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In this paper, we propose a unified framework for identifying interpretable nonlinear dynamical models
that preserve physical properties. The proposed approach integrates a model, based on physical prin-
ciples, with black-box basis functions to compensate for unmodeled dynamics, thus ensuring accuracy
over multi-step horizons. Additionally, we introduce penalty terms to enforce physical consistency
and stability during training. We provide a comprehensive analysis of theoretical properties related
to multi-step nonlinear system identification, establishing bounds on parameter estimation errors
and conditions for sparsity recovery. The proposed framework demonstrates significant potential for
improving model accuracy and reliability in various engineering applications, making a substantial step
towards the effective use of combined off-white and sparse black models in system identification. The
effectiveness of the proposed approach is proven on a nonlinear system identification benchmark.
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1. Introduction

The majority of the systems encountered in modern engi-
neering applications (e.g., aerospace, automotive, energy, or sys-
tems biology) exhibit dynamical behaviors that may be too com-
plex to be captured by linear relationships. For this reason, the
field of nonlinear system identification has experienced signifi-
cant growth, and many approaches have been developed aim-
ing at identifying nonlinear dynamical models from collected
data. However, while several important developments have been
proposed (Ljung, 2010), it still largely remains an open issue
(Schoukens & Ljung, 2019). Existing approaches to nonlinear sys-
tems identification can be classified into two main groups. On
the one side, we have methods arising from basic principles:
when a model is derived from physical laws and its parameters
are known or are obtained from dedicated measurements, it is
referred to as white-box model. However, this is a rather extreme
situation; more generally, some parameters require identification
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from data, and one enters the wide family of the so-called gray-
box models. Adopting the classification proposed by L. Ljung
in Ljung (2010), we refer to this particular class of models as
off-white. On the other side of the spectrum, we have the black-
box models, which aim at describing the system’s dynamics using
generic linear parameterizations (Mattsson, Zachariah, & Stoica,
2018; Svensson & Schén, 2017) or families of universal approx-
imators (Chiuso & Pillonetto, 2019). This second class of models
has gained increasing popularity for their adaptability to a wide
range of systems with minimal (or no) prior information about
the underlying physical processes. Notably, the majority of pub-
lished works focus on some variation of the black-box model
approach (see, e.g., Chiuso and Pillonetto (2019) and references
therein), while only few methodological works specifically dis-
cuss off-white methods. However, despite the desirable proper-
ties of black-box models, these show several limitations as, for
instance, lack of interpretability, poor consistency with physical
properties, and absence of shared guidelines for selecting basis
functions and model order.

To deal with these issues, the community has adopted and
adapted solutions from machine learning and artificial intelli-
gence literature. On the one side, non-parametric approaches
(Zorzi & Chiuso, 2017), mainly kernel-based methods (Dalla Lib-
era, Carli, & Pillonetto, 2021; Schoukens & Scheiwe, 2016), have
gained popularity for their ability to capture a large diversity
of nonlinear behaviors without requiring complicated choices of
basis functions. On the other side, techniques based on neural
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networks (NN), e.g., Mavkov, Forgione, and Piga (2020), have been
proposed, showing a remarkable implementation ease and capa-
bility of recovering long-term behaviors, becoming the solution-
to-go in several application fields. However, lately these tech-
niques have also revealed their main limitations, i.e., the need
of large amount of training data and the difficulty of capturing
some inherent physical phenomena at the core of such data. The
proposed solution to these two drawbacks has been the same:
to devise ways to “bring the physics back” into the model. This
led to the exponential growth of the family of physics-informed
NNs (PINNs) (Karniadakis et al., 2021). The main feature of PINNs
lies in exactly incorporating physical information through either
physics-based loss functions or structural modifications, ensuring
physical consistency between inputs and outputs (Karniadakis
et al, 2021).

The present paper is motivated by the recognition that, despite
the significant advances in system identification, there is still a
need to develop identification algorithms that can: (i) leverage all
the information available on a system, such as partial parametric
description, measurements, and available information on intrinsic
properties of the system, (ii) exploit recent advances in first-order
optimization, at the core of the success of NN-based methods, and
(iii) deliver reliable estimates over extended time horizons, pro-
viding multi-step error minimization guarantees. This latter point
is particularly crucial for applications such as model predictive
control. With these objectives in mind, in this paper, we take a
substantial step towards using off-white models and propose a
simple yet effective technique with a twofold goal: (i) physical
interpretability — we aim at deriving models whose parameters
have a physical meaning and whose values are as close as possible
to the “real” ones; and (ii) multi-step horizon — the derived model
should ensure more accurate long-term predictions, minimizing
a multi-step prediction cost, to improve the reliability of the
identified model.

1.1. Setting and contributions

To guarantee physical interpretability, we consider a system
described by an off-white model, given by known nonlinear equa-
tions derived from physical principles, alongside discrepancies
arising from, e.g., modeling errors, uncertainties, and perturba-
tions that can affect parameter accuracy (Mammarella et al.,
2024; Quaghebeur, Nopens, & De Baets, 2021). Additionally, we
integrate specific penalty terms into a multi-step cost function,
to extrapolate the physical characteristics of the system, such as
passivity, monotonicity, or stability (Zakwan et al., 2023).

To promote adherence to the real physical parameters, we
introduce a mixed approach that combines the multi-step iden-
tification method discussed in Donati, Mammarella, Dabbene,
Novara, and Lagoa (2024) with a sparse black-box component to
compensate for unmodeled dynamics in the physical model. By
integrating partial knowledge with black-box basis functions, we
aim to improve both accuracy and reliability, addressing output
estimation errors and providing better parameter estimates for
the physics-based model. To this end, we focus on finding the
sparsest coefficient vector selecting the basis functions to obtain
a compensation term that only deals with the unmodeled dy-
namics when necessary and it is easily “interpretable”. Indeed,
non-sparse coefficient vectors might also capture part of the
physical model’s dynamics, resulting in predictions aligned with
the measurements but with inaccurate physical parameter esti-
mates. Similar model augmentation strategies appear in Liu, T6th,
and Schoukens (2024), which expands the physics-based models
via weighted regularization, and in Kaheman et al. (2019), where
the SINDy algorithm aims to capture discrepancies between a
simplified model and the measurement data enforcing sparsity.
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However, unlike the approach we propose in this paper, these
methods assume known physical parameters. Contrary, we focus
on identifying physical parameters while leveraging black-box
augmentation. The work (Quaghebeur et al., 2021) integrates ma-
chine learning into first-principles modeling using NNs. However,
unlike what proposed here, no regularization is used, thus leading
to reduced interpretability of physical parameters and possible
data over-fitting. Furthermore, no theoretical analysis is present.

In this paper, we provide for the first time a general frame-
work with a comprehensive analysis of crucial theoretical proper-
ties regarding multi-step, nonlinear system identification. Unlike
existing works, we prove explicit parameter estimation bounds
and sparsity conditions in a unified setting, bridging these two as-
pects in a novel way. Specifically, we derive bounds on parameter
estimation error and we establish conditions for the exact spar-
sity recovery in the black-box term, generalizing sparsity results
from single-step, linear settings (Gribonval, Figueras i Ventura, &
Vandergheynst, 2006; Novara, 2012) to the multi-step, nonlinear
case. We show that accurately compensating for unmodeled dy-
namics enhances the estimation accuracy of physical parameters.
These results provide formal guarantees on the interplay between
black-box augmentation and physical consistency, offering new
insights into the reliability of mixed modeling approaches.

The paper is structured as follows. In Section 2, we formulate
the problem and define the identification framework. A theo-
retical analysis of the parameter error bounds is presented in
Section 3, while Section 4 shows an analysis of the sparsity of
the black-box term. Numerical results are discussed in Section 5.
Main conclusions are drawn in Section 6.

Notation. Given a vector v, ||v||p is its £,-norm, vi.r = {vk}£=1
denotes {v, ..., vr}, and |lvirll, = [I[v], ..., v 1" [lp. Moreover,
supp(v) = {i: v; # 0}, supp(v) = {i : v; = 0}. Given vy.r and a
function f(vi), f(vi.r) = [f(v1), ..., f(vr)]". Given A € R™™, | A|l
is its spectral norm and At its pseudo-inverse. Givena, b € N, a <
b, [a, b] denotes {a,a+ 1, ..., b}.

2. System identification framework

Let us consider a dynamical system S, combining a physical
model and an unknown component of the form

St Xip1 = f i, Uis 0) + Alx, Uge); ze = h (xi) (1)

where x, € R™ is the state, u, € R"™ the input, z, € R™
the observation, and 6 € R"™ the unknown parameters to
be estimated, along with the initial state xo. The known func-
tions f : R™ x R™ x R"™ — R™ and h: R™ — R™ are nonlin-
ear, time-invariant, and continuously differentiable. The term
A R™ xR™ — R™ represents the unknown dynamics, and will
be estimated using a black-box approximation. Noisy measure-
ments of the input and output iy.7, Zg.7 are available. In particular,
Uy = U + 0y, Z = zi + 1, with gy € R™ and nf € R™ being the
process and measurement noises, respectively. Note that, while
il is the known input, the actual input received by the system is
Ug.

The goal is to identify 6 and xo, thus defining a multi-step!
estimation model M approximating the system S while compen-
sating for the unmodeled dynamics. This is achieved by minimiz-
ing a cost function Cr measuring a multi-step prediction error
and, possibly, additional penalty terms, e.g., physically-driven or
sparsity constraints, as discussed in the following section.

1 n single-step identification, the model predicts one step ahead, in
multi-step it propagates x; recursively.
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2.1. Multi-step off-white and black-box model

We define the estimation model M as the combination of the
known physical model (1) with a black-box component § that
approximates the unmodeled dynamics A,

= (e, ili; 0) + 8QRe, flg; w); 2 = h(R). (2)

Here, X, Z; are the estimated states and observations, obtained
using the identified parameters 6 and initial state Xp. The param-
eters w, which are learned simultaneously with 6, describe the
black model. For instance, they may represent the weights of a
NN or the coefficients of an ARX model. Indeed, while in our setup
we consider a basis-function representation for §, the approach
is general and extends to more involved families of approxi-
mators, including NNs (Mavkov et al.,, 2020) and kernel meth-
ods (Dalla Libera et al., 2021). Formally, let ¢ € R™ be the vector

of basis functions ¢(Xy, i) = [g;](Ak, i), ..,gom("k,uk] with
¢j 1 R™ x R™ — R. The i-th element of § is defined as

m Ny ny
(O (ORI
81 = Z Qt]’%’(Z Wjjl Xi k + Z W(,;X_H‘)jui,k + sz)7
j=1 i=1 i=1

with ¢ € [1,ny]. Here, o = {§2, W, B} consists of: (i) the basis
functions weights 2 = [£2,;] < R™™; (ii) the input/state
coefﬁuents w = [w, . W(”“] e Rtm)mm with W) =
[W] ] € R™*Mum. and (111) the bias terms B = [Bt]] € ]R"X’"
Notice that, when avallable domain knowledge and prior system
understanding can guide the choice of the initial set of basis
functions ¢. In other cases, their choice can be carried out con-
sidering the many options in the literature (see, e.g., Sjoberg et al.
1995 for a discussion on basis functions and indications for their
choice). Moreover, we note that elements of §, £2, W, and B can
be selectively fixed or set to zero, allowing for arbitrary flexibility
in the design of 8.

As previously discussed, since § has only a complementary
role, §2 is required to be sparse when the physical model is
accurate. Moreover, to extrapolate physical properties in the es-
timated model M from the observed data, as done, e.g., in many
PINN-based approaches (Karniadakis et al., 2021), we embed ex-
plicit physical penalty terms into the cost function. Thus, defining
the prediction error sequence eg.;r = {ek}LO withe, =7, — 2, €
R", k € [0, T], the multi-step cost function Cr is given by

M Xk+1 =

T
Cr(0, %0, @3 €or) = Y (£, %03 € + ¥ 2115 "
k=0 3

+ )‘p(sc\ka 0)+ qu(/x\k, 9))-

We assume that the local loss £ is twice continuously differen-
tiable. The ¢;-norm? in the second term [|2]l15 = Y, 12, II1,
being £2," the (-th row of £2, is chosen to promote sparsity and en-
sure a simpler and interpretable representation of the unmodeled
dynamics. The weight y € R controls the regularization. Finally,
the remaining terms p, q define the physics-based cost. In particu-
lar, A, v € R are the penalty weights, and p, ¢ : R™* xR™ — R are
twice continuously differentiable functions enforcing p(x;, 6) < 0,
q(Xx,0) = 0, Yk € [0, T]. Here, properly customizing p and g
allows incorporating various physics-based constraints, such as
physical limits, energy conservation, symmetry, positive semi-
definiteness, or triangle inequality (see, e.g., Donati et al. 2024,
Mammarella et al. 2024 for more details). Hence, we formally
state the following problem.

2 Being the ¢;-norm not differentiable, gradient computation is allowed via
softplus smoothing (Schmidt, Fung, & Rosales, 2007).
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Problem 1 (Multi-Step Identification Problem). Given sequences
oy and Zy.r, functions f and h in (1), and basis functions ¢,
estimate the optimal values for the physical parameters 0, initial
state Xo, and black-box weights o over the horizon T, such that
the estimated model M is the best physically-consistent approx-
imation of S. Thus, given the multi-step cost Cr in (3), solve

(0™, x5, w*) = arg min Cr. (4)

6,x9.w
Within this framework, we aim at solving the optimization
problem (4) relying on first-order methods. Such methods, which
under suitable conditions are guaranteed to converge to a solu-
tion (in general sub-optimal), have recently gained popularity for
their ability to tackle complex problems, as discussed in Donati
et al. (2024, 2025).

3. Parametric error bound

In this section, we propose key theoretical properties re-
garding the upper bound on the parametric identification error,
i.e.,, the maximum distance between the solution 6* of the op-
timization problem (4) and the true parameters vector . In
the following, we will highlight the relevant dependencies of
Cr, observing that Cp(0, Xo, w; eg.7) = Cr(0, Xo, w; Ug.T, Zo.7) =
Cr(0, X0, w; ) with y = {ng.;, 93.;}. Moreover, we assume for
simplicity that xo is known and we focus on 6, noting that the
general case extends straightforwardly.>

First, given that the solution of (4) may not be unique, we
recall the concept of system identifiability (Bellman & Astrom,
1970), which determines the convergence behavior.

Definition 1 (System Identifiability). A system S with parameters
# and initial state xo is locally identifiable if Cr has a strict local
minimum at & = 8, Xy = Xo. If the minimum is global, the system
is globally identifiable.

We recall that a sufficient condition for local identifiability
is that the Hessian matrix with respect to 6 and Xy, is positive
definite for all & € ©, x € X, where ® and X are suitable
neighborhoods of 6, X, (Bellman & Astrém, 1970).

Then, to derive the parametric error bound, we rely on the
following assumptions.

Assumption 1 (Basic Assumptions).

(i) (local identifiability) The system is locally identifiable ac-
cording to Definition 1. Hence, the Hessian at 6* is positive
definite for all noise realizations, i.e.,

. 9%cr(6; )
= g |9=9* >0, V.
(ii) (convergence to 6) When the noise is null and A =0,

minimizing Cr recovers true parameters 6* = 6.

Assumption 1. (i) is rather standard in system identifica-
tion (Bellman & Astrém, 1970) while Assumption 1. (ii) holds
when the optimization is initialized within the region of attrac-
tion of #. Indeed, if A = 0, the noise is null, and the identifiability
assumption holds, then we have ¢;(6;0) = 0, making 6* = 6
a local minimum. Next, we introduce the concept of bounded
functions with the following lemma.

3 Due to nonlinearity and nonconvexity of the considered problem, most
results are local holding when the optimization is initialized sufficiently close to
the optimal solution.
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Lemma 1 (Bounded Function). Let Assumption 1 hold. Assume

n € N with N closed and bounded. Define G(n) = 325%@"") |9=9,.
Then H™1G(y) is bounded for all § € N. Specifically, there exist
constants My, M, < o0, such that maxyenr ||[H*1G(n)]u||p <
My, maxyepr ||[H7]G(7])]z||p < M., with [HilG]u and [HilG]z
corresponding to the columns related to ng., and w3, respectively.

Proof. From Assumption 1. (i), the Hessian H is positive defi-
nite Vy € N. Thus, it is invertible and its inverse is bounded.
Moreover, Cr is twice continuously differentiable since it is a
sum of twice differentiable functions with continuous deriva-
tives £;. Hence, from Lipschitz continuity it follows that G(3) is
bounded. The lemma follows considering that N is closed and
bounded. =

The following theorem, whose proof is reported in Appendix
A, formalizes the boundness of the parametric error.
Theorem 1 (Parametric Error Bound). Let Assumption 1 hold. The
parametric identification error is bounded as

l6* =6, < Mulln |, + M |5 |, +Mall Al (5)

where M, is a finite constant and A= Zo;r = {Zo, ...
A = AXg, ug) — 8y, U; ).

, Ar),

Some interesting properties follow directly from Theorem 1.
First, since the parametric error bound is directly proportional to
H~' (see Lemma 1), a well-defined identification problem with an
invertible H ensures that the larger is the norm of H, the smaller
is the parametric error. Second, as the black model §(-) better ap-
proximates the effect of A(-), i.e., as Ay — 0, Vk, the parametric
error bound decreases, thus enhancing the physical parameters
estimation accuracy. This aspect will be further examined in the
subsequent discussion in Section 4.4.

4. Maximum sparsity recovery

In this section, we provide a theoretical analysis of the recov-
ery of the maximum sparsity of the black-box contribution. The
goal is to look for the sparsest representation of the unmodeled
dynamics to have a description that it is easier to analyze and
interpret. First, we address the single-step, linear-in-parameters
model, then we extend the results to the multi-step, nonlinear
cases.

4.1. Single-step, linear-in-parameters setting

We consider a dynamical system described by the state-
equation representation (1), with parameters 6 € R", a linear-in-
parameters function f, full state observations, and, without loss
of generality, n, = n, = 1. The system S takes the form

St Xepr = € (X, w4+ AXi, wi); Zx = xi + 1, (6)

with &(x, uy) : R™ x R™ — R™ a vector of known (possibly
nonlinear) physical terms defined as &(x, ux) = [E1(xk, k), ...,
&Enp (Xk, u)]". A dictionary of basis @(x, ux) = [@1(Xk, Ug), - ..,
om(x, u)]" and a set of noise-corrupted data D = {ig.1, Zo.7},
collected from (6), are available. The relationship between i, and
Zy, is described by following measurement model

~ T ~ - ~
Zip1 =& (X, W) 4+ A(xi, W) + 1y,
where 7, accounts for both process n; and measurement noise

%, (see Appendix B) and satisfies the following assumption.

Assumption 2 (Unknown but Bounded Noise). The noise sequence
n’=1[ny,..., n?]T is unknown but bounded, i.e., ||n"|2 < u.
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Now, we move to address the problem of finding a sparse lin-
ear combination of the basis functions in the dictionary that, com-
bined with the prior physical model, is consistent with the mea-
sured data. First, we define the matrices & € R""™ and @ € RT'™

5 = [£(Xo, Do), . .., E(Rr_1, ﬂT—l)]Ts

(7
D= [(p(;(()’ fl()), te w(;{T—la ﬁT—l)]T P

where X, = Z,, having initially considered full state measure-
ments. Then, we recall the definitions of feasible parameter set
and maximally sparse coefficients.

Definition 2 (Feasible Parameter Set). Consider a dataset D =
{Uo.7, Zo.7} satisfying Assumption 2, a sequence of states (pre-
dicted or measured) Xg.7_;, and the noise bound w. Let Z =
[Z1,...,Zr]". We define the Feasible Parameter Set (FPS) as

FPS = {6, w : |Z — f(Xor-1.80,7-1,0) — Pl <p}. (8)

Moreover, for a given 6, € R™, the vector wy € R™ is said to be
feasible for 6y if (g, wg) € FPS.

Definition 3 (Maximally Sparse Coefficients). Given D = {Ug.1, Zo.7}
satisfying Assumption 2, Xo.r_1, and the noise bound p, a feasible
coefficient vector is said maximally sparse if it is a solution of

® = argming ,||®|los.t. |Z — f&or—1,Wo,7-1,0) — Pwl2<p  (9)
where || - || is the £y quasi-norm.

Finally, we introduce the simplified sparsity problem.

Problem 2 (Simplified Sparsity Problem). Consider a single-step,
state-equation estimation model

ng m
M Ripr =Y 0&(Re I) + ) oiiRe, ),
i=1 i=1

expressed Acompactly as Xgy1 = f(fck, Uy, 0, w). The goal is to
estimate (AG,EB) from the data set D, such that: (i) @ is sparse;
and (ii) (0, ®) is consistent with the data, ie., the single-step
prediction error satisfies ||Z — F(Xor—1,U0.7—1,0, )2 < M,
where u is the noise bound from Assumption 2.

Note that no assumptions are made on the structural form
of the black-box term A in (6). We only suppose that the cho-
sen dictionary of basis function ¢ is sufficiently rich to allow
an approximation of A compatible with the given noise level.
Moreover, note that we do not explicitly require a statistical
characterization of the noise. Instead, we only assume that an
upper bound on its norm is given.

Here, solving the sparse identification problem via (9) is in-
tractable due to the nonconvexity of the ¢, quasi-norm, which
makes it NP-hard. Instead, we consider the following convex
relaxation

o~

(0.) = argminjjo), (10)

-~

st |IZ — F(Xor—1, Uo.r—1, 0, 0)|l2 < p.

This £;-regularized problem encourages sparsity in @, addressing
condition (i) in Problem 2. However, it does not necessarily yield
a maximally sparse solution in the sense of Definition 3, i.e., the
sparsest set of basis functions that still ensures consistency with
the data. In the following, we analyze the conditions under which
a sparse solution of (10) is also maximally sparse.
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4.2. Theoretical analysis on sparsity

In Gribonval et al. (2006), Novara (2012), the authors estab-
lished conditions under which a coefficient vector, represent-
ing the solution to a general sparsity problem, is maximally
sparse. While their focus is on sparsifying all decision variables,
in this section, we consider a setting where only the black-
box coefficients w (a subset of the decision variables (6, w)),
require sparsification. Additionally, we generalize these results
from single-step, linear systems to multi-step, nonlinear cases
(see Section 4.3). First, in the following, we introduce some key
concepts.

Definition 4 (Preliminary Notations). For each integer n € R and
matrix Q € R""2 we denote

2oy g 193

= 1
" Ilo=n 1|3

Z (XTQi)z,

i€Zp(x)

s xlle.m =

where Z,(x) indexes the n largest inner products |x"q;|, with g;
the ith column of Q.

Definition 5 (Prediction Errors). Given observation z € R” and
matrices P € RT"™ and Q € R"™ such that z = P8 4+ Quw, the pre-
diction error is defined as ep o(z, 6, w) = z — P6 — Qw. Moreover,
given Ql{Q(z, ) = arg mingcgny |lep.q(z, 0, ®)|2, the optimal com-
pensation error is defined as €0z, w) = epq(z, 05 ,(z, ®), @).

For given z, P, Q, the prediction error is the discrepancy be-
tween measurements and predictions when employing black-box
augmentation. The corresponding optimal compensation error,
e, Q(z w), represents the remaining prediction error after substi-
tuting the optimal estimate 6; ,(z, w), explicitly depending on o,
into the model. Given Defmmon 5, the following Lemma holds.

Lemma 2 (Optimal Compensation Error). Let Y(P) = (Ir — PP1).
Considering Definition 5, it holds that 65 ,(z, ®) = PY(z — Q).
Moreover, e} ,(z, w) = T (P)(z — Q).

Proof. Solving minycgm |lep.q(z, 0, ®)l2 = [(z — Qw) — PO||2,
yields the least squares solution, i.e., 6} ,(z, @) = (P"P)"'PT(z —
Qw) = Pz — Quw). Thus, e},(z,w) simplifies to
er.q(z, 05 o(z, 0), ) = z — PP1(z — Qw) — Quw = (Ir — PPT)z —
(It —PPT)Qw. m

Assumption 3 (Problem Feasibility). (i) FPS # ¢, and (ii) for given
z, P, Q, a feasible w exists for 0} ,(z, @) according to Definition 2.

Thus, the following theorems provide conditions under which
the solution of (10) shares the same support as @, ensuring
maximal sparsity. First, using results from Gribonval et al. (2006,
Theorem 1, Corollary 1), we formally establish when two vectors
have equivalent supports. The proof is given in Appendix C.

Theorem 2 (Equivalent Support Conditions). Given D = {Uq.1, Zo.7},
and B, @ (7), let Assumptions 1, 2, 3 hold. Let ® € R™ be the

solution of (10), with M = |@||o the cardinality of its support,
and Yy = T(Z). Consider any other representation «' and the
noise-corrupted observation vector Z = [Zy, ..., zr]" from (6). If

et o(Z, @2 < llez 4(Z, ®)ll2, and [|'llo < M, then,

Ol < lez o (Z, @)llery,1) + llek,

) (Z, ®)ll(rp.2m)
@ — ®lls < .
Uzm(TO)

Moreover, if

et o(Z, D)1 + €5 o2, D)lliry.2m) < oy (To)n(@),
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with n(®) = MiNiequpp(w) lil, then for all i € [1,m], & and '
have the same support and sign, i.e., supp(w) = supp(e’) and
sign(w;) = sign(w;).

Remark 1 (Generality of the Sparsity Conditions). While Theo-
rem 2 specifically applies results from Gribonval et al. (2006)
0 (10), its conditions can be verified on any estimate ® € R™
satisfying Yoz = 1@ + % (2, @)

Now, let us define the vector w" as the solution of

" = argmin ||w||; (11a)
s.t. w; > sign(wi)n(®), Vie supp(w) (11b)
|wi] < n(®@), Vi € supp(®) (11c)
170Z — ToPowl2 < u, (11d)
where n(w) = MiNjesupp(w) [@il. Building on the results from

Novara (2012, Theorem 1), with the following theorem we define
conditions ensuring that a vector is maximally sparse. The proof
is reported in Appendix D.

Theorem 3 (Maximum Sparsity Recovery). Given D = {Uo.1, Zo.T},
and &, @ (7), let Assumptions 1, 2, 3 hold. Let @ and " be
the solutions of (9) and (11), respectively. Let @ be the parameter
vector obtained from (10), M = ||@||o the cardinality of its support,
and Ty = T(Z). Define the noise-corrupted observation vector from

(6)asz =[z1,...,zr1", and let ke = ||@|lo — l|®llo. Define the set
o, e ez oV + Nl o Z, @)l iry.2m)
A=l |w/|>
Ozm(TO)
Assume  that the constraint (11d) is active, e,
||T()Z — TP’ ||2 M. Then,
ke < ke = ||@llo — card(A). (12)
Moreover, if
et oz, @")rp,1) + lleg o2, @")li(x, ~
EZ,® (0.1) 2,0 (Y0.,2M) < @), (13)

Gzzm(TO)
then @ is maximally sparse and supp(®) = supp(&®).

4.3. Multi-step, nonlinear-in-parameters extension

We now consider the more general case where the system
follows (1) with parameters 6, n, = n, = 1, and no assumptions
on the forms of f and h. A dictionary of basis function ¢ € R™
and a noise-corrupted dataset D = {1, Zg.7} are available. The
measurement model, detailed in Appendix B, is given by

Zkpr = h(f (X, T, 0) + A(xk, Ti)) + 1.

Problem 3 (Multi-Step Sparsity Problem).
estimation model defined as

Consider a multi-step

m
M X1 = fRe, G, 0) + Zwiﬁﬂi@c, ), (14)
i=1
expressed compactly as X1 = F(A Xk, Uk, 0, w) with output Z, =
h('\k The goal is to estimate (9 ) such that: (i) @ is sparse; and
(ii) (9 ®) is consistent with the dataset, i.e., |Z — Z]|| < u, with

Z=1[z,....zr]".
Remark 2 (Multi-Step Nonlinearity). In the multi-step setting

(T > 1), iterating the system over time introduces strong nonlin-
earity in the parameters, even if F is linear in 6 and w. Specif-
1cally, the kth output prediction follows Z, = h( P “(Xo, U1, .. .,
t_1, 0, w)), where F* represents the kth iteration of (14).
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In this case, to solve Problem 3, we consider the multi-step
optimization problem (9), using the predicted sequence Xp.7_1. As
in the single-step case, we solve the following convex relaxation

0,0)=

In the following, we extend Theorems 2 and 3 to the multi-step
case, under Assumptions 2 and 3. From a conceptual point of
view, this is nontrivial, as the parameters appear inside highly
nonlinear functions.

argming, ol st |2 — 22 < p. (15)

Theorem 4 (Local Equivalent Support Conditions). Given D =
{Qo.1, Zo.1), let Assumptions 1, 2, 3(i) hold. Let @ € R™ be a local
solution of (15) with M = ||@||o. Consider any other representation
o' in a local neighborhood of @. Define the Jacobian matrices

. O(F(Ros_1, o1, 0, ®))

= e RI
’ L
h(FXo-7—1, Ug:7—1, 0, ®
T = ( (\O.T 13 0:T—1 w)) c RIM.
[

Let the residual Z, = 7 — h(F(Ro.r_1, Uor_1, 0, ®)) — Job — T,
T, = 7T(Jp), and Assumption 3(ii) hold for Z,, 7y, J,. If the
following conditions hold, i.e.,

o2 < ll€%, 7, Ge O)ll2, @llo < M,

+ lle%, 7. Ze, DNeramy < o (T )n(@),

N .
”ej(_)m']w(zl’
lle%, 7. (Ze: @1y

where n(w) =

supp(®) = supp(e’
[

MiNjesupp(w) |@il, then o and o’ have the same support
) and the same sign sign(@;) = sign(w;) for all

Proof. The proof follows by linearizing h( (+)) around (9 ) (15),
ie., h(F(-)) = h(FRor—1, Bo:r-1, 0, @) + Jo(6 — 0) + T — @),
applying the proof to Theorem 3 in Appendix C, and Gribonval
et al. (2006, Theorem 1, Corollary 1), thus considering Yz, =
T J.0+e€y 5 (2, o). N

Next, we define the conditions under which (5, ) (15) is
locally maximally sparse within the linearized neighborhood of
the solution. Let @, be the maximally sparse vector in the local
approximation around (8, ), i.e.,

@¢ = argming, |ollo S.t. |12 — T — Towl2 <pu. (16)
Given n(w) = MiNjesypp(w) |@il, then we compute w; as
wy =arg min [lo|; (17a)
weRM
s.t. sign(w;)w; > n(®), Vi€ supp(@) (17b)
lwil < n(®), Vi € supp(®) (17¢)
17z — Ve Tu®ll2 < p. (17d)
Theorem 5 (Maximum Sparsity Local Recovery). Given D =

{Wo.7, Zo.7}, let Assumptions 1, 2, 3(i) hold. Let &, and w, be the
solutions of (16) and (17), respectively. Let @ be the solution of (15),
with M = ||@||o. Define the Jacobian matrices J; € R""™, 7, €
RT™ and the residual vector Z, as in Theorem 4. Let ¥y = Y(Jp),
and Assumption 3(ii) hold for Z,, Jy, J.,. Define k. = ||@|lo — ||@¢lo-
Consider the set

lle> " To, jw(zlv U)z)”(n 1)+ ”eje jw(zlv (Uz)”(n 2M)}
Uzm(Tl)
Assume  that the constraint (17d) is active, ie,
17eZ — Ve @w’|l, = . Then, k. < ke = ||®llo — card()).
Furthermore, if

ki{i:|a)zi| >

ez, 7, e @)1y + e, 7 (Ze, @), 2m)
<

o2 (1) n(w),
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then @ is locally maximally sparse, ie., k. = 0, and supp(®) =
supp(@ ).

The proof follows the same reasoning of the ones of Theorem
3 and Theorem 4.

Remark 3 (Relation with the Original Problem). Although the opti-
mization problems in this section are presented in a constrained
form, as in (10) and (15), they can always be reformulated in
the unconstrained form (4) within the proposed framework. As
discussed in Gribonval et al. (2006), this can be obtained by
solving the corresponding Lagrangian problem with appropriate
multipliers.

4.4. Optimality of the physical parameters

In this section, we show that, under black-box augmentation
and maximum sparsity conditions, the identified physical pa-
rameters 6 are provably more accurate, in the worst-case sense,
than standard estimates lacking black-box models with sparsity
guarantees. Specifically, given a sufficiently rich basis function
dictionary ¢, the unknown term A(xy, u) in (1) with true physical
parameters 6 can be parameterized as

Zwﬂﬂz Xk Ug), (18)

A(xg, ug)

where @ is the maximally sparse coefficient vector solving (9).
This defines the true system parameters as (6, @). Thus, we define
the parameter sets on 6 and w.

Definition 6 (Parameters Sets). Given dataset D = {ug., Zo.7}
satisfying Assumption 2, a state sequence Xo.r—1, and the noise
bound p, recalling (8), we have FPS = {9,  : ||IZ—F(Xo.:7—1, Uo. 71,
0, w)|, < ,u}. A subset of FPS, the Supported Feasible Parameter
Set (SFPS), is SFPS = FPS N {0, @ : supp(w) = supp(®)}, with &
the maximally sparse coefficients vector.

The bound w plays a key role in defining the sets. Thus, we
remark that it can be refined through iterative approaches to
balance complexity, accuracy, and fit to data.

Given a generic estimate 6 of the true parameter vector g, ,we
now consider the parametric error defined as e9(9) =16 — 9||p
Since 6 is unknown in practice, the so- called worst-case paramet-
ric error - a tight upper bound on ey4(0) over the set of feasible
parameters - provides a measure of the maximum possible devi-
ation of & from 6. In a “standard” scenario, i.e., without sparsity
guarantees or black-box compensation, the FPS defined in (8)
is the smallest set that contains (8, @). Hence, the worst-case
parametric error is given by

ey (0) = sup 16 —Bll,- (19)

However, when black-box compensation is applied and @ satis-
fies the maximum sparsity conditions, SFPS replaces FPS as the
minimal guaranteed set, yielding

eP(@) = sup 16 —0,. (20)
6€SFPS

Note that applying (20) to an estimate that does not satisfy
maximum sparsity conditions is meaningless, as its inclusion in
SFPS is not guaranteed. In such cases, FPS remains the smallest
valid set. Thus, based on these definitions, the following theorem
establishes that finding the “correct sparsity” of the black model
leads to a more accurate physical estimate, i.e., an estimate with
a lower worst-case parametric error, compared to “standard” es-
timates without sparsity guarantees or obtained without a black
model augmentation.
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Theorem 6 (Maximum Sparsity Optimality). Let Assumptions 1, 2,
3(i) hold. Consider A as in (18), and let (6, ) be a solution of (15)
in the region of attraction of (6, ), for which conditions of Theorem
5 hold. Consider any other solution (9 ), for which conditions of
Theorem 5 do not hold. Then, eS™(9) < tP5(6).

Proof. By Theorem 5,Asupp(63) = supp(®), making @ maximally
sparse and ensuring (6, @) € SFPS. On the other hand, being &
without sparsity guarantees, it is not ensured that (6, w) € SFPS.
Thus, (6, @) € FPS. From Definition 6 we have SFPS C FPS. It
follows that eSFPS(Q) SUPgeseps 160 — 9||p < SUPgepps 16 — 9||p =

PS(0) showing that “correct sparsity” yields a better worst-case
estimate. W

Remark 4 (On the Benefits of §). The result of Theorem 6 is closely
linked to Theorem 1. As evident from (5), the better the black-
box model compensates for unknown dynamics, the smaller A,
thereby tightening the parametric error bound. In particular, note
also that, if ® = @, then A = 0.

5. Numerical examples
5.1. Academic example

First, we validate our theoretical results identifying the non-
linear vehicle lateral dynamics model in Novara (2011), i.e

Virr = 0 s Vi1, Vibho SkcaPr—1]’ + Ak + 1},
Ap = —9.625¥Pr—1 + 10.69Pk_1Pk—1 — 11.5254_1P}_1.

where §; (steering angle) and py (inverse longitudinal velocity)
are the measured inputs generated as in Novara (2011), and y is
the yaw rate output. The noise term », accounts for both process
and measurement disturbances. The physical parameters are =
[2, —1.087, —1.070, 3.715]7, and Ay is the unmodeled dynamic.
We recast the known part of the system as a state-space model,
ie.,

Xir1 =[01%1,k + O2X2 & + O03X1 kX5 k + OaX4 kX6 ks

-
X1k Utk X3k Uok, X5kl = f(Xe, Uk, 0),

Z = X1,k = h(xp),

. - - L. - = T I
with X = [Vk, ¥k—1, Sks Sk—1, Pk, Pk—11", Uk = [Sk, Pi]-
To capture the unmodeled dynamics, we augment f; with
T
‘S(Xk,uk:w% = qo(xk,z ), where @(x, k) =2[1»X3,k7x4,k7x5$k7
X6.ks X3 1> X3 0> X5 X4 kXG 1> X1.kX6.k» X2.kX6 k> X2.kX5 ] - This choice
is driven by, e.g., the polynomial composition of the known model

Thus, the “true” black-box parameter is given by @ = [0, ...,
0, —9.625, 10.69,/\1].52]T. Using T = 2000 input-output sam-
ples, we identify # and a sparse @ by minimizing the regularized
cost function Cr (3) with £, = 1|lex[|3 and y = 0.001.

First, we performed 7500 simulations - 5000 with the black-
box model and 2500 without - under varying noise (with fixed
upper bound) and input conditions. Fig. 1 shows the parametric
errors versus || Allw, along with the estimated bound M, and
confidence ellipses. The black-box model consistently reduces the
error, confirming its effectiveness, while all data points respect
the computed bound, validating Theorem 1. Then, Fig. 2 shows
the approximated FPS and SFPS as convex hulls in the space
of the two principal components of 6 (pca;(#)). Notably, most
parameters identified with § lie close to the ones in the SFPS,
which contains only those for which conditions of Theorem 5
hold, yielding supp(®) = supp(®) (see Definition 6). In contrast,
estimates without § are clearly biased. A statistic on the worst-
case error analysis over all the simulations (mean + 1o) further
confirms this. In particular, eSF"(8) is 1.19 + 0.19 for 6 € SFPS
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Fig. 3. Parametric error with respect to ||1"] .-

(20), compared to e’ = 1.79 + 0.28 for 6 € FPS (19), validating
Theorem 6. Then, we conducted 5000 simulations for each noise
upper bounds ||7" ||, under varying noise and input conditions.
Fig. 3 shows the parametric error distribution, with box plots
illustrating median, interquartile ranges (IQRs), and whiskers ex-
tending to 1.5 x IQR. The results confirm the linear dependence
between error and noise bound, as stated in Theorem 1.

5.2. Cascade tank system identification benchmark

In this example, we evaluate the framework on the cascade
tank system (CTS) benchmark, described in Schoukens, Mattson,
Wigren, and Noél (2016). The CTS consists of two connected
tanks, a pump, and free outlets. Water is transferred from a
reservoir to the upper tank, drains into the lower tank, and
returns. Overflow occurs when a tank is full, with excess water
either flowing to the lower tank or leaving the system. The system
follows a discrete-time, nonlinear model

X141 = X1,k + Ts(—ki/X1 1 + katg + vy ),
X2 k41 = X2k + Ts(ko/X1 1 — ka/Xo i + v2.10),

with output Zy = X, x + 1, input u; € R, states xqx, X2 € R, and
noises vy i, U2k, N € R. The unknown physical parameters k =
[k1, k2, k3, k4] and initial state values (equals for both training
and validation) must be estimated from training data (T = 1024,
Ts = 4s). Notice that some dynamics remain unmodeled since

(21)
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Table 1
Comparison of identification methods (RMSE on validation).
Method RMSE Method RMSE
Svensson and Schon (2017) 0.45 PWARX (Mattsson et al., 2018) 0.35
Volt.FB (Schoukens & Scheiwe, 2016) 0.39 SED-MPK (Dalla Libera et al., 2021) 0.48
INN (Mavkov et al., 2020) 0.41 PNLSS-I (Relan, Tiels, Marconato, & Schoukens, 2017) 0.45
NLSS2 (Relan et al.,, 2017) 0.34 NOMAD (Brunot, Janot, & Carrillo, 2017) 0.37
Proposed 0.26
12} ‘_ T -2(f+0) =2(f) ' provably improves interpretable parameter identification. The-
10 oretical analysis established bounds on parameter estimation
=8 errors and identified conditions for sparsity recovery, while a
o benchmark test demonstrated significant accuracy
6 . . .
g improvements. Future work will explore adapting the cost func-
fé 4 tion for non-uniform measurements and extending black-box
02 L L . L modeling with neural networks or kernel methods.
g 1000 2000 3000 4000
2 I 5() Acknowledgments
2t 1 . |
0 1000 2000[ l 3000 4000 This work was partially supported by the Italian Ministry of
time [s

Fig. 4. Validation data (simulation).

the model in (21) excludes overflow effects. Thus, the physical
model is augmented with a black-box term comprising stan-
dard and most-used basis functions (Sjoberg et al., 1995), such
as sigmoid, softplus, hyperbolic, trigonometric, and polynomial
functions. Then, a regularized cost function Cr ensures a minimal
black box if the physical model (21) adequately describes the
system. In this example Ly = 5 ||ek||2 and y = 0.1. Parameters
are initialized as ko = [0.05,0.05,0.05,0.05], X0 = [z0,20]".
After the optimization, black-box parameters are set to 0 if |£2;| <
1074,

Fig. 4 compares measured and simulated outputs, showing
how the black-box augmented model (cyan) effectively compen-
sates for unmodeled dynamics, outperforming the physical-only
model (red). This is confirmed by the Root Mean Square Er-
ror (RMSE), which improves from 0.603V (training) and 0.670V
(validation) to 0.135V and 0.260V, respectively. Thus, to allow
a fair comparison between different methods, as indicated in
Schoukens et al. (2016), accuracy is compared using the RMSE on
the validation dataset, with predictions obtained through simula-
tion.

Table 1 compares our method with state-of-the-art identifi-
cation approaches, achieving the lowest RMSE*. To further assess
the identification accuracy, we report the optimal fitness percent-
age (fity = 100(1 — |[Zo.r—1 — Zor—1ll2/Zo7—1 — ZlI2), with Z =
% ZZ;(] Z;): for the physics-only model, fity is 72.23% (training)
and 68.16% (validation), while incorporating § improves the accu-
racy to fity = 93.78% (training) and 87.64% (validation). Identified
parameters, whose_true values are not reported in Schoukens
et al. (2016), are k = [0.076,0.027, 0.042,0.039], and Ry =
[3.52,5.19]T V

6. Conclusions and future works

This paper presented a unified framework for identifying in-
terpretable nonlinear dynamical models while preserving phys-
ical properties. By combining off-white and sparse black-box
models, the approach compensates for unmodeled dynamics and

4 To ensure metrics consistency, comparison methods provided at https:
//github.com/MaartenSchoukens/nonlinear_benchmarks are used.

Research under the complementary actions to the NRRP
“FitdMedRob - Fit for Medical Robotics” Grant (PNC0000007).
C. Donati acknowledges support from PRIN project TECHIE “A
control and network-based approach for fostering the adoption of
new technologies in the ecological transition”, funded by Unione
Europea - Next Generation EU, Missione 4 Componente 1 CUP:
D53D23001320006.

Appendix A. Proof of Theorem 1

_ Consider system (1) with A = § = 0 and true parameters
6 € R™. Since Cr is a function of the noise sequences 1y, its
minimizer 6* is also a function of p, i.e., * = 6*(»). Therefore,

0* — 6 = 6*(y) — 6*(0). (22)
From the Mean Value Theorem, a # exists such that

06"(m) _ 06%@m) , | 960) ,

Tnn: o Mo Tﬂz”o:T

6°n) — 670)=

89 n)

(23)

where and 89 (” are the matrices splitting the contributions
from process and measurement noise. Since 6* minimizes Cr, it
satisfies ‘?CT(" 9 = 0. Hence, it follows from implicit differenti-

d _ d*cr(n6*) . d%cr(n.e*) agr _
ation that Nope = e~ T gy = G+

H(n )39 = 0 Bemg the Hessian H invertible by assumption, then

8;; —H 1G(n). Thus, recalling the definitions of M, and M, in

Lemma 1, it follows from (22) and (23) that
[o* =81, < Mu [n5r ], + Mz [95],- (24)

Now, consider A # 0. We observe that Cr is also a function of A
so that 6* = 6*(y, A). Thus, we have

0* —6=01n,A) — 670,A) + 670, A) — 6%0,0). (25)

BCT(rl 9)

Applying the implicit function theorem to P = M‘e _pv It

follows that 6*(0, Z) is continuously differentiable with respect
to A. Thus, by Lipschitz continuity, there exists a constant M, <
oo such that

16*(0, A) — 6*(0,0)], < Mal|All,. (26)
Now, combining (24) for A # 0 with (26), we have
*(n, A) - 6*(0, A)|, + 16°(0, A) — 6*(0, 0)],

< My [n5: ], + M. w50 ], +Mall Allp.

(27)

Finally, recalling the triangle inequality, (27) yields (5).
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Appendix B. Measurement model

Given (1), @o.r, Zor, Uk = Uy + 1§, Zk = Zk + 1}, we have Zpy g =
h(f (i, up, 0)  + Al we)) + nfyq. Let h(x,w,0) =
h(f (e, tge, 0) + AlXe, ug)). Substituting u = U — n, we obtain
Zks1 = h (xk, U — ng, 9) + "k+1 Thus, applying the mean value

theorem, there exists a @&t € [ilx — n;, ] such that
h (s e = i, 0) — h (X, i, 0) = Bh(” nt, so that, defining n? =
ah()  u

aug Mk + Mo that accounts for measurement and process noise,
we obtain Ziy1 = h(f (X, ik, 0) + A(x, i) + 1}

Appendix C. Proof of Theorem 2

The optimization problem (10) is a feasibility problem in 6.
Therefore, we equally reformulate it by selecting w for which a
0 exists that satisfies the constraint, i.e.,

o =argmin o, st oc{w:30 stz — 56 — Pl <u}.
w

Moreover, since at least one 6 € R™ satisfies the constraint, we
further refine the problem by seeking the w for which a suitable
6 € R™ minimizes the error, i.e.,

® =arg min ||| (28a)
w

st.w€{w:min ||Z — Z6 — Pwl|, <u} (28b)
0eR"

The optimal & minimizing ||Z — £0 — ®w||, is given the least
squares optimal solution, i.e. 0*(w) = ”‘T(z — @w), that once
substituted in (28b) gives g(w) = ||z — EET(Z — dw) — Do, =
170(Z — Qw2 = lles (2, »)l2, recallmg Yo =(Ir — E&7) (see
Lemma 2). Thus, (28) simplifies to @ = argmin, |lw|; st

170(Z — ®w)|2 < u. By applying Grlbonval et al. (2006, Theorem
1, Corollary 1), with Yoz = Yo ®Pw+e% ,(Z, ), the result follows.

Appendix D. Proof of Theorem 3

As in Appendix C, the optimization problem (9) with respect
to w can be written as

w=argmin |wl|p st |[|70Z— Y0Pwl|2 < u.

weRM
By definition, @ is the sparsest vector satisfying the constraint
170Z — To@w| < w. Thus, consider wV, solution of (11) (Novara,
2012). Since constraint (11d) is active, we have [le% 4(Z, @)l
< llet »(Z, @")|l2 = u. Moreover, ||@llo < ||w"|lo, since @ is maxi-
mally’ sparse. App lying Theorem 2,

IIe Z.0")ll(ry, 1) Hle* .01y, 2m) . .
2M(To) holds, implying that, for

. - lle*(z,0°) 1y, 1) +e* (2.0 (1y,20m)
alli € [1,m], |@; — ]| < o 0
o5 (Y0)

M) then & # 0 and, consequently

@ =o'l

. Hence, if

lle*(2,0")ll(rg. 1y Hlle* E 0"y,
lv| > % (q)EJ) i
A= i oy > 2 T";f(”e Eoloom y o supp(a). If follows
that ||w|lo > card(}), Wthh ylelds (12). Now, the constraints
(11b) and (11c) imply that supp(@) = {i : lwf | > n(@)}. Moreover,
if condition (13) holds, then {i : |w!| > n(®)} € A € supp(®). It
follows that supp(@) € supp(@). Since @ is the sparsest vector
satisfying ||Y0Z — YoPwl|, < w relation supp(@®) = supp(®)
follows, concluding the proof.

|w
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