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Abstract

In this work, we address the modeling and design of vertical-cavity surface-emitting
lasers (VCSELSs) featuring large-active-area non-circular geometries and elliptical
polarization states. This is motivated by novel applications such as chip-scaled
atomic clocks, quantum gyroscopes and atomic magnetometers, requiring high-
power single-mode emission and circular polarization for optical atomic pumping.
Traditional VCSELSs, based on circular oxide apertures, featuring a relatively low
optical power and linear polarization, are not suited for these needs, thus demanding

new device architectures and accurate simulation tools.

To this end, a comprehensive and physics-based mathematical framework has
been developed, capable of describing the electromagnetic modal behavior of VC-
SELs with arbitrary transverse geometries. The resulting simulation tool, our VCSEL
ELectroMagnetic Suite (VELMS), supports both full-wave 3D simulations and sim-
plified 1D scalar and vectorial formulations. The framework allows an efficient
computation of optical modes and polarization states, only relying on the refractive
index distribution of the VCSELs, and can also include self-heating and surface

patterning effects.

The developed model was applied to two classes of VCSELs. The first focuses
on large-area rectangular VCSELSs for high-power single-mode operation. These
devices exploit surface grating reliefs to achieve single-mode emission by matching
the relief positions with the intensity peaks of the desired optical mode. High-
power single-mode devices relying on this strategy were realized and measured
in terms of near and far-field profiles, confirming our simulation results. Further
optimizations involved far-field shaping for a better coupling with optical fibers and
the modification of the grating reliefs’ design at high bias currents, where thermal

lensing strongly affects the topography of the optical modes.



vii

The second application concerns VCSELs that can directly emit elliptically
and circularly polarized light, targeting the elimination of bulky quarter waveplates
in chip-scale atomic devices, needed to convert the polarization from linear to
circular. A new approach to achieving polarization control was introduced, based
on the concept of 3D cavity chirality, obtained from the interaction of tilted optical
anisotropies. We simulated and measured a fabricated device, which combines the
anisotropy arising from the electro-optic effect, aligned with the semiconductor
crystal axes, and a tilted subwavelength grating. By doing so we confirmed the
model’s ability to predict the Stokes parameters associated to the lasing polarization,
thus further validating the simulation tool. Parametric optimizations were performed
to maximize the degree of circular polarization and explore the role of strain, which

introduces additional optical anisotropies through the elasto-optic effect.

This work provides both a rigorous theoretical foundation and practical design
strategies for next-generation VCSELs. Thanks to its generality, the developed
framework is applicable to a wide variety of VCSEL architectures, including different
wavelengths and material systems, making it a versatile asset for current and future

photonic applications.
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Chapter 1

Introduction

1.1 Vertical-cavity surface-emitting lasers: targeting

novel applications

Since their first presentation in 1977, vertical-cavity surface-emitting lasers (VC-
SELs) have come a long way [1], becoming the dominant light sources for short
haul communication in data centers [2], gas sensing [3] and 3D-sensing [4], e.g.,
face recognition applications, eventually opening the doors to LiDAR applications
for the automotive market [5]. Initially, VCSELs featured a cylindrical geometry;
however, their recent growth has been driven by breaking this paradigm, enabling a
variety of alternative geometries. This diversification has led to distinct modifications
in the emitted light’s properties, including modulation speed, optical power, and
polarization. According to the 2023 Yole Intelligence annual projection reported in
www.yolegroup.com, the VCSEL market is expected to keep growing following Fig.
1.1.

Besides an expected increase in overall funds of 43%, a staggering increase of
84% is expected for telecommunication application. Indeed, short haul data transmis-
sion in data centers represents nowadays the bottleneck of internet speed, especially
with streaming services and artificial-intelligence on the rise. In addition to system-
level improvements [6], circular VCSEL geometries for high-speed applications
must be designed accounting for several factors. Optimized commercial structures

feature many oxide apertures and intracavity contacts to reduce the RC bandwidth
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Source: VCSEL report, Yole Intelligence, 2023

@ Mobile and Consumer

@ Telecom and Infrastructure — == CAGR st
Industrial 2028 by s108m $3M> ~ 4=/f2 *®

@ Defense $1,401M / \

@ Medical . \CAGRz; 551

@ Automotive and Mobility . 7215% \ 7%

2022 $232M |
— CAGR;; 35: 11% —
o - .;“}\ $978M o |
4 @ \ CAGR,;.5: 3% //
\
\
|
// CAGRy.26: 6% g
/

@©) YOLE

Fig. 1.1 Projection of the VCSEL market growth from 2022 to 2028, according to the 2023
Yole Intelligence report (www.yolegroup.com).

limitation and smaller oxide apertures to have the lowest possible optical volume
[7]. However, more recent efforts aim at revolutionary designs relying on transverse
coupled cavities (TCC), demonstrated more than a decade ago [8, 9] and recently
regaining interest [10—13], harnessing the principle of photon-photon resonance
(PPR). Despite being promising and demonstrated more than ten years ago, these
devices are not currently on the market, highlighting the need to properly understand
their electromagnetic properties for improved yield and reliability. To this aim, fast
and efficient VCSEL simulators are needed, since TCC-VCSELSs feature complex

transverse shapes, deviating from the circular VCSEL geometry.

Furthermore, Fig. 1.1 suggests an exceptional expected increase in automotive
and mobility, displaying investments growing from 4 G$ in 2022 to 108 G$ in 2028,
targeting a massive employment of VCSEL-based LiDARs in vehicles. This is
strictly linked to the realization of high-power VCSELs. The concept of a high-
power VCSEL seems like an oxymoron, as VCSELSs typically target a low threshold
current and power consumption, which results in low optical output power. However,
thanks to their versatility, vertical emission capability, and the possibility of realizing
2D planar arrays, VCSELSs are also appealing for high-power applications, provided
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their structure is properly modified, with current approaches including multi-tunnel
junction VCSELSs, leveraging the principle of carrier recycling [5], and large active
area VCSELs [14-16]. It is remarkable how these two solutions for high power
are independent, thus an optical power scale up is doable by combining the two

methodologies.

As the optical power of VCSELSs increased, their application extended to atomic
clocks, atomic magnetometers, and quantum gyroscopes [17-28]. These advance-
ments aim to miniaturize such devices to chip-scale levels by exploiting compact
and efficient light sources. High optical power is essential for effective atomic
pumping, while single-mode (SM) emission is crucial for exciting specific electronic
transitions in targeted atomic species. In this context, the development of high-power
SM VCSELs is pivotal for harnessing the inherent compactness and versatility of

VCSELs in atomic applications [29].

In atomic devices, in addition to SM emission at the correct wavelength, polariza-
tion is also critical. Atomic transitions are activated exclusively by circularly polar-
ized light, which serves as the pumping source. Consequently, a bulky quarter-wave
plate, converting linear polarization to circular, is typically an essential component
in such devices. To enhance compactness, numerous research efforts are focused on
developing emitters capable of directly generating circularly polarized light, thereby
eliminating the need for a quarter-wave plate.

This demand has given rise to a novel research area: circularly polarized (CP)
VCSELSs, which not only benefits atomic applications but also holds potential for
spintronics, thanks to the selective interaction between spin-polarized carriers and
circularly polarized photons [30]. CP VCSELs can be realized by embedding a
two-dimensional chiral layer into the emitter’s epitaxial structure, such as cholesteric
liquid crystal layers [31] or 2D metastructures [32-36]. Alternatively, they can be
achieved through three-dimensional cavity chirality, relying on misaligned optical

anisotropies [37].

The potential applications and market relevance of a certain technology are
closely tied to the scientific interest in new methodologies and advancements. By
analyzing data from the Scopus database (www.scopus.com), we can trace how
research groups have progressively engaged with this topics over time, as reflected

in the annual number of publications shown in Fig. 1.2.
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Fig. 1.2 Number of publications evolving in time for various VCSEL applications, from
high-speed and PPR/TCC VCSELs (right) to high power VCSELSs, high power SM VCSELs
and VCSEL:s for atomic devices (left).

The graph on the left highlights that research on high-speed VCSELs began
in the early 1990s, providing ample time for the development and optimization of
bandwidth in standard circular devices, now supported by hundreds of publications
per year. From the early 2010s, TCC-VCSELs have emerged as a promising approach
to push these limits beyond the state of the art. However, the relatively low number of
publications suggests that several aspects remain insufficiently understood, leaving
room for improvement and making them an active area of interest in both academia

and industry.

In contrast, high-power VCSELSs, along with their byproducts such as high-power
SM devices and VCSELSs for atomic applications, have grown steadily over the past
three decades, now reaching tens of publications per year and gaining increasing
prominence in the laser industry. Beyond enabling advances in polarization control,

like CP-VCSELs, their impact is evident across various industrial sectors.

For instance, the Qyro project [38] is developing an SM VCSEL with a output
power exceeding 10 mW, intended as the optical source for a quantum gyroscope
to be deployed in the first satellite utilizing quantum sensors, scheduled for launch
by 2027 (see TRUMPF VCSELs for the Qyro Project). This project represents an
application for the space industry, complementing the applications already explored

in the automotive and mobility fields, as shown in Fig. 1.1.

Many VCSELSs used in these novel areas depart from the conventional VC-

SEL paradigm, replacing the typical circular oxide confinement with other oxide
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shapes and exploiting surface patterning techniques. This shift calls for a better
understanding and an appropriate modeling of VCSEL designs.

Throughout this doctoral dissertation, we setup a fully tridimensional and vecto-
rial mathematical framework based on coupled mode theory, capable of efficiently
handling VCSELSs of any shape, also accounting for self-heating of the device and
surface patterning. This theory is embedded in our VCSEL Electromagnetic Suite
(VELMS), a VCSEL optical mode solver originally published in [39] and success-
fully applied to a variety of cases [40, 14, 4146, 37, 29, 13] for more than two
decades.

The code was originally developed for conventional circular VCSELSs, with a
progressive addition of new transverse shapes, requiring a complex mathematical
parametrization of non-circular shapes in polar coordinates. One of the strengths
of this thesis relies in bypassing the analytical description of the shapes, making
it fast and efficient for analyzing the impact of design variations on modal perfor-
mances, also allowing for non-circular self-heating temperature profile. This feature
represents a crucial point to analyze large rectangular active areas for high power

applications [29], extremely dependent on confinement shape.

1.2 Circular VCSEL geometry

A sketch of a VCSEL structure is reported in Fig. 1.3. A short-haul VCSEL
designed for intra-data center telecom applications, targeting a wavelength A, = 850
nm, is realized using Al,Ga;_,As, where x € [0, 1] represents the aluminum molar
fraction. The device is built on an n-doped GaAs substrate, starting with the epitaxial
growth of an n-doped distributed Bragg reflector (DBR) as the bottom mirror. This
DBR consists of alternating AlGaAs layers with high and low aluminum molar
fractions, creating a periodic variation in refractive index with low and high indices,
respectively. The behavior of refractive index with Al molar fraction in AlGaAs
is illustrated in Fig. 1.4. Transitions between high and low molar fraction layers
are often graded to reduce resistivity at heterointerfaces. However, this approach
compromises reflectivity, requiring a higher number of layer pairs compared to DBRs

with sharp interfaces.
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Fig. 1.3 3D sketch of a standard 850 nm VCSEL structure, together with typical dimensions
and refractive index values.

Above the bottom DBR lies the intrinsic cavity, an AlGaAs region containing an
active region (AR) with undoped GaAs quantum wells (QWs) that provide optical
gain for stimulated emission. The cavity is capped by a p-doped DBR, forming
the top mirror, which completes the vertical confinement of light. To allow light
outcoupling at the top facet, the top DBR must feature fewer pairs than the bottom
DBR, resulting in lower reflectivity. Usually the bottom and top graded AlGaAs
DBRs feature around 35 and 20 pairs, respectively. The topmost layer of the top
DBR, known as the cap layer, plays a crucial role in the performance and reliability
of the VCSEL. This layer, typically composed of pure GaAs rather than AlGaAs,

has three primary functions:

1. electrical: the cap layer interfaces with the top electrode and is heavily p-doped
to facilitate efficient current injection. GaAs, with its superior hole mobility

compared to AlGaAs, ensures excellent electrical contact with the electrode;

2. chemical: unlike AlIGaAs, GaAs does not oxidize when exposed to air. Since
the cap layer seals the VCSEL structure, this choice of material provides long-
term stability to the device by preventing oxidation, which would otherwise
degrade the performance over time;
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3. optical: the thickness of the cap layer plays a critical role in determining the
reflectivity of the top DBR. This, in turn, influences key optical properties
such as the modal threshold and the light outcoupling efficiency. The reflec-
tivity varies periodically with the cap layer thickness, with a spatial period
of A/(2ncap), Where ne,p is the refractive index of the cap layer. By care-
fully adjusting the cap layer thickness, the desired optical properties can be

achieved.

In both DBRs, the layer thicknesses required for maximum reflectivity around A,
are A¢/(4ng) and A;/(4ny) for the high and low index layers, ny and ny. being their
indices, respectively [47]. Additionally, the cavity thickness required to ensure the
emission at A, must be A/ncay, Where ng,y is the cavity’s refractive index!. The
vertical stack is collectively referred to as the epitaxial structure of the VCSEL,
which also functions electrically as a pin junction with heterointerfaces due to molar

fraction changes.

= 3.8
[}
o
E367 —— A =795m
2 ——A\=850nm
S 345 A =940 nm
<
&
©32¢
;<~/}
< 3r
<
<53 | | | |
0 0.2 0.4 0.6 0.8 1

Al molar fraction

Fig. 1.4 AlGaAs refractive index as a function of the Al molar fraction for different relevant
wavelengths [48].

While the epitaxial structure ensures longitudinal light confinement, additional
measures are required for transverse confinement. Within the top DBR, one layer
with a high aluminum content, typically > 0.98, located close to the cavity, serves
as oxidation layer. The structure is partially etched from the top, stopping above
the cavity but below the layer to be oxidized, leaving behind a mesa, i.e., a pillar
of the remaining top DBR. The device is then subjected to an oxidation process,

converting the outermost part of the oxidation layer to aluminum oxide (Al,03),

IThis is an example of what is known as a A-cavity VCSEL. It is not the only possibility, since
also A /2 cavities are employed for high-speed applications, bringing closer together the QWs and the
oxide aperture and minimizing the spreading of carriers due to lateral diffusion.
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while the central portion remains AlGaAs. Aluminum oxide has a significantly lower
refractive index, ~ 1.6 at 850 nm, and negligible electrical conductivity, enabling the
formation of a radially defined oxide aperture. This aperture confines both the optical
mode and the current density transversely. For single transverse mode emission, a
circular aperture diameter of approximately 3 um is required. After the oxidation
process, the mesa gets encapsulated by a passivation material.

For circular VCSELSs, electrical contacts are formed by an annular electrode on
top of the mesa and a planar electrode at the bottom of the substrate. The outcoupling
facet of the VCSEL can also be patterned for additional functionality, such as etching
a grating for polarization control.

1.3 Thesis Structure

This thesis focuses on developing a mathematical framework for the analysis of
VCSELs, which is subsequently applied to their optimization across various applica-
tions. It moves from a general theoretical foundation to practical implementations,
with a particular emphasis on VCSELSs featuring non-circular transverse shapes and
supporting the emission of different polarizations. The framework is completely
general and potentially addresses all emerging applications discussed in Section
1.1. The approach combines fully vectorial three-dimensional (3D) simulations,
simplified one-dimensional (1D) models, and a generalized vectorial interpretation

of the Barkhausen criterion, which allows for a better understanding of polarization.

The initial part of the thesis establishes the theoretical framework. Firstly, we de-
rive the coupled mode equations, which are obtained rigorously from the reciprocity
theorem in the frequency domain. The framework is then applied to the 3D and 1D
cases, extending the existing 1D model from scalar to vectorial, with emphasis on
elliptically polarized single-transverse-mode VCSELs. The generalization of the
Barkhausen criterion to the vectorial domain provides simple, intuitive rules and
analytical expressions to determine the emitted polarization states. The correctness
and predictive capability of the vectorial 1D theory and the vectorial Barkhausen
criterion are validated by direct comparison with results obtained from fully vecto-
rial 3D simulations of single-transverse-mode VCSELs, ensuring consistency and
reliability of the simplified models.
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A crucial aspect is the treatment of optical anisotropies, which in VCSELSs can
be introduced by:

* Electro-optic effect (EOE): this effect allows modulation of the refractive

index under the influence of an electrostatic field, introducing birefringence.

* Elasto-optic effect: this effect introduces birefringence through mechanical
stress applied to the VCSEL structure.

* Subwavelength grating (SWG): the most effective form of optical anisotropy
from the engineering standpoint is the presence of a SWG at the outcoupling
facet of the VCSEL. This grating introduces controllable birefringence and
dichroism by acting as an equivalent anisotropic medium. Its effects are
analyzed using two approaches, i.e., the analytic Born-Wolf formulas [49]
and a homogenization procedure based on rigorous coupled wave analysis
(RCWA) [50, 51]. These methods enable the grating to be treated as a uniform

anisotropic medium, provided its periodicity remains subwavelength.

Following the description of the theoretical framework, the latter is applied to
two classes of VCSELSs and validated against experimental results, as presented in
the following chapters:

* High-power single-mode rectangular VCSELs: VELMS is employed to
optimize modal parameters and beam profiles in large active-area rectangular
VCSELs, designed for high-power single-mode operation. Experimental
results are also presented, including light-current-voltage (LIV) characteristics,
near-field patterns, and far-field distributions. These findings demonstrate the
practical feasibility of the proposed designs and the ability to achieve partially

collimated emission in non-circular geometries.

« Elliptically and circularly polarized VCSELSs: The vectorial 1D framework
and the generalized Barkhausen criterion are applied to VCSELs with mis-
aligned optical anisotropies, allowing the design of devices capable of emitting
elliptically or circularly polarized states. These polarization states are partic-
ularly valuable for advanced applications such as atomic pumping in atomic
clocks, atomic magnetometers, and quantum gyroscopes. The theoretical
predictions are supported by experimental data, including the first published
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demonstration of elliptically polarized VCSELSs achieved using a SWG tilted
with respect to the electro-optic anisotropy, which is oriented along the crystal
axes of the VCSEL. This unique configuration showcases the potential of

SWGs in precisely tailoring the polarization characteristics of VCSELs.

A summary of the thesis structure is presented below:

e Chapter 1: Introduction.

* Chapter 2: Fully vectorial three-dimensional framework: derivation of cou-

pled mode equations and setup of 3D simulations.

* Chapter 3: Simplified one-dimensional models for normal incidence: scalar
and vectorial analysis for single-mode VCSELSs. Study of the optical anisotropies
associated with electro-optic, elasto-optic effects and subwavelength gratings.

e Chapter 4: Application of 3D simulations. High-power single-mode rectangu-
lar VCSELSs: numerical results, experimental characterization (LIV, near field,

far field), and design optimizations, including the impact of thermal lensing.

* Chapter 5: Generalization of the Barkhausen criterion to the vectorial case:
analytic rules for polarization control. Applications to elliptically and circu-
larly polarized VCSELs, exploiting both the vectorial Barkhausen criterion
and vectorial 1D simulations.

* Chapter 6: Conclusions.



Chapter 2
Rigorous coupled mode theory

To provide an overview of the numerical approaches available for simulating VCSELs
[52], it is useful to mention several established methodologies. Full-wave expansion
techniques include Rigorous Coupled-Wave Analysis (RCWA) [53], although rarely
applied to entire VCSELS, as well as the Plane-Wave Admittance Method [54-56]
and Coupled Mode Theory [39], all of which rely on modal expansions of the
electromagnetic field. Other strategies include the Method of Lines [57], which
attacks directly Maxwell’s differential equations along the VCSEL transverse plane
without modal decomposition, and more computationally intensive finite-element
methods [58]. Among these, our focus is on Coupled Mode Theory (CMT), which
has been successfully applied to VCSEL modeling since [39] and has since been
extended to a wide range of device configurations. Its principal strength lies in its
computational efficiency, which makes it particularly well suited for the analysis of

complex structures.

In electromagnetism, CMT is typically used in the context of perturbation theory,
where the few optical modes of a fully characterized structure are analyzed to
determine how they are influenced by small changes in the refractive index. The
original modes act as a basis, and the perturbed modes are described as a linear
combination. The approach in [39] is different. It starts from the infinitely many
modes of a uniform medium, represented as cylindrical waves. These modes, through
the formulation of a proper eigenvalue problem, are combined to compute the modes

supported by a device, without assuming it to be a "small perturbation"” relative to
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the uniform medium. This makes the method both full-wave and applicable to a

wide range of electromagnetic structures.

In this work, the theory introduced in [39] is further developed, allowing the
use of any set of basis functions to expand the electric field in the VCSEL structure.
Simulations are carried out by bypassing some of the analytical calculations required
for different geometries, relying instead on the computational power of modern
personal computers. This enables the rapid determination of the modal properties of
fully three-dimensional VCSELSs in just a few minutes, only requiring the knowledge
of the VCSEL refractive index and geometry, without the need for any additional

parameters.

We restrict our analysis to the calculation of cold-cavity modes. Temperature
effects are only indirectly accounted for by explicitly modifying the VCSEL refrac-
tive index profile. However, we do not include carrier dynamics, and, consequently,
spatial-hole-burning effects are not considered. A more comprehensive treatment can
be achieved by using the cold-cavity modes, along with their associated properties
such as emission wavelength and threshold gain, as input parameters for a dynamical

model that includes carrier interactions, as done in [13].

2.1 Integral form of the reciprocity theorem

Within the mathematical formulations, bold letters represent non-scalar quantities,
i.e., vectors, matrices and operators. The space to which a non-scalar quantity
belongs will be specified at its definition.

Let us consider the Maxwell’s equations in the frequency domain! with unknown
electric field phasor E(r) € C? (V/m) and magnetic field phasor H(r) € C> (A/m),
together with the known input dielectric permittivity &(r) € C>** (F/m), magnetic
permeability g (r) € C>*3 (H/m), electric current density J.(r) € C* (A/m?) and
magnetic current density J,,,(r) € C? (V/m?)?;

VxE=—jouH—J,,
V xH= jo€eE +J..

2.1

'We are now considering the phasors of the fields. The time dependency is assumed to be as
exp (jot), o being the optical frequency, thus time derivatives become multiplications by j@.
’The space dependency is implied.
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Let us also consider a related problem with unknowns E and H, without sources and
with input dielectric permittivity and magnetic permeability which are the adjoint

(transpose and complex conjugate) to the ones in (2.1) [59, 60], i.e.,

VxE=—jou'H,

) o (2.2)
VxH=jwe'E.

In order to proceed we will need to exploit the well known vector calculus property

which states:
V.- (AXxB)=B-VxA—A -VxB, 2.3)

A and B being generic vector fields in C3. Let us apply (2.3) to the quantity

V- (ExH +E* xH) =V (ExH")+V-(E*xH) =
=H*" " VXE-E-VxH'+H-VXE*—E*"-VxH=
=H" VxE-E-(VxH)"+H- (VxE)" —E*-VxH. (2.4)

Noticing that all the curls in (2.4) can be determined starting from (2.1) and (2.2), it
follows that’

Vx (ExH +E*xH) =H"- (—jouH-J,,)+
—E-(—joe"E") +H- (+jop @) —E* - (joeE+J,) =

= —joH" - (uH) —H*-J,, + joE- (e"E*) + joH - (W H) +
— joE* - (eE) —E*-J,.

If the medium is reciprocal, i.e. € = €7 and p = u, true for typical semiconductor

lasers, the red red and blue terms in the previous equation simplify, giving
V- (ExH+E* xH) =— (H"-J,,+E*-J.). (2.5)

Let us now consider a field whose Poynting vector is aligned with Z, chosen as
the longitudinal direction for a VCSEL. In this view, we can identify a transverse
coordinate p € R? and a propagation coordinate z € R. In this way, it is possible to

decompose the V operator as
V=V,+2d, (2.6)

3Note that the complex conjugate applied on an adjoint matrix simply yields the transposed matrix.
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with V; = dit + d,J in cartesian coordinates. Considering (2.5) with a fixed value of
z and integrating the remaining p-dependent quantity over the entire plane R, it is

possible to obtain:

/RZ(V,—F@Z)-(EXFI*—#E*><H)d2p:—/

- (-3, +E*-J.)d*p. (2.7

The left-hand side of (2.7) gives rise to two integrals, let us focus on the first one

featuring V; and let us apply the 2D divergence theorem, i.e.,

/V,-(Exfl*—i—E* ><H)d2p :j{ - (Exﬁ*—i—E* ><H)dl:0, (2.8)
D oD
dD representing the boundary of D, with D = R?. Indeed the latter expression
requires the evaluation of the fields at the boundaries of D = R? (fields must be
evaluated at infinite), which are zero due to the Poynting theorem. Finally, inserting
(2.8) into (2.7), the integral form of the reciprocity theorem for a field propagating
along z is obtained. We can further notice that the projection along z in the left-hand
side makes uninfluent any z-component of the fields. By defining E; the transverse
component of E (and similarly for the other fields), the final result reads
9 (B, x B+ x H,) -2d% — H* E*-J,)d? 2.9

RZQ_Z( l‘X l‘+ IX l)'Z p—_ RZ( Jm+ Je) p ()
Typically the magnetic currents are not considered and one simply assumes J, = J,
further simplifying (2.9).

2.2 Relation between longitudinal and transverse com-

ponents of the fields

The goal of this section is to show that the transverse and longitudinal components
of the fields are not independent. Indeed, it is possible to derive the longitudinal
component as a function of the transverse one. Starting from a sourceless version of

(2.1) and exploiting the decomposition of differential operators in longitudinal and
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transverse components, assuming no magnetic materials, Maxwell’s equations read

VXE=(V,4+92) x (E,+E;2)=—jouy(H,+H,2),

(2.10)
VxH=(V,+9;2) x (H+H;2) =+jweE.
Defining
Ex &y &y
E=|&x &y &, 2.11)
Ex &y &
with € = €7, the term in €E in (2.10) can be written as
Exx gxy Exz Ex 8xxEx + gxyEy + gszZ
EE= ¢ &, €| |Ey| = |enEx+ENE,+EE | . (2.12)
Ex &y €| |E; ExEx+ &yEy + € E;

The z component of the vector €E defined in (2.12) can be written in a more compact
way by defining the vector

sz
el‘z = gyz (213)
0

and noticing that, due to the reciprocity of €,
[ezx &y 0] =gl
With these definitions, the z component of €E can be written as
eE -2 =€ E, + e, E =€, E +¢&.E.. (2.14)
Projecting both equations of (2.10) onto the longitudinal direction we obtain:

2V xE; = — jougH,,
VixH; = jo (8£El + gzzEz) )

[\ M
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from which the z components of the fields can be easily written in terms of the

transverse ones as:

H. = — (jopo) ' 2-Vi x E,, (2.15)
. 1 1 .
EZ = (J(DSZZ) IZ‘Vt X H[ — 8—££Et
7

The demonstration can be easily generalized in the case of a more general problem
which also icnludes J.. In this case the equations for the z components become:

H, = —(jouo) ' 2V, x Ey,
. 1 1, (2.16)
E, = (jog;)  [2-VixH; - Je,z] - 8_8tzEt'

Z

2.3 Reference medium basis

2.3.1 Treatment of the dielectric constant profile as an equivalent

source of a reference problem

At this stage, the core of the theory can be addressed. To determine the optical
modes of a VCSEL, we need to consider the source-free problem characterized by a
position-dependent dielectric tensor profile £(r), representing the VCSEL structure.
The corresponding Maxwell’s equations are identical to those presented in (2.10).
We can consider the simpler problem of a certain reference medium described by
a lossless dielectric constant &e.r or, equivalently, by a refractive index r so that
€of = 12€y, where & is the vacuum dielectric constant. Since this is arbitrary, the
simplest possible choice is a uniform &.f, however, the general theory is not limited
by this assumption®. For instance, in [7] the reference medium is chosen to be an
unperturbed optical fiber. With this view, fixing the z coordinate, the actual dielectric

tensor can be thought of as

£(p) = eefl +Ag(p), (2.17)

4The important requirement for the reference medium is that we are able to determine, possibly
analytically, the optical modes that it supports, as they will be used as a basis. A uniform reference
dielectric constant supports the very well-known modes of free space.
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with
AE = € — €1, (2.18)

I being the identity matrix. The H curl equation of (2.10) can be rewritten as
VxXH = jog&eE + Jeq, (2.19)

where
Jeq = JWAEE. (2.20)

We can interpret the spatial distribution of the dielectric tensor as an equivalent
source, Jeq, within the context of a uniform reference problem characterized by &g,
simply reading
VXE, =—jouH
H HoFw, (2.21)
V X Hu - +jw8refE“,
U being the label identifying the various modes. CMT aims to express the solution of
this problem as a linear combination of the modes of the uniform reference medium,

whose transverse p-dependent components form a complete vectorial basis.

2.3.2 Modes of the reference medium for any basis choice

The modes of the reference medium defined in (2.21), which must be pre-determined
or known analytically, are central to the formulation of the theory. Each mode
is identified by a multi-dimensional label p consisting of N; components. These
components are further divided into N, continuous labels, grouped into i ., such
as the transverse wavevector, and N, discrete labels, grouped into i, representing
properties like forward/backward propagation or TE/TM polarization. The for-
ward/backward propagation label, present for all bases, denoted by «, only specifies
the dependency on the propagation coordinate z, either exp (— jﬁ“z) or exp (—l— jﬁp,Z) ,
where By, is the longitudinal component of the wavevector for the mode labeled by
U, also denoted as modal propagation constant. The norm of the total wavevector in
the reference medium, k,, is determined by the dispersion relation of light, while the
transverse component k; is embedded in p. This reads:
2

k= (2.22)
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and

Bu =\ k2 — k7, (2.23)

with A being the considered wavelength. The type of propagation can be compactly
expressed using a functional form for the z-dependency as exp (— JSa ﬁ“z), with

+1, o« = forward,
Sp = (2.24)
—1, o = backward.

To account for forward/backward propagation explicitly, o can be placed as the last

element of W, , i.e., uc(lNd) = . Thus, the decomposition of i is expressed as:
- ) -
me
N,
" uc(( ))
c 1
u= = . (2.25)
M g
Ny—1
.uéz a—1)
- a -

Having defined the modal label u, the vector basis describing the electric and
magnetic fields of the reference medium can be generally expressed as

Ey=E p+2E.u = [ep(p)+2e.pu(p)] exp (—jspPuz) (2.26)

Hy =H, p+2H, p = [hyu(p) + 21 u(p)] exp (—jspPuz) , (2.27)
with
* K,y and H; y representing the transverse components of the modal fields,
e E,, and H, y representing the longitudinal components of the modal fields,

* ey and hy representing the z-independent transverse components of the modal
fields,

* e, p and h; y representing the z-independent longitudinal components of the
modal fields.
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The z-independent transverse components €, and hy are related by the modal
impedance Zy,, defined as the quantity such that:

(sut) x en

(2.28)

2.3.3 Modes of the adjoint reference medium

When applying (2.9) to the perturbed reference problem defined in (2.19), the solu-
tions of the sourceless adjoint reference problem are needed. Having defined E, and
Hy in (2.26)—~(2.27) as the u-th mode of the reference problem in (2.21), completely
determined by:

e the transverse components ey and hy,
¢ the longitudinal components e, , and h; y,
e the sign sy = &1 determined by the type of propagation along +Z,

* the propagation constant 3,

we can define the corresponding i-th mode of the adjoint problem as
By =B p+2E.p = [eu(p) + 22 u(p)] exp (—j5uPuz), (229

Hy =H, p+2H; = [hu(p) + 2o p(p)] exp (—jsuBuz),  (230)

determined by an equivalent set of parameters. The goal of this subsection is
to link the parameters describing E,; and Hy with the ones of the modes of the
reference problems in (2.26) and (2.27). To do so, one can start by plugging the
expressions of the modes E, and Hy, into (2.21) splitting the gradient operator
into V =V, +2d,. Doing so, we can consider the exponential propagation along

z, resulting in d; = —jsuBu. Simplifying the complex exponential propagation

functions in both sides and defining ej;' = ey + Ze; y and hif* = hy + 2h, 4, one

remains with

V; x eﬁ’t — jsuPuZ x e;‘jt = — jouhlSt,
o 2.31)
O

Vl X hz’)t —.]Suﬁuz X h;i)t = jwerefeu .
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Similarly, the equations defining the parameters of E, and Hy will be exactly the
same, with €7 instead of Eref:
Vi x 8 — jSuPut x €' = — jopohiy', 032

], tot o Rtot _ atot

Splitting (2.31) into longitudinal and transverse components it is possible to rewrite:

¢

Vi xey = —joUoh,pZ, longitudinal,
Vi xhy = joeere, y2, longitudinal,
t u = JOEefe; y g (2.33)
Vieoy X2 — jsuBuZ x ey = —jouohy, transverse,
Vih,y xZ— jsuPul xhy = joerey,  transverse.
From the latter, by complex conjugating both sides one has:
(V, x e}, = jouoh 42, longitudinal,
V: xh}, = —joee: 2, longitudinal,
0 = T O e s (2.34)
Vel y X 2+ jsuBpi x ey = jopohy, transverse,
(VihZy X2+ jsuPpi x hy = —joe; ey, transverse.
Similarly, splitting (2.32), we can write:
(V, x &y = —jouoh. 48, longitudinal,
V; xhy = joe’ e, 2, longitudinal,
t U J ref“Z, 1 g (235)

Vie,y X2 — js‘uﬁuf X €y = —ja)uol_lu, transverse,

| Vil % 2— jsuBu x hy = joeey, transverse.

Comparing (2.35) and (2.34), one can infer that the barred parameters of the adjoint
structure to be substituted into (2.35) to obtain (2.34) are

ey — e, (2.36)

Eop =€y, (2.37)

>Having chosen an isotropic reference medium, its dielectric constant is represented by a scalar
quantity, thus the adjoint operation (transposition and complex conjugation) simply equates to a
complex conjugation operation.
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hy =h, (2.38)
hop = —h: . (2.39)
Bu =By, (2.40)

2.3.4 Orthogonality between the modes of the reference medium

The orthogonality condition between different modes of the reference medium is
given by the integral form of the reciprocity theorem expressed in (2.9), which must
be expressed by targeting the reference problem in (2.21). This means that one can
plug any mode of the reference problem in place of E and H and any mode of the
adjoint reference problem in place of E and H. Considering the modes v and i # v,
the left-hand side of (2.9) for the reference problem in (2.21) reads:

/R2 d, (Et,v <, +Ef, x Hm,) 2d%p =

/R2 o, [(eve*js"ﬁ"z> X (l_lyefjs_“ﬁ“z)* + (éﬂe*js_“ﬁi‘zy X (hve*js"ﬁ"z)} 2d%p =
— [816‘/(5"5"—5#5;7)2} /R 2
= i (svBv—5uB) e—/(Svﬁv—s‘uﬁii)Z/Rz (ev x By +& xhy) 2. (242)

(ev x By +&, xhy) -2d% =

Being (2.21) a sourceless problem, the right-hand side of (2.9) is identically zero,
thus yielding the condition:

(svBy—s5uB;) /Rz (ev x By +& xhy) -2d% =0. (2.43)

Recalling (2.41)—(2.40) and considering non-evanescent modes with real propagation

constants, the latter becomes:
(svBv —suBu) /R ) (ev x hy, +&, x hv> -2d%*p =0. (2.44)

If 1 = v, the equation is satisfied due to the first factor, (syfu — svBv), indepen-
dently on the value of the integral, although for different modes the equation must be

satisfied due to the second integral being zero. In other words, the integral must be
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zero when U # v, with the possibility of it being different from zero only for g = v.

Mathematically, this translates to:
CTs (1))
i=1 =1 "4 'd

having defined Cy, the power normalization constant of mode y, & (uc(i) — vc(i)> the

Dirac delta function describing the continuous labels and 5”@\/@ the Kronecker delta
d d

describing discrete labels®. The latter is useful to determine the power normalization

constant Cy, for any given basis.

All deltas (both Kroneker and Dirac) that do not describe propagation type must
arise due to the specific chosen basis. In this view, they arise from the specific
expressions for the z-independent transverse components of the modes. However,
the Kroneker delta in relation to propagation arises at a more general level, directly
from the left-hand side of (2.45), which can be rewritten exploiting (2.36)—(2.38),

obtaining:
/ [ev X (h*) + (e“) X hv} 2d%p =
n 2.28
/ evxhu'i‘euth)‘Zdzp(:)

( (su?)xep +ey X (sv) xev ev) 2d%p =
Zy Zy

_ (3 Sv ey d?
- (Zu +Zv) fen-eviip. (240

With this new expression, the orthogonality between the modes can be expressed as:

(;‘;+Z—V>/ ey-eyd’p =C H5<uc _ )HS (2.47)

Consider for instance two identical modes except for the propagation type. Defining
oy and oty the propagation label for modes g and v respectively, then the result is
identically zero if oy # o. This explains the presence of the Kroiieker deltas for

®Notice that all Dirac delta functions are dimensional quantities, whose unit is the reciprocal of
the unit of their argument. On the other hand, Kronecker deltas are adimensional. The unit of the
power normalization constant Cy, will depend both on the unit of the basis and on the unit of the
continuous labels.
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all discrete labels in (2.45), including the propagation label. On the contrary, for

. ) ) S
Oy = Oy, the two terms in the left-hand side sum up, from which a factor of ZZ—”

u
arises, yielding:

Cp o< 5. (2.48)

As expected from the physical intuition, (2.48) confirms that the sign of the power
propagation constant is determined by whether the considered mode is forwardly or

backwardly propagating.

This general framework accommodates all of the bases which are solution of the
reference problem in (2.21). For instance, it can represent both the plane wave basis
of a uniform medium, where two transverse wavevector components are needed, and
the cylindrical wave basis, only involving one radial component for the transverse
wavevector, offering a more theoretical description compared to [39]. We choose to
work with cylindrical waves primarily for computational efficiency. Indeed, reducing
the number of continuous labels minimizes the number of required basis functions

that are needed to accurately represent the fields.

2.3.5 Basis of cylindrical waves

In this thesis, the unknown transverse components of the electric field within the
VCSEL are expanded using the cylindrical wave basis defined in [61]. Employing a
basis that aligns with the symmetries of the geometry of the investigated structure
is crucial to reduce the number of basis functions required to achieve an accurate
representation. This makes the cylindrical wave basis highly efficient for modeling
standard circular VCSELSs. Nevertheless, it can also be applied to VCSELSs of other
shapes, although at the cost of increasing the number of basis functions needed. This
basis features a multi-label p with five entries, among which one is continuous and

four are discrete:

ki
m
m
o=k mg= |1 = m=p]. (2.49)
[
(04
_a_

with their meaning expressed in Tab. 2.1.
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Symbol Type Values Description

kt Continuous R Transverse wavevector component in the
reference medium with reference index r,
dimensionally [length]~!.

m Discrete {0,1,2,3,...} Azimuthal order of the modes, related to
the number of angular zeros of the mode,
dimensionless.

p Discrete TE, TM Polarization of the mode: either TE (trans-

verse electric) or TM (transverse mag-
netic), dimensionless.

l Discrete Even, Odd Determines the choice of angular func-
tions (sine or cosine) used for the mode,
dimensionless.

(01 Discrete Forward, Backward Type of propagation: forward or backward,
dimensionless.

Table 2.1 Description of the labels identifying the basis of cylindrical waves.

To define the analytical expression of cylindrical waves, we first introduce J,, (x)
as the Bessel function of the first kind of order m calculated at an adimensional
argument x. These well-known functions exhibit numerous mathematical properties
including [62, 63]:

In(%) = 5t (6) i ()], (2.50)
dJ, 1

) s 8) (], @51
aJ,,

It (x) = () - af‘), (2.52)
oJ,

In-1(x) = i (x) a)gx)7 (2.53)

Jam(x) = Jom (), (2.54)

J—(Zm—i—l)(x) = —Jom1(x), (2.55)

Jm(X) ~ ?Xm, x—0, (2.56)



2.3 Reference medium basis 25
2 2 1
In(x) ~ | = cos (x— mt ) X = oo, (2.57)
X 4
° Ok —k
/ Xdx I (k1) I (o) = % (orthogonality). (2.58)
0 1
Furthermore, modal angular functions’ can be defined as
cos(m¢), [=even
fm(9) =19 | (2.59)
sin(m¢), [ =odd
and
—sin(m¢), [=even
gm(9) = (2.60)

cos(m¢), [ =odd .

With these definitions, the modal electric fields ey = e, yX+ey 9 and e, y of (2.26)

can be written for the basis of the cylindrical wave as a function of the transverse

coordinate p expressed in the polar coordinates (p,@). This is reported in Tab. 2.2.

p value Component Expression

X ex = Jm1(kep) frnr1(9) +Tm—1(kep) frn—1(9)
TE y ey = ~Jm1(kip)gm+1(9) +Jm—1(kip)gm—1(9)

Z e;=0

X €x :Jm+1(ktp)fm+l(¢) _Jm—l(ktp)fm—l(¢)
™ y €y = — m+1(ktp)gm+1(¢) _Jmfl(ktp)gmfl(‘P)

z ez = 25 j g dn(kip) fin(9)

Table 2.2 Expressions for the electric field components of cylindrical waves for TE and TM

modes.

The easiest case we could try is m = 0, p = TE, [ = even. We would obtain

ex =Ji(kip)cos(@) +J 1(kp)cos(—9) = cos(9) (Ji (kip) +J -1 (kip))

(2.55)

0,

"Notice that these angular functions also depend on [ even if the explicit dependency is not

reported to be coherent with [61].
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(with the same result for e;) meaning that this specific combination does not lead
to an actual mode. This implies that a brute force approach for the field expansion

could result in useless contributions, only increasing computational time.

For this basis, magnetic fields can be calculated using (2.28), knowing that the
modal impedance reads:

_@ kr/ﬁl-b PZTE,

Zy
r Bﬂ/kﬁ p :TMa

2.61)

Zy being the vacuum impedance.

2.3.6 Calculation of the power normalization constant for cylin-
drical waves

Considering labels k;, m, p, [ and & for mode p and k,, m’, p’, I’ and &’ for mode v,
the definition of the power normalization constant Cy, in (2.47) reads for cylindrical

waves:

Su Sy 2
(Z—“ + Z_v> /R Jeueydp=Cyd (ke — Ky ) S 6y 11 Sy - (2.62)
We can consider just forward modes, recalling that a factor s, should be added to the
final result as a consequence of (2.48). Since the basis functions must satisfy (2.62),
thanks to the Kronecker deltas, we can set all discrete labels to be the same, as they
do not lead to divergent integrals and only contribute with a finite term. Thus, we

focus solely on distinct continuous variables. Specifically we can consider the case
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where k; # k], while keeping m =m’, p=p/, and [ = I'. Defining

J+ = JInx1(kep),

Iy = I (kip),

fe= fur1(9),

8+ = gm+1(9),

ex e = J [+ +JI-f-,

et =J4 fr HILf-,

eyTE = —J+8+ +J-g-,

=t gr+J g (2.63)

for sake of compactness, starting with p = TE, the double integral on the left-hand
side of (2.62) can be evaluated as

2 N
/0 do /0 pdp (exTE€, TE + €, TE€) TE) =

21 00
/0 do /0 pdp (Jo T, f2 4T d fofo+d T ffotd T £+
+J I g T T gig —J T g g+ J g%). (2.64)

Noticing that f7 + g% = 1, that

2.58) 26 (k; — k;)

kt (2.65)

/ pdp (J.J\+1J")
0
and computing the trivial angular integrals, (2.64) becomes

2 >
OO [Pag (o —g10) [pdp (1000 @

The remaining angular integral can be computed analytically for the various cases
(different m and [ values), whose results are summarized in Fig. 2.1. Finally,
the remaining radial integral has to be evaluated only for m = 0. In that case
Jir =Ji1(kp) and J'. = J11(klp), for which

2.55
Jx1(kip) 222 —J=1(kep),
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T
. 5r +27 @ cven||
gﬁ % odd
Q
= 0
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=
)
g
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m

Fig. 2.1 Angular integral defined in (2.66) for the TE case, evaluated for different values of
m and [, either even or odd.

leading to

| pdp [71(6p )1 (Kp) + -1 (k) s (kip)] =

- 258) 26 (k;— k!
/0 pdp [~J_1(kp)I_1(Kip) — J1(kip)J 11 (kip)] =" _20(k—k)

ky
Finally, for the TE case, it holds:
r4 /
7t (k; kt)7 m£0,
ki
21 0
/0 d¢/0 pdp (eX,TEe;c,TE +ey7TEe;,TE) =<0, m=0, = even,
_ I/
w, m =0,/ =odd.
t

(2.67)
Ignoring the case m = 0 and / = even, yielding a trivial mode, not able to carry any
power, recalling (2.62) and defining

1, m#0,
Ny = 7 (2.68)
2, m=0,

we finally obtain for the forward TE case:

8mn,,

Cu (2.69)

forward, TE ZI‘ ke
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Repeating the same calculations for the TM case, considering

ext™ =J1 fy —J-f-,
erm=Jfr—I [,
eytm = —J48+ —J g,

érm=—Jrgr—J g, (2.70)

we end up with

2 0
/0 do /0 pdp (exr™e, v + ey TME TM) =
4nd (ke —k, 27 >
= %4‘ A do (8+8——f+f—)/0 pdp (JpJ_+J-JL).  (271)
1

Noticing that the remaining radial integral is exactly the same as the one for the TE

case in (2.66), while the angular part differs for a minus sign, the final result is

(4 - !
7t (k; k,), m£0,
ke
2m * / /
/0 d¢/0 pdp (ext™e, Ty +eyme M) = 4 0, m=0,[=odd,
8o (k; — k!
d <kt ), m =0, =even.
\ t

(2.72)
Once again, neglecting the powerless case m = 0 and / = odd, the power normaliza-
tion constant in the forward TM case is exactly the same as the TE case, eventually

yielding the final result of
8mn,,

— 2.73
Zuks” (2.73)

Cu :S“

considering both forward and backward modes. A summary of the combinations of

modal indices which give rise to powerless modes is reported in Tab. 2.3.

p m [
TE O even
™ 0 odd

Table 2.3 Powerless modes of the cylindrical wave basis. It doesn’t make sense to consider
them in the basis expansion.
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2.4 Coupled mode equations

Consider the unknown fields of the structure under study defined in (2.10), with the
reference dielectric constant and equivalent source further specified in (2.19). We

can expand their transverse component in terms of the chosen basis of the reference

medium as:
=) / d" peay (2)en(p), (2.74)
Hy
=) / Ve ay (2)hy (p), (2.75)
Ky

where we used the compact notation for the multi-dimensional integral

/ ey, = / dulV . / du ) (2.76)

with each integral extended over the support of the corresponding continuous label.

2.4.1 Left-hand side of the reciprocity theorem

We can plug these expansions in the integral form of the reciprocity theorem (2.9).
To do so, one has to consider E and H as the actual solutions representing the fields
within the VCSEL, whose transverse component can be expanded using (2.74)—
(2.75), while E and H are the solutions of the sourceless adjoint problem as defined
in (2.29)—(2.30). The left-hand side (LHS) of (2.9) becomes:

LHS = / &2 0.
R2

(Z/dNCvcavev> xﬁZe+js_“B“Z+éZe+j§“BﬁZ X (Z/dNCvcavhv>] -Z=
Vg Va
_ Z/dN V.0, {a eJruﬁuz/ d2p (ev xh“+e ><hv> } .

Exploiting the mode orthogonality in (2.45), it is possible to write:

d s Rk NC d
LHS = Z/dN"vc [d_z (ave”“ﬁﬂz) CPH < — Vc > H 1) ]
v, i=1 —1 Ha d

Considering that:
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. Hﬁ.\i 0 (‘LLCU) — vp) removes the continuous integrals while imposing all con-

tinuous labels to be equal, i.e., V. = U,

. Hl | 5 ) removes summations for all discrete labels while imposing all

discrete laﬁels to be equal, i.e., Vg = U,

the LHS becomes
d o P d fo Rk
LHS = Cy 2 (ape/®Pic) = ¢, <di + sy ﬁ“a#) eI ubiz. 2.77)
Z

The final expression for the LHS is obtained by recalling (2.41)—(2.40), i.e., B/.t = ,B;j
and §y = sy, yielding:

d .
LHS = C, (diz“ + jsuﬁuau> el (2.78)

2.4.2 Right-hand side of the reciprocity theorem

Concerning the right-hand side (RHS) of (2.9), one must consider:

RHS = - [ [(g,+2e1,) et /hic] ., &, 279)
where J,, is the one defined in (2.20), featuring the field to be expanded. We can
write:

: 2.74) N A
Jog = jOAE (B, +E2) =" joAe | ) [ d%veayey +E2 |, (2.80)
where |
(2.16) n
E, = VixHy —Jeyz) - 2.81
z &t (Z t t eq,z) ( )
Considering the expansion of the transverse component of the magnetic field (2.75)
together with
5V,xhy Ve, (2.82)

j WEef

it is possible to rewrite E, in (2.81) as

J
E. — /dev ave, y — —L=< (2.83)
Z VZ clhyvlzy ]wgref
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Consequently:
Jeq—]wAe Z/d Vcavev+2/d VCCZVeZ\/Z— jeqz — =7 | =
](’)Sref
e“S’Leﬁ—eZ vz i N tot Jeqz A
one (T [ @ vianee P52 5) -
(Z crviv J WO &ref

J
—](L)Z/dNCVCa Aeey! — 11 net =
f

=jo) / d¥veay (seelt), +j0 ) / @eveay (ee) 2~ Aez,
ref

where the subscript ¢ stands for the transverse component of the original vector, while
the subscript z refers to the z component of the vector, which is a scalar. Focusing on

the last product and using a cartesian reference system we can write

A&y, A&y, Ag| (0 AEg,;

A€z = |Agy Agy, Agy | |0 = |Agy,| =
Ag,, Aty Agy, 1 Ag,,
Agy,
Agyz + ASZZZ\ — A£t7z + Agzzz- (2.84)
0

Summing up:

Jeq - Jeq[ +Jeq Zf -

J,
- ]a)Z/d “Veay (Agey") +]wZ/devcav (Agey) 2— ;qz (Ag; .+ Ag;2).
ef

(2.85)

Projecting (2.85) onto Z we obtain a linear equation for J, ;:

Ag
eqz_]wZ/dNCvc AeetOt)Z— . 22

ref

Jeg.z»
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from which

j WOEef

Jpy, = 22— /dN Veay (Aged) . 2.86
eq,z — Sref"‘Agzz L c V( )z ( )

Knowing the longitudinal component of the equivalent current density, projecting

(2.85) onto the transverse plane allows to determine the transverse component as
well as

Jegr = ]wZ/dNCVC ay (Asemt> - @Asm B
Eref
(2.36) jw; / d*veay (Agey'), - jo

_Ja)Z/d “Vedy [ (Agey'), —

Eref + ASZZ
A€, ; (Agey") Z}
Eref + A&, ‘

Ag .Y / d%v.ay (Agey') =
d

(2.87)

2.4.3 Calculation of the transmission operator

Putting together (2.78), (2.79), (2.86), (2.87) and simplifying the exponential et/ SuPaz
from both sides, the integral form of the reciprocity theorem reads

diﬂsﬁa =— +zé* (Jogs +20eqz) d2p =
d HFPp“H C Zﬂ eq,t eq,z

1 ., i
- —C_ﬂ /RZ (e“ Jeq. +eZ,I~lJeq7Z> d? p =

Jjo / N, / _x tot AE; (Aeet\g)t)z _x Eref tot 2
= - d*v - | (A€ - = — (A& dep.
C Z cdv R2 {e“ [( v )t Eret T A€, e Eret T AE,, ( eV )Z P

(2.88)

Finally, defining

Kyy = _J® {é;‘, : [(Aeet‘i’t)t

Ast N4 (AsetOt)Z:| _x gref
Cﬂ R2

el ,———— (Agel } d’p

Eref + A€, “H e+ Ag, ( ) ¢
(2.89)

as the coupling matrix, the coupled mode equations for each mode, recalling (2.41)—

(2.40), i.e., By = B; and 5 = s, read

d
a:;( )+]S“B“Cl“ Z/d CVCK“VaV ) (290)




34 Rigorous coupled mode theory

For isotropic distribution of refractive indices, then Age = Ael, greatly simplifying
(2.89), which becomes

jo _ Eref  _
K ==L [ e (& ev ey ) € = Koy Ky 2D

where we have defined the transverse and longitudinal coupling matrices KLV and

K};y. Wanting to express the latter just as a functions of the modes of the reference

medium, exploiting (2.36)—(2.37), i.e., &y = e;‘l and e,y = —e’ > We can write®:
jo Eref 2
Kyv=—"— ] Ae ey — ————— d°p. 2.92
uv Cy i (eu ey eref+A£eZ’”eZ’v> p ( )

Choosing a proper ordering for the modal labels contained pt, all modal expansion
coefficients a, can be collected into the vector a, which belongs to an infinitely
dimensional Hilbert space, with both continuous and discrete indices (if the modal
basis is not truncated). Similarly, coefficients related to propagation and coupling
can be organized into operators of such Hilbert space, leading to the coupled mode

equations in vectorial form:

da
@) _ (B+K)a(z), (2.93)
dz
where B is a diagonal multiplicative operator with elements Byy = — jspu By, and

K = K’ + K is the coupling operator. Solving this system of differential equations
provides the transmission operator of a layer with thickness L. The solution of (2.93)
is given by the exponential of the operator (B + K) L, yielding the transmission
operator or propagator T:

T=exp[(B+K)L]. (2.94)

8See [52, 64] to further characterize this methodology in terms of a direct/inverse factorization rule,
a common terminology in electromagnetic numerical simulations. This choice is usually associated
to convergence issues of the reconstructed field, especially close to discontinuities of the dielectric
constant, however, as one can see in Subsection 2.6.4, convergence is achieved with a relatively low
number of employed basis functions.
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2.5 Coupling operator

While the propagation operator B is straightforward, this is not the case for the
coupling operator K. In this section, we investigate the latter, both its transverse and
its longitudinal component, for a uniform layer and for a layer featuring transverse
variations. We will also provide manageable expressions that can be implemented by

properly truncating the basis representation.

2.5.1 Transverse coupling operator for an isotropic uniform layer

Consider an isotropic uniform layer, i.e., V; (Ag) = 0, Ag being the difference of
the dielectric constant of the layer in question and the reference dielectric constant
defined in (2.18). In this view, the transverse component of (2.92) becomes
JWAE )
K,,=—"—— [ ey-e,dp. 2.95
nv Cu Jeo p (2.95)
Recalling the calculation of the normalization constant (2.47), one can see that the

integral on the right-hand side becomes

Ny—1

/ ey -eyd’p = 5‘?]]5@6 - 15, (2.96)

where we no longer consider the Kroneker delta associated to the type of propagation,

5M<N 1), W) and we annul the dependency of Cy, from the propagation type by dividing

d d

from sy . Indeed, both 5“(1\/ ANCA and the fact that Cp o< sy, derived from the factor
d

(;ﬂ + — Z ) which is not present at the left-hand side of (2.96), as opposed to
u v

(2.47). Furthermore, we accounted for the fact that, as shown in (2.28), the modal
impedance does not depend on the type of propagation, so that on the right-hand side
one must consider the factor Cy,Zy /(2sy) in front of the deltas. Finally, the power

normalization constant simplifies, sﬁl = sy and (2.95) becomes

JOAEZy, No 1

Ne
KLV:—S“THS(UC -v) 18,00 (2.97)

implying that the only remaining coupling is between forward and backward modes.
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2.5.2 Longitudinal coupling operator for an isotropic uniform

layer using the cylindrical wave basis

Unfortunately, the power normalization constant does not feature the z-components
of the basis fields, thus an explicit expression for K3, must be derived in accordance
with the chosen basis, which in our case is the cylindrical wave basis. Also in this
case, the same product of both Dirac and Kroneker deltas present in (2.97) arise due
to the properties of the basis functions, which should arise independently on the
basis choice, as dictated by physical intuition. However the constant in front must be
explicitly calculated. Let us consider the cylindrical wave basis defined in Tab. 2.2,
specifically two modes = [k;,m, p,l,&]” and v = [k, m’, p’, I, o&/']T featuring:

e m' = m since the term §,,,, would arise due to trigonometric properties, thus

two modes with the same m give rise to a finite contribution,

e p=p' =TM, since the the z-component of cylindrical waves is different from

zero only for TM modes,

e [ =1 since the term & would arise due to trigonometric properties, thus two

modes with the same [/ give rise to a finite contribution.

With these assumptions, considering a p-independent A€ and defining for sake of

compactness
J=Jnm (ktp) )
J' =Jn(kp),
f= fm(‘P)»

k
e T™M = 25uj ﬁ—tff ,
m
/

k
e%TM = ZSVj—;J/f, (298)
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the z-component of (2.92) becomes

JO  EefAE / ' 2
—_— e e d =
C“ 8ref+A8 RZ Z>TM Z,TM p

JO  EefAE /w /ZE ( .k .k; / )
i e AP do (2sujdf-2vj-tl f) =
CﬂgreerAgoppo () ujﬁﬂf Jvf

JjO  EofAE Akk, /°° , /2” )
= —— Sy S dpJJ d . 2.99
CN 8ref+A8 3 VB#BV 0 pap 0 (pf ( )

Kyy =+

Analytic results for the angular integral are reported in Fig. 2.2, while the radial
integral can be solved considering the orthogonality of Bessel functions expressed in
(2.58), from which the Dirac delta & (k; — k;) arises, forcing k; = k;, from which By =
Bv. Finally, the longitudinal component of the coupling operator for a cylindrical

~67 . I |
s 27 @ cven
)
%47 T *oddi
g ® ® ® ® ® ® ® ® ®
=20 :
)
g 0

0 1 1 1 1 * 1 1 1 1

-5 4 3 2 1 0 1 2 3 4 5

m

Fig. 2.2 Angular integral defined in (2.99) for the TM case, evaluated for different values of
m € Z and [, either even or odd.

wave basis reads:

(

0, p:TE\/p/:TE,
Jjo ErefAE 4rk, ,
_4= Sus S (ki — k)8, O11r, — ) =TM, m #£0,
i ) Cugatde ™V B (ki = ki) SO, P = p y
BV ) O EefAE 87k,
_aa:ﬂes“ VB & (ki = ki) S Gy, p=p' =TM, m=0, 1= even,
> p=p'=TM,m=0,] = odd.

\

(2.100)
Once again, we end up with the trivial case of p =TM, m =0 and [ = odd as obtained
in (2.72), corresponding to a powerless case. Plugging the explicit expression of Cy
defined in (2.73) into (2.100), ignoring all powerless cases summed up in Tab. 2.3
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and considering that sﬁ =1, one gets:

0, p=TEV p' =TE,

pv = JO EefAe k7 / . (2.101)
—sy——————Zy —5 6 (ky — k;) Oy Oy =p' =TM.
Sy ) 8ref—|—A€ ﬂ,Bﬁ ( t t) ' Ol"y, P =P

Thanks to the propagation signs in the general definition of the coupling operator in
(2.92), specifically recalling that Cy o< sy, and that e,y o< sy (see Tab. 2.2), it holds
that KLV o< sy, while wa o< sisv = Sy, as confirmed also from the uniform case in
(2.97) and (2.101). Subdividing the whole coupling operator into its forward and

backward components as

k— |Kre Krp| | (Kpp+Kip) (K + Kip) 7 (2.102)
Kpsr Kgp (Kgr+Kip)  (Kgp +Kig)
one can see that
Kig = +Kp, (2.103)
Ky — — Kby, (2.104)
Kiy = — Kl (2.105)
K3, — —Kip, (2.106)
K, — +K, (2.107)
K, = — K. (2.108)

In other words, the overall coupling operator can be obtain from the forward-forward

components only as:

K. + K& K.. — K2
(—Kgp +Kip)  (—Kgp—Kip)

2.5.3 Coupling operator for layers with transverse variations
Consider a layer featuring the following dielectric constant profile:

e(p) =&+ 8eS(p), (2.110)
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where:

* &, represent a uniform background dielectric constant,

* S(p) € [0,1], represents a normalized function describing the shape of the

non-uniform layer, which is non-zero over a certain support Dg C R?,

* J¢ represents the maximum deviation of the dielectric constant of the layer

with respect to the background dielectric constant.

In this case, Ag, i.e., the difference between the dielectric constant of the layer and

the reference index, is p-dependent and reads:
Ag(p) = (&p — &ef) + 0€S(P). (2.111)

With such an expression, the coupling operator for such a layer can be evaluated as:

jw(sb—eref)/ ) ja)5£/ ’
K, =—1—2 T/ ey -eydp— S(p)ey -eydop. 2.112
uv Cu o 16 P Cu I (p) u-eyap ( )

The first integral corresponds to the transverse coupling operator of a uniform layer
with dielectric constant &,, which can be evaluated analytically using (2.97). Con-
versely, the second integral requires numerical evaluation, as it depends on the
specific shape under consideration, resulting in a full operator. From an implemen-
tation perspective, the numerical evaluation of the second integral introduces a key
difference compared to [39] and other works employing VELMS, where analytical
or semi-analytical approaches were used. A fully numerical computation enables
extensive parametric studies across different shapes, which is crucial for accounting
for technological tolerances in VCSELSs or thermal lensing effects. This approach
comes with a slightly increased computational cost; however, with modern personal
computers, this overhead is negligible, still allowing for a full 3D modal analysis of

complete VCSEL structures within a few minutes.
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Similarly, for the longitudinal component one has:

JjO [ Eer[(€h — Erer) + 6ES(P)]
Cy Jr2 & +0eS(p)
S(p)=0,p#Ds | JO Eref (Ep — Eref) / )
= e d
+C“ & R\ Dy ezpezvad p+

+ & / Eref [(8[9 - 8ref) + 685([))]
Cp /s e, +6eS(p)

Kyy =+ ez pezy d’p =

e perydp. (2.113)

Adding and subtracting the term

j_(D Eref (gb - gref)

2
e;pe,vdp
Cﬂ gb LSZ“Z Y

equation (2.113) becomes:

. E Eref (gb - gref)

2
wa = Cﬂg—b/Rzez#eZ,Vd P+
10) Eef[(6) — & oeS Eef (Ep — &
+]_ ref[( b ref)“f‘ (p)] . ref( b ref) e, pezvdzp- (2114)
Cp Jpy e,+8eS(p) € C

Also in this case, the first integral represents the longitudinal coupling operator of a
uniform layer with dielectric constant &,, which can be evaluated analytically using
(2.101). In contrast, the second integral requires a numerical evaluation, giving rise
to a full operator.

2.5.4 Basis truncation and visualization of the matrices

From an implementation perspective, the basis must be truncated to maintain man-
ageable expressions and matrices of finite dimensions. Specifically, the continuous
labels can be discretized as:

/duc(i) ~ Al Y, i€ {1, N, (2.115)
k
where a uniformly spaced set of values { ([,Lc(i)> E (;é”)z b < é”)k . } is cho-

sen for the i-th continuous label, with spacing A,LLC(.i) . With this discretization, the

right-hand side of the coupled mode equations in (2.90) only features summations,
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which can be truncated at a suitable threshold. For the cylindrical wave basis, the
truncation can be further refined by selecting specific subsets of modes, such as
only even or odd modes, restricting certain azimuthal orders, or setting a proper
threshold for the transverse wavevector with a corresponding proper spacing Ak;.
These choices should align with the geometry of the VCSEL and the properties of

the modes under investigation.

Additionally, since the second integrals in (2.112) and (2.114) are limited to the
support Dg, they do not generate neither Dirac nor Kronecker deltas. Consequently,
the differentials associated with continuous labels in (2.90) remain significant and are
not canceled by the properties of Dirac delta functions. Therefore, when computing
the coupling matrix for transverse variations, all integrals over a finite domain
must be multiplied by Ak; in the cylindrical wave basis. Ultimately, this procedure
reduces the original infinite-dimensional Hilbert space to CNet | where Ny is the
total number of labels retained after discretization and truncation. Notably, this is
the only approximation introduced so far, and it remains entirely justified as long as
the chosen basis adequately represents the desired VCSEL modes.

Finally, being gt a multi-dimensional label, one must choose a proper ordering for
the expansion coefficients ay, in order to express them into a unique vector a € CNot,
The convention that is followed throughout all 3D analyses of this thesis for the basis
of cylindrical waves is the following:

* the vector is split into its forward and backward components,

 forward and backward components are divided into the even and odd compo-

nents,

* even and odd components are divided into TE and TM components,

TE and TM components are divided into different azimuthal components,

labeled by different m values ranging in {m;, my ..., my, },

* each azimuthal component is split into different k, components, ranging in
{k,l, iy oo iy, }

This method eventually subdivides the vector a according to a Matrioska-like struc-
ture, displayed in Fig. 2.3.
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| = even a = forward | = odd a = backward
s N N whole vector a 4

My - My,

v
p=T™M e {my, oomy, b ke € (ke ke ey

Fig. 2.3 Matrioska-like structure of the vector of expansion coefficients a, here reported as a
row vector instead of a column vector just for visualization purposes.

To give a real example of how the corresponding matrices could look like,

consider the following parameters:

A = 850 nm, from which one can calculate

W = Ck(), (2.116)
with )
T
ko= — 2.117
0= "7 ( )

« a reference refractive index r = 1.6, from which & = &%, mimicking the
refractive index of the Al,O3 oxide,

* auniform layer with a refractive index of n = 3.5, mimicking a GaAs layer,

* anon-uniform layer featuring a background refractive index of n, = 1.6, so
that g, = eoni, and a circular variation in the center with radius R = 1.5 um
and index neeneer = 3, S0 that §€ = &) (nZyyer — 7). Consider the shape to be
defined by a port function, i.e.,

I, |p[<R
S(p) = ,
0, otherwise,

mimicking the oxidation layer in VCSELSs in Al,O3/AlGaAs,

o k € {1Ak;,2Aky, ... Ny Ak}, where N = 15 and Ak, = 0.15 -k, /(N + 1), k,
being the one in (2.22),

e me{l},
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* p € {TE, TM},
» [ €{even},
* o € {forward, backward}.
The chosen subset of cylindrical waves is enough to represent the fundamental mode

of a standard VCSEL.

Having defined both the dielectric constants and the considered discretization and
truncation of the cylindrical wave basis, we must now consider that all matrices can

be obtained just from their forward-forward components. Indeed, for the propagation

B
B:[FF 0

matrix it holds

2.118
0 B (2.118)

as a direct consequence of (2.90), while for the coupling matrix one can exploit
(2.109). In this view, the forward-forward component of the propagation matrix and
the coupling matrices are reported in Fig. 2.4 and Fig. 2.5, respectively. Only the

imaginary part is shown, as the real part is identically zero.

Figure 2.5 illustrates how the longitudinal component of the coupling matrix is
generally much smaller than its transverse counterpart both for uniform and non-
uniform layers. Additionally, to obtain the matrices of the non-uniform layer, the
second terms of (2.112) and (2.114) were employed, where the double integration

was performed numerically.

On the other hand, the first terms of (2.112) and (2.114), associated with the
coupling matrix of a uniform layer with the same index as the background, were not
considered, since in this example &, = €&.r, making them identically zero. Further-
more, the k; discretization was accounted for by multiplying the integrals by the k;
spacing, Ak;, which unifies the units of all matrices, expressed as the inverse of a

length.

Finally, for a truncated and discretized basis of cylindrical waves, the formulas
for all of the needed matrices is summed up in Fig. 2.6. The generalization to the
anisotropic case can be obtained starting from (2.89). It is reported in Appendix A.
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Fig. 2.4 Imaginary part of the forward-forward component of the propagation matrix.
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Fig. 2.5 Imaginary part of the forward-forward components of the transverse and longitudinal
propagation matrices, both for a uniform and a non-uniform layer. Insets in the first two plots
represent the diagonal values of the matrices.
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Cu 8mn,,
Su
Zyky
(B##) o (diagonal) —JBu
(KIEF)FF uniform layer (diagonal) 0, if (m=0,p =TE,l = even) or (m = 0,p = TM, [ = odd)
JwAeZ, X
— ; otherwise
2
(1(;”)FF uniform layer (diagonal) 0, if(p=TE)or(m=0,p=TM,l=odd)
Jo  ErefAe k? th .
2 erer + A2 2R B2 otherwise
t —_— t t
Ky, non-uniform layer (KI“')uni i (Km,)mn_uni — where
. (Kﬁ")uni — is the one for a uniform layer with the same index as the background
. t _ _ Jwdehke X 2
(K’“’)non—uniform - Cu st S(p) €€y & P
= .
K‘"’ e oty g7 (K’f")uniform v (K‘fv)non—uniform’ where
© (K‘fv)uniform is the one for a uniform layer with the same index as the background
. z _, Jwlke erefl(ep—erer)+6S(P)] _ eref(en—Erer) 2
(K‘“’)non—uniform = Gn fDS{ ep+55(p) & }ez,uez,v d°p
B [BFF 0 ]
0 —Bgp
K Kir+Kfr  Kip — Kip
—Kip + Kfp  —Kip — Kfp
T exp[(B + K)L]

Fig. 2.6 Most relevant formulas for the calculation of the coupling and transmission matrix
for both a uniform and a non-uniform layer, using a truncated and discretized cylindrical
wave basis. The effect of the discretization can be noticed by the factor Ak;, present in the
non-uniform components of the coupling matrices.
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2.5.5 Application to optical fibers and criteria for basis trunca-

tion

Consider an optical fiber characterized by a specific distribution of the dielectric
constant, as defined in (2.110). From Fig. 2.6, we now understand how to compute
the transmission operator associated with such a structure. Let a represent one of the
modes supported by the optical fiber, linked to the transverse field through (2.74).
By definition, the propagation of a through the fiber over a distance L must result
in the same mode, phase-shifted by a factor exp (— jBesL), where B is the modal
propagation constant. Mathematically, this condition translates into the following
eigenvalue equation:

Ta = ¢ /Perly, (2.119)

Being the propagation operator defined through an operator exponentiation, T and
(B+K) L are diagonalized by the same set of eigenvectors, with the eigenvalues of
(B+K) L simply being — jBegL. In this view, (2.119) can be rewritten as

(B+K)a = —jf.sa. (2.120)
We can further define the modal effective refractive index nq¢ as

Betr = neftko. (2.121)

Equation (2.120) is capable of determining the modes of an optical fiber of any shape
with relatively low computational cost, provided that an appropriately truncated basis
of cylindrical waves is employed. By selecting a suitable basis, it is possible to
numerically verify that the results remain independent of the choice of the reference

index, as expected from physical intuition.

As a final remark, the choice of a suitable subset of the basis functions must
always align with the symmetry properties of the given structure. A common
approach is to initially consider an extensive set of basis modes, including both
even and odd modes, multiple azimuthal orders, and a broad range of k; values. By
analyzing the coupling matrix and the eigenvectors corresponding to the modes of
interest, one can identify the impact of symmetries in the structure. Specifically,
certain mode combinations will result in null elements in the coupling matrix due

to the symmetry properties of the angular functions of cylindrical waves over the
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Fig. 2.7 Typical longitudinal structure of a VCSEL.

integration domain. Consequently, the eigenvectors associated with these modes
will exhibit null components for specific labels. Based on this observation, the basis
can be systematically reduced to optimize computational efficiency. This reasoning
justifies why the basis considered in Subsection 2.5.4 is sufficient to represent the
fundamental mode of a circular fiber or a circular VCSEL, despite including only

even modes and the first azimuthal order.

2.6 Calculation of the VCSEL modes

2.6.1 Generalized Barkhausen criterion

Consider a VCSEL structure with a longitudinal refractive index distribution as
sketched in Fig. 2.7. The VCSEL can be divided into multiple layers, each with a
constant refractive index along the z axis. These layers can be conceptually grouped
into five distinct regions, from top to bottom:

1. An upper semi-infinite medium acting as a top boundary condition, typically

air. Let us denote the refractive index of this layer as n;.

2. A top stack of N; layers extending from the cap layer to the first half of the
cavity, including the entire top DBR. This stack typically contains layers with
transverse variations due to the presence of one or more oxidation layers,
defined by a certain transverse shape S(p ). Transverse variations could also
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arise from the patterning of the cap layer or from the top electrode, when

placed transversely close to the oxide aperture.

3. An AR, responsible for providing gain through stimulated emission to support

the optical modes. This region usually consists of QWs. However, for model-
ing purposes, we consider it as a single layer. In real devices, multiple QWs
exist, but electromagnetically, one can assume that all the gain is concentrated
in a single well and then redistributed among the various QWs according to
the standing wave (SW) profile, i.e., the normalized longitudinal profile of the
squared modulus of the supported electric field. The dielectric constant of the

AR can be expressed as:
E.(p) = e+ AES(P), (2.122)

where g, is the nominal dielectric constant of the AR material, while AZ,S(p)
represents the modification required to support the optical modes. This modifi-
cation approximately follows the spatial profile of the oxide aperture, in the
absence of strong carrier diffusion, which is a reasonable assumption when ox-
ides are placed close to the AR. For standard VCSELSs, the dielectric constant
modification of the active layer is a small perturbation to the overall dielectric
constant, so it holds that

|AE,| << |&q]. (2.123)

If diffusion is considered, the shape should have a larger support than the
oxide aperture, as done in [45], which couples optical simulations with drift-
diffusion simulations, with access to the transverse distribution of carriers. The
parameter n, is an input, whereas Afi, is an unknown that must be determined,
as it directly influences both the emission frequency and the threshold gain of

the optical mode.

. A bottom stack of N, layers extending from the second half of the cavity to

the end of the bottom DBR, typically consisting of uniform layers.

5. A lower semi-infinite medium acting as a bottom boundary condition, typically

a GaAs substrate for 850 nm VCSELs. Let us denote its refractive index as ny,.

At this point, we can calculate the transmission operator associated to the top stack
(T,), the AR (T,) and the bottom stack (T}) of the VCSEL structure. Since T; and
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T, comprise more than one layer, they can be evaluated relying the product of the

transmission operators of the single layers as
T, =1 1Nl = T 1Y, (2.124)

where T,(l) represents the transmission operator of the i-th layer of the top stack,

T, =T, T = T (2.125)

where T(i) represents the transmission operator of the i-th layer of the bottom stack.
» TEP P y

The transmission operator of the whole VCSEL is in turn calculated as
T=T,T,T;. (2.126)

If L represents the total longitudinal extension of the VCSEL and a(z) the field
expansion coefficients within the VCSEL structure, from the outcoupling facet to
the substrate, then it holds that

a(L™) =Ta(0"), (2.127)

where a(0™) represents the field at the beginning of the resonator, still embedded in
the reference medium and before exiting into the upper semi-infinite medium (air),
while a(L™) represents the field at the end of the resonator, still embedded in the
reference medium and before exiting into the lower semi-infinite medium (substrate).

Splitting (2.127) into the forward and backward components, considering

ae) = | ¢ (2.128)
ap(z)
and
T= [TFF TFB], (2.129)
Tgr Tgs
one gets

ap(L™) = Trrap(0") + Trpap (07)

(2.130)
ap (L_) = TBFaF(0+) + Tgpagp (O+)
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At this point, one can consider that ap(0™) is linked to ag(0™") through the reflection
operator I'; acting on the modes impinging from the reference medium to the semi-

infinite upper medium. Specifically:
ap(07) = Tag(0™). (2.131)
Similarly, ag (L ™) is linked to ap(L ™) through the bottom reflection operator I';, as
ag(L") = Tpap(L). (2.132)

The reflection operators are diagonal multiplicative operators, which can be obtained
as [65]

zZ -7
(Fl‘,b)ﬂ“ — U U

u n

In (2.133) Z, represents the modal impedance in the reference medium, as defined
in (2.61), and Zﬁb is the modal impedance in the top/bottom semi-infinite medium,

which can be evaluated as

Zy | KDY p=TE,

b _ % (2.134)
[ Me b Bl(lt,b)/k(t,b), p=TM,
where
k(l,b) — ntJ)kO (2.135)
and
Bgm:: [Mﬂﬂz—k% (2.136)

Using the same basis, reference index (n..f = 1.6) and wavelength (A = 850 nm)
defined in Subsection 2.5.4, considering n, = 1 and n;, = 3.5, the resulting I'; and I';,
are reported in Fig. 2.8.

Equations (2.132), (2.131) and (2.130) represent a system of four equations in
four unknowns, namely ap(0"), ap(L™), ag(0™) and ag(L™). Substituting (2.130)
into (2.132), thus remaining with ag(0") and ag(0™") only, and using (2.131) to
express ap(07) as a function of ag(0™), one remains with an expression for ag(0™)
only, i.e., the expansion of the transverse field exiting the outcoupling facet of
the laser, or the so called near field (NF). This expression can be interpreted as

a generalized Barkhausen criterion, relying on both propagation throughout the
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Fig. 2.8 Real part of the reflection matrices for both the top semi-infinite medium and the
bottom semi-infinite medium. Insets represent the diagonal values of the matrices.

structure and reflections at the two boundaries. It reads:

(TeI, +Tgp)ap(0") = T} (Tgel; +Trp)ap(07). (2.137)

2.6.2 Transmission operator of the active layer

To obtain the VCSEL modes, we must explicitly derive an equation that determines
Afi,. Notably, the operator T depends on Afi,, as it appears in both the coupling and
transmission operators of the active layer. Consequently, equation (2.137) inherently
contains information about both Afi, and ag(0™). However, the dependence on
Afi, 1s nonlinear, making the equation impractical for direct use. To obtain a more
convenient expression, we can write the coupling operator of the active K, layer
using (2.91) and (2.122) as’

o )
(Ka)yv = _é_ﬂ - [(ga — Eref) +AeaS(p)] €y -ey d2p+
JOEer [ (€a— Eer) +AES(P) )
d’p. 2.1
T /Rz e+ AES(p)  oMevEP (2.138)

Notice that here we are considering an isotropic active layer and an isotropic gain, which is the
case of AlGaAs VCSELs. As long as the gain is isotropic, described by AE I, the following treatment
can be done following the same procedure, even if the nominal active layer is anisotropic, thus using
the equations defined in Appendix A.
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Neglecting the red term with respect to the blue term in (2.138) thanks to (2.123),

the previous equation can be rewritten as

e
% (AK,)

, (2.139)
Eref 2

(Ka)y = (Kg’O))uv +

where the operator KEP) is the coupling operator associated to the unmodified uniform

active layer and

_ JOEef 2
(AKH)[.!V = _T /DSS(p>e“ 'evd p+
: 2
JOE
+ T&fzf/DSS(p)ewez,vdzp. (2.140)

In this way, we have made the coupling operator of the active layer explicitly
dependent in a linear manner on the modification of the dielectric constant. Please
notice that when considering a discretized and truncated basis, the matrix AK, must
include the multiplication by the selected spacing of continuous labels (Ak; for the

basis of cylindrical waves), as remarked in the finite integrals in Fig. 2.6.

Moving on to the corresponding transmission operator for an active layer of

thickness L,, we can write

AE

T, = exp KB +K9 4 “AKa) La] : (2.141)
Eref

where the nonlinear dependence on Ag, is evident. Assuming that the last term, pro-

portional to A€, represents a small perturbation, we can perform a Taylor expansion

of (2.141) up to the first order to obtain a linear approximation in Ag,, yielding

T, ~ exp [(B + KEP’) La] + f’“ exp [(B + KE}”) La} AK L. (2.142)

ref

The latter holds true for thin active layers, i.e. small L,. Further details regarding the

linearization procedure can be found in Appendix B. Noticing that

TO — exp [(B + KE,(’)) La] (2.143)
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represents the transmission operator of the unmodified active layer, then one can

write T, as ~
AE,

T, =T + ZZ21OAK 1. (2.144)

ref

2.6.3 VCSEL modes equation

Substituting the linearization of the transmission operator of the active layer (2.144)

into the transmission operator of the whole structure (2.126) one gets

AZ
T=T, (Tﬂ(zo) + i TgO)AKaLa> T, =
Eref
), Afar 1(0)
=TTy T; + —2T, Ty AK,T;L,. (2.145)
Eref
Defining
™ —1,1OT, (2.146)

as the transmission operator of the whole VCSEL with the unmodified active layer
and
T =T, T AK, T, L,, (2.147)

the total transmission operator eventually reads
Eref

T =10 4 =27®@), (2.148)

The generalized Barkhausen condition in (2.137) can be rewritten using this new

expression for T as

AE, AE,
(- g ) T+ 22 an 07 -

Ag, Ag,
=r (e R re T S e

ref ref
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Bringing all operators with index (1) to the left-hand side and all operators with
index (2) to the right-hand side we obtain:

(Tl(sllgl"t +1l) -1, — FbTIElg) ap(0") =
AE,
== (T + 15} - DT, ~ D1 ) an(0). 2.150)

Finally, defining the operators

N2 — 12T, + TG — 0Tl ', — T, T 2.151)
and the scalar quantity
Eref
=—— 2.152
’}/ Aéa Y ( )

equation (2.150) can be cast into a generalized eigenvalue problem, also known as

VCSEL modes equation, reading
NWag (04) = NPag (0™). (2.153)

The latter allows for the evaluation of the supported AE, (from the eigenvalues 7)
and the supported NF profiles ag (0") (from the eigenstates) at different wavelengths.
Specifically, vy = y(A) and A&, = A&, (1) = —&e.¢/Y(A) for all possible supported
eigenstates. The real and imaginary parts of these as a function of the wavelength,
for all supported modes, are usually referred to as dispersion curves of the VCSEL.
We want to obtain the cold-cavity modes, i.e., the modes that are supported by the
resonator by only introducing a certain gain in the QWs, affecting the imaginary
part of the active refractive index, without considering any modification of the
corresponding real part. For this reason, the emission frequency of the various

modes, A, is the frequency for which:

R{AE, (L)} =0, (2.154)
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190nce the emission wavelength for a specific mode is evaluated, typically nu-
merically, according to (2.154), the corresponding modal threshold gain can be
obtained considering the maximum modification of the refractive index of the active
layer. Defining 71, the maximally modified refractive index of the active layer and
ng = \/€a/€o the corresponding unmodified refractive index, the index modification
Afi, can be obtain exploiting (2.123):

&, +AE £ AE 1 A AE
fiy— | fat B8 JE o B (g 288 B8 s
& & &, 2 €, 2n,4€y

so that

_Ag,
© 2n48
The field threshold gain, gfelq, can be defined through the imaginary part of the

Na

(2.156)

refractive index of the active layer as

fig = g+ jo0eld (2.157)
ko
while the power threshold gain, or simply modal threshold gain g, is
& = 28field- (2.158)
Comparing (2.158)—(2.157) with (2.156) evaluated at A = A, one gets
koS {AE, (A
g = 3 18E)) (2.159)

na €&

Once A, and g are known for each mode, the eigenstates at A can be taken into

account. The field that is obtained by reconstructing the state

0
NF= | s (01) ( )

190ne could also account for a modification of the real part of the dielectric constant of the active
layers. This is known as anti-guiding effect. To properly account for that, usually, the considered figure
of merit is the ratio between the real and imaginary parts of the modification of the refractive index of
the active layer, which can be interpreted as a non-differential version of the Henry alpha factor, onp.
In this way, the condition for the emission wavelength becomes R {A7i,(Ae)} /S {Afia(Ae)} = anp,
which yields the previous condition if anp = 0.
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using (2.74). This can be interpreted as the spatial NF profile right before exiting
the resonator. Using transmission operators evaluated at A, including the one of
the active layer, whose refractive index is now completely characterized, one can
propagate the field from the outcoupling facet anywhere both inside and outside of
the resonator!! (relying for instance on the transmission operator of free space). In
this way, for each mode, one can get the far field (FF) profile by propagating the
field in air or the field profile at the active layer simply exploiting T;. In general, this
procedure allows for a fully vectorial and three-dimensional reconstruction of the
modal fields supported by the VCSEL.

Aiming at implementing these equations, one must follow the following steps:

1. Select a set of wavelengths around the design target wavelength of the VC-

SEL!2. Notice that each of the selected wavelengths can be solved in parallel.

2. Select a certain basis with an appropriate truncation and discretization, tailored

according to the investigated geometry.

3. For each wavelength, calculate the operators N and N and solve the

generalized eigenvalue problem.

4. For each wavelength, a subset of modes, typically those with the lowest
threshold gain, is selected. It is essential to ensure that the same physical
modes are consistently tracked across different wavelengths. For instance, if
modes 1, 2, and 3 are selected at the first wavelength, the corresponding modes
at the next wavelength should represent the same spatial field distributions.
However, since eigenvalue problems do not guarantee a consistent ordering
of eigenvectors, a mismatch may occur. To correctly associate corresponding
modes across wavelengths, a correlation analysis is required: the spatial
overlap between the field distributions of two modes at adjacent wavelengths
must exceed a given threshold. A low overlap would indicate that the modes
do not correspond. Within our problem, the spatial overlap can be easily
estimated by the scalar product between the eigenvectors associated to the

HTo do so, one must account for the fact that all the layers of the resonators are embedded in
the reference medium. To pass from the reference medium to one of the two semi-infinite media
embedding the VCSEL one must consider the transmission across an interface.

12A more precise starting point would be a wavelength interval around the emission wavelength
obtained through a 1D simulation, further discussed in Section 3.1.
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various modes. Once the modes are selected and tracked across all considered

wavelengths, compute the corresponding dispersion curves.

5. From the dispersion curves, determine the emission wavelength of each mode
and the corresponding threshold gain. The mode with the lowest threshold
corresponds to the lasing mode of the VCSEL.

6. Evaluate the eigenvectors at the emission wavelengths of the selected modes,
either by interpolation of the closest available eigenvectors or by solving the
eigenvalue problem again. Reconstruct the NF profile over the desired spatial
domain and/or propagate the field to the desired longitudinal section of the
structure.

Please note that the only theoretical approximation in this treatment stems from
the linearization of the transmission operator of the active layer'3. As a result, the
estimated values of A and g for the desired modes are approximate. For instance, if
one directly substitutes the imaginary modification of the dielectric constant of the
active layer at A (obtained as an output) back into the nominal dielectric constant
&4, the expectation is that no further modifications should be necessary to support
that specific mode. However, this is usually not the case, as a slight adjustment may
still be required. To address this issue, one can iterate this procedure while gradually
restricting the investigated range of wavelengths until the required modification falls
below a certain threshold.

Using as an example the modal basis defined in Subsection 2.5.4 (R representing
the radius of the oxide aperture in this case) and the VCSEL stack defined in Fig.
2.7, the dispersion curves with the lowest threshold are reported in Fig. 2.9. The
latter reports both R{AE,} and 3{AE,} (and thus the threshold gain) as a function
of the wavelength, demonstrating how to apply (2.154) and (2.159). Furthermore,
the fundamental mode of the structure that is linearly polarized along x is reported
in Fig. 2.10 in terms of eigenvector, near field (NF, all three vectorial components),
far field (FF, squared norm), field at the active layer (x component), threshold gain,
and emission wavelength. Notice that the z-component of the NF was obtained from
the transverse component according to (2.15). All NF profiles are normalized with

respect to the maximum value of the x component. Had one chosen / = odd instead

13From the point of view of the practical implementation, an addition approximation is represented
by the basis truncation and discretization in ;.
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Fig. 2.9 Dispersion curves obtained using the modal basis defined in Subsection 2.5.4.

of [ = even, a degenerate mode with a dominant y component instead of x would
have been obtained. This demonstrates how the modal label / in cylindrical waves
determines the investigated linear polarization of the VCSEL modes. The degeneracy
is lifted when anisotropies are introduced. The difference in emission wavelength
between modes with the same spatial profile but different polarization is referred to
as birefringence, while the difference in threshold gain is known as dichroism, both

of which are related to the optical anisotropy sources in the structure.

The modal basis must include both / = even and / = odd when chiral structures
are analyzed so that elliptically polarized states can emerge. Further details on this
will be explored in Chapter 5.

2.6.4 Impact of the truncation and discretization of the trans-

verse wavevector on convergence

In order to properly implement the algorithm described in the previous subsection, a
key aspect lies in the choice of a suitable set of basis functions capable of accurately
representing the electric field phasor. Focusing on the x-polarized fundamental mode
of a circular VCSEL, as selected in Sec. 2.5.4, we restrict ourselves to m = 1 and
I = even, with p € {TE, TM}. However, special care must be taken in the truncation

and subsequent discretization of the transverse wavevector k;. In this subsection, we
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Fig. 2.11 Emission wavelength, threshold gain, NF (both in linear and log scales, to highlight
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the fundamental mode of a circular VCSEL for k" = 0.15kg as a function of the number of
transverse wavevectors. The x and y axes of the FF maps range from —10° to 10°.
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analyze how these choices affect the threshold gain and the emission wavelength of
the VCSEL fundamental mode, as well as the NF and FF profiles.

Specifically, we consider two different values for the maximum transverse
wavevector: k" = 0.15kp and k" = 0.25ky. For each case, a different num-
ber of discretization points N is employed. The results for k"** = 0.15, ky are shown
in Fig.2.11, while those for £"®* = 0.25, k¢ are reported in Fig. 2.12.

One can observe that A, and g, associated with the eigenvalues of (2.153), con-
verge significantly faster than the NF profile, which depends on the corresponding
eigenvector. Moreover, the propagation of the NF in air to compute the FF requires
an even larger number of modes to achieve convergence and represents the most
sensitive quantity overall. A typical indicator of insufficient discretization of the
transverse wavevector is the absence of a central peak in the FF profile, at least for
the fundamental mode.

By comparing Fig. 2.11 and Fig. 2.12, it becomes evident that convergence is
achieved more rapidly for the lower value of k"**. However, the quality of the NF
profile ultimately improves with the higher k"**, showing reduced side lobes. These
lobes are residual artifacts due to the oscillations of the Bessel functions and are
better compensated as the basis becomes more complete.
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Fig. 2.12 Same as Fig. 2.11, but for & = 0.25ky.

For particularly complex structures, featuring for instance strong scattering losses
[66], a non-uniform discretization of the transverse wavevector [67] can be employed,

properly modifying (2.115).



Chapter 3

1D modeling of VCSELSs

3.1 Scalar 1D simulations of VCSELs

If for some reason we already know that the VCSEL that we want to investigate is
SM with a specific polarization, e.g., due to a small oxide aperture or to the presence
of a surface grating relief, we can significantly simplify the problem discussed in the
previous chapter. This simplification is achieved by reducing the subset of chosen

basis functions and considering only normal incidence.

Let us specifically investigate a SM-VCSEL which is linearly polarized and let
us denote with x the polarization direction. We focus solely on the longitudinal
stack of the VCSEL, ignoring any transverse variation. This is referred to as 1D
scalar approximation. The simplest basis that we can use features a scalar label u,
only containing the forward/backward nature of the mode, i.e., 4t = . Since we
are considering normal incidence (k; = 0), there is not difference between TE and
TM modes, and the modes never feature a z-component. Furthermore, the modal
impedance defined in (2.61) no longer depends on the modal label, simply becoming:

Z, =—, (3.1
r

since the normal propagation constant is:

B =\/k2—k}=k,. (3.2)
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The modal electric field simply reads
exy=eo, eyu=0, e, =0, (3.3)

where ¢ is an arbitrary function used in the definition of the power normalization
constant. The 2 x 2 coupling matrix, full in the 1D scalar case, is obtained entirely

from from (2.97), since wa =0, as:

WAEZ
Ky = —s,2 S (3.4)
On the other hand, the propagation matrix reads
—J 0
g | P O (3.5)
0 jBL

We have now everything we need to evaluate the 2 x 2 transmission matrix of any
layer characterized by a certain Ae. To treat the whole VCSEL stack as done in
Section 2.6, we need to linearize the transmission matrix of the active layer. To do

so, similarly to (2.138), one can write:

o Jjo [(ga - gref) + Aéa] Z . (0) AE,
(Ka) gy = —Su : — (K& )”v (MK, B0
where (KC(,O)> is the coupling matrix of the unmodified active layer, while
uv
| D ErefZ,
(AKL),y = —sHJTe% 3.7)

Finally, the scalar reflection coefficients at the top and bottom interfaces between the
reference medium and the two boundary semi-infinite media for normal incidence

read:
r— nt7b

L= (3.8)

r+ Nt b '
At this point, the VCSEL mode equation (2.153) becomes much simpler. Indeed
being the operators that feature in (2.153) are obtained from the forward-forward,
forward-backward, backward-forward and backward-backward components of the
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transmission matrices, thus they become scalar quantities, yielding the solution:
ag(0+) =1, (3.9)

defined up to a multiplicative constant, and

Ere
Y(A) = !

) = N (3.10)

Once the emission wavelength and threshold gain are found, the refractive index
profile is completely characterized, thus one can propagate the field at the outcoupling
facet up to any longitudinal section of the VCSEL, using the fully determined

transmission matrices and obtaining the SW profile as:
SW(2) = lar(2) +as(2)|*, (3.11)

also defined up to a multiplicative constant.

To evaluate the SW properly, one must account for the the transition between
the top semi-infinite medium to the reference medium, in which all VCSEL layers
are embedded. This can be done by considering the transmission matrix across the
interface between such media. Specifically, the field right outside of the VCSEL
outcoupling facet is:

0
anp=a(0") = [1] : (3.12)

which is made entirely of a backward component, since, at z =07, the field is exiting
the device from the top without facing any more reflections. To propagate such a
field inside, we must consider that

a(0+) = Tenter@nF, (3.13)

where [68]
(3.14)
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Fig. 3.1 Example of a scalar 1D simulation. The refractive index profile is reported, alongside
the standing wave in logarithmic scale, normalized so that its maximum matches the refractive
index profile. At the top, the emission wavelength and the threshold gain are reported.

Once a(0") is known, it can be propagated throughout the device. Similarly, at the
bottom medium (z = L), it holds that

a(L+) = Texica(L™), (3.15)
where [68]
1 1 —I
Tenter = —F—— [ ] . (316)
Ji-1r2 [7Te 0

An example of a 1D scalar simulation for a VCSEL designed to emit at a target
wavelength of A, = 850 nm is presented in Fig. 3.1. The simulation highlights the
emission wavelength, the threshold gain, and the SW profile in logarithmic scale. The
results show that, at the outcoupling facet, the SW intensity is more than 100 times
higher than its corresponding value at the substrate. This confirms the appropriate
choice of the number of pairs in both the top and bottom DBRs, as an intensity
contrast of at least two orders of magnitude between the outcoupling facet and the
non-emitting facet is typically required.

It is now possible to investigate how the optical properties of the VCSEL such as
threshold gain and emission wavelength vary with respect to the thickness of the cap
layer, i.e., the topmost layer of the top DBR, previously discussed in discussed in
Section 1.2. Let us define Lcyp as its thickness and ncyyp as its refractive index. In the
results of Fig. 3.1, Lcap Was set at A/ (4ncap), and we aim to demonstrate that this is

the best possible choice in terms of minimum threshold gain.
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Fig. 3.2 Threshold gain and emission wavelength of the VCSEL structure defined in Fig. 3.1
as a function of the cap layer thickness, showing a periodic behavior.

The threshold gain and the emission wavelength as functions of L, are reported
in Fig. 3.2, displaying a periodicity with a period of 4;/(2n¢,p). The first minimum
threshold gain, due to the highest reflectivity of the top DBR, is obtained for Lcap =
At/ (4ncap), confirming the optimal design of Fig. 3.1.

A notable feature is that the valleys corresponding to the minima of the threshold
gain are broad, providing room for technological tolerances. In contrast, at points
where the threshold gain is maximum, due to the poorer reflectivity of the top
DBR, the variation is sharper. This periodic behavior of the cap layer is crucial for

designing a surface relief, as will be discussed in Chapter 4.

If optical losses in the cap layer are taken into account, the behavior is no longer
perfectly periodic, and the minimum values of the threshold gain slightly increase

with increasing cap layer thicknesses.

3.1.1 Reflectivity spectrum of a distributed Bragg reflector

A useful application of the scalar 1D formalism is the calculation of the reflectivity
spectrum of a DBR for normal incidence. In general, given a stack of N layers with
refractive indices n; and thicknesses L;, embedded between two semi-infinite media
with indices nj, and nqy, it is possible to calculate the overall transmission matrix of
a field impinging from the input medium n;,. From this it is possible to evaluate the
scattering matrix and thus the reflection coefficient. To do so, one must first calculate
the transmission matrix from the input medium to the reference medium T, _,,, then
the transmission matrices of all layers T; (using the CMT formalism), and finally the

transmission matrix between the reference medium and the output medium T,_,,_, .
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Fig. 3.3 Top: considered DBR structure. Light is impinging from the input medium on the
left, representing the cavity, while air represents the output medium on the right. This is the
case of a top DBR. The thickness of a layer with index n is set at A/(4n), with A = 850 nm,
aiming at achieving maximum reflectivity at A;. Bottom: power reflectivity and phase of the
reflectivity as a function of the wavelength.
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Fig. 3.4 Chosen convention for the definition of the scattering matrix S.
The needed matrices read:
1 T,
T, = , 3.17
e[ o
1 1_‘out
T , 3.18
r—Nout [ Fout 1 ( )
where
I_‘in,out = : nm,ou_t7 (319)
r =+ Nip out
T; =exp [(B + Kl-)Li] , (3.20)

with K; obtained for each layer according to (3.4), exploiting n; when calculating
Ae for the different layers. Similarly, B can be calculated using (3.5). The overall

transmission matrix for the stack reads:
1
T= Tr—m(,ut H T; Tninﬁr- (321)
i=N

Finally, according to the convention chosen in Fig. 3.4, the scattering matrix can
be calculated as a function of the transmission matrix as [68]:

—Tsr/TsB 1/TsB
(3.22)
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from which one can extract the reflection coefficient Sy;!. Doing this as a function
of the wavelength can provide the reflection spectrum of a DBR, as reported in Fig.
3.3 optimized for maximum reflectivity at 4, = 850 nm. One can notice that the
broadness of the the reflectivity spectrum is of the order of 100 nm, much larger than
the typical variations of emission wavelengths in VCSELs, in the order of ~ 0.5 nm
as shown in Fig. 3.2. For this reason, mirror dispersion can be neglected in VCSELs.

The definition of the scattering matrix in (3.22) is useful for highlighting a
possible criticality of our methodology. Indeed, the inverse relation of (3.22), i.e.,
expressing a generic transmission matrix T as a function of S, using the convention

in Fig. 3.4, is given by:

S11522

Sa1 — S22/S12
—S11/S12 1/S12

T — (3.23)

Our algorithm is based on transmission matrices, however, when a layer exhibits
very strong reflectivity or high absorption, e.g., metallic layers that may support
evanescent fields, the element S, can approach zero. As a result, T may become
nearly singular, leading to numerical instabilities and errors. To address this issue,
metallic layers in our implementation are treated directly via their scattering matrix,

even in 3D.

3.2 Vectorial 1D simulations of VCSELSs

To account for optical anisotropies while remaining within the normal incidence
case and neglecting all transverse variations, we must slightly modify the procedure
presented in Section 3.1. This vectorial 1D analysis remains significantly simpler
than the full 3D problem discussed in Chapter 2 and proves useful for studying
VCSELs that support two different modes sharing the same transverse spatial profile
but exhibiting distinct polarization characteristics. This approach is particularly
valuable for assessing the impact of gratings and intrinsic semiconductor anisotropies

on the laser’s dichroism and birefringence.

Practically, also in this case the basis must be simplified. The modal basis must

consider fields that are linearly polarized either along x or y, which serve as a basis

'Similarly, one can also extract the transmission coefficient from Sy;.
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for all kinds of different polarizations, including elliptical and circular, given the

possibility of having complex expansion coefficients. In this way, the bi-dimensional

u= [l] ; (3.24)

where i € {x,y} represents the polarization and o € {forward, backward} represents

modal label reads:

the type of propagation. In this case, all matrices are 4 x 4 complex matrices.While
the modal impedance Z, and the normal propagation constant 3, remain the same
as (3.1)—(3.2), the modal fields read:

ey, [=X,

eep =4 " (3.25)
0, i=y,
0, i=nx,

ey = _ (3.26)
€y, 1=,

eru =0, (3.27)

eo being arbitrary and linked to the power normalization constant. Starting from
the general result expressed in (2.96), given two modes labeled by p = [i,«]” and
v =[i’,a/]", we can calculate:

Z,C

/ ey eydip =2 Hts, (3.28)
R2 25”

From the latter, one can obtain the link between ey and Cy,. For instance, choosing

i =i = x, one obtains that

Z,C
2 12 L-u
/Rze()d p 2s“ s (3 9)

from which it is evident that Cp, only depends on the propagation type and not on the

polarization label.

At this point, consider an anisotropic layer described by the parameters defined
in Appendix A, namely the dielectric constants along the principal axes €xx and €yy,
together with the tilting angle 6. Having defined &5, and &,,; as:

_ &x té&y

€iso = — 5 (3.30)
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Exx — &
i =~ (3.31)
the whole coupling matrix can be calculated as (see Appendix A, equation (A.26)
for further details):

10]
Kyv = -2 (Eiso — Eref) / (ex,uex,v + ey,ueyw) d2p—|—
Cu R?

jo
_ C_#gani cos(20) /RZ (ex#exy — ey,uey,v) d2p+

o
- ]C_uea“i sin(20) /R (expenv +eppecy) dp, (3.32)

recalling that K* is identically zero due to (3.27). Let us denote the three terms as
(KiSO)MV’ (Kgr?is)yv and (K;gil)p,v’
the double integrals for the various combinations of i and i’. Specifically:

respectively. We are now able to calculate all of

( 32902, C : )
fRze(z)dzp(:)—;S“, i=x,i =x,
u
d2 _ 0, i:y, i/:X, 333
Jexpexyd™p = (3.33)
K 0, i=x,i =y,
\0; l:y7 i,:ya
(0, i=x,i =x,
3290 Z,C
2 fRze(Z)dQP(:) ;_ “7 =Yy, l/—X,
/Zey#ex.yd p= S (3.34)
R 0, i=x,i=y,
L0, i=y i =y,
(0, i=x,i =x,
, 0, i=y, i =x,
expeyvd p = 329 Z,C ) ) (3.35)
/RZ e fRze(z)dzp(:)#a l:%l/:y’
m
\O’ l:y7 i/:yv
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(0, i=x,i=x,

, 0, i=y, i =x,
d°p = 3.36
/IRZ e)’aﬂe}ﬁv p O’ l: x, l'/ :y, ( )

(329 Z,C : :
e d®p =" S =E =y i =y,
\ Su

Using these relations, considering that sﬁl = sy and simplifying Cy, one entirely

calculate the coupling matrix as:

ja) (giso - £ref) ZJ_ i g
Sp 5 , i=ux,i=x,
0, i=y i =x,
(Kiso) -
i 0, i=x,i=y,
Jjo (€50 —&ef)Z1 .,
_SH y IL=y1 =Y,
\ 2
( JOEicos(20)Z y
—Sp > , i=x,i =x,
. . ./ _
( CO.S) _ 0, =y, =X,
R o, i=xi =y,
[WE,p; cOS(20)Z
+Sﬂj = ( ) J_a i:y7i/:y7
\ 2
(
0, i=x, i =x,
JOERisin(20)Z, | y
- —ou 9 l=Yy1 =X,
(i) {7
ant Jyy jO&misin(20)2, .
_sﬂ 2 y =X =Y
\0’ i=y i =y.

(3.37)

(3.38)

(3.39)

Nothing changes concerning the propagation matrix, which now will be a diagonal

4 x 4 matrix with identical values for the xx and yy components, and for the reflection

matrices, which now will be diagonal 2 x 2 matrices, with identical values along

the diagonal since the reference medium and the semi-infinite boundary media

are isotropic. The active layer is also considered isotropic, so (3.6)—(3.7) are still

formally valid, but now all matrices will be 4 x 4 with identical values for their xx

and yy components and with null values for their xy and yx components. The VCSEL

mode equation in (2.153) is now a 2 x 2 generalized eigenvalue problem, from which

the modal properties of the two modes with different polarization features can be
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extracted. Besides the two threshold gains, whose difference determines dichroism,
and the two emission wavelengths, whose difference determines birefringence, the
normalized Eqy = ag(07) € C? for both modes, featuring an x and a y components,
represents the Jones vector of the supported modes at the outcoupling facet®. This
complex vector embeds all the polarization information of the supported modes at
the output facet. Starting from Ey, it is possible to calculate the Stokes parameters

of the mode and to represent them on the Poincaré sphere as done in [37].

If all VCSEL layers exhibit the same principal axes (X,Y), the reference system
(x,y) can simply be chosen to align with said axes, fully decoupling the two polar-
izations. In this simplified case, two separate scalar simulations can be performed:
one considering the refractive indices along the x-axis and the other along the y-axis.

The resulting modes are linearly polarized along x and y, respectively.

The general methodology presented in this section is particularly useful when
different VCSEL layers exhibit distinct sets of principal axes, rotated relative to
one another. This occurs, for instance, in a VCSEL with intrinsic semiconductor
anisotropies aligned with the GaAs crystalline axes and a subwavelength grating
tilted with respect to these axes. The vectorial 1D model enables the analysis of
interactions between misaligned optical anisotropies, facilitating possible VCSEL
deigns devoted to polarization control across the entire Poincaré sphere, as will be
discussed in the following chapters.

The vectorial 1D model is particularly well-suited for engineering polarization
control, offering significant simplifications compared to full 3D simulations. This
approach allows for a deeper understanding and extensive parametric studies, which
would otherwise be computationally prohibitive using a full 3D solver.

2The eigenvector ag(0"), defined up to a multiplicative constant, represents the NF exiting the
device, without any forward component, since ag(0~) o ag(0") according to the scalar transmission
coefficient from the reference medium to the top semi-infinite medium. This vector of C* (the two
obtained backward components and null forward components) can be transmitted from 0~ to 0™ using
the scalar transmission coefficient from the top semi-infinite medium to the reference medium, then it
can be propagated using the 4 x 4 transmission matrices up to any section z of the VCSEL. This allows
the evaluation of the standing wave as SW(z) = |E;(z)|> + |E,(z)|*, where Ey(z) = ar(z) + a(2)
(similarly for Ey), and the spatially-resolved Stokes parameters according to [37].
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3.3 Optical anisotropies in VCSELSs

In Section 3.2 and Appendix A, we discussed the effects of anisotropies in VCSELS,
particularly their impact on the calculation of coupling operators. This analysis
extends the work of [69] to the case of rotated principal axes. At this stage, it is
essential to examine the specific mechanisms that introduce optical anisotropies in

VCSELs. These mechanisms can be categorized as either intrinsic or extrinsic:

* intrinsic anisotropies arise from the optical properties of semiconductors and

include effects such as:

— the elasto-optic effect, induced by applied mechanical strain [70],

— the electro-optic effect (EOE), caused by the electrostatic field at the
doped DBR hetero-interfaces and from which the VCSEL modes typi-
cally exhibit a birefringence of around 10 <20 GHz [69],

* extrinsic optical anisotropies result from the presence of anisotropic layers
or subwavelength gratings, which can be effectively modeled as a uniform

anisotropic medium.

In the following, we quantify such optical anisotropies in terms of dielectric constants
along the different principal axes.

3.3.1 Electro- and elasto-optic effects

AlGaAs is an isotropic material when it is not subjected to an electrostatic field or
mechanical strain. Let us denote by njg, the isotropic refractive index of AlGaAs,
which depends on the aluminum molar fraction as depicted in Fig. 1.4. The cor-
responding dielectric constant is &g, = SO”izso- Electrically pumped VCSELSs have
doped DBRs to ensure electrical injection in the AR, resulting in strong electrostatic
field peaks at the DBR heterointerfaces, which in turn makes the material anisotropic
through the EOE. This introduces a birefringence in the VCSEL modes, removing
the degeneracy between different polarizations and leading to the possible emission
of different linearly polarized modes with extremely similar threshold gain, which

can cause polarization switching [37].
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Fig. 3.5 Impact of electro- and elasto-optic effects on the anisotropic dielectric tensor.

The application of mechanical strain also causes an additional anisotropy through
the elasto-optic effects, which can either be unintentional due to the VCSEL pack-
aging and manufacturing processes, or it can be used to control the birefringence,

which is a key parameter for spin dynamics [71, 70].

We can denote the principal axes of an AlGaAs layer using the crystallographic
Miller indices, i.e., X = [110] and Y = [110], with Z being the longitudinal growth
direction. If a strain o is induced along X (positive if the strain is tensile) and an
electrostatic field featuring a z-component Ej ; is present, the electro- and elasto-

optic effects impact on the dielectric tensor as reported in Fig. 3.5, where [69]:

Ags xx /€ = —nfso p4aG /2, elasto-optic effect, (3.40)
Ags yy /€ = —I—nfso pasa0 /2, elasto-optic effect, (3.41)
AEEOE xx /€ = —l—nfsomlEm, electro-optic effect, (3.42)
A€EoE Yy /€0 = —nfsor41Es7Z, electro-optic effect. (3.43)

In the latter, pgq = 0.072 [69], while r4; = 1.6 pm/V for GaAs [72] and 0.78 pm/V
for AlAs [73]. For intermediate aluminum molar fractions, the values of r4; can be
linearly interpolated. In (3.40)—(3.41), a sign change occurs if the strain is applied
along Y instead of X.
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Fig. 3.6 Illustration of the homogenization procedure: a subwavelength grating, which is an
inhomogeneous medium, can be treated as an equivalent anisotropic homogeneous medium
described a unique dielectric tensor.

3.3.2 Subwavelength gratings

Grating VCSELs, i.e., VCSELs with a grating etched in their cap layer, were orig-
inally introduced to fix the VCSEL emitted polarization [41, 74—76]. From the
optical standpoint, a grating that is aligned with respect to the AlGaAs crystalline
axes introduces a large dichroism between the two linear polarizations associated to
each transverse mode, thus enabling single-polarization emission. A grating can be
represented by an inhomogeneous medium, featuring alternating parallel bars made
out of two materials, typically AlGaAs and air, if the cap layer is not encapsulated in
further cover layers. We can define:

e &4 and Eqyper as the dielectric constants of the two materials used for the bars,
* ngp and nger as the corresponding refractive indices,

* wgp as the width of one of the bars characterized by ngy, typically the semi-
conductor bars,

* A as the spatial period of the grating,

* Mipc = win/A as the spatial duty cycle of the grating, as reported in the top
left sketch of Fig. 3.6.
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Fig. 3.7 Born-Wolf formulas to evaluate the anisotropic indices of a subwavelength grating,
valid for A << A/ max(ngy, fother)- In this example, ng; = 3.5 and nggher = 1.

To properly account for such a layer, one should consider it as a layer with transverse
variations, however the bars can have very different spatial dimensions with respect
to the oxide. When different spatial scales are present, one should use a large number
of basis functions to expand the fields, thus significantly increasing the computational
effort.

Fortunately, with increasing precision of lithographic masks, gratings became
subwavelength [77], resulting in the elimination of scattering losses since the higher
order diffractions are suppressed. If A is the wavelength of the light interacting with
the grating, a subwavelength grating features a spatial period such that

A< A (3.44)

max (R, Rother)

with state of the art dimensions being A ~ 100 =200 nm for 850 nm VCSELs. A
subwavelength grating can be approximated as an anisotropic homogeneous medium
with a dielectric tensor as the one represented in Fig. 3.6. This procedure is referred

to as grating homogenization.

The simplest way to evaluate €, and g and their corresponding refracrive indices
ny and n is to use the Born-Wolf formulas [49], holding their validity in the limit
A << A/max(ngy, Romer) and reading:

(3.45)

n| = 5
\/ Nbc N 1 —7pc
Eil/€  Eother/€0
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Fig. 3.8 Ordering of vectors (a) and matrices (b) in the 1D vectorial analysis.
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Notice how (3.45)—(3.46) do not depend explicitly on A, nor on the grating bar
thickness 7o, Which start to matter for larger values of A. The Born-Wolf formulas

are represented in Fig. 3.7.

Let us now develop an alternative way to obtain the homogenized indices and
to test the Born-Wolf formulas. Consider the 1D coupling matrix of an anisotripc
layer described in (3.37)—(3.38)—(3.39). We can arbitrarily order the vector of
expansion coefficients a, which comprises all ay with g = [i,a]”, i € {x,y}, a €
{forward (F), backward (B)}, and all matrices acting on it. For instance, we can

choose the ordering described in Fig. 3.8. Defining the auxiliary matrices

1 0

A= [O _1] ) (3.47)
I 1

A = . _1] ) (3.48)

we can rewrite the propagation and coupling matrices of the 1D vectorial analysis

with this new ordering as

A 0
B=—i , 3.49
B 0 A, (3.49)
JO (€iso —&ef) Z1L |[A2 0
K., = — .
iso 7 0 A’ (3.50)
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Koy — KE0S 1 Koin = _J@€&mniZ1 |c0s(20)Az  sin(26)A;

- , 3.51
o 2 sin(20)A; —cos(260)A; 1)

so that the overall transmission matrix of an anisotropic layer of thickness L within

the reference medium reads:
T =exp [(B + Kiso + Kani) L] . (3.52)

The transmission matrix of a grating sandwiched between two semi-infinite media
can also be obtained by rigorous coupled wave analysis (RCWA) [50, 51], which
will not be discussed as it is beyond the scopes of this dissertation. Supposing to
have access to said transmission matrix>, namely Trcwa, by extracting its matrix
logarithm it is possible to have a set of 4 x 4 equations involving both g, and &,,;
reading:

(B + Kiso + Kani) L = log (Trcwa ) - (3.53)

Focusing on the components (1, 1) and (3,3) of the previous matrix equation, it is
possible to derive a 2 x 2 system of equations with unknowns &5, and &,,;, in turn
linked to the €xx and &yy of the homogenized grating according to (A.20)—(A.21),
simply representing €, and g, respectively. Fixing the grating thickness fgry = 60
nm, the duty cycle npc = 0.5 and for a varying grating period, the results of this
new homogenization procedure, compared with the Born-Wolf formulas are reported
in Fig. 3.9, showing that for typical grating periods there is a significant deviation
from the Born-Wolf results, especially concerning n, . One could use the RCWA
transmission matrix directly, however the homogenization procedure is crucial when
wanting to consider grating reliefs, i.e., gratings with a finite transverse shape, since

RCWA is only able to provide the transmission matrix of an infinite layer.

Subwavength gratings represent a source of optical anisotropy which can be
easily engineered by varying the grating design parameters. Such a strategy will
be further discussed in the following chapters (see Chapter 5), especially useful for

polarization control [37].

30ur optical mode solver, VELMS, is able to calculate a grating transmission matrix using RCWA.
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Fig. 3.9 Grating homogenization starting from the grating transmission matrix calculated via
RCWA, obtained fixing the grating thickness and duty cycle, while varying the period. The
results are compared with the Born-Wolf formulas (BW), which are only accurate at lower
periods.

3.3.3 3D vs 1D vectorial simulations

Consider a VCSEL supporting two modes sharing the same intensity profile asso-
ciated to the fundamental mode (see Fig. 2.10), with the same epitaxial structure
defined in Fig. 3.1. Let us analyze the modal properties of this device using both a
full 3D analysis and the vectorial 1D analysis. Consider the application of a uniform
strain along one of the GaAs principal axes throughout the entire structure, so that
two linearly polarized modes are supported along x = X and y =Y, respectively.
Defining the lasing and superior modes as the mode with the lower and higher
threshold gains, respectively, we can denote g; and g as the lasing and superior
threshold gains, A and Ae ¢ as the lasing and superior emission wavelengths and fj
and f; as the lasing and superior emission frequencies. The absolute birefringence

Af between the two modes can be expressed as:

1 1

Af:|fs—fi|:C Ae,s )ve,l

, (3.54)

¢ being the speed of light. Furthermore, the absolute relative dichroism between the

modes reads:

Ag— 881 (3.55)

81
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Fig. 3.10 Top: emission wavelength for both modes and corresponding birefringence calcu-
lated for a 1D vectorial simulation and a full 3D simulation. Bottom: threshold gain for both
modes and corresponding relative dichroism calculated for a 1D vectorial simulation and a
full 3D simulation. At ¢ = 0, the linear lasing polarization switches from x to y, which is
predicted from both the 3D and 1D vectorial model.
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which can be expressed as a percentage. The results for varying strain values in the
cases of 3D and 1D vectorial simulations are reported in Fig. 3.10. It can be seen that
the wavelengths in the 3D case are lower with respect to the vectorial 1D case, due to
the fact that the 1D simulation only accounts for k; = 0, while larger values of k; are
employed in the 3D case. In addition, the 3D thresholds are higher. However, both
the birefringence Af and the dichroism Ag are in perfect agreement*, confirming
how useful the fast and computationally light 1D model can be, especially when
a single transverse mode is selected and the focus is entirely on the polarization

features.

“The slight disagreement appearing in Ag is due to the fact that the dichroism is usually defined in
relation to g;. If one uses an absolute definition for the dichroism, i.e., Agaps = |gs — &1], the agreement
between the 3D and 1D vectorial case would be perfect.



Chapter 4
High-power single-mode VCSELSs

A SM circular VCSEL features an oxide radius of ~ 1.5 um and a relatively low
optical power, limited to 4 -6 mW [20, 43, 78]. Aiming at a higher output power,
one can rely on larger apertures at the cost of losing the SM emission. Large-
active-area (LAA) VCSELSs are employed for applications that do not require a
coherent emission of a pure spectral line, e.g., plastic welding, industrial heating
processes or skin treatment [15]. The most critical aspect to be considered when
designing LAA devices is self-heating, i.e., the internal heating of the VCSEL due
to current injection. Typical heat sources are Joule heating, non-radiative carrier
recombination mechanisms and thermalization of carriers in the QWs, creating a
non-uniform temperature distribution in the device that peaks at the QWs [45, 79]
and that increases with the VCSEL bias point.

Self-heating has several effects, and represents the main cause of the VCSEL roll-
over. Indeed, self-heating causes a thermal lensing due to the empirical dependence
of the refractive index profile on temperature [79], causing a shift in emission towards
longer wavelengths [45]. On the other hand, the gain provided by the QWs, besides
depending on carrier population, depends on both wavelength and temperature. The
gain peak also shifts towards higher wavelengths with increasing temperature, but
with a faster shift rate with respect to the VCSEL emission wavelength! [80]. In an
optimal design, the QWs gain peak should be aligned with the emission wavelength,

IThe gain spectra are determined by the structure of the quantum wells (QWs), in particular by
the thickness of both wells and barriers, their molar fractions, the number of confined carriers, the
operating temperature, and the optical wavelength. A quantitative description of these dependencies
can be derived using the Fermi Golden Rule [45], which, for example, allows one to predict the
temperature-induced shift of the gain spectra. Conversely, the resonant emission wavelength is
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thus introducing a dependence of the VCSEL design on the target bias point. As the
bias point increases, the peak of the gain spectrum gets more and more misaligned
with the emission wavelength, thus degrading the QWs gain and eventually turning
off the laser>. The goal is to push the roll-over point towards higher and higher
currents, so that the maximum optical output power of the laser is increased as much

as possible.

In LAA-VCSELs self-heating depends on the transverse shape of the oxide,
as demonstrated experimentally in [15] and interpreted with thermal simulations
in [79]. They key message is that VCSELs with elongated active shapes show
the roll-over point for higher currents and can achieve higher output power and
wall-plug efficiency compared to standard circular or quadratic VCSELs with the
same area. This is due to a better thermal dissipation along the shorter side of the
elongated oxide. This is the reason why multi-mode large-area rectangular VCSELSs

are typically employed.
In this thesis, LAA-VCSELSs represent the starting point, aiming to add SM

emission on top of a higher-out power. This is what we refer to as modal engineering,
relying on surface patterning techniques based for instance on arrays of surface
grating reliefs, generalizing the concept of circular grating VCSELs. Possible

designs and associated issues are investigated in the following sections.

Most of the results of this chapter have been published by our group in [81, 29,
79].

4.1 Modal engineering of rectangular large-active-
area VCSELs

Atomic devices such as atomic clocks, quantum gyroscopes and atomic magnetome-
ters call for the optical pumping of a specific atomic species, which can only be
excited at specific wavelengths due to the electronic transitions, furthermore, the
input light needs to be circularly polarized. This requires a SM light source with a

stable linear polarization, which can be later converted into a circular polarization

determined by electromagnetic considerations: it depends on the properties of the optical cavity, the
mirrors, and the temperature, which affects the refractive index profile.

This phenomenon happens in conjunction with a worsening of the injection efficiency in the
QWs with temperature, which also contributes to the device turn-off.
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Fig. 4.1 Calculated mode profiles at the outcoupling facet of a rectangular VCSEL with
their corresponding threshold gain. Only x-polarization is displayed; y-polarization features
exactly the same threshold gain, wavelength and field profile, since in the simulation no
intrinsic anisotropy is included. Each mode is indexed by the number of nodes along x and y.
Emission wavelengths are closely packed: all the modes in the figure lie within a wavelength

interval of 0.5 nm.
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through a quarter waveplate [27]. VCSELs are emerging as a compact semicon-
ductor light source, which, however, must target tens of milliwatts of single-mode
power (see TRUMPF VCSELs for the Qyro Project) for a good efficiency of the
atomic pumping process [38]. As stated in [20], several designs have been pro-
posed to increase the output power whilst remaining within the SM regime, such as
surface-relief based circular VCSELSs [43, 78] or circular devices whose epi-structure
features a particular alignment between the oxide and the standing wave, obtained by
modifying few p-DBR pairs [20]. Both solutions present an insufficient SM power
of around 4 < 6 mW. A much more promising solution relies in modal engineering
of LAA devices.

The goal of this section is to give design guidelines for a SM linearly polarized
LAA rectangular VCSEL tailored for atomic pumping of rubidium atoms [18, 20,
24, 82], targeting an emission wavelength of 4, = 795 nm and compatible with
AlGaAs VCSEL technology [38]. The SM emission is achieved through surface
patterning of the outcoupling facet. Complementary measurements were performed
on SM rectangular VCSELSs featuring a standard emission at 850 nm, which are in
agreement with numerical simulations, thus validating the design and optimization

strategies.

4.1.1 Optical modes of a large-active-area rectangular VCSEL

without surface patterning: multi-mode emission

Given an epitaxial structre that is compatible with the emission at 4; = 795 nm, we
focus on simulating a LAA-VCSEL with a rectangular oxide aperture (and therefore
a rectangular active area) of 26 um along the x axis and 6 m along the y axis, with

an aspect ratio of 4.33.

We can calculate the optical modes supported by this structure using the proce-
dure described in Chapter 2, employing a much larger number of basis functions

with respect to Fig. 2.10, given the non-circular shape.

Each supported mode is indexed by a two dimensional label of integer numbers,
(nx,ny), ne and n, being the number of nodes along x and y, respectively. In Fig. 4.1
we are reporting the normalized dominant component of the modes at the outcoupling

facet of the laser, namely the NF profiles, together with their threshold gains. Since


https://www.trumpf.com/en_INT/newsroom/global-press-releases/press-release-detail-page/release/trumpf-vcsels-to-fly-to-space-in-quantum-sensors/
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I 1

design G, cm’ G{), cm! Gy, cm! Mo
A 884 879 1080 0.55
B 1192 1634 1536 0.94

Table 4.1 Parameters characterizing designs A and B.

mode discrimination solutions are not applied here, they have similar threshold gains,

which is compatible with the expected multi-mode emission.

4.1.2 Surface patterning for single-mode emission: metallic grid

and grating relief array

Now, we present design strategies aimed at SM operation based on selecting a
high-order mode by introducing threshold gain penalties for all its competitors. The
fundamental idea is to introduce a patterning at the VCSEL aperture, which mimics
the topography of the mode. Such patterning can be designed on the basis of the

preliminary simulations presented in Fig. 4.1.

We discard the idea of selecting the modes with n, > 0. Indeed, with such an
aspect ratio, the patterned structures needed to select a mode with n, > 0 should
be quite small and thus more challenging from the manufacturing standpoint. The
situation would be different for squared geometries like the one investigated in [14],

for which modes with n, = ny become a reasonable choice.

Among the modes with ny, = 0, considering that the aspect ratio of the rectangle
is about 4, the mode (4,0) is the one featuring the most circular field spots, while
the others are quite elliptical (see the limit cases with n, = 0 and n, = 9 featuring
the highest ellipticity). For this reason, the target of the designs will be achieving
SM, single-polarization (e.g., x) operation with the (4,0) mode. In the following, we

will present different possibilities to achieve this target.

The SM solutions investigated in this subsection rely on a metallic grid and
a grating relief array at the VCSEL outcoupling facet, respectively, presented in
Fig. 4.2. In view of a comparative appraisal between the design strategies, four

parameters are investigated, which are summarized in Tab 4.1. These are:

* the threshold gain per QW of the selected mode for both polarizations, Gy,

and its y-polarized counterpart Gy,
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Fig. 4.2 Overview of the investigated designs (A and B) achieving the SM emission. Each
column represents one of the designs, described in terms of transverse geometry (first row,
axes are expressed in m), dominant component of the mode with the lowest threshold at
the QW section (second row), at the output section, i.e., the NF profile (third row), and FF
profile. More in detail, design A features the oxide aperture sketched by the green line and is
covered with metal everywhere except for the metal opening depicted in yellow. Design B
instead features circular grating surface reliefs within the red circles.
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¢ the threshold gain per QW of the first superior (in gain) mode Gy,

* the outcoupling efficiency 1,, defined as the ratio of the optical power emitted
by the device to that generated in the QW active region.

Design A: metallic grid

The first investigated solution to retrieve the single-mode emission (design A),
similarly to that simulated, realized and characterized in [14], is based on patterning
the outcoupling facet with a metallic grid, consisting of a 50 nm Pt layer featuring 5
uniformly spaced apertures in correspondence to the field spots of the mode (4,0).
For the design A, the first column of Fig. 4.2 shows the transverse features of
the investigated geometry, the dominant component of the mode with the lowest
threshold both at the QW section and at the outcoupling facet (NF), and the FF
profile. The parameters characterizing the design are reported in the first row of Tab.
4.1.

Design A features a relative difference between G{, and G of 23.4%, therefore
much higher than the situation depicted in Fig. 4.1, where the maximum relative
threshold difference between the modes is around 3%. Besides the optical advantages,
this solution can also improve dramatically the electrical injection and its uniformity

in the QWs, especially useful for very large apertures.

This design lacks any polarization control (nearly equal G;; and G{)) and features
a strong metal absorption (low outcoupling efficiency). If polarization control is not
an issue, then efficiency can be improved by using elliptical metal apertures and this

design can be used.
Design B: grating relief array

The second investigated solution (design B) consists of a grating relief array,
where each grating relief is aligned with one of the field spots of the mode (4,0).
As displayed in Fig. 3.2, the reflectivity of the p-DBR depends strongly on the
thickness of the cap layer. For a standard design, this thickness is optimized to
have the maximum DBR reflectivity and the lowest threshold gain. In relief-based
designs, the cap layer is grown longer, targeting the highest threshold gain, and
subsequently etched, with a depth corresponding to the optimal design, following

the transverse profile of the mode to be selected. This procedure strongly increases
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the thresholds for all the modes less than the selected one, hence acting as a mode
selector. This design also allows for polarization control. Indeed, it is possible to
etch a subwavelength grating in the regions where the relief is needed, which can be
treated using the homogenization procedure described in Subsection 3.3.2. A sketch

of the working principle is reported in Fig. 4.3.

From a quantitative standpoint, the thicknesses can be designed by computing
the 1D threshold gain (see Chapter 3.1) as done in Fig. 4.4. Aiming at maximizing
the threshold gain a priori of the patternings, we choose a cap layer thickness of
90 nm. From there, the right image shows how the threshold gain decreases as we
etch into the cap layer, favoring the field orthogonal to the grating bars. We selected a
grating etching depth of 50 nm, yielding the lowest threshold for the orthogonal field.
Now, the full three-dimensional simulation can be carried out using the transverse
geometry reported in the second column of Fig. 4.2. The parameters of this design

are reported in the second row of Tab. 4.1.

This geometry performs well as mode selector, yielding a satisfactory relative
difference between Gy and G of 29.9% and an excellent control on the selected
polarization given the high value of G{). Furthermore, the absence of metal at the
output facet improves the outcoupling efficiency significantly with respect to design
A, raising it as high as 0.94. The only downside of such a design is the higher
threshold even for the wanted mode (4,0), due to the reduced DBR reflectivity
introduced by the portions of non-optimized cap layer and by the absence of metal
(note that a metallic layer, besides introducing optical losses, increases the overall
reflectivity of the DBR, reducing the threshold).

Design B was experimentally tested on a similar 850 nm double-junction [83]
LAA rectangular VCSEL with an aspect ratio of around 7 and used to select the mode
(7,0)3. Light-current-voltage (LIV), NF and FF measurements are reported in Fig.
4.5, showing how the laser is able to retain the SM emission for a large current range,
with a peak SM power exceeding 20 mW. The author performed the measurements
in the TRUMPF laboratories using the VTC 4000 near-field camera, manufactured
by Instrument Systems. Both the NF and FF profiles are in qualitative agreement
with our simulated modes. In addition, one can notice that the experimental NF

profile features stronger external peaks at higher currents, which reflects in stronger

3Specific details regarding the VCSEL structure cannot be disclosed due to confidentiality reasons.
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Fig. 4.6 Left: horizontal cuts of the FF data for an 850 nm AlGaAs VCSEL adopting design
B to select the mode (7,0). Multiple curves of the same color refer to nominally equal
devices in different positions of the wafer, while blue and red curves differ in terms of
injection current, set at twice and four times the threshold current, respectively. Right: 3D
optical simulations of the same structure with a peak self-heating temperature AT of O and 6
°C. They provide the best fit with the experimental results after a parametric variation of AT.
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inner peaks of the FF. This behavior is due to self-heating and is further addressed in
Section 4.2.

Aiming at a more quantitative comparison, the FF of a specific 850 nm VCSEL
using design B to select the mode (7,0) was simulated and measured for different
values of the bias current. Results are displayed in Fig. 4.6. To simulate the effect of
temperature, a self-heating temperature distribution was used to modify the input
refractive index profile of the VCSEL optical simulations. Further details about the
thermal profile are presented in Section 4.2. Experimental results and simulations
are in excellent agreement, validating our 3D optical mode solver and SM design
strategies. A more detailed analysis of self-heating is reported in Section 4.2.

Further technological implementations of this solution for quantum gyroscopes

are discussed in [38].

4.1.3 Maximizing axial power: shaping of the emitted far field

Both designs A and B investigated in Subsection 4.1.2 are able to select the desired
transverse mode, with design B also providing polarization control. However, one
can see from both simulated and experimental FF profiles that the axial power, i.e.,
optical power emitted along a null FF angle, of these single-higher-order-mode

devices is quite low, as shown in Fig. 4.2, Fig. 4.5 and Fig. 4.6.

This leads to two possible issues. In fiber applications, external and bulky optics
are needed to collimate the beam, which, taken as it is, would feature poor coupling
efficiency with the fiber [84, 28, 22]. On the other hand, in free-space applications,
one should only rely on one of the two FF peaks, yielding the loss of half the optical

power. In both cases, having an FF with high axial power would be beneficial.

The low axial power is due to the alternating positive and negative peaks in the
NF profile, resulting in a destructive interference effect. Looking at Fig. 4.1, it is
possible to see that the positive and negative peak values are exactly symmetric for
the modes with an odd n,, while slightly asymmetric for the modes with an even n,,
for which the destructive interference is less significant. This leads the corresponding
FF profile to show more radiated power in the axial direction, another valid reason
to focus on selecting the mode (4,0) instead of the mode (3,0), which also presents

pretty circular contour lines. In general, mitigating destructive interference is a
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1 |

design G}, cm” G(y), cm!’ Gy, cm’! Mo
C 1145 1944 1399 0.65
D 1314 2363 1735 0.92

Table 4.2 Parameters characterizing designs C and D.

way to retrieve more power in central FF region, but from Fig. 4.2 we can see that

choosing an even 7, is not enough.

The solutions proposed in this subsection (designs C and D) aim at achieving the
single-mode emission while simultaneously inhibiting the destructive interference

effect resulting from the NF profile, overall retrieving a central peak in the FF.
Design C: grating relief array partially covered with metal

Design C combines designs A and B. Specifically, a grating relief array corre-
sponding only to the three positive field spots of the mode (4,0) is used for mode
selection and polarization discrimination, while a 50 nm thick Pt layer is deposited
on top of the outcoupling facet. The latter features three rectangular apertures in
correspondence to the positive field spots where the reliefs are localized, while
simultaneously covering the negative field spots. The results are reported in the first
column of Fig. 4.7. It can be noticed that, at the QW section, the field profile is
exactly the expected profile of the mode (4,0), featuring both positive negative spots.
However, at the output section, the NF is strongly affected by the metallic cover layer,
yielding a strong reduction of the negative field, whilst leaving the positive regions
mostly unaffected. This heavily inhibits the destructive interference phenomena,

yielding a FF profile with a central peak, much better for fiber coupling applications.

The figures of merit qualifying this design are summarized in the first row of Tab.
4.2, showing a good relative separation between Gy and G of 22.2%, together with
an excellent polarization control and an improved electrical injection with respect
to design B thanks to the presence of the metal. Notice that the value of G for the
design C is lower with respect to the corresponding value for the design B, once
again confirming that the metal layer is able to reduce the VCSEL threshold gain
due to the increased reflectivity. Of course, the outcoupling efficiency is worsened

due to the increased optical losses.
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Fig. 4.7 Overview of the investigated designs (C and D) achieving the single-mode emission
and optimizing the FF pattern, retrieving a central peak along the axial direction. The designs
are described in the same terms as the ones in Fig. 4.2. Specifically, design C combines
grating surface reliefs (indicated red circles) with metal apertures (indicated with yellow
rectangles). Design D instead combines grating surface reliefs (withing red circles) with
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To quantify the strength of the central FF peak, it is possible to introduce the FF
ratio Rpp, defined as the ratio between the central FF peak to one of the two side
peaks. One can imagine that a thicker metallic layer induces a stronger inhibition of
destructive interference, yielding a larger R, a reduction of Gj; due to the added
reflectivity, and a reduction of 1, due to the added losses. This is investigated in Fig.
4.8.

As expected, Gy is a decreasing function of the metal thickness, with most of
its variation taking place within the first 100 nm, 7, is a decreasing function with a
linear behavior after 50 nm and Rpr shows an increasing behavior, saturating after
150 nm. A trade-off between 1, and Rpr is highlighted. One can notice that choosing
a metal thickness of 50 nm already provides a FF ratio of 73%, with an outcoupling
efficiency of 65%. Exceeding this value of the metal thickness could lead to an

excessive worsening of 1,, however, this depends on the specific application.
Design D: grating relief array with dielectric pillars

Finally, the last investigated solution (design D) aims at achieving the central FF
peak without worsening the outcoupling efficiency, at the cost of a higher threshold
gain Gj. To achieve this, three grating reliefs in correspondence to the positive field
spots are used for mode and polarization selection just like in design C. However,
the negative field spots are not inhibited via a lossy metallic layer, but rephased by
means of a 100 nm thick SizNy pillars grown on top of the outcoupling facet in
correspondence to the negative field spots. The refractive index of Si3Ny at 4, = 795
nm is ngj;N, = 2. The results are reported in the last column of Fig. 4.2.

Once again, it is possible to see the usual profile of the mode (4,0) at the QW
section, which dramatically changes at the outcoupling facet. Indeed, the color bar
displays an extreme reduction of the negative portion of the field, with the second
and fourth NF peaks now being positive and dominant with respect to the others.
This in turns reduces the destructive interference, yielding a strong central peak in
the FF profile. The characteristics of this design are reported in the second row
of Tab. 4.2. It features a great relative difference between Gy and G; of 32.0%,
an excellent polarization control and an almost unaffected outcoupling efficiency
with respect to design B. The only downsides with respect to design C (linked to
the absence of a metallic layer) are a worsened electrical injection and a relevant
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increase of Gy, of 14.8%, translating into a higher threshold current, which is not an

issue for high-power applications.

Although already promising, design D can be further optimized in future work in
terms of FF emission by parametrically changing the thicknesses and the widths of

the dielectric pillars, with the aim of a perfectly axial FF emission.

4.2 Effects of self-heating

Our goal in this section is to analyze the behavior of optical modes as the bias
current and therefore the VCSEL self-heating increases, which can lead to the
misalignment of the target optical mode with respect to the surface patterning used
for modal discrimination. This misalignment is the primary cause of loss of SM
emission. Focusing on design B, i.e., the grating relief array, used for both modal
and polarization control, we will provide design guidelines for both low and high

self-heating temperature regimes.

In doing so, we will also investigate an effect already observable in Fig. 4.5, i.e.,
the reduction in relative intensity of the innermost peaks of the NF profile as the
current (and consequently self-heating) increases. Additional experimental evidence
of both this phenomenon and the shift of the peak positions with increasing current
is presented in Fig. 4.9, where a VCSEL selecting the (7,0) mode is analyzed. By
comparing the outermost and innermost peaks of the NF profile, it becomes clear that,
on average, the outermost peaks become increasingly dominant with rising current,
while the innermost ones progressively weaken. This effect will be interpreted
by incorporating the computed self-heating temperature profile into optical modal
simulations and will be considered in the design of the grating relief array for devices

operating at higher self-heating temperatures.

4.2.1 Setup and calibration of thermal simulations

To simulate self-heating in VCSELSs, the heat equation must be solved self-consistently
with carrier transport and optical mode simulations, as done in [45]. The approach
in [45] relies on an in-house VCSEL solver for circular geometries and is already
computationally demanding despite leveraging the cylindrical symmetry to reduce
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Fig. 4.9 Experimental evidence of peak position shifts (top left) and relative intensities (top
right) for the innermost and outermost peaks for a VCSEL selecting the (7,0) mode. Relative
intensities are normalized to the total intensity and the dashed black line represents the ideal
case where power is equally distributed among all peaks (12.5% of the total power for each
NF lobe). The data represent averages over multiple devices. At the bottom, NF profiles of a
specific device are shown for / = 10mA (a) and / = 20mA (b). White circles represent the
regions associated to the various peaks, automatically detected by the NF camera software.
Peak position shifts are calculated relative to their positions at / = 10mA, with the sign
convention defined according to the reference frame used in the NF plots.
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Layer K (Wm—1°Cc™h
Substrate 46
DBRs, active region, mesa (transverse) 15
DBRs, active region, mesa (longitudinal) 12
Passivation 0.5

Table 4.3 Thermal conductivity values for different sections of AlGaAs VCSELs.

the 3D drift-diffusion (DD) problem to an equivalent 2D one, expressed in cylindrical
coordinates. Extending this approach to non-circular geometries, as the ones in Sec-
tion 4.1, would require the solution of the full 3D problem, making the computation
even more complex. To address this issue, in this subsection, we adopt a simplified
approach [79] for computing the self-heating temperature profile in VCSELs, which
is important for computing the modified refractive index profile.

Defining 7'(r) as the VCSEL internal temperature, k(r) as the thermal conduc-

tivity and Q(r) as the heat source, the heat equation reads:
V. (kVT)=-Q. 4.1)

The latter can be solved numerically using either a finite element method (FEM),
as done 1n this thesis, or the methodology described in [45, 85], relying on spectral
elements for a faster computation. In both cases, we can apply a Dirichlet boundary
condition at the bottom of the VCSEL substrate imposing a null temperature, so
that 7' in (4.1) can be interpreted as a temperature rise with respect to the thermal
reservoir. In other words, T directly represents the self-heating temperature profile.
Typical values of k for AlGaAs VCSELSs are reported in Tab. 4.3 [79, 45].

On the other hand, Q is the sum of different contributions such as Joule heating,
heating induced from recombination of carriers and heating derived from carrier
thermalization in the QWs [45, 85]. In an effort to conduct an extensive simulation
campaign on VCSELSs with different geometries, we use and test a simplified heat

source, based on the knowledge of LIV data. Indeed, we may consider a piece-wise
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Fig. 4.10 Self-heating temperature profile along the longitudinal direction z for a conventional
circular VCSEL using both the actual thermal sources from [45, 85] and the simplified source
define in (4.2).

constant source, defined as

Poss/V, revV,
O(r) = loss/ 4.2)
0, r¢v,
where
Ploss = Vbiaslbias — Popt (4.3)

is the dissipated thermal power, Vpiaslhias the input electrical power, Py the output
optical power, while V is the volume associated with the constant source. The source

is transversely defined by the oxide aperture and vertically placed at the QW section.

This simplified heat source model is first tested on the circular VCSEL described
in [45, 85], showing that the self-heating temperature profile is well reproduced
for a heat source thickness of 4 um, as illustrated in Fig. 4.10. Similar results can
be obtained even with different values of this parameter. Although not rigorous,
this approach provides useful qualitative insight into the self-heating temperature

distribution, which is crucial for evaluating thermal lensing.

For a more accurate description, the physics-based heat source distribution
presented in [45, 85], obtained for cylindrical structures, can be fitted and adapted to
devices with non-circular oxide apertures, although this goes beyond the scope of

this work.
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Fig. 4.11 Perspective view of the simulation domain and the simplified heat source, also
indicating key geometrical parameters. The mesa is encapsulated within a passivation layer,
which is not shown in the figure.

This simplified heat source can now be extended to rectangular structures, as
the one reported in Fig. 4.11. In this subsection, the method is tested against
three 850 nm rectangular VCSEL structures inspired by [15], since this work shows
experimental emission spectra, which can be used to calibrate our thermal solver.
Using the nomenclature defined in Fig. 4.11, we will consider for all structures
Hgp =120 um, Hpgr = 6.7 um, Hy =2 um, Wy = Ws +20 um, Dy = Ds+20 um,
with Wg and Dg representing the oxide aperture, and consequently the source size,

for all the considered variants.

As a validation, the first case with Wg = 125 uym and Dg = 5 ym was simulated
with substrate size W = 240 um, obtaining a maximum temperature rise of Tpax ~ 85
°C. Experimental spectral intensity data in [15] allow to cross-check the computed

temperature profile.

From [15], at rollover Poss ~ 200 mW, the wavelength shift is AL ~ 5 nm and
the emission wavelength is A. ~ 860 nm. Knowing that the refractive index variation
rate with temperature, dn/d7, is linked to the maximum self-heating temperature



102 High-power single-mode VCSELs

rise Thax and wavelength shift according to [85] as

dn n AA

- = 4.4
o7~ Ao T ¢4

where 71 = 3.25 represent an effective index for AlGaAs VCSELs as stated in [85],
we can infer a dn/dT ~ 2 x 10~ (°C) ", in accordance with typical values for 850
nm VCSELs [45, 85], validating the soundness of the methodology.

The second and third investigated structures present lower aspect ratios [15], thus
allowing a lower number of FEM mesh points and reducing the computational time.
Specifically, a rectangular structure with Wg = 40 um and Dg = 10 pm and a squared
structure with Wg = Dg = 20 um were simulated with substrate size W = 140 um,
resulting in an equal area of 400 pmz. Poss was set for the rectangular case to 135
mW in correspondence of the roll-over point at 66 mA, and 152 mW for the square

case to keep the same current [15].

Results are reported in Fig. 4.12. The maximum temperature rise for the
rectangular case is ~ 140 °C, lower than the square case at ~ 160 °C, confirming
the experimental trends in [15], for which larger aspect ratios allow for better
heat dissipation, thus pushing roll-over towards higher currents and justifying the
need for elongated oxide apertures in high-power applications. The isothermal
contour lines for these rectangular structures can be approximated by ellipses, whose
corresponding semi-major and minor axes and ellipticity can be estimated as done in
Fig. 4.12 (first column).

4.2.2 Design guidelines for single-mode emission in the presence
of self-heating

Thermal simulations described in Subsection 4.2.1 can now be applied to our device
under study for high-power SM emission, namely the 795 nm VCSEL described in
Subsections 4.1.1-4.1.2 with a rectangular active area of 26 x 6 um?. In this case, the
geometrical parameters employed for thermal simulations are reported in Tab. 4.4,
using the nomenclature defined in Fig. 4.11. Using the thermal source in (4.2) with a
dissipated power of Poss = 5 mW, chosen as a case study, we obtain the self-heating
temperature profile reported in Fig. 4.13, featuring a maximum temperature rise

of Thhax = 10.1 °C. Since the heat equation in (4.1) is linear, by changing P the
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Fig. 4.12 Left column: self-heating temperature profile cuts at the QWs section along the
x (blue) and y (red) directions. Insets represent the x-to-y ratios of such cuts, which can
be interpreted as the ellipticity of isothermal contours. Magenta dashed lines represent the
aspect ratio of the oxide aperture. Right column: color map and contour plot (black solid
lines) of the self-heating temperature at the QWs section. Isothermal contour lines can be
well approximated by ellipses (dashed red lines). White dashed lines represent the oxide
aperture.
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Dimension Value

w 200 pm
Hgp 120 pm
Ws 26 um
Dg 6 um

Hg 0.5 um
HDBR 52 um

Table 4.4 Geometrical parameters of the structure under investigation.
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Fig. 4.13 Left: longitudinal self-heating temperature profile along the VCSEL symmetry
axis. The different sections of the VCSEL are highlighted, from the substrate, to the bottom
DBR and to the mesa. Red lines identify the region where the uniform simplified heat source
is placed, in correspondence of the QW section. Right: transverse self-heating temperature
profile at the QW section, highlighting how isothermal contour lines (black lines) can be
well approximated by ellipses (dashed red lines).
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corresponding temperature profile is only modified by a multiplicative factor, with

the peak self-heating temperature that can be calculated as:

Trnax = rlP%TPloss, (4-5)

where 1Mp_,7 represents a conversion factor, obtainable as p_,7 = 10.1°C/(5mW) ~
2 °C/mW.

Using (4.5) and the spatial profile reported in Fig. 4.13 we can modify the
VCSEL refractive index and run optical simulations for any given P, thus we
can understand how optical modes are affected by increasing self-heating. To do
s0, let us recall that 7 (r) represents the temperature rise with respect to the bottom
of the VCSEL substrate, which can be set at the heat sink temperature Tgs. As a
consequence, the absolute temperature profile reads:

Tiot (I‘) = Tus + T(I‘). 4.6)

The dependence of the VCSEL refractive index n on temperature can be linearized
around Tygs [85] as:

dn
n(Tiot) = nys + ﬁT’ 4.7)

where nys = n(Tys) and dn/dT ~ 2 x 1074 (°C)~!, as discussed in Subsection 4.2.1.
The refractive index variation can be converted into a the dielectric constant variation,

needed for the calculation of the coupling operators, as:

dn_\? dn
£E=¢ —T )| ~¢ 2 —T 4.8
o(an-l-dT ) Hs + 2€0mus g T (4.8)
where egg = 80”%15 and the quadratic term in 7 is neglected as it represents a second
order variation. This profile can now be plugged into the expressions in Fig. 2.6 to

eventually determine the effect of temperature on the optical modes.

Starting with the rectangular VCSEL without any form of modal control, produc-
ing the modes reported in Fig. 4.1, we can see how the fundamental mode (0,0) and
the targeted mode (4,0) evolve when applying a certain dissipated power. Results are
shown in Fig. 4.14. One can notice how the effect of self-heating on the fundamental
mode simply causes a shrinkage towards the middle part of the active area due to the

thermal lensing. On the other hand, the effect on the superior mode (4,0) is more
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Fig. 4.14 Effect of self-heating on both the fundamental mode (0,0) and the targeted mode
(4,0) (NF profiles).

complex, showing how the various NF peaks get distorted, varying both in shape and

relative intensity.

A parametric investigation of this effect is presented in Fig. 4.15. Identifying
the central peak and the two peaks on the right of mode (4,0) as peaks 0, 1, and
2, respectively,* the plot on the left illustrates how the positions of peaks 1 and 2
evolve with the applied dissipated power. The position of peak 0 is not reported, as
the problem is symmetrical and it always remains at the center of the active area. As
expected, the field is compressed towards the center of the active area due to thermal
lensing, yielding a reduction of positions of peaks 1 and 2, qualitatively confirming
the experimental evidence in Fig. 4.9 (top left).

Conversely, the plot on the right shows how the peak intensity of peaks 0 and
1 varies with increasing dissipated power. Peak intensities are normalized with
respect to the brightest peak, i.e., peak 2. The results qualitatively agree with the
experimental data in both Fig. 4.5 and Fig. 4.9, demonstrating that our combined
thermal and optical model effectively captures the behavior of higher-order modes at
different bias currents. Consequently, this model can be utilized to provide design
guidelines when thermal lensing is considered. The transverse shape of a grating
relief array equivalent to design B described in Subsection 4.1.2 can be optimized to
have SM emission at low and high thermal lensing regime.

4The structure and the self-heating temperature profile are assumed to be entirely symmetrical, so
that an equivalent behavior is expected for the peaks on the left.
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Fig. 4.15 Identifying the central peak and the peaks on the right of the active area as peaks
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5
g
SEY! ]
>
-5 : ‘ . : :
-10 -5 0 5 10
X, pm

Fig. 4.16 Grating relief array design for low self-heating (blue), obtained through Fig. 4.15
using Poss = 0, ad for high self-heating (ref), obtained through Fig. 4.15 using Pjoss = 5.9

mW.
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Fig. 4.17 Threshold gain of the transverse modes of the VCSEL featuring the low self-heating
grating relief array design described in Fig. 4.16. The legend highlights the targeted mode
(4,0) and its competitor for higher dissipated powers, i.e., mode (5,0). All the other modes
featuring either zero nodes or one node along the short direction of the active area are reported
as (n,0)-like and (n, 1)-like modes, respectively. (n, 1)-like modes feature higher thresholds
than (n,0)-like modes. The inset represents the (4,0) modal field profile at the QW section
together with the low self-heating relief design, highlighting a significant misalignment
between reliefs and the field spots. In this plot, only the dominant polarization selected by
the grating is reported.

This can be done analyzing the results in Fig. 4.15. Once a certain dissipated
power is selected, reliefs should be aligned with the peak positions which can be
determined using the left graph of 4.15. Similarly, the transverse area associated
to the reliefs is influenced by the relative importance of the peaks. For instance,
at high self-heating, the middle peak 0 becomes weak with respect to the others.
Furthermore, from Fig. 4.14, one can notice how the fundamental mode is able to
squeeze in a very narrow portion of the active area due to thermal lensing. Combining
this information, one can infer that the central relief should be much smaller than
the others for high self-heating regimes, or even absent, to avoid the involuntary
selection of mode (0,0). A possible design for low self-heating, i.e., Poss = 0 mW,
is reported as the blue curve of Fig. 4.16.

The low self-heating design is tested in terms of modal threshold of all transverse
modes supported by the VCSEL as a function of the dissipated power in Fig. 4.17,
proving how mode (4,0) is effectively selected for low values of Pg. Efficient
modal discrimination is lost at around Poss = 5.9 mW, where the mode (5,0) features
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Fig. 4.18 Comparison between low and high self-heating designs at Poss = 5.9 mW in terms
of modal thresholds of modes (0,0), (1,0), ..., (9,0). The inset represents the (4,0) mode
of the high self-heating design at the QW section, displaying how well the field peaks align
with the reliefs.

a similar threshold gain with respect to mode (4,0). At higher dissipated powers,
mode (5,0) is selected instead of our targeted mode (4,0). The inset at Poss = 5.9
mW represents the targeted mode at the QW section, showing how the misalignment

between the field spots and the reliefs become significant.

Aiming to maintain SM emission of mode (4,0), a high self-heating design,
obtained through Fig. 4.15 at Poss = 5.9 mW, i.e. the power at which the low self-
heating design loses its modal discrimination capabilities, is tested at exactly that
dissipated power>. Its performances in terms of modal thresholds for all transverse
modes are compared to the low self-heating design in Fig. 4.18, showing how the
high self-heating design is able to retrieve a good enough modal discrimination to
select mode (4,0), also showcasing how the latter perfectly aligns with the new relief
design. As a final remark, one can notice how the threshold of the fundamental
mode (0,0) is extremely high for the high self-heating design. This is due to the
absence of the central relief, which, if present, would have dramatically lowered the

>The dissipated power range in both Fig 4.15 and Fig. 4.17 represents a case study. Indeed, the
dissipated power in high-power VCSELSs can also reach much higher values than 10 mW, depending
on the active area of the rectangle itself. Of course, the longer the rectangle is, the more the intensity
peaks will drift with self-heating temperature, making the overall relief design more challenging.
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(0,0) modal threshold, possibly competing with the targeted mode (4,0), overall

worsening the modal discrimination properties.



Chapter 5

Circularly polarized VCSELSs

Part of the content of this chapter was published by our group in [37, 86, 87].

Chip-scale atomic devices, such as atomic clocks, quantum gyroscopes, and
atomic magnetometers, require circularly polarized (CP) light for atomic pumping,
which is essential for light-matter interaction [27]. The conventional non-monolithic
approach to generate CP light relies on linearly polarized emitters, like the ones
described in Chapter 4, followed by a quarter-wave plate, which can be bulky and
hinders the miniaturization of such devices. In this chapter, we aim to develop

emitters capable of directly generating elliptically polarized and CP light.

The dispute about the polarization state of the coherent light emitted by VC-
SELs dates back to their very origin. Due to their cylindrical rotational symmetry
[88, 89] and their in-plane QW isotropic gain, an undetermined polarization was
firstly expected. However, it has been recognized that several mechanisms break
this rotational symmetry. The intrinsic semiconductor electro- and elasto-optic
anisotropies [40] eventually lead to a linear polarization operation, although with
a huge variety of dynamics and polarization switching instabilities [90-95]. The
polarization issues are fully detrimental, especially for sensing applications. For that
reason, many efforts finally resulted in a simple and effective technique to achieve
polarization-stable VCSEL operation, i.e., surface gratings aligned to the VCSEL
crystalline axes, first proposed in [41] and soon after demonstrated by experimental
and technological results [74, 75]. Since then, gratings have become the standard
way of fixing VCSELSs’ polarization, with improved performance introduced by
subwavelength gratings (SWGs) [96]. The latter eliminate any diffraction loss and
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are today one of the most used technologies for stabilizing VCSELs’ polarization.
A suitable alternative is also represented by high-contrast gratings (HCG) [97] and
high-contrast metastructures (HCM) [98, 99], which allow to replace part of the
VCSEL DBRs with either a grating or a two-dimensional metastructure, which
strongly contributes to the mirror reflectivity, achieving both polarization control and
thinning of the device.

Besides chip-scale atomic devices [27], CP has recently become an enabling
feature in many advanced quantum photonic applications [100], such as information
storage and processing [36, 101, 102], communication by spin modulation [103],
ellipsometry-based tomography [104, 105] or chirality-based microscopy [106],
targeting an improved resolution in the biological chiral environments. In this context,
various approaches have been explored to achieve well-controlled CP emission from
VCSELSs through a compact monolithic solution [107]. One possible approach is
to inject spin-polarized electrons thus converting the electron spin into CP photons.
This can be done either by applying spintronic contacts, which is still a difficult
technology, or by optically pumping the VCSEL with a CP laser [108]. The latter
approach is once again bulky and against the reasons VCSELSs are used: small size

and electrical injection.

To the best of our knowledge, two different compact solutions have been proposed
so far, both based on introducing one single chiral component in the resonator.
Namely, either a cholesteric liquid crystal [109-112, 31, 113] or a chiral metamaterial
layer [36, 32]. In 2023, this approach was deployed in [34], with a novelty compared
to previous implementations: the chiral structure also contributes to the reflectivity
of the top mirror.

All the previous techniques present some drawbacks. The use of liquid crystals
requires non-standard and non-monolithic technologies, which resulted in successful
experimental validation only in a few cases [111, 112]. Similarly, the growth of
chiral structures also requires non-standard VCSEL processes, not always ensuring
the desired performance in terms of the degree of CP, for instance around 40% and
60% in [34].

Here we follow a different approach, investigating the condition that the resonator
must fulfill in order to emit any given polarization state. The resonator chirality plays
a key role [114, 115] here. The difference between previous approaches and ours
lies in the fact that we move the focus from the chirality of a single component (for
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instance a liquid crystal [31] or a high-contrast chiral patterned layer [34]) to the
three-dimensional chirality of the whole resonator. This is achieved by considering
anisotropic layers that are non-chiral when considered singularly but make the overall
resonator chiral when their anisotropic axes are tilted against each other and interact

via within the resonator roundtrip loop.

Having addressed the issue of single transverse mode selection in Chapter 4,
in this chapter we analyze VCSELs featuring a single transverse mode, solely
focusing on polarization properties. Before tackling the problem using our 1D
vectorial analysis described in Section 3.2, we aim at understanding the basic working
principle of resonator chirality. To do so, we generalize the Barkhousen criterion [7]
to the vectorial case and we apply this model to a case study. Then, we analyze a
real VCSEL structure, focusing on strategies aimed at optimizing its degree of CP

and validating our modeling against experimental Stokes parameters.

5.1 Vectorial Barkhausen criterion and polarization

equation

5.1.1 Description of polarization with a unique complex number

and its representation on the Poincaré sphere

Considering normal incidence and recalling that we have defined z as the longitudinal
propagation direction, the electric field phasor is contained entirely in the transverse
plane, reading:

E=E&+E,jeC. (5.1)

We can see how the electric field phasor is linked to the trajectory that the electric
field &(¢) follows in time domain, oscillating at the optical frequency ®, recalling

their relation, i.e.,

E(t) =R{Ee/} = R{(EX+E\J) e/} =
- { (;eyExyeféEx + )7|Ey]ej4Ey> ef“’f} e R, (5.2)
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This trajectory determines the polarization of the considered field. Collecting E) we

obtain:

j Ex P _ .
&) =R {\Ey|e]4E-" [%ef(ﬁgx 4Ey))2+)3} ejwt} —
y

Edl (r )
R P
)7

= |Ey| {;g—j cos|wt + LEy+ (LEy— ZEy)| £+ cos (wt + ZEy) ﬁ} : (5.3)
From (5.3) it can be seen how & : R — R? represents the parametrization of an
ellipse in the real 2D plane. Such an ellipse completely determines the polarization
properties and the optical power of the light. If we are not interested in quantifying
the optical power, we can eliminate the multiplicative constant |E,| in front, which
is the case for modal calculations, where fields are identified up to a multiplicative
constant. From a geometrical standpoint, eliminating |Ey| means that we do not care
about the area of the ellipse, which would of course be scaled by |Ey|. Furthermore,
we can notice how the image of & in the 2D real plane, i.e., the actual elliptical shape,
is independent on the constant phase shift ZE,, present in both cosines, which in
turn can be eliminated since it does not affect polarization. Under these assumptions,

(5.3) can be simplified as:

E(t) = ;?: cos (@t + (LEx — ZE,)] X+ cos(wt)y. (5.4)
y

Going back to the frequency domain, the electric field phasor can be simplified as
well as the red term in (5.3), obtaining:

E=yxxt+y, (5.5)
where we have defined the complex polarization index ) as:

x=-—¢cC, (5.6)
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Fig. 5.1 Polarization ellipses according to (5.7) for different values of the complex polariza-
tion index ). x = O corresponds to linear polarization along y, ¥ = =£1 to linearly polarized
light at £45°, y = 4 to circularly polarized light and any other value to elliptically polarized
light.

which completely determines the polarization state of the light!. Using (5.6), (5.4)

can be rewritten as:
E(t) = |x|cos (ot + Ly)x+cos(wtr)y. (5.7)

The image of (5.7) for different values of x is reported in Fig. 5.1.

In the literature, the light polarization state is generally characterized by the
Stokes parameters [116—120], which can be defined as a function of the electric field

phasor E as’:

So = |Ex|* + |E,|* > 0, (5.8)
E.*—|E,?
SIZME[_LI]? (5.9
So
+2R{EE
Sy = TUE e[-1,1], (5.10)
So
—23{EE
3:—2 B ), (5.11)
0

IPlease notice that in this way it is not possible to describe linearly polarized light along x, since
the coefficient of ¥ is always 1 independently on the value of x. This comes from the fact that in (5.3)
we have arbitrarily collected E,. Had we chosen to collect E, we would end up with an equivalent
situation, with the impossibility to represent perfectly linearly polarized light along y. This is not an
issue, since the missing polarization states are represented asymptotically, for || — oo.

2In this work, we choose to define a normalized version of S, S and S3.
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So describes the optical power, while the upper and lower bounds of Sy, S, and S3

have precise meanings:

* §1 = =£1 describes light linearly polarized along either X or y. Let us perform
a consistency check with respect to our description in terms of ). Considering
(5.7), in order to have linearly polarized light along §, we must have ¥ =0
(see Fig. 5.1), so that E = y. Using (5.8) and (5.9), we can calculate S| = —1,
as expected, confirming the consistency between the two representations.

A

* §» = +£1 describes light linearly polarized along X_Zy A similar consistency

check can be performed by selecting y = +1, i.e., |¥| =1 and £y € {0, 7}
(see Fig. 5.1).

* §3 = =£1 describes circularly polarized light rotating either clockwise or coun-
terclockwise. In our description, circular polarization requires || = 1 and
Ly =+m/2, ie., y =+j (see Fig. 5.1). Assuming, for instance, y = j, we

o 28U

obtain:

1+1 ’
which is consistent. Conversely, choosing ¥y = —j yields S3 = +1.

The three Stokes parameters St, S> and S3 are not independent, indeed, using their
definition, we can evaluate:

Eo[* +|Ey|* = 20 EcP|Ey 2 + AR{ESE,}? + 43 {EJ E, )2

S?+S3+83= (5.12)
P |Ec* + By |* + 2| EL2|Ey |2
Defining A = ZE, — ZE,, we can calculate:
EfE, = |Ey|e 1“5 |E e/ “Er = |Ey| |Ey e/, (5.13)
from which
R{E;Ec}* = |Eo[*|Ey|* cos*(A), (5.14)

S{E Ex}* = |Ec[*|Ey[*sin*(A). (5.15)
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plane-sphere
RO intersection

Fig. 5.2 Depiction of the stereographic projection of a point S of the Poincaré sphere (in
blue) onto the complex y plane for the representation of the polarization state (in red) and
vice-versa. The case S;=1, namely linear polarization along the x axis, can be only reached
asymptotically for |y | — eo.

Substituting (5.14)—(5.15) into (5.12), we end up with:

ST+S85+53 =
B+ B[ - 2|EoPIEy P+ 4ELP|Ey [P cos*(A) + 4|Ex P |Ey|* sin®(A) _
|Ex|*+ [Ey[* +2|Ex P Ey 2
_ B B - 20EdPIE P+ 4|E|E P

=1, (5.16)
|Ex|* + | Ey|* + 2| Ex 2| Ey[?
yielding that the Stokes vector,
St
S= |81, (5.17)
S3

is a unitary vector which can be interpreted as a point of the unitary sphere S?,
representing in this instance all possible light polarization states. Such a sphere
is called the Poincaré sphere, where the equator (S3 = 0, S% + S% = 1) represents
linearly polarized light, the poles circularly polarized light (S3 = £1, §1 = S, =0),
and all other points elliptically polarized light.
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We have now seen how S € S? and y € C have the same number of degrees
of freedom, i.e., 2, however to explicitly understand their connection we must
compute the Stokes parameters in (5.8)—(5.9)—(5.10)—(5.11) using the expression of
the electric field phasor described in (5.5), yielding:

So= x> +1, (5.18)
_xP-1
S1="5— (5.19)
Sy = %’ (5.20)
So
Sy = w (5.21)
So

The latter equations (5.19)—(5.20)—(5.21) can be interpreted as a chart to go from
the description of the polarization in the complex plane, relying the polarization
index X, to the description of the polarization onto the Poincaré sphere, relying
on the Stokes vector S. This transformation can be interpreted as a stereographic
projection between the complex plane and the Poincaré sphere [121], which is

visually represented in Fig. 5.2.

Practically speaking, one can imagine to place the Poincaré sphere at the origin
of a 3D polarization space described the axes S, S7 and S3. Furthermore, one can
identify the plane S} = 0 as the complex plane spanned by ), where the axis R{x }
is oriented as the axis S,, while the axis 3{} is oriented as —S3. At this point,
if we select a specific y on this plane, the corresponding S can be obtained as the
intersection between the line connecting y to the point (1,0,0) and the Poincaré
sphere itself. A similar procedure can be followed if one starts with a specifc S on
the sphere to obtain the corresponding ¥ on the plane. Similar considerations for

qubit states were done in [122].

Both representations are valid, however, we will see in the following how the
polarization index Y is extremely useful to generalize the Barkhausen condition for
a laser to the vectorial case and to obtain a simple method which provides threshold
gain, emission wavelength and polarization states of the modes supported by a
resonator. To do so, the polarization must be expressed in terms of ), which can
then be converted into S according to Fig. 5.2.
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Et = TEj,

Fig. 5.3 Sketch of the relevant quantities when considering and input 2D electric field phasor
impinging on a mirror, e.g., one of the DBRs of a VCSEL.

5.1.2 Vectorial Barkhausen criterion: mirror and cavity chirality

If an input electric field phasor E;, € C? impinges on a mirror, which in general
could be anisotropic or chiral as in the case of [34], with reflection and transmission
matrices ' € C2*2 and T € C2*2, it will produce a reflected and a transmitted electric
field phasor, E; and E; € C?, respectively. The relations between Ey,, E;, E, I' and
T read:

E;, =TE;, (5.22)

E;=TEj, (5.23)

and illustrated in Fig. 5.3. Notice how I" and T represent a generalization of the
scalar reflection and transmission coefficients of a standard isotropic mirror, that can
be obtained using the coupled mode theory formulation from the scattering matrix
defined in (3.22).

At this point, we can formally define the concept of chirality for a complex 2 x 2
matrix. Said matrix is said to be non-chiral if it can be diagonalized by means of real
eigenvectors, defined up to a global complex multiplicative constant, reflected in the
same phase factor for all the components of the eigenvectors. Conversely, a matrix is
considered chiral if its diagonalization requires eigenvectors whose components have
different phases, so that each eigenvector is always inherently complex independently

of the arbitrary normalization constant.

In other words, a matrix is chiral if no real-space reference frame can render
it diagonal, meaning that an inherently complex basis is necessary to express it
in diagonal form. This definition is particularly useful in distinguishing between

mirror chirality and resonator chirality, which are fundamentally different concepts.
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A mirror can be described as chiral if its reflection matrix I" exhibits chirality
according to the aforementioned definition, which is the case of the top DBR in [34].
Geometrically, this is the same as the more common definition by which a 2D object

and its reflection are not superimposable.

Moving on to resonators, consider an active optical cavity of thickness L,,
which can a field gain ggeq and has a certain refractive index n>. The latter is
embedded within two anisotropic mirrors on its left and right, described by their
2 x 2 reflection matrices I'; and I',. Consider and electric field phasor E in the cavity
that is propagating towards to left, right before interacting with the left mirror. The
field will:

1. be reflected off the left mirror,
2. propagate along the cavity towards the right,
3. be reflected off the right mirror,

4. propagate along the cavity towards the left, eventually reaching its starting

position, completing a round trip.

Considering an optical wavelength A and the corresponding propagation constant in

the cavity, i.e.,
k= —n, (5.24)

after a propagation in the cavity the field is multiplied by the scalar factor?:

P1/2 — e(gﬁeld+jk)La' (5.25)
In order to have sustainable oscillations in the cavity, the field after a round trip
must be equal to the field at the starting point. To obtain the field after a round
trip, one must multiply the initial field E by the reflection matrix on the left I';, a

3Here we are considering the very general case of an active layer, called cavity, which can provide
gain, embedded by two mirrors. In this view, when considering VCSELs, the part that provides the
gain is the AR only, since the VCSEL cavity is much thicker. Everything that is not the AR must be
included in the mirrors, thus they must include both the DBRs and parts of the VCSEL cavity other
than the AR.

4If one were to consider the most general case of anisotropic gain, then a 2 x 2 matrix cavity
propagator should be considered instead of the scalar factor in (5.25). This matrix is diagonal when
expressed using the principal axes of the cavity, X and Y, as the reference frame. Along these axes
one must consider two distinct gain values, gx and gy. This is not the case of AlGaAs VCSELs.
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Fig. 5.4 Sketch of the vectorial Barkhause criterion, indicating how the electric field phasor
evolves during the different phases of a round trip.

propagation factor throughout the cavity Py, the reflection matrix and on the right
I’ and again a propagation throughout the cavity P ;. This multiplication chains
must be performed in this specific order, accounting for the fact that I'; and I, are

non-commuting matrices. Defining the round trip propagation factor as:
P=P},= el8+2ik)La (5.26)

where
g = 2gfield; (5.27)

represents the power gain, the 2 X 2 vectorial Barkhausen round trip condition reads:
PI,TE=E, (5.28)

containing information regarding the modes (E) supported by the cavity, determining
the allowed polarizations, and the emission wavelength and threshold gain of the

modes, contained in P. A sketch is reported in Fig. 5.4.

Defining the roto-reflection matrix D as:
D=TI.I}, (5.29)

we can rewrite (5.28) as:
(PD-I)E=0. (5.30)
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Notice how P = P(A,g) due to (5.26) and D = D(A) due to mirror dispersion. The
unknowns in (5.30) are A, g and E, which can be determined with the following

steps:
1. define the field generator matrix:
H=PD-1, (5.31)

noticing how H = H(A, g);

2. scan the (A,g) plane to determine the points (A4, gw) for which detH # 0,
implying a non-trivial solution of (5.30). The (A, gm) points represent the

modal emission wavelengths and modal threshold gains of the resonator;

3. for each solution (Am, gwm), the associated electric field phasors are the ones
belonging to ker H(A, g )-

From the latter point, one can see how a phasor which supports elliptical polarization
can only be obtained for a chiral H, implying in turn a chiral D. In other words,
the matrix that determines the chirality of the resonator is D. A chiral D can result
in elliptical polarization even if the mirrors are not chiral separately, which is the

concept exploited in [37].

5.1.3 Polarization equation for dispersiveless mirrors

The procedure described in the previous subsection to solve the vectorial Barkhausen
criterion expressed in (5.30) can only be carried out numerically. However, at this
point, one could have directly employed a one-dimensional vectorial analysis, such
as the one described in Section 3.2, which also provides access to a greater amount
of information, including the longitudinal distribution of the phasors of the electric
field. Therefore, in its current form, the vectorial Barkhausen criterion does not add
new information and does not contribute to a better understanding of the physics of

the polarizations supported by a resonator.

However, if we consider dispersiveless mirrors, i.e., mirrors whose reflection
and transmission matrices are independent of the optical wavelength, the vectorial

Barkhausen criterion can be significantly simplified. This is particularly relevant for
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VCSELs, as DBRs exhibit minimal dispersion, as shown in Fig. 3.3. The reflectivity
profile remains remarkably flat over a spectral range of several tens of nanometers
around the target wavelength. In contrast, the modal emission wavelengths vary by
only about fractions of nanometers around the target wavelength as shown in Fig.

2.10, further confirming the negligible dispersion of DBRs.

Expressing the electric field phasor as a function of the polarization index y, as

done in (5.5), we can rewrite the vectorial Barkhausen criterion in (5.30) as:

il-

PDy1x +PDi; =%

Dy Dya

Dy Dy 1

’1 , (5.32)

resulting in

(5.33)
PDy1x+PDy =1
Multiplying the second equation by y we get:
PD +PDip =
1nx : =X (5.34)
PDy X~ +PDyny =%
and, equating the left-hand sides of both equations, we obtain:
RD11 X +RDis = D1 x>+ RDy ., (5.35)

where the round trip propagation factor P, at this point the only one depending on
A and g having used the dispersionless hypothesis, cancels out. In this way, we
were able to decouple the calculation of the modal threshold gain gy, and emission
wavelength Ay, from the calculation of the modal polarization. Starting from (5.35),
we can obtain the polarization equation, reading:

Dy1x*+ (Dx—D11) x — D12 =0. (5.36)

The latter represents a simple second degree polynomial equation in ¥, allowing
two possible solutions, 2 and y@, corresponding to the two allowed polarization
modes of the resonator. Notice that, since D does not depend on A, it is a completely
known input of the problem, since it only depends on the reflection matrices of the
left and right mirrors.
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At this point, we can see how we can evaluate the threshold gain and emission

wavelength associated to both modes, gt(ﬁ’z) and léll’z) (linked to the modal propaga-

(1,2) (1,2)

tion constants k'~ through (5.24)), starting from the knowledge of x'**/. Consider

the first equation of (5.33), from which the round trip propagation constant for both

1,2)

modes, Pl , can be calculated as:

p12) — %(1’2)

- Dy +Dy

(5.37)

Recalling (5.26), we can split (5.37) into an equation for the modulus and equation

for the phase, yielding:

(1,2)
(12 1 X
E——— 5.38
th La Og Dllx(1’2)+D12 ) ( )
(1,2)
(12) _ 1 X
b =5 |4 <D11X(172)+D12> +onm|, (5.39)

where 7 is an integer number. n = 1 for the fundamental longitudinal mode, which is
the only longitudinal mode excited in VCSELs. The mode with the lowest threshold
gain will be referred to as the lasing mode. Notice how from (5.38)—(5.39) we can
obtain dichroism and birefringence, starting from knowledge of the roto-reflection

matrix D.

As a final remark, solutions (12 represent the polarization states of the light
within the active material. If one is interested in the polarization properties of light
exiting for instance on the left, according to Fig. 5.4, we must use the transmission
matrix of the left mirror T;, yielding:

(1,2)
Ef)}l’tZ) = Eout,xﬁ‘f‘Eout,y)A’ =T, [% 1 ] ’ (5.40)

from which, using (5.6), we end up with the polarization index of the exiting light

for both modes:
(1,2) Eout,x
ut Fea—

Xo (5.41)

Eout,y
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Fig. 5.5 Sketch of a cavity embedded in two anisotropic mirrors featuring a different set of
principal axes, (X;,Y;) for the left mirror and (X;,Y,) for the right mirror, tilted by an angle
0.

5.1.4 Non-chiral dispersiveless anisotropic mirrors with tilted

principal axes

The equations analyzed in Subsection 5.1.3 hold for any kind of dispersiveless mirror,
even if chiral, provided its reflection and transmission matrices. Even though this
is quite general, these matrices are easily computable when considering at most
an anisotropic mirror, e.g., an anisotropic DBR with electro-, elasto-optic effect or
SWG. Indeed, the reflection and transmission matrices can be obtained along the

principal axes of the mirror (X,Y) as:

FXX 0 ]

r,= — (5.42)
TXX ]

T, = 0 T (5.43)

XX and T'YY are the scalar reflection coefficients of the mirror obtained through two
separate 1D calculations as the one in Subsection 3.1.1 from the 2 x 2 scattering
matrix S, using as longitudinal dielectric constant profile either €xx(z) or &y (z),
respectively, in place of what appears in Fig. 3.3 (top). The same applies to the
transmission coefficients 7XX and TYY. The subscript "p" in (5.42)—(5.43) refers to

the fact that the matrices are evaluated along the mirror principal axes (X,Y).
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In this view, consider a resonator embedded within two non-chiral anisotropic
mirrors whose principal axes are tilted. The goal is to achieve resonator chirality
without necessarily relying on chiral mirrors, but only on tilted optical anisotropies.
As sketched in Fig. 5.5, let us choose our reference (x,y) frame to be aligned with
the principal axes of the left mirror, so that its reflection and transmission matrices
of the left mirror are diagonal:

XX
=T, = 0 F{Y] : (5.44)
[TXX
T,=T,,=|"! . 5.45
l pil 0 leyl ( )

On the other hand, we will consider the principal axes of the right mirror to be rotated
by an angle 0 with respect to our reference frame. If we know the reflection matrix

of the right mirror expressed in its principal axes, namely:

XX o
L, = [6 FfY]’ (5.46)

we can use it to calculate the reflection matrix of the right mirror I', in our reference
frame considering that an impinging field must be rotated by 6, multiplied by I, ,,
and then rotated back to our reference frame. This reads:

I,=R'T,,R, (5.47)

where R is the 2D rotation matrix:

R= (5.48)

cosf® —sinb
sin@ cos@ |

In this context, knowing I}¥*, IVY, I'X* TYY and 6 we can determine the roto-
reflection matrix as:
D =R 'TRI,. (5.49)

Being D the product of two matrices, I'; and I';, that cannot be simultaneously
diagonalized by the same real reference frame, D is chiral, thus a cavity featuring

misaligned optical anisotropies can support elliptically polarized modes.
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In this specific case, the electric field phasor exiting the resonator on the left,
E(()h’tz), expressed in (5.40) reads:

TXX 0 (1,2) TXX (1,2)
g1 _ |7 ) A I fy _ (5.50)
0 T 1 T,

Using (5.41), x(gff) simply becomes proportional to the polarization index inside the

cavity:
TXX
12
X(gui ) = ’IEIYY X(l’z)- (5.51)

It is also possible to obtain an analytical behavior for %12 for small values of tilting

angle. Indeed, solving the polarization equation in (5.36) we obtain:

(12) _ Dii—Dpn+ /(D11 — Dy)? +4D12Dy,
X = 2Dy, , (5.52)

where, explicitly calculating D in (5.49), we have:

cos?(0)IXXTIX +sin® (0)IYYTXX  cos(6)sin(0) (TXYTTY —XXTTY)
cos(8)sin(0) (CYYTXX —PXXTXX)  5in?(0)IXXTYY + cos?(6)IVITYY |
(5.53)
Equation (5.52) can be numerically calculated for any angle 6, however, it is possible
to extract an analytic dependency for small angles by evaluating the asymptotic
behavior of (1.2) for 6 — 0. Denoting x(l) and x(z) as the solutions of (5.52) with

plus and minus signs, respectively, it is possible to obtain:

YY1YY XXT7VYY
rr 1—‘[ _l—‘r Fl

1 _
xM(6) = _rnger—r{Yr{Ye”(e)’ 6 — 0, (5.54)
FXXFXX —FYYFYY 1 1
2 _ [ l
x?(0) = r,;Yr;fX — ri;Xr;fX 2 (5) , 60, (5.55)

with 0(0) and o(1/86) representing negligible quantities with respect to 6 and 1/0,
when 6 — 0.

A numerical example for a VCSEL having two DBRs terminated by two tilted
SWGs, featuring I¥* = 0.9978 + 1.53 x 1074/, IV = 0.9988 — 1.19 x 1074},
XX = 0.9985 —4.57 x 10~*j and T'YY = 0.994 —0.003; is reported in Fig. 5.6.
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Fig. 5.6 Example of behavior of the polarization indices of the modes supported by a cavity
with the tilting angle between the principal axes of the embedding anisotropic mirrors.
Results show both (5.52) and the approximated formulae for small tilting angles (5.54)—
(5.55).

5.2 Case study: isotropic VCSEL with two tilted sub-

wavelength gratings

To investigate the concept presented in Subsection 5.1.4 at the most basic level,
we propose the test structure reported in Fig. 5.7. The VCSEL designed for a
wavelength of 850 nm features a A-cavity and two symmetric 20-pairs A /4 DBRs
terminated by SWGs. The high and low values of refractive index in the DBRs are
chosen to be ny = 3.5 and n;, = 3, respectively. The SWG bars feature alternating
refractive indices of ng = ng = 3.5 and ngper = 1, with a spatial duty cycle of
Npc = 0.5, using the same nomenclature as Subsection 3.3.2. SWGs are treated
as homogeneous anisotropic media through the Born-Wolf formulae (3.45)—(3.46),

from whichn; = 1.3 and n|= 2.57.

We choose our reference frame (x,y) to be aligned with the principal axes of
the left SWG, x corresponding to the direction orthogonal to the grating bars and
y to the direction parallel to the bars. On the other hand, the principal axes of the
right SWG are rotated by an angle 6, similarly to what is described in Subsection
5.1.4. In an attempt to understand the basic principle of resonator chirality, we
neglect electro- and elasto-optic effects in the DBRs, leaving the SWGs as the only
source of optical anisotropy of the left and right mirrors. Our goal is to understand

how the output polarization index for the lasing mode, Xou, and the corresponding
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Fig. 5.7 Top: Refractive index and standing wave profile of the investigated VCSEL test
structure. The indices of the SWGs in the refractive index profile are effective indices
obtained with the Born-Wolf formula (3.45). Bottom: Schematics of the cavity to be
investigated within the Barkhausen round-trip cavity framework with the orientation of the
tilted gratings (right).

Stokes parameters S1, S3 and S3 are affected by the SWG parameters, namely their
thicknesses dj, and dr and the tilting angle O, affecting the roto-reflection matrix D
and therefore the supported polarizations.

As a first investigation, the output polarization index Y, and its projection onto
the Poincaré sphere according to (5.19)—(5.20)—(5.21) was determined for a wide
range of grating parameters, namely 6g € [1,179]°, d;, € [20,400] nm and dg €
[50, 130] nm. As a key result, the whole Poincaré sphere was accessed, showing how
any polarization can be obtained on demand depending on the SWG parameters, as

depicted in Fig. 5.8.

We now focus our attention on circularly polarized light, a case of particular
interest in several applications. To this end, we select a fixed right grating thickness
dr = 70 nm and vary the other two parameters d; and g, resulting in the map
depicted in Fig. 5.9 (left). The map displays the values of S3, showing a wide range
for which it approaches the desired value of 1. For a more quantitative visualization,
Fig. 5.9 (right) reports cuts of the previous map at the value of d;, associated with the
maximum S3. This is reported not only for dg = 70 nm, but also for two additional
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Fig. 5.8 Graphical depiction of accessing all polarization states on the full Poincaré sphere
by spanning 6 € [0, 180]°, d;. € [20,400] nm and dg € [50,70, 100, 130] nm.
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Fig. 5.9 Left: Color density plot of S3 vs. dy, and g for dg=70 nm. The red dashed line is the
cut at di = 167 nm, ensuring S3=1 (S3 = 1 at the star). The black solid line represents the
curve along which S5 is maximum for each fixed d; value. Right: S3 vs. 6 for three values
dr =50, 70 and 100 nm. The d; values are fixed to ensure S3 = 1. For the red curve (dgp = 70
nm) we have that d; =167 nm (cut along the dashed red line in the left map). Similarly,
for the curves corresponding to dg=50 and 100 nm, d;=141 and 199 nm, respectively. The
squares represent the values obtained with one-dimensional vectorial simulations as those
described in Section 3.2.
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Fig. 5.10 Circular polarization design chart for the VCSEL of Fig. 5.7. Top: S3=1 trajectory
in the 3D parameter space and the regions featuring $3>0.99 within the colored lines. Bottom
(b to d): the 2-D projections visualize in a more readable form the corresponding dg, d,
and 6O values. Altogether, the full trajectory and the projections (b), (c), and (d) provide all
needed information regarding the design sensitivity to the relevant parameters.

thicknesses of the right grating, demonstrating that it is still possible to reach §3 = 1
even with different dg values. The same results are also calculated using the vectorial
one-dimensional formalism described in Section 3.2 for comparison, reported with
squares in Fig. 5.9 (right). The perfect agreement validates the soundness of the

dispersionless approximation, not assumed in vectorial one-dimensional simulations.

In Fig. 5.10 we provide a complete investigation of the parameter space. The
black curve in the 3D space of grating thicknesses and relative angle (dr, dgr, Or)
shows the trajectory where S3 = 1, while the colored dots around it define the
boundaries of the region for which §3 > 0.99. In general, we can see that the
tolerance for Og is always at least 5°. Moreover, we observe a large insensitivity
to dr, maximum for dg = 70 nm, but pretty much the same in the whole range
60 < dr < 80 nm. In summary, we can achieve S3 = 1 in a very broad range of
grating thicknesses: 40 < dg < 100 nm and 130 < d;, < 210 nm, with tilting angles
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Oxide

Bottom n-DBR s

Fig. 5.11 Sketch of the investigated VCSEL structure, together with the reference system
and the definition of the most relevant dimensions.

from 25 to 50°. The better performance in terms of parameter insensitivity is at
the center of those intervals, where the tilting angle is around 45°. S3 = —1 can be
achieved using the same grating parameters as those in Fig. 5.10, but with opposite
tilting angle Og. In this way, one might have on the same chip, close to each other,
two VCSELs emitting S3 = £1.

5.3 Elliptically and circularly polarized VCSEL with
a single tilted grating

5.3.1 Investigated VCSEL structure and fabrication process

Having demonstrated that tilted optical anisotropies can generate elliptically and
circularly polarized light on the test structure defined in Section 5.2, we now apply
the same concept to a real VCSEL. In this case, however, cavity chirality arises
from the interaction between a SWG tilted with respect to the crystalline axes and
the intrinsic semiconductor optical anisotropies, namely electro-optic and elasto-
optic effects. This analysis is conducted both experimentally and theoretically, with
the theoretical framework serving both to interpret the experimental data and, in a
subsequent step, to optimize the structure towards a CP-VCSEL fully compatible
with standard grating VCSEL fabrication processes.
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Fig. 5.12 SEM picture of the light-emission window of a VCSEL. The SWG is tilted by the
angle @grar.

The considered AlGaAs-VCSEL, sketched in Fig. 5.11 and emitting at A = 850
nm, is grown epitaxially by metal-organic vapor-phase epitaxy (MOVPE) on an
n-doped GaAs substrate with a donor concentration of Np =2 x 10'3cm™3. The
bottom n-doped (Np = 1.5 x 108 cm=3) DBR comprises 30 pairs of

Al()'1()Ga().9()AS:Si/A10.95Ga().05AS:Si

layers. Each layer has a thickness of A /(4n,), where n, is its refractive index as if it
is unaffected by optical anisotropies. Above the bottom DBR, an intrinsic A-cavity
made of Aly s50Gag s50As embeds the active region (AR), which provides optical gain
to support lasing. The top p-doped (Na = 1.5 x 108 cm~3) DBR consists of 19.5
pairs of

Alg20Gag goAs:Zn/Aly 95Gag gsAs:Zn

layers, connected by a linear molar fraction grading of 26 nm>. Following the cavity,
a high aluminum content layer (Al 93Gag.g2As) is introduced for oxidation, allowing

the transverse definition of the oxide aperture, which confines both carriers and light.

The out-of-phase top DBR is turned in-phase by a heavily p-doped GaAs cap
layer with an acceptor concentration of Ny = 1 x 10!?cm™3 and a total thickness of

teap = 34 /(4n,) = 175 nm, which also serves as contact layer.

To enable polarization control, a SWG is defined in a first processing step by
electron-beam lithography and subsequently etched into the cap layer with a spatial

3Tt is important to note that, in this structure, the cap layer is treated as a separate layer and not
as an integral part of the top DBR. In other words, it is described independently rather than being
grouped within the top DBR stack.
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period A = 200 nm by inductively-coupled plasma (ICP)-etching. The grating
extends to a depth of #grac = A /(2n,) = 116 nm, leaving a residual cap layer thickness
of feap = tégi) —torat = 59 nm. In Fig. 5.12, we show a scanning electron microscope
(SEM) image of the resulting SWG.

The reference coordinate system (x,y) is aligned to the crystal directions, i.e.,
x=X =[011], y=Y = [011], where X and Y represent the principal axes of the
semiconductor optical anisotropies according to Subsection 3.3.1. The longitudinal
z-axis is defined as opposite to the growth direction. The subsequent device fabri-
cation follows a standard VCSEL process. Mesas are defined by a combination of
photolithography and ICP-etching. The current confining oxide aperture is formed by
wet-thermal oxidation of the Al 9gGaAs:Zn layer in an oxidation oven. Thereon, a
4 um BCB isolation layer is spun on the sample and structured via UV-lithography. In
the last processing steps the p-contact is defined by photolithography and deposited
by electron beam evaporation, before evaporation of the n-contact completes the
fabrication process.

5.3.2 Characterization of anisotropies: drift-diffusion simula-
tions for the electro-optic effect

To investigate the effect of the tilting angle ¢q¢ (displayed in Fig. 5.11) between
the crystal axes and the grating bars, many identical samples with different @gra¢
values ranging from 0° to 180° in steps of 5° are manufactured and analyzed, both
experimentally and through simulations. This comprehensive approach ensures that

the polarization features are thoroughly understood in all conditions.

As the device operates in a single transverse mode, a one-dimensional electro-
optical simulation along the z-axis is sufficient to capture its polarization characteris-
tics. Since in this case the top mirror features both the semiconductor anisotropies
and the tilted anisotropy introduced by the SWG, we adopt the one-dimensional
vectorial analysis of Section 3.2 instead of the vectorial Barkhausen criterion.

If we do not apply any strain, two anisotropies are present: the tilted SWG and
the electro-optic effect (EOE). The SWG transmission matrix is computed directly
by rigorous coupled wave analysis [50, 51], without performing the homogenization
of Subsection 3.3.2. On the other hand, according to Subsection 3.3.1, the anisotropy
arising from the EOE can be evaluated in terms of the semi-difference of the relative
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dielectric constants along x, €y, and y, &yy, as (3.42)—(3.43)

Exx — &yy

o =n* 2 (2)ra1(2)E(2), (5.56)

AgroE(2) =
as it is needed in (A.21). In the latter, n,(z) is the refractive index profile in the
absence of the optical anisotropies induced by the electro-optic and elasto-optic
effects®, E(z) is the z-component of the electrostatic field profile and r4; = 1.6
pm/V for GaAs [72], and 0.78 pm/V for AlAs [73], with a linear interpolation for

intermediate aluminum molar fractions, as stated in Subsection 3.3.1.

The electrostatic field profile is obtained with our in-house 1D drift-diffusion
(DD) code [45]. The model includes the Poisson’s equation (5.57a) for the elec-
trostatics and the continuity equations for the carriers (5.57b)—(5.57c) with their
corresponding constitutive relations (5.57d)—(5.57e):

9;9(z) = _Q/gst[ b (2) = Nj (2) + p(2) —n(2)] , (5.57a)
In(2) = qU(2), (5.57b)
d.J,(2) = —qU (2), (5.57¢)
In(2) = —quan(z)9:¢(z) + kg T W,d:n(2), (5.57d)
Jp(z) = —qUpp(2)9:9(z) — kpT 1p0-p(2). (5.57¢)

where ¢ is the elementary charge, kp is the Boltzmann constant, 7 is the temper-
ature, U, and p, are the mobilities, &; is the static dielectric constant, ¢ is the
electrostatic potential profile and J,,,J,, are the densities of current of electrons and
holes, respectively. U, and U, represent the net recombination rates, including
Shockley-Read-Hall (SRH), Auger and radiative recombinations, with the same Al-
GaAs parameters used in [45]. The spatial distribution of the electrostatic field under
the application of a direct bias is mainly governed by the doped heterostructures
of the DBRs. Once the system is solved, the electrostatic field distribution can be
calculated from the electrostatic potential as

E(x) = —a‘gf). (5.58)

®This corresponds to the quantity n;, used in Subsection 3.3.1.
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Finally, if a uniform longitudinal strain o (adimensional) is mechanically applied
along Y = [110], an additional anisotropy results as consequence of the elasto-optic
effect. The equivalent of (5.56) for the elasto-optic effect reads (3.40)—(3.41)’

o)

X (5.59)

Aes = 1} (z) paa

where psqa = 0.072 [69]. The overall anisotropy A€ = A€gog + A€ can be evaluated
as the sum of the two effects.

5.3.3 [Experimental measurement of the Stokes parameters

The VCSEL characterization setup features a temperature-cooled copper plate that
also serves as the n-electrode on which the device under investigation is placed. The p-
side of the VCSEL is contacted via a probe needle controlled by a micromanipulator.
The setup further uses an optical telescope arrangement consisting of three lenses
for collimating and guiding the VCSEL emission towards the measurement head of
a Newport 1830-C powermeter. In order to determine the Stokes parameters, the
method of the rotating quarter wave-plate is applied [120, 123]. For this purpose
a quarter wave-plate on an automatized rotation mount and a linear polarizer are
inserted into the optical path in front of the powermeter head. A mechanical stop is
used to ensure a fixed orientation of the VCSEL chip for all measurements. While
the polarizer is kept fixed, the quarter wave-plate is rotated and the intensity on
the powermeter head detected. The intensity detected on the powermeter head in

dependence of the quarter wave-plate rotation angle 8 follows
1
1= 5(A+Bsin(29)—|—Ccos(40)—|—Dsin(49)), (5.60)

where the experimental Stokes parameters Sp,S1,52 and S3 are obtained from ac-
cording to
So=A-C,8=2C,5 =2D, S3 =B. (5.61)

"Notice the sign flip in (3.40)—(3.41) due to the fact that & is a longitudinal strain applied along ¥
and X.
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Fig. 5.13 Band diagram of the VCSEL together with the refractive index profile. The
refractive index curve is read on the left axis, while all energies are read on the right axis.
The vertical red line highlights the active region.

5.3.4 Experimental validation of elliptical polarization and theo-

retical optimization for circular polarization

The structure reported in Fig. 5.11 is simulated by means of our DD model. The
band diagram of the device at the applied direct bias voltage of 3 V is reported in
Fig. 5.13. We sketch with different colors the longitudinal extension of the cap layer,
the p-DBR, the cavity, the n-DBR and the substrate, from left to right.

Applying (5.58), it is possible to determine the electrostatic field distribution
E(z) reported in Fig. 5.14 (top). Strong peaks arise in the DBR regions due to the
presence of hetero-interfaces. However, such peaks are mitigated in the top p-DBR
by the compositional grading, as highlighted in the insets. This profile induces an
EOE anisotropy, that is independent from the applied voltage as shown in Fig. 5.14
(bottom). It depends solely on the aluminum molar fraction and doping profiles. As

a result, the emitted polarization is unaffected by the DC bias point.

At this stage, optical simulations can be carried out. Before incorporating the
grating effects, we focus exclusively on the EOE using (5.56). The resulting SW can
be superimposed with the anisotropy profile, Aeégog, as shown in Fig. 5.15.



138 Circularly polarized VCSELs

s x 10
%10°

Shbons

I
I
00 4900 5000 :
I
|

e A I

1000 1100 1200

E, V/icm
o

0 1000 2000 3000 4000 5000 6000

Z, nm
% 10°
4 T
g 27
=0
:.\ _2 L _2V
4t | - = T4V ‘ |
2200 2400 2600 2800 3000
Z, hm

Fig. 5.14 Top: electrostatic field distribution along the longitudinal direction of the VCSEL
at 3 V of bias voltage. Insets represent zooms of the profile in the p- and n-DBRs. Bottom:
impact of the bias voltage on the electrostatic field profile.

n-DBR

“““““0NMﬂWW?*’*‘.“‘

SW, log

Ae

502
-8
0
2 -5 =1-10
-10 1 1 " 1 1 1
0 1000 2000 3000 4000 5000 6000
Z, nm

Fig. 5.15 SW and anisotropy profile resulting from the EOE. The inset highlights how only
negative peaks of A€ are relevant to the optical mode.
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Fig. 5.16 Stokes parameters as function of the tilting grating angle ¢y, (left), also represented
on the Poincaré Sphere.

This analysis is important for understanding the significant impact of the EOE on
device performance. Despite the null average of E(z), the positive peaks within the
DBRs are aligned with the nodes of the SW and, consequently, minimally interact
with the optical mode. Conversely, negative peaks coincide with the antinodes of the
SW, resulting in an averaged anisotropy calculated as:

o deASEOE (Z) . SW(Z)

<A8EQE> = de SW(Z) R (562)

amounting for this structure to —3.55 x 10~*. This anisotropy is aligned with the
crystal axes defined in Fig. 5.11 and can interact with the misaligned anisotropy of the
grating, effectively forming a 3D chiral cavity that induces elliptical polarization [37].
This phenomenon is confirmed by analyzing the calculated output Stokes parameters
of the lasing polarization, and comparing them with measurements obtained for
varying tilting angles @y, as shown in Fig. 5.16.

When @groe = 0°,90°, 180°, S3 = 0 so the polarization is purely linear, as all
anisotropies are aligned with crystal axes, while for intermediate angles polarization

is elliptical.

The excellent agreement between computed and experimental Stokes parameters
proves that VCSELs with SWG tilted to the crystal axes can emit elliptical polariza-
tion without modifying the state-of-the-art manufacturing processes. When strain is

applied, the averaged anisotropy in (5.62) is modified and it is possible to obtain a
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Fig. 5.17 Top left: S3 component of the lasing output polarization varying fgrac and Qgra,
the red dashed line is the one associated to the grating thickness for which S3 is largest
in magnitude. Bottom Left: S3 component of the output polarization varying ¢ and Qg
keeping fgroc = 310 nm, the black solid line is associated to 6y and linear output polarization.
Right: Stokes parameters obtained from the parametric campaigns, black stars highlight
Sy~ +1.

linear dependence as®:
_ Jdz (Aggog(z) +A¢5(2) - SW(z) pas [ dzn}(z)SW(z)
(Ae) = [dzSW(z) = (Aegop) +0 (7 fszW(z)(S 6)3)

For the device under study, it holds (Ag) = —3.55 x 10~% +3.77c. This formula
implies that the overall averaged intrinsic anisotropy can be zero when an external
strain 6p = 9.4 x 1072 is applied, thus eliminating the competition between the tilted
grating anisotropy and the intrinsic ones. In this special case, the output polarization

is always linear and oriented according to Qgpat.

8This is possible since the SW is nearly independent on the applied strain.
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Our model, as proved by the excellent comparison with the experimental results,
allows to understand how lasing polarization depends on geometrical parameters
such as Qorat, forar and mechanically applied strain 6 [124]. A simulation campaign
is reported in Fig.5.17. On the top-left map the Stokes parameter S3 is reported
as a function of @grye and fgry, reaching a large negative value® for torat =~ 310 nm.
Fixing this value, the bottom left map displays the behavior of S3 for varying @grac
and o, showing how a complete custom polarization control is possible in real-
world standard grating VCSELSs. This is better evidenced in the right-hand side plot,
displaying all simulation results on the Poincaré Sphere, that is covered for the most
part and includes also cases of pure circular polarization (S3 = £1). As expected
from (5.63), when o = 0y, S3 = 0 allowing for linear polarization control oriented

along the grating angle, suitable for quantum key distribution applications [77].

In this chapter, we theoretically and experimentally demonstrated how the in-
teraction between tilted optical anisotropies enable VCSELSs custom polarization
states. Our results highlight the value of fast and efficient simulation campaigns in
understanding how polarization depends on geometric and technological parameters,
paving the way for the design of CP VCSELs. A key advantage of the approach
of this section over the solution of using inherently chiral layers is its reliance on
well-established grating VCSEL technology, ensuring compatibility with existing

fabrication processes.

°In this design, the maximum S3 value achievable by varying only the grating parameters, i.e.,
the thickness and the grating angle, is approximately —0.9. This specific structure was chosen
because experimental data were available for validating the model (see Fig. 5.16). However, for other
structures investigated only through simulations, it is possible to achieve fully circular polarization
even without applying external strain, which is required in this case. This suggests that circular
polarization can be obtained by modifying only the epitaxial structure and the grating parameters.
Such modifications were not explored here, as the epitaxial structure was fixed by the experimentally
fabricated device.



Chapter 6
Conclusions

In this thesis, we developed a comprehensive mathematical framework for the in-
vestigation of the electromagnetic modal properties of VCSELSs, based on coupled
mode theory. This framework spans from full three-dimensional full-wave simula-
tions to reduced one-dimensional scalar and vectorial models, as well as analytical
approaches. Such a multifaceted formulation enables the selection of the most

appropriate methodology based on the specific objectives of the analysis.

From an implementation standpoint, these methodologies can be viewed as a
simulation suite for the electromagnetic modeling of VCSELs, hence the name
VCSEL ElLectroMagnetic Suite (VELMS).

Depending on the desired level of detail, users can choose the most suitable
approach. For instance, the full 3D vectorial formulation is ideal for studying the
general behavior of multimode VCSELSs, including distinct transverse modes, their
polarization characteristics, threshold gains, and resonant emission wavelengths.
Alternatively, for single-mode VCSELSs, either due to small oxide apertures or
the presence of surface reliefs, simplified 1D scalar or vectorial models can be
employed. The scalar formulation is particularly useful for investigating how the
epitaxial structure affects global device characteristics such as 1D threshold gain,
1D emission wavelength, and standing wave distribution. The vectorial model, while
retaining all these capabilities, further enables the analysis of polarization-related
effects, such as birefringence, dichroism, and the behavior of Stokes parameters,
thus providing a more complete picture when polarization plays a significant role in

device performance.



143

Although the 3D approach was originally proposed in earlier works, this thesis
provides a rigorous mathematical derivation of the method, starting from Maxwell’s
equations. This demonstrates that the method is firmly rooted in physical principles,
relying solely on the geometrical structure and refractive index distribution of the

VCSEL, with no fitting parameters or phenomenological assumptions.

Moreover, the mathematical formalism has been generalized beyond the original
cylindrical wave expansion used in [39], allowing for the use of any suitable basis
to represent the field inside the VCSEL. While the cylindrical wave basis remains
computationally efficient, requiring fewer basis functions compared to plane waves,
this generalization enhances the adaptability of the framework.

Another improvement over previously published work concerns the computation
of the coupling matrices. In earlier implementations, these matrices were derived
analytically or semi-analytically by evaluating the required double integrals through
explicit parametrization in polar coordinates of any transverse shape, e.g., the oxide
aperture. While this approach could offer a slight speedup in code execution, it
demanded considerable effort whenever a new shape had to be analyzed. In contrast,
the methodology presented in this thesis adopts a fully numerical evaluation of the
double integrals involved in the coupling matrices. This allows for the rapid and
flexible analysis of arbitrary transverse profile, with only a modest computational
cost when executed on a standard modern personal computer. As a result, it becomes
possible to simulate VCSELs with oxide apertures and self-heating temperature
distributions of any shape, e.g., rectangular oxide apertures with elliptical self-

heating temperature contour lines.

Although the 1D VELM scalar formulation has been employed in prior studies, in
this thesis we present its formal derivation. Furthermore, the vectorial generalization
and the derivation of the polarization equation for the analysis of cavity chirality are
novel contributions of this work. These additions further enhance the versatility of
the simulation suite, enabling extensive parametric sweeps thanks to the exceptional
computational efficiency of the 1D algorithms.

An overview of the available methodologies applicable to VCSEL modeling is

provided in Fig. 6.1.

From a device perspective, the developed model has been applied to two classes
of VCSELSs: large-area single-mode devices and elliptically polarized VCSELSs, with
particular emphasis on circular polarization. These classes are particularly suitable
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Fig. 6.1 Comparison of the different methodologies analyzed throughout the thesis. From
left to right: the polarization equation approach (Subsection 5.1.3), the 1D scalar VELMS
(Section 3.1), the 1D vectorial VELMS (Section 3.2), and the full-wave 3D VELMS (Sec-
tion 2.6). For each methodology, the figure reports its applicability range, required input
parameters, obtainable outputs, a brief description of the underlying mathematical problem,
and an estimated simulation time on a standard personal computer.

for applications such as atomic clocks, quantum gyroscopes, and atomic magnetome-
ters, all based on optical atomic pumping. To achieve chip-scale miniaturization of
such systems, VCSELs have been recently considered as promising light sources
due to their compactness. In this context, requirements include high output power
for efficient pumping, single-mode emission to selectively excite atomic transitions,
and circular polarization to satisfy light—-matter interaction rules.

To increase output power, VCSELs with large rectangular active areas have
been investigated. Compared to circular or square geometries of equivalent area,
the rectangular shape was chosen for its superior thermal dissipation properties.
However, increasing the transverse active area leads to multimode operation. Using
our simulation tool, we explored several strategies to maintain single-mode behavior,
primarily through surface patterning of the outcoupling facet. The most effective
solution consists of introducing an array of surface grating reliefs, etched so that their
positions match the intensity peaks of the desired mode. This design enables single-
mode operation with stable linear polarization in large-area VCSELs. Simulation
results were validated against experimental measurements, demonstrating single-
mode output powers exceeding 20 mW.



145

The simulator was also employed to shape the far-field emission profile of the
selected mode. Indeed, it features a low intensity along the VCSEL symmetry axis
due to destructive interference between out-of-phase lobes in the near field. This
occurs since the selected mode is not the fundamental one, and the spatial distribution
of its field exhibits multiple lobes with alternating phase. To recover significant
axial far-field intensity, two design strategies were explored. The first consists in
selectively blocking all the near-field lobes with identical phase using metallic masks,
allowing only the remaining in-phase lobes to radiate, thereby reducing destructive
interference. The second strategy makes use of dielectric pillars placed over the
same-phase lobes, introducing a dephasing that mitigates the interference effect.
Both methods proved effective in restoring substantial far-field intensity along the

VCSEL symmetry axis, particularly useful for fiber coupling.

We further investigated the behavior of such rectangular VCSELs with grating
arrays under increasing self-heating conditions and therefore operating current.
Thermal lensing distorts the transverse mode profile, as evidenced by experimental
data, and misaligns it with respect the grating relief array, thus degrading modal
selectivity. Our simulations revealed the evolution of the optical modes as a function
of operating point. Based on these insights, we proposed design guidelines for the
grating arrays to ensure robust single-mode operation even at elevated self-heating

temperatures and high current levels.

This results in VCSELs capable of emitting high-power, single-mode light with
stable linear polarization, enabled by the grating reliefs. In chip-scale atomic systems,
however, a quarter-wave plate is then required to convert linear polarization into
circular, introducing bulky optical components that limit device miniaturization.
Therefore, we investigated strategies to design VCSELs that emit natively elliptically

or circularly polarized light, eliminating the need for external polarization converters.

Unlike previous approaches in the literature, which rely on a single chiral layer
within the epitaxial structure, we focused on the necessary conditions for a resonator
to support elliptical polarization, i.e., a 3D resonator chirality. This can be achieved
either by introducing a chiral layer or through misaligned optical anisotropies. After
establishing the working principle using a VCSEL featuring two tilted gratings as
a case study, we applied this theory to an experimentally fabricated device. In this
case, the optical anisotropies arise from the electro-optic effect aligned with the

crystallographic axes and a surface grating rotated with respect to them. The device
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emits elliptically polarized light, and the degree of circular polarization depends on
the grating tilting angle. Simulations and measurements of the Stokes parameters
were in excellent agreement, validating the model. We then performed parametric
optimization of the grating configuration to maximize circular polarization and also
investigated the role of strain, which introduces additional anisotropies through the
elasto-optic effect.

In future developments, the concepts of high-power single-mode operation and
native circular polarization could be merged. Experimental prototyping campaigns,
guided by fast and efficient optical simulations, could lead to the realization of
compact, coherent light sources tailored for chip-scale atomic devices.

Beyond these applications, the versatility of the model allows it to be applied to
a wide range of VCSEL designs, operating at different wavelengths and based on
various material systems, as long as the refractive index distribution is known. Its
ability to capture both modal and polarization characteristics makes it suitable for
analyzing virtually any VCSEL geometry.



Appendix A

Anisotropic coupling operator

Dielectric tensor and principal axes

If one chooses the (x,y,z) Cartesian reference system to coincide with the principal
axes of the considered medium, (X,Y,Z), then the dielectric tensor € in (2.11)
becomes diagonal, namely:

E,=1 0 &y O], (A.1)

which corresponds to the case studied in [69]. In our analysis, aiming to investigate
multiple optical anisotropies, each tilted with respect to the other in the transverse

plane, we must compute the coupling operator in the case where our reference

y X

Fig. A.1 Definition of the rotation angle 6 between the material principal axes (X,Y) in the
transverse plane and our arbitrary choice of reference system in the transverse plane (x,y).



148 Anisotropic coupling operator

transverse system, (x,y), is rotated by an angle 6 relative to the material’s principal
axes (X,Y), while still considering z = Z as the VCSEL growth direction. The

rotation in the transverse plane is visualized in Fig. A.1.

The dielectric tensor allows the evaluation of the dielectric displacement vector
given a certain input electric field. With our tilted reference system, in order to apply
the simple diagonal expression in (A.1), we must:

1. rotate the field components, expressing them with respect to the principal axes,
2. apply the diagonal dielectric tensor,

3. rotate the result back to the original reference system.

Defining ¢ = cos(0) and s = sin(0) for sake of compactness and

c s O
Ri=|[-s ¢ O (A2)
0 0 1

as the rotation matrix acting on the transverse plane, then the dielectric tensor in this

general framework reads:

CZSXX + SZEYY cs (SXX — £Yy) 0

e=R;'g,R = |cs(exx —&yy) Peyy+sPexx 0 |, (A.3)
0 0 €77
from which
cexx +5%eyy — &t os(Exx — &yy) 0
AE =€ — 8refI = cs (SXX — Syy) CZEYY + SZSXX — Eref 0 =
0 0 €77 — Eref

Agy Aty 0O
Agy, Agy,, 0 |. (A.4)

0 0 Ag,
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Coupling operator of an anisotropic layer

At this point, we can attack the general expression of the coupling operator in
(2.89) considering that Ag; ; = 0. It is useful to perform the following preliminary
calculation:

Agxx Agxy 0 ex,v
tot __ —
Aeel = |Agy Agy, O | |eyw| =
0 0 Ae.| |ewy

_Aexxexy + Aexyeyyv-
= |Agyery +Agpeyy | =
| Agz e,y ]
(Agnery +Aeye,y | 0
= |Agpery +Agyeyy | +| 0 | = (Ageyt), + (Agey) Z (A.5)
i 0 ] Ag e,y

At this point, the argument of the double integral in (2.89) can be rewritten using

(2.36)—(2.37) as
EretAE,,

— = ¢
Eref + A€,

This means that the expression for K? remains exactly the same as the isotropic case,

ey - (Agey") — ez (A.6)

with the replacement of Ae with Ag,, = €77 — €.¢. The only additional calculations
we need to carry out retain to K’, however the properties in (2.109) still hold, since
the first term in (A.6) does not depend on the z-components of the basis fields, thus
the sign is entirely determined by the power normalization constant Cy in front of
(2.89).

Further developing the first term in (A.6), impacting on the transverse coupling

operator, we get:

exp Agyery +Aggyeyy
tot
eu- (AgeY), = |eyyu | - [Agpery + A8y ey | =
0 0

= A&yexpexy +Ayey peyy + Agyey pexy +Agyey, peyy. (A.7)
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In this way, K}, reads:

10}
u

Jjo 2
_a/R2A8xy€x,u€y7vd p+

_Je 2
Cu /RzAgyx o
J

—— | Agye, e, yvdip =
Cp Jre™ > 1€y

= (K’Ic/\‘)yv + (K;.V)yv + + (IQ',\')#V = Z Z (K;j)uv : (AS)
ie{x,y} je{x.y}

More explicitly, using the expressions for Ag;; in (A.4), with i, j € {x,y}, considering
that Agy, = Agyy = cs(exx — €yy), wa becomes:

10
KLV - _é_ /]Rz <C2£XX +328YY - 8ref) €x,uCx,v d2p+
u

10
_ _JC /RZ cs(&xx — €yy) (ex#ey,v + ) d2p+
u
jo 5 5 )
— = /]RZ (c Eyy +5"Exx — Sref) eypeyvdop. (A.9)
u

Introduction of transverse variations with respect to a background

Consider now the specific case of an anisotropic layer featuring transverse variations,
localized within a certain area, with a background medium all around. The quantities
that vary over the transverse plane, entering the double integral for the transverse
coupling operator, are exx (p), €ry(p) and O(p). Suppose that the domains where
each of these quantities differ from the background values &, xx, &, yy and 6, are
Dy, Dy and Dy C R?, respectively. This means that:

exx(p) =€ xx, if p € R?\Dx,
eyy(p) =¢€pyy, ifp €R?\Dy, (A.10)
6(p) = 6, if p € R\ Dg.
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Defining the maximum variation domain as
D, = Dx UDyUDeag, (A.11)
then we can define, for instance,
A& (p) = A&p o+ 0€u(P), (A.12)

where
A€py 1 = 082 (8))€p xx +5in*(0)€pyy — Eret (A.13)

and

Sew(p) = {cos’(0(p)]exx(p) +sin*[6(p)evy (p) } +
— [cos?(6y)ep.xx +5in*(6,)ep vy ] , (A.14)

which is identically zero outside of Dy'. A similar definition holds for Agy(p),
Ag, ,, and 8€,,(p). For the cross terms, we can write

Ay (p) = Agy(p) = A&y xy + 084y (P), (A.15)

where
A8b7xy = AEb,yx = COS(Qb) sin(@b) (8b,XX — 8b7yy) R (A.l6)

and

5exy(p) = 6€yx(p) = {cos[0(p)]sin[0(p)] (exx(pP) +erv(P))}+  (AQT)
— [cos(6,) sin(6p) (€5 xx — Epyy)] (A.18)

also identically zero outside of D,. In this way, each term composing the transverse

coupling operator defined in (A.8) can be split as:

ijgb,ij 2 jo 2 ..
(K5j) v = —T/Rzei,uej,vd P=Cu I, o¢ij(pleipejvdp, ije{xy},
(A.19)

where the first integral is part of the transverse coupling operator associated with

the uniform anisotropic background, still to be determined, while the second finite

Notice that one could write §&(p) = (&) 0 Sx(P), Sxx(p) representing an adimensional

max ~ XX
normalized shape function, to retrieve a definition similar to (2.110).
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integral® represents anisotropic transverse variations with respect to the background,

which can be calculated numerically for all combinations xx, xy, yx and yy.

Alternative expression: anisotropic transverse coupling

operator as a correction of the isotropic one

Starting from (A.4) and defining

E + &
Eiso = % (A.20)

Exx — €&
Eani = % (A21)

we can rewrite

A&y = (€50 — Eref) + €ani €08 (20), (A.22)
A€y, = (Eiso — Eref) — Eani €O (26), (A.23)
A€y, = A&y = &4 5in(20). (A.24)

In this view, (A.7) becomes

ey (Ag et\?t) = (&iso — Eref) €x,pu€x,v + Eani c08(20)ex pex v+
+ (&iso — &ref) €y,p€y,v — Eani €0s(20)ey yey v+
+ €uni $In(20) (ex peyy +eypery) =
(iso — Eref) (expery +eypeyy) +
+ €ani c08(20) (experv —eypeyv) +

+ €uni $In(20) (expeyy +eypery) . (A.25)

2This integral, being finite, must be multiplied by the spacings associated to the discretization of
continuous labels (Ak; for cylindrical waves).
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The transverse coupling operator can then be rewritten as:

jo
KL.V = _a /]R2 (Siso - 8ref) (ex,uexy +ey7y€y7v) d2p+

10
_ JC_“/R2 €ni €05(20) (expexy —eypeyy) d*p+
jo . ,
_ C_/R2 Eani s1n(29) (ex,[.ley.,v +ey,l.lex,v) d’p. (A26)
u

Notice that the first term is exactly the same as the coupling operator associated to a
uniform layer with a dielectric constant profile described by €;,. The two additional

terms represent a correction that vanishes for exxy = €yy, i.e., &nj = 0.

Transverse coupling operator of a uniform anisotropic

layer

In this section we give a methodology to evaluate the transverse coupling operator

for a uniform anisotropic layer using the cylindrical waves basis defined in Tab. 2.2.

The x and y component of the electric field with labels g = [k;,m, p,l, ] can be
compactly written as:
eip =5 0 +s,J_@_, ie{xy} (A.27)
where
+1, i=x,
§i= (A.28)
- 17 = Vs
Jfr, i=x,
s = | (A29)
8+, 1=,
+1, =TE,
5p= p (A.30)



154 Anisotropic coupling operator

with J¢, fi1 and g4 being the same defined in (2.63). For the mode identified by

v=[kl,m' p',l',a’] we have an equivalent expression:
eiy =siJ\ @\ +syJ o, i€ {xy} (A.31)
With this notation, (A.7) can be written as

ey (Age"), = Aeee [(Jyfr+sp) f) (S fL+sp0  f1)]
+ Agyy
+ A&y [(—J gy +spl_g-) (Jofr+spd )]
+Agyy [(—J g+ +5pl-g-) (-8 +sp0 8" )] (A.32)

The red and blue terms can be compactly rewritten as:

Bi=spsyd-J o_@" +I.J, ¢ + (A.33)
+5i (spd T Lo @\ + T syl @ @l), i€ {xy}. (A.34)
Defining
8+, i = X,
Vi = _ (A.35)
f:b =Y,

the green and magenta terms can be compactly rewritten as:

Vi =spsyJ_J_ @ vy —J T oy + (A.36)
+5i (=spl T oY, +Tpspd oiwl ), i€ {xy). (A.37)

In this way, (A.32) can be cast into:

ey (Agey"), = Ag B +Agy, By +Asyy Y+ Agy Y, =
= AePi+Aey By + Ay (K + %), (A.38)

The same notation can be applied to (A.25), which becomes:

€u- (Ae et\?t)t = (&iso — &ref) (Br + ﬁy) + Eani €08 (260) (B — ﬁy) +€4ni 8in(20) (1 + }’y) .
(A.39)
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To evaluate entirely the coupling operator we need to integrate over the transverse
plane three different contributions: S, + By, Bx — By and Y + %,. Further defining

¥ =09, (A.40)
¥ =09, (A.41)
¥3=9 ¢, (A42)
W, =00, (A.43)
¥ =9y, (A.44)
¥ =0, v, (A.45)
¥ =9y, (A.46)
Py=o, v, (A.4T)
Si=JJ, (A.48)
Fr=JJ, (A.49)
Fy=J_J,, (A.50)
=10 (A.51)

we have that
Bi = spsy Z1¥1+ _Fo2¥o +si(sp F3¥Ws+sy ZaWs), i€{xy}, (A.52)

Vi =spsy F1P1— HWa+si(—sp 73V3+s, Za¥s), i€{xy}. (AS3)

Notice that the angular functions depend on i € {x,y}, [ € {even, odd}, and I’ €
{even, odd}. The various cases can be explicitly analyzed employing the trigono-
metric Werner formulae to the angular functions. Naturally, since we are using a
basis of cylindrical waves, it is convenient to describe the transverse plane in polar
coordinates, with p as the radial variable and ¢ as the angular variable. After some
algebraic manipulations, we obtain the following results, distinguishing between the
four possible even and odd combinations.
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Case: [ =even, I’ = even

o= 22 [cos((m—m')0) +cos((m+ ' +2)0)] +
+ % [cos((m+m')¢) +cos((m —m' —2)¢)] +

+% [cos((m +m')§) +cos((m—m' +2)¢)] +

4227 2 cos(m— m)9) + cos((m+ 0 ~2)0)]

By = % [cos((m—m')§) —cos((m+m' +2)9)] +
+% [cos((m +m')¢) — cos((m—m' —2)¢)] +

+ % [cos((m+m')9) —cos((m—m' +2)9)] +

220 2 feos(m—m)9) —cos((m+-m ~2)9)]

2

o= 22 [sin((m—m')6) + sin((m+-m +2)6)] +
+ % [sin((m +m')9) + sin((m —m’ —2)9)] —

- % [sin((m +m')§) +sin((m —m' +2)9)] -

- % [sin((m —m')@) +sin((m+m' —2)9)].

N

% =% [sin((m—m')¢) +sin((m+m' +2)9)] —

[sin((m+m")¢) +sin((m—m' —2)¢9)] +

(A.54)

(A.55)

(A.56)

(A.57)
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Bi+ By = _Zrcos((m—m')9)+s, Zzcos((m+m')p)+
+ 5 _Zacos((m+m')) +sps,y Zicos((m—m')p). (A.58)

B — By = Zrcos((m+m' +2)9)+s, Zzcos((m—m' —2)¢)+
+ 5, Facos((m—m'+2)9) +sps,y _Zicos((m+m' —2)¢). (A.59)

Y%t ¥ = P2 [sin((m—m')@)+sin((m+m'+2)¢)] +
—spSp 1 [sin((m—m')¢) +sin((m+m' —2)¢)]. (A.60)

At this point, following (A.26), for the transmission operator of an anisotropic layer,
we need to integrate B, + B, and Y, + 7 over the transverse plane, to obtain all
the contributions. Starting with S + B, focus on the first term with _#,. The
angular integral is different from zero only if m = m’. In that specific case, the
cosinusoidal function is identically 1, giving rise to a factor of 2z when integrated,
while 71 = Jyt1(kep)Jms1(kp), which becomes &(k; — k;) /k; when integrated.
The term _Z cos((m —m')¢) gives the same result when integrated, yielding:

| par /Omdrp (F2cos((m—m')) +spsy 71 cos((m—n)9)) =

4 (ke — ki
= %5,”,”/5,,[,,. (A.61)
Furthermore, the term _#3 cos((m+m’)¢) forces m’ = —m, which is not considered

in the modal basis. Similarly for the term _#Z4cos((m+m')¢). These two terms only
give an additional contribution in the case m = m’ = 0, turning the factor in front of
B, + By from 47, resulting from _#; cos((m —m')§) + 5,5,y _Z1cos((m—m')¢), to

8w when s, = s,» = 1. This is in agreement with the isotropic coupling operator of

p
a uniform layer expressed in Fig. 2.6. With this methodology, one can estimate all

the other non-vanishing terms, first determining which azimuthal orders can interact
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on the result, then evaluating the integral of the Bessel functions. For the remaining

cases, the integrand functions 8, + B, and 7; + 7, are reported for completeness.
Case: [ =even, I’ = odd
Bo= 22 [sin((m—m)9) + sin((m -+ n/ +2)0)] +

53 [sin((m+m')¢) +sin((m—m' —2)¢)] +

2% [in((m ') 9) + sin((m— i +2)0)] +

20 G- m)) (-~ 2)0)]. (A6)

o= "2 [sin((m -+ m')9) +sin((m —m' ~2)0)] -

— Z2 [sin((m—m')@) +sin((m+m' +2)9)] +

2
+ Sp/f“ [Sin((m+m/)¢)+Sin((m—m’_|_2)¢)] _
_ Spspz/jl [Sin((l’H—m/)(])) +Sin((m—|—m/—2)¢))] . (A.63)

Y = % [cos((m+m')¢) +cos((m—m’+2)¢)} —
— % [cos((m+m')¢) +cos((m—m'—2)¢)} —
— 22 [cos((m—m')9) + cos((m+m +2)9)] +

2
0 o)) cos(ln+m'~20) . (A

Y= % [cos((m—m')9) —cos((m-+m' +2)9)] +
B2

+ 2223 eos((m+m')9) — cos((m—n ~2)¢)] -
- Sp/;% [cos((m+m')$) —cos((m—m'+2)¢)] —
S0P {os(m— ml)9) — cos((m -+l —2)9)]. (A.65)

2
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Both B, + B, and B, — B, only depend on the sinusoid function in ¢, yielding a zero

integral over the transverse plane no matter the values of m and m’. Conversely,

Yot Yy =Sy Facos((m—m'+2)9) —s, Z3cos((m—m'—2)¢)+
— Zrcos((m+m' +2)¢) +sps,y _Zicos((m+m' —2)¢). (A.66)

Case: [ = odd, I’ = even

Be= 22 [sin((m—m')9) +sin(m ' +2)6)] +
n % [sin((m-+m')¢) +sin((m—m' —2)¢)] +

5 [sin((m—m")¢) +sin((m+m' —2)9)] . (A.67)

=25 [+ ) 9) + sin((m — ' —2)0)] -
B2

- [sin((m —m")) +sin((m+m'+2)¢)] +

+% [sin((m+m')§) +sin((m —m' +2)¢)] -

=0 () sin(m - 200)]. (A68)

\S

% = %= [cos((m—m')p) —cos((m+m' +2)¢)] —

- [cos((m+m')9) —cos((m—m' —2)9)] +

+ % [cos((m+m')¢) —cos((m—m'+2)¢)] —

=0 (' )) —cos((m-4 - 20 . (A69)
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Y = % [cos((m+m')¢)) +cos((m—m’—2)¢)] —

- % [cos((m—m')§) +cos((m+m' +2)¢9)] —

— % [cos((m+m')9) +cos((m—m' +2)¢9)] +
—I—% [cos((m—m')§) +cos((m+m' —2)¢)] . (A.70)

Also in this case, ff; & By vanish when integrated for each (m,m’) combination, and

the only relevant term is

Yot %y =— _Facos((m+m' +2)9)+s, Fzcos((m—m'—2)¢)+
— sy Jacos((m—m'+2)9) +sps,y Ficos((m+m' —2)¢). (A.71)

Case: [ = odd, I’ = odd

Be = 22 [cos((m—m')0) — cos((m+m +2)$)] -

2
- % [cos((m+m')9) —cos((m—m'—2)¢)] —
. % [cos((m+m')¢) — cos((m—m' +2)¢)] +
I % [cos((m —m')§) —cos((m+m'—2)9)]. (A.72)

o = 22 [eos((m—m')) +cos((m-+ i +2)9)] -
— % [cos((m+m')9) +cos((m—m'—2)¢)] —
— % [cos((m+m')9) +cos((m—m' +2)9)] +

+ —Sps’;/fl [cos((m —m')9) + cos((m+m'—2)9)]. (A.73)
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Yo — % [sin((m+m')¢) + sin((m — m' +2)¢)] —

- % [sin((m+m) ) +sin((m —m' —2)¢)] -

- % [sin((m—m'")¢) +sin((m+m'+2)9)] +
+ % [sin((m —m")¢) +sin((m+m' —2)9)] . (A.74)

Y = Sp;% [sin((m+m")) +sin((m—m'—2)¢)] —
— % [sin((m—m")¢) +sin((m+m'+2)¢)] —

T4 [sin((m+m')9) +sin((m —m' +2)9)] +

+ 22 () bsin((m e =200)) . (ATS)

Bt By = F2cos((m—m')p) —sp F3cos((m+m'))+
— sy Jacos((m+m) @) +spsy Zicos((m—m')g). (A.76)

Be— By =—_Facos((m+m' +2)9)+s, F3cos((m—m'—2)¢)+
+ 5 _Zacos((m—m'+2)9) —spsy _Zicos((m+m' —2)¢). (A.77)

On the other hand, ¥, + ¥, vanishes when integrated over the transverse plane. As
expected from the theory of an isotropic layer, the integral of 8, 4 3, gives the same
result as the even-even case.

As a final comment, it is clear that:

| (BB dp o< (AT8)

in agreement with the coupling operator of an isotropic uniform layer, represented
by B, + By, while

/R2 (e +%) d*p o< 1=y, (A.79)

coupling even and odd modes together.
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Linearizing the transmission operator
of the active layer

Zassenhaus formula: exponentiation of the sum of non-

commuting operators

The linearization of the active layer transmission operator T,, reported in (2.141), re-
quires particular attention. Indeed, it requires the exponentiation of non-commutative

operators.

Given an operator X, its exponential is defined through its Taylor expansion as:
XL i Xk (B.1)
=" '

As a consequence, if A is an arbitrarily small scalar quantity, then the Taylor expan-

sion at the first order of e*X reads:

1 (o]
AX = Ek;)zkxk =1+ AX+o0(A), (B.2)

where I is the identity operator and o(A ) represents negligible quantities with respect

to .
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Furthermore, considering now two non-commuting operators, X and Y, the
Baker-Cambell-Hausdorff (BCH) formula [125] holds:

eXe¥ =, (B.3)

where

1 1 1
Z :X+Y+§[X,Y] +E[X’ X,Y] _E[Y’ X, Y]] +..., (B.4)

with the square brackets representing the commutator between two operators, namely:
X,Y] =XY-YX. (B.5)

As a consequence of the BCA formula (B.3)—(B.4), the Zassenhaus formula holds
[126], stating how to evaluate the exponential of the sum of two non-commuting

operators
XY = XeYexp (—%[XY]) exp (é 2[Y,[X, Y]] + [X, [X,Y]])) ...  (B.6)

where the dots at the end represent terms with increasingly more nested commutators.
This formula represents the starting point for the linearization of the active layer

transmission operator.

Linearization of the exponentiation of a sum of opera-

tors with different magnitudes

The expression to be linearized in (2.141) can be cast into the following form:

eU+)LV7 B.7)
where A is a small scalar quantity. At this point, we can apply the Zassenhaus
formula (B.6) identifying X = U and Y = AV and only keeping linear terms in A.
To do so, the first three exponentials of the product in (B.6) must be considered,
since the argument of the first is not dependent on A, while the arguments of the
second and third ones are linear in A. The fourth term features two commutators;

the first one contains Y = AV twice, which is proportional to A? and thus must
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be neglected. On the other hand, the second commutator contains Y only once,
thus being proportional to A, so it must be kept. All other nested commutators in
the subsequent exponential are proportional to higher powers in A4, so they can be
neglected and all of those exponentials simply give rise to the identity operator. In
this view, it holds that:

1 1
JUHAV | JUAY =3 [UAV] 5[UUAV]] (B.8)

We can calculate separately the only nested commutator, reading:

[U,[U,AV]] = U[U,AV] - [U,AV]U = U(AUV — AVU) — (AUV —AVU) U =
= AU?V - AUVU — AUVU + AVU? = 1 (U*V + VU? - 2UVU) . (B.9)

Plugging (B.9) into (B.8) one gets:

)
AV UV 5

¢ (UV—VU)e% (U*V+vUi-20vU) (B.10)

We can now apply a first order Taylor expansion (B.2) to the second, third and fourth
terms:

A A
VAV L U1+ V) {I -5 (V- VU)] {I+ < (U*V +VU? - 2UVU)] .
(B.11)
Computing all the products and neglecting the terms in A2 and A3 we eventually

obtain the final expression:

JUHAV

1 1 1 1 1
~ eV 4+ 1eV (V — 5UV + EVU + 6U2V + 6VU2 — §UVU) . (B.12)

Recall now (2.141), here reported for clarity:

s
T, — exp KB +KO 4 ;“AKE,) La] . (B.13)
ef

We can linearize this expression using (B.12) by identifying

U= (B+K§°)>La, (B.14)
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V = AK,L, (B.15)
A&

A=—2 (B.16)
Eref

Notice that U e« L, and V « L, therefore, in the bracket of (B.12), we have that

Ve Ly, (B.17)
1 1 5
—5UV+ VU e I (B.18)
and | | |
8UZV + 8VU2 ~3UVU L3 (B.19)

implying that only the first term V remains relevant when a small active layer is
considered. This is the case analyzed in (2.142).
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