maintains its superior level of performance compared to other agents, albeit in a less
marked manner. With L = 1, the sQ policy achieves results comparable to PG and A3C,
while the BS policy continues to perform behind EVP. Conversely, when L = 3, static
inventory policies slightly outperform both A3C and PG.

Two Product Types

Figure 2.6 summarizes the results under two product types.
In the experiment with a single local warehouse and L = 1, the PPO algorithm
demonstrates a clear advantage over other agents. A3C and PG both surpass the BS
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Figure 2.6: EVPI gap, grouped by experiment, for the experimental setup with two
product types. For each number of local warehouses and length of lead times, the figure
compares the performance of DRL algorithms, static inventory policies, and EVP. The
lower the gap, the better the agent.

policy, whereas the sQ policy performance closely aligns with PPO. When L = 3, the
overall relative performance essentially persists, although the BS policy now outperforms
the EVP agent.

When the experimental setup includes two local warehouses and lead times of one,
PPO still maintains its advantage over others, followed by the sQ policy, while A3C and
PG performance become more comparable in this experiment. Extending the lead times
to three reveals a substantial equilibrium in performance across all agents except for PG,
which slightly underperforms.

Lastly, in scenarios with three local warehouses, DRL algorithms surpass the sQ
policy when L = 1, although the performance gap with PPO remains consistent, and the
BS policy encounters difficulty. When L = 3, static inventory policies achieve results
comparable to DRL algorithms, with PPO still outperforming others.

2.5 Discussion and Insights

In summary, the effectiveness of various DRL algorithms and static inventory policies in
SCIM depends on factors such as the number of product types and local warehouses
and the length of lead times. PPO consistently emerges as the best-performing algorithm
across all conducted experiments, offering a robust approach for addressing the SCIM
problem within the designed experimental setup. Although the sQ policy does not
achieve the same level of performance as PPQ, it still performs commendably and
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appears to be the second-best choice among the evaluated algorithms.

Specifically, for a single product type and lead times set to one, the A3C algorithm
is preferable to PG, particularly in experiments with one and two local warehouses.
Meanwhile, the sQ policy shows superior results compared to the BS policy, which
consistently underperforms. Conversely, by extending lead times to three, performance
appears to balance as the number of local warehouses increases.

In experiments involving two product types, the performance gap between various
agents remains consistent. Typically, when reducing the number of local warehouses
and decreasing lead times, A3C - and especially PG - tend to perform worse than the
sQ policy, with the BS policy showing markedly poor performance with lead times set
to one. Contrarily, as the number of local warehouses and lead times increase, static
inventory policies gradually align with the results of DRL algorithms.

Moreover, DRL algorithms consistently and significantly outperform the EVP model,
suggesting that the complexities of the problem cannot be adequately captured by
merely considering the average demand value. More robust strategies are thus essential
in these scenarios. These findings underscore the articulate interplay between the
number of product types and local warehouses, the length of lead times, and the relative
performance of DRL algorithms versus static inventory policies. Decision-makers should
carefully consider these factors when choosing an appropriate agent that balances
performance and computational efficiency.

It is crucial to emphasize that all agents reach convergence in each experiment
conducted, as documented in Figure A.1 of Appendix A.1. Specifically, PG tends to
converge faster than other DRL agents, leading to reduced training times. In contrast,
the A3C algorithm usually takes longer to converge, resulting in extended training
durations, while PPO holds an intermediate position in terms of convergence and
training times.

In the context of static inventory policies, the sQ policy requires more training
time to converge than the BS policy. This difference can be attributed to the increased
number of parameters to optimize inherent to the sQ policy. Despite the extended
training duration, the sQ policy generally performs better, highlighting the trade-offs
that decision-makers need to consider when selecting an appropriate agent based on
factors such as convergence, training time, and performance.

Ultimately, the training times between DRL algorithms and static inventory policies
are reasonably similar. For completeness, Table A.2 of Appendix A.2 provides the average
training times for each agent.

2.5.1 Conclusion and Future Research

In this study, we presented an MDP formulation for a two-echelon inventory control
system, demonstrating that the PPO algorithm consistently arises as the best-performing
algorithm across various scenarios. While there is a trade-off between implementation
complexity and performance, its results remain consistent across all the experiments
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we analyzed. Additionally, we highlighted the sQ policy as a robust alternative to
DRL algorithms such as A3C and PG, offering a balance between performance and
computational efficiency.

Building on these findings, several potential avenues for future research can be ex-
plored. For example, our system could benefit from incorporating alternative allocation
rules for managing the on-hand stocks of the central warehouse. While we have intro-
duced a balanced rule, we have not compared it to others, such as a priority rule that
gives priority to local warehouses with the highest backorder cost in an asymmetrical
environment. We reserve this topic for further investigation in future studies.

Another two areas for exploration in the context of multiple product types are the
substitution effect and perishable products. Currently, there is limited literature on
multi-echelon inventory control systems that incorporate these specific assumptions,
and expanding research in this direction could significantly enhance our understanding
of SCIM strategies in more challenging and practical environments.

Lastly, investigating machine learning techniques for demand forecasting presents a
promising avenue. The idea is to identify the best technique through a benchmark and
then use it to evaluate dynamic inventory policies against static ones. Moreover, such a
forecast could be integrated into the state vector of the DRL agents. While preliminary
studies have investigated this approach [12], a comparative analysis among different
DRL algorithms has not yet been addressed and represents a promising focus for future
research.
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Abstract

We introduce a novel heuristic designed to address the supply chain inventory manage-
ment problem in the context of a two-echelon divergent supply chain. The proposed
heuristic advances the current state-of-the-art by combining deep reinforcement learn-
ing with multi-stage stochastic programming. In particular, deep reinforcement learning
is employed to determine the number of batches to produce, while multi-stage stochas-
tic programming is applied to make shipping decisions. To support further research,
we release a publicly available software environment that simulates a wide range of
two-echelon divergent supply chain settings, allowing the manipulation of various
parameter values, including those associated with seasonal demands. We then present a
comprehensive set of numerical experiments considering constraints on production and
warehouse capacities under fixed and variable logistic costs. The results demonstrate
that the proposed heuristic significantly and consistently outperforms pure deep rein-
forcement learning algorithms in minimizing total costs. Moreover, it overcomes several
inherent limitations of multi-stage stochastic programming models, thus underscoring
its potential advantages in addressing complex supply chain scenarios.



3.1 — Introduction

3.1 Introduction

Supply chain inventory management (SCIM) is a critical challenge faced by several
companies; it involves making decisions regarding the number of batches to produce at
the factory and how many of them ship to each distribution warehouse. While higher
production levels and inventory stocks allow companies to better meet customers’
demands, they come at greater costs. Therefore, the goal of SCIM is to find a trade-
off between satistying customer demands and minimizing supply chain costs while
maintaining market competitiveness [11].

Although the SCIM problem is typically formulated as a multi-stage (MS) stochastic,
mixed-integer linear problem (MILP), existing models often exhibit certain limitations
due to a rapid increase in the number of scenarios to consider, which often prevents their
practical application [2]. In particular, when risk factors are characterized by seasonality
patterns, the number of stages required leads to mathematical models that cannot be
solved with reasonable computational resources or within an acceptable amount of
time. This challenge, known as the “curse of dimensionality,” underscores the importance
of developing efficient heuristics capable of handling large-scale, complex problems
without sacrificing solution quality or computational tractability [25].

A potential approach to address these limitations is through the use of reinforcement
learning (RL), which, as evidenced by Boute et al. [6], has rarely been applied to the
SCIM domain. Recently, deep reinforcement learning (DRL) algorithms have attracted
increasing attention and have been employed to tackle the SCIM problem, demonstrating
their effectiveness and efficiency [42]. However, several challenges persist [14], including:
i) problem-specific properties can be difficult to capture as most DRL algorithms are
model-free; ii) performances of DRL algorithms can be highly sensitive due to the
complex task of hyperparameter tuning; and iii) significant training time is required as
DRL algorithms are computationally intensive.

Furthermore, several critical aspects of the SCIM problem have not yet been ef-
fectively addressed in the RL context, for example: i) incorporating a seasonal and
stochastic demand, which considerably complicates the determination of actions to be
taken; ii) considering production constraints that make it necessary, for instance, to
maintain stocks in advance to prevent myopic behavior; and iii) addressing fixed and
variable logistic costs (i.e., costs for each vehicle utilized and each unit of item shipped,
respectively), which needs proper optimization of production and shipments. Notably,
accounting for this final point is crucial not only for economic efficiency but also for
reducing the environmental impact of the supply chain and fostering sustainability.

Consequently, there is a growing need for more advanced RL approaches that can
effectively tackle these challenges and deliver better performance in complex SCIM
settings. In an effort to fill these gaps in the existing literature, in this paper we:

+ Consider a two-echelon supply chain (i.e., consisting of a factory and multiple dis-
tribution warehouses) with a single-item type characterized by seasonal demand,
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constraints on production and warehouses’ capacity, and logistics with fixed and
variable costs.

+ Design and develop a SCIM software environment capable of modeling all the
aforementioned characteristics. We have made the developed SCIM environment
accessible as an open-source library on GitHub .

« Propose a novel heuristic that combines DRL algorithms and MS stochastic pro-
gramming to compute an effective solution for the presented SCIM problem.

« Demonstrate the usefulness of the proposed heuristic through a series of numerical
experiment settings (e.g., by varying the uncertainty associated with the demand
and the number of distribution warehouses).

The rest of the paper is organized as follows: Section 3.2 provides a literature review
on the SCIM problem, including state-of-the-art algorithms used to address it. Section 3.3
is devoted to mathematically introducing the SCIM problem, while Section 3.4 presents
the solution techniques implemented in this work. Results from numerical experiments
are reported in Section 3.5. Finally, conclusions and potential directions for further
research are discussed in Section 3.6.

3.2 Literature Review

The SCIM problem has been tackled through several approaches due to its sequential
and stochastic nature, making it one of the most challenging and significant problems
in production research. The most prominent solution approaches include multi-stage
stochastic programming [24, 30, 21], reordering policies [43, 17], and, more recently,
reinforcement learning [28, 22, 16, 35].

MS optimization employs scenario trees to represent uncertainty. Despite some
applications when demand is stationary [24, 21], its use in settings characterized by
seasonal demand has been limited. In fact, MS requires a large number of stages to
effectively model seasonality, which leads to an increase in the number of decision
variables, thus requiring remarkable computation resources to obtain a solution. As
a result, much of the existing literature focuses on computationally lighter solution
methods, such as reordering policies [32].

More in detail, reordering policies are decision rules that determine the number of
items (or batches) to produce and ship. One of the earliest rules derived from lot-sizing
literature is the base-stock policy or (s, S)-policy [41]. According to this rule, if the stock
quantity falls below s, an order is placed to bring inventory back up to the base-stock
level S. A variation of this rule is the so-called (s, Q)-policy, where Q = § — s [40].

"Thttps://github.com/frenkowski/SCIMAI-Gym.
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Therefore, under an (s, Q)-policy, whenever the stock level falls below s, an order of
quantity Q is placed to replenish the inventory.

Reordering policies pave the way for several other rules. In particular, reordering
policies are further generalized in RL, which considers rules encompassing estimations of
the future. One of the most common approaches for solving the SCIM problem through
RL algorithms is by Q-learning [31, 13, 37, 27]. However, upon examining various RL
studies, it becomes evident that the implemented Q-tables are typically huge and, thus,
unscalable, and this becomes worst when seasonal and stochastic demand is considered.
Consequently, since a tabular representation is out of the question, more sophisticated
representations may be useful.

One of the most promising techniques that has been successfully applied in several
settings is DRL, which combines deep learning methods with the classical reinforcement
learning paradigm. Despite its success achieved in other domains, to the best of the
authors’ knowledge, only a few papers have implemented DRL algorithms to address
the SCIM problem.

In Hubbs et al. [22], the authors examine a four-echelon supply chain, employing the
Proximal Policy Optimization (PPO) algorithm. The study compares the performance of
various operations research methods with a DRL approach in two scenarios, one with
and one without backorder costs. Numerical experiments prove that PPO outperforms
reordering policies in both scenarios.

Using a supply chain structure with ten warehouses and a normal demand distribu-
tion, in Gijsbrechts et al. [16], the authors conduct two distinct numerical experiments
(adapted from Roy et al. [33]) by applying and tuning the Asynchronous Advantage
Actor—Critic (A3C) algorithm. The proposed solution method involves a state-dependent
base-stock policy to restrict the action space, with A3C used to select the base-stock
level at each timestep. The study shows that A3C achieved performance comparable to
state-of-the-art heuristics and other RL algorithms, although its initial hyperparameter
tuning remains computationally intensive.

Despite their successes, DRL approaches face several challenges, including a lack
of robust convergence properties, strong sensitivity to hyperparameters, high sample
complexity, and function approximation errors. These issues can result in poor policies
and inaccurate value estimation [15, 20, 19]. To deal with these challenges, researchers
have attempted to combine DRL techniques with MILP.

One such approach is presented in Bertsekas [4], which demonstrates that by adding
a rough approximation of the value function to the MS objective function, it is possible
to enhance the performance of MS significantly.

Another possible solution method is provided by Harsha et al. [19], where the authors
propose RL methodologies that compute actions by solving a MILP problem. Here, the
objective function combines an immediate reward with a value function estimated by a
trained neural network. Interestingly, due to the simple structure of the neural network
and the use of ReLU activation functions, the objective function can be expressed as
a linear term, thus leading to a linear objective function. The authors found that this
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technique outperforms other methods in various realistic settings.

In this work, we adopt a different approach compared to previous studies. Instead
of using RL to reduce the myopic behavior of mathematical models, we decompose
the SCIM problem into two parts. First, we use RL to make production decisions that
require considering a long horizon. Second, we employ MS programming for the logistic
decisions that need to be made over a shorter horizon. While various techniques exist
to address settings with independent and identically distributed (i.i.d.) demand [42], our
work delves into more complex settings. In particular, we consider a two-echelon supply
chain with seasonal demand, constraints on production, limited warehouse capacities,
and fixed and variable logistic costs, making our environment more realistic.

In fact, to the best of the authors’ knowledge, the only study in the RL literature
assuming seasonal demand within a two-echelon supply chain is Peng et al. [28]. Here,
a DRL approach based on the Vanilla Policy Gradient (VPG) algorithm is used. The
authors evaluate the VPG performance through numerical experiments on three distinct
cases. The findings underscore that the VPG algorithm outperforms the (s, Q)-policy
employed as a baseline in all three cases. Nevertheless, despite their setting being similar
to ours, they do not consider production constraints, warehouse capacities, and fixed
and variable logistic costs, making our work the first to explore such a setting.

3.3 Problem Formulation

In this work, we deal with a divergent supply chain, i.e., a supply chain characterized by
a single participant in the first echelon and multiple participants in the second echelon.
More specifically, we investigate a single-item-type, two-echelon supply chain consisting of
a single factory at the first echelon and aset . = {1,2, ..., J} of distribution warehouses
at the second echelon, as depicted in Figure 3.1. Despite its apparent simple structure, it
aptly describes several settings, such as the fuel industry supply chain in which there
is a refinery and multiple points of sale or, more generally, two-echelon supply chains
where each item type is managed independently.

In detail, we consider episodes of length T (i.e., the time horizon) subdivided into
a given number of equally spaced timesteps, implying a supply chain under periodic
review. At the beginning of each episode, each warehouse j =0, 1, ..., J has an initial
number of batches I j0- At each timestep 7, the agent decides the number of batches to
produce, x,, (which must be lower than the factory production limit X™**), paying c,,
for each of them. Batches can either be stored in the factory or shipped to distribution
warehouses. In the first case, the agent pays A, for each batch and can store up to "
of them. In the second case, the agent ships z; , batches to the distribution warehouse .
Each distribution warehouse j has a maximum capacity of I;***, a storage cost of h; per
batch, and a stock level at timestep 7 equal to

We assume infinite delivery capacity, meaning we can ship any quantity of stocks
at the same cost. The logistic cost comprises a fixed price p; paid for each vehicle used
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Figure 3.1: A two-echelon supply chain consisting of a factory (first echelon) and three
distribution warehouses (second echelon).

to transport batches to warehouse j, irrespective of the truckload, and a variable price
L dependent on the number of batches shipped. Defining V; as the capacity of the
vehicles going to the distribution warehouse j, y;, = [%] represents the associated
number of vehicles used for the shipment. Clearly, from ajlogistic perspective, the goal
of the agent is to achieve full-truckload shipping. In fact, by fully utilizing the truck’s
capacity, the agent can optimize vehicle resources, leading to lower shipping costs and
increased overall efficiency in the supply chain. This approach helps minimize the
number of partially filled trucks, reducing fuel consumption and emissions, as well as
the number of expeditions required to satisfy demand. Consequently, it contributes to a
more cost-effective and environmentally friendly SCIM strategy.

We consider a seasonal and stochastic demand, d it that realizes, for each timestep
t, at distribution warehouse j. Unsatisfied demand is backordered, meaning that if the
demand cannot be satisfied, a penalty cost b; is incurred until the specific distribution
warehouse j is able to satisfy it. Finally, we assume no lead times for production and
logistics; thus, inventories are used to make a seasonal stock [11]. A summary of the
notation is provided in Table 3.1.

The dynamics of the system are graphically represented in Figure 3.2 and described
by the following sequence of events:

1. Starting from the current state of the environment, the agent determines the
number of batches to produce, x;, and ship, z; ,, to each distribution warehouse

Jst
j=1,....J.
2. Each distribution warehouse j = 1, ..., J receives the sent batches of stocks, z; ,.
3. Demand d;, at each distribution warehouse j = 1,...,J is either satisfied or
backordered.
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Table 3.1: The considered SCIM notation with relative explanation (and units of mea-
sure).

Notation Explanation Notation Explanation

T Time Horizon I Storage Capacity (batches)

J Number of Distribution Warehouses h; Storage Cost (per batch)

54 Set of Distribution Warehouses 1z Logistic Cost Fixed (per vehicle)
d;, Demand (batches) l Logistic Cost Variable (per batch)
X, Production (batches) Z;, Shipping (batches)

I Production Cost (per batch) V; Vehicles Capacities (batches)

X Maximum Production (batches) Vit Number of Vehicles
I, Stock Level (batches) b; Backorder Cost (per batch)

4. The per-step cost, C,, is calculated according to the following formula:

—_
production costs

J J
C= <¢-x + le‘zm + ij-y”
j=1 j=1
variable logistic costs  fixed logistic costs (3 1)

J J
+ ) h;-max[I;,,01— ) b;-min[I;, 0],
i=0 Jj=0

J/ . J/

v v
storage costs backorder costs

where the first term represents production costs, the second and the third consist
of variable and fixed logistic costs, respectively, the fourth denotes storage costs,
and the last one quantifies backorder costs (which are introduced with a minus sign
because stock levels would be negative in the eventuality of unsatisfied demand).

5. The state related to the next timestep is determined, transferring surplus stocks
or unsatisfied demands. Formally, the evolution of the inventories is defined as

follows:

Iy = min [(IO,I + xt) ’I(r)nax] - j=1 Zjit

Iy g4 '=min[(117,+217,_1),1fnax] —dy, (3.2)

I;;41 =min [(IJ,t + ZJ,t—l) 7IIJnaX] - dJ,t'

This implies that at the beginning of the timestep ¢ + 1, the factory’s stocks are
equal to the sum of the stocks at timestep # and the production during the same
period, minus the batches shipped during timestep . Similarly, the distribution
warehouses’ stocks at timestep 7 4+ 1 are equal to the stocks at timestep #, plus the
batches received from the factory during the same period, minus the demand at
timestep . It is worth mentioning that the environment does not allow storing
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a number of batches exceeding the storage capacity constraints, automatically
discarding all batches that, if accepted, would violate these constraints.

production satisfying demands
(x;) (d;;,Vj €7 determining next state

al | | o

shipping  calculating per-step cost
(zj, Vi€ (€)

Figure 3.2: Representation of the dynamics of the SCIM system considered.

3.4 Solution Methods

In this section, we present the techniques used to solve the problem described in Sec-
tion 3.3. Section 3.4.1 offers a brief introduction to deep reinforcement learning, while
Section 3.4.2 defines the multi-stage stochastic programming model. Finally, Section 3.4.3
describes the proposed heuristic, which combines DRL and MS optimization.

3.4.1 Deep Reinforcement Learning

RL adopts the Markov decision process (MDP) framework to represent the interactions
between a learning agent and an environment. As shown in Figure 3.3, at each timestep
t, the agent observes the current state of the environment, s,, selects an action, a,, and
obtains a reward, R,,; € R; afterward, the environment transitions into a new state,
s;+1- The goal of RL is to find an optimal policy — a function that maps the states of
the environment to a set of actions — that maximizes the expected discounted return,

£=t+1 }/k_t_le, where 0 < y < 1 represents the discount rate [29]. In the SCIM
problem, the objective is to minimize the total cost, therefore we define the reward as
the negative cost, ie., R, = —C,.

DRL combines RL with deep learning, offering the potential to scale to previously
intractable decision-making problems. In detail, DRL is rooted in neural networks, which
are universal approximators capable of expressing an approximation of highly nonlinear
functions. The specific DRL algorithm we used belongs to policy-based methods, which
learn a parameterized and stochastic policy to select actions directly (in contrast to
value-based methods like Q-learning [38]). To formally address and solve the SCIM
problem within the context of an MDP, we thus need to define the state vector, the
action space, and the reward function relating to the SCIM problem assumed.
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|
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state reward action
S i a,
VT f
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\

Figure 3.3: Agent-environment interface in an MDP [38].

The state vector includes all current stock levels (for the factory and each distribution
warehouse) and the last 7 demand values; this provides the agent with limited knowledge
of demand history, which, in turn, allows for a basic understanding of its fluctuations
(similar to what was initially proposed by Kemmer et al. [23]). In mathematical terms,
we have:

s;=(Iogpo Ippdiy, .0 d ), (3.3)

) =T

where d, = (d()’,, ey d JJ). The state’s updating rule is dictated by Equation (3.2) for the
inventory, while the values of the demands are updated based on the current timestep.
It is worth noting that during timestep 7, the actual demand d, is only known after
decisions regarding production and shipping have been made; this ensures that the
agent can benefit from learning the demand pattern, allowing for the integration of
demand forecasting directly into the policy. Further, by observing and learning from
the demand history, the agent can develop a more effective decision-making process,
anticipating future demand fluctuations and adjusting its actions accordingly [35].

Concerning the action space, it contains information about production and shipping
controls:

a, = (x,, Zgees >ZJJ> : (3.4)

The considered agent uses a continuous action space — wherein the neural network
directly generates the action values — since it scales better than a discrete action space
and can be applied to wider action spaces [39]. As a result, the agent can specify
the factory’s production level and the number of batches to ship to each distribution
warehouse.

To guarantee that the actions generated by the neural network belong to the feasible
action space, we adopted a continuous action space based on independent bounds [35].
This involves: i) setting the lower bound for each action value to zero; ii) setting the
upper bound for the factory to its maximum production level (i.e., 0 < x, < X™¥); and
iii) setting the upper bound for each warehouse to its corresponding storage capacity
(e, 0 < z;, < Ijr.nax, Vj € ). It is worth noticing that if the agent produces or
ships a number of batches exceeding the free storage availability (for example, due
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to stocks preserved in the warehouses), the environment directly discards those in
excess, according to Equation (3.2). This results in a cost, which implicitly penalizes the
agent, thus encouraging it to learn a policy that prevents overproduction and excessive
shipping. Additionally, when factory stocks are insufficient to meet orders from all
distribution warehouses, we employ the allocation rule described in Stranieri, Stella, and
Kouki [36] to ensure a fair distribution of batches among the distribution warehouses
while maintaining factory stocks non-negative.
Finally, the reward function is defined by means of Equation (3.1).

3.4.2 Multi-Stage Stochastic Programming

In multi-stage stochastic programming, the uncertainty associated with demand is
represented through a scenario tree, as depicted in Figure 3.4. Each layer of the tree
corresponds to a stage and models the available information. In the SCIM problem,
because new information (i.e., demand realization) becomes available at each time step,
the concepts of stage and time steps are equivalent.

The leftmost node (labeled as node 0 in Figure 3.4) represents the current state of
the environment where we determine the first-stage decisions, each associated with an
immediate and definite per-step cost. These decisions influence the second-stage ones,
made after observing the realized demand (as illustrated by nodes 1 and 2 in Figure 3.4).
Then, in the subsequent stages of the scenario tree, the process is repeated [5]. Notably,
decisions made after the first stage can be viewed as contingent plans based on future
demands realizations.

- .
i i .
an .
E E .
o :
N .
E | .
5 5 e

stage i stage i stage i

o 4, 1 2

Figure 3.4: Scenario tree representation where each node represents a possible demand
realization.

To this end, we let:
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« /'be the set of nodes of the scenario tree, /'t

node.

= A ~ {0}, with 0 being the root

« p(n) be the parent of node n € N'%; for example, in Figure 3.4, p(1) = p(2) =

« 7"l be the unconditional probability of node n (i.e., the likelihood of demand
realization in node n expressed considering the information available from the

root node) [10]; for example in Figure 3.4, we have % =1, 71 = 7P =

a3 = 7l = 2l = gl = 1

23

d" be the item demand from distribution warehouse jatnoden € .

In the MS model, given that the decision variables are contingent on the node of the
scenario tree (which includes all available information), we replace the subscript -, with
the superscript - for all variables. The superscript - denotes a specific node of the
scenario tree and is consequently associated with a single stage and a single time step.
For example, x, in Table 3.1 becomes x!"!, representing the quantity produced at node
n. It is essential to note that our primary interest lies in the variables calculated in the
first stage, in particular, the quantity to produce (x!%'), the number of batches to ship
( EO] Vj € %), and the number of vehicles to be employed ( 5 ] Vi e p.

The MS optimization model can thus be defined as follows:
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ez, yez, Vie N VjeF (3.12)
IJ["] e, IJ?L["] € {0,..., 1™}, Ij_[”] €7, Vne N Vje gulo).
(3.13)

The objective function in Equation (3.5) represents the expected total costs, expressed
as the sum of production, logistics, storage, and backorder costs. Constraints (3.6)-(3.7)
dictate the evolution of the stocks in the factory and distribution warehouses. These
constraints are analogous to Equation (3.2) but contextualized to MS stochastic program-
ming. Moreover, constraints (3.8) define the relationship between the variable 1 ] the
inventory 1", and the backorder I71"!. These latter two are variables used to linearize
the max and min operators in Equation (3.1). Lastly, constraints (3.9) establish the initial
stock condition, constraints (3.10) determine the number of vehicles used for shipping,
and constraints (3.11)-(3.13) describe the domains to which the variables belong. It is
important to note that model (3.5)-(3.13) implicitly enforces the non-anticipative con-
straints, meaning that the decision-maker cannot exploit future information [10]. For
example, in Figure 3.4, at node 2, the demand realizations for both nodes 5 and 6 are
possible. By solving this MS optimization model, the SCIM problem can be optimized
to minimize total costs while trying to satisfy the overall demand from the distribution
warehouses.

3.4.3 Deep Reinforcement Learning-Based Decomposition

The proposed heuristic combines the main points of strength of both DRL and MS
programming, leveraging their complementary characteristics to address their respective
weaknesses.

The principal advantage of MS programming lies in its model-based problem for-
mulation, where both the objective function and the constraints are explicitly defined
within the model; this is particularly effective when the model accurately represents
the problem, as in the considered context. Indeed, the mathematical model adeptly
captures the computation of inventories evolution and backlogs, the number of vehicles
to use, and their consequent impact on the objective function. By contrast, the main
drawback of MS programming stands in its potential need for multiple stages to properly
represent a stochastic and seasonal demand, thus leading to challenging problems that,
in the worst case, cannot be solved by an exact solver within a reasonable amount
of time. Specifically, the bottleneck in MS programming is the number of scenarios
required to approximate the out-of-sample cost of the solution when complex demands
are considered. Seasonal demand is a prime example where several stages — and thus
several scenarios — are needed to characterize the evolving demand distribution.

In general, given J distribution warehouses, N possible demand realizations for each
stage, and T stages (assuming the number of stages equals the time horizon), we end up
with N7 scenarios and 5J+2)-N T yariables. Even small values of J, N, and T prevent
an exact solver from computing the optimal solution of the model. Furthermore, in the
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SCIM problem, the risk mitigation strategy involves producing and storing batches in
warehouses, thereby paying relative storage costs. Hence, inventory decisions require the
longest look ahead. Conversely, seasonality is not a major issue for DRL since it adapts
its strategy to random demand based on the policy learned during the training phase.
Although the training phase for complex demands can take time, it is only required once.
Thus, in a testing environment, the solution is nearly immediate. Nevertheless, being
a model-free method, DRL suffers from slow convergence, a weakness that becomes
even more marked as the number of constraints increases, as it happens in our current
setting.

The complementary strengths and weaknesses of MS programming and DRL suggest
a potential synergy if combined to develop a novel heuristic, exploiting the policy
provided by DRL for decisions requiring a longer time horizon and using MS to determine
all other variables that need a shorter time horizon.

More in detail, we consider two distinct agents at play, one driven by DRL and
the other by MS programming. In the following, we will employ the MDP notation
-; to refer to the variables associated with the DRL agent while using the notation
1 for those tied to the MS agent. Thus, for instance, x, denotes the MDP variable
that describes the production quantity at timestep 7, whereas x”! pertains to the MS
model (3.5)-(3.13), which will be solved with a rolling horizon approach to determine
the production quantity at timestep z.

Initially, we train the DRL agent over a set of episodes; then, we use the trained
DRL policy to select the number of batches to produce, thereby setting the value x,.
Identifying an optimal value for this decision variable requires deep foresight; moreover,
any value within the range [0, X™*] yields a feasible solution, eliminating the need for
the DRL agent to learn complex constraints). Once the decision about the number of
batches to produce has been made, the second agent implements an MS model to handle
the logistics decisions. Specifically, it solves model (3.5)-(3.13) by fixing the x!%! variable
with the DRL’s derived solution.

Since the production decisions now depend only on the DRL agent, the MS agent no
longer needs to consider an extensive number of stages. Thus, we reduce the number of
stages to two, leading to a significantly more manageable model. However, the number of
scenarios within the second stage might still lead to computational issues. To counteract
this, we reduce the number of scenarios using Monte Carlo techniques, such as moment
matching generation or importance sampling [8]. Since all the second-stage variables are
used to account for the future, we relax them to be continuous, and we only constrain
the first-stage variables yE.O] to be integers. This strategy has been successfully employed
in fix-and-relax heuristics [9]. By adopting this approach, despite the introduction of
approximation errors at future stages, we can guarantee the quick achievement of a
feasible solution.

The pseudocode summarizing the heuristic is outlined in Algorithm 2. In the fol-
lowing sections, we will refer to this heuristic as deep reinforcement learning-based
decomposition (DRLBD).
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Algorithm 2 Deep Reinforcement Learning-Based Decomposition (DRLBD) algorithm.
1: Train a DRL agent
2: fort=1,...,Tdo
3: Observe the current state of the environment, s,

4: Determine the production level x, using the DRL agent
5: Generate a scenario tree
6: Set x[0 « x,; in model (3.5)-(3.13)
7: Relax variables yﬁ.n] ER,Vj=1,..,J,n#0
8: Solve model (3.5)-(3.13) using the MS agent
9: Setz”(—z;?t], Vi=1,...,J
10: Produce x; and ship z; ,, Vj =1,...,J
11: Satisty demand d; ,,Vj=1,...,J
12: Calculate per-step cost C, and determine next state s,

3.5 Numerical Experiments

This section presents the numerical experiments designed to evaluate the performance of
the proposed heuristic algorithm. All experiments were executed on a machine equipped
with an Apple M2 Pro chip with 10 cores and 16 GB of RAM. We developed the code
using Python 3.10. Specifically, we used: i) the OpenAl Gym APIs [12] to implement the
SCIM environment; ii) the Ray Python library [26] for importing the DRL algorithms;
iii) Gurobi version 10.0 (via its Python APIs) [18] to solve the MS optimization model.

We organize the numerical experiments into two different settings. The first setting
is elementary and aims to compare the methods under consideration with the derived
optimal solution. The second setting involves more challenging experiments to evaluate
in-depth the performance of the proposed heuristic in scenarios where an optimal
solution cannot be computed within a reasonable amount of time. The specific values of
the parameters that define the SCIM environment for both small and large settings are
reported in Appendix B.1. Due to the lack of real-world data or benchmark instances,
our experimental plan relies on synthetic and realistic data. However, by providing
open access to our code, we aim to offer a reference point for future research, thereby
addressing this limitation. While the data used in Section 3.5.1 ensure a specific problem
structure but lacks realism, the data in Section 3.5.2 has been validated in collaboration
with Bristol-Myers Squibb ? to simulate a realistic supply chain.

Following Kemmer et al. [23], and Peng et al. [28], we define the seasonal demand

“https://www.bms.com/
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for warehouse j as:

(27— ) .
dj,t= Dj 1 +sin T +€j, Vi=1,...,J,Vt=1,...,T,

! (3.14)
where || represents the floor function, D; denotes the amplitude of the reference
demand value (set to exceed the maximal production X™), ¢; is the phase, P, represents
the period (set as a fraction of T), and ¢, indicates a random noise which will be defined
differently in each experimental setting. Figure 3.5 provides an empirical example of a
95% confidence interval where D ;= 5, Pj = 5 over a time horizon of T = 7 timesteps,
and ¢; = 0, with ¢; as in Equation (3.16).

100 —— WH1
o —— WH2
275
>
2
S 50
£
(0]

0 25
1 2 3 4 5 6 7
Time Steps

Figure 3.5: 95% confidence interval computed over 250 realizations of the seasonal
demand with two distribution warehouses (i.e., WH1 and WH2), D ;= 5, P, = 5T =17,
¢; =0, and ¢ as in Equation (3.16).

If ¢, #0and P; # P, Vj # k € 7, demands manifest peaks at different timesteps.
Accordingly, summing the demands across all warehouses will diminish the impact of
these peaks, enabling the agent to make good decisions with a short look-ahead. Given
these insights, we consider ¢, =0, Vj € £, and P, = P, Vj, k € % this represents the
most challenging scenario, characterized by complete demands overlapping that results in
pronounced demand peaks, thus necessitating a wise production and stocking strategy:.
Such a scenario is particularly plausible when warehouses are located in homogeneous
regions that follow equivalent demand patterns. Examples include the paper notebook
industry, where sales synchronize with the academic calendar (consistent at a national
level), or the food industry producing items linked to specific times of the year (such as
Christmas cakes). In fact, production might only occur in just a few periods of the year
in these supply chains.

For the sake of simplicity, we assume that random noises ¢; are i.i.d. across all
distribution warehouses j and that all D; values are equal. As a result, we will omit the
subscript j from ¢;, P, and D; in subsequent sections. Additionally, we assume that
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when production capacity is used strategically, all demands can be satisfied; mathemati-
cally, this means that:

max P 2 — .
lzz {D<l+sin <M>>| +é, (3.15)
J & P

where € represents the average demand noise from a single distribution warehouse.

For performance comparisons, we calculate the total costs as Zthl C, for each ex-
periment, and we replicate this process 250 times. As benchmark techniques, we exploit
the PPO algorithm [34], given its demonstrated superiority in comparable settings over
other state-of-the-art DRL algorithms, such as VPG and A3C [35, 36]. For the same
reasons, DRLBD also adopts PPO as its foundation algorithm. The hyperparameters for
DRLBD and PPO are detailed in Appendix B.2.

3.5.1 Small Settings

In the first context, we examine experiments attributable to a small setting involving two
distribution warehouses with demand parameters D = 5 and P = 5, spanning a time
horizon of T' = 7 timesteps where each timestep conceptually represents a day. The
primary goal of this setting is to compute the optimality gap of the proposed heuristic
rather than evaluate its performance in a realistic context.

In detail, two experiments are conducted within this setting: the first considers a
noise € distributed according to a Bernoulli distribution with a probability of 0.5, while
the second experiment employs a different distribution for the noise €, defined as follows:

. N (3.16)
5 with probability 0.5

. {O with probability 0.5
We select these two distributions because, for a specific number of batches, they model
to either have an increased demand over a short number of timesteps or none at all.
Furthermore, an optimal solution to the problem can be easily computed using these
distributions.

One viable strategy would involve value iteration or policy iteration [7]. However,
these methods require an excessive amount of time to reach convergence. As a result,
we opt to directly solve the MS problem as expressed in model (3.5)-(3.13). In fact, since
€ can take only four distinct values (i.e., two possible outcomes for each of the two
distribution warehouses), considering T stages gives rise to 4 different scenarios. For
small values of T, this leads to a mathematical model that can be solved by an exact
solver, thereby providing the optimal solution (in that case, the scenarios tree precisely
describes every possible demand realization with its exact probability).

It is worth noting that there is no advantage in considering a number of stages
exceeding the demand period P since, according to Equation (3.15), decisions made
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during the first stage have a limited influence on the future. Although not detailed here
due to their irrelevance to the scope of the paper, computational experiments suggest
that considering only four stages is sufficient to obtain a practically equal solution
derived from a model considering all T'stages. Thus, the resulting MS stochastic problem
considers just (4* =) 256 scenarios and can be solved by off-the-shelves solvers like
Gurobi.

Before delving into a comparison of the proposed heuristic, it is essential to assess
the impact of initial conditions. To this end, we investigate the cost incurred per timestep
starting from empty inventories over a period of T = 21 timesteps. The results for the
MS stochastic model are reported in Figure 3.6. From both Figures 3.6a and 3.6b, it is
evident that there is almost no transient phase, as evidenced by the periodicity depicted
in the two plots.

40
)
7]
Q
O 20
0o . | | ‘
1 7 14 21
Time Steps
(a) Cost per timestep with € ~ 8(0.5).
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(b) Cost per timestep with ¢ as in Equation (3.16).

Figure 3.6: Cost per timestep over 250 episodes, as computed by the multi-stage pro-
gramming model. The X-axis represents the timesteps, while the Y-axis displays the
per-step cost. From both Figures 3.6a and 3.6b, which refers to the experiments of the
small settings (but with 7" = 21), it is possible to observe the periodic behavior of the
costs.

To assess the performance of the proposed heuristic, we benchmark it against the
PPO algorithm, the (s, Q)-policy (hereafter referred to as sQ), and the expected value
problem (EVP). Specifically, when employing EVP, we solve the model (3.5)-(3.13) by
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replacing each random variable with its expected value; this leads to a deterministic
problem that exact solvers can handle given that the scenario tree depicted in Figure 3.4
is reduced to a single chain of length T.

We present the percentage optimality gaps derived from simulations in Table 3.2.
Within the table, we also report the performance of the perfect information (PI) model.
This model is obtained by solving the model (3.5)-(3.13) and substituting each random
variable with its future realization. Analogous to EVP, this results in a scenario tree
comprising T nodes, which can be addressed using exact solvers. It is important to
highlight that the PI model assumes complete knowledge of future demand outcomes,
making it not implementable in a real-world deployment. Nevertheless, its introduction
is helpful for quantifying the inherent value of perfect information regarding the future
[5]. It also serves as a reference for strategically setting the production capacity by
empirically verifying through simulation that all demands can be satisfied. Accordingly,
Equation (3.15) is applied as an additional analytical check to ensure the robustness of
this calibration.

Table 3.2: Average opt-gap (expressed as a percentage) over 250 episodes with respect
to the multi-stage programming model. The standard deviation is provided in round
brackets. The lower the value, the better the algorithm.

Algorithm Opt-gap [%]

DRLBD 6.10 (2)
PPO 24.67 (9)
sQ 64.09 (30)
EVP 116.95 (59)
PI -7.79 (3)

(a) Average opt-gap (as a percentage) with e ~ J8(0.5).

Algorithm Opt-gap [%]

DRLBD 8.66 (3)
PPO 35.66 (9)
sQ 47.71 (12)
EVP 198.62 (160)
PI -33.63 (9)

(b) Average opt-gap (as a percentage) with € as in Equation (3.16).

As the reader can observe, EVP underperforms in both settings, reporting costs that
are 116% and 198% worse than the average MS solution, respectively. Trailing behind
EVP, there is sQ, which has an optimality gap of 64% and 47%. Such performance can be
attributed to its static nature, which often leads to unsatisfactory solutions, especially in
scenarios with seasonal demand. Interestingly, sQ emerges as the only method where
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the optimality gaps diminish as the variance associated with the noise increases; this
observation can be rationalized by recalling that, in the i.i.d. demand context, the (s,
QO)-policy is intrinsically optimal [41]. Moreover, it is noteworthy that as the noise
variance increases, the impact of seasonality on performance diminishes.

In comparison, the PPO algorithm achieves better optimality gaps than sQ, reporting
gaps of 24% and 35%, respectively, and attesting to the improved performance of dynamic
rules over static ones. Meanwhile, DRLBD reaches an optimality gap of only 6% and 8%,
consolidating its position as the most effective approach. Its performance, combined
with a narrow standard deviation, reveals that our proposed heuristic consistently earns
the lowest optimality gap. In the authors’ opinion, these considerable improvements
can be mainly attributable to the enhanced logistics management promoted by the MS
model.

Lastly, the PI model, as intended, manifests negative optimality gaps, a direct con-
sequence of its ability to access future knowledge. Furthermore, as it is intuitive to
guess, PI excels particularly in settings characterized by higher demand variance, where
a precise foreknowledge of upcoming scenarios becomes an invaluable asset.

While average values and standard deviations provide some insight, they do not fully
describe the actual distribution of costs. Therefore, Figure 3.7 delves deeper, presenting
the average optimality gaps through histograms of frequency distributions. Given that
the primary goal of this small experiment setting is to evaluate the optimality gap of the
proposed methodologies, we focus exclusively on the gaps rather than the absolute cost
values. Moreover, our analysis considers only PPO and DRLBD, as they emerged as the
most performing techniques.

From Figures 3.7a and 3.7b, it is evident that the cost interval for DRLBD is consid-
erably more confined than that of PPO. In particular, the poorest results for DRLBD -
approximately 10% for the first experiment and 15% for the second - are significantly
better than those achieved by PPO, which hover around 70% and 80% for the first and
second experiments, respectively. Moreover, DRLBD reaches values close to optimality
in both experiments, whereas PPO consistently achieves optimality gaps greater than
the average values achieved by DRLBD, thus suggesting that DRLBD may offer a more
robust and efficient solution than PPO.

Regarding computational times for the different techniques, Table 3.3 contains the
training times (in minutes) and the time needed to execute a single episode, referred to
as testing times (in milliseconds). Training times for MS, EVP, and PI are omitted from
the table, as these methods do not necessitate performing any training phase, while
DRLBD has the same training time as PPO since they share the same underlying DRL
agent. In this first setting, the computational times are particularly fast. Specifically,
all training times require less than 3 minutes, and all testing executions are completed
in less than a second. However, certain methods diverge from the rest, i.e., MS, which
needs to solve a MILP with a considerable number of variables, and EVP, which needs
to consider the full-time horizon.
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(b) Average opt-gap (as a frequency distribution) with € as in
Equation (3.16).

Figure 3.7: Average opt-gap (expressed as a frequency distribution) over 250 episodes
in comparison to the multi-stage programming model.

3.5.2 Large Settings

In the second context, we consider experiments within a large setting involving 5 or 10
distribution warehouses (i.e., J = 5 or J = 10).

The demand parameters of Equation (3.14) are D = 2 and P = 6 over a time horizon
of one year (T" = 12), such that each timestep ideally represents a month. We consider
the noise € of the demand to be a random variable distributed according to a negative
binomial distribution with parameters r = 3 and p = 0.7 [1, 3]. Due to the size of
the experiments and the demand distribution, in this setting, we do not exploit an MS
benchmark since the number of scenarios required to approximate the out-of-sample
cost leads to a model that runs out of memory. Therefore, we report the results by
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Table 3.3: Average training and testing times for the two experiments conducted under
small settings (i.e., with € ~ 98(0.5) and € as in Equation (3.16), respectively) with their
standard deviation (in brackets).

Aleorithm Small Setting Small Setting
son (with € ~ 98(0.5)) (with € as in Equation (3.16))
Training Time [min] Testing Time [ms] Training Time [min] Testing Time [ms]

DRLBD 2.41 (0.01) 12 (2.01) 2.42 (0.01) 12 (2.01)
PPO 2.41 (0.01) 8 (15.70) 2.42 (0.01) 8 (3.39)

sQ 2.40 (0.01) 5 (0.61) 236 (0.01) 5 (0.56)

MS - 279 (30.30) - 298 (30.90)
EVP - 49 (0.52) - 39 (14.50)

PI - 7 (0.83) - 7 (1.18)

computing the average gap achieved for each method with respect to the performances
reached by PL

Accordingly, Table 3.4 presents the results of the comparison among the different
benchmark techniques in terms of the expected value of perfect information (EVPI). By
analyzing the values, it is evident that EVP underperforms, corroborating the conclusion
that addressing uncertainty using ad-hoc methods is the appropriate approach. Indeed,
the costs incurred by EVP are more than five times higher than those of DRLBD. These
poor performances are mainly due to the inability of EVP to produce a sufficiently high
amount of items during the initial timesteps of the considered time horizon. As a result,
it suffers an initial backlog that becomes impossible to satisfy during the seasonal peak,
leading to even higher backlogs. The second underperforming method is sQ which still
outperforms EVP since it adopts a massive Q value to prevent backorder accumulation,
unlike EVP.

As in the previous experiments, PPO achieves better results than sQ by leveraging its
ability to develop a dynamic decision rule proper for seasonal behavior. Finally, DRLBD
significantly outperforms all other techniques, showing its superiority compared to the
inability of PPO to make advantageous logistic decisions, which, in turn, grows logistic
and storage costs.

It is worth noting that all the gaps increase as the number of warehouses grows
since it leads to a more challenging problem. Among all methods, sQ and EVP are
most impacted by the shift from J = 5 to J = 10, with performance reductions of
43.17% and 28.56%, respectively. This drop also involves DRLBD and PPO, which decrease
their performance solely by 7.00% and 7.62%, respectively, thus proving the stability
of the proposed heuristic when confronted with an increasing number of distribution
warehouses.

To gain a better understanding of the cost distribution, we present it in Figure 3.8,
expressing the cost in thousands of euros (k€ ). Both PPO and DRLBD exhibit a similar
distribution in both experiments. However, PPO achieves higher average costs, reaching
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Table 3.4: Average EVPI-gap (expressed as a percentage) over 250 episodes concerning
the expected value of perfect information model. The standard deviation is provided in
round brackets. The lower the value, the better the algorithm.

Algorithm EVPI-gap [%]

DRLBD 98.08 (21)

PPO 132.31 (32)

sQ 145.54 (34)

EVP 548.87 (161)
(a) Average EVPI-gap (as a percentage) with J = 5 distribution ware-
houses.

Algorithm EVPI-gap [%]

DRLBD 105.08 (18)

PPO 139.93 (26)

sQ 188.71 (41)

EVP 577.43 (124)
(b) Average EVPI-gap (as a percentage) with J = 10 distribution ware-
houses.

an average annual cost of 550k€ for the setting with J = 5 and 1100k€ for the setting
with J = 10. In contrast, DRLB incurs average costs of 450k€ and 800k€ for the
same two settings, respectively. Furthermore, the distribution queue for both methods
appears fatter in the second experiment, especially for PPO; this is a result of the
increased complexity derived from a greater number of distribution warehouses for
which determining an appropriate quantity to be shipped becomes more challenging,
thus leading to higher costs.

The computational times for both training and testing are detailed in Table 3.5. As in
the previous subsection, we report the training time (in minutes) needed to learn a policy
and the testing time (in milliseconds) required to execute a single episode. In comparison
to small settings, the training time increases by a factor of three to five. Notably, sQ
faces the most significant increase, requiring a training time of 12.17 minutes for the
large setting experiment with J = 10, in contrast to approximately 2.40 minutes in the
smaller setting experiments.

Despite the challenges posed by the large settings, all testing times remain under one
second, thus proving that the primary computational bottleneck is the training phase of
the algorithms. Moreover, such small computational times needed to compute actions
allow for the execution of multiple experiments in a reasonable amount of time. This
promptness is especially desirable for real-world applications, as decision-makers can
swiftly conduct what-if analyses.
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(a) Total costs histogram with J = 5 distribution warehouses.
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(b) Total costs histogram with J = 10 distribution warehouses.

Figure 3.8: Total costs histograms over 250 episodes in relation to PPO and DRLBD
techniques.

Among all methods, EVPI is most affected by the increment of J, increasing its
computational time by 4.16 times. Finally, it is crucial to note that the testing times
for DRLBD appear small; this can be attributed to the small number of stages and the
variable relaxation applied to the mathematical model used to determine the shipping
quantity, underscoring the DRLBD effectiveness also in this context.

3.5.3 Sensitivity Analysis

To further investigate how demand variations affect the results described and commented
in the previous subsection, we design and execute additional experiments, replicating
those from Section 3.5.2 while using different parameter values. Specifically, we focus
on the setting consisting of 5 distribution warehouses (i.e., J = 5), as it facilitates to
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3.5 — Numerical Experiments

Table 3.5: Average training and testing times for the two experiments conducted under
large settings (i.e., with J/ = 5 and J = 10 distribution warehouses, respectively) with
their standard deviation (in brackets).

. Large Setting Large Setting

Algorithm (with J = 5) (with J = 10)
Training Time [min] Testing Time [ms] Training Time [min] Testing Time [ms]

DRLBD 6.40 (0.01) 28 (1.96) 11.30 (0.01) 40 (2.14)
PPO 6.40 (0.01) 18 (1.23) 11.30 (0.01) 25 (1.56)
sQ 6.04 (0.01) 11 (0.51) 12.17 (0.01) 14 (0.77)
EVP - 49 (0.58) - 204 (0.32)
PI - 245 (612) - 362 (1627)

perform numerical experiments that are both quick and easily manageable. The demand
defined by Equation (3.14) depends on several parameters, such as amplitude D, period
P, and phase ¢; of the reference demand value, along with parameters r and p associated
with the random noise €. Since conducting a comprehensive analysis of the results
involving all these parameters would be complex, we opted to provide only some select
and possibly valuable insights here. Nevertheless, the publicly available software code
allows replicating the results and considering different parameter values.

In detail, we introduced variations in P and D values, ie., P = {3,6,9} and
D = {1,2,3}. By adopting these parameters, we can adjust the number of demand
peaks throughout the time horizon (T" = 12) as well as the amplitude of the demand.
Additionally, varying D allows us to regulate the balance between deterministic and
stochastic demand components. Compatible with the previous subsection, we keep
®; = 0, expressing the harshest condition, while we expand the capacities of the distri-
bution warehouses (i.e., I;.nax = §8) according to the maximum D value employed (i.e.,
D = 3). This choice guarantees a standardized setting across all experiments, prevent-
ing the risk of backlogs caused by insufficient storage restriction. All other values are
consistent with those presented in Section 3.5 (and are reported in Appendix B.1). As in
our prior evaluations, we considered DRLBD, PPO, sQ, and EVP. In Table 3.6, we reported
the relative gaps compared to PI (i.e., the EVPI gap).

The most challenging scenario for all techniques emerged when P =9 and D = 1.
In this configuration, a single demand peak appears over the time horizon, and the
deterministic component is relatively small; this makes preventing backlogs particularly
complex for all techniques. However, as the deterministic component grows, or as P
decreases, the problem becomes more tractable since all methods begin to reduce costs.
This outcome is reasonable as a greater deterministic component allows more accurate
forecasting of the future. Moreover, when peaks occur more frequently, they can be
captured with a shorter look-ahead interval, facilitating more effective production and
shipping decisions. The most favorable scenario emerges when D = 3 and P = 3. Here,
a demand peak appears every 3 time steps, and the demand is primarily influenced by its
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Table 3.6: Average EVPI gap (as a percentage) by varying demand parameters P =
{3,6,9} and D = {1, 2,3}, and considering J = 5 distribution warehouses. Adjusting
these parameters allows us to alter the number of demand peaks and the balance between
deterministic and stochastic demand components. The standard deviation is provided in
round brackets. The lower the value, the better the algorithm.

D=1 D=2 D=3
DRLBD 155.98 (21) | 112.23(25) | 30.85 (28)
PPO  199.63 (31) | 167.63 (47) | 45.88 (38)
P=3
sQ 234.11 (42) | 197.91(55) | 70.68 (47)
EVP  860.06 (290) | 595.91 (170) | 116.68 (72)
DRLBD 151.77 (21) | 105.01(22) | 31.78 (27)
p_g PPO  19601(34) | 15654(42) | 47.10(36)
sQ 228.05 (44) | 223.23 (70) | 75.49 (52)
EVP  858.57 (288) | 571.42 (168) | 122.25 (71)
DRLBD 164.53 (23) | 120.70 (25) | 51.22(29)
p_o PPO  22137(39) | 187.65(56) | 59.00(33)
sQ 244.44 (42) | 195.58 (42) | 96.40 (48)
EVP  901.54 (300) | 618.92 (184) | 183.21 (71)

deterministic component, thus promoting enhanced production and shipment planning.

It is interesting to notice that D affects the performance of the methods more than
P. In fact, while the variation along the columns is around 30%, the variation along
the rows is approximately 6%. The most substantial growth occurs when transitioning
from D = 2 to D = 3; this is motivated by an increment of the deterministic demand
component that enables all methods to make more knowledgeable decisions.

When comparing various techniques, it becomes evident that the proposed heuris-
tic consistently outperforms its competitors in all settings. Among the others, PPO
demonstrates superior results when compared to sQ and EVP, with sQ surpassing EVP.
Interestingly, the most significant performance improvements across different D values
are noticed with EVP, underscoring its heightened sensitivity to uncertainty. In contrast,
the performance variations of the other methods do not reveal any substantial differ-
ences, thus confirming the conclusion that addressing uncertainty with appropriate
methods is the proper approach.

3.6 Conclusions

In this paper, we introduce a novel heuristic for addressing the supply chain inventory
management problem within a divergent two-echelon supply chain. The proposed
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heuristic decomposes the problem using a deep reinforcement learning algorithm to
determine the number of batches to produce and multi-stage stochastic programming
to establish the quantities of batches to ship to each distribution warehouse. In practi-
cal terms, this approach combines the strengths of both techniques: the model-based
approach of MS programming for immediate logistics decisions and the simulation-
optimization abilities of DRL to make production decisions that require a longer look
ahead interval.

We assessed the performance of the proposed heuristic through a series of numerical
experiments. In smaller settings, where computing an optimal solution was feasible,
DRLBD demonstrated performance reasonably close to exact methods. Moreover, in
larger and more complex settings where determining an optimal solution was impracti-
cable, DRLBD performed robustly, consistently outperforming both the PPO algorithm
and the (s, Q)-policy used as benchmarks. To further substantiate these findings, we
conducted a sensitivity analysis by varying specific demand parameters. This anal-
ysis confirmed the stability of our results through different value combinations, also
proving that experiments featuring a low frequency of peaks and a small deterministic
component are more challenging to handle.

From a computational time point of view, DRLBD rapidly computes actions, with
the DRL training phase emerging as the primary potential bottleneck. This efficiency
enables decision-makers to employ the proposed heuristic as an effective tool to conduct
what-if analysis in a reasonable amount of time.

In conclusion, these findings underscore the potential of the proposed heuristic
in adeptly addressing the SCIM problem across a range of distinct scenarios. Future
research directions will explore more complex supply chain environments, encompassing
critical factors like fixed production costs, uncertainty in item availability for the factory,
and other relevant aspects. One such aspect will involve investigating the impact of
adopting more complex and challenging demand distributions. We expect that the
proposed heuristic will maintain its effectiveness, particularly in settings similar to those
studied in this work, where strategic production and logistics decisions are essential
to counteract myopic decision-making processes effectively. Lastly, investigations will
extend to supply chain settings with more than two echelons to better evaluate the
applicability and performance of the proposed heuristic. Through these efforts, we
aspire to advance the understanding of the SCIM problem in increasingly complex and
dynamic environments.
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Abstract

We study inventory control policies for pharmaceutical supply chains, addressing chal-
lenges such as perishability, yield uncertainty, and non-stationary demand, combined
with batching constraints, lead times, and lost sales. Collaborating with Bristol-Myers
Squibb (BMS), we develop a realistic case study incorporating these factors and bench-
mark three policies—order-up-to (OUT), projected inventory level (PIL), and deep re-
inforcement learning (DRL) using the proximal policy optimization (PPO) algorithm-
against a BMS baseline based on human expertise. We derive and validate bounds-based
procedures for optimizing OUT and PIL policy parameters and propose a methodology
for estimating projected inventory levels, which are also integrated into the DRL policy
with demand forecasts to improve decision-making under non-stationarity. Compared
to a human-driven policy, which avoids lost sales through higher holding costs, all three
implemented policies achieve lower average costs but exhibit greater cost variability.
While PIL demonstrates robust and consistent performance, OUT struggles under high
lost sales costs, and PPO excels in complex and variable scenarios but requires significant
computational effort. The findings suggest that while DRL shows potential, it does not
outperform classical policies in all numerical experiments, highlighting 1) the need to
integrate diverse policies to manage pharmaceutical challenges effectively, based on the
current state-of-the-art, and 2) that practical problems in this domain seem to lack a
single policy class that yields universally acceptable performance.



4.1 — Introduction

4.1 Introduction

Pharmaceuticals are closely tied to patient health, highlighting the critical importance
of accurate inventory control policies in supply chains. However, managing medical
product inventories is challenging due to the interaction of multiple factors, including
random yields, perishability, batching constraints, non-stationary demand caused by
product life cycles, and lost sales [see also 30]. Although the impact of these factors
in isolation is reasonably well understood [see, e.g., 6, 32, 31, 17], what is their relative
importance, and how do they interact in real-world pharmaceutical supply chains? More-
over, while several policies in the literature address one of these challenges individually,
is it clear how to adapt them to realistic supply chains that feature multiple overlapping
challenges? What performance can be expected from different types of policies?

To address these questions, we developed a realistic case study in close collabora-
tion with a senior supply chain manager from Bristol-Myers Squibb (BMS), a global
manufacturer and distributor of medical products that faces typical pharmaceutical
inventory challenges. The case study focuses on a specific product for which production
yield uncertainty, product lifetime, and batching considerations are quantified using
company data and expert input. BMS faces unique demand patterns for each product,
necessitating an inventory management process that involves demand forecasting and
timely ordering from manufacturing facilities. The case study incorporates a baseline
policy based on expert human planners at BMS, who rely on forecasting models to
predict demand uncertainty and fine-tune inventory levels to prevent and mitigate the
risks of excess stock, product expiration, and lost sales. To explore the impact of demand
uncertainty and non-stationarity, we used synthetic data from BMS regarding product
life cycles to develop a realistic demand process covering the product’s lifetime for 20
years and a variant with a shorter lifetime of 5 years. For parameters that are challenging
to estimate accurately, sensitivity analyses were conducted over a broad range of values
centered around company-provided data. This approach enabled the creation of a set of
experiments that effectively represent the complexities of managing medical product
inventories, including considerations of batching, product lifetime, and yield uncertainty.
The resulting case study provides a robust foundation for answering key questions about
inventory policies in pharmaceutical supply chains.

In detail, we contribute to the literature by adapting three general-purpose policies:
i) an order up-to-level (OUT) policy, with a bounds-based search procedure to determine
appropriate safety stock levels for non-stationary demand,; ii) a projected inventory level
(PIL) policy, which has been shown to perform well in settings involving lost sales and
perishability, supported by a bounds-based procedure to optimize policy parameters;
and iii) a deep reinforcement learning (DRL) approach, implemented via the proximal
policy optimization (PPO) algorithm [29], which has been promoted as a general-purpose
solution for inventory management, though its practical applications remain limited
[4]. To successfully train the DRL algorithm, we introduce a novel method for designing
features in the presence of non-stationarity, lost sales, and product expiration. Departing
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from the standard practice of using the inventory vector directly as input to the neural
network [see, e.g., 27, 15, 11, 22, 33, 34], we estimate future projected inventory levels
for each age category based on the current state and use these estimates as input.
Furthermore, we incorporate specific time-dependent demand features consistent with
demand forecasts used by human planners, enabling PPO to account for the current
life-cycle phase accurately.

In our experiments, we benchmark the performance of these three policies against a
BMS baseline derived from human planners’ actions. This comparison yields new and
valuable insights into inventory management for medical products:

« OUT and PIL policies can be readily applied to pharmaceutical supply chains using
the bounds-based optimization procedures developed in this paper, while PPO can
be successfully implemented based on the designed features. All three policies
demonstrate competitive performance.

+ While there are considerable performance differences among the three solution
approaches, none consistently outperforms the others. In fact, each policy (OUT,
PIL, and PPO) is outperformed by more than 10% in specific, realistic experiments
by one of the other policies. The OUT policy, in particular, can perform poorly
when lost sales costs are high, with performance gaps exceeding 100%. These
findings imply: a) Companies are advised to explore multiple policy types when
addressing pharmaceutical inventory challenges and should avoid relying solely
on the OUT policy. b) Despite decades of inventory research, practical inventory
problems in this domain appear to lack a single policy class that delivers universally
acceptable performance, let alone an interpretable, near-optimal policy.

+ Although DRL algorithms are often promoted as general-purpose solutions for
complex, realistic inventory problems [4, 40], we find PPO to be competitive but
not consistently superior to classical policies across all experiments.

+ The proposed OUT, PIL, and PPO policies can significantly reduce total company
costs by maintaining lower inventory levels. However, although they outperform
the human-driven policy in terms of average cost, they exhibit higher performance
variability, which may render them less robust in certain scenarios. Our findings
suggest that human planners focus on maintaining high service levels to avoid
lost sales and ensure patient health, often achieving this by increasing safety
stock levels. This practice reduces the risk of unsatisfied demand but results in
higher holding costs. Enhancing the proposed policies with safeguards to address
significant demand uncertainty could improve BMS results by balancing cost and
service level requirements.

The remainder of this paper is structured as follows: Section 4.2 presents a compre-
hensive review of recent literature on classical policies and DRL. Section 4.3 outlines the
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mathematical formulation of the pharmaceutical supply chain developed in collabora-
tion with BMS, while Section 4.4 details and formalizes the OUT and PIL policies and
describes the implementation of the PPO algorithm. Section 4.5 presents the results of
numerical experiments evaluating the performance of the implemented policies. Finally,
Section 4.6 concludes the paper.

4.2 Related Work

Our case study is motivated by a realistic inventory problem arising in pharmaceutical
supply chains, which involves multiple factors, including perishability and yield uncer-
tainty. While random yield is a well-studied problem in the literature when considered
independently [32, 31, 3], its interaction with perishability, as observed in our real-world
case study, has received limited attention. To position our work within these research
streams, we review studies that address these factors in-depth, along with a concise
overview of OUT and PIL policies and the application of DRL algorithms in inventory
management.

4.2.1 Classical Policies

Perishable inventory systems have been extensively studied since the seminal work of
[39]. A key challenge in managing such systems is tracking the age categories of stock
to determine optimal order quantities. This process significantly increases the problem’s
dimensionality, making it computationally complex. Commonly used approaches, such
as the OUT policy, are suboptimal because order quantities must consider the age
distribution of existing stock [30]. [24] contributed by analyzing optimal policies for
perishable systems with zero lead times, emphasizing the trade-off between holding and
expiration costs. Managing perishable products remains challenging because the need
to account for all age categories makes exact solutions through dynamic programming
infeasible, especially when positive lead times are involved or product lifetimes exceed
two periods. Consequently, much subsequent research has focused on developing
heuristic or approximation-based approaches [10].

Early research by [26] pioneers near-myopic heuristics to address the computational
challenges of dynamic programming in managing fixed-lifetime perishable products.
The estimated withdrawal and aging (EWA) policy proposed by [6] represents a signifi-
cant advancement. This policy accounts for positive lead times and varying demand
patterns while estimating the quantity of expired items during lead times. By explicitly
considering the impact of product expiration, the EWA policy significantly improves
upon the standard OUT policy, resulting in better cost performance. Further exploration
of the EWA policy by [18] highlights the benefits of incorporating estimated expired
quantities into base-stock policies. Their findings suggest that adding expired estimates
can significantly improve performance compared to traditional base-stock policies that
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do not include such adjustments. Additionally, [17] examines supply chains for platelet
concentrates, providing analytical approximations for key performance indicators such
as expected on-hand inventory, order size, lost sales, and expired items. This research
considers several complexities, including non-stationary demand with weekly variations
and adjustable safety stock levels.

The asymptotic optimality of policy classes has received increasing attention in recent
studies. [20] demonstrate that for non-perishable products in lost-sales settings, the
base-stock (OUT) policy converges to optimality as penalty costs increase. For perishable
products, [7] investigate the effectiveness of the OUT policy in lost-sales settings with no
lead times and in backorder settings with positive lead times, establishing its asymptotic
optimality as penalty or expiration costs grow. The PIL policy has primarily been
studied in the context of asymptotic optimality. [21] analyze it for the standard lost-sales
setting, providing results for long lead times and high penalty costs. Additionally, [8]
examine perishable products with positive lead times, demonstrating that the PIL policy
is optimal for single-period product lifetimes under bounded demand. For scenarios
with unbounded demand and high penalty costs, the PIL policy still achieves optimality.
[16] provides further insights into the concept of asymptotic optimality.

The main thrust of our paper is to evaluate classical policies and DRL in a pharmaceu-
tical supply chain. Our adaptations of the classical OUT and PIL policies for this purpose
build on the reviewed literature as follows. First, in contrast to the EWA policy examined
by [6] and [17], which approximates expired stock using the mean demand value, our
adaptation of the PIL policy also considers lost sales and uses the true distribution of
demand to estimate expired stock more accurately. Additionally, in the context of the
OUT policy with lost sales, perishable products, and positive lead times, we define both
lower and upper bounds, heuristically addressing cases of non-stationary demand not
analyzed by [7]. While their approach is practical in settings with backlogged demand
or zero lead times, our case study focuses on settings involving lost sales and positive
lead times. Lastly, we propose a bounds-based procedure to optimize the parameter of
the PIL policy in the BMS case study, building on the work of [8] and establishing an
effective procedure for accurately estimating the projected inventory level.

4.2.2 Deep Reinforcement Learning

[4] provide a comprehensive roadmap detailing the potential improvements that DRL can
offer to inventory systems and policies. [27] extend the deep Q-network (DQN) algorithm
to address the beer game problem, enabling the DQN algorithm to learn a near-optimal
policy while other entities follow a base-stock policy. [15] implement and fine-tune the
asynchronous advantage actor-critic (A3C) algorithm for multi-echelon systems, finding
that A3C performs comparably to state-of-the-art heuristics and approximate dynamic
programming algorithms.

To the best of our knowledge, no studies have assessed the ability of DRL to solve
problems that combine multiple factors such as non-stationary demand, yield uncertainty,

86



4.3 — Case Study Description

and perishability—challenges commonly arising in real-world cases. Recently, [37]
explored the use of DRL in industrial spare parts management. However, that case
features neither perishability nor yield uncertainty. In the following, we briefly review
DRL applications that incorporate at least one of these factors.

Non-stationarity is challenging to incorporate into classical policies, and DRL algo-
rithms may offer significant advantages in such scenarios. [34] evaluate the performance
of DRL algorithms and classical policies in multi-echelon systems with stochastic and
seasonal demand, showing that the PPO algorithm performs better than other policies
in a wide range of experiments. Similarly, [12] demonstrate that DRL, when supported
by demand forecasting, can effectively learn non-stationary policies in supply chains
characterized by fixed costs, lead times, and the presence of both backorders and lost
sales. Their findings reveal that DRL can match or even surpass the performance of
dynamic programming-based heuristics in certain scenarios. Van Hezewijk, Dellaert, and
Van Jaarsveld [38] propose scalable DRL algorithms for a lot-sizing problem involving
multiple products, where individual items exhibit non-stationarity. Additionally, Dijck
et al. [13] apply DRL to a complex capacitated assembly system, showing that DRL is
especially valuable in handling non-stationary demand.

A notable research gap exists in applying DRL in the domain of perishable products
with fixed lifetimes. [36] develop DRL algorithms tailored to highly stochastic problems
arising in operations management, testing their solution approach on three benchmark
problems, one of which involves perishable products. [11] conduct a comparative
analysis of the DQN algorithm against classical policies and other heuristics, consistently
demonstrating that DQN outperforms alternatives across various experiments. Similarly,
[1] investigate the use of DRL algorithms for perishable products, finding that these
algorithms significantly reduce the likelihood of product stockouts and expirations,
thereby enhancing service levels.

Our paper explores the application of DRL in inventory systems involving key factors
such as perishability, yield uncertainty, and non-stationary demand—-among others—
that are critical in pharmaceutical supply chains and are rarely addressed together.
Unlike prior studies, which typically examine these factors in isolation, we focus on
integrating them into a realistic case study. By leveraging future projected inventory
levels as features, our approach bridges theoretical insights and practical implementation,
offering a novel method for managing complex inventory problems.

4.3 Case Study Description

The pharmaceutical supply chain analyzed in this paper is modeled based on a real-world
case study. One of the authors collaborated with a senior supply chain manager at
BMS to obtain a validated model of the inventory system and access a realistic demand-
generating process for a specific perishable pharmaceutical drug. The supply chain
manager also provided key operational parameter values, such as yield uncertainty,
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product lifetime, and lead time, as discussed in detail below. Using company data and
expert input, we derived a validated set of parameters that produces a realistic model
for assessing state-of-the-art inventory policies in the context of challenges typically
arising in pharmaceutical supply chains. This section describes the base case, while
Section 4.5 explores variants of this case to gain deeper insights into the results.

The modeled supply chain environment is structured as a finite-horizon, periodic-
review system over T timesteps (t = 1, ..., T), directly linking a third-party factory with
a storage warehouse, as represented in Figure 4.1. We consider a single product type
produced by the factory. Product batches may experience up to 10% of items lost due to
yield uncertainty during production. In our base case, BMS assumes that yield loss is
uniformly distributed between 0 and 10% of each order. This assumption captures the
inherent variability in production, enabling us to explore a broader range of yield rate
values.

Supply chains commonly operate with planned lead times to provide the factory
with sufficient time for production planning [see, e.g., 35]. At BMS, a positive lead time
of L = 12 timesteps is assumed, with items delivered in batches of Q = 20 units and
a maximum of n = 6 batches per shipment. The company employs a dynamic batch
ordering cost K(g,), which varies with the batch size to account for economies of scale,
along with a static unit ordering cost ¢ proportional to the number of items ordered.

Other parameters are similarly based on discussions with expert human planners
at BMS. Upon receipt at the warehouse, each item has a product lifetime of m = 12
timesteps, after which an expiration cost of v = 3.0 per unit is incurred. The warehouse
is assumed to have unlimited storage capacity, with a holding cost of & = 1.0 per unit
per timestep. A lost sales cost of b = 100 per unit is applied as a penalty when demand
exceeds on-hand inventory. Without loss of generality, we assume that any remaining
items at the end of the horizon are salvaged at a value of ¢ per unit.

Lead Times Demand
o ) 1
T . — HH
HEE '
Factory Warehouse

Figure 4.1: Representation of the supply chain environment.

Demand across timesteps follows a non-stationary process. For each timestep ¢,
let D, represent the one-period demand, with E[D,] < 4+c0. The demand D, at each
timestep f is modeled as D, = d, + &,, where d, represents deterministic values provided
by BMS that define the demand forecast, and &, denotes random variables with a mean
of zero, representing the forecast error. The non-stationarity arises because the standard
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deviation of &;, denoted as o, varies across timesteps. BMS provides forecast errors as
percentages of the mean demand, which are used to compute the time-dependent stan-
dard deviation o, for each timestep. The distribution of &, is not necessarily independent
and identically distributed (i.i.d.), further capturing the non-stationarity of the forecast
error.

4.3.1 Order of Events

As illustrated in Figure 4.2, the order of events in the supply chain environment and
their associated costs for each timestep t are defined as follows:

1. The order ¢,_; placed at timestep ¢t — L arrives at the warehouse.
2. A new order ¢, is placed at the factory, incurring ordering costs.

3. Demand D, is satisfied from the on-hand inventory in the warehouse. Any unsat-
isfied demand is tracked as lost sales.

4. Costs for timestep #—including ordering, lost sales, expiration, and holding costs—
are computed. Expired items are removed from the on-hand inventory at the
end of the timestep, incurring expiration costs. The remaining items with usable
lifetimes are moved forward to the next timestep, resulting in holding costs.

order q,_; demand D,
arrives satisfied

S T | — :
order ¢, costs CJ'
placed computed

Figure 4.2: Order of events in the supply chain environment.

Let x; 1= (X; ;X2 -+ s Xg s -+ s X¢ i 1—1) b€ the vector representing the inventory
in transit and on hand, where x,; denotes the quantity in transit or on hand with a
remaining lifetime of i, fori = 1, ... ,m+ L—1. Let Z, be a random variable representing

the fractional yield for the order arriving at timestep ¢ with realization z,. The maximum
production loss, denoted by Z, is set at 10%, resulting in Z, = 1 — %(0, 1) X Z, where
% (0, 1) is a random variable uniformly distributed on the interval [0, 1]. This yield
effectively captures the variability in the drug production process, ensuring it fluctuates
between 90% and 100%, as indicated by BMS. Consequently, the order arriving at timestep
1+ 1, denoted by x,. ,, is updated based on the yield rate Z, and the previous order

Xt m+1-
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The full inventory vector x, is then updated as follows:

g, i=m+L—-1,x,;,i=m+1,... . m+L-2,
: +\+
Xipl,i = (tht,i+1_<Dt_Z;=1xl,j> > y L=m, (4.1)

i TNt
(Xt,i+1—<Dt—Z,=1xt,j> > yi=1,...,m—1.

This update implies that for the inventory at position i = m + L — 1, the vector is
updated according to the current order quantity g, placed at timestep . For intermediate
positions, fromi = m+ 1 toi = m+ L — 2, representing the pipeline of inventory in
transit, the vector is shifted by one position. For positions from i = 1 to i = m, the
vector is updated to satisfy the demand D, using the on-hand inventory, following a
FIFO issuing policy from the oldest to the most recent items. Inventory with a lifetime
of i = m (i.e., items that have just arrived) directly incorporates the yield rate Z,. Here,
()" denotes max(0, -).

Let X, and Y, denote the random variables representing the total inventory level at
timestep ¢ before order arrival and after order arrival but before demand satisfaction,
respectively. Their realizations are defined as x;, = Z:":_ll x;;and y, = x, + 2,q,_y, and
the expired quantity at timestep 7 is given by O, = (x, | — D))",

The total cost over a finite episode horizon T for a given policy z € I1, where a policy
maps states to actions and II represents the set of feasible policies, can be expressed as:

T m—1
C™=E | CF=¢ ) xpy1,] . (4.2)
t=1 i=1

where C" = K(q,) + ¢q, + h(Y, = D))" + b(D, = Y,)* + 00, and K(q,) = {0,5,8,9, 10},
forn, = 0,1,2,3,{4,5, 6}, respectively, with n, = [%1 and [-] represents the ceiling
function. The first term in C; represents the batch ordering cost, conditional on the
batch size, while the second term is the unit ordering cost proportional to the number
of items. The subsequent terms denote the holding, lost sales, and expiration costs at
timestep ¢, respectively.

Given our objective to determine an appropriate order quantity g, at each timestep 7,
while minimizing the total cost C” across the episode horizon 7, we assume ¢, = 0 for
t=T—-L+1,...,T, as these orders will not arrive before the episode ends. Additionally,
at the start of each episode, the inventory level is assumed to be empty, i.e., x; ; = 0 for
i=1,...,L—1. Table 4.1 summarizes the notation used throughout the paper.

4.3.2 Cost Transformation

Following a methodology similar to that described in [10], we transform the total cost
C” into an equivalent expression that excludes the unit ordering cost ¢. The following
lemma facilitates this transformation.
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Table 4.1: Notation for the supply chain environment with their explanations (and units
of measure).

Parameter Explanation Parameter Explanation

K(q,) Batch Ordering Cost (per batch) T Episode Horizon (timesteps)

é Unit Ordering Cost (per unit) L Lead Time (timesteps)

w Expiration Cost (per unit) m Product Lifetime (timesteps)

b Lost Sales Cost (per unit per timestep) 2 Production Yield (percentage per batch)
h Holding Cost (per unit per timestep) D, Demand (units)

Lemma 1. The total cost defined in Equation 4.2 can be expressed as:

T T
C™=E | ) K(g)+h(¥,— D)* +b(D, = Y)" +wO,| +¢ Y E[D],  (43)
=1 t=L+1

whereh=h,b=b—¢ andw = 1 + ¢é.
Proof. The proof is provided in Appendix C.1. O]

From Lemma 1, it follows that finding an optimal policy z minimizing C” is equiv-
alent to finding the same optimal policy for C* — ¢ ZIT= 1+1 E[D;]. Consequently, the
optimal policy can be defined as OPT = inf, .y C”. In the subsequent sections, we
focus on optimizing the transformed cost C”.

4.3.3 Dynamic Programming Formulation

Under the lost sales assumption, determining the optimal order quantity g, using dynamic
programming depends on the inventory vector x,. Let V,(x,) denote the cost-to-go
function from timestep ¢ to T:

V,(x,) = minE [K(q,) + h(Y; — D)* + b(D, = Y)* + w0, + V,, (x,,1)] - (4.4)

Solving this dynamic programming model poses significant challenges due to the
curse of dimensionality, primarily caused by the positive lead time L and the product life-
time m. For instance, [14] demonstrated that even with a lead time of zero, determining
the optimal order quantity for products with a lifetime of at least five timesteps requires
substantial computational effort. Introducing a lead time of 12 timesteps, combined with
a product lifetime of 12 timesteps—as in our real-world case study—further exacerbates
the complexity, making it computationally intractable to find an exact solution within
a reasonable timeframe. This challenge persists even for non-perishable products, as
solving Equation 4.4 is further complicated by the lost sales assumption, as highlighted
in prior studies [23, 2].

As expressed in Lemma 1, the unit ordering cost ¢ is incorporated into the holding,
penalty, and expiration costs, allowing us to focus on solving the transformed total
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cost C”. However, the batch ordering cost represented by K(g,) introduces additional
complexities. Developing effective policies for perishable products becomes particularly
difficult when such costs are present [12]. As a result, the proposed policies must be
carefully evaluated to ensure their effectiveness in addressing these challenges.

4.4 Inventory Policies

This section analyzes two primary types of inventory policies implemented under the
specific assumptions and challenges of our supply chain environment: classical (analytic)
policies and DRL policies. For the classical policies, we define the widely known and
adopted OUT policy (Section 4.4.1) and describe the baseline policy currently used at
BMS, which refines the OUT policy by incorporating expected expiration in the spirit of
the EWA policy (Section 4.4.2). Additionally, we discuss the PIL policy applied in our
case study (Section 4.4.3). Lastly, for the DRL policy, we introduce the PPO algorithm
(Section 4.4.4). Our analysis outlines the fundamental principles of each policy type,
investigates specific theoretical properties, and discusses their practical implementation.

4.4.1 OUT Policy

To implement the OUT policy in our non-stationary case, we propose fixing the safety
stock instead of the order-up-to level. This approach ensures that the order-up-to
level adjusts dynamically based on the expected demand during lead times, allowing
it to increase or decrease in response to fluctuations in demand forecasts. Specifically,
the proposed OUT policy is characterized by a single parameter, s, representing the
safety stock. Denoted by r, this policy involves ordering up to the order-up-to level
S, =s+ Z;’;L d; at each timestep 7. Accordingly, the order quantity qtﬂ * at timestep 7 is

calculated as:
m+L—1 +
qzns = (Sr - Z xt,i) 5 (4.5)

i=1

o
The expected total cost over the episode horizon T'is given by:

and the number of batches is determined as: n:[S = [q’—] .

T
C™ =F [Z(h(Yt — D)t +bD, - Y,)* + wO,)] . (4.6)

=1

This formulation implies that the order-up-to level equals s + ZSJ;IL d;, which varies

dynamically at each timestep ¢ to account for non-stationary demand. Here, Z:’;L_l Xy i
represents the inventory level at timestep ¢ prior to ordering. Given the positive lead
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time L, the expected total cost can also be expressed as:

C% = 2 (hE [(Yer = Dt+L)+] +bE [(Dyyr — Yt+L)+] + wk [(xt+L,1 - Dt+L)+]) -

=1
(4.7)

Although the demand process is non-stationary due to time-varying forecast errors,
we adopt a constant safety stock s to balance policy simplicity and interpretability. The
proposed OUT policy remains responsive to evolving demand through the dynamic
order-up-to level .S,, which adjusts at each timestep ¢ based on demand forecasts. The
fixed parameter s serves as a time-invariant safeguard against forecast uncertainty
over the lead time, while its optimization over the entire episode horizon implicitly
captures variations in forecast accuracy. This structure offers a practical alternative to
time-varying safety stocks, which would considerably increase policy complexity [28].
The latter approach is ideally recommended in the literature for non-stationary settings
since the safety stock should vary over time in such cases, and it can represent a natural
extension for future work.

Our goal is to determine the optimal safety stock s for the OUT policy under lost
sales. To achieve this, we propose a bounds-based search procedure that leverages
approximative assumptions and simplifications to establish bounds and then employs a
bounds-based procedure to optimize policy parameters. Specifically, we assume that
the random variables representing forecast error, &, are i.i.d. and follow a normal
distribution with a mean of zero and a standard deviation ¢. Under this assumption,
the cumulative forecast error over the lead time is defined as 9; | = ;J;f & Two
simplifications are also made to facilitate the derivation of bounds. First, batch ordering
costs, K(gq,), are omitted. Prior studies, such as [25] and [41], analyzed fixed ordering
costs in perishable systems with fixed lifetimes but limited their focus to scenarios
with zero lead time. In pharmaceutical supply chains, transportation costs are typically
shared across multiple products, making fixed ordering costs negligible. Second, yield
uncertainty is excluded from deriving theoretical bounds to maintain tractability. Given
the complexities of deriving closed-form expressions for costs, we adopt Monte Carlo
simulation to determine the optimal safety stock for the OUT policy. In particular, we
generate 2000 simulated episodes, each covering the entire episode horizon, and set the
safety stock to minimize the average total cost across these simulated episodes. The
effectiveness of this bounds-based procedure will be validated in Section 4.5.

OUT Policy Lower Bound

The following lemma establishes a lower bound for the cost component of the OUT
policy.

Lemma 2. Under the OUT policy with lost sales, for each demand sample path and every
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timestept > L + 1, the following conditions hold:

E[o] > [E[(S—m%TLV]
(S0 30— D) 2 E[(s-9,0)] - EZall g
E [(D, -2 x,,,-)+] 2 [E[@i;ﬁl_sw

Proof. The proof is provided in Appendix C.2. [

This lemma enables us to derive a lower bound, denoted by L B, on the total cost:

C™ > LB(s)
b w—hL
= T(hE (s = D1.11) "] + To7E (D141 = 5) '] + S FE (5= Dpar) ] ).
(4.9)
OUT Policy Upper Bound

We next derive an upper bound, U B, under the assumption that items are non-perishable
(O, =0form = +o0 and any ¢ > L):

m + t—1 t +
(Z-n) <(Z0)(- Ze)
i=1 j=t-L j=t—L

” + ) v (4.10)
(Dt—zxm) S ( Z SJ—S) .
i=1 j=t—L
Taking the expectation of the above inequalities yields the upper bound:
UB(s) =T (hE [(s = D)) | + b+ hDE [(D4 - 5)7]). (4.11)

This bound follows directly from the assumption that &, is stationary and i.i.d., which

implies that Z;.:t_ & and Z;’;L &; share the same distribution.

.. . % .
We proceed by detj_rgmmg the solution for the upper bound, denoted as sy 5, which
b+(L+1)h

corresponds to the quantile of the forecast error distribution:

51 B =inf{s P(Dp < b+ nL } (4.12)

>—
U <2 T on

The upper bound is expected to act as a cap on the order-up-to level of the optimal perish-
able OUT policy under lost sales. This expectation is based on the formal demonstration
provided by [26] for scenarios with zero lead time and further supported by findings
for positive lead times in non-perishable systems by [20]. However, providing formal
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proof of this conjecture in the context of perishable products remains a challenging
open problem.

Finally, given the complexities of deriving closed-form expressions for costs, we
adopt Monte Carlo simulation to determine the optimal safety stock for the OUT policy.
Specifically, we generate 2000 simulated episodes, each covering the entire episode
horizon, and set the safety stock to minimize the average total cost across these simulated
episodes.

4.4.2 BMS Baseline Policy

We next discuss the BMS baseline policy, which is derived from the expertise of human
planners. Similar to the OUT policy, this human-driven policy relies on a time-dependent
target level, defined as:

t+L
S, =5+ ) d, (4.13)
Jj=t
where § represents the safety stock.
Accordingly, the BMS baseline orders the quantity nfg = [%] at each timestep 7,
where:
m+L—1 t+L-1 +
s & A
q," = (St — ( 2 X i~ Z Oj|x,>> . (4.14)
i=1 j=t

This expression does not account for lost sales occurring during the L timesteps and
requires the computation of Z;’;IL_I 0 ;» which represents a heuristic estimate of the
expired quantity from timestep ¢ to t + L — 1, based on the assumption that demand
equals its expected value.

In particular, let O[,:S] denote the cumulative estimated expired quantity from
timestep ¢ to s > t. According to Equation 3 in [9], this can be computed as:

s s—t+1
Op:59(x) = Z O; = max { 2 X = dp), O[l:s—l](xt)} ) (4.15)
j=t i=1

with the convention that OA[,:_l 1(x,) = 0. This approach is related to the EWA policy
proposed by [6], but BMS applies a specific procedure for determining the safety stock.

BMS Baseline Policy Safety Stock

The safety stock for the BMS baseline policy is determined using a standard safety stock
factor k; to achieve a 99% service level, assuming the forecast error &, follows a normal
distribution. Additionally, BMS empirically introduces a second safety stock factor k, to
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address the uncertainty in production yield. Based on the mean squared error (MSE)
dynamically calculated at each timestep 7, the safety stock is derived as:

S=k\/(L+1)- MSE + k. (4.16)

Note that the MSE, and consequently the safety stock §, depends on the quality of
the demand forecast. Unlike the OUT policy, which determines the safety stock through
cost-based optimization, the BMS baseline employs an internal fixed rule for safety stock
determination.

4.4.3 PIL Policy

The foundation of the PIL policy has been explored by [21] and further developed by
[8] to address perishable products with fixed lifetimes, demonstrating its effectiveness
compared to constant-order and OUT policies. However, neither study has examined
its application under non-stationary demand. This paper extends the analysis of [8] to
investigate such scenarios. In the original formulation of the PIL policy, [21] propose
placing an order to raise the projected inventory level to a desired target. In our extension,
we adopt a slightly modified approach to account for the complexities introduced by
non-stationary demand.

Furthermore, both the BMS baseline and EWA policies account for expirations during
lead times when determining the size of orders to be placed but ignore lost sales in the
computation of Equation 4.14, treating excess demand as backorders. These policies
also assume that forecast errors follow a normal distribution and rely solely on mean
demand to estimate expirations, disregarding any associated uncertainty. To address
these limitations, we propose incorporating the expected inventory level at timestep
t + L into the PIL policy.

Let x; . = :"z_ll X1, denote the inventory level before ordering at timestep 7 + L,
and let 7, represent the PIL policy, which involves ordering at each timestep ¢ up to:

Ul‘:u+dl‘+L7 (417)

where u represents the safety stock employed by the PIL policy. By the material conser-
vation law, the inventory level can be expressed as:

m+L—1 +L-1 t+L-1 t+L-1

m—1
Xpp = sz+L,i= Z Xt~ Z D;+ Z lj— Z 0, (4.18)
i=1 i=1 = j=t j=t

where [, = (D, = 27, x, )"
According to Lemma 1 of [8], it is always possible to order a quantity that brings the
expected inventory level at timestep ¢ + L to U;, denoted as E [Z:": | Xet L,i] = U,. By
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Equation 4.18, the order quantity can be expressed as:

m—1 + t+L m+L—1 t+L—1
qtﬂu=<Ut_[E sz+L,i|Xt]> =<u+2d - Z x”+[E[Z oF —l])

i=1
(4.19)
Therefore, the optimal order quantity, accounting for cumulative lost sales over L

timesteps, is given by:
”M
nt = [%w . (4.20)

In the following subsections, we derive the lower and upper bounds for the total
cost associated with the PIL policy.

PIL Policy Lower Bound

For any feasible policy 7, the expired quantity at timestep  + m — 1 can be expressed as:

m+L t+m—1 t+m—1 t+m—2
o(z S TR S )
i=1

j=t—L j=t—L j=t—L
m+L t+m—1 +  t+m-2 (4'21)
Z<Z"t—L,i— 2 Dj) -2 0
i=1 j=t—L j=t—L

where Z:":IL Xp_p; = S+ Z;zt_ 1 d; for the OUT policy with an order-up-to level

s+ X4

Applying the equality in Equation 4.21 to the OUT policy gives:

t+m—1 t+m—1 t+m—1 + t+m—1 +  t+m-1
> ojz(s— >og- > dj) Z(s— > g) - Y d. (422

Jj=t—L Jj=t—L Jj=t+1 j=t—L Jj=t+1

This expression can also be derived as:

t+m+L—1 m+L
O[t,t+m+L—1](Xt) = Z Oj = max { Z Xti— D[t,t+m+L—1]7 O[t,t+m+L—2](Xt)}
j=t i=1

m+L t+m+L—1 +
(z ) D,) .

i=1 =t
(4.23)
Taking the expectation of the left- and right-hand sides yields:
t+m—1
(m+ DEO]>E[(s= D))" - D d,. (4.24)
j=t+1
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Similarly,

m + m+L t+L t+L—-1 t+L—-1
(ZXI+L,1'_DH—L> (Z Xti— ZD + Z I - Z )
i=1

t+L + t+L—1
><2x,+u ZD) Yo,
Jj=t

i=1

(4.25)

For the OUT policy with an order-up-to level s + ZHL d;, this implies:

m +
E KZ Xi4Li~ Dt+L> ] >E [(s—2p41)7] - LE[O], (4.26)
i=1

and
m + t+L t+L—-1 t+L—-1 m+L +
(DI+L - Z xr+L,i> = (Z Dj - Z lj + Z Oj - Z xt,i)
i=1 tJ+—£ m{I-_LI R =1 (4.27)
> (Z D Xt 1) Z
i=1 Jj=t
Thus:

m +
(L+DE [(Dt+L - Z xt+L,i> ] > [E [(QZL_H - s)+] . (4.28)
i=1

Combining the above inequalities, we can establish a bound for the total cost as
follows:

T
C™ = F [Z(h(Yt — D)t +p(D, - Y)* + th)]
=1

T
> ;1 (h[E[(s ~ 9,1+ LLWthE[(@L+1 — )] (4.29)

t+m—1
_hL _hL
+% El(s — D, )" - & > dj>.

~

m+ L frrd)

Thus:
T
C™ =F Z (h(Y, — D))" + p(D, — Y,)* +w0,)]

El(s = D))" 1+ L—[E[@L“ — )] (4.30)

T t+m—1

tl]t+1
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PIL Policy Upper Bound

We conclude this subsection by providing an upper bound on the total cost for the PIL
policy. Based on the findings of [8], we note that Lemmas 2 and 4 remain applicable when
demand is non-stationary. Specifically, by their Lemma 2, we have E [Z:”: | Xt L’[] =
u + d,, r, and by the material conservation law, we can express:

Uy =
m m+L—1 t—1
[E[Zx,7i]=d,+u— [Z X—pi+ - — Z (Dj—lj+0j)]
i=1 j=t—L
m+L—1 -1 (4.31)
= Z XL T -1 ~ Z dj—E [ (Oj - lj)] :
i=1 j=t=L Jj=t—L
This implies:
m+L—1 t—1
> sraimue 3o ve| 3 <o,-—z,-)]- 432
j=t—L j=t—L
By Lemma 4 (part b) of [8], the variables — ;_:1_ . 0j ;; l;, and _ L(D ;
t+L— 1 We thus deﬁne

-1+ Oj) are component-wise increasing in D;, j =1, ..
the following associated random variables:

-1 -1
A= Z (=1 +0;+¢&) -E LZ (Oj_lj)] = (d,+u) +d, +&.

j=t—L j=t—L
-1 -1
B= )Y ,-E| ) zj] : (4.33)
j=t—L | j=t—
—1 7 -1
R, =E [ Z O;| - Z 0;
j=t—-L | j=-L
Since E [Bt] =0and E [ ] = 0, by Lemma 7 of [21], we can write
E KD, > > ] (4)*] <E[(A, + B)*] <E[(A, + B, + R,)"]
- (4.34)
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[ [ g) e
<
<

t +
> gj—u) ]+u (4.35)
j=i—-L

and

=E _(”_,.2 é,-ﬂ =E[(u-2,.)".

Thus, we can bound the expected expired quantity as:

m+1—1 m +
Y 0,< (Z X0 —D,) . (4.36)
i=1

J=t

Taking the expectation of the left- and right-hand sides yields:

mE [O,] <E Kgxw —Dt>+] <E Ku—nggJ.)] =E[(u—2.,)7].

(4.37)

Combining the inequalities above, we can finally upper bound the total cost of the
PIL policy as:

o <T((h+ 2E [(u=Dp41)*] + BE (D141 —u) ] ). (4.38)

PIL Implementation

The proposed PIL policy requires estimating the expected projected inventory level
L timesteps into the future to calculate the order quantity. This approach involves
computing the expected lost sales and expired stock over L timesteps. For this purpose,
we adopt a methodology aligned with [41] and [7]. Similar to the OUT policy, the safety
stock employed by the PIL policy is determined using Monte Carlo simulations tailored
to its specific requirements (see Section 4.4.1 for details).

To estimate the expected inventory level at timestep 7+ L, given the current inventory
vector (i.e., E [Z:":l Xeppl xt] ), we perform 2000 simulated episodes over the entire
episode horizon 7, generating 2000 demand sample paths for each timestep ¢. Specifically,
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following the order of events defined in our supply chain environment (Section 4.3),
at each timestep 7, we: i) set the actual order quantity », to zero, as it does not affect
the computation of the expected inventory level at timestep ¢ + L but impacts timestep
t + L + 1; ii) update the total inventory level based on received inventory in transit,
as represented in Equation 4.1; and iii) track any potential lost sales and expired stock.
Upon completing the simulations for each timestep within the interval from 7 to r + L,
we compute the average amounts of expired stock and lost sales over this interval.
These averages provide the expected inventory level at timestep ¢ + L necessary for
determining the order quantity n,, as expressed in Equations 4.19 and 4.20.

4.4.4 PPO Algorithm

PPO is an actor-critic algorithm designed to enhance the efficiency and stability of policy
updates [29]. It modifies the objective function to prevent large updates to the policy by
introducing a clipped objective function:

LCLTP9) = E, [min (r(0)A,, clip (r,(0),1 — e, 1+ ¢) 4,)], (4.39)

”9new(at|st)
014 157)
and the old policy 7,  for taking action g, in state s,. The hyperparameter e controls
the clipping range to ensure that updates remain constrained. Specifically, the function
clip(x, 1 — e, 1 +¢€) constrains x within the interval [1 — ¢, 1 + ¢]. This mechanism limits
the magnitude of policy updates, enhancing stability and reducing the risk of divergence
during training.

The advantage estimate A, is computed using generalized advantage estimation
(GAE), which balances bias and variance in the estimation process:

where r,(0) = represents the probability ratio between the new policy 7,

A =68+ GNoy + -+ AT o (4.40)

where 6, = r, + yV,(s,,1) — V;(s;) represents the temporal difference error at timestep
t, y is the discount factor, 4 is the GAE parameter, and T is the episode horizon. By
incorporating cumulative future advantages, GAE enables more nuanced policy updates,
optimizing decisions in a stable and computationally efficient manner. The combination
of the clipped objective function and GAE forms the basis of PPO, making it well-suited
for addressing complex inventory problems. For a more detailed discussion of the PPO
algorithm and its theoretical foundations, readers are encouraged to refer to [29].

PPO Implementation

To implement the PPO algorithm and learn a well-performing policy, 7 p p, we formalize
the supply chain environment as a Markov decision process (MDP) in terms of features
(observations), actions, and rewards.
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As is standard in inventory management representations, the state is defined as a
feature vector (the observation) serving as input to the neural network [see 4]. Conven-
tionally, features would consist of the inventory vector x; and the timestep ¢, which
together form a sufficient statistic for the state. However, relying solely on this informa-
tion places the entire burden on the neural network to learn the product life-cycle phases
and interpret the inventory vector accordingly. Preliminary experiments revealed that,
in our case study, this approach results in poor performance, as the neural network
struggles to manage these complexities effectively.

To overcome this constraint, we propose enriching the feature vector by including
a forecast of upcoming demands, similar to those used in the OUT and PIL policies.
Additionally, rather than directly using the inventory vector x, at timestep ¢, we adopt
projection-based ideas inspired by the literature [6, 21] to estimate the future inventory
vector at timestep 7 + L, just before the order placed at timestep ¢ arrives.

As a result, the feature vector at timestep ¢ is defined as:

(Elx/yr ], dysorsrys z) , (4.41)

where E[x,, ;] = ([E[xt+L,1], Elxpyr 2l -, [E[xt+L,m]) represents the expected inventory
levels at timestep 7+ L for each age categoryi € {1,2, ..., m}. These expected values are
computed under the assumption that upcoming demands equal their forecasts, enabling
a deterministic estimation. Additionally, dj;.; 1} = (d; 41,4, 42, --- > d; 44 1) TEpresents
the demand forecasts from timestep 7 to t + L, and ¢ is the current timestep. Preliminary
experiments demonstrated that this new feature representation outperforms standard
representations relying solely on current inventory levels [see, e.g., 27, 15, 11, 22, 33, 34].
The action a, at timestep t determines the order quantity:

q;"'PPO — atQ — n;'TPPOQ7 (4‘42)

where a, represents the number of batches ordered, chosen from the discrete set {0, 1,2,
..., 6}. Here, an upper limit of 6 reflects the maximum number of batches that can be
ordered in the BMS case study.

Finally, the reward r; € R at timestep t is calculated based on the following cost
components:

re=— (K@) + h(Y, = D)* +b(D, = ¥)* +w0,) (4.43)

where K(gq,) represents the batch ordering cost, A is the holding cost, b is the lost sales
cost, and w is the expiration cost, as detailed in Section 4.3. Note that we define the
reward with a negative sign since the objective is to minimize the total cost.

4.5 Numerical Experiments

In this section, we present numerical experiments designed to evaluate the performance
of the implemented policies under various demand scenarios based on synthetic data
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provided by BMS. All experiments were conducted on a machine equipped with an
11th Gen Intel(R) Core(TM) i7-11800H CPU at 2.30 GHz and 32 GB of RAM. The code
was developed using Python 3.10, leveraging the OpenAl Gym library [5] to define the
supply chain environment and the Stable Baselines 3 library [19] to implement the PPO
algorithm. The code is publicly available as an open-source library on GitHub !.

In detail, we consider two demand scenarios for the numerical experiments, both
modeled as non-stationary to reflect the complete lifecycle of a specific perishable phar-
maceutical drug, as discussed with BMS. The lifecycle begins with initial growth as the
product gains market acceptance, reaches a peak during its maturity phase, and then
declines as alternatives emerge or patents expire. This demand pattern closely mirrors
real-world conditions, providing a realistic basis for evaluating the proposed policies in
pharmaceutical supply chains.

The first scenario is adapted from company-provided data and covers a period of
5 years (T = 60 monthly timesteps), incorporating two levels of demand noise. In
the worst-case setting, demand noise is modeled as & ~ 4/(0,d X 15%), where d =
max, d,, representing high fluctuations during the peak phase. In contrast, the balanced
setting models noise as & ~ 4/(0,d, X 15%), reflecting more moderate fluctuations.
These settings were chosen to evaluate the effectiveness of the implemented policies
under varying levels of uncertainty. Specifically, the worst-case setting assesses policy
performance under high uncertainty, while the balanced setting represents more stable
market conditions. In both cases, the forecast error &, follows i.i.d. normal distributions
with a mean of zero and a standard deviation . This assumption is essential for deriving
the lower and upper bounds necessary to optimize the OUT and PIL policies, as discussed
in Sections 4.4.1 and 4.4.3.

The second scenario is based on real-world data provided by BMS, modeling the
complete lifecycle of a specific perishable pharmaceutical drug over a 20-year period
(T = 240 monthly timesteps), as illustrated in Figure 4.3. This scenario employs the
same balanced noise setting described in the first scenario and serves as a reference for
more practical and comprehensive analysis.

For each experiment, we compare the performance of the policies by analyzing the
average total cost over 2000 simulated episodes. By assessing performance across varying
levels of demand noise and over both short-term and long-term horizons, this study
provides valuable insights into the cost-effectiveness and robustness of the implemented
policies in addressing typical pharmaceutical inventory challenges.

4.5.1 First Scenario

In the first scenario, we evaluate the three inventory policies introduced in Section
4.4-0UT, PIL, and PPO—under the worst-case and balanced settings. The experimental

Thttps://github.com/frenkowski/SCIMAI-Gym.
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Figure 4.3: A 95% confidence interval based on 2000 simulated episodes for the demand
in the second scenario derived from real-world data over an episode horizon of T' = 240
timesteps.

plan involves varying several parameters of the supply chain environment. Specifically,
the expiration cost (w) is set to 2 and 4, the product lifetime (m) ranges from 2 to 4, and
the lost sales cost (b) takes on values of 10, 50, 100, and 1000. Other parameters are kept
constant to simplify the analysis. The holding cost () is fixed at 1, the lead time (L) is
set to 2, and both the batch ordering cost (K (g,)) and yield rate (Z) are set to 0. This setup
results in 24 unique experiments for each of the two settings (worst-case and balanced).
These experiments systematically evaluate the policies under varying cost structures
and product characteristics, providing valuable insights into their performance across
diverse market conditions.

Worst-Case Setting

The bounds derived for the optimal parameters in the worst-case setting simplify the
optimization process by constraining the search interval for the OUT and PIL policies. As
shown in Table C.1 of Appendix C.3, the optimal values for both the OUT and PIL policies
consistently fall within this interval. These bounds are particularly advantageous for
the PIL policy, which requires more computational resources than OUT due to the need
to calculate expected inventory levels. Although these bounds were derived based on
the total cost, they also provide valuable estimates for the optimal parameters of both
policies. While formal proof that the optimal values strictly lie within this interval is
lacking, the numerical results strongly support this conjecture.

In this first scenario, since there is no upper limit on the number of batches that can
be ordered, the upper bound constraining the action space of the PPO algorithm was
determined by selecting the maximum of the optimal values between the OUT and PIL
policies, which minimize Equation 4.11 and Equation 4.38, respectively. This choice is
motivated by the observation that optimal values tend to be lower for non-perishable
products. Consequently, the non-perishable bounds derived from the OUT and PIL
policies were effectively used to constrain the PPO action space.

Turning to the results, as depicted in Figures 4.4 and 4.5, when the product lifetime
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m is set to 2, PIL and PPO exhibit similar performance, both slightly outperforming OUT
when the lost sales cost b is low. However, as b increases, PPO significantly outperforms
OUT while maintaining competitiveness with PIL, with the performance gap widening
as b reaches its highest value. As the product lifetime increases to m = 3, PIL remains
the most effective policy as lost sales costs rise, with PPO performing on par with it
while both consistently outperform OUT. Finally, when the product lifetime extends to
m = 4, the performance gap among the three policies tends to narrow. PIL continues
to excel, particularly at the highest value of b. In contrast, PPO’s performance slightly
declines, even compared to OUT in some cases when the expiration cost w is set to 2.
However, OUT demonstrates higher variability in terms of standard deviation, reflecting
its sensitivity to cost fluctuations, especially when b = 1000.

Note that the OUT policy exhibits significant variability, primarily driven by fluctu-
ations in lost sales costs. Specifically, as lost sales costs increase, even minor changes
between episodes can substantially impact the average total cost. In contrast, expiration
and holding costs remain relatively stable and smaller in magnitude. The dominance of
lost sales costs means that differences or outliers disproportionately affect the standard
deviation. This variability is likely due to demand uncertainty, which overshadows the
stability of other cost components, resulting in significant variability in the average total
cost, particularly when lost sales costs reach their highest values.

Balanced Setting

To analyze the performance of the three implemented policies further, we evaluate them
under more moderate fluctuations. Figure 4.6 presents the results for this balanced setting.
When the product lifetime m is set to 2, the OUT policy significantly underperforms
under high lost sales costs and exhibits a high standard deviation, consistent with its
behavior in the worst-case setting. In contrast, PPO consistently achieves lower total
costs compared to PIL, particularly as lost sales costs increase.

As the product lifetime increases to m = 3, PPO continues to achieve the lowest total
cost. The OUT and PIL policies perform similarly, with OUT occasionally outperforming
PIL, particularly when b = 1000, although these differences remain minimal.

Finally, when the product lifetime is extended to m = 4, and the expiration cost w is
set to 2, all three policies yield nearly identical total costs. However, when the expiration
cost increases to w = 4, and the lost sales cost b is set to 1000, PPO performs slightly
worse than the other policies, while PIL and OUT maintain consistent performance
levels.

Interestingly, the OUT policy shows a slight improvement in this balanced setting,
emerging as the most efficient policy in specific experiments, even when lost sales costs
are high. This improvement is particularly evident in experiments with longer product
lifetimes (m = 3 or m = 4). However, it continues to underperform in experiments
with the shortest product lifetime (m = 2) as lost sales costs reach b = 1000. The
PPO algorithm performs efficiently in nearly all experiments, although it exhibits a
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Figure 4.4: Average total cost for the PPO algorithm, with lower (LB), upper (UB),
and optimal (OPT) values for the OUT and PIL policies. Demand noise is modeled as
& ~ N(0,d x 15%), where d = max, d,. Each row corresponds to a different value of
m = {2,3,4}, and each column to a different value of w = {2,4}. Each subplot shows
the OUT, PIL, and PPO costs for b = {10, 50, 100, 1000}.

slight decline in performance at the highest expiration and lost sales costs with the
longest product lifetimes. This behavior is consistent with observations in the worst-case
setting. The slight decline, while expected, may also be partially attributed to challenges
in hyperparameter tuning.

The main insight from both the worst-case and balanced settings is that no single
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Figure 4.5: Bar plots representing the average total cost over 2000 simulated episodes,
with demand noise modeled as & ~ 4/(0,d X 15%), where d = max, d,. Each row
corresponds to a different value of m = {2,3,4}, and each column to a different value
of w = {2,4}. In each subplot, the bars show the OUT, PIL, and PPO costs for b =
{10, 50, 100, 1000}.

policy consistently dominates across all experiments. Instead, each policy has exper-
iments where it outperforms the others. Furthermore, the asymptotic optimality of
the PIL policy, observed for non-perishable products, does not necessarily extend to
perishable products.
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Figure 4.6: Bar plots representing the average total cost over 2000 simulated episodes,
with demand noise modeled as & ~ /#(0, d, X 15%). Each row corresponds to a different
value of m = {2, 3,4}, and each column to a different value of w = {2,4}. In each
subplot, the bars show the OUT, PIL, and PPO costs for b = {10, 50, 100, 1000}.

4.5.2 Second Scenario

In the second scenario, we evaluate the performance of the OUT, PIL, and PPO policies
against the BMS baseline derived from human expertise. This human-driven policy is
based on decisions made by a team of expert human planners at BMS with extensive
knowledge of managing perishable pharmaceutical drugs, as discussed in Section 4.4.2.
These decisions rely on the same information provided to the PPO algorithm through
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Equation 4.41, ensuring a fair comparison.

A key distinction between DRL-based approaches, such as PPO, and the human-
driven policy lies in adaptability. While human planners’ decisions are built on expertise,
they remain static and are provided a priori. Consequently, the human-driven policy
cannot adjust dynamically in response to the actual state of the supply chain environment
or react to unplanned demand fluctuations. In fact, these static decisions remain fixed
throughout the simulated episodes, limiting their ability to manage the variability and
uncertainty typically encountered in real-world conditions. In contrast, PPO offers a
more flexible and responsive solution, dynamically adapting at each timestep based on
the current state of the environment. Despite its simplicity, the human-driven policy
serves as a valuable benchmark, highlighting its limitations and providing a reference
point for evaluating advanced, data-driven policies. This comparison underscores the
potential for significant improvements in efficiency and responsiveness, which are
particularly relevant to pharmaceutical companies.

Table 4.2 summarizes the performance of the four implemented policies (OUT, PIL,
PPO, and the BMS baseline) under various yield rates (2 = 0%, 5%, 10%) and lost sales
costs (b = 100, 1000, 10000) across nine different experiments. All experiments assume
alead time of L = 12 timesteps, a product lifetime of m = 12 timesteps, and an expiration
cost of b = 3.0. It is important to note that the human-driven policy was explicitly
designed for a specific experiment (with Z = 10% and b = 100) and then applied without
modification to the other experiments.

Table 4.2: Average total cost for OUT, PIL, PPO, and the human-driven policy over
2000 simulated episodes in the second scenario derived from real-world data, for values
of Z = {0%,5%,10%} and b = {100, 1000, 10000}. Lower cost values indicate better
performance.

V4 b OouT PIL PPO Human

100 19392 + 3438 21457 + 3594 17594 + 2981 120538 + 758

0% 1000 28182 + 10912 31824 + 10403 25125 + 9527 120538 + 758
10000 35580 + 23507 40011 + 32987 33829 + 22952 120538 + 758
100 20853 + 3228 23752 £+ 3909 18861 + 2796 100968 + 1102

5% 1000 29796 + 5478 34195 + 11336 28069 + 9410 100968 + 1102
10000 35869 + 21999 41497 + 22702 36070 + 25478 100968 + 1102
100 22588 + 3349 26349 + 3852 18608 + 2838 77477 + 1170

10% 1000 30847 + 9606 36755 + 10183 29319 + 9450 80613 + 1890
10000 37415+ 10711 44803 + 27323 37061 + 33831 113766 + 20326

When the yield rate is 0%, all implemented policies outperform the human-driven
policy. Despite the lost sales cost, PPO consistently achieves the lowest costs and
standard deviations across all experiments. Interestingly, the OUT policy incurs lower
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costs than PIL, with the performance gap widening as b increases.

At a 5% yield rate, the costs of the human-driven policy decrease due to the higher
production yield, which reduces accumulated stock compared to the 2 = 0% case. Here,
PPO continues to outperform PIL across all experiments, while OUT achieves the lowest
costs in the most challenging experiment, where b = 10000.

When the yield rate extends to 10%, the performance gap between the human-driven
policy and the others narrows. PPO remains the most cost-effective policy across all
experiments. However, OUT performs comparably to PPO when b = 10000 and exhibits
a significantly lower standard deviation than the other policies.

As previously discussed, the high total costs associated with the BMS baseline stem
from its static nature, which prevents dynamic adaptation to changes in the supply
chain environment. In fact, human planners rely on predetermined actions at each
timestep, which remain unchanged throughout the simulated episodes. An analysis of
the experiment explicitly designed for the human-driven policy reveals a tendency to
accumulate excess on-hand inventory. On one hand, this approach almost completely
avoids lost sales, particularly in experiments with reduced production yields. On the
other hand, it results in significantly higher holding costs, explaining the observed cost
gap. While the other policies achieve lower average total costs, they tend to exhibit
higher standard deviations, primarily due to experiencing lost sales during the simulated
episodes. In contrast, the human-driven policy nearly satisfies all demands.

According to BMS, the average total cost may not be the sole evaluation criterion
for human planners. Instead, they aim to balance the risk of lost sales with product
availability, trying to minimize overstocking and associated product expiration while
adhering to ethical and legal constraints regarding potential stockouts.

Contrary to the results reported in the first scenario, PIL does not consistently
outperform OUT and PPO across all experiments, with the performance gap widening
as production yield increases. As demonstrated in [8], PIL achieves optimality when
the product lifetime is restricted to a single period. In other experiments, PIL tends to
underperform compared to OUT, as observed in this second scenario, where both the
lead time and product lifetime are set to 12. Indeed, PIL does not always converge to an
optimal solution, even as lost sales costs increase.

To investigate these findings further, we conduct a more detailed analysis of the
real-world case study using varying key parameters identified in the first scenario.
Specifically, we vary product lifetimes from the set m = {3,6,12,24} and lost sales
costs from the set b = {10, 50, 100, 1000, 10000} for each considered expiration cost
w = {3,6}, and lead times L = {3,6, 12}, while maintaining the production yield 2
constant at zero. The results of these experiments provide deeper insights into the
strengths and limitations of the implemented policies when applied across a more
diversified and extended set of experimental conditions.

As shown in Table 4.3, PPO significantly outperforms OUT for shorter product
lifetimes (i.e., m = 3 or m = 6), particularly when lost sales costs reach their highest value
(b =10000). In these experiments, PPO achieves a performance gap of approximately
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Table 4.3: Percentage gap in performance between OUT vs. PPO and PIL vs.
PPO for various values of w = {3,6}, m = {3,6,12,24}, and b = {10, 50, 100,
1000, 10000}, at lead times L = {3, 6, 12}. A positive percentage value indicates better
performance by PPO.

| OUT vs. PPO | PIL vs. PPO

Liw|m b b
10 50 100 1000 10000 | 10 50 100 1000 10000
312 28 30 57 315 |14 45 52 52 32
5| 6110 25 26 29 159 |11 35 36 30 7
121 7 24 23 20 -8 83 29 26 26 -3
; 247 23 23 8 8 |7 24 25 10 10
315 33 42 67 279 |18 58 74 76 43
g | 6113 33 32 33 101 |14 43 45 37 30
1218 31 29 29 4 |10 3 33 35 8
24 | 7 27 24 18 -9 7 28 25 20 -7
319 17 20 55 204 | 14 45 51 47 24
4| 65 17 23 53 46 |6 22 30 39 14
12113 29 28 60 571 |21 60 72 72 64
¢ 24| 5 21 26 37 -13 |6 27 36 27  -30
319 13 15 30 44 9 28 31 29 20
g | 67 21 20 9 -1 |7 23 23 11 3
12|11 22 24 47 53 |12 41 47 52 39
246 21 16 17 0 |6 23 17 22 2
38 10 16 67 566 | 7 34 46 51 28
3 6 | 4 9 7 53 113 | -1 22 24 25 2
12 6 10 10 12 5 1 19 22 27 13
12 24 3 10 14 23 10 -4 10 15 14 -3
3 (11 14 20 89 499 |15 46 62 69 44
g | 618 10 11 290 154 |4 27 33 40 19
1210 6 10 -1 -2 -4 15 24 16 10
2413 7 17 3 21 -4 8 18 -1 3

500% when the lead time L is set to 12. As product lifetimes increase, OUT’s performance
improves accordingly, independent of expiration costs, and it slightly surpasses PPO in
some experiments where b = 1000 or b = 10000.

PIL performs well when lost sales costs are at their lowest value (b = 10) and product
lifetimes are longer (i.e., m > 6), especially when lead times are at their maximum

111



Classical and Deep Reinforcement Learning Inventory Control Policies for Pharmaceutical Supply Chains
with Perishability and Non-Stationarity

value (L = 12). PIL also occasionally outperforms PPO when m = 12 or m = 24 with
b > 1000, although no clear trend emerges. However, as lost sales costs increase to a
range between 50 and 100, PIL’s performance tends to decline, consistently favoring
PPO.

A critical factor influencing PIL’s performance is the term E [ZSJ;;L_I 0,-1 j] , as de-
fined in Equation 4.19. This term represents the difference between the expected expired
quantity and lost sales over the lead time. For non-perishable products, incorporating
only the expected expired quantity when computing g, allows PIL to outperform OUT
[6]. However, when PIL subtracts the expected lost sales term, this non-zero mean term
can fluctuate between positive and negative values across timesteps, particularly under
non-stationary demand. Such variability makes it challenging for PIL to determine
optimal order quantities, leading to higher total costs than OUT, especially when lost
sales costs are low (i.e., b equals 10, 50, or 100). In contrast, PIL outperforms OUT by
more effectively accounting for expired and lost sales terms for short product lifetimes
and high lost sales costs, mainly when m = 3 and b = 10000. In experiments with
larger lead times and longer product lifetimes, both PIL and OUT tend to increase order
quantities to reduce lost sales. However, PIL incorporates projected inventory levels by
more accurately calculating the expected expired quantity and lost sales, often resulting
in better decisions and lower total costs for both values of w. PPO demonstrates an even
greater ability to adapt to these trade-offs, frequently outperforming both PIL and OUT.
Nevertheless, as lead times and product lifetimes extend, the dimensionality of PPO’s
state vector increases accordingly, making optimization more challenging and reducing
its performance gap over the other policies.

4.6 Conclusions

In this study, we evaluated the performance of different inventory control policies for
a specific perishable pharmaceutical drug under non-stationary demand, considering
factors such as random yields, perishability, positive lead times, and lost sales. This
analysis was inspired by a real-world case study provided by BMS. By comparing the
OUT policy, the PIL policy, and the PPO algorithm with a human-driven policy, we
collected managerial insights into their cost-effectiveness and robustness across a diverse
set of experimental conditions. The theoretical bounds derived for the OUT and PIL
policies offered valuable direction into their optimal parameter values, while the MDP
formulation of the supply chain environment was essential for effectively implementing
the PPO algorithm.

Extensive numerical experiments revealed that, while simple to implement, the OUT
policy exhibits limitations in experiments with short product lifetimes and high lost sales
costs. However, its performance improves as these values increase, as observed in the sec-
ond scenario based on real-world data. The PIL policy offers a robust and cost-effective
solution across various experiments, demonstrating consistent performance without
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divergence under any of the experiments considered. Notably, it proves particularly
efficient in the first scenario, adapted from real-world conditions with reduced product
lifetime and lead time values. Finally, as observed in the second scenario, the PPO algo-
rithm demonstrated superior performance in more complex and variable experiments,
particularly those involving higher lost sales costs and the inclusion of production yields.
However, challenges related to hyperparameter tuning, the computational resources
required for training, and the time needed for convergence can be significant, especially
as the state vector grows with longer product lifetimes and lead times.

Another salient insight from this study is that none of the three policy types con-
sistently outperforms the others across all experimental conditions. While all three
implemented policies achieved lower average costs compared to the human-driven policy,
they exhibited higher standard deviations. In contrast, the human-driven policy tends
to maintain large inventory levels to avoid stockouts, resulting in higher holding costs
but significantly lower cost variability. Therefore, decision-makers in pharmaceutical
companies should evaluate policy choices based on specific operational contexts and
objectives. Focusing solely on average total cost may not be sufficient, as ethical and
legal constraints associated with potential stockouts must also be considered.
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Chapter 5

Conclusions

This thesis thoroughly explores the applicability and transformative power of deep
reinforcement learning (DRL) in the field of supply chain inventory management (SCIM),
aiming to enhance the efficiency and robustness of modern supply chains. Through three
interconnected research studies, it investigates how DRL addresses scalability and compu-
tational challenges; outperforms traditional inventory policies in multi-echelon systems
under dynamic and uncertain conditions; combines with traditional optimization meth-
ods to improve production and logistics decisions; and demonstrates its effectiveness
and interpretability in real-world contexts, such as pharmaceutical supply chains. Col-
lectively, these findings underscore the significant contributions of DRL to advancing
SCIM and establishing a solid foundation for future research and innovation in this
domain.

Performance of Deep Reinforcement Learning Algorithms in Two-Echelon
Inventory Control Systems [16]

The first study considers a sequential decision-making problem in a capacitated two-
echelon system consisting of a factory at the first echelon and multiple local warehouses
at the second echelon. The local warehouses face stochastic, seasonal demand for diverse
product types, with orders delivered after a constant, positive lead time. Excess demand
that cannot be immediately satisfied from available stock is back-ordered. The primary
goal is to determine optimal production and shipment quantities over a given time
horizon. This study highlights the inherent complexity of finding an optimal solution
due to the curse of dimensionality arising from the interplay among the number of
product types and local warehouses, the length of lead times, and the stochastic nature
of the problem.
Focusing on the first research question:

How can DRL improve performance in multi-echelon systems under seasonal
and stochastic demand scenarios, varying the number of local warehouses,
product types, and the length of lead times?
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By mathematically formulating the problem as a Markov decision process (MDP)
and focusing on the action vector, this study aims to improve scalability and reduce
computational complexity by exploiting a continuous action space with independently
determined bounds for each action value. For instance, the lower bound is zero for
local warehouses, while the upper bound corresponds to their maximum capacity. This
approach scales linearly with the size of the problem, enabling DRL to adapt to di-
verse experimental conditions—including varying numbers of product types and local
warehouses—while maintaining robust performance as lead times increase. According
to the results, DRL algorithms achieve convergence across all experiments, demonstrat-
ing their capacity to manage these complexities effectively under stochastic demand
scenarios.

Regarding the second research question:

Can we design an allocation rule for selecting feasible actions and preventing
backorders in the first echelon?

In response, the study proposes a balanced allocation rule designed for continuous
action spaces. Since each action is independent of the others, it is inherently challenging
to enforce interdependency constraints. This rule ensures the central warehouse does
not ship more products than available, thereby maintaining non-negative inventory
levels and preventing backorders at the first echelon. It also provides fair and balanced
product distribution among local warehouses, preventing allocation imbalances where
some warehouses receive minimal or no products. By constraining the continuous
action space to consider coherent and feasible actions, this allocation rule enhances
the practical applicability of DRL, improves training times, and facilitates algorithmic
convergence.

In relation to the third research question:

How does the performance of DRL compare to traditional inventory policies in
terms of cost minimization and training time?

The study uses a data-driven method via Bayesian optimization to determine opti-
mal parameter values for static inventory policies, applying independent bounds for
each parameter similarly to the approach used with DRL. DRL algorithms, particularly
the proximal policy optimization (PPO) algorithm, consistently outperform traditional
inventory policies in terms of cost minimization while achieving comparable training
times. Although the (s, Q)-policy offers commendable computational efficiency and
a balanced trade-off between simplicity and performance, it does not match the cost
minimization achieved by PPO. Additionally, the deterministic linear programming
policy, which replaces stochastic demand with its average value, performs significantly
worse than DRL algorithms. These findings underscore the importance of addressing the
stochastic nature of the problem, which static and deterministic models fail to capture
effectively.
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In summary, the PPO algorithm emerges as the best-performing algorithm across
all experiments. Although the (s, Q)-policy provides a viable alternative by balancing
simplicity and computational efficiency, it does not reach the performance level of
PPO. This study advances innovations in exploiting a continuous action space and a
balanced allocation rule, offering a robust framework for addressing the scalability
and dimensionality challenges inherent in modern supply chains. Significantly, all
implemented state-of-the-art DRL algorithms achieve convergence with training times
comparable to static inventory policies. These results validate the practicality of DRL for
large-scale, complex multi-echelon systems, encouraging decision-makers to consider
these insights when selecting an inventory policy.

Combining Deep Reinforcement Learning and Multi-Stage Stochastic Program-
ming to Address the Supply Chain Inventory Management Problem [15]

By combining DRL with multi-stage (MS) stochastic programming, the second study
introduces a novel heuristic to optimize production and logistics decisions in multi-
echelon systems, tackling the computational and scalability challenges inherent in
complex sequential decision-making problems. Similar to the supply chain analyzed in
the first study, this work focuses on a two-echelon system. However, it involves a single
item type, no lead times, production limits, and fixed and variable logistics costs, defined
as costs per vehicle and unit shipped, respectively. The MDP formulation builds upon
the environment established in the first study, employing a continuous action space
with independent bounds and a balanced allocation rule. As demonstrated previously,
the proposed heuristic relies on the PPO algorithm due to its superior performance
compared to other state-of-the-art DRL algorithms.
In alignment with the first research question:

How can combining DRL with MS stochastic programming optimize production
and logistics decisions in two-echelon systems?

This approach decomposes the problem into two components. DRL determines the
number of batches to produce at each decision period, while MS stochastic programming
calculates the number of batches to ship. By combining the complementary strengths of
both methods, this hybrid approach effectively manages the complexity of production
and logistics decisions. Specifically, DRL excels in long-horizon production planning
through its simulation-optimization capabilities, while MS stochastic programming uses
its model-based formulation to handle short-term logistics decisions. In practice, two
distinct agents operate sequentially. First, DRL is trained over a sequence of episodes to
learn an effective policy, and the resulting actions are used to fix production variables.
Given these fixed values, the MS stochastic programming model focuses exclusively on
logistics decisions. By decomposing the problem, the heuristic minimizes total costs
while avoiding the dimensionality challenges of solving all variables simultaneously.

Addressing the second research question:
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How can the hybrid heuristic adapt to changes in supply chain parameters,
such as seasonal and stochastic demand patterns, production limits, warehouse
capacity constraints, and fixed and variable logistics costs, while mitigating
computational complexity?

During the training phase, DRL learns a policy that accounts for seasonal and
stochastic demand patterns while respecting production limits. This results in proactive
behaviors, such as preserving stock to anticipate future demand and thus preventing
myopic decisions. Once training is complete, DRL selects actions instantaneously based
on the current state of the environment. Concurrently, MS stochastic programming
complements this adaptability through its mathematical formulation, which models
key supply chain parameters, including warehouse capacity constraints and fixed and
variable logistics costs, integrating their effects directly into the objective function. By
using DRL-determined actions and reducing the number of MS stochastic programming
stages, the heuristic mitigates computational complexity and avoids the curse of di-
mensionality typical of MS stochastic programming. While the primary computational
effort occurs during the DRL training phase, once completed, the heuristic can rapidly
compute decisions, making it a practical, scalable solution for large-scale supply chains.

In answering the third research question:

Can the hybrid heuristic improve performance compared to standalone DRL
and MS stochastic programming methods?

Numerical experiments demonstrate the superiority of the hybrid heuristic in terms
of scalability and performance compared to standalone methods. In small-scale sce-
narios, its performance closely approaches that of exact solutions. In larger-scale sce-
narios, where obtaining optimal solutions is computationally infeasible, the heuristic
consistently outperforms benchmarks such as the PPO algorithm, the (s, Q)-policy,
and the deterministic linear programming policy. Sensitivity analyses conducted by
varying demand parameters further validate its robustness, underscoring its potential as
a decision-making tool capable of delivering effective solutions in practical applications.

In summary, the proposed heuristic combines the complementary strengths of DRL
and MS stochastic programming to address production and logistics decisions in complex
supply chains effectively. By overcoming the limitations of traditional optimization
methods, this hybrid approach provides a scalable, computationally efficient, and adapt-
able solution. Its ability to compute decisions rapidly after the DRL training phase
makes it particularly valuable to decision-makers, ensuring high-quality solutions while
preserving computational tractability.

Classical and Deep Reinforcement Learning Inventory Control Policies for
Pharmaceutical Supply Chains with Perishability and Non-Stationarity [17]

Managing inventory in pharmaceutical supply chains presents multifaceted challenges
due to lost sales instead of backorders, the critical nature of perishable products, and
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the need to consider significant lead times. This study focuses on a single-echelon
supply chain modeled on a real-world case, connecting a third-party factory to a storage
warehouse with unlimited capacity. The factory produces a single product type, subject
to limits on batches per shipment and potential losses due to production yield variability.
The storage warehouse faces non-stationary demand, supported by demand forecasts
directly provided by the pharmaceutical company.

In response to the first research question:

How should DRL and traditional inventory policies be adapted to provide robust
solutions for managing non-stationary demand while considering product
perishability, production yields, batch limits, lead times, and lost sales?

To address this, both traditional inventory policies and DRL algorithms are adapted
to account for the complexities of the pharmaceutical supply chain. For traditional
inventory policies, the order-up-to (OUT) policy is made non-stationary by linking
the target inventory level to demand forecasts. Additionally, a projected inventory
level (PIL) policy is developed as a variant of the OUT policy. This variant considers
expected inventory levels over lead times, provides a more accurate approximation of
expired stock by incorporating lost sales and production yields, and uses the true demand
distribution rather than deterministic approximations. Bounds-based procedures for
optimizing the parameters of the OUT and PIL policies are derived and validated. For
DRL, the environment is formalized as an MDP, with a state representation that includes
expected inventory levels for each age category and demand forecasts. This novel state
representation empirically outperforms classical representations, enabling PPO to learn
effective policies that manage the inherent complexities of the considered supply chain.

Considering the second research question:

How does DRL compare to human-driven policies and traditional inventory
policies in managing a real-world pharmaceutical product?

The study evaluates the performance of the adapted OUT and PIL policies and
the PPO algorithm by comparing their decisions to those of expert human planners.
By varying critical parameters, the results indicate that PPO demonstrates superior
performance in more complex and variable scenarios, particularly those characterized
by higher lost sales costs and production yields, as observed in the real-world case.
However, it does not consistently outperform traditional inventory policies across all
experiments. The computational resources required for PPO training and convergence
remain significant, especially as the state vector grows with longer product lifetimes and
lead times. In contrast, the adapted OUT and PIL policies provide a practical alternative,
balancing performance and ease of implementation.

Finally, exploring the third research question:

How do human-driven policies compare to data-driven methods, and what
managerial insights can be drawn from their performance across varying
experimental conditions?
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The analysis reveals that the OUT and PIL policies and the PPO algorithm signifi-
cantly outperform human-driven policies in terms of cost minimization. However, all
data-driven methods exhibit greater performance variability and occasionally fail to
prevent lost sales during simulations, reducing their robustness. In contrast, human-
driven policies nearly satisfy all demand, increasing holding costs due to overstocking
but consistently ensuring product availability. This approach reflects the priorities of
human planners, who aim to minimize the risk of lost sales given the ethical and legal
constraints associated with potential stockouts. These findings suggest that industries
should evaluate inventory policies not only based on average total cost but also by
considering operational constraints, strategic priorities, and the broader implications of
stockouts.

In summary, while the PPO algorithm demonstrates superior performance in complex,
variable scenarios, the challenges associated with its implementation suggest that simpler
policies, like the adapted OUT and PIL policies, may provide an acceptable trade-off
between performance and ease of implementation. Furthermore, the findings indicate
that no single policy is universally optimal, underscoring the importance of aligning
policy choice with the specific needs of each operational context. These insights offer
practical guidance for decision-makers in pharmaceutical industries, emphasizing the
importance of evaluating inventory policies based on cost and their ability to balance
robustness with ethical and legal constraints. This consideration is especially critical in
the pharmaceutical domain, where product availability has profound implications.

5.1 Collective Findings

In conclusion, the findings of this thesis demonstrate the capability of DRL to optimize
multidimensional decision-making processes, underscoring its potential to enhance
operational efficiency, reduce costs, and improve performance in dynamic and uncertain
environments. By carefully designing a continuous action space with a balanced alloca-
tion rule and by combining DRL with traditional optimization methods, this research
addresses critical scalability and computational challenges, enabling the effective man-
agement of increasingly complex multi-echelon systems as the problem size grows. In
industries like pharmaceuticals, where perishability and ethical and legal constraints are
essential, the methodologies and strategies presented here offer a robust framework for
balancing cost efficiency with interpretability considerations embedded in real-world
data.

The development of an open-source Python library for simulating and analyzing
diverse supply chain contexts—integrating both DRL algorithms and traditional inven-
tory policies—provides researchers and practitioners with a flexible tool for conducting
rigorous experimentation and facilitating real-world applications. By bridging the gap
between theoretical understanding and practical implementation, this tool drives inno-
vation and advancements in SCIM through its capacity to model varying supply chain
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parameters and experimental conditions.

Collectively, this thesis successfully answers its specific research questions and
makes significant contributions, establishing a solid foundation for future research and
progress in the field of SCIM. These insights trace a clear path toward the development of
modern, robust, and efficient data-driven supply chains that align with the transformative
principles of artificial intelligence (AI) and industry 4.0.

5.2 Future Research

Future research could focus on implementing action masking within the context of SCIM
to address the challenges posed by high-dimensional action spaces in decision-making
processes. DRL algorithms explore an action space to identify the optimal action for a
given state. However, traditional approaches often fail to adequately prevent infeasible
actions in environments where the set of feasible actions varies based on the state. For
example, in a factory within a multi-echelon system, the number of possible shipments
depends on inventory levels. Existing solutions, such as penalizing infeasible actions
with negative rewards or remapping them to feasible alternatives, often compromise
solution quality [9, 14]. Action masking provides a promising alternative by dynami-
cally modifying artificial neural network outputs to assign zero probability to infeasible
actions, ensuring they are never selected [19]. This technique has demonstrated its
effectiveness in accelerating convergence and achieving superior performance in do-
mains like video games [23, 20, 12]. Extending action masking to DRL applications
in multi-echelon systems has the potential to significantly enhance training efficiency,
making it a promising area for further exploration [5].

DRL algorithms often require extensive exploration to learn effective policies, a
process that can be both time-consuming and computationally expensive, particularly
in dynamic and uncertain environments. Techniques that rely on learning from scratch
may fail to fully exploit SCIM domain knowledge, resulting in slower convergence and
suboptimal policies [1]. Another avenue for future research involves exploring the
application of reward shaping techniques to improve the efficiency and effectiveness of
DRL [11, 8]. By incorporating guidance from a teacher policy, reward shaping adjusts
the rewards observed by DRL algorithms, directing them toward better decisions early in
the training phase [4]. For example, novel reward functions can penalize discrepancies
in key metrics, such as expired items and inventory levels, accelerating convergence and
improving decision-making. Moreover, dynamic reward-shaping techniques can further
refine this process by closely aligning rewards with teacher policies while progressively
reducing reliance on them. These advancements highlight the potential of reward
shaping as a key area for future research, particularly in addressing the complexities of
large-scale supply chains [2, 13].

Another promising direction for future research in SCIM is the integration of large
language models (LLMs), such as ChatGPT, into DRL implementations [21, 7, 10]. These
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advanced Al models, which are a subset of generative Al, are built on sophisticated deep
learning architectures trained on vast amounts of textual data and represent a domain of
machine learning focused on creating new content-including text-by learning patterns
from existing data [18, 3]. By recognizing and interpreting patterns in language, LLMs
can analyze linguistic structures, identify context, and generate contextually relevant
responses to support decision-making processes [22]. For example, LLMs could assist
in action masking by identifying infeasible actions based on state descriptions and
contextual information. Moreover, they can act as teacher policies during the early
training phases of DRL algorithms, guiding them toward impactful actions before these
algorithms independently develop effective policies. Consequently, LLMs can contribute
to shaping reward functions by suggesting informative actions, accelerating the training
phase, and reducing the costly trial-and-error process inherent in purely data-driven
methods. By assuming this dual role as both action maskers and teacher policies, LLMs
represent a promising avenue to improve DRL algorithms, advancing the development
of more robust and efficient solutions in SCIM.

Finally, a wider range of structural attributes and operational factors could be in-
corporated into the existing open-source Python library. For example, it could model
an arbitrary number of echelons and warehouses, each defined by its own parameters.
Moreover, leveraging advanced computational frameworks like JAX and parallelization
techniques, such as Picard iterations for batched computations or segmenting simula-
tions to optimize GPU utilization, could significantly accelerate large-scale simulations
[6]. By continuously updating and refining this library to include new methodologies
and strategies, it may evolve into a comprehensive tool that facilitates experimentation,
drives innovation, and enables researchers and practitioners to address increasingly
complex, modern SCIM challenges.
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A.1 Hyperparameters Selection

The process of selecting appropriate values for hyperparameters in ANNs is widely
acknowledged to be complex and time-consuming, as extensively discussed in the
relevant literature [3, 5]. Moreover, hyperparameters play a crucial role in the context
of DRL algorithms since they can significantly influence training, convergence, and,
consequently, their relative performance [2].

In our experimental setup, each DRL agent was trained for a specific number of
episodes, which varied depending on the number of local warehouses.

For one product type:

« 25000 episodes with 1 and 2 local warehouses.
« 50000 episodes with 3 local warehouses.

For two product types:

«+ 50000 episodes with 1 and 2 local warehouses.
+ 75000 episodes with 3 local warehouses.

Using the Population-Based Bandit (PB2) algorithm [4], the DRL agents determined
the best hyperparameter values from those we selected, which are presented in Table A.1.
PB2 adapts hyperparameters during training, leading to improved performance and
convergence of the agents. In our implementation, DRL agents accessed demand values
from the preceding two time steps (i.e., 7 = 2). However, preliminary results suggest
that comparable performances can be achieved when agents access demand values from
the last or the last three time steps.

To identify the optimal static inventory policy parameters - S; for the BS policy and
sj. and Q; for the sQ policy — we employed a data-driven method using Bayesian opti-
mization via Ax [1], an open-source Python platform designed for optimizing simulation
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Table A.1: The selected hyperparameters for the DRL algorithms. For hyperparameters
not included in the table, we used the default values provided by Ray.

Hyperparameter Values

PPO PG A3C
Learning Rate {7e-4, 1e-5, 3e-5, 5e-5, 7e-5}  {le-5, 3e-5, 7e-5, le-6} {1e-5, 3e-5, 5e-5, 7e-5}
Neurons per Hidden Layer {(32, 32), (64, 64), (128, 128)} {(32, 32), (64, 64), (128, 128)} {(32, 32), (64, 64), (128, 128)}
Gamma 0.99 0.99 0.99
Train Batch Size {2000, 4000, 8000} {200, 600, 800} {200, 800, 1400}
Gradient Clipping - - {20, 40, 60}

Stochastic Gradient
Descent Iterations
Stochastic Gradient
Descent Mini-Batch Size

{5, 15, 25} ; B

{128, 256, 512} - _

experiments. As delineated in Section 2.3.2 of the original manuscript, we opted to make
reordering decisions independently, and as for the DRL algorithms, we designated the
same lower and upper bound for each parameter.

In our experimental setup, each static inventory policy was optimized for a specific
number of training iterations based on the number of local warehouses.

For one product type:

+ 50 training iterations with 1 local warehouse.

« 75 training iterations with 2 local warehouses.
« 100 training iterations with 3 local warehouses.
For two product types:

« 75 training iterations with 1 local warehouse.

« 100 training iterations with 2 local warehouses.
« 125 training iterations with 3 local warehouses.

By adjusting the number of episodes and training iterations according to the size
and complexity of the experiment, we ensure that each agent strikes a balance between
computational resources and time. This approach promotes accurate and reliable results
while guaranteeing consistent convergence for each agent, as shown in Figure A.1.
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Figure A.1: Convergence trajectories during training of sQ policy (Figure A.1a), BS
policy (Figure A.1b), PPO (Figure A.1c), PG (Figure A.1d), and A3C (Figure A.1le) in the
most challenging experiment, which involves two product types, three local warehouses,
and lead times of three. Plots related to other experiments conducted can be found in
the GitHub repository associated with our open-source library (available at https:
//github.com/frenkowski/SCIMAI-Gym).

A.2 Training Times

Table A.2 presents the training times for the various agents implemented, calculated
as averages across the two scenarios considered (i.e., with L = 1 and L = 3) for each
combination between the number of product types and local warehouses. In particular,
PG typically converges more rapidly than A3C and PPO, leading to shorter training
durations. When examining static inventory policies, the (s, Q) policy usually takes
a longer time to converge compared to the BS policy, primarily due to the increased
number of parameters that need optimization. Ultimately, the training durations for
DRL algorithms and static inventory policies are reasonably comparable.
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Table A.2: The average training times (in minutes) for DRL algorithms and static
inventory policies across the two values of lead times considered for one product type
(Table A.2a) and two product types (Table A.2b) and for each number of local warehouses.

PPO PG A3C sQ BS

1.27+0.18 1.18+0.18 157+046 1.06=+0.65 0.49+0.10
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B.1 SCIM Environment Parameters

Table B.1 outlines the parameters defining the SCIM environment for small and large
settings. For small experiments, the indication of two values is associated with e ~
3B(0.5) and € as in Equation (3.16), respectively. For large experiments, the exhibition of
two values corresponds to J = 5 and J = 10 distribution warehouses, respectively. This
comparative methodology enables the evaluation of the impact of distinct configurations
on the overall performance and efficiency of our proposed techniques.

More specifically, in small settings, the demand amplitude remains constant at 5,
whereas in large ones, it is set at 2. Production costs are consistent across experiments,
with a value of 1. Vehicle capacities differ between the two settings. Small experiments
accommodate a capacity of 3, with a fixed cost per vehicle of 0.7 and a variable cost per
batch of 0.03. Conversely, large experiments allow for a capacity of 2, with fixed costs
randomly ranging between 0.7 and 1 and variable costs that exhibit random variation
within the range of 0.01 and 0.07.

Maximum production capacity also exhibits different values, with bounds set at 8 and
15 batches for small settings and 13 and 25 batches for large ones. Furthermore, factory
capacities display differences, with values of 10 and 20 batches in small settings and 18
and 36 batches in large ones. Distribution warehouse capacities are lower than factory
capacities, with 5 and 10 batches for small settings and large ones that consistently
maintain a capacity of 6 batches. It is crucial to highlight that these configurations are
strategic and designed to encourage agents to preserve stocks in advance and effectively
avoid myopic behavior.

Concerning storage costs, factory storage costs are set to 0.1 in small experiments,
while they randomly vary between 0.01 and 0.1 in large ones. In contrast, distribution
warehouse storage costs remain constant at 1 for small settings and exhibit random
variations between 1 and 2 for large settings. Finally, backorder costs remain fixed at 10
across all experiments.
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Table B.1: Parameters defining the SCIM environment for small and large settings. In
small settings, when two values are listed, the first is associated with the experiment
with € ~ 3B(0.5), while the second refers to € as in Equation (3.16). For the large settings,
the provided two values correspond to experiments with J = 5 and J = 10 distribution
warehouses, respectively.

Parameters Small Settings ~ Large Settings
Maximum Demand Value 5 2
Production Costs 1 1
Vehicles Capacities 3 2
Logistic Costs Fixed 0.7 random(0.7, 1)
Logistic Costs Variable 0.03 random(0.01, 0.07)
Maximum Production {8, 15} {13, 25}
Factory Capacities {10, 20} {18, 36}
Distribution Warehouses Capacities {5, 10} {6, 6}
Factory Storage Costs 0.1 random(0.01, 0.1)
Distribution Warehouses Storage Costs 1 random(1, 2)
Backorder Costs 10 10

B.2 Hyperparameters Selection

Selecting appropriate values for hyperparameters in neural networks is complex and time-
consuming, as extensively discussed in the relevant literature [2, 5]. Hyperparameters
play a crucial role in the context of DRL algorithms since they can significantly influence
training and, consequently, relative performance [1]. Our choice of hyperparameters
is based on the Ray documentation and in observance of the discussions presented in
Gijsbrechts et al. [3] and Stranieri and Stella [4].

Table B.2 lists the selected hyperparameters for the underlying multilayer perceptron
with two hidden layers, along with their corresponding values. Through a grid search,
the PPO algorithm was trained for 75k episodes for the two experiments belonging to
the small settings, 100k episodes for the experiment of the large setting comprising 5
distribution warehouses (i.e., J = 5), and 200k episodes for the experiment of the large
setting involving 10 distribution warehouses (i.e., J = 10). The results presented in
the paper refer to the best combination of hyperparameters identified, for which we
replicated the training and testing procedures.

Moreover, we assess the PPO agent to access the demand values of the previous
timesteps (i.e., referring to Equation (3.3), we set 7 = 2 in small experiments and 7 = 3
in large ones). This choice reflects a balance between providing the PPO agent with
enough information to make informed decision-making while not overwhelming it with
excessive historical data, which might introduce unnecessary complexity and longer
training times.
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Table B.2: Hyperparameters of the PPO algorithm selected for tuning, along with their
corresponding values. Through a grid search, we search for the best combination of
hyperparameters for each experiment.

PPO Hyperparameters Values

Neurons per Hidden Layer {(16, 16), (32, 32), (64, 64), (128, 128)}
Learning Rate {5e-4, 5e-5, 5e-6}

Train Batch Size {200, 400, 800, 2000, 4000, 8000}
Stochastic Gradient Descent Mini-Batch Size {64, 128, 256, 512}
Stochastic Gradient Descent Iterations {15, 30, 45}

The parameters governing the (s, Q)-policy are determined using a data-driven
approach based on Bayesian optimization, as presented in Stranieri and Stella [4].

Finally, DRLBD exploits the best combination of PPO hyperparameters as previously
described, while to generate the scenario tree it employs a Monte Carlo technique known
as moment matching.
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C.1 Proof of Lemma 1

Proof. We know thatq, =0fort=T—-L+1,...,T,and Z:":_ll Xpy1; = Yp— Dyt -

(X7 — Dp)*. Additionally, the following relations hold: q,_; = (Y, -1~ Dirr-i -

Ygro1 — Do )"+ Y pand Yy = Vipp — Dy )™ = (Dyyp = Yo )" + Dy
Substituting these relations, we can express the total cost C* as follows:

T-L
C"= ) (6(Xyp11 =Dyt =¥y 1 = Dpyp )" + Y1) +
=1
Lo ) ) (C.1)
(0(X, 1 = D)* + h(Y, = D)* + b(D, - Y)*) -
t=L+1
e ((Yp—Dpt —(Xp — DpY).
Rearranging terms, we obtain three key relations:
T-L
Z ¢ ((Yt+L - Dt+L)Jr - (YH-L—I - Dz+L—1)+) - @(YT_ DT)+ =0 (C.2)
=1
T-L T
Z é(Xypp-10 —Diyp DT +éXp — Dpt = Z &(X, —D)* (C.3)
=1 t=L+1
T-L T
Z (éDt+L —&(Dyyp — Yz+L)+> = Z ¢ (Dt — (D, - Yt)+) (C.4)
=1 t=L+1

These relations hold because the inventory level is depleted at timestep = 1 and
remains so until timestep # = L. By combining (C.2), (C.3), and (C.4), we establish the
result stated in Lemma 1. O
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C.2 Proof of Lemma 2

Proof. From the expression for the expired quantity at timestep ¢ and the order of events,

we have: t - - N
0,=(s— Yo Db+ Y - ) oj>
vl

j=t—L—m+1 t L+1 j=t—-m—L+1

j=
t + t—1 (C'S)
Z(s— > Dj> - ) o
j=t—m—L+1 j=t—m—L+1
Taking the expectation of the left- and right-hand sides yields:
El|(s—2 -
E[0] > (5= Dnes)] (C.6)

m+ L

For any ¢t > L, we can write:

<Zx,,l-—D,> z(s— 2 5,~> - >, 0, (C.7)

j=t—L j=t—L

and
m + t + t—1
(Dt - Z xt’i> Z ( Z é] - S) - Z l]' (C.S)
i j J
This leads to:

E [(271:1 Xp ;= D,)+] >[E [(S - 9L+1)+] + L[E[(S;ff%) ] ) (C.9)

E[(D -7 x,,) "] 2 A2

C.3 Bounds Value Analysis

Table C.1 presents the lower and upper bounds for both the OUT and PIL policies, calcu-
lated under the worst-case setting described in Section 4.4, along with the corresponding
optimal values obtained.

Both policies exhibit similar trends. The upper bounds consistently align with or
slightly exceed the optimal values, confirming their reliability. Conversely, the lower
bounds remain equal to or below the optimal values, providing a conservative estimate.
Interestingly, while the lower bounds are identical for both policies, the upper bound
for the PIL policy is generally lower than that of the OUT policy. This observation
suggests that the PIL policy offers more constrained bounds, possibly contributing to its
cost-effectiveness in certain scenarios.
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C.3 — Bounds Value Analysis

Table C.1: Lower (LB), upper (UB), and optimal (OPT) values for the OUT and PIL poli-
cies, with demand noise modeled as & ~ (0, d X 15%), where d = max, d,. The results
are shown for parameter values m = {2,3,4}, w = {2,4}, and b = {10, 50, 100, 1000}.

| OUTLB | OUTOPT | OUTUB | PIL LB | PILOPT | PIL UB
m|w b b b b b b
10 50 100 1000 |10 50 100 1000 |10 50 100 1000 |10 50 100 1000|10 50 100 1000|10 50 100 1000
S22 4 5 7|25 6 846 7 9|24 5 7[34 5 7|35 6 8
41 4 4 7|2 5 5 8 |4 6 7 9|1 4 4 7|2 4 5 7|2 5 5 8
;2245 7|35 6 8][4 6 7 9|24 5 7[35 6 8|35 6 8
4/1 4 5 7|3 5 6 8 |4 6 7 9|1 4 5 7|35 6 8|3 5 6 8
Jl2]2 45 7|35 6 8]46 7 9|24 5 7[36 6 8|35 6 8
42 4 5 7|3 5 6 8 |4 6 7 9|2 4 5 7|36 6 8|3 5 6 8
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