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ABSTRACT

In this dissertation, I summarize my work on supergravity solutions involving the spindle
Σ ≡ WCP1

[m−,m+] and its generalizations, which give rise to M4, four-dimensional orbifolds.
These solutions are relevant to holography, as they are supersymmetric and explicitly
contain an Anti-de Sitter factor or are asymptotically locally AdS4. The first part of the
thesis focuses on compact four-dimensional orbifolds, which can be described by compact
labeled polytopes, referred to as quadrilaterals. These take the form of M(1)

4 = Σg⋉Σ2 or
M(2)

4 = Σ1 ⋉ Σ2, representing a non-trivial fibration of a spindle Σ2 over either a smooth
Riemann surface Σg of genus g > 1 or another spindle Σ1, respectively. Both classes can
be thought of as orbifold generalizations of Hirzebruch surfaces, and we describe M(2)

4

in terms of toric geometry. A more sophisticated generalization, where each facet of the
polytope corresponds to a different spindle, is presented later. I demonstrate how the
entropies of AdS2 ×M4 solutions and the gravitational central charges of AdS3 ×M4 are
reproduced by extremizing an off-shell free energy, constructed by gluing simple factors
known as gravitational blocks. The second part of the thesis deals with non-compact
four-dimensional solutions, arising as the total space of complex line bundles over the
spindle. The on-shell action, computed via holographic renormalization, reveals a rich
structure linked to the twist or anti-twist realization of supersymmetry on the spindle
bolt. This structure is then compared to general predictions derived from the equivariant
localization of the action, finding perfect agreement.
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Chapter 1

Introduction

1.1 The AdS/CFT correspondence
The holographic principle Since Hawking’s 1974 confirmation of Bekenstein’s con-
jecture—that a black hole’s entropy is proportional to the area of its horizon rather than
the volume it encloses—the idea of the holographic principle has taken shape. First pro-
posed by ’t Hooft and later refined by Susskind, this principle found its first concrete
realization in 1997 with Maldacena’s groundbreaking work [4]. The modern holographic
principle, now famously known as the AdS/CFT correspondence, establishes a deep rela-
tionship between a theory of (super)gravity in an AdSp+2 (Anti-de Sitter) spacetime and a
strongly coupled quantum model defined on its boundary, ∂AdSp+2 ≃ Rp+1. Specifically,
the boundary theory is a (p + 1)-dimensional Conformal Field Theory (CFT), typically
enhanced by supersymmetry. Due to the weak-strong nature of the duality, the corre-
spondence cannot be rigorously proven from first principles and remains, for this reason,
a conjecture. Its most well-known formulation concerns type IIB superstring theory in
the AdS5 × S5 background, with N units of Ramond-Ramond F5 flux threading S5. The
proposed dual theory is N = 4, d = 4 supersymmetric Yang-Mills (SYM) with gauge
group SU(N), R-symmetry group SU(4)R, and a squared coupling proportional to the
string coupling, g2SYM ∝ gs. A key insight leading to the formulation of the correspon-
dence is the realization that Dp-branes—extended objects in superstring theory where
open strings can end—are the same as (extremal) p-branes in supergravity, its low-energy
limit. On the other hand, string oscillations generate fields, suggesting the existence of
a field theory on the branes. This connection can be explicitly seen by computing gluon
scattering amplitudes on N Dp-branes in string theory and identifying the effective low-
energy field theory that reproduces them. For a stack of D3-branes, whose near-horizon
geometry is AdS5 × S5, the resulting field theory is precisely four-dimensional SYM.

The AdS/CFT conjecture Beyond the foundational example of D3-branes, the cata-
logue of dualities has expanded by following similar reasoning, incorporating other Ricci-
flat cones as well. For instance, one can probe D3-branes at the singularity of a Calabi-Yau
cone, replacing the S5 with a more general five-dimensional Sasaki-Einstein (SE) space.
In this case, since a general SE5 has fewer symmetries than S5, the resulting dual field
theory exhibits only N = 1 supersymmetry [5]. For a general p-brane, viewed as a solu-
tion of a D-dimensional supergravity theory (which can be either type IIA, type IIB, or
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M-theory), the line element in the Einstein frame (for D = 10) is given by

ds2E = H
−D−p−3

D−2
p

(
−dt2 + . . . dx2p

)
+H

p+1
D−2
p

(
dr2 + r2ds2SD−p−2

)
, Hp(r) = c+

Å
L

r

ãD−p−3

,

where SD−p−2 is a (D − p − 2)-dimensional sphere, and the brane is located at r = 0,
which corresponds to the tip of the cone over the sphere. In the near-horizon limit, the
geometry generically takes the form AdSp+2 × SD−p−2. For example, when p = 3 and
D = 10, this describes the well-known case of D3-branes. Beyond just matching (su-
per)symmetries—where ISO(AdSp+2) = SO(2, p+ 1) coincides with the conformal group
in (p, 1) dimensions, and the isometry group of S5 is SO(6) ≃ SU(4)R—the AdS/CFT
correspondence encapsulates deep dynamical insights.Indeed, a more precise formulation
of the AdS/CFT conjecture is as follows. Given an effective string-theoretic action in
AdSp+2 (meaning that the vacuum solution is AdSp+2),

S eff, string
AdSp+2

[gµ̂ν̂ , Φ̂] ,

which depends on a set of bulk fields (gµ̂ν̂ , Φ̂) and bulk coordinates xµ̂ = (z, xµ), where
µ = 1, . . . , p+ 1, we can define the so-called "quantum gravity" path integral:

Z string
AdSp+2

[Φ̂(Φ)] ≡
∫
Φ(xµ)=Φ̂(0,xµ)

DΦ̂ e
−S eff, string

AdSp+2
[gµ̂ν̂ ,Φ̂]

.

This quantity depends on the values of the fields at the boundary of AdSp+2 (z → 0),
denoted as Φ(xµ). On the field theory side, we can consider the generating functional for
correlation functions,

ZCFT
Rp+1 [Φ̂] ≡

∫
DΘe−SCFTp+1

+
∫
dp+1xΘ(xµ)Φ(xµ) .

According to the AdS/CFT conjecture, these two partition functions are equal, implying
that the presence of bulk fields Φ̂(xµ̂) modifies the boundary theory in a way such that
their boundary values Φ(xµ) act as sources for the dual operators Θ(xµ) in the CFT.
This equivalence is conjectured to hold for any number of coincident branes N , though
in practice, computing the string-theoretic path integral is highly non-trivial due to high-
energy (“stringy”) corrections. To make progress, one typically considers the large-N
approximation, where supergravity becomes a reliable effective description. In this limit,
the string partition function simplifies to a sum over on-shell supergravity actions with
fixed boundary conditions,

Z string
AdSp+2

−→
∑

e
−S on-shell, supergravity

AdSp+2 .

Microstates counting It is striking that AdS/CFT, according to the previous discus-
sion, gives access to the microscopic counting of microstates of a certain black hole. In
particular, for a black hole with electric charges qa and angular momenta Ji, the partition
function (in the grand canonical ensemble) of the dual field theory may be written as

ZGC
CFT(∆a, ωi; pa) =

∑
qa,Ji

c(qa, Ji)e
i(∆aqa+ωiJi) , (1.1.1)
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where (∆a, ωi) are chemical potentials associated to (qa, Ji), respectively, and c(qa, Ji) is
the number of microstates which preserve the same supersymmetry of the dual black hole
in the CFT twisted by the fluxes pa (magnetic charges). Then, by definition, the entropy
of the black hole should be counted as a measure of the disorder, namely

eSBH(qa,Ji) ≡ c(qa, Ji) =

∫
d∆a

2π

dωi
2π

ZGC
CFTe

−i(∆aqa+ωiJi) . (1.1.2)

In the large charges limit, we can use again saddle point approximation to get

SBH(qa, Ji) ≃ S(∆a, ωi; qa, Ji)
∣∣∣
∆̄a,ω̄i

≡
[
logZGC

CFT(∆a, ωi; pa)− i(∆aqa + ωiJi)
]∣∣∣

∆̄a,ω̄i
,

where we have introduced the entropy function S(∆a, ωi; qa, Ji), and (∆̄a, ω̄i) are its ex-
tremizing values. Finally, by the AdS/CFT correspondence, logZCFT ≃ −Son-shell

supergravity, so
that the black hole entropy can be obtained by extremizing the (Legendre transform of
the) (renormalized) on-shell action on the gravity side. This is where both opportuni-
ties and challenges arise. On the one hand, computing the on-shell action is not always
possible—for example, when the full black hole solution is unknown. On the other hand,
evaluating the partition function of the dual CFT is generally a difficult task. Here it
comes the sun, and the keywords are rigid supersymmetry and supersymmetric localiza-
tion. Localization, introduced by Pestun [6], allows the reduction of a complicated path
integral to a simpler, often finite-dimensional integral using supersymmetry. Specifically,
one can deform the path integral by adding a supersymmetry-exact term; this defor-
mation ensures that the integral collapses to a saddle-point approximation around the
supersymmetric locus. Meanwhile, rigid supersymmetry provides a framework in which
a (flat-space) field theory can be placed on a curved background while preserving a cer-
tain amount of supersymmetry. This is achieved by solving a generalized Killing spinor
equation, as discussed firstly in [7].

More AdS/CFT dualities Before the advent of [7], it was only known how to preserve
supersymmetry by using the topological twist trick for Riemann surfaces Σg of genus g (or
the no-twist for two-spheres, taking the standard Killing spinors solving 2Dµϵ = γµϵ) [8],
leading to the topological-twisted index [9] (or the superconformal index [10]). Schemat-
ically, supersymmetry on Rp−1 × Σg is preserved by adding a R-symmetry background
gauge field aRµ equal to the local spin connection wµ. This changes the equations for the
parallel spinor, so that the variation of the gravitino reduces to (Dµ − iaRµ )ϵ = 0 = ∂µϵ,
namely the spinor is constant and the theory is said to be topologically twisted. As a
consequence, the R-symmetry gauge line bundle is identified with the tangent bundle to
Σg, and aRµ is identified as a connection on the tangent bundle, so that by definition

1

2π

∫
Σg

daR =
1

4π

∫
Σg

d2x
√
gR ≡ χΣg = 2(1− g) . (1.1.3)

Due to this trick, new examples of AdS/CFT dualities have been proposed, starting with
the the seminal paper of Maldacena-Nuñez [11], followed by many others (see e.g. [12, 13,
14, 15, 16]). The idea, summarized in figure 1.1, is to start with a (flat) (p+1)-dimensional
SCFT with a known dual in terms of branes, which can be then put on Rp−1×Σg preserving
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supersymmetry with the topological twist trick. We can then compactify on the compact
factor Σg, performing an RG flow across dimensions, reaching another (different!) flat
SCFT on Rp−1. The dual description of this flow is a black brane in AdSp+2, which
interpolates between a conformal boundary Rp−1 × Σg, and a near horizon geometry
AdSp×Σg. The interpretation is in terms of a stack of p-branes, with two directions among
the p wrapped on the Riemann surface with a topological twist to preserve supersymmetry,
and the low-energy theory—which is a (p + 1 − 2 = p − 1)-dimensional field theory
living on the brane world-volume, the non-compactified dimensions—is then a natural
candidate to be dual to AdSp ×Σg. The first successful matching has been accomplished
considering statical, magnetically charged AdS4 black holes [17], the topologically-twisted
index [9] and its large N limit [18]. In the latter reference, it has also been shown that the
extremization of the large N limit of the index with respect to the fugacities is necessary
to match the entropy of the dual four-dimensional black holes, according to our previous
discussion. The extremization procedure has been dubbed as I-extremization [18, 19],
interpreted as necessary to select the exact R-symmetry among all the possible trial R-
symmetries in the dual d = 1 quantum mechanics. Similar extremization process have
been proven to be useful in other dimensions, as the d = 2, c-extremization [20, 15], the
d = 3, F -maximization [21, 22] and the d = 4, a-maximization [23]. For the very essence
of the AdS/CFT conjecture, everything that happens on a side should have a counterpart
on the other one, and this phenomena are not an exception. Since the field theory has an
R-symmetry, it is better that the dual geometry realizes the same symmetry. Indeed, dual
to these various extremization principles, there is a similar extremization of the Sasakian
volume with respect to the trial Killing vectors (Reeb vectors) and of the volume of the
Gauntlett-Kim (GK) geometry [24, 25, 26], the master volume [27, 28, 29, 30, 31, 32, 33,
34, 35, 36]. The power of these tools lies in the fact that the explicit knowledge of the
metrics is no needed, and they are purely geometrical tools. Following this stream of ideas,
and the factorization in blocks of the sphere partition functions [37], it has been proposed
that all the gravitational relevant objects (as entropies or gravitational central charges)
can be written in terms of some gravitational blocks [38]; an “experimental” result (for
that time!) was that all the relevant functions come as sum over fixed points. Moreover
the relevant objects (or, extremal functions), should be topological in nature, as for the
volumes of SE and GK. These (supposedly true) features are particularly useful when the
dual field theory computation is not available, as happens usually for the spindle (or more
complicated orbifolds), which we shall now review.

1.2 Spindles and other orbifolds
The solution presented in [39] changed drastically the perspective on the AdS/CFT corre-
spondence, enriching the landscape of known dualities. In [39], a supersymmetric solution
in minimalD = 5 gauged supergravity of the form AdS3×Σ[m−,m+] was constructed, where
Σ[m−,m+] is informally known as a spindle.

Spindle geometry The spindle, which more properly is the weighted complex projec-
tive line WCP1

[m−,m+] ≡ Σ[m−,m+] for some co-prime positive integers m±, is an orbifold
and can be described in various ways. From a point of view, the spindle can be obtained
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Flat p-branes
on D−p−1

Ricci-flat cones
(flat) SCFTp+1 on Rp+1

(Al)AdSp+2,
M b

p+1=Rp−1×Σg

(curved) SCFT′
p+1

on M b
p+1=Rp−1×Σg

Black brane solution
in (Al)AdSp+2

AdSp× Σg (flat) SCFT′′
p−1=SCFT′

p+1/Σg on Rp−1

AdSp+2/CFTp+1

AdSp/CFTp−1

Compactification

IR

UV

Rigid susy

Boundary

Horizon

Figure 1.1: A schematic summary for holography involving p-branes wrapped on a Rie-
mann surface (or a sphere).

as the weighted quotient of U(1) on the three-sphere embedded in C21

Σ[m−,m+] =
S3 ⊂ C2

U(1)m±

, (z1, z2) ∼ (λm+z1, λ
m−z2) , λ ∈ U(1) , gcd(m−,m+) = 1 .

This description relies on the fact that the quotient M/G, with G a Lie group acting on
M , is naturally an orbifold and then M is a principal G-orbibundle over M/G. In this
case the action is not free at zi = 0, resulting in two orbifold points at the poles of the
sphere. For M = S3 and2 G = U(1)m± , this results in U(1)m± ↪→ S3 → Σ[m−,m+]. From
this point of view, this is completely analogous to the very well-known Hopf fibration
which realizes the three-sphere as a (smooth) bundle over S2 as U(1) ↪→ S3 → S2 ≃
CP1, a fact that will be useful during this thesis. Similarly, as we can also construct
U(1) ↪→ (S3/Zt ≃ L(t, 1)) →t CP1 (where →t is a short-hand for the Chern number of
the fibration being t), it is possible to construct an orbibundle over the spindle with the
lens space L(t, 1) as total space. A perhaps more accurate interpretation is obtained by
using the usual description in term of patches, covering spaces and gluing. Indeed, the
spindle is a “bad orbifold” [40], in the sense that it is not possible to move to a covering
space which is a manifold3. The very fact that the spindle is an orbifold, implies that
near the orbifold points it can be modelled (locally) on open subsets of R2/Γ, with Γ a
discrete group (Γ = Zm± for the spindle). It follows that there exist always an adapted
coordinate system (θ, ϕ), with θ ∈ [θ−, θ+] and ϕ ∈ [0, 2π), for which the metric on the

1The requirement that m± have to be mutually prime is not strictly necessary. If instead
gcd(m−,m+) = m0, there is a sub-action for which the resulting space is Σ[m−/m0,m+/m0]/Zm0 .

2The notation G = U(1)m± should be intended as the group being G = U(1), but with the weighted
action on S3.

3More precisely, a “good orbifold” can be realized as a global quotient of a discrete group, whilst the
spindle is obtained as a quotient with G = U(1)m± . The spindle is the only (and hence, the more general!),
bad orbifold in two real dimensions. The adjective “bad” comes from mathematical literature and should
not be interpreted as having a negative connotation, except that it makes things more challenging (but
also interesting!).
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spindle takes the form

ds2Σ[m−,m+]
= dθ2 +

sin2θ

f(θ)2
dϕ2 , f(θ) ≃

θ→θ±
m± +O(θ2) ,

χΣ ≡ 1

4π

∫
Σm±

d2x
√
gR =

1

f(θ−)
+

1

f(θ+)
=
m− +m+

m−m+

,

such that near the poles θ± there is a conical deficit 2π(1−m−1
± ). The above discussion,

together with the fact that the spindle has conical singularities, implies that Σ does not
admit any metric with constant scalar curvature. This is also evident from its character-
istic, also called “orbifold Euler characteristic” or “orbifold Gauss-Bonnet theorem” [41].
More generally one could consider Σn, a two sphere with 2n orbifold points of order mi,
and in that case the orbifold characteristic can be obtained from the characteristic of the
underlying smooth S2 as χΣn = χS2 +

∑2n
i (1 −mi)/mi. For n = 1, we have indeed χΣ.

The spindle is special in the sense that it posses a U(1)ϕ azimuthal symmetry, since we
have factored out only one U(1) among U(1)2 ⊂ SO(4) = ISO(S3), which is the symmetry
of the original S3. This U(1) symmetry will be fundamental in many ways; one among
all, it makes the spindle a toric orbifold.

Supersymmetry on the spindle Apart from being a mathematical object interesting
by itself, it has introduced some novelties in the game. First of all, [39] shows that it
makes sense to wrap the brane world-volumes also on a (compact) orbifold, which has in
turn a non-constant curvature4. The consequence is that it is not possible anymore to
choose a background R-symmetry gauge field identified with the local connection on the
tangent (orbi) bundle; it follows that the spinors are not simply constant on the spindle.
Indeed, supersymmetry on the Σ is realized in a novel way, which naturally generalizes
both the topological twist and the no-twist condition. Compactly, we can write

nR ≡ 1

2π

∫
Σm±

dAR =
m− + σm+

m−m+

, σ = ±1 .

Later, it has been demonstrated that these are the only possible ways to preserve su-
persymmetry on the spindle [42]. The case σ = −1, dubbed anti-twist, reproduces for-
mally the no-twist condition in the limit for which the spindle becomes a smooth S2, i.e.
m± → 1. Similarly, σ = +1 is naturally referred to as topologically topological twist, since
the R-symmetry gauge field is again identified as a connection on the tangent bundle,
but the corresponding local curvatures are different. By uplifting the solution on a five-
dimensional (regular) SE7 manifold to type IIB supergravity, [39] shows that it is possible
to constrain the parameters to obtain a smooth ten-dimensional solution. Then, since the
central charge computed from the gravity solution and the anomaly polynomial computa-
tion [43, 44] of the dual d = 2, N = (0, 2) SCFTs (understood as in figure 1.1) have been
shown to match perfectly, one can conclude that it is possible to wrap branes also on orb-
ifolds. Interestingly, in performing the c-extremization procedure, one should let the trial
R-symmetry to be a mixing of the two-dimensional one and the angular momentum on

4It is interesting to notice that the local solutions containing spindles can give, in some degenerate
limits, to solution globally describing branes wrapped on disks or Riemann surfaces with non-constant
scalar curvature.
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the spindle, with an “equivariant” parameter ϵ, for the above-mentioned U(1)ϕ azimuthal
symmetry. Thus, every time there is a spindle in the game, one should introduce also a
rotational fugacity ϵ, and the extremal function will be extremized also over it. It is also
worth pointing out that, as in other many cases, the local gravity solution was known
before the advent of the spindle [45], but the dual d = 2 field theory remained obscure.
The interpretation in terms of D3-branes, allows to identify the dual theory as obtained
from the parent d = 4, N = 1 theory (dual to AdS5 × SE5) compactified on the spindle,
along with a background field AR to preserve supersymmetry (the anti-twist, in this case).

The “spindly” black hole From a physical perspective and the above considerations,
it is reasonable that it should exist a more general solution, which looks like AdS3 × Σ
near the horizon (in the IR), and asymptotically locally AdS5 in the UV. Unfortunately,
such a black string solution has not been found (yet). However, there is (at least) a case in
which the full solution is known. Indeed, in the second paper concerning spindles [46], it is
showed that a solution AdS2×Σ arises from the horizon of an accelerating four dimensional
Plebański-Demianski black hole in minimal d = 4, N = 2 gauged supergravity. In this
case it is the acceleration itself responsible for the conical singularities of the horizon,
in that it turns out that it is proportional to m− − m+. Again, the uplift to M-theory
can be made smooth and allows to conjecture that the solution arises from a stack of
N M2-branes wrapped on the spindle. The general lesson is: lower-dimensional singular
solutions can have regular uplifts. Since in odd dimensions (of field theory) there are no
anomalies, one has to perform the full localization (and large N limit) computation to
verify carefully this statement. This program took four years to complete, starting from
the computation of the on-shell action, which is more subtle than one can expect [47], to
the field theory side [48, 49, 50].

Branes wrapped on spindles From this moment on, a plethora of solutions containing
spindles have been constructed in various spacetime dimensions and in various supergrav-
ity theories, starting with [51, 52], where M5- and D4-branes wrapped on the spindle
have been considered, completing the “minimal” scenario of wrapped branes. A (hope-
fully) complete list is [39, 46, 53, 54, 51, 55, 56, 57, 52, 58, 42, 59, 60, 61, 62, 63, 64, 65, 1,
66, 67, 68, 69, 2, 70, 71, 72]. The on-shell action for the accelerating Plebański-Demianski
solution of [46] has been computed in [47], by considering the supersymmetric black hole
first, and taking the extremal limit after (as put forward in [73]). This procedure effec-
tively defines the on-shell action for the extremal black hole, which otherwise is divergent
as a consequence of the temperature being zero at the extremality. In all the other cases,
when the full black string solution is not known, the on-shell action can only be conjec-
tured. Indeed this has been done for example for the multi-charge spindle solution [56],
which generalizes [46]. Then, it is striking that there exist again a gravitational block
formula which allows to reproduce the relevant gravitational quantity from an extrem-
ization procedure. For all the branes wrapped on spindles, it has been conjectured in
[52] a spindly gravitational block decomposition for a U(1)r gauged supergravity theory
in D = d + 1 dimensions, where r is for the rank of the (Cartan subgroup of the) gauge
group. Namely, it has been proposed that the exact superconformal R-symmetry of the
(d− 2) SCFT obtained compactifying the d dimensional one on the spindle is determined
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by extremizing an5 off-shell free energy with a constraint:

F κ(φi, ϵ; ni,m±, σ) ≡
1

ϵ

[
Fd(φi + niϵ) + κFd(φi − niϵ)

]
,

r∑
i=1

ni =
m+ + σm−

m−m+

,

r∑
i=1

φi −
m+ − σm−

2m−m+

ϵ = 2 , κ = ±1 .

In this formula, as usual, the R-symmetry flux nR =
∑r

i ni sums up to the twist or the
anti-twist through the spindle, ϵ is the equivariant parameter (or rotational fugacity)
associated to the U(1)ϕ of the spindle, and φi are the fugacities associated to the other
(continuous) global symmetries of the theory. The power of this formula is that it is
valid for all the solutions involving p-branes wrapped on the spindle (with near horizon
geometries AdSp × Σ) with minor modifications. In particular, what changes across the
dimensions is the form of the gravitational block Fd(∆i) and the choice of the sign κ—see
table 1.1. The blocks are proportional to the objects which are expected to count the
degrees of freedom of the d dimensional theory. For d = 3, F3 is proportional to the (large
N limit of the) S3 off-shell free-energy (F off-shell

S3 , as computed in [74]) of the d = 3, N = 6
ABJM theory [75] with gauge group U(1)k × U(1)−k and SO(6)R ∼ SU(4) R-symmetry,
enhanced to N = 8 and SO(8)R for k = 1, 2. In d = 4, it is proportional to the trial central
charge atrial

4d of the d = 4, N = 4 SYM theory with gauge group U(N) and R-symmetry
group SO(6)R. Similarly, they are proportional to F off-shell

S5 computed in [76] of the d = 5,
N = 1 Seiberg theory [77] with gauge group USp(2N) with SU(2)R of R-symmetry.
Finally, F6 is proportional to atrial

6d of the d = 6, N = (0, 2) theory [78]. The extremal
functions F κ are expected to be reproduced by the large N limit of the (logarithm of the)
corresponding localized partition functions (depending on the fugacities). These off-shell
free energies contains all the previous conjectures for D3- and M2-branes wrapped on the
spindle [53, 47, 56], and generalize all the existing conjectures for entropy functions (or
off-shell central charges) regarding branes wrapped on two-spheres (or Riemann surfaces)
[38, 79, 80, 53]. Later, some of these block decompositions have been demonstrated. From
the gravity point of view, using the GK geometry master volume (for M2- and D3-branes)
[81, 82], or the equivariant volume [83], or the (equivariant) localization of the action (for
M5-branes) [84]. From the field theory side, the only available complete computation has
been done for M2-branes wrapped on the spindle of the accelerating black hole [48, 49, 50].

d = 3 d = 4 d = 5 d = 6

Fd c3(∆1∆2∆3∆4)
1/2 c4(∆1∆2∆3) c5(∆1∆2)

3/2 c6(∆1∆2)
2

cd
−21/2π

√
k

3
N3/2 = −FS3

−3
2
N2 = −6a4d

−25/2π
15

N5/2√
8−Nf

= 4
27
FS5 −9

256
N3 = − 63

256
a6d

κ −σ -1 −σ -1

Table 1.1: In this table are summarized the gravitational blocks Fd(∆i) for various space-
time dimensions d. Adapted from [52].

5Conceptually, an off-shell free energy (or extremal function) is the same as an entropy function, but
we will deserve this name for black holes, with d = 3.
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Branes wrapped on orbifolds Once it has been established that valuable insights
on holography can be gained by wrapping various branes on spindles, it seems natural
to investigate if it is also possible to consider higher dimensional orbifolds in the game
[54, 52, 58, 61, 64, 65, 1, 2, 72]. A first attempt in this direction involves a simple four-
dimensional orbifold M4 = Σg ×Σ in D = 5 gauged supergravity, arising from M5-branes
wrapped on a Riemann surface first, and then further wrapped on the spindle [54]. A
similar solution in D = 6, of the form AdS2 × Σg × Σ, has later been found in [52]
(and generalized in [58]), and both have been generalized in [64]. As before, an extremal
function has been proposed in [1], which should reproduce the entropy of the hypothetical
black hole with M4 = Σg×Σ in the horizon. Employing the same building blocks of table
1.1, it has been considered

S(φi, ϵi; ni, si) =
−1

4ϵ1ϵ2

ï
F5(φi + niϵ1 + siϵ2) + F5(φi − niϵ1 + siϵ2)

−F5(φi + niϵ1 − siϵ2)−F5(φi − niϵ1 − siϵ2)

ò
,

n1 + n2 =
m+ −m−

m−m+

, s1 + s2 = 2(1− g) , φ1 + φ2 −
m− +m+

m−m+

ϵ1 = 2 .

Extremizing this with respect to (φi, ϵi) reproduces indeed the entropy of the system. In a
sense, the extremal function is now “doubled”: there are two couple of fluxes, through the
spindle (ni) and through the Riemann surface (si), the number of blocks has expanded
two times, and crucially there are two rotational fugacities ϵi associated to the U(1)2

rotational symmetry6 of Σg ×Σ. A much more complicated solution in D = 7 comprising
four-dimensional orbifolds has been constructed in [61], by constructing a new consistent
truncation of maximal D = 7 gauged to minimal D = 5 gauged supergravity, reducing
on the spindle. Then, it has been possible to uplift the known AdS3 ×Σg and AdS3 ×Σ1

solutions [85, 39] of minimal D = 5 supergravity to D = 7. Summarizing, the seven-
dimensional solutions contain M(1)

4 = Σg ⋉ Σ2 (where ⋉ means a non-trivial fibration of
the second factor over the first one) and even the more complicated M(2)

4 = Σ1 ⋉ Σ2.
Following this, a similar solution in D = 6, of the form AdS2 × M(1,2)

4 has later been
constructed again from a truncation point of view [65]. Building on [61, 65], we studied
in detail the toric properties of the M(1,2)

4 orbifolds and we conjectured again an off-
shell free energy, now called orbifold entropy function, for D4- (and D8-) and M5-branes
wrapped over generic (toric) M4. Since a toric orbifold can be described in terms of a
labelled polytope [86], the extremal function turns out to be written only in terms of
the geometrical data characterizing the topology of the solution. It will be matter of the
chapter 2 to review all the relevant toric geometry needed to understand and formulate
the extremal problem from the conjectural off-shell free energy, which will be applied
then in chapters 3 and 4. The way in which the conjecture is formulated is very general
and it should be (in principle) applicable also to more generic toric orbifolds then the
solutions of [61, 65, 1], with a different number of fixed points, or also to toric manifolds,
for which explicit solutions are not known (but in D = 7 there is the anomaly polynomial

6Clearly, the Riemann surface does not possesses an U(1) symmetry, but we can think to extend the
rotational symmetry of S2 formally to Σg. In the same sense, with a slightly abuse of notation, we will
say (several times) also that Σg × Σ is toric.
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computation of [44], to which our formula boils down). We tested it over all known
solutions [61, 65, 52, 1]. As a further precision check of the validity of our conjecture in
[1], we applied it also to a more complicated four-dimensional orbifold M4 which arises
as a solution of both D = 6 and D = 7 gauged supergravities in the form AdS2,3 ×M4.
We dubbed these solutions as quadrilaterals [87], since the polytope describing M4 is a
quadrilateral (as also for the simpler solutions [61, 65, 52, 1]). We will review in detail this
type of solution and its toric properties in chapter 4. Later, the validity of our proposal
has been (partially) demonstrated using the idea of equivariant integration of the anomaly
polynomial in (for M5-branes on a generic toric M4) [83], the equivariant volume with
higher times (for D4- and M5-branes on Σ1⋉Σ2) [88], or from the equivariant localization
of the action (for M5-branes on a generic toric M4) [89]. In general equivariant localization
of the volume [83, 88] and of the action [90, 83, 84, 89, 91, 88, 92, 93, 94, 95] seems a
promising way to better understand extremization problems.

“Euclidean” spindles The solutions described up to this point contain, in almost all
cases, a spindle appearing as a factor AdSD−2 × Σ in some D-dimensional gauged su-
pergravity. More generally, it is also possible to find solutions with one or more spindle
appearing together, as AdS2,3 × Σ1 ⋉ Σ2. In these cases, the standard interpretation is
that there exist a black brane wrapping the spindle (or M4), which near-horizon geom-
etry takes the above forms. This expectation has been confirmed in various cases, with
anomaly polynomial computations or using rigid supersymmetry and localization. How-
ever, it is interesting to notice that it is possible to find spindles also in other forms. As
there exist both AdS2 × S2 and its counterpart AdS2 × Σ as solutions of minimal d = 4,
N = 2 gauged supergravity, one can wonder if it exists a generalization of the known
(supersymmetric) Euclidean solution C ↪→ O(−t) → S2 [96] involving the spindle. In this
situation, the two-sphere appears as a zero section of the (complex) line bundle O(−t),
and as a consequence it takes the name bolt [97]. Usually, the line element of Bolt so-
lutions is the same as for the Taub-NUT ones [98, 99, 100], and the different topology
(R4 or quotient thereof for Taub-NUT spaces) comes from the value of the parameters
in the metric functions. The initial interest in Taub-NUT solutions relies on the fact
that they were the first example of a gravitational instanton [101] in pure gravity, the
analogue of a Yang-Mills instanton, with an (anti) self-dual field strength (⋆Fµν = ±Fµν).
They are defined as spaces with (anti) self-dual Riemann tensor Rµνρσ = ±1/2ερσαβR

αβ
µν ,

and consequently they are Ricci flat, Rµν = 0, giving a leading contribution to the path
integral. The Taub-NUT solution, and also its multi-NUT generalization [101], is asymp-
totically locally flat (ALF), contrarily to the self-dual (bolt) Eguchi-Hanson (EH) solution
with topology of a disk fibration over S2 [102, 103], which is asymptotically flat (AF).
There is also a generalization of the EH to more than one center, which is still self-
dual but only ALF [104]. More generally, one can define nuts and bolts as sub-manifold
fixed by some Killing vectors, with dimension zero (Σ0) or two (Σ2) [97]. Employing
this definition, a new search for gravitational instantons with a cosmological constant has
started [105, 106, 107], perhaps with also a graviphoton [108] and with supersymmetry
[109, 110, 111, 96]. It is notable that in [3] we constructed a supersymmetric solution with
topology of a spindle bolt (M4 = C/Zv ↪→ O(−t) → Σ[m−,m+]) in Einstein-Maxwell-Λ su-
pergravity. For this solution, the boundary M3 = L(t, 1) is generically a squashed (and
possibly branched [49]) lens space. Differently from the spindly accelerating black hole,

10



for which M3 = S1 × Σ and which realizes only the anti-twist for the spindle, we find
that both the types of supersymmetry realizations are admitted, according to the values
of the parameters. As in the context of supersymmetric black holes [73, 112, 47], and as
is natural from the holographic point of view, we shall allow the solution to take complex
values, finding that only in the case of the twist is the metric always real. Moreover, there
exists a number of limits for which our spindle bolt comes back to the old known NUTs
and Bolts solutions. It is matter of chapter 5 the study of this solution, with a particular
focus on the on-shell action, which neatly characterizes the twist or the anti-twist. It
should be also clear that generically our regular Euclidean solutions do not give rise to
regular Lorentzian spacetimes [3]; it follows that in general the spindle bolt is not the
Euclidean counterpart of a four-dimensional black hole.
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1.3 Structure of the thesis
The rest of the thesis contains approximately one chapter (3, 4 and 5) for each paper
[1, 2, 3]. Moreover, there is an introductory chapter (2) which collects useful facts about
toric geometry, and a summary of each chapter at its end. The following is a preview of
the content of the thesis, whilst a more comprehensive introduction to each chapter can
be found at its beginning:

• Chapter 2. This chapter presents the notion of toric orbifolds in section 2.1, with
a particular focus on four-dimensional orbifolds (section 2.1.5), which are relevant
for this thesis. The main result of this chapter is the construction of the entropy
functions for four-dimensional toric orbifolds in section 2.2, which heavily uses the
description in terms of polytopes and Chern classes (sections 2.1.1 and 2.1.4, re-
spectively);

• Chapter 3. After having presented the relevant supergravity theories in D = 6, 7
(section 3.1) and their uplift to massive type IIA and M-theory respectively (section
3.2), we start analysing the solution of [1]. The local solution, its supersymmetry
and the global analysis (sections 3.3 and 3.4) are complemented with a detailed
study of the toric properties of the solution in section 3.5.1. With this, the entropy
function conjecture of section 2.2 is applied to the system, in section 3.6;

• Chapter 4 follows, to a large extent, the structure of the previous chapter, presenting
the results of [2]. The main difference lies in a greater difficulty in the global study of
the solution (section 4.2), which relies heavily on the toric geometry tools presented
in chapter 2, in particular on the adjunction formula introduced in section 2.1.4. As
a consequence, also the solution of the quantization conditions is more complicated,
and is tackled in section 4.3. Finally, the successful application of the off-shell
free energy extremization is reported in section 4.5, with a perfect match with the
entropy and central charge computed in section 4.4;

• Chapter 5. Here we start considering the Maxwell-Einstein-Λ theory and its uplift
to M-theory in section 5.1, on which [3] is based. This chapter is mainly divided into
two: 5.3 and 5.4. The main result of the first part is the computation of the more
general on-shell action for the Plebański-Demianski solution, in section 5.3.3. In
the second one, which deals with the Carter-Plebański solution, there is a detailed
study of the local and global properties of the solution, both in the bulk and in
the boundary. The main findings are contained in section 5.4.4 and 5.4.6, where
it is showed that there are two families, clearly distinguished by the value of the
parameters, for which the on-shell action behaves differently. Finally, a comparison
with the results of equivariant localization (section 5.2) is presented in section 5.4.6;

• Chapter 6 discusses our findings and open problems, whilst appendix A contains
some conventions and equation of motions for the D = 6, 7 theories and appendix
B describes in more details the limits which bring the spindle bolt to the older nuts
and bolts solutions.
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Chapter 2

Toric geometry and entropy functions

In this chapter, we briefly review (some) key aspects of toric geometry related to orbifolds
(or manifolds), which will be utilized throughout this thesis. Our primary focus is on four-
dimensional toric orbifolds M4, as all the solutions we examine exhibit a U(1)2 symmetry
and are in complex dimension m = 2. We find that the metrics of the solutions in
chapters 3 and 4 are compatible with an integrable complex structure, making them
complex (or Hermitian). However, they lack a closed symplectic two-form, ω(2), and are
therefore not Kähler. Moreover, they are not even conformally Kähler, meaning that it
does not exist a one form η(1) such that dω(2) = η(1) ∧ ω(2). Similarly, the metric on the
toric orbifold that we will present in chapter 5 is complex but not Kähler, but diversely
they will be conformally closed. Furthermore, we will show in detail that there exist
two integrable commuting complex structures and symplectic forms ω±. This means that
(g, ω±) define two ambiHermitian structures, whilst the rescaled metric and symplectic
form (g′±, ω

′
±) define two ambiKähler structures. Possessing also the same U(1)2 symmetry

of the non-rescaled metric, they are ambitoric. Another important difference is that the
toric orbifolds M4 of chapters 3 and 4 are compact and arise as the internal space of
solutions of the form AdS2,3 ×M4 in some gauged supergravities in dimension D = 6, 7.
The simplest example in this class is Σ ↪→ S2, where the fibre is the spindle, which is
compact. Differently, the orbifolds of the chapter 5 describe the complex line bundle over
the spindle, namely M4 = C ↪→ O(−t) → Σ, and as such they are non-compact. It is
interesting to notice that in turn (g′±, ω

′
±) describe a (non-toric) compact orbifold, with

an “artificial” boundary introduced by the “conformal compactification”1.
Even if our metrics will not be Kähler, as highlighted in [83, 88], since our interest

lies in topological quantities independent of the metric, we can confidently apply various
results from standard symplectic toric geometry. The ultimate objective of this chapter
is to formulate an extremal problem that enables us to compute relevant gravitational
objects (such as entropies or gravitational central charges) using only the topological
data of the solutions, referred to as “toric data”. These data include a standard Delzant
polytope [113], accompanied by specific labels assigned to each facet of the polytope.
This generalization, as studied by Lerman and Tolman [86], will be essential for properly
understanding the toric properties of our solutions.

1As a simple example, consider S2 ≃ C∪ {∞} = C∗ ∪ {0} ∪ {∞}, which is clearly toric. However, its
conformal compactification, the compact disk has a boundary and it is not toric.
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2.1 Toric orbifolds
Let us start with a 2m-dimensional symplectic orbifold (Ms

2m, ω(2)), which is an orbifold
equipped with a non-degenerate (ωm(2) ∝ volMs

2m ̸= 0) and closed (dω(2) = 0) two-form
ω(2). If there is an effective Hamiltonian action of the torus Tm = U(1)m on (Ms

2m, ω(2)),
the symplectic orbifold is said to be toric: (Ms,t

2m, ω(2)). In particular, for a generic Lie
group G we consider its action on Ms

2m, which is a map η : G×Ms
2m → Ms

2m. The action
is effective if all the elements g ∈ G (except the identity) move at least a point in Ms

2m. To
each element ξI in the algebra g of G, I = 1, . . . , dim(g), we associate a vector V (ξI) = VI
such that dη : g×Ms

2m → TpMs
2m acts as dη(ξI , p) ≡ V (ξI)|p. In this way the vector field

corresponds to the orbit of the action η. The action is said to be a symplectomorphism if
it preserves the symplectic form for each element of the group G, or

LV (ξI)ω(2) = 0 =⇒ d(iV (ξI)ω(2)) = 0 , I = 1, . . . , dim(g) , (2.1.1)

from which it follows that, at least locally, it exists a function νI such that iV (ξI)ω(2) =
−d(νV (ξI) + cI), with cI a constant. The action is said to be Hamiltonian if the previous
statement can be extended globally on all the orbifold, i.e. for each point we can find a
function µI = µV (ξI) : Ms

2m → g∗ such that

iV (ξI)ω(2) = −d(µV (ξI) + cI) . (2.1.2)

The function µ⃗ defined in this way is called a moment map (or momentum map). A
symplectic toric orbifold is thus a pair (Ms

2m, ω(2)) with an effective Hamiltonian action
of the torus G = Tm represented by the moment map (2.1.2). From now on, we will use
(M2m, ω(2)) to indicate such an orbifold.

A convenient set of coordinates on (M2m, ω(2)) are the symplectic (or Darboux, or
action-angle) coordinates (yI , ϕI), where ϕI are angular coordinates on the torus, with
standard periodicity ∆ϕI = 2π. In terms of these coordinates the symplectic form is
given by

ω(2) =
m∑
I=1

dyI ∧ dϕI , (2.1.3)

and it is clear that yI play the role of the moment map. Indeed VI = ∂ϕI and

i∂ϕIω(2) = −dyI . (2.1.4)

2.1.1 Polytopes

According to a generalization of the Delzant’s theorem [113] by Lerman and Tolman [86],
compact symplectic toric orbifolds are completely characterized by the associated labelled
polytope P , and the total space M2m arises as a torus fibration over P . In particular,
from a labelled polytope it is always possible to reconstruct the toric orbifold, up to
symplectomorphisms. The presence of a label ma ∈ Z associated to a facet Fa of the
polytope, signals the presence of a local normal orbifold singularity Zma to the associated
divisor Da ≡ µ−1(Fa). We will need such a generalization, since the orbifolds M4 consid-
ered in this thesis does not fit in the standard picture of symplectic toric geometry due
to the presence of labels. Indeed the normal vectors v⃗a of P will not be primitive (i.e.
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det(v⃗a, v⃗a+1) ̸= 1). Moreover, in the context of toric varieties, the fan of M2m generated
by v⃗a is normal and therefore all the (orbifold) singularities are in complex co-dimension
higher than one. For m = 2 this means that, for standard fans, orbifold singularities
can happen only on points, but not on toric divisors Da, which have co-dimension equal
to one. As a consequence, we are dealing with more general objects than toric varieties,
known as a “stacks” [114, 115, 116]. The fan of a stack is called stacky fan [117] and is
dual to the labelled polytope that we now introduce.

A labelled polytope is a rational simple convex polytope P in Rm, obtained as the
image of M2m under the moment maps yI , equipped with a label attached to each of its
facets. This object can be described concisely as the subset

P =
n⋂
a=1

{
y⃗ ∈ Rm : la(y⃗ ) ≡ y⃗ · v⃗a − λa = yIv

I
a − λa ≤ 0

}
, (2.1.5)

with v⃗a ∈ Zm and λa ∈ R constants. The linear equations la(y) = 0 define the facets Fa =
{la(y) = 0} of the polytope and we denote with n their total number. In our conventions,
v⃗a are the outward-pointing normal vectors to the facets Fa. A standard Delzant’s poly-
tope is simple (exactly m facets intersect at a vertex2 pa), rational (the vectors of the
polytope can be chosen to form a Z-basis of the lattice Zm) and smooth (det(v⃗a, v⃗a+1) = 1).
The situation here changes, in that the vectors v⃗a entering in (2.1.5) are not primitive
due to the labels ma. The labels ma enter in the above construction as a common factor
in the entries of the vectors v⃗a, which can be written as

v⃗a = ma
⃗̂va , (2.1.6)

where ⃗̂va are primitive vectors and therefore they define an ordinary fan. The vertices
pa correspond to fixed points of the Tm action. Assuming that a given fixed point is
obtained as the intersection of the facets FaI , with I = 1, . . . ,m, the order of the orbifold
singularity at this point is given by

dA = |det(v⃗a1 , . . . , v⃗am)| . (2.1.7)

The toric orbifold M2m viewed as a torus fibration over the polytope P is non-degenerate
in the interior of P . Differently, at each facet Fa a particular one-cycle S1 ⊂ Tm collapses,
thus determining a symplectic subspace of M2m of (real) codimension two, which is the
preimage of Fa under the moment maps and is called a toric divisor Da = µ−1(Fa). The
toric divisor Da is thus a 2(m−1)-cycle in M2m and the intersection of q of them is a toric
sub-orbifold of codimension 2q. The fixed points pa correspond then to the intersection of
exactly q = m distinct divisors, where all the cycles of Tm collapse. We will denote with
s the number of fixed points in P .

2.1.2 Toric orbifolds from Kähler quotients

Toric orbifolds can be reconstructed from the polytopes via symplectic reduction [86, 118],
generalizing familiar results for toric manifolds. We now review the procedure, showing

2Notice that, with a standard abuse of notation, we will use pa for the fixed points and for the vertices
of the polytope, which are the image of the fixed points under the moment map µ.
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also that the symplectic two-form ω(2) is also Kähler, i.e. there exist a complex structure
compatible with ω(2).

We start by considering the standard Tn action on Cn (with coordinates za = rae
2πiφa)

and its subgroup K ∈ Tn defined as

K =
{
(e2πiQa , . . . , e2πiQn) ∈ Tn/

n∑
a=1

Qav⃗a ∈ Zn
}
. (2.1.8)

where v⃗a are the same vectors as in (2.1.5). The subgroup K can be written as the sum
of a discrete part Γ and a continuous Tn−m one

K = Γ ⊕
{
(e2πiQ

α
a cα , . . . , e2πiQ

α
ncα) ∈ Tn/

n−m∑
α=1

Qα
a v⃗a = 0

}
, Qa =

n−m∑
α=1

Qα
acα , cα ∈ R ,

(2.1.9)
where Qα

a is called, in a physics context, the “GLSM charge” of the quotient and consists
of a matrix with a = 1, . . . , n columns and α = 1, . . . , n − m rows. They generate the
continuous part and define a map Qα

a : Tn−m → Tn such that Qα
a (e

2πicα) = e2πiQ
α
a cα =

e2πiQa . One now constructs M2m as the symplectic reduction

M2m = Cn//K ≡ (µ−1
K (0) ⊂ Cn)/K =

{
za ∈ Cn/µKα (z, z̄) = 0 , α = 1, . . . , n−m

}
/K ,

(2.1.10)
where µKα is the moment map associated with the action of K on Cn. To find its expression
we can start from the standard Kähler form ω(Cn) and moment map µTn

a for the Tn action
of Cn. In particular we have

ω(Cn) ≡ i

2

n∑
a

dza ∧ dz̄a =
n∑
a=1

d|za|2

2
∧ dφa =⇒ µTn

a (z, z̄) =
|za|2

2
+ λa , (2.1.11)

where, as usual, we used the freedom in the definition of the moment map to add a
constant λa. These λa are called Kähler moduli for reasons that will be clear momentarily
and are the same appearing in (2.1.5). From (2.1.11) we can deduce the moment map
µKα : Cn → (LieK)∗ = Rn−m by composition

µKα (z, z̄) ≡
n∑
a=1

Qα
aµ

Cn
a (z, z̄) . (2.1.12)

It is easy to verify that this is the correct expression. Since Qα
aφa are the infinitesimal

generators of K, we compute

iQαa∂φaω(C
n) = −dµKα (z, z̄) , (2.1.13)

which agrees with (2.1.2). Then it is possible to show that the Hamiltonian effective
action of Tn on Cn induces an Hamiltonian effective action of Tm on M2m, which is then
toric, and the image under the moment map µTm

I = yI is exactly the polytope (2.1.5)
with vectors given in (2.1.9) and Kähler parameters as in (2.1.11). Moreover the two-
form ω(2) of M2m is inherited from ω(Cn) as p∗ω(2) = i∗ω(Cn), where p : µ−1

K (0) → M2m

and i : µ−1
K (0) → Cn are the projection and the inclusion map, respectively. Finally, it
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v⃗2 v⃗1

Spazio aggiuntivo

(a) Polytope of CP1 ≃ S2.

v⃗3

v⃗2 v⃗1

(b) Polytope of CP2.

v⃗4

v⃗3

v⃗1

v⃗2

(c) Polytope of F0 ≃ CP1×CP1.

Figure 2.1: Examples of polytopes regarding the complex projective space.

is possible to show that the compatible complex structure of Cn furnishes a compatible
complex structure also for the quotient, which acquires a natural Kähler structure. From
the above discussion, one sees that given a certain polytope defined by v⃗a, the charges
which construct it as a quotient have the vectors in their kernel, i.e.

∑n−m
α=1 Q

α
a v⃗a = 0. A

final comment is that a non-compact polytope represents a Calabi-Yau (CY) space if and
only if all the vectors v⃗a lie on a hyperplane [119], or equivalently if it exists a vector k⃗
such that k⃗ · v⃗a = 1 for each a = 1, . . . , n. It follows that there must be an I for which all
vIa are equal. Then, an equivalent condition is

∑n−m
α=1 Q

α
a = 0.

For completeness we now present some basic examples of polytopes and GLSM charges
that will be useful (or generalized) throughout this thesis. Since C∗ ≃ R+ × S1 and
C = C∗ ∪ {0}, we have that C is toric and its polytope is simply an half-line (C∗) with
the point at the origin. Similarly, the polytope of C2 can be taken to be the union of two
half-lines, joining at the origin. It is easy to construct now the polytope of S2 ≃ CP1 ≃
C ∪ {+∞} = C∗ ∪ {0,+∞}, which is depicted in figure 2.1a. To construct the polytope
of CP2, we recall the definition of the (complex) projective space

CPm =
Cm+1 \ 0

C∗ ≃ S2m+1 ⊂ Cm+1

U(1)
, (z1, . . . , zm+1) ∼ (λz1, . . . , λzm+1) , λ ∈ U(1) .

(2.1.14)
In the notation of (2.1.9), we have n = m+1, a = 1, . . . ,m and α = 1. The GLSM charge
and a choice of vectors for CP2 satisfying Qav⃗a = 0 (see figure 2.1b) are then given by

CP2 : Qα=1
a = (1, 1, 1) =⇒ v⃗1 = (1, 1) , v⃗2 = (−1, 0) , v⃗3 = (0,−1) . (2.1.15)

In general, a polytope with n facets in Rm=n−1 represents CPm=n−1. Then, the polytope
of CP3 is a tetrahedron and the one of CPm is sometimes called an m-simplex. Finally,
the polytope for CP1×CP1 is simply the product of two segments representing CP1, as in
figure 2.1c. From CP2 one can generate other interesting manifolds, known as del Pezzo
surfaces dPl, by replacing a vertex of the polytope CP2 with a CP1 (or, by “blowing-up”
l-times3 CP2). So for example dP1 = ‘CP2 is a trapezoid (see figure 2.2a), with vectors
and charge given by

dP1 :
v⃗1 = (1, 0) , v⃗2 = (−1, 1) ,

v⃗3 = (−1, 0) , v⃗4 = (0,−1) ,
=⇒ Qα

a =

Å
0 1 −1 1
1 0 1 0

ã
, (2.1.16)

3In mathematical literature, dPl is defined as the blow-up of CP2 (9− l)-times.
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and dP2 = d̂P1 = ⁄�CP1 × CP1. The manifold CP1 × CP1 ≃ S2 × S2 is also the simplest
example of a Hirzebruch surface, which in general is defined as Ft = CP1 ↪→t CP1 with
Chern number t. As anticipated, F0 = CP1 × CP1. A method for constructing Ft, which
is a m = 2-dimensional complex space, is by the Kähler quotient

Ft = Cn=4//U(1)n−m=2 , Qα
a =

Å
0 1 −t 1
1 0 1 0

ã
=⇒

v⃗1 = (1, 0) , v⃗2 = (−t, 1) ,
v⃗3 = (−1, 0) , v⃗4 = (0,−1) .

(2.1.17)
The resulting polytope is depicted in figure 2.2b. In chapter 3 (see section 3.5.1) we will
find the orbifold version of these surfaces, also called orbifold Hirzebruch surfaces [120],
with a label ma attached to each facet. In particular, each facet will be a spindle. We
also see that ‘CP2 = dP1 ≃ F1, whilst more generally Ft extends dP1. Finally, we want to
discuss C/Zt (which is a simple orbifold) and its blow-up. The action of the quotient is

Cn=2/Zt : (z1, z2) ∼ (e
2πik
t z1, e

2πikq
t z2) , zi ∈ C , k = 0, . . . , t− 1 , gcd(t, |q|) = 1 .

(2.1.18)
For q ∈ Z, this is the most general Zt action one can consider. In this case there is not
any continuous part in the quotient, with K = Γ = Zt, hence we introduce r± such that
r− + qr+ = t and

C2/Zt : Qa =

Å
k

t
,
kq

t

ã
=⇒ v⃗1 = (r−,−q) , v⃗2 = (r+, 1) , det(v⃗1, v⃗2) = t . (2.1.19)

Notice that when |zi|2 = 1, so that we are considering S3 ⊂ C2, this is the definition of
the lens space4 L(p, q) which is a smooth manifold since this time the action is free (the
quotient does not act on the origin of C2, which is a fixed point). At this stage the blow-
up can be made by simply replacing the vertex of the polytope of C2/Zt with a vertical
segment, which is the polytope for CP1. In this way we obtain again a non-compact
polytope with two fixed points (see figure 2.2c)÷C2/Zt : v⃗1 = (r−,−q) , v⃗2 = (1, 0) , v⃗3 = (r+, 1) . (2.1.20)

It is also interesting to notice that÷C2/Zt ≃ C ↪→ O(−t) → CP1 = C3//U(1), with action

Cn=3//U(1)n−m=1 , Q1
a = (1,−t, q) =⇒ v⃗1 = (r−,−q) , v⃗2 = (1, 0) , v⃗3 = (r+, 1) .

(2.1.21)
Again, we will find a generalization of this space in chapter 5 (see section 5.4.3), where
the compact face of the polytope will be a spindle. In general, we can use WCP1

[m−,m+] to
perform the blow-ups. It is now easy to see that, for example, both C2/Zt and its blow-
up can be CY spaces. From the charges in (2.1.21), we have the condition t = q + 1 (or
r± = 1 from the vectors, which implies again the same condition). The same conclusion
is deduced from (2.1.19).

4Sometimes the action is given with q 7→ −q. However such definitions are equivalent, since one has
the following chain of diffeomorphisms: L(t, q) ≃ L(−t, q) ≃ L(t,−q) ≃ L(t, q + kt).
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v⃗1

v⃗2

v⃗3

v⃗4

(a) dP1 =‘CP2 ≃ F1.

v⃗1

v⃗2

v⃗3

v⃗4

(b) Ft.

v⃗1

v⃗2

v⃗3

(c) ÷C2/Zt ≃ O(−t) → CP1.

Figure 2.2: Examples of polytopes of more involved manifolds.

2.1.3 Kähler structure

The most general Kähler Tm-invariant metric, in action-angle coordinates (yI , ϕI), is given
by [121]

ds2 = GIJ(y⃗ )dyIdyJ +GIJ(y⃗ )dϕIdϕJ , GIJ = (G−1)IJ , GIJGJK = δIK . (2.1.22)

and the almost complex structure J compatible with ω(2) is

J =

Å
0 −GIJ

GIJ 0

ã
. (2.1.23)

The condition that J is integrable is equivalent to require that GIJ is an Hessian matrix

GIJ = ∂yI∂yJG(y⃗ ) , (2.1.24)

where the function G(y⃗ ) is called symplectic potential. It is also important to impose
that GIJ is positive definite and the correct behaviour on the facets Fa of the polytope.
The result is that [118]

detGIJ = f(y)
n∏
a=1

la(y⃗ )
−1 , G(y⃗ ) =

1

2

n∑
a=1

la(y⃗ ) log la(y⃗ ) + h(y⃗ ) (2.1.25)

where f(y⃗ ) > 0 and h(y⃗ ) are smooth function on the whole polytope, facets included.
The canonical choice h(y⃗ ) = 0 gives a canonical form of the metric

Gcan
IJ =

1

2

n∑
a=1

vIav
J
a

la(y⃗ )
. (2.1.26)

The fact that the metric GIJ can be expressed as derivatives of a potential reminds
the theory of complex (Kähler) orbifolds. Indeed, defining holomorphic coordinates

zI = xI + iϕI , xI = ∂yIG(y⃗ ) , (2.1.27)

the symplectic two-form acquires a standard form

ω(2) = 2i∂∂̄F (x⃗) , F (x⃗) ≡
[
yI∂yIG(y⃗ )−G(y⃗ )

]∣∣
yI=∂xIF (x⃗)

, (2.1.28)
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and F (x⃗) = F (zI , z̄I) is identified with a Legendre transform of G(y⃗ ). In these coordinates
the metric reads

ds2 = FIJ(x⃗)(dx
IdxJ + dϕIdϕJ) = FIJ(x⃗)(dz

Idz̄J + dz̄IdzJ) , (2.1.29)

where, similarly as before

FIJ = ∂xI∂xJF (x⃗) = GIJ(yI = ∂xIF (x⃗)) . (2.1.30)

and F (x⃗) is the Kähler potential. In the complex coordinates zI we can easily compute
the (real) Ricci two-form5

ρ(2) = −i∂∂̄ log detFIJ(x⃗) = −i∂∂̄ log detGIJ(y⃗ ) , (2.1.31)

which is also defined as the derivative of the (real) “Ricci potential” P(1), namely a con-
nection one-form on the anti-canonical bundle

ρ(2) = dP(1) . (2.1.32)

Moreover, for complex orbifolds (or manifolds), the integrability of the almost complex
structure is equivalent to the non-closedness of the holomorphic (m, 0) form6

dΩ(m,0) = iP(1) ∧ Ω(m,0) . (2.1.33)

Similarly to (2.1.31), we can deduce from (2.1.33) a general expression for the holomorphic
form [35]

Ω(m,0) = eiα(z,z̄)[detFIJ(z, z̄)]
1/2dz1 ∧ . . . ∧ dzm , (2.1.34)

for a complex function α(z, z̄) such that ∂∂̄α(z, z̄) = 0, i.e. it is harmonic. In general,
equations (2.1.33) and (2.1.31) are valid for all the complex orbifolds M4 that we will
construct.

2.1.4 Chern classes

To each facet of the polytope P is associated a toric divisor Da = µ−1(Fa) and a line
bundle La. Its first Chern class has been computed in [122, 118]

c1(La) = − i

2π

[
∂∂̄ log |la|

]
, (2.1.35)

where [α] denotes the cohomology class of a given differential form α. An explicit repre-
sentative can be taken to be

c1(La) = dµIa ∧ dϕI , µIa = − 1

4π

GIJ(y⃗ )vJa
la(y⃗ )

, (2.1.36)

where µIa can be considered basically moment map for the torus Tm on Da, indeed

i∂ϕI c1(La) = −dµIa . (2.1.37)

5The following identity on torus invariant functions ∂∂̄f(y⃗ ) = − i
2d(G

IJ∂yIf(y⃗ )dϕJ) holds.
6With “holomorphic volume form” we mean a top-form on the holomorphic tangent bundle; in general

Ω(m,0) is not an holomorphic form, in the sense that ∂̄Ω(m,0) ̸= 0.

20



The relation between these moment map and the ones for M2m (µI = yI) is obtained by
expressing the coordinates

µI = yI = −2π
n∑
a=1

λaµ
a
I +

1

2

n∑
a=1

GIJ
can(y⃗ )v

J
a , (2.1.38)

which can be verified contracting both sides with GIJ(y⃗ ). Then

ω(2) =
m∑
I=1

dyI ∧ dϕI = −2π
n∑
a

λac1(La) +
1

2
d
[ n∑

a

GIJvJadϕI

]
. (2.1.39)

Since the last term is a well defined one-form, we have that in co-homology

[ω(2)]

2π
= −

n∑
a

λac1(La) , (2.1.40)

where we see that λa are indeed the Kähler moduli. Moreover, using

GIJ(y⃗ )GJK(y⃗ ) = δIK =⇒
n∑
a

µIav
J
a = −δ

IJ

2π
, (2.1.41)

and (2.1.36) it can be easily verified

n∑
a

vaI c1(La) = 0 . (2.1.42)

These are m constraints and imply that there are only n −m independent line bundles
La. Similarly, in homology, we can write

n∑
a

vaIDa = 0 , (2.1.43)

where we have used that c1(La) are Poincaré dual to Da:∫
M2m

c1(La) ∧ α2(m−1) =

∫
Da

α2(m−1) , (2.1.44)

where α2(m−1) is any 2(m− 1)-form on the orbifold M2m. Again, this implies that the are
only n−m independent 2(m− 1)-cycles in homology.

Recall that we have introduced two types of vectors, the v⃗a which enters in the poly-
tope (2.1.5) and in the above discussion, and the hatted primitive ⃗̂va = v⃗a/ma. Associated
to this distinction, we can consider hatted line bundles L̂a and first Chern classes c1(L̂a)
defined as

c1(L̂a) = mac1(La) . (2.1.45)

Notice that this definition is consistent with (2.1.36), supplemented with (2.1.26) and (2.1.6).
Correspondingly, we can introduce hatted divisors D̂a, called branch divisors, associated
to ⃗̂va as

D̂a = maDa , (2.1.46)
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where from this point of view the Da are ramification divisors (see e.g. [123]). More
precisely, the last equation can be re-written as Da = D̂a × pt/Zma , where this means
that at each point on Da the structure group Zma is acting on the transverse complex
direction C normal to Da. In other terms, we can see the action of Zma on the divisor
Da from the metric by zooming in near to the locus in which a specific U(1) degenerates.
It should be clear, instead, that moving exactly on this locus we are able to study only
D̂a. This also means that if we restrict to some loci La in the metric defined by a specific
radial coordinate r set to 0, we will end up with La = D̂a. We will see an explicit example
of this phenomenon in section 3.5.1. Finally, due to the action of the structure group, we
have ∫

D̂a

α2(m−1) = ma

∫
Da

α2(m−1) . (2.1.47)

It will also be useful to notice that given a toric ramification divisor Da of the total
space M2m, the first Chern class of the tangent bundle TM2m can be decomposed by
means of the adjunction formula as

c1(TM2m)
∣∣
Da

= c1(TDa) + c1(La)
∣∣
Da
. (2.1.48)

In this formula the first Chern class of the line bundles La is given by (2.1.36), while
c1(TM2m) follows from

c1(TM2m) =
n∑
a=1

c1(La) = −KM2m , (2.1.49)

where K is the canonical bundle of M2m. These two equations can be combined into

c1(TDa) =
n∑
b ̸=a

c1(Lb)
∣∣
Da
. (2.1.50)

We will use the adjunction formula (2.1.48) in an integrated form. Indeed in this way we
will be able to connect the informations extracted from the metrics (i.e. the Ricci forms
of M4 and of Da) and the ones coming from the topology of the solutions, encoded in the
polytopes.In the next section we review this idea in details.

2.1.5 Four dimensional toric orbifolds

We now focus to four-dimensional (m = 2) toric orbifolds, which are central for this thesis.
Notice that for m = 2, the simplicity condition for the polytope is automatically satisfied,
in that each fixed point is at the intersection of exactly two facets Fa. Moreover, for
compact polytopes the number of facets n and f , the number of fixed points7, coincide.
Differently, for non-compact polytopes we have f = n−1—See figure 2.3. We now define,

7For clarity, we summarize here the notation

I = 1, . . . ,m = dimC M , a = 1, . . . , n = number of facets F ,

α = 1, . . . , n−m, A = 1, . . . , f = number of fixed points f .
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v⃗1

v⃗2

v⃗3v⃗4

v⃗5

v⃗6

(a) Compact polytope.

v⃗2

v⃗3

v⃗1

(b) Non-compact polytope.

Figure 2.3: Examples of four-dimensional polytopes, The vectors are ordered counter-
clockwise and defined to be outward-pointing. On the left it is shown a compact polytope
with n = f = 6 fixed points; on the right a non-compact polytope with n = 3 facets and
f = 2 fixed points. The vectors v⃗a are not primitive.

for compact toric orbifolds, the intersection matrix of two toric divisors, which is computed
to be8

Dab ≡ Da ·Db =

∫
M4

c1(La) ∧ c1(Lb) =



1

da−1,a

if b = a− 1 ,

1

da,a+1

if b = a+ 1 ,

− da−1,a+1

da−1,a da,a+1

if b = a ,

0 otherwise ,

(2.1.51)

and we have defined
dab = det(v⃗a, v⃗b) . (2.1.52)

Some useful identities are then given by

Daa =

∫
Da

c1(La) = − da−1,a+1

da−1,a da,a+1

,

n∑
a,b

Dab =

∫
M4

c1(TM4) ∧ c1(TM4) , (2.1.53)

where we have employed (2.1.44), and using also (2.1.49) we get

n∑
b

Dab =

∫
M4

c1(La) ∧
n∑
b

c1(Lb) =

∫
M4

c1(La) ∧ c1(TM4)

=

∫
Da

c1(TM4) =
da−1,a + da,a+1 − da−1,a+1

da−1,a da,a+1

.

(2.1.54)

Notice that
dab = mamb d̂ab =⇒ Dab =

1

mamb

D̂ab . (2.1.55)

where, as always, the hatted quantities are referred to the ⃗̂v defined in (2.1.6).
8Obviously we can compute also the intersection of an higher number of divisors, see e.g. [83].
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We note that Dab is invariant under SL(2,Z) transformations of the basis and more
generally for any transformation in SL(2,R). This follows immediately from the fact that
given any two vectors v⃗1, v⃗2 ∈ R2, det(v⃗1, v⃗2) is invariant under SL(2,R) transformations
of the two vectors. In particular, taking a generic matrix S ∈ SL(2,R) and transforming
the vectors as v⃗ ′

a = S v⃗a, we have that S acts on the matrix (v⃗1, v⃗2) simply by matrix
multiplication, i.e. (v⃗ ′

1, v⃗
′
2) = S (v⃗1, v⃗2), and therefore

det(v⃗ ′
1, v⃗

′
2) = det(S) det(v⃗1, v⃗2) = det(v⃗1, v⃗2) . (2.1.56)

The importance of this property will become clear momentarily, since it allows us to
compute the matrix Dab from a generic set of vectors.

Using the adjunction formula (2.1.48), we can relate the toric data, encoded in the
intersection matrix Dab, and the complex formalism, embodied by c1(TM4) and c1(TDa).
We start noticing that the adjunction formula (2.1.48) can be integrated to give

Daa =

∫
Da

c1(La) =

∫
Da

[
c1(TM4)− c1(TDa)

]
. (2.1.57)

Moreover,

Da a−1 +Da a+1 =

∫
M4

c1(La) ∧
[
c1(La−1) + c1(La+1)

]
=

∫
Da

[
c1(La−1) + c1(La+1)

]
=

n∑
b ̸=a

∫
Da

c1(Lb) =
n∑
b̸=a

Dab =
n∑
b

Dab −Daa =

∫
Da

c1(TDa) ,

(2.1.58)
where we have used (2.1.44) in the first line, (2.1.51) from the first to the second line,
and (2.1.54), (2.1.57) to get the result. From the point of view of complex geometry we
can rewrite (2.1.57) and (2.1.58) as

Daa = − da−1,a+1

da−1,a da,a+1

=
1

2π

∫
Da

[ρTM4 − ρTDa ] =
1

2πma

∫
D̂a

[
ρTM4

∣∣
D̂a

− ρTD̂a

]
,

Da a−1 +Da a+1 =
da−1,a + da,a+1

da−1,a da,a+1

=
1

2π

∫
Da

ρTDa =
1

2πma

χ̂a ,

(2.1.59)

where we have used (2.1.47). Moreover we have introduced the Euler characteristic of a
divisor D̂a

χ̂a =
1

2π

∫
D̂a

ρTD̂a , (2.1.60)

and identified ρTD̂a = ρTDa , since they are local quantities and do not know anything
about the global action of the structure group Zma .

We now specialize to the case of four fixed points n = s = 4, that we refer to as
quadrilaterals, as in figure 2.4. Their basis-independent information is encoded in the
following 4× 4 intersection matrix (2.1.51)

Dab =

à
d2,4

d4,1 d1,2
1
d1,2

0 1
d4,1

1
d1,2

− d1,3
d1,2 d2,3

1
d2,3

0

0 1
d2,3

− d2,4
d2,3 d3,4

1
d3,4

1
d4,1

0 1
d3,4

d1,3
d3,4 d4,1

í
, (2.1.61)
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v⃗2

v⃗3

v⃗4 v⃗1

Figure 2.4: Outward-pointing fan and polytope of a generic quadrilateral.

where a vector identity implies that the da,b ∈ Z are actually not independent, but satisfy
the relation

d1,2 d3,4 − d2,3 d4,1 = d1,3 d2,4 , d̂1,2 d̂3,4 − d̂2,3 d̂4,1 = d̂1,3 d̂2,4 . (2.1.62)

Thus, a generic quadrilateral is characterized by five independent integer parameters d̂a,b
(subject to (2.1.62)) and four integer labels ma, which we refer to as the toric data of the
orbifold.

2.2 Entropy functions for quadrilaterals
In this section we use part of the toric geometry reviewed up to this point to write an
off-shell free energy for compactifications of five- and six-dimensional SCFTs on a four-
dimensional toric orbifold M4. This, in particular, is completely characterized by the toric
data of the polytope P , which are the non-necessarily primitive vectors v⃗a. On the other
hand, the twisted compactification is realized by coupling the SCFTs to two background
gauge fields Ai for the U(1)2 symmetry, with field strengths Fi = dAi. We conjecture
that the solutions that we will present, which take the form AdSD−4 ×M4 with D = 6, 7,
are holographically dual to d = 1, 2 SCFTs obtained compactifying on M4 the d = 5,
N = 1 Seiberg theory [77] dual to [124] and the six-dimensional N = (0, 2) dual to a
stack of M5-branes. The underlying idea is based on the idea of gluing “gravitational
blocks”, introduced in [38]. This recipe extends the results of [52] to four-dimensional
toric orbifolds with an arbitrary number of fixed points n = s ≥ 3. Starting from first
principles, for D = 6, this function should be derived from the large N limit of Zd=5 SCFT

S1×M4
,

the localized partition function of the d = 5 SCFT placed on the background of S1 ×M4.
Similarly, for D = 7, one should integrate on M4 the anomaly polynomial of the six-
dimensional SCFTs associated with M5-branes. Whilst for d = 5 a solid proof is still
lacking, in d = 6 the (equivariant) integration of the anomaly polynomial on M4 has been
performed in [83], finding agreement with the equivariant integration of the action results
[89]. Instead, in d = 5, the gravitational blocks for M4 = Σ1 ⋉ Σ2 has been retrieved
in [88] through the integration of the equivariant volume of the associated geometry, with
the addition of higher times. Throughout this thesis we will provide supporting evidences
of these statements by comparing the explicit results from the solutions (i.e. entropies
or gravitational central charges) and the extremization of our (conjectural) off-shell free
energies.
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2.2.1 Twisting data

We start by considering two background gauge fields −Ai, which can be thought of as
connections over two line orbibundles Ei. Since the c1(La) form a basis for H2(M4,Q)
(see (2.1.40)), we can decompose the first Chern class of Ei as

c1(Ei) = −dAi
2π

= −
n∑
a=1

pai c1(La) , pai ∈ Q . (2.2.1)

Then we define the “physical fluxes” as9

qai ≡
1

2π

∫
Da

Fi =
1

2πma

∫
D̂a

Fi =
q̂ai
ma

. (2.2.2)

Notice that, as a consequence of (2.1.44) and the homological relation (2.1.43), we have

qai =
n∑
b=1

pbi

∫
Da

c1(Lb) =
n∑
b=1

Dab p
b
i ,

n∑
a=1

qai v⃗a = 0 , (2.2.3)

where Dab is the intersection matrix defined in (2.1.51). The latter equation is a constraint
on the physical fluxes and implies that, for fixed i, only n− 2 of the qai are independent.
On the other hand, H2(M4,Q) has dimension n − 2, thus, for fixed i, only n − 2 of the
pai are linearly independent. Therefore, the first equation in (2.2.3) can be inverted to
obtain pai in terms of qai once the redundant equations are eliminated. The two additional
degrees of freedom are the signal of a “shift symmetry”

p̃ai = pai + det(λ⃗i, v⃗a) =⇒ qai =
n∑
b=1

Dab p
b
i =

n∑
b=1

Dab p̃
b
i , (2.2.4)

for any two-dimensional constant vector λ⃗i. A similar condition applies also to the R-
symmetry fluxes

qaR ≡ qa1 + qa2 =⇒
n∑
a=1

qaRv⃗a = 0 . (2.2.5)

A possible choice to solve this constraint is

qaR =
n∑
b=1

Dab σ
b , (2.2.6)

where σa are, a priori, arbitrary coefficients. Comparing (2.2.6) and the first equation
in (2.2.3) we get

pa1 + pa2 = σa + det(W⃗ , v⃗a) , (2.2.7)

for a generic vector W⃗ . It is easy to see that we can fix W⃗ to a suitable value

⃗̃W = W⃗ + λ⃗1 + λ⃗2 , (2.2.8)
9Here and in the following we shall rename the background gauge fields as gcAi 7→ Ai, which is more

natural from the field theory point of view. The nomenclature “physical fluxes” should not be confused
with the fact that the natural fluxes in supergravity are computed on the branch divisors D̂a.

26



by using the gauge symmetry (2.2.4). In particular, we conjectured that σa are n arbitrary
signs, i.e. σa = ±1. This assumption is supported by all the example we will provide in
the thesis. Later, in [89], and recently in [94] (in a purely four-dimensional context), it
has been explicitly demonstrated, within the equivariant localization approach, that these
σa must be signs in general. Indeed, given a spinor ψ on a (compact) toric10 S4 ↪→ M4

with U(1)2 × U(1)2 symmetry, a supersymmetric Killing vector ξ obtained as a bilinear
in ψ, and a fixed point pA=a = Da ∩Da+1 under the toric action, it is easy to show that
the spinor charge under ξ is related to the weights of the toric action. More precisely,
Lξψ|pa = i

2
(Φa

1+Φa
2+s

a
1ϵ
a
1+s

a
2ϵ
a
2)ψ|pa , with (Φa

1,2, ϵ
a
1,2) toric weights that we shall introduce

momentarily, and sa1,2 = ±1 signs. Consistency with (2.2.6),(2.2.7) implies immediately
sa1 = σa and sa2 = σa+1, showing indeed that σa = ±1 in general. Further, it can be shown
that Γ⋆ψ|pa = sa1s

a
2ψ|pa = σaσa+1ψ|pa with Γ⋆ the chirality matrix in eight-dimensions, so

that the chirality of the spinor (at a fixed point pa) is determined by the very same signs.
Denoting as ER the R-symmetry line bundle, equation (2.2.6) can be rewritten as

c1(ER) = −
n∑
a=1

σac1(La) , (2.2.9)

Notice that the standard topological twist corresponds to identifying ER with the orbifold
canonical line bundle Korb

M4
= −

∑
aDa and hence σatop-twist = (+, . . . ,+). See e.g. [125]

for a related discussion of orbifold line bundles. In other words, we expect that it should
be possible to compactify a SCFT on a toric orbifold M4, turning on a background R-
symmetry gauge field with magnetic fluxes given in (2.2.6), with σa = ±1 parameterizing
the different supersymmetry-preserving twists. Of course, we have not proven that all
these different twists preserve supersymmetry, nor that there cannot exist more gen-
eral twists. It would be interesting to carry out such an analysis extending the results
of [42], where it was demonstrated that, in whole generality, on a spindle the only two
supersymmetry-preserving twists are the twist and the anti-twist.

2.2.2 The recipe

We conjecture that given a general class of SCFTs in d = 5, 6 compactified on a four-
dimensional (compact) toric orbifold M4, with an arbitrary twist parameterized by a
set of signs σa as in (2.2.6), the corresponding entropy/central charge, respectively, is
determined by the constrained extremization of the following off-shell free energy

F (φi, ϵi; q
a
i ) = kd

n∑
a=1

η ad
da,a+1

Fd(Φ
a
i )

ϵa1ϵ
a
2

, (2.2.10)

where the sum is over the number n = s of fixed points (or facets). Here, Fd are the usual
gravitational blocks (cf. table 2 of [52] or table 1.1)

F5(∆i) = − 4
√
2π N5/2

15
√

8−Nf

(∆1∆2)
3/2 , F6(∆i) = −9N3

256
(∆1∆2)

2 , (2.2.11)

10This will be the internal space for the uplift of our solutions to massive type IIA supergravity and
M-theory, see section 3.2.
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the variables Φa
i are defined as

Φa
i = φi − pai ϵ

a
1 − pa+1

i ϵa2 , (2.2.12)

and the auxiliary quantities ϵa1,2 read

ϵa1 = −det(v⃗a+1, ϵ⃗ )

da,a+1

, ϵa2 =
det(v⃗a, ϵ⃗ )

da,a+1

. (2.2.13)

with11 ϵ⃗ = (ϵ1, ϵ2). Here, ϵ1 and ϵ2 may be interpreted as the fugacities associated with
the two U(1) rotational symmetries and parameterize their mixing with the R-symmetry.
As anticipated, ϵA1,2 can be seen as the toric weights for the U(1)2 action existing on M4,
whilst Φa

i are the analogous for the S4 in S4 ↪→ M4. The relation (2.2.12) can also be
obtained instead of being postulated as a definition; see [89]. ηad = ± are signs that at
this stage must be tuned by hand: we speculate that in d = 5 they are related to the type
of twist as ηa5 = σaσa+1 while for d = 6 we take all of them with the same value, which
is, ultimately, related to the chirality of the SCFT in question. In particular, η a6 = κ,
with κ = ±1 so that the extremization of the off-shell free energy reproduces the central
charge of the d = 2 SCFTs with N = (0, 2) or N = (2, 0), respectively, extracted from
the anomaly polynomial of the d = 6 theory. We recall that da,b = det(v⃗a, v⃗b), whereas kd
are numerical constants which assume, a posteriori, the values

k5 = −1 , k6 =
64

9
. (2.2.14)

In this construction φi and ϵi are variables with respect to which one has to extrem-
ize F (φi, ϵi), v⃗a (and subsequently ma) are data describing the toric orbifold M4 and pai
are related to the physical fluxes qai through (2.2.3). The variables of the off-shell free
energy, namely φi and ϵi, are subject to the constraint

φ1 + φ2 − det(W⃗ , ϵ⃗ ) = 2 , (2.2.15)

where W⃗ is a two-dimensional constant vector parameterizing the “gauge invariance” of
the problem, discussed above in (2.2.4). This condition is inherited from the R-symmetry
constraint ∆1 + ∆2 = 2, where ∆i are the fugacities parameterizing the R-symmetry
within the Cartan subgroup of the global symmetries of the d-dimensional parent theory.
The whole construction enjoys two symmetries

1. “shift symmetry”: if under the redefinitions (2.2.4) and (2.2.8) we require also φ̃i =
φi + det(λ⃗i, ϵ⃗ ), we have

Φa
i (φ̃, p̃) = Φa

i (φ, p) , φ̃1 + φ̃2 − det( ⃗̃W, ϵ⃗ ) = φ1 + φ2 − det(W⃗ , ϵ⃗ ) = 2 . (2.2.16)

It follows that (2.2.10) remains unchanged;

2. As we already mentioned around (2.1.56), the quantity det(v⃗1, v⃗2) is invariant under
SL(2,R) transformations of the two vectors v⃗1, v⃗2 ∈ R2. This property is fundamen-
tal for the consistency of our construction. A given toric orbifold can be described

11The two variables ϵ1,2 are different from the ones adopted in [52]. Specifically, ϵherei = 2ϵtherei .
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by an infinite number of polytopes equivalent under SL(2,Z) transformations of the
vectors v⃗a. These transformations are generated by rotations of the basis vectors
(e1, e2) that give rise to effective torus actions. On the other hand, we expect the
free energy not to be affected by these transformations and, indeed, this is the case.
If we perform an SL(2,Z) rotation of the vectors v⃗a, the expression of the intersec-
tion matrix Dab is retained, and the explicit form of the off-shell free energy is not
modified provided we apply exactly the same transformation to ϵ⃗ and W⃗ .

The last step of the procedure is the constrained extremization of F (φi, ϵi), which can
be performed defining the function

S(φi, ϵi,Λ; qai ) = F (φi, ϵi; q
a
i ) + Λ

(
φ1 + φ2 − det(W⃗ , ϵ⃗ )− 2

)
(2.2.17)

and extremizing it with respect to φi, ϵi and the Lagrangian multiplier Λ. As a conse-
quence of Euler’s theorem, F (φ∗

i , ϵ
∗
i ) = − 2

h
Λ∗, with h = 1 for d = 5, h = 2 for d = 6.

Notice that an important simplification comes in the sub-case with A1 = A2, which
implies qa1 = qa2 and, in turn, pa1 = pa2. Indeed the off-shell free energy (2.2.17) becomes
symmetric under φ1 ↔ φ2 and the necessary condition (∂φ1 −∂φ2)S(φi, ϵi,Λ; qa1 = qa2) = 0
requires that the value at the extremum are equal: φ∗

1 = φ∗
2. Moreover, employing the

“shift symmetry” one can always fix λ⃗i such that W⃗ = 0, and (2.2.7) implies pai = σa/2.
Finally, the constraint (2.2.15) now gives φ∗

1 = φ∗
2 = 1. Summarizing these facts, for

A1 = A2 one can always take

W⃗ = 0 , pai =
σa

2
, φ∗

1 = φ∗
2 = 1 , Λ = 0 , (2.2.18)

and extremize S(1, ϵi, 0; qa1 = qa2) only with respect to the remaining variables, i.e. the
fugacities ϵi.

2.3 Summary of the chapter
In this chapter we have reviewed some important properties of toric orbifolds, with a
particular focus on four dimensions (m = 2). With the tools developed and discussed
here, we can extract all the toric data that characterize the underlying topology of a
certain supergravity solution. These toric data consist of a set of primitive, Z2-valued
and counter-clockwise ordered vectors ⃗̂va, along with a label ma attached to each facet
Fa of the polytope, whose normal vectors are given by ⃗̂va. All these informations can
then be systematically organized into an off-shell free energy, which, upon extremization,
reproduces the relevant gravitational quantities.

In particular, equations (2.1.59), that in synthesis read

− da−1,a+1

da−1,a da,a+1

=
1

2πma

∫
D̂a

[
ρTM4

∣∣
D̂a

− ρTD̂a

]
, (2.3.1)

are the “master formulas” to study the U(1)1 × U(1)2 -invariant (complex) quadrilateral
orbifolds of the next chapters. We now summarize the strategy for clarity
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• left hand side of (2.1.59): by studying the loci La = D̂a on which the Killing vectors
ξa = b1a∂ϕ1 + b2a∂ϕ2 (normalized to have unitary surface gravity) degenerate, we will
be able to extract a “fake” set of normal vectors V⃗a through the relation12

ξa = V⃗a · (e1, e2) , (2.3.2)

where {e1, e2} is a “fake” basis for the torus action. “Fake” means that the vec-
tors V⃗a can be R2-valued and the basis can be non-effective. For the purposes of
computing the left hand of (2.1.59), this fact does not represent a problem. In-
deed, as explained around (2.1.56), Dab—and in turn also dab—are invariant under
S ∈ SL(2,R) rotations of the polytope. Since an effective basis {E1, E2} will be
obtained as EI = S−1

JI eJ and the respective Z2-valued vectors as vIa = SIJV
J
a , we

can continue with the “generic” V⃗a to compute the SL(2,R)-invariant determinants
da,b. Notice that, being in general V I

a ∈ R, we can not extract the labels simply by
the definition as ma = gcd(V 1

a , V
2
a ). However, we can obtain it using (2.1.59);

• right hand side of (2.1.59): we can consider the metrics on (M4,La = D̂a) and use
dΩ

(n,0)
X = iPX∧Ω

(n,0)
X for X = TM4, T D̂a to obtain ρX = dPx. We can then integrate

them on D̂a, so that the master formulas (2.1.59) tell us the labels ma.

In the next chapter we start presenting the supergravity solutions to which we will apply
this extremization procedure. Locally, the metrics will take the form AdSD−4×M4 where,
after a suitable constraining of the parameters, M4 will be a U(1)2 toric four-dimensional
orbifold with four fixed-points. After having extracted all the relevant toric data from
the solutions, we will be able to reproduce the relevant gravitational quantities from the
extremization of (2.2.17).

12This relation and its use will be extensively explained in section 3.5.1. See also [126]
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Chapter 3

Supergravity solutions with special
quadrilaterals

In this section we review the first type of solution we will analyse, which takes the form
of AdSD−4 × M4 with D = 6, 7. There are then two classes, where1 M(1)

4 = Σg ⋉ Σ2

is the non-trivial fibration of a spindle over a smooth Riemann surface Σg = H/Γ with
Γ ⊂ PSL(2,R) (and with genus g > 1) or M(2)

4 = Σ1 ⋉ Σ2, the fibration of a spindle
over another (different) spindle. These solutions are a generalization of previous ones
containing simpler four-dimensional toric orbifolds of the form M4 = Σg × Σ, found in
D = 6, 7 and in various supergravity theories [54, 52, 58]. Strictly speaking, M(1)

4 is not
toric in any sense. However, taking an analytic continuation, we will obtain S2⋉Σ2, which
is toric. The metric AdSD−4 × S2 ⋉ Σ2 is still a solution, although non supersymmetric,
of the supergravity theories we will consider. Thus we will extract the relevant toric data
from this solution and use it to extremize (2.2.17). As we shall see, even if using a slightly
inaccurate method, the result will match perfectly the gravitational computation. In this
sense we will often say that M(1)

4 is toric. For M(2)
4 the situation is more complicated,

since we will not be able to construct a symplectic closed two form ω(2). Consequently we
can not use the standard procedure for extracting the toric data, i.e. we do not rely on a
moment map. However the toric data will follow from the co-dimension two loci where one
U(1) ⊂ U(1)2 degenerates, as explained at the end of the previous chapter. In particular,
these can be determined by studying the Killing vectors of the explicit metrics on M(1,2)

4 .
We can then associate a compact polytope defined using these data as normal vectors v⃗a to
the facets Fa and identify the vertices as fixed points of the torus action, as in standard
symplectic toric geometry. We will focus on the supergravity constructions mainly in
D = 6 [1], but an analogous story similarly holds for D = 7 [61]. Here AdS3 × M(1,2)

4

have been constructed from consistent truncation of maximal D = 7 gauged supergravity
on Σ2 down to minimal D = 5 gauged supergravity. A similar truncation from D = 6 to
D = 4 is presented in [65].

1The symbol ⋉ means a non-trivial fibration, so that for example M(1)
4 can be equivalently written

as Σ2 ↪→ Σg.
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3.1 U(1)2 gauged supergravity models in D = 6, 7

In this section we discuss solutions of specificD = 6, 7 matter-coupled gauged supergravity
theories with gauge group U(1)2. Both of them comprise two gauge fields A1, A2, a
(D − 4)-form B and two real scalar fields φ⃗ = (φ1, φ2).

The N = (1, 1), D = 6 model can be obtained as a sub-sector of an extension of
Romans F (4) gauged supergravity [127], coupled to three vector multiplets [128, 129].
The bosonic part of the action reads2

S6D =
1

16πG(6)

∫
d6x

√
−g
ï
R− V6 −

1

2
|dφ⃗|2 − 1

2

2∑
i=1

X−2
i |Fi|2 −

1

8
(X1X2)

2|H|2

− m2

4
(X1X2)

−1|B|2 − 1

16
εµνρστλBµν

(
F1 ρσF2 τλ +

m2

12
BρσBτλ

)ò
,

(3.1.1)

where Fi = dAi, H = dB and the scalar fields φ⃗ are parameterized as

Xi = e−a⃗i·φ⃗ , a⃗1 =
(
2−1/2, 2−3/2

)
, a⃗2 =

(
−2−1/2, 2−3/2

)
. (3.1.2)

The scalar potential is

V6 = m2X2
0 − 4g2cX1X2 − 4mgcX0(X1 +X2) , (3.1.3)

with gc the gauge coupling and m the mass parameter, and where for later convenience we
defined X0 = (X1X2)

−3/2. In appendix A we present the equations of motion stemming
from this action. Moreover, for D = 6, we will construct explicitly the Killing spinor.
Indeed, a solution to the equations of motion of the model is supersymmetric if and only
if it satisfies also the following set of Killing spinor equations [128]:

Dµϵ
A +

1

8

[
gc(X1 +X2) +mX0

]
Γµϵ

A

+
1

32

[
m(X1X2)

−1/2BνλΓ7δ
A
B + i

(
X−1

1 F1 +X−1
2 F2

)
νλ
(σ3)AB

](
Γ νλ
µ − 6δνµ Γ

λ
)
ϵB

− 1

96
(X1X2)HνλρΓ7

(
Γ νλρ
µ − 3δνµ Γ

λρ
)
ϵA = 0 ,

(3.1.4)

1

4

(
X−1

1 ∂µX1 +X−1
2 ∂µX2

)
ΓµϵA − 1

8

[
gc(X1 +X2)− 3mX0

]
ϵA

+
1

32

[
m(X1X2)

−1/2BµνΓ7δ
A
B − i

(
X−1

1 F1 +X−1
2 F2

)
µν
(σ3)AB

]
ΓµνϵB

+
1

96
(X1X2)HµνλΓ7Γ

µνλϵA = 0 ,

(3.1.5)

1

2

(
X−1

1 ∂µX1 −X−1
2 ∂µX2

)
Γµ(σ3)ABϵ

B − gc(X1 −X2)(σ
3)ABϵ

B

− i

4

(
X−1

1 F1 −X−1
2 F2

)
µν
ΓµνϵA = 0 ,

(3.1.6)
2Here and in what follows we define, for any p-form ω, |ω|2 = 1

p! ωµ1...µpω
µ1...µp .
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where

Dµϵ
A ≡ ∂µϵ

A+
1

4
ω ab
µ Γabϵ

A− i

2
gc(A1+A2)µ(σ

3)ABϵ
B , (σ3)ABϵ

B = (−1)A+1ϵA . (3.1.7)

These follow from setting to zero the supersymmetry variations of the fermionic fields
of the theory with three vector multiplets [128], that do not vanish automatically in the
sub-truncation that we are considering. Here (σ3)AB is the usual third Pauli matrix,
{Γa,Γb} = 2ηab and Γ7 ≡ Γ0Γ1Γ2Γ3Γ4Γ5. The SU(2) indices A,B are raised and lowered
as ϵA = εABϵB and ϵA = ϵBεBA, where εAB = −εBA and its inverse matrix εAB is
defined such that εABεAC = δBC . The supersymmetry parameter ϵA is an eight-component
symplectic-Majorana spinor, hence it satisfies the condition

εABϵ∗B = B6ϵA , (3.1.8)

where B6 is related to the six-dimensional charge conjugation matrix C6 by B6 = −i C6Γ0.
The seven-dimensional theory can be constructed as a consistent truncation [130] of

the D = 7, maximal SO(5) gauged supergravity [131]. The bosonic part of the action
is [132]

S7D =
1

16πG(7)

∫
d7x

√
−g
ï
R− V7 −

1

2
|dφ⃗|2 − 1

2

2∑
i=1

X−2
i |Fi|2 −

1

2
(X1X2)

2|H|2

− 1

24
εµνρστληBµνρ

(
F1στF2λη −

gc
12
Hστλη

)ò
.

(3.1.9)

Again, the field strengths are given by Fi = dAi and H = dB, while now the scalar
fields φ⃗ take the parameterization

Xi = e−a⃗i·φ⃗ , a⃗1 =
(
2−1/2, 10−1/2

)
, a⃗2 =

(
−2−1/2, 10−1/2

)
. (3.1.10)

The scalar potential is

V7 =
g2c
2

[
X2

0 − 8X1X2 − 4X0(X1 +X2)
]
, (3.1.11)

with gc the gauge coupling and, in this context, X0 = (X1X2)
−2. Additionally, the

following self-duality condition must hold

(X1X2)
2 ⋆H = −gcB +

1

2
A1 ∧ F2 +

1

2
A2 ∧ F1 + dλ(2) , (3.1.12)

for some two-form λ(2). In appendix A the equations of motion are presented.

3.2 Uplift to massive IIA and M-theory
Any (supersymmetric) local solution of the D = 6, 7 theories presented in the previous
section can be uplifted (locally) to a solution of massive type IIA [1, 65] and 11d su-
pergravity [61], respectively. In the next section we will describe solutions of the form
AdS(D−4)×M4, with M4 a four-dimensional toric orbifold. Thus, in the uplifted solution,
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it makes sense to compute the entropy (for D = 6) and the gravitational central charge
(for D = 7) of the (putative) black string which has M4 in the horizon.

The higher-dimensional theories we consider are described by the equations of motion
stemming from the massive type IIA action, written in the string frame,3

SmIIA =
1

16πG(10)

ß∫
d10x

√
−g
[
e−2Φ

(
R + 4|dΦ|2 − 1

2
|H(3)|2

)
− 1

2

(
F 2
(0) + |F(2)|2 + |F(4)|2

)]
− 1

2

∫ (
B(2) ∧ dC(3) ∧ dC(3) + 2F(0)B

3
(2) ∧ dC(3) + 6F 2

(0)B
5
(2)

)™
,

(3.2.1)

and from the 11d supergravity action

S11d =
1

16πG(11)

ß∫
d11x

√
−g
[
R− 1

2
|F(4)|2

]
+

1

6

∫ (
F(4) ∧ F(4) ∧ C(3)

)™
. (3.2.2)

In these conventions, the ten-dimensional field strengths are

H(3) = dB(2) , F(2) = dC(1) + F(0)B(2) , F(4) = dC(3) −H(3) ∧ C(1) +
1

2
F(0)B(2) ∧B(2) ,

(3.2.3)
while the eleven-dimensional four-form flux is simply F(4) = dC(3).

The uplifted metrics, written in the string frame for massive type IIA, read

ds2(D+4) =λ
2µ

(D−7)/3
0 X

−(D−7)/6
0 ∆1/(D−4)

{
ds2(D)

+ g−2
c ∆−1

[
X−1

0 dµ2
0 +X−1

1

(
dµ2

1 + µ2
1σ

2
1

)
+X−1

2

(
dµ2

2 + µ2
2σ

2
2

)]}
,

∆ ≡X0µ
2
0 +X1µ

2
1 +X2µ

2
2 , σi ≡ dϕi − gcA

(D)
i , ∆ϕi = 2π ,

(3.2.4)

where ds2(D) is the line element of the lower-dimensional solution, the one-forms σi are
built up from the D-dimensional gauge fields and λ ∈ R+ is a constant which realizes the
scaling symmetry of the supergravity theories (see section 3 of [1] and 3.2 of [61]) and
plays a crucial role for the correct quantization of the ten-dimensional solutions, as we
shall see momentarily. The coordinates µa, with a = 0, 1, 2, such that

∑
µ2
a = 1 can be

taken as

µ0 = sin ξ , µ1 = cos ξ sin η , µ2 = cos ξ cos η , η ∈ [0, π/2] ,
ξ ∈(0, π

2
] , d = 10 ,

ξ ∈[−π
2
,
π

2
] , d = 11 ,

(3.2.5)
In d = 10 the line element (3.2.4) describes, at each point of M6, a four-dimensional
hemisphere, that we denote as S4. On the contrary, in d = 11 the dimensional reduction
is performed on a (squashed) four-sphere, that we continue to denote as S4.

The four-form flux, common to both higher-dimensional supergravities, can be written

3Here we use the shortcut Bn(2) to denote the wedge product of B(2) with itself n times, divided by n!.
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as

−F(4)

λ(2D−11)
=

1

2g3c∆µ
(D−4)/3
0

{
U

2∆
dµ2

1 ∧ dµ2
2 ∧ σ1 ∧ σ2

− X1X2

∆

[µ2
0X

2
0

X1X2

(
µ2
1d
X1

X0

∧ dµ2
2 − µ2

2d
X2

X0

∧ dµ2
1

)
− µ2

1µ
2
2d log

X1

X2

∧ dµ2
0

]
∧ σ1 ∧ σ2

+ gc

[
F1 ∧

(
X0µ

2
0dµ

2
1 −X1µ

2
1dµ

2
0

)
∧ σ2 + F2 ∧

(
X0µ

2
0dµ

2
2 −X2µ

2
2dµ

2
0

)
∧ σ1

]}

+
δD,6

4gcµ
(D−4)/3
0

[
(X1X2)

2 ⋆6 H ∧ dµ2
0 +

3m2

X1X2

µ2
0 ⋆6 B

]
+

δD,7

2gcµ
(D−4)/3
0

[
(X1X2)

2 ⋆7 H ∧ dµ2
0 + 2gcµ

2
0H
]
,

(3.2.6)

where, for convenience, we defined the function

U = 2
∑
a

X2
aµ

2
a −

[(10−D)

3
X0 + 2(X1 +X2)

]
∆ . (3.2.7)

Finally, the dilaton, Romans mass F(0) and the other ten-dimensional fields read

eΦ = λ2µ
−5/6
0 ∆1/4(X1X2)

−5/8 , F(0) =
m

λ3
=

2gc
3λ3

, F(2) =
gc
3λ
µ
2/3
0 B , B(2) =

λ2µ
2/3
0

2
B .

(3.2.8)
Often, it will be useful to define the reduced functions

∆X = (X1X2)
(1−D)/2∆ , UX = (X1X2)

−1U =⇒ U

∆2
= (X1X2)

(2−D) UX
∆2
X

. (3.2.9)

Entropy, central charge and flux quantization

In order to compute the entropy and the central charge of the uplifted solutions, we first
need to write the higher-dimensional metric in the form

ds2(D+4) = e2A
(
ds2AdSD−4

+ ds2M8

)
, (3.2.10)

where ds2M8
is the line element of the internal fibred space S4 ↪→M8 → M4. The entropy

and the central charge can then be read from the (D − 4)-dimensional effective Newton
constant G(D−4) as4

S =
1

4G(2)

=
8π2

(2πℓs)8

∫
e8A−2Φ volM8 , c =

3

2G(3)

=
48π2

(2πℓs)9

∫
e9A volM8 . (3.2.11)

Moreover, in order to ensure that the uplifted solution is globally well-defined, we will
need to impose the quantization of fluxes. In particular, the four-form flux yields the
following constraints

1

(2πℓs)3

∫
S4

F(4) = N ∈ N ,
1

(2πℓs)3

∫
M4

F(4) = K ∈ N , (3.2.12)

4We are using conventions in which G(11) = (2πℓs)G(10), that is the same to say that the eleven-
dimensional Planck length is equal to ℓs.
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where N can be interpreted as the number of D4 and M5-branes wrapped over M4, in ten
and eleven dimensions respectively. In massive type IIA supergravity one has to impose
the additional condition

(2πℓs)F(0) = n0 ∈ N , (3.2.13)

closely related to the presence of D8-branes. Indeed, our background has a boundary at
ξ = 0, where µ0 = 0 and the warp factor is singular, which corresponds to the location
of an O8-plane and Nf = 8 − n0 coincident D8-branes. The integration over S4 can be
performed in generality, since only the first line of (3.2.6) contributes. Using the identity∫

S4

U

∆2

µ1µ2

µ
(D−4)/3
0

dµ1 ∧ dµ2 ∧ dϕ1 ∧ dϕ2 = −(D − 3)(D − 5)π2 , (3.2.14)

the condition (3.2.12), together with (3.2.13) (in the case of massive type IIA), can be
solved to give gc and λ in terms of N (and n0)

D = 6 : g8c =
1

(2πℓs)8
18π6

N3n0

, λ8 =
8π2

9Nn3
0

, (3.2.15)

D = 7 :
g3c
λ3

=
1

(2πℓs)3
8π2

N
. (3.2.16)

Collectively, we can write

N =
λ2D−11π2(D − 3)(D − 5)

(2πℓs)3g3c
, (3.2.17)

These are very general since do not depend on the details of the lower-dimensional solu-
tions. Indeed, they are the same as for other known six- and seven-dimensional solutions
(cf. [52] and [51, 61]). Diversely, the integration along a representative of M4, which we
take to be at the pole of the hemisphere S4 (i.e. at ξ = π/2), takes contributions from the
last two lines and as such it depends explicitly on the form of the field B and H = dB
in D = 6, 7. It is worth noticing that, being N and n0 integers, the second equation
for D = 6 would be inconsistent with λ = 1. Such a problem arises from the fact that,
without introducing λ, the constraints (3.2.12) and (3.2.13) would have to be imposed
on an unique dimensionless parameter, namely (gℓs). This makes the scaling symmetry
crucial to establish the regularity of the ten-dimensional uplifted solution.

3.3 Local form of the solutions and supersymmetry
We start analysing the local form of the solutions in D = 6, whilst global issue will be
addressed later on.

3.3.1 AdS2 × Σg ⋉ Σ2

The first local solutions to the supergravity action (3.1.1) that we consider are of the
type AdS2 × Σg ⋉ Σ2, Σg Riemann surface of genus g > 1. As anticipated, for g = 0,
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AdS2×S2⋉Σ2 is still a solution to the equations of motion, but it is not supersymmetric.
Specifically, we consider5

ds2 = (y2h1h2)
1/4

ï
1

4
ds2AdS2

+
1

2
ds2Σg

+
y2

F
dy2 +

F

h1h2

(
dz − 1

2m
ωΣg

)2ò
,

Ai = −y
3

hi

(
dz − 1

2m
ωΣg

)
+ αidz , Xi = (y2h1h2)

3/8h−1
i , B =

y

2m
v̂ol(AdS2) ,

(3.3.1)
where ds2AdS2

denotes the unit radius metric on AdS2, ds2Σg
the unit radius metric on Σg

and ωΣg is normalized such that dωΣg = v̂ol(Σg). Explicitly, we can take

ds2Σg
= dx2 + sinh2x dψ2 , ωΣg = coshx dψ , (3.3.2)

but all the following computations can be performed without adopting an explicit metric
on Σg nor an explicit expression for ωΣg . In these normalization vol(Σg) = 4π(g− 1) and
χΣg = 2(1− g). The functions hi(y) and F (y) are given by

hi(y) =
2gc
3m

y3 + qi , F (y) = m2h1(y)h2(y)− y4 , (3.3.3)

with q1, q2 two real parameters. A curvature singularity lies at y = 0, hence without loss
of generality, in what follows we will restrict to y > 0.

We now solve (3.1.4)-(3.1.6), showing that the solution is indeed supersymmetric. We
employ the following orthonormal frame

eâ =
y1/4(h1h2)

1/8

2
êâ , eǎ =

y1/4(h1h2)
1/8

√
2

ěǎ ,

e4 =
y5/4(h1h2)

1/8

F 1/2
dy , e5 =

y1/4F 1/2

(h1h2)3/8

(
dz − 1

2m
ωΣg

)
,

(3.3.4)

where êâ, â = 0, 1, is the zweibein on AdS2, whose coordinates are denoted as xµ̂, and ěǎ,
ǎ = 2, 3, is the zweibein on Σg, whose coordinates are denoted as xµ̌. Equation (3.1.4)
then splits into the following systemÅ

∂µ̂ +
1

4
ω âb̂
µ̂ Γâb̂

ã
ϵA + êâµ̂

ï
− i

4
Γ 45
â (σ3)ABϵ

B +
1

4
Γ 2345
â ϵA

ò
= 0 ,

∂µ̌ϵ
A − 1

2

ï
(ωΣg)µ̌ +

1√
2
Γ 45
µ̌

ò(
Γ23ϵA + i(σ3)ABϵ

B
)
= 0 ,

∂yϵ
A − 1

16y

ï
(2 + yh̃′)ϵA − i

4y2

F 1/2
(4− yh̃′)Γ5(σ3)ABϵ

B

ò
= 0 ,

∂zϵ
A − i

gc
2

Å
α1 + α2 −

2m

gc

ã
(σ3)ABϵ

B = 0 ,

(3.3.5)

where h̃ ≡ log(h1h2) and we may take

α1 + α2 =
2m

gc
, (3.3.6)

5Here we have inserted a gauge transformation αidz for reasons that will be clear momentarily.
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so that the Killing spinors are independent of z. Equations (3.1.5) and (3.1.6) yield the
same constraint

F 1/2Γ4ϵA +m(h1h2)
1/2ϵA + i y2Γ45(σ3)ABϵ

B = 0 . (3.3.7)

We note that the equations along y and z in (3.3.5) and equation (3.3.7) are the same
as in the AdS4 × Σ system (cf. equations (3.3) and (3.4) of [52]), a fact that will play an
important role later on. We consider the following decomposition of the gamma matrices

Γã = γã ⊗ ρ∗ , Γ4,5 = I4 ⊗ ρ1,2 , (3.3.8)

where γã, ã = 0, . . . , 3, are the (Lorentzian) gamma matrices in D = 4, ρı̂, ı̂ = 1, 2, are
the (Euclidean) gamma matrices in D = 2 and ρ∗ = −i ρ1ρ2 is the related chiral matrix.
For ρı̂ we choose the following representation

ρı̂ = σ ı̂ , ρ∗ = σ3 , (3.3.9)

and we take Bρ2 = −σ2. For consistency, the six-dimensional matrix B6 decomposes as

B6 = (B4γ5)⊗ (Bρ2ρ∗) , (3.3.10)

where γ5 = i γ0γ1γ2γ3 is the four-dimensional chiral matrix. Moreover, we decompose the
four-dimensional gamma matrices γã as

γâ = βâ ⊗ τ∗ , γ2,3 = I2 ⊗ τ 1,2 , (3.3.11)

where βâ are the (Lorentzian) gamma matrices in D = 2, τ ı̂, ı̂ = 1, 2, are the (Euclidean)
gamma matrices in D = 2 and τ∗ = −i τ 1τ 2 is the related chiral matrix. Explicitly, we
adopt the same representation as in (3.3.9)

τ i = σi , τ∗ = σ3 , (3.3.12)

and we take Bτ2 = σ1. The four-dimensional matrices B4 and γ5 decompose as

B4 = (Bβ2β∗)⊗ Bτ2 , γ5 = β∗ ⊗ τ∗ , (3.3.13)

where β∗ = −β0β1 is the (Lorentzian) chiral matrix in D = 2. Adopting these decompo-
sitions, the Killing spinor takes the form of a tensor product

ϵA = ϑAdS2 ⊗ χAΣg
⊗ ηAΣ2

, (3.3.14)

where ϑ = ϑ(xµ̂) is a Majorana Killing spinor on AdS2, hence ∇̂µ̂ϑ = 1
2
βµ̂ϑ and ϑ∗ = Bβ2ϑ,

χA = χA(xµ̌) are two two-component spinors defined on the Riemann surface Σg

χ1 =

Å
0
ξχ

ã
, χ2 =

Å
−ξ∗χ
0

ã
, χ2 = −iσ2(χ1)∗ (3.3.15)

with ξχ ∈ C a constant and η1,2 are given by

η1 = ξη y
1/8(h1h2)

−3/16

Ç
f
1/2
+

−f 1/2
−

å
, η2 = −i ξ∗η y

1/8(h1h2)
−3/16

Ç
f
1/2
−

−f 1/2
+

å
, η2 = iσ1(η1)∗ .

(3.3.16)
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Here, ξη ∈ C is another complex constant and we have defined

f±(y) ≡ m(h1h2)
1/2 ± y2 , F (y) = f+(y) f−(y) . (3.3.17)

We can now count the number of supersymmetries preserved by our AdS2 × Σg ⋉ Σ2

solution. ϑ is a Majorana spinor, hence it has two real degrees of freedom, while the
tensor product χA ⊗ ηA is fully determined by the product (ξχξη), which has two real
degrees of freedom. Therefore, there are four real independent Killing spinors, that is one
quarter of the number of supersymmetries of the six-dimensional N = (1, 1) theory, hence
the solution is 1/4-BPS.

3.3.2 AdS2 × Σ1 ⋉ Σ2

A second class of solutions to the model described by action (3.1.1) is the AdS2×Σ1⋉Σ2

background, where a two-dimensional spindle Σ2 is non-trivially fibred over a different
two-dimensional spindle Σ1. Remarkably, there exists a specific limit of the coordinates
and the parameters in which the AdS2×Σg⋉Σ2 solutions are retrieved, both their bosonic
content and the Killing spinors (see appendix B of [1]). The solution takes the form

ds2 = (y2h1h2)
1/4

ï
x2

4
ds2AdS2

+
x2

q
dx2 +

q

4x2
dψ2 +

y2

F
dy2 +

F

h1h2

(
dz − 1
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x

)
dψ
)2ò

,

Ai = −y
3
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(
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(
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x

)
dψ
)
+ αidz , Xi = (y2h1h2)

3/8h−1
i , B =

ay

2m
v̂olAdS2 ,

(3.3.18)

where αi are again gauge parameters and a ∈ R+. The metric functions are given by

hi(y) =
2gc
3m

y3+ qi , F (y) = m2h1(y)h2(y)− y4 , q(x) = x4− 4x2+4ax−a2 . (3.3.19)

Notice that formally taking a = 0 we retrieve the AdS4 × Σ background studied in [52].
In order to construct the local form of the Killing spinors and to demonstrate that this

solution is supersymmetric, we must first specialise the Killing spinor equations (3.1.4)-
(3.1.6) to our system employing the orthonormal frame

eâ =
x y1/4(h1h2)

1/8

2
êâ , e2 =

x y1/4(h1h2)
1/8

q1/2
dx , e3 =

q1/2y1/4(h1h2)
1/8

2x
dψ ,

e4 =
y5/4(h1h2)

1/8

F 1/2
dy , e5 =

y1/4F 1/2

(h1h2)3/8

(
dz − 1

2m

(
1− a

x

)
dψ
)
,

(3.3.20)

where êâ, â = 0, 1, is the zweibein on AdS2, whose coordinates are denoted as xµ̂. Equa-
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tion (3.1.4) then splits into the following systemÅ
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ã
(σ3)ABϵ

B = 0 ,

(3.3.21)

where h̃ ≡ log(h1h2) is defined as before and we fix the same gauge as in (3.3.6). Equa-
tions (3.1.5) and (3.1.6) yield, again, the same constraint (3.3.7).

The explicit construction of the Killing spinors proceeds in a way similar to the AdS2×
Σg ⋉ Σ2 case. First of all, we employ the following decomposition of the six-dimensional
gamma matrices (cf. equations (3.3.8) and (3.3.11)):

Γâ = βâ ⊗ τ∗ ⊗ ρ∗ , Γ2,3 = I2 ⊗ τ 1,2 ⊗ ρ∗ , Γ4,5 = I2 ⊗ I2 ⊗ ρ1,2 , (3.3.22)

which implies,
B6 = Bβ2 ⊗ (Bτ2τ∗)⊗ (Bρ2ρ∗) , (3.3.23)

where βâ are the (Lorentzian) gamma matrices in D = 2, ρı̂ and τ ı̂, ı̂ = 1, 2, are the
(Euclidean) gamma matrices in D = 2 and ρ∗ and τ∗ are the related chiral matrices. In
the Euclidean sectors we adopt the representation (3.3.9)

ρı̂ = τ ı̂ = σ ı̂ , ρ∗ = τ∗ = σ3 , (3.3.24)

and we take Bρ2 = −σ2 and Bτ2 = σ1. The six-dimensional Killing spinors consist again in
a tensor product, namely

ϵA = ϑAdS2 ⊗ χAΣ1
⊗ ηAΣ2

, (3.3.25)

with ϑ = ϑ(xµ̂) Majorana Killing spinor on AdS2, χA = χA(x, ψ) two two-component
spinors defined on the spindle Σ1 and ηA given in (3.3.16). The symplectic-Majorana
condition (3.1.8) and the Killing spinor equations (3.3.21)-(3.3.7) are satisfied given that

χ1 = ξχ x
−1/2

Ç
Q

1/2
+

−Q1/2
−

å
, χ2 = ξ∗χ x

−1/2

Ç
Q

1/2
−

Q
1/2
+

å
, χ2 = −iσ2(χ1)∗ (3.3.26)

where ξχ ∈ C is a constant and

Q±(x) ≡ x2 ± (a− 2x) , q(x) = Q+(x)Q−(x) . (3.3.27)

The count of the real degrees of freedom is identical to the AdS2×Σg⋉Σ2 case and shows
that the solution is 1/4-BPS, since it preserves four real supercharges.
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3.4 Global analysis
We now proceed to the global analysis of the local solutions presented in sections 3.3.1
and 3.3.2, for which we set m = 2gc/3 without loss of generality6. First we study the
conditions for which the (y, z) part of the metric describe a spindle Σ[n−,n+]

2 (y, z) and then,
analogously, the conditions for having a well-defined base Σ[m−,m+]

1 (x, ψ). Subsequently,
we will take into account the fibration of the second spindle on the base B = Σg,Σ1.
Finally, we study the regularity of the uplifted solution by computing the fluxes of F(4)

over M(1,2)
4 , computing also the entropy of the putative black-hole with horizon M(1,2)

4 .
We will find a number of regularity conditions, which must be studied within the domain
of integers. All details are reported in appendix A of [1], whilst here we focus on the
structure of the analysis.

3.4.1 Regularity in D = 6

Σ[n−,n+]
2 (y, z)

Fixed a generic point on the base B, that can be B = Σg,Σ1, the metric Σ2 reads

ds2Σ2
=

y2

F (y)
dy2 +

F (y)

h1(y)h2(y)
dz2 . (3.4.1)

In order to have a well-defined metric and positive scalars Xi, we need to take F (y) ≥ 0
and hi(y) > 0 in a closed interval not containing the curvature singularity in y = 0, thus
without loss of generality we restrict to y > 0. Moreover, denoting [y−, y+] the range of
the coordinate y (so that F (y±) = 0), Σ2 is a proper spindle given that [52]

gF ′(y−)

3y3−
∆z =

2π

n−
,

gF ′(y+)

3y3+
∆z = − 2π

n+

, (3.4.2)

where n± are two co-prime integers and ∆z is the periodicity of the z coordinate. The signs
± in these conditions are due to sign(F ′(y±)) = ∓ due to F (y) > 0. These two relations
ensure that at the poles y = y± there are C/Zn± orbifold singularities, respectively. An
additional constraint comes from the quantization of the magnetic fluxes across Σ2, which
arises from the requirement that gAi be well-defined connection one-forms on U(1) bundles
over Σ2. Given any point of Σg, we must have [42]

ti ≡
gc
2π

∫
Σ2

Fi =
pi

n−n+

, pi ∈ Z . (3.4.3)

It can be shown that [52]

p1 + p2 = n+ + n− =⇒ t1 + t2 =
n− + n+

n−n+

, (3.4.4)

meaning that the R-symmetry gauge field AR ≡ gc(A1 +A2) is a connection one-form on
the line bundle O(n− + n+) over Σ2, and therefore the integers pi can be conveniently

6Taking g > 0 and m > 0, we can apply the rescaling (2.4) of [52], together with B 7→ (m/lgc)
−1/2B,

in order to absorb m in the coupling constant.
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parameterized as

p1 =
n− + n+

2
(1 + z) , p2 =

n− + n+

2
(1− z) , (3.4.5)

where z is an appropriate rational number. The value of the sum p1 + p2 implies that AR
realizes on the bundle the type of twist that was dubbed “twist”, as for the D4 [52] and
M5-branes [51] wrapped on a spindle. All these conditions (3.4.2)-(3.4.5) were studied
in [52], to which we refer for a detailed analysis, and it was proven that they can be
satisfied if n− < n+, p1 < 0, p2 > 0 and if7

q1(z) =w
3(1− x2)

g2c (x
2 + 3)2(µ− x)

[
3µ(1 + x2)− 2x− x(x2 + 3)z

]
= q2(−z) ,

y± =w(1± x) =
1± x

gc(x2 + 3)

 
9µ(x2 + 1)− 3x(x2 + 5)

2(µ− x)
, ∆z = χ2

3π(x2 + 3)(µ− x)

8gcx2
.

(3.4.6)
Here, the Euler characteristic of Σ2 χ2 and µ are defined as

χ2 =
n+ + n−

n−n+

, µ ≡ n+ − n−

n+ + n−
, (3.4.7)

and x is the only solution of the quartic equation

x4 +
(
8z2 − 3− 9µ2

)
x2 + 12µx− 9µ2 = 0 , (3.4.8)

lying inside the range 0 < x < 1.

Σ[m−,m+]
1 (x, ψ)

The base spindle Σ[m−,m+]
1 (x, ψ), described by the metric

ds2Σ1
=

x2

q(x)
dx2 +

q(x)

4x2
dψ2 , (3.4.9)

was thoroughly studied in [46], thus we will take advantage of the results presented therein,
setting j = 0. Σ1 is indeed a spindle, characterized by the two co-prime integers m±,
with8 m− < m+, if the parameter a, the periodicity of the coordinate ψ and the range of
x ∈ [x−, x+] (so that q(x±) = 0) are given by

a =
m2

+ −m2
−

m2
+ +m2

−
, ∆ψ =

√
m2

+ +m2
−√

2m−m+

2π , x± = ±1∓
√
2m∓√

m2
+ +m2

−
. (3.4.10)

At the north and south poles of Σ1, namely x = x∓, are present C/Zm∓ orbifold singu-
larities, respectively. Moreover, defined the vector field

A4d =
1

2

(
1− a

x

)
dψ , (3.4.11)

its magnetic flux through the spindle Σ1 is
1

2π

∫
Σ1

F4d =
m+ −m−

2m−m+

. (3.4.12)

In the four-dimensional theory [46] this implies that 2A4d is a connection one-form on the
line bundle O(m+ −m−) over Σ1 and, as a consequence, that we have the anti-twist.

7Notice that, with respect to [52], xthere → xhere.
8Notice that we exchanged m− and m+ with respect to [46], so that nthere

± → mhere
∓ .
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B(x, ψ)⋉ Σ[n−,n+]
2 (y, z)

As we already mentioned, the internal space has the structure of a spindle Σ2 fibred
over B = Σg,Σ. This fibration is well-defined in the orbifold sense if the one-form η
describing the fibration is globally defined, i.e.

Σg :
1

2π

∫
Σg

dηΣg = t , Σ1 :
1

2π

∫
Σ1

dηΣ1 =
t

m−m+

, t ∈ Z , (3.4.13)

where ηB is the one-form representing the fibration

Σg : ηΣg ≡
2π

∆z

(
dz − 3

4gc
ωΣg

)
, Σ1 : ηΣ1 ≡

2π

∆z

(
dz − 3

4gc

(
1− a

x

)
dψ
)
. (3.4.14)

This requirement yields a quantization condition relating the second spindle data (n±, z)
and the genus g > 1 or the integers m± of the base, namely

Σg : t = − 8x2(g − 1)

χ2(x2 + 3)(µ− x)
, Σ1 : t = − 4x2(m+ −m−)

χ2(x2 + 3)(µ− x)
, t ∈ Z , (3.4.15)

where we have used (3.4.6). The analysis of this constraint is reported in appendix A
of [1]. The last conditions follow from the quantization of the fluxes Fi through two-
cycles in B ⋉ Σ2. Their integration through Σ2 were computed in (3.4.3), hence they
are already appropriately quantized. Next, we define the two two-cycles S± ≡ {y = y±}
which correspond to two copies of the base B at the two poles of Σ2, and compute

s±i ≡ gc
2π

∫
S±

Fi , (3.4.16)

obtaining, e.g.,

Σg : s−1 =
3

2

y3−
h1(y−)

(g − 1) = tχ2
x3 − (2 + 2z+ 3µ)x2 + (3− 2z)x− 3µ

8x2
,

Σ1 : s−1 =
3

4

y3−
h1(y−)

m+ −m−

m+m−
=

tχ2

m+m−

x3 − (2 + 2z+ 3µ)x2 + (3− 2z)x− 3µ

8x2
.

(3.4.17)
where we substituted t as in (3.4.15). Notice that the right hand sides of these equations
formally coincide for m+ = m− = 1. The fluxes of F2 can be obtained from the previous
formulas by exchanging A1 → A2, which is equal to exchange q1 → q2 or p1 → p2 and,
in turn, z → −z. As a consequence, the quantization of its fluxes automatically holds.
The quantization through S+ can be addressed easily since an explicit computation shows
that

Σg : s+i = s−i + t
pi

n−n+

, Σ1 : s+i = s−i +
t

m−m+

pi
n−n+

, (3.4.18)

which agrees with the homology relation S+ − S− = tΣ2 or S+ − S− = (t/m−m+)Σ2.
Similarly to what happened in (3.4.13), the quantization condition requires (3.4.17) to
be an integer, modulo m−m+ if the base is Σ1. Again, some examples for which this
constraint is satisfied are reported in appendix A of [1].
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Focussing on the R-symmetry gauge field AR ≡ gc(A1 + A2), its fluxes read

Σg :
1

2π

∫
S±

FR = 2(g − 1)± t

n±
, Σ1 :

1

2π

∫
S±

FR =
m+ −m−

m−m+

± t

m−m+n±
,

(3.4.19)
and, as expected, they are correctly quantized if all the previous conditions are satisfied.
Notice that in both cases, the first term is the Euler characteristic of the base B (or
its generalization due to the anti-twist on Σ1). Moreover the second term reflects the
presence of a fibration, and n± is present since the normal bundle to S± contains orbifold
singularities Zn± , as we shall see momentarily.

3.4.2 Massive type IIA and entropy

For the system at hand, the reduced functions (3.2.9) reads

∆h(y) = h1h2 µ
2
0 + y3h2 µ

2
1 + y3h1 µ

2
2 , Uh(y) = 2

[
(y3 − h1)(y

3 − h2)µ
2
0 − y6

]
− 4

3
∆h(y) .

(3.4.20)
It follows that

F(0) =
2gc
3λ3

, eΦ = λ2µ
−5/6
0 y−3/2∆

1/4
h . (3.4.21)

The other fields depend explicitly on B = Σg,Σ1. In particular, for Σg we have

ds2s.f. =
λ2∆

1/2
h

µ
1/3
0 y

ß
1

4
ds2AdS2

+ ds2Σg
+
y2

F
dy2 +

F

h1h2

(
dz − 1

2m
ωΣg

)2
+

y

g2c∆h

[
y3 dµ2

0 + h1
(
dµ2

1 + µ2
1σ

2
1

)
+ h2

(
dµ2

2 + µ2
2σ

2
2

)]™
, B(2) =

λ2yµ
2/3
0

4m
volAdS2 ,

F(4) = −λµ
1/3
0 h1h2
g3c∆h

ß
Uh
∆h

µ1µ2

µ0

dµ1 ∧ dµ2 ∧ σ1 ∧ σ2

−
∑
i ̸=j

[
gc Fi ∧ dϕj −

y3(h′i − 3y−1hi)hj
∆hhi

µ2
i dy ∧ σi ∧ σj

]
∧
(
µ0µj dµj − y3h−1

j µ2
j dµ0

)™
+
λyµ

4/3
0

2
volΣg ∧ dy ∧ dz − λy2µ

1/3
0

3
volΣg ∧ dz ∧ dµ0 , F(2) =

gcyµ
2/3
0

6λm
volAdS2 .

Instead, when the base of the fibration is Σ1 we have

ds2s.f. =
λ2∆

1/2
h

µ
1/3
0 y

ß
x2

4
ds2AdS2

+
x2

q
dx2 +

q

4x2
dψ2 +

y2

F
dy2 +

F

h1h2

(
dz − 1

2m

(
1− a

x

)
dψ
)2

+
y

g2c∆h

[
y3 dµ2

0 + h1
(
dµ2

1 + µ2
1σ

2
1

)
+ h2

(
dµ2

2 + µ2
2σ

2
2

)]™
, B(2) =

λ2ayµ
2/3
0

4m
volAdS2 ,

F(4) = −λµ
1/3
0 h1h2
g3c∆h

ß
Uh
∆h

µ1µ2

µ0

dµ1 ∧ dµ2 ∧ σ1 ∧ σ2

−
∑
i ̸=j

[
gc Fi ∧ dϕj −

y3(h′i − 3y−1hi)hj
∆hhi

µ2
i dy ∧ σi ∧ σj

]
∧
(
µ0µj dµj − y3h−1

j µ2
j dµ0

)™
+
λayµ

4/3
0

x2
volΣ1 ∧ dy ∧ dz − 2λay2µ

1/3
0

3x2
volΣ1 ∧ dz ∧ dµ0 , F(2) =

agcyµ
2/3
0

6λm
volAdS2 .
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The integration along S4 gives, as expected, the same result as in (3.2.17). In both cases,
the integration along M(1,2)

4 receives contributions only from the first term in the last
line of F(4), since it is proportional to volM(1,2)

4 . The result can be expressed in terms of
(g, n±, z, N) or (m±, n±, z, N), and reads

Σg : K = Nχ2(g − 1)
3[3µ(x2 + 1)− x(x2 + 5)]

8x(x2 + 3)
∈ N ,

Σ1 : K = Nχ2
m+ −m−

m+m−

3[3µ(x2 + 1)− x(x2 + 5)]

8x(x2 + 3)
∈ N .

(3.4.22)

The analysis of these constraint is left to appendix A of [1]. With all these expressions at
hand we can now compute the entropy of the systems through the formula (3.2.11). We
obtain

Σg : SΣg⋉Σ2 =
8π2

(2πℓs)8
3π2λ4

20g4
4π(g − 1) (y3+ − y3−)∆z = (g − 1)FS3×Σ2

,

Σ1 : SΣ1⋉Σ2 =
8π2

(2πℓs)8
3π2λ4

20g4
(x+ − x−)∆ψ (y3+ − y3−)∆z =

1

2π
AΣ1FS3×Σ2

,

(3.4.23)

where FS3×Σ2
is the free energy of d = 3, N = 2 SCFTs that arise from a system of N

D4-branes and Nf D8-branes wrapped on a spindle [52]

FS3×Σ2
= χ2

√
3πN5/2

5
√

8−Nf

[3µ(x2 + 1)− x(x2 + 5)]3/2

x(x2 + 3)(µ− x)1/2
, (3.4.24)

and AΣ1 is the area of the horizon of the (putative) four-dimensional supersymmetric
black hole solutions with AdS2 × Σ1 near-horizon studied in [46], namely

AΣ1 =

√
2
√
m2

+ +m2
− − (m+ +m−)

m+m−
π . (3.4.25)

3.5 Toric data
Having completed the global analysis of our solutions, we can now construct the labelled
polytope and extract the toric data that we will use in the next section to reproduce
the gravitational results (3.4.23). Recall from the discussion in section 2.1 that there
is a distinction between D̂a and Da, the branch and ramified divisors. Consequently
there are “long” vectors v⃗a, which are not primitive, and “short” vectors ⃗̂va for which
det(⃗̂va, ⃗̂va+1) = 1. We will start by studying the orbifold S2 ⋉ Σ2 which is toric in the
standard sense, i.e. it admits a (conformally) closed symplectic two form ω(2) and a
moment map µ⃗. This, even if not supersymmetric, is a solution of the six-dimensional
model (3.1.1) and can be obtained by an analytic continuation of M(1)

4 = Σg⋉Σ2. Moreover
we will provide a method for extracting the same toric data by analysing the loci La in
which U(1) ⊂ U(1)2 collapses, which is exactly the definition of a divisor D̂a. Then we
can apply the same method to the toric orbifold M(2)

4 = Σ1 ⋉ Σ2, even if we are not able
to construct a (conformally) closed ω(2). Here there is a subtlety, in that it is not clear a
priori if the loci in which U(1) ⊂ U(1)2 degenerates is identifiable with Da or D̂a. We will
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provide evidences for which La = D̂a by analysing in details the metric (3.3.18). Also,
if we denote with r the distance from La, it is clear that for r = ϵ > 0 we can inspect
the surroundings of La, where it is visible the action of the structure group Zma , so that
Da = D̂a × pt/Zma .

3.5.1 AdS2 ×M4

S2 ⋉ Σ2

Before studying the Σ1 ⋉ Σ2 orbifold, we start with M4 = S2 ⋉ Σ2. Although non-
supersymmetric, the AdS2 × S2 ⋉Σ2 backgrounds form a family of solutions to the equa-
tions of motion very similar to (3.3.1), but with a different value of the radius of the
Riemann surface, now a sphere. Specifically, the space we consider is the four-dimensional
toric orbifold S2 ⋉ Σ2 with metric

ds2S2⋉Σ2
=

1

6

(
dθ2 + sin2θ dψ2

)
+
y2

F
dy2 +

F

h1h2

(
dz +

1

2m
cos θ dψ

)2
. (3.5.1)

In this case, the condition on t (3.4.15) in order to have a well-defined fibration reads

t = − 1

m

2π

∆z
∈ Z , (3.5.2)

where t results to be negative. For fixed values of y ̸= y∓, metric (3.5.1) describes
(topologically) a squashed L(−t, 1) = S3/Z−t lens space, where S3 is a squashed three-
sphere written as a Hopf fibration. Therefore a natural basis of an effective two-torus
action is9 [126]

E1 ≡ ∂ϕ1 = ∂ν2 , E2 ≡ ∂ϕ2 = ∂ψ − t

2
∂ν2 , (3.5.3)

where we introduced the 2π-periodic coordinate ν2 = 2π
∆z
z. In total we have four fixed

points pI , I = 1, . . . , 4, under the action of the two-torus, which are all the possible
combinations obtained by pairing the poles of the sphere (θ = 0, π) and the poles of the
spindle (y = y±)

p1 = {θ = 0, y = y−} , p2 = {θ = 0, y = y+} ,
p3 = {θ = π, y = y+} , p4 = {θ = π, y = y−} .

(3.5.4)

We now consider the conformally rescaled metric ds2 = Γ(y) ds2S2⋉Σ2
, with Γ(y) > 0, with

compatible symplectic two-form

ω(2) = Γ(y)

ï
1

6
sin θ dθ ∧ dψ +

y

(h1h2)1/2
dy ∧

(
dz +

1

2m
cos θ dψ

)ò
. (3.5.5)

When Γ′(y) = − 3y
m(h1h2)1/2

Γ(y) 10, the two-form (3.5.5) is closed and can be written as

ω(2) = dψ∧d
ï
1

6
Γ(y) cos θ

ò
+dν2∧d

ï
− 1

3t
Γ(y)

ò
= d

ï
1

3t
Γ(y)

ò
∧dϕ1−d

ï
Γ(y)

1 + cos θ

6

ò
∧dϕ2 .

(3.5.6)
9We exchanged E1 and E2 with respect to [126] in order to have the vectors v⃗a ordered counter-

clockwise.
10A real and positive solution to this differential equation exists and is unique, up to an irrelevant

overall constant.
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From this expression we can derive the moment maps with respect to the basis (3.5.3)
according to the general prescription (2.1.4)

µ⃗(y, θ) =
1

3t
Γ(y)

Å
1,−t(1 + cos θ)

2

ã
, (3.5.7)

and compute the image of the fixed points (3.5.4)

µ⃗(p1) =
1

3t
Γ(y−) (1,−t) , µ⃗(p2) =

1

3t
Γ(y+) (1,−t) ,

µ⃗(p3) =
1

3t
Γ(y+) (1, 0) , µ⃗(p4) =

1

3t
Γ(y−) (1, 0) ,

(3.5.8)

which are vertices of the moment polytope. In order to correctly draw the polytope we
notice that, since Γ′(y) < 0, we have Γ(y−) > Γ(y+). The M4 = S2 ⋉ Σ2 orbifold is then
characterized by

D̂1 = {y = y−} : m1 = n− , D̂2 = {θ = 0} : m2 = 1 ,

D̂3 = {y = y+} : m3 = n+ , D̂4 = {θ = π} : m4 = 1 ,
(3.5.9)

and by the primitive vectors

⃗̂v1 = (1, 0) , ⃗̂v2 = (t, 1) , ⃗̂v3 = (−1, 0) , ⃗̂v4 = (0,−1) . (3.5.10)

The long vectors are, as usual, v⃗a = ma
⃗̂va. The resulting labelled polytope and stacky fan

are depicted in figure 3.1, and if the labels are stripped off this is exactly the polytope

p1

p2

p3 p4

n−

n+

⃗̂v1

⃗̂v2

⃗̂v3

⃗̂v4

(a) Labelled polytope.

v⃗1

v⃗2

v⃗3
v⃗4

τ1
τ2

τ3 τ4

(b) Stacky fan.

Figure 3.1: Labelled polytope and stacky fan of the S2⋉Σ2 orbifold. The different facets
Fa are labelled with the integers ma. The cones generated by v⃗a and v⃗a+1 are denoted
as τa.

corresponding to the Hirzebruch surfaces F−t, see figure 2.2b.
The method we employed to construct the labelled polytope above is rigorous and

the result fits in the theory of symplectic toric orbifolds [86]. As anticipated, we now
reproduce (3.5.9) and (3.5.10) by a different analysis, i.e. studying the loci La in which a
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generic Killing vectors ξ = a∂ψ+ b∂ν2 degenerate. Explicitly, denoting with ξa the Killing
vector that degenerates at La, we have

ξ1 = n− ∂ν2 , ξ2 = ∂ψ +
t

2
∂ν2 , ξ3 = n+ ∂ν2 , ξ4 = ∂ψ − t

2
∂ν2 , (3.5.11)

normalized so to have unitary surface gravity

κ2grav =
∂µ|ξa|2∂µ|ξa|2

4|ξa|2
∣∣∣
La

= 1 . (3.5.12)

Expanded in the basis (3.5.3), the degenerating Killing vectors read

ξ1 = n−E1 , ξ2 = t E1 + E2 , ξ3 = n+E1 , ξ4 = E2 . (3.5.13)

We notice that the following relation

ξa = v⃗a · (E1, E2) , (3.5.14)

holds, but only for long-vectors v⃗a. As anticipated around (2.3.2), we will use the rela-
tion (3.5.14) to infer the toric data starting from the information about the degenerate
Killing vectors.

Σg ⋉ Σ2

Let us make some comments on the orbifold Σg ⋉ Σ2, with g > 1. This cannot be toric
in any sense, therefore none of the previous considerations can be applied. Nevertheless,
for our purposes, we can think about extending the results obtained for the S2 ⋉Σ2 toric
orbifold to this case, and adopt as “toric data” the same vectors ⃗̂va (3.5.10) and the same
integersma (3.5.9). We will confirm the validity of this proposal at the end of section 3.6.1.

Σ1 ⋉ Σ2

After the warm-up with the M4 = S2 ⋉ Σ2 case, we are now in the position to study the
M(2)

4 = Σ1 ⋉ Σ2 orbifold. As anticipated we have not been able to construct a conformal
symplectic structure, therefore we do not have a moment map to derive the labelled
polytope, but we will use the prescription (3.5.14). Recall that the metric on Σ1 ⋉ Σ2 is

ds2Σ1⋉Σ2
=

x2

q(x)
dx2+

q(x)

4x2
dψ2+

y2

F (y)
dy2+

F (y)

h1(y)h2(y)

(
dz− 1

2m

(
1− a

x

)
dψ
)2
. (3.5.15)

A simple direct calculation shows that it has four Killing vectors degenerating at the poles
of the two spindles. Defining the four loci

L1 = {y = y−} , L2 = {x = x−} , L3 = {y = y+} , L4 = {x = x+} , (3.5.16)

intersecting at the the four fixed points

p1 = {x = x−, y = y−} , p2 = {x = x−, y = y+} ,
p3 = {x = x+, y = y+} , p4 = {x = x+, y = y−} ,

(3.5.17)
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and normalizing the degenerating Killing vectors so that they have unitary surface gravity
as before, the Killing vectors read

ξ1 = n− ∂ν2 , ξ2 = m−

(
∂ν1 −

a− x−
2mx−

∆ψ

∆z
∂ν2

)
,

ξ3 = n+ ∂ν2 , ξ4 = m+

(
∂ν1 −

a− x+
2mx+

∆ψ

∆z
∂ν2

)
,

(3.5.18)

where, in addition to ν2 = 2π
∆z
z, we introduced also the 2π-periodic coordinate ν1 = 2π

∆ψ
ψ.

In order to derive the normal vectors v⃗a we need to find an appropriate basis in which to
expand the ξa. Inspired by (3.5.3), where ∂ν2 is the first basis element and ξ4 plays the
role of E2, we consider the following basis

e1 = ∂ν2 , e2 = ∂ν1 −
a− x+
2mx+

∆ψ

∆z
∂ν2 , (3.5.19)

in which the degenerating Killing vectors are decomposed as

ξ1 = n− e1 , ξ2 =
t

m+

e1 +m− e2 ,

ξ3 = n+ e1 , ξ4 = m+ e2 ,

(3.5.20)

where we made use of the quantization condition on t in (3.4.15) in the form

t

m+m−
= −a(x+ − x−)

2mx−x+

∆ψ

∆z
. (3.5.21)

Note that, even though x∓ and a are real numbers, all the coefficients in (3.5.20) are
rational. Extracting the normal vectors, one gets

V⃗1 = n−(1, 0) , V⃗2 =
( t

m+

,m−

)
, V⃗3 = n+(−1, 0) , V⃗4 = m+(0,−1) . (3.5.22)

which are not primitive, as expected, but also they are not Z2-valued. The underlying
reason is that the basis (3.5.19) is not effective. A better basis can be obtained rotating
the vectors v⃗a through the following SL(2,Q) matrix

S =

Å
1 −r−/m+

0 1

ã
, (3.5.23)

where r− is an integer prime to m+. Defining v⃗a ≡ S V⃗a, we have

v⃗1 = (n−, 0) , v⃗2 = (r+,m−) , v⃗3 = (−n+, 0) , v⃗4 = (r−,−m+) , (3.5.24)

where we have introduced a± ∈ Z such that

r± = a±t ∈ Z , a+m+ + a−m− = 1 =⇒ r+m+ + r−m− = t , (3.5.25)

and always exist by Bézout’s lemma for co-prime m±. The vectors v⃗a now take values
in Z2. We can now define a new basis {E1, E2}, obtained as EI = S−1

JI eJ , such that

ξa = v⃗a · (E1, E2) , (3.5.26)
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and the degenerating Killing vectors take the form

ξ1 = n−E1 , ξ2 = m−E2 + r+E1 , ξ3 = n+E1 , ξ4 = m+E2 − r−E1 . (3.5.27)

All the coefficients of this decomposition are now integers, indicating that in this basis
the torus action is effective. For completeness we also write the basis vectors in terms of
the Killing vectors ∂ν1 and ∂ν211

E1 = ∂ν2 , E2 = ∂ν1 +
r+ + r−
m+ −m−

∂ν2 . (3.5.28)

To extract the labels we have to take now the greatest common divisors of each entries of
the vectors in (3.5.24). This procedure is subtle, as depend on gcd(t,m±). For a generic
value of t, i.e. gcd(t,m±) = 1, the correct assignment for the labels is

gcd(t,m±) = 1 : ma = (n−, 1, n+, 1) . (3.5.29)

The combinatorial data can be presented in the form of a stacky fan or labelled polytope,
as depicted in figure 3.2. Notice that for n+ = n− = 1 this reduces to the “Hirzebruch
orbifold” discussed in [120] in the context of toric stacks.

p3

p4

p1

p2

n+

n−

⃗̂w3

⃗̂w4

⃗̂w1

⃗̂w2

(a) Labelled polytope.

w⃗1

w⃗2

w⃗3

w⃗4

τ1τ2

τ3 τ4

(b) Stacky fan.

Figure 3.2: Toric data of the Σ1 ⋉ Σ2 orbifold corresponding to the vectors (3.5.24). In
this picture gcd(t,m±) = 1.

We now examine the case gcd(t,m±) ̸= 1 and, contemporarily, understand better the
difference between the branch and the ramified divisors, getting some insights on the
reason for which the loci in (3.5.16) are to be identified as La = D̂a. Let us start with
gcd(t,m±) = 1. To focus on these La, we define adapted coordinates

ν1 = m+ϕ+−m−ϕ− , ν2 =
∆ψ

∆z

ï
−m+

a− x+
2mx+

ϕ++m−
a− x−
2mx−

ϕ−

ò
,

(2π)2

−t
= ∆ϕ+∆ϕ− ,

(3.5.30)

11Notice that E2 is finite also when m+ = m− = 1. Indeed, in this limit we have r+ + r− = t, which
is proportional to m+ −m− (cf. (3.4.15)), thus eliminating the vanishing denominator.
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where the last requirement comes from ∆ν1∆ν2 = (2π)2 = | det (Jac)|∆ϕ+∆ϕ−. The total
metric, restricted to La, reads

ds2Σ1⋉Σ2

∣∣
y=y∓

: ds2(1) = ds2(3) =
x2

q
dx2 +

q

4x2
dψ2 ,

ds2Σ1⋉Σ2

∣∣
x=x−

: ds2(2) =
y2

F
dy2 +

t2

m2
−

F

h1h2

Å
∆z

2π

ã2
dϕ2

+ ,

ds2Σ1⋉Σ2

∣∣
x=x+

: ds2(4) =
y2

F
dy2 +

t2

m2
+

F

h1h2

Å
∆z

2π

ã2
dϕ2

− .

(3.5.31)

Looking, e.g., at ds2(2), we see that it describes Σ2/Zm− if we require (∆ϕ+)
(2) = −2π/t,

where (∆ϕ+)
(2) is the periodicity of ϕ+ when referred to L2. From (3.5.30), we have then

(∆ϕ−)
(2) = 2π. Similarly, the line element ds2(4) describes Σ2/Zm+ when (∆ϕ−)

(4) = −2π/t

and (∆ϕ+)
(4) = 2π. The reason for which the periodicities seem not to be globally defined

and “jump” to different values on the loci L2 and L4, is that the quotients must be done
locally in patches, and then suitably glued. Thus we should have defined local coordinates
ϕ
(2)
± and ϕ(4)

± on a patch that contains L2 or L4, for which (∆ϕ+)
(2) is more precisely ∆(ϕ

(2)
+ ).

Eventually, we will write ∆ϕ
(2)
+ when it is clear what we mean. We thus deduce

gcd(t,m±) = 1 : D̂1 = Σ1 , D̂2 =
Σ2

Zm−

, D̂3 = Σ1 , D̂4 =
Σ2

Zm+

, (3.5.32)

where D̂1,3 are copies of the base Σ1 at the north and south poles of the fibre Σ2, re-
spectively. On the other hand, at the poles of Σ1, the four-dimensional orbifold is locally
modelled by (C×Σ2)/Zm∓ , and as a consequence D̂2,4 are global quotients of the fibre Σ2.
Notice that, even if D̂2,4 = Σ2/Zm∓ , there are no orbifold singularities at generic points
(i.e. different from the north and south poles) on D̂2,4. These are then divisors associated
with an ordinary fan, with primitive vectors ⃗̂v2,4 = v⃗2,4. We still need to extract the labels
and to do this, we need to move in the surroundings of the La. Zooming in for example
near L1, the metric at leading order in R2 =

4y2−
F ′(y−)

(y − y−) reads12

ds2Σ1⋉Σ2
≃

y→y−

x2

q
dx2 +

q

4x2
dψ2 + dR2 +

R2

n2
−

(
dz̃ − 1

2m

(
1− a

x

) 1

∆z
dψ
)2
. (3.5.33)

When we set y = y−, the metric reduces to ds2(1) in (3.5.31), which is D̂1 = Σ1. However,
at each point x− ≤ x ≤ x+, from (3.5.33) we see that there is a normal conical singularity
giving, locally, a copy of Σ1 ⋉ (C/Zn−). As a consequence, n− is a label with associated
divisor D1 = D̂1 × pt/Zn− . The metric (3.5.33) can be compared with its counterpart
when approaching the locus L2. In this case, we zoom in near x = x− defining the new
coordinate R such that x = x−+ q′(x−)

4x2−
R2. In the adapted coordinates (3.5.30), the metric

on M(2)
4 = Σ1 ⋉ Σ2 at leading order in R2 reads

ds2Σ1⋉Σ2
≃

x→x−
dR2+R2

(
dϕ

(2)
− + c(y) dϕ

(2)
+

)2
+
y2

F
dy2+

t2

m2
−

F

h1h2

Å
∆z

2π

ã2
(dϕ

(2)
+ )2 , (3.5.34)

12See section 4.4 of [118] for an analogous computation.
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with c(y) a regular function on [y−, y+] which at the endpoints of the interval takes the
values c(y±) = −m+/m−. Assuming (∆ϕ−)

(2) = 2π as before, the first contribution to
the total metric is the smooth complex plane in polar coordinates, therefore no singularity
along the divisor D2 is present. Setting R = 0, which accounts in moving exactly on the
divisor, the line element reduces to the second line of (3.5.31), which, as already discussed,
corresponds to the metric on Σ2/Zm− , once the correct periodicity for ϕ(2)

+ is considered.
An analogous reasoning can be applied to L3 and L4, showing that D3 = D̂3 × pt/Zn+ ,
but no singularity along D4. From the above analysis we can confirm again that

gcd(t,m±) = 1 :

ma = (n−, 1, n+, 1) ,

D̂1 = Σ1 , D̂2 =
Σ2

Zm−

, D̂3 = Σ1 , D̂4 =
Σ2

Zm+

.
(3.5.35)

We can now come back to the case when t and m± have common factors, and we
expect that the labels change accordingly. On general grounds, it is known that in this
case the fibration does not smooth the orbifold points on the base [46]. Then, the four-
dimensional orbifold will be characterized by four different labels with m2 = gcd(t,m−)
and m4 = gcd(t,m+), as we shall understand in a moment. To see explicitly the difference
with the previous case, we can zoom in near y = y± in (3.5.34), obtaining

ds2M4
≃

x−,y−
dR2 +R2

(
dϕ

(2)
− − m+

m−
dϕ

(2)
+

)2
+ dP 2 +

( t

m−n−

)2
P 2(dϕ

(2)
+ )2 ,

ds2M4
≃

x−,y+
dR2 +R2

(
dϕ

(2)
− − m+

m−
dϕ

(2)
+

)2
+ dP 2 +

( t

m−n+

)2
P 2(dϕ

(2)
+ )2 .

(3.5.36)

For coprime m±, we can take t = k+t+ = k−t− and m± = k±m± (with gcd(k+, k−) = 1),
which implies t = k−k+t, such that gcd(t,m±) = k± and

ds2M4
≃

x−,y−
dR2 +R2

(
dϕ

(2)
− − m+

m−
dϕ

(2)
+

)2
+ dP 2 +

( k+t

m−n−

)2
P 2(dϕ

(2)
+ )2 ,

ds2M4
≃

x−,y+
dR2 +R2

(
dϕ

(2)
− − m+

m−
dϕ

(2)
+

)2
+ dP 2 +

( k+t

m−n+

)2
P 2(dϕ

(2)
+ )2 .

(3.5.37)

The requirement ∆ϕ
(2)
+ = 2π/(−k+t) translates into

2π

−k+t
∆ϕ

(2)
− = ∆ϕ

(2)
+ ∆ϕ

(2)
− =

(2π)2

−t
=⇒ ∆ϕ

(2)
− =

2π

k−
. (3.5.38)

Then the space is (Σ2/Zm−)⋉ (C/Zk−) and k− acts as a label on the transverse space to
the divisor. Subsequently, there exists an associated divisor D2 with D̂2 = Σ2/Zm− . This
can also be seen from the vectors (3.5.24), which become

v⃗1 = n−(1, 0) , v⃗2 = k−(a+k+t,m−) , v⃗3 = n+(−1, 0) , v⃗4 = k+(a−k−t,−m+) ,
(3.5.39)

and the labels and divisors are

gcd(t,m±) = k± :

ma = (n−, k−, n+, k+) ,

D̂1 = Σ1 , D̂2 =
Σ2

Zm−

, D̂3 = Σ1 , D̂4 =
Σ2

Zm+

,
(3.5.40)
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as stated before. The case m± = 1 (that is t = m−m+t) is particularly familiar, in
that the connection is on O(m−m+t) and at a fixed value of y the metric (3.5.15) de-
scribes a branched lens space Lm±(−t, 1) [49]. Using an SL(2,Z) transformation, the
vectors (3.5.39) can then be rotated to

n⃗1 = n−(1, 0) , n⃗2 = m−(t, 1) , n⃗3 = n+(−1, 0) , n⃗4 = m+(0,−1) , (3.5.41)

which are in Z2, and the labels are simplyma = (n−,m−, n+,m+). The associated labelled
polytope is sketched in figure 3.3b, and is clearly a labelled (or, stacky) version of the
polytope associated with the Hirzebruch surfaces F−t (as in figure 2.2b).

p3

p4

p1

p2

n+

n−

Σ1

Σ1
Σ2/Zm−

Σ2/Zm+

⃗̂w3

⃗̂w4

⃗̂w1

⃗̂w2

(a) gcd(t,m±) = 1.

p1

p2

p3 p4

n−

m−

n+

m+

⃗̂n1

⃗̂n2

⃗̂n3

⃗̂n4

(b) t = m+m−t.

Figure 3.3: Polytope of the Σ1 ⋉ Σ2 orbifold corresponding to the vectors (3.5.24)
and (3.5.41), respectively.

3.5.2 AdS3 ×M4

We consider here the AdS3 ×M(1,2)
4 geometry presented in section 4 and 3 of [61], respec-

tively. Moreover, we present some relevant formulas for these systems which will be used
later on. First we study M(1)

4 = Σg⋉Σ2 subjected, as before, to the analytic continuation
Σg 7→ S2. We will as brief as possible, since the computations are very similar to the one
presented in the previous sections. The aim is to extract the relevant toric data, and for
this we will introduce the smallest quantity of informations about the solution.

The metric for the S2 ⋉ Σ2 is given by13

ds2 =
4(yP )1/5

9

ï
ds2AdS3

+
3

4
ds2S2 +

9y

16Q
dy2 +

9Q

4P

(
dz − 2

3
ωS2

)2ò
, (3.5.42)

where dωS2 = −volS2 and

hi(y) = y2 + qi , P (y) = h1(y)h2(y) , Q(y) = −y3 + 1

4
P (y) . (3.5.43)

13In order to make the comparison with [61] easier, we relabelled ϕ and a therein as z and a and
exchanged n+ ↔ n−.
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We can take explicitly

ds2S2 = dθ2 + sin2θdψ2 , ωS2 = cos θdψ . (3.5.44)

The requirement of having a globally well-defined fibration

1

2π

∫
S2

dηS2 = t ∈ Z , ηS2 ≡ 2π

∆z

(
dz − 2

3
ωS2

)
, (3.5.45)

yields the relation14

4

3t
=

∆z

2π
. (3.5.46)

Explicitly, the AdS3 × Σg ⋉ Σ2 is globally regular if [61]

t =
12(g − 1)n+n−(n+ − n−)

[s− (p1 + p2)][s+ 2(p1 + p2)]
, s =

»
7(p21 + p22) + 2p1p2 − 6(n2

+ + n2
−) . (3.5.47)

with (t, s) ∈ Z and pi are two integers related to the magnetic fluxes as in (2.11) of [61].
We can define again a 2π-periodic coordinate ν2 = 2π

∆z
z and for fixed y ̸= y∓ this

metric describes again a lens space S3/Zt. Thus we consider as a basis of an effective
torus action

e1 = ∂ν2 , e2 = ∂ψ +
t

2
∂ν2 . (3.5.48)

The four fixed points are

p1 = {θ = 0, y = y−} , p2 = {θ = 0, y = y+} ,
p3 = {θ = π, y = y+} , p4 = {θ = π, y = y−} ,

(3.5.49)

where y∓ are the two middle roots of Q(y), with y− < y+. These points define the four
divisors

D1 = {y = y−} , D2 = {θ = 0} , D3 = {y = y+} , D4 = {θ = π} , (3.5.50)

and, with respect to the basis (3.5.48), the degenerate normalized Killing vectors and the
orbifold labels are

D1 : ξ1 = n− e1 , m1 = n− , D2 : ξ2 = e2 , m2 = 1 ,

D3 : ξ3 = n+ e1 , m3 = n+ , D4 : ξ4 = e2 − t e1 , m4 = 1 .
(3.5.51)

We can now construct the polytope in the standard fashion, by considering the four-
dimensional conformally-rescaled metric ds2 = Γ(y) ds2S2⋉Σ2

and the related symplectic
two-form

ω(2) = Γ(y)

ï
1

3
sin θ dθ ∧ dψ +

y1/2

2P 1/2
dy ∧

(
dz − 2

3
cos θ dψ

)ò
. (3.5.52)

When Γ′(y) = y1/2

P 1/2Γ(y), the two-form (3.5.52) is closed and can be written as

ω(2) = dψ ∧ d

ï
1

3
Γ(y) cos θ

ò
+ dν2 ∧ d

ï
− 2

3t
Γ(y)

ò
. (3.5.53)

14Notice that here t is a positive integer, due to the different convention of [61] in defining ωS2 .
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From this expression we can derive the moment maps with respect to the basis (3.5.48)

µ⃗(y, θ) = − 2

3t
Γ(y)

(
1,
t(1− cos θ)

2

)
, (3.5.54)

whose action on the fixed points (3.5.49) is

µ⃗(p1) =
2

3t
Γ(y−) (1, 0) , µ⃗(p2) =

2

3t
Γ(y+) (1, 0) ,

µ⃗(p3) =
2

3t
Γ(y+) (1, t) , µ⃗(p4) =

2

3t
Γ(y−) (1, t) .

(3.5.55)

Since we have chosen the same basis as in (3.5.3), the resultant polytope is similar to the
one constructed in section 3.5.1. Indeed, it can be read off from figure 3.1a exchanging
p1 ↔ p3, p2 ↔ p4 and n+ ↔ n−. The normal vectors v⃗a change accordingly with respect
to equation (3.5.10), i.e. v⃗1 ↔ v⃗3 and v⃗2 ↔ v⃗4, together with t → −t. The quantities we
derived satisfy relation (3.5.14).

We now move to the AdS3 × Σ1 ⋉ Σ2 solutions presented in section 3 of15 [61]. The
metric on the toric orbifold is given by

ds2Σ1⋉Σ2
=
x

f
dx2 +

f

36x2
dψ2 +

y

4Q
dy2 +

Q

P

(
dz − 1

3

(
1− a

x

)
dψ
)2
, (3.5.56)

where functions hi, P and Q are the same as in (3.5.43) and

f(x) = 4x3 − 9x2 + 6ax− a2 . (3.5.57)

The coordinate x ranges between x− and x+, the two smallest roots of f(x) with x− < x+,
and y lies between y− and y+ as before. The fibration is globally well-defined if

m+m−

2π

∫
Σ1

dηΣ1 = t ∈ Z , ηΣ1 ≡
2π

∆z

(
dz − 1

3

(
1− a

x

)
dψ
)
, (3.5.58)

which gives the relation
t

m+m−
= −a(x+ − x−)

3x−x+

∆ψ

∆z
. (3.5.59)

Explicitly the seven-dimensional solution is regular if [61]

t =
−6(m+ −m−)n+n−(n+ − n−)

[s− (p1 + p2)][s+ 2(p1 + p2)]
, s =

»
7(p21 + p22) + 2p1p2 − 6(n2

+ + n2
−) , (3.5.60)

with again (t, s) ∈ Z.
Taking inspiration from section 3.5.1, we introduce

E1 = ∂ν2 , E2 = ∂ν1 +
r+ + r−
m+ −m−

∂ν2 , (3.5.61)

15In addition to n+ ↔ n−, we also exchanged m+ ↔ m− with respect to [61]. Notice that again here
t < 0.
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where ν1 = 2π
∆ψ
ψ and r± are two integers such that r+m+ + r−m− = t, as in (3.5.25).

In total there are four Killing vectors degenerating at the divisors D̂1 = {y = y−},
D̂2 = {x = x−}, D̂3 = {y = y+}, D̂4 = {x = x+}, which, in the basis (3.5.61), read

ξ1 = n−E1 , ξ2 = m−E2 + r+E1 , ξ3 = n+E1 , ξ4 = m+E2 − r−E1 . (3.5.62)

These are formally the same Killing vectors given in (3.5.27). The “long” normal vectors
can be obtained by means of (3.5.26)

v⃗1 = (n−, 0) , v⃗2 = (r+,m−) , v⃗3 = (−n+, 0) , v⃗4 = (r−,−m+) . (3.5.63)

Following the same arguments of section 3.5.1, we derive the labels ma = (n−, 1, n+, 1).
This orbifold is characterized by the same stacky fan and labelled polytope of figure 3.3.

3.6 Entropy functions
We have now collected all the informations to put in practice the extremization procedure
explained in 2.2. On a side, we have the entropy (and the gravitational central charge)
computed explicitly from the solutions in section 3.4.2; on the other side we have extracted
all the toric data we need in section 3.5.1 and 3.5.2.

3.6.1 Application to AdS2 × Σ1 ⋉ Σ2 and AdS2 × Σg ⋉ Σ2

The first example to which we can apply the prescription presented in section 2.2 is the
AdS2 × Σ1 ⋉ Σ2 solution (3.3.18). We now briefly recollect some of the results needed in
the construction. The toric orbifold M4 = Σ1⋉Σ2 can be described by the toric data (see
section 3.5.1)

m1 = n− , ⃗̂v1 = (1, 0) , m2 = 1 , ⃗̂v2 = (r+,m−) ,

m3 = n+ , ⃗̂v3 = (−1, 0) , m4 = 1 , ⃗̂v4 = (r−,−m+) ,
(3.6.1)

with r+m+ + r−m− = t as in (3.5.25). The vectors ⃗̂va are Z2-valued, primitive (for
gcd(t,m±) = 1) and ordered counter-clockwise, as required by the recipe. Keeping in
mind all the observations about the divisors made in section 3.5.1, the figure 3.3a, the
divisors (3.5.35) are

gcd(t,m±) = 1 :

ma = (n−, 1, n+, 1) ,

D̂1 = S− = Σ1 , D̂2 =
Σ2

Zm−

, D̂3 = S+ = Σ1 , D̂4 =
Σ2

Zm+

.

(3.6.2)
The physical fluxes defined in (2.2.2) read

q1i =
gc
2π

∫
D1

Fi =
gc

2πn−

∫
S−

Fi =
s−i
n−

, q2i =
gc
2π

∫
D2

Fi =
gc

2πm−

∫
Σ2

Fi =
ti
m−

,

q3i =
gc
2π

∫
D3

Fi =
gc

2πn+

∫
S+

Fi =
s+i
n+

, q4i =
gc
2π

∫
D4

Fi =
gc

2πm+

∫
Σ2

Fi =
ti
m+

,

(3.6.3)
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where s±i and ti are given, respectively, in (3.4.17) and (3.4.3), and recall (2.1.47), namely∫
D̂a
α2 = ma

∫
Da
α2. The intersection matrixDab, computed straightforwardly using (2.1.51),

reads

Dab =

á − t
m+m−

1
n2
−

1
m−

1
n−

0 1
m+

1
n−

1
m−

1
n−

0 1
m−

1
n+

0

0 1
m−

1
n+

t
m+m−

1
n2
+

1
m+

1
n+

1
m+

1
n−

0 1
m+

1
n+

0

ë
= D̂ab

1

mamb

. (3.6.4)

Recalling the R-symmetry fluxes (3.4.4) and (3.4.19)

t1 + t2 =
n− + n+

n−n+

, s±1 + s±2 =
m+ −m−

m−m+

± t/n±

m−m+

, (3.6.5)

and imposing (2.2.6) we obtain the vector of twists

σa = (+,+,+,−) . (3.6.6)

Taking advantage of the “shift symmetry”, we impose n+p
1
i = n−p

3
i and m+p

2
i = m−p

4
i .

Therefore, the relation (2.2.3) yields the identifications

p1i
n−

=
p3i
n+

=
ti
2
,

p2i
m−

=
p4i
m+

=
s∗i
2
, s∗i ≡

s+i + s−i
2

. (3.6.7)

In particular s∗1 explicitly reads

s∗1 =
tχ2

m+m−

x3 − 3µx2 + (3− 2z)x− 3µ

8x2
, (3.6.8)

and s∗2 can be obtained replacing of z → −z. With this definition, s±i can be written as

s±i = s∗i ±
t

2m+m−
ti . (3.6.9)

System (2.2.7) can be solved to get the auxiliary vector

W⃗ =

Å
r+m+ − r−m−

2m−m+

n+ − n−

2n−n+

− m+ +m−

2m−m+

,
n+ − n−

2n−n+

ã
, (3.6.10)

which gives the constraint (2.2.15)

φ1 + φ2 +
n+ − n−

2n−n+

ϵ1 +
(m+ +m−

2m−m+

− r+m+ − r−m−

m−m+

n+ − n−

4n−n+

)
ϵ2 = 2 . (3.6.11)

The ingredients ϵa1,2 and Φa
i can be constructed by means of (2.2.13) and (2.2.12), whereas

the off-shell free energy (2.2.10) reads

F (φi, ϵi; s
±
i , ti,mℓ) = −F5(Φ

1
i )

d1,2 ϵ11ϵ
1
2

− F5(Φ
2
i )

d2,3 ϵ21ϵ
2
2

+
F5(Φ

3
i )

d3,4 ϵ31ϵ
3
2

+
F5(Φ

4
i )

d4,1 ϵ41ϵ
4
2

, (3.6.12)

where the relative signs have been fixed using the prescription ηa5 = σaσa+1.
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We can now proceed to the extremization of the off-shell free energy and, after some
work, we get the critical values

φ∗
i =

2m+m−

m+ −m−

(
1 + η

m+ +m−

2m−m+

2π

∆ψ

)
s∗i ,

ϵ∗1 = − 1

m

2π

∆z
+ η

2(r+ + r−)

m+ −m−

2π

∆ψ
, ϵ∗2 = −2η

2π

∆ψ
,

(3.6.13)

where the sign ambiguity η = ±1 arises by solving the equations over the complex num-
bers16. Inserting these values back into (3.6.12) we obtain

F (φ∗
i , ϵ

∗
i ; s

±
i , ti,ma) =

−η
√
2
√
m2

+ +m2
− − (m+ +m−)

2m−m+

FS3×Σ2
, (3.6.14)

where FS3×Σ2
is given in (3.4.24). In order to get a positive entropy we need to pick

η = −1 and in this case the result agrees with the gravitational entropy (3.4.23).
We propose that the procedure we formulated can be extended also to non-toric four-

dimensional orbifolds, for example when B = Σg. Whilst the genus g should be set to zero
in all the extremization formulas (i.e. (2.2.7) and (2.2.6)), it has to appear explicitly in
the fluxes (3.4.17). Finally, we have to set m± = 1 and we will take the same toric data
extracted from S2, equations (3.5.10) and (3.5.9). The fluxes pai are identified as in (3.6.7)
and s∗i retains the same form, as follows from the observation made under (3.4.17). The
constraint (2.2.15) and the vector of twist are

φ1 + φ2 +
n+ − n−

2n+n−
ϵ1 − t

n+ − n−

4n+n−
ϵ2 = 2 , σa = (+,+,+,+) . (3.6.15)

The off-shell free energy is extremized by

φ∗
i =

s∗i
g − 1

, ϵ∗1 = − 1

m

2π

∆z
, ϵ∗2 = 0 , (3.6.16)

to which corresponds the critical value

F (φ∗
i , ϵ

∗
i ; s

±
i , ti,ma) = (g − 1)FS3×Σ2

. (3.6.17)

Also in this case, the result returned by the extremization agrees with the entropy com-
puted from the ten-dimensional supergravity solution (3.4.23).

3.6.2 Application to AdS3 × Σ1 ⋉ Σ2 and AdS3 × Σ1 ⋉ Σ2

The toric data of the Σ1⋉Σ2 toric orbifold are derived in section 3.5.2 and they are indeed
equal to (3.6.1). The physical fluxes can be computed as in the previous example and,
compactly, they read

qai =
( s−i
n−

,
ti
m−

,
s+i
n+

,
ti
m+

)
, (3.6.18)

16Generically, in presence of rotation we have to work with the complex numbers [47], therefore we
continue to do so also in the static case.
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where s−1 corresponds to the flux computed in (3.15) of [61], s−2 and s+i can be derived from
the former and ti = pi/(n−n+). Using the gauge symmetry we can impose n+p

1
i = n−p

3
i

and m+p
2
i = m−p

4
i , which yields, again, to the identifications (3.6.7). In this case s∗i reads

s∗i =
tpi[−6pi + 4(n+ + n−)− s]

6m+m−n+n−(n+ − n−)
. (3.6.19)

where (t, s) have been introduced in (3.5.60). The fluxes s±i are related to s∗i through

s±i = s∗i ±
t

2m+m−
ti . (3.6.20)

The constraint (2.2.15) takes the same form of (3.6.11), whilst, as discussed in section 2.2,
in d = 6 we take ηa6 = +. Remarkably, this implies that F is quadratic in the φi, as
expected for the off-shell central charge of a two-dimensional SCFT [20]. Explicitly, this
reads

F (φi, ϵi; s
±
i , ti,mℓ) = −

ï
t2s

∗
1 + t1s

∗
2

8

Å
t1t2ϵ

2
1 +

(r2+m
2
+ + r2−m

2
−)t1t2 + 2m2

+m
2
−s

∗
1s

∗
2

2m2
+m

2
−

ϵ22

− r+m+ − r−m−

m+m−
t1t2ϵ1ϵ2

ã
+

t2s
∗
2φ

2
1 + t1s

∗
1φ

2
2

2
+ (t2s

∗
1 + t1s

∗
2)φ1φ2

+
2m+m−ϵ1 − (r+m+ − r−m−)ϵ2

8m2
+m

2
−

t t1t2(t2φ1 + t1φ2)

ò
N3 .

(3.6.21)

The extremization procedure, realized by means of Lagrangian multipliers, gives the crit-
ical values

φ∗
i =

2m+m−

m+ −m−

(
1− m− +m+

2m+m−

2π

∆ψ

)
s∗i ,

ϵ∗1 = −4

3

2π

∆z
− 2(r+ + r−)

m+ −m−

2π

∆ψ
, ϵ∗2 = 2

2π

∆ψ
,

(3.6.22)

which, plugged into the off-shell central charge, gives

F (φ∗
i , ϵ

∗
i ; s

±
i , ti,ma) =

4(m+ −m−)
3

3m+m−(m2
+ +m+m− +m2

−)
a4d , (3.6.23)

where a4d is the central charge of d = 4, N = 1 SCFTs that arise from N M5-branes
wrapped on a spindle [51]

a4d =
3p21p

2
2(s+ p1 + p2)

8n+n−(n+ − p1)(p2 − n+)[s+ 2(p1 + p2)]2
N3 . (3.6.24)

This matches exactly the central charge of the AdS3×Σ1⋉Σ2 system computed in [61]. In
general, we expect that the anomaly polynomial computation of [61] and the prescription
presented in this paper should be equivalent and connected by a suitable gauge choice
and a possible redefinition of ϵ1,2, mixing the two related U(1) isometries. Notice that the
extremizing values are identical to the corresponding quantities for the AdS2 × Σ1 ⋉ Σ2

solution, for m = 3/4.
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It is now a matter of algebra to repeat the analysis for the solution AdS3 × Σg ⋉ Σ2,
using the same toric data extracted from AdS3 × S2 ⋉ Σ2 in section 3.5.2

m1 = n− , ⃗̂v1 = (−1, 0) , m2 = 1 , ⃗̂v2 = (0,−1) ,

m3 = n+ , ⃗̂v3 = (1, 0) , m4 = 1 , ⃗̂v4 = (−t, 1) .
(3.6.25)

We take the physical fluxes to be as in (3.6.18), where ti = pi/(n−n+) is unchanged and
s±i can be read from (4.7) of [61]. The gauge symmetry allows us to identify the pai as in
equation (3.6.7) with also

s±i = s∗i ±
t

2
ti , s∗i =

tpi[−6pi + 4(n+ + n−)− s]

6n+n−(n+ − n−)
, (3.6.26)

where (t, s) can be read from (3.5.47). The constraint (2.2.15) and the vector of twist are

φ1 + φ2 −
n+ − n−

2n+n−
ϵ1 − t

n+ − n−

4n+n−
ϵ2 = 2 , σa = (+,−,+,−) , (3.6.27)

which is the same as in (3.6.15), with t 7→ −t and ϵ1,2 7→ −ϵ1,2, due to the different
conventions used in [61]. Taking all the ηa6 = − and extremizing equation (2.2.17) with
respect to φi, ϵi and Λ, we obtain the critical values

φ∗
i = − s∗i

g − 1
, ϵ∗1 =

4

3

2π

∆z
, ϵ∗2 = 0 , (3.6.28)

as well as the off-shell central charge at the extremum

F (φ∗
i , ϵ

∗
i ; s

±
i , ti,ma) =

32

3
(g − 1) a4d , (3.6.29)

with a4d given in (3.6.24). This result agrees with the central charge of the AdS3 ×
Σg ⋉ Σ2 system studied in [61]. The origin of the (different) choice of the ηa6 can be
traced to the sign of the gauge potential of the five-dimensional solution that the authors
of [61] uplifted to obtain the AdS3 × Σg ⋉ Σ2 backgrounds. The component along AdS3

of their Killing spinors satisfy the corresponding Killing spinor equations, but with a
minus, namely ∇̂µ̂ϑ = −1

2
αµ̂ϑ, which implies that in the two-dimensional dual SCFTs

(2, 0) supersymmetries are preserved, instead of (0, 2) as in our case. This fact leads to a
different sign in the extraction of the central charge from the anomaly polynomial. See
the discussion under (2.2.13). Notice that, again, the extremizing values are the same as
for the AdSs × Σg ⋉ Σ2 for m = 3/4.

3.7 Summary of the chapter
In this chapter, we have conducted a detailed study of a six-dimensional background com-
prising two gauge fields Ai, a two-form field B, two scalars Xi, and a metric gµν , describing
the topology AdS2 × M(1,2)

4 , where M(1,2)
4 represents four-dimensional toric orbifolds. In

the first case, M(1)
4 = Σg⋉Σ2 is a non-trivial fibration of a spindle over a Riemann surface

with genus g > 1. In the second case, M(2)
4 = Σ1 ⋉ Σ, the base is another spindle. After
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presenting the local form of the solutions and demonstrating the supersymmetry of the
AdS2 ×M(1,2)

4 backgrounds in each case (section 3.3), we addressed the global regularity
conditions in both D = 6 and in the ten-dimensional massive type IIA supergravity. This
analysis enabled us, in section 3.4.2, to compute the entropies of the putative black holes
whose near-horizon geometry is AdS2 ×M(1,2)

4 from a gravitational perspective. The ex-
traction of the toric data for this system, as discussed in section 3.5, was a multifaceted
process. We carefully examined the orbifold geometry of M(1,2)

4 , emphasizing the role
and meaning of the labels, as well as the significant distinction between the ramification
divisors Da and the branch divisors D̂a. Finally, in section 3.6, we tested our off-shell free
energy conjecture on the AdS2 ×M(1,2)

4 system, finding perfect agreement with the gravi-
tational computations. We also extended this conjecture to the analogous AdS3 ×M(1,2)

4

system in D = 7, previously studied in [61], with the toric data extracted in section 3.5.2.
In the next chapter, we will construct a more sophisticated supergravity solution

in both D = 6 and D = 7, which lacks a simple fibration structure. Consequently,
the analysis will be significantly more involved. Nonetheless, our off-shell free energy
conjecture will again prove successful, allowing us to recover the gravitational entropy
and central charge.
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Chapter 4

Supergravity solutions with more
general quadrilaterals

In the previous chapter we have studied in the details the toric orbifold AdS(D−4)×Σ1⋉Σ2

in D = 6, 7, both from the geometrical point of view and as solutions of D-dimensional
gauged supergravities. Upon uplifting them to massive Type IIA supergravity in d = 10
or M-theory in d = 11, these solution can be interpreted as arising from a stack of D4 or
M5-branes wrapped on M4 = Σ1 ⋉ Σ2. The orbifold Σ1 ⋉ Σ2 is not, of course, the most
general geometry with U(1)2 symmetry. For example, the polytope representing its toric
properties in figure 3.3a has two parallel sides, as a consequence of the fibration structure
present in the metric (3.3.18).

In this chapter we consider more general four-dimensional toric orbifolds M4, that
should come as near-horizon geometries of some black strings in D = 6, 7. We will
refer to them as quadrilaterals, because they are characterized (again) by certain labelled
two-dimensional polytopes with four edges [87, 133]. Remarkably, there exists a specific
limit which brings the new solutions to the form AdSD−4 × Σ1 ⋉ Σ2, recovering also the
fermionic contents (see appendix A of [2]). Recalling that there exists another limit which
brings M(2)

4 = Σ1⋉Σ2 to M(1)
4 = Σg⋉Σ2 (appendix B of [1]), the new solutions we present

momentarily are the more involved and complete four-dimensional (known) toric orbifolds
available in literature.

Their local form can be obtained as an analytic continuation of the asymptotically
AdSD, non-extremal, charged and rotating1 black strings constructed in [134], with the
addition of a NUT parameter Ny. The solutions of our interest can then be obtained
performing an analytic continuation, which results in the presence of an AdSD−4 factor
instead of the SD−4. In particular, the time and radial coordinates t and r as well as the
mass parameter M of [134] are identified as

t = ψ , r = ix , M = iD−5Nx . (4.0.1)

with ψ an angular coordinate. Similarly, it is possible to retrieve the seven-dimensional
solutions presented in [135], equivalent to the ones of [134], but written in generalized
Boyer–Lindquist coordinates. Moreover, the solutions presented here and the Kerr–NUT–
AdS black holes constructed in [136] overlap and agree in the intersecting region of their

1It is crucial that they have a single non-zero angular momentum, so that the solutions contain a
round (D − 4)-sphere.
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parameters. Indeed, the uncharged subfamily of the former coincides with the r → 0 limit
of the latter, when the mass parameter is set to zero and only one angular momentum is
retained. Lastly, in both six and seven dimensions, the AdS vacuum solution with radius
LAdS = 1/g is recovered setting Ny = Nx = 0. Here, the constant g is related to the gauge
coupling as g = 2gc/3 in D = 6 and as g = gc/2 in D = 7.

4.1 Local form of the solution
The background we consider takes the form

ds2 = (H1H2)
1/(D−2)

Å
x2y2

a2
ds2AdSD−4

+ ds2M4

ã
, (4.1.1)

where ds2AdSD−4
denotes the unit radius metric on AdSD−4 and we defined the four-

dimensional (orbifold) metric

ds2M4
=

(H1H2)
−1

Ξ2(x2 − y2)

ï
(V 2

y ∆x − V 2
x∆y) dψ

2 + (‹V 2
y ∆x −‹V 2

x∆y) dϕ
2

− 4c1c2c̃1c̃2
a2

Å
Ny∆x

yD−5
− Nx∆y

xD−5

ã
dψ dϕ

ò
+
y2 − x2

∆y

dy2 +
x2 − y2

∆x

dx2 .

(4.1.2)

We take the spacetime orientation as induced by the coordinate ordering (AdS, y, ϕ, x, ψ).
The scalar fields are

Xi = (H1H2)
(D−3)/2(D−2)H−1

i , (4.1.3)

the gauge potentials are given by

Ai =
2Nysicic̃i

Ξ(x2 − y2)HiyD−5

Å
c̃1c̃2
c̃2i

V (i)
x dψ − c1c2

c2i
‹V (i)
x dϕ

ã
− 2Nxsicic̃i

Ξ(x2 − y2)HixD−5

Å
c̃1c̃2
c̃2i

V (i)
y dψ − c1c2

c2i
‹V (i)
y dϕ

ã
,

(4.1.4)

and the (D − 4)-form is

B =− 4s1s2(Nyx
3 −Nxy

3)

a2(x2 − y2)
volAdS2 , (D = 6) ,

B =− 2s1s2(Nyx
4 −Nxy

4)

a3(x2 − y2)
volAdS3 −

2Nygs1s2x

Ξa2y2
dψ ∧ dϕ ∧ dx

− 2Nxgs1s2y

Ξa2x2
dψ ∧ dϕ ∧ dy , (D = 7) .

(4.1.5)

Apart from the constants

Ξ = 1− a2g2 , si = sinh δi , ci = cosh δi , c̃i =
»

1 + a2g2s2i , (4.1.6)
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we have a number of the metric functions, which can be summarized as follows

∆y = −y2 + a2 − 2Ny

yD−5
+ g2
Å
y2 − 2Nys

2
1

yD−5

ãÅ
y2 − 2Nys

2
2

yD−5

ã
− a2g2y2 − 2Nya

2g2s21s
2
2

yD−5
,

∆x = −x2 + a2 − 2Nx

xD−5
+ g2
Å
x2 − 2Nxs

2
1

xD−5

ãÅ
x2 − 2Nxs

2
2

xD−5

ã
− a2g2x2 − 2Nxa

2g2s21s
2
2

xD−5
,

V 2
y = V (1)

y V (2)
y , ‹V 2

y = ‹V (1)
y
‹V (2)
y , V 2

x = V (1)
x V (2)

x , ‹V 2
x = ‹V (1)

x
‹V (2)
x ,

V (i)
y = 1− g2

Å
y2 − 2Nys

2
i

yD−5

ã
, ‹V (i)

y = 1− 1

a2

Å
y2 − 2Nys

2
i

yD−5

ã
, (4.1.7)

V (i)
x = 1− g2

Å
x2 − 2Nxs

2
i

xD−5

ã
, ‹V (i)

x = 1− 1

a2

Å
x2 − 2Nxs

2
i

xD−5

ã
,

Hi = 1 +
2s2i

x2 − y2

Å
Ny

yD−5
− Nx

xD−5

ã
, .

In our discussion we shall assume gc > 0 in both theories, therefore g > 0. The background
is completely determined by a real parameter a, two charges δ1,2 and two parameters Ny

and Nx (corresponding to the NUT and the mass of the Lorentzian solution). When x = 0
or y = 0 a curvature singularity is encountered, therefore the range of definition of these
two coordinates will have to avoid the origin of the real axis. Moreover, in the rest of the
paper we shall consider these two ranges to be disjoint, in order to prevent the occurrence
of a singularity when x = y. This solution possesses two symmetries, under inversions

x↔ y , Nx ↔ Ny , (4.1.8)

and under a specific rescaling

y → γ y , x→ γ x , ψ → γ ϕ , ϕ→ γ ψ ,

a→ γ2a , Ny → γD−1Ny , Nx → γD−1Nx , si → γ−1si ,
(4.1.9)

with γ = ±1/(ag), which connects solutions with positive and negative values of Ξ.

Equal charges

The complicated form of the (ψ, ϕ) part of the metric (4.1.2) makes the study of the
general solution computationally involved. For this reason, we now set δ1 = δ2 ≡ δ, for
which the charges are equal. In this simplified case, the metric on the toric orbifold (4.1.2)
acquires the following diagonal structure

ds2M4
=

1

Ξ2H2

ï −∆y

x2 − y2
(
Vx dψ −‹Vx dϕ)2 + ∆x

x2 − y2
(
Vy dψ −‹Vy dϕ)2ò

+
x2 − y2

−∆y

dy2 +
x2 − y2

∆x

dx2 ,

(4.1.10)

where we defined the functions H ≡ H1 = H2, V• ≡ V
(1)
• = V

(2)
• and ‹V• ≡ ‹V (1)

• = ‹V (2)
• .

This class of solutions is characterized by having equal scalar fields and equal gauge fields,
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where the latter now read

A1 = A2 =
2scc̃

Ξ(x2 − y2)H

ï
Ny

yD−5

(
Vx dψ −‹Vx dϕ)− Nx

xD−5

(
Vy dψ −‹Vy dϕ)ò+ αdϕ+ βdψ ,

(4.1.11)
with s = sinh δ, c = cosh δ and c̃ =

√
1 + a2g2s2 and (α, β) ∈ R two constants to be fixed

later. The metric has a correct Lorentzian signature if and only if

∆x

x2 − y2
> 0 ,

∆y

y2 − x2
> 0 , H(x, y) > 0 , (4.1.12)

in two closed intervals [x−, x+] and [y−, y+] not intersecting and not containing the cur-
vature singularities in x = 0 and y = 0. Without loss of generality we restrict to positive
values of x and y. All the details of the signature analysis are reported in section 3.3 of [2]
and we do not report them here, since they are straightforward but tedious.

4.1.1 Supersymmetry of the D = 6 solutions with equal charges

In [134], the supersymmetry conditions was obtained as ags1s2 = ±1, with δ1 and δ2 of
the same sign, either positive or negative. Our solution is the analytic continuation of the
black holes of [134], with the addition of NUT. Since the mass parameter of the latter does
not appear explicitly in the supersymmetry condition, we expect that the introduction of
a NUT parameter does not affect this constraint. Furthermore, since the BPS condition
is not altered by (4.0.1), we conjecture that the solution we presented is supersymmetric
when ags1s2 = ±1, with δ1 and δ2 of the same sign. We now confirm this expectation,
at least in the equal charge case in D = 6, by explicitly constructing the six-dimensional
Killing spinor.

We start defining the orthonormal frame on M4

ê1 =

 
x2 − y2

−∆y

dy , ê2 =
1

ΞH

 
−∆y

x2 − y2
(
Vx dψ −‹Vx dϕ) ,

ê3 =

 
x2 − y2

∆x

dx , ê4 =
1

ΞH

 
∆x

x2 − y2
(
Vy dψ −‹Vy dϕ) , (4.1.13)

and the six-dimensional one

eâ = H1/4 xy

a
êâ , eı̂+1 = H1/4 êı̂ . (4.1.14)

The coordinates on AdS2 and M4 are denoted as xµ̂ and xα̂, respectively. When the charges
are equal, equation (3.1.6) automatically vanishes. Instead, equation (3.1.5) reduces to
the constraint 

∆y

y2 − x2
Γ3ϵA +

 
∆x

x2 − y2
Γ5ϵA + i

cc̃

s
(σ3)ABϵ

B − gH
(
y Γ23 + xΓ45

)
ϵA = 0 , (4.1.15)

where, we recall, g = m = 2gc/3. Writing this algebraic equation schematically as
M · ϵ = 0, we need to impose det(M) = 0 in order to have non-trivial solutions, i.e. ϵ ̸= 0.
This necessary condition is satisfied for any value of x and y if and only if

(ags2)2 = 1 =⇒ ags2 = −κ , κ = ±1 , (4.1.16)
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which agree with [134]. Multiplying (4.1.15) by its complex conjugate we obtain

1

y

 
∆y

y2 − x2
Γ2ϵA +

1

x

 
∆x

x2 − y2
Γ4ϵA + gHϵA +

ï
g
(
y ∂xH + x ∂yH

)
− κ a

xy

ò
Γ2345ϵA = 0 ,

(4.1.17)
and, thanks to this equation, the AdS2 components of (3.1.4) can be written in a simple
fashion as

∂µ̂ϵ
A +

1

4
ω̂ âb̂
µ̂ Γâb̂ϵ

A +
κ

2
êĉµ̂ Γ

2345
ĉ ϵA = 0 , (4.1.18)

where ω̂ âb̂
µ̂ is the spin connection on AdS2. The components along the coordinates y and

x read

∂yϵ
A +

3

8
H−1∂yH ϵA +

1

2

 
y2 − x2

∆y

Γ2

[
g ∂y(yH)− gx ∂yH Γ2345

+

 
∆x

x2 − y2
1

x2 − y2
(
y Γ235 + xΓ4

)]
ϵA = 0 ,

(4.1.19)

∂xϵ
A +

3

8
H−1∂xH ϵA +

1

2

 
x2 − y2

∆x

Γ4

[
g ∂x(xH)− gy ∂xH Γ2345

−
 

∆y

y2 − x2
1

x2 − y2
(
y Γ2 + xΓ345

)]
ϵA = 0 ,

(4.1.20)

whilst the remaining components along the angular directions ϕ and ψ are, respectively,

∂ϕϵ
A =

3ig

2

ï
α+

2scc̃(Nxy‹Vy −Nyx‹Vx)
Ξxy(x2 − y2)H

ò
(σ3)ABϵ

B +
1

2ΞH

{ 
−∆x∆y

(x2 − y2)2
H

a2
(
y Γ25 − xΓ34

)
+ g‹Vx  ∆y

y2 − x2
[
∂y(yH) Γ3 + x ∂yH Γ245

]
+ g‹Vy  ∆x

x2 − y2
[
∂x(xH) Γ5 + y ∂xH Γ234

]
−
ï
x(∆y

‹Vx −∆x
‹Vy)

(x2 − y2)2
+

∆′
x
‹Vy

2(x2 − y2)

ò
Γ45 +

ï
y(∆y

‹Vx −∆x
‹Vy)

(x2 − y2)2
+

∆′
y
‹Vx

2(x2 − y2)

ò
Γ23

}
ϵA ,

(4.1.21)

∂ψϵ
A =

3ig

2

ï
β − 2scc̃(NxyVy −NyxVx)

Ξxy(x2 − y2)H

ò
(σ3)ABϵ

B − 1

2ΞH

{ 
−∆x∆y

(x2 − y2)2
g2H

(
y Γ25 − xΓ34

)
+ gVx

 
∆y

y2 − x2
[
∂y(yH) Γ3 + x ∂yH Γ245

]
+ gVy

 
∆x

x2 − y2
[
∂x(xH) Γ5 + y ∂xH Γ234

]
−
ï
x(∆yVx −∆xVy)

(x2 − y2)2
+

∆′
xVy

2(x2 − y2)

ò
Γ45 +

ï
y(∆yVx −∆xVy)

(x2 − y2)2
+

∆′
yVx

2(x2 − y2)

ò
Γ23

}
ϵA .

(4.1.22)

Assuming (4.1.16) for both D = 6, 7, we can decompose ∆x and ∆y as

∆x = ∆+
x ∆−

x , ∆y = ∆+
y ∆

−
y , (4.1.23)
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where
∆±
x = g

Å
x2 − 2Nxs

2

xD−5

ã
− κa± (1− κag)x ,

∆±
y = g

Å
y2 − 2Nys

2

yD−5

ã
− κa± (1− κag)y .

(4.1.24)

Considering, e.g., ∆x, every root of this function is necessarily a root of either ∆+
x or ∆−

x ,
therefore, given a generic root x± of ∆x, we have

x2± − 2Nxs
2

xD−5
±

=
κa

g
− τ (x±)1− κag

g
x± , (4.1.25)

with τ (x±) = ± according to the fact that x± is a root of ∆±
x , respectively. Thanks to this

relation and the corresponding one for y±, we can obtain simplified expressions for many
functions, when evaluated at one of the roots x± or y±. In particular, the function H
reads

(x2± − y2±)H(x±, y±) = −1− κag

g
(τ (x±)x± − τ (y±)y±) , (4.1.26)

while the derivatives of ∆x and ∆y become, collectively,

∆′
z(z±) = −2τ (z±)(1−κag)

[
(D−3)gz2±+τ (z±)(D−4)(1−κag)z±−κ(D−5)a

]
, (4.1.27)

where z can be either x or y.
With all the equations made explicit, we can now proceed to decompose the six-

dimensional gamma matrices. In particular, we adopt the following decomposition

Γâ = βâ ⊗ γ∗ , Γı̂+1 = I2 ⊗ γ ı̂ , (4.1.28)

where βâ are the (Lorentzian) gamma matrices inD = 2 and γ ı̂ are the (Euclidean) gamma
matrices in D = 4. The related chiral matrices are β∗ = −β0β1 and γ∗ = −γ1γ2γ3γ4,
respectively. As a consequence, the six-dimensional matrices B6 and Γ∗ decompose as2

B6 = B2 ⊗ (B4γ∗) , Γ∗ = β∗ ⊗ γ∗ . (4.1.29)

The ansatz for the six-dimensional Killing spinor is

ϵA = ϑAdS2 ⊗ ζAM4
, (4.1.30)

where ϑ = ϑ(xµ̂) is a Majorana spinor on AdS2, hence ϑ∗ = B2ϑ, and ζA = ζA(xα̂) are
two four-component spinors defined on M4. In this way, equation (4.1.18) reduces toÅ

∇̂µ̂ϑ− κ

2
βµ̂ϑ

ã
⊗ ζA = 0 =⇒ ∇̂µ̂ϑ =

κ

2
βµ̂ϑ , (4.1.31)

which implies that ϑ must be a Killing spinor on AdS2. We see that κ, which enters in
the supersymmetry constraint, reflects in the chirality of the spinor ϑ on AdS2.

Employing the decompositions (4.1.28) and (4.1.30), equation (4.1.15) becomes 
∆y

y2 − x2
γ2ζA +

 
∆x

x2 − y2
γ4ζA + i

cc̃

s
(σ3)ABζ

B − gH
(
y γ12 + x γ34

)
ζA = 0 . (4.1.32)

2B4 is related to the four-dimensional charge conjugation matrix C4 by B4 = (C4)t.
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Equations (4.1.19) and (4.1.20) boil down to

∂y
(
H3/8ζA

)
+

1

2

 
y2 − x2

∆y

γ1

[
g ∂y(yH) + gx ∂yH γ∗

+

 
∆x

x2 − y2
1

x2 − y2
(
y γ124 + x γ3

)](
H3/8ζA

)
= 0 ,

(4.1.33)

∂x
(
H3/8ζA

)
+

1

2

 
x2 − y2

∆x

γ3

[
g ∂x(xH) + gy ∂xH γ∗

−
 

∆y

y2 − x2
1

x2 − y2
(
y γ1 + x γ234

)](
H3/8ζA

)
= 0 ,

(4.1.34)

while (4.1.21) and (4.1.22) give

∂ϕζ
A =

3ig

2

ï
α+

2scc̃(Nxy‹Vy −Nyx‹Vx)
Ξxy(x2 − y2)H

ò
(σ3)ABζ

B +
1

2ΞH

{ 
−∆x∆y

(x2 − y2)2
H

a2
(
y γ14 − x γ23

)
+ g‹Vx  ∆y

y2 − x2
[
∂y(yH) γ2 + x ∂yH γ134

]
+ g‹Vy  ∆x

x2 − y2
[
∂x(xH) γ4 + y ∂xH γ123

]
−
ï
x(∆y

‹Vx −∆x
‹Vy)

(x2 − y2)2
+

∆′
x
‹Vy

2(x2 − y2)

ò
γ34 +

ï
y(∆y

‹Vx −∆x
‹Vy)

(x2 − y2)2
+

∆′
y
‹Vx

2(x2 − y2)

ò
γ12

}
ζA ,

(4.1.35)

∂ψζ
A =

3ig

2

ï
β − 2scc̃(NxyVy −NyxVx)

Ξxy(x2 − y2)H

ò
(σ3)ABζ

B − 1

2ΞH

{ 
−∆x∆y

(x2 − y2)2
g2H

(
y γ14 − x γ23

)
+ gVx

 
∆y

y2 − x2
[
∂y(yH) γ2 + x ∂yH γ134

]
+ gVy

 
∆x

x2 − y2
[
∂x(xH) γ4 + y ∂xH γ123

]
−
ï
x(∆yVx −∆xVy)

(x2 − y2)2
+

∆′
xVy

2(x2 − y2)

ò
γ34 +

ï
y(∆yVx −∆xVy)

(x2 − y2)2
+

∆′
yVx

2(x2 − y2)

ò
γ12

}
ζA .

(4.1.36)

From now on, in order to solve the Killing spinor equations (4.1.32)–(4.1.36) we shall
employ an explicit representation for the four-dimensional gamma matrices γ ı̂, namely

γ1 = σ1 ⊗ σ3 , γ2 = σ2 ⊗ σ3 , γ3 = I2 ⊗ σ1 , γ4 = I2 ⊗ σ2 . (4.1.37)

In this representation we have

B4 = −σ1 ⊗ σ2 , γ∗ = σ3 ⊗ σ3 . (4.1.38)

Since the symplectic-Majorana condition (3.1.8) relates the two Killing spinors ϵA as

ϵ2 = (B6ϵ
1)∗ = ϑ⊗ (B4γ∗ζ

1)∗ , (4.1.39)

we can focus uniquely on the spinor ζ1. Writing it as

ζ1 = H−3/8
(
χ1, χ2, χ3, χ4

)
, (4.1.40)
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with χi = χi(y, ϕ, x, ψ) complex functions of the coordinates on M4, equation (4.1.32) is
solved by3

χ1 = −
 

∆y

y2 − x2
y − x

∆−
y

χ3 , χ2 = −
 
−∆y

∆x

∆−
x

∆−
y

χ3 , χ4 = −
 
x2 − y2

∆x

∆−
x

x+ y
χ3 ,

(4.1.41)
where the functions ∆±

• have been introduced previously in (4.1.24). In terms of the
unique unknown function χ3, equations (4.1.33) and (4.1.34) read

∂yχ3 =
1

2
∂y

ï
log

∣∣∣∣ ∆−
y

y − x

∣∣∣∣òχ3 , ∂xχ3 =
1

2
∂x

ï
log

∣∣∣∣ ∆−
x

x− y

∣∣∣∣òχ3 , (4.1.42)

while (4.1.35) and (4.1.36) boil down respectively to

∂ϕχ3 =
ig

2

(
3α− κ

ag

)
χ3 , ∂ψχ3 =

ig

2
(3β + 1)χ3 . (4.1.43)

Tuning the gauge parameters to

α =
κ

3ag
= −s

2

3
, β = −1

3
, (4.1.44)

the system can be easily solved, finding an angular-independent Killing spinor with com-
ponents given by

χ1 = −c
Å
∆+
x∆

+
y

y + x

ã1/2
, χ2 = c

Å
∆−
x∆

+
y

x− y

ã1/2
,

χ3 = c

Å
∆+
x∆

−
y

y − x

ã1/2
, χ4 = −c sign(x− y)

Å
−
∆−
x∆

−
y

x+ y

ã1/2
,

(4.1.45)

with c ∈ C a constant. From the symplectic-Majorana condition (4.1.39), we obtain

ζ2 = (B4γ∗ζ
1)∗ = iH−3/8

(
−χ∗

4,−χ∗
3, χ

∗
2, χ

∗
1

)
, (4.1.46)

which, as it can be shown explicitly, satisfies all the related Killing spinor equations.
We can now count the amount of supersymmetry preserved by our AdS2 ×M4 back-

ground. Since ϑ is a two-dimensional Majorana spinor, it has two real independent degrees
of freedom. Similarly, ζA is completely determined by the complex constant c, accounting
for two real degrees of freedom. Therefore, there are in total four real independent Killing
spinors and thus, being sixteen the number of supersymmetries of the six-dimensional
N = (1, 1) theory, our solution is 1/4-BPS.

4.2 Global analysis
Having established the local form of the solution and its supersymmetry properties, we
move to the study of the regularity. Since the four-dimensional orbifold M4 possesses a

3Here and in what follows we assume δ > 0. When δ < 0 it is sufficient to exchange ∆+
• ↔ ∆−

• .
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U(1)2 isometry associated with the two Killing vectors ∂ψ and ∂ϕ of the metric (4.1.10),
it is natural to study this system within the framework of toric geometry. The global
analysis will be then divided in steps. As outlined in section 2.3, we will approach the
problem by studying the degeneration of four Killing vectors ξa on some divisors La = D̂a,
which allows us to extract the SL(2,R)-invariant toric data da,b. From the determinants
da,b we can compute the intersection matrix Dab through (2.1.61). Finally, computing the
Ricci form ρ(a) of each divisor D̂a and using (2.1.59), we will be able to extract all the
labels ma.

4.2.1 Degenerating Killing vectors

The metric (4.1.10) has in total four degenerate Killing vectors

j± =
2a2

∆′
x(x±)

[‹Vx(x±) ∂ψ + Vx(x±) ∂ϕ
]
≡ J

(ψ)
± ∂ψ + J

(ϕ)
± ∂ϕ , (4.2.1)

k± =
2a2

∆′
y(y±)

[‹Vy(y±) ∂ψ + Vy(y±) ∂ϕ
]
≡ K

(ψ)
± ∂ψ +K

(ϕ)
± ∂ϕ , (4.2.2)

whose norm vanishes at x = x± and y = y±, respectively. All of them are normalized
so to have unitary surface gravity. In order to present the results in a uniform way we
introduce the four loci

D̂1 = {x = x−} , D̂2 = {y = y−} , D̂3 = {x = x+} , D̂4 = {y = y+} , (4.2.3)

and define the four vectors

ξ1 = j− , ξ2 = k− , ξ3 = j+ , ξ4 = k+ , (4.2.4)

so that ξa is the Killing vector that degenerates at D̂a.
For later convenience, we define the two alternative sets of coordinates ψ± and χ±

such that j± = κJ ∂ψ± or k± = κK ∂χ± , with κJ = ± and κK = ±. These coordinates are
adapted to the direction generated by the corresponding Killing vector ξa and, for this
reason, they will play a fundamental role when zooming in on the different loci D̂a. They
are defined by

ψ = κJ
∑
σ=±

J (ψ)
σ ψσ , ϕ = κJ

∑
σ=±

J (ϕ)
σ ψσ , (4.2.5)

or, alternatively, by

ψ = κK
∑
σ=±

K(ψ)
σ χσ , ϕ = κK

∑
σ=±

K(ϕ)
σ χσ . (4.2.6)

Here ψσ should be intended as well-defined coordinates on a patch which contains D̂1

or D̂3, and subsequently we will denote them as ψ(1)
σ or ψ(3)

σ , with periodicities ∆ψ(1)
σ and

∆ψ
(3)
σ , as explained in section 3.5.1. The same applies also to χσ, which will be written

as χ(2)
σ and χ

(4)
σ on D̂2 and D̂4. The reason for the introduction of κJ and κK and the
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prescription for their choice will be explained shortly. The Jacobian matrices of these two
transformations have determinant

det(J) = J
(ψ)
+ J

(ϕ)
− − J

(ψ)
− J

(ϕ)
+ , det(K) = K

(ψ)
+ K

(ϕ)
− −K

(ψ)
− K

(ϕ)
+ , (4.2.7)

and the periodicities of the old and new coordinates are connected by

∆ψ∆ϕ =
∣∣det(J)∣∣∆ψ(1)

+ ∆ψ
(1)
− =

∣∣det(J)∣∣∆ψ(3)
+ ∆ψ

(3)
− ,

∆ψ∆ϕ =
∣∣det(K)

∣∣∆χ(2)
+ ∆χ

(2)
− =

∣∣det(K)
∣∣∆χ(4)

+ ∆χ
(4)
− .

(4.2.8)

The signs κJ and κK are given by

κJ = sign
[
Ξ (x2 − y2) det(J)

]
= sign(x2 − y2) ,

κK = − sign
[
Ξ (x2 − y2) det(K)

]
= − sign(x2 − y2) ,

(4.2.9)

where, in the last steps, we restricted to x, y > 0 and imposed the signature conditions
Nx, Ny > 0; in this case, both det(J) and det(K) have the same sign of Ξ.

We can now extract a set of fake vectors V⃗a by using the relation ξa = V⃗a · (e1, e2) on a
fake basis {e1, e2}, which will not be effective. Specifically, we introduce the 2π-periodic
coordinates ν1 = 2π

∆ψ
ψ, ν2 = 2π

∆ϕ
ϕ and consider the basis {e1, e2} = {∂ν1 , ∂ν2}. From the

Killing vectors (4.2.1) and (4.2.2) we derive the vectors

V⃗1 =
( 2π

∆ψ
J
(ψ)
− ,

2π

∆ϕ
J
(ϕ)
−

)
, V⃗2 =

( 2π

∆ψ
K

(ψ)
− ,

2π

∆ϕ
K

(ϕ)
−

)
,

V⃗3 =
( 2π

∆ψ
J
(ψ)
+ ,

2π

∆ϕ
J
(ϕ)
+

)
, V⃗4 =

( 2π

∆ψ
K

(ψ)
+ ,

2π

∆ϕ
K

(ϕ)
+

)
.

(4.2.10)

Since we will not be able to determine the periodicities ∆ψ and ∆ϕ separately, but only
in the combination (∆ψ∆ϕ), we actually do not know the explicit form of the vectors
in (4.2.10), thus in particular we do not know whether they belong to Z2. However this
is not a problem, as explained in section 2.3. In particular, we can not simply use the
definition ma = gcd (V 1

a , V
2
a ) to extract the labels of the four dimensional orbifold M4.

There is only one caveat : the vectors (4.2.10) must be dual to a convex polytope and,
in our conventions, must be ordered counter-clockwise, which imply det(V⃗a, V⃗a+1) > 0 for
any a. If this condition is not met, the vectors can be ordered in the correct way by
means of a reflection about a line in the Z2-plane, which can be realized, e.g., swapping
the two components of each vector. This transformation accounts in exchanging ∂ν1
and ∂ν2 and the two bases {∂ν2 , ∂ν1} and {E1, E2} will now be related through a matrix
with determinant equal to −1. As a consequence, the intersection matrices computed
starting from the two sets of vectors extracted from the two aforementioned bases will
have opposite sign. In order to keep track of this fact we introduce the sign κD = ±,
telling whether the vectors are ordered as in (4.2.10) (+) or with the components swapped
(−). κD will multiply every determinant computed from the vectors (4.2.10) and its value
will be fixed shortly.

Using the set of vectors (4.2.10) we compute

d1,2 =
−κD(2π)2

∆ψ∆ϕ

4Ξa2(x2− − y2−)H(x−, y−)

∆′
x(x−)∆

′
y(y−)

, d2,3 =
κD(2π)2

∆ψ∆ϕ

4Ξa2(x2+ − y2−)H(x+, y−)

∆′
x(x+)∆

′
y(y−)

,

d3,4 =
−κD(2π)2

∆ψ∆ϕ

4Ξa2(x2+ − y2+)H(x+, y+)

∆′
x(x+)∆

′
y(y+)

, d4,1 =
κD(2π)2

∆ψ∆ϕ

4Ξa2(x2− − y2+)H(x−, y+)

∆′
x(x−)∆

′
y(y+)

,

(4.2.11)
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where we made use of the identity

J (ψ)
σ1
K(ϕ)
σ2

−K(ψ)
σ2
J (ϕ)
σ1

= −
4Ξa2(x2σ1 − y2σ2)H(xσ1 , yσ2)

∆′
x(xσ1)∆

′
y(yσ2)

, for σ1, σ2 = ± . (4.2.12)

Notice that, even if we have extracted the invariant toric data da,b from the fake vec-
tors (4.2.10), we have not completed the analysis. Indeed, we have to impose a quantiza-
tion condition

da,b ∈ Z , (4.2.13)

which is not automatically guaranteed. This constraint is necessary for the system to
be well-defined, and we will study it in details momentarily. Imposing the condition
det(v⃗a, v⃗a+1) = det(V⃗a, V⃗a+1) > 0 we can fix the value of κD, obtaining4

κD = sign
[
Ξ(x2 − y2)

]
. (4.2.14)

Recalling the definition of κJ and κK in (4.2.9), we then have

κDκJ = sign
[
det(J)

]
, κDκK = − sign

[
det(K)

]
. (4.2.15)

Following the notation of [1], we also define

tJ ≡ d1,3 = −κD
2π

∆ψ

2π

∆ϕ
det(J) , tK ≡ d2,4 = −κD

2π

∆ψ

2π

∆ϕ
det(K) . (4.2.16)

The intersection matrix describing a given set of toric divisors was defined in (2.1.61).
In our construction, with a bit of computation the diagonal terms can be cast in the form

D11 = −κD
∆ψ

2π

∆ϕ

2π

∆′
x(x−)

2

4Ξa2

ï
1

(x2− − y2+)H(x−, y+)
− 1

(x2− − y2−)H(x−, y−)

ò
, (4.2.17)

D22 = −κD
∆ψ

2π

∆ϕ

2π

∆′
y(y−)

2

4Ξa2

ï
1

(x2+ − y2−)H(x+, y−)
− 1

(x2− − y2−)H(x−, y−)

ò
, (4.2.18)

D33 = κD
∆ψ

2π

∆ϕ

2π

∆′
x(x+)

2

4Ξa2

ï
1

(x2+ − y2+)H(x+, y+)
− 1

(x2+ − y2−)H(x+, y−)

ò
, (4.2.19)

D44 = κD
∆ψ

2π

∆ϕ

2π

∆′
y(y+)

2

4Ξa2

ï
1

(x2+ − y2+)H(x+, y+)
− 1

(x2− − y2+)H(x−, y+)

ò
, (4.2.20)

whereas the off-diagonal terms are simply (Dab = Dba)

D12 =
1

d1,2
, D23 =

1

d2,3
, D34 =

1

d3,4
, D41 =

1

d4,1
, (4.2.21)

with da,a+1 given in (4.2.11).

4In order to do so we must use the relations between the signs of ∆′
x(x±) and ∆′

y(y±).
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4.2.2 Complex structure and divisors

We now define the holomorphic (2, 0)-form

Ω = (ê1 + iê2) ∧ (ê3 + iê4) ≡ Ω(12) ∧ Ω(34) , (4.2.22)

which, by construction, is compatible with the metrics (4.1.10). The fact that the associ-
ated complex structure is integrable, and thus M4 is Hermitian, follows from the relation
dΩ = iPρ ∧ Ω, where Pρ is the Ricci potential and reads

Pρ =
H ∂y

(
H−2∆y

)
2Ξ(x2 − y2)

(
Vx dψ −‹Vx dϕ)− H ∂x

(
H−2∆x

)
2Ξ(x2 − y2)

(
Vy dψ −‹Vy dϕ) . (4.2.23)

It is then clear that the four (real) codimension two loci D̂a are (complex) divisors in M4

and we will now describe these in more detail. We first zoom in on D̂1, determined by
the condition x = x−. To this end, we define the coordinate R− such that x = x− + R−
and obtain

ds2(1) =
y2 − x2−

∆y

dy2 +
∆′
x(x−)

2 det(J)2

4Ξ2a4H(x−, y)2
∆y

y2 − x2−
(dψ

(1)
+ )2 . (4.2.24)

D̂1 is a complex orbifold of (complex) dimension one, therefore it is natural to define its
holomorphic (1, 0)-form

Ω(1) =

 
y2 − x2−

∆y

dy + i
|∆′

x(x−) det(J)|
2|Ξ|a2H(x−, y)

 
∆y

y2 − x2−
dψ

(1)
+ . (4.2.25)

Notice that, defined Ω(12) ≡ ê1 + iê2, with ê1 and ê2 given in (4.1.13), Ω(1) is simply Ω(12)

restricted to D̂1. It can be checked that dΩ(1) = iP(1) ∧ Ω(1), where

P(1) =
|∆′

x(x−) det(J)|
4|Ξ|a2

ï
∆′
y

(x2− − y2)H(x−, y)
−

∆y ∂y
(
(x2− − y2)H(x−, y)

2
)

(x2− − y2)2H(x−, y)3

ò
dψ

(1)
+ .

(4.2.26)
It follows

χ̂(1) =
1

2π

∫
D̂1

ρ(1) =
∆ψ

(1)
+

2π

|∆′
x(x−) det(J)|
4|Ξ|a2

ï
∆′
y(y+)

(x2− − y2+)H(x−, y+)
+

−∆′
y(y−)

(x2− − y2−)H(x−, y−)

ò
.

(4.2.27)
Endowed with metric (4.2.24), D̂1 is a compact surface parameterized by the periodic

azimuthal coordinate ψ(1)
+ and the compact “polar” coordinate y, with y ∈ [y−, y+]. As y

approaches one of the endpoints of this interval, say y±, the line element becomes

ds2(1) ≃
y±

dϱ2± + ϱ2±
∆′
x(x−)

2∆′
y(y±)

2 det(J)2

16Ξ2a4(x2− − y2±)
2H(x−, y±)2

(dψ
(1)
+ )2 , (4.2.28)

where we defined ϱ2± = |y−y±|. In order to have a smooth orbifold metric on D̂1 we must
impose the following conditions at the north (y−) and south (y+) poles, respectively,

|∆′
x(x−) det(J)|
4|Ξ|a2

∆′
y(y−)

(x2− − y2−)H(x−, y−)
∆ψ

(1)
+ = − 2π

m
(1)
−
, m

(1)
− ∈ N ,

|∆′
x(x−) det(J)|
4|Ξ|a2

∆′
y(y+)

(x2− − y2+)H(x−, y+)
∆ψ

(1)
+ =

2π

m
(1)
+

, m
(1)
+ ∈ N ,

(4.2.29)
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where the minus in the first relation is due to the fact that ∆′
y(y−)/(x

2
− − y2−) < 0. By

imposing (4.2.29), we have required that

D̂1 =
WCP1

[m̄
(1)
− ,m̄

(1)
+ ]

Z
m
(1)
0

, m
(1)
0 = gcd(m

(1)
− , m

(1)
+ ) , (4.2.30)

and in terms of the m
(1)
± its Euler characteristic (4.2.27) can be written as

χ̂(1) =
1

m
(1)
−

+
1

m
(1)
+

. (4.2.31)

A similar analysis can be repeated the remaining divisors, obtaining

χ̂(2) =
∆χ

(2)
+

2π

|∆′
y(y−) det(K)|
4|Ξ|a2

ï −∆′
x(x+)

(x2+ − y2−)H(x+, y−)
+

∆′
x(x−)

(x2− − y2−)H(x−, y−)

ò
, (4.2.32)

χ̂(3) =
∆ψ

(3)
−

2π

|∆′
x(x+) det(J)|
4|Ξ|a2

ï
∆′
y(y+)

(x2+ − y2+)H(x+, y+)
+

−∆′
y(y−)

(x2+ − y2−)H(x+, y−)

ò
, (4.2.33)

χ̂(4) =
∆χ

(4)
−

2π

|∆′
y(y+) det(K)|
4|Ξ|a2

ï −∆′
x(x+)

(x2+ − y2+)H(x+, y+)
+

∆′
x(x−)

(x2− − y2+)H(x−, y+)

ò
, (4.2.34)

and
χ̂(a) =

1

m
(a)
−

+
1

m
(a)
+

, (4.2.35)

where m
(a)
± are eight integer parameters, labelling a spindle Σ

[m
(a)
− ,m

(a)
+ ]

for each divisor D̂a.

4.2.3 Extracting the labels

We can now use the master formulas (2.1.59) to extract the labels ma of the system. An
explicit computation gives

ρ
∣∣
D̂1

− ρ(1) =κJ
∆′
x(x−)

∆′
x(x+)

∂y

ï
(x2+ − y2)H(x+, y)

(x2− − y2)H(x−, y)

ò
dy ∧ dψ

(1)
+

− |∆′
x(x−) det(J)|
2|Ξ|a2

∂y

ï
y∆y

(x2− − y2)2H(x−, y)

ò
dy ∧ dψ

(1)
+ ,

(4.2.36)

hence, performing the integration,

D11 = κJ
1

m1

∆ψ
(1)
+

2π

∆′
x(x−)

∆′
x(x+)

ï
(x2+ − y2+)H(x+, y+)

(x2− − y2+)H(x−, y+)
−

(x2+ − y2−)H(x+, y−)

(x2− − y2−)H(x−, y−)

ò
(4.2.37)

= −κJ
1

m1

∆ψ
(1)
+

2π

∆′
x(x−)

2 det(J)

4Ξa2

ï
1

(x2− − y2+)H(x−, y+)
− 1

(x2− − y2−)H(x−, y−)

ò
,

where, in the last line, we used the identity

(x2± − y2+)H(x±, y+)

(x2∓ − y2+)H(x∓, y+)
−

(x2± − y2−)H(x±, y−)

(x2∓ − y2−)H(x∓, y−)
=

= ∓det(J)

4Ξa2

ï
∆′
x(x−)∆

′
x(x+)

(x2∓ − y2+)H(x∓, y+)
− ∆′

x(x−)∆
′
x(x+)

(x2∓ − y2−)H(x∓, y−)

ò
.

(4.2.38)
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We can now compare the expressions for D11 presented in (4.2.17) and (4.2.37), thus
obtaining

κD
∆ψ

2π

∆ϕ

2π
= κJ

1

m1

∆ψ
(1)
+

2π
det(J) . (4.2.39)

By means of (4.2.8) this relation becomes (see also (4.2.15))

κD
∆ψ

(1)
+

2π

∆ψ
(1)
−

2π

∣∣det(J)∣∣ = κJ
1

m1

∆ψ
(1)
+

2π
det(J) =⇒ ∆ψ

(1)
−

2π
=

1

m1

, (4.2.40)

Similarly, the inspection of the components D22, D33 and D44 gives, respectively,

∆χ
(2)
−

2π
=

1

m2

,
∆ψ

(3)
+

2π
=

1

m3

,
∆χ

(4)
+

2π
=

1

m4

. (4.2.41)

Before computing the off-diagonal terms of the intersection matrix, we combine equa-
tions (4.2.29) and (4.2.39). Comparing the results with (4.2.11) we find the useful relations
d1,2 = m1m

(1)
− and d4,1 = m1m

(1)
+ . Equivalently, after using (2.1.55), we have

m
(1)
− = m2 d̂1,2 , m

(1)
+ = m4 d̂4,1 . (4.2.42)

Similar formulas can be proven, relating the order of the orbifold singularities of the
remaining divisors to the labels ma and the positive integers d̂a,a+1, namely

m
(2)
− = m1 d̂1,2 , m

(2)
+ = m3 d̂2,3 ,

m
(3)
− = m2 d̂2,3 , m

(3)
+ = m4 d̂3,4 ,

m
(4)
− = m1 d̂4,1 , m

(4)
+ = m3 d̂3,4 .

(4.2.43)

With these relations it is possible to prove the consistency of all the components of (2.1.59)
for the other divisors.

Let us now return to the issue of finding a basis for an effective torus action. With
the information that we have obtained so far, it is possible to show that the following
SL(2,R) matrix

S =

(
2π
∆ϕ

(a+K
(ϕ)
+ − a−K

(ϕ)
− ) − 2π

∆ψ
(a+K

(ψ)
+ − a−K

(ψ)
− )

− 2π
∆ϕ

J
(ϕ)
−
m1

2π
∆ψ

J
(ψ)
−
m1

)
, (4.2.44)

acting on the “fake” vectors (4.2.10) transforms them in the Z2-valued set (recall that
d1,a = m1ma d̂1,a from (2.1.55))

v⃗1 = (m1, 0) , v⃗2 = (a+d2,4, d1,2/m1) ,

v⃗3 = (a−d2,3 + a+d3,4, d1,3/m1) , v⃗4 = (a−d2,4,−d4,1/m1) ,
(4.2.45)

where a± ∈ Z are integers such that5

a−m
(1)
− + a+m

(1)
+ = −1 , (4.2.46)

5Here, for simplicity we assumed that gcd(m(1)+ , m
(1)
− ) = 1 and that κD = 1.
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which always exist by Bézout’s lemma. The resulting basis reads

E1 =
1

m1

(
J
(ψ)
− ∂ψ + J

(ϕ)
− ∂ϕ

)
,

E2 =
(
a+K

(ψ)
+ − a−K

(ψ)
−
)
∂ψ +

(
a+K

(ϕ)
+ − a−K

(ϕ)
−
)
∂ϕ ,

(4.2.47)

and the fact that the v⃗a are Z2-valued indicates that this is a basis for an effectively acting
torus. Notice that, remarkably, although the basis {e1, e2} and the vectors in (4.2.10)
depended on the periodicities ∆ψ and ∆ϕ separately (that we do not know), the new
basis {E1, E2} and the new vectors v⃗a will be explicitly determined in terms of the gauge
invariant toric data, once we complete the analysis of the quantization conditions, to
which we now turn. Lastly, since da,b = mamb d̂a,b, it is straightforward to observe that a
factor ma can be collected from each vector v⃗a, confirming that the ma serve as labels for
the divisors D̂a.

4.3 Quantization conditions
The analysis of the toric data of M4 performed in the previous subsection shows clearly
that this space is a well-defined orbifold only if the da,b computed explicitly in (4.2.11)
and (4.2.16) are integers, as observed around (4.2.13). The aim of this section is twofold:
first, we have to ensure that

q̂ai ≡
gc
2π

∫
D̂a

Fi , q̂aR =
n

m
(a)
− m

(a)
+ ma

, n ∈ Z , (4.3.1)

which means that the R-symmetry gauge field FR = F1 + F2 is correctly quantized;
second, we will find a Diophantine equation for the da,b, ensuring that da,b ∈ Z. This
second step will be achieved by expressing all the parameters of the (supersymmetric)
solutions, namely (a,Nx, Ny,∆ψ∆ϕ), in terms of the da,b.

Let us start assuming for the moment da,b ∈ Z. The field strengths Fi can be conve-
niently written as

Fi =
cc̃

Ξ sH2

[
∂xH dx ∧

(
Vy dψ −‹Vy dϕ)+ ∂yH dy ∧

(
Vx dψ −‹Vx dϕ)] . (4.3.2)

We start considering, as an example, the first divisor D̂1, whose associated magnetic fluxes
are

q̂11 = q̂12 = −∆ψ
(1)
+

2π

gccc̃

s

|∆′
x(x−) det(J)|
2|Ξ|a2

ï
1

H(x−, y+)
− 1

H(x−, y−)

ò
. (4.3.3)

We can now eliminate ∆ψ(1)
+ in favour ofm1 and (∆ψ∆ϕ), use all the relations around (4.1.26)

to simplify the functions computed in the poles (x±, y±) and finally use (4.2.11) to recog-
nize that q̂1R can be rewritten as

q̂1R = −τ
(y+)

m
(1)
+

− τ (y−)

m
(1)
−

−τ (x−) tK

m
(1)
+ m

(1)
− m1

= −τ (y+)

ï
m
(1)
− + τ (y+)τ (y−)m

(1)
+

m
(1)
− m

(1)
+

+τ (y+)τ (x+) tK/m1

m
(1)
− m

(1)
+

ò
.

(4.3.4)
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This expression is consistent with the expected quantization condition for a connection
on O(m

(1)
− + τ (y+)τ (y−)m

(1)
+ ) with also a fibration with Chern number tK and a transverse

singularity C/Zm1 . Notice in particular that, according to the values of the product
(τ (y+)τ (y−)), we can have the twist or the anti-twist for the spindle “located” on D̂1 [42].
Similar computations for the other fluxes q̂aR show that these can be correctly expressed
as

q̂2R = −τ
(x+)

m
(2)
+

− τ (x−)

m
(2)
−

+ τ (y−) tJ

m
(2)
− m

(2)
+ m2

,

q̂3R = −τ
(y+)

m
(3)
+

− τ (y−)

m
(3)
−

+ τ (x+) tK

m
(3)
− m

(3)
+ m3

,

q̂4R = −τ
(x+)

m
(4)
+

− τ (x−)

m
(4)
−

− τ (y+) tJ

m
(4)
− m

(4)
+ m4

.

(4.3.5)

Clearly, this does not conclude the analysis, since we have not showed that m
(a)
± ∈ N, or

similarly that da,b ∈ Z. Before proceeding in this direction, let us notice that the fluxes
along the ramification divisors Da

qai ≡
q̂ai
ma

=
gc
2π

∫
Da

Fi , (4.3.6)

can be similarly written as

q1R = −τ
(y+)

d4,1
− τ (y−)

d1,2
− τ (x−) tK

d4,1d1,2
, q2R = −τ

(x+)

d2,3
− τ (x−)

d1,2
+ τ (y−) tJ

d1,2d2,3
,

q3R = −τ
(y+)

d3,4
− τ (y−)

d2,3
+ τ (x+) tK

d2,3d3,4
, q4R = −τ

(x+)

d3,4
− τ (x−)

d4,1
− τ (y+) tJ

d3,4d4,1
.

(4.3.7)

and satisfy
qaR =

∑
b

Dab σ
b , σa = −

Ä
τ (x+), τ (y+), τ (x−), τ (y−)

ä
. (4.3.8)

As conjectured around (2.2.6), the vector of twists consists of signs, which in this case are
related to supersymmetry through (4.1.25), specifically ∆τ (z±)

z (z±) = 0 for z = x, y.
Coming back to the quantization conditions da,b ∈ Z, from (4.1.24) we obtain6

a = −κ x
D−4
+ (1− gx+)− xD−4

− (1− gx−)

xD−5
+ (1− gx+)− xD−5

− (1− gx−)
,

Nx = (−κa) x
D−5
+ xD−5

− (x+ − x−)(1− gx+)(1− gx−)

2[xD−5
+ (1− gx+)− xD−5

− (1− gx−)]
,

(4.3.9)

whereas applying the same method to ∆±
y we are able to isolate a and Ny in terms of y±

a = −κ y
D−4
+ (1− gy+) + yD−4

− (1 + gy−)

yD−5
+ (1− gy+)− yD−5

− (1 + gy−)
,

Ny = (−κa) y
D−5
+ yD−5

− (y+ + y−)(1− gy+)(1 + gy−)

2[yD−5
+ (1− gy+)− yD−5

− (1 + gy−)]
.

(4.3.10)

6From now on, to avoid clumsy notation we take 0 < y < x, which results in τ (x+) = τ (x−) = τ (y+) =
−1 and τ (y−) = +1.
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Now we have two different expressions for the parameter a, namely a(x±) and a(y±), which
should be equal. However, we need first a relation between x± and y±. From (4.2.11), we
obtain

d1,2 q
2
R

d4,1 q4R
=
x− + y−
x− − y+

,
d2,3 q

2
R

d3,4 q4R
=
x+ + y−
x+ − y+

, (4.3.11)

which can be inverted to

x− =
d1,2q

2
R y+ + d4,1q

4
R y−

d1,2q2R − d4,1q4R
, x+ =

d2,3q
2
R y+ + d3,4q

4
R y−

d2,3q2R − d3,4q4R
. (4.3.12)

We now have, schematically, to solve

a(y±) = a(y±, da,a+1, q
a
R) = a(y±, da,a+1, τ

(x±), τ (y±), tJ , tK) = a(y±, da,b, τ
(x±), τ (y±)) ,

(4.3.13)
where recall tJ = d1,3 and tK = d2,4 from (4.2.16). If we now manage to express y± in
terms of da,b, we have a constraint between integers. To do so, we first write down the
expressions of tJ and tK in the supersymmetric case, which simplify to

tJ =
κD(2π)2

∆ψ∆ϕ

4Ξa2(1− κag)(x+ − x−)

g∆′
x(x+)∆

′
x(x−)

, tK =
κD(2π)2

∆ψ∆ϕ

4Ξa2(1− κag)(y+ + y−)

g∆′
y(y+)∆

′
y(y−)

,

(4.3.14)

and give also
∆ψ

2π

∆ϕ

2π
= −κD

a2(1 + κ ag)

4g g2c (y+ + y−)3
(tJq

1
Rq

3
R)

2

tKq2Rq
4
R

. (4.3.15)

Having the expressions of tJ and tK , we immediately obtain

∆′
y(y−) = − 4q2R

tJq1Rq
3
R

gc(1− κag)(y+ + y−)
2 , ∆′

y(y+) =
4q4R

tJq1Rq
3
R

gc(1− κag)(y+ + y−)
2 .

(4.3.16)
If we compare these equations with the ones in (4.1.27), and define also y± = w(1+ x),we
obtain an expression for w and x, which depends on D. Plugging back to (4.3.13), we
finally achieved our goal.

D=6

Comparing (4.1.27) and (4.3.16), we obtain

w = −3(Q+ +Q−)x− x3 ±
√

3− 6(Q+ +Q−)− 3(1− 3(Q+ +Q−)2)x2 + x4

g[3 + x4 − 6(Q+ +Q−)(1 + x2)]
, (4.3.17)

where we defined Q+ =
q4R

tJq
1
Rq

3
R

and Q− =
q2R

tJq
1
Rq

3
R

and x is solution of the cubic equation

x3 − 3(Q+ −Q−)x
2 − 3[1− 2(Q+ +Q−)]x+ 3(Q+ −Q−) = 0 . (4.3.18)

The two signs in (4.3.17) generate the two sets of physical parameters connected by
the inversion symmetry (4.1.9). Equation (4.3.13) gives now the following Diophantine
constraint for the integers da,b

tKq
2
Rq

4
R − 3(q1R − q3R) = 0 . (4.3.19)
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The origin of this constraint can be traced back in the specific structure of our solu-
tion. Indeed, we have four parameters (a,Nx, Ny,∆ψ∆ϕ) and six minus one integers da,b
(recall (2.1.62)). This means that there must be a redundancy among them and equa-
tion (4.3.19) precisely resolves it7. It is possible that the constraint (4.3.19) would be
eliminated if a more general solution could be constructed, but we will not pursue this
here. Similar unnatural Diophantine constraints have been observed in previous solutions
associated with orbifolds [61, 65, 1].

D=7

We now focus on D = 7 and solve system (4.3.16) following the same method adopted in
the six-dimensional case. Parameterizing again the two roots as y± = w(1±x), we obtain

w = −4(Q+ +Q−)x±
√
2
√

[1− 2(Q+ +Q−)][1 + (1− 4(Q+ +Q−))x2]

2g[1 + x2 − 2(Q+ +Q−)(1 + 3x2)]
, (4.3.20)

x =
Q+ −Q−

1− 3(Q+ +Q−)
, (4.3.21)

where Q± are defined as in the previous case. As before, the two signs in (4.3.20) cor-
respond to the two configurations related by (4.1.9). Imposing the consistency condition
that comes equating (4.3.13) we obtain the following Diophantine equation

2q1Rq
3
RtJ
[
(q1R)

3d1,2d4,1(d1,2 − d4,1)− (q3R)
3d2,3d3,4(d2,3 − d3,4)

]
+ q1Rq

3
RtJ
[
8
(
(q1R)

2d1,2d4,1 − (q3R)
2d2,3d3,4

)
−
(
(q1R)

4d21,2d
2
4,1 − (q3R)

4d22,3d
2
3,4

)]
+ 4(q1R)

3d1,2d4,1
(
q2Rd4,1 − q4Rd1,2

)
− 4(q3R)

3d2,3d3,4
(
q2Rd3,4 − q4Rd2,3

)
+ 3(q2R + q4R)

[
(q1R)

4d21,2d
2
4,1 − (q3R)

4d22,3d
2
3,4

]
= 0 .

(4.3.22)

Although this is surprisingly much more complicated than the analogous constraint (4.3.19)
in D = 6, similar comments apply. The analysis of these Diophantine equations (in
(D = 6, 7)) are reported in appendix D of [2].

4.4 Entropy and central charge
We close this section by considering the regularity of the solutions in d = 10, 11 and
compute the entropy and central charge of the solutions inD = 6, 7 employing the methods
developed in section 3.2.

The reduced functions (3.2.9) for the solutions at hand read

∆H(x, y) = H1H2µ
2
0+H2µ

2
1+H1µ

2
2 , UH(x, y) = 2

[
(1−H1)(1−H2)µ

2
0−1

]
− 10−D

3
∆H .

(4.4.1)

7Considering a system with different charges δi would increase by one the number of parameters, but
would also bring an additional “quantum number” into play, thus not changing the balance.
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In term of these, we can write the uplifted metric (in the string frame for the massive
type IIA case)

ds2D+4 =λ
2µ

(D−7)/3
0 ∆

1/(D−4)
H

{
(H1H2)

−1/(D−2)ds2(D)

+ g−2
c ∆−1

H

[
dµ2

0 +H1

(
dµ2

1 + µ2
1σ

2
1

)
+H2

(
dµ2

2 + µ2
2σ

2
2

)]}
,

σi ≡dϕi − gcA
(D)
i , ∆ϕi = 2π ,

(4.4.2)

and the relevant terms of the four-form F(4)

F(4) =− λ(2D−11)

g3c

H1H2 UH
∆2
H

µ1µ2

µ
(D−4)/3
0

dµ1 ∧ dµ2 ∧ σ1 ∧ σ2 (4.4.3)

− 2(D − 5)λ(2D−11)µ
(10−D)/3
0

gs1s2
Ξa2

Nyx
D−3 −Nxy

D−3

(xy)D−4
dy ∧ dϕ ∧ dx ∧ dψ + . . . ,

The other relevant fields are, as usual, the ten-dimensional dilaton and Romans mass F(0)

eΦ = λ2µ
−5/6
0 ∆

1/4
H , F(0) =

m

λ3
=

2gc
3λ3

. (4.4.4)

Writing the metrics in the form (3.2.10), we can extract the factor exp(2A) and obtain
easily

S =
1

(2πℓs)8
48π6λ4

5|Ξ|a2g4c
∆ψ

2π

∆ϕ

2π

∣∣(x3+ − x3−)(y+ − y−)− (x+ − x−)(y
3
+ − y3−)

∣∣ , (4.4.5)

c =
1

(2πℓs)9
64π6λ9

|Ξa3|g4c
∆ψ

2π

∆ϕ

2π

∣∣(x4+ − x4−)(y
2
+ − y2−)− (x2+ − x2−)(y

4
+ − y4−)

∣∣ . (4.4.6)

The number of D4- or M5-branes is, as usual, given by (3.2.17). In terms of it, the
entropy (4.4.5) and the central charge (4.4.6) take the form

S =
9
√
2πN5/2

5
√

8−Nf

g4

|Ξ|a2
∆ψ

2π

∆ϕ

2π

∣∣(x3+ − x3−)(y+ − y−)− (x+ − x−)(y
3
+ − y3−)

∣∣ , (4.4.7)

c = 4N3 g5

|Ξa3|
∆ψ

2π

∆ϕ

2π

∣∣(x4+ − x4−)(y
2
+ − y2−)− (x2+ − x2−)(y

4
+ − y4−)

∣∣ . (4.4.8)

As last step in the quantization of the fluxes, we consider the second constraint coming
from (3.2.12). Fixing ξ = π/2, namely the pole of the (hemi)sphere S4, the total flux across
M4 reads

K = N
4g3cgs1s2

(D − 3)(D − 5)Ξa2
∆ψ

2π

∆ϕ

2π

[
Ny(y

5−D
+ −y5−D− )(x2+−x2−)−Nx(x

5−D
+ −x5−D− )(y2+−y2−)

]
.

(4.4.9)
Although the expression seems rather involved, making use of the various results of the
section 4.3 and crucially employing the Diophantine constraints in both D = 6, 7, it is
possible to write K in the following simple form

K = κDN
d1,2d2,3(q

2
R)

2 − d3,4d4,1(q
4
R)

2

4(D − 5)d1,3
= κDN

d2,3d3,4(q
3
R)

2 − d4,1d1,2(q
1
R)

2

4(D − 5)d2,4
. (4.4.10)

When the physical parameters are properly quantized, all the elements appearing in
(4.4.10) are rational, thus N can be tuned appropriately in order to make K integer.
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4.5 Entropy functions
We now apply the gravitational blocks prescription of section 2.2 to the AdSD−4 × M4

backgrounds with equal charges presented in section 4.1. We will use the toric data
computed in section (4.2.1) and the labels of section 4.2.3. Moreover, the vector of twists
has been computed in (4.3.8) and, for x, y > 0, reduces to

σa =
(
sign(x2 − y2),− sign(x2 − y2),+,+

)
. (4.5.1)

Finally, recall that when the charges are equal we can always pick a gauge with W⃗ = 0
and φ∗

1 = φ∗
2 = 1 – see the discussion at the end of 2.2.2.

Extremizing the off-shell free energy with respect to the remaining variables ϵ1,2 we
obtain the following critical values for the fugacities8

d = 5 : ϵ∗1 =
2

g

2π

∆ψ
, ϵ∗2 = −κ2a 2π

∆ϕ
, (4.5.2)

d = 6 : ϵ∗1 =
1

g

2π

∆ψ
, ϵ∗2 = −κa 2π

∆ϕ
. (4.5.3)

Plugging these critical values in (2.2.10), we get the off-shell free energy at its extremum9

F ∗
d=5 =

9
√
2πN5/2

5
√

8−Nf

g3(1− κag)

|Ξ|a2
∆ψ

2π

∆ϕ

2π

∣∣(x2+ + τ (x−)x2−)∆y −∆x(y2+ − τ (x−)y2−)
∣∣ , (4.5.4)

F ∗
d=6 = κ 4N3 g

4(1− κag)

|Ξ|a3
∆ψ

2π

∆ϕ

2π

∣∣(x3+ + τ (x−)x3−)(y
2
+ − y2−)− (x2+ − x2−)(y

3
+ − τ (x−)y3−)

∣∣ .
(4.5.5)

Even if these formulas seem to be different with respect to their gravitational counterparts
of the previous section, the results are indeed equal. This can be seen by explicitly using
the following identity

(κag − 1)τ (x−)

g

[Ä
xD−4
+ + τ (x−)xD−4

−

ä (
yD−5
+ − yD−5

−
)
−
(
xD−5
+ − xD−5

−
) Ä
yD−4
+ − τ (x−)yD−4

−

ä]
=
[
xD−5
+ − xD−5

−
][
yD−5
+ − yD−5

−
]∣∣x2+ + (7−D)x+x− + x2− − (y2+ + (7−D)y+y− + y2−)

∣∣ ,
(4.5.6)

which comes from the constraint a = a in (4.3.13). There is only a caveat here: there
is a different sign between F ∗

d=6 and the gravitational central charge (4.4.8). We believe
that the origin of the opposite sign can be traced back to the chirality of the dual two-
dimensional SCFTs, but since we have not solved the Killing spinor equations of D = 7
supergravity, we have no control over this information.

4.6 Summary of the chapter
In this chapter, as in chapter 3, we have studied a solution to minimal gauged supergravity
in D = 6, which can also be extended to be a solution of a similar theory in D = 7.

8These results hold when κD > 0. In the opposite case, we need to exchange the two components of
the vectors in (4.2.10) and, therefore, to exchange ϵ∗1 and ϵ∗2 accordingly.

9In order to take into account a possible exchange in the components of v⃗a, which would affect da,a+1

in the denominator of (2.2.10), we multiplied the off-shell free energy by κD.
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Collectively, the solutions take the form AdSD−4 × M4, where M4 is a four-dimensional
toric orbifold of similar nature, regardless of whether the spacetime dimension is D = 6
or D = 7. After presenting the local form of the solution, we restricted our analysis, for
technical reasons, to a simplified setup with δ1 = δ2 ≡ δ, corresponding to a system with
equal charges and gauge fields. Despite being simpler, this setup captures all the essential
features of the four-dimensional toric orbifold M4, allowing for a detailed examination of its
structure and a reliable test of the gravitational blocks conjecture outlined in section 2.2.
In the equal charges case, and only for D = 6, we explicitly constructed the Killing spinor
solving the Killing spinor equations in section 4.1.1. For the purposes of this chapter,
it is sufficient to know that the supersymmetry condition for both cases is ags2 = ±1.
To extract the toric data, we utilized the tools developed in chapter 2, particularly the
adjunction formula in the form of (2.1.59). By comparing the information obtained from
analyzing the degeneration of the Killing vectors ξa with that derived from the metric on
each branch divisor D̂a, we determined the various labels ma of the system. Section 4.2
reveals that each divisor of M4 is a spindle, characterized by distinct integers m

(a)
± . This

feature distinguishes the quadrilateral solution from those in chapter 3, where two opposite
divisors are equal (in homology), namely D̂1 = D̂3 = Σ1 (see figure 3.3a). After studying
the global regularity of the solution in section 4.3, we computed the entropy and central
charge of the black objects with AdSD−4×M4 in their near-horizon geometry in section 4.4.
Finally, once again, our conjectural off-shell free energy passed the test in section 4.5,
achieving a successful match with the gravitational results.
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Chapter 5

Supergravity solutions with
non-compact quadrilaterals

In this chapter, we construct a solution to four-dimensional minimal gauged supergravity,
which, from a toric perspective, is described by a non-compact quadrilateral. Specifically,
the underlying toric orbifold is defined by a two-dimensional (labeled) polytope obtained
by removing (or sending to infinity) one of its four facets, as illustrated in figures 2.2c and
2.3b. Consequently, these spindle bolt solutions have a boundary and are asymptotically
locally the hyperbolic space H4, allowing for a holographic interpretation [107]. Following
standard nomenclature [104], we will say that our solutions feature a spindle bolt, a
two-dimensional surface Σ(2) fixed by a Killing vector. Indeed, the bulk metric describes
the topology of a line bundle over the spindle, i.e. M4 = C/Zv ↪→ O(−t) → Σ[m−,m+],
where the bolt is Σ(2) = Σ[m−,m+]. Supersymmetric solutions of this type with a spherical
bolt Σ(2) = S2 can be found in [111], later generalized in [137] to include cases where
Σ(2) = Σg. Solutions with a bolt generalize those containing a nut, a zero-dimensional
fixed submanifold Σ(0), i.e., a fixed point. Supersymmetric solutions with SU(2)× U(1)-
invariant nuts are presented in [111], while U(1)×U(1)-symmetric ones are studied in [96],
based on a Carter-Plebański metric [138, 139]. These and other relevant solutions are
reviewed in appendix B. Since we are interested in a U(1)2-invariant bulk solution with
M4 as before, we could begin with the same local Carter-Plebański class of solutions. The
Carter-Plebański solution was later generalized by Plebański-Demianski [139] through the
inclusion of a non-trivial parameter, which, in Lorentzian signature, can be interpreted as
an acceleration parameter A. The resulting solution retains the U(1) × U(1) symmetry,
making the Plebański-Demianski class a natural starting point for the searching of the
spindle bolt solutions.

We will start presenting the Plebański-Demianski class of solutions and investigating
its local properties. Since the presence of A will make the analysis technically cumber-
some, soon we will set A = 0. Although some small progress may also be made in the
global analysis of the Plebański-Demianski solutions (see [3] for details), in this chapter
we are mainly interested in showing how the topology of a spindle bolt can be obtained
and which implications this has on the boundary geometry M3 = L(t, 1). For these rea-
sons, our approach will focus on providing as much local information as possible regarding
the Plebański-Demianski solution first, conducting then a detailed global analysis in the
Carter-Plebański context. Here we will demonstrate how the boundary data, namely a

83



metric ds2(3) on a lens space L(t, 1), a gauge field A(3) and a spinor χ(3) are “informed”
(through some flat connections for A(3)) about (or by) the bulk data. These are the spin-
dle data m±, the integer v and a sign σ = ±1 determining if the twist or the anti-twist are
realized on the spindle Σ[m−,m+]. Interestingly, the solutions we will present can realize
both the twist or the anti-twist, according to the values of the parameters in it. This di-
chotomy is reflected in the on-shell action, which is completely fixed in terms of (t,m±, v)
for the twist (σ = 1) to

twist : Sren =
π

8G4v

ï
2
m− +m+

m−m+

− κ
t/v

m−m+

− κ
v(m− −m+)

2

tm−m+

ò
.

Differently, for the anti-twist, the action assumes a complicated form, with the property
that it depends on a (single) continuous free parameter. This is the same behaviour
observed before in the other solutions containing nuts and bolts. Indeed, in appendix B
we show that our solution contains all the previous ones in [109, 110, 111, 96]. Moreover, by
an analytic continuation to Lorentzian signature, it is also related to the supersymmetric
accelerating four-dimensional black hole [46], whose thermodynamics and action have been
studied in [47]. Using the results of equivariant localization [90, 84], we will recover our
results, showing the validity of their methods and making also some interesting comments
about the extremization of the action.

5.1 Maxwell-Einstein-Λ supergravity and uplift to M-
theory

In this section we start presenting the supergravity model of interest, which is the Maxwell-
Einstein-Λ theory, or, alternatively, the (bosonic sector of the) d = 4, N = 2 minimal
gauged supergravity [140], whose Euclidean action reads

SE = − 1

16πG4

∫
d4x

√
g (R− FµνF

µν − 2Λ) , Λ = − 3

ℓ2
. (5.1.1)

Here R is the Ricci scalar of the four dimensional metric g and F = dA is the field strength
of the abelian graviphoton A. The equations of motion stemming from (5.1.1) are

Rµν − Λgµν = 2

Å
FµρF

ρ
ν − F 2

4
gµν

ã
, d ⋆ F = 0 . (5.1.2)

A solution to the equation of motions (5.1.2) is supersymmetric if and only if it admits
at least one non-identically zero Dirac spinor ε satisfying the Killing spinor equation

D̂µε ≡
Å
Dµ −

i

ℓ
Aµ +

1

2ℓ
Γµ +

i

4
FνρΓ

νρΓµ

ã
ε = 0 , Dµε = ∂µε+

1

4
ωµabΓ

abε . (5.1.3)

Here Γa, a = 1, . . . , 4, generate the Clifford algebra Cliff(4, 0), so that {Γa,Γb} = 2δabId4×4.
Alternatively, one can formulate the problem in terms of bilinears in the Killing spinor
ε. This was done in Lorentzian signature in [141] and in Euclidean signature in [90].
However, for most of the analysis we are going to perform, we will be only interested in
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knowing the conditions under which the solution is supersymmetric. In particular, the
integrability condition Mµνε ≡ [D̂µ, D̂ν ]ε = 0 of (5.1.3) reduces, after some work, to

Mµνε ≡
Å
1

4
R ab
µν Γab +

1

2
Γµν−iFµν +

i

2
Γab∇[µF

abΓν] +
i

4
FabΓ[µΓ

abΓν]

− 1

16
FabFcd[Γ

abΓµ,Γ
cdΓν ] +

i

4
FabΓ

abΓµν

ã
ε = 0 ,

(5.1.4)

and we will impose det(Mµν) = 0.
Using the formulas of [142, 143] one can uplift locally any supersymmetric solution of

the four-dimensional theory to a supersymmetric solution of M-theory. In particular, it
is possible to show that the Ansatz

ds211d = L2

ï
1

4
ds24d +

Å
η +

1

2
A4d

ã2
+ ds2T

ò
, F(4) = L3

ï
3

8
⋆4d 1−

1

4
⋆4d F4d ∧ dη

ò
,

(5.1.5)
with R

(7)
mn = 6g

(7)
mn, indeed leads to a solution of the equations of motion stemming

from (3.2.2) for any solution of (5.1.2). Here, as in [111], the effective radius L of AdS4

is determined by the quantization of ⋆(11d)F(4) through SE7, which is a Sasaki-Einstein
seven-manifold with contact one-form η and transverse six-dimensional Kähler-Einstein
metric ds2T . Although for irregular SE7 the uplift is not possible [111], when SE7 is a
U(1) fibration over ds2T we can always write η = dψ+σ with ψ being the Killing direction
such that the Reeb vector is ξ = ∂ψ and the Ricci form of the Kähler-Einstein metric is
ρT = 4dσ. Then, as usual, we should require that the fibration in (5.1.5) is well-defined.
Since, as anticipated, M4 = C/Zv ↪→ O(−t) → Σ[m−,m+], we will require (see also (4.3.1))

1

2π

∫
M4

2π

∆ψ
d

Å
dψ +

1

2
A4d

ã
=

1

2∆ψ

∫
M4

F4d =
k

πI

∫
M4

F4d ≡ m

vm−m+

, m ∈ Z .

(5.1.6)
Here I is the Fano index of the transverse metric I ≡ I(KE6), which is the largest integer
for which it exists a line bundle L̃ such that L = L̃I , with L the canonical bundle over
KE6. The integer k divides I and is the fundamental group of SE7, i.e. π1(SE7) ≃ Zk.
Thus, for k > 1, the SE7 is not simply-connected. Some examples are listed in Table 1
of [46]. Finally, the periodicity of the Reeb vector is ∆ψ = 2πI/4k, from which the last
equation descends. A caveat here is that when m = 0, we can always uplift (globally) the
four dimensional solution, even if the Sasaki-Einstein is irregular.

5.2 Equivariant localization
One of the aim of this chapter relies in the computation of the on-shell action for
the Plebański-Demianski or Carter-Plebański solutions with topology M4 = C/Zv ↪→
O(−t) → Σ[m−,m+]. As anticipated, we will find that the renormalized action is fixed
when the supersymmetry on the spindle is realized through the twist, whilst it depends
on a single free parameter for the anti-twist solution. This pattern can be glimpsed a
priori (i.e. for each supersymmetric solution comprising a metric on M4) by using a
G-structure approach [90] or equivariant localization1 [84].

1There are several others papers concerning equivariant localization of the action in various super-
gravity theories and in various spacetime dimensions, see section 1.2.
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In [90] the on-shell action is computed by using the fact that for supersymmetric
solutions with a supersymmetric Killing vector ϵ⃗ = (ϵ1, ϵ2) the bulk metric can be writ-
ten as a U(1) circle fibration generated by ϵ⃗ over a non trivial three-dimensional base.
The action reduced on this base generalizes [97] by the presence of a gauge field and
is then evaluated explicitly employing supersymmetry and the bilinears constructed on
top of it. The final formula turns out to be dependent only on quantities at the fixed
points of ϵ⃗, which resembles the results of equivariant localization, i.e. the Duistermaat-
Heckman [144], Berline-Vergne [145] or Atiyah-Bott theorems [146]. In fact, the procedure
presented later in [84, 91] is based on the equivariant integration of a certain equivariantly
closed poly-form Φ with respect to the supersymmetric Killing vector2 ϵ = ε†ΓµΓ⋆ε ∂µ

Son-shell =
π

2G4

ï
1

(2π)2

∫
M4

Φ

ò
, (d− iϵ)Φ = 0 , (5.2.1)

and depends on the chirality of ϵ⃗ at its fixed points pA or surfaces Σi as well. In particular,
the “off-shell” action (i.e. the action for a generic “Reeb” vector ϵ⃗ ) is computed as

Ioff-shell(cA, ϵ⃗ ) =
π

2G4

ï f∑
A=1

−cA
[
b
(A)
1 − cAb

(A)
2

]2
4 dA b

(A)
1 b

(A)
2

+
∑
i

∫
Σi

Å
1

2
c1(TΣi)−

ci
4
c1(NΣi)

ãò
,

(5.2.2)
where c1(XΣi) is the first Chern class of the X bundle of Σi, cA,i are signs linked to
the chirality of the spinor on pA or Σi and b

(A)
I are the weights of ϵ⃗ on each copy of

CI ⊂ TpAM4. The presence of dA, namely the order of the singularity at pA, reflects the
(possible) orbifold nature of TpAM4. For the toric case, the weights of ϵ⃗ can be simply
expressed in terms of the toric weights as [90]

b
(A)
1,2 ≡ ϵ⃗ · µ⃗ (A)

1,2 . (5.2.3)

In particular, (5.2.2) assumes this form because in four dimensions, for a fixed Killing
vector, there can be only fixed isolated points Σ(0) = pA or fixed two-dimensional sub-
orbifolds Σ(2) = Σi ⊂ M4. Moreover, the (pA,Σi) appearing in (5.2.2) are referred in
particular to the supersymmetric Killing vector ϵ, and not to a generic Killing vector of
the metric. As we will see, for our solutions ϵ degenerates at two fixed-points pA, and
henceforth we will use the “two-nuts” part of the formula, which simply reads (f = 2)

Ioff-shell(cA, ϵ⃗ ) =
π

2G4

ï 2∑
A=1

−cA
[
b
(A)
1 − cAb

(A)
2

]2
4 dA b

(A)
1 b

(A)
2

ò
. (5.2.4)

In [90] it is showed that (5.2.4), when computed on the supersymmetric Killing vector ϵ⃗∗
of a solution, reproduces the supergravity computation for the renormalized action, or

Ion-shell ≡ Ioff-shell(cA, ϵ⃗∗) = Sren , (5.2.5)

in our language. Moreover (5.2.4) is exactly the result found previously in [147] in a
different way for (anti-)self-dual solutions with the topology of the four-ball, i.e. with a

2We use the the notation ϵ⃗ when the supersymmetric Killing vector is written in an effective toric
basis E⃗i, so that in this basis ϵ = ϵ⃗ · E⃗i.

86



single nut. There it is shown that the bulk is regular only if ϵ2/ϵ1 > 0 or ϵ2 = −ϵ1, and
these two distinct behaviours will be related to the twist or the anti-twist. We note that
at the moment it is not known if, for a generic choice of ϵ⃗, there exists a supergravity
solution with such a specific vector. However, if it exists, its renormalized on-shell action
should be given by (5.2.4). We will come back to this observation in 5.4.6.

Since for a generic set-up of two normal vectors v⃗1,2, the weights can be written as

µ⃗1 = ±(v⃗1 · v⃗2) v⃗1 − |v⃗1|2 v⃗2
d12

, µ⃗2 = ∓|v⃗2|2 v⃗1 − (v⃗1 · v⃗2) v⃗2
d12

, (5.2.6)

it turns out that (5.2.4) assumes the following simplified form

Ioff-shell(cA,Q) =
π

8G4

ï
2

Å
1

d1,2
+

1

d2,3

ã
− c1
d1,2

Å
Q2 +

1

Q2

ã
− c2
d2,3

Å
Q̃2 +

1

Q̃2

ãò
, (5.2.7)

where da,b = det(v⃗a, v⃗b) as usual and we defined the “off-shell” quantities

Q2 = −det(⃗ϵ, v⃗1)

det(⃗ϵ, v⃗2)
, Q̃2 = −det(⃗ϵ, v⃗3)

det(⃗ϵ, v⃗2)
. (5.2.8)

From (5.2.8) we deduce at a glance that (5.2.4) is invariant under rescalings of ϵ⃗ and
under SL(2,Z) transformations (see (2.1.56)). Moreover (Q, Q̃) are not independent,
since (2.1.62) implies

d2,3Q
2 + d1,2Q̃

2 = −d1,3 . (5.2.9)

A last comment for the time being is that in the twist case, which precisely means that
the Killing spinor has the same chirality at its two poles or equivalently c1 = c2 ≡ κ,
equation (5.2.7) simplifies since it contains directly (5.2.9) and we get

twist : Ioff-shell(cA, ϵ⃗ ) =
π

8G4

ï
2(d1,2 + d2,3) + κd1,3

d1,2d2,3
+ κ

d1,2dϵ⃗,1 + d2,3dϵ⃗,3
d1,2d2,3dϵ⃗,1(dϵ⃗,2)−1dϵ⃗,3

ò
. (5.2.10)

5.3 The Plebański-Demianski solutions
We are interested in the Plebański-Demianski [139] family of solutions to (5.1.2), where
the metric takes the form

ds24 =
1

(1−Apq)2

ï
(q2 − ω2p2)

Å
dq2

Q(q)
+

dp2

−P(p)

ã
+

1

q2 − ω2p2

Å
Q(q)(dτ + ωp2dσ)2 −P(p)(ωdτ + q2dσ)2

ãò
,

(5.3.1)

while the graviphoton is

A =
ωpP − qQ

q2 − ω2p2
dτ + pq

qP − ωpQ

q2 − ω2p2
dσ , (5.3.2)
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where ω is a scaling parameter usually called “twist” [148], which can be set to one.
This parameter has been proved fundamental to perform the analytic continuation from
Lorentzian to Euclidean signature [149]. The metric functions are given by

P(p) = P(p)− 2AMp3 +A2
[
−Q2 + αω2 − P 2(ω2 − 1)

]
p4 ,

Q(q) = Q(q)− 2
AN

ω
q3 +A2(−P 2 + α)q4 ,

(5.3.3)

where P(p) and Q(q) are the “non-accelerating” functions

P(p) = ω2p4 + Ep2 − 2
N

ω
p− P 2 + α ,

Q(q) = q4 + Eq2 − 2Mq −Q2 + αω2 − P 2(ω2 − 1) .
(5.3.4)

Explicitly, we have

P(p) = −P 2 + α− 2
N

ω
p+ Ep2 − 2AMp3 +

[
A2
[
ω2(−P 2 + α)−Q2 + P 2

]
+ ω2

]
p4 ,

Q(q) =
[
ω2(−P 2 + α)−Q2 + P 2

]
− 2Mq + Eq2 − 2

AN

ω
q3 +

[
A2(−P 2 + α) + 1

]
q4 .

(5.3.5)
This solution generalizes another one found before (independently) by Carter [138] and
Plebański [150] (that we will refer to as Carter-Plebański (CP) solution) by the addition
of a parameter that, in Lorentzian signature, may be interpreted as acceleration. The CP
solution, as considered for example in [151, 96], is obtained by turning off this parameter,
i.e. A = 0, and tuning ω = 1: in this case the solution becomes higher symmetric in
p ↔ q and the system results to be more tractable. Even if in Euclidean signature, we
will continue to refer to the parameter A as the “acceleration parameter”: the parameters
(A, N,M,Q, P, ω) can then be loosely identified as the Euclidean counterpart of accel-
eration, NUT parameter, mass, electric and magnetic charge and rotation, respectively.
However, the correct interpretation is more subtle and in the Lorentzian set-up we refer
for example to [148, 152] for a more complete classification, where some interesting limits
are also discussed. In Euclidean signature their interpretation is even more complicated,
and will be a matter of discussion throughout the rest of the chapter.

We recall that the solution has a self-dual Weyl tensor (i.e. it is a gravitational in-
stanton) if and only if P = Q and N =M , and possesses a scaling symmetry

(q, p) →λ (q, p) , (Q,P,E) → λ2 (Q,P,E) , (N,M) → λ3 (N,M) ,

α → λ4 α , τ → λ−1 τ , A → λ−2A , σ → λ−3 σ ,
(5.3.6)

with λ ∈ R \ {0}.
As anticipated, we will require a solution with a lens space M3 = L(t, 1) in the

boundary M3 and with one (or more) supersymmetric fillings in the bulk M4 of the form
M4 = C/Zv ↪→ O(−t) → Σ[m−,m+]. For these reasons, we will need a “radial” coordinate
(that we take to be q) and an angular one (that will therefore be p). For this set-up we
can take the following conditions

q2 − ω2p2 > 0 , P(p) < 0 , Q(q) > 0 , q+ ≤ q ≤ 1

Ap
, p− ≤ p ≤ p+ . (5.3.7)
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The first three conditions ensure the correct Euclidean signature and imply (Q′(q+) >
0,P′(p+) > 0,P′(p−) < 0), whilst the other two define the range of the coordinates. In
particular, q+ is the largest real root of the metric function Q(q), p± where q = (Ap)−1

is the location of the conformal boundary, q+ is the largest real root of Q(q) and p±,
similarly, are the largest real zeros of P(p). Instead, the upper bound of the variable q is
given by the location of the conformal boundary, which is pushed to infinity in the CP
subcase (when A = 0). For simplicity, and for future comparison with [96], we (partially)
use the scaling symmetry (5.3.6) to require p− +p+ ≥ 0. We thus introduce the ordering

p− ≤ p ≤ p+ ≤ q+ ≤ q , q2
+ − p2

+ ≥ 0 , p2
+ − p2

− ≥ 0 . (5.3.8)

As we will see, and as it happens in the context of black holes [73, 112, 47], we will find
many cases in which the metric, as well as the graviphoton, can assume complex values.
One may then wonder what the meaning is of imposing “correct Euclidean signature
conditions”, such as Q(q) > 0, if in general Q(q) ∈ C. As in [73], we will assume that
for non-supersymmetric solutions (gµν , A) ∈ R, so that (5.3.7) is reasonable. It is the
imposition of supersymmetry itself that makes (gµν , A) ∈ C. However, we will require
that in this more general set-up the Killing spinors have correct global properties and the
bosonic fields are regular in the neighbourhood of fixed points3. Since holography is blind
to the reality or complexity of (gµν , A), from the AdS/CFT point of view it is not natural
to require a real metric, as done for example in [111].

5.3.1 Supersymmetry conditions

For A ≡ 0 we will be able to construct the Killing spinor solving (5.1.3) in full generality,
showing that the solution is 1/4-BPS as in [96]. However, for many applications, it is
sufficient to compute the supersymmetry conditions, which are obtained as det(Mµν) = 0,
with Mµν given in (5.1.4). To this end, we choose the coordinates to be ordered as
(p, τ, σ, q), the vierbein to be

e1 =
1

(1−Apq)

 
q2 − ω2p2

−P(p)
dp , e2 =

1

(1−Apq)

 
−P(p)

q2 − ω2p2
(ωdτ + q2dσ) ,

e3 =
1

(1−Apq)

 
Q(q)

q2 − ω2p2
(dτ + ωp2dσ) , e4 =

1

(1−Apq)

 
q2 − ω2p2

Q(q)
dq ,

(5.3.9)
and adopt the following explicit representation of the Clifford algebra

Γa = σ1 ⊗ σa , a = 1, . . . , 3 , Γ4 = −σ2 ⊗ Id2 , Γ⋆ = Γ1Γ2Γ3Γ4 , (5.3.10)

with σa the standard Pauli matrices. It is then straightforward to show that det(M1,4) = 0
is equivalent to

2(q2 + ω2p2)(NΣ1−ωMΣ2) + 4ω(P 2 −Q2)(Aqp+ 1)(pΣ1 + qΣ2)

− 2pqω(2MΣ1 − 2ωNΣ2 +AωΣ3)− ω2(A2p2q2 + 1)Σ3 = 0 ,
(5.3.11)

3This is the Euclidean counterpart of requiring regularity near the tip of the cigar in the complexified
black hole geometries [73].

89



where

−Σ1 = 2QΩω2 +AMΠω + 2A2N(P 2 −Q2)Φ ,

−Σ2 = 2PΩω +ANΠ+ 2A2M(P 2 −Q2)(−P 2 + α)ω ,

Σ3 = Π2 − 4(P 2 −Q2)2
[
(−P 2 + α)ω2 + P 2 +A2(−P 2 + α)Φ

]
,

(5.3.12)

and we defined

Ω =MP −NQ , Π =M2 −N2 − E(P 2 −Q2) , Φ = ω2(−P 2 + α)−Q2 + P 2 .
(5.3.13)

Moreover it can be verified that Σ3 =
∑2

i,j=1 aijΣiΣj for some coefficients aij, thus we
only require Σ1,2 ≡ 0. This system is entirely solved by the self-duality condition

M = N , P = Q , (5.3.14)

as in [96] or, in general, by fixing

α =
−ω2(MP −NQ)2 +A2(P 2 −Q2)

[
N2(P 2 −Q2) + (M2 −N2)P 2ω2

]
A2ω2(P 2 −Q2)(M2 −N2)

,

E =
−2(MP −NQ)(NP −MQ)ω2 +Aω(M2 −N2)2 + 2A2MN(P 2 −Q2)2

Aω(P 2 −Q2)(M2 −N2)
.

(5.3.15)

Notice that these expressions are ill-defined for A = 0. We can then work out another
couple of constraints

M =
ωNPQ+AN(P 2 −Q2)

…
P 2 − (P 2 − α)

[
ω2 −A2

[
−P 2 +Q2 + ω2(P 2 − α)

]]
ω
[
P 2 −A2(P 2 −Q2)(P 2 − α)

] ,

E =
M2 −N2

P 2 −Q2
−

2A
[
NP (−P 2 +Q2) + ω2(NP −MQ)(P 2 − α)

]
ω(MP −NQ)

,

(5.3.16)
which in the CP case reduces to [151, 109]

A = 0 : M =
NQ

P
, E = −N

2

P 2
+ 2
»
αω2 + P 2(1− ω2) , (5.3.17)

and it further simplify for ω = 1. Equations (5.3.15) and (5.3.16) are the supersymmetry
constraints for the PD family of solutions and are compatible with the results in [149]
(with A = 1).

5.3.2 Ambitoric structure

As introduced at the beginning of chapter 2, the (Euclidean) Plebański-Demianski met-
ric is conformally ambiKähler [153]. Specifically, we introduce two almost symplectic
structures

ω± = e1 ∧ e2 ± e3 ∧ e4 , dω± ̸= 0 ,
1

2
ω± ∧ ω± = ±vol4 . (5.3.18)

It can be verified that

(J±)µ
ν = (ω±)µρg

ρν =⇒ (J±)µ
ρ(J±)ρ

ν = −δνµ , (5.3.19)

90



namely J± are two (commuting) almost complex structures, with also vanishing Nijenhuis
tensors (N±). Equivalently, it can be seen that the holomorphic (2,0)-forms

Ω± = (e1 + ie2) ∧ (e3 ± ie4) , (5.3.20)

satisfy dΩ± = iP±∧Ω±, where P± are connections one-forms on the anti-canonical bundles,
from which the associated Ricci curvature two-forms are given by ρ± = dP±. Explicitly
we find

P± =
4AqP(p) + (1−Apq)P′(p)

2
√
q2 − ω2p2

√
−P(p)

e2 ± 4ApQ(q) + (1−Apq)Q′(p)

2
√
q2 − ω2p2

√
Q(q)

e3 . (5.3.21)

Although the triples (J±, ω±, g) do not define Kähler structures, since ω± are not closed,
we see that they are conformally closed defining

ω′
± =

Å
1−Apq

q ∓ pω

ã2
ω± ≡ Ξ2

±ω± , dω′
± = 0 . (5.3.22)

The rescaled triples (g′±, J
′
±, ω

′
±) ≡ (Ξ2

±g, J±,Ξ
2
±ω±) define an ambiKähler structure. In-

deed, one can verify the standard relation between the Ricci tensor and the Ricci form
(dP ′

±)µν = (ρ′±)µν = (J ′
±)

σ
µR

′
σν , where R′

µν is computed from the rescaled metrics g′± (see
section 2.1.2). Since both Kähler metrics are toric, with common torus action (as will be
discussed in detail in Sect. 5.4.3), these define an ambitoric structure. This property of
the local (Euclidean) Plebański-Demianski solutions was proven in [153]. As follows from
the discussion around (5.3.7), the conformal factors Ξ2

± are positive semi-definite, vanish-
ing precisely at the conformal boundary of the orbifolds. This implies that the rescaled
Kähler metrics (g′±, J

′
±, ω

′
±) are defined on the “conformal compactifications”, which are

four-dimensional compact orbifolds with boundaries.

5.3.3 Holographic renormalization

Even if the PD system is much more complicated than the CP solution, we are able
to compute the on-shell action in full generality (i.e. without imposing supersymmetry).
Although the computation is a standard procedure in literature [154, 155], such a general
result is not present in the literature, and it has been computed in numerous sub-cases
(see e.g. [156, 96, 157, 47]). The procedure consists in adding the standard boundary
term and the counter-terms to remove the singularities that appears as q approaches the
conformal boundary q = (Ap)−1. In particular we consider the renormalized action

Sren = SEΛ + SF + SGH + Sct , (5.3.23)

evaluated on the solution (5.3.1) and (5.3.2), where the bulk contributions are

SEΛ =
−1

16πG4

∫
d4x

√
g
Ä
R(g) + 6

ä
, SF =

−1

16πG4

∫
d4x

√
g
(
F 2
)
, (5.3.24)

whilst the boundary ones are

SGH =
−1

8πG4

∫
q=(Ap)−1

d3x
√
γ
Ä
γµνK(γ)

µν

ä
, Sct =

1

8πG4

∫
q=(Ap)−1

d3x
√
γ

Å
2 +

1

2
R(γ)

ã
.

(5.3.25)

91



Here K(γ)
µν is the second fundamental form and R(γ) is the Ricci of the boundary metric.

As usual [96], the contribution of the gauge field from SF is already finite, and we can
anticipate the result

(16πG4)SF
(p+ − p−)∆τ∆σ

=q+

ï
(P −Q)2

(q+ − ωp+)(q+ − ωp−)
+

(P +Q)2

(q+ + ωp+)(q+ + ωp−)

ò
,

+A(p+ − p−)
2AωPQ(p2

+ + p2
−)− (P 2 +Q2)(1 +A2ω2p2

+p
2
−)

(1−A2ω2p4
+)(1−A2ω2p4

−)
,

(5.3.26)
where (∆τ,∆σ) are the periodicities of the angular coordinates (τ, σ) and we have inte-
grated (p, q) simply in their range of definition (5.3.7).

Fefferman-Graham coordinates

To compute correctly the remaining terms, we need to bring the metric in the Fefferman-
Graham form [158], following standard literature (see for example [156, 157]), which is

ds2 ≃
r→0+

dr2

r2
+

ds23
r2

, (5.3.27)

where
ds23 = ds2(0) + ds2(1) r + ds2(2) r

2 + ds2(3) r
3 +O(r4) , (5.3.28)

and the leading contribution is (a conformal representative of) the boundary metric,
ds2(0) ≡ ds2γ. To this end we change coordinates as4

q =
1

Ax
−

4∑
i=1

fi(x)r
i , p = x+

4∑
i=1

gi(x)r
i , (5.3.29)

where all the functions except for f1(x) are determined by requiring the absence of mixed
(dr dx) terms in the metric5 and that the coefficient of dr2 is 1. As an example, we get

g1(x) =
P(x)

Ax2Q
(

1
Ax

)f1(x) , (5.3.30)

where the following identity holds

Q(A−1p−1) =
P(p)

A2p4
+
p−4 −A2ω2

A4
. (5.3.31)

In passing, let us notice that f1(x) defines a conformal class for the boundary metric, and
we expect that the finite terms are independent of it. For future reference, let us define a
specific boundary metric ds2b given by

ds2(0) =
Q
(

1
Ax

)
f1(x)2(1− ω2A2x4)2

ds2b , (5.3.32)

4By inspection, we noticed that f5(x) and g5(x) do not enter in ds2(3).
5In particular, for the procedure to be correct, we have to expand the metric until ds2(5) and require

that the Ricci scalar of the metric in (r, x) coordinates is R(g) = −12 +O(r4).
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where

ds2b =
(1− ω2A2x4)2dx2

−P(x)
−

A8x8Q
(

1
Ax

)2
P(x)[

1 +A2P(x)
] dσ2

+A4x4
[
1 +A2P(x)

]
Q
( 1

Ax

)Å
dτ +

ωx2

1 +A2P(x)
dσ

ã2
.

(5.3.33)
The strategy now is to perform a mixed analysis, where the bulk integrals will be com-
puted in the original coordinate system (p, q), whilst the boundary ones will be in (x, r)
coordinates, taking due care to the Jacobian for (5.3.29). The bulk contribution is

SEΛ = −∆τ∆σ

16πG4

∫ p+

p−

dp

∫ qϵ(p)

q+

dq
√
g (−12 + 6) , (5.3.34)

where qϵ(p) is determined as follows. The expansion for p in (5.3.29) can be inverted order
by order to give

x(p, r) = p+
4∑
i=1

g̃i(p)r
i+O(r5) = p−g1(p)r+

[
g′1(p)g1(p)−g2(p)

]
r2+. . .+O(r5) , (5.3.35)

where the derivatives are taken with respect to p. From this mixed expression for x(p, r)
one easily gets q = q(p, r) by inserting (5.3.35) in the q expansion (5.3.29). Finally, we
define the limit of integration to be qϵ(p) ≡ q(p, r)|r=ϵ. From this computation we get
divergent terms, proportional to ϵ−3, ϵ−2, ϵ−1, and a finite contribution. The infinite parts
should be cancelled from the boundary, which gives

Sct + SGH =
∆τ∆σ

8πG4

∫ p+

p−

dp|∂px(p, ϵ)|
√
γ

Å
2 +

1

2
R(γ) −K(γ)

ã ∣∣∣∣
x=x(p,ϵ)

, (5.3.36)

where ∂px(p, ϵ) can be computed from (5.3.35). The divergent terms disappear in the
procedure and after some work we can integrate the finite part of the computation, finding

Sren =
∆τ∆σ

A16πG4

ï −q2
+

(1−Apq+)2
− ω2(1− 2Apq+)

A2q2
+(1−Apq+)2

+
ω2p2(1 + 16ω2A2p4)

1− ω2A2p4

−
A2
[
64ω4p6 + 4ω2p3P′(p)− [P′(p)]2

]
4(1− ω2A2p4)

− P′′(p)

6

òp+

p−

+ SF ,

(5.3.37)

with SF as in (5.3.26). We can now compute some interesting limits

• A = 0: despite appearances, after the result is made explicit by substituting P(p),
the expression is finite for A → 0. Moreover, it coincides with the on-shell action
computed in [96] in the self-duality case (N = M,P = Q). The CP renormalized
action reads

A = 0 : Sren =
∆τ∆σ(p+ − p−)q+

8πG4

ï
ω2
[
p2
++p+p− + p2

−
]
+
M

q+

− q2
+

+
(P −Q)2

2(q+ − ωp+)(q+ − ωp−)
+

(P +Q)2

2(q+ + ωq+)(q+ + ωp−)

ò
.

(5.3.38)
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• [47]: the PD accelerating black hole studied in [46, 47] can be obtained as a sub-case
of (and analytic continuation of) the PD solution (5.3.1) and (5.3.2). In particular, a
possible NUT parameter should be set to zero, and we have to impose (see e.g. [148])

N = −ωAM , E =
Nω

AM
+

A

ωMN

[
(M2 +N2)(−P 2 + α)ω2 +N2(P 2 −Q2)

]
.

(5.3.39)
With these conditions imposed we have

P(p) = (p2− 1)

ï
P 2−α− 2AMp+

[
A2
[
P 2−Q2− (P 2−α)ω2

]
+ω2

]
p2
ò
, (5.3.40)

so that the roots are taken to be p± = ±1 [159, 46]. Moreover, to compare with [47]
we identify

q+ = r+ , A = α , Q = −ie , P = g , M = m, ω = −ia , α = P 2 − 1 .
(5.3.41)

Summarizing, (5.3.37) is the most general on-shell action for the PD solution, it is very
general and is valid independently on the way in which the roots of P(p) are chosen.
Moreover, it is valid also when supersymmetry is not imposed, and thus is more general
then the result we will find using the equivariant localization formulas of section 5.2.

5.3.4 Supersymmetric Killing vector

In the next sections we will extensively use the supersymmetric Killing vector ϵ for both
the PD and the CP solutions to compare the results for the renormalized on shell-actions
to the ones coming from equivariant localization. As a definition, ϵ should be computed
from the Killing spinor ε as

ϵ = ε†ΓµΓ⋆ε ∂µ , (5.3.42)

with Γ⋆ defined in (5.3.10). Since for the PD solution we will not solve (5.1.3) for ε, we
should use an alternative way to extract ϵ. In particular we can obtain the supersymmetric
Killing vector using the boundary metric (5.3.33) and the boundary gauge field

Ab =
Ap(PωAp2 −Q)dτ + (pP −QωAp3)dσ

1− ω2A2p4
, (5.3.43)

obtained from (5.3.2) with q = (Ap)−1. Following [48, 49], we write the boundary fields
as

ds2b = f 2dp2 + h11dσ
2 + 2h12dσdτ + h22dτ

2 , v2 ≡ h11 + 2wh12 + w2h222 , h ≡ det(hij) ,

Ab =
−v3

4f
√
h

ï
1

w
∂p

Å
h11
v2

ã
dσ − ∂p

Å
h22
v2

ã
dτ

ò
+

MP −NQ

2A(P 2 −Q2)
dσ +

NP −MQ

2(P 2 −Q2)
dτ ,

(5.3.44)
with f , v and hij being function of p only. In this formalism, the supersymmetric killing
vector reads6

ϵ∗ ∝ ∂σ + w∂τ , (5.3.45)
6The overall normalization does not play any role in the following discussions.
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and by comparison we obtain the relative weight w as

w =
Aρ

ω(MQ−NP )

αω(2AMNρ2 + ωµ2)− Eρ(N2ρ+ ω2P 2µ)

2ANPρ2 + ω(MP −NQ)µ+ 2ω2AP 2(MQ−NP )ρ
, (5.3.46)

where for convenience we defined ρ = P 2−Q2 and µ =M2−N2. This formula still needs
to be evaluated on the supersymmetric relations (5.3.15) or (5.3.16). In the simpler case
of (5.3.15), we get

A ̸= 0 : w =
1

A

MP −NQ

NP −MQ
, (5.3.47)

which is ill-defined in the limit A → 0. Using instead (5.3.16), we obtain a complicated
formula which reduces to

A = 0 : w =
√
α . (5.3.48)

We will confirm this last result in section 5.4.1, when we construct the Killing spinor ε
for the non-accelerating solution.

5.4 The Carter-Plebański solutions
In this section we focus on the CP case, which is obtained by setting A = 0 and ω = 1
on (5.3.1)-(5.3.4). Due to the symmetry of the CP solution, we will be able to complete
a general analysis, including the construction of the Killing spinor. The CP solution is
given by

ds24 = (q2−p2)
ï
dq2

Q(q)
+

dp2

−P(p)

ò
+

1

(q2 − p2)

ï
Q(q)(dτ+p2dσ)2−P(p)(dτ+q2dσ)2

ò
, (5.4.1)

and the graviphoton

A =
pP − qQ

q2 − p2
dτ + pq

qP − pQ

q2 − p2
dσ . (5.4.2)

The metric functions coming from (5.3.4) read

P(p) = p4 + Ep2 − 2Np− P 2 + α , Q(q) = q4 + Eq2 − 2Mq −Q2 + α , (5.4.3)

where the high symmetry in (p, q) is now evident and allows for a general analysis. The
main difference with respect to the accelerating case is that the conformal boundary is
now located at infinity, so that

q+ ≤ q ≤ +∞ , p− ≤ p ≤ p+ . (5.4.4)

When A = 0, the parameter N assumes the interpretation of a NUT parameter [148] and
N = 0 becomes the condition for having a (possibly) regular Lorentzian signature (see
also (5.3.39)). In [3] a complete study of the case N = 0 is performed, but here we are
interested in the general situation. Henceforth, from now on we assume N ̸= 0, referring
to [3] for all the details.

Firstly, we continue considering local aspects and we construct the Killing spinor ε
solving (5.1.3). Global issues will be addressed later on.
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5.4.1 Local Killing spinors and reality of the solution

Recall that the supersymmetry conditions (5.3.17) for the Euclidean CP solution (with
ω = 1) read

MP = NQ , E = −N
2

P 2
+ 2

√
α . (5.4.5)

The solution presented in [96] corresponds to the sub-case in which P = Q and N = M
by regularity of the metric, so that Ω = 0 identically (see (5.3.13)). As we will discuss, we
are in the general situation for which Ω = 0 is a constraint for having a supersymmetric
solution. Using these expressions to eliminate M and E in favour of the other parameters,
the metric functions (5.4.3) factorize as

P 2P(p) = P−(p)P+(p) , P 2Q(q) = Q−(q)Q+(q) , (5.4.6)

where

P±(p) = Pp2 ∓Np∓ P 2 + P
√
α , Q±(q) = Pq2 ∓Nq ∓ PQ+ P

√
α . (5.4.7)

Writing the four-dimensional Dirac spinor in terms of its chiral components ε± as

ε =

Å
ε+
ε−

ã
(5.4.8)

and employing (5.3.10), the integrability condition (5.1.4) can be used to relate ε− to ε+.
In particular we find the relation

(X+ + Y +)ε+ + (X− + Y −)ε− = 0 , (5.4.9)

where X± and Y ± are 2× 2 matrices with non-vanishing elements

X±
1,2 =± i

2
[
P(p)−Q(q)

]
+ (p± q)

[
2(p∓ q)

[
(q ± p)2 − P ∓Q]− P ′(p)±Q′(q)

]
4(p± q)2

√
−P(p)

√
Q(q)

,

X±
2,1 =± i

2
[
P(p)−Q(q)

]
+ (p± q)

[
2(p∓ q)

[
(q ± p)2 + P ∓Q]− P ′(p)±Q′(q)

]
4(p± q)2

√
−P(p)

√
Q(q)

,

(5.4.10)
and

Y ± =
(p∓ q)(P ±Q)

2(q ± p)2
√
q2 − p2

Ç
∓i/
√
Q(q) ±1/

√
−P(p)

∓1/
√
−P(p) ±i/

√
Q(q)

å
. (5.4.11)

Using these relations it is easy to construct the Killing spinor, that is

ε = c

Ü
−i
√

P−(p)
√
Q−(q)/

√
q + p

−i
√

P+(p)
√
Q+(q)/

√
q + p

⟨P ⟩
√

P−(p)
√
Q+(q)/

√
q − p

⟨P ⟩
√

P+(p)
√
Q−(q)/

√
q − p

ê
ei

N
2P

(τ+
√
ασ) , (5.4.12)

where ⟨P ⟩ ≡ P/
√
P 2 ∈ C \ {0} and c ∈ C a normalization constant. Notice that it

takes remarkably the same (implicit) form as in [96], and is then the most general form
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of the Killing spinor for the Euclidean CP solution even when M ̸= N and P ̸= Q. This
construction explicitly shows that the CP solution is 1/4-BPS and, as anticipated, we
have

ϵ = ε†ΓµΓ⋆ε ∂µ =
P

N

(√
α∂τ + ∂σ

)
, (5.4.13)

accordingly to (5.3.48).

Before tackling the regularity of the metric and the spinor, let us express the param-
eters of the solution (5.4.3) in terms of the real roots p± and q+, as done in the previous
chapters. Specifically we introduce three signs such that

(η, δ, λ) = ±1 , Pη(p+) = 0 , Pδ(p−) = 0 , Qλ(q+) = 0 . (5.4.14)

Using these expressions we get7

N = ηP
(p+ + p−)(p+ + σp−) + ηP (σ − 1)

p+ + p−
,

√
α = σ

ηP (p+ − p−)(p+ + σp−) + p+p−(p
2
+ − p2−)

p2+ − p2−
,

Q = λ
(p+ + p−)

[
q2+ + σp+p− − q+(p+ + σp−)κ

]
+ ηP

[
σp+ + p− + κσq+(σ − 1)

]
p+ + p−

,

(5.4.15)

where we have introduced also

σ = ηδ = ±1 , κ = ηλ = ±1 . (5.4.16)

The sign σ will acquire the interpretation of twist, meaning that σ = ±1 corresponds
to the twist or the anti-twist realization of the supersymmetry through the spindle bolt,
respectively [42]. Diversely, the sign κ = ±1 will lead to different branches of the solution,
generalizing [111, 96].

For each value of the signs η, δ and λ, it holds

P ′(p+) =
2 (p+ − p−)

[
N + p+(p+ + p−)

2
]

p+ + p−
, (5.4.17)

where recall that p+ + p− > 0 from the scaling symmetry. A necessary and sufficient
condition for this to be positive (as required by the signature of the metric) is N ∈ R+.
When σ = 1, 0 < N = (p+ + p−)ηP from (5.4.15), and we conclude that

σ = 1 : P ∈ R , η = signP . (5.4.18)

In the case σ = −1, from

σ = −1 : N =
ηP

p+ + p−

[
(p2+ − p2−)− 2ηP

]
, (5.4.19)

7In writing the following formulas we assume p++p− > 0. The p+ = −p− case is treated throughout
section 5.4.2.
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we see that in order for N to be real and positive it is necessary that

σ = −1 :
P ∈ C =⇒ Re(P ) =

η(p2+ − p2−)

4
, η = signRe(P ) ,

P ∈ R =⇒ 0 < ηP <
(p2+ − p2−)

2
, η = signP .

(5.4.20)

When P ∈ R, which can happen for both σ = ±1, all the parameters of the solution are
real from (5.4.15). Then also the metric and the gauge field are real. However, only for
σ = −1, P can be complex with its real part fixed by (5.4.20). However, in this case one
can verify that the parameter E and the combination −P 2+α appearing in the structure
function P(p) in (5.4.3) are nevertheless real. Instead M and −Q2+α are complex, unless
the real root q+ satisfies the further condition q+ = p+ with κ = 1. Finally, Q ∈ C iff
P ∈ C.

Summarizing, for σ = 1 the solution is real, whilst for σ = −1 the function P(p) is
always real but the metric remains complex except if q+ = p+. This sub-case corresponds
to the solution presented in [96], where the metric was always real but the gauge field can
be complex if P (and therefore Q) is complex.

5.4.2 Global analysis: metric

Having established the local form of the solutions of interest, we now examine their global
properties. As explained in section 3.5.1 and 4.2.1, when studying the regularity of a
metric it is useful to choose coordinates adapted to the degenerating Killing vectors near
the fixed points pA = (p±, q+) and, as usual, the introduction of patches U± covering M4

is needed. Indeed, a generic Killing vector K = a1∂τ± + a2∂σ± of the metric (5.4.1) has
norm

KµK
µ =

−(a1 + a2q
2)2P(p) + (a1 + a2p

2)2Q(q)

q2 − p2
, (5.4.21)

and since it is the sum of positive quantities, they should be nil separately. We then take
Kq+ = (q2+∂τ± − ∂σ±) and K± = Kp± = (−p2±∂τ± + ∂σ±), which degenerate at q+ and at
p±, respectively8. These Killing vectors can be conveniently written as Kq+ = ∂θ±1 and
K± = ∂θ±2 , with again (θ±1 , θ

±
2 ) on U±, if we change coordinates as

U± : τ± = q2+θ
±
1 − p2±θ

±
2 , σ± = −θ±1 + θ±2 . (5.4.22)

Since the Jacobian of (5.4.22) is q2+ − p2±, the periodicities are related simply as

∆τ+∆σ+ = ∆τ−∆σ− = (q2+ − p2+)∆θ
+
1 ∆θ

+
2 = (q2+ − p2−)∆θ

−
1 ∆θ

−
2 . (5.4.23)

8Notice that if we take a1 = 0, then or a2 = 0 or q+ = p±, which are both degenerate cases. Similarly
it happens if we start with a2 = 0, so we continue assuming ai ̸= 0.
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In these new coordinates (q, p, θ±1 , θ
±
2 ), the four-dimensional metric reads

U± : ds24 =
q2 − p2

−P(p)
dp2 −

(q2 − p2±)
2P(p)

q2 − p2
d(θ±2 )

2 +
q2 − p2

Q(q)
dq2

+ (q2 − q2+)
d(θ±1 )

2(q2 − q2+)− 2(q2 − p2±)dθ
±
1 dθ

±
2

p2 − q2
P(p)

−
[
(p2 − p2±)dθ

±
2 + (q2+ − p2)dθ±1

]2
p2 − q2

Q(q) .

(5.4.24)

This form for the metric (5.4.1) is the most convenient for our purposes. Indeed, as
we shall impose later, there can now be a single angular coordinate which degenerates
at p±, namely φ+

2 = φ−
2 with φ±

i = (2π/∆θ±i )θ
±
i . Then, the first two terms in the first

line of (5.4.24) can have the topology of a spindle. We will start analysing the boundary
metric, as it is necessarily simpler than (5.4.24). After imposing M3 = L(t, 1), that is
an (eventually branched [49]) lens space, we will come back to (5.4.24). We will have
practically for free that the boundary topology results in a (complex) line bundle over
the spindle, namely M4 = C/Zv ↪→ O(−t) → Σ[m−,m+]. Indeed, loosely speaking, we can
view the bulk topology as M4 = (R+

(q)/Zv ×S1
(φ1)

) ↪→t Σ[m−,m+] = R+
(q)/Zv ×M3. Finally,

we will show the regularity of the Killing spinor (5.4.12), both in the bulk and in the
boundary.

Metric at the boundary

The boundary metric can be obtained as the q → +∞ limit of (5.4.24), or alternatively
by setting A = 0 in (5.3.33). We get

U± : ds2b =
dp2

−P(p)
−

(q2+ − p2±)
2P(p)

(q2+ − p2)2 − P(p)
d(θ±2 )

2

+ [(q2+ − p2)2 − P(p)]

Å
dθ±1 +

(q2+ − p2)(p2 − p2±) + P(p)

[(q2+ − p2)2 − P(p)]
dθ±2

ã2
.

(5.4.25)

Notice that the boundary metric (5.4.25) contains only the function P(p) and is therefore
real as a consequence of the discussion at the end of the previous section. We now zoom
in near the zeros of P(p) introducing a new coordinate R±

U± : p = p± − P ′(p±)

4
R2

± =⇒ ds2b ≃
p→p±

dR2
± +

P ′(p±)
2

4
R2

±d(θ
±
2 )

2 + (q2+ − p2±)
2d(θ±1 )

2 .

(5.4.26)
If we manage to impose

U± :
|P ′(p±)|

2
∆θ±2 =

2π

m±
, (5.4.27)

the base of this fibration in (5.4.25) can assume the topology of a spindle Σ[m−,m+], for
some co-prime positive integers m±, with

m− > m+ =⇒ (q2+ − p2+)P ′(p−) + (q2+ − p2−)P ′(p+) > 0 . (5.4.28)

We will refer to this spindle as Σ∞
[m−,m+], since its shape is different for different values of

q, but the topology will remain the same, i.e. the volume is a function of q, but the conical
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deficits remain the same along the flow. We stress that in the boundary the spindle is
a topologically trivial cycle, but nevertheless we will see that it plays an important role.
Indeed, with reference to the two dimensional base

U± : ds2Σ∞ =
dp2

−P(p)
−

(q2+ − p2±)
2P(p)

(q2+ − p2)2 − P(p)
d(θ±2 )

2 , (5.4.29)

it can be seen that

√
gΣ∞RΣ∞ = (q2+ − p2±)∂p

ï
(q2+ − p2)

[
4P(p)p+ (q2+ − p2)P ′(p)

][
(q2+ − p2)2 − P(p)

]−3/2
ò
,

(5.4.30)
and as a consequence

U± :
1

4π

∫
Σ∞

dp dθ±2
√
gΣ∞RΣ∞ =

q2+ − p2±
4π

∣∣∣∣ P ′(p)

q2+ − p2

∣∣∣∣p+
p−

∆θ±2 . (5.4.31)

This computation must agree in the two patches U±, and using (5.4.23) we see that
necessarily ∆θ+1 = ∆θ−1 . In turn, this implies

1

4π

∫
Σ∞

dp dθ±2
√
gΣ∞RΣ∞ =

m− +m+

m−m+

≡ χΣ , (5.4.32)

where χΣ is the (orbifold) Euler characteristic of the spindle. Then, with (5.4.27) and

∆θ1 ≡ ∆θ+1 = ∆θ−1 , (5.4.33)

the metric (5.4.29) represents indeed Σ∞
[m−,m+]. With these conditions imposed, it is also

useful to introduce
∆ ≡ (q2+ − p2+)∆θ

+
2 = (q2+ − p2−)∆θ

−
2 , (5.4.34)

in terms of which (5.4.27) is rewritten as

± P ′(p±)

2(q2+ − p2±)
∆ =

2π

m±
. (5.4.35)

Finally we have to require that the fibration is well-defined in the orbifold sense [42], that
is

1

2π

∫
Σ∞

2π

∆θ1
d

Å
(q2+ − p2)(p2 − p2±) + P(p)

[(q2+ − p2)2 − P(p)]
dθ±2

ã
≡ t

m−m+

, t ∈ N , (5.4.36)

from which

U± : t = m−m+

p2+ − p2−
q2+ − p2∓

∆θ±2
∆θ1

=⇒ t = m−m+

p2+ − p2−
(q2+ − p2−)(q

2
+ − p2+)

∆

∆θ1
. (5.4.37)

Notice that combining (5.4.23), (5.4.33), (5.4.34), (5.4.35) and (5.4.37) we can write

∆τ±∆σ± = ∆θ1∆ =
m−m+

t
∆2 p2+ − p2−

(q2+ − p2−)(p
2
+ − p2−)

=
(4π)2

t

p2+ − p2−
−P ′(p−)P ′(p+)

, (5.4.38)

where the last two expressions are valid only for t ̸= 0.
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When t = 0, the boundary is generically a direct product Σ × S1. Since t ∝ (p+ +
p−), we can study separately the case where p+ = −p− ≡ r. Indeed, the discussion
around (5.4.15) assumed p+ + p− > 0. We can repeat now that analysis, requiring a
priori t = 0. We find

σ = +1 : N = 0 ,
√
α = −r2 + ηP , Q = λ(q2+ − r2 + ηP ) ,

σ = −1 : N = 0 , P = 0 .
(5.4.39)

We see that t = 0 =⇒ N = 0, but the vice-versa is not true. Details of the case N = 0
can be found in [3].

Let us conclude this section by working out explicitly the coordinate change between
U+ and U− from (5.4.22). To this end it is useful to write the Killing vectors expressed
in the two patches

Kp+ = −
p2+ − p2−
q2+ − p2−

∂θ−1 +
q2+ − p2+
q2+ − p2−

∂θ−2 = ∂θ+2 ,

Kq+ = ∂θ−1 = ∂θ+1 ,

Kp− = ∂θ−2 =
p2+ − p2−
q2+ − p2+

∂θ+1 +
q2+ − p2−
q2+ − p2+

∂θ+2 ,

(5.4.40)

which follow from

θ+1 = θ−1 +
p2+ − p2−
q2+ − p2+

θ−2 , θ+2 =
q2+ − p2−
q2+ − p2+

θ−2 . (5.4.41)

These can be rewritten introducing 2π-periodic coordinates

φ±
1 =

2π

∆θ1
θ±1 , φ±

2 =
2π

∆θ±2
θ±2 , (5.4.42)

and using (5.4.33), (5.4.34) and (5.4.37) to obtain

φ+
1 = φ−

1 +
t

m−m+

φ−
2 , φ+

2 = φ−
2 . (5.4.43)

Thus we can define
φ2 ≡ φ+

2 = φ−
2 , (5.4.44)

which is identified in the gluing and use it independently of the patch U±. Notice that
when p− = −p+, i.e. when t = 0, we can always choose θ+1 = θ−1 ≡ θ1 and θ+2 = θ−2 ≡ θ2
from (5.4.41). This is the reason for which, for example in [96, 47], it is not needed the
description in patches.

Metric in the bulk

We now come back to the bulk metric (5.4.24). The situation is summarized as

Q(q) ≥ 0 , P(p) ≤ 0 , q2 > p2 ,

p− ≤ p ≤ p+ < q+ ≤ q , q2+ > p2± ,
(5.4.45)

where the range of p and q is in general disjoint. Indeed, the point p = q = p+ = q+
contains a curvature singularity unless M = N and P = Q. However in this case we would
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fall into the analysis of [96], which exhibits a four dimensional metric with the topology
of the ball, i.e. with a single nut in the bulk. Thus we continue with Q ̸= P , N ̸=M and
q > p.

Noticing that for q = q+ the second line of (5.4.24) is zero, we argue that (p, θ±2 ), when
q is fixed at q+, are again the coordinates on (a different shaped) spindle Σq+[m−,m+]. Since
q+ is the position of the bolt, we will refer to this Σq+[m−,m+] as a “spindle bolt”. Near the
points (p±, q+) we use

U± : q = q+ +
Q′(q+)

4(q2+ − p2±)
R2 , p = p± − P ′(p±)

4(q2+ − p2±)
R2

± , (5.4.46)

on (5.4.24), obtaining at the leading order

U± : ds24 ≃
q+ , p±

dR2 +
Q′(q+)

2

4
R2d(θ±1 )

2 + dR2
± +

R2
±

m2
±
dφ2

2 , (5.4.47)

where we already used (5.4.42), (5.4.44) and (5.4.27). Locally this metric describes C/Zv×
C/Zm± , once we impose

Q′(q+)

2
∆θ1 =

2π

v
, (5.4.48)

which is the analogous of (5.4.27) and recall that ∆θ1 = ∆θ+1 = ∆θ−1 . Summarizing,
equations (5.4.35), (5.4.37) and (5.4.48) are “quantization conditions”, which we will study
in detail in section 5.4.5. Thus we have that the (real-valued) spindle bolt metric is the
first line of (5.4.24) in q = q+

U± ds2Σq+ =
q2+ − p2

−P(p)
dp2 −

(q2+ − p2±)
2P(p)

q2+ − p2
d(θ±2 )

2 , (5.4.49)

and indeed we have again that χ = χΣ.
We conclude this section by considering the collapse of the metric at q = q0 > q+ fixed.

To zoom in near p± we moreover use p = p± − P ′(p±)

4(q20−p2±)
R2

± for which (5.4.24) becomes

U± : ds2
∣∣
q=q0

≃
p→p±

dR2
± +

R2
±

m2
±

(
dφ2 + c±(q0)dθ

±
1

)2
+

(q2+ − p2±)
2

q20 − p2±
Q(q0)d(θ

±
1 )

2 , (5.4.50)

where c±(q0) is an irrelevant constant that goes to zero as q0 approaches q+. Then, the
regularity follows from the previous conditions imposed to the topology of the boundary.

5.4.3 Toric data and equivariant localization formulas

The global analysis performed in the previous section allows us to provide a description
of the orbifold M4 = C/Zv ↪→ O(−t) → Σ[m−,m+] in the framework of toric geometry, as
explained in chapter 2. As for the solutions AdSD−4 ×M4 with D = 6, 7 of the previous
chapters, we do not find a closed symplectic two-form. Nevertheless, following section 2.3,
we will be able to extract all the relevant toric data. We start defining the loci/hatted
divisors (see section 3.5.1)

L1 = D̂1 = {p = p+} , L2 = D̂2 = {q = q+} , L3 = D̂3 = {p = p−} , (5.4.51)
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where L1,3 are non compact whilst L2 defines the bolt, and it is indeed compact. These
meet at the two fixed points

p1 = {p+, q+} , p2 = {p−, q+} , (5.4.52)

where by convention we take La to be the one that joins pa−1 and pa. As explained in
section 2.3, we can use (2.3.2) and (3.5.12), namely,

ξa = v⃗a · (E1, E2) ,
∂µ|ξa|2∂µ|ξa|2

4|ξa|2
∣∣∣
La

= 1 , (5.4.53)

to extract the (non-primitive) vectors of the fan v⃗a ∈ Z2. Choosing as an effective toric
basis9

U± : E1 ≡ ∂ϕ1 = ∂φ±
1
, E2 ≡ ∂ϕ2 = ∂φ±

2
± r∓
m±

∂φ±
1
, r−m− + r+m+ = t , (5.4.55)

the normalized Killing vectors read

U− :

ξ1 =
2

−P ′(p+)
(p2+∂τ− − ∂σ−) = m+

Å
∂φ−

2
− t

m+m−
∂φ−

1

ã
= m+E2 + E1(m+r+ − t)/m− = m+E2 − r−E1 ,

ξ2 =
2

Q′(q+)
(q2+∂τ− − ∂σ−) = v∂φ−

1
= vE1 ,

ξ3 =
2

P ′(p−)
(p2−∂τ− − ∂σ−) = m−∂φ−

2
= m−E2 + r+E1 .

(5.4.56)

From the relation (5.4.53) we extract the following non-primitive vectors

v⃗1 = (r−,−m+) , v⃗2 = (v, 0) , v⃗3 = (r+,m−) , (5.4.57)

which generate the non-compact polytope in figure 5.1a. From (5.4.56) we see immediately
that when t = 0 the polytope is an open rectangle as in figure 5.1b. Notice that when t = 0
the integers r± in (5.4.54) loose their meaning. In particular, all the various formulas are
applicable by simply setting r± = 0. The polytope 5.1a is the same described in [83] as
the “blow-up” of C/Zt (see figure 2.2c), and from a supergravity point of view it is the non
compact version of the solution presented in chapter 4, with the first facet therein is sent
to infinity. As anticipated, v is a label for L2, whilst L1,3 are (in general) standard toric
divisors. As pointed out in 3, one can create singularities along L1,3 as well by tuning the
value of the parameter t = r−m−+r+m+. Indeed it is easy to see from the vectors (5.4.57)
that, for the “symmetric” case t = tm+m−, the labels are ma = (m−, v,m+). We will
demonstrate this statement explicitly in the next section.

9In principle one could be tempted to define E±
i = ∂ϕ±

i
. However, working out the explicit change of

coordinates
U± : φ±

1 = ϕ±1 ± r∓
m±

ϕ±2 , φ2 = ϕ±2 , (5.4.54)

and using the transition functions (5.4.43), one deduces that ϕ+i = ϕ−i ≡ ϕi.
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p2

p1

µ⃗
(2)
2

µ⃗
(1)
1

µ⃗
(2)
1

µ⃗
(1)
2

v
v⃗2

v⃗3

v⃗1

(a) t ̸= 0

p2

p1

v
v⃗2

v⃗3

v⃗1

µ⃗
(2)
2

µ⃗
(1)
1

µ⃗
(2)
1

µ⃗
(1)
2

(b) t = 0

Figure 5.1: labeled polytope associated with normal vectors (5.4.57). The normal sin-
gularity C/Zv shows up as a label in the polytope. Fig. 5.1a is valid for t ̸= 0, whilst
Fig. 5.1b is for t = 0.

Having constructed the polytope in figure 5.1, we can present an explicit formula for
the equivariantly localized action (5.2.7). Indeed, using (5.4.57) we have that the action
takes the suggestive form

Ioff-shell(σ, z) = − c2π

8G4v

ï
1

m−

Å
β− − c2

β−

ã2

− σ

m+

Å
β+ +

σc2
β+

ã2ò
, (5.4.58)

where c1c2 = σ and we have defined the (a priori complex) variables

β2
± ≡ 1

v

(m±

z
± r∓

)
, m−β

2
+ −m+β

2
− =

t

v
. (5.4.59)

In (5.4.58) the dependence on z is particularly simple and we expect that this form should
be suitable for comparisons with large N calculations in the dual field theories.

Entropy functions for supersymmetric black holes

The t = 0 case is particularly relevant for supersymmetric black holes. This corresponds
to the rectangular polytope in figure 5.1b, and may be obtained from (5.4.58) simply
setting r± = 0 = t. The resulting expressions for the twist and anti-twist read

σ = −1 : Ianti-twist
off-shell (z) = − c2π

8G4

ïÅ√
z

m−
− c2
v
√
z

ã2
+

Å√
z

m+

− c2
v
√
z

ã2 ò
, t = 0 , (5.4.60)

σ = 1 : Itwist
off-shell(z) =

πχΣ

8G4

ï
2

v
+ c2

Å
1

m+

− 1

m−

ã
z

ò
, t = 0 . (5.4.61)

It is then straightforward to see that the two expressions above reproduce the gravitational
block form of the black hole entropy functions for minimal d = 4 gauged supergravity,
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proposed10 in [52]. Indeed, defining

n =
m+ + σm−

4m−m+

, 2φ− m+ − σm−

2m−m+

z =
1

v
, (5.4.62)

we have11

Ianti-twist
off-shell (z) = F+(φ, z; n) =

π

G4

ï
φ2

z
+ n2z

ò
, Itwist

off-shell(z) = F−(φ, z; n) =
πnφ

G4

2 ,

(5.4.63)
with

F−σ(φ, z; n) =
1

z

[
F3(φ+ nz)− σF3(φ− nz)

]
, (5.4.64)

where F3 is proportional to the S3 off-shell free energy of the ABJM theory (cf. Table
2 in [52]) and σ = ±1 is as usual for the twist or the anti-twist, respectively. Notice
that for the twist on the sphere, with c2 = c1 and m− = m+ = 1, the on-shell action
does not depend any more on the supersymmetric Killing vector, and the result is simply
I = π/(2vG4).

5.4.4 Global analysis: gauge field, Killing spinor and Seifert orb-
ifolds

Let us come back to the study of the regularity of the spinor (5.4.12), both in the bulk and
in the boundary. Throughout this section, we will emphasize how the boundary geometry
is affected by the bulk. In particular, even if the spindle Σ∞ is a trivial two-cycle from
the view point of the boundary, its informations (the integers m± and the type of twist
σ = ±1) are already contained in the supersymmetric geometry (namely the boundary
metric ds2(3), the boundary gauge field A(3) and the boundary Killing spinor χ(3)).

Gauge field and Killing spinors in the bulk

We start with the bulk analysis, in which all possible free choices will be fixed by the
procedure. The analysis is divided into two parts: firstly, we pick a gauge in which the
graviphoton (5.4.2) is regular on the spindle bolt, then we choose an adapted frame in
which the spinor is smooth and well-defined:

1. In the patch U± which contains p± we perform the gauge transformation

U± : A′
± = A+ q+Qdθ

±
1 − p±Pdθ

±
2 , (5.4.65)

so that A′
±(q+, p±) = 0. Notice that we do not have any freedom in choosing this

gauge transformation. Indeed, near the poles of the spindle bolt, both φ±
1 and φ2

are ill-defined and must be subtracted from the gauge field. Correspondingly, the
10These expressions have been proved in supergravity using different methods, considering near-horizon

geometries with a spindle factor [81, 82, 83, 92]. See also [160] for a discussion in the context of higher
derivative supergravity. In the dual field theories these are reproduced by the large N limit of the spindle
index [50].

11We have adapted the overall normalization and inserted a v factor, to compare to our results.
Moreover in both cases c2 = −1.
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spinor (5.4.12) acquires a phase. Summing up the contributions, the overall phase
Φ± in the 2π-periodic coordinates φ±

i can be written as

U± : Φ± =
2q+PQ+N(q2+ −

√
α)

2P

∆θ1
2π

φ±
1 −

2p±PQ+N(p2± −
√
α)

2P

∆θ±2
2π

φ2

=
λQ′(q+)

4

∆θ1
2π

φ±
1 − ρ±P ′(p±)

4

∆θ±2
2π

φ2 =
λ

2v
φ±
1 ∓ ρ±

2m±
φ2 ,

(5.4.66)
where we have used (5.4.42), (5.4.44), (5.4.6), (5.4.7) and (5.4.27), (5.4.48) in the
last step. Moreover we have introduced the sign ρ±, defined as ρ+ = η and ρ− = δ,
so that the product ρ+ρ− = ηδ = σ. The fact that (5.4.65) is the correct gauge can
be seen from (5.4.66): whilst the original phase of (5.4.12) is real, the coefficients
of Φ± are rational numbers;

2. Next, we notice that the frame (5.3.9) is singular at the poles of the bolt. It is
therefore convenient to write the frame in φ±

i coordinates and focus on (q+, p±) by
means of (5.4.46). We obviously obtain (see (5.4.47))

U± : ea ≃
{
∓dR± ,

R±

m±
dφ2 ,

R

v
dφ±

1 , dR
}
, (5.4.67)

where the sign in e1 is due to the fact that approaching p+ (p−) the coordinate p is
increasing (decreasing), while R± is decreasing (increasing). A well-defined frame
on the spindle, in the patch U±, is given by

U± : (ê1) + i(ê2) = d

ï
∓R± exp

Å
∓i

φ2

m±

ãò
= exp

Å
∓i

φ2

m±

ã
(e1 + ie2) , (5.4.68)

which is obtained by means of a U(1) ≃ SO(2) rotation. Similarly it happens for the
transverse part described by (e3, e4), so that the whole SO(2)×SO(2) transformation
isÜ

ê1

ê2

ê3

ê4

ê
=

Ü
cos (∓φ2/m±) − sin (∓φ2/m±) 0 0
sin (∓φ2/m±) cos (∓φ2/m±) 0 0

0 0 cos
(
φ±
1 /v

)
sin
(
φ±
1 /v

)
0 0 − sin

(
φ±
1 /v

)
cos
(
φ±
1 /v

)
êÜ

e1

e2

e3

e4

ê
.

(5.4.69)
Since under a transformation of the vielbein êa = exp(λab) e

b a four-dimensional
Dirac spinor ψ transforms in the spin representation as ψ′ = exp(1/2λabΓab)ψ, with
the Γa given in (5.3.10), we have that the four dimensional spinor (5.4.12) becomes

U± : ε′ = exp

ï
i

2
diag

{
± φ2

m±
− φ±

1

v
,∓ φ2

m±
+
φ±
1

v
,± φ2

m±
+
φ±
1

v
,∓ φ2

m±
− φ±

1

v

}ò
ε .

(5.4.70)
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Explicitly, summing the contributions from (5.4.66) and (5.4.70), the spinor (5.4.12) in
the regular gauge and frame reads

U± : ε′(q, p, φ±
1 , φ2) = c


−i

√
P−(p)

√
Q−(q)

√
q+p

e
i
2
[λ−1
v
φ±
1 ∓ ρ±−1

m±
φ2]

−i

√
P+(p)

√
Q+(q)

√
q+p

e
i
2
[λ+1
v
φ±
1 ∓ ρ±+1

m±
φ2]

⟨P ⟩
√

P−(p)
√

Q+(q)
√
q−p e

i
2
[λ+1
v
φ±
1 ∓ ρ±−1

m±
φ2]

⟨P ⟩
√

P+(p)
√

Q−(q)
√
q−p e

i
2
[λ−1
v
φ±
1 ∓ ρ±+1

m±
φ2]

 . (5.4.71)

We can now see that the spinor in (5.4.71) is smooth everywhere by noticing that, at the
fixed points, it can be written as

σ = 1 : ε′(q+, p±) =
c

4


−i

√
P−(p±)

√
Q−(q+)

√
q++p±

(1 + η)(1 + λ)e
i
2
[λ−1
v
φ±
1 ∓ η−1

m±
φ2]

−i

√
P+(p±)

√
Q+(q+)

√
q++p±

(1− η)(1− λ)e
i
2
[λ+1
v
φ±
1 ∓ η+1

m±
φ2]

⟨P ⟩
√

P−(p±)
√

Q+(q+)
√
q+−p± (1 + η)(1− λ)e

i
2
[λ+1
v
φ±
1 ∓ η−1

m±
φ2]

⟨P ⟩
√

P+(p±)
√

Q−(q+)
√
q+−p± (1− η)(1 + λ)e

i
2
[λ−1
v
φ±
1 ∓ η+1

m±
φ2]

 , (5.4.72)

or

σ = −1 : ε′(q+, p±) =
c

4


−i

√
P−(p±)

√
Q−(q+)

√
q++p±

(1± η)(1 + λ)e
i
2
[λ−1
v
φ±
1 ∓±η−1

m±
φ2]

−i

√
P+(p±)

√
Q+(q+)

√
q++p±

(1∓ η)(1− λ)e
i
2
[λ+1
v
φ±
1 ∓±η+1

m±
φ2]

⟨P ⟩
√

P−(p±)
√

Q+(q+)
√
q+−p± (1± η)(1− λ)e

i
2
[λ+1
v
φ±
1 ∓±η−1

m±
φ2]

⟨P ⟩
√

P+(p±)
√

Q−(q+)
√
q+−p± (1∓ η)(1 + λ)e

i
2
[λ−1
v
φ±
1 ∓±η+1

m±
φ2]

 .

(5.4.73)
It is evident from the above expressions that, for a fixed choice of the signs (η, λ), the
single component of the spinor which is non-zero does not contain any phase. Choosing
for example the roots q+ and p+ such that P+(p+) = Q+(q+) = 0, which is realized by
fixing η = λ = 1, we see from (5.4.72) that all the components are zero but the first,
which however does not depend any more on (φ+

1 , φ2). In the twist case this example is
equivalent to

σ = 1 : ε′(q+, p+) = c

á
−i

√
P−(p+)

√
Q−(q+)

√
q++p

0
0
0

ë
. (5.4.74)

Notice also that these spinors are regular at the location of the bolt q = q+, without
moving to its poles. Indeed the φ±

1 are cancelled in the non-vanishing components by
requiring Q±(q+) = 0. Moreover equations (5.4.72) and (5.4.73) show that the spinor has
the same chirality at the poles of the spindle in the σ = 1 case and opposite chiralities
when σ = −1. In turn, this explicitly shows that (σ = −1) σ = 1 corresponds to the
(anti-) twist realization of the supersymmetry on the spindle bolt [42].

We end this section by writing the spinor transition function coming from (5.4.70),
obtained by the composition of the transformation on U+ and the (inverse) transformation
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on U−

exp

ï
iφ2

2
diag

{
χΣ − t/v

m−m+

,−χΣ +
t/v

m−m+

, χΣ +
t/v

m−m+

,−χΣ − t/v

m−m+

}ò
, (5.4.75)

where we have used (5.4.43) and (5.4.44). Notice that this transition function is valid
for both the twist and the anti-twist set-up, as for example in [46, 52], even if only χΣ

appears.

Gauge field and Killing spinors at the boundary

The gauge field A(3) and a Killing spinor χ(3) induced at the boundary are obtained
from the q → +∞ expansion of (5.4.2) and (5.4.12), respectively. In particular, in the
gauge (5.4.65) the boundary gauge field A(3) = pPdσ reads

U± :
(
A(3)

)′
± =

∆θ1
2π

(q+Q− pP )dφ±
1 +

∆

2π

P (p− p±)

(q2+ − p2±)
dφ2 . (5.4.76)

Using the three-dimensional vierbein induced from the bulk (5.3.9), namely

ea(3) =
{ dp√

−P(p)
,
»

−P(p)dσ , (dτ+p2dσ)
}

≃
p→p±

{
∓dR± ,

R±

m±
dφ2 , (q

2
+−p2±)

∆θ1
2π

dφ±
1

}
,

(5.4.77)
the boundary spinor is [96]

U± : χ(3) =

Ç√
P−(p)√
P+(p)

å
e

i
2
[λ
v
φ±
1 ∓ ρ±

m±
φ2] =

Ç√
P−(p)√
P+(p)

å
e

iη
2
[κ
v
φ±
1 ∓ σ±

m±
φ2] . (5.4.78)

Here we have used the definitions ρ+ρ− = σ, κ = ηλ and introduced the symbol σ± = ηρ±
which is σ+ = 1 and σ− = σ. We emphasise that since we used the same regular gauge
for the bulk and boundary gauge field, the phase of the spinor is the same as in (5.4.66).

We now show that this boundary spinor is well defined, in each patch. Since, as
in (5.4.67), the boundary frame (5.4.77) suffers from singularities at the poles p = p±, we
perform on e1,2(3) a rotation analogous to (5.4.69)

U± :

Ñ
ê1(3)
ê2(3)
ê3(3)

é
=

Ñ
cos (∓φ2/m±) − sin (∓φ2/m±) 0
sin (∓φ2/m±) cos (∓φ2/m±) 0

0 0 1

éÑ
e1(3)
e2(3)
e3(3)

é
. (5.4.79)

The corresponding action on the spinor12 is given by

U± : χ′
(3) =

(
e
± i

2
φ2
m± 0

0 e
∓ i

2
φ2
m±

)
χ(3) , (5.4.80)

12We are using the standard Pauli matrices σa, a = 1, 2, 3 as a basis of the three-dimensional Clifford
algebra since they are inherited from (5.3.10).
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so that at the two poles we have

σ = 1 : χ′
(3)(p±) =

1

2

(√
P−(p)(1 + η)e

∓ i
2
η−1
m±

φ2√
P+(p)(1− η)e

∓ i
2
η+1
m±

φ2

)
e

i
2
λ
v
φ±
1 ,

σ = −1 : χ′
(3)(p±) =

1

2

(√
P−(p)(1± η)e

∓ i
2

±η−1
m±

φ2√
P+(p)(1∓ η)e

∓ i
2

±η+1
m±

φ2

)
e

i
2
λ
v
φ±
1 ,

(5.4.81)

which are always well defined, by an identical argument as for the bulk. We then conclude
that the transition function for the boundary spinor coming from (5.4.80) is given byÇ

e
i
2
χΣφ2 0

0 e−
i
2
χΣφ2

å
, (5.4.82)

which is the same as that for the spinors defined on a spindle [42]! This might be surprising,
but it is a direct consequence of the regularity analysis at the bolt.

Seifert orbifolds

In this subsection we collect all the properties of the boundary geometry (g(3), A(3), χ(3))
to compare them to the Seifert orbifolds studied for example in [48, 49] from the point of
view of rigid supersymmetry. The main difference between [49] and the analysis we will
report here is that if one thinks to the boundary data (g(3), A(3), χ(3)) as “disconnected”
from the bulk ones, more degree of freedoms are present in the boundary. Vice versa,
if the boundary data comes as a limit of the bulk metric, gauge field and spinor, there
exists a mechanism which informs the boundary about the properties of the bulk. Loosely
speaking, in our context, M3 does not depend any more on the coordinate q and as a
consequence the angular variable φ1 is well-defined in the boundary, whilst it is ill-defined
at the location of the bolt q = q+. To show this, we will not use the the local coordinates
(φ±

1 , φ2) any more: indeed the toric coordinates (ϕ1, ϕ2) introduced in (5.4.54) are more
appropriate as they describe correctly the effective action of the torus.

Metric First of all we look at the metric in (ϕ1, ϕ2) coordinates. These are the appropri-
ate coordinates to study the singularities of the three-dimensional Seifert orbifold [161, 42].
More precisely, the metric near to the poles (5.4.26) takes the form

U± : ds2b ≃
p→p±

dR2
± +

R2
±

m2
±
dϕ2

2 +

Å
(q2+ − p2±)∆θ1

2π

ã2 Å
dϕ1 ±

r∓
m±

dϕ2

ã2
. (5.4.83)

It is now straightforward to introduce complex coordinates adapted to the poles, namely

U± : z± = R±e
i
ϕ2
m± , f± =

(q2+ − p2±)∆θ1
2π

e
i(ϕ1±

r∓
m±

ϕ2) , (5.4.84)

where z± are local coordinates on the base and f± on the fibre. Performing a 2π-rotation
along both ϕ1 and ϕ2 we have the following identifications

U± : m · (z±, f±) =
Å
e

2πim
m± z±, e

± 2πimr∓
m± f±

ã
, (5.4.85)

with m ∈ Zm± . The analysis now splits into two cases.
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• gcd(r∓,m±) = 1: the action is free, the three-dimensional space is smooth, and in
particular it is a lens space L(m−r−+m+r+ = t, 1). Notice that we can rephrase this
statement by saying that the boundary space is smooth if and only if gcd(t,m±) = 1.
Indeed given that the Bézout’s lemma holds and gcd(m−,m+) = 1, we have that
gcd(t,m±) = gcd(r∓,m±);

• gcd(r∓,m±) ̸= 1: we can parameterize r∓ = k±r∓ and m± = k±m± (with also
gcd(k+, k−) = 1) so that gcd(t,m±) = gcd(r∓,m±) = k± > 0. Then we can act
m = m± times on (5.4.85), and the result is

U± : m± · (z±, f±) =
(
e

2πi
k± z±, f±

)
. (5.4.86)

This explicitly shows that there is a Zk± sub-action which leaves the fiber fixed and,
in turn, that the three-dimensional space is an orbifold, with conical singularities
near the poles p± of order C/Zk± , respectively. In terms of the lens space parameter
t, we can state that the space has a singularity gcd(t,m±) near p±. Of course one can
also have a singularity at a single pole if one among k± is one, but in the symmetric
case with both k± ̸= 1 the validity of the Bézout’s lemma implies t = k−k+t. This
configuration corresponds to the branched lens space L[k−,k+](k−k+t, 1).

Gauge field and spinor In these coordinates, the boundary gauge field (5.4.76) and
the three-dimensional Killing spinor (5.4.78) read

U± :
(
A(3)

)′
± =

∆θ1
2π

ï
(q+Q− pP )dϕ1

+
1

m−m+

Å
t(q2+ − p2∓)(p− p±)P

p2+ − p2−
± (q+Q− pP )(t− r±m±)

ã
dϕ2

ò
,

(5.4.87)
where we have used (5.4.37), and

U± : χ(3) =

Ç√
P−(p)√
P+(p)

å
e

iη
2
[κ
v
ϕ1±

κr∓−vσ±
vm±

ϕ2] . (5.4.88)

Following the steps outlined in (5.4.66), we can easily show that the transition functions
for the gauge field (5.4.87) (or also (5.4.76)) across the patches U+ and U− are

(A(3)

)
− − (A(3)

)
+
=

1

2

ï
ρ+m− + ρ−m+

m−m+

− λ
t/v

m−m+

ò
dϕ2 =

η

2

ï
m− + σm+

m−m+

− κ
t/v

m−m+

ò
dϕ2 .

(5.4.89)
Notice that this formula is perfectly valid also when t = 0, for which the boundary is
Σ×S1 and contains the spindle as a non-trivial two-cycle. The transition function for the
spinor is essentially unchanged with respect to (5.4.82) since φ2 = ϕ2, namelyÇ

e
i
2
χΣϕ2 0

0 e−
i
2
χΣϕ2

å
. (5.4.90)

Formula (5.4.89) shows that the choice of the sign σ, that will determine the type of
twist for the graviphoton field in the bulk (see (5.4.112) below), is already captured by
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the boundary geometry. Similarly, from (5.4.88) (or even more explicitly from (5.4.81))
one can see that for σ = 1 the spinor has the same “transverse chirality”13 at the poles
p = p± of the Seifert orbifold, whilst for σ = −1 it has opposite chiralities. We therefore
refer to the choices σ = ±1 as to twist and anti-twist for the Seifert orbifold. Again, even
if the transition function for the spinor seems not to be affected by σ, the boundary spinor
itself has a dependence on it. In particular, we emphasize that the mechanism by which
the bulk “informs” the boundary is through the regularity of the gauge field at the bolt,
which then determines a preferred gauge at the boundary14. This is the same idea that
has proved crucial in the context of supersymmetric black holes, put forward in [73]. In a
context analogous to the present one, similar observations were made in [111] and [161].

We can now make a comparison with with the rigid supersymmetry results for a large
class of three-dimensional Seifert orbifolds analyzed in [49]. In particular, let us consider
the gauge field AC (cf. (2.103) in [49])15

AC =
1

2

b1m− + σb2m+

tf(θ̂)
dϕ1 +

1

2

σb2r− − b1r+

tf(θ̂)
dϕ2 , (5.4.91)

and its transition functions. Here b1 and b2 represent the squashing of the three-sphere
from which the lens space is obtained and f(θ̂ = 0) = −b2 and f(θ̂ = π) = −b1. To ensure
that this gauge field is well-defined, we perform a gauge transformation in each patch

U− : AC(0) =
1

2

Ç
b1m− + σb2m+

tf(θ̂)
+ α

(0)
3

å
dϕ1 +

1

2

Ç
σb2r− − b1r+

tf(θ̂)
+ α

(0)
2

å
dϕ2 ,

U+ : AC(π) =
1

2

Ç
b1m− + σb2m+

tf(θ̂)
+ α

(π)
3

å
dϕ1 +

1

2

Ç
σb2r− − b1r+

tf(θ̂)
+ α

(π)
2

å
dϕ2 ,

(5.4.92)
and require

α
(0)
2 =

σ − r+α
(0)
3

m−
, α

(π)
2 =

r−α
(π)
3 − 1

m+

. (5.4.93)

Notice that AC is well-defined in the patches U± near θ̂ = 0, π if it depends on the
angular coordinates only through the well-defined (in each patch) combinations dϕ1 ±
(r∓/m±)dϕ2, which appear in the metric near the poles (5.4.83). Identifying AC = ηA(3)

and additionally requiring that

α
(0)
3 = α

(π)
3 =

κ

v
=⇒ α

(0)
2 =

σv − κr+
vm−

, α
(π)
2 =

κr− − v

vm+

, (5.4.94)

13The boundary spinor (5.4.78) is already decomposed in a product of a two dimensional spinor on
the base (with coordinates p, φ2) and a phase on the Seifert fiber φ±

1 . Accordingly, the two dimensional
gamma matrices can be taken to be just σ1 and σ2, with chirality matrix σ⋆ = −iσ1σ2 = σ3. Under σ⋆
the two-dimensional spinor (5.4.78) is chiral or anti-chiral at the poles of the Seifert orbifold.

14In particular, the phase e
i
2

λ
v φ

±
1 in the Killing spinor (5.4.78) is precisely the phase e

i
2nψ that appears

in the spindle index [48], with n = ±1 for the accelerating black holes. Indeed as remarked the Σ × S1

geometry is a special case t = 0 of the general set-up discussed above. See also footnote (11).
15The relation between our variables and the ones in section 2.6 of [49] is n±|there = m±|here, n|there =

t|here, n|there = t|here, t±|there = ∓ r∓
t |here, φ|there = −ϕ2|here, ψ|there = ϕ1|here and finally we have mapped

b1 → −b1 and b2 → σb2.
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we conclude that indeed AC(0) − AC(π) coincides with (5.4.89). We emphasize that from
the boundary point of view there is no reason to fix α

(0)
3 and α

(π)
3 . Indeed, in principle,

they can take any value without affecting the regularity of the gauge field. However, we
have a preferred gauge (5.4.65) inherited from the bulk, ensuring that the spinor and the
gauge field are regular at the bolt location q = q+. For comparison, the flat connections
(α

(0)
3 , α

(π)
3 ) chosen in [49] are given by

α
(0)
3 = α

(π)
3 =

m− + σm+

t
=⇒ α

(0)
2 = α

(π)
2 =

σr− − r+
t

, (5.4.95)

which correspond to trivial gauge transformations across the two patches.
In the case t = 1, where M3 = L(1, 1) = S3 is a smooth (squashed) three-sphere,

there exists a different set of effective coordinates for the torus action. The details can be
found in [3], but the result is again that the main significant difference with the analysis
in [49], both for the squashed three-sphere and for the (possibly branched) lens space, is
a distinct choice of gauge field, which is imposed on us from the global analysis in the
bulk.

5.4.5 Quantization conditions

Having described in details the bulk and boundary geometry, together with their local
and global properties, we now should control if the flux of the graviphoton A is cor-
rectly quantized, namely as in (5.1.6). To this end, as in the previous chapters, it proves
useful to express all the parameters of the solution in terms of the integers (t,m±, v).
Recall that we started with six “local” parameters (E,N,M,P,Q, α) and two “global”
ones (∆θ±i ). Among these, two are fixed by supersymmetry, namely (E,M). We are thus
left with (N,P,Q, α), which are also exchanged for (p±, q+, α) and three signs (η, σ, κ)
through (5.4.15). These relevant signs are related to the ones introduced around (5.4.15)
via

η = signRe(P ) , σ = ηδ , κ = ηλ , (5.4.96)

where the value of σ will reflect the twist or anti-twist on the spindle bolt.

Twist

Using the expressions (5.4.15) with σ = 1, it is easy to take the ratio of (5.4.35). Defining
the rescaled parameter

P̃ =
P

p+ + p−
, (5.4.97)

the ratio of (5.4.35) takes the simple form

m+

m−
=
q2+ − p2+
q2+ − p2−

p− + ηP̃

p+ + ηP̃
. (5.4.98)

We can parametrize the roots as in the previous chapters

p± = w(1± x) , q+ =
p+ + p−

2
q̃+ = wq̃+ , 0 < w < q+ , x > 0 , q̃+ > 1 + x ,

(5.4.99)
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where these constraints on w and x come from p+ ± p− > 0 and q+ > p+. From (5.4.98)
we get

w = −ηP̃
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
m−

(1 + x)
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
(1− x)m−

. (5.4.100)

Then, from both (5.4.35) and (5.4.48) we obtain

∆

2π
=

1

8ηP̃

(1 + x)
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
(1− x)m−

x2m+m−
,

∆θ1
2π

=
1

2v(q̃+ − κ)

1

w2
[
2ηP̃ + w(q̃2+ + 1− x2)

] . (5.4.101)

Finally (5.4.37) is now simply

t =
v(q̃+ − κ)

x
(m− −m+) =⇒ x = (q̃+ − κ)

(m− −m+)v

t
. (5.4.102)

Notice that not all the values of t are admissible from (5.4.102), due to the constraint
q̃+ > 1+x > 1 and N ̸= 0. In appendix C of [3] it is showed that necessarily t ≥ 2. Using
the previous expressions it is easy to show that

1

2π

∫
L2

F =
η

2

ï
χΣ − κ

t/v

m−m+

ò
, (5.4.103)

meaning that 2A is a connection one-form on the line bundle O(m−+m+) over Σq+[m−,m+],
and, in turn, that we have a twist. Observe that (5.4.103) takes the form of (5.1.6).

The additional term t/(vm−m+) in (5.4.103) comes from the non trivial fibration on
the spindle bolt in (5.4.24), more precisely from the normal bundle to L2. To see this, we
focus on q = q+ in (5.4.24) making the change q = q+ + Q′(q+)

4
r2. The result is

U± : ds24 ≃
q+

ds2Σq+ + (q2+ − p2)

ï
dr2 +

r2

v2
(
dφ±

1 + µ±
f

)2ò
, (5.4.104)

where µ±
f is the fibration one-form, given by

U± : µ±
f = v

2q+(q
2
+ − p2±)P(p) + (p2 − p2±)(q

2
+ − p2)Q′(q+)

2(q2+ − p2)2
dθ±2 . (5.4.105)

Integrating it we get immediately

1

2π

∫
L2

dµ±
f =

t

m−m+

, (5.4.106)

which gives correctly the same value as in (5.4.36). Notice that (5.4.106) and (5.4.103)
are analogous to (3.4.13) and (3.4.19), respectively. The role of n+ in (3.4.19) is here
played by v, whilst there is no analogue on n− since the corresponding divisor has been
sent to infinity.

In summary, we started from six quantities (N,P,Q, α,∆,∆θ1) subject to four topo-
logical constraint for (t,m±, v). We are left with a solution with two free continuous
parameters, that we choose to be (P̃ , q̃+) ∈ R.
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Anti-twist

We now focus on the other case, when σ = −1. The ratio of (5.4.35) is much more
complicated

m+

m−
=
q2+ − p2+
q2+ − p2−

[
2P 2 − (p2+ − p2−)ηP − p−(p+ + p−)

3
][

ηP − p+(p+ + p−)
][
2ηP + (p+ + p−)2

] , (5.4.107)

but it can be simplified redefining

ηP = (p+ + p−)ηP̃ = (p+ + p−)
p+ − p− +

»
(p+ − p−)2 − 8(p+ + p−)ηP

4
. (5.4.108)

With the parametrization (5.4.99), we obtain formally the same expression for w as
in (5.4.100) but with P instead of P̃ , specifically

w = −ηP
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
m−

(1 + x)
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
(1− x)m−

. (5.4.109)

The other parameters (∆θ1,∆, t) can be obtained similarly, but the expressions do not
have a compact form. In particular, t = t(x) is not invertible. For future reference, we
report it here

t =v

[
q̃2+ − (x+ 1)2

]
m− −

[
q̃2+ − (x− 1)2

]
m+[

q̃2+ − (x+ 1)2
][
q̃2+ − (x− 1)2

] ×

q̃+w
[
w(q̃2+ + x2 − 1)− 2xηP̃

]
+ κ
[
−2P̃ 2x− w2x(q̃2+ + x2 − 1) + ηP̃w(q̃2+ + 3x2 − 1)

]
w2x

,

(5.4.110)
where w and P̃ are given by (5.4.109) and (5.4.108), respectively. Notice that (5.4.110) is
not written in a completely explicit form. However, when expanded, it does not depend
on P , a fact that will play a role later on. Moreover, here as before, the parameter t can
not take any value, and in particular it can not happen t = 1. From now on the analysis
continues as before, but it is more involved. Nevertheless, it can be proved that

1

2π

∫
L2

F =
η

2

ï
m− −m+

m−m+

− κ
t/v

m−m+

ò
. (5.4.111)

Even though we can not obtain x from (5.4.110), we regard to this implicit expression
as a constraint, which leaves us again a solution with two free continuous parameters
(P , q̃+) ∈ R.

The main result of this section is the following formula which encapsulates simultane-
ously (5.4.103) and (5.4.111)

1

2π

∫
L2

F =
η

2

ï
m− + σm+

m−m+

− κ
t/v

m−m+

ò
, (5.4.112)

and state that 2A is a connection on the bundle O(m− + σm+) over the spindle bolt
Σq+[m−,m+]. It is interesting to notice that both type of twist can be realized in minimal
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gauged supergravity, as opposite to the black hole solution [46] with a spindly horizon
where only the anti-twist is realized. According to the values of the two remaining free
continuous parameters we can have σ = ±1. Recall that the sign σ decides the location
of the roots p± describing the poles of the spindle. The situation is, thus, completely
analogous to (4.3.4). Notice also that (5.4.112) is identical to the expression of the gauge
field transition functions (5.4.89).

We can now compare (5.4.112) with (5.1.6), which encapsulates the cases for which it is
possible to uplift globally our spindle bolt solution to M-theory. The integer m appearing
in (5.1.6) can be read from (5.4.112) and we obtain the following constraint

kη (m−v + σm+v − κt) = mI , (5.4.113)

where recall that I is the Fano index of the KE6 base on which the SE7 is constructed
and k is an integer which describes the U(1) fibration over KE6 and divides I. When
k = I, which amounts to requiring canonical period 2π/4 for ξ, it is easy to see that the
condition (5.4.113) is always satisfied, and then any spindle Bolt solution can be globally
uplifted to a M-theory solution on a regular SE manifold. However, in general, the
condition (5.4.113) leads to restrictions. For example, consider the case of M7 = S7/Z2,
which implies I = 4, k = 2. By (5.4.113) this means that m−v + σm+v − κt is divisible
by 2, which is not satisfied for all values of (m−,m+, v, t). Notice that when

v(m− + σm+)− κt = 0 , (5.4.114)

which is possible only for κ = 1, it is possible to uplift the solution for any choice of SE7.

5.4.6 On-shell action

We have now two families of solutions, within the same CP class, which are distinguished
by the value of the sign σ = ±1. For both of them, we have expressed all the parameters in
terms of the integers (t,m±, v) and computed subsequently the flux (5.4.112). With these
informations at disposal we can express the “local” CP (non-supersymmetric) on-shell
action (5.3.38), namely

Sren =
∆τ∆σ(p+ − p−)q+

8πG4

ï
p2+ + p+p− + p2− +

M

q+
− q2+

+
(P −Q)2

2(q+ − p+)(q+ − p−)
+

(P +Q)2

2(q+ + p+)(q+ + p−)

ò
,

(5.4.115)

in a “global” form, making explicit the dependence on the global parameters (t,m±, v).
As anticipated, our spindle bolt solutions contain (through some limits) all the previous
(local and global) known solutions with nuts and bolts [109, 110, 111, 96]. A nice check of
this can be obtained by performing the limits explicitly on the on-shell actions for σ = ±1,
which should give again the ones in [111, 96]. Details can be found in B, but here we can
show at a glance, at least locally, that (5.4.115) reduces to the one in [83] for P → Q and
q+ → p+, namely

Sren =
∆τ∆σ

8πG4

ï
p−p+(p

2
+ − p2−) +M(p+ − p−) +Q2p+ − p−

p+ + p−

ò
. (5.4.116)
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Recalling that the product (∆τ∆σ) is equal in the patches U± and given by (5.4.38),
employing all the results of the previous section for the twist case (σ = 1) we can express
the renormalized action simply as

σ = 1 : Sren =
π

8G4v

ï
2χΣ − κ

t/v

m−m+

− κ
v(m− −m+)

2

tm−m+

ò
, t ≥ 2 . (5.4.117)

In particular, notice that the on-shell action is fixed in terms of the integers (t, v,m±)
and (P̃ , q̃+) do not appear. The σ = −1 is, as usual, more involved. Looking explicitly
at (5.4.115), it proves useful to define

σ = −1 : q =
q2+ − p2+
p2+ − p2−

(p+ − p−)
[
ηP + p−(p+ + p−)

][
(p+ − p−)ηP − (p+ + p−)(q2+ − p+p−)

]
=

[
q̃2+ − (1 + x)2

][
w(x− 1)− ηP̃

]
2w(q̃2+ + x2 − 1)− 4xηP̃

.

(5.4.118)

Notice that (5.4.118) seems to depend also on P , but if one solves for P̃ and w through
(5.4.108) and (5.4.109), P disappears. Recall also that x = x(q̃+) is fixed (non-explicitly)
via (5.4.110) which in this context reads

σ = −1 : t =v
[
(q̃2+ − (x+ 1)2)m− − (q̃2+ − (x− 1)2)m+

]
×

−q̃3+ + q̃+
[
1 + 2(1 + 2q)x+ x2

]
+ κ
[
q̃2+ − (1 + x)2 + 2q(−1 + q̃2+ + x2)

]
x
[
1− q̃2+ + 2(1 + 2q)x+ x2

]2 .

(5.4.119)
Therefore, as x(q̃+), also q = q(q̃+). The renormalized action for σ = −1 can then be
written as a function of q̃+ only

σ = −1 : Sren(q̃+) =
π
[
(q̃2+ − (x+ 1)2)m− − (q̃2+ − (x− 1)2)m+

]2
8G4tm−m+

×

2q̃+(1 + x+ 2q)x− κ
[
q̃2+ + (1 + x)2 + 2q(1 + q̃2+ + x2)

]
x2
[
1− q̃2+ + 2(1 + 2q)x+ x2

]2 .

(5.4.120)
We see that in the anti-twist case Sren not only depends on the choice of the integers
(t, v,m±), but contains a real degree of freedom q̃+ as well.

Comparison with equivariant localization

The on-shell actions (5.4.117) and (5.4.120) computed through holographic renormaliza-
tion are already valid for supersymmetric solutions, since we have used (5.4.5). For this
reason, we can compare these results to the general expectations due to equivariant lo-
calization (see section 5.2 and in particular (5.4.58) for our solutions described by the
polytope in figure 5.1). From the explicit Killing spinors (5.4.12) we obtain the super-
symmetric Killing vector16

ϵ∗ =
√
α∂τ + ∂σ . (5.4.121)

16We have normalized differently the spinor ε than in (5.4.13), but the overall normalization will not
be important since the action (5.4.58) depends only on z.
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Notice that this degenerates only at the points (q+, p±) (as visible from (5.4.21)), so that
the fixed points pA are “nuts” for ϵ∗. This justifies the use of (5.2.4) instead of (5.2.2).
From (5.4.72) and (5.4.73) we recall that

σ = 1 :
Γ⋆ε = κε at p1 ,
Γ⋆ε = κε at p2 ,

σ = −1 :
Γ⋆ε = −κε at p1 ,
Γ⋆ε = κε at p2 ,

(5.4.122)

where the chirality matrix has been defined in (5.3.10). The chirality itself is fixed by the
value of κ = ±1, so that the correct assignment for the signs cA is

σ = 1 : c2 = c1 = κ , σ = −1 : c2 = −c1 = κ . (5.4.123)

That the spinor must be chiral at the fixed points comes from general arguments, in
particular as a consequence of the bilinear ε†ε being nowhere vanishing [42, 84]. In the
coordinates (5.4.55), the supersymmetric Killing vector (5.4.121) reads

ϵ⃗∗ =
1

q2+ − p2−

ïÅ
(p2− +

√
α)

2π

∆θ1
+

r+
m−

(q2+ +
√
α)

2π

∆θ−2

ã
E1 + (q2+ +

√
α)

2π

∆θ−2
E2

ò
.

(5.4.124)
It is now a matter of algebra to plug explicitly the vector ϵ⃗∗ (5.4.124) in (5.2.7) by us-
ing (5.2.8). After some work, using the Bézout’s lemma r−m−+r+m+ = t and eliminating
everywhere ∆θ1 from (5.4.124) in favour of the fibration parameter t using (5.4.37), the
result takes the form

Ion-shell(cA, q∗) =
π

8G4v

ï
2χΣ − c1

m+

Å
q2∗ t

vm−
+
vm−

q2∗ t

ã
− c2
m−

Å
q̃2∗ t

vm+

+
vm+

q̃2∗ t

ãò
, (5.4.125)

where we have defined the on-shell reduced quantities

q̃2∗ =
q2+ − p2+
p2+ − p2−

p2− +
√
α

q2+ +
√
α
, q2∗ = −

q2+ − p2−
p2+ − p2−

p2+ +
√
α

q2+ +
√
α
, q̃2∗ + q2∗ = −1 , (5.4.126)

such that (Q2
∗, Q̃

2
∗) = (t/vm−m+)(m+q

2
∗,m−q̃

2
∗). As a consequence of the reality discussion

at the end of Sect. 5.4.1, the parameter
√
α here can be complex and in turn the action

itself can be complex.
It should be no surprise at this point that the equal-signs case (c2 = c1 = κ) is

particularly easy to handle. From the point of view of the equivariant localization, this
simplification comes from q̃2∗+q2∗ = −1 which enters directly in (5.4.125). Indeed we have

twist : (q2∗, q̃
2
∗) =

1

m− −m+

(m−,−m+) , (5.4.127)

and as a consequence

twist : Ion-shell(c2, q∗) =
π

8G4v

ï
2χΣ − c2

t/v

m−m+

− c2
v(m− −m+)

2

tm−m+

ò
, t ≥ 2 , (5.4.128)

which reproduces precisely (5.4.117) for c2 = κ as evident from (5.4.122) and (5.4.123).
Correspondingly, the Reeb vector (5.4.124) is fixed

twist : ϵ⃗∗ = f(P̃ , q̃+)
[
(r+ + r−)E1 + (m− −m+)E2

]
, (5.4.129)
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where f is a complicated but unimportant function of the free real parameters of the
solution (P̃ , q̃+).

When c2 = −c1 = κ, using the parametrization (5.4.15) with σ = −1, it is very easy
to recognize that q = q∗ in (5.4.118). Then, gathering this fact, the expression (5.4.119)
and the non-trivial identity

σ = −1 :
m+

m−
= −

q̃2⋆
[
2q̃2⋆(−1 + q̃2+ − 2x+ x2)− (2− x)(q̃2+ − (x+ 1)2)

]
(1− q̃2⋆)

[
2q̃2⋆(−1 + q̃2+ + 2x+ x2) + x(q̃2+ − (x+ 1)2)

] , (5.4.130)

it is possible to show that indeed (5.4.125) matches (5.4.120). In this case the ratio of the
entries of the Reeb vector (5.4.124) is not fixed, and depends on q̃+ but not on P , as the
action (5.4.120). This is then a highly non-trivial check of the validity of the equivariant
procedure of [84].

Comments on extremization

Recall that we have dubbed equation (5.2.4) as “off-shell localized action”. The reason
is that (5.2.4) holds for each supersymmetric solution of the Maxwell-Einstein-Λ theory.
Then, to each solution corresponds a particular z∗ = (ϵ2/ϵ1)∗, computed “on-shell”. It is
then natural to ask if the extremization of the off-shell action reproduces the values we
have found, namely (5.4.117) and (5.4.120). Indeed, there are many instances in which the
existence of a solution to an extremization problem ensures the existence of a supergravity
solutions. This phenomenon can be seen for example in the context of toric Sasaki-
Einstein manifolds, where the existence of SE metrics is guaranteed by the extremization
of the Sasakian volume [35, 36, 119]. Similarly it happens for [29, 30] in the context of
Gauntlett-Kim (GK) geometry, where the key quantity is called “supersymmetric action”.
In fact, we will show that the extremization of (5.4.58) with respect to z reproduces the
gravitational results for the renormalized on-shell action computed previously only in the
twist case σ = 1. Choosing again c2 = c1 = κ for the twist, there are two values of z that
extremize I, namely

c2 = c1 = κ =⇒ z∗± =
±m− −m+

±r+ + r−
. (5.4.131)

It is then straightforward to compute the action at the extremizing values, using Bézout’s
lemma r−m− + r+m+ = t. At the saddle z∗+ we have

Ioff-shell(κ, z
∗
+) = S (σ=1)

ren , (5.4.132)

where the latter is given for example in (5.4.117). Indeed, the value of z∗+ is constant and
compatible with (5.4.129). Notice that in the limit m− → m+, z∗+ → v from (5.4.102)
with q̃+ = 1 + x and κ = 1 as discussed in appendix B. For v = 1, this is the expected
result for the 1/4-BPS spherical bolt (see (B.0.3)). For the other extremum, with the
same choice of signs, the action reads

I∗−(m±, v) ≡ I(m±, v, z
∗
−) =

π

8G4v

ï
2χΣ − κ

t/v

m−m+

− κ
v(m− +m+)

2

tm−m+

ò
. (5.4.133)

This equation does not reproduce any known result for m− = m+ = 1. Moreover, whilst
the vector ϵ⃗+ = −(1, z∗+) always lies inside the polytope, that is ϵ⃗+·µ⃗ (A)

1,2 > 0, ϵ⃗− = −(1, z∗−)
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is always outside it. This resembles the behaviour of [35, 36]. On the other hand, the
extremization of the σ = −1 off-shell action does not reproduce (5.4.120) and therefore we
conclude that there is no extremization taking place in this case. At present we do not have
an understanding of the reason underlying this difference, but we already observed that
this markedly distinct behaviour is consistent with the observations put forward in [147].
Therein, it was showed that (anti-)self dual solutions can be regular only if z = −1 or
z > 0. From this discussion it follows that there can not be any supersymmetric black hole
in minimal d = 4 gauged supergravity. Indeed (5.4.63), with (t = 0, σ = 1) is constant
and can not be extremized.

It is interesting to note that the equivariant volume introduced in [83] reproduces the
action (5.2.4) only in the twist case. The equivariant volume (here in the notation of
chapter 2)

V(λa, ϵI) = (−1)m
∫
M2m

e−ϵ⃗·y⃗−
ω
2π , Fa = {y⃗ ∈ Rm : la(y⃗) = yIv

I
a − λa = 0} , (5.4.134)

later generalized including higher-times [88], is the (regularized) volume of a symplectic
manifold (or orbifold). It has been proved useful in studying the extremal problems linked
to supersymmetric solutions, in that it contains (and generalizes) the Sasakian volume
and the supersymmetric action (or master volume) of GK geometries [24, 25, 26]. To see
the link with our actions, we write the fixed-point formula for the equivariant volume
presented in [83] in our conventions (already specialized to the planar case, see (3.35)
therein) as17

V(λa, ϵ⃗ ) =
π

4G4

2∑
A=1

1

dA

2∏
I=1

eλ
A
aI
b
(A)
I

b
(A)
I

, (5.4.135)

where the b(A)i are defined in (5.2.3), the Kähler parameters for each divisor are identified
as λ11 ≡ λ1, λ12 = λ21 ≡ λ2, λ22 ≡ λ3 and the coefficient (π/4G4) has here been tuned a
posteriori to have agreement with the supergravity computations. We now Taylor expand
this formula around λa ∼ 0 and pick the second order term
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(5.4.136)
To write each term in square brackets in the form of (5.2.4), we need λ1 = λ2 = ±1 but
also λ2 = λ3 = ±1. But then λ1 = λ2 = λ3 ≡ −κ = ±1 and the (second order of the)
equivariant volume becomes

V(κ, ϵ⃗)
∣∣∣
λ2

=
π

2G4

3∑
A=2

1

dA

ï
−κ
[
b
(A)
1 − κ b

(A)
2

]2
4 b

(A)
1 b

(A)
2

ò
. (5.4.137)

This is indeed (5.2.4) for cA = κ, which is the twist case (5.4.123).
17No sum over A in the exponent is intended.
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5.5 Summary of the chapter
In this chapter, we have examined a simpler theory compared to those discussed in chap-
ters 3 and 4, while still encountering solutions with a rich structure. After introducing
the theory under consideration—namely, (Euclidean) minimal gauged supergravity in four
dimensions and its uplift to M-theory in section 5.1—we presented general results derived
from equivariant localization in section 5.2.

The remaining content of this chapter is primarily divided into two parts. In the first,
we analyzed the general Plebański-Demianski solutions, characterized by several parame-
ters, including electric and magnetic charges (Q,P ), NUT and mass parameters (N,M),
as well as rotation and acceleration (ω,A). In the second part, we focused on the less
general Carter-Plebański solution, obtained by taking the limit A → 0 in the PD fam-
ily. The complexity of the PD system compelled us to focus on the simpler CP solution.
Nonetheless, we extracted as many insights as possible from the PD family in section 5.3,
before setting A = 0 in section 5.4. After establishing that our solutions are complex, not
Kähler but conformally ambiKähler, we calculated the main result of section 5.3: a local
renormalized on-shell action obtained via holographic renormalization—see (5.3.37). This
action is the most general form for the PD solution, with no parameters fixed and no su-
persymmetry imposed. In section 5.4, we began by determining the most general Killing
spinor for the CP solution. We then conducted a thorough global analysis of the solution,
focusing on the regularity of the metric, gauge field, and Killing spinor in both the bulk
and the boundary. This analysis confirmed that the bulk and boundary topologies are
M4 = C/Zv ↪→ O(−t) → Σ[m−,m+] and M3 = L(t, 1), respectively, with the possibility
of an orbifold branching in the underlying three-sphere. An important observation from
section 5.4.4 reveals the importance of boundary regularity conditions for the gauge field
A(3). From our perspective, where roughly speaking M3 = limq→+∞ M4, the same reg-
ularity conditions imposed on A(4) must also apply to A(3). This leads to different flat
connections for A(3) compared to those typically chosen in rigid supersymmetry analyses.
Another significant finding from the global analysis is that our spindle bolt solutions can
exhibit both the twist (σ = +1) and the anti-twist (σ = −1), depending on parameter
values. Correspondingly, the on-shell actions, reproduced in all cases using equivariant
localization, fall into two distinct classes. For the twist case, the action is entirely de-
termined by the topological data (t, v,m±). For the anti-twist case, instead, it depends
on a free continuous parameter. The very same behaviour, already observed in earlier
solutions involving (spherical) nuts and bolts, is summarized in appendix B.
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Chapter 6

Conclusions

In this section we present our conclusions and possible future directions for research,
whilst for a summary of each chapter we refer the reader to the specific “Summary of the
chapter” sections 2.3, 3.7, 4.6 and 5.5.

In this thesis, we have analyzed various solutions associated with four-dimensional orb-
ifolds M4, both compact (chapters 3 and 4) and non-compact (chapter 5). Typically, the
metrics one finds in explicit constructions solving the supersymmetry equations are in-
compatible with a Kähler (or even symplectic) structure. Indeed, the solutions presented
in [1, 2, 3] are only compatible with an integrable complex structure—meaning that the
orbifolds are complex or Hermitian—with the exception of the (non-supersymmetric)
M4 = S2 ⋉ Σ, which admits a symplectic structure and can be thus understood in the
context of standard symplectic toric geometry. Even in this more conventional situation,
the presence of orbifolds singularities along the divisors implies that the orbifold is de-
scribed by a labeled polytope [86], obtained as the image of the associated moment map.
Moreover, since orbifold singularities can happen only in (complex) co-dimension two for
an ordinary four-dimensional toric variety, the fan dual to a labeled polytope leads to a
generalization, known as stack [162, 163, 115, 117, 116], which should be the appropriate
framework for describing our M4. In fact, even where we were unable to construct a
symplectic two-form, we managed to extract a labeled polytope, which correctly describe
the properties of the orbifolds. Therefore, in any case, the M4 presented in this thesis are
not toric in the standard sense, and the simplest description we can give them is in terms
of geometries with U(1)2 symmetries, describable by labeled polytopes.

From our perspective, the previous discussion does not pose an obstacle to using
the standard symplectic description of toric orbifolds [122, 86, 121, 118]. More broadly,
and based on experience, many physical quantities of interest—such as entropies, central
charges, and on-shell actions—are topological in nature. Since our primary focus has been
on topological quantities that do not rely on the existence of symplectic structures, we have
been able to safely employ all the relevant tools of toric geometry introduced in chapter
2. In this sense, it is no coincidence that the orbifold off-shell free energies proposed in
[1] and detailed in section 2.2, as well as the on-shell actions for the spindle-bolt, can be
derived from an equivariant integration that selects contributions solely from the fixed loci
of the torus action [144, 145, 146]. For instance, the gravitational block decomposition of
the former has been reproduced in [83, 88, 89], using the equivariant integration of the
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anomaly polynomial, the equivariant (symplectic) volume, or the equivariant localization
of the action. Although the derivation for D4-branes wrapped over M4 from first principles
is not available, it is remarkable that (most of) the relevant problems related to extremal
functions can be reproduced from (the integration of) simple objects. It would therefore
be interesting to generalize the five-dimensional indices [164, 165, 166] to the case of a
five-dimensional SCFT defined on S1×M4 and to apply the technique outlined in [48, 49].

There are many open problems in this direction. First, it would be of utmost interest
to reformulate the entire framework in terms of equivariant integration, as was started in
[83, 88, 90, 83, 84, 89, 91, 88, 92, 93, 94, 95]. Furthermore, for the moment, it is coinciden-
tal that many BPS observables, such as the on-shell action, are equal to the integration
of some (equivariantly) closed poly-forms constructed on supersymmetric bilinears1. It
might be that is possible to reformulate the problem in terms of superfields and super-
charges, defining an equivariant differential in the superspace formalism. It would also be
interesting to consider the non-toric setting, where the number of expected global U(1)
symmetries is strictly less than half of the orbifold’s (real) dimension2. In this case, the
difficulty arises because the localization formulas now receive contributions from extended
fixed loci, not just fixed points. Another interesting point concerns supersymmetry. In-
deed, since the extremal function is topological in nature, one could wonder whether it
is applicable also without supersymmetry. Although this problem seems generally com-
plicated, as supersymmetry brings many simplifications, a simpler question might be to
understand what types of twists are allowed in a theory. For example, the spindle in the
four-dimensional accelerating black hole [46] realizes only the anti-twist, but on a fun-
damental basis, it is possible to write down an extremal problem also for the twist [52]
(see also (5.4.64)). More generally, for four-dimensional toric orbifolds, one must choose a
vector of twists σa, as in (2.2.9), but for the moment, only some configurations are found
to be “dual” to existing solutions.

This question falls into the category of “extremization and existence” problems. In
general, one hopes that the existence of an acceptable critical point with a positive ex-
tremal function is sufficient for the (supergravity) solution to exist. In practice, given
a polytope with a set of toric data (⃗̂va,ma) in the language of chapter 2, one can run
the extremization problem from section 2.2 and obtain a result, but this does not guar-
antee the existence of a black string solution with that entropy (or central charge). For
the time being, statements regarding existence are only available for the Sasaki-Einstein
case [35, 36, 119], where the extremization of the Sasakian volume with respect to the
trial Reeb vector is sufficient for a Sasaki-Einstein metric to exist. The first step in
this direction should be to better understand the existence of Gauntlett-Kim geometries
[24, 25, 26], studying the conditions under which the fourth-order PDE characterizing the
geometry has solutions, or at least obstructions. Regarding this problem, it should be
relevant to acquire a clearer insight into the results of section 5.4.6, where it is shown that
the on-shell action for the spindle bolt is reproduced by the extremization of an extremal
function Soff-shell only for the twist through the spindle, with a possible connection to
the equivariant volume being proportional to Soff-shell. A final comment is that it should

1Currently, these bilinears are constructed explicitly by trial and error, theory by theory. It would be
interesting to explore whether there is a systematic method to find them using a G-structures approach.

2One might also consider “non-abelian” localization, or explore why it is sufficient to localize only
with respect to some U(1).
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also be possible to extend equivariant localization techniques to odd dimensions, with
the first work in this direction being [167], where a five-dimensional analogue of nuts and
bolts is considered, in the context of five-dimensional ungauged supergravity. For a later
development in gauged supergravity see [168].

From the gravitational point of view, solutions of the form AdSa ×Mb naturally lend
themselves to an interpretation in terms of branes wrapped (either completely or partially)
on Mb, and should be viewed as near-horizon geometries of certain black objects. For
instance, our solution AdS2×Σ1⋉Σ2 [1], as well as the more general AdS2,3×M4 [2], should
be regarded as simplified models (regardless of how sophisticated they may be!). The
prototypical example of this is the AdS2×Σ solution [46], which arises as the near-horizon
geometry of the Plebański-Demianski black hole. Identifying the black objects whose near-
horizon geometry matches these solutions would be a significant advancement, as it would
expand the landscape of black holes to include those with exotic horizons. Moreover, the
way in which we have written the off-shell free energy in section 2.2 might suggest the
existence of orbifold solutions with an arbitrary number of fixed points. Currently, only
(holographically relevant) geometries with two or four fixed points have been studied. It
is therefore crucial to test our conjecture on different types of orbifolds. For example,
finding a solution with three fixed points, such as AdS2,3×WCP2

[n1,n2,n3]
, within a suitable

(super)gravitational theory in D = 6, 7 would be an interesting progress. Such a result
would, moreover, hold significant value in its own right. In the same spirit, one could try
to find spindly bolts also in five-dimensional gauged supergravity, generalizing the results
of [167], or search for a multi-bolt solution which generalize the one presented in chapter
5. For example, it is perhaps possible to extend the (anti) self-dual m-pole metrics on
the ball [169, 147] and the scalar-flat bolts [170] to more general non self-dual m-bolt
solutions, possibly with also orbifold singularities.
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Appendix A

Conventions and equations of motion

In this appendix we collect some conventions used throughout the thesis and present the
equation of motions for the D = 6, 7 gauged supergravities considered in section 3.1.

In our notation the Hodge star action on a p-form ω(p) in a d-dimensional space(time)
with signature s is defined as

⋆(d)ω(p) =

√
|g|

p!(d− p)!
dxν1 ∧ . . . ∧ dxνd−p ε̃ν1...νd−pµ′1...µ′pg

µ′1µ1 . . . gµ
′
pµpωµ1...µp ,

⋆2(d)ω(p) = (−1)s+p(d−p)ω(p) , ⋆(d)v(p) ∧ ω(p) =
1

p!
vµ1...µpω

µ1...µp
»

|g|ddx ,
(A.0.1)

where ε̃ is the Levi-Civita symbol, with ε̃0...(d−1) = +1. The Levi-Civita tensor is obtained
as εµ1...µd =

√
|g|ε̃µ1...µd . Moreover, it holds

(−1)sε̃µ1...µd ddx = dxµ1 ∧ . . . ∧ dxµd . (A.0.2)

D = 6 gauged supergravity

From the six-dimensional Lagrangian
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ï
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(A.0.3)

with scalar fields φ⃗ and potential V6 given by

Xi = e−a⃗i·φ⃗ , a⃗1,2 =
(
±2−1/2, 2−3/2

)
, φ1 =

−1√
2
log

X1

X2

, φ2 = −
√
2 log(X1X2) ,

V6 = m2X2
0 − 4g2cX1X2 − 4mgc , X0(X1 +X2) ,

(A.0.4)
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we get the following equations of motion

Einstein’s equations

Rµν −
V6
4
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(A.0.5)

where, for any p-form we have defined the energy-momentum tensor
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Equations for the scalar fields
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Maxwell’s equations
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(A.0.8)

D = 7 gauged supergravity

From the seven-dimensional Lagrangian
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with scalars and potential given by

Xi = e−a⃗i·φ⃗ , a⃗1,2 =
(
±2−1/2, 10−1/2

)
, φ1 =

−
√
2

2
log

X1

X2

, φ2 =
−
√
10

2
log(X1X2) ,

V7 =
g2c
2

[
X2

0 − 8X1X2 − 4X0(X1 +X2)
]
, X0 = (X1X2)

−2 ,

(A.0.10)
we obtain the following equations of motion

Einstein’s equations
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Equations for the scalar fields
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Maxwell’s equations
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Appendix B

Old notable NUTs and Bolts solutions

The aim of this section is to explain the table below in figure B.1, namely how our
CP spindle-bolt solution generalizes all the previous known NUTs and Bolts solutions
available in literature [109, 110, 111, 96]. Moreover, the PD spindle bolts contain also
the accelerating black hole [46, 47]. To this end, we will collect firstly some relevant fact
about the old solutions, constructing then a limit which will allow us to recover them
both locally and globally.

1/4-BPS NUTs 1/2-BPS NUTs

1/4-BPS Bolts

NUTs & Bolts
SU(2)× U(1) [111]

1/2-BPS Bolts

1/4-BPS Twist
Spindle Bolts

U(1)× U(1) [here]
1/4-BPS Anti-Twist

1/4-BPS Type I
NUTs

U(1)× U(1) [96]
1/4-BPS Type II

Figure B.1: Summary of supersymmetric euclidean AdS4 solutions to d = 4, N = 2 mini-
mal gauged supergravity containing nuts and bolts. In the central column the symmetry
and the bulk content are sketched, while the lateral columns show when a certain super-
symmetric solution is contained in another one by some limiting procedure which will be
explained in detail below.

[96] The first solution we consider is the U(1)×U(1)-invariant two-parameter Euclidean
solutions of [96]. These are 1/4-BPS solutions in the CP family (A = 0) where the
conformal boundary is a squashed S3 and have the topology of the ball, namely they
contain a single nut in the bulk. They belong to the class of self-dual solutions [147].
According to the values of the parameters, there is a splitting into two distinct families,
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referred to as Type I and Type II, which are distinguished by the form of their on-shell
action and supersymmetric Killing vectors1

Type I :
S =

π

2G4

,

ϵ⃗ ∝ (1,−1) ,
Type II :

S =
π

8G4

ï
β +

1

β

ò2
,

ϵ⃗ ∝ (β2, 1) .

(B.0.1)

These are consistent with the general results of [147, 171], and also with the results of
chapter 5, with fixed action and Killing vector for a family, and with the dependence on
a single (out of two) parameter for the other.

[111] A similar behaviour is present in the one-parameter SU(2)×U(1)-invariant solu-
tions of [111], where the boundary, this time, is a squashed lens space M3 = L(t̂, 1) =
S3/Zt̂, while the bulk may be either a nut M4 = R4 or a bolt M4 = C ↪→ O(−t) → S2,
which is always a round S2. This has been generalized in [137] including a bolt with
topology of Σg. For each type of bulk topology, there are again two distinct families, re-
ferred to as 1/4-BPS and 1/2-BPS. The Bolt solutions are characterised by their on-shell
actions as well as the flux of the graviphoton field through the S2 bolt, that read

1
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∫
S2

F = −1 + κ
t̂

2
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[
s2 − t̂2

16

]ò
,

(B.0.2)

where t̂ ∈ N, κ = ±1 is a sign further distinguishing two branches of the solutions (as in
chapter 5) and s is the squashing of the lens space boundary. Here t̂ ≥ 2 for κ = −1 and
t̂ ≥ 3 for κ = +1 [111]. We record here also the supersymmetric Killing vector ϵ⃗ for these
solutions, which is given (up to an irrelevant normalization constant) by [90]

1

4
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(B.0.3)
For the NUT solutions the on-shell actions and Killing vectors read [111, 147]
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ã
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(B.0.4)

[46, 47] Finally we recall the accelerating black hole solution, which has boundary
topology Σ×S1. In this case the underlying metric is PD (A ̸= 0) and it is the acceleration
itself responsible for the conical singularities of the spindle. Allowing the parameters of the
solution to take complex values one obtains a “non-extremal” supersymmetric solution [47]
that in the bulk has a bolt with spindle topology2. We introduce some standard notation

µ =
m− +m+

m− −m+

, G4Qm =
m− −m+

4m−m+

, χΣ =
m− +m+

m−m+

, (B.0.5)

1The parameter β is related to the parameter Q that appears in (5.3.4) as 2Q = (β2 − 1)/(β2 + 1).
2In the extremal limit the solution in the near horizon becomes AdS2 × Σ.
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in terms of which
1

2π

∫
Σ
F = 2G4Qm , S± = ± 1

2iG4

ï
φ2

z
+ (G4Qm)

2 z

ò
, φ− χΣ

4
z = ±iπ , ϵ⃗ ∝ (2π, iz) .

(B.0.6)
where z is a complicated function of the two parameters of the solution. Notice that the
supersymmetric accelerating black hole reduces to the Kerr-Newman-AdS one [149] when
the acceleration is turned off. This results in a spherical horizon with m− = m+ = 1,
for which the on-shell action has been computed in [47] and coincides with (B.0.6) for
Qm = 0 and χS2 = 2.

Bolt solutions of [111]
After this preview, we now review briefly in more detail some aspects of the spherical Bolt
solutions of [111]. Locally, the solution is given by

ds24 =
r2 − s2

Ω(r)
dr2 + (r2 − s2)(σ2

1 + σ2
2) +

4s2Ω(r)

r2 − s2
σ3 , A =
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r2 − s2
− Q̂

2rs

r2 − s2

ã
σ3 .

(B.0.7)
with metric function

Ω(r) = (r2 − s2)2 + (1− 4s2)(r2 + s2)− 2M̂r + P̂ 2 − Q̂2 , (B.0.8)

and σi given by

σ1 + iσ2 = e−iψ̂(dθ̂ + i sin θ̂dφ̂) , σ3 = dψ̂ + cos θ̂dφ̂ . (B.0.9)

As demonstrated in [111], this is the most general local form of the supersymmetric
solutions with SU(2)×U(1) symmetry, which is enhanced with respect to the U(1)×U(1)
symmetry of the spindle bolt. The BPS conditions then split this solution into two classes3

1

2
-BPS : M̂ = ηQ̂

√
4s2 − 1 , P̂ = −ηs

√
4s2 − 1 ,

1

4
-BPS : M̂ = 2ηsQ̂ , P̂ = −η4s

2 − 1

2
.

(B.0.10)

The range of the radial coordinate is taken to be s ≤ r0 ≤ r < +∞, where r0 is the largest
root of Ω(r), with r0 > s for the bolt case. Then, the regularity analysis of the metric in
the two classes leads to the following conditions

1

2
-BPS : Q̂ = η

(128s4 − 16s2 − t̂2)κ

64s2
, r0 =

1

8

Ç
t̂

s
− 4κ

√
4s2 − 1

å
, (B.0.11)

and

1

4
-BPS :

Q̂ = η
t̂2 ± (t̂− 16s2)

»
G+(t̂, s)

128s2
, r0 =

t̂±
»

G+(t̂, s)

16s
, κ = 1 ,

Q̂ = −η
t̂2 ∓ (t̂+ 16s2)

»
G−(t̂, s)

128s2
, r0 =

t̂∓
»

G−(t̂, s)

16s
, κ = −1 ,

(B.0.12)

3Notice the insertion of the sign η = ±1 here, which accounts in the two possible choices explained
in [111].
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where
G±(t̂, s) = (t̂± 16s2)2 − 128s2 . (B.0.13)

Notice that here, contrarily to [111], we considered two branches for both the 1/4-BPS
conditions, as pointed out in [137].

Limits to the old solutions
As anticipated, our solution (5.4.1)-(5.4.3) generalizes in various ways the ones presented
in [111, 96]. In this section we study the limits which reproduce those results and show
how to recover their on-shell actions.

U(1)× U(1)-invariant solution of [96]

Let us start from the case [96], which is simpler to be recovered since the local form of
the solution is exactly the same. The main difference from this reference is that therein
the regularity led to P = Q, N = M and q+ = p+. The conditions to come back to [96]
are

q̃+ → 1 + x , η = λ =⇒ κ = 1 , m− −m+ → 0 ,
σ = 1 : t→ 0 ,

σ = −1 : t→ −2

x
v .

(B.0.14)

The first comes from the condition q+ = p+ in terms of the parametrization (5.4.99);
as a consequence, q+ and p+ must be zeros of the same type of function (5.4.6), hence
the second condition. Since the spindle should disappear, we require the third condition
which together with previous two implies the last condition. Clearly in this limit the
interpretation of t breaks down (and the negative sign is an artefact due to Re(ηP ) not
being positive anymore). In particular, the Type I and Type II solutions of [96] have
boundary topology of S3, for which more properly t = 1 in both cases.

We can now recover the actions for Type I and Type II given in (B.0.1). For the Type
I case, m± → 1 and t→ 0 from (B.0.14), for which only the first contribution in (5.4.117)
survives. With t = −2v/x from (B.0.14), instead, and m± → 1, we get

Type II : Sren =
π

2G4

1

1− 4[Q/(p+ + p−)2]2
. (B.0.15)

This is equivalent to the one presented in (B.0.1) when p+ + p− = 1, a condition fixed
by the authors of [96] taking advantage of the scaling symmetry (5.3.6). Here we have
restored that factor, since p+ + p− ̸= 1 for us.

SU(2)× U(1)-invariant solution of [111]

Now we move to the SU(2)× U(1) invariant solution presented in [111] and summarized
in our conventions in Appendix B. In the spirit of appendix C of [147], we firstly construct
a scaling limit under which (5.4.1) and (5.4.2) become (B.0.7) and, at least locally. Notice
that in our case the solution is not (anti) self-dual, so that [147] must be extended. The
limit is obtained for ϵ→ 0+ on the coordinates

p = s(1− ϵx cos θ̂) , τ = s

Å
2ψ̂ +

φ̂

ϵx

ã
, σ =

φ̂

s

1

ϵx
, (B.0.16)
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as well as on the parameters

N = −s(4s2 − 1) , E = 1− 6s2 , α = P̂ 2 − s2
(
3s2 − 1 + ϵ2x2

)
, (B.0.17)

where we employed the parametrization (5.4.99) for the roots and θ̂ ∈ [0, π]. Moreover,
we identify

q = r , (M,P,Q) = (M̂, P̂ , Q̂) , w = s , (B.0.18)

where s is the squashing parameter as before. In the limit, the BPS conditions in (5.4.5)
boil down to (B.0.10), as expected. Notice that under this scaling limit we get p+ → p−,
which is in a certain sense the complementary situation to q+ → p+ of the previous
subsection. As p+ → p−, the spindle degenerates and the parametrization variable w is
unconstrained, since m+/m− = 1 +O(ϵ). However, the limit procedure instructs us that
w = s+O(ϵ), and applying this on (5.4.100) one obtains

σ = 1 : w = s+O(ϵ) ⇐⇒ m± =
1

2(2s2 + ηP̃ )
∓ s2(r20 + s2 + ηP̃ )

(r20 − s2)(2s2 + ηP̃ )2
ϵx+O(ϵ2) .

(B.0.19)
Even if it looks odd, using the 1/4-BPS conditions (B.0.10) the first term is exactly 1, as
expected for a spindle which becomes a sphere. This expression makes (5.4.101) infinite

∆ =
2π(r20 − s2)

s

1

ϵx
+O(ϵ) , (B.0.20)

in the precise way such that vol(Σq+) < ∞ and (5.4.104) coincides with (4.7) in [111].
Plugging the values (B.0.19) in (5.4.102) and inverting the parametrization (5.4.99) to

σ = 1 : P̃ =
P

2s
, q̃+ =

r0
s
, (B.0.21)

we obtain correctly that (5.4.102) boils down to t = vt̂ + O(ϵ), respectively, for the
appropriate class of regularity conditions (B.0.12) with κ = ±1. The procedure can be
now repeated also for the anti-twist case, for which

σ = −1 : m± = 1∓
2s
[
s+ (r20 − s2)(2s∓

√
4s2 − 1)

]
r20 − s2

ϵx+O(ϵ2) , (B.0.22)

where we already plugged (B.0.10), and with

σ = −1 : P = −P (−2s2ϵx+ ηP )

4s3
, q̃+ =

r0
s
, (B.0.23)

one gets again w = s+O(ϵ) and t = vt̂+O(ϵ).
After this local scaling limit, we can recover the action (B.0.2). For the 1/4-BPS case,

m± → 1+O(ϵ) from (B.0.19) but t = vt̂+O(ϵ) remains non-zero. Thus only the last term
in (5.4.117) vanishes, giving the correct result. The limit to the 1/2-BPS action in more
complicated, since in this limit q is infinite. However, q/m± is finite and using (B.0.22)
and t = vt̂+O(ϵ) we obtain indeed the second line of (B.0.2).

Finally, let us comment on the relation with the supersymmetric nuts of [111]. These
must correspond to the even more degenerate case in which p−, p+ and q+ coincide, thus
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finishing all the possibilities. We shall refrain to construct explicitly this limit, since it
was already observed in [96] that the supersymmetric 1/2 and 1/4-BPS nuts of [111]
are subcases of the nuts in [96]. However, the action of the 1/4-BPS nut in (B.0.4) is
already equal to the one of Type I in (B.0.1). For 1/2-BPS, we can rewrite the Type II
action (B.0.15) using the parametrization (5.4.99) as

Type II : Sren =
2π

G4

w4

4w4 − P 2
, (B.0.24)

where recall that Q = P for Type I and Type II. Then, since w = s and P = P (s)
from (B.0.18) and (B.0.10), we reproduce exactly the second line of (B.0.4).
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