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Abstract

One of the most important issues to address in the practical implementation of permanent
dynamic Structural Health Monitoring (SHM) systems is undoubtedly that of Mode Track-
ing (MT). Indeed, the influence of environmental and random fluctuations, as well as the
uncertainty inherent in the identification algorithms themselves, especially the spill-over
effects linked to unmodeled dynamics, can make it difficult to disentangle the various
modal behaviours. This separation process, i.e the MT procedure, involves comparing
vibration mode estimates with a reference set of modal properties. Although this operation
can be straightforward for simple structures, in many practical applications of structural
engineering, when there is strong modal concentration (e.g. lattice structures) or high
geometric and mechanical complexity (e.g. monumental buildings) greater challenges
arise, which grow in the presence of sparse sensor setups (civil structures in general),
the superposition of exogenous frequency components (industrial structures, bell towers
etc.) and environmental fluctuations. This study presents an innovative MT methodology
that combines supervised classification, using advanced machine learning algorithms, with
adaptive multi-threshold calibration to overcome the limitations of current MT techniques.
The approach incorporates clustering analysis to characterize vibration modes by their
natural frequencies and mode shapes, ensuring accurate identification and rejection of
spurious data. The method was validated with a simplified numerical model and then
demonstrated on a baroque monumental structure equipped with a long-term monitoring
system. In addition to being efficient and robust compared to traditional techniques, the
proposed procedure is effective for automating the monitoring of modal parameters in
SHM systems, even in scenarios with limited sensor deployments.

Keywords Structural Health Monitoring - Long-Term monitoring - Monumental
Buildings - Sparse sensors configuration - Mode Tracking - Frequency Domain
Decomposition
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1 Introduction

Mode Tracking (MT) plays a critical role in assessing the structural integrity of essential
infrastructure, large structures, and monumental buildings (Rainieri et al. 2012; Ubertini et
al. 2016; Nicola Cavalagli and Ubertini 2018). As a key component of SHM, MT provides
valuable insights into the dynamic behaviour of structures, essential for evaluating their
condition and predicting potential failures. Vibration modes, which are sensitive indicators
of structural health, can change due to many factors, including structural damage, load-
ing conditions, and environmental variations. In particular, Environmental and Operational
Variations (EOVs) correspond to physiological phenomena that are often mistaken for signs
of damage and, in more severe cases, may even mask the presence of actual structural dam-
age, thereby compromising the effectiveness of monitoring activities (Sohn et al. 2002;
Limongelli 2019b). Numerous studies highlight the effects of EOVs on vibration-based
damage detection (Cawley 1997; Ruotolo and Surace 1997; Sohn et al. 2002; Moser and
Moaveni 2011; Ceravolo et al. 2021). During the identification phase, it is not always clear
which natural frequency corresponds to each identified vibration mode. MT addresses this
by coupling each natural frequency to its corresponding mode over time, enabling con-
tinuous monitoring and early detection of potential issues. This allows for timely inter-
ventions that can prevent catastrophic failures. MT is commonly achieved by comparing
estimated natural frequencies and their associated mode shapes with a set of reference vibra-
tion modes (Pereira et al. 2022), thus involving the comparison of new experimental data
with the baseline defined at the beginning of the process. Regarding the definition of the
set of the reference modes, it can be established from a specific experimental campaign
conducted under well-defined conditions (Dederichs and @iseth 2024) or by an identifi-
cation obtained from long-term monitoring acquisitions. An alternative approach involves
defining the baseline as statistics from clusters identified through multiple acquisitions over
time, reflecting the overall behaviour of the structure as external conditions vary. Once the
baseline is defined, the focus must then be directed towards selecting the appropriate algo-
rithm. Recently, emphasis has been placed on automating and optimizing MT algorithms,
as traditional methods often require extensive manual intervention, making the process
time-consuming and error-prone, indeed manual tracking can also lead to inconsistencies
in interpreting modal parameters. In addition, it is important to emphasize that this process
becomes increasingly complex as structures become more complex and are monitored with
fewer sensors (Gonzalez and Boroschek 2020). In the case of automated MT algorithms,
they are based on various parameters that have to be calibrated to perform tracking effec-
tively. Thus, thresholds are established to accept or exclude certain natural frequency val-
ues, which can be determined using different criteria and parameters, such as the Modal
Assurance Criterion (MAC) and frequency values (Magalhaes et al. 2009), only MAC val-
ues (Coccimiglio et al. 2023), or other (Brehm et al. 2010; Gonzalez and Boroschek 2020).
Given the importance of MT, research increasingly aims to automate and reduce reliance
on human decision-making, minimizing potential errors. Recent advancements in M T algo-
rithms focus on enhancing both robustness and adaptability, ensuring that algorithms can
track modal parameters throughout a structure lifecycle while accommodating the diverse
dynamic features of different structures. In literature, there are several studies with the aim
to define efficient and robust MT algorithms. (Dederichs and @iseth 2024) introduce a near-
automatic MT algorithm for large civil infrastructure, such as bridges, using Operational

@ Springer



Bulletin of Earthquake Engineering

Modal Analysis (OMA) data without human intervention. It has been successfully applied
to real-world structures like the Hardanger suspension bridge and Bergseysund floating
pontoon bridge. (Brehm et al. 2010) propose an Energy-based Modal Assurance Criterion
(EMAC) to improve mode assignment in Finite Element Model (FEM) updating, especially
when dealing with incomplete spatial data and noise. (Diord et al. 2017) present an auto-
mated system for detecting small structural changes in a stadium roof by tracking modal
parameters, filtering out environmental and operational effects over a four-year monitoring
period. (Yang et al. 2022) implement a fully automated MT procedure for long-span high-
speed railway bridges, identifying modal parameters under varying loads to ensure safety
and performance. (Sivori et al. 2024) present a MT approach for nine masonry buildings
within the Seismic Observatory of Structures (OSS), each equipped with a range of 11 to
30 sensors. They extend a method based on the Frequency Domain Decomposition (FDD)
technique to track the natural frequencies of the buildings over time. Their main goal is to
investigate the influence of environmental variables on natural frequencies, a topic of sig-
nificant debate in SHM (Ubertini et al. 2017). Given the high number of sensors deployed
in these buildings, the FDD technique proves particularly well-suited for natural frequency
tracking. However, this technique may become not suitable in situations where only a lim-
ited number of sensors can be deployed, such as in the case of historical or monumental
buildings, where installing numerous sensors is often not feasible. In fact, (Gonzalez and
Boroschek 2020) demonstrate in their study that while a reduced number of sensors can cap-
ture the lower modes, identifying the higher modes becomes more problematic. To address
this, they present various methods using different numbers of sensors and show that the
FDD method is ineffective when few sensors are used. (Cabboi et al. 2017) present the
effectiveness of an automated MT procedure using self-adaptable thresholds for permanent
dynamic monitoring of the San Michele iron arch bridge. Their method successfully identi-
fied and tracked modal properties over time without manual threshold adjustments.

In light of these developments, this study introduces an innovative and reliable meth-
odology for MT in complex structures monitored with sparse sensor configurations (Scus-
solini et al. 2023; Ceravolo et al. 2024). The approach integrates a scaled representation
of modal shapes with advanced clustering analysis, starting from natural frequencies and
mode shapes identified using a Stochastic Subspace Identification (SSI) algorithm. In this
process, the identified mode shapes are scaled by their associated frequencies to form a
scaled mode shapes space, which incorporates both frequency values and mode shapes,
with dimensions corresponding to the sensor setup (i.e., number of channels of acquisition).
By leveraging prior experimental knowledge of the structure, modes are clustered around
known frequency values and mode shapes, ensuring accurate mode identification and track-
ing. The methodology combines supervised classification, adaptive parameter calibration,
and outlier rejection to refine the extracted data, resulting in more accurate and robust out-
comes compared to traditional methods, which often face challenges with data coming from
sparse sensor configurations. Applied to a complex historical masonry structure monitored
by a long-term system with three accelerometers, this approach ensures efficient and reliable
tracking of natural frequencies, even with limited sensor configurations.

The paper is organized as follows: Section 2 introduces the proposed MT algorithm,
while Section 3 shows its numerical application on a simplified Multi-Degree of Freedom
(MDoF) system. In Section 4, the MT method is applied to a full-scale monitored structure,

@ Springer



Bulletin of Earthquake Engineering

and its results are compared with those obtained using the FDD method. This is followed
by the presentation of the classifier outcomes. Finally, Section 5 provides the conclusions.

2 Tracking modal parameters from permanent monitoring
2.1 Supervised classification analysis

The method here proposed for the MT of frequency time histories requires, starting from
the frequencies and mode shapes obtained through a SSI algorithm, a preliminary cluster-
ing analysis. In order to support the partitioning of the feature space, in this phase all the
identified mode shapes are pre-multiplied by their natural frequency to find a final space
representation which, being properly scaled for clustering, reveals the main direction of
motion of the mode under analysis (e.g., mainly longitudinal, or mainly transversal). Such
space can be defined as scaled mode shape space and its dimension depends on the number
of accelerometers of the designed setup configuration. Indeed, if three accelerometers are
positioned to record the dynamic response of a structure, two in Y direction (y1 and y2) and
one in X direction (z1), the final space representation will be 3-dimensional. In detail, the
identified mode shape belonging to the A" mode is given by ®;, = [dry1, Pr.z1, Pk y2)»
where ¢ y1, Ok 1, Pr,y2 are the coordinates of the identified eigenvector associated with
the y1, 1, and y2 degrees of freedom, respectively. The identified mode shape ®, is then
multiplied by the corresponding natural frequency f, resulting in the scaled mode shape
vector fr®r = [frdry1, fePrz1, fudry2]. Then, exploiting the knowledge from a previ-
ous experimental campaign developed on the analysed structure, a clustering of each class
k of vibrational modes is performed. Indeed, if the main direction of motion and a mean
value of the associated natural frequency are known, the data belonging to the k" mode are
clustered around the known natural frequency values and along the main direction of motion
in the scaled mode shapes space. Since this procedure could be affected by the user sensitiv-
ity, the values of the natural frequencies and of the mode shapes classified as the mode &
in each recorded signal are averaged between them to find at most one value of frequency,
fx, and one mode shape, ®;,, for each mode £ in each recorded signal. Then, the fj, and the
@, identified for the first recorded signal are respectively mediated with the f;, and the ®y,
of the consequent recorded signal, to obtain one value of f;, and one vector ®;, for each
couple of recorded signals. In the specific case in which a mode has been identified only in
one of the two signals, those identified values are considered as representative of the signals
couple. This procedure is applied to each mode class k. These averaged quantities are then
cleaned with an adaptive parameters calibration to remove outliers. From the cleaned data
two machine learning models are obtained for a fast classification of the future identifica-
tions. Within this work application, Support Vector Machines (SVM), according to (Cortes
and Vapnik 1995), have been chosen in the supervised classification procedure. When labels
are available, i.e. information on the ™ mode for the corresponding ®, the algorithm can
learn a relationship among them in a model development aimed at applying this knowledge
to fresh data, whose information (label) is unknown. In the context of supervised learn-
ing, a classification problem emerges when a dataset is presented, either one-dimensional
or multi-dimensional, and the objective is to assign to each data a specific label from a
predefined set of categorical classes, which are presented as discrete. For example, for a
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modal identification, they are generally represented by the number of mode class k. The
available features and corresponding labels are used to initialise the algorithm, described by
SVM. In particular, data is partitioned in a training, validation and testing dataset. Within
the model generation, training and validation datasets are exploited: the reason why this last
is employed is to be addressed at overfitting avoidance, i.e. failing at generalizing new data
due to the too tightly adaptation to the training dataset. The testing dataset is described by
unseen data, whose labels are questioned at the classification model, giving as input data
only its features, represented by fi ®j, whose k& is unknown, or it could not describe a struc-
tural mode at all (outliers). In this application, the Statistics and Machine Learning Toolbox
(MATLAB®) has been exploited with the purpose of generating two classification models:
an optimizable and a linear SVM for which the validation datasets are assumed five-fold
cross validated. Finally, to establish the performance of the algorithm used in the classifica-
tion process, the accuracy (Eq. 1), a metric constructed from the number of True Positives
(TP), False Positives (FP), True Negatives (TN) and False Negatives (FN) is defined as:

N B TP + TN 0
Ay = TP L TN 1 FP + FN

2.2 Adaptive Parameter Calibration

Existing MT approaches often fail in scenarios where modes are closely spaced in frequency
or when a limited number of sensors are available to estimate the eigenvectors (Gonzalez
and Boroschek 2020). The proposed approach overcomes this limitation by introducing an
optimization-based MT framework that systematically minimizes time bifurcations while
ensuring dense data classification. This is achieved by calibrating two thresholds for each
reference vibrational mode (or class), un-constraining the problem from the need to assign a
single threshold to the all set of reference modes and by integrating a term in the cost func-
tion that considers the potential time bifurcation in tracked time histories. This ensures that
each tracked vibrational mode remains statistically consistent over time. Figure 1 present
the flow chart of the proposed method. Once the classification phase is finished, the next
step is to proceed with the tracking of the frequency time series over time. When dealing
with MT of complex structures, where the modes can be very close to each other, using a
single parameter to define the time series may not be sufficient. In these cases, it is much
more convenient to use multiple thresholds parameters with automatic adaptive procedures.

This type of procedure is able to find the optimal values of the thresholds in order to track
the correct time history of the natural frequencies. In this study, two parameters are used,
the MAC error (earac) (Eq. 2) (Bohle and Fritzen 2003; Cabboi et al. 2017) and frequency
error (efreq) (Eq. 3)(Bohle and Fritzen 2003; Cabboi et al. 2017), defined as follows:

emac =1—MAC (2)

efreq -

3)

f’r'cf - f’
f'rcf

In Eq. 3, frey is referred to as the set of reference modes, defined as the average of the
values of each cluster; while f is the natural frequency, so the frequency error is computed
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Fig. 1 Flowchart of the proposed method of Mode Tracking

as the difference in normalized frequency. These dual thresholds define a narrow accep-
tance window around each expected natural frequency, allowing the decision boundaries
to be placed independently for each vibrational mode. Consequently, when two vibrational
modes are closely spaced in frequency, one can position one acceptance interval between its
neighbour values, separating the two classes in the feature space. Then, adopting an auto-
mated procedure each mode frequency distribution is modified; the algorithm models it as a
two-component (bimodal) Gaussian (see Section 2.) and then adjusts the two weights of the
bimodal model to eliminate any secondary peak. In practice, this means the cost function of
an optimization is driven to collapse each natural frequency histogram to a single statisti-
cal mode (one dominant Gaussian peak). As a result, each tracked natural frequency time
history converges to one continuous cluster of frequencies, ensuring that its identification
remains statistically consistent over time. The Gaussian assumption is adopted for its gen-
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erality and analytical convenience. In more detail, each mode natural frequency fluctuation
around a mean value tends to be roughly symmetric due to the effects of EOVs and observa-
tion noise, while a mixture of two Gaussians provides a simple parametric form to detect
and suppress any spurious secondary cluster.

The automatic procedure consists of a calibration of the threshold parameters for each
vibration mode and the weighting factor between ejrac and ef,¢q, based on an optimiza-
tion algorithm. The goal of the optimization algorithm is to find the optimal parameter x,
that represents a generic value of the thresholding quantities to be found for each mode
class including the weighting factor that is the same for any mode class, based on a Particle
Swarm Optimization (PSO) algorithm combined with a pattern search method (Torczon
1997). Specifically, during the optimization process, for each iteration ¢ , the algorithm iden-
tifies a local minimum, x;, corresponding to the value of the objective function J;. The
optimization algorithm has the following goals:

(I) Minimize the number of statistical modes (peak of Probability Density Function - PDF)
in the distribution of values within a vibrational mode class, i.e. the most frequent value
in a set of data into a class k.

(II) Minimize the number of missing values (i.e. unclassified data).

Regarding the first target, the algorithm is based on the concept that, within a class, during
the optimization, the vibrational modes can be distributed according to a PDF having more
statistical modes. This can happen for example when two vibrational modes are close in fre-
quency values. In such a case, a bimodal distribution would represent the frequency domain,
where each statistical mode would be associated to a specific undefined class of vibrational
mode. However, if the thresholds eas ac and e freq( and their weighting factor) are chosen
in an optimal way, the natural frequency distribution calculated over a class would converge
to a single statistical mode distribution.

2.2.1 Cost function definition

The study proposal is founded on the principle that the thresholds ey; ac and ef,.q, along
with their associated weighting factor, can be systematically optimized to either maximize
or minimize the proportion factor p within a generic bimodal distribution. In such a way,
the bimodal distribution is adopted in the optimization process to ensure the assignment of
a unique frequency value to each class. The resulting frequency histogram can be fitted to
estimate the structural natural frequency PDF with a single statistical mode. This means
that only one natural frequency will prevail over the others inside a mode class ;. Due to its
generality, the framework proposes the use of Gaussian distribution g, which can be adapted
to fit a large class of statistical distributions, provided a reasonable boundary on the approxi-
mated random variable, e.g., natural frequency. The associated bimodal Gaussian (Reynolds
2009) PDF can be written as follows:

(1 p * 92 (.f|1u230'2)

9 (flu, 0%, p2,03) = p-g1 (flua,of) +
ZE f] 4)
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where g; and go are the two components of the gaussian model, while the proportion factor
p( i.e. the weighting parameter), is bounded between 0 and 1.

Since both minimizing and maximizing p lead to an equally valid result, i.e., obtaining
a PDF with a single statistical mode, it is necessary to establish a strategy for selecting the
optimization objective. To this end, it is first crucial to define a function that expresses the
concept of class separation (Kotsiantis et al. 2007), based on the proportion p, during the
optimization iterations. On the one hand, it is known that extreme values (p=0 or p=1)
represent an optimal condition; on the other hand, a value of p=0.5 would indicate a class
containing distinct values of natural frequency (two statistical distributions with the same
weight). This suggests that the tracking of a specific mode follows a bifurcated trend over
time, i.e. a clear symptom of a failed mode tracking process. Given these three boundary
conditions for p, a relationship for y can be constructed. y is a function that serves as an error
term in the objective function, ensuring that each class contains only natural frequencies
belonging to a single statistical distribution, not necessarily Gaussian, corresponding to a
single vibration mode information. Since a parabolic function can be defined through three
points, and y represents an error term in the cost function, the following unique points can
be assigned in the — plane: (0,0), (0.5,1), and (1,0), i.e.:

y=4-(p-p*) Q)

The smaller the value of y, the more the single class of mode & will be characterized by a
natural frequency history without bifurcation in time. Keeping only the term y in the cost
function could lead to a trivial solution, where the optimal value of y is achieved for natural
frequency time histories that correspond to empty classes. To prevent this, an additional
component must be introduced to weigh the value of y based on the number of unclassi-
fied terms of the variable f'across different classes. To this end, a term w, which represents
the number of unclassified terms for a given reference mode to be tracked, normalized by
the total number of initial elements belonging to a specific class, can be introduced. Both
v and w take values between 0 and 1. The closer y is to zero, the more the frequency time
history of a reference mode will be free from bifurcations. Similarly, the closer w is to zero,
the denser the dataset will be. To ensure sensitivity to variations even when y or w assume
intermediate values the authors propose to combine the error components in their geometric
mean J}, for each class £:

i = Vwryk (0)
This approach allows for detecting variations in the cost function,

J=> J/K (7

even in cases where either w or y remains relatively small to each other. Here, K represents
the total number of classes or reference vibration modes. At this stage, the optimization
process aims to determine the optimal thresholds ey 4c and ef,.q( and their weighting fac-
tor) that minimize J. After completing the optimization procedure, the resulting time series
may exhibit residual outliers. Therefore, an Outlier Rejection (OR) process is suggested
(Tallén-Ballesteros and Riquelme 2014; Sharma et al. 2015), which involves fine-tuning the
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thresholding parameters based on the values identified by the MT algorithm. This step is
preparatory for the use of vibration frequency time histories, which can be then employed
as training and validation datasets for machine learning classifiers.

3 Validation with numerical benchmark

To verify the effectiveness of the above-proposed MT method, it was applied to a reference
MDoF chain-like system. Indeed, an application of this type represents the simplest system
in which the MT problem can arise. The reference system is characterized by 7 DoF, a
Damping ratio (¢) of 4%, a density (p) of 1200 kg/m?, and a first natural frequency (f1) of
approximately 3.05 Hz.

Four testing systems, simulating various types of real buildings, were derived from the
reference model by introducing perturbations in its modal properties. These perturbations
were applied using different PDFs. Each of these testing systems was characterized by a
distinct statistical distribution of the natural frequency, assumed to be known. However,
it appears clear that the PDFs of real systems remain unknown, as they can only be deter-
mined after the mode tracking process. By applying the proposed method to the four testing
systems, a direct comparison between the PDF estimated after the MT procedure and the
actual PDF allows for an assessment of the error associated with the proposed method. It is
important to underline that, although a bimodal Gaussian distribution is assumed for class
separation, it does not necessarily represent the actual distribution that the natural frequen-
cies will follow after MT. The Gaussian assumption is, in fact, applied solely for the purpose
of class separation. Once this step is completed, the inference of the true distribution can be
performed using appropriate techniques, which fall beyond the scope of this paper. In this
study, the distribution estimation following the MT procedure is performed using Kernel
Density Estimation (KDE) (Botev et al. 2010). The four testing systems are associated to
the following statistical distributions: Normal (Forbes et al., (2011)c), Logistic (Forbes et
al., (2011)a), Lognormal (Forbes et al., (2011)b), and Weibull (Forbes et al., (2011)d). To
compare the values of natural frequencies tracked by the MT proposed method with the
reference one, both the time series and the PDFs of natural frequencies were overlaid. The
reference testing systems represent the ground true, as they provide the real PDF (which
is typically unknown in real case studies) that should be obtained after the MT procedure.
Figure 2 contains superimposed time series and the corresponding PDFs for the first natural
frequencies of the four different testing systems. Specifically, it presents the comparison
between:

e The time series of frequencies of the MDoF system exhibiting behavior consistent with
a Normal distribution and the values estimated by the proposed MT method (Fig. 2 (a));

o The PDF of the Normal distribution and the PDF obtained through kernel fitting applied
to the values estimated by the MT process (Fig. 2 (b));

e The time series of frequencies of the MDoF system exhibiting behavior consistent with
a Logistic distribution and the values estimated by the MT method (Fig. 2 (c));

e The PDF of the Logistic distribution and the PDF obtained via kernel fitting on the MT-
estimated values (Fig. 2 (d));

e The time series of frequencies of the MDoF system following a Lognormal distribution
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Fig. 2 Superimposed time series and the corresponding PDFs for the first natural frequencies of the four

testing systems following different behaviour distributions

and the values estimated by the MT method (Fig. 2 (¢));

o The PDF of the Lognormal distribution and the PDF obtained through kernel fitting on

the MT-estimated values (Fig. 2 (f));

e The time series of frequencies of the MDOF system following a Weibull distribution and

the values estimated by the MT method (Fig. 2 (g));

e The PDF of the Weibull distribution and the PDF obtained via kernel fitting on the MT-

estimated values (Fig. 2 (h)).
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This figure serves to illustrate the effectiveness of the MT method in accurately estimating
frequency distributions for MDoF systems with varying statistical behaviours, providing
insights into the consistency of the proposed method.

Some indicators were calculated to provide a measure of the accuracy of the proposed
MT method. The following indicators were considered:

Average value of the autocorrelation coefficient (Ravg) (Ezekiel 1930);

e Deviation from the mean value (Dayg), 1.€., the average distance of the time series from
their mean value;

e Number of unclassified data (&).

The following tables show the value of these indicators estimated by the MT procedure for
each assumed testing system with the different distributions, compared to the true values
supposed to be known in this validation numerical framework.

An additional parameter is introduced to provide a comparison between the PDFs of
the testing systems and the distribution obtained via the MT proposed method. For this
purpose, the Kullback—Leibler Divergence (D) (Kullback 1951; Belov and Armstrong
2011) is considered, which represents the statistical distance between two distributions and
is defined as:

Dir(PIlQ)= Y P(x) i (®)

where P (x) denotes the PDF of the reference distributions (Pr.y), (i.e. the normal, logistic,
lognormal, and Weibull distribution), while @) () represents the PDF of the values tracked using
the proposed MT method (Py;7). Thus, in the present work, the previous equation becomes:

Dir(Pregl| Prr) = ZmezOg ©)

To obtain a reference-based value of D, and constrain this value between 0 and 1, a nor-
malized value (Dg,) was calculated using the PDF of the uniform distribution (P,yf) as
reference. Specifically, the following quantity was determined:

N Dk,
Dkr = Dias (10)

where:

L] DKL is DKL(Pref”PIVIT) asEq. 9;
e DR is the Dk, between the PDF of a uniform distribution (Py,;y) and the PDF of
the reference distribution P,.. ¢, so it is computed as:

mar = ZPreleq Tef (11)

unzf
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Fig. 3 Bar plot showing the variation of normalized Kullback-Leibler Divergence (ﬁ K1) between the
reference distributions considered and the distribution obtained using the proposed MT method

Table 1 Comparison between the true value of the Normal distribution and the data distribution obtained
from the MT proposed algorithm: Autocorrelation (R,,,), Deviation from the average (D,,,), and the number
of unclassified data (&)

Mode R, % D,y E%
True value MT True value MT True value MT
1 3.97 3.97 0 0 0 0
2 4.86 4.88 0 0 0 0.12
3 4.34 4.34 0 0 0 0
4 4.76 4.76 0 0 0 0
5 5.16 5.16 0 0 0 0
6 435 435 0 0 0 0
7 4.93 4.93 0 0 0 0

Table 2 Comparison between the true value of the Logistic distribution and the data distribution obtained
from the MT proposed algorithm: Autocorrelation (R,,,), Deviation from the average (D,,,), and the number
of unclassified data (&)

avg

Mode R, % D,y % E%
True value MT True value MT True value MT
1 435 4.35 0 0 0 0
2 4.67 4.68 0 0 0 0.12
3 4.36 436 0 0 0 0
4 4.98 4.98 0 0 0 0
5 433 433 0 0 0 0
6 5.04 5.03 0 0.0007 0 0
7 4.28 4.28 0 0 0 0.04

Figure 3 represents a bar plot and a table with the values Dy, referenced to the PDF of each
considered distribution and the PDF of the values obtained by the proposed MT method.
The data reported in (Tables 1, 2, 3 and 4) shows that the values of indicators are similar
to each other. A slight variation in D,,, is observed in the case of the proposed MT method
and, in the case of 2™ and 7" modes, the MT method registers a very limited number of
unclassified data. Regarding the R,,, values, they remain nearly unchanged. These findings

@ Springer



Bulletin of Earthquake Engineering

Table 3 Comparison between the true value of the the Lognormal distribution and the data distribution ob-
tained from the MT proposed algorithm: Autocorrelation (R,,,), Deviation from the average (D,,,), and the
number of unclassified data (&)

Mode R, % D, % E%
True value MT True value MT True value MT
1 4.87 4.87 0 0 0 0
2 4.40 442 0 0 0 0.12
3 4.22 4.22 0 0 0 0
4 4.49 4.49 0 0 0 0
5 4.86 4.86 0 0 0 0
6 4.58 4.53 0 0.0019 0 0
7 453 4.52 0 0.0014 0 0.04

Table 4 Comparison between the true value of the Weibull distribution and the data distribution obtained
from the MT proposed algorithm: Autocorrelation (R,,,), Deviation from the average (D,,,), and the number
of unclassified data (&)

avg

Mode R, % D,y % E%
True value MT True value MT True value MT
1 4.16 4.16 0 0 0 0
2 4.90 4.90 0 0 0 0.12
3 435 435 0 0 0 0
4 4.57 4.57 0 0 0 0
5 5.28 5.28 0 0 0 0
6 4.88 4.89 0 0.0005 0 0
7 4.54 4.55 0 0 0 0.04

are further corroborated by the Dyc1, values (Fig. 3), where the difference values fall within
the range of 0.1% to 0.9%, except in the case of the Weibull distribution for the 4™ mode,
where a greater discrepancy is noted between the values of the reference distribution and
those tracked by the proposed MT method. However, although higher, the value reached is
1.4%, which is still very small.

4 Application on a full-scale structure
4.1 Case study description

The Church of Santa Caterina (Fig. 4) in Casale Monferrato, built in the first half of the 18th
century, is one of the most significant examples of the Baroque in Piedmont and certainly
the most important of the 18th century sacred architecture of Casale Monferrato. It was built
by Giacomo Zanetti, based on the project by Giovanni Battista Scapitta, between 1718 and
1726. The church is part of the architectural ensemble that includes the church itself and the
choir attached to it in the part behind the presbytery (Fig. 5). The structure has a Greek cross
plan, and the central hall is covered by an elliptical dome set on an eight-segment windowed
drum. Above the dome, a lantern was created with eight windows surmounted by an ellip-
tical dome. The main fagade, facing Piazza Castello, has an overall vertical development
of approximately 19 metres, however, starting from the level of the drum shutter, which is
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Fig. 4 The Church of Santa Caterina: (a) Fagade of the Church from Piazza Castello; (b) lantern of the
Church and (c¢) internal view of the Church

Fig.5 Plan of the Church of Santa Caterina

located at 13 m, the facade continues cantilevered into the tympanum for approximately 6
metres. The drum is located at a height of 13 meters and rises approximately 7 metres; it
has an elliptical plan whose major axis is approximately 14 meters long and the minor one
approximately 10 meters. The external surface is marked by eight pilasters supporting the
dome-lantern system. The oval-shaped dome is placed on the drum and is approximately 5
meters tall. There are eight ribs that connect to the drum pilasters, the ribs are interspersed
with masonry levels. The dome is covered with a thin layer of copper plates directly fixed to
the external masonry. In Fig. 6, the geometrical survey of the church is reported.

The Church was interested by a una-tantum monitoring campaign during 2010; this
allowed to obtain the fundamental dynamic parameters of the structure. More recently, a
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(b) (©

Fig.6 Drawings from the geometrical survey of the church of Santa Caterina: (a) in-plan view, (b) longi-
tudinal section, (¢) front view from Piazza Castello

new long-term monitoring campaign was performed between December 2022 and March
2023. In detail, this latest campaign was divided into two periods: the first between Decem-
ber and January (22.12.2022-09.01.2023) and the second between February and March
(21.02.2023-17.03.2023). The experimental tests were done in ambient vibration in order to
extract the structural modal parameters through OMA techniques. Moreover, these experi-
mental tests allowed to track the evolution of the natural frequencies in time. The experi-
mental setup of the monitoring system was characterized by three dynamic sensors, i.e.
accelerometers (high sensitivity seismic accelerometer, ceramic shear [CP® 393B12 model,
10 V/g, 0.15 to 1k Hz, 2-pin top connection) located on top of the lantern in order to catch
the diaphragmatic vibrations of this structural component. The accelerometers have been
installed as follows:
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Fig. 7 (a) Acquisition system and accelerometers of the monitoring system and (b) layout of the experi-
mental setup

Table 5 Channel data of the experimental setup

Degre of Freedom Data Channel Sensor Position Direction Name Sign
1 Accel 2 2 1 Y 1Y -1

2 Accel 3 3 1 X 1X 1

3 Accel 4 4 2 Y 2Y -1

o Two accelerometers to record the accelerations in the transversal direction;
e One accelerometer to record the acceleration in the longitudinal direction of the lantern.

In Fig. 7 the acquisition system and the layout of the experimental setup of the Church of
Santa Caterina are shown, while in Table 5 the setup is described. In detail, the monitoring
system consists of:

1. One dynamic four-channel Dewesoft® acquisitor (i.e., KRYPTON-4xACC, 4 channel
single ended Krypton slice for Voltage, IEPE).

2. Electric cables to supply power to the acquisitor.

3. Accelerometers with cables that allow the analog signal (Volt) to reach the acquisitor.

4. Cable where digital information travels from the acquisitor towards data exchange con-
trol unit.

5. Cable where digital information travels from a data exchange control unit towards a
computer.

During the acquisition procedure, the recorded signals were sent to a workstation located
in the Earthquake Engineering and Dynamics laboratory (EED lab) of the Politecnico di
Torino and stored there. Then, the signals were pre-processed and then used to identify the
natural frequency of the structure.

4.2 Application of the proposed method

Once the data has been acquired and preprocessed, the SSI identification (Overschee and

Moor 1996) algorithm was used to obtain the natural frequencies of the structure. Then,
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Fig.8 (a) Identified mode shapes scaled relative to the associated frequency. (b) Manual cluster: each co-
loured cloud represents a different identified mode (i.e., red — mode 5, orange — mode 6, light blue — mode
7, blue — mode 8, brown — mode 9, pink — mode 10, and green — mode 11)

Tal?le 6 The S;t of assumed Identifier  Description f.[Hz]
reference modes 1 Lantern moves transversally. 3.05
2 Lantern moves mainly transversally with little ~ 3.45

longitudinal effects.

3 Lantern moves mainly longitudinal with little ~ 3.88
transverse effects.

4 Lantern moves mainly transversally with lower 4.06
components in longitudinal direction.

5 Lantern moves mainly longitudinally with 4.49
lower components in transverse direction.

6 Lantern moves transversally, and very little in ~ 5.19
the longitudinal direction.

7 Local torsion mode of the lantern. 5.51

through preliminary clustering, the selection of natural frequencies of the Church of Santa
Caterina is developed from all those identified with the SSI algorithm. All the identified
mode shapes are normalized to their maximum value, then they are pre-multiplied for the
corresponding natural frequencies and plotted in a 3D plane (Fig. 8 (a)). This representation
unveils the longitudinal and/or transversal nature of each mode shape, since it is known that
the coordinates of the eigenvectors, ¢y, ;( with i=1,2,3) are: (i) ¢x,1 = ¢x 41 derived from
the accelerometer in Y direction, (ii) ¢r,2 = ¢x,.1 from the accelerometer in X direction,
and (iii) ¢x 3 = ¢r,y2 from the second accelerometer in Y direction. By cross-referenc-
ing the information from the latter representation and those from the previous preliminary
experimental campaign of 2010 (Table 6) the main modes are clustered in a sub domain
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of engineering interest (0.5—7 Hz). As reported in Table 6, seven modes are expected to be
found in the scaled mode shapes space, and, exploiting the descriptions, the main direction
of motion for each mode is highlighted. Thus, in the scaled mode shapes space, the point
cloud for each mode is selected by clustering the points closed to the reference natural fre-
quency value and in the main direction of motion reported in Table 6.

The clustering results are presented in Fig. 8 (b), where the black points represent the
rejected modes, as they fall outside the context of engineering interest. To clean the selected
values of each mode from disturbances and slight variances, an average procedure was
followed. Since the acquired signals are 20 minutes long, pairs of consecutive signals (i.e.,
10+ 10 minutes in duration) were considered, from which at most one frequency value and
one mode shape for each class of modes is obtained by averaging the values of the two
considered signals. In this way, for each acquisition, one frequency value and one mode
shape were obtained. The results from this clustering analysis are then used as input for an
adaptive parameter calibration, with the ultimate goal of excluding outliers and defining the
time histories of the natural frequencies of the church. A preliminary SVM model has been
trained and applied to classify the identified structural modal quantities, with the goal of
obtaining the reference mode set as the mean value of each cluster.

Once the results of the classification analysis were obtained, they were used to perform
the MT proposed method. From the results of the initial analysis, the time histories obtained
are characterized by various values that deviate significantly from the average natural fre-
quency values and can therefore be identified as outliers. For this reason, the authors applied
an Outlier Rejection (OR) process capable of filtering these values from the time histories,
based on the concept of MAC and frequency deviation. The OR procedure was carried out
by fine tuning the thresholds for the MAC discrepancy (M ACip, =1 — eprac) and the
frequency discrepancy (ef,¢q). This fine tuning of the threshold values was performed start-
ing from the observation of the obtained time-histories of the variables M AC', and ef;.cq,
calculated starting from the results of the MT. In this way, it was possible to define the fol-
lowing values of thresholds (Table 7).

Once the previous threshold values were defined, they were provided to the optimiza-
tion algorithm to lead it in finding the optimal values to track the modal characteristics.
Therefore, the analysis was repeated with these values and the time series of the natural
frequencies were found (Fig. 9), in this case cleaned of almost all the outliers, and ready to
be passed for training the final SVM classifier.

Table 7 Thresholds for the MAC  /,4¢ Thresholds
MAC, and the frequenc

gefmq)tﬁsrgd in the ﬁneqtunin}é MACih, Efreq

process for the OR 1 0.9985 0.02875
2 0.9923 0.04115
3 0.9835 0.04181
4 0.9774 0.03214
5 0.9818 0.03707
6 0.9854 0.02912
7 0.9917 0.02585
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Fig.9 Results of proposed MT algorithm after OR process: (a) 1st frequency in the 1st considered period,
(b) 1st frequency in the 2nd considered period, (¢) 2nd frequency in the 1st considered period, (d) 2nd
frequency in the 2nd considered period, (e) 3rd frequency in the 1st considered period, (f) 3rd frequency
in the 2nd considered period, (g) 4th frequency in the 1st considered period, (h) 4th frequency in the 2nd
considered period, (i) 5th frequency in the 1st considered period, (j) Sth frequency in the 2nd considered
period, (k) 6th frequency in the 1st considered period, (1) 6th frequency in the 2nd considered period, (m)
7th frequency in the 1st considered period, and (n) 7th frequency in the 2nd considered period
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4.3 Comparison between FFD algorithm and proposed MT method

Before defining the classifier using the new filtered values, the authors decided to test the
effectiveness of the proposed method by comparing it with another widely used approach
in the literature for MT. The other considered method is the FDD method (Brincker et al.
2001), which was previously mentioned in the introduction, along with a discussion of its
limitations. This algorithm was applied to the real case study, and the results obtained are
shown in Fig. 10. In particular, only modes 1%, 6™, and 7™ are shown for brevity. By ana-
lyzing the value of &, it can be observed that for the 2™ mode, 76% of the data is missing,
while for modes 3™, 4™ and 5™, more than 99% of the data is missing. The values for Dyyg
and R.yg do not show significant differences. However, it is important to consider these
indicators in a relative perspective rather than an absolute one. In other words, the values of
Davg and R,,, should be interpreted in relation to the value of &. Since these indicators are
calculated based on time histories composed of very few data points, the resulting values
are unreliable. In the case of the 6 mode, the highest D,y value was observed; however,
it is reported because FDD was still able to track the trend of the time series in a reasonable
manner, albeit with slightly higher values. The comparison between the two methods shows
that, in situations such as the one treated here, involving a sparse sensor configuration and
a complex structure as a church, the FDD algorithm has difficulty tracking the modes accu-
rately. It remains applicable for the first mode, where it produces acceptable results with

* FDD * Proposed MT + FDD = Proposed MT
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Fig. 10 Comparison of frequency time series obtained through the FDD method and the proposed MT
approach: (a) 1% frequency in the 1% considered period, (b) 1st frequency in the 2nd considered period, (c)
6" frequency in the 1st considered period, (d) 6 frequency in the 2nd considered period, (e) 7" frequency
in the 1st considered period, and (f) 7th frequency in the 2nd considered period
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minimal deviation. However, as the analysis progresses, FDD fails to capture the higher
modes, as already shown in (Gonzalez and Boroschek 2020). The main advantage of FDD
is that it is less time-consuming; however, it becomes inapplicable due to the previously
mentioned aspects.

In Table 8 the results in terms of R,,,, D,,,, and & are reported. It can be noticed that
the proposed method generally outperform the FDD based MT algorithm, producing time
series that are characterized by an higher autocorrelation (about two times), a lower disper-
sion from the average value (56% less), and a lower percentage of unclassified data & (27%

respect to about 70%).
4.4 Definition of final classifier

At the end, the corrected time-series, so those obtained after the OR process, were used to
train the final SVM model. The SVM model is trained and validated on a dataset containing
45,828 3-dimensional features fi, @y = [fuPk,1, fuPk,2, [k¢r,3]. The labels assigned for
the supervised binary classification are related to the structural modes and rejected modes (1
and 0). The aim of this model is to classify the structural identified mode correctly and auto-
matically. The training dataset represents the 75% of the entire data available (Fig. 11) and
during the training process, a five-fold cross validation is conducted. The remaining 25% is
considered for testing purposes. The optimized hyperparameters are shown in Table 9. The
model validation gives an accuracy of 99.7%. The validation confusion matrix is shown in
Fig. 12, while the remaining 25% of data related to the testing dataset is tested on the model,
giving an accuracy of 99.7% (Fig. 11 (b)). The testing confusion matrix is represented in
Fig. 12.

After removing the rejected modes from the original dataset, a second model has been
developed for structural modal classification with 8887 3-dimensional features. Labels are
assigned to the different identified modes (1-7). This second model relies on a linear SVM.
Here, same consideration for dataset partition as the first model has been made (training
dataset 75%, testing dataset 25%). In Fig. 13(a), the training dataset, with the corresponding
assigned labels is shown. The accuracy related to the model validation is 100%, same result
for the testing, leading to a perfect multiclass classification. In Fig. 13(b), the predicted test-
ing features and labels are reported, while the validation confusion matrix and the testing
confusion matrix are shown in Fig. 14. The final SVM model can be thus used for MT of
new available data.

Table8 Comparison of FDD method and the MT proposed algorithm: Autocorrelation (R,,,), Deviation from
the average (D,,,), and the number of unclassified data (&)

avg,

Mode R, % D,y % &%

FDD MT FDD MT FDD MT
1 55.59 70.97 0.78 0.67 227 0.47
2 21.60 20.11 3.48 0.95 76.81 30.99
3 44.78 90.09 2.01 2.02 98.24 7.84
4 9.47 83.23 1.97 1.11 99.10 31.80
5 30.25 87.41 1.03 1.42 99.31 7.42
6 25.18 63.81 6.09 1.00 55.81 54.14
7 34.14 28.55 2.48 0.65 61.64 59.45
Average 31.57 63.45 2.55 1.12 70.45 27.44
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(a) (b)

Fig. 11 (a) Training dataset for the optimizable SVM model. In black the outliers are shown, while the
green label is attributed to the structural modes. (b) Testing dataset for the optimizable SVM model. In
black the predicted outliers are shown, while the green label is predicted and attributed to the structural
modes

Table 9 SVM optimizable Hyperparameter value

hyperparameters Multiclass method One-vs-All
Box constraint level 171.34
Kernel scale 0.25
Kernel function Gaussian
Standardized data false

5 Conclusions

This paper presents a novel automatic MT procedure designed to estimate the time series of
natural frequencies from long-term seismic monitoring systems. MT process is essential for
monitoring the structural health of buildings and infrastructure. However, traditional meth-
ods exhibit several limitations: they require manual intervention, struggle to distinguish
closely spaced frequencies, and often fail to ensure consistent classification, particularly
in the case of highly complex structures and sparse sensor configurations. The proposed
method addresses these challenges through an automatic optimization process based on
PSO combined with a pattern search approach allowing for the automatic tracking of the
natural frequency time histories of the structure. This methodology precisely adjusts the
threshold parameters and weighting factors between frequency and MAC residuals, ensur-
ing a more accurate classification of vibrational modes. A key innovation of the proposed
approach is the incorporation of a cost function designed to reduce the occurrence of mul-
tiple statistical modes within a vibrational class while simultaneously minimizing unclas-
sified data. By modeling the frequency distribution using a bimodal Gaussian function, the
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Fig. 12 (a) Validation Confusion Matrix for the optimizable SVM (top: number of observations; bottom:
percentage rates). The label 0 represents the outlier class; the label 1 represents the structural modes class.
(b) Testing Confusion Matrix for the optimizable SVM (top: number of observations; bottom: percentage
rates). The label O represents the outlier class; the label 1 represents the structural modes class
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Fig. 13 (a) Training dataset for the linear SVM model. The labels attributed to the structural modes are co-
loured in a different way (i.e., red — mode 5, orange — mode 6, light blue — mode 7, blue — mode 8, brown
—mode 9, pink — mode 10, and green — mode 11). (b) Testing dataset for the linear SVM model. The labels
predicted and attributed to the structural modes are coloured in a different way (i.e., red — mode 5, orange
— mode 6, light blue — mode 7, blue — mode 8, brown — mode 9, pink — mode 10, and green — mode 11)
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Fig. 14 (a) Validation Confusion Matrix for the linear SVM (top: number of observations; bottom: per-
centage rates). The label 5 represents Mode 5, etc. (b) Testing Confusion Matrix for the linear SVM (top:
number of observations; bottom: percentage rates). The label 5 represents Mode 5, etc

method ensures that each mode class converges towards a single dominant frequency. The
optimization strategy seeks to minimize an error that tracks bifurcations in mode identifica-
tion, ensuring stable classification over time. Furthermore, an OR process is introduced to
refine the results, making the method particularly suitable for generating clean datasets for
machine learning classifiers. Compared to existing techniques, this approach offers a higher
level of accuracy in MT when a limited number of sensors is available.

The method was first verified numerically on a MDOoF chain-like system and then tested
on a complex monumental building, the Church of Santa Caterina in Casale Monferrato.
Given the structural complexity of this monumental building, the limited number of sensors
available, and the characteristics of its structural modes, conventional MT methods, such
as manual tracking or FDD, were deemed unfeasible. Based on the results presented in this
paper, the proposed MT algorithm demonstrates improvements over the traditional FDD
methods, which are outlined hereinafter:

e The proposed MT algorithm yields higher autocorrelation values, approximately twice
those of the FDD method. This indicates that the MT algorithm provides more coherent
modes over time, leading to enhanced tracking of vibrational modes.

e The proposed MT method exhibits a lower variance of natural frequency from the aver-
age compared to FDD, showing a reduction of about 56%. This suggests that the MT
algorithm produces more accurate results.

e The proposed MT approach significantly reduces the amount of unclassified data, with
only 27% remaining unclassified compared to the 70% observed with FDD.

To further validate the effectiveness of the presented method, it could be extended to other
historical structures, such as bell towers, or to different typologies of structures, including
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bridges and viaducts, with different sensor configurations and different structural features.
This would also help to overcome the intrinsic limitations of the proposed procedure, the
main one being the need to customize and calibrate it for use in each specific structural con-
text. Furthermore, further insights concern the statistical assumptions on which the method-
ology is based, which will be the subject of future numerical and experimental applications.
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