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The role of adhesion between particles on the rheology of non-Brownian frictional suspensions undergoing simple
shear flow is investigated numerically. To this purpose, we use two different numerical methods, namely the force
coupling method (FCM) and the fictitious domain method (FDM). Intensity of adhesion, volume fraction, and friction
coefficient are separately varied. The parameter space to be explored is first constrained by analyzing particle depletion
and shear banding phenomena near the bounding walls under conditions of low volume fraction and applied stress. It
is then shown that the relative viscosity of the suspension is a function of both volume fraction φ and shear stress Σ12.
The variation of the viscosity with these two parameters may be understood in the usual frame of suspension jamming,
provided that the friction-dependent maximum volume fraction, φ

µ
m now depends on the dimensionless suspension stress

σ∗ = 6πΣ12a2
1/Fadh that involves the adhesive force between particles Fadh, and the particle radius a1. The variation of

the maximum volume fraction with stress may be interpreted as the variation of the yield stress with volume fraction.
This curve separates the plane (φ ,σ∗) into two regions: one in which the suspension flows and the other in which it
does not. The contribution of contact forces to normal stresses is also investigated. Its behavior differs markedly from
that of non-adhesive particle suspensions, especially at moderate volume fraction.

I. INTRODUCTION

The influence of attractive forces on the structure and rheol-
ogy of colloidal suspensions has been extensively studied, at
least in the Brownian regime (see Larson 1 , Mewis and Wag-
ner 2 for reviews). Even at low volume fraction, such suspen-
sions may form a gel with finite elasticity and yield stress and
present shear-thinning behavior connected with apparent yield
stress at high shear stress. More generally, Brownian suspen-
sions display a large variety of complex mechanical behaviors,
from soft gel to Newtonian liquid, closely connected to their
microstructure (see Koumakis et al. 3 and references therein).

Non-Brownian (NB) suspensions also display a rich variety
of behaviors, including shear-thickening4, shear-thinning5,6

and yield stress7–9. The nature of particle interactions, pre-
dominantly contacts, has been found to play a primary role in
these behaviors10. For instance, friction has been shown to
enhance shear viscosity11,12, providing an explanation for the
long-standing issue of discontinuous shear-thickening11,13,14

as a stress-induced lubricated-to-frictional transition15. Load-
dependent friction may induce shear-thinning, as shown in
simulations6 and confirmed in AFM measurements in col-
loidal probe mode16,17. In both cases, the transition reflects
the variation of the maximum volume fraction with stress.

Attractive forces also have strong effects on the coupled
microstructure and rheology of NB suspensions, depend-
ing on the volume fraction, and may originate from van
der Waals forces2, polymer depletion interactions3, polymer
chains entanglement18 or capillary bridges19. They may be
measured in situ using AFM colloidal probe techniques20,21.
In sheared suspensions at low concentration, adhesion causes
floc formation, or dynamic clusters that are largely indepen-
dent of one another: the flow both influences and is affected
by the instantaneous structure of the flocs. The flow pulls par-
ticles apart, potentially shattering the aggregates, and it also

speeds up the rate of aggregation by bringing them together
more quickly. The shear rate determines the size of these clus-
ters; the larger the shear rate, the smaller the flocs, as shown
in two-dimensional simulations22 and in experiments23. The
shear viscosity of such dilute suspensions under high stress
is enhanced by adhesion, and significant shear-thinning is
evidenced22,23. NB suspensions of adhesive particles dis-
play yield stress behavior both at high concentration7,8 and
at volume fraction as low as 2-3 %24. At such low concen-
tration, the variation of the viscosity with shear rate is cor-
related with the size of the clusters, which increases as the
shear rate decreases24. At a higher volume fraction, φ = 0.44,
experiments devoted to the rheology of weakly Brownian
suspensions3 showed a transition from yielding to Newtonian
behavior around a quite high Péclet number (∼ 100), suggest-
ing a limited impact of Brownian motion on the transition.
The latter turned out to be correlated with a microstructural
transition from large heterogeneous structures at low stress to
a more homogeneous solid distribution at high stress. The
authors also performed Brownian dynamics numerical simu-
lations of adhesive frictionless suspensions. They defined a
modified Péclet number, Pedep, which measures the ratio of
the shear to attractive forces, and they showed that the men-
tioned transition occurs at Pedep ∼ 1.

Regarding the suspension modeling, Zhou, Uhlherr, and
Luo 7 performed extensive shear viscosity measurement in
suspensions of different micron-sized particles in an aqueous
solution of glycerine and in water at different pH conditions,
varying volume fraction and stress. They rationalized the ex-
perimental data by analogy with suspensions of non-adhesive
particles, using the usual maximum volume fraction, which
in the case of adhesive particles is shown to depend on the
applied shear stress, i.e., on the ratio of the stress to a typi-
cal stress that reflects the attractive particle interactions. This
stress-dependent maximum volume fraction is shown to ac-
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count for the volume fraction-dependent yield stress. Later,
this idea was highlighted by Barnes 25 . More recently, the
main theoretical model that accounts for the stress-induced
shear-thickening transition26 has been generalized to tackle
other constraints applied to the contacting particles motion
in addition to sliding friction, such as adhesion or rolling
friction27, which may affect the maximum volume fraction,
resulting in non-Newtonian behavior. This model successfully
explained the variation of the shear viscosity of suspensions of
adhesive spherical particles with volume fraction and stress,
as measured in experiments8. In more detail, the experiments
evidenced yield stress and shear-thinning, which could be un-
derstood as the result of a stress-dependent maximum volume
fraction, involving a typical adhesion stress Σadh that is related
to the force necessary to break the adhesive bonds between the
particles. At high stress, where adhesive forces are completely
overcome by hydrodynamic and compressive contact forces,
the maximum volume fraction takes the usual non-adhesive
frictional value φµ , while at low stress, the adhesive forces
are predominant, resulting in the adhesion loose packing vol-
ume fraction φal p. From the experimental data, φal p was esti-
mated around 0.35, but values as low as 0.18 were estimated
in suspensions of calcite particles28. A recent experimental
study9 evidenced the shear-thinning of soft adhesive particles
suspensions. The variation of the maximum volume fraction
with stress was shown to exhibit the same type of transition
from low value at low stress to higher value at high stress, in
agreement with the mentioned modeling8,27. In particular, the
limiting values of the maximum volume fraction at high stress
were found consistent with computations from simulations of
non-adhesive frictional particles. In addition, in the low stress
regime, φal p was shown to decrease significantly as particle
rigidity was decreased. Finally, it should be noted that adhe-
sive forces have also been found to alter the shear-thickening
transition in experiments28,29.

Simulations of the slow flow of non-Brownian suspensions
of attractive and frictional particles are scarce in the litera-
ture. Using a discrete element method to study the shear-
thickening transition at high volume fraction, Pednekar, Chun,
and Morris 30 showed that strong enough attractive (van der
Waals) forces may overcome repulsion at low stress, and thus
obscure the shear-thickening transition, in agreement with
experimental works28,31,32. In a later study, Singh et al. 33

showed that, at the high volume fraction of interest and for
high enough attractive forces, suspension flow is possible only
in a bounded range of stress, smaller than the onset stress for
shear-jamming and higher than the yield stress. In addition,
the yield stress they measured is consistent with the model-
ing by Zhou, Uhlherr, and Luo 7 of a stress-dependent maxi-
mum volume fraction (supplementary material of Ref.33). It
should be noted that simulations of dry granular packing ev-
idenced a strong influence of short range attractive forces34

or adhesive contact forces35 on the resulting packing fraction,
allowing the latter to decrease to approximately 0.14 at high
adhesion and friction coefficient35. In the weakly-Brownian
regime, the simulations by Koumakis et al. 3 of attractive fric-
tionless suspensions at the single volume fraction φ = 0.44
evidenced the stress-induced transition at high Péclet number

from yield stress to Newtonian behavior, highlighting the ratio
of the stress to a typical adhesion stress, Pedep = Σ/Σadh, as
the control parameter. Finally, we note that attractive forces
were shown to result in specific non-Newtonian behavior in
oscillatory shear, promoting irreversibility at low stress ac-
companied by particle clustering36.

In the present article, we aim at uncovering the coupled in-
fluence of friction and adhesion on the rheology of NB sus-
pensions. To this purpose, we use particle resolved numeri-
cal simulations using two different methods, namely the Fic-
titious Domain Method37 and the Force Coupling Method38,
which both account for hydrodynamic interactions and fric-
tional adhesive contact forces. In more detail, we try to pro-
vide a consistent picture of the influence on the rheology of
the volume fraction φ , microscopic friction coefficient µs, and
particle adhesion force Fadh. The computations are ratio-
nalized in a frame close to the modeling by Zhou, Uhlherr,
and Luo 7 and Richards et al. 8 , i.e., using a friction- and
stress-dependent maximum volume fraction φ

µ
m . Besides the

friction coefficient, the relevant parameter here is, as men-
tioned above, the ratio of shear forces to adhesive forces
6πa2Σ12/Fadh, which involves the shear stress Σ12, particle
radius a, and adhesive force Fadh.

The first section is devoted to the numerical model that we
use, including the adhesive contact model, and to the presen-
tation of the numerical set-up and the simulation parameters.
We then turn to the numerical results. After a short compar-
ison of the two methods for non-adhesive suspensions, the
shear-banding observed at low stress is studied and the pa-
rameter range allowing for a proper computation of the rhe-
ological quantities (viscosity, shear rate, etc.) is determined.
The next section is devoted to the influence of friction and
adhesion on the constitutive laws. The stress-dependent max-
imum volume fraction is extracted from the viscosity mea-
surements, seemingly unifying the description of adhesive and
non-adhesive suspensions. Then, other quantities related to
the normal stresses are examined, showing significantly dif-
ferent behaviors of adhesive and non-adhesive suspensions. A
qualitative explanation is provided for these differences based
on the contact force microstructure.

II. NUMERICAL METHODS

As introduced above, the simulations were conducted using
two different methods, the Fictitious Domain Method (FDM)
and the Force Coupling Method (FCM). These methods share
some common features, but they also present differences, re-
garding both the applied boundary conditions and the way the
control parameters are varied, as explained in the following.

A. The Fictitious Domain Method

1. General equations

The FDM has been detailed in the past12, including the spe-
cific version that is used in the present article37,39. Its main
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features are recalled here. In the FDM, the flow of a New-
tonian liquid with dynamic viscosity η and density ρ is com-
puted in the whole meshed simulation domain D including the
particles. The latter are rigid spheres with the same density as
the liquid. The rigidity of the particles is enforced using a
force density ρλ that acts only within the volume of each par-
ticle Dp. In the present work, inertia is neglected for both the
fluid and the particle dynamics. As a consequence, the fluid
velocity u and pressure P obey modified Stokes equations:

∇ ·σ+ρλ= 0 , ∇ ·u = 0 , (1)

σ =−Pδ+η
(
∇u+∇uT) , (2)

with the constraint that the fluid inside each particle (p) un-
dergoes rigid body motion:

u(x) = Up +Ωp × (x−xp) for x ∈ Dp , (3)

where the particle translational and rotational velocities are
respectively denoted by Up and Ωp.

Here, particles are subjected to hydrodynamic and contact
forces only, and Newton’s equations write for each particle:

Fh
p +Fc

p = 0 , Th
p +Tc

p = 0 , (4)

where Fh
p and Fc

p respectively stand for the hydrodynamic and
contact forces exerted on the particle (p), and Th

p and Tc
p are

the corresponding torques. The contact forces and torques will
be detailed in the following.

The hydrodynamic forces and torques are split into two
contributions. The first part corresponds to the force moments
that originate in the fluid flow computed by the solver. The re-
sulting forces and torques are hereafter denoted by FFDM

p and
TFDM

p . They are computed according to:

FFDM
p =−ρ

∫
Dp

λ dV , TFDM
p =−ρ

∫
Dp

(x−xp)×λ dV .

(5)
However, the solver cannot properly compute the flow be-
tween particles when their surfaces are closer than the mesh
grid size. As a consequence, the hydrodynamic stress
moments applied to the particles, i.e. the hydrodynamic
force, torque and stresslet (see Section II A 2 for the def-
inition of the latter), must be corrected using theoretical
expressions. The method that we follow for this purpose
in the present article has been fully explained and vali-
dated by Orsi, Lobry, and Peters 37 . The generalized par-
ticle velocity and sub-grid (SG) force vectors are respec-
tively denoted by U = (U1, U2, . . . , Ω1, Ω2, . . .) and FSG =(
FSG

1 , FSG
2 , . . . , TSG

1 , TSG
2 , . . .

)
. The latter may be computed

from the former using the sub-grid resistance matrix RSG
FU :

FSG =−RSG
FU ·U (6)

Here, the subscript FU refers to the coupling between forces
(F ) and velocities (U ), including both translational and rota-
tional components. The SG resistance matrix depends on the
fluid viscosity, particle positions, and radii, and is computed
pairwise. The total hydrodynamic force and torque read:

Fh
p = FFDM

p +FSG
p , Th

p = TFDM
p +TSG

p . (7)

Eq. (6) deserves several comments. First, unlike the stan-
dard sub-grid corrections, no mention of the ambient veloc-
ity field is made, meaning that only the particle velocities
are needed to compute the sub-grid forces. Such an expres-
sion has been fully justified by Orsi, Lobry, and Peters 37 and
stems from the fact that only lubrication flows that involve the
relative velocities of particle surfaces are missed by the fluid
solver, and consequently have to be considered for the correc-
tions. It should also be noted that the same type of corrections
has to be applied for particles close to bounding walls when
particle-wall interactions have to be considered37.

Eqs. (1)–(6) must be solved at each time step. The unknown
quantities are the pressure and velocity fields (P,u), the force
density ρλ, and the particle velocities Up and Ωp. The main
issue lies in the determination of the force density that allows
proper accounting for the constraints imposed on the particles,
namely particle rigidity – Eq. (3) – and particle momentum
balance – Eq. (4). The numerical method followed to solve
this problem has been explained in detail by Orsi, Lobry, and
Peters 37 . In particular, to solve the involved equations effi-
ciently, the method has been implemented within the Open-
FOAM toolbox, which supports parallel computing.

2. Suspension rheology

Hydrodynamic contribution

Computing the effective stress in a suspension of solid par-
ticles requires the first moment of the hydrodynamic surface
stress acting on each particle40–42:

DFDM
p =

∫
∂Dp

(σ ·n)⊗ (x−xp) dS

=−ρ

∫
Dp

λ⊗ (x−xp) dV −
(∫

Dp

P dV

)
δ .

(8)

where the second equality is obtained using Eqs. (1) and (2)37.
The symbol ⊗ represents the outer product of vectors, with
components given by (A⊗B)i j = AiB j.

The antisymmetric part of the force dipole DFDM
p is a tensor

whose components are the components of the hydrodynamic
torque TFDM

p exerted on particle (p), while the symmetric part
is usually called stresslet. The latter is split into the deviatoric
part SFDM

p and the isotropic part sFDM
p /3 δ, where sFDM

p stands
for the trace of the force dipole43. As a consequence, the FDM
traceless stresslet, stresslet trace, and force dipole write:

SFDM
p =−ρ

∫
Dp

{
1
2
[λ⊗ (x−xp)+(x−xp)⊗λ]+

−1
3
λ · (x−xp)δ

}
dV ,

sFDM
p =−

∫
Dp

[ρλ · (x−xp)+3P] dV ,

DFDM
p = SFDM

p +
sFDM

p

3
δ− 1

2
ε ·TFDM

p .

(9)
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where ε stands for the Levi-Civita symbol. We note that a
reference has to be defined for the pressure. It has been cho-
sen as the mean pressure over the whole simulation volume,
meaning that

∫
D P dV = 0 at each time step.

As in the case of the force and torque, an SG correction
must be added to the FDM stresslet on the particles, which
is computed using specific resistance SG matrices37. The to-
tal hydrodynamic traceless stresslet, stresslet trace, and force
dipole are then computed as:

Sh
p = SFDM

p +SSG
p , sh

p = sFDM
p +sSG

p , Dh
p =DFDM

p +DSG
p .

(10)

Contact contribution

The contact model employed in the present work will be de-
tailed in Section II D. When contact occurs, it results in a force
exerted by particle (q) on particle (p), Fc

pq. The correspond-
ing contact torques on particles (p) and (q) are computed from
the tangential component of the force as:

Tc
pq =

ap

ap +aq
xpq ×Fc,t

pq (11)

where ap and aq stand for the particle radii, and xpq = xq −xp
is the distance between the particle centers. Contact forces
also induce an additional stresslet which is given to the con-
tacting particles (p) and (q) by:

Sc
pq =

1
2

ap

ap +aq

(
Fc

pq ⊗xpq +xpq ⊗Fc
pq
)

(12)

The induced contact force dipole is written as follows:

Dc
pq = Sc

pq −
1
2

ε ·Tc
pq (13)

The stresslet in Eq. (12) is not traceless, and its trace deter-
mines the contribution of contact forces to particle pressure.
Finally, the same contact model is used for particle-wall inter-
actions, and contributes to the particle force dipole.

B. The Force Coupling Method

The FCM is a particle-resolved simulation method of non-
Brownian suspensions, and has been presented44 and ex-
tensively validated in the past38,44, including the present
implementation6,45. A short, insightful presentation may also
be found in the review by Maxey 46 . Only the main features
are recalled here. As in the FDM, the Stokes flow of a New-
tonian liquid is computed all over the meshed domain. Each
particle is made globally rigid (zero mean deformation) using
a force density as in Eq. (1), which also reflects the particle
momentum and angular momentum balance. For each parti-
cle, this force density is made of a force monopole and a force
dipole, both regularized, i.e., with a spatial extension, which
account for the force, torque and stresslet exerted by the par-
ticle on the fluid. It is determined at each time step, as in the

FDM. The hydrodynamic forces, torques and stresslets from
the force density are supplemented by corrections to account
for the unresolved SG flow between particles, in a way similar
to the FDM. The FCM particle stresslet is extracted from the
force density, and SG corrections are added too.

One important difference with the FDM in the present sim-
ulation is the set of boundary conditions. While the FDM
box is sheared by rigid walls, the FCM as implemented here
uses Lees-Edwards periodic conditions to generate the shear-
ing motion, allowing in particular the use of a spectral solu-
tion method based on Fast Fourier Transform47. As a conse-
quence, the FDM simulations provide information about the
influence of the bounding walls on the rheology, which is of
interest from an experimental perspective. However, as shown
in the following, both methods give similar results in the cen-
tral region outside the immediate vicinity of the walls.

C. Notes on the choice of the numerical methods

Both methods share strong similarities. In each case, the
fluid flow is computed over the meshed domain, which en-
sures accurate treatment of long-range hydrodynamic inter-
actions, albeit at a significantly higher computational cost
compared to particle-based methods like the Discrete Element
Methods11,48. This approach remains particularly relevant at
moderate volume fractions. Moreover, sub-grid corrections
are essential to capture lubrication forces, which dominate hy-
drodynamic interactions in the high volume fraction regime.

The main difference, from the perspective of the present
study, lies in the way the shear flow is imposed through the
boundary conditions. The FCM, as thoroughly described by
Yeo and Maxey 38 , employs Fast Fourier Transform to solve
the Stokes Equations, enabling efficient computation in a vol-
ume that is periodic in all three directions. As mentioned
earlier, shear flow is applied using Lees-Edwards boundary
conditions, thus avoiding the use of physical shearing walls.
Our implementation is designed for shared-memory architec-
tures, allowing the flow computation to utilize all cores of
a single processor. In contrast, the FDM is implemented
within the OpenFOAM toolbox, leveraging its parallelization
capabilities based on the MPI standard, which enables com-
putations across multiple multi-core processors. While flow
computation in OpenFOAM is already parallelized, we also
parallelized the resolution of the particle sub-problem using
the PETSc suite, which also relies on MPI. Various types of
boundary conditions may be applied in OpenFOAM, but the
most straightforward way to impose a shear flow is through
the use of shearing walls, as described below.

Another key difference lies in the way the presence of the
particles is accounted for. In the FDM, the force density
within the particles is determined independently in every mesh
cell. Local rigidity of the particle is enforced, which requires
a relatively fine spatial resolution—namely, a mesh cell size
equal to one fifth of the particle radius (Section II E)—and re-
sults in a large number of degrees of freedom per particle, cor-
responding to the force components applied on each internal
mesh cell. As a result, sub-grid corrections are only applied
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when particle surfaces are in close proximity, within the lubri-
cation regime. These corrections depend solely on the relative
particle velocities and not on the ambient shear flow37, which
is particularly relevant in nonhomogeneous flows49, though
perhaps less critical in the present context. In contrast, the
FCM models particles via low-order stress moments, requir-
ing only 11 degrees of freedom per particle. The force density
is distributed over a volume larger than the physical particle,
and rigidity is enforced globally rather than locally. This al-
lows for a coarser mesh resolution—specifically, a mesh size
of half the particle radius—compared to the FDM. Conse-
quently, the FDM is expected to offer higher hydrodynamic
accuracy, while the FCM is computationally more efficient
due to the use of FFT-based solvers, lower spatial resolution,
and a smaller number of degrees of freedom per particle. Nev-
ertheless, a quantitative comparison of computational perfor-
mance between the two methods is not provided, as our im-
plementations rely on different parallelization strategies, and
we performed a detailed scalability study only for the FDM39.

Finally, despite the methodological differences, the close
agreement between the results obtained with both approaches
– as demonstrated in Howard, Maxey, and Gallier 50 and fur-
ther illustrated below – strongly supports the reliability of our
computations.

D. Contact model

Contact mechanics between two bodies is a complex do-
main, and real surface modeling involves many parameters,
related to both the surface properties and the way they are
loaded. For instance, large rough macroscopic bodies are
known to experience contact through numerous asperities,
which undergo elastic (and possibly plastic) deformation. The
real contact area, which is very small compared to the appar-
ent contact area, is then proportional to the load, resulting in
the standard Amontons-Coulomb law of friction51. However,
in the field of suspension rheology, it was recently shown that
the long-standing issue of moderate shear-thinning behavior
observed in non-Brownian suspensions could be explained in
the frame of a mono-asperity contact model, where a single
asperity is elastically deformed against another particle at low
load, which results in a non-linear friction law6,16: the fric-
tion coefficient decreases as the load increases, thus resulting
in shear-thinning. Adhesion adds some more complexity. De-
formation occurs at zero load, meaning that a finite contact
area develops in that case, so that a finite friction force should
be overcome for sliding to occur. In addition, separating con-
tacting bodies requires applying a finite traction. It has also
been shown that, as expected, surface roughness may affect
the adhesive forces52,53.

The present study aims at exploring the basic influence of
surface adhesion on the non-Brownian suspension rheology.
To this purpose, a simple adhesive contact model was cho-
sen, which only retains a minimal number of features. It
is actually a simplified version of the more complete JKR
model, well suited to the adhesive contact between smooth
spheres54 (see discussion in Appendix B). The normal force

Fc,n
pq = −Fnxpq/∥xpq∥ is the sum of a repulsive elastic force,

obeying the classic Hertz law51, and a constant attractive force
Fadh, as represented in Fig. 1 [top,left]:

Fn = knδ
3/2 −Fadh . (14)

This very basic contact model involves the roughness height
hr: contact occurs when the distance between the particles
surfaces is smaller than hr, i.e., when the compression δ is
positive. The normal contact force is equal to the (negative)
adhesive force when δ = 0 (▲ in Fig. 1), and it is zero at
a positive compression δ0, where the compressive force bal-
ances the attractive force (• in Fig. 1). Thus, the normal force
is attractive for δ < δ0 and repulsive otherwise.

An elastic tangential force develops too, which is propor-
tional to the sliding displacement (stick phase of the mo-
tion) Y between particle surfaces (more details in Peters
et al. 45 , Gallier et al. 55 ):

Ft =−ktY . (15)

The tangential force may increase up to a critical friction
force, which triggers the slip phase of the motion. Then, Ft
keeps constant in intensity and tangent to the particle surface.
The critical force is assumed to be related to the contact area,
i.e., to the normal elastic contribution, as follows:

Ft = µs

(
Fn +Fadh

)
. (16)

Eqs. (14) and (16) deserve a few comments. As already
mentioned, the model retains important features: at zero load,
finite deformation – (Fadh/kn)

2/3 – as well as finite resistance
to sliding motion – µsFadh – occur (• in Fig. 1). In addition,
splitting apart two particles requires applying the traction Fadh

(▲ in Fig. 1). It should also be noted that Eq. (16) is part of
an early model of adhesive frictional contact56. However, as
discussed in more detail in Appendix B, some features sound
nonphysical, even in the simple case of the adhesive contact
between smooth spheres. In particular, we note that the van-
ishing of the tangential force at δ = 0 seems unrealistic, since
the actual contact area is not expected to vanish at this point.
In addition, contact hysteresis is not accounted for, meaning
that, in the frame of the model, an existing contact cannot bear
negative compression δ . Finally, even in the simplified case
of the contact between two smooth spheres as described by
Eq. (14), a non-linear relation between the contact area and
the normal “elastic” force is expected (Appendix B), leading
to a non-affine relation between Ft and Fn contrasting with
Eq. (16). However, it should be noted that Eq. (16) has been
evidenced in recent experimental friction coefficient measure-
ment between colloidal particles using AFM techniques29.

As a consequence, some model parameters may not bear
strong physical meaning. In particular, when smooth spheres
are considered, the stiffnesses, kn and kt , depend on the me-
chanical properties of the constituting material and the sphere
radii45,54. In the present case, they are to be understood as a
numerical tool allowing to generate contact forces.

In the same line, roughness is known to promote direct
contact between particles57,58, but the influence of the spe-
cific asperity size on the rheology of non-adhesive frictional
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6

FIG. 1. Contact model: [top] normal force, and [bottom] threshold of the tangential force. Fn = 0 is reached at a positive compression δ0, and
a tangential force is still present (•). At δ = 0 (▲), the tangential force vanishes and the normal one is the (negative) adhesive force.

particles in simulations is quite limited55, at least when it is
not coupled to a varying friction coefficient, for instance in a
mono-asperity contact model6,59. We note here that the shear-
thinning behavior observed in load-dependent friction coeffi-
cient is significantly weaker than in frictional adhesive par-
ticles suspensions (Section III), which justifies to tackle the
latter independently, leaving aside the former in the present
study. Nevertheless, hr should be understood in the frame of
the present model as the typical distance between particle sur-
faces below which contact forces outweigh the lubrication in-
teractions. In particular, we do not intend to account for the
influence of roughness on the adhesive forces52,53.

Finally, in FDM simulations, the normal stiffness is se-
lected to yield a typical particle compression δ̄/hr = ε̄ =
5 · 10−2 in a sheared dilute suspension of non-adhesive
particles45. Specifically, given that the typical hydrodynamic
force between two particles, a1 in radius, in a simple shear
flow (in a dilute suspension) is 6πηa2

1γ̇0, the elastic parameter
Γ̇ as defined below is set to one:

Γ̇ = 6πηa2
1γ̇0/

(
kn(εhr)

3/2
)
= 1 . (17)

In FCM simulations, Γ̇ is varied depending on the adhesion
strength, as detailed in Section II E 2, without significantly af-
fecting the computed quantities.

The tangential stiffness obeys the expression6,45,55,60:

kt =
2
7

kn
√

δ . (18)

It is finally noted that particles are considered to be in contact
when the gap between their hydrodynamic surfaces (i.e., the
surfaces governing hydrodynamic lubrication) falls below hr
(Fig. 1), prior to any actual overlap. Nevertheless, high stress
conditions may still lead to unwanted overlap. To prevent this,
a supplementary repulsive force is activated as particles ap-
proach hydrodynamic contact.

E. Numerical setup

1. Simulations with the FDM

To avoid crystallization at high concentration, we con-
sider bidisperse suspensions with particle radii a1 and a2 =
1.4a1, with equal volume fractions. A domain with size
(Lx/a1 ×Ly/a1 ×Lz/a1) = (20×20×20) is considered for
all the FDM simulations. Various values of the mean vol-
ume fraction φ0 ∈ [0.27,0.58] are investigated, corresponding
to a total number of particles Np typically between 300 and
900. Three values of the friction coefficient are considered,
namely µs ∈ {0,0.1,0.5}, and the roughness height is cho-
sen as hr/a1 = 5 ·10−3, which is consistent with experiments
for model spherical polymer particles61,62. The velocity of the
shearing walls is imposed, (Fig. 2 [left]) resulting in a constant
apparent shear rate γ̇0.

Time, length, and forces are made dimensionless using re-
spectively 1/γ̇0, a1, and ηγ̇0a2

1, so that the remaining relevant
dimensionless parameters in the simulations are:

• Elastic parameter Γ̇ = 6πηa2
1γ̇0/(kn(εhr)

3/2), which is kept
constant Γ̇ = 1 (Section II D).

• Adhesion parameter Gadh
0 = Fadh/(6πηa2

1γ̇0) = Σadh/ηγ̇0,
which reflects the competition between adhesion forces and
hydrodynamic interactions in a dilute suspension. Σadh is

FIG. 2. [left] Numerical domain. [right] For µs = 0 and µs = 0.1,
particles have been attached to the walls for more effective shearing.

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.11

22
/8.

00
00

98
3



7

the typical stress needed to separate two particles at contact.
As Gadh

0 involves the solvent viscosity only, and not the vis-
cosity of the suspension 1/Gadh

0 is actually to be considered
a dimensionless shear rate in a concentrated suspension.

• Dimensionless time step γ̇0∆t, which determines the stabil-
ity of the particle motion. It is kept at the largest value that
still allows smooth motion. This value is mostly connected
with the evolution of the elastic tangential force Eq. (15),
and has been set between 5 · 10−6 and 10−4, depending on
the volume fraction and the adhesion parameter.

In experiments, the shear rate (or shear stress) is varied for
given properties of the particles (stiffness, adhesive force,
etc.). In that frame, both Γ̇ and Gadh

0 would vary, such that
Γ̇×Gadh

0 =Fadh/(kn(εhr)
3/2) is constant. This dimensionless

number – Γ̇×Gadh
0 – determines the typical contact compres-

sion induced by the adhesive force. In contrast, in the FDM
simulations, it is not kept constant, as Γ̇ is fixed. The con-
sequences of this choice are difficult to assess a priori. On
the one hand, in suspensions of non-adhesive particles with a
constant friction coefficient, variations of Γ̇, which influence
the typical contact compression due to hydrodynamic forces,
have been shown to have a limited impact on the rheology of
non-Brownian suspensions55. On the other hand, variations in
compression lead to changes in adhesion energy, which could
potentially impact the suspension rheology. Nevertheless, as
discussed later, FCM simulations are conducted with constant
Γ̇×Gadh

0 , and they yield very similar results. This suggests
that whether or not this product is kept constant has only a
minor effect on the overall simulation results.

For each of the three values of the friction coefficient µs ∈

TABLE I. Numerical parameters for the three values of the friction
coefficient µs = [0, 0.1, 0.5]: chosen volume fractions φ0 and asso-
ciated adhesive coefficients Gadh

0 in FDM simulations.

µs = 0.5
φ0 [%] Gadh

0
27 97, 29, 14, 4.4, 2.66, 1.6, 0.66, 0.29
32 92, 37, 13.3, 7.3, 4.44, 2.3, 0.96, 0.37
37 104, 17.4, 9, 4.4, 1.67, 0.65
42 405, 53, 22.12, 11, 3.63, 1.2
45 377, 226, 44.72, 23, 6.54, 2.5

µs = 0.1
φ0 [%] Gadh

0
36, 36, 37, 37 9.34, 4.05, 1.9, 0.9
41, 41, 42, 42 17.9, 7.2, 3.27, 1.5
45, 45, 47, 47 30, 11.3, 6.92, 3
49, 50, 51, 52 84, 33, 17.1, 8.83
52, 54, 55, 56 336, 180, 93, 48

µs = 0
φ0 [%] Gadh

0
36, 36, 37, 37 4.71, 2.95, 1.72, 0.74
41, 41, 42, 42 13.5, 6.2, 2.85, 1.32
46, 46, 47, 47 24, 10.6, 5.46, 2.43
50, 51, 52, 53 54, 28, 14.4, 7.44
54, 56, 57, 58 216, 199, 103, 53

{0, 0.1, 0.5} considered here, sequences of equal or similar
volume fractions φ0 are chosen, for which the adhesion pa-
rameter Gadh

0 is varied. In Table I, the parameters used in the
simulations are gathered. The choice of the parameters de-
serves a few words. The main idea was to obtain data that fill
a grid with more or less constant volume fractions and shear
stresses. The simulations for µs = 0.5 were first performed. In
this case, the volume fraction φ0 was kept constant for multi-
ple values of Gadh

0 . It was observed that, as explained in detail
in the next sections, particle wall-depletion and shear-banding
occurs, leading in particular to a value of the volume fraction
in the core of the suspension (i.e., in the center of the system
away from the walls) different from the mean volume fraction
φ0, with a significant influence of adhesion. In order to correct
this behavior, for µs = 0 and µs = 0.1, a specific value of φ0
was associated to each value of Gadh

0 .
In addition, in an attempt to limit wall-depletion and shear-

banding, for µs = 0 and µs = 0.1 particles have been “at-
tached” to the walls (i.e., they have the same velocity as the
walls), with the purpose to more efficiently shear the suspen-
sion using such a “bumpy” walls. To limit ordering of the at-
tached particles and layering of the free particles at the bound-
aries, the particles are attached to the walls by considering a
larger domain size in the direction of the walls when initially
filling the domain with the specified volume fraction. For the
cases presented here, the domain size is increased by a length
equal to 1.4a1 for each wall during the filling.

Finally, the volume fractions probed for µs = 0 and µs = 0.1
have been chosen in general higher than for µs = 0.5, because
higher maximum volume fractions were expected.

2. Simulations with the FCM

Simulations of bidisperse suspensions with the same size
ratio as for the FDM (a2/a1 = 1.4) are performed over a
cubic simulation domain, (16a1)

3 in size. The domain is
3D-periodic, and Lees-Edwards periodic conditions are used
to generate the shearing motion and the unit mesh cell size
is set to a1/2. The same dimensionless quantities are rel-
evant as above. Three values of the mean volume fraction
(φ0 ∈ {0.3,0.4,0.45}) and three values of the friction co-
efficient (µs ∈ {0.3,0.5,1}) are considered. For each pair
(φ0,µs), values of the reduced adhesive force Gadh were
evenly sampled between 0.2 and 103. The product Γ̇×Gadh

0 =

Fadh/
(

kn (εhr)
3/2

)
= 0.9, was kept constant for all simula-

tions, consistently with what would happen in experiments
when the shear rate is varied for a given suspension. This par-
ticular value implies that the typical asperity compression due
to the adhesive force alone is δ̄/hr ∼ 0.9ε̄ ∼ 4.6 · 10−2. As
a consequence, the elastic parameter, Γ̇, was varied approxi-
mately between 10−4 and 4.5. As already mentioned, this is
in contrast with the FDM simulations, where Γ̇ is kept equal
to 1, with no significant discrepancy, though.

Due to the absence of rigid boundaries, the volume fraction
is in general uniform, equal to φ0. However, shear-banding
may still occur at high adhesion, as noted below.
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FCM µs = 5.0
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FIG. 3. Relative viscosity for non-adhesive frictional particle suspen-
sions from FDM and FCM simulations. Each data set corresponds to
a particular value of the friction coefficient µs.

III. RESULTS

A. Comparing FDM and FCM results for non-adhesive
particle suspensions

Here, we show that FDM and FCM yield material func-
tions in close agreement for nonadhesive suspensions, and re-
call some basic facts concerning frictional suspensions. We
note that rheological quantities from FDM and FCM simu-
lations of nonadhesive, frictionless particle suspensions have
been shown to agree50. Here we consider the viscosity and
reduced contact normal stresses in the shear plane, from both
simulation methods, for nonadhesive suspensions, at µs = 0.5.

Fig. 3 displays the relative shear viscosity from FDM (µs =
0.5) and FCM simulations (data from Lobry et al. 6 for vari-
ous friction coefficients). It is well known now that the shear
viscosity of non-Brownian suspensions greatly increases with
the friction coefficient11,55, as also shown in Fig. 3, which is
conveniently described by the variation of the maximum vol-
ume fraction with friction6,63. A clear agreement is observed
between the data from both methods at µs = 0.5.

Other quantities of interest are the reduced contact normal
stresses Σ̂c

ii = Σc
ii/Σs

12, where i ∈ {1,2,3} denote the direc-
tions of the velocity, the velocity gradient, and the vorticity in
the simple shear flow. It should be noted that contact stresses
drive shear-induced particle migration41,42,64, and that the re-
duced contact stresses are directly involved in the migration
in plane Poiseuille flow49,65,66, in tube flow and in cylindri-
cal Couette flow67. In Fig. 4, the normal contact stresses in
the shear plane as a function of volume fraction are displayed.
Again, a significant variation with the friction coefficient is
observed in the FCM simulations, together with a close agree-
ment between the FCM and FDM results for µs = 0.5.
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FDM µs = 0.5

FCM µs = 0.3
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FCM µs = 1.0

FCM µs = 2.0

FCM µs = 5.0

FCM µs = 10.0
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FIG. 4. Reduced contact normal stresses in the shear plane, Σ̂c
ii =

Σc
ii/Σs

12, for non-adhesive frictional particle suspensions from FDM
and FCM simulations. Each data set corresponds to a particular value
of the friction coefficient µs.

B. Wall-depletion and shear-banding in bounded simulations

In FDM simulations, shearing motion is driven by rigid
walls, which induce specific behaviors, namely wall-depletion
and shear-banding. Such behaviors are of interest for at least
two reasons: first, they have to be accounted for to extract
reliable rheological quantities, and second, they are expected
to take place in experiments, with the same consequences. In
this way, simulations can be used to assess the experimental
uncertainties or inaccuracies involved when the mean shear
rate is used to calculate viscosity, and when the suspension is
considered a homogeneous fluid.

1. Apparent and core quantities

The rigid driving walls are known to induce particle or-
dering close to them in monodisperse12,44,66, or slightly
bidisperse37 suspensions. In the present case, particle de-
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FIG. 5. Time-averaged volume fraction ⟨φ (y)⟩ and particle velocity
〈
up,x (y)

〉
profiles, and evolution of the core shear rate γ̇core, for µs =

0.5 and different adhesion parameters Gadh
0 (increasing from left to right): (blue lines, upper three rows) results for φ0 = 0.27 (Gadh

0 =

[0.29, 14, 97], σ∗ = [10.59, 0.4, 0.07]), and (green lines, lower three rows) results for φ0 = 0.45 (Gadh
0 = [2.5, 23, 377], σ∗ = [7.84, 2, 0.82]).

Red dashed line: (top) mean volume fraction, (center) uniform shear rate velocity profile.

pletion at the walls is enhanced by adhesion, and results in
enhanced wall-slip at high adhesion, which even turns into
shear-banding at moderate volume fraction. Before these be-
haviors are addressed, various quantities are defined, which
result from averaging either in the core homogeneous suspen-
sion (core quantities) or in the whole simulation domain (ap-
parent quantities). In more detail, the apparent relative vis-
cosity reads:

Σ12

ηγ̇0
= η

s
app , (19)

where Σ12 is the mean shear stress averaged over the whole
simulation domain and over time in the stationary regime.

The core region is identified as the part of the domain in
which both volume fraction and particle velocity profiles are
homogeneous without any wall-induced structuration (typi-
cally, wall-layering occurs for ≈ 5a1 from each wall). In
the suspension core, the shear rate γ̇core is computed from
the linear regression of the particle velocity profile and time-
averaged over the steady regime. Since particle layering in the
vicinity of the walls induces wall slip49, the core shear rate is
smaller than the apparent shear rate γ̇0 computed from the wall
velocity, at least when the walls are not roughened using at-
tached particles. In addition, the volume fraction in the wall
area is smaller than in the core region, so that φcore > φ0. This

leads to a measured core adhesive parameter Gadh
core and a core

reduced shear stress:

Fadh

6πηγ̇corea2
1
= Gadh

core ,
6πΣ12,corea2

1
Fadh = σ

∗ =
ηs

core

Gadh
core

, (20)

where the core relative viscosity ηs
core is computed from the

time-averaged core shear stress and shear rate as:

Σ12,core

ηγ̇core
= η

s
core . (21)

We recall that σ∗ is the ratio of the shear stress to the
typical stress needed to separate two particles at contact,
Fadh/

(
6πa2

1
)
.

2. Wall-depletion and shear-banding

In the cases of moderately concentrated suspensions and
high adhesive forces, clear layers form in the vicinity of the
rigid boundaries that result in wall-slip: this behavior is called
hereafter wall-depletion. As adhesive forces are further in-
creased, shear-banding occurs: the particles form a single
cluster (sometimes two), stuck to one of the boundaries, which
do not deform. In such cases, the core shear rate γ̇core drops to
very low values, sometimes exactly zero.
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FIG. 6. Time-averaged (upper left) core volume fraction φcore, (lower left) apparent relative viscosity ηs
app, and [right] core shear rate γ̇core, as

a function of the reduced shear stress σ∗, for different values of φ0 and with µs = 0.5. Symbols: (•) φ0 = 0.27, (■) φ0 = 0.32, (▲) φ0 = 0.37,
(⋆) φ0 = 0.42, (♦) φ0 = 0.45. The lines are a guide to the eye. Red dotted line: limit of the shear-banding regime.

To give a more precise picture of this behavior, an exam-
ple is given in Fig. 5: the results for two mean volume frac-
tions φ0 = 0.27 (blue lines, upper three rows) and φ0 = 0.45
(green lines, lower three rows), with same friction coefficient
µs = 0.5, and multiple adhesion parameters Gadh

0 (increasing
from left to right) are displayed. The steady volume fraction
and particle velocity profiles, together with the temporal evo-
lution of the core shear rate, are displayed. The spatial profiles
are computed as in Orsi, Lobry, and Peters 37 , Orsi et al. 49 . In
the cases with low mean volume fraction and high adhesive
forces (on the right of the upper three rows), particle clump
together, leading to volume fraction profiles (time-averaged
in the stationary regime) that are not constant in the core re-
gion, contrarily to the non-agglomerated cases with low ad-
hesive forces (on the left of the upper three rows). Also, in
the agglomerated cases the core shear rate decreases during
the simulation run, and it can reach very low values, some-
times exactly zero, showing that the suspension is no longer
deformed and agglomerates move as rigid bodies (Fig. 5).

The above-mentioned behavior is not observed in suspen-
sions with high volume fractions, not even in the cases with
the highest adhesive forces, as shown in the lower three rows
of Fig. 5 (i.e., for φ0 = 0.45), where the suspension always
shows a finite shear rate γ̇core and the corresponding volume
fraction profiles show a constant region in the core. It should
also be noted that the rheological quantities may require a long
time before reaching steady-state. It is therefore necessary to
perform long simulations. Finally, all the simulations (show-
ing a finite shear rate) have been run for a deformation of the
core region during the steady regime of at least ∆γ

steady
core ∼ 25.

In the cases where γ̇core ≈ 0, the core relative viscosity
ηs

core cannot be defined. In Fig. 6 the results for µs = 0.5
are shown, where the computed apparent relative viscosity is
also displayed. In the agglomerated cases, ηs

app levels off due
to shear-banding. We note that in the context of experimental
measurements in the presence of shear-banding, a viscosity
close to ηs

app is expected.
Fig. 6 displays the trends that have been explained above:

at high mean volume fraction φ0, reducing the stress induces
a slight increase of the volume fraction, and a decrease of

the core-shear rate, which keeps finite though. The viscosity
seems to diverge, suggesting the existence of a yield stress. At
a lower mean volume fraction, the viscosity increases too as
the stress is decreased, but the conclusions are blurred by the
concomitant increase of the core volume fraction. In that case,
low-stress measurements are impeded due to shear-banding.

Finally, in both volume fraction ranges, homogeneous
straining of the suspension is only possible for reduced stress
larger than typically 1. This suggests that the yield stress sat-
isfies the following intuitive relation:

σ
∗
c ∼ 1 ⇔ Σc ∼

Fadh

6πa2
1
, (22)

meaning that the stress needs to be high enough for the in-
duced force between the particles to break adhesive bonds.

To conclude, it is quite difficult to simulate systems with
σ∗ ≲ 1, with two different trends depending on the volume
fraction φ0: for φ0 ≳ 0.4, the core volume fraction slightly
increases and the relative viscosity diverges as the stress de-
creases, clearly reflecting the yield stress. This requires de-
creasing the time step while approaching the yield stress, lead-
ing to an increasing computational cost. For φ0 ≲ 0.4, the rel-
ative viscosity increases as the stress decreases, but now the
core volume fraction strongly increases, leading to very low
values of the core shear rate (often exactly zero) and results
become unclear or unusable.

We recall that the case µs = 0.5 has been addressed dur-
ing the first simulations campaign, and, in some cases, shear-
banding and wall-depletion were observed. For µs = 0 and
µs = 0.1, we tried to avoid these behaviors: this is why, as
previously mentioned, particles were attached to the walls (as
shown in Fig. 2 [right]), in order to better shear the suspen-
sion. In Fig. 7, the volume fraction and particle velocity pro-
files as well as the temporal evolution of the shear rate are
shown for µs = 0.1, φ0 = 0.36−0.37, and different values of
the adhesion parameter (increasing from left to right). We no-
tice that the shear rate never reaches values close to zero (the
results for µs = 0, although not shown here, are analogous).
Therefore, we have the feeling that the suspension is indeed
better sheared in cases with high adhesion when particles are
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FIG. 7. Time-averaged (top) volume fraction ⟨φ (y)⟩ and (center)
particle velocity

〈
up,x (y)

〉
profiles, and (bottom row) evolution of

the core shear rate γ̇core, for µs = 0.1 and increasing adhesion param-
eter Gadh

0 left to right: results for φ0 = [0.37, 0.37, 0.36], Gadh
0 =

[0.9, 1.9, 9.34], σ∗ = [7.71, 3.74, 0.98]). Red dashed line: (top)
mean volume fraction, (center) uniform shear rate velocity profile.

attached to the walls. However, a final conclusion about the
effect of attaching particles to the walls cannot be drawn at this
point, as a systematic comparison of simulations with smooth
(but still frictional) and rough walls and with otherwise same
parameters should be done. Also, we expect that roughening
the walls is not completely sufficient to avoid shear-banding.
Indeed, we tried to attach particles to the walls in one of the
cases with µs = 0.5 showing shear-banding, but the results
showed no difference when compared with the ones obtained
without using the roughened walls. Therefore, we expect this
expedient to lower wall slip for quite concentrated suspen-
sions only. Moreover, we note that the volume fraction at the
walls is always larger than the mean volume fraction. This is
related to how the system is initialized. As already mentioned,
the particles are placed in a slightly larger box than the actual
simulation domain, and the particles that undergo overlapping
with the actual walls are frozen, forming the rough walls in
the simulation. Since layering occurs during initialization, the
volume fraction depends on the position relative to the walls,
which is reflected in the final frozen particle distribution. In-
creasing the size of the box during preparation of the rough
wall may improve this point.

The effect of the system size on shear-banding was not sys-
tematically performed, mostly due to the high computational

cost. However, a system twice as large in the direction nor-
mal to the walls (Ly/a1 = 40) was simulated, at a value of
the parameters that displays shear-banding in the standard size
(φ0 = 0.27, Gadh

0 = 97). The latter behavior was still observed
in the larger system. A more comprehensive study would be
useful, but is out of the scope of the present article.

We note here that shear-banding is still observed in the
FCM computation, where the shearing motion is not induced
by rigid walls, but rather by periodic Lees-Edwards condi-
tions. Even though lower stresses are reached (σ∗ ∼ 0.7), this
suggests that rigid boundaries promote shear-banding, but that
more fundamental mechanisms are also responsible for it.

C. Shear viscosity

1. Bounded suspensions

In this section, the rheological constitutive law for the shear
stress is investigated, and the combined influence of both fric-
tion and adhesion is addressed. We focus here on the data
from the FDM simulations, which is more complicated since
neither the volume fraction nor the reduced stress are known
in advance. From now on, all the quantities refer to the core
homogeneous region, unless otherwise specified.

We previously explained that the relative viscosity ηs of
a given suspension depends on two parameters: the volume
fraction φ and the shear stress σ∗. However, only the appar-
ent adhesion parameter Gadh

0 is imposed in the present simula-
tions, and not the reduced stress. In addition, the core volume
fraction is not controlled either, but only measured. In order

FIG. 8. Three-dimensional plot of the core relative viscosity ηs
core

as a function of both the core volume fraction φcore and the reduced
shear stress σ∗, for µs = 0.5. The raw data (•) have been interpolated
along both φcore and σ∗

core with a high number of interpolation points
to obtain a smooth fine grid (surface).
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FIG. 9. The results for µs = 0.5 are interpolated at selected values of
core volume fraction and reduced shear stress.

to better understand the influence of adhesion on the relevant
quantities, the data need to be interpolated. Here, only the in-
terpolated data are shown. For the sake of completeness, raw
data are shown in Appendix A.

Let us start by taking the case µs = 0.5 as an example. The
relative viscosity has been interpolated at selected values of
volume fraction and shear stress, forming a grid, and using
a cubic 2D interpolation. A logarithmic scale has been cho-
sen for both ηs and σ∗. In Fig. 8, an interpolation of ηs over
a very fine grid (φ ,σ∗) is shown to evidence the double de-
pendence of the relative viscosity on the volume fraction and
the shear stress. For quantitative processing and to guarantee
the accuracy of the interpolated data, values of φ and σ∗ have
been selected close to the raw ones, on a coarse-grained grid.
The interpolated values are displayed in Fig. 9 and are com-
pared with raw data. In Fig. 9 [top], where the reduced shear
stress is displayed as a function of reduced shear rate, we can
appreciate the yield stress behavior, even though a yield stress
is difficult to quantitatively determine due to the lack of data
in the low-reduced-shear-rate range. Molecular dynamic sim-
ulations of frictionless particle suspensions3 have evidenced
a specific regime between the stress plateau at low shear rate
and the Newtonian regime at high shear rate, where the stress
increases weakly with the shear rate, defining a shear-thinning
response with a sublinear power law. This regime has been
attributed to clusters whose size would decrease as stress in-

0.4

0.6

φ
c
o
re

µs = 0.0 µs = 0.1 µs = 0.5

100 101

σ∗core

101

102

η
s c
o
re

100 101

σ∗core

100 101

σ∗core

FIG. 10. (•) Core material functions for (left column) µs = 0, (cen-
tral column) µs = 0.1, and (right column) µs = 0.5: (top row) core
volume fraction, (bottom row) core relative viscosity, as functions
of the reduced shear stress. (♦) Data interpolated at constant shear
stresses σ∗

core. (•) maximum volume fraction (Section III C 3)

creases. In the present case, where we cannot probe the low-
shear-rate range, such a regime is difficult to address. We can
also appreciate the well-known effect of the volume fraction:
for the same shear rate γ̇ , a higher shear stress σ∗ is obtained
for a higher volume fraction φ ; in addition, we can foresee
that the extrapolated value of the shear stress at zero shear
rate (i.e., the yield stress) increases with φ . In Fig. 9 [bottom],
the relative viscosity is displayed for different values of the
shear stress as a function of volume fraction, evidencing that
the maximum volume fraction φ

µ
m decreases as σ∗ decreases.

The procedure described above would be less accurate for
the cases with µs = 0.1 and µs = 0 because the raw data are far
from forming an even grid in the plane (φ ,σ∗). This is why
we performed a linear interpolation of both log(ηs) and φ ,
separately, at selected values of log(σ∗), the latter being cho-
sen close to the raw data to increase the accuracy of the inter-
polation. It should be noted that for each interpolated point in
the 3D space (log(σ∗),φ , log(ηs)), this procedure uses only
two raw data points, which justifies this double linear interpo-
lation. For the sake of consistency, we re-interpolated the data
for µs = 0.5 with this procedure, choosing the same values
for σ∗ as in Fig. 9. The interpolation results are proposed in
Fig. 10, where a comparison with raw data is shown. It should
be noted that the interpolated values for µs = 0.5 are closer to
the raw data, with the drawback however that the interpolation
is not performed at predefined values of the volume fraction.

Based on the results, we can define a stress-dependent
maximum volume fraction φ

µ
m (σ∗) to model the variation of

the viscosity with the volume fraction. This description of
an adhesive suspension has already been proposed by other
works7–9,33,69. The maximum volume fraction φ

µ
m correspond-

ing to a given value of the shear stress σ∗ is obtained by fitting
an appropriate function to the data. This procedure is a bit
tricky, since the available data, including interpolated values,
are scarcer in the low-volume-fraction and low-stress range.
In more detail, a stress-dependent Maron-Pierce law is fitted
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FIG. 11. Constant stress interpolated data, together with the best fit of the Maron-Pierce law (Eq. (23)). (♦): non-adhesive particles data from
the present simulations (µs = 0.5), data by Gallier, Peters, and Lobry 68 (µs = 0), and unpublished data by Stany Gallier (µs = 0.1).

at constant σ∗:

η
s =

α (σ∗)(
1− φ

φ
µ
m (σ∗)

)2 , (23)

where α and φ
µ
m are free parameters, whose evolution with σ∗

is investigated in the following.
The interpolated data together with the fitting function –

Eq. (23) – are displayed in Fig. 11. At high shear stress the
non-adhesive particle suspension viscosity is recovered, and
the lower the shear stress, the lower the maximum volume
fraction. The latter behavior is less and less pronounced when
decreasing the friction coefficient. At µs = 0, the maximum
volume fractions seems to weakly change in the probed stress
range. However, adhesion still clearly increases the viscosity.

Another peculiar behavior can be observed for µs = 0: at
high volume fractions the viscosity diverges more rapidly,
losing the linearity of 1/

√
ηs with φ (it is very clear in the

non-adhesive results by Gallier, Peters, and Lobry 68 ). As a
consequence, at low-to-medium volume fractions the viscos-
ity is conveniently described by the Maron-Pierce law with
a quite high extrapolated maximum volume fraction, while
at high volume fractions (φ ≳ 0.5−0.55) a faster divergence
is observed. This explains in particular why simulations of
moderately concentrated suspensions of frictionless particles
(φ ≲ 0.55) yield a jamming fraction of around 0.7 instead of
0.64-0.6545,66. This trend is absent for µs = 0.5, for which a
linear dependence between 1/

√
ηs and φ holds over the whole

data range investigated. In the case of µs = 0.1, this dual be-
havior of the viscosity is visible at high stresses and in the
non-adhesive particle suspensions. It should be noted that the
values of φ

µ
m without adhesion for µs = 0 and µs = 0.1 shown

in Fig. 15 have been computed by fitting ηs at φ ≥ 0.45. We
also note that a better agreement between measurement and
correlation law has been found before for frictionless parti-
cles over a large volume fraction range by allowing the power
exponent in Maron-Pierce law to take a value lower than 2

(approximately 1.6)13,68,70.
Finally, as already mentioned, for µs = 0 (and to a lesser ex-

tent µs = 0.1), the relative viscosity varies less with the shear
stress compared to suspension of high friction particles. This
could suggest that σ∗ has not been decreased enough. On the
other hand, a strong increase in the core volume fraction is
observed, suggesting the inception of shear-banding.

2. FCM simulations

The FCM data is easier to process, since the volume frac-
tion is imposed and homogeneous, at least as long as shear-
banding does not occur, which still happens at low stress for
φ ≤ 0.4. A simple interpolation at preset values of the reduced
stress is required, allowing to determine the fitting parameters

100 101

σ∗core

101

102

η
s c
o
re

φ0 = 0.3

φ0 = 0.4

φ0 = 0.45

FIG. 12. Relative shear viscosity from FCM simulations. µs = 0.5.
Solid symbols: raw data. Open symbols: interpolated data.
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[α(σ∗), φ
µ
m(σ

∗)]. This is illustrated in Fig. 12, where the vis-
cosity at µs = 0.5 is interpolated at the same values of the
reduced stress as in Fig. 10 (right column). The interpolated
viscosity is compared with the one obtained with the FDM in
Fig. 13, showing again a good agreement.

Finally, to conclude on the relevance of Eq. (23), all the in-
terpolated viscosities are displayed in Fig. 14 as a function of
φ/φ

µ
m(σ

∗), where each curve corresponds to a given value of
σ∗. All data collapse reasonably well, with a residual disper-
sion due to the variation of α(σ∗) between 0.65 and 1 (Ap-
pendix C, Fig. 32).

0.30 0.35 0.40 0.45 0.50 0.55

φcore

101
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η
s c
o
re

σ∗core = 1.02

σ∗core = 1.41

σ∗core = 2.09

σ∗core = 4.42

σ∗core = 7.84

σ∗core =∞
(current work)

FIG. 13. Viscosity at µs = 0.5 computed with the FDM (solid sym-
bols) and with the FCM (open symbols)
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µ
m(σ∗core)
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η
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o
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FIG. 14. Relative viscosity ηs
core of adhesive particles suspensions

as a function of reduced volume fraction φ/φ
µ
m(σ∗

core) for all simula-
tions. Interpolated data from FCM (open symbols) and FDM (solid
symbols) simulations. σ∗

core ∈ [0.7,10].

3. maximum volume fraction and yield stress

In Fig. 15, the curves φ
µ
m (σ∗) are displayed for different

values of the friction coefficient. We recall that each curve in
the plane (σ∗, φ) has been built using constant stress and fric-
tion coefficient data under the curve (Fig. 10). In other words,
it splits the plane into a flowing region (under the curve), and a
jammed region (above the curve). However, each point in the
same transition curve could be approached at constant volume
fraction φ , from the right, so that the considered point would
define the concentration-dependent yield stress σY (φ)

8,9.
We appreciate a good agreement for µs = 0.5 between FCM

and FDM. This has to be considered a supplementary valida-
tion because, as already pointed out, in the FCM simulations,
the product Γ̇×Gadh

0 has been kept constant: this has not been
done in the FDM simulations and the same results are ob-
tained; therefore, it can be assumed that there is no influence
of this choice in the scope of the present study.

Fig. 15 deserves a few comments. First, the maximum vol-
ume fraction increases as the reduced stress increases, and
levels off to its non-adhesive value. Since the same figure
displays the evolution of the yield stress as a function of the
volume fraction – as implied by Eq. (23) – it means that the
yield stress increases with the volume fraction, and diverges
as the non-adhesive maximum volume fraction is approached.

Concerning the effect of friction, the high-stress limit of the
maximum volume fraction decreases as the friction coefficient
increases, as already known from simulations of non-adhesive
particle suspensions. For high-enough a friction coefficient
(µs ≥ 0.3), the maximum volume fraction converges toward a
single value as the reduced stress decreases to σ∗ ≈ 0.6−0.7,
showing that the influence of strong friction on the maximum

100 101

σ∗core

0.50

0.55

0.60

0.65

0.70

φ
µ m

FCM µs = 0.3

FCM µs = 0.5

FCM µs = 1.0

FDM µs = 0.0

FDM µs = 0.1

FDM µs = 0.5

FIG. 15. φ
µ
m (σ∗

core): results obtained with the FDM (triangles) and
the FCM (bullets). The horizontal dotted gray lines are the maximum
volume fractions in the non-adhesive case from FDM simulations
(σ∗

core = ∞): (lower line) data from Orsi 39 (µs = 0.5, φ
µ
m = 0.592),

(center line) unpublished data by Stany Gallier (µs = 0.1, φ
µ
m =

0.632), and (upper line) Gallier, Peters, and Lobry 68 (µs = 0, φ
µ
m =

0.651); the results by Stany Gallier have been fitted for φcore ≥ 0.45.
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volume fraction decreases when increasing the adhesive force.
On the other hand, the overall effect of adhesion seems less
pronounced at lower friction coefficients. Again, this last as-
sertion is to be somewhat softened since shear-banding is still
observed, which impedes probing the low-stress range.

D. Contribution of the contact forces to the stresses

In the previous section, it has been shown shown that the
shear stress developing in frictional adhesive particle suspen-
sions can be understood within the same modeling framework
as for non-adhesive particle suspensions, providing that the
usual maximum volume fraction now depends on the shear
stress. The question arises, whether the same statement holds
for other quantities than shear stress, which issue will be ad-
dressed in the following sections. For the sake of simplicity,
we mainly focus on the case µs = 0.5, at least for the adhesive
particle suspensions.

1. Reduced second normal stress

Fig. 16 displays the reduced second contact normal stress,
Σ̂c

22 = Σc
22/Σs

12 as a function of volume fraction [top] and
the reduced volume fraction φ/φ

µ
m [bottom] for non-adhesive

suspensions with different values of the friction coefficient
(data from FCM simulations6). This quantity is essentially
the quantity q(φ) defined and plotted by Morris and Boulay 64

and shown to be important in describing migration phenom-
ena. Later work, e.g Boyer, Guazzelli, and Pouliquen 71 , used
it in the inverted form of a bulk friction coefficient in the
now widely adopted µ(J) formulation of suspension rheol-
ogy. This latter perspective is further explored in the context
of adhesive particles in Section III E. As usual, the contact
normal stresses are compressive. Friction increases |Σ̂c

22| –
Fig. 16 [top] – and all the data collapse on the same master
curve if displayed as a function of reduced volume fraction –
Fig. 16 [bottom]. This latter behavior has already been implic-
itly evidenced in frictional suspensions, except for frictionless
or low-friction particles70. Although not displayed, the same
behavior holds for other contact normal stresses. Thus, Σ̂c

22
may be considered an indicator of how close the suspension
is to the jammed state, as is ηs, independently of the friction
coefficient, provided the latter is not too low.

The same rationalization does not hold anymore for fric-
tional adhesive suspensions. As displayed in Fig. 17 [top]
for a friction coefficient µs = 0.5, adhesion hardly changes
Σ̂c

22. This is highlighted in Fig. 17 [bottom], where the same
quantity is displayed as a function of reduced volume frac-
tion φ/φ

µ
m(σ

∗). In that case, for a given value of µs, de-
creasing σ∗ drives the suspension toward the jammed state
(see Section III C), but without strongly affecting Σ̂c

22. We
note that this behavior is observed both in the high- and low-
volume fraction ranges. Splitting the ratio Σ̂c

22 = Σc
22/Σs

12 into
Σc

12/Σs
12 ×Σc

22/Σc
12 may help to understand this trend, as ex-

plained in the following.
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FIG. 16. Reduced contact stress −Σ̂c
22,core = −Σc

22,core/Σs
12,core as a

function of volume fraction for different values of the friction coeffi-
cient µs for suspensions of non-adhesive particles.

2. Contribution of the contact forces to the tangential stress

The relative contribution of the contact forces to the total
shear stress, Σc

12/Σs
12, in non-adhesive frictional suspensions

only depend on the reduced volume fraction, φ/φ
µ
m , what-

ever the value of the friction coefficient, provided it is not
too low, as shown in Fig. 18. We note that an approxima-
tion to this master curve may be measured in shear reversal
experiments72.

This master curve is illustrated in Fig. 19 for µs = 0.5 (black
triangles). The interpretation is straightforward: as the sus-
pension gets closer to the jammed state, the contribution of
the contact forces to the shear stress becomes predominant,
and Σc

12/Σs
12 tends to 1 as φ approaches φ

µ
m . In Fig. 19, the

data corresponding to the adhesive particle suspensions is also
displayed. As expected, a strong effect of adhesion is ob-
served: reducing the stress increases Σc

12/Σs
12 – Fig. 19 [top]

– which is qualitatively consistent with the progress toward
the jammed state. In Fig. 19 [bottom], the interpolated data
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FIG. 17. Reduced contact stress −Σ̂c
22,core = −Σc

22,core/Σs
12,core as a

function of volume fraction for different values of the reduced stress
σ∗

core. µs = 0.5. Left: raw data. Right: interpolated data.
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volume fraction for different friction coefficients µs. Gadh
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FIG. 19. Reduced contact tangential stress Σc
12,core/Σs

12,core as a
function of volume fraction for different values of the reduced stress
σ∗

core. µs = 0.5. Left: raw data. Right: interpolated data.

approximately collapse on the same master curve when dis-
played as a function of the reduced volume fraction, with sig-
nificant discrepancy at low volume fraction and low stress,
where the relative contribution of contact forces is higher than
expected. At higher volume fraction (φ ≳ 0.45, high range
of each constant stress curve in Fig. 19 [bottom]) on the con-
trary, the data approximately collapse on the master curve for
the non-adhesive suspension.

3. Relative intensity of normal and tangential contact
stresses

The ratio of the contact normal stresses to their tangential
counterpart is now addressed. We focus on the normal stresses
in the shear plane. In non-adhesive particle suspension first, in
Fig. 20, the ratios Σc

ii/Σc
12 (i = 1,2) are shown to roughly col-

lapse on the same curve when displayed against the reduced
volume fraction. In the considered volume fraction range
φ/φ

µ
m ∈ [0.5,0.95], they are of similar value, around 1−2. At
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FIG. 20. Ratio of the normal to tangential contact stresses as a func-
tion of volume fraction for friction coefficients µs. Gadh

0 = 0.

moderate volume fraction φ/φ
µ
m ≈ 0.5, the values of both the

contact normal stresses are close to their tangential counter-
part, while their relative importance softly increases with the
reduced volume fraction up to around 2 at φ/φ

µ
m ≈ 0.95. Over-

all, this means that the structure of the contact stress tensor
slowly evolves over the probed volume fraction range, with
an increasing relative intensity of the normal stresses as the
jammed state is approached.

Adhesive forces tend to decrease the considered ratio for
both normal stresses, mostly in the low-volume-fraction range
(Fig. 21). The influence of adhesion in that perspective is
very weak at φ ∼ 0.48 – Fig. 21 – even though the sus-
pension is driven significantly closer to the jammed state –
Fig. 19 [bottom] and Fig. 10 – which trend still contrasts
with non-adhesive particle suspensions that would show an
increase of the ratios upon approaching the jammed state, in-
stead of a weak decrease. From Fig. 21, the same feature
is expected for higher volume fractions, although this more
concentrated range was not addressed. In the low-volume-
fraction range, however, adhesion strongly decreases the rel-
ative intensity of the contact normal stresses. At the lowest
volume fraction probed around 0.3 for the lowest considered
stress (before shear-banding occurs), the contact stress ten-
sor Σc in the shear plane is nearly a pure shear stress tensor,
with low isotropic pressure. Since this strong decrease of the
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FIG. 21. Ratio of the normal to tangential contact stresses as a func-
tion of volume fraction for different values of the reduced stress
σ∗

core. µs = 0.5. Left: raw data. Right: interpolated data.

contact pressure relative to the stress intensity ends with the
inception of shear-banding, it may be involved in the mech-
anism that drives this instability, which may deserve further
studies. Finally, a qualitative microscopic picture of this be-
havior will be proposed in Section III F.

As a conclusion, adhesive and non-adhesive particle sus-
pensions may behave quite differently as the jammed state is
approached, from the perspective of contact normal stresses.
In the latter case, the ratio Σ̂c

22 = Σc
22/Σs

12 depends on φ/φ
µ
m

and its intensity increases as the reduced volume fraction in-
creases. In the former case, the jammed state may be ap-
proached at constant volume fraction through stress decrease,
i.e., decrease of φ

µ
m(σ

∗), with basically no change in Σ̂c
22. In

that case, the relative contribution of contact forces to the
tangential stress, Σc

12/Σs
12, increases (Section III D 2), while

the contact normal stresses, Σc
ii , decrease relative to the

corresponding tangential component, Σc
12, (Section III D 3),

which is indeed consistent with the weak variation of Σc
22/Σs

12.
These behaviors are not rationalized when displayed against
the reduced volume fraction φ/φ

µ
m (σ∗). According to Sec-

tion III D 3, the structure of the contact stress tensor is strongly
altered in the low-volume-fraction range, with an increasing
predominance of the contact shear stress over the contact nor-
mal stresses.

E. Macroscopic friction coefficient µ

The so-called µ(J) formulation of non-Brownian suspen-
sion rheology, which was initially developed in dry granular
physics, has proven powerful in the field of non-adhesive par-
ticle suspension. The apparent friction coefficient and the vis-
cous number are respectively defined as µ = −Σs

12/Σc
22 and

J =−ηγ̇/Σc
22. In adhesive particle suspensions, the usual de-

scription (µ = µ(J),φ/φJ = f (J))66,70 is expected not to hold
anymore, due to a new stress scale Fadh/(6πa2

1), as already
shown in cohesive granular rheology73,74. Here, data µs = 0.5
is shown.

Fig. 22 [left] displays the variation of the apparent fric-
tion coefficient as a function of the viscous number for differ-
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FIG. 22. Variation of the apparent friction coefficient as a function of viscous number from FDM simulations (µs = 0.5). Left: raw data for
various values of the mean volume fraction φ0. The reduced shear stress σ∗

core decreases as the data points move away from the infinite-stress
curve. Right: data interpolated at constant volume fraction and reduced stress.
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FIG. 23. Volume fraction as a function of viscous number for differ-
ent reduced stresses Jcore (interpolated data, µs = 0.5). Top: reduced
volume fraction φcore/φ

µ
m(σ∗

core). Bottom: volume fraction φcore.

ent mean volume fractions φ0 and for varying reduced stress.
From a qualitative perspective, as the reduced stress is de-
creased, the viscous number decreases as well, while the vari-
ation of µ is quite weak. More specific comments are made

difficult by the underlying variation of the volume fraction
with the stress, and also since the data is not sampled at pre-
defined stress, as already noted. A clearer picture is given
by Fig. 22 [right], which displays the same data interpolated
at constant volume fraction and stress. As the reduced stress
is decreased, the constant-stress curves are positively shifted,
so that for a given value of the viscous number J, the appar-
ent friction coefficient µ increases. In Fig. 22 [right], data
points corresponding to a given volume fraction are consis-
tently colored across all constant σ∗ curves. This representa-
tion clearly demonstrates that µ is primarily a function of the
volume fraction, at least in the high-volume-fraction range,
as already evidenced in Fig. 17. Regarding the volume frac-
tion (Fig. 23), a better collapse of the curves is obtained when
considering the reduced volume fraction φ/φ

µ
m(σ

∗), as ob-
served in frictional non-adhesive suspensions70. As a conse-
quence of the latter observation, at constant viscous number,
the volume fraction decreases when decreasing the reduced
stress (Fig. 23 [bottom]). All these behaviors are in qualitative
agreement with simulations of dry cohesive granular materials
in two-dimensional73 and three-dimensional74 systems.

As expected, the data do not collapse in the plane (J,µ).
This may also be understood in the high-concentration range
from the previous sections using the relation 1/J =−ηs×Σ̂c

22.
As σ∗ is decreased at constant volume fraction, ηs diverges,
while Σ̂c

22 is quite constant so that J tends to zero and µ =

−1/Σ̂c
22 weakly changes.

Meanwhile, ηs is mostly a function of φ/φ
µ
m(σ

∗) while Σ̂c
22

mostly depends on φ . As a consequence, no real master curve
is found in the plane (J,φ/φ

µ
m), even though no strong disper-

sion is observed either.
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FIG. 24. Pair distribution function at contact r/a1 ∈ [2,2.005] as a function of position angle: [left] for φ0 = 0.32 at high (Gadh = 7.3,
σ∗ = 1.02) and low (Gadh = 0.96, σ∗ = 12.1) adhesive force, and [right] for φ0 = 0.45 at high (Gadh = 377, σ∗ = 0.82) and low (Gadh = 6.54,
σ∗ = 3.85) adhesive force. For clarity, the particle pair orientation associated with the indicated angle is illustrated beneath the x-axis; the
grey-filled circle denotes the reference particle.

F. Adhesive particle suspension microstructure

The distribution of contact pairs is now shortly discussed. It
is well known that the rheological behavior of frictional non-
Brownian suspensions is closely related to the shear-induced
microstructure (see Morris 75 , Guazzelli and Pouliquen 76 for
reviews on the subject). The latter is usually characterized
by the pair distribution function (PDF), i.e., the probability
to find a particle at a given position relative to a reference
particle. We are interested in the PDF of contacting particles.
For the sake of simplicity, we only consider a pair of particles
with radius a1 in the shear plane.

The pair distribution at contact averaged over r ∈ [2,2 +
hr/a1] is displayed in Fig. 24 [left] for a suspension with mean
volume fraction φ0 = 0.32 and in Fig. 24 [right] for φ0 = 0.45,
at two values of the reduced stress. φ0 = 0.32 was chosen
since shear-banding is observed at low stress (lower than the
values considered here, though). The volume fraction in the
core of the suspension increases as the stress decreases, as
previously discussed. The angle θ is measured from the flow
direction, θ = [−π/2,0] and [π/2,π] corresponding to the
compressional quadrant of the shear flow. At high stress, the
PDF displays the usual feature found in moderately concen-
trated suspension, i.e., a high probability of contacting pair
in the compressional quadrant and a depletion of particles in
the extensional one77. The interaction forces are mostly com-
pressive and frictional, with weak influence of the adhesive
force, so that contacting pairs are formed in the compressional
quadrant, and split up as they are driven into the extensional
quadrant. At low stress, the PDF offers a quite different pic-

ture, where the depletion area is basically lacking, and the
contacting pairs are approximately isotropically distributed.
The mean value of the PDF is significantly larger compared to
the high-stress limit, meaning that the number of contacts per
particle is larger, too. A basic explanation is straightforward:
at this low stress value, the adhesive force has a strong influ-
ence on the particle motion. Specifically, it works against the
flow in the extensional quadrant, keeping particles in contact.

Additional insight is provided by Figs. 25 and 26, where the
distribution of normal contact forces at the reference particle
surface (2 ≤ r ≤ 2+ hr/a1) is displayed at the same volume
fraction and stress values as in Fig. 24. It should be noted that
the length of the arrow cannot be compared between differ-
ent sets of parameters, but only between the different contri-
butions (elastic, adhesive, or total) of the same case. In the
frame of the present model, the normal contact force is the
sum of a constant attractive force (toward the outside of the
reference particle) and an elastic repulsive force (toward the
inside of the particle), allowing to formally separate both con-
tributions in Figs. 25 and 26, respectively [center] and [left].
Focusing first on the low volume fraction and low stress case,
Fig. 25 [top], the approximately isotropic distribution of pairs
is reflected in the same property of the adhesive force con-
tribution. The repulsive elastic force is more intense in the
compressional quadrant where the mean shear flow drives the
particles into contact, and weaker in the extensional quadrant,
where the mean shear flow tends to separate them. This results
in a quadrupolar distribution of the total force – Fig. 25 [right]
– where the particle pairs in the compressional (respectively
extensional) quadrant experience compressive (respectively
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FIG. 25. Distribution of the normal contact forces on the surface of
the particles for a moderately concentrated case (φ0 = 0.32) at two
values of the reduced stress (Gadh

0 = 7.3;σ∗ = 1.02 [top], and Gadh
0 =

0.96;σ∗
core = 12.1 [bottom]). Comparison between the distribution

of the elastic [left] and adhesive [center] contributions to the total
contact normal force [right]. µs = 0.5.

tensile) forces. At high stress (Fig. 25 [bottom]), due to the
relatively weaker adhesive force, the particle depletion in the
extensional quadrant develops, and the total force distribution
lacks the tensile part. It should be noted that the quadrupolar
force distribution at low stress is clearly responsible for the
weakening of the normal contact stresses and of the normal
contact pressure in the shear plane, compared to the tangen-
tial contact stress (Fig. 21). Interestingly, we observe that the
adhesive contribution in the extensional quadrant is signifi-
cantly weaker at high volume fraction (Fig. 26 [top,right]),
even though the PDF at contact displays similar isotropic dis-
tribution, resulting in a contact force distribution similar at
low and high stress (Fig. 26 [right], respectively [top] and
[bottom]). This latter feature is consistent with the weak vari-
ation with σ∗ of the reduced normal stresses Σc

ii/Σc
12 at this

volume fraction observed in Fig. 21. Finally, this qualita-
tive discussion is only based on the normal contact forces,
to the exclusion of the friction forces, which is qualitatively
valid, since we checked that the shear stress directly origi-
nating in friction forces amounts to 30% at most of the total
contact shear stress, similar to non-adhesive particle suspen-
sions (≈ 25%45). In addition, the direct contribution of fric-
tion forces to the total contact normal stresses in the plane of
shear keeps under 6%.

IV. DISCUSSION AND PERSPECTIVES

The definition of a stress-dependent maximum volume frac-
tion – φ

µ
m (σ∗) – has already been proposed to describe the

FIG. 26. Distribution of the normal contact forces on the surface
of the particles for a moderately concentrated case (φ0 = 0.45) at
two values of the reduced stress (Gadh

0 = 377;σ∗ = 0.82 [top], and
Gadh

0 = 6.54;σ∗
core = 3.87 [bottom]): comparison between the distri-

bution of the elastic [left] and adhesive [center] contributions to the
total contact normal force [right]. µs = 0.5.

yield stress of adhesive particle suspensions7,69. More re-
cently, Richards et al. 8 were able to interpret experimental
viscosity data of an adhesive suspension by adapting the so-
called “constraint rheology” model proposed by Guy, Hermes,
and Poon 31 . The authors were able to define, in the phase
space (φ ,σ∗), a flowing region and a jammed region, sepa-
rated by a φ

µ
m (σ∗) curve similar to those we have evidenced.

In their case, they reach much lower volume fractions, of the
order of ≈ 0.35 (≈ 0.20 in the work by Richards, O’Neill, and
Poon 28 ). We stress that the φ

µ
m (σ∗) curve may also be un-

derstood as a volume-fraction-dependent yield stress, σ∗
y (φ),

identifying the two regions where the suspension is either
jammed or flowing.

This same interpretation is implicit in the work by Singh
et al. 33 , where the viscosity law of an adhesive particle
suspension is described as the superposition of a Herschel-
Buckley law and the viscosity of a suspension with discon-
tinuous shear-thickening (DST). The result is the definition
of a phase space (φ ,σ∗) where the flow area is bounded at
low stresses by the yield stress and high stresses by the DST
threshold. In our case, only the low-stress threshold is present,
since we consider fully frictional suspensions.

An important result of our study is the impact of friction on
the maximum volume fraction (or, equivalently, on the yield
stress). We recall that for friction coefficients µs ≥ 0.3, φ

µ
m

decreases from the non-adhesive value, which depends on µs,
to a value that is independent of it at low stress. For lower
friction coefficients, the decrease is weaker. This result can
be related to the model proposed by Richards et al. 8 , which
defines a stress-dependent maximum volume fraction for an
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adhesive particle suspension, as a weighted average between
the maximum volume fraction without adhesion (φµ = 0.53 in
their case) and a volume fraction for an adhesive particle sus-
pension (adhesive loose packing φal p = 0.35). The weighting
coefficient depends on the stress and varies as the fraction of
particles in adhesive contact.

In our case, we do not manage to decrease the reduced
shear stress below ≈ 0.7−0.8, and for µs > 0.3 all the curves
φ

µ
m (σ∗) seem to meet in φ

µ
m ≈ 0.5. For lower friction coef-

ficients, our data is a bit too sporadic, yet it appears that the
maximum volume fraction is larger, which is consistent with
the literature (see Richards et al. 8 and references therein).
Further investigation of our data and comparison with the
model proposed by Richards et al. 8 is tempting, although not
straightforward, since we cannot sufficiently decrease σ∗ at
moderate volume fraction for φal p to be reliably determined.

This latter point requires further investigation. The mecha-
nisms leading to shear-banding are unclear. The tendency of
medium volume fraction suspensions to densify at low stress
suggests a connection with particle clustering. Different stud-
ies, especially concerning Brownian suspensions3, but also
cohesive granular materials73, have shown the formation of
compact aggregates of various sizes which make the concen-
tration heterogeneous and affect the rheology of the material,
and this all the more as the shear stress is low. A possible ex-
planation of the shear-banding observed in the present study
would be that such aggregates develop, whose size would
grow as the stress is decreased, and that shear-banding occurs
as the cluster size reaches the size of our system. We note
that the good agreement between the simulations in bounded
and fully periodic cases does not preclude such an explana-
tion, since in both cases, a cut-off length exists for the cluster
size. A quantitative study of such a behavior requires a reli-
able identification of the clusters, which is not straightforward
in three-dimensional systems, and which we plan to imple-
ment in the future. In addition, such an explanation implies
that the too-small size of our simulation volume is at the ori-
gin of the wall-depletion and the shear-banding that we ob-
serve. A systematic increase in the size of the domain would
be interesting, albeit at a high computational cost that we may
be able to bear in the future.

The idea of cluster formation is also supported by the PDF
of contacting particles at medium volume fraction in the non-
arrested flow regime, which shows a growing isotropy in the
plane of shear as the shear stress is decreased (Fig. 24), also
apparent in the distribution of adhesive forces between con-
tacting particles (Figs. 25 and 26). Thus, the depletion area in
the extensional quadrant of the ambient shear flow observed
in non-adhesive suspensions is progressively filled, indicat-
ing that the particles remain attached. A more comprehensive
study of the PDF would certainly be of interest in the charac-
terization of the clusters.

It should also be noted that the present simulations are car-
ried out at controlled apparent shear rate, which may as well
play a role in the development of the instability. In more de-
tail, as regions of smaller and larger volume fraction appear,
the overall shear stress decreases, which may drive the system
towards the jammed state. In order to investigate this specific

point, simulations at controlled stress are required. Although
our simulation code does not currently provide such a feature,
we are working on it.
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Appendix A: Material functions: raw data

In Fig. 27, the shear stress is shown as a function of the
shear rate: yield stresses are quite visible for the two curves
for µs = 0.5 with the highest volume fractions (φcore ≈ 0.47
and φcore ≈ 0.48), for which the stress seems to level off at
low shear rate. For lower values of the friction coefficient
the results are more difficult to interpret because, as already
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FIG. 27. Reduced shear stress as a function of the reduced shear rate,
for the three friction coefficients. The color of the points is related to
the core volume fraction (the higher φcore, the darker the color).
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FIG. 28. Core material functions for (left column) µs = 0, (central
column) µs = 0.1, and (right column) µs = 0.5: (top row) core vol-
ume fraction, (central row) core shear rate, and (bottom row) core
relative viscosity, as functions of the reduced shear stress. The color
of the points is related to the core volume fraction (the darker the
color, the higher φcore).

pointed out, the core volume fraction is not constant when
varying the shear stress.

As shown in Fig. 28 [top], and as we already explained
for µs = 0.5, the core volume fraction φcore is rarely constant
when decreasing the shear stress. For µs = 0 and µs = 0.1, we
even tried to decrease φ0 when increasing Gadh

0 (recall Table I)
aiming at obtaining a more or less constant φcore: however, we
notice that we still got an increase of φcore for low volume
fractions (indicating that a stronger decrease is needed, or that
we are approaching the shear-banding regime), and for the
high ones we got a decrease of φcore (indicating that a weaker
or no preventive decrease should be needed). Also, the rela-
tive viscosity ηs

core increases when decreasing the shear stress
and approaching σ∗

c ∼ 1: the effect is more pronounced for
µs = 0.5, and less visible for the other friction coefficients,
due to the decrease of φcore, which shades the increase of the
viscosity.

Appendix B: JKR contact theory

In Section II D, we presented the contact model employed
in the current work. Let us now recall the main features of
the contact theory for the normal force developed by John-
son, Kendall, and Roberts 54 and let us see the differences with
the model chosen here. The contact of two perfectly smooth
spheres is considered (Fig. 29), R1 (resp. R2) in radius. The
Young modulus and Poisson coefficient of the corresponding

materials are denoted by E1 and ν1 (resp. E2 and ν2). The
contact region is a disk with radius a and the contact interfer-
ence, i.e., the approach of the sphere centers from the contact
point, is denoted by δ . The contact region generates the sur-
face energy:

US =−2γπa2 . (B1)

and the total contact load is denoted by P. According to John-
son, Kendall, and Roberts 54 , P, δ and a are related by the
following equations:

P(a) =
4E∗a3

3R
−
√

16πγE∗a3 . (B2)

δ (a) =
a2

R
−
(

πγa
E∗

)1/2
. (B3)

Eqs. (B2) and (B3) define the JKR adhesive contact law. Be-
fore explaining these equations in some detail, they are made
dimensionless. The minimum net contact force corresponds
to contact radius ac:

ac =

(
9
4

πR2γ

E∗

)1/3

. (B4)

We can define the associated critical load as:

Pc = P(ac) =−3πRγ . (B5)

Let us now introduce the following dimensionless expres-
sions, represented in Fig. 30:

P
Pc

= f
(

a
ac

)
=

(
a
ac

)3

−2
(

a
ac

)3/2

,

Rδ

a2
c
= f

(
a
ac

)
=

(
a
ac

)2

− 4
3

(
a
ac

)1/2

.

(B6)

We note that in both equations in Eq. (B6), the first term of
the RHS corresponds to Hertz law without adhesion. When
the two bodies are loaded by a compressive force, the adhe-
sive forces pull the surfaces into contact over an area that ex-
ceeds the one given by Hertz theory (see Fig. 30 [a]); zero load

FIG. 29. Two elastic spheres at contact: from an initial position at
which δ = 0, sphere 2 moves towards sphere 1 with a displacement
δ > 0. uz1 and uz2 are the vertical displacement of the surface of each
body due to contact pressure.
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FIG. 30. (left) normalized contact area radius a/ac versus normalized load P/Pc, (center) normalized contact area radius a/ac versus normal-
ized compression δ/

(
a2

c/R
)
, and (right) normalized load P/Pc versus the normalized compression δ/

(
a2

c/R
)
. Black line: JKR model. Black

dashed line: unstable part of JKR curve. Green ashed line: non-adhesive Hertz model. Orange thick line: approximate model. The symbols
correspond to specific steps according to JKR model(■) point at which the load is zero; (▼) point at which the compression (and thus the
separation distance) is zero; (▲) point of maximum tensile load, i.e., a = ac and P = −Pc. It is the point after which the situation becomes
unstable upon separating the particles at controlled load, leading to contact loss; (•) point of minimum compression at which the situation
becomes unstable and the surfaces separate.

leaves the surfaces adhering together with a finite area and a
positive compression δ ; a tensile (negative) load causes the
contact area to shrink further; beyond the (▲) point (P =−Pc,
and a = ac), the situation becomes unstable and they separate.
The latter is true only when the load is imposed; if we im-
pose the separation distance, this part of the curve is stable
and the point (•) can be reached without separation, mean-
ing that the (negative) compression δ can be further decreased
(Fig. 30 [center]).

Before proceeding, it should be noted that Johnson,
Kendall, and Roberts 54 also propose in their paper an approx-
imate theory in which the Hertz relation between the contact
area and the compression holds a2 = Rδ , and surface energy
is added to Hertz elastic energy:

Uapp
T =

8
15

E∗
(

Rδ
5
)1/2

−2γπRδ . (B7)

In this case, the normal load writes:

Papprox =
dUapp

T
dδ

=
4
3

E∗ (Rδ
3)1/2 −2γπR = Fel −Fadh ,

(B8)
with Fadh = 2Pc/3, leading to:(

P
Pc

)approx

=

(
a
ac

)3

− 2
3
,(

Rδ

a2
c

)approx

=

(
a
ac

)2

,

(B9)

We note that the relation between the load P and the com-
pression δ in Eq. (B8) is formally identical to the modeling
that is used in the present work (Eq. (14)). This approx-
imate approach is compared with the complete JKR theory
in Fig. 30, where the corresponding relations in the frame of

non-adhesive Hertz contact are displayed as well for the sake
of completeness.

In Fig. 30 [left] and [center] the reduced contact area radius
is represented as a function of both the reduced load and the
reduced compression, while in Fig. 30 [right] the reduced nor-
mal load is represented as a function of the reduced compres-
sion. According to the JKR theory, the contact area decreases
with the compression δ until separation (point (•), δmin < 0).
Regarding the load, after ac is reached (▲) the load slightly in-
creases again. Thus, for both the JKR model and the approx-
imate theory a tensile (i.e., adhesive) force can exist for posi-
tive compression (please note the zero compression point ▼ at
δ = 0). Moreover, at zero load there exists a positive compres-
sion (point ■), at which the associated elastic force counter-
balances the attractive one. Additionally, the area of contact is
an increasing function of the load for P >−Pc. However, the
approximate theory does not allow contact for δ < 0, and the
area of contact is zero at maximum traction (δ = 0), which is
not true for the JKR model. Indeed, in the frame of the JKR
model, contact is maintained for negative displacement. We
suppose that the slight difference in the force at small positive
values of δ does not have a qualitative effect on suspensions;
anyway, this difference quickly vanishes for higher values of
δ . The latter discrepancy (a = 0 for P =−Fadh) is important
for frictional contact, as explained in the following.

In Fig. 31 the maximum value of the tangential force
against the normal load is shown. The most natural way of
including friction in the JKR model would be to assume that
the largest friction force that the contact can bear before slid-
ing is proportional to the contact area. Considering the curve
for P ≥−Pc and a ≥ ac (otherwise the situation may be unsta-
ble): max(Ft) is never zero, as ac ̸= 0, meaning that friction
is maintained at particle detachment point; the dependence of
the normal force on the tangential one in such a frictional JKR
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FIG. 31. Qualitative maximum value of the frictional force as a
function of the normalized normal load: comparison between a fric-
tional JKR model, a simplified approach with a variable friction co-
efficient, and a simplified approach with constant friction coefficient
(employed in the current work). The evidenced points are the same
as in Fig. 30. We recall that below point (▲) the situation is unstable.

model is not linear, as displayed in Fig. 31.
If the same relation Ft ∝ a2 is assumed in the simplified

approach, the relation between Ft and P is not linear either,
but in that case, it vanishes for the largest traction. The influ-
ence of the precise relation between friction force and load in
the context of particulate suspension surely deserves a specific
study. We note that in the field of non-adhesive particle sus-
pensions, this issue has been partly addressed. In more detail,
in most of the computational work, a constant friction coef-
ficient has been used (Ft ∝ P), yield stress rate-independent
rheology. However, if a mono-contact is assumed, the friction
coefficient decreases with load, and shear-thinning behavior
is observed6. This question is out of the scope of the present
study since we do not want to precisely conclude on the na-
ture of adhesive contact in a specific suspension, but rather
to evaluate the influence of coupled friction and adhesion in
the frame of a simple contact model. As a consequence, we
choose a simple constant friction coefficient, using the follow-
ing relation between Ft and P:

Ft = µs

(
P+

2
3

Pc

)
. (B10)

Such a relation is qualitatively displayed in Fig. 31.

Appendix C: Maron-Pierce fitting: α (σ∗)

Here, we show the evolution of the free fitting parameter
α with the reduced shear stress σ∗ for different friction co-
efficients µs, obtained when fitting the Maron-Pierce corre-
lation law (Eq. (23))to the FDM and the FCM viscosities as
a function of volume fraction. In particular, the variation of

100 101

σ∗core
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FCM µs = 0.3

FCM µs = 0.5

FCM µs = 1.0

FDM µs = 0.0

FDM µs = 0.1

FDM µs = 0.5

FIG. 32. Evolution of the free fitting parameter α as a function of the
reduced shear stress σ∗ for different friction coefficients µs, obtained
when fitting the simulation data with the Maron-Pierce correlation
law (Eq. (23)).

α (σ∗) between 0.65 and 1 causes a residual dispersion of the
viscosity when plotted against the reduced volume fraction
φ/φ

µ
m (σ∗) (Fig. 14).
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