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In this work we study the moduli spaces of instanton bundles on the flag twistor 
space F := F (0, 1, 2). We stratify them in terms of the minimal twist supporting 
global sections and we introduce the notion of (special) ‘t Hooft bundle on F . In 
particular we prove that there exist μ-stable ‘t Hooft bundles for each admissible 
charge k. We completely describe the geometric structure of the moduli space of 
(special) ‘t Hooft bundles for arbitrary charge k. Along the way to reach these goals, 
we describe the possible structures of multiple curves supported on some rational 
curves in F as well as the family of del Pezzo surfaces realized as hyperplane sections 
of F . Finally we investigate the splitting behavior of ‘t Hooft bundles when restricted 
to conics.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

r é s u m é

Dans ce travail, nous étudions les espaces des modules des fibrés instantons sur la 
twistor variété de drapeaux F := F (0, 1, 2). Nous les stratifions en fonction du twist 
minimal admettant des sections globales, et nous introduisons la notion de fibré 
(spécial) de ‘t Hooft sur F . En particulier, nous démontrons qu’il existe des fibrés 
de ‘t Hooft μ-stables pour chaque charge admissible k. Nous décrivons complètement 
la structure géométrique de l’espace des modules des fibrés de ‘t Hooft (spéciaux) 
pour une charge arbitraire k. Au cours de cette étude, nous décrivons les structures 
possibles de courbes multiples portées par certaines courbes rationnelles de F , ainsi 
que la famille de surfaces de del Pezzo réalisées comme sections hyperplans de F . 
Enfin, nous étudions le comportement de scindement des fibrés de ‘t Hooft lorsqu’ils 
sont restreints aux coniques.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Arguably, one of the most important incentives that spurred research in the field of algebraic vector 
bundles came from Yang-Mills theory, an a priori unrelated area. Arising from gauge theory for non-abelian 
groups whose aim was to provide an explanation of weak and strong interactions, the original Yang-Mills 
theory coined the term instanton to denote the minimum action solutions of the Yang-Mills equations on the 
4-sphere. In terms of differential geometry instantons are connections with self-dual curvature on a smooth 
SU(2)-bundle ℰ over S4.

Identifying S4 with the quaternionic projective line P 1(H), twistor theory, as it was developed by R. 
Penrose, permitted to encode the differential geometry properties of S4 in terms of holomorphic data of 
its associated twistor space π : P 3(C) → P 1(H) ∼ = S4. In particular, pulling back a self-dual curvature 
on P 3 by means of the twistor projection π defines a holomorphic structure on the bundle π∗ℰ . Atiyah 
and Ward (cf. [6]) realized that indeed it is possible to recover the original instanton connection from the 
holomorphic structure on π∗ℰ . Motivated by this correspondence, a (mathematical) instanton bundle of 
charge k > 0 on P 3 was defined as a stable rank two algebraic vector bundle ℱ with c1(ℱ) = 0, c2(ℱ) = k

and H1(ℱ(−2)) = 0. Atiyah-Ward correspondence states therefore that there exists a bijection between the 
instanton connections on S4 and mathematical instanton bundles on P 3 with some extra real conditions. 
Once it was realized by Barth that the k-instanton bundles are exactly the cohomology sheaves of monads 
of the form

0→ 𝒪P3(−1)⊕k → 𝒪⊕2k+2
P3 → 𝒪P3(1)⊕k → 0

the problem of classifying instantons became mostly a problem of linear algebra and from this point of view 
it was finally settled in the seminal paper [5].

Prompted by this exciting set of results, algebraic geometers embarked on the study of the geometric 
properties of the moduli space MIP3(k) of k-instanton bundles, seen as a subspace of the moduli space 
Ms

P3(2; 0, k) of the Maruyama moduli space of rank two stable bundles with Chern classes c1 = 0 and 
c2 = k. This contributed to the development of many techniques in the theory of vector bundles (e.g. 
monads, jumping rational curves, Serre correspondence) that by now have asserted themselves as crucial 
tools in the area.

However, despite the progress and use of such a strong machinery, the full understanding of MIP3(k) had 
revealed itself an extremely difficult issue. Indeed, it was after a tour de force sprawled along four decades 
that the main geometric properties of MIP3(k) were determined: it is an irreducible (cf. [29] and [30])) 
smooth (cf. [23]), a˙ine (cf. [13]) variety of dimension 8k − 3.

Alongside this exciting line of research, the definition of a (mathematical) instanton bundle has been 
largely generalized, either by considering other projective varieties as the supporting space of the vector 
bundle or by relaxing the conditions on the vector bundle itself. In the former situation, instanton bundles 
have been defined and studied recently for an arbitrary Fano threefold with Picard number one (cf. [16] and 
[24]) and later on for arbitrary projective varieties (cf. [2] and [3]). In the latter situation, perverse instanton 
sheaves have been singled out and studied in the setting of derived categories (cf. [11]).

However, there has been a thread of research in this field, closely related to the original motivation, 
that, in our opinion, did not receive the attention it deserved. Indeed, by means of a theorem by Hitchin 
(cf. [21]), there only exist two projective varieties on which the link between instantons from the point of 
view of differential geometry and those from algebraic geometry can be done meaningfully: the projective 
space P 3 and the threefold F of point-line flags in P 2. More precisely, Hitchin showed that the only twistor 
spaces of four dimensional (real) differential varieties which are Kähler (and a fortiori, projective) are P 3

and the flag variety F , which is the twistor space of P 2. Whereas the case of P 3, as we have pointed out, has 
been thoroughly studied and led to many breakthroughs in Algebraic Geometry, much less work has been 
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devoted to the flag threefold F (cf. [10]). For this particular projective variety F , the relevant definition of 
(mathematical) instanton bundle ℰ of charge k on F is the following: ℰ is a rank two vector bundle such 
that c1(ℰ) = 0, c2(ℰ) = kh1h2, h1(ℰ(−h1 − h2)) = 0, h0(ℰ) = 0 and ℰ is μ-semistable, where hi are the 
pullbacks of the class of a line in P 2 under the two natural projections. Therefore, we intend with this paper 
to contribute, following a former work of some of the authors (cf. [25]), to a full understanding of the moduli 
space of instanton bundles on the flag variety F .

A natural way to study this object is by stratifying it according to the first twist under which a given 
instanton bundle ℰ has global sections. However, since Pic(F ) ∼ = Z⊕2 ∼ = ⟨h1, h2⟩, this stratification turned 
out to be more involved than in the well-studied case of P 3. Therefore, trying to keep the enlightening analogy 
with the well-known case of instanton bundles on P 3 (cf. [18], [20] and [8]), we define D-’t Hooft instantons 
as the instantons ℰ such that h0(ℰ(D)) ̸= 0 for an effective divisor D. We are particularly interested in 
instantons acquiring global sections after the lowest possible twists, namely D = hi or D = h1 +h2. Among 
them, ‘t Hooft instantons for which the zero locus of a minimal global section lies on a hyperplane surface 
section of F will be called special ‘t Hooft instantons. Hence, in order to perform our task, we need to 
develop a careful study of different families of surfaces and curves relevant to our goals and that, in any 
case, we believe it is of interest on its own. In the particular case of surfaces, we give a detailed account of 
the structure of the Hilbert scheme of hyperplane sections of F , relevant for the understanding of special ‘t 
Hooft bundles. They turn out to stand for a large and interesting family of del Pezzo surfaces of degree 6.

On the other hand, in the case of curves inside F , we were leaded to a careful study of some subtleties 
about the possible multiple structures on particular families of rational curves living in F that are in 
correspondence with the zero loci of global sections of twists of ‘t Hooft bundles. As a first step towards our 
program, we prove several existence results (see Proposition 5.11, Corollary 6.5 and Corollary 7.9), which 
we collect in the following theorem.

Theorem A. For each k ≥ 1 there exist μ-stable hi-’t Hooft bundles and special instanton bundles of charge 
k. Moreover, for each k ≥ 2 there exist μ-stable, proper (h1 + h2)-’t Hooft bundles.

Once the existence of such μ-stable locally free sheaves is settled, we investigate their parameter spaces by 
means of their associated curves. Let us denote by MI(k) the moduli spaces of instanton bundles of charge 
k, i.e. the open subset of μ-stable instanton bundles inside the Maruyama moduli space MF (2; 0, kh1h2) of 
rank two μ-stable bundles with c1 = 0 and c2 = kh1h2. Furthermore we denote by MIs(k) ⊂MI(k) (resp. 
MIi(k) ⊂ MI(k)) the closed subset of special (resp. hi-’t Hooft) instanton bundles. A study of associated 
curves allowed us to determine the geometric properties of the moduli spaces MIs(k) and MIi(k) (see 
Theorem 8.3 and Theorem 8.4):

Theorem B. For any k ≥ 2, the moduli space MIs(k) consists of two irreducible, smooth components MI ′s(k)
and MI ′′s (k) of dimension 7 + 2k and 4k + 4. The moduli space MIi(k) is a smooth variety consisting of 
at least k irreducible components of dimension 5k + 2. Moreover, MIH(k) := MI1(k) ∪MI2(k) is singular 
precisely along the intersection MIs(k).

Let us outline now the contents of this paper. In Section 2 we introduce the main properties of the 
geometry of the flag variety F that will be useful for our research. In Section 3 we focus our attention 
on the hyperplane sections of F , since they will be crucial to understand the moduli space of special ‘t 
Hooft instanton bundles. They are del Pezzo surfaces of degree 6 but they can be smooth, singular or even 
reducible. So an accurate study of their properties and their Hilbert scheme will be carried out. In Section 4
we pay our attention to the kind of curves that will correspond exactly to the zero loci of sections of ‘t 
Hooft bundles. For doing this, it will be necessary to develop a careful study of multiple structures on some 
particular rational curves. In Section 5 we introduce the main characters of this paper, namely instanton 
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bundles on the flag threefold. We also stratify them in terms of the first twist for which they have global 
sections and, in particular, we define and study ‘t Hooft instantons. In Section 6 we carry out a detailed 
study of instanton bundles ℰ such that h0(ℰ(h1+h2)) ̸= 0 by means of the elliptic curves associated to these 
sections. In Section 7, we define, trying to follow the analogy with the case of instantons on the projective 
space P 3, special ‘t Hooft instantons. In our situation, they have the particular property of being ‘t Hooft 
instantons whose associated zero loci of the global sections under the minimal twist are contained in del 
Pezzo hyperplane sections. The previous work leads in Section 8 to the main result of this paper, namely 
the description of the main geometric properties of the moduli space of special ‘t Hooft instanton bundles 
of any charge. Finally, we conclude this paper in Section 9 with a description of the behavior of ‘t Hooft 
instanton bundles restricted to smooth conics.

2. The geometry of the flag variety

In this section, we will recall the relevant definitions and results on the flag variety F , defined by the 
point–line incidence

F := {(p, L) ∈ P 2 × P 2∨ | p ∈ L} ⊂ P 2 × P 2∨.

For more details, we advise the reader to consult [25, Section 2]. The peculiarity of F relies, among other 
things, on the fact that it admits several different geometric descriptions.

For example, it is possible to construct F as the general hyperplane section of P 2×P 2∨. We may suppose 
that F is realized as the zero locus of the bihomogeneous equation

x0y0 + x1y1 + x2y2 = 0

in the coordinates of P 2×P 2∨. This point of view allows us to describe the flag variety as the projectivization 
of (a twist) of the cotangent bundle of P 2 and denoting by πi : F → P 2 the restrictions of the natural 
projections, we see that they coincide with the canonical maps (one for each projective plane in the product) 
P (Ω1

P2(2))→ P 2. 
Let A(F ) be the Chow ring of F and hi = π∗

i𝒪P2(1), for i = 1, 2, the classes in A1(F ) given by the two 
hyperplane divisors. From now on, if not explicitly specified, hi will denote either h1 or h2 and if both hi

and hj appear, we will assume i ̸= j. Then, it is possible to describe the Chow ring as

A(F ) ∼ = A(P 2)[h1]/(h2
1 − h1h2 + h2

2) ∼ = Z[h1, h2]/(h2
1 − h1h2 + h2

2, h
3
1, h

3
2).

In particular, Pic(F ) ∼ = Z⊕2, with generators h1 and h2, and h = h1 + h2 will represent the class of the 
hyperplane section of F .

We will now recall how to compute the cohomology of the line bundles on F :

Lemma 2.1. [25, Proposition 2.4] For each α1, α2 ∈ Z with α1 ≤ α2, we have

hi
(︁𝒪F (α1h1 + α2h2)

)︁ ̸= 0

if and only if one of the following occurs:

• i = 0 and α1 ≥ 0;
• i = 1 and α1 ≤ −2, α1 + α2 + 1 ≥ 0;
• i = 2 and α2 ≥ 0, α1 + α2 + 3 ≤ 0;
• i = 3 and α2 ≤ −2.
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In all these cases

hi
(︁𝒪F (α1h1 + α2h2)

)︁
= (−1)i (α1 + 1)(α2 + 1)(α1 + α2 + 2)

2 
.

Let us make explicit, for the reader’s convenience, the Riemann–Roch formula on the flag variety F .

χ(ℰ) = r + 3
2c1h1h2 + 1

2(c21 − 2c2)(h1 + h2) + 1
6(c31 − 3c1c2 + 3c3), (2.1)

where ci = ci(ℰ). In particular, for a rank 2 vector bundle ℰ with Chern classes c1(ℰ) = 0 and c2(ℰ) = kh1h2, 
using that

c1(ℰ(ah1 + bh2)) = c1(ℰ) + 2ah1 + 2bh2 and c2(ℰ(ah1 + bh2)) = c2(ℰ) + (ah1 + bh2)2,

after some easy but tedious computations, we obtain:

χ(ℰ(ah1 + bh2)) = a2b + ab2 + a2 + b2 + 4ab + 3a + 3b + 2− k(2 + a + b). (2.2)

We will now focus on particular curves and surfaces that will appear in the following sections.
Let us start by recalling that the flag variety F contains two families of lines Λ1, Λ2, each isomorphic to P 2. 

Their representatives in the Chow ring A(F ) are h2
1, h2

2. Notice that if we look at F as the projective bundle 
P (Ω1

P2(2))→ P 2, these families correspond to the fibers over points of P 2. We have a geometrical description: 
given p ∈ P 2, λp := {L ∈ P 2∨ | p ∈ L} ∈ Λ1. Analogously, given a line L ⊂ P 2, λL := {p ∈ P 2 | p ∈ L} ∈ Λ2. 
Notice that λx ∩ λy = ∅ if x ̸= y and λx ∩ λL = ∅ (resp. λx ∩ λL = {(x, L)}) if x / ∈ L (resp. x ∈ L). If L1
(resp. L2) is a line from the family Λ1 (resp. Λ2), it holds that

𝒪F (αh1 + βh2)⊗𝒪L1
∼ = 𝒪P1(β) (resp. 𝒪F (αh1 + βh2)⊗𝒪L2

∼ = 𝒪P1(α))

since h2
1(αh1 + βh2) = βh2

1h2 (resp. h2
2(αh1 + βh2) = αh2

1h2).
The 𝒪F -resolution of a line Li is:

0 −→ 𝒪F (−2hi) −→ 𝒪F (−hi)⊕2 −→ 𝒪F −→ 𝒪Li
−→ 0; (2.3)

The flag variety F also contains a family of conics C whose OF -resolution is:

𝒪F (−h1)
0 −→ 𝒪F (−h) −→ ⊕ −→ 𝒪F −→ 𝒪C −→ 0.

𝒪F (−h2)
(2.4)

It is possible to describe this family as in the following lemma.

Lemma 2.2. [25, Lemma 2.5] The Hilbert scheme of rational curves of degree two C := Hilb2t+1(F ) is 
isomorphic to P 2 × P 2∨. The open set P 2 × P 2∨\F corresponds to smooth conics. Moreover, the canonical 
map p : 𝒞 → F from the universal conic 𝒞 to F endows 𝒞 with the structure of a quadric bundle of relative 
dimension 2 over F .

The relevance of conics is also motivated by the following result.

Lemma 2.3. [25, Proposition 2.8] Given two non-aligned points of F , there exists exactly one smooth conic 
passing through them.
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In the remaining part of this section we will explicitly describe some noticeable surfaces contained in F . 
We use [1] as general reference. We are particularly interested in surfaces in the linear systems |h1 + dh2|
with d ≥ 0 (the case dh1 + h2 being completely symmetric). Let S(1,d) be a surface with class h1 + dh2 in 
the Chow ring. Via the second projection π2, S(1,d) has a natural structure of blowup in q = d2 + d + 1
points.

• S(1,0) ∈ |h1|. 
In this case S(1,0) is isomorphic to a cubic scroll in P 4. It can be viewed as the blowup of P 2∨ at one 
point via the projection π2. Since S(1,0) is the pullback of a line on the first P 2 factor, S(1,0) is also 
isomorphic to the Hirzebruch surface F1 = P (𝒪P1 ⊕𝒪P1(−1))→ P 1 embedded via the very ample line 
bundle 𝒪F1(C0 + 2f) where C0 is the negative self-intersection section and f is a fiber.

• S(1,1) ∈ |h1 + h2|. 
Using the adjunction formula, it is straightforward to see that KS(1,1)

∼ = 𝒪S(1,1)(h) where h is the 
restriction on S(1,1) of the hyperplane section of F . Thus S(1,1) is a degree six del Pezzo surface. If it is 
irreducible, then it is isomorphic to the blowup of P 2 in three (possibly infinitely near) points. Otherwise 
S(1,1) is the union of two Hirzebruch surfaces S(1,0) and S(0,1).

• S(1,d) ∈ |h1 + dh2| with d ≥ 2. 
This surface can be seen as the blowup of P 2∨ in q = d2 + d+ 1 (possibly infinitely near) points via the 
second projection π2. The hyperplane section is given by the very ample line bundle 𝒪S(1,d)

(︁
(d + 2)l −∑︁q

i=1 ei
)︁
, where l represents the pullback of a line from P 2∨ and ei represent the exceptional divisors.

In particular notice that S(1,d) is a rational surface for each d ≥ 0. In the following lemma we compute the 
restriction of the Picard generators h1 and h2 of F to the surfaces S(1,d).

Lemma 2.4. Let S(1,d) be a smooth surface in the linear system |h1 + dh2| and let q = d2 + d + 1. Consider 
S(1,d) ∼ = BlZ(P 2∨) π2 −→ P 2∨ with Z a 0--dimensional subscheme of q distinct points. Then the restriction 
map

φ : Pic(F ) ∼ = Z⊕2⟨h1, h2⟩ −→ Pic(S(1,d)) ∼ = Z⊕(q+1)⟨l, e1, . . . , eq⟩

is completely determined by

φ(h1) = (d + 1)l −
q∑︂

i=1 
ei and φ(h2) = l.

Moreover

• if d = 0, then S(1,0) = F1
π1 −→ P 1 ⊂ P 2 and the restriction map

ψ : Pic(F ) ∼ = Z⊕2⟨h1, h2⟩ −→ Pic(S(1,0)) ∼ = Z⊕2⟨C0, f⟩

satisfies ψ(h1) = f and ψ(h2) = C0 + f ;
• if d = 1, then S(1,1) it is also isomorphic to BlZ

π1 −→ P 2 via the first projection, where Z is a 0
dimensional subscheme of 3 distinct points. The restriction map

ψ : Pic(F ) ∼ = Z⊕2⟨h1, h2⟩ −→ Pic(S(1,1)) ∼ = Z⊕4⟨l, e1, e2, e3⟩

satisfies ψ(h1) = l and ψ(h2) = 2l − e1 − e2 − e3.
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Proof. In order to prove the statement, we first deal with the general case. Notice that 𝒪S(1,d)(h) ∼ = 𝒪F (h1+
h2)⊗𝒪S(1,d) thus

φ(h1 + h2) = (d + 2)l −
q∑︂

i=1 
ei. (2.5)

The restriction of h2 to the surface S(1,d) is a curve with class h1h2 + dh2
2, thus its image via the second 

projection is a line. Since any curve in the class h1h2 +dh2
2 has degree d+2, the only possibility is φ(h2) = l. 

Using linearity and (2.5) one obtains φ(h1) = (d + 1)l −∑︁q
i=1 ei.

If d = 0 and S(1,0) = F1
π1 −→ P 1 ⊂ P 2, then φ(h1) is a fiber of the P 1--bundle, and the statement follows 

by linearity from the equality φ(h1 + h2) = C0 + 2f .
Finally the case d = 1 can be obtained in a completely analogous way as in the general case by considering 

the first projection π1. □

Notice that the previous lemma describes the structure of the Picard group of smooth, irreducible, degree 
six del Pezzo surfaces S(1,1). However in Section 7, we will also deal with singular, irreducible ones.

Lemma 2.5. Let S := S(1,1) be a singular, irreducible del Pezzo surface. Then we have the following two 
possibilities:

• S ∼ = BlZ(P 2∨) π2 −→ P 2∨ with Z corresponding to the bubble configuration p2 ≻ p1, p3. In particular S
has an A1-type singularity and the restriction map

φ : Pic(F ) ∼ = Z⊕2⟨h1, h2⟩ −→ Cl(S) ∼ = Z⊕3⟨l, f, g⟩

satisfies φ(h1) = 2l − 2f − g and φ(h2) = l, where f and g represent the exceptional divisors.
• S ∼ = BlZ(P 2∨) π2 −→ P 2∨ with Z corresponding to the bubble configuration p3 ≻ p2 ≻ p1. In particular S

has an A2-type singularity and the restriction map

φ : Pic(F ) ∼ = Z⊕2⟨h1, h2⟩ −→ Cl(S) ∼ = Z⊕2⟨l, g⟩

satisfies φ(h1) = 2l − 3g and φ(h2) = l, where g represents the exceptional divisor.

An identical statement holds considering the first projection π1, the restriction map ψ as in Lemma 2.4 and 
swapping the roles of h1 and h2.

Proof. According to the list of singular del Pezzo surfaces from [14, Section 8.4.2] and the description of 
these surfaces appearing as hyperplane section of F (cf. [1, Section 4]), the surfaces in the statement are 
the only irreducible, singular del Pezzo surfaces contained in F . Let us start with the first one, the case 
where S has a unique singular point of type A1. The minimal resolution S′ of singularities of S is a weak del 
Pezzo surface corresponding to the bubble configuration p2 ≻ p1, p3. In this case Pic(S′) ∼ = Z⊕4⟨l, e, f, g⟩
with l2 = 1, e2 = −2, f2 = −1, g2 = −1, ef = 1, eg = fg = le = lf = lg = 0. The desingularization 
map is the contraction of the (−2)--curve e, thus Cl(S) ∼ = Z⊕3⟨l, f, g⟩ and f2 = −1/2. Moreover we have 
KS′ = −3l+ e+2f + g and −HS = KS = −3l+2f + g. The part of the statement regarding the restriction 
map follows, as in Lemma 2.4, from the fact that φ(h1 + h2) = HS and (h2)|S projects to a line via the 
second projection π2.

In the second case S has a unique singular point of type A2. The minimal resolution S′ of the singularity 
of S is a weak del Pezzo surface corresponding to the bubble configuration x3 ≻ x2 ≻ x1. In this case 
Pic(S′) ∼ = Z⊕4⟨l, e, f, g⟩ with l2 = 1, e2 = −2, f2 = −2, g2 = −1, ef = fg = 1, eg = le = lf = lg = 0. The 
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desingularization map is the contraction of the two (−2)--curves e and f , thus Cl(S) ∼ = Z⊕2⟨l, g⟩ with the 
relation g2 = −1/3. Moreover KS′ = −3l + e + 2f + 3g and −HS = KS = 3l − 3g. The restriction map is 
obtained as in the proof of the previous point. □

3. Description of the Hilbert scheme of degree six del Pezzo surfaces in F

In this section we describe the space of degree six del Pezzo surfaces contained in the flag variety F . We 
start with a local description, by which we mean that, for each del Pezzo surface considered, we explicitly 
write an associated matrix that allows the study of its local deformations. This will be used in the proof 
of Theorem 8.3, main result of Section 8. Thereafter, we will focus on the global structure of the Hilbert 
scheme of this kind of surfaces, obtaining a complete description of the loci of smooth and singular surfaces.

3.1. A local description

In the following part, we give an explicit presentation of all the degree six del Pezzo surfaces listed 
in Lemmas 2.4 and 2.5. This will be of extreme importance when we will deform (see Section 8) the 
configurations of curves associated to an instanton bundle.

Any S(1,1) can be defined, in the product P 2 × P 2∨, by the system of equations of the form

⎧⎪⎪⎨
⎪⎪⎩

x0y0 + x1y1 + x2y2 = 0,

∑︂
0≤i,j≤2

ai,jxiyj = 0.
(3.1)

The first equation defines the flag variety in P 2×P 2∨, while the second one determines its hyperplane section 
S(1,1). Let us fix a point p in the first projective plane; substituting its coordinates in the system (3.1), we 
see that the two linear forms obtained in the yi’s are linearly dependent if and only if (π1)−1

|S(1,1)
(p) ≃ P 1, 

i.e. if and only if p is either one of the blown up points of the plane or a point of the line that gives us the 
fibration in the reducible case. In fact, a point p = (x0 : x1 : x2) gives linear dependent forms if and only if

rank
(︄

x0 x1 x2
a0,0x0 + a1,0x1 + a2,0x2 a0,1x0 + a1,1x1 + a2,1x2 a0,2x0 + a1,2x1 + a2,2x2

)︄
< 2. (3.2)

Observe that the previous matrix is constructed taking, for each column, the coefficients of the (1,1)-forms 
that appear in (3.1) considered in the variables y0, y1 and y2 respectively. It is know that, for the general 
choice of the coefficients ai,j , the associated determinantal variety is exactly three non-aligned points of the 
projective plane.

We will now make explicit the coefficients ai,j for the remaining cases, i.e., the singular del Pezzo surfaces 
(either irreducible or reducible). Consider S(1,1) irreducible with a A1-type singularity. Recall that such a 
surface can be constructed considering, as a first step, the blowup of P 2 in two different points. Up to a 
change of coordinates, we can suppose them to be (1 : 0 : 0) and (0 : 1 : 0). Assuming that the fibers of 
π1 over these points are of positive dimension, we obtain the conditions a0,1 = a0,2 = a1,0 = a1,2 = 0, and 
therefore the matrix has the form(︄

x0 x1 x2
a0,0x0 + a2,0x2 a1,1x1 + a2,1x2 a2,2x2

)︄
,

which is equivalent, by taking a linear combination of the two rows, to
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(︄
x0 x1 x2

a0,0x0 + a2,0x2 a1,1x1 + a2,1x2 0

)︄
.

The quadrics defined by the order 2 minors of the previous matrix are given by

𝒬1 := (a1,1 − a0,0)x0x1 + a2,1x0x2 − a2,0x1x2 = 0
𝒬2 := (a0,0x0 + a2,0x2)x2 = 0
𝒬3 := (a1,1x1 + a2,1x2)x2 = 0

The intersection of the last two quadrics gives us the line x2 = 0 and the point P = (−a2,0a1,1 : −a2,1a0,0 :
a0,0a1,1). 
Observe that either {x2 = 0} ⊂ 𝒬1 (which is not compatible with our hypothesis), or the intersection 
𝒬1 ∩ {x2 = 0} gives us the two points (1 : 0 : 0) and (0 : 1 : 0). On the other hand P ∈ 𝒬1 by 
direct computations. Since S(1,1) contains only two 1--dimensional fibers of π1, we conclude that P is either 
(1 : 0 : 0) or (0 : 1 : 0). Let us describe the first case, the second being completely analogous by a coordinate 
change. We get a0,0 = 0, which implies furthermore that a1,1 ̸= 0 ̸= a2,0 and finally, the matrix in (3.2) can 
be given by

(︄
x0 x1 x2

a2,0x2 x1 + a2,1x2 0

)︄
.

The case of S(1,1) with an A2-type singularity can be fully described in a similar way. Assume that the 
starting blowup is at the point (1 : 0 : 0), impose a positive dimensional fiber for the projection over this 
point and, finally, require that the intersection of the three quadrics given by the three minors is supported 
only on (1 : 0 : 0). Several possibilities arise, that are easy to describe explicitly. Nevertheless, this type of 
del Pezzo surface does not appear when studying instanton bundles and hence we leave the details to the 
interested reader. Finally, let us suppose S(1,1) = S(1,0) ∪ S(0,1) to be reducible. This implies that the three 
linear forms appearing in the second row of (3.2) are, potentially after having added a multiple of the first 
row, proportional to each other. Namely, we can supposed that the matrix is of the form

(︄
x0 x1 x2

αℓ(x0, x1, x2) βℓ(x0, x1, x2) γℓ(x0, x1, x2)

)︄

where ℓ is a linear form and α, β, γ are scalars. We see that the point (α : β : γ) is the one we blow up to 
obtain the component S(0,1) of S(1,1) lying in |𝒪F (h2)| and the line determined by ℓ is the projection of the 
component S(1,0) of S(1,1) lying in |𝒪F (h1)|. Moreover, from this description we see that S(1,0) ∩S(0,1) is an 
irreducible conic (resp. a reducible conic) if and only if (α : β : γ) ̸∈ ℓ (resp. (α : β : γ) ∈ ℓ).

3.2. A global description

We can associate to each surface S(1,1) a square matrix A = (ai,j)0≤i,j≤2 appearing in (3.1). Observe 
that any other matrix of the form A+ λI3, where λ ∈ C and I3 is the identity matrix, represents the same 
surface, so we can represent any S(1,1) by a matrix having 0 as an eigenvalue.

Denoting by [A] a point of the projective space P (ℳ3×3) ≃ P 8 of 3× 3 matrices, we have the surjective 
map

𝒟 pr −→ P 7 with 𝒟 =
{︁
[A] ∈ P 8 | det(A) = 0

}︁
,
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where P 7 = P (H0(𝒪F (h))) stands for the parameter space of surfaces S(1,1). Let us give more details about 
it. The map pr is finite of degree 3 from the cubic hypersurface 𝒟 and it can be seen also as the projection 
of 𝒟 from the point of P 8 corresponding to the class of the identity matrix. Its branch locus is exactly 
the divisor of singular del Pezzo surfaces in P 7 and, therefore, the corresponding ramification locus is the 
intersection of 𝒟 with the locus of matrices for which the discriminant of the characteristic polynomial 
vanishes. Nevertheless, the fiber is 0-dimensional for any surface S and the number of points in the fiber 
equals the number of different eigenvalues. Let us denote by:

• Λsm the locus of smooth S(1,1) surfaces;
• ΛAi

the locus of irreducible surfaces with an Ai-type singularity, respectively, for i = 1, 2;
• Λr the locus of reducible S(1,1) surfaces.

Consider 𝒞 = pr−1 (︁P 7\ (Λsm ∪ ΛA1)
)︁

and notice that

𝒞 = {[A] ∈ 𝒟 | rank(A) = 1} ∪ 
{︃

[A] ∈ 𝒟 | the discriminant of the first derivative
of the characteristic polynomial of A vanishes

}︃
.

This is the union of two closed subscheme of 𝒟, hence 𝒞 is closed. In the following Lemma we gather the 
results obtained so far since they will be fundamental in Theorem 8.4.

Lemma 3.1. The surfaces of type S(1,1) contained in the flag variety F are parameterized by P 7 = P (𝒪F (h))
in such a way that Λsm ∪ ΛA1 forms an open subset of it.

4. Multiple rational curves on the Flag variety

In this section we will describe the geometry of particular families of rational curves that will appear as 
zero loci of sections of instanton bundles.

We start by describing the curves C in F which project to a point or a line of P 2 via one of the natural 
projections. This property forces the class of C to be h2

i + ah2
j for some non-negative a ∈ Z. Let us begin 

with the following proposition.

Proposition 4.1. Let C ⊂ F be a connected reduced curve of class h2
i +ah2

j with a ≥ 1. Then C is a complete 
intersection of type hj, hi + (a− 1)hj and arithmetic genus pa(C) = 0. Moreover, if C is an integral curve, 
then C ∼ = P 1 and its normal sheaf is 𝒩C|F ∼ = 𝒪P1(1)⊕𝒪P1(2a− 1).

Proof. Let C ⊂ F be a curve as in the hypothesis. Then πj(C) = L ⊂ P 2 is a line and therefore C ⊂ S for 
S a surface in the linear system |hi|. S is a cubic scroll with canonical divisor KS = −2C0 − 3f .

Let C = cC0+df . By Lemma 2.4 we can express C =
(︁
c(hi−hj)+dhj

)︁
|S = chihj +(d−c)h2

j = ch2
i +dh2

j . 
Therefore, c = 1 and d = a. From the adjunction formula, it is immediate to check that any curve C = C0+af

is of arithmetic genus pa(C) = 0 and degree a + 1. To conclude, consider the exact sequence:

0→ 𝒪F

(︁
hi + (a− 2)hj

)︁→ 𝒪F

(︁
hi + (a− 1)hj

)︁ φ−→ 𝒪S ⊗𝒪F

(︁
hi + (a− 2)hj

)︁∼ = 𝒪S(C)→ 0.

Since h1(𝒪F (hi + (a − 2)hj)) = 0 for a ≥ 1, the induced map H0(φ) is surjective and therefore any curve 
in the linear system |C| is a complete intersection. The statement about the normal bundle follows directly 
from the fact that C is a complete intersection. Notice also that ωC

∼ = 𝒪C(−2hj) in the integral case. □

In order to deal with multiple structures arising on such curves it is useful to describe the ideal of the 
first infinitesimal neighborhood C(1) of a curve C.
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Lemma 4.2. Let C ⊂ F be as in Proposition 4.1. Then C(1) has the following 𝒪F -resolution:

𝒪F (−2hi)
𝒪F (−hj − (a + 1)hi) ⊕

0 −→ ⊕ M−→ 𝒪F (−2hj − (2a− 2)hi) −→ 𝒪F −→ 𝒪C(1) −→ 0
𝒪F (−2hj − (2a− 1)hi) ⊕

𝒪F (−hj − ahi)

where M can be represented by the matrix
⎛
⎜⎝ ζ 0

0 ϑ

−ϑ ζ

⎞
⎟⎠

in which ϑ ∈ H0(𝒪F (hj)) and ζ ∈ H0(𝒪F (hi + (a − 1)hj)) are the two generators of IC . In particular, 
χ(𝒪C(1)) = 3− 2a.

Proof. The statement follows directly from the fact that IC(1) = ⟨ϑ2, ζ2, ϑζ⟩ is a standard determinantal 
ideal defined by the maximal minors of the matrix representing M . □

Remark 4.3. We have similar (and simpler) statements when L ⊂ F is a curve having class h2
i . Namely 

L is a line and complete intersection of type hi, hi. The normal sheaf is 𝒩L|F ∼ = 𝒪2
P1 . Moreover, its first 

infinitesimal neighborhood L(1) has 𝒪F -resolution

0 −→ 𝒪F (−3hi)2 −→ 𝒪F (−2hi)3 −→ 𝒪F −→ 𝒪L(1) −→ 0

and χ(𝒪L(1)) = 3.

We will now deal with multiple structures supported on curves representing a class h2
i + ah2

j with a ≥ 0
in the Chow ring of F .

4.1. Quasi-primitive extensions

Let C be a rational, smooth, complete intersection curve described in Proposition 4.1. We are now 
interested in the structure of non-reduced curves with support C. We postpone the study of multiple 
structures supported on a line to the next subsection.

We can now start to describe Cohen-Macaulay double structures on the curves C, which are all obtained 
by the Ferrand doubling technique. We will use [7,26] as standard references for this section. Let us denote 
by νX the conormal bundle of the variety X. For a smooth rational curve C on F , by Proposition 4.1
we have νC ∼ = 𝒪P1(−1) ⊕ 𝒪P1(1 − 2a). Every Ferrand double structure Y1 on C arises from a surjective 
morphism

νC
φ−→ ℒ → 0

where ℒ is a line bundle on C, thus ℒ ∼ = 𝒪P1(α). Notice that since φ is surjective, we have α ≥ −1. In 
particular we have the following short exact sequence

0→ ℐY1

ℐ2
C

→ ℐCℐ2
C

φ−→ ℒ ∼ = 
ℐC
ℐY1

→ 0. (4.1)
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In order to study higher multiplicity extensions, let us start by focusing on the Cohen-Macaulay extensions 
Y which are locally contained in a smooth surface. These are the so-called primitive extensions of C, 
according to the following definition.

Definition 4.4. Let C be a smooth integral curve. A primitive extension of C is a Cohen-Macaulay curve Y
such that Yred

∼ = C and such that Y can be locally embedded in a smooth surface. Associated to Y there 
is a canonical filtration

C = Y0 ⊂ Y1 ⊂ . . . Yk = Y

where Yj = Y ∩C(j) and C(j) is the j-th infinitesimal neighborhood of C. The integer k+1 is the multiplicity 
of Y . In this situation, ℒ := ℐC|Y1 is a line bundle on C. It is called the type of Y .

Let us describe primitive extensions of multiplicity k + 1 of type ℒ. For j = 1, . . . , k, we have exact 
sequences

0→ ℒj → 𝒪Yj
→ 𝒪Yj−1 → 0. (4.2)

Moreover we have the exact sequence

0→ ℒk → ℐY
ℐCℐY →

ℐC
ℐ2
C

→ ℒ → 0

and in particular ωY |C ∼ = ωC ⊗ ℒ−k. Thus in order to effectively compute the canonical sheaf of Y , it is 
essential to understand the behavior of the restriction map Pic(Y )→ Pic(C). The following paragraphs deal 
with these issues for primitive extensions of rational curves C of type 𝒪C which will be related to instanton 
bundles.

Lemma 4.5. Let C ⊂ F be a rational curve and let Y be a primitive extension of C of type 𝒪C . Then the 
restriction map Pic(Y )→ Pic(C) is an isomorphism.

Proof. Since 𝒪C
∼ = ℐYj−1/ℐYj

is an ideal of square zero in 𝒪Yj
, sequence (4.2) yields the short exact 

sequences

0→ 𝒪C → 𝒪∗
Yj
→ 𝒪∗

Yj−1
→ 0,

for each j ≤ k. Hence we get the exact sequence in cohomology

H1(𝒪C)→ Pic(Yj)
φj −→ Pic(Yj−1)→ H2(𝒪C).

Since H1(𝒪C) ∼ = H2(𝒪C) ∼ = 0, restriction map φj is an isomorphism for each j. □

As a straightforward consequence of the above lemma, we infer that the restriction ωY |C completely 
determines the canonical sheaf ωY in the case of primitive extensions of type 𝒪C .

Now we will explicitly describe the normal bundle of a primitive extension Y of type 𝒪C and multiplicity 
k + 1 with support a rational smooth curve described in Proposition 4.1. In order to do so, following the 
notation introduced before, we recall the following two short exact sequences -we will simply use the notation 
ℐY when considering the inclusion Y ⊂ F -:
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0→ ℐk+1
C

ℐY1ℐkC
→ ℐY
ℐCℐY →

ℐY1

ℐ2
C

→ 0,

(4.3)

0→ ℐY1

ℐ2
C

→ ℐCℐ2
C

→ ℐC
ℐY1

→ 0.

Changing the entry of the second short exact sequence according to known isomorphisms, we get

0→ ℐY1

ℐ2
C

→ 𝒪P1(−1)⊕𝒪P1(1− 2a)→ 𝒪C → 0. (4.4)

This implies that

ℐY1

ℐ2
C

≃ 𝒪P1(−2a)

and furthermore

ℐY
ℐCℐY ≃

ℐY1

ℐ2
C

⊕ ℐ
k+1
C

ℐY1ℐkC
≃ 𝒪P1(−2a)⊕𝒪P1 .

This means that the restriction of the conormal bundle 𝒩∨
Y to the curve C is isomorphic to 𝒪P1(−2a)⊕

𝒪P1 , or, equivalently,

𝒩Y |F ⊗𝒪C
∼ = 𝒪P1 ⊕𝒪P1(2a). (4.5)

In order to determine 𝒩Y |F , we can, analogously to Lemma 1.2 from [8], strengthen Lemma 4.5 by means 
of the following Proposition.

Proposition 4.6. Let C be a smooth curve satisfying the hypotheses of Proposition 4.1 and let Y be a primitive 
extension of multiplicity k + 1 and type 𝒪C . Then any locally free sheaf on Y splits.

Proof. Let 𝒢 be a locally free sheaf supported on Y . Since Pic(Y ) ∼ = Pic(C) thanks to Lemma 4.5, there 
exists a minimal integer t such that h0(𝒢(t)) > 0. Let s ∈ H0(𝒢(t)) be a section. We claim that s has no 
zeros. Indeed, suppose s vanishes at a point y ∈ C ⊂ Y . Let us recall that, given the smooth integral curve 
C and a line bundle ℒ on it, for any n there always exists a primitive multiple structure on C of multiplicity 
n admitting a retraction π : Y → C (namely, a map π such that the composition with the inclusion C ⊂ Y is 
the identity). It is constructed as a section in the total space Spec(ℒ). But, when g(C) = 0 and deg(ℒ) ≥ 0, 
the primitive multiple structure over C of multiplicity n and type ℒ is unique, so it should be the one with a 
retraction (cf. [15, 5.2.8]). In particular, our primitive curve Y of type 𝒪C has a retraction π : Y → C. The 
map π is flat and the fibers of π are curvilinear multiple points, i.e. zero-dimensional schemes isomorphic 
to Spec(C[x]/xk+1). Thus Y is isomorphic as a scheme to P 1 × Spec(C[x]/xk+1) and it follows that if s
vanishes at the simple point y, it vanishes along the entire fiber π−1(y). This fiber is a divisor D in Y
whose ideal is ℐD|Y ∼ = 𝒪Y (−1). However in this case s would produce a section of 𝒢(t−1) contradicting the 
minimality of t. The rest of the proof follows verbatim the proof of Grothendieck’s Theorem [27, Theorem 
2.1.1]. □

As a direct consequence of Lemma 4.5 and Proposition 4.6 it follows that

𝒩Y |F ∼ = 𝒪Y ⊕𝒪Y (2hi). (4.6)
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When C is a smooth conic, we can explicitly construct the ideal of Y by describing in more detail the 
exact triple (4.4). Let us start describing the ideal of Y1. Suppose that IC = ⟨x0, y0⟩. The epimorphism in 
the exact sequence is represented by two linearly independent forms in H0(𝒪C(1)). As maps of 𝒪F -modules, 
they are given by ϑ = λ1y1 + λ2y2 and ζ = μ1x1 + μ2x2. Since x0 and y0 are generators of ℐC

ℐ2
C

, we find 

that ℐY1
ℐ2
C

is generated by x0ϑ + y0ζ and therefore IY1 = ⟨x2
0, x0y0, y

2
0 , x0ϑ + y0ζ⟩. Observe that a del Pezzo 

surface S(1,1), which contains the primitive extension, is defined by x0ϑ + y0ζ + αx0y0.

Remark 4.7. From the above representation of the ideal IY1 we see that for a smooth conic C in F , a double 
extension of C of type 𝒪C is contained in a P 1 of del Pezzo surfaces. Nevertheless, once we fix a line in F , 
this pencil intersects the set of del Pezzo surfaces containing the line only at one point. This explains why, 
having fixed a double conic and a line, we have a unique S(1,1) containing them.

In general, let Y and Ỹ be two primitive extensions of type 𝒪C and multiplicity k+1 and k+2 respectively, 
supported on C and such that Ỹ ⊃ Y . Then

0→ ℐỸ
ℐY ℐC →

ℐY
ℐY ℐC → 𝒪C → 0. (4.7)

Our goal is to construct the ideal IỸ starting from the ideal IY . We can rewrite (4.7) as

0→ ℐỸ
ℐY ℐC →

ℐY1

ℐ2
C

⊕ ℐ
k+1
C

ℐY1ℐkC⏞ ⏟⏟ ⏞
𝒪P1 (−2)⊕𝒪1

P

→ 𝒪C → 0.

Iterating, we obtain:

IỸ = ⟨x0ϑ + y0ζ + αx0y0, (x0, y0)k+2⟩. (4.8)

Finally, we can specify what are the admissible values for α. Indeed, by [1] we know that, in order for the 
del Pezzo sextic to be smooth and irreducible, the matrix A defining the del Pezzo surface as in (3.1) must 
have three different eigenvalues. This is equivalent to requiring that α2 ̸= 4(λ1μ1 + λ2μ2).

We now deal with quasi-primitive extensions of multiplicity k + 1 ≥ 2.

Definition 4.8. A multiple structure Y on a smooth integral curve C is called quasi-primitive if Y is a Cohen
Macaulay curve such that Y does not contain the first infinitesimal neighborhood C(1) of C. Otherwise, if 
Y does contain C(1), Y is a thick extension (cf. [7, Section 3.4]).

Let us explicitly describe a multiplicity k + 1, quasi–primitive extension Y of a rational curve C as in 
Proposition 4.1. Consider the filtration

C = Y0 ⊂ Y1 ⊂ · · · ⊂ Yk = Y

where Yi = Y ∩C(i). Let us denote ℐj := ℐYj
. By [7, Section 3], ℐj−1/ℐj are line bundles on C; let us denote 

them by ℒj . Furthermore, the maps

ℒ⊗j → ℒj

are generically surjective, thus ℒj
∼ = ℒ⊗j ⊗ 𝒪C(Dj) for some effective divisors Dj . Moreover we have the 

short exact sequence
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0→ ℒj → 𝒪Yj
→ 𝒪Yj−1 → 0, (4.9)

which yields

χ(𝒪Y ) = χ(𝒪C) +
k∑︂

j=1 
χ(ℒj). (4.10)

Since ℒ ∼ = 𝒪P1(α) and 𝒪C(Dj) ∼ = 𝒪P1(di) for some α ≥ −1 and di ≥ 0, the equation (4.10) becomes

pa(Y ) = −
k∑︂

j=1 
(α + 1 + di). (4.11)

Notice that a multiplicity k+1, quasi-primitive extension Y is primitive of type 𝒪P1(α) if and only if di = 0
for all i, and in this case pa(Y ) = −k − k(k+1)

2 α.

4.2. Multiple structures on lines

We will now deal with Cohen-Macaulay multiple curves Y whose reduced structure Yred = L is a line in 
F from the class h2

i and satisfying particular vanishing conditions in cohomology. These requirements will 
appear when studying the zero locus of sections of instanton bundles.

Specifically, let us consider Cohen-Macaulay one dimensional schemes Y , supported on the line L in the 
family |h2

1|, such that h0(𝒪Y (−h2)) = h1(𝒪Y (−h2)) = 0 (the case L ∈ |h2
2| being completely symmetric).

Define, as explained in [7], 𝒥i as the ideal associated to the largest Cohen-Macaulay subspace Yi ⊂
Y ∩ L(i−1), hence

𝒥i ⊃ ℐY + ℐiL.

We know that 𝒥i/𝒥i+1 is a locally free 𝒪L-module and we will set the notation

Ei := 𝒥i−1

𝒥i ≃
⨁︂
r

𝒪L(βi
r).

Notice that if Ei is a line bundle for all i, then Y is a quasi-primitive extension on L. Furthermore, we have 
a generically surjective map

E⊗i
1 −→ Ei. (4.12)

If we consider the short exact sequence

0 −→
⨁︂
r

𝒪L(βt
r) −→ 𝒪Y −→ 𝒪Yt−1 −→ 0,

the vanishing H0(𝒪Y (−h2)) = 0 implies that βt
r ≤ 0, for any r.

Consider now the first extension

0 −→
⨁︂
r

𝒪L(β1
r ) −→ 𝒪Y2 −→ 𝒪L −→ 0. (4.13)

As H1(E1(−h2)) ≃ H1(𝒪Y2(−h2)) and due to the surjective maps, for any i > 0,



16 V. Antonelli et al. / J. Math. Pures Appl. 202 (2025) 103763 

H1(𝒪Yi+1(−h2)) −→ H1(𝒪Yi
(−h2)),

we have H1(E1(−h2)) = 0. Indeed, if that is not the case, this would imply H1(𝒪Y (−h2)) ̸= 0, a contra
diction. Hence, β1

r ≥ 0.
Suppose that βt

r < 0 for at least one value of r. The previous inequalities give then a contradiction with 
the map described in (4.12). Therefore, βt

r = 0 for any r. Applying the same technique iteratively, we obtain 
the βj

r = 0 for any j ≥ 2. Finally, Sequence (4.13) implies that β1
r = 0 for any r as well, hence we have the 

following short exact sequences

0 −→ 𝒪⊕rj
L −→ 𝒪Yj

−→ 𝒪Yj−1 −→ 0. (4.14)

This shows that Y is a specific multiple structure, namely, it is of type 𝒪L. If Y is not thick (see 
Definition 4.8), it is a primitive extension.

Since in this case Y can be obtained by iterative extensions of direct sums of 𝒪L, we find the resolution 
of its structural sheaf. Thanks to the horseshoe lemma, we construct the following commutative diagram, 
that gives the resolution of a sheaf ℱ ∈ Ext 1(𝒪⊕β

L ,𝒪⊕α
L )

0

0 𝒪F (−2h1)⊕α 𝒪F (−h1)⊕2α 𝒪⊕α
F 𝒪⊕α

L 0

0 𝒪F (−2h1)⊕α+β 𝒪F (−h1)⊕2α+2β 𝒪⊕α+β
F ℱ 0

0 𝒪F (−2h1)⊕β 𝒪F (−h1)⊕2β 𝒪⊕β
F 𝒪⊕β

L 0

0

Indeed, we can apply the horseshoe lemma because the second column from right is equivalent to the long 
exact sequence in cohomology of the sheaves in the rightmost column. Applying iteratively the previous 
diagram, we have

0 −→ 𝒪F (−2h1)⊕k −→ 𝒪F (−h1)⊕2k −→ 𝒪⊕k
F −→ 𝒪Y −→ 0,

where k = 1 +
∑︁

i rank(Ei) denotes the multiplicity of Y .
This implies that Y = π−1

1 (Z) ∼ = Z × P 1, where π1 : F → P 2 is the projection on the first projective 
plane and Z ⊂ P 2 a 0-dimensional scheme, supported on the simple point P = π1(L).

We conclude this section by showing that all multiple structures given as in Definition 4.8 are complete 
intersections, which allows us to describe also their normal bundle.

Lemma 4.9. Let Y be a multiple structure on a line L of type 𝒪L. If Y is a locally complete intersection, 
then it is a global complete intersection. Moreover, in this case the normal bundle 𝒩Y is given by

𝒩Y
∼ = 𝒪⊕2

Y , (4.15)

and the restriction map Pic(Y )→ Pic(L) is an isomorphism.
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Proof. Let Z be the projection of Y via π1. Since Y = π−1
1 (Z) ∼ = Z × P 1, all the local rings 𝒪Y,q, with 

q ∈ L, are isomorphic to 𝒪Z,p. If Y is a locally complete intersection, then Z, and therefore Y itself, are 
global complete intersections. The statement on the normal bundle then follows directly. Finally, arguing 
as in Lemma 4.5, we get the isomorphism Pic(Y ) ∼ = Pic(L). □

5. hi-’t Hooft instantons

In this section, once we have recalled the definition of instanton bundles (cf. [25] for more details), we 
introduce the notion of ‘t Hooft bundles on the flag variety.

Definition 5.1. A rank two vector bundle ℰ on F is an instanton bundle of charge k if the following properties 
hold:

• c1(ℰ) = 0;
• c2(ℰ) = kh1h2;
• h1(ℰ(−h)) = 0 (the so-called ``instantonic condition'');
• h0(ℰ) = 0 and ℰ is μ-semistable with respect to h = h1 + h2.

Furthermore given an effective divisor D on F , an instanton bundle ℰ is a D-’t Hooft bundle if and only if 
h0(ℰ(D)) ̸= 0.

Remark 5.2. The charge of an instanton bundle is bounded from below. Indeed (2.1) yields h1(ℰ) = 2k− 2, 
thus k ≥ 1. Instanton bundles of minimal charge (i.e. k = 1) are Ulrich bundles, according to the following 
definition (see [12] for more details on Ulrich bundles).

Definition 5.3. Let (X,𝒪X(h)) be a smooth polarized projective variety. A vector bundle ℰ on X is called 
arithmetically Cohen-Macaulay if Hi(ℰ(th)) = 0 for 0 < i < dim(X) and any t ∈ Z. A vector bundle ℰ is 
called Ulrich if it is arithmetically Cohen Macaulay and

0 = h0(ℰ(−h)) < h0(ℰ) = deg(X)rank(ℰ).

Our first goal is, given an instanton bundle ℰ , to explicitly describe the zero locus of an element of 
H0(ℰ(hi)). Let si be a section of ℰ(hi), then we have the following short exact sequence

0→ 𝒪F
si −→ ℰ(hi)→ ℐY |F (2hi)→ 0. (5.1)

Since ℰ has no global section, Y is a purely two-codimensional subscheme in F . By the adjunction formula

ωY
∼ = ωF ⊗ det(NY |F ),

thus if ℰ is locally free we get ωY
∼ = 𝒪F (−2hj)⊗𝒪Y with i ̸= j. If ℰ is an instanton, hp(ℰ(−h)) = 0 for all 

p, thus also ℐY |F (−hj) is acyclic. Tensoring the standard short exact sequence

0→ ℐY |F → 𝒪F → 𝒪Y → 0 (5.2)

by 𝒪F (−hj) we see that h0(𝒪Y (−hj)) = h1(𝒪Y (−hj)) = 0. Our next goal is to characterize such curves.

Remark 5.4. If we consider any curve Y such that h0(𝒪Y (−hj)) = h1(𝒪Y (−hj)) = 0, then through the 
Serre’s correspondence (cf. [4, Theorem 1]) we obtain a (non-necessarily locally free) torsion free sheaf 
satisfying all the cohomological vanishings of Definition 5.1.
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Lemma 5.5. Let C be the connected union of a smooth rational curve Z representing h2
i + ah2

j and a line L
representing h2

j . If Y ⊂ F is a multiple structure supported on the curve C, then ωY ̸≃ 𝒪Y (−2hj).

Proof. The curve C satisfies h0(𝒪C(−hj)) = h1(𝒪C(−hj)) = 0, however ωC
∼ = 𝒪C(−hi + (a − 1)hj) ̸∼ = 

𝒪C(−2hj). Now we want to show that for any multiple structure Y on such curve C, we also have ωY ̸∼ = 
𝒪Y (−2hj). Suppose by contradiction that ωY

∼ = 𝒪Y (−2hj) and consider a non trivial extension

0→ 𝒪F (−hi)→ ℱ φ−→ ℐC|F (hi)→ 0,

which is possible because Ext 1(ℐC|F (hi),𝒪F (−hi)) ≃ H1(𝒪C(−2hj)) ̸= 0. Since ωC ̸∼ = 𝒪C(−2hj) along L, 
by Serre’s correspondence ℱ is not a vector bundle; indeed Sing(ℱ) = L. Since C has pure dimension 1, we 
have

ℰxti(ℱ ,𝒪F ) ∼ = ℰxti(ℐC|F (hi),𝒪F ) = 0 for i = 2, 3.

This implies that, necessarily, the support of ℰxt1(ℱ ,𝒪F ) is exactly L. We claim that ℱ∨∨ ̸∼ = 𝒪F (−hi) ⊕
𝒪F (hi). Suppose we do have this isomorphism. Since ℱ is torsion free, it injects in its double dual, thus we 
have the following commutative diagram

0 0 0

0 𝒪F (−hi) ℱ ℐC|F (hi) 0

0 𝒪F (−hi)
α 𝒪F (−hi)⊕𝒪F (hi) ℋ 0

𝒬 𝒬

0 0

Notice that α is either defined as α = (1 | α2) or α = (0 | α2). In the first case ℱ ∼ = 𝒪F (−hi)⊕ ℐC|F (hi), 
thus a contradiction. In the second case, we have ℋ ∼ = 𝒪F (−hi)⊕𝒪S(hi), with

0 −→ 𝒪F (−2hi) −→ 𝒪F −→ 𝒪S −→ 0.

However Hom (ℐC|F (hi),𝒪F (−hi)) = 0 and there is no injective morphism ℐC|F (hi) ↪→ 𝒪S(hi), so ℱ∨∨ ̸∼ = 
𝒪F (−hi)⊕𝒪F (hi).

Let us continue considering the short exact sequence

0→ ℐY |F (hi)→ ℐC|F (hi)
ψ −→ ℐC|Y (hi)→ 0.

From it, the surjective composition ψφ yields

0→ 𝒪F (−hi)→ 𝒢 → ℐY |F (hi)→ 0,

where 𝒢 := ker(ψφ). Let us prove that 𝒢 is not the trivial extension. Otherwise from the short exact sequence
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0 −→ 𝒢 −→ ℱ ψφ −−→ ℐC|Y (hi) −→ 0, (5.3)

we obtain, recalling that ℰxti(ℐC|Y (hi),𝒪F ) = 0 for i = 0, 1 by [17, III 7.3], that

ℱ∨ ≃ 𝒢∨ ≃ 𝒪F (−hi)⊕𝒪F (hi)

which does not hold.
As ωY

∼ = 𝒪Y (−2hj) and 𝒢 is a non-trivial extension, 𝒢 is a vector bundle by means of the Serre’s 
correspondence. In particular, ℰxt1(𝒢,𝒪F ) = 0. Applying ℋom(−,𝒪F ) to Sequence (5.3), we have an 
inclusion

ℰxt1(ℱ ,𝒪F ) ↪→ ℰxt1(𝒢,𝒪F ),

leading to contradiction. Therefore the canonical sheaf of Y cannot have the considered form, proving our 
result. □

Theorem 5.6. Let Y ⊂ F be a locally complete intersection curve. The following are equivalent:

1. ωY
∼ = 𝒪Y (−2hj) and h0(𝒪Y (−hj)) = 0.

2. Y is the disjoint union of curves of one of these two types:
• primitive extensions of type 𝒪C on smooth rational curves C of class h2

i + ah2
j with a ≥ 1;

• complete intersection multiple structures of type 𝒪C on lines C of class h2
i .

Proof. (1)⇒ (2):
Since the same conditions hold for any connected component of Y , we can suppose Y to be a connected 

curve. Let C := Yred and let us consider the short exact sequence

0→ ℐC|Y → 𝒪Y → 𝒪C → 0 (5.4)

Apply the contravariant functor ℋom(−, ωF ) to (5.4). We obtain

ℰxt1(ℐC|Y , ωF )→ ωC → ωY → ℰxt2(ℐC|Y , ωF ).

By [17, III 7.3], we have ℰxt1(ℐC|Y , ωF ) = 0, thus there is an injective map

0→ ωC → ωY . (5.5)

Since h0(ωY (hj)) = 0 by hypothesis, the same holds for C, i.e., h0(ωC(hj)) = 0. Suppose now that C is 
reducible and write C = C1 ∪ C2, with C1 irreducible. From the short exact sequence

0→ ωC1 ⊕ ωC2 → ωC → ωC1∩C2 → 0 (5.6)

we also have h0(ωC1(hj)) = 0, thus h0(ωC1) = 0. As C1 is integral, we have h0(𝒪C1) = 1 and, in particular,

pa(C1) = 1− χ(𝒪C1) = 1− h0(𝒪C1) + h0(ωC1) = 0,

i.e., C1 is a smooth rational curve. In order to compute its class, suppose that C1 has class bh2
i + ah2

j in 
A2(F ). By Riemann-Roch we have

0 ≥ χ(ωC1(hj)) = 2pa(C1)− 2 + deg𝒪F (hj)(C1) + 1 = −1 + b.
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Therefore, any irreducible component of C has 0 ≤ b ≤ 1. Moreover, tensoring Sequence (5.6) by 𝒪F (hj)
gives h0(ωC1∩C2) ≤ h1(ωC2(hj)) when b = 1 and h0(ωC1∩C2) ≤ h1(ωC2(hj)) + 1 when b = 0.

We are going to prove that C consists of just one irreducible component with b = 1. First of all, if there 
is no such component, C would be the union of some irreducible components Ci, i = 1, . . . , r, representing 
h2
j in A2(F ). Since they are disjoint pairwise, we have r = 1 and therefore Y would also represent ah2

j for 
some a ≥ 1. However, this is impossible, since in this case 𝒪Y (thj) ∼ = 𝒪Y for all t ∈ Z and, in particular, 
we would get that h0(𝒪Y (−hj)) ̸= 0.

On the other hand, if C contains two irreducible components C1 and C2 with classes h2
i + ath

2
j , t = 1, 2, 

again by means of the short exact sequence (5.6), we see that h0(ωC1∩C2) = 0, that is C1 and C2 are disjoint. 
Since they are components of the connected curve C, there should exist a third irreducible component Z of 
class ah2

j connecting them, and in particular intersecting their union in at least two points. But again, the 
exact sequence

0→ ωC1∪C2 ⊕ ωZ → ωC1∪C2∪Z → ω(C1∪C2)∩Z → 0

implies that h0(ω(C1∪C2)∩Z) ≤ 1, a contradiction.
To complete the argument and exclude the case where C is the reducible union of two curves, we can 

apply directly Lemma 5.5 to conclude that C is an irreducible curve with class h2
i + ah2

j , a ≥ 0.
Let us show now that if a > 0 in the reduced structure, then Y is quasi-primitive, namely Y does not 

contain the first infinitesimal neighborhood C(1) of C. Let us take the exact sequence

0→ 𝒩∨
C|F → 𝒪C(1) → 𝒪C −→ 0.

By Lemma 4.1, we have 𝒩∨
C|F ∼ = 𝒪P1(−1) ⊕𝒪P1(1 − 2a). In particular, h1(𝒪C(1)(−hj)) ̸= 0. Therefore, if 

C(1) ⊂ Y , we would have a surjection

H1(𝒪Y (−hj)) −→ H1(𝒪C(1)(−hj)) ̸= {0}

contradicting that h1(𝒪Y (−hj)) = h0(ωY (hj)) = 0.
In order to see that Y is actually primitive, consider the filtration

C = Y0 ⊂ Y1 ⊂ · · · ⊂ Yk = Y (5.7)

and observe that from the short exact sequence

0→ ℐY1

ℐC2
→ 𝒩∨

C|F ∼ = 𝒪P1(−1)⊕𝒪P1(1− 2a)→ 𝒪P1(α)→ 0

we obtain α ≥ −1. To exclude the equality, notice that it would imply the short exact sequence

0→ ℐC|Y1
∼ = 𝒪C(−hj)→ 𝒪Y1 → 𝒪C → 0

and therefore h1(𝒪Y1(−hj)) ̸= 0, contradicting again the hypotheses. Therefore, α ≥ 0. Computing

0 = χ(𝒪Y (−hj)) = −multC(Y ) + 1− pa(Y ),

and putting this information in Formula (4.11), we get α = dt = 0 for all t, hence Y is a primitive extension 
of type 𝒪C .

Suppose now that a = 0. In this case Yred = C is a line of type h2
i . Therefore, as described in Subsection 

4.2, the given cohomological vanishings imply that Y is a multiple structure of type 𝒪C of the form Y =
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π−1
1 (Z) ∼ = Z×P 1, where Z ⊂ P 2 is a 0-dimensional scheme supported on the point p = π1(C). By Lemma 4.9, 

Y is a global complete intersection. If, for instance, the ideal ℐC|F of the line C ⊂ F is globally generated 
by the variables x0, x1 from the first P 2, then ℐY |F will be generated by two homogeneous polynomials 
p(x0, x1) and q(x0, x1) without common factors.

To conclude, let us observe that if the degree of p(x0, x1) or of q(x0, x1) is equal to one, then Y is a 
primitive extension. Otherwise, if both degrees are greater or equal than two, then C(1) ⊂ C(min{n,m}−1) ⊂
Y . In the latter case, multiple curves containing the first infinitesimal neighborhood of its reduced support 
are thick extensions (see Definition 4.8 and [7, Section 4]).

(2)⇒ (1): Let Y be a primitive extension or a complete intersection multiple structure of type 𝒪C as in 
(2). Thanks to (4.6) and (4.15), adjunction formula yields ωY

∼ = 𝒪Y (−2hj). As a last step, using recursively 
the short exact sequences

0 −→ 𝒪⊕rk
C −→ 𝒪Yk

−→ 𝒪Yk−1 −→ 0

we conclude by induction that h0(𝒪Y (−hj)) = 0. □

Remark 5.7. Condition (1) from the previous theorem clearly implies, by Serre’s duality, that h0(𝒪Y (−hj)) =
h1(𝒪Y (−hj)) = 0. These weaker numerical conditions are not equivalent to the conditions from Theorem 5.6
as pointed out in Remark 5.4. Indeed, curves satisfying these two cohomological vanishings would be related, 
by means of a generalized version of Serre’s correspondence, with instanton torsion-free sheaves, as defined 
in [2], lying on the closure of the moduli space of μ-stable hi-’t Hooft bundles inside the moduli space of 
μ-stable instanton sheaves. We believe that this approach could be very fruitful in general to understand the 
geometry of the moduli space of instantons. However, it requires the development of the theory of multiple 
curves over non integral curves and, therefore, it will be the aim of future investigation.

The curves appearing in Theorem 5.6 can be also characterized via the projection πi using monads for 
instanton bundles. Let us start by recalling that by [25, Theorem 1.1] any instanton of charge k is the 
cohomology of a monad of the form

0 −→ 
H1 ⊗𝒪F (−h1)

⊕
H2 ⊗𝒪F (−h2)

α  −−→
H∨

1 ⊗ 𝒢1(−h1)
⊕

H∨
2 ⊗ 𝒢2(−h2)

β  −−→ K ⊗𝒪F −→ 0,

where 𝒢i is the pullback of the twisted cotangent bundle ΩP2(2) along the natural projection πi : F ⊂
P (V1) × P (V2) → P (Vi) with Vi

∼ = V ∨
j and H1, H2 and K are vector spaces of dimension k, k and 2k − 2

respectively. The display of the monad is given by

0→ 𝒦 → H∨
1 ⊗ 𝒢1(−h1)⊕H∨

2 ⊗ 𝒢2(−h2)
β −→ K ⊗𝒪F → 0

and

0→ H1 ⊗𝒪F (−h1)⊕H2 ⊗𝒪F (−h2)→ 𝒦 π −→ ℰ → 0. (5.8)

Now let us describe the maps α and β appearing in the monad. The map α corresponds to an operator A
which can be described as the four-block matrix

A =
(︃
A11 A12
A21 A22

)︃

with Aij ∈ Hom 
(︂
Hi ⊗𝒪F (hi), H∨

j ⊗ 𝒢j(−hj)
)︂

and 1 ≤ i, j ≤ 2. Let us explicitly write the operators Aii. 
Consider the Koszul complex
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0→ 𝒪P2(−1)→ Λ2V ∨
i ⊗𝒪P2 → Λ1V ∨

i ⊗𝒪P2(1)→ 𝒪P2(2)→ 0.

In particular Hom (𝒪P2 ,Λ2V ∨
i ⊗𝒪P2) ∼ = Hom (𝒪P2 ,ΩP(Vi)(2)), thus Aii is determined by an operator

Aii : Hi −→ H∨
i ⊗ Λ2V ∨

i .

Now consider Aij , corresponding to an element in Hom (Hi ⊗𝒪F , H
∨
j ⊗ 𝒢j(hi − hj)). Notice that

H0(𝒢j(hi − hj)) ∼ = H0(𝒪P(Vi))⊗H0(𝒪P(Vj)) ∼ = C,

thus Aij corresponds to an operator

Aij : Hi −→ H∨
j .

Now we deal with the map β. It corresponds to the column of operators 
(︃
B1
B2

)︃
. Using the Koszul complex, 

with a similar argument as before, we obtain that they can be described as

Bi : H∨
i ⊗ Λ2V ∨

i −→ K ⊗ V ∨
i

Let us suppose that ℰ is an instanton bundle such that H0(ℰ(hi)) ̸= 0. Now we want to describe the zero 
locus of a section. We have the exact triples

0→ 𝒦(hi)→ 𝒢1(−h1 + hi)⊕k ⊕ 𝒢2(−h2 + hi)⊕k β −→ 𝒪F (hi)⊕2k−2 → 0

and

0→ 𝒪F (−h1 + hi)⊕k ⊕𝒪F (−h2 + hi)⊕k → 𝒦(hi)→ ℰ(hi)→ 0

Consider a section ti ∈ H0(𝒦(hi)). It can be identified with an element a = (a′, a′′) ∈ K∨
j ⊕K∨

i ⊗ Λ2(Vi)
satisfying a ∧ B = 0. Suppose i = 1, the other case being completely analogous. The evaluation at a point 
(⟨v1⟩, ⟨v2⟩) ∈ F is given by

(︁
h1 ⊗ (v1

i )∗ ∧ (v1
j )∗, h2

)︁−→ k1 ⊗
(︂
v1((v1

i )∗)(v1
j )∗ − v1((v1

j )∗)(v1
i )∗
)︂

+ k2 ⊗ v2

via the canonical map V ∨
i ⊗ Λ2Vi −→ Vi. In particular we see that a ∧ B = 0 precisely at the points 

(⟨v1⟩, ⟨v2⟩) ∈ F such that

αv2 + β
(︂
v1((v1

i )∗)(v1
j )∗ − v1((v1

j )∗)(v1
i )∗
)︂

= 0,

which fill a line in P (Vj).
Using the previous description, we are able to present a different proof of the shape of the irreducible 

components of the 0-locus of a section of a hi-’t Hooft bundle.

Proposition 5.8. Let ℰ be a μ-stable, hi-’t Hooft instanton bundle of charge k and let si ∈ H0(ℰ(hi)) be a 
non-zero section. Then (si)0 = Y is a purely two codimensional subscheme of F whose reduced structure 
Yred is a disjoint union of smooth rational curves Ya in classes h2

i + ah2
j with a ≥ 0.
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Proof. Since ℰ is stable, any component of V (si) = (si)0 has pure dimension one. Let X be a connected 
union of components. By (5.8), the map π is surjective at the level of global sections. In particular there 
exists ti ∈ H0(𝒦(hi)) such that π(ti) = si. Moreover we have π(ti|Xred

) = 0. Since Xred is connected we 
have h0(𝒪Xred

) = 1 and we can find ui ∈ Hi such that t′i = ti−Aii(ui) vanishes on Xred, thus Xred ⊆ V (t′i). 
We showed that V (t′i) is either a point or a line on P (Vj), and their pullbacks on F correspond to the desired 
curves. □

We will now deal with the description of the Hilbert scheme of curves appearing as the zero loci of a hi-’t 
Hooft bundle.

Notation: Let us introduce the following notation. Let ā = (a1, . . . , am) be a multi-index such that at ∈ Z

and 0 ≤ a1 ≤ · · · ≤ am. The curve

Y i
ā = Y i

(a1,...,am) (5.9)

is the disjoint union of possibly non-reduced locally complete intersection curves, each of which is supported 
on a smooth rational complete intersection curve Ci

at
in the class h2

i + ath
2
j (1 ≤ t ≤ m) with at ≥ 0. If 

non-reduced, it is a multiple structure as described in Theorem 5.6. The curves Y i
ā will be represented as 

lists of components Ci
at

in which every component supporting a multiple structure of multiplicity r appears 
r times. In particular we denote by Y i

at
the multiple structure supported on the reduced curve Ci

at
.

From Theorem 5.6 we deduce that given a section si ∈ H0(ℰ(hi)) for a charge k instanton, the zero locus 
Y = (si)0 is Y = Y i

ā for some multi-index ā. If it is clear from the context, we will sometimes drop the 
index (i). Given a multi-index ā, we denote by

ℓ(ā) := #{indices of ā which are equal to 0}.

Geometrically, this is the number of lines (counted with multiplicities) appearing in Y .

Lemma 5.9. Let ℰ be a charge k instanton bundle and let Y i
ā be the vanishing locus of si ∈ H0(ℰ(hi)). Then

ā = (a1, . . . , ak+1), 
k+1∑︂
i=1 

ai = k, 1 ≤ ℓ(ā) ≤ k. (5.10)

Proof. The zero locus Y i of a section of ℰ(hi) is a curve of the form Y i = Y i
ā thanks to Theorem 5.6 and 

Proposition 5.8. The statements then follow directly from the fact that Y i
ā represents the class

c2(ℰ(hi)) = kh1h2 + h2
i = (k + 1)h2

i + kh2
j

in A2(F ). □

Let us now compute the normal bundle of such curves. By Proposition 4.1, Equation (4.6) and Equation 
(4.15) we have

𝒩Ci
at

|F ∼ = 

{︄
𝒪P1(1)⊕𝒪P2(2at − 1) if at ≥ 1,
𝒪P1

⊕2 if at = 0,
(5.11)

in the reduced case, and

𝒩Y i
at

|F ∼ = 𝒪Y i
at
⊕𝒪Y i

at
(2hi) with at ≥ 0 (5.12)
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if Y i
at

is a multiple structure as described in Theorem 5.6. In the following proposition we study the Hilbert 
scheme of the curves described above.

Proposition 5.10. Let H ⊂ ℋ := Hilb(2k+1)t+(k+1)(F ) be the Hilbert scheme of curves Y of degree 2k + 1
and arithmetic genus pa(Y ) = −k satisfying ωY

∼ = 𝒪Y (−2hj) and h0(𝒪Y (−hj)) = 0. Then H consists of 
at least k irreducible components.

Proof. By Theorem 5.6 we have Y = Y i
ā for some ā. By a direct computation of Chern classes, one obtains 

h0(𝒪Y (−hi)) = ℓ(ā).
Let Hℓ ⊂ H be the locus of curves Yā satisfying ℓ(ā) = ℓ. Consider two multi-indices ā and ā′ and set 

ℓ(ā) = ℓ and ℓ(ā′) = ℓ′. Suppose ℓ(ā) < ℓ(ā′). If Hℓ and Hℓ′ lie in the same irreducible component, since the 
cohomology function is lower semi-continuous, dim(Hℓ′) < dim(Hℓ). Thanks to (5.11), (5.12) and (4.9), we 
have

h1(𝒩Yā|F ) = 0 and h0(𝒩Yā|F ) = 4k + 2 (5.13)

for all ā, thus dim(Hℓ′) = dim(Hℓ) which leads to a contradiction. In particular if ℓ ̸= ℓ′ then Hℓ and Hℓ′

live in two different irreducible components. The proof is complete by noticing that 1 ≤ ℓ(ā) ≤ k. □

Now we deal with the inverse problem, i.e. we show that starting from a scheme as in Theorem 5.6 we 
actually obtain an instanton bundle. In order to do so, we will use Serre’s correspondence between curves 
and rank two vector bundles on F .

Notice that for each connected component we have det𝒩Y i
ā |F
∼ = 𝒪F (2hi) ⊗ 𝒪Y i

ā
thanks to (5.11) and 

(5.12), thus

det𝒩Y |F ∼ = 𝒪F (2hi)⊗𝒪Y ,

i.e., the determinant of the normal bundle of Y is extendable on F . Since h2(𝒪F (−2hi)) = 0, there exists 
a vector bundle ℱ on F with a section s vanishing along Y with c1(ℱ) = 2hi and c2(ℱ) = Y . Thus 
ℰ = ℱ(−hi) has c1(ℰ) = 0, c2(ℰ) = c2(ℱ)− h2

i and thanks to [4, Theorem 1] it fits into the exact triple

0→ 𝒪F (−hi)→ ℰ → ℐY (hi)→ 0. (5.14)

In the following proposition, we show that the vector bundles arising in this way are actually instanton 
bundles.

Proposition 5.11. Let ℰ be a vector bundle with c1(ℰ) = 0, c2(ℰ) = kh1h2 and k ≥ 2. Suppose ℰ(hi) has a 
section whose scheme of zeros is Y = Yā as in construction (5.9) which satisfies (5.10), i.e. ℰ fits into the 
exact triple (5.14).

Then ℰ is a μ-stable instanton bundle of charge k. Moreover, we have

dim Ext 1F (ℰ , ℰ) = 8k − 3 and Ext 2F (ℰ , ℰ) = Ext 3F (ℰ , ℰ) = 0.

Proof. First of all notice that by construction we have c1(ℰ) = 0 and c2(ℰ) = kh1h2.
Taking the cohomology of (5.14), we obtain h0(ℰ) = h0(ℐY |F (hi)) = 0 because Y contains at least two 

disjoint components and any two curves Yat
in a surface S ∈ |𝒪F (hi)| always intersect. Tensoring (5.14)

by 𝒪F (−h) we have h1(ℰ(−h)) = h1(ℐY |F (−hj)) with j ̸= i. Considering the defining sequence of the ideal 
ℐY |F tensored by 𝒪F (−hj) we obtain h1(ℐY |F (−hj)) = h0(𝒪Y (−hj)) = 0 because of Theorem 5.6.
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Now we prove the μ-stability of ℰ . Thanks to the Hoppe’s criterion [22, Theorem 3] ℰ is μ-stable if and 
only if h0(ℰ(−D)) = 0 for each divisor D such that Dh2 ≥ 0. Let us take such a divisor D = d1h1 + d2h2
with d1 + d2 ≥ 0 and consider the short exact sequence

0→ 𝒪F (−D − hi)→ ℰ(−D)→ ℐY |F (−D + hi)→ 0.

Now h0(ℐY |F (−D+hi)) ≤ h0(𝒪F (−D+hi)), so it is clear that h0(ℐY |F (−D+hi)) = 0 whenever dj > 0 or 
di > 1. In these cases we have h0(ℰ(−D)) = 0. It remains to study the cases D = hi and D = −hj + hi. In 
both cases we obtain h0(ℰ(−D)) = h0(ℐY |F (−D+hi)) = 0 because Y contains at least two reduced disjoint 
components, thus ℰ is μ-stable.

Finally, we prove the part of the statement regarding the Ext groups of ℰ . Since ℰ is μ-stable, it is 
simple; thus, we have Hom F (ℰ , ℰ) ≃ C and Ext 3F (ℰ , ℰ) = 0. It now suffices to show that Ext 2(ℰ , ℰ) = 0 to 
compute directly the dimension of Ext 1F (ℰ , ℰ) by Riemann-Roch. Consider the short exact sequence (5.14)
and tensor it by ℰ ∼ = ℰ∨. Taking cohomology we have

H2(ℰ(−hi))→ Ext 2F (ℰ , ℰ)→ H2(ℰ ⊗ ℐY |F (hi)).

From (5.14) we obtain H2(ℰ(−hi)) ∼ = H2(ℐY |F ) ∼ = H1(𝒪Y ) ∼ = 0 thanks to sequences (4.9) and (4.14), be
cause Y is the disjoint union of possibly multiple structures on smooth rational curves Cat

. So Ext 2F (ℰ , ℰ) =
0 as soon as H2(ℰ ⊗ℐY |F (hi)) vanishes. In order to show this vanishing, let us take the short exact sequence 
(5.14) and tensor it by 𝒪F (hi). Taking cohomology we obtain h2(ℰ(hi)) = h2(ℐY |F (2hi)). Now if we tensor

0→ ℐY |F → 𝒪F → 𝒪Y → 0

by 𝒪F (2hi) we have h2(ℐY |F (2hi)) = h1(𝒪F (2hi)⊗𝒪Y ) = 0 since 𝒪F (2hi) restricts to each component of 
Y to a non-negative degree line bundle. Thus we have h2(ℰ(hi)) = 0. Now if we take the cohomology of the 
defining sequence of ℐY |F tensored by ℰ(hi) we have

h2(ℰ(hi)⊗ ℐY |F ) ≤ h1(ℰ(hi)⊗𝒪Y ).

But now using the fact that ℰ ⊗ 𝒪Y (hi) ∼ = 𝒩Y |F we have h1(ℰ(hi)⊗𝒪Y ) = 0 thanks to (5.11) and (5.12). 
Hence h2(ℰ(hi)⊗ℐY |F ) = 0 and finally we obtain Ext 2F (ℰ , ℰ) = 0. To compute the dimension of Ext 1F (ℰ , ℰ)
we use Riemann-Roch. Since c1(ℰ ⊗ ℰ∨) = c3(ℰ ⊗ ℰ∨) = 0 and c2(ℰ ⊗ ℰ∨) = 4c2(ℰ) we have

dim Ext 1F (ℰ , ℰ) = h0(ℰ ⊗ ℰ∨) + h2(ℰ ⊗ ℰ∨)− χ(ℰ ⊗ ℰ∨) = 4c2(ℰ)(h1 + h2)− 3,

thus dim Ext 1F (ℰ , ℰ) = 8k − 3. □

We conclude this section finding a bound on the maximal dimension of the cohomology group H0(ℰ(hi))
of an instanton bundle ℰ .

Lemma 5.12. Let ℰ be a hi-’t Hooft bundle of charge k and let Y i
ā be the reduced curve associated to the 

vanishing locus of si ∈ H0(ℰ(hi)). Then

h0(ℐY i
ā |F (2hi)) =

{︄
2 if Y i

ā
∼ = Y i

(0,1)
∼ = Ci

0 ∪ Ci
1

0 otherwise.

Proof. The image of the projection πi : F → P 2 restricted to Y i
ā is the union 

⋃︁m
t=l(ā)+1 Cat

⊂ P 2 of m−ℓ(ā)
rational curves of degree at plus ℓ(ā) distinct points not belonging to the curves Cat

. Thanks to restrictions 
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imposed by Lemma 5.9, we see that as soon as ℓ(ā) > 1 there should exist t such that at ≥ 2. From this 
observation, the lemma follows in a straightforward manner. □

Proposition 5.13. Let ℰ be an instanton bundle of charge k on F.

• If k = 1, then h0(ℰ(hi)) = 3.
• If ℰ is μ-stable and k ≥ 2 then h0(ℰ(hi)) ≤ 1 for all i;
• If ℰ is properly μ-semistable and k ≥ 2 then h0(ℰ(hi)) = 0 for all i.

Proof. Let ℰ be a μ-stable instanton bundle of charge k such that h0(ℰ(hi)) ̸= 0 and let Y be the vanishing 
locus of a section s ∈ H0(ℰ(hi)). By the inequality

h0(ℐY (2hi)) ≤ h0(ℐYred
(2hi)),

Lemma 5.12 and the exact sequence (5.1), it is enough to deal with the case Yred = Y i
(0,1). In this case, 

Y = L ∪ D, where D is a multiple structure of multiplicity k with support a smooth conic. In this case, 
h0(ℐY (2hi)) ̸= 0 if and only if Y and contained in a Hirzebruch surface representing hi. Following the same 
approach of the proof of Proposition 4.1, D is a complete intersection of type hi, khj . Then D satisfies 
ωD
∼ = 𝒪D(−2hj) (restriction imposed by Theorem 5.6 and the fact that Y is the vanishing locus of a section 

of ℰ(hi)) only when k = 1. In this case we get h0(ℰ(hi)) = 3.
On the other hand, if ℰ is properly μ-semistable, then the statement follows directly from [25, Proposition 

3.5]. □

6. h-’t Hooft bundles

In this section we deal with the existence of h-’t Hooft instantons on the flag variety F , i.e. instanton 
bundles ℰ such that h0(ℰ(h)) ̸= 0. Let us start with some preliminary observations.

1. Any hi-’t Hooft instanton bundle ℰ is also h-’t Hooft, since H0(ℰ(hi)) injects in H0(ℰ(h)). In this section 
we will be interested in proper h-’t Hooft instantons, namely those for which h0(ℰ(hi)) = 0 for i = 1, 2.

2. From Euler formula (2.2) any instanton bundle ℰ satisfies χ(ℰ(hi)) = 6−3k, so any instanton bundle of 
charge k = 1 is hi-’t Hooft for both i and in particular h-’t Hooft. For charge two instantons χ(ℰ(hi)) = 0; 
therefore, if ℰ is a proper h-’t Hooft instanton of charge two, then ℰ(3hi + hj) is an Ulrich bundle with 
respect to 𝒪F (2hi + hj).

3. From Euler formula (2.2) we have χ(ℰ(h)) = 16 − 4k > 0 for k = 1, 2, 3 so instanton bundles of these 
charges are always h-’t Hooft.

Thanks to the item (3) above and [25, Theorem 1.1] the existence of h-’t Hooft instanton of charge k is 
guaranteed if k ≤ 3. In the next Theorem we deal with the existence of the curves on F that will correspond, 
by means of Serre’s correspondence, to h-’t Hooft bundles for any positive charge.

Theorem 6.1. For any k ≥ 1, there exists a family ℌk of dimension 4k + 12 of integral smooth elliptic 
curves Y with class (k+3)h1h2 which are not contained in a hyperplane section of F (i.e. non-degenerate). 
Each element Y of this family corresponds to a smooth point of the Hilbert scheme Hilb(2k+6)t(F ) satisfying 
h1(𝒯F ⊗𝒪Y ) = 0 where 𝒯F denotes the tangent bundle of F . Moreover, for k ≥ 2, there exists Y ∈ ℌk such 
that h0(ℐY |F (hi + 2hj)) = 0 for i ̸= j.

Remark 6.2. Let us say a few words on the hypothesis of Theorem 6.1, in particular why it requires the 
condition k ≥ 2 to obtain the vanishings h0(ℐY |F (2h1 + h2)) = h0(ℐY |F (h1 + 2h2)) = 0.
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1. The case k = 0 corresponds to hyperplane sections in the del Pezzo surface S = F ∩ H of degree 6. 
But they are degenerate. They correspond to the vector bundle 𝒪F ⊕ 𝒪F . In this case, the associated 
elliptic curve Y satisfies H0(ℐY |F (h)) ̸= 0 and therefore for any q ∈ F we can find a surface in the class 
2hi +hj containing Y and q. So we can not start an induction process from k = 0. This agrees with the 
fact that for k = 1, any h-’t Hooft instanton is also hi-’t Hooft.

2. In the same spirit, in the case k = 1, if one starts the argument with an elliptic curve Y with repre
sentative 4h1h2 in the Chow ring (which corresponds to an Ulrich bundle with respect to 𝒪F (h)), then 
h0(ℐY |F (hi + 2hj) = 3, so a priori it could happen also that for any q ∈ F\Y there exists a section of 
ℐY |F (hi + 2hj) vanishing on q. This is also an obstruction to the induction argument used in the proof 
of Theorem 6.1.

3. The vanishing h1(𝒯F ⊗ 𝒪Y ) = 0 is a necessary technical condition required to perform the inductive 
construction we explain hereafter.

Proof of Theorem 6.1. The base case k = 1 was already proved in [25, Theorem 6.6]. We will start dealing 
with the case k = 2 with the added requirement that h0(ℐY |F (hi + 2hj)) = 0 for i ̸= j and then proceed by 
induction on k.

So let be S ⊂ F a smooth surface of class h1 + 2h2. Thanks to Lemma 2.4, the restriction of the second 
projection π2|S : S → P 2 bestows S with the structure of the blowup of P 2 at 7 sufficiently general points. 
Let C be a generic element of the linear system on S of type 5l − 3e1 − 2e2 − 2e3 − e4 − e5 − e6. It is a 
smooth elliptic curve of degree 10. Its class in the Chow ring of F is 5h1h2. A standard argument shows 
that this curve C can be deformed inside the Hilbert scheme Hilb10t(F ) to an elliptic curve Y such that 
h0(ℐY |F (hi + 2hj)) = 0 for i ̸= j. Indeed, from the short exact sequence of normal bundles

0→ 𝒩C|S → 𝒩C|F → 𝒩S|F ⊗𝒪C → 0

one can see that h1(𝒩C|F ) = 0, thus h0(𝒩C|F ) = 20 by Riemann-Roch. On the other hand, the family of 
surfaces of type hi + 2hj has dimension 14 and their linear systems |5l − 3e1 − 2e2 − 2e3 − e4 − e5 − e6|
(corresponding to quintic curves in P 2 passing through 6 given points with multiplicities 3, 2, 2, 1, 1, 1) have 
dimension 5. Therefore, a general deformation Y of C inside Hilb10t(F ) will satisfies our requirements.

The previous argument completes the case k = 2. Now we will use an induction argument to treat the 
remaining case k ≥ 3. So let us suppose that the family ℌk of curves satisfying the conclusion of the theorem 
has been constructed for a certain k ≥ 2 and let Y ⊂ F be a smooth elliptic curve represented by a general 
point of the family ℌk. Let q ∈ F\Y be a general point and let Y ′ = Y ∪ C be the reduced and reducible 
curve with C a smooth conic passing through q such that Y ∩C := {p} is a single point. Notice that Y ′ has 
a unique nodal singularity at p. Moreover the Chern class of Y ′ is (k + 4)h1h2, and the arithmetic genus of 
Y ′ is

pa(Y ′) = pa(Y ) + pa(C)− 1 + card(Y ∩ C) = 1.

Since h0(ℐY |F (hi + 2hj)) = 0 for i ̸= j, a fortiori the same holds for Y ′ and therefore by semicontinuity the 
same will be true for a general deformation of Y ′.

Let us consider the Hilbert scheme Hilb(2k+8)t(F ) of curves in F of degree 2k + 8 and arithmetic genus 
1. Let [Y ′] ∈ Hilb(2k+8)t(F ) be the class of one of these curves and let H ⊂ F × Hilb(2k+8)t(F ) the 
universal family. We now show that Y ′ can be smoothly deformed inside Hilb(2k+8)t(F ). Recall that, if 
we consider a non-singular projective variety X ⊂ PN and a curve Z ⊂ X, then the differentiation map 
d : ℐZ/ℐ2

Z → Ω1
X ⊗𝒪Z gives rise to a natural map

φ : (𝒯X)|Z → 𝒩Z|X .
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Let S be the set of singular points of Z. The cokernel of φ is supported on S and it is the T 1-functor of 
Lichtenbaum-Schlessinger denoted by T 1

Z . In the case of a nodal curve, T 1
Z is isomorphic to its restriction 

T 1
S to S.

Proposition 6.3. Let Z ⊂ X be a nodal curve with Hilbert polynomial p(t). Assume that h1(𝒩Z|X) = 0 and 
that for each singular point p ∈ S, the natural map H0(𝒩Z|X) → H0(T 1

p ) is surjective. Then the Hilbert 
scheme HilbpZ(t)(X) is smooth at Z and Z can be deformed to a smooth curve inside HilbpZ(t)(X).

Proof. See [19, Proposition 1.1] and [28, Theorem 6.3]. □

To apply the previous proposition, we are going to use the following result:

Lemma 6.4. Let Z ⊂ X be a nodal curve such that h1((𝒯X)|Z) = 0. Then h1(𝒩Z|X) = 0 and Z is smoothable.

Proof. The proof relies on [19, Corollary 1.2]. Let 𝒩 ′ := Im((𝒯X)|Z → 𝒩Z|X). Then h1(𝒩 ′) = 0 and from

0→ 𝒩 ′ → 𝒩Z|X → 𝒯 1
S → 0,

we obtain that h1(𝒩Z|X) = 0 and H0(𝒩Z|X) → H0(𝒯 1
S ) is surjective. Then we conclude by Proposi

tion 6.3. □

Now we can conclude the proof of Theorem 6.1. Let Y be a smooth elliptic curve in (k + 3)h1h2 and C
a smooth conic such that Y ′ = Y ∪ C has a single node at the intersection point p of Y and C. Then Y ′ is 
a non-degenerate curve from the class (k + 4)h1h2. On the other hand, we have

0→ 𝒪Y ′ → 𝒪Y ⊕𝒪C → 𝒪p → 0.

If we tensor the previous sequence by 𝒯F , we obtain

0→ 𝒯F ⊗𝒪Y ′ → 𝒯F ⊗𝒪Y ⊕ 𝒯F ⊗𝒪C
φ → 𝒯F,p → 0.

Now, since h1(𝒯F ⊗ 𝒪Y ) = 0 by the induction hypothesis, the map φ is surjective at the level of global 
sections since 𝒯F is globally generated and h1(𝒯F ⊗𝒪C) = 0, as follows from the short exact sequence

0→ 𝒯C ∼ = 𝒪C(2)→ 𝒯F ⊗𝒪C → 𝒩C|F ∼ = 𝒪C(1)⊕2 → 0.

Finally, we compute the dimension of this family. The Riemann-Roch formula applied to 𝒩Y |F yields 
h0(𝒩Y |F ) = 2 deg(Y ) = 4k + 12 and the proof is complete. □

Via Serre’s correspondence (cf. [4, Theorem 1]), we get the following

Corollary 6.5. There exist μ-stable, h-’t Hooft instantons of charge k for any k ≥ 1. For k ≥ 2, there exist 
proper ones.

Proof. The case k = 1 has been proved in [25, Theorem 6.6]. For the case k ≥ 2 consider the elliptic curves 
Y constructed in Theorem 6.1. Serre’s correspondence yields a vector bundle ℰ fitting into the short exact 
sequence

0→ 𝒪F (−h)→ ℰ → ℐY |F (h)→ 0. (6.1)
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We show that ℰ is actually a μ-stable instanton bundle. The instantonic condition is trivially satisfied 
since h1(𝒪F (−2h)) = h1(ℐY |F ) = 0. It remains to show that ℰ is μ-stable. Using Hoppe’s criterion [22, 
Theorem 3], it is enough to check that, given a divisor D = ah1 + bh2, then h0(ℰ(D)) = 0 for all (a, b) with 
Dh2 = 3(a+b) ≤ 0. After tensoring the exact sequence (6.1) by 𝒪F (D), we observe that h0(𝒪F (−h+D)) = 0
for all D of non-positive degree. Moreover the natural injection

0→ ℐY |F (D + h)→ 𝒪F (D + h)

yields h0(ℐY |F (D + h)) = 0 for all the couples (a, b) with a + b ≤ 0 which are different from (0, 0), (−1, 0), 
(0,−1), (1,−1) and (−1, 1). The vanishings of h0(ℐY |F (D+h)) for these exceptional cases are a consequence 
of the fact that the curves constructed in Theorem 6.1 satisfy h0(ℐY |F (hi + 2hj)) = 0 for i ̸= j. □

7. Special ‘t Hooft bundles

In this section we introduce the notion of special instanton bundles.

Definition 7.1. An instanton bundle ℰ is called a special ‘t Hooft bundle if and only if h0(ℰ(h1)) and h0(ℰ(h2))
are both different from zero.

Recall that in the case of instanton bundles on the projective space P 3, it holds that h0(ℰ(1)) ≤ 2 for all 
ℰ and h0(ℰ(1)) = 0 for ℰ generic. Those reaching this bound are called special instanton bundles in [8,9,20]. 
We decided to use this terminology in our setting to highlight the analogy contained in the following remark.

Remark 7.2. An instanton bundle ℰ is a special ‘t Hooft bundle if and only if the subschemes Y 1, Y 2

associated to non-zero sections of H0(ℰ(h1)), H0(ℰ(h2)) are contained in a single divisor of type h1 + h2. 
Indeed from the short exact sequence

0→ 𝒪F → ℰ(h1)→ ℐY 1|F (2h1)→ 0

associated to a section of ℰ(h1), after twisting by 𝒪F (−h1 + h2), we get

0→ 𝒪F (−h1 + h2)→ ℰ(h2)→ ℐY 1|F (h)→ 0

from where the claim follows. Let us notice that this situation is analogous to the one for classical instantons 
on P 3, where the condition for being special is equivalent to requiring that the curves associated to sections 
of ℰ(1) are contained in a single smooth quadric surface.

In the case of special instanton bundles, it is natural to ask if there is any relation between the zero loci 
of the sections si ∈ H0(ℰ(hi)) for i = 1, 2.

Proposition 7.3. The dependence locus of two sections s1 ∈ H0(ℰ(h1)), s2 ∈ H0(ℰ(h2)) is a sextic surface 
S(1,1) ⊂ F . Moreover, the intersection of the zero locus Y1, Y2 of these two sections is contained in the 
singular locus of S(1,1).

Proof. From Remark 7.2, it follows that the image of the non-zero global section s2 ∈ H0(ℰ(h2)) in 
H0(ℐY 1|F (h)) corresponds to a surface S(1,1). This can be seen by gathering together the exact sequences 
given by the sections s1, s2 in the following commutative diagram:
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0 0

𝒪F (h2)
∼ = 𝒪F (h2)

0 𝒪F (h1)⊕𝒪F (h2)
(s2,s1) ℰ(h) ℐY 1|S(1,1)(2h1 + h2)

∼ = 

0

0 𝒪F (h1) ℐY 1|F (2h1 + h2) ℐY 1|S(1,1)(2h1 + h2) 0.

0 0

(7.1)

From it, we see that the locus where the two sections s1 and s2 are not independent is the surface S(1,1)
whose defining equation induces the injective morphism from the lowest row of the previous diagram.

The points of Y 1 ∩ Y 2 are the points of the surface where the ideal sheaf ℐY 1|S(1,1)(2h1 + h2) is not free. 
Since in any case ℐY 1|S(1,1)(2h1 +h2) has depth two at any point of S(1,1), we see that ℐY 1|S(1,1)(2h1 +h2) is 
a Cohen-Macaulay sheaf. Therefore, it should be free at any regular point of S(1,1). It follows that Y 1 ∩ Y 2

is contained in the singular locus of S(1,1). In particular, when S(1,1) is smooth, ℐY 1|S(1,1)(2h1 +h2) is a line 
bundle and Y1 ∩ Y2 = ∅. The following proposition gives some information on the relation between the zero 
loci of the sections si ∈ H0(ℰ(hi)) inside S(1,1). □

Proposition 7.4. Let ℰ be a special instanton bundle. Then the ideal sheaves of the zero loci Y 1, Y 2 ⊂ S(1,1)
satisfy ℐY 1|S(1,1)(2h1 + h2) ∼ = ℐY 2|S(1,1)(h1 + 2h2). In particular, when S(1,1) is smooth, we have the linear 
equivalence of divisors Y1 − Y2 ∼ (h1 − h2)|S(1,1) = −l + e1 + e2 + e3. In this case ℰ fits into the exact triple

0→ 𝒪F (h1)⊕𝒪F (h2)→ ℰ(h)→ 𝒪S(1,1)

(︂
(4− k)l − 2e1 − e2 + (k − 1)e3

)︂
→ 0 (7.2)

and we call this sequence the evaluation sequence of ℰ.

Proof. Associated to the non-zero section s1 ∈ ℰ(h1) we have the short exact sequence

0 −→ 𝒪F (h1)⊕𝒪F (h2) −→ ℰ(h) −→ ℐY 1|S(1,1)(2h1 + h2) −→ 0.

On the other hand, if we construct the same kind of exact sequence starting from s2 ∈ H0(ℰ(h2)) we obtain

0→ 𝒪F (h1)⊕𝒪F (h2)→ ℰ(h)→ ℐY 2|S(1,1)(h1 + 2h2)→ 0.

Since the first maps on the two previous short exact sequences are the same, the cokernel sheaves are 
isomorphic. To conclude the proof observe that if S(1,1) is smooth then the linear equivalence of divisors 
follows from Lemma 2.4. Moreover in this case ℐY 1|S(1,1)(2h1 + h2) is a line bundle ℱ = 𝒪S(1,1)(L) for some 
L ∈ Pic(S(1,1)). In order to compute 𝒪S(1,1)(L) explicitly, we recall that since ℰ is a charge k instanton 
bundle, we have

⎧⎪⎨
⎪⎩
χ(ℰ(−h)) = 0,
χ(ℰ) = 2− 2k,
χ(ℰ(−hi)) = −k.

(7.3)
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From the first two equations we obtain χ
(︁𝒪S(1,1)(L)⊗𝒪F (−2h)

)︁
= χ

(︁𝒪S(1,1)(L)⊗𝒪F (−h)
)︁
+2k−2. Recall 

that for a line bundle 𝒪S(1,1)(D) the Riemann–Roch formula yields

χ
(︁𝒪S(1,1)(D)

)︁
= 1 + 1

2D
(︁
D −KS(1,1)

)︁
. (7.4)

In particular, the first two equations of (7.3) give us LHS(1,1) = 8 − 2k. Let us denote Di, i = 1, 2 the 
restriction of the divisor 2hi + hj on S(1,1). By Lemma 2.4, the class of Di inside Pic(S(1,1)) is given by 
Di = (3+i)l−i(e1+e2+e3); this implies that D2

i = 13 and DiHS(1,1) = 9. Consider now the last equation in 
(7.3), which implies that χ

(︁𝒪S(1,1)(L−D1)
)︁

= χ
(︁𝒪S(1,1)(L−D2)

)︁
and, by (7.4), we obtain ℒ(D2−D1) = 0. 

Denoting 𝒪S(1,1)(L) = 𝒪S(1,1)(al − b1e1 − b2e2 − b3e3), we have

{︄
LHS(1,1) = 3a− b1 − b2 − b3 = 8− 2k,
L(D2 −D1) = a− b1 − b2 − b3 = 0.

(7.5)

Thus we get a = b1 + b2 + b3 = 4 − k. Similarly, by (7.4) and χ
(︁𝒪S(1,1)(L −HS(1,1))

)︁
= 2 − 2k, we obtain 

b21 + b22 + b23 = k2 − 2k + 6. 
To summarize, 𝒪S(1,1)(L) = 𝒪S(1,1)(al − b1e1 − b2e2 − b3e3) satisfies

⎧⎪⎨
⎪⎩
a = 4− k,

b1 + b2 + b3 = 4− k,

b21 + b22 + b23 = k2 − 2k + 6,

and the divisor L := (4−k)l−2e1−e2+(k−1)e3 is the unique divisor (up to permutation on the coefficients 
of ei) which satisfies the previous conditions. □

Remark 7.5. Let Y i be the zero locus of si ∈ H0(ℰ(hi)). Consider the short exact sequences

0→ 𝒪F (−3h1)→ ℰ(−2h1)→ ℐY 1|F (−h1)→ 0, (7.6)

0→ ℐY 1|F (−h1)→ 𝒪F (−h1)→ 𝒪Y 1(−h1)→ 0.

In the proof of Proposition 5.10 we noticed that h0(𝒪Y i(−hi)) = ℓ(āi) represent the numbers of lines 
(counted with multiplicities) appearing in Y i. Taking the cohomology of the sequences (7.6) we get 
h1(ℰ(−2h1)) = h2(ℰ(−2h1)) = ℓ(ā1). However the analogs of sequences (7.6) for s2 ∈ H0(ℰ(h2))
yield h1(ℰ(−2h2)) = h2(ℰ(−2h2)) = ℓ(ā2). Serre’s duality gives us ht(ℰ(−2h2)) = h3−t(ℰ(−2h2)), thus 
ℓ(ā1) = ℓ(ā2), i.e. Y 1 and Y 2 contain the same number of lines (counted with multiplicities).

Let us make now some observations about thick structures. Notice that a reducible sextic S(1,1) with 

singular locus a reducible conic L1 ∪ L2 contains the first infinitesimal neighborhoods L(1)
i . However, we 

have the following result.

Lemma 7.6. Let Y be a complete intersection multiple structure supported on a line L and contained in an 
arbitrary surface of type S(1,1). Then Y is primitive.

Proof. Let us observe that the result is trivial when S(1,1) is smooth. Otherwise, suppose that Y is a 
complete intersection structure supported on L ∈ h2

i . Hence ℐY |F has the following resolution

0→ 𝒪F (−(a + b)hi)→ 𝒪F (−ahi)⊕𝒪F (−bhi)→ ℐY |F → 0,
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with 1 ≤ a ≤ b. Tensoring the above sequence by 𝒪F (h), we get h0(ℐY |F (h)) = 0, unless a = 1. Therefore 
Y is contained in a (smooth) surface S(2−i,i−1) and in particular is primitive. □

The previous Lemma implies that thick complete intersection structures supported on a line are excluded 
as components of zero loci of sections of special instanton bundles. In particular, we will show in Theorem 7.8
that only two kinds of curves can actually occur. First we start with the following lemma.

Lemma 7.7. Let C := Ci
at

be a rational curve of degree at + 1 in the class h2
i + ath

2
j . Let Y be a primitive 

extension of type 𝒪C on C. Then

(i) if Y is contained in an irreducible del Pezzo surface S(1,1) then at = 1, i.e. C is a conic;
(ii) if Y is contained in a reducible del Pezzo surface S(1,0) ∪ S(0,1) then at = 0, i.e. C is a line.

Proof. Let us start with point (i). Suppose that S(1,1) is irreducible and smooth. Then the only curves as 
in the statement that can be contained in S(1,1) are lines, conics and cubics. If Y is a primitive extension 
of multiplicity k over a line, we can assume that its reduced structure is the exceptional divisor e1 and 
therefore Y is in the class ke1. But the canonical divisor of such a curve would have degree

(KS(1,1) + ke1)ke1 = −(k + 1)k

which is incompatible with the conditions of Theorem 5.6, unless k = 1 since ωY should have degree −2k. 
Analogously if Y is a primitive extension of multiplicity k over a cubic, then, thanks to Lemma 2.4, its class 
is given by k(2l − e1 − e2 − e3). The canonical divisor of such a curve would have degree

(︁
KS(1,1) + k(2l − e1 − e2 − e3)

)︁
(2kl − ke1 − ke2 − ke3) = k(k − 3)

which again is incompatible with the conditions of Theorem 5.6, unless k = 1. 
We are left with the case of an irreducible S(1,1) having an A1-type singularity or an A2-type singularity and 
we work over the resolution of the singularity S′ of S(1,1). If Y is a primitive extension of multiplicity k on 
a line, its reduced structure is either the exceptional divisor f or g. In both cases ωY has degree −k(k + 1), 
which is admissible if and only if k = 1. Analogously, a primitive extension Y of multiplicity k over a cubic 
belongs to the classk(2l−e−2f−g) in the Chow ring. The canonical divisor of this curve has degree k2−3k, 
which again is always different from −2k unless k = 1. The case of an A2-type singularity is completely 
analogous.

Now we deal with point (ii). Let us start by noticing that C is a complete intersection of type hj(hi +
(at−1)hj), thus if Ci

at
is contained in a reducible del Pezzo S(1,1), then Ci

at
⊂ S(0,1) when at ≥ 1. Using the 

same argument as in Lemma 2.4, S(0,1) can be identified with the Hirzebruch surface F1 via the projection 

F
πj −→ P 2. Thus Ci

at
belongs to the linear system C0 + atf , and Y is in the class k(C0 + atf). The canonical 

divisor of this multiple curve would have degree

(︁
KS(0,1) + k(C0 + atf)

)︁
(kC0 + katf) = (2at − 1)k2 − (2at + 1)k

which again contradicts Theorem 5.6 unless k = 1. □

The previous lemma implies that the only multiple structures that can appear in the zero locus of a 
section of a special instanton bundle are

• primitive extensions on conics contained in an irreducible del Pezzo surfaces S(1,1);
• primitive extensions on lines contained in a reducible del Pezzo surfaces S(1,1) = S(1,0) ∪ S(0,1).
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In the next theorem we completely classify all the possible configurations of curves and del Pezzo surfaces 
associated to a special instanton bundle.

Theorem 7.8. Let ℰ be a special instanton bundle of charge k ≥ 2. Let Y i
ā be the zero locus of a section 

si ∈ H0(ℰ(hi)). Then, only the following cases occur:

(i) ℓ(ā) = 1 and the dependence sextic S(1,1) is irreducible, and is either smooth or has an A1-type singu
larity;

(ii) ℓ(ā) = k and the dependence sextic S(1,1) is the reducible union S(1,0) ∪ S(0,1).

Moreover, in case (i) the line contained in Y i is the pre-image of one blown-up point via πi and the conics 
in Y i

red are the strict transforms of lines passing through other (possibly double) blown-up points. In case 
(ii) the lines lie in the ruling of S(2−i,i−1).

Proof. First of all notice that it is enough to prove the assertion when Y i is reduced.
Let us first consider the reducible case (ii). Suppose i = 1, the other case being analogous by symmetry. 

We have S(1,1) = S(1,0) ∪ S(0,1). Since Y ⊂ S(1,1), each line appearing in the reduced structure of Y would 
be a fiber in S(1,0), thus it will meet any other rational curve of higher degree in S(1,0). The only available 
option is to pick one rational curve in S(0,1) which does not meet the chosen fibers of S(1,0). Notice that 
any two rational curves of degree greater than one on S(0,1) meet each other, thus we can only have one of 
such curves as a component of Y . Moreover we cannot have primitive extensions on these curves thanks to 
Lemma 7.7.

Let us deal now with case (i). We first prove that the case of an irreducible S(1,1) with an A2-type 
singularity cannot occur. Using the notation of Lemma 2.5, S contains exactly two lines, namely the images 
under τ of g and l− e− f − 2g but, since g(l− e− f − 2g) = 1, they intersect. Thus the only possibility is 
to have the disjoint union of a single line and possibly multiple conics. Each conic lies in the linear system 
|l− g|, but any element of this system has positive intersection with the two lines, therefore this case can be 
excluded. Thus S(1,1) is either smooth or has an A1 singularity. If S(1,1) is smooth, then it cannot contain 
primitive multiple lines by Lemma 7.7, hence ℓ(ā) ≤ 3. However if ℓ(ā) > 1 then Yred would contain a 
rational curve Yat

, but each of these curves meet the exceptional lines. The same argument proves the 
statement also in the case of a singular irreducible S(1,1). To finish the proof we notice that the single line 
L in Y (i) has class h2

i in A2(F ), thus projects to a point p of P 2 via πi, in particular is the pre-image of a 
blown-up point, while every conic disjoint from L projects to a line in P 2 passing through a blown-up point 
different from p. In the case of a singular irreducible S(1,1), using the notation of Lemma 2.5, we only have 
a ruling of conics l − g and each conic projects via πi to a line passing through the simple blown-up point. 
The only two lines in S(1,1) projecting to a point are the exceptional divisors f and g, but g intersects every 
conic in the ruling, thus the only option is f and the proof is concluded. □

As a direct consequence, we obtain the following existence result.

Corollary 7.9. For any k ≥ 1 there exist μ-stable, special instanton bundles of charge k.

Proof. It follows directly from Proposition 5.11 and Theorem 7.8, since we can find curves of the form Yā, 
with ā = {1, k}, contained in degree six del Pezzo surfaces. □

Since any special instanton bundle is a hi-’t Hooft bundle, it is natural to ask whether the converse also 
holds.

Lemma 7.10. For k ≥ 2 there exist h1-’t Hooft bundles which are not h2-’t Hooft.
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Proof. Thanks to Proposition 5.8, Proposition 5.11 and Remark 7.2, it is enough to construct a curve 
realising a h1-’t Hooft bundles which is not contained in any hyperplane section of F . In particular, we show 
that it is possible to construct h1-’t Hooft bundles of charge 2 which are not h2-’t Hooft. Let us consider 
the curve

Y = Y(1,1) = C1 ∪ C2

given by the disjoint union of two conics. Let us consider the short exact sequence

0→ ℐY → 𝒪F → 𝒪Y → 0

tensored by 𝒪F (h). Since h0(𝒪Y (h)) = 6, the sheaf ℐY |F (h) has at least two independent global sections. 
We show that actually h0(ℐY |F (h)) = 2. Since there exists a degree 6 del Pezzo surface S(1,1) in |𝒪F (h)|
containing Y , the two conics must lie in the same ruling |l − ei|. Suppose that both Ci are in the linear 
system |l − e1|. Consider the short exact sequence

0→ ℐS(1,1)|F → ℐY |F → ℐY |S(1,1) → 0,

and twist it by 𝒪F (h) obtaining

0→ 𝒪F → ℐY |F (h)→ 𝒪S(1,1)(l + e1 − e2 − e3)→ 0.

In particular

h0(ℐY |F (h)) = h0(𝒪F ) + h0(︁𝒪S(1,1)(l + e1 − e2 − e3)
)︁

= 2,

thus there exists a P 1 of degree six del Pezzo surfaces containing Y . Since the lines of the family h2
1 not 

intersecting Y move in an open set of a P 2, it is possible to choose L1 not lying in any S(1,1) containing Y . 
Finally the scheme Y ′ = Y ∪ L1 gives a h1-’t Hooft bundle which is not h2-’t Hooft. □

Thus not every hi-’t Hooft is a special instanton. However the case k = 1 has a unique behavior as we 
see in the next remark.

Remark 7.11. Notice that from the previous lemma we see that the union of two disjoint conics C1 ∪C2 as 
well as the union C1 ∪ L of conic with a disjoint line are contained in infinitely many del Pezzo surfaces 
S(1,1). On the other hand the disjoint union C1 ∪ · · · ∪Cn ∪L of n smooth conics and one line, for n ≥ 2, is 
in general not contained in any del Pezzo surface S(1,1) and in the case it is indeed included in S(1,1), the 
curve uniquely determines the surface S(1,1).

In the case of reducible del Pezzo surfaces, using a similar argument, one finds that two lines L1 and L2
from the same family are always contained in a smooth cubic surface S(1,0) or S(0,1). However, as soon as we 
consider three lines, then, in general, the union is not contained in any cubic surface. In case it is actually 
contained, the curves determine the cubic.

In light of Proposition 7.3, we take a step forward and conclude this section describing the vanishing locus 
of a section in H0(ℰ(h)), of a special instanton bundle ℰ , obtained by combining the elements of H0(ℰ(hi)). 
This result will be used when describing the restriction of instanton bundles to conics (see Section 9).

Proposition 7.12. Let ℰ be a special instanton bundle of charge k ≥ 2 and take the unique sections s1 ∈
H0(ℰ(h1)) and s2 ∈ H0(ℰ(h2)). Let S(1,1) ⊂ F be the sextic surface obtained as the degeneration locus of 
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the sections s1, s2. Let Γ ⊂ F be a conic and let ti ∈ H0(𝒪F (hi)) be two global sections that define Γ. Then, 
for any (α : β) ∈ P 1, with αβ ̸= 0, the vanishing locus of s̄ = αs1t2 + βs2t1 ∈ H0(ℰ(h)) is a curve Δ ⊂ F

representing the class (k + 3)h1h2 such that

• If Γ ̸⊂ S(1,1), then Δ = Γ ∪Υ, where Υ ⊂ S(1,1) and length(Γ ∩Υ) = 2.
• If Γ ⊂ S(1,1), then Δ = Γ̃∪Υ, where Γ̃ is a double structure on Γ such that Γ̃ ̸⊂ S(1, 1) and Υ ⊂ S(1,1).

In any case, given a point p ∈ S(1,1), there exists a pair (α : β) such that p lies in V (s̄).

Proof. Let Γ ⊂ F be any conic and let Δ be the zero locus of the section s̄ ∈ H0(ℰ(h)) constructed in the 
statement. If Δ had a codimension one component it would mean that Δ = Yi ∪ S(2−i,i−1), situation easily 
excluded considering the particular form of s̄. Therefore Δ is purely of codimension 2, Γ ⊂ Δ and from the 
exact triple

0→ 𝒪F → ℰ(h)→ ℐΔ|F (2h)→ 0

we see that Δ represents in the Chow ring the class (k + 3)h1h2. It is also clear that Δ ̸⊂ S(1,1) since 
otherwise h0(ℰ) ̸= 0, contradicting the definition of an instanton bundle. On the other hand, the zero locus 
of s̄|S(1,1) is a curve representing the class (k + 2)h1h2.

Consider the evaluation sequence (7.2). It induces the short exact sequence

0 −→ ℐΓ(h) −→ ℐΔ(2h) −→ ℐY 1|S(1,1)(2h1 + h2) −→ 0.

Localizing this exact sequence to any point p ̸∈ S(1,1), we see that the Δred ∩ (F \ S(1,1)) ⊂ Γ \ S(1,1).
Therefore, in case Γ ̸⊂ S(1,1), we see that Δ = Γ∪Υ, where Υ ⊂ S(1,1). Moreover, applying the adjunction 

formula we see that pa(Υ) = 0. Since the zero locus Δ of a global section of the bundle ℰ(h) should have 
pa(Δ) = 1, we can conclude that

length(Γ ∩Υ) = pa(Δ)− pa(Γ)− pa(Υ) + 1 = 2.

On the other hand, if Γ ⊂ S(1,1), from the aforementioned restrictions, we see that Δ = Γ̃ ∪Υ, where Γ̃
is a double structure on Γ such that Γ̃ ̸⊂ S(1,1) and Υ ⊂ S(1,1).

In order to prove the last claim of the statement, fix a point p ∈ S(1,1) and consider a local description of 
the section s̄ in an open neighborhood of the point. Its evaluation at the point determines the pair (α : β)
that defines the linear combination. □

8. Moduli spaces of ’t Hooft bundles

In this section we will describe the moduli spaces of ‘t Hooft bundles. We will say that a torsion free sheaf 
ℰ is an instanton sheaf if and only if it satisfies all the conditions of Definition 5.1 but the local freeness. 
The first step is the following key correspondence.

Proposition 8.1. There exists a natural one to one correspondence between

{︃
Special μ-stable instanton

bundles of charge k

}︃
↔
{︄ Curves Y satisfying the conditions in

Theorem 5.6 and a generating
section of ∧2(𝒩Y )⊗𝒪Y (−2hi)

}︄
.

Any special instanton bundle is uniquely determined by
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a) a del Pezzo surface S(1,1) of degree 6 in F without A2 singularity;
b) a choice of a pair (R, 𝒞) where:

– in the irreducible case R is a ruling of conics and 𝒞 is a line inside S(1,1);
– in the reducible case R is the ruling of lines inside S(2−i,i−1) and 𝒞 is a rational curve of degree 

ℓ(ā) + 1 inside S(i−1,2−i) not intersecting any curve in R;
c) an element ξ in the linear system |kR|;
d) a generating section of ∧2(𝒩Y )⊗𝒪Y (−2hi) where Y = ξ ∪ 𝒞.

Conversely, any such data (a), (b), (c), (d) arise from a unique special instanton bundle.

Proof. The correspondence itself is a direct consequence of Serre’s correspondence (cf. [4, Theorem 1]) and 
the results obtained in Lemma 5.9, Proposition 5.11 and Theorem 7.8. Thus, to any special instanton bundle 
we associate the zero–locus of the section si ∈ H0(ℰ(hi)), plus a generating section of ∧2(𝒩Y )⊗𝒪Y (−2hi). 
Conversely, given a curve Y as in Proposition 5.8 and a generating section of ∧2(𝒩Y )⊗𝒪Y (−2hi), we consider 
the corresponding element in Ext 1(ℐY (2hi),𝒪F ), which gives us a unique μ-stable instanton bundle (up to 
isomorphism) thanks to Proposition 5.11. □

Before dealing with the main theorems of this section, we prove the following preliminary result.

Lemma 8.2. Let S(1,1) be a smooth del Pezzo surface of degree 6 and let ξ be an element of the linear system 
|k(l − ei)| with i ∈ {1, 2, 3}, then ξ is either the disjoint union of (possibly multiple) conics or the union of 
the two special curves k(l − ei − ej) and kej for j ̸= i.

Proof. We start by observing that the linear system |kej | (and |k(l − ei − ej)|) have projective dimension 
zero and the only effective divisor in it corresponds to a non-reduced curve of degree k and arithmetic genus 
g = −k(k+1)

2 + 1. Obviously the union of these two divisors belongs to the linear system |k(l − ei)|.
To complete the proof we compute the dimension of the linear system |k(l− ei)|. On the one hand we get

h0(k(l − ei)) =
(︃
k + 2

2 

)︃
−
(︃
k + 1

2 

)︃
= k + 1.

On the other hand, considering the blowup map σ : S(1,1) → P 2, the inverse image of any line passing 
through the blown-up point σ(ei) = pi is an element of the linear system |l− ei|. The result directly follows 
by noticing that the space of k lines passing through pi has a˙ine dimension k + 1. □

We are now ready to describe the moduli spaces of these vector bundles. In the case k = 1 all instanton 
bundles are special thanks to Remark 7.11, thus we refer to [25, Theorem 1.3].

Theorem 8.3. The moduli space MIs(k) of μ-stable, special instanton bundles of charge k ≥ 2 consists of 
two irreducible, smooth components MI ′s(k) and MI ′′s (k) of dimension 7 + 2k and 4k + 4, respectively.

Proof. Thanks to Proposition 8.1 it is enough to describe the variety of moduli MIs(k) of stable instanton 
sheaves determined by conditions a), b), c) and taking in point d) a (non necessarily generating) section of 
∧2(𝒩Y ) ⊗𝒪Y (−2hi). The space MIs(k) will be an open subset of MIs(k). The variety MIs(k) is fibered 
over a variety M by

P
(︁
H0(∧2(𝒩Y )⊗𝒪F (−2hi)|Y )

)︁ ∼ = P
(︁
Ext 1(ℐY (2hi),𝒪F )

)︁ ∼ = Pk.
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Now we describe M . It is fibered over the subset of P 7 consisting of irreducible del Pezzo sextics which 
do not have an A2 singularity (see Theorem 7.8), i.e. Λ := Λsm ∪ ΛA1 ∪ Λr. Thus we have the following 
situation:

MIs(k)
Γ ↠ M

Ψ ↠ Λ

The fibers of Ψ consists of an open subset of the following spaces:

• six copies of P
(︁
H0(𝒪S(1,1)(kR)

)︁ ∼ = Pk if the dependence sextic is smooth;
• a single copy of Pk if the dependence sextic is irreducible with an A1-type singularity;
• the product Pk × P 2k if the dependence sextic is reducible.

In the smooth case, the six copies correspond to a choice of the pair (R, 𝒞) in b). In the singular irreducible 
case the fibers represent the choice of k conics in the ruling of proper transforms of lines passing through 
the single point. In the reducible case Pk × P 2k corresponds to the choice of k fibers in one cubic surface 
and a smooth, rational, complete intersection curve of degree k on the other cubic surface.

We will now prove that M has two connected components. In order to prove the connectedness of the 
two components we show that one can connect different choices in b) in Proposition 8.1 by varying the 
smooth del Pezzo surface of degree S(1,1). The fact that M = M̃ ∪ M̂ follows from Proposition 5.10 and 
Theorem 7.8, since it is not possible to deform two different choices in a) and b) starting with an irreducible 
S(1,1) and finishing with a reducible one.

Connectedness and smoothness of M̃ .
M̃ is fibered over Λsm∪ΛA1 , which is an open subset of P 7 by Lemma 3.1. Now we will explicitly show that 
it is possible to connect any two different choices of line-conic configurations that give a special instanton 
bundle, where S(1,1) can be smooth or singular for either one of the chosen configurations. Furthermore, 
we will ensure that any sheaf associated to the points of the connecting path is again a special instanton 
bundle given by a line-conic configuration with the same Chern classes. To do so, we will divide the proof 
in two steps: we will first connect any two configurations which live in a smooth del Pezzo surface and then 
we will connect two configurations that live respectively in a smooth and a singular (of type A1) irreducible 
del Pezzo surface. We use the notation introduced in Section 3.

Step 1: connecting configurations in smooth S(1,1). 
Given three non collinear points Z = {p0, p1, p2} in P 2, we can define their ideal in terms of the three lines 
that pass through any two of the points. Denoting their defining linear forms by ℓ0, ℓ1 and ℓ2 respectively, 
we have

IZ = ⟨ℓ0ℓ1, ℓ0ℓ2, ℓ1ℓ2⟩.

This ideal can be described in a determinantal way considering the 2× 2 minors of the matrix(︄
ℓ0 0 −ℓ2
0 ℓ1 ℓ2

)︄
.

Observe that, since ℓ0, ℓ1 and ℓ2 are linearly independent, we can always transform the latter matrix to the 
one described in (3.2), using linear combinations of rows and columns. 
Let us consider the curve Y = ξ∪ l given by the choices in a), b) and c) and let us push it forward to P 2 via 
π1. Since ξ is different from the union of the two special curves described in Lemma 8.2, the lemma itself 
allows us to specialise every such ξ to a primitive multiple conic C̄ of multiplicity k. 
Thus let us consider ξ to be a primitive extension of multiplicity k supported on one conic, whose image on 
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the projective plane to which we project is a line L of multiplicity k passing through one of the blown-up 
points but not through anyone of the other two. Without loss of generality, we suppose it to be p1 = V (ℓ0, ℓ2)
and L = V (ℓ0 + ℓ2) (a line that we can consider reduced). We will now describe a closed path that permutes 
the two linear forms ℓ1 and ℓ2. In particular, this path will permute the points p1 and p2 and henceforth 
move the line L to the line L′ = V (ℓ0, ℓ1), passing through p2 but not through anyone of the other two 
blown-up points. Moreover, we would like to maintain, for any point of the path, the same geometrical 
configuration we just described: three non aligned points with a line passing only through one of them.

Consider the map

g : [0, 1] −→ C

t ↦→ teπi(1−t)

which allows us to define, for t ∈ [0, 1], three linear forms

ℓ̃0,t = ℓ0,

ℓ̃1,t =
(︁
1− g(t)

)︁
ℓ1 + g(t)ℓ2,

ℓ̃2,t = g(t)ℓ1 +
(︁
1− g(t)

)︁
ℓ2.

Notice that, as wanted ℓ̃1,0 = ℓ̃2,1 = ℓ1 and ℓ̃2,0 = ℓ̃1,1 = ℓ2. 
Described as elements of the vector space H0(𝒪P2(1)) with chosen basis ℓ0, ℓ1, and ℓ2 the three new linear 
forms are represented by the matrix

At =

⎛
⎜⎝ 1 0 0

0 1− g(t) g(t)
0 g(t) 1− g(t)

⎞
⎟⎠ .

Consider its determinant

h(t) = det(At) = 1− 2teπi(1−t)

and notice that h(t) ̸= 0 for any t ∈ [0, 1]. Indeed, a direct computation shows that h(0) = 1, h(1) = −1
and h(t) ∈ C\R for any t ∈ (0, 1). This means that the linear forms ℓ̃0,t, ℓ̃1,t, ℓ̃2,t are linearly independent 
at any point of the path. 
Finally, consider the line Lt = V (ℓ̃0,t+ ℓ̃2,t). The defined line obviously contains the point p1,t = V (ℓ̃0,t, ℓ̃2,t); 
moreover, since the linear forms are independent, the line contains neither p0,t = V (ℓ̃1,t, ℓ̃2,t) nor p2,t =
V (ℓ̃0,t, ℓ̃1,t), for any t ∈ [0, 1].

To conclude, notice that the described path changes the choice of the ruling and fixes the line. By a 
completely similar argument, it is possible to connect two different choices for the line with the ruling fixed.

Step 2: connecting configurations, respectively, in a smooth and singular S(1,1).
Due to the previous description of the del Pezzo surfaces (see Theorem 7.8) and to simplify computations, 
we consider S(1,1) irreducible with an A1-type singularity. To construct it we have blown up the points 
(1 : 0 : 0) and (0 : 1 : 0) of the projective plane and a point on the exceptional divisor over (1 : 0 : 0). 
This means that, once the curve Y 1 is projected on P 2, we have k (possibly multiple) lines, representing the 
projections of the conics in Y 1 that pass through (0 : 1 : 0) but not through (1 : 0 : 0). The point (1 : 0 : 0)
is the projection of the line in Y 1. Under these assumptions, we can define the lines by

αix + βiz = 0, for i = 1, . . . , k. (8.1)

Consider a family of surfaces S(1,1) parameterized by
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(︄
x0 x1 x2

λx0 + a2,0x2 x1 + a2,1x2 0

)︄
,

with fixed a2,0, a2,1 and denoting by λ the parameter. Observe that, if λ = 0, we get the required irreducible 
singular surface, while, for any λ ̸= 0, we get a smooth del Pezzo surface constructed by blowing up the 
non-aligned points

(1 : 0 : 0), (0 : 1 : 0) and (−a2,0 : a2,1 : λ).

Varying the parameter λ slightly in order to assure that the point (−a2,0 : −a2,1 : λ) is not contained in the 
lines defined in (8.1), we get the required connecting path.

Combining the described paths, we can connect any two choices in b), thus the variety M̃ is connected. 
The dimension count follows directly from the previous description. Finally we deal with the smoothness of 
M̃ . Consider the projection map

M̃ −→ H ⊂ ℋ := Hilb(2k+1)t+k+1(F )

which projects an element of M̃ to the associated curve in ℋ. Recall that H is the open subset of ℋ of 
curves satisfying the conditions of Theorem 5.6. Since any point in H representing a curve is contained 
in at most one del Pezzo surface of degree six, thanks to Remark 7.11, M̃ projects isomorphically onto a 
component of H. The smoothness of M̃ follows from (5.13), since any point of H is a smooth point in the 
Hilbert scheme ℋ and H is an open dense subset of ℋ.

Connectedness and smoothness of M̂ . 
Consider a curve Y as in Proposition 8.1. Notice that

M̂ = {(Y, S(1,0) ∪ S(0,1)) | Y ⊂ S(1,0) ∪ S(0,1)} p−→ P 2 × P 2∨

is an incidence variety fibered over P 2×P 2∨ which parameterizes the reducible del Pezzo surfaces of degree six 
in F . The fibers of p are all isomorphic to an open subset of the product variety of P

(︁
H0(𝒪S(1,0)(kf))

)︁ ∼ = Pk

and P
(︁
H0(𝒪S(1,0)(C0 + kf))

)︁ ∼ = P 2k. All the fibers are smooth, connected and irreducible, the map p is flat 
so we finally conclude that M̂ is smooth and irreducible of dimension 3k+4. Thus the proof is complete. □

As a quite straightforward by-product of the previous results, we obtain a description of the structure of 
the moduli space of hi-’t Hooft instanton bundles which will complete this section.

Theorem 8.4. The moduli space MIi(k) of μ-stable hi-’t Hooft instanton bundles of charge k ≥ 2 is a 
smooth variety consisting of at least k irreducible components of dimension 5k+2. Moreover the total space 
MIH(k) := MI1(k) ∪MI2(k) is singular along the two smooth components of MIs(k).

Proof. As in the proof of Theorem 8.3, we will describe the moduli space MIi(k) of stable hi-’t Hooft 
instanton sheaves of charge k arising from the curves described in Theorem 5.6 by taking any (non-necessarily 
generating) section of ∧2(𝒩Y )⊗𝒪Y (−2hi). The space MIi(k) will be open inside MIi(k). First of all notice 
that as an immediate consequence of Lemma 7.10, we obtain that for any k ≥ 2 the moduli spaces MI

1(k)
and MI

2(k) are two distinct varieties intersecting along the moduli space of special instantons.
We start proving that MI

i(k) is smooth. In order to do that, notice that MI
i(k) is given by the choice of 

an element of the open subset H ⊂ ℋ := Hilb(2k+1)t+(k+1)(F ) of the Hilbert scheme of curves Y of degree 
2k + 1 and arithmetic genus pa(Y ) = −k satisfying the condition of Theorem 5.6. The smoothness of H
follows directly from (5.13). We will briefly recall the various possibilities for the reader convenience.
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Since Y is the disjoint union of multiple structures supported on smooth rational curves, we can deal 
with the normal bundle of each component separately (see (5.11) and (5.12)):

• for a line (either simple or multiple) L ⊂ F , we have 𝒩L|F ∼ = 𝒪⊕2
P1 ;

• for a smooth, rational, complete intersection curve C ⊂ F as in Proposition 4.1, we have 𝒩C|F ∼ = 
𝒪P1(1)⊕𝒪P1(2a− 1) with a ≥ 1;

• for a primitive multiple curve D with support a smooth, rational, complete intersection curve C ⊂ F

as in Proposition 4.1, 𝒩C|F ∼ = 𝒪P1 ⊕𝒪P1(2a).

In any case, h1(𝒩Y |F ) = 0. Therefore, MI
i(k) is a fibration MI

i(k) p−→ H over the smooth base H. We 
claim that it is a smooth variety. Indeed, p is a flat and surjective morphism on H and the fibers of p are 
represented by

P
(︂
H0(∧2(𝒩Y )⊗𝒪F (−2hi)|Y )

)︂ ∼ = P
(︂
Ext (ℐY (2hi),𝒪F )

)︂ ∼ = Pk,

which is smooth and irreducible, thus the same holds for MI
i(k) and MIi(k).

To prove that MIi(k) consists of at least k irreducible components, it is enough to observe that, thanks 
to the previous description, MIi(k) is irreducible when restricted to each irreducible component of H, thus 
the result follows from Proposition 5.10.

Let us denote by MIiℓ(ā)(k) the restriction of MIi(k) to the pre-image of Hℓ(ā). From Theorem 7.8, we 
deduce that MI1

ℓ(ā)(k) and MI2
ℓ(ā)(k) are disjoint if and only if ℓ(ā) ̸= 1, k and if ℓ(ā) is either 1 or k, 

MI1
ℓ(ā)(k) and MI2

ℓ(ā)(k) intersect along the smooth irreducible varieties MI ′s(k) and MI ′′s (k), thanks to 
Theorem 8.3. Finally, the assertion on the dimension of MIi(k) follows directly from the previous description 
of the moduli space as a fibration, since H has dimension 4k+2 thanks to (5.13) and each fiber has dimension 
k. □

We end this section with a remark about the case k = 2.

Remark 8.5. In the case k = 2 we have quite an interesting picture. Thanks to Theorem 8.3, the moduli 
space of special instanton bundles has two irreducible components MI ′s(2) and M ′′

s (2) of dimension 11
and 12 respectively. However, Theorem 8.4 implies that the total moduli space of ‘t Hoof bundles MIH(2)
has two irreducible components MI ′H(2) and MI ′′H(2) of dimension 12. The first one is singular along the 
loci MI ′s(2), while the second one coincides with M ′′

s (2), thus is smooth. To see that MI ′′H(2) ∼ = M ′′
s (2) it 

is enough to observe that any configuration of two lines (or a double line) and a twisted cubic is always 
contained in a reducible del Pezzo surface S = S(1,0) ∪ S(0,1). However the picture is different for k ≥ 3, 
since k generic lines are not contained in any cubic surface S(1,0), thus special instanton bundles do not 
cover any irreducible component of MIH(k).

9. The splitting type of an instanton bundle on conics

In this section we describe the behavior of ‘t Hooft bundles when restricted to conics. We start with a 
general result on the bound of the possible splitting type of an instanton bundle when restricted to a conic. 
Let us recall the monadic description of an instanton bundle.

Theorem 9.1. [25, Theorem 5.2] Let ℰ be an instanton bundle of charge k on F ⊂ P (V1)×P (V2). Then, up 
to permutation, ℰ is the cohomology of a monad

0→ 𝒪F (−h1)⊕k ⊕𝒪F (−h2)⊕k α−→ 𝒪⊕4k+2
F

β −→ 𝒪F (h1)⊕k ⊕𝒪F (h2)⊕k → 0. (9.1)
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Moreover, the monad is self-dual, i.e. it is possible to find a non-degenerate symplectic form q : W →W∨, 
with W a (4k + 2)-dimensional vector space describing the copies of the trivial bundle in the monad, such 
that β = α∨ ◦ (q ⊗ id𝒪F

). Reciprocally, any vector bundle with no global sections defined as the cohomology 
of such a monad is a charge k instanton bundle.

The previous monad can be rewritten in the following form

0 −→ 
H1 ⊗𝒪F (−h1)

⊕
H2 ⊗𝒪F (−h2)

A−→W ⊗𝒪F
AtJ −→ 

H∨
1 ⊗𝒪F (h1)
⊕

H∨
2 ⊗𝒪F (h2)

−→ 0, (9.2)

where H1, H2 and W are vector spaces of dimension k, k, and 4k+2 respectively and J is a non-degenerated 
skew-symmetric bilinear form J : W ×W → C. Recall that these vector spaces are obtained through a 
Beilinson complex constructed from the instanton bundle (see [25, Section 5] for more details).

Given a point p ∈ F , denote by A(p) the evaluation of the matrix A, representing the morphism α
of the monad, at the point p. We have a map A(p) : H1 ⊕ H2 → W whose image we will denote by 
Up := A(p)(H1 ⊕H2). Observe that, since AtJA = 0, we have Up ⊂ U◦

p where Z◦ denotes the annihilator 
of a vector subspace Z ⊂ W with respect to J . Given a point of the flag variety p ∈ F , the fiber of the 
instanton bundle ℰ at p is U◦

p /Up. Consider now the following display of the monad (9.1):

0 −→ 𝒦 −→ 𝒪⊕4k+2
F −→ 𝒪F (h1)⊕k ⊕𝒪F (h2)⊕k −→ 0

0 −→ 𝒪F (−h1)⊕k ⊕𝒪F (−h2)⊕k −→ 𝒦 −→ ℰ −→ 0.
(9.3)

Once we have fixed this notation, arguing as in [5], the monad allows us to give a bound on the splitting 
type of conics:

Theorem 9.2. Let C = ⟨p, q⟩ be the unique smooth conic defined by two non-aligned points p, q ∈ F . Then 
ℰ|C ∼ = 𝒪P1(−s)⊕𝒪P1(s) if and only if dim(U◦

p ∩ Uq) = s.

Proof. Let us restrict the display of the monad (9.3) to the conic C

0 −→ 𝒦C −→ 𝒪⊕4k+2
C −→ 𝒪C(h1)⊕k ⊕𝒪C(h2)⊕k ∼ = 𝒪P1(1)⊕2k −→ 0

0 −→ 𝒪C(−h1)⊕k ⊕𝒪C(−h2)⊕k ∼ = 𝒪P1(−1)⊕2k −→ 𝒦C −→ ℰC −→ 0
(9.4)

and we denote by AC the (4k + 2)× 2k matrix of linear polynomials on C ∼ = P 1 obtained by restricting the 
matrix A from (9.2) to C.

We observe that H0(ℰC) = H0(𝒦C). Now, the key point is the following: ℰC ∼ = 𝒪P1(−s)⊕𝒪P1(s) if and 
only if there exist at most s linearly independent global sections that vanish at a given point p ∈ P 1.

So let C = ⟨p, q⟩ be such that dim(U◦
p ∩Uq) = s. Therefore U◦

p ∩Uq = ⟨λ1, . . . , λs⟩ ⊂W ∼ = C⊕4k+2. Since 
J(Uq, λi) = 0 by construction and J(Up, λi) = 0 by hypothesis, we have J(Uy, λi) = 0 for any y ∈ C by 
linearity. In other words, At

CJλi = 0 ∈ C⊕2k so λi ∈ H0(𝒦C) for all i. Moreover, λi(q) = 0 ∈ U◦
q /Uq so we 

conclude by the previous remark. □

As a direct consequence of Theorem 9.2 we are able to obtain the following result.

Corollary 9.3. A smooth conic C = ⟨p, q⟩ induces a splitting of type 𝒪P1(−s) ⊕ 𝒪P1(s) if and only if the 
rank of the 2k × 2k matrix At(p)JA(q) is s. In particular, the splitting type of a conic is bounded by 2k.
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In what follows we describe the behavior of ‘t Hooft instanton bundles when restricted to a conic C.

Proposition 9.4. Let ℰ be a special, charge k instanton bundle. Let us consider the sections si ∈ H0(ℰ(hi)). 
Let Y i = (si)0 be their respective vanishing locus and let S(1,1) be their dependence sextic del Pezzo surface. 
Then one of the following holds

i) If C intersects Y i in r > 0 points, then ℰC ∼ = 𝒪P1(1− r)⊕𝒪P1(r − 1).
ii) If C is an irreducible component of Y i then ℰC ∼ = 𝒪P1 ⊕𝒪P1 .
iii) If C is the support of a multiple conic, of multiplicity α ≥ 2, of an irreducible component of Y i, then 
ℰC ∼ = 𝒪P1(−1)⊕𝒪P1(1).

iv) If C does not intersect Y 1 ∪ Y 2, then ℰC ∼ = 𝒪P1(−l)⊕𝒪P1(l) with l ∈ {0, 1} and for the generic conic 
C it holds that ℰC ∼ = 𝒪P1 ⊕𝒪P1 .

Moreover, i), ii) and iii) hold for any hi-’t Hooft instanton.

Proof. Let us consider the short exact sequence

0→ 𝒪F → ℰ(hi)→ ℐY i|F (2hi)→ 0. (9.5)

If C is a conic that meets Y i in a finite number of points (counted with multiplicities) p1, . . . , pr, then 
tensoring sequence (9.5) by 𝒪C returns

0→ 𝒪C → ℰC(hi)→ 𝒪C(2q −
r∑︂

i=1 
pi)⊕

r⨁︂
i=1 
𝒪pi
→ 0.

In this case ℰC(hi) splits as the direct sum 𝒪P1(2− r)⊕𝒪P1(r), thus

ℰC ∼ = 𝒪P1(1− r)⊕𝒪P1(r − 1).

Suppose now that C is the reduced structure of a connected component C̃ of Y i and consider the curve 
Δ := Y i \ C̃. Thus we have the following short exact sequence

0→ ℐY i → ℐC̃ → 𝒪Δ → 0.

Since Δ and C̃ are disjoint, restricting the above short exact sequence to C yields

ℐC̃ ⊗𝒪C
∼ = ℐY i ⊗𝒪C .

Thanks to Theorem 5.6, C̃ is a primitive extension of C and its ideal can be described as in equality (4.8). 
In particular ℐC̃ ⊗𝒪C is the relative conormal bundle of C̃, which is isomorphic to 𝒪P1 ⊕𝒪P1(−2). Thus, 
restricting sequence (9.5) to C, we deduce ℰC ∼ = 𝒪P1(−1)⊕𝒪P1(1) if C is the reduced structure of a multiple 
conic of Y i. If C is a simple conic of Y i then an analogous argument yields ℰC ∼ = 𝒪⊕2

P1 since the conormal 
bundle of C is 𝒪P1(−1)⊕2.

It remains to consider the case when Y 1 ∪ Y 2 and C are disjoint. Firstly, using the same argument as 
in item i), we see that the splitting type is bounded by one. In order to see that we have trivial splitting 
type for the generic conic C, let us consider a generic conic C ′ ⊂ F . Let ti ∈ H0(𝒪F (hi)) be two global 
sections that define C ′. C ′ will intersect S(1,1) in a couple of points {p1, p2}. Now consider a general section 
s = αt2s1 + βt1s2 as it was constructed in Proposition 7.12, Δ := (s)0 and the curve Υ ⊂ S(1,1) defined as 
the zero locus of s|S(1,1) . Let us observe that (ti)0 ∩ Y i is always contained in Υ. Now if we consider two 
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generic points p, q ∈ Υ \ ((t1)0 ∩ (t2)0), the unique conic C passing through p, q will satisfy C ∩Υ = {p, q}
and C ∩ C ′ = ∅. Therefore length(C ∩Δ) = 2 and the restriction of the exact triple

0→ 𝒪F → ℰ(h)→ ℐΔ|F (2h)→ 0

to C shows that ℰC ∼ = 𝒪C ⊕𝒪C . □

Remark 9.5. The maximal splitting type of a special instanton bundle of charge k on a conic is 2k − 1. 
Consider the special instanton constructed from a reduced curve Yā with ℓ(ā) = k. Thanks to Theorem 7.8
the dependence sextic is the union S(1,0) ∪S(0,1) of two cubic surfaces. Consider the conic C realized as the 
complete intersection of these cubics. Using Lemma 2.4 we see that the class of C is C0 +f inside both cubic 
surfaces. By computing the intersection number of C and Yā we obtain 2k points, thus the result follows 
from Proposition 9.4.
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