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Distributed Finite-Time Cooperative Localization
for Three-Dimensional Sensor Networks

Jinze Wu, Lorenzo Zino, Senior Member, IEEE, Zhiyun Lin, Fellow, IEEE, and Alessandro Rizzo, Senior
Member, IEEE

Abstract—This paper addresses the distributed localization
problem for a network of sensors placed in a three-dimensional
space, in which sensors are able to perform range measurements,
i.e., measure the relative distance between them, and exchange
information on a network structure. While most existing studies
primarily develop localization algorithms under the assumption
that the entire sensor network is localizable, the problem of
determining whether a sensor is localizable has received lim-
ited attention. However, neglecting this preliminary step can
significantly hamper the accuracy of localization algorithms due
to error propagation from unlocalizable sensors in iterative
localization procedures. To address this research gap, we focus
on two key challenges: i) deriving rigorous theoretical results
and developing algorithms to verify sensor localizability, and ii)
designing an efficient distributed localization algorithm that uti-
lizes these localizability results. Specifically, we start by deriving
a necessary and sufficient condition for sensor localizability using
barycentric coordinates. Then, building on this theoretical result,
we design a distributed localizability verification algorithm, in
which we propose and employ a novel distributed finite-time
algorithm for sum consensus. Finally, we develop a distributed
localization algorithm based on conjugate gradient method and
derive theoretical guarantees on its performance, ensuring finite-
time convergence. The efficiency of our algorithm compared to
the existing ones from the literature and its capability to handle
scenarios with moderate levels of noise in the measurements are
further demonstrated through numerical simulations.

Index Terms—Distributed localization, sensor network, node
localizability, conjugate gradient.

I. INTRODUCTION

LOCALIZATION has become a critical issue as the posi-
tion information of a set of agents plays an increasingly

important role in multiple applications, such as target search-
ing, environmental monitoring, navigation, and formation con-
trol [1]–[7]. The most common method to obtain position
information is to equip all agents with GPS, a satellite-based
global positioning system that provides the coordinates of

J. Wu, L. Zino, and A. Rizzo are with the Department of Electronics
and Telecommunications, Politecnico di Torino, Turin, Italy. Emails:
{jinze.wu,lorenzo.zino,alessandro.rizzo}@polito.it.
J. Wu and Z. Lin are with Guangdong Provincial Key Laboratory of Fully
Actuated System Control Theory and Technology, School of Automation and
Intelligent Manufacturing, Southern University of Science and Technology,
Shenzhen, China. Email: linzy@sustech.edu.cn. Z. Lin is also
with Peng Cheng Laboratory, Shenzhen, China. This work was partially
supported by National Natural Science Foundation of China, under Grant
No. 62173118; Guangdong Science and Technology Program under Grant
No. 2024B1212010002; Shenzhen Science and Technology Program under
Grant No. KQTD20221101093557010; and FAIR — Future Artificial
Intelligence Research, and received funding from the European Union
Next-GenerationEU (PIANO NAZIONALE DI RIPRESA E RESILIENZA
(PNRR) — MISSIONE 4 COMPONENTE 2, INVESTIMENTO 1.3 – D.D.
1555 11/10/2022, PE00000013). Corresponding authors: Z. Lin and A. Rizzo.

receivers [8]. However, GPS has some drawbacks in terms of
coverage and power consumption [9]. More specifically, it may
not work properly in environments with obstructions between
the GPS satellites and the receivers, e.g., interior buildings
and areas with dense vegetation or mountains. Furthermore, a
scenario in which all agents are equipped with GPS consumes
more energy than one with only a few of them equipped
with GPS. Thus, cooperative localization based on terrestrial
techniques such as cellular, WiFi, and ultra-wideband has
come to the fore [10]–[14].

The objective of cooperative localization is to determine the
Euclidean coordinates of all agents given the Euclidean coor-
dinates of a (small) subset of reference agents, and assuming
that the rest of the agents are able to make local measurements
(e.g., the relative distance, bearing, or angle between them)
and exchange information over a network. For this reason, in
the rest of this paper we will refer to the set of agents as a
sensor network. Given the importance of this problem, several
approaches have been proposed in the literature.

Since the essence of the cooperative localization problem
is nonlinear (being the relationship between Euclidean co-
ordinates and local measurements generally nonlinear), most
authors in the literature focused on nonlinear algorithms, for-
mulating the cooperative localization problem as a constrained
nonlinear optimization problem [15]–[18]. However, these
approaches have several crucial limitations. First, solvers for
such nonlinear optimization problems typically lack theoretical
guarantees to ensure global convergence [16]. Second, as
the scale of the sensor network grows, solving nonlinear
equations results in an increased number of saddle points due
to iterations, limiting the possibility to implement them in
large-scale real-world applications [19]. Third, most of the
nonlinear localization algorithms proposed in the literature
need to be solved in a centralized fashion, yielding a more
complex and less robust architecture.

In order to address the limitations of nonlinear algorithms,
distributed linear cooperative localization algorithms have at-
tracted a lot of research interest in recent years. In particular,
different algorithms have been proposed to tackle this problem,
depending on the type of local measurements that the sensors
are able to perform, including range-based [20]–[24], bearing-
based [25]–[28], relative position-based [29], [30], angle-
based [31]–[33] and mixed measurements-based [34], [35]
methods.

A common technique to represent space in these efforts is
the use of barycentric coordinates [36] –a coordinate system
in which the location of a point is specified with reference
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to other points. Barycentric coordinate systems have emerged
as one of the most effective tools to obtain the prerequisites
for addressing the cooperative localization problem in a dis-
tributed and linear manner. The authors in [20] proposed a
distributed localization algorithm based on barycentric coor-
dinates that uses range-based measurements (i.e., in which
it is assumed that sensors can measure the relative distance
between them). This algorithm is implemented by expressing
the positions of the sensors as a pseudo linear system with all
nonlinearities hidden in range measurements and relies on the
assumption that each sensor requires to lie inside the convex
hull of its neighbors. To drop this assumption, [22] intro-
duced a generalized barycentric coordinates approach, deriving
barycentric coordinates by linking distance measurements with
coordinate signs. However, unlike [20], this formulation may
result in unstable eigenvalues, complicating distributed and
iterative computations. To overcome this issue, they developed
a novel localization algorithm in a two-dimensional space.
Building on this approach, [23] presented a more robust
localization algorithm in a two-dimensional space, adopting
the idea of the congruent framework. Such approach was
successfully extended to a three-dimensional space in [24].
Besides range-based measurements, barycentric coordinates
were also employed to solve localization problems in other
scenarios, with bearing [26], [28], relative position [30], an-
gle [31] and mixed [34] measurements. Moreover, the angle-
based localization algorithms proposed in [32], [33] can be
converted into barycentric coordinates for solution as well.

In addition to designing localization algorithms, a problem
of paramount importance is to determine which sensors are
localizable, given the specific characteristics of the sensor
network setup (i.e., topology of the sensing and communi-
cation channel, and type of measurement that sensor can per-
form) [37], [38]. Most of the aforementioned works have fo-
cused on proposing localization algorithms under the assump-
tion that all sensors can be localized in the sensor network. In
other words, these works solely address network localizability
without delving into the localizability of individual sensors.
However, neglecting whether a sensor is localizable or not
can lead to considerable errors in the localization process of
all sensors. Not only do unlocalizable sensors fail to estimate
their correct positions, but the locations of the localizable
sensors will also be estimated inaccurately or to completely
incorrect positions due to the iterative propagation of wrong
positions from unlocalizable sensors. Therefore, it is crucial to
identify all localizable and unlocalizable sensors and filter out
the unlocalizable sensors before implementing a distributed
localization algorithm. Accurate identification of localizable
sensors is a key step to ensure the reliability and precision of
the localization process in a sensor network.

In this paper, we address the cooperative localization prob-
lem, without making any a priori assumption on localizability.
Specifically, we deal with the sensor localizability and the
range-based localization problem for sensor networks in a
three-dimensional space. The key contribution of this work lies
in the integration of the localizability verification process and
the localization process: without the localizability verification
process, the localization results may be misled by unlocaliz-

able sensors, which hampers the correct application of any
localization method. In this context, the main contribution
of this paper is threefold. First, we prove a necessary and
sufficient condition for sensor localizability for the range-
based localization problem in a three-dimensional space us-
ing barycentric coordinates, and then propose a distributed
verification algorithm to distinguish between localizable and
unlocalizable sensors in the sensor network. It is worth
mentioning that these tools can be readily generalized to
various barycentric-coordinate localization problems, estab-
lishing them as a universal sensor localizability verification
approach, which may be implemented to lift the restrictions of
other localization algorithms in the presence of unlocalizable
sensors. Second, we develop a distributed conjugate gradient
localization algorithm to efficiently solve the localization
problem for the sensor network in finite time. Its finite-
time convergence is proved theoretically, and then validated
in numerical simulations. Third, in the development of our
algorithms, we propose a novel distributed algorithm, which
is able to achieve sum consensus among all sensors in the
network in finite time. Such algorithm, which is used in
our localization process, is a distributed consensus algorithm
that considers the tradeoff between memory size and iteration
steps, and can be directly employed in other application fields.

The rest of the paper is organized as follows. Section II
presents notation and preliminaries. In Section III, we for-
mulate the research problem. In Section IV, we propose a
distributed algorithm to address the localizability verification
problem. Section V is devoted to the distributed localization
algorithm and the proof of its finite-time convergence. Nu-
merical simulations are presented in Section VI. Section VII
concludes the paper and outlines future research directions.

II. NOTATION AND PRELIMINARIES

A. Notation

We use uppercase letters for matrices, bold lowercase letters
for vectors, and lowercase letters for scalars. With x ∈ Rn we
refer to a column vector, and we use the transpose operator
(x⊤) to denote row vectors. Let Rn be the n-dimensional real
coordinate space. In denotes the identity matrix of order n×n,
while 1n denotes the n-dimensional vector with all entries
equal to 1 and ei denotes a vector whose ith entry is 1 and all
other entries are 0. The notation | · | denotes the absolute value
of a constant, the cardinality of a set, or the determinant of
a matrix, depending on the context. The symbol ∥ · ∥ denotes
the 2-norm and ⊗ denotes the Kronecker product. Moreover,
the symbol ⌈x⌉ refers to the smallest integer that is larger
than or equal to a real number x. Finally, let diag(·) denote
the diagonal matrix. Given a matrix A ∈ Rn×m, rank(A) and
ker(A) are its rank and kernel, respectively.

B. Graph Theory

An undirected graph G = (V, E) consists of a nonempty
set V , whose elements are called nodes or vertices, and a set
of unordered pairs of nodes E ⊆ V × V , whose elements
are called edges. For a node i, we define its neighbor set as
Ni := {j ∈ V : (i, j) ∈ E}. Clearly, if i ∈ Nj then j ∈ Ni. A



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 3

path of length ℓ from i ∈ V to j ∈ V is a sequence of ℓ edges
of the form (i, v1), (v1, v2), . . . , (vℓ−1, j). A graph is said to be
connected if there is a path between every pair of vertices. The
diameter of a connected graph, denoted by δ, is the maximum
among all the lengths of the shortest path between any pair of
vertices of the graph. A subset of d vertices such that each and
every pair of them are connected through an edge is said to
be a clique of order d. Here, we shall refer to cliques of order
4 as tetrahedrons and use the notation ijkl for a tetrahedron
with vertices i, j, k, l ∈ V . Note that a clique of order 5 is
formed by 5 tetrahedrons.

Given a set of n nodes positioned in the Euclidean
space R3, we define their configuration as the vector p =
[p⊤

1 , · · · ,p⊤
n ]

⊤ ∈ R3n, where the entry pi ∈ R3 is the position
of node i in the three-dimensional Euclidean space. A config-
uration p = [p⊤

1 , · · · ,p⊤
n ]

⊤ ∈ R3n is said to be generic if the
coordinates p1, · · · ,pn do not satisfy any nonzero polynomial
equation with integer coefficients or equivalently algebraic
coefficients [39]. In other words, a generic configuration has
no degeneracy, that is, no three points staying on the same
line, no three lines go through the same point, no four points
staying on the same plane, etc.

A framework F = (G,p) in the Euclidean space R3 is
formed by a graph G = (V, E) and a configuration p ∈ R3n.
Two frameworks with the same graph (G,p) and (G,q) are
said to be congruent (denoted by (G,p) ≡ (G,q)) if and only
if (iff) ∥pi − pj∥ = ∥qi − qj∥ holds for all pairs i, j ∈ V . In
other words, all nodes of two congruent frameworks maintain
the same distances between pairs. It is easy to check that the
property of being congruent is an equivalence relation. It is
important to notice that such an equivalence relation preserves
volumes in the space.

C. Barycentric Coordinates

The barycentric coordinates were introduced by A. F.
Möbius in 1827 as mass points to define a coordinate-free
geometry [36]. In fact, barycentric coordinates characterize
the relative position of a node with respect to other nodes.
Specifically, given five nodes i, j, k, l, and h with their Eu-
clidean coordinates pi,pj,pk,pl,ph ∈ R3, the barycentric
coordinates of node i with respect to nodes j, k, l, and h
are equal to the quadruple {aij , aik, ail, aih}, solution of the
following system of equations:{

pi = aijpj + aikpk + ailpl + aihph,

aij + aik + ail + aih = 1.
(1)

In other words, using the barycentric coordinates, we represent
the position of a point in a three-dimensional space as a
combination of the positions of four other points in the space,
and we use the weights of such combination to identify
the point. Fig. 1 illustrates a graphic representation of the
barycentric coordinates.

The barycentric coordinates of node i can be calculated
using the signed volumes between corresponding tetrahe-
drons [36]. Specifically, it holds

aij =
Viklh

Vjklh
, aik =

Vjilh

Vjklh
, ail =

Vjkih

Vjklh
, aih =

Vjkli

Vjklh
, (2)

i

j

k

l

h

Fig. 1. Illustration of the barycentric coordinates of node i with respect to
nodes j, k, l, and h in a three-dimensional space.

where Viklh, Vjilh, Vjkih, Vjkli and Vjklh are the signed vol-
umes of the tetrahedrons iklh, jilh, jkih, jkli, and
jklh, respectively. The signed volume Viklh is equal in

modulus to the volume of the tetrahedron iklh, with positive
sign if nodes i, k, l, and h conform to the right hand corkscrew
rule, and negative otherwise. Given the coordinates of its four
vertices, the signed volume Viklh is equal to the following
determinant of a 4× 4 matrix:

Viklh =
1

6

∣∣∣∣ 1 1 1 1
pi pk pl ph

∣∣∣∣ . (3)

Note that, due to the volume conservation law under roto-
translation, the barycentric coordinates of a node are invariant
with respect to congruent frameworks.

III. PROBLEM SETUP AND STATEMENT

In this section, we describe the setup of the localization
problem and formulate the problem statement.

A. Problem Setup

Consider n sensors positioned in a three-dimensional Eu-
clidean space. Sensors are allowed to interact with each others
—measuring their relative distance (range measurement)—
and communicate, subject to some constraints. Specifically, we
define a sensor network that is represented by an undirected
graph G = (V, E) by associating a node of the graph with each
sensor, and edges to describe the sensing and communication
topology of the sensor network. That is, we assume that
(i, j) ∈ E iff sensors i and j can measure their relative
distance and communicate, i.e., we assume that the sensing
and communication graphs of the sensor network are the same
and that the network is connected.

The sensor network consists of a small number of sensors
with known position and a large number of sensors with
unknown position. The sensors whose position are known
(e.g., obtained through GPS or being able to self-calibrate)
are called anchor nodes. In the theoretical derivations of this
paper, we will assume that anchor nodes know their exact
positions. The rest of the sensors are called free nodes. The ob-
jective of cooperative localization is to estimate the Euclidean
coordinates in the global coordinate system of the free nodes in
a distributed fashion by exchanging information on their range
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measurements, given the absolute Euclidean coordinates of
the anchor nodes. To this aim, nodes can make measurements
of their relative distance (range measurements) and they can
communicate with their neighbors on the network.

We observe that a necessary condition for all free nodes
to be localized in a three-dimensional space using relative
measurements is that the sensor network has at least four
anchor nodes [40]. Hence, without any loss in generality,
we assume there are four anchor nodes and n − 4 free
nodes. We denote these sets as V = Vf ∪ Va, with Vf =
{1, · · · , n − 4} and Va = {n − 3, · · · , n} denoting the free
node set and the anchor node set, respectively. If the sensor
network has the edge (i, j) ∈ E , then node i can measure
the range measurement dij = ∥pi − pj∥ and exchange such
information with node j. Here, we will assume that such
measurements are exact, i.e., they are not subject to noises.
The robustness of the proposed method with respect to noise
in the measurements will be then demonstrated via numerical
simulations. Let pf = [p1

⊤, · · · ,pn−4
⊤]⊤ ∈ R3(n−4) and

pa = [pn−3
⊤, · · · ,pn

⊤]⊤ ∈ R12 denote the Euclidean
coordinate vectors of the free nodes and of the anchor nodes,
respectively. It is clear that pa is known, but the Euclidean
coordinates of free node set pf needs to be estimated.

All free nodes in the network can be characterized de-
pending on their possibility to be localized in a distributed
fashion using barycentric coordinates. Hence, we define two
different classes: localizable nodes and unlocalizable nodes.
According to [40], a node requires at least four neighbors
for localizability in a three-dimensional space. Moreover, in
order to use barycentric coordinates, a node i ∈ V should
position itself with respect to other 4 nodes. Intuitively, we
need these 5 nodes (i.e., node i and the four neighbors) to
be able to communicate in order to compute the volumes of
the 5 tetrahedrons they form and, ultimately, the barycentric
coordinates of i. Hence, node i should belong to a clique
of order 5 to be localized. As a consequence, all nodes that
do not belong to any clique of order 5 belong necessarily
to the class of unlocalizable nodes, which we term scarcely
connected nodes.

Remark 1: Node i has information on its neighbor set Ni.
Moreover, i can exchange such information with its neighbors.
Hence, for any j ∈ Ni, the neighbor set Nj can be made
available to node i via communication. Thus, by comparing
these sets, it is easy for node i to know whether it belongs to
a clique of order 5, without needing centralized information.

For the sake of simplicity, we will assume that all scarcely
connected nodes are detected a priori following Remark 1 and
removed from the network. Hence, we assume that each of
all the (remaining) n − 4 free nodes belong to at least one
clique of order 5. However, belonging to a clique of order at
least 5 is a necessary condition for localizability, but is not
sufficient. Hence, we need to determine a sufficient condition
for localizability, and then design an algorithm to classify
the free nodes depending on their localizability, before any
localization algorithm can be applied.

B. Problem Statement

In view of our problem setting, the distributed cooperative
localization problem explored in this paper is described as
follows. We consider a sensor network G with n nodes in
a three-dimensional space, in which sensors can make range
measurements and communicate with their neighbors on G.
We assume that the absolute positions of four anchor nodes
pa are known. Our objective is twofold.

Problem 1 (Localizability verification): Design a distributed
localizability test scheme to determine for which of the free
nodes it is possible to determine the absolute position.

Problem 2 (Localization algorithm): Design a localization
algorithm to estimate pi in finite time, for each free node
i ∈ Vf that is localizable.

It is worth highlighting that the two problems described
above are inherently interconnected. Specifically, the perfor-
mance and accuracy of the localization algorithm (Problem 2)
critically depend on the results obtained from the localizability
verification step (Problem 1). Without prior verification of
node localizability, the localization algorithm may mistakenly
incorporate unlocalizable nodes, causing significant estimation
errors due to error propagation during iterative computations.
Such nodes not only fail to determine their own positions
correctly, but also adversely affect the localization accuracy
of theoretically localizable nodes. Therefore, performing lo-
calizability verification prior to localization is crucial for
ensuring accurate and reliable positioning results across the
entire network.

IV. LOCALIZABILITY VERIFICATION ALGORITHM

In this section, we address Problem 1. We start by providing
a necessary and sufficient condition for node localizability.
Then, we use such condition to build an algorithm to verify
node localizability in a distributed fashion.

A. Necessary and Sufficient Node Localizability Condition

Before presenting the necessary and sufficient condition
of node localizability, we first illustrate how the problem of
estimating the Euclidean coordinates of a sensor network can
be cast as a set of linear equations that can be derived in a
distributed fashion using barycentric coordinates.

Consider a clique of order 5 formed by nodes i, j, k, l, h ∈
V , with positions pi,pj,pk,pl,ph ∈ R3 in a framework
we denote as Fp. Node i can communicate with the other
four neighbors and can get access to the range measurements
dij , dik, dil, and dih through onboard sensing or communi-
cation from its neighbors. Moreover, since communication
and sensing networks coincide, node i can also receive direct
information about measurements djk, djl, djh, dkl, dkh, and
dlh through communication with nodes j, k, l, and h. These
measurements can be utilized to construct a matrix D ∈ R5×5

with its generic entry Dxy := d2xy , that is, equal to the
square of the distance measured between nodes x and y for
x, y ∈ {i, j, k, l, h}, and we define J = I5 − 1

5151
⊤
5 . Then

we can apply the Congruent Framework Construction (CFC)
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Algorithm 1 CFC Algorithm
• Function: Q = CFC(D)
1: Compute X = − 1

2JDJ .
2: Compute singular value decomposition on X as X =

UΛV ⊤, where U = [u1,u2,u3,u4,u5] and V =
[v1,v2,v3,v4,v5] are 5 × 5 unitary matrices and Λ is
a diagonal matrix whose diagonal elements λ1 ≥ λ2 ≥
λ3 ≥ λ4 ≥ λ5 ≥ 0 are singular values.

3: Compute Λ∗ = diag(λ1, λ2, λ3) ∈ R3×3 and U∗ =
[u1,u2,u3] ∈ R5×3.

4: Compute Q = Λ
1/2
∗ U⊤

∗ .
5: return Q

algorithm summarized in the pseudocode in Algorithm 1, ob-
taining matrix Q = [qi qj qk ql qh], to construct a congruent
framework Fq for the clique.

Once a congruent framework of the clique of order 5 is
generated, we compute the volumes of the tetrahedrons in the
congruent framework using (3), and then obtain the barycentric
coordinates {aij , aik, ail, aih} of node i using (2). Ultimately,
using (1), we establish the following linear equation for the
Euclidean coordinates of the five nodes belonging to the
clique:

pi = aijpj + aikpk + ailpl + aihph, (4)

where the constants aij , aik, ail, and aih are known, and
pi,pj,pk,pl,ph are the unknown absolute Euclidean coordi-
nates of nodes i, j, k, l, and h in the global coordinate system.

It is easy to find that a node may lie in multiple cliques. For
any of them, we can establish one linear equality. Supposing
that node i lies in a total of ri cliques, we aggregate all the
equations (4) for the free nodes in matrix form as[

p1 . . .p1︸ ︷︷ ︸
r1

. . .pn−4 . . .pn−4︸ ︷︷ ︸
rn−4

]⊤
=
([
C B

]
⊗ I3

) [pf

pa

]
,

(5)
where C ∈ R(

∑n−4
i=1 ri)×(n−4) and B ∈ R(

∑n−4
i=1 ri)×4 are

two matrices that collects all the barycentric coordinates of
the vertices associated with free nodes and anchor nodes,
respectively. Define

E := [e1, · · · , e1︸ ︷︷ ︸
r1

, e2, · · · , e2︸ ︷︷ ︸
r2

, · · · , en−4, · · · , en−4︸ ︷︷ ︸
rn−4

]⊤, (6)

as a
(∑n−4

i=1 ri

)
×(n− 4) matrix. Let C̄ = C⊗I3, B̄ = B⊗I3

and Ē = E ⊗ I3, we can write (5) in the following compact
matrix form (

Ē − C̄
)
pf = B̄pa. (7)

Define M = E − C and M̄ = Ē − C̄. Then (7) becomes

M̄pf = B̄pa, (8)

where M̄ ∈ R(3
∑n−4

i=1 ri)×3(n−4).
Next, given the linear equation constraints in (8), we address

the node localizability problem and present the necessary and
sufficient conditions of node localizability.

The least squares method is considered to obtain the solution
by minimizing the sum of the squares of the residuals made in

the results of each individual equation. For the equation system
(8), the least squares formula is obtained from the problem

min
pf

∥M̄pf − B̄pa∥, (9)

the solution of which can be written with the normal equation

pf =
(
M̄⊤M̄

)−1
M̄⊤B̄pa, (10)

provided
(
M̄⊤M̄

)−1
exists, which is equivalent to M̄ having

full column rank. Note that for (10), an approximate solution
is found when no exact solution exists. Moreover, (10) can be
viewed as the solution to the following linear equation system

M̄⊤M̄pf = M̄⊤B̄pa, (11)

if M̄⊤M̄ is invertible.
Remark 2: It is easy to see that pf in (11) can be uniquely

solved iff rank(M̄⊤M̄) = 3 (n− 4), which is equivalent to
rank(M̄) = 3 (n− 4) and rank(M) = n−4. Hence if the rank
of the matrix M̄ is less than 3(n−4), namely, the rank of the
matrix M is less than n − 4, there must exist unlocalizable
nodes in the sensor network.

By utilizing the definitions M̄ = M ⊗ I3 and B̄ = B ⊗ I3,
we can interpret the linear equation system (11) as three
equivalent linear equation systems: M⊤Mpφ

f = M⊤Bpφ
a ,

where the superscript φ ∈ {x, y, z} denotes the Euclidean
coordinate of φ axis. Here, pφ

f is a vector comprising the φ
axis Euclidean coordinates of all free nodes. Consequently,
the localizability test for node i can be transformed into a
more concise exploration based on the aforementioned linear
equations for φ ∈ {x, y, z}, which share the same matrix
M⊤M . This dimension reduction also leads to a reduction in
computational complexity during the verification test. There-
fore, we can conclude that a node i ∈ Vf is localizable if
it belongs to a clique of order 5 and for any xφ satisfying
M⊤Mxφ = M⊤Bpφ

a , it must hold that xφ
i = pφi , where xφ

i

and pφi are the corresponding scalars in xi = [xx
i , x

y
i , x

z
i ]

⊤

and pi = [pxi , p
y
i , p

z
i ]

⊤, respectively.
Now we are ready to establish the necessary and sufficient

conditions for localizability using the barycentric coordinates.
Theorem 1: Supposing that node i belongs to at least

one clique of order 5, then node i is localizable iff
ei⊥ker

(
M⊤M

)
, where ker(M⊤M) denotes the kernel of the

matrix M⊤M .
Proof: We start by proving sufficiency. Suppose to the

contrary that node i is not localizable, that is to say, there
exists a vector xφ that satisfies M⊤Mxφ = M⊤Bpφ

a but
does not satisfy xφ

i = pφi . Then it can be obtained that
M⊤M(xφ−pφ

f ) = 0. That is, xφ−pφ
f ∈ Ker(M⊤M) but the

ith component is nonzero. Hence, ei⊤ (xφ − pφ
f ) ̸= 0, which

contradicts to the condition ei
⊤ ⊥ ker(M⊤M).

Now, we prove necessity. If node i is localizable, then for
any vectors xφ and yφ satisfying

M⊤Mxφ = M⊤Bpφ
a , M⊤Myφ = M⊤Bpφ

a , (12)

it must hold that xφ
i = yφi , where xφ

i and yφi are the ith com-
ponents of xφ and yφ. That is to say, for any w ∈ ker(M⊤M),
the ith component of w must be zero as otherwise there must
exist two different vectors xφ and yφ satisfying (12) such that
xφ
i ̸= yφi . Therefore, ei⊥ker

(
M⊤M

)
.
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B. Distributed Verification Algorithm for Node Localizability

Building on Theorem 1, we design a distributed algorithm to
address Problem 1, determining whether a generic node in the
sensor network is localizable. In this algorithm, we compute
the eigenvalues and eigenvectors of the matrix M⊤M in a
distributed fashion, following three steps. First, we design a
subalgorithm to compute the local sum for each node based
on the barycentric coordinates only through neighbor sensing
and communication. Second, we propose a subalgorithm that
achieves sum consensus among all nodes in the sensor network
within a finite number of iterations. Third, leveraging the
aforementioned algorithms, we design our distributed verifi-
cation algorithm that solves Problem 1.

1) Local sum: Given an arbitrary matrix X with appropri-
ate dimensions, where the ith row vector or column vector
is denoted as xi, this Local Sum (LS) algorithm is designed
to compute yi, the corresponding row or column vectors
of the matrix products M⊤MX , M̄⊤M̄X , or M̄⊤B̄X , in
a distributed manner. A pseudocode for this algorithm is
reported in Subalgorithm 2.

In order to provide a clearer explanation of the algorithm,
we recall that the matrix M is structured in such a way that
each row consists of the barycentric coordinates aij of free
nodes, i.e. j ∈ Ni ∩ Vf , with the convention that aii = −1,
and the remaining elements are zeros. While matrix B only
comprises the barycentric coordinates aij of anchor nodes,
i.e. j ∈ Ni∩Va. Note that the barycentric coordinates aij can
be computed using the congruent framework by Algorithm 1.
Exploiting these structures, the computation of each row in the
matrix multiplication involving matrix M , M̄ , and B̄ can be
reformulated as a calculation of sums obtained by multiplying
each aij with the corresponding vector xi held by neighboring
nodes. This is possible due to the fact that the elements in each
row of M , M̄ , and B̄ only involve the corresponding node and
its neighbors. Hence we name this computation as Local Sum
and it can be efficiently performed by enabling communication
solely between nodes and their respective neighbors.

In this way, for each node i that has the knowledge of xi,
after obtaining xj by communicating with neighboring nodes,
the barycentric coordinates aij can be utilized to calculate
yi using the LS algorithm in Subalgorithm 2. Specifically,
each invocation of the LS Algorithm consists of two rounds
of neighbor exchanges. In the first round, each node i collects
the relevant vectors xj from its neighbors and computes the
intermediate quantities ξri . In the second round, each node i
receives arjiξ

r
j from its neighbors and finalizes the computation

of its own output yi. This finite communication structure arises
from the local structure of matrices M,M̄ , and B̄, where
each row explicitly involves only local barycentric coordinates.
Furthermore, the computation of barycentric coordinates relies
solely on local neighbor interactions, as detailed in Subsec-
tion IV-A. When all required distances are available within
the network, these coordinates can be precomputed and stored
in a distributed manner, eliminating the need for repeated
calculations. Consequently, the LS Algorithm requires just
two communication rounds and local computations, making
it highly efficient.

On the one hand, the LS algorithm will be applied multiple
times in the Distributed Localizability Verification Algorithm.
Given the (n − 4)-dimensional row vector xj held by neigh-
boring nodes of node i, it enables the local acquisition of
yi (the ith row vector of M⊤MX) through communication
with neighbors. Here, X is an arbitrary (n − 4) × (n − 4)
matrix, with xj as the jth row vector. The whole process
could be described as follows. After receiving xj through
communication with neighbors, the algorithm computes an
intermediate result, consisting of the row vectors of ξ = MX .
Then, employing another round of communication through
which nodes exchange this intermediate result, nodes are
finally able to compute the desired ith row vector of M⊤MX ,
here denoted by yi. This step is key for the distributed
verification of the relation (11), as illustrated at the end of
this section.

On the other hand, the LS Algorithm will also be used later
in this paper to pursue localization. In that application, the
input xj is a 3 × 1 column vector denoting the coordinate
estimate of node j. As a result, both ξri and yi are 3 × 1
column vectors. The LS Algorithm is then used to compute
the components of y = M̄⊤M̄X or y = M̄⊤B̄X , where
X is an arbitrary 3(n − 4) × 1 column vector consisting of
several 3 × 1 vectors as its components, with the jth 3 × 1
vector as xj. Since M̄ is composed of barycentric coordinates
of free nodes, and B̄ consists of barycentric coordinates of
anchor nodes, we can differentiate the computation of M̄X
or B̄X by selecting only free nodes or anchor nodes during
the calculation of ξ in line 2. More specifically, we compute
the components of ξ = M̄X when j ∈ {Ni ∪ i} ∩ Vf ∩ r

i

and ξ = B̄X when j ∈ {Ni ∪ i} ∩ Va ∩ r
i , which will be

specially noted when calling this subalgorithm. Note that the
superscript r indicates that node i belongs to rth clique of
order 5, more details can be found in Section IV-A.

Subalgorithm 2 LS Algorithm
• Function: yi = LS(xj, j ∈ Ni)
1: Receive xj from its neighbor j ∈ Ni.
2: Compute

...

ξri =
∑

j∈{Ni ∪ i} ∩ r
i

−arijxj

...

3: Receive arjiξ
r
j from its neighbor j ∈ Ni.

4: Compute

yi =
∑

j∈{Ni ∪ i} ∩ Vf ,∀r

−arjiξ
r
j .

5: Return yi.

2) Finite-Time K-Max-Consensus Sum: Next, we present
the Finite-Time K-Max-Consensus Sum (FKMS) Algorithm,
along with its associated function, the K-Max-Consensus
(KMC) Algorithm. These algorithms are devised to achieve
sum consensus among all nodes of the sensor network. Specif-
ically, the algorithms enable each node to obtain the sum of all
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the state of the nodes in the network in a distributed fashion
through communication. In these two algorithms, IDi and xi

denote the identifier and state value of node i, and δ denotes
the network diameter, which we assumed to be known.

Remark 3: If the diameter δ is unknown, we can calculate it
in a finite number of steps using established algorithms from
the literature [41]–[43], which only require an upper bound on
the number of nodes that can also be computed in a distributed
fashion (see, e.g., [44], [45]).

The KMC algorithm, described in the pseudocode in Sub-
algorithm 3, is utilized to obtain the K maximum state values
among all nodes in the sensor network and their corresponding
identifiers. For each node, the entire process involves contin-
uous comparison between its own K maximum state values
and those held by its neighbors, ultimately obtaining the K
maximum state values and corresponding identifiers. The key
lies in the Kmax function, which sorts all state values of the
node and its neighbors by value first and then by identifier if
there are repeated values. Following this procedure, since the
network is connected, each node in the sensor network will
finally select the same K maximum values and corresponding
identifiers. This iterative process requires δ steps, and the
resulting values are stored in a local variable for each node,
denoted by Ω̄i, i ∈ V .

Subalgorithm 3 KMC Algorithm
• Function: Ω̄i = KMC ((IDi, xi) , δ)
• Initialization:
1: Ωi(0) = {(IDi, xi)}.
• Iteration:
1: for k = 1, k ≤ δ, k ++ do
2: Receive Ωj(k − 1) from its neighbor j ∈ Ni.
3: Ωi(k) = Kmax ∪j∈{Ni ∪ i} Ωj(k − 1).
4: end for
5: Return Ω̄i = Ωi(k).

Then, the FKMS Algorithm (whose pseudocode is reported
in Subalgorithm 4) uses the KMC Algorithm to enable each
node to obtain the sum of all the state values held by all
nodes. The overall process is described in the following three
core steps of each iteration. First, each node updates its sum
value by adding the K maximum values. Second, any state
value that has already been included in the sum is assigned a
value equal to −∞. Third, the KMC Algorithm is executed to
identify the subsequent set of K maximum values. These three
steps are repeated iteratively until all state values eventually
become equal to −∞. This iterative process guarantees that
each node eventually obtains the same sum value, which is
referred to as sum consensus in this paper.

In Subalgorithm 4, xtmp
i and sumi denote the temporary

variables of state value and sum of node i, respectively. The
functions Keys(·) and Values(·) refer to the sets of identifiers
and their corresponding state values. The final consensus sum
value is denoted by ¯sum. We initialize Ω̄ = {(IDi, xi)} and
xtmp
i = xi for each node. During the iteration, on line 2 we

call the Subalgorithm 3 to get the K maximum state values and
their identifiers for δ steps; then, line 3 updates the sum value

by adding the nonnegative infinity values of the K maximum
values once. In lines 4–5, we remove the nodes that have
completed the accumulation of state values. At last, when all
values z ∈ Values

(
Ω̄
)

are −∞, the algorithm terminates and
every node obtains the consensus sum result.

Subalgorithm 4 FKMS Algorithm
• Function: ¯sum = FKMS ((IDi, xi) , δ,K)

• Initialization:
1: Ω̄ = {(IDi, xi)}.
2: xtmp

i = xi.
3: sumi = 0.
• Iteration:
1: while z ∈ Values

(
Ω̄
)
> −∞ do

2: Ω̄ = KMC
((
IDi, x

tmp
i

)
, δ
)
.

3: sumi = sumi +
∑

z∈Values(Ω̄) and z>−∞ z.

4: if IDi ∈ Keys
(
Ω̄
)

or xtmp
i = −∞ then

5: xtmp
i = −∞.

6: end if
7: end while
8: Return ¯sum = sumi.

3) Distributed Localizability Verification: Finally, we
present the Distributed Localizability Verification, whose goal
is to check the localizability of each node. In accordance
with Theorem 1, considering that eigenvectors corresponding
to eigenvalues equal to 0 reside in the kernel set of a
matrix, we address this localizability verification problem by
conducting distributed computations of the matrix eigenvalues
and eigenvectors of matrix M⊤M . Specifically, our algorithm,
whose pseudocode is reported in Algorithm 5, computes for
the eigenvalues of the matrix M⊤M and calculates the ith
component of each eigenvector at node i.

In Algorithm 5, the superscript ⊤ indicates it is a row vector
and subscript s indicates the sth component of the vector, for
example, v⊤i,s denotes the sth component of the row vector
vi

⊤. In the initialization, the initial value vi
⊤(0) of each node

is set randomly. During the iteration, in line 1 we compute
the components of U = M⊤MV using the LS Algorithm,
where matrix V = [v1, · · · ,vn−4]

⊤ denotes the estimate of
the matrix formed by the n − 4 eigenvectors of M⊤M as
columns. Then, in line 2, we use the FKMS Algorithm to
compute the n − 4 eigenvalues using the Rayleigh quotient
formula [46], [47]. This step allows each node to compute the
eigenvalues through a distributed computation process. In line
3, we obtain the consensus matrix O = U⊤U by computing
all of its elements, using again the FKMS Algorithm. Then, in
lines 4 and 5, we perform the distributed orthonormalization
of U , i.e., U⊤U = (V R)⊤(V R) = R⊤R, where V and R are
the QR factorization of U . Once the eigenvalues are deemed
converged, each node i has access to vi

⊤, which represents
the ith component of all eigenvectors of M⊤M . This infor-
mation is precisely what is needed to check the localizability
verification condition for node i from Theorem 1. For practical
applications, we set a maximum number of iterations Itermax

and we reformulate the conditions as λs(Itermax) < ε1 and
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Start

Initialize row vector vi
⊤(0)

Compute barycentric coordinates aij by Algorithm 1

Compute ui
⊤(k) by Subalgorithm 2

Compute eigenvalues λs by Subalgorithm 4

Check if λs converge

Compute O(k) by Subalgorithm 4
No

Solve R(k)

Update vi
⊤(k + 1)

Check if λs < ε1 exists

Yes

node i is localizable

No

Check if vi,s
⊤ > ε2

Yes

Yes

node i is unlocalizable

No

Fig. 2. Flow chart of the Distributed Localizability Verification Algorithm.

∣∣v⊤i,s(Itermax)
∣∣ > ε2, where ε1 > 0 and ε2 > 0 are small

threshold values. Fig. 2 reports a flow chart of the algorithm.

Algorithm 5 Distributed Localizability Verification Algorithm
• Initialization: (∀i = 1, · · · , n− 4) :
1: vi

⊤(0) = random initial (n− 4) dimensional row vector.
• Iteration: with k starting at 0 :
1: ui

⊤(k) = LS
(
vj

⊤(k), j ∈ {Ni ∪ i} ∩ Vf

)
.

2: λs(k) =
FKMS((IDi,v

⊤
i,s(k)u

⊤
i,s(k)),δ,K)

FKMS((IDi,v⊤
i,s(k)v

⊤
i,s(k)),δ,K)

,∀s = 1, · · · , n−4.

3: O(k) = FKMS
((
IDi,ui(k)ui

⊤(k)
)
, δ,K

)
.

4: Solve R(k) from R⊤(k)R(k) = O(k).
5: vi

⊤(k + 1) = ui
⊤(k)R−1(k).

6: k = k + 1.
• Localizability verification:
1: if ∃s such that λs(Itermax) < ε1 but

∣∣v⊤i,s(Itermax)
∣∣ > ε2,

then
2: node i is unlocalizable;
3: else
4: node i is localizable.
5: end if

Remark 4: We want to stress that the Distributed Local-
izability Verification Algorithm with the KMC and FKMS
Algorithms can be used not only to solve Problem 1 in this
setting, but their applicability can also be extended to all local-
ization problems employing barycentric coordinates, namely,
in two or three dimensional space with various types of
measurements. For instance, it can be adopted before running
the localization algorithms in [22]–[24] for the sensor network
with unlocalizable nodes. The key lies in modifying the LS
Algorithm according to the barycentric coordinates obtained
in the specific scenario considered. Thus, our Distributed

Localizability Verification Algorithm is a general distributed
algorithm for testing the localizability of each node in the
sensor network using barycentric coordinates.

V. FINITE-TIME LOCALIZATION ALGORITHM

Here, we develop a finite-time distributed algorithm based
on the conjugate gradient method to solve Problem 2 in finite
time, and we analytically demonstrate its performance.

A. Distributed Localization Algorithm

Using the Distributed Localizability Verification Algorithm
presented in Algorithm 5, each node is able to determine
whether it is localizable or not. Then, if node i is not
localizable, all cliques containing node i in the sensor network
are removed, as well as the corresponding linear equations.
At this stage, we define Vz as the set of nz localizable
free nodes, forming a sub-graph Gz = (Vz, Ez) with Ez :=
(i, j) ∈ E : i, j ∈ Vz . Additionally, we make the following
assumption.

Assumption 1: The sub-graph Gz = (Vz, Ez) is connected.
Let δz be the diameter of this sub-graph. Under Assumption 1,
we observe that the following inequalities naturally hold:

nz ≤ n− 4 < n, δz ≤ nz − 1 < n. (13)

The reduced set of linear equations from (11) that involve
only nodes belonging to Vz can be written as follows:

M̄⊤
z M̄zpz = M̄⊤

z B̄zpa, (14)

where the subscript z denotes the matrix or vector established
by localizable nodes and pz denotes the Euclidean coordinate
vectors of the localizable node set Vz .

Note that the matrix M̄⊤
z M̄z is symmetric and positive defi-

nite since all unlocalizable nodes are removed from the sensor
network. Therefore, we propose our distributed localization
algorithm to solve (14) by leveraging the conjugate gradient
method. In our Distributed Localization Algorithm (whose
pseudocode is reported in Algorithm 6), each node obtains
an initial value ri(0), which is equal to the ith component of

r(0)=M̄⊤
z B̄zpa−M̄⊤

z M̄zp̂z(0)=−M̄⊤
z

[
M̄z−B̄z

][p̂z(0)
pa

]
,

(15)
where p̂z(0) denotes the initial estimate of the Euclidean
coordinates of localizable nodes. During the iteration, in line
1 we use the LS Algorithm to compute qi(k) for node i,
which is the ith components of q(k) = M̄⊤

z M̄zv(k). Then,
in lines 2 and 5, we update the step sizes αi(k) and βi(k).
Note that αi(k) and βi(k) are definitely constants consistent
for all nodes, so they can be uniformly denoted as α(k) and
β(k) and computed as

α(k) =
r⊤(k)r(k)

v⊤(k)q(k)
, β(k) =

r⊤(k + 1)r(k + 1)

r⊤(k)r(k)
, (16)

in a distributed fashion by means of the FKMS Algorithm.
Meanwhile, in lines 3, 4, and 6, we update the estimate
p̂i(k) and parameters ri(k) and vi(k). Note that, the first two
quantities are updated after computing the step αi(k) since
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they require the updated values of αi(k), and before computing
the step βi(k), for which they are needed. Similarly, the latter
quantity (vi(k)) is updated at the end of the iteration, using
the updated value of the step βi(k), computed in line 5.

Algorithm 6 Distributed Localization Algorithm
• Initialization: (∀i ∈ Vz)
1: p̂i(0) = random initial 3 dimensional column vector.
2: p̂n−3(0) = pn−3, p̂n−2(0) = pn−2, p̂n−1(0) = pn−1

and p̂n(0) = pn.
3: ri(0) = −LS (p̂j(0), j ∈ {Ni ∪ i} ∩ (Vz ∪ Va)).
4: vi(0) = ri(0).
• Iteration: with k starting at 0
1: qi(k) = LS (vj(k), j ∈ {Ni ∪ i} ∩ Vz).

2: αi(k) =
FKMS((IDi,ri

⊤(k)ri(k)),δz,K)
FKMS((IDi,vi

⊤(k)qi(k)),δz,K)
.

3: p̂i(k + 1) = p̂i(k) + αi(k)vi(k).
4: ri(k + 1) = ri(k)− αi(k)qi(k).

5: βi(k) =
FKMS((IDi,ri

⊤(k+1)ri(k+1)),δz,K)
FKMS((IDi,ri⊤(k)ri(k)),δz,K)

.
6: vi(k + 1) = ri(k + 1) + βi(k)vi(k).
7: k = k + 1.

B. Finite-Time Convergence Analysis

We prove that the Distributed Localization Algorithm in
Algorithm 6 solves Problem 2, i.e., that the positions estimated
by the algorithm converge to the real positions in a finite
number of steps. The analysis consists of two parts. First, we
prove that the FKMS Algorithm can obtain the step sizes α
and β in finite time. Second, using this result, we prove finite-
time convergence of Algorithm 6.

1) Finite-time computation of the step size: We start by
proving the following lemma.

Lemma 1: Under Assumption 1, for any i ∈ Vz in the
sensor network, ¯sumi generated by the FKMS Algorithm
in Subalgorithm 4 converges to the sum of the state values
in finite time. Precisely, the algorithm takes no more than
δz
(⌈

nz

K

⌉
+ 1
)

steps to converge.
Proof: Since the sub-graph is connected by Assumption 1,

it is easy to observe that the KMC Algorithm succeeds within
δz steps during the first iteration and the K maximum initial
state values and their corresponding identifiers are obtained by
all nodes. We denote them as Ω̄ = KMC ((IDi, xi(0)) , δz).
Note that if state values are repeated, the largest identifiers
are selected. After adding the K maximum initial state values
to sumi, the algorithm sets the temporary state values xtmp

i

of all nodes whose identifier is contained in Keys
(
Ω̄
)

to
−∞, aiming to eliminate their value from subsequent KMC
computations. Similar, in the following iterations, the sets
Ω̄ = KMC

((
IDi, x

tmp
i

)
, δz
)

are computed within δz steps
each, where Values

(
Ω̄
)

are the K maximum values of the
initial state values except previous sets of K maximum values
and Keys

(
Ω̄
)

are their identifiers.
Hence, in each iteration, each node adds K maximum

initial state values to sumi. Once all initial state values have
been accumulated, we have xtmp

i = −∞ for all nodes and
Values

(
Ω̄
)
= {−∞, · · · ,−∞}. At this time, the algorithm

terminates simultaneously for all nodes. This requires a num-
ber of iterations equal to the smallest integer that is larger than
or equal to nz

K . Furthermore, an additional step is needed to
ensure that all the xtmp

i values are equal to −∞. Therefore, a
total of

⌈
nz

K

⌉
+1 steps of the main routine of Subalgorithm 4

are required. Moreover, it should be noted that every node has
the same value for sumi at each step due to the consensus
properties.

In conclusion, the KMC Algorithm requires δz steps for
each iteration and the FKMS Algorithm needs to be executed
no more than

⌈
nz

K

⌉
+ 1 times, yielding the claim.

In the light of Lemma 1, we can draw a conclusion that for
any node i ∈ Vz , the numerator and denominator of αi and
βi can be calculated simultaneously in at most δz

(⌈
nz

K

⌉
+ 1
)

steps. Therefore, the step sizes α and β can be obtained in a
finite number of steps, and the final results are shown as (16).

Remark 5: The parameter K in Subalgorithms 3 and 4
governs the tradeoff between memory consumption and it-
eration steps. Specifically, in the FKMS Algorithm, each
node must store the top K state values along with their
corresponding identifiers at each iteration, leading to a memory
usage that grows linearly with K. However, the number of
iterations required for convergence is inversely proportional
to K, implying that a larger K reduces the total iteration
count at the expense of increasing memory demand per node,
and vice versa. Hence, in practical applications, K should be
tuned based on the sensor hardware (e.g., available memory)
and the required convergence speed. Furthermore, this tradeoff
between memory and iteration steps is not exclusive to the
FKMS Algorithm but is typical of distributed algorithms [48].

2) Finite-time convergence of Algorithm 6: After ensuring
that the step size is obtained within a finite number of steps, we
show that the Distributed Localization Algorithm converges in
a finite number of iterations.

First, for all nodes i, i ∈ Vz , the discrete-time system in
Algorithm 6 can be written in the following compact matrix

p̂z(k + 1) = p̂z(k) + α(k)v(k), (17a)

r(k + 1) = r(k)− α(k)M̄⊤
z M̄zv(k), (17b)

v(k + 1) = r(k + 1) + β(k)v(k), (17c)

with step sizes

α(k) =
r⊤(k)r(k)

v⊤(k)M̄⊤
z M̄zv(k)

, (17d)

β(k) =
r⊤(k + 1)r(k + 1)

r⊤(k)r(k)
, (17e)

by substituting q(k) = M̄⊤
z M̄zv(k) into (16). In the sequel,

we denote A = M̄⊤
z M̄z .

Then, before providing the proof, we present a lemma that
demonstrates the orthogonality of the residuals and conjugacy
of the search direction, considering [49].

Lemma 2: The residuals r(0), r(1), . . . generated by
(17b) are mutually orthogonal and the direction vectors
v(0),v(1), . . . generated by (17c) are mutually conjugate with
respect to the matrix A = M̄⊤

z M̄z .
Proof: The proof is reported in Appendix A.
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Now, based on Lemma 2, we prove that the system (17)
converges in m iterations, in the sense that the estimate p̂z

coincides with the exact solution pz of the system of linear
equations (14) after a finite number of iterations.

Lemma 3: For any p̂z(0) ∈ R3nz , consider the sequence
{p̂z(k)}, k = 1, 2, . . . generated by (17). Then, there exists
a constant m ≤ 3nz such that p̂z(k) = pz, solution of the
linear equation system (14), for any k ≥ m.

Proof: Let m be the smallest integer such that the dif-
ference between p̂z(0) and the solution pz is in the subspace
spanned by v(0),v(1), · · · ,v(m − 1). Due to the fact that
A = M̄⊤

z M̄z ∈ R3nz×3nz and p̂z ∈ R3nz , the dimension
of the subspace must be less than or equal to 3nz . Hence,
m ≤ 3nz . Since the vectors v(0),v(1), · · · ,v(m − 1) are
linearly independent according to Lemma 2, we choose scalars
µ(0), · · · , µ(m− 1) such that we can write

pz = p̂z(0) + µ(0)v(0) + · · ·+ µ(m− 1)v(m− 1). (18)

Then, by substituting (18) into (15), we get

r(0) = µ(0)Av(0) + · · ·+ µ(m− 1)Av(m− 1), (19)

with b = M̄⊤
z B̄zpa. Next, using Lemma 2, we compute

v⊤(k)r(0) = v⊤(k)
(
µ(0)Av(0) + · · ·+ µ(m− 1)·

Av(m− 1)
)
= µ(k)v⊤(k)Av(k),

(20)

and then obtain

µ(k) =
v⊤(k)r(0)

v⊤(k)Av(k)
=

r⊤(k)r(k)

v⊤(k)Av(k)
. (21)

So far, we find that α(k) = µ(k), and hence that pz = p̂m,
which yields the claim.

Finally, we prove that Algorithm 6 solves Problem 2.
Theorem 2: For any p̂i(0) ∈ R3, i ∈ Vz , the estimate

p̂i(k) generated by the Distributed Localization Algorithm in
Algorithm 6 converges to the absolute position pi in finite
time. Specifically, it takes no more than 3nz

(
2δz
(⌈

nz

K

⌉
+ 1
))

iterations to converge.
Proof: According to Lemma 1, the step sizes αi and βi

can be obtained in at most δz
(⌈

nz

K

⌉
+ 1
)

iterations, Therefore,
running the iteration in Algorithm 6 once requires a total of
2δz
(⌈

nz

K

⌉
+ 1
)

iterations. Then, by applying the results of
Lemma 3, we conclude that the bound on the convergence of
Algorithm 6 is given by 3nz

(
2δz
(⌈

nz

K

⌉
+ 1
))

iterations.
Corollary 1: We can establish a conservative bound on the

number of steps needed for convergence of the Distributed
Localization Algorithm in terms of the total number of nodes
of the network n, as being less than 3n

(
2n
(⌈

n
K

⌉
+ 1
))

.
Proof: This comes directly from Theorem 2 and (13).

Remark 6: Here, we provide a theoretical bound on the num-
ber of steps in Algorithm 6. However, in practical scenarios,
due to the presence of the rounding errors, it is possible that
a few additional steps may be needed.

Remark 7: We briefly analyze the communication over-
head of the proposed distributed algorithms by considering
the number of message exchanges required at each stage.
The CFC Algorithm (Algorithm 1), which is executed only
once, involves each clique of five nodes exchanging their
pairwise squared distances to form matrix D, resulting in

a total communication complexity of O (|C5|), where |C5|
denotes the number of cliques of order 5 in Gz . For the
LS Algorithm (Subalgorithm 2), each invocation requires two
rounds of neighbor exchanges, resulting in a complexity of
O (2 |Ez|), where |Ez| is the number of the edges in the
network. The KMC Algorithm (Subalgorithm 3) executes δz
iterations, exchanging messages of size proportional to K
across edges, thus yielding a complexity of O (δz |Ez|K).
The FKMS Algorithm (Subalgorithm 4) builds on KMC and
calls it ⌈nz

K ⌉ + 1 times to achieve sum consensus, resulting
in complexity of O

(
δz |Ez|K

(
⌈nz

K ⌉+ 1
))

. Finally, each iter-
ation of the Distributed Localization Algorithm (Algorithm 6)
consists of one LS call and two FKMS calls, leading to a per-
iteration complexity of O

(
2 |Ez|+ 2δz |Ez|K

(
⌈nz

K ⌉+ 1
))

.
As the localization algorithm converges within at most 3nz

iterations, the total communication overhead is upper-bounded
by O

(
3nz

[
2 |Ez|+ 2δz |Ez|K

(
⌈nz

K ⌉+ 1
)])

, illustrating its
dependence on the network topology, size, and parameter K.

VI. SIMULATIONS

To validate our algorithms and test their effectiveness, we
present a set of numerical simulations performed on sensor
networks of different size and in the presence of noise.

A. Case Study I

In the first case study, we consider a sensor network with
n = 50 nodes consisting of four anchor nodes (selected at ran-
dom) and 46 free nodes. Each node of the network is located
in the three-dimensional space with each side of length 100m.
Inspired by practical implementations [50]–[54], we establish
that sensors can communicate and take exact measurements if
they are within a certain radius. Here, we set such a critical
radius at the value of 50m. Hence we generate the edges of the
sensing and communication topology according to this rule,
that is, (i, j) ∈ E ⇐⇒ ∥pi − pj∥ ≤ 50m.

The configuration and the sensing and communication
topology of the sensor network are shown in Fig. 3. Using
the filtering process designed in Algorithm 5, we identified
three unlocalizable nodes in the sensor network (see the red
points in Fig. 3 and the blue circles in Fig. 4), which are
excluded from the localization process.

Then, we run Algorithm 6 to estimate the positions of
the remaining 43 localizable free nodes, starting from ini-
tial estimates picked uniformly at random in the domain
100m×100m×100m. Fig. 4 illustrates the estimated positions
at the end of the iterations (in red), i.e., after 5,369 steps
(performed in approximately 18s on a 2.5 GHz 8-Core Intel
Core i7-11700 computer), compared to the real positions (in
blue). Consistent with our theoretical guarantees, the estimates
for all localizable nodes converge to their real positions. We
also illustrate a sample trajectory of coordinate estimates
for a single node in Fig. 4. The trajectory shows how the
estimate rapidly converges to the real position of the node,
demonstrating the performance of our algorithm.

Now, we perform a comparison of our distributed lo-
calization algorithm (Algorithm 6) with the state-of-the-art
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Fig. 3. Configuration and topology of the sensor network for Case Study I.
Anchor nodes are denoted in green, unlocalizable nodes (detected by Algo-
rithm 5) are in red, and localizable nodes in blue.

Fig. 4. Estimates obtained using the distributed localizability verification
algorithm and our localization algorithm (red asterisks) compared to the real
positions (blue circles) for Case Study I. The plot also depicts a sample
trajectory: the initial estimate is represented by a grey square, the estimates
at each 5 iterations by orange triangles.

algorithms proposed in the literature. Specifically, we con-
sider the Jacobi Under Relaxation Iteration algorithm (JU)
from [55], which introduces a relaxation parameter to the
Jacobi iterative estimation to enhance convergence speed, and
the Richardson Iteration algorithm (RI), a widely used al-
gorithm in the barycentric-coordinate cooperative localization
problem, as proposed in [22]–[24]. In this comparison, we
set the parameter of JU to α = 0.5. While for RI, we use
ε = 2/

(
min(λ

(
M̄⊤

z M̄z)
)
+max

(
λ(M̄⊤

z M̄z)
))

to achieve
its maximum convergence speed. Additionally, we choose
K = 5 in Subalgorithm 3 for our proposed method. It is
worth noting that all three distributed localization algorithms
are executed after excluding the unlocalizable nodes using
Algorithm 5. In Fig. 5, we report the results of our comparison.
In particular, the plot shows how the estimation error ratio
∥p̂z(k)− pz∥/∥p̂z(0)− pz∥ obtained using our Algorithm 6
(denoted as CG) compared to the same quantity computed for
the other two algorithms under the same settings (real positions
and initial estimates). From this comparison, we note that,
after a short transient, the distributed localization algorithm

Fig. 5. Evolution of the estimation error ratio using Algorithm 6 (red),
compared to JU [55] (blue) and RI algorithms [24] (green) for Case Study I.

Fig. 6. Estimates obtained using the distributed localizability verification
algorithm and our localization algorithm (red asterisks) compared to the real
positions (blue circles) for Case Study II.

proposed in this paper outperforms the other two, making a
significant enhancement in the convergence rate. Moreover, it
eventually allows to determine the locations of all nodes in a
finite number of steps as guaranteed by Theorem 2.

B. Case Study II

Then, we perform a set of simulations on a larger-scale
network to verify the scalability of our algorithms. Specifically,
we consider a scenario in which n = 1, 000 sensors are
placed in the same 100m × 100m × 100m three-dimensional
space, with their positions set at random, and edges added if
two sensors are within 20m of radius. Also in this case we
assume that sensors perform exact measurements. As shown
in Fig. 6, Algorithm 5 can successfully identify 2 unlocalizable
nodes and, then, Algorithm 6 allows to determine the absolute
positions of all the remaining 994 free nodes in finite time.

Similar to the previous case study, we compared the estima-
tion error ratio of our algorithm with the other two algorithms
from the state-of-the-art literature. The parameters for JU
and RI remain unchanged from the previous case study. For
our method, we choose K = 20 to balance computational
efficiency and memory usage. The results, reported in Fig. 7,
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Fig. 7. Evolution of the estimation error ratio using Algorithm 6 (red),
compared to JU [55] (blue) and RI algorithms [24] (green) for Case Study II.

show that as the number of nodes and network diameter
increase, the performance of Algorithm 6 scales well. In
fact, even though computational effort needed to estimate the
positions increases, we observe that the convergence steps
remain an order of magnitude smaller than the one needed
for the other two algorithms. In addition, the number of steps
can also be reduced at the cost of allocating more memory to
the solver by increasing the value of the parameter K in the
FKMS Algorithm, through the tradeoff between memory size
and iteration steps discussed at the end of Section V.

C. Case Study III

Finally, we evaluate the performance of our proposed algo-
rithms in the presence of noise by conducting a series of simu-
lations using a network configuration identical to that of Case
Study I, but assuming that range measurements are subject to
noise. Specifically, we assume that, if (i, j) ∈ E , then the range
measurement that sensor i performs is equal to dij = d̂ij+∆ij ,
where d̂ij is the exact distance between sensors i and j, and
∆ij is a Gaussian noise, with zero mean and standard deviation
of σ ≥ 0. It is important to notice that the noises ∆ij and
∆ji may not be equal, yielding dij ̸= dji. However, we can
address this discrepancy through a straightforward data pre-
processing step to ensure symmetry of range measurements
(i.e., dij = dji, if sensors i and j have the capability to sense
and communicate with each other). The simplest approach to
perform such data pre-processing involves to use a broadcast
gossip-like consensus algorithm [56], so that range measures
are averaged as d̄ij = d̄ji =

1
2 (dij + dji).

First, we consider a Gaussian noise with zero mean and
standard deviation σ = 0.01 which applies to all the range
measurements. By carrying out the simulation with Algo-
rithm 5 and Algorithm 6, the corresponding results are pre-
sented in Fig. 8. The outcome indicates that, in the presence
of noisy measurements, Algorithm 5 is still able to effectively
identify unlocalizable nodes and, for each localizable free
node, the estimated position (in red) ultimately converges in
finite-time to a point closely approximating the true location
(in blue) through Algorithm 6.

Fig. 8. Estimates obtained using the distributed localizability verification
algorithm and our localization algorithm (red asterisks) compared to the real
positions (blue circles) for Case Study III, with σ = 0.01.
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Fig. 9. Evolution of the mean estimation error using Algorithm 6 in Case
Study III, with standard deviation of the noise σ = 0.001 (red), σ = 0.01
(blue), σ = 0.1 (green), and σ = 1 (gray). Vertical bars represent the standard
deviation, computed over 100 independent runs of each scenario.

To further assess the impact of measurement noise on the
performance of our proposed algorithms, we perform a set
of simulations analyzing the temporal evolution of the mean
absolute localization error for free nodes. Specifically, at each
iteration k, the error is quantified as the mean Euclidean
distance between the estimated and actual positions of all
localizable free nodes. This analysis is performed for different
values of the standard deviation of the measurement error σ.
Due to the stochasticity of the error measurements, simulations
are performed in a Monte Carlo fashion, by averaging each
scenario of σ over 100 independent realizations of the stochas-
tic measurements. The results, reported in Fig. 9, illustrate how
our algorithm is able to deal with small-to-moderate levels
of noise in the measures yielding finite-time convergence to
a good proxy of the real locations. However, large values
of noise hampers the localization algorithm, calling for the
development of further tools to deal with these scenarios.

VII. CONCLUSION AND FUTURE RESEARCH

We studied the distributed localization problem for three-
dimensional sensor networks with range measurements. First,
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utilizing barycentric coordinates, we proposed a distributed
localizability verification algorithm to identify which nodes
are unlocalizable. Second, building on a conjugate gradient
method, we proposed an efficient distributed localization algo-
rithm, which is able to determine the location of all localizable
nodes in finite time. Third, numerical simulations were offered
to demonstrate the performance of our algorithm compared to
the state-of-the-art, as well as its robustness in the presence
of moderate noise in the range measurements.

The results presented in this paper pave the way for several
avenues of future research. First, while our algorithms are
developed in a theoretical framework, they offer fundamental
insights that can inform practical localization applications.
Potential applications include cooperative localization in GPS-
denied environments, such as autonomous robotic networks
and large-scale sensor deployments [57]–[59]. Future work
should explore the integration of our methods into such
technological systems, considering practical constraints such
as hardware limitations and communication latency.

Second, real-world localization systems often have to deal
with noisy and uncertain measurements. While our numerical
simulations suggest that the algorithm is robust to moderate
levels of noise in the measurements, performing a rigorous
study of how noise propagates from the measurements to the
estimates following, e.g., [60]–[62], is of paramount impor-
tance for assessing their applicability in real-world scenarios.
This extension involves addressing critical challenges such as
localization ambiguity arising from noisy measurements, node
localizability conditions under uncertainty, and establishing
convergence guarantees in noisy environments. Furthermore,
factors such as anchor node placement and network density
play a significant role in localization accuracy under noise.
Future research should also consider spatially varying noise
levels, as measurement uncertainty is typically non-uniform
in large-scale networks.

Third, the reliance of distributed algorithms on communi-
cation introduces significant challenges related to communica-
tion overhead and energy efficiency, particularly in resource-
constrained sensor networks. Future research should focus on
systematically evaluating and optimizing these factors to im-
prove the practicality, sustainability, and overall effectiveness
of the proposed distributed localization method in real-world
deployments.

Finally, an interesting future research direction is to improve
the performance of our algorithm, designing simultaneous
localizability verification and localization. Additionally, gener-
alizing our algorithms to deal with dynamic networks, such as
tracking scenarios, is also a topic that warrants consideration.
Moreover, the methodologies presented in this paper have
broader applicability beyond the specific localization prob-
lem addressed herein. In particular, the finite-time K-Max-
Consensus Sum algorithm developed during this study can be
effectively adapted to various problems requiring finite-time
consensus computation, thereby expanding the practical utility
and theoretical significance of our contributions.

APPENDIX

A. Proof of the Lemma 2

The proof of the lemma is equivalent to prove that the
following relations hold

r⊤(g)r(f) = 0 (g ̸= f), (22a)

v⊤(g)Av(f) = 0 (g ̸= f), (22b)

v⊤(g)r(f) = 0 (g < f), v⊤(g)r(f) = r⊤(g)r(g), (22c)

r⊤(g)Av(g)=v⊤(g)Av(g), r⊤(g)Av(f)=0 (g ̸= l, g ̸=f+1),
(22d)

which could be made by induction.
First, it easy to get that the vectors r(0),v(0) and r(1)

satisfy relations (22) due to

r⊤(0)r(1) = v⊤(0)r(1) = v⊤(0) (r(0)− α(0)Av(0))

= r⊤(0)r(0)− α(0)v⊤(0)Av(0)

= r⊤(0)r(0)− r⊤(0)r(0)

v⊤(0)Av(0)

(
v⊤(0)Av(0)

)
= 0,

(23)

by (17b) and (17d).
Second, supposing that relations (22) hold for the vectors

r(0), · · · , r(k) and v(0), · · · ,v(k − 1), we prove that v(k)
satisfies relations (22). To verify that v(k) can be adjoined to
this set, it is necessary to show that

r⊤(g)v(k) = r⊤(k)r(k) (g ≤ k), (24a)

v⊤(g)Av(k) = 0 (g < k), (24b)

r⊤(k)Av(g) = v⊤(k)Av(g) (g ≤ k, g ̸= k − 1). (24c)

It can be verified that (17e) and (17c) hold for any k iff

v(k) =
(
r⊤(k)r(k)

)∑k

f=0

r(f)

r⊤(f)r(f)
. (25)

Then for formula 24, (24a) can be derived at once from (25)
and (22a) as follows

r⊤(g)v(k) = r⊤(g)
(
r⊤(k)r(k)

∑k
l=0

r(f)
r⊤(f)r(f)

)
= r⊤(g)

(
r⊤(k)r(k) r(g)

r⊤(g)r(g)

)
= r⊤(k)r(k).

(26)

To prove (24b), we use (17b) and find that

r⊤(g + 1)v(k) = (r(g)− α(g)Av(g))
⊤
v(k)

= r⊤(g)v(k)− α(g)v⊤(g)A⊤v(k),
(27)

which becomes

r⊤(k)r(k) = r⊤(k)r(k)− α(g)v⊤(g)Av(k) (28)

by (24a) when g < k, then (24b) holds since α(g) > 0. In
order to establish (24c), we use (17c) and (24b) to obtain

v⊤(k)Av(g) = (r(k) + β(k − 1)v(k − 1))
⊤
Av(g)

= r⊤(k)Av(g) + β(k − 1)v⊤(k − 1)Av(g)
= r⊤(k)Av(g),

(29)

when g ̸= k − 1, which follows that (24c) holds. Therefore,
relations (22) holds for the vectors r(0), r(1), · · · , r(k) and
v(0),v(1), · · · ,v(k).

Finally, supposing that relations (22) holds for the vectors
r(0), · · · , r(k) and v(0), · · · ,v(k − 1), we prove r(k + 1)
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satisfies relations (22). With the above results, proving that
r(k + 1) can be adjoined to this set is done by showing that

r⊤(g)r(k + 1) = 0 (g ≤ k), (30a)

v⊤(g)A⊤r(k + 1) = 0 (g < k), (30b)

v⊤(g)r(k + 1) = 0 (g ≤ k). (30c)

By (17b), we have

r⊤(g)r(k + 1) = r⊤(g)r(k)− α(k)r⊤(g)Av(k). (31)

When g < k, the terms on the right of (31) are both 0 and
then (30a) holds. When g = k, the right member is still zero

r⊤(k)r(k)− α(k)r⊤(k)Av(k)

= r⊤(k)r(k)− r⊤(k)r(k)
v⊤(k)Av(k)

(
r⊤(k)Av(k)

)
= r⊤(k)r(k)− r⊤(k)r(k) = 0,

(32)

by (17d) and (22d). Therefore, (30a) holds. Besides, when
g < k, using (17b) again, we have

0 = r⊤(k + 1)r(g + 1) = r⊤(k + 1)r(g)−
α(g)r⊤(k + 1)Av(g) = −α(g)r⊤(k + 1)Av(g),

(33)

hence (30b) holds. The equation (30c) follows from (30a) and
the formula (25) for v(g), if g ≤ k, we have

v⊤(g)r(k+1)=

((
r⊤(g)r(g)

) g∑
f=0

r(f)

r⊤(f)r(f)

)⊤

r(k+1)=0.

(34)
Therefore, (22) hold for the vectors r(0), r(1), · · · , r(k), r(k+
1) and v(0),v(1), · · · ,v(k). ■
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