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Abstract

System identification (SI) is the discipline of learning dynamical systems from ex-
perimental data. This thesis considers the simulation error minimization (SEM)
approach to SI and aims to develop algorithms for its solution. In this context, stan-
dard solutions are based on applying gradient-based optimization methods. However,
these methods may fail due to phenomena known as the vanishing and exploding
gradients issues, which arise due to the peculiar structure of the optimization problem.
In this thesis, we aim to address these issues by proposing a constrained optimization
approach.

To solve the formulated constrained optimization problem, we concentrate on
developing novel, efficient, first-order algorithms. To this end, we introduce the
controlled multipliers optimization (CMO) framework, which reformulates the op-
timization problems as control problems, allowing us to utilize controller design
to derive solutions. Within this framework, we present three distinct optimization
algorithms for equality and inequality constrained optimization, we analyze their
convergence, and validate their effectiveness on numerical examples.

Ultimately, we apply one of the proposed algorithms to SEM-based identification.
Our approach’s efficacy is validated through various benchmark tests and simulation
experiments, revealing significant improvements in SI tasks, including black-box SI
through artificial neural networks and gray-box problems.
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Chapter 1

Introduction

System identification (SI) is the science of building mathematical models that
describe physical or artificial systems and phenomena.
The general paradigm of SI is as follows. Firstly, we collect experimental data on the
system; usually, these data are affected by noise. Secondly, we select a model class,
i.e., a family of models to which we assume the system belongs. Then, we estimate
the model’s parameters by solving a suitably defined optimization problem. Finally,
we validate the model using a data set not used during the estimation.

SI is crucial in various engineering applications. Depending on the context, the
identified model is used for prediction, simulation [1, 2], controller design [3, 4],
decision-making, and data filtering and denoising [5], among many others. Another
increasingly widespread application of SI is direct data-driven control (DDDC)
design. A popular approach to DDDC is recasting the controller design problem
into the problem of identifying the controller directly from data, given performance
specifications. Examples of DDDC methods following this approach are correlation-
based tuning [6], virtual reference feedback tuning [7, 8], and methods based on
set-membership identification [9, 10].

Most approaches to SI are based on the solution to a suitable optimization
problem aiming to minimize prediction or simulation error. Mathematically, this
consists of the solution to the optimization problem

min
θ∈Rnθ

L (θ |u, ỹ), (1.1)
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where ut ∈ Rq, ỹt ∈ Rp are the available input and output data, respectively, and
L : Rnθ → R accounts for the error. The definition of the cost function L depends
on several aspects. Firstly, it depends on the considered error model and the norm
used to assess it. Secondly, it depends on the considered model class. Finally, we
can use different regularization terms to penalize the model’s complexity.

There are several options available when it comes to selecting a model class.
First, we can classify models as either state-space or input-output models. Next,
we can differentiate models based on their structure, i.e., the functional relationship
they define between input and output. The simplest structure is that of linearly
parameterized models, where the model is a linear combination of specified functions.
Alternatively, the model structure can be determined from physical equations; in
this case, we deal with gray-box models. Another popular approach to defining the
model structure is using flexible function approximators, such as neural networks.
The latter approach strongly connects classical SI and modern machine learning.
Indeed, objects like recurrent neural networks are particular nonlinear state-space
models. In this context, the terms "learn" and "identify" are synonymous, and we
will use them interchangeably in this thesis.

Most approaches to SI rely on prediction error minimization (PEM). According
to PEM, we identify the model parameters by minimizing the difference between the
measured output and the one-step-ahead prediction provided by the model. Consid-
ering linearly parametrized models, the PEM problem is convex and can be solved
efficiently. Instances of problems of this kind are, e.g., ARX identification [1] and
kernel methods [11]. Instead, when the model structure is nonlinear in the parame-
ters, the identification problem (1.1) is non-convex, and a tractable solution often
requires looking for local minimizers. Moreover, PEM methods enjoy consistency
(i.e., convergence of the estimate to the actual parameter value as the number of data
tends to infinity) under the crucial assumption that the selected system model class
and the noise model are correct. See, e.g., [1]. However, if these assumptions are not
satisfied, PEM methods may yield models that exhibit low accuracy when used to
simulate the system. See [12] and [13] for a detailed discussion.

A viable alternative is to formulate the parameter estimation problem as the
minimization of the simulation error, i.e., we define L in (1.1) as

L (θ) =
N

∑
t=1
∥yt(θ |u)− ỹt∥p (1.2)
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where yt(θ |u) is the output of the model when the measured input u is provided, and
p = 1,2, or ∞. This approach is known as simulation error minimization (SEM) and
leads to consistent estimates regardless of the measurement noise model; see [14] and
[15]. A noteworthy case is the SEM problem for linear systems. In such a scenario,
the optimization problem is polynomial, and semidefinite relaxation techniques are
adopted to compute the global solution; see, e.g., [16] for theoretical details and [17]
for an illustrative example. Conversely, in the general case of nonlinear systems,
the SEM problem is a generic differentiable non-convex minimization problem for
which we can compute local solutions only.

Several possibilities to minimize (1.2) are available. The most commonly con-
sidered approach is applying gradient-based optimization algorithms. Common
choices include first-order gradient descent (GD) algorithms such as stochastic and
mini-batch GD, Nesterov’s, RMSprop, and Adam algorithms. See, e.g., [18] and
[19]. Alternatively to GD, we have second-order methods. These methods present a
theoretically guaranteed improvement in the convergence rate compared to first-order
algorithms. Nevertheless, they are computationally expensive, and their complex-
ity does not scale well for large problems because they require computing large
Hessian matrices. A typical example is the Newton’s method. To address these
limitations, methods utilizing Hessian approximation have emerged. Among them,
we mention Gauss-Newton, Levenberg-Marquardt (LM) [20], and Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithms [21], [22], and [23]. We refer to these methods
as quasi-second order.

When using gradient-based optimization algorithms, the problem of evaluating
the gradients ∇θ yt(θ) emerges. The problem’s dynamic structure generates a dy-
namic relation between the variables ∇θ yt(θ). The technique known as dynamic
backpropagation, proposed in [24], leverages this dependence to evaluate the gradi-
ents as the output of a dynamical system called the sensitivity model.
A more popular alternative is the backpropagation through time (BPTT) algorithm;
see, e.g., [25] and [26]. In BPTT, the dynamic dependencies are utilized implicitly
to compute partial derivatives recursively. Specifically, BPTT relies on unrolling,
i.e., expanding the recurrent model over time into a series of feedforward models. In
this framework, the standard choice for the computation of the derivatives is using
automatic differentiation (see, e.g., [27] for a recent survey).
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Solving SEM problems using gradient-based algorithms is generally associated
with slow convergence, numerical convergence to non-optimal solutions, or even
instability. The root of these issues lies in phenomena known as vanishing and
exploding gradient issues; see, e.g., [28] and [29]. These issues arise independently
of the method used to compute the gradient. Indeed, the dependence of ∇θ yt from
∇θ yt−1, for all t = n+1, . . . ,N, implicitly defines a dynamical system whose outputs
are the required gradients. If such a system is a contraction, i.e., it causes a magnitude
decrease along time, ∇θ yt becomes vanishingly small for large t. On the other hand,
if it is expansive, the norm of ∇θ yt diverges. Through Example 1.0.1, we highlight
the phenomenon’s origin to illustrate this central issue.

Example 1.0.1. (Illustrative example) Consider the first-order linear dynamical
system

yt = θ1yt−1 +θ2ut−1, y1 = 0. (1.3)

Then, the generic sample at time t is given by

yt =
t−1

∑
k=1

θ
k−1
1 θ2ut−k. (1.4)

The minimization of the simulation error’s ℓ2 norm (i.e., energy) leads to defining
the cost function

L (θ) =
N

∑
t=2

(yt− ỹt)
2 =

N

∑
t=2

(
−ỹt +

t−1

∑
k=1

θ
k−1
1 θ2ut−k

)2

(1.5)

which have gradient

∇θL = 2
N

∑
t=2

(yt− ỹt)∇θ yt (1.6)

where

∇θ yt =

[
dyt
dθ1
dyt
dθ2

]
=

t−1

∑
k=1

[
(k−1)θ k−2

1 θ2ut−k

θ
k−1
1 ut−k

]
. (1.7)

Notice that if, at a generic iteration, the optimization variable θ1 is such that
|θ1|< 1, then the summation terms corresponding to large k are small. We notice
that for each time t, only a few terms of the sum (1.7) contribute significantly.
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Conversely, if |θ1|> 1, the magnitude of the terms in (1.7) increases exponen-
tially with k.

Exploding gradient issues may be handled effectively by techniques such as
gradient clipping [30]. On the other hand, effectively and efficiently learning arbi-
trary nonlinear systems without encountering vanishing gradient issues is an open
and challenging problem. In particular, since the vanishing gradient leads to slow
convergence and inaccurate estimation, alternative methods avoiding the vanishing
gradient issue are required to improve the time and energy needed to identify an
accurate model, thus increasing the SI approach’s scope of applicability.

A relevant sub-class of SI problems that has garnered recent interest is related
to recurrent neural networks (RNNs); see, e.g., [31] and [19]. Known for their
capability to approximate any dynamical system, RNNs are now widely employed
to perform nonlinear black-box identification [32, 33]. Early works on RNN models
led to the formulation of the Elman RNNs and neural state-space models, that are
classically identified using BPTT. In this context, the classical approach to attenuate
the vanishing gradient problem is to include a direct gradient propagation path in
the network definition. This idea led to the definition of different RNN structures
like long-short-term memory (LSTM) and gated recurrent units (GRU) networks.
See, e.g., [19, 34] for a detailed discussion. However, such an approach leads to the
definition of large networks that are prone to overfitting and less data-efficient than
classical RNNs. Moreover, common regularization strategies that mitigate overfitting
may fail when applied to such networks [35].

Despite the practical advantages of LSTM and GRU against classical RNNs,
the main idea behind how they attenuate the vanishing gradient issue is based on
modifying the system’s model; therefore, we cannot directly employ this approach to
learn general dynamical models, e.g., gray-box and physics-informed models. This
observation motivates the need for alternative approaches to tackle the vanishing
gradient problem. Recent contributions in this direction explore defining an identifi-
cation algorithm that does not require the computation of the gradients ∇θ yt . This
approach can avoid vanishing and exploding gradient problems instead of attenuating
them. Recent works along this direction include:

• application of meta-heuristic global optimization, e.g., particle swarm op-
timization or genetic algorithms. See, e.g., [36] and [37]. Although these
methods completely avoid any gradient computation, they are generally very
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slow when estimating many parameters. Moreover, they lack theoretical
convergence guarantees.

• [38], where the authors propose considering a constrained optimization for-
mulation of the problem and applying approximated sequential quadratic
programming (SQP) to solve it. This approach effectively reduces the number
of iterations required for convergence while the cost of each iteration increases.

In this thesis, we consider SEM identification of nonlinear input-output models.
Specifically, we formulate the identification problem by defining a constrained
optimization problem in which optimization variables represent model parameters
and noise-free outputs, while constraints define the relation between them; i.e., we
consider

arg min
θ∈Rnθ ,Y∈RpN

L (θ ,y)

s.t.

ht−n(θ ,y) =−yt +M (θ ,y|u) = 0,

t = n+1, . . . ,N,

(1.8)

where Y = [y⊤1 , . . . ,y
⊤
N ]
⊤ ∈ RpN , M : Rnθ ×RpN → Rp represents the model of the

system and L : Rnθ ×RpN → R accounts for the simulation error. A similar mathe-
matical formulation is considered in [38], where the authors develop an inexact SQP
method for training neural state-space models. Moreover, constrained optimization
problems of this kind are also formulated in the context of set-membership identifica-
tion, in which we typically assume that noise is bounded and incorporate additional
inequality constraints accordingly. See, e.g., [39, 16].

Let us denote x = [θ⊤,y⊤1 , . . . ,y
⊤
N ]
⊤ ∈ Rnθ+pN the optimization variables of

Problem (1.8). This problem is characterized by the first-order optimality conditions

∇xL (x)+
N−n

∑
t=1

λt∇xht(x) = 0

ht(x) = 0, t = 1, . . . ,N−n.

(1.9)

Equation (1.9) defines the stationary points of the problem and represents a set of
necessary (but generally not sufficient) conditions for the local optimality of x.
Notice that this condition only requires computing gradients of simple functions
that do not recursively depend on expressions evaluated at previous time instants.
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Consequently, the numerical difficulties related to the vanishing gradient are absent
if we use this formulation. In Example 1.0.2, we illustrate how this casts to the same
identification problem we considered in Example 1.0.1.

Example 1.0.2 (Illustrative example, cont.). Consider the system (1.3). Accord-
ing to (1.8) and (1.9), KKT conditions for the constrained formulation of the
identification problem are

∇θL +
N

∑
t=n+1

λt−n∇θ ht−n =

[
∑

N
t=2 λt−1yt−1

∑
N
t=2 λt−1ut−1

]
= 0 (1.10)

∇yL +
N

∑
t=n+1

λt−n∇yht−n = 0 ⇐⇒

2(yt− ỹt)+λt−1−λtθ1 = 0, ∀t = 1, . . . ,N,

(1.11)

where we defined λN = 0 to ease the notation and keep it consistent, and

ht−n = yt−θ1yt−1−θ2ut = 0, ∀t = 2, . . . ,N. (1.12)

Compared with Example (1.0.1), the number of optimization variables increases
from 2 to 2+N, and the number of equations to be solved increases from 2 to
2N +1. Nonetheless, all the equations are now simple bilinear functions of the
optimization variables. This formulation does not require computing the powers
of θ1, which causes the vanishing gradient issue.

The illustrative Example 1.0.2 highlights that we can avoid vanishing gradient
issues by solving a constrained optimization problem. Nevertheless, this task is
challenging from a computational viewpoint.

Standard approaches to constrained optimization include interior-point methods,
sequential quadratic programming, and Lagrangian methods; see [40] and [41].
All these approaches require solving large systems of linear equations, which may
become computationally- and memory-prohibitive when the number of data (and
consequently, constraints) increases.

This consideration motivates the need for an efficient equality-constrained opti-
mization algorithm. For this purpose, this thesis aims to develop novel first-order,
memory-efficient algorithms for constrained optimization. Specifically, we propose
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an original approach based on feedback control theory, which we call controlled
multipliers optimization (CMO) framework.

CMO involves reformulating an assigned constrained optimization problem into
an equivalent stabilization and output regulation control problem. We define a
fictitious plant where first-order optimality conditions define the state equations,
the constraints define the output, and the Lagrange multipliers are interpreted as
the control input. We demonstrate that by finding appropriate control laws, we can
define a feedback control system that drives the plant’s state trajectories to converge
toward the optimization problem solution.

We focus on equality-constrained optimization problems and present two solu-
tions: one based on proportional-integral (PI) control [42], and the other based on
feedback linearization (FL) [43]. We refer to the resulting algorithms as PI-CMO
and FL-CMO, respectively. Our theoretical analysis demonstrates that both algo-
rithms achieve global exponential convergence to the global optimal solution to
the optimization problem when the objective function is convex and the constraints
are linear. Additionally, we conduct a local analysis of FL-CMO to establish the
asymptotic stability of isolated minima for non-convex problems.
Next, we address optimization problems that are subject to linear inequality con-
straints. These problems often arise in set-membership identification, particularly
when the noise is assumed to be bounded in magnitude. We propose a solution
based on the CMO framework, considering a plant defined using the augmented
Lagrangian and a modified PI controller; we call this algorithm the modified PI-CMO
(M-PI-CMO). We show that this algorithm is globally exponentially convergent for
convex optimization problems.
Finally, we compare our approaches with similar ones in the literature. Specifi-
cally, we compare PI-CMO and M-PI-CMO against primal-dual gradient dynamics
(PDGD). Both theoretical and simulation results indicate that PI-CMO and M-PI-
CMO converge faster than PDGD. Furthermore, FL-CMO is compared to null-space
gradient dynamics, demonstrating that FL-CMO generalizes the latter.

In the second part of the thesis, we apply the proposed FL-CMO optimiza-
tion algorithm to the problem of identifying nonlinear input-output (NIO) models.
Specifically, we consider a rather general class of linear or nonlinear models in the
form

yt = M (yt−1, . . . ,yt−n,ut , . . . ,ut−n|θ), (1.13)
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where ut ∈ Rq is the input, yt ∈ Rp is the output, and

M : Rp×·· ·×Rp︸ ︷︷ ︸
n times

×Rq×·· ·×Rq︸ ︷︷ ︸
n+1 times

→ Rp (1.14)

is any differentiable function. The considered model class can account for a large
array of models, including linear, block-structured, gray-box, physics-informed, and
neural networks models.

We formulate the identification problem as a constrained optimization of the
kind (1.8) and demonstrate that the structure of the problem is compatible with
the assumptions required to apply FL-CMO. Next, we prove that it converges to a
stationary point of the original unconstrained formulation (1.1). To cope with the
main computational bottleneck of the algorithm, we leverage the sparsity of the
constraints’ Jacobian to propose a Q-less QR factorization procedure that allows us
to reduce the computational complexity from cubic to quadratic in the number of
identification data samples. Moreover, we optimize the amount of required iterations
by using adaptive step size to integrate the original, continuous-time formulation of
FL-CMO.

In addition to introducing the algorithm and performing its theoretical analysis,
we demonstrate the effectiveness of the proposed approach on several SI problems.
We consider four key problems: established black-box SI benchmarks and a realistic
gray-box identification problem. Concerning the black-box problems, we consider
the nonlinear neural output error (NNOE) model, which is a particular kind of
RNN in input-output form. The results indicate that, on the one hand, our approach
significantly outperforms standard methods for training NNOE models. On the
other hand, a properly trained NNOE model can provide superior performances
compared to prevalent RNN models, including Elman RNN, LSTM, and GRU. We
explain the latter by noting that NIO models are intrinsically more data-efficient than
their state-space counterparts. Concerning gray-box identification, we show that
the proposed method significantly improves the parameter estimates compared to
standard gradient approaches.

Finally, as a side project, we also devote our attention to the identification of
linear-time-invariant systems. We formulate the SEM problem for this class of
models as constrained optimization, and we notice that the formulated problem is
described by polynomials. This observation motivates the need to develop novel and
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fast algorithms for polynomial optimization. We address this problem by proposing a
solution based on the alternating direction method of multipliers (ADMM) algorithm,
which we call ADMM4POP. We theoretically analyze the algorithm’s convergence
and validate the effectiveness of the proposed approach through numerical examples.

1.1 Outline of the thesis

This thesis is organized into three parts.

1.1.1 Part I: Background

Part I provides a background of the required preliminary results needed in the
subsequent chapters.

In Chapter 2, we deal with the nonlinear SI problem. First, we introduce the
general SI problem, review the relationship between state-space and input-output
models, and discuss the differences between commonly considered loss functions
used to define the problem. Then, we provide an overview of SI methods, focusing
on linear, gray-box, block-oriented, and neural network models.

In Chapter 3, we recall definitions and standard results on nonlinear systems
stability and control. Specifically, we first deal with notions of stability and review
Lyapunov’s stability criteria; then, we review feedback linearization controller design
for nonlinear systems.

Chapter 4 reviews basic notions and fundamental results related to optimization
problems. We consider constrained and unconstrained optimization problems and re-
view results on optimality conditions. Next, we review some optimization algorithms
with a particular emphasis on gradient and Lagrangian methods. Finally, we review
some results related to dynamical systems approaches to the analysis of optimization
algorithms’ convergence.
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1.1.2 Part II: Constrained optimization through control

Part II is the core of the thesis. It introduces the proposed controlled multipliers
optimization (CMO) approach to design optimization algorithms through control
theory.

In Chapter 5, we introduce the main proposed framework by defining the fictitious
plant to be controlled and proving two fundamental lemmas: one for equality-
constrained problems and another for inequality-constrained ones.

Chapter 6 proposes an optimization algorithm based on PI control (PI-CMO) for
equality-constrained optimization. We prove its convergence for strongly convex
optimization problems and compare it to primal-dual gradient dynamics (PDGD).

In Chapter 7, we consider optimization problems with linear inequality con-
straints and propose a solution based on a modification of the PI control law (modi-
fied PI-CMO). We theoretically analyze its convergence for convex problems and
compare it with the augmented Lagrangian PDGD (Aug-PDGD).

In Chapter 8, we develop a solution based on feedback linearization controller
design (FL-CMO). We prove convergence for both convex and non-convex optimiza-
tion problems and demonstrate the practical effectiveness of the approach through
numerical experiments.

This part is partially based on the papers:

• [44]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, "A new framework
for constrained optimization via feedback control of Lagrange multipliers.",
submitted to IEEE Transactions on Automatic Control, 2024, available at
https://arxiv.org/abs/2403.12738.

• [45]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, "A feedback control ap-
proach to convex optimization with inequality constraints," In 63rd IEEE Con-
ference on Decision and Control (CDC), 2024, available at https://arxiv.org/
abs/2409.07168.

https://arxiv.org/abs/2403.12738
https://arxiv.org/abs/2409.07168
https://arxiv.org/abs/2409.07168
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1.1.3 Part III: Constrained optimization for system identification

Part III deals with applying algorithms for constrained optimization to identify
dynamical systems.

In Chapter 9, we consider nonlinear input-output models and formulate the
identification problem as constrained optimization. Then, we propose a learning
algorithm defined starting from FL-CMO, as proposed in Chapter 8. We introduce
novel strategies to improve the algorithm’s computational cost, and we theoretically
study the computational complexity of the iterations, proving that it is quadratic
in the number of data. Finally, we present numerical results on benchmarks and
selected problems concerning both black-box and gray-box SI.

Chapter 10 is devoted to the linear SI problem. In particular, we formulate the
linear SI problem as a polynomial optimization problem and propose an algorithm
based on ADMM to solve it efficiently. We analyze the convergence of the proposed
algorithm and provide numerical examples.

This part is partially based on the papers:

• [46]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, "A constrained opti-
mization approach to system identification of nonlinear input-output models,"
manuscript in preparation, 2024.

• [17]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, "Alternating direction
method of multipliers for polynomial optimization," In European Control
Conference (ECC), 2023, available at https://ieeexplore.ieee.org/document/
10178190.

Chapter 11 draws the conclusions of the thesis.

1.2 Notation

Throughout the thesis, we use the following notation.
For a symmetric matrix A, A≻ (⪰)0 indicates that A is positive (semi)definite, while
A≺ (⪯)0 denotes negative (semi)definiteness.
For a function x(t) : R→ Rn, we define its component-wise derivative with respect

https://ieeexplore.ieee.org/document/10178190
https://ieeexplore.ieee.org/document/10178190
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to t as ẋ = d
dt x(t) : R→ Rn. Given a function f : Rn→ R, its gradient is ∇x f (x) :

Rn→ Rn, while its Hessian is ∇2
x f (x) : Rn→ Rn×n or equivalently Hxx f (x) : Rn→

Rn×n. The subscript "x" in ∇ and the argument of f may be omitted when clear
from context. For a function g : Rn → Rm, we denote its Jacobian as Jg(x) =
[∇g1(x), . . . ,∇gm(x)]⊤ : Rn→ Rm×n.



Part I

Background





Chapter 2

Introduction to system identification

This chapter introduces the general nonlinear system identification (SI) problem and
overview methods in this context. The content of this chapter is mainly based on the
books "System Identification: Theory for the User" by L. Ljung [1], "Block-oriented
Nonlinear System Identification" by F. Giri & E. W. Bai [47], "Recurrent Neural
Networks" by F. M. Salem [19], and on referenced papers.

In SI, the model structure, i.e., the relationship the model defines between
input and output, is often selected based on some available physical knowledge of
the system to be identified. Depending on the amount of a-priori knowledge, we
distinguish between gray-box and black-box SI. If we aim to estimate physically
meaningful parameters of a system, we refer to the identification procedure as gray-
box SI. If we assume that no physical knowledge is available, we deal with black-box

Unknown
system

yt

xt

ỹt

dt

Sensor

ũt

Sensor

ut

Fig. 2.1 Generic description of an experimental setup
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SI. In the latter case, a common choice is to look for universal approximators to
define the model structure.

In the following section, we formally define the SI problem and review the results
of the relation between state-space and input-output models. Afterward, we review
SI methods, from linear SI to block-oriented, gray-box, and neural network models.
Other approaches to nonlinear SI that we will not cover include, e.g., Gaussian
processes [48] and kernel methods [11].

2.1 Problem formulation

Let P be an unknown dynamical system that we want to identify, and let us assume
that P allows for a state-space representation as

xt+1 = f (xt ,ut)

yt = h(xt ,ut),
(2.1)

where xt ∈ Rn, n the dynamical order of the system, and ut ∈ Rq, yt ∈ Rp denote the
system’s input and output at time t, respectively.

We assume the available data is a set of input-output measurements {ut , ỹt},
for t = 1, . . . ,N. In a general setting, data are collected according to the diagram
in Figure 2.1: both input and output are measured by means of sensors, which
potentially introduce noise and uncertainty. Moreover, some unmeasurable input
disturbances dt may act on the system: it is usually assumed that the effect of dt on
the outputs is small.

Throughout this thesis, unless otherwise stated, we assume that the input samples
ut are unaffected by noise, while the output samples are corrupted by a noise sequence
ηt according to ỹt = yt +ηt . In this case, ηt models the joint effect of measurement
uncertainty and unmeasured input disturbances. This is referred to as the output
error noise structure.
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2.1.1 State-space and input-output models

This section investigates the differences and similarities between state-space models
and input-output ones. We review under what conditions we can equivalently write a
system in the state-space form (2.1) as a system in the regressor form representation

yt = φ(yt−1, . . . ,yt−n,ut , . . . ,ut−n), (2.2)

where φ(·) is a generic differentiable function.

To obtain the input-output behavior of (2.1), we resort to the following procedure,
which is the discrete-time counterpart of the development in, e.g., [49] and [50,
Chapter 2].

First, we iteratively derive the dependency of yt+ j from initial state x0 and the
input, for j = 1, . . . ,n as

yt = h(xt ,ut) (2.3a)

yt+1 = h(xt+1,ut+1) = h( f (xt ,ut),ut+1)
.
= h1(xt ,ut ,ut+1) (2.3b)

yt+2 = h(xt+2,ut+2) = · · ·
.
= h2(xt ,ut ,ut+1,ut+2) (2.3c)

...

yt+n−1 = · · ·= hn−1(xt ,ut , . . . ,ut+n−1) (2.3d)

yt+n = · · ·= hn(xt ,ut ,ut+1, . . . ,ut+n). (2.3e)

Equations (2.3) is a set of n equations which express the output samples yt , . . . ,yt+n−1

as a function of the input samples ut , . . . ,ut+n−1 and the initial state xt only.

Recall now the following definitions of observability.

Definition 2.1.1. (Distinguishable, [50, Chapter 4])

Given a system (2.1), two states x1,x2 ∈ Rn are said to be indistinguishable,
if for all T ≥ 0 and any sequence of control inputs ūT = ut , . . . ,ut+T , we have

yt+T (x1, ūT ) = yt+T (x2, ūT ). (2.4)

If x1,x2 are indistinguishable, we write x1Ix2.
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Definition 2.1.2. (Local weak observability, [50, Chapter 4])

Given a system (2.1), a state x1 ∈ Rn is said to be locally weak observable
if there exists a neighbor V of x1, such that for any x2 ∈U, with U ⊆ V open
neighbor of x1, it holds

x1Ix2 ⇒ x1 = x2 ∀x1,x2 ∈ N(x0). (2.5)

The following discussion will refer to local weak observability simply as "ob-
servability." Observability can be intuitively understood as the property of a system
that enables the reconstruction of its state based on knowledge of the model, the
input, and the output. Several control and identification problems strongly rely on the
assumption of observability. Among them, we mention the observer design problem
[51] and the problem of characterizing the identifiability of state-space models [52].

A classical result on observability is the following.

Theorem 2.1.1. (Characterization of observability, [50, Chapter 4] and [53])

The system (2.1) is observable if and only if

rank
(

∂ [h1, . . . ,hn−1]

∂x

)
= n. (2.6)

Notice that, in the case of linear systems, this condition reduces to the classical rank
condition by Kalman [51].

As a consequence of Theorem 2.1.1, if the system is observable, we can solve the
system of equations (2.3a)-(2.3d) for xt , i.e., we can define the map Φ−1 such that

xt = Φ
−1(yt , . . . ,yt+n−1,ut , . . . ,ut+n−1). (2.7)

The existence of this function allows us to rewrite Equation (2.3e) as

yt+n = hn(xt ,ut ,ut+1, . . . ,ut+n) =

= hn(Φ
−1(yt , . . . ,yt+n−1,ut , . . . ,ut+n−1),ut , . . . ,ut+n) =

= φ(yt , . . . ,yt+n−1,ut , . . . ,ut+n).

(2.8)

This expression is formally the same as (2.2). Thus, we conclude the following
theorem (which is the discrete-time counterpart of [50, Theorem 2.2.1]).
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Theorem 2.1.2. (State elimination)

Let S be a system of the kind (2.1). If S is locally observable, then there
exists an open subset V where it admits an input-output representation (2.2).

As a consequence of this result, under the mild assumption of observability, state-
space models and input-output ones are equally powerful in representing dynamical
systems. Moreover, the procedure developed in this section allows us to derive an
input-output model for any given state-space model explicitly.

2.1.2 Cost functions

This section reviews the most commonly considered loss functions used in SI.
Specifically, we consider input-output models described by

yt = M (φt ,θ), φt = [y⊤t−1, . . . ,y
⊤
t−n,u

⊤
t , . . . ,u

⊤
t−n]

⊤, (2.9)

and review the definitions for one-step-ahead prediction and simulation error.

We define the one-step-ahead prediction error as

et = M (φ̃t ,θ)− ỹt , (2.10)

where φ̃t = [ỹ⊤t−1, . . . , ỹ
⊤
t−n,u

⊤
t , . . . ,u

⊤
t−n]

⊤ is the regressor built using the collected
noisy data. If M is linear in the parameters θ , then minimizing any norm of the
one-step-ahead prediction error is a convex optimization problem and can be solved
efficiently. We can interpret the one-step-ahead prediction error as equation error
noise. Such noise structure is often introduced to model the effect of unmeasured
input disturbances or the effect of unmodeled dynamics.

The simulation error is defined as

et = yt− ỹt , (2.11)

where

yt = ỹt , t = 1, . . . ,n (2.12a)

yt = M (φt ,θ), t = n+1, . . . ,N, (2.12b)
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N is the number of available data, and φt is defined according to Equation (2.9).
Alternatively, we can consider y1, . . . ,yn as additional optimization variables.
The simulation error is the difference between the measured output and the out-
put variables produced by the model; thus, it can account for unmeasured input
disturbances, unmodeled dynamics, and measurement noise.

2.2 Overview of SI methods

2.2.1 Linear SI

In linear SI, the model is a linear time-invariant (LTI) dynamical system, i.e.,

xt+1 = Axt +But

yt =Cxt +Dut ,
(2.13)

or equivalently

yt +
n

∑
j=1

α jyt− j =
n

∑
j=0

β jut− j (2.14)

for some A ∈ Rn×n,B ∈ Rn×q,C ∈ Rp×n,D ∈ Rp×q and α ∈ Rn,β ∈ Rn+1.

Among methods for linear SI, we mention prediction error methods (PEM) [1],
set-membership (SM) identification [54], and subspace identification [55].

2.2.2 Gray-box identification

In a gray-box SI problem, the goal is to estimate the physical parameters of a system.
Gray-box models may be given in continuous- or discrete-time, state-space, or
input-output form.

Unlike black-box SI, this problem may be challenging even if the considered
system is LTI and we consider one-step-ahead prediction error minimization. The
difficulty arises from the fact that the prediction model may depend on the physical
parameters through arbitrarily complicated relations, thus leading, in general, to
non-convex optimization problems. See, e.g., [56] and [57].
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According to [58], when the selected model structure is nonlinear, the separation
between black-box and gray-box models is less sharp. Depending on the amount of
physical knowledge used to construct the model of the system, the procedure may be
a combination of the gray- and black-box approaches. When the parameters have
physical meaning, we deal with physics-based models, and the identification is a
pure gray-box problem. If the physical information only provides a set of meaningful
nonlinearities, then the identification procedure is considered partially gray-box and
partially black-box. In this case, block-oriented models and basis function expansion
(which we shall review in the following sections) are viable approaches.

2.2.3 Block-oriented models

Block-oriented models are nonlinear systems described as the interconnection of
LTI and static nonlinear blocks. The blocks can be combined according to several
possible structures: Wiener and Hammerstein models belong to this category. Several
approaches are available to perform their identification. The best linear approxima-
tion paradigm [59] proposes starting by identifying a linear system approximation
and then introducing the nonlinearities. In the set-membership approach [60, 61],
we characterize the set of all systems compatible with the system structure and the
data. Other approaches include iterative and frequency methods; see, e.g., [47].

2.2.4 Basis function expansion

Given a nonlinear model in input-output form

yt = f (φt), φt
.
= [yt−1, . . . ,yt−n,ut , . . . ,ut−n]

⊤, (2.15)

the basis function expansion approach consists of representing the function f (·) as a
linear combination of known basis functions β j(φt), i.e,

yt =
B

∑
j=1

θ jβ j(φt). (2.16)
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Usually, the functions β j are taken as orthogonal elements of some Hilbert
functions space. More specifically, the following are common choices for the
selection of the functions β j:

• Physical insight on the system. In this case, the identification is a gray-box
problem.

• Polynomial functions. A possibility to select β j is using multivariate polyno-
mials; this choice is motivated by the Weierstrass theorem, which states that
in any compact set, polynomials are universal approximators for continuous
functions.

• Radial basis functions. Radial basis functions are functions whose value
depends only on the distance between the input and some fixed point. A
typical example is the Gaussian radial function

β j(φt) = e−c j∥φt−φ̄ j∥2
, (2.17)

where c j, φ̄ j are fixed choices.

When minimizing the one-step-ahead prediction error, the identification problem

arg min
θ∈Rnθ

N

∑
t=n+1

(
ỹt−

B

∑
j=1

θ jβ j(φ̃t)

)2

, (2.18)

where φ̃t
.
= [ỹt−1, . . . , ỹt−n,ut , . . . ,ut−n]

⊤, is a standard least squares problem and
can be solved efficiently. Instead, if we aim to minimize the simulation error, the
problem will be non-convex.

Whatever the choice of β j, this approach suffers from the so-called cruise of
dimensionality, i.e., the number of model parameters grows combinatorially with the
dimension on the regression vector φ . This fact generally leads to overfitting issues.

Sparsification-based methods were suggested to address overfitting and reduce
the model complexity. Such approaches include:

• least absolute selection and shrinkage operator (LASSO) [62], which consists
of including ℓ1-norm regularization to the optimization problem;
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• sequential thresholded least-squares, used in SINDy [63, 64].

• set-membership approaches, e.g., [65].

2.2.5 Neural networks for SI

Recurrent neural networks (RNNs) are a viable approach to parameterize the system
in pure black-box SI. In fact, RNNs are, by definition, instances of state-space models.
Moreover, as the number of neurons converges to infinity, they can approximate any
system. This potential of RNNs to approximate any system makes them a compelling
choice for performing nonlinear SI. Several families of RNNs exist; in the following,
we provide a brief overview of methods in this context.

When considering state-space models, we have

• Elmann RNNs. Originally proposed by Elman in [66], Elmann RNNs are
defined as the cascade interconnection of simple nonlinear systems. Letting
σ(·) denote any nonlinear activation function, the L-layer Elman RNN is

x(1)t = σ(W (1)
ux ut +W (1)

xx x(1)t−1 +b(1)) (2.19a)

x(2)t = σ(W (2)
ux x(1)t +W (2)

xx x(2)t−1 +b(2)) (2.19b)
...

x(L)t = σ(W (L)
ux x(L−1)

t +W (L)
xx x(L)t−1 +b(L)) (2.19c)

yt = N (x(L)t ,θ), (2.19d)

where W (ℓ)
ux ,W (ℓ)

xx ,b(ℓ) for ℓ = 1, . . . ,L and θ are parameters to be estimated
and N is a multi-layer perception (MLP), i.e., N (x) = l1(x)◦ · · · ◦ lL(x) with
lℓ(x)=σ(Aℓx+bℓ) for ℓ= 1, . . . ,L and θ = [vec(A1)

⊤,b⊤1 , . . . ,vec(AL)
⊤,b⊤L ]

⊤.

• Nonlinear neural state-space models (NNSS) [67]. A NNSS model is defined
by

xt+1 = Nx(xt ,ut ,θx) (2.20a)

yt = Ny(xt ,ut ,θy), (2.20b)



2.2 Overview of SI methods 25

where Nx,Ny are MLPs and θ
.
= [θ⊤x ,θ⊤y ]⊤ is a vector of parameters to be

estimated. The rationale behind this definition is straightforward: MLPs are
used to approximate both the state and the output equation.

• Long-short-term memory (LSTM) and gated recurrent unit networks (GRU).
Originally proposed as a modification of the Elmann RNN to handle the
vanishing gradient issue, network structures like LSTM [68, 69] and GRU
[70] are now prevalent models in machine learning and SI. These networks
were designed to reduce the effect of the vanishing gradient problem. In
particular, the main idea is to include a direct propagation path for the gradient
in the state equation. In both cases, the network is an extension of the Elmann
RNNs where the state propagation equation (called cells) is more involved,
i.e., composed of more than one matrix multiplication and nonlinearity. The
structure of each cell bases itself on nonlinearities, called gates, that drive the
information flow depending on the current state and input.

Applications of those kinds of networks include, but are not limited to, SI,
natural language processing, speech recognition, and economics; see, e.g.,
[71, 32]. The main drawbacks of such models are the required computational
effort for training and the reduced data efficiency (i.e., they are prone to
overfitting).

The most popular approach to identify any of those models is to apply gradient-
based optimization while computing the derivatives thanks to the backpropagation
through time (BPTT) algorithm. It is well-known that this approach leads to difficul-
ties in learning from long sequences (long-term dependencies) due to vanishing and
exploding gradient issues. See, e.g., [28] and [29] for a detailed discussion.

Advantages of NNSS models, when compared with RNNs, LSTM, and GRU,
include the possibility of selecting the order of the system to be identified indepen-
dently from the number of layers: this allows exploiting a-priori information when
available and eases the cross-validation procedure. In fact, NNSS allows us to define
the multi-layer architectures to capture strongly nonlinear dynamics and, at the same
time, to retain the information that the order of the system is low.

Considering input-output models, the main idea is to approximate the function
f (·) defining the unknown input-output mapping

yt = f (yt−1, . . . ,yt−n,ut ,ut−1, . . . ,ut−n) (2.21)
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by a MLP. Depending on the considered cost function, we have two main alternatives
to estimate the parameters of the network:

1. in case of one-step-ahead prediction error, i.e., we consider the optimization
problem:

arg min
θ∈Rnθ

∥ỹt−N (ỹt−1, . . . , ỹt−n,ut , . . . ,ut−n,θ)∥2
2 +ρ(θ), (2.22)

we refer to the model as to nonlinear neural autoregressive exogenous (NNARX)
[72, 73]. Identification of NNARX is computationally efficient and classically
performed through standard backpropagation. The main disadvantage of
NNARX identification is that the identified model often exhibits poor simula-
tion performances.

2. if we minimize the simulation error, i.e., we solve the optimization problem

arg min
θ∈Rnθ

∥ỹt− yt(u,θ)∥2
2 +ρ(θ). (2.23)

where yk(u,θ) is the output of the model defined recursively as

yt = ỹt , k = 1, . . . ,n (2.24)

yt = N (yt−1, . . . ,yt−n,ut , . . . ,ut−n,θ), k = n+1, . . . ,N, (2.25)

we refer to the model as to output error neural network (NNOE) [73]. As
noted in [12, 74], NNOE can be considered a special kind of RNN, and as
shown in [75], NNOEs are computationally as strong as fully connected RNNs.
Identification of NNOE is usually performed using BPTT and suffers from the
vanishing and exploding gradient phenomena described in Chapter 1.



Chapter 3

Stability and control of nonlinear
systems

This chapter reviews basic concepts about nonlinear dynamical systems. Specifically,
we consider stability notions and results for autonomous systems and provide an
overview of feedback linearization controller design. The material of this chapter is
based on the books "Nonlinear Systems" by H. K. Khalil [76], "Nonlinear Control
Systems I" and "Nonlinear Control Systems II" by A. Isidori [43],[77], "Applied
Nonlinear Control" by J. E. Slotine and W. Li [78] and "Mathematical Control
Theory: Deterministic Finite Dimensional Systems" by E. Sontag [79].

3.1 Stability Notions

We consider an autonomous system of the kind

ẋ(t) = f (x(t)) (3.1)

where f : Rn→ Rn is assumed to be continuously differentiable.

Definition 3.1.1. (Equilibrium point, [76],[78, Chapter 3]).

A point x∗ ∈ Rn such that f (x∗) = 0 is said to be an equilibrium point.
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In the following, we denote Bd(A ) the open ball of radius d centered in the set
A ⊂Rn, i.e., Bd(A )

.
= {x ∈Rn : ∃y ∈A s.t. ∥x− y∥2 ≤ d}. Moreover, we denote

as ∥x∥A the distance of x from the set A , i.e., infy∈Rn supx∈A ∥x− y∥2. Notice that,
despite what the symbol suggests, ∥x∥A is not a norm.

Definition 3.1.2. (ε/δε stability, [76], [78, Chapter 3]).

The set A is stable if for all ε > 0,∃δε > 0 s.t. for all x0 ∈Rn : ∥x0∥A ≤ δε ,
∥x(t,x0)∥A ≤ ε for all t ≥ 0.

A system is said to be unstable if it is not stable.

Definition 3.1.3. (Asymptotic stability, [76], [78, Chapter 3]).

The set A is asymptotically stable (AS) if A is stable in the ε/δε sense, and
there exists a set D ⊆ Rn s.t. for all x0 ∈D

lim
t→∞
∥x(t,x0)∥A = 0.

This property is referred to as attractivity. D is called domain of attraction. If
D = Rn, we have global asymptotic stability (GAS). Otherwise, we have local
asymptotic stability (LAS) in D .

Definition 3.1.4. (Exponential stability, [76],[78, Chapter 3]).

The set A is locally (resp. globally) exponentially stable if A is LAS (resp.
GAS) and exists c1,c2,c3 ∈ R, c3 > 0 s.t. for all ∥x0∥A ≤ c1

∥x(t,x0)∥A ≤ c2e−c3t ∥x0∥A .

Next, we provide theorems characterizing the above-defined stability notions.
We start with the so-called Lyapunov’s linearization method.

Theorem 3.1.1. (Lyapunov’s linearization method, [78, Section 3.3]).

Consider the linearized system at the equilibrium point x∗ ∈ Rn, defined as

ẋ = Ax, A .
=

∂ f
∂x

∣∣∣∣
x∗

(3.2)
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If the linearized system is strictly stable (i.e., all eigenvalues of A are strictly in
the left-half complex plane), the equilibrium point x∗ is locally exponentially
stable for the actual nonlinear system. Conversely, if the linearized system is
unstable (i.e. if at least one eigenvalue of A is strictly in the right-half complex
plane), the equilibrium point is unstable.

Notice that if the linearized system is marginally stable (i.e., all eigenvalues of A are
in the left-half complex plane, but at least one of them is on the imaginary axis), then
one cannot conclude anything about the nonlinear system.

The main drawback of the linearization method is that it is local, and thus, we
cannot use it to draw global results. To achieve this goal, we need to consider
Lyapunov’s direct method. To define Lyapunov functions and the corresponding
theorems, we rely on the concepts of K and K∞ functions.

Definition 3.1.5. (Class K function, [77, Chapter 10]).

A function α : [0,d)→ R, d > 0, is a class K function if it is continuous,
α(0) = 0, and is strictly increasing.

Definition 3.1.6. (Class K∞ function, [77, Chapter 10]).

A function α : [0,∞)→ R is a class K∞ function if it is class K with d = ∞

and is radially unbounded (i.e., limr→∞ α(r) = ∞).

In the remainder of this section, we present the main results on the stability of
autonomous dynamical systems.

Theorem 3.1.2. (Lyapunov’s theorem for local stability, [77, Chapter 10]).

Suppose there exists a function V (x) : Bd(A )→ R such that there exists
αl,αu,α class K functions with domain [0,d) such that

αl(∥x∥A )≤V (x)≤ αu(∥x∥A ) (3.3)

V̇ (x) =
∂V
∂ f

f (x)≤ α(∥x∥A ). (3.4)

Then, A is LAS (with a domain of attraction that is not better specified).
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We remark that condition (3.3), combined with sufficient regularity of V (x), is
equivalent to the positive definiteness of V (x) conditional to the set A , i.e., V (x) = 0
for all x ∈A and V (x)> 0 for all x /∈A .

Theorem 3.1.3. (Lyapunov’s theorem for global stability, [77, Chapter 10]).

Assume αl,α,αu are class K∞ functions and let the assumptions of Theorem
3.1.2 hold with d→ ∞. Then, A is globally asymptotically stable.

Lemma 3.1.1. (Comparison Lemma, [76, Chapter 3]).

Consider the scalar differential equation

ẏ = φ(y), y(t0) = y0 (3.5)

where y ∈ R and α : R→ R is a locally Lipschitz function. Let [t0,T ) be the
maximal interval of definition of y(t).

Let v(t) be a continuous function whose time derivative v̇(t) satisfies

v̇(t)≤ φ(v(t)), v(t0)≤ y0. (3.6)

Then,
v(t)≤ y(t), ∀ t ∈ [t0,T ). (3.7)

The following theorem provides conditions for global exponential stability. Due
to its central role in Chapters 6, 7 and 8, we also provide a proof for the result.

Theorem 3.1.4. (Global exponential stability of an equilibrium point).

Assume there exists a function V : Rn→ R such that there are real constant
al,au,c > 0 such that

al ∥x− x∗∥ ≤V (x)≤ au ∥x− x∗∥ (3.8)

V̇ (x)≤−cV (x). (3.9)
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Then, for all x(0) = x0 ∈ Rn,

∥x(t)− x∗∥ ≤
√

au

al
e−

1
2 ct ∥x0− x∗∥ , (3.10)

i.e., the point x∗ is globally exponentially stable with convergence rate c/2.

Proof. The proof is based on the application of Lemma 3.1.1. Choose φ(y) =−cy
and v(t) =V (x(t)) in Lemma 3.1.1; then we have y(t) =V (x0)e−ct solution to the
scalar differential equation ẏ =−cy, and

V (x(t))≤ e−ctV (x0)︸ ︷︷ ︸
y(t)

.

Consequently,

∥x− x∗∥2 ≤ 1
al

V (x(t))≤ 1
al

e−ctV (x0)≤
au

al
e−ct ∥x0− x∗∥2 ,

The result follows by taking the square root on both sides.

We remark that if V = x⊤Px, then al = λmin(P), au = λmax(P), and thus the
coefficient of the exponential term is proportional to the condition number of P.

3.2 Feedback linearization controller design

This section reviews basic concepts related to feedback linearization controller design
for multiple-input multiple-output systems.
The content of this section is mainly based on the book "Nonlinear Control Systems"
by A. Isidori [43].
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3.2.1 Geometric theory of dynamical systems

Definition 3.2.1. (Lie derivative, [43, Section 1.2], [76, Section 13.2]).

Let F : Rn 7→ Rn be a vector field and Hi : Rn 7→ R. The Lie derivative of Hi

along F is
LFHi(x) = ∇Hi(x)⊤F(x) ∈ R. (3.11)

By defining L0
FHi(x) = Hi(x), for k = 1,2, . . . , we have

Lk
FHi(x) = (∇Lk−1

F Hi(x))⊤F(x). (3.12)

As illustrated, e.g., in [43, 76], we can apply feedback linearization to input-affine
nonlinear dynamical systems of the form

ẋ = F(x)+G(x)u

y = H(x)
(3.13)

where x(t) ∈Rn, u(t) ∈Rm, and y(t) ∈Rm, F : Rn 7→Rn, G : Rn 7→Rn,m, H : Rn 7→
Rm. For dynamical systems of this kind, we define the concept of vector relative
degree.

Let G j(x) be the j-th column of G(x).

Definition 3.2.2. (Relative degree, [43, Section 5.1], [76, Section 13.2]).

The system (3.13) has a (local) vector relative degree r = (r1, . . . ,rm)
⊤ at

x̄ ∈ Rn if

(a) there exists an ε > 0 such that

LG jL
k
FHi(x) = 0, ∀x ∈Bε(x̄) (3.14)

for each 1≤ i, j ≤ m, for each k ∈ N such that k < ri−1, where Bε(x̄) is a
ball of radius ε centered in x̄.
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(b) the matrix
[
LG jL

ri−1
F Hi(x)

]
1≤i, j≤m

∈ Rm,m is nonsingular at x = x̄, i.e.,

rank
([

LG jL
ri−1
F Hi(x̄)

]
1≤i, j≤m

)
= m. (3.15)

For a single-input, single-output system, if the relative degree is r, the output y and
its derivatives up to (r−1)-th order do not depend on the input, while the r-th order
derivative does.

For linear systems, the concept is equivalent to the relative degree of a transfer
function, i.e., the difference between the degree of the denominator and the degree
of the numerator. The physical meaning of this is related to the delay (phase shift)
between input and output at high frequency, which influences the response speed.
Similarly, for nonlinear systems, the physical meaning of the relative degree is
associated with a delay between input and output.

Now, we recall the concept of normal form and zero dynamics.

Given a nonlinear dynamical system of the kind (3.13) with relative degree r
at x0, there exists a (local) diffeomorphism (i.e., a smooth change of coordinates)
Φ : Rn→ Rn such that

z =

[
ζ

η

]
= Φ(x), (3.16)

where

ζ1 = φ1(x) = H1(x), (3.17a)
...

ζr1 = φr1(x) = Lr1−1
F H1(x), (3.17b)

...

ζr−rm = φr−rm(x) = Hm(x), (3.17c)
...

ζr = φr(x) = Lrm−1
F Hm(x) (3.17d)

η1 = φr+1(x), (3.17e)
...

ηn−r = φn(x) (3.17f)
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and φi(x) for i ∈ {r+1, . . . ,m} are such that LG jφi(x) = 0 ∀ j ∈ {1, . . . ,m}.

Definition 3.2.3. (Normal form, [43, Section 5.1])

The dynamical system (3.13) described in the new coordinates (3.16)-(3.17)
is said to be the normal form of the system.

We can write the normal form explicitly as

ζ̇1 = ζ2, , . . . , , ζ̇r1−1 = ζr1, (3.18a)

ζ̇r1 = Lr1
F H1(Φ

−1(z))+
m

∑
j=1

LG jL
r1−1
F H1(Φ

−1(z))u j (3.18b)

...

ζ̇r−rm = ζr−rm+1 (3.18c)

ζ̇r = Lrm
f Hm(Φ

−1(z))+
m

∑
j=1

LG jL
rm−1
F Hm(Φ

−1(z))u j (3.18d)

η̇ = q(ζ ,η). (3.18e)

Definition 3.2.4. (Zero dynamics, [80],[43, Section 4.3]).

The zero dynamics of a system S is the dynamical system that describes the
internal behavior of S if we set the initial conditions and the inputs to constrain
the output of S to be identically zero. For a system of the kind (3.13), this is
represented by η̇ = q(0,η), where q : Rr×Rn−r→ Rn−r is defined in (3.18).

In other words, the zero dynamics accounts for the modes that are not observable
from the system’s output, whose stability is of concern. When dealing with linear
systems ẋ = Ax+Bu,y =Cx, it is possible to show that the zero dynamics is of the
form η̇ =Qη , with η(t)∈Rn−r,Q∈Rn−r×n−r, and with eigenvalues of the matrix Q
exactly equal to the zeros of the transfer function of the system H(s)=C(sIn−A)−1B.
We refer the reader to [81] and [43, Section 6.1] for more insight on this notion.

3.2.2 Nonlinear feedback control of multivariable systems

Next, we state the non-interacting control problem and its solution.
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Definition 3.2.5. (Non-interacting control problem, [43, Section 5.3])

Let us consider system (3.13). We say that a controller of the form

u = α(x)+β (x)v (3.19)

with α(x) ∈ Rm, β (x) ∈ Rm,m and v(t) ∈ Rm solves the non-interacting control
problem if in the system{

ẋ = F(x)+G(x)α(x)+G(x)β (x)v

y = H(x)
(3.20)

each input vi(t) affects only output yi(t), for each i = 1, . . . ,m.

The non-interacting control problem admits a solution if the plant has a finite
relative degree. Moreover, the zero dynamics behavior determines the closed-loop
system’s stability. The following results detail these facts.

Theorem 3.2.1. (Non-interacting control solution, [43, Section 5.3])

The non-interacting control problem admits a solution if and only if system
(3.13) has some vector relative degree r. In that case, the solution is given by

α(x) =−A−1(x)b(x), β (x) = A−1(x) (3.21)

where

A(x) =
[
LG jL

ri−1
F Hi(x)

]
1≤i, j≤m

∈ Rm,m (3.22a)

b(x) = [Lri
FHi(x)]i=1,...,m ∈ Rm. (3.22b)

Moreover, for each i = 1,2, . . . ,m, the input-output behavior between vi(t) and
yi(t) is linear and described in the s−domain by the transfer function

1
sri

. (3.23)

Theorem 3.2.1 provides an input-output global linearization of system (3.13), which
is decoupled in each component i = 1, . . . ,m.
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Next, in Theorem 3.2.2, we relate the stability of the controlled system to the stability
of the zero dynamics of the plant.

Theorem 3.2.2. (Non-interacting control stability, [43, Section 5.3] [78, Section
6.5])

Assume that system (3.13) has vector relative degree r and that its zero
dynamics is asymptotically stable at η = η̄ . Next, select

vi(t) = Gi(yi), i = 1, . . . ,m (3.24)

such that the closed loop system (3.23)-(3.24) is asymptotically stable at yi = 0
for all i = 1, . . . ,m.

Then the feedback control system defined by (3.20) and (3.24) (with α(x)
and β (x) given in Theorem 3.2.1), is asymptotically stable at (η ,ξ ) = (η̄ ,0).

We remark that in [43, Section 5.3] and [78, Section 6.5] the proof of this theorem
is given assuming equilibrium point η̄ = 0 for the zero dynamics, but the argument
is without loss of generality for any desired equilibrium point.
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Optimization problems

This chapter reviews the fundamental results of mathematical optimization theory.
The material in this chapter is mainly based on the books "Nonlinear Programming"
by D. P. Bertsekas [40], "Numerical Optimization" by J. Nocedal & S. J. Wright [41],
and "Convex Optimization" by S. Boyd & L. Vandenberghe [82], and on referred
papers.

We formally define an optimization problem as

Definition 4.0.1. (Optimization problem and feasible set, [82, Chapter 4]), [40,
Chapter 3].

An optimization problem is a problem of the form

min
x∈Rn

f (x)

s.t. gi(x)≤ 0 i = 1, . . . , p

hi(x) = 0 i = 1, . . . ,m.

(4.1)

The set X of x such that the constraints are satisfied is called the feasible set.

For an optimization problem, we define global and local solutions according to
the following definitions:
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Definition 4.0.2. (Global minimum, [82, Chapter 4]).

A point x∗ is said to be the global minimum of the problem (4.1) if

f (x∗)≤ f (x) ∀x ∈X . (4.2)

Definition 4.0.3. (Local minimum, [82, Chapter 4]).

A point x∗ is said to be a local minimum of the problem (4.1) if

∃ε> 0 s.t. f (x∗)≤ f (x) ∀x ∈X with ∥x− x∗∥< ε. (4.3)

A property of paramount importance for an optimization problem is convexity.

Definition 4.0.4. (Convex function, [82, Chapter 3]).

A function f : Rn→ R is said to be convex if satisfies

f (tx+(1− t)y)≤ t f (x)+(1− t) f (y) ∀x,y ∈ Rn t ∈ [0,1]. (4.4)

An optimization problem is convex if f ,gi are convex and hi are affine in the
optimization variables x.

The following theorem motivates distinguishing between convex and non-convex
optimization problems.

Theorem 4.0.1. (Optimality for convex problems, [82, Section 4.2])

If the optimization problem (4.1) is convex, all local minima are also global
minima.

As a consequence of this result, convex problems are tractable, while non-convex
ones are considered hard.

4.1 Optimality conditions

This section reviews the necessary and sufficient optimality conditions for uncon-
strained, equality-constrained, and inequality-constrained optimization problems.
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4.1.1 Unconstrained optimization

Theorem 4.1.1. (Unconstrained problems, [40, Chapter 1]).

Consider an unconstrained optimization problem, i.e., minx∈Rn f (x). If f (x)
is twice differentiable on an open set S containing x∗, then x∗ is a local minimum
if and only if

∇ f (x∗) = 0 (first order condition) (4.5)

and
∇

2 f (x∗)⪰ 0 (second order condition). (4.6)

Theorem 4.1.1 establishes necessary and sufficient conditions for local optimality.
If the problem is convex, these conditions become necessary and sufficient for global
optimality. Notice that the condition ∇ f (x∗) = 0 is only necessary. Points x∗ which
satisfy this equation are called stationary points.

4.1.2 Equality constrained optimization

Next, we consider problems with equality constraints only, i.e.,

min
x∈Rn

f (x)

s.t. hi(x) = 0, i = 1, . . . ,m.
(4.7)

For this kind of problem, we define the Lagrangian function as

L (x,λ ) = f (x)+
m

∑
i=1

λihi(x). (4.8)

Theorem 4.1.2. (Lagrange multipliers Theorem - Necessary condition, [40,
Section 4.1]).

Consider an equality-constrained optimization problem of the kind (4.7).
Let x∗ be a local minimum of the problem. Assume that f (x),hi(x) are twice
differentiable on an open set S containing x∗ and that x∗ is regular, i.e., ∇xh1(x∗),
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. . . , ∇xhm(x∗) are linearly independent. Then there exists a unique vector
λ ∗ ∈ Rm, called Lagrange multipliers vector, such that

∇xL (x∗,λ ∗) = 0 (first order condition), (4.9)

∇λ L (x∗,λ ∗) = h(x∗) = 0m (primal feasibility), (4.10)

and y⊤∇2
xL (x∗,λ ∗)y ⪰ 0 for all feasible variations y ∈ V (x∗) .

= {y ∈ Rn :
∇xhi(x∗)⊤y = 0, i = 1, . . . ,m} (second order condition).

A pair (x⋆,λ ⋆) that satisfies both (4.9) and (4.10) is said to be a stationary point
for the problem (4.7).

Theorem 4.1.3. (Lagrange multipliers Theorem - Sufficient conditions, [40,
Section 4.2]).

Consider an equality-constrained optimization problem of the kind (4.7).
Assume f (x),hi(x) are twice differentiable on an open set S containing x∗ ∈ Rn.
If there exists a vector λ ∗ ∈Rm such that (4.10), (4.9), and y⊤∇2L (x∗,λ ∗)y⪰ 0
for all feasible variations y ∈V (x∗) .

= {y ∈ Rn : ∇xhi(x∗)⊤y = 0, i = 1, . . . ,m}
(second order condition), then x∗ is a strict local minimum of the problem, i.e.,
∃γ > 0,ε > 0 such that f (x)≥ f (x∗)+ γ ∥x− x∗∥2 for all x such that h(x) = 0
and ∥x− x∗∥> ε .

4.1.3 Inequality constrained optimization

Finally, we consider problems with inequality constraints of the kind (4.1). For such
problems, we distinguish between active inequality constraints, i.e., constraints that
hold with equality, and inactive ones, i.e., that hold with strict inequality. Formally,
the set of active constraints is defined for any feasible point x as

A(x) = { j s.t. g j(x) = 0}. (4.11)

A feasible point x is said to be regular if ∇xhi(x), i = 1, . . . ,m and g j(x), j ∈ A(x) are
linearly independent.
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For such kind of problems, we define the Lagrangian as

L (x,λ ,µ) = f (x)+
m

∑
i=1

λihi(x)+
p

∑
j=1

µ jg j(x). (4.12)

Theorem 4.1.4. (Karush-Kuhn-Tucker - Necessary condition, [40, Section 4.3]).

Consider an optimization problem of the kind (4.1). Let x∗ be a local mini-
mum of the problem. Assume that f (x), hi(x), and gi(x) are twice differentiable
on an open set S containing x∗ and that x∗ is regular. Then there exists unique
vectors λ ∗ ∈ Rm,µ∗ ∈ Rp, called Lagrange multipliers vectors, such that

∇xL (x∗,λ ∗,µ∗) = 0, (first order condition), (4.13a)

h(x∗) = 0m,g(x∗)≤ 0, (primal feasibility), (4.13b)

µ
∗
j ≥ 0,∀ j = 1, . . . , p, (dual feasibility), (4.13c)

µ
∗
j g j(x⋆) = 0,∀ j = 1, . . . , p, (complementary slackness), (4.13d)

and
y⊤∇

2
xL (x∗,λ ∗,µ∗)y⪰ 0 (4.14)

for all feasible variations y ∈V (x∗) .
= {y ∈ Rn : ∇xhi(x∗)⊤y = 0, i = 1, . . . ,m,

∇xg j(x∗)⊤y = 0, j ∈ A(x∗)} (second order condition).

Theorem 4.1.5. (General sufficiency conditions, [40, Section 4.3]).

Consider an optimization problem of the kind (4.1). Assume that f (x), hi(x),
and gi(x) are twice differentiable on an open set S containing x∗ ∈ Rn. If there
exists vectors λ ∗ ∈ Rm,µ∗ ∈ Rp such that ∇xL (x∗,λ ∗,µ∗) = 0 (first order
condition), h(x∗) = 0m,g(x∗)≤ 0p (primal feasibility), µ j > 0 for all j ∈ A(x∗),
µ j = 0 for j /∈A(x∗) (dual feasibility), and y⊤∇2

xL (x∗,λ ∗,µ∗)y⪰ 0 for all feasi-
ble variations y∈V (x∗) .

= {y∈Rn : ∇xhi(x∗)⊤y= 0, i= 1, . . . ,m,∇xg j(x∗)⊤y=
0, j ∈ A(x∗)} (second order condition), then x∗ is a strict local minimum of the
problem.
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4.2 Optimization algorithms

In this section, we review optimization algorithms for unconstrained and equality-
constrained optimization. The list of considered algorithms is limited to those useful
in the following chapter’s discussion and should not be considered exhaustive.

4.2.1 Unconstrained problems

When dealing with (differentiable) unconstrained optimization, the most commonly
considered algorithm is gradient descent. It consists of iterating the update rule

x← x−αP∇x f (x) (4.15)

where P≻ 0 and α > 0.

Different choices of P give rise to different optimization algorithms. If P = I,
then we deal with the steepest descent algorithm. If P = (∇2

x f (x))−1, we deal with
Newton’s method. For a detailed analysis of these methods, the reader is referred to
[40, Chapter 1] and [41, Chapter 3].

For nonlinear least-squares problems, i.e., f (x) = (1/2)∑
N
i=1 gi(x)2, it is possible

to derive an approximation of Newton’s method that does not require computing the
Hessians of gi. In particular, we take the approximation

∇
2
x f (x) = ∇xg(x)∇xg(x)⊤+

N

∑
i=1

∇
2
xgi(x)gi(x)≈ ∇xg(x)∇xg(x)⊤. (4.16)

This approximation leads to the update rule:

x← x−α(∇xg(x)∇xg(x)⊤)−1
∇xg(x)g(x)︸ ︷︷ ︸

∇x f (x)

. (4.17)

This algorithm is called the Gauss-Newton method, and it can be shown to be equiv-
alent to the algorithm obtained by globally optimizing a linearized cost at each itera-
tion. A modification of this algorithm is the Levenberg–Marquardt algorithm, which
replaces P = ∇xg(x)∇xg(x)⊤ with P = ∇xg(x)∇xg(x)⊤ + γdiag(∇xg(x)∇xg(x)⊤)
where γ > 0 is called damping parameter and adjusted at each iteration using a
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suitable strategy. It is outside the scope of this review to enter into more details; we
refer the interested reader to [41, Section 10.3] and [83].

4.2.2 Constrained problems

When dealing with constrained problems, several classes of algorithms are available.
Interior-point methods [41, Chapter 19], sequential quadratic programming [41,
Chapter 18], penalty and Lagrangian methods [41, Chapter 17], [40, Chapter 5],
conditional and projected gradient [84], to mention a few.

In this thesis, we mostly consider Lagrangian methods. Such methods aim at
solving the Lagrangian system (4.18).∇xL (x,λ ) = 0

h(x) = 0.
(4.18)

The simplest method in this family is the first-order Lagrangian method that iterates
the following update rules

x← x−α∇xL (x,λ )

λ ← λ +ηh(x),
(4.19)

where α > 0 is a small scalar and η > 0.

The rationale of this method is that the Lagrangian should be minimized along
the x direction and maximized along the multiplier’s direction λ . This method can
be proven to converge to a minimum-Lagrange multiplier pair (x∗,λ ∗) under the
assumptions that α is small enough, x∗ is a regular point and ∇2

xxL (x∗,λ ∗) ⪰ 0.
Other possibilities include Newton-like methods to find the solutions of (4.18) and
its variations. The interested reader is referred to [40, Section 4.4] for a detailed
presentation.

Related to Lagrangian methods, an alternative is to consider the augmented
Lagrangian method (ALM). This method is based on the definition of augmented
Lagrangian:

LA(x,λ ) = L (x,λ )+
η

2
∥h(x)∥2

2 , η > 0. (4.20)
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At each iteration, we update the primal variable x according to the unconstrained
minimization

x← arg min
x∈Rn

LA(x,λ ) (4.21)

and the Lagrange multipliers according to

λ ← λ +ηh(x). (4.22)

It is possible to show that the ALM converges to an optimal pair (x∗,λ ∗) under the
assumption that x∗ is a regular point and that η is sufficiently large. The method
can be extended to the presence of inequality constraints by adding positive slack
variables s j ≥ 0 to transform inequalities g j(x)≤ 0 to equalities g j(x)+ s j = 0 and
then applying a projected gradient method to handle bounds on the variables in the
optimization (4.21); see, e.g., [41, Chapter 17].

A variant of the ALM is the alternating direction method of multipliers (ADMM).
ADMM solves optimization problems of the form

min
x,z∈Rn

F(x)+G(z)

s.t. x = z
(4.23)

We consider the augmented Lagrangian

Lρ(x,z,u) = F(x)+G(z)+ρu⊤(x− z)+
ρ

2
∥x− z∥2

2 (4.24)

where ρ > 0 is a scalar penalty parameter and u ∈ Rn is the scaled dual variable; we
refer the reader to [85, Section 3.1] for details on the scaled ADMM. In the following,
we denote by xk, zk, and uk the estimates of the variables x, z, and u, respectively, at
a generic k-th iteration of the algorithm. ADMM consists of a loop iterating over
three steps, called x-update, z-update, and u-update:

xk+1 = arg min
x∈Rn

Lρ(x,zk,uk) = arg min
x∈Rn

F(x)+
ρ

2
∥x− zk +uk∥2

2 . (4.25)

zk+1 = arg min
z∈Rn

Lρ(xk,z,uk) = arg min
z∈Rn

G(z)+
ρ

2
∥xk+1− z+uk∥2

2 . (4.26)
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uk+1 = uk + xk+1− zk+1. (4.27)

Under the assumptions that (i) the functions F and G are closed, proper, and con-
vex, and (ii) the non-augmented Lagrangian L (x,z,u) of the optimization problem
has a saddle point, then ADMM is proved to be convergent to the global optima [85].
This algorithm has also been successfully applied to non-convex problems, e.g., in
[86–88], but establishing convergence for the general case is still an open problem.

4.3 Optimization algorithms as dynamical systems

A possible approach to analyzing optimization algorithms is related to continuous-
time (CT) dynamical systems. The general paradigm is as follows: first, we take
the CT limit of the iterations defined by the considered algorithm, and then we
investigate the convergence of the obtained dynamical system. This approach is
motivated by the consideration that when the selected discretization step size is small
enough, the original discrete-time algorithm will also enjoy the found properties.

This section reviews existing literature studying dynamical systems whose trajec-
tories converge toward the solution to a given optimization problem. Specifically, we
review gradient flows for unconstrained minimization, primal-dual gradient flows,
and null-space gradient flows for constrained problems.

Beyond these, we also mention the possibility of constructing a dynamical system
that converges towards the solution to a set of equations. We can use these methods
to solve optimization problems if these equations represent optimality conditions.
Among these methods, we mention [89], which defines a control-theoretic approach
to the problem, and [90], which proposes defining an autonomous system using a
functional of the equations, called pseudo-transient continuation. The latter has been
recently applied to define an efficient algorithm for convex quadratic programming
in [91].
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4.3.1 Gradient flows

We begin by considering unconstrained and differentiable optimization problems

x∗ = arg min
x∈Rn

f (x). (4.28)

As discussed in Section 4.2, the mainstream algorithm to solve these problems is
gradient descent. The CT counterpart of the gradient descent algorithm is obtained
by letting α → 0 and considering updates of x at infinitesimal time increment, i.e.,
the forward time shift operator is replaced by the time derivative. This leads to:

ẋ(t) =−∇x f (x), x(0) = x0, (4.29)

which is referred to as (negative) gradient dynamics. The trajectories of this dynam-
ics, i.e., solutions of the initial value problem (4.29), are called (negative) gradient
flows. Their existence is guaranteed under the condition that ∇x f (x) is at least locally
Lipschitz.

Early works on the gradient dynamics established convergence of the flows to a
stationary point of the optimization problem. In [92], the author proves that if f (x)
is analytic, then every solution starting in a compact sublevel set of f (x) has a finite
length (as a curve in Rn) and converges to an equilibrium point x̄.

By definition of an equilibrium point, ∇x f (x̄) = 0 and therefore x̄ is a stationary
point of (4.28). Moreover, a straightforward application of the Lyapunov lineariza-
tion method (Theorem 3.1.1, Section 3.1) leads to the conclusion that x̄ is locally
exponentially stable if and only if ∇2

x f (x̄) is positive definite, and x̄ is unstable if
at least one eigenvalue of ∇2

x f (x̄) is strictly negative. In other words, local minima
satisfying second-order conditions are always stable. For further references, we refer
the reader to [93, Appendix A.6], [94], and [95].

A more general approach allows for considering any possible descent directions
rather than only the steepest decent one. This approach consists of the analysis of
the dynamics

ẋ =−Q(x)∇x f (x), Q(x)≻ 0. (4.30)

See, e.g., [96] for a discussion on the properties of the equilibria of this dynamics
and [97] for a convergence result.
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More recently, motivated by the growing popularity of accelerated gradient meth-
ods in machine learning applications, many efforts have been devoted to analyzing
accelerated gradient flows. An instance of such a method is Nesterov’s accelerated
gradient flow, the CT version of Nesterov’s method, i.e.,

ẍ+
3
t

ẋ+∇x f (x) = 0. (4.31)

See, e.g., [98] and [99] for a detailed discussion.

In [100, 101], the authors propose a unifying framework to study optimization
algorithms as dynamical systems whose flow converges to a minimum of an un-
constrained optimization problem. Specifically, they propose defining a feedback
interconnection between a linear system and a nonlinear component defined by
∇x f (x). Different optimization algorithms arise depending on the choice of the
linear subsystem, including the gradient descent (4.29) and the Nesterov’s (4.31)
dynamics. The stability and convergence of the algorithm are studied by treating the
nonlinear component as an uncertain block satisfying integral quadratic constraints.

We also mention [102], where the authors consider dynamical systems related to
ADMM and accelerated ADMM. Interestingly, despite the conceptual gap between
the corresponding optimization methods, the ADMM dynamics is strictly related to
the negative gradient dynamics.

4.3.2 PDGD

Primal-dual gradient dynamics (PDGD), or saddle-point dynamics, is the CT limit
of the iterations defined by the Lagrangian method; see Section 4.2.

When dealing with equality-constrained optimization problems in the form

min
x∈Rn

f (x)

subject to:

h(x) = 0,

(4.32)

we recall the definition of Lagrangian

L (x,λ ) = f (x)+λ
⊤h(x). (4.33)
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The PDGD is defined as the dynamical system

ẋ =−∇xL (x,λ ) (4.34a)

λ̇ = η∇λ L (x,λ ) = ηh(x) (4.34b)

where η ∈ R is a positive constant. In [103], the authors establish the global
exponential stability of PDGD for strongly convex optimization problems. We
provide the formal statement in Theorem 4.3.1.

Theorem 4.3.1. (Global exponential stability of PDGD, [103, Section II-A])

Assume f is twice differentiable and there exists µ, ℓ > 0 such that, for
all x,y ∈ Rn, µ ∥x− y∥2 ≤ ⟨∇x f (x)−∇x f (y),x− y⟩ ≤ ℓ∥x− y∥2. Moreover,
assume that h(x) = Cx+ d (the optimization problem is convex), with C full
row rank and such that there exist constants κ1,κ2 such that κ1I ⪯CC⊤ ⪯ κ2I.
Define τeq = min{ηκ1

4ℓ ,
κ1µ

4κ2
}. Then there exist positive constants c1,c2 ∈ R such

that
∥x(t)− x∗∥ ≤ c1e−

1
2 τeqt , ∥λ (t)−λ

∗∥ ≤ c2e−
1
2 τeqt . (4.35)

The proof of Theorem 4.3.1 relies on constructing a quadratic Lyapunov function.

In [103], the authors also consider inequality-constrained problems of the kind

x∗ = arg min
x∈Rn

f (x)

s.t. g(x) =Cx−d ≤ 0
(4.36)

where C ∈ Rm,n,d ∈ Rm. When dealing with this case, they propose defining the
augmented Lagrangian

La(x,λ ) = f (x)+
m

∑
j=1

Hρ(gi(x),λi) (4.37)

where

Hρ(gi(x),λi) =

gi(x)λi +
ρ

2 g2
i (x) if ρgi(x)+λ ≥ 0

− 1
2ρ

λ 2
i otherwise

(4.38)
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They define the primal-dual gradient dynamics for the augmented Lagrangian (Aug-
PDGD) as

ẋ =−∇xLa(x,λ ) (4.39a)

λ̇ = η∇λ La(x,λ ) (4.39b)

and establish the following theorem:

Theorem 4.3.2. (Global exponential stability of Aug-PDGD [103, Section II-B])

Assume f is twice differentiable and there exists µ, ℓ > 0 such that, for
all x,y ∈ Rn, µ ∥x− y∥2 ≤ ⟨∇x f (x)−∇x f (y),x− y⟩ ≤ ℓ∥x− y∥2. Moreover,
assume that C full row rank and such that there exist constants κ1,κ2 such that
κ1I ⪯CC⊤ ⪯ κ2I. Define τineq =

ηκ2
1

40ℓκ2 max{ ρκ2
µ

, ℓ
µ
}2 max{ η

ℓρ ,
ℓ
µ
}2 . Then there exist

positive constants c3,c4 ∈ R such that

∥x(t)− x∗∥ ≤ c3e−
1
2 τineqt , ∥λ (t)−λ

∗∥ ≤ c4e−
1
2 τineqt . (4.40)

More recently, [104] considered smooth convex optimization problems with
generic convex inequality constraints. The analysis of this more general problem is
more challenging than the linear case counterpart, and, in general, the corresponding
Augmented PDGD does not enjoy global exponential stability. This statement is
motivated by a counterexample given in [104]. Instead, in this case, PDGD achieves
semiglobal exponential convergence, i.e., the exponential rate of convergence must
be allowed to depend on initial conditions.

4.3.3 Null-space and projected gradient flows

When dealing with non-convex equality-constrained optimization problems, PDGD
may not converge or be inefficient.

An alternative approach that relies on dynamical systems to achieve convergence
to a minimum of the optimization problem

x∗ = arg min
x∈Rn

f (x)

s.t. h(x) = 0m

(4.41)
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is based on the idea of updating x(t) along a combination of the null space of the
feasible set and its orthogonal complement. For this reason, we refer to such methods
as null space gradient methods.

The earliest work in this direction is [105], where the author considers the
dynamics defined by

ẋ =−(I− J⊤h (JhJ⊤h )−1Jh)∇x f (x). (4.42)

(4.42) is the generalization CT limit of Rosen’s gradient projection method [106].
This method enjoys forward invariance of the feasible set Ω (i.e., trajectories starting
in Ω remain in Ω), but trajectories starting outside do not converge to it.

To address this issue, in [107], the author propose the dynamics

ẋ =−(I− J⊤h (JhJ⊤h )−1Jh)∇x f (x)− J⊤h (JhJ⊤h )−1h(x). (4.43)

The introduction of the so-called calibration term −J⊤h (JhJ⊤h )−1h(x) renders the fea-
sible set Ω globally attractive, i.e., any trajectory will converge onto it independently
on initial conditions.

Variants of this dynamical system have also been studied in [108], [109] and
[110]. In particular, these works propose introducing a constant K > 0 multiplying
the second term of (4.43) and adopting different integration schemes for obtaining
the flow numerically. (4.42) can be thought as choosing K = 0 in [109].

In [111], the author analyze the more general

ẋ =−(I− J⊤h (JhJ⊤h )−1Jh)∇x f (x)− J⊤h A(x)h(x) (4.44)

where A(x) solves the Lyapunov equation JhJ⊤h A+AJhJ⊤h =W for some W ≻ 0. For
the choice W = 2I, (4.44) is equivalent to (4.43).

In the case of linear constraints, we may interpret the null-space gradient dy-
namics as an instance of the globally projected dynamics as defined in, e.g., [112],
i.e.,

ẋ = λ (PΩ(x−α∇ f (x))− x) (4.45)

where λ ,α ∈R+ and PΩ(z) is the operator projecting z into the feasible set Ω. Indeed,
if constraints are linear equalities, i.e., h(x) =Cx+d = 0 for some C ∈Rm,n,d ∈Rm,
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the projection operator allows for an explicit formula as

PΩ(z) = z−C⊤(CC⊤)−1(Cz−d). (4.46)

Replacing (4.46) into (4.45), we get

ẋ = λ (x−α∇ f (x)−C⊤(CC⊤)−1(C(x−α∇ f (x))−d)− x) (4.47)

= λ (−α∇ f (x)+C⊤(CC⊤)−1(αC∇ f (x)−h(x))). (4.48)

Collecing ∇ f (x) and selecting λ = K,α = K−1, we get the dynamics studied in
[109] when specialized for linear constraints. For nonlinear equality constraints,
the feasible set Ω is non-convex, and the projection operator is not well-defined
due to the potential non-uniqueness of the optima; therefore, the globally projected
dynamic is not well-defined in this case.



Part II

Constrained optimization through
control





Chapter 5

Feedback control of Lagrange
multipliers

This chapter introduces the main results of Part II, which will play a central role in
developing the algorithms we will introduce in the following chapters.

In this chapter, we develop a new continuous-time (CT) framework for con-
strained optimization. The proposed framework leverages a feedback control per-
spective. We start from the first-order necessary conditions for minima to build a CT
dynamic system whose control input is the vector of the Lagrange multipliers. The
output represents the constraints, which we regulate accordingly. Several control
laws are suitable for the Lagrange multipliers to achieve the desired regulation; this
gives rise to a family of control-based first-order methods.

The feedback control interpretation has also been proposed in the recent and
independent work [113], where the authors leverage control barrier functions to
develop dynamics that solve constrained optimization problems. Instead, in this
work, we are not limited to one specific control method, and we provide Lemmas
whose validity is independent of the controller choice.

In Chapters 6, 7, and 8, we propose considering proportional-integral and feed-
back linearization controller design to derive novel optimization algorithms for both
equality- and inequality-constrained problems.
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5.1 Equality constrained problems

In this section, we illustrate the proposed framework to find a stationary point of the
problem

x∗ = arg min
x∈Rn

f (x)

s.t. h(x) = 0m

(5.1)

by building a suitable CT dynamic system with controlled Lagrange multipliers.

Let us define the ficticius plant P as a dynamical system system with state
x(t) ∈ Rn, input λ (t) ∈ Rm and output y(t) ∈ Rm, described by the equations

P :

{
ẋ(t) =−∇ f (x(t))− Jh(x(t))⊤λ (t)

y(t) = h(x(t)).
(5.2)

The following result holds.

Lemma 5.1.1. An equilibrium point (x⋆,λ ⋆) of P is a stationary point of
problem (5.1) if and only if h(x⋆) = 0.

Proof. By definition, an equilibrium point (x⋆,λ ⋆) of P satisfies first-order optimal-
ity conditions (4.9) in Theorem 4.1.2. If h(x⋆) = 0, then also (4.10) holds and (x⋆,λ ⋆)

is a stationary point to problem (5.1). Conversely, any stationary point satisfies (4.9),
then it corresponds to an equilibrium point (x⋆,λ ⋆) of P with h(x⋆) = 0.

Lemma 5.1.1 suggests we can compute a stationary point of problem (5.1) by
designing a suitable input λ (t) that drives P to converge to an equilibrium point
and regulates the output to zero. A standard way to approach this regulation problem
is to design a suitable feedback controller K . In Figure 5.1, we depict a general
scheme; y(t) is the feedback signal to the input of K , possibly together with the
state of P .

Remark. We underline that P is a representation of an optimization algorithm;
therefore, the state is known as well as the output, which is different from physical
systems where the observation of the state may be critical.

The aim of the development presented in the following chapters is to address the
following problem.
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λ(t)

x(t)

y(t)
K P

Fig. 5.1 Structure of the proposed controlled multipliers optimization approach. The state
and the output of P defined in (5.2) are fed back to the controller K , whose output is the
vector of the Lagrange multipliers.

Problem 5.1.1. Design a feedback controller K for P such that

lim
t→∞

x(t) = x⋆,

lim
t→∞

y(t) = 0
(5.3)

for some x⋆ ∈ Rn.

The feedback controller K should provide convergence of the P state variables
towards the a stationary point. From a controller design perspective, we ensure that
the feedback system enjoys such convergence behavior by stabilizing the system. As
a consequence, in the following development, we are mainly interested in ensuring
the stability of the optimization problem minima.

5.2 Inequality constrained problems

Let f ,h1, . . . ,hm : Rn→ R be smooth functions. We consider the constrained opti-
mization problem

min
x∈Rn

f (x)

s.t.

h(x)≤ 0m,

(5.4)

where “≤” denotes the componentwise inequality.
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We consider the following augmented Lagrangian, used, e.g., in [114, 103], to
deal with the inequality constraints:

La(x,λ ) = f (x)+g(x,λ ), (5.5)

where we define g : Rn×Rm→ R as

g(x,λ ) =
m

∑
j=1

g j(x,λ j) with

g j(x,λ j) =


λ jh j(x)+

ρ

2
h2

j(x) if h j(x)≥−
λ j

ρ
;

− 1
2ρ

λ
2
j otherwise

(5.6)

and ρ > 0 is a scalar design hyperparameter. We notice that, with this definition, g is
continuously differentiable.

The function g j(x,λ j) : Rn×R→R penalizes the constraint violation. We notice
that it is continuous and has a continuous gradient for each (x,λ j) ∈ Rn+1.

We remark that (5.5) is not the standard Lagrangian for inequality-constrained
problems defined in [114, Chapter 3], i.e.,

Lineq(x,λ ) = f (x)+
m

∑
j=1

λ jg j(x) (5.7)

used, e.g., in [115, 116]. As noticed in [103], the saddle point of (5.5)-(5.6) corre-
sponds to the saddle point of the standard Lagrangian.

Similarly to the equality-constrained case, we define a dynamical system P

having state x(t) ∈Rn, input λ (t) ∈Rm and output y(t) ∈Rm. In this case, we define
P by the equations

P :


ẋ(t) =−∇xLa(x(t),λ (t)) =−∇x f (x)−

m

∑
j=1

∇xg j(x,λ j)

y(t) = ∇λ La(x(t),λ (t)) = ∇λ g(x,λ ).

(5.8)

The following result holds



58 Feedback control of Lagrange multipliers

Lemma 5.2.1. An equilibrium point (x⋆,λ ⋆) of P satisfies the KKT conditions
(4.13) for the optimization problem (5.4) if and only if ∇λ La(x⋆,λ ⋆) = 0.

Proof. ∇λ g j(x⋆,λ ⋆) = 0 is equivalent to
h j(x⋆) = 0 if h j(x⋆)≥−

λ ⋆
j

ρ

−
λ ⋆

j

ρ
= 0 if h j(x⋆)≤−

λ ⋆
j

ρ

(5.9)

In turn, this is equivalent to saying that for each constraint i, either λ ⋆
i = 0 and

hi(x⋆) ≤ 0 or λ ⋆
i ≥ 0 and hi(x⋆) = 0. These corresponds to the KKT conditions

(4.13b)-(4.13d), i.e., complementary slackness λ ⋆
i hi(x⋆) = 0, primal feasibility

hi(x⋆)≤ 0, and dual feasibility λ ⋆
i ≥ 0.

We notice that

∇xg(x⋆,λ ⋆) =

(λ ⋆
j +ρh j(x⋆))∇xh j(x⋆) if h j(x⋆)≥−

λ ⋆
j

ρ

0 otherwise.
(5.10)

From (5.9), it follows that h j(x⋆) = 0 when h j(x⋆)≥−
λ ⋆

j
ρ

. Moreover, λ ⋆
j = 0 when

h j(x⋆)<−
λ ⋆

j
ρ

. Then, we conclude that

∇xg j(x⋆,λ ⋆) = λ
⋆
j ∇xh j(x⋆). (5.11)

Using (5.11), we notice the definition of equilibrium point for P

−∇x f (x⋆)−
m

∑
j=1

∇xg j(x⋆,λ ⋆
j ) = 0 (5.12)

is equivalent to KKT condition (4.13a), i.e.,

∇x f (x⋆)+
m

∑
j=1

λ
⋆
j ∇xh j(x⋆) = 0. (5.13)

Since (4.13a)-(4.13d) are fulfilled, then any equilibrium point of (5.4) that satisfies
∇λ g(x⋆,λ ⋆) = 0 is a point that satisfies the KKT conditions of (5.4). Conversely,
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any stationary point that satisfies the KKT conditions of (5.4) and ∇λ g(x⋆,λ ⋆) = 0,
also satisfies (5.12) and therefore it is an equilibrium point of P .

Similarly to the equality-constrained case, we resort to Lemma 5.2.1 to recast
the problem of finding a point that satisfies KKT conditions for the optimization
problem (5.4) into a control problem.

Problem 5.2.1. Design a feedback controller K for P such that

lim
t→∞

x(t) = x⋆, (5.14a)

lim
t→∞

y(t) = 0. (5.14b)

for some x⋆ ∈ Rn.

Notice that, formally, the problem is equivalent to the equality-constrained
counterpart, i.e., Problem 5.1.1. The main non-trivial difference between Problem
5.1.1 and Problem 5.2.1 is that in 5.2.1 the definition of y(t) is not just a function
of the state variables, but y(t) = ∇λ g(x,λ ) also explicitly (i.e., statically) depends
on the inputs λ (t). This feature renders applying certain specific controller design
methods, such as feedback linearization, infeasible.

Similarly to the equality-constrained case, from a controller design perspective,
we are interested in guaranteeing the stability of the problem minima.



Chapter 6

The PI-CMO algorithm

This chapter investigates the first possible strategy to design K for Problem 5.1.1.
To achieve this goal, we propose to apply a proportional-integral (PI) control ac-
tion on y(t) = h(x(t)). The PI control is widespread in industrial and engineering
applications, thanks to its effectiveness in regulating many processes by tuning two
parameters only.

In our framework, the PI control law is as follows:

λ (t) = Kpy(t)+Ki

∫ t

0
y(τ)dτ, (6.1)

where Kp ∈ R and Ki ∈ R are the coefficients of the proportional and integral terms,
respectively. We depict the corresponding feedback scheme in Figure 6.1.

As a consequence, K is a dynamic system described by the differential equation

λ̇ (t) = Kp
d
dt

y(t)+Kiy(t)

= KpJh(x(t))ẋ(t)+Kiy(t).
(6.2)

In the following, we drop the variable t in long formulas, namely x = x(t),
ẋ = ẋ(t), λ = λ (t) and λ̇ = λ̇ (t). Given the definition of ẋ in (5.2), the closed-loop
dynamics is

ẋ =−∇ f (x)− Jh(x)⊤λ

λ̇ =−KpJh(x)
[
∇ f (x)+ Jh(x)⊤λ

]
+Kih(x).

(6.3)
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λ(t) y(t)

K

P

Kp

Ki

Z t

0

+

+

Fig. 6.1 Structure of the PI control for CMO. We feedback the output y(t) to the controller
K , which applies proportional and integral actions.

or, equivalently,

ẋ =−∇xL (x,λ )

λ̇ =−KpJh(x)∇xL (x,λ )+Ki∇λ L (x,λ ).
(6.4)

In the remainder of this thesis, we shall refer to the closed-loop system (6.3) as
PI-CMO dynamics or simply PI-CMO.

For any equilibrium point (x⋆,λ ⋆), from (6.3) we get the condition h(x⋆) = 0.
Therefore, according to Lemma 5.1.1, each equilibrium point corresponds to a
stationary point in the case of PI control.

In equation (6.1), we consider scalar Kp and Ki to reduce the number of design
parameters and to simplify the convergence analysis. The extension to the most
general case where Kp and Ki are matrix gains in Rm,m is straightforward.

6.1 Convergence result

This section proves that the PI-CMO dynamics is globally exponentially convergent
in the convex setting with affine constraints. The proposed proof relies on Lyapunov
stability theory; see Chapter 3 for an introduction to the main theorems. Moreover, we
analyze its convergence rate. We consider the same assumptions as [103], allowing
us to compare the results thoroughly to PDGD.
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Assumption 1. f is strongly convex and twice differentiable on Rn.

Assumption 2. h is affine, i.e., h(x) =Cx+d, C ∈Rm,n, d ∈Rm. Moreover, C is full
rank and there exist 0 < α1 ≤ α2 such that

α1Im ⪯CC⊤ ⪯ α2Im. (6.5)

The assumption that C is full rank guarantees that the feasible set {x ∈ Rn :
Cx + d = 0} is non-empty and that there are no linearly dependent constraints.
Moreover, it ensures that each point x ∈ Rn is regular, therefore ensuring that x⋆ is
regular: a condition required in Theorem 4.1.2.

We define
z(t) := (x(t)⊤,λ (t)⊤)⊤ (6.6)

and
z⋆ := (x⋆⊤,λ ⋆⊤)⊤ (6.7)

is the equilibrium point of (6.3), which corresponds to a saddle point of L (x,λ ).
Assumptions 1 and 2 guarantee the existence and the uniqueness of z⋆.

Before establishing the main result, we review the following lemma.

Lemma 6.1.1. (Affine form of ∇ f (x)−∇ f (x⋆). [103, Lemma 1]). Let f (x) be
a strongly convex function and x⋆ ∈ Rn. There exists a symmetric B(x) ∈ Rn,n

satisfying β1In ⪯ B(x)⪯ β2In for some 0 < β1 < β2 such that

∇ f (x)−∇ f (x⋆) = B(x)(x− x⋆). (6.8)

Moreover, according to [103], the constants β1,β2 satisfy

β1I ≤ ∇
2 f (x⋆+ t(x− x⋆))≤ β2I, ∀t ∈ [0,1]. (6.9)

where ∇2 f (x) is the Hessian matrix of f (x). Equation (6.9) relates the constants
β1 and β2 with the second-order information of f (x). If f (x) is quadratic, i.e.,
f (x)= 1

2x⊤Wx with W ∈Rn,n,W ≻ 0, then β1 and β2 are the minimum and maximum
eigenvalues of W , respectively. If f (x) is not quadratic, we can evaluate β1 and β2

as outlined in [117], which presents a technique for estimating tight bounds of the
eigenvalues of ∇2 f (x). The estimates of β1,β2 obtained in this way are useful to
determine the convergence rate of PI-CMO, according to the following theorem.
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In the following, we write B = B(x) for brevity.

Theorem 6.1.1 (Global exponential convergence of PI-CMO). Let assumptions
1 and 2 hold. Given Ki > 0 and Kp > 0, if

Kp <
2Ki

β2
, (6.10)

then there exist real positive constants c1 and c2 such that

∥x(t)− x⋆∥2 ≤ c1e−
1
2 µt , ∥λ (t)−λ

⋆∥2 ≤ c2e−
1
2 µt (6.11)

where

µ = min
{

Kpα1,2β1−
Kp

Ki
β1β2

}
> 0. (6.12)

Proof. First of all, we define the candidate Lyapunov function

V
(
z(t)
)
=
(
z(t)− z⋆

)⊤P
(
z(t)− z⋆

)
(6.13)

where

P :=

(
KiIn 0

0 Im

)
∈ Rm+n,m+n. (6.14)

If we prove that
V̇
(
z(t)
)
≤−µV

(
z(t)
)

(6.15)

for some µ > 0, then the theorem statement holds. Therefore, in the following, we
focus on conditions that guarantee (6.15).

We start with some preliminary computations. Since ∇xL (x⋆,λ ⋆) = 0,
∇λ L (x⋆,λ ⋆) = 0 and Jh(x) =C, we have

∇xL (x,λ ) = ∇xL (x,λ )−∇xL (x⋆,λ ⋆)

= ∇ f (x)−∇ f (x⋆)+ Jh(x)⊤λ − Jh(x⋆)⊤λ
⋆

= ∇ f (x)−∇ f (x⋆)+C⊤(λ −λ
⋆)

(6.16)

and

∇λ L (x,λ ) = ∇λ L (x,λ )−∇λ L (x⋆,λ ⋆)

=Cx+d− (Cx⋆+d) =C(x− x⋆).
(6.17)
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By using (6.4), (6.8), (6.16) and (6.17), we obtain

ż(t) =

(
ẋ(t)
λ̇ (t)

)

=

(
−B(x− x⋆)−C⊤(λ −λ ⋆)

KiC(x− x⋆)−KpC[B(x− x⋆)+C⊤(λ −λ ⋆)]

)

=

(
−B −C⊤

KiC−KpCB −KpCC⊤

)(
z(t)− z⋆

)
.

(6.18)

Let us define

G :=

(
−B −C⊤

KiC−KpCB −KpCC⊤

)
(6.19)

so that
ż(t) = G

(
z(t)− z⋆

)
.

Then,

V̇
(
z(t)
)
= ż(t)⊤P

(
z(t)− z⋆

)
+
(
z(t)− z⋆

)⊤Pż(t)

=
(
z(t)− z⋆

)⊤(G⊤P+PG
)(

z(t)− z⋆
)
.

(6.20)

Therefore, a sufficient condition for V̇
(
z(t)
)
≤−µV

(
z(t)
)
, see (6.15), is

−G⊤P−PG−µP⪰ 0. (6.21)

Consequently, our next goal is to provide sufficient conditions for (6.21). We
compute

PG =

(
−KiB −KiC⊤

KiC−KpCB −KpCC⊤

)
(6.22)

while G⊤P = (PG)⊤. Hence,

−G⊤P−PG−µP

=

(
2KiB−KiµI KpBC⊤

KpCB 2KpCC⊤−µI

)

⪰

(
2KiB−KiµI KpBC⊤

KpCB KpCC⊤

) (6.23)
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where the last step derives from 2KpCC⊤−µI ⪰CC⊤ which holds for µ ≤ Kpα1.
Since CC⊤ ≻ 0 is invertible from (6.5) in Assumption 2, we can apply the Schur
complement argument: the matrix(

2KiB−KiµI KpBC⊤

KpCB KpCC⊤

)

is positive semidefinite if and only if

2KiB−KiµI−KpBC⊤
1

Kp
(CC⊤)−1KpCB⪰ 0. (6.24)

Moreover, since CC⊤ is invertible, then C⊤(CC⊤)−1C ⪯ I. Therefore, a sufficient
condition for (6.24) is

(2KiI−KpB)B⪰ KiµI. (6.25)

Under assumption (6.10), (6.25) holds if

(2Ki−Kpβ2)β1 ≥ Kiµ (6.26)

which is equivalent to

µ ≤ 2β1−
Kp

Ki
β1β2. (6.27)

This completes the proof.

According to (6.13)-(6.14), the considered Lyapunov function is

V (x,λ ) = Ki∥x− x⋆∥2
2 +∥λ −λ

⋆∥2
2.

We highlight the role of the parameter Ki, which tunes the weight assigned to the
terms in x compared to the terms in λ . According to Theorem 6.1.1, a larger Ki

increases the bound on the convergence rate µ , i.e., the weight given to the terms in
x must be sufficiently large compared to the terms in λ .

6.2 Relation with the literature

This section compares PI-CMO (6.3) with PDGD (4.34).
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It is worth noticing that by considering a purely integral control, i.e., Kp = 0, we
obtain the dynamics

ẋ =−∇xL (x,λ )

λ̇ = Ki∇λ L (x,λ ).
(6.28)

which corresponds to PDGD defined in Chapter 3, Equation (4.34) (see also, e.g.,
[103, Equations (2a)-(2b)]), where the symbol η is used instead of Ki. In other words,
we can interpret PDGD as applying an integral control to the Lagrange multipliers,
which recast PDGD into the proposed control-theoretic framework. At the same
time, the proposed PI-CMO extends PDGD to a novel family of continuous-time
optimization algorithms.

According to [103], PDGD is globally exponentially convergent with rate 1
2 µPDGD

µPDGD = min
{

ηα1

4β2
,
α1β1

4α2

}
(6.29)

Since η is a design parameter, we can set η ≥ β1β2
α2

it so that µPDGD saturates to α1β1
4α2

.

The following result holds.

Corollary 6.2.1. For ε ∈
(

0,1− α1
8α2

)
, let

Kp = ε
2Ki

β2
and Ki >

1
ε

β1β2

8α2
. (6.30)

Then
µ > µPDGD (6.31)

i.e., PI-CMO enjoys a faster convergence rate compared to PDGD [103].

Proof. By replacing Kp = ε
2Ki
β2

in (6.12), we obtain

µ = min
{

2εKi
α1

β2
,2β1(1− ε)

}
.

Now, ε ∈
(

0,1− α1
8α2

)
implies 2β1(1−ε)> α1β1

4α2
, while Ki >

1
ε

β1β2
8α2

implies 2εKi
α1
β2

>

α1β1
4α2

. This proves the statement because µPDGD ≤ α1β1
4α2

.
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Finally, we notice that in the convergence proof of PDGD in [103], the Lyapunov
function is defined on a non-diagonal matrix P, making interpreting the parameters
more difficult when compared with the given interpretation of (6.13)-(6.14).

6.2.1 Illustrative example

To complete the analysis, we present an example that illustrates how the tuning of Ki

and Kp may affect the convergence rate. We compare the results to the case Kp = 0,
namely PDGD. Let us consider the simple, univariate optimization problem

min
x∈R

1
2

wx2

s.t. x = 0
(6.32)

where w > 0. By applying the PI control, the corresponding closed-loop dynamics is

ẋ =−wx−λ

λ̇ = (Ki−Kpw)x−Kpλ .
(6.33)

Equation (6.33) is a second-order CT linear time-invariant system

(
ẋ
λ̇

)
= A

(
x
λ

)
(6.34)

with

A :=

(
−w −1

Ki−Kpw −Kp

)
. (6.35)

The eigenvalues of A are

−(Kp +w)±
√

(Kp +w)2−4Ki

2
. (6.36)

For any Ki > 0, the eigenvalues are either real and negative or complex with negative
real parts. In particular, if Ki ≥ (Kp +w)2/4, Ki contributes only to the imaginary
part; therefore, it does not impact the convergence rate.

According to the authors of [103], although η > 0 can be arbitrarily large for
PDGD, increasing η beyond a certain threshold does not lead to a faster decaying
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rate. In our example, if we choose Kp = 0, we obtain PDGD with η = Ki and,
from (6.36), we see that if Ki ≥ w2/4, then Ki has no impact on the real parts of the
eigenvalues. This fact explains the observation in [103].

On the other hand, in the PI control method, we can tune Kp > 0 to enhance the
convergence rate, provided that the conditions of Theorem 6.1.1 are satisfied, which
is a benefit compared to PDGD.

6.2.2 PI control in non-convex quadratic optimization with linear
constraints

To conclude this section, we analyze some properties of the PI control method
for quadratic optimization with linear constraints. In particular, we prove that
optimization problems exist with non-convex cost functions in which the PI control
method converges to a stationary point while PDGD is divergent.

We consider

min
x∈Rn

1
2

x⊤Wx

s.t. Cx+d = 0
(6.37)

where W ∈ Rn,n is symmetric and C ∈ Rm,n and d ∈ Rm, with invertible CC⊤.

Since the cost function is quadratic and the constraints are linear, the closed-loop
dynamics with the PI control corresponds to the linear time-invariant system(

ẋ
λ̇

)
= A

(
x
λ

)
+

(
0

Kid

)
(6.38)

with

A :=

(
−W −C⊤

KiC−KpCW −KpCC⊤

)
(6.39)

Therefore, if A is Hurwitz, then the system is asymptotically stable, and by
construction, the output y(t) =Cx(t)+d is regulated to zero. Thus, for the PI control
method, W does not need to be positive definite, i.e., the system does not need to be
strongly convex.
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As an example, let us consider W = diag(1,−1) and C = (0,2). Since W is
indefinite, the quadratic cost function is not convex. Notice, however, that by re-
placing the equality constraint into the objective, we obtain the equivalent problem
minx

1
2(x

2
1−

d2

4 ), which is strongly convex and therefore, we expect a unique solution.

The eigenvalues of the dynamic matrix of PI-CMO are−1 and 1−4Kp±
√

(1−4Kp)2−16Ki
2 .

If Kp = 0, all the eigenvalues have positive real parts for all Ki. In other terms, PDGD
is always unstable. Instead, for Kp >

1
4 , all the eigenvalues have negative real part

for all Ki > 0.

In conclusion, problems exist with non-convex functions where the PI control
method converges to the unique minimum point as long as we provide a suitable
tuning of Kp. In contrast, PDGD is divergent for any hyperparameter choice. This
observation encourages future study of the PI control method in non-convex opti-
mization.

6.3 Numerical examples

This section presents two numerical examples to demonstrate the effectiveness of
the proposed PI-CMO.

6.3.1 PI-CMO vs PDGD in convex optimization

In the first example, we resort to the quadratic optimization problem with linear
constraints proposed in [103, Section IV.A]. Specifically, we consider

min
x∈Rn

1
2

x⊤Wx

s.t. Cx+d = 0
(6.40)

where W = 10I+W0W⊤0 ∈Rn,n is positive definite; W0 ∈Rn,n, C ∈Rm,n and d ∈Rm

have independent and normally distributed components with zero mean and unitary
variance.

To solve this problem, we implement PI-CMO and compare it to PDGD [103].
Since the cost function is quadratic and the constraints are linear, the PI-CMO
dynamics is linear time-invariant, as illustrated in Section 6.2.2.
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Fig. 6.2 Comparison of PDGD and PI-CMO, with m = 26 constraints.

Corollary 6.2.1 shows that the convergence rate bound of PI-CMO is favorable
to PDGD for strongly convex problems with linear constraints. In this example, we
support these theoretical results with a numerical analysis of the convergence speed.

We consider n = 50 variables and m ∈ [2,26] constraints. For PDGD, we set
η = β1β2

α2
to obtain the best convergence rate bound; see (6.29). For PI-CMO, we set

Ki and Kp to meet the conditions of Corollary 6.2.1, specifically

Ki =
50
ε

β1β2

8α2
, Kp = ε

2Ki

β2
(6.41)

where ε = 4
5

(
1− α1

8α2

)
.

For all the algorithms, we simulate the dynamics using forward Euler discretiza-
tion with step size T = 10−3 s, which guarantees stability, see [103, Section III.C]
for details. In Figure 6.3, we show the distance from the optimum ∥x(k T )− x⋆∥2 as
a function of the iteration k for PDGD and PI-CMO in the case m = 26 constraints,
for one random realization of the data. As expected from the theoretical results, the
distance from the optimum decreases faster in the case of PI-CMO.
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Fig. 6.3 Number of iterations to converge for PI-CMO and PDGD in a convex quadratic
example, with m constraints. The results are averaged over 200 random runs.

Next, we perform 200 random runs and evaluate the average number of iterations
Nε required to converge to the desired minimum (with tolerance ∥x(kT )− x⋆∥2 ≤
ε = 10−3) as a function of m. We show the average Nε against m in Figure 6.3. As
expected from the theoretical results, PI-CMO requires fewer iterations on average
than PDGD for all the considered values of m. Moreover, we notice that while Nε

increases with m for PDGD, it is almost constant with respect to m in the case of
PI-CMO.

6.3.2 Shidoku puzzle

Shidoku is a 4x4 version of the popular 9x9 Sudoku puzzle. Given an initial scheme,
as reported in Figure 6.4, the aim is to fill the empty cells with integers xi, j ∈
{1,2,3,4} such that each row, each column, and each 2x2 corner block contain
the integers 1,2,3,4. We can formulate the game as a set of polynomial equations
on the values xi, j of each cell (i, j), i, j = 1, . . . ,4. First of all, xi, j ∈ {1,2,3,4} is
guaranteed by ∏

4
h=1(xi, j−h) = 0. Then, we obtain no repetition in groups of 4 cells

by imposing the product equal to 24 and the sum equal to 10. In summary, given the
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Fig. 6.4 Shidoku puzzle to be solved by PI-CMO algorithm.

corner blocks

B1 = {(1,1),(1,2),(2,1),(2,2)}
B2 = {(1,3),(1,4),(2,3),(2,4)}
B3 = {(3,1),(3,2),(4,1),(4,2)}
B4 = {(3,3),(3,4),(4,3),(4,4)}.

we have

Columns: for j = 1, . . . ,4,
4

∑
i=0

xi j = 10,
4

∏
i=0

xi j = 24. (6.42a)

Rows: for i = 1, . . . ,4,
4

∑
j=0

xi j = 10,
4

∏
j=0

xi j = 24. (6.42b)

Blocks: for k = 1, . . . ,4,

∑
(i, j)∈Bk

xi j = 10, ∏
(i, j)∈Bk

xi j = 24. (6.42c)

Restriction to integers: for i, j = 1, . . . ,4,
4

∏
h=1

(xi j−h) = 0. (6.42d)
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and

Initial conditions as in Figure 6.4:

x1,2 = 1 x1,4 = 4 x3,1 = 2 x3,4 = 3. (6.42e)

Equations (6.42) represent non-convex polynomial constraints. We can solve
the corresponding optimization problem through the proposed feedback control
framework if we associate them with any constant cost function. In particular, we
use the PI-CMO dynamics to test its convergence and effectiveness in non-convex
problems.

As to PI-CMO, we set Ki = 1,Kp = 0.1 and we generate random initial conditions
according to xi, j(0) = |ξi, j|,ξi, j ∼ N (0,1), for each i, j = 1, . . . ,4 and λk(0) ∼
N (0,1),k = 1, . . . ,m, where N (0,σ) denotes the normal distribution with zero
mean and variance σ2. We integrate the ordinary differential equations that describe
the closed-loop dynamics thanks to the MATLAB ode45 solver in the time interval
[0,100] seconds, corresponding to approximately 151700 iterations. We perform
20 runs with different random initial conditions. The PI control method is always
convergent in the given time interval. We show an instance in Figure 6.5, where
we depict the evolution of the optimization variables for six equispaced sampling
instants between the random initialization and the convergence to the correct solution
at iteration 91027, shown in Figure 6.6.

In conclusion, this test shows that PI-CMO is convergent even in a non-convex
problem that does not satisfy Assumptions 1 and 2. For further investigation, we
compare PI-CMO against two state-of-the-art approaches for non-convex constrained
optimization, interior-point method (IPM) and sequential quadratic programming,
through the fmincon function in the MATLAB optimization toolbox. We perform 20
runs with random initial conditions for the two of them.
We observe that IPM fails in all the runs due to numerical issues. More precisely,
the linear system of KKT conditions to solve at each iteration is poorly conditioned,
which affects the solution; see, e.g., [41, Chapter 19] for details. On the other hand,
sequential quadratic programming converges to an infeasible point in all the runs.
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Fig. 6.5 PI-CMO method solves the Shidoku puzzle. Evolution of the solution to the opti-
mization variables at six equispaced sampling instants between initialization and convergence
step 91027, from top left to bottom right.

Fig. 6.6 PI-CMO method solves Shidoku puzzle. Final correct solution.



Chapter 7

Modified PI-CMO for
inequality-constrained problems

In this chapter, we take a proportional-integral (PI) control approach to design
continuous-time (CT) optimization algorithms to solve strongly convex optimization
problems with linear inequality constraints.

To approach the problem, we resort to the controlled multipliers optimization
(CMO) framework introduced in Chapter 5, and we solve Problem 5.2.1, which, in
turn, provides a solution to the optimization problem

arg min
x∈Rn

f (x)

s.t. h(x)≤ 0m.
(7.1)

The key idea is to provide an extension of the control scheme defining the
PI-CMO dynamics (6.3) obtained in the equality-constrained case. In the case of
inequality constraints, the most natural solution to achieve this extension would
be the application of PI control action on the output y(t) = ∇λ La(x(t),λ (t)) of
the plant (5.8) defined by the augmented Lagrangian (5.5)-(5.6), i.e., to define the
controller

λ (t) = Kp∇λ La(x(t),λ (t))+Ki

∫ t

0
∇λ La(x(τ),λ (τ))dτ. (7.2)
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In the following, we drop the variable t in long formulas, namely x = x(t),
ẋ = ẋ(t), λ = λ (t) and λ̇ = λ̇ (t). Following the proposed approach, we obtain
the following set of differential equations describing the resulting feedback control
system:

ẋ =−∇xLa(x,λ ) =−∇ f (x)−∇xg(x,λ )

λ̇ = Ki∇λ g(x,λ )+Kp
d
dt

∇λ g(x,λ ).
(7.3)

where
∇xg j(x,λ j) = max{ρh j(x)+λ j,0}∇xh j(x). (7.4)

We can interpret the dynamic system (7.3) as a PI control on hi(x) when a
constraint is not satisfied, which pushes h j(x) towards zero. In contrast, when a
constraint is satisfied, i.e., h j(x) ≤ 0, then ∇λ g j(x,λ j) = λ j, thus λ j converges to
zero and it does not control x.

Even if (7.3) is a natural extension of (6.3), proving its exponential convergence
is challenging. In particular, we notice that

d
dt

∇λ g j(x,λ j) = 1 j(Jh(x))⊤j ẋ+
(
1 j−1

)
λ̇ , (7.5)

where 1 j
.
= 1(h j(x)≥−

λ j
ρ
) is the indicator function of the set{

x ∈ Rn : h j(x)≥−
λ j

ρ

}
(7.6)

A non-trivial indicator function on the right-hand side of (7.5) makes the dynamics
discontinuous, and, consequently, the solution flows may be non-unique. See, e.g.,
[118] for a detailed treatment of differential equations with a discontinuous right-
hand side.

For this motivation, we modify (7.3) as follows:

ẋ =−∇xL (x,λ ) =−∇ f (x)−∇xg(x,λ ) (7.7a)

λ̇ = Ki∇λ g(x,λ )+KpJh(x)ẋ. (7.7b)
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The rationale behind this definition is that the desired properties from the dy-
namics will hopefully be preserved even if we approximate the indicator function
in (7.5) with the constant identity function. Basically, we replace 1 j(·) by 1, thus,
in turn, d

dt ∇λ g(x,λ ) by ∇xh(x)ẋ. In (7.3), λ̇ does not depend on ẋ when constraints
are satisfied. In contrast, in (7.7), the dependence on ẋ is always present. In the
following, we refer to (7.7) as the modified PI-CMO dynamics, or M-PI-CMO for
short.

Despite introducing an approximation to make the dynamics continuous, we
can still interpret the dynamic system (7.7) as a feedback control system, with state
x(t) and control input represented by the Lagrange multipliers λ (t). The controller
is fully described by Equation (7.7b). We notice that to regulate the output of the
system ∇λ La(x,λ ) to zero is equivalent, for each j = 1, . . . ,m, to regulate either
h j(x) to zero or λ j to zero; the latter corresponds to switching off the control input
when it is not necessary to constrain the solution. Based on this observation, we
might set λ j = 0 when the control is unnecessary instead of considering convergent
dynamics to zero. However, a smooth behavior for λ (t) facilitates the convergence
analysis of the overall system. In other words, by considering the term KpJh(x)ẋ, we
control λ via state feedback even when the constraints are satisfied; this enhances the
convergence, simplifies the numerical computation and simplifies the convergence
analysis, as shown in the following sections.

We remark that (7.7) is not the direct extension of PI-CMO for h(x) = 0 reported
in (6.3). Although feasible, the use of (6.3) on a fictitious output defined by

yi(t) = max{hi(x(t)),0} (7.8)

produces switched dynamics, creating both theoretical and practical issues. On
the one hand, the proof of convergence is greatly complicated due to the need to
show the existence and uniqueness of flows besides their properties; on the other
hand, simulation of such dynamics requires non-trivial techniques (e.g., adaptive
integration step size) to handle the chattering behavior that originates when the states
reach the border of the feasible set.
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7.1 Convergence result

In this section, we analyze the convergence of the M-PI-CMO dynamics (7.7). We
define

z(t) := (x(t)⊤,λ (t)⊤)⊤ (7.9)

and
z⋆ := (x⋆⊤,λ ⋆⊤)⊤ (7.10)

is the equilibrium point of (7.7), which corresponds to a saddle point of La(x,λ ).

The following result holds.

Lemma 7.1.1. The equilibrium point of (7.7) satisfies the KKT conditions (4.9)
for problem (5.1).

Proof. The result directly follows from the definition of equilibrium point and the
application of Lemma 5.2.1.

As done in Chapter 6 when analyzing PI-CMO, we consider the same assump-
tions as [103], allowing us to compare the results thoroughly to Aug-PDGD (see
Chapter 4 and [103]).

Assumption 3. f is strongly convex and twice differentiable on Rn.

Assumption 4. h is affine, i.e., h(x) =Cx+d, C ∈Rm,n, d ∈Rm. Moreover, C is full
rank and there exist 0 < α1 ≤ α2 such that

α1Im ⪯CC⊤ ⪯ α2Im. (7.11)

The assumption that C is full rank guarantees that the feasible set is non-empty
even when all constraints are active and that there are no linearly dependent con-
straints. Specifically, it implies that the linear independence constraint qualification
condition holds, i.e., at the optimal solution x⋆, the constraint’s Jacobian is full row
rank. Moreover, it guarantees that all points x ∈ Rn are regular.

For the chapter’s self-consistency, we recall [103, Lemma 1], as already stated in
Chapter 6. We refer the reader to [103] and Chapter 6 for more details.
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Lemma 7.1.2. (Affine form of ∇ f (x)−∇ f (x⋆). [103, Lemma 1]). Let f (x) be
a strongly convex function and x⋆ ∈ Rn. There exists a symmetric B(x) ∈ Rn,n

satisfying β1In ⪯ B(x)⪯ β2In for some 0 < β1 < β2 such that

∇ f (x)−∇ f (x⋆) = B(x)(x− x⋆). (7.12)

Next, we present this chapter’s main result.

Theorem 7.1.1. (Global exponential convergence of M-PI-CMO)

Let assumptions 3 and 4 hold. Let ρ < c−1. Then, there exist real positive
constants α1 and α2 such that

∥x(t)− x⋆∥2 ≤ α1e−
1
2 µt , ∥λ (t)−λ

⋆∥2 ≤ α2e−
1
2 µt (7.13)

where

µ ≤min

{
1
2

Kpc,
2Kig−Kpg2

Ki

}
(7.14)

where 0 < g≤ g are assessed in the proof.

Proof. We define the candidate Lyapunov function

V
(
z(t)
)
=
(
z(t)− z⋆

)⊤P
(
z(t)− z⋆

)
(7.15)

where

P :=

(
σ In 0
0 Im

)
∈ Rm+n,m+n (7.16)

for some σ > 0. If
V̇
(
z(t)
)
≤−µV

(
z(t)
)

(7.17)

then the theorem statement holds. Therefore, let us study the conditions that guaran-
tee (7.17).

Let us consider the diagonal matrix Γ = Γ(z) ∈ [0,1]m,m as defined in [103,
Lemma 3]. Since ∇xL (x⋆,λ ⋆) = ∇λ L (x⋆,λ ⋆) = 0, Jh(x) =C and by using (7.12),

ẋ =−∇xL (x,λ ) =−∇xL (x,λ )+∇xL (x⋆,λ ⋆)

=−B(x− x⋆)−ρC⊤ΓC(x− x⋆)−C⊤Γ(λ −λ
⋆)

(7.18)
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as obtained for Aug-PDGD, see [103, Section III-B] for details. Furthermore,

λ̇ = ∇λ L (x,λ ) = ∇λ L (x,λ )−∇λ L (x⋆,λ ⋆)

= KiΓC(x− x⋆)+
Ki

ρ
(Γ− I)(λ −λ

⋆)+KpCẋ.
(7.19)

Equations (7.18)-(7.19) represent (7.7) in a “linear” form.

Let G1 := B+ρC⊤ΓC and G2 :=C⊤Γ. Since B is positive definite, G1 is positive
definite; let gI ⪯ G⊤1 ⪯ gI. Then, we can rewrite (7.18)-(7.19) in a matrix form

ż(t) = G
(
z(t)− z⋆

)
(7.20)

where

G :=

(
−G1 −G2

KiG⊤2 −KpCG1
Ki
ρ
(Γ− I)−KpCG2

)
(7.21)

Since

V̇
(
z(t)
)
= ż(t)⊤P

(
z(t)− z⋆

)
+
(
z(t)− z⋆

)⊤Pż(t)

=
(
z(t)− z⋆

)⊤(G⊤P+PG
)(

z(t)− z⋆
) (7.22)

a sufficient condition for V̇
(
z(t)
)
≤−µV

(
z(t)
)
, see (7.17), is

−G⊤P−PG−µP⪰ 0. (7.23)

Consequently, our next goal is to provide sufficient conditions for (7.23). We have

−G⊤P−PG−µP =

(
Q1 Q2

Q⊤2 Q3

)
. (7.24)

where

Q1 = 2σG1−σ µIn (7.25a)

Q2 = (σ −Ki)G2 +KpG⊤1 C⊤ (7.25b)

Q3 = KpCG2 +KpG⊤2 C⊤+2
Ki

ρ
(I−Γ)−µIm (7.25c)
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If Ki ≥ Kp, by applying [103, Lemma 6] for 1
ρ
> c,

KpCG2 +KpG⊤2 C⊤+2
Ki

ρ
(I−Γ)⪰ 3

2
KpCC⊤. (7.26)

Thus,

Q3 ⪰
3
2

KpCC⊤−µIm ⪰ KpCC⊤ (7.27)

where the last step is a consequence of the assumption µ ≤ 1
2Kpc.

To simplify the computations, we set Ki = σ . Then,

Q2 = KpG⊤1 C⊤. (7.28)

In conclusion,

−G⊤P−PG−µP⪰

(
2σG1−σ µIn KpG⊤1 C⊤[

KpG⊤1 C⊤
]⊤ KpCC⊤

)
. (7.29)

Since CC⊤ ≻ 0 is invertible from (7.11), we can apply the Schur complement
argument: the matrix in (7.29) is positive semidefinite if and only if

2σG1−σ µIn−KpG⊤1 C⊤
(

KpCC⊤
)−1

KpCG1 ⪰ 0. (7.30)

Since CC⊤ is invertible, then C⊤(CC⊤)−1C⪯ I. Therefore, a sufficient condition for
(7.30) is

2σG1−σ µIn−KpG⊤1 G1 ⪰ 0. (7.31)

Finally, (7.31) holds if
2σg−σ µIn−Kpg2 ≥ 0 (7.32)

which is equivalent to

µ ≤
2Kig−Kpg2

Ki
. (7.33)

This completes the proof.

Remark. In the proof, we set Ki = σ to simplify the computations. Other choices
may enhance the convergence rate.
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Remark. A theoretical comparison of the convergence rates µ and τineq in [103]
is challenging due to the fact τineq depends on many constants that are not easy to
assess. Conversely, we can estimate µ straightforwardly, given some knowledge of
the given optimization problem.

Remark. The proof of Theorem 7.1.1 is more straightforward than the proof
of Theorem 2 in [103] because the diagonal form of the Lyapunov function (7.17)
reduces the computations when compared to the Lyapunov function with cross terms
in [103].

Theorem 7.1.1 also suggests some insights on the selection of Ki,Kp. We notice
that Kp must be kept small to avoid reducing the convergence rate, while, as we shall
see in the next section, Ki plays the same role as η in (6.28).

7.2 Relation with the literature

The difference between the proposed M-PI-CMO approach (7.7) and Aug-PDGD
(4.39) is in the presence of the additional term KpJh(x)ẋ in the dynamics of λ . Indeed,
if Kp = 0, M-PI-CMO reduces to Aug-PDGD.

To understand the rationale of this term, we go through a feedback control
interpretation according to the CMO framework proposed in Chapter 5. According
to this framework, we can interpret Aug-PDGD as an algorithm with integral control
on λ j representing a non-satisfied constraint. On the other hand, in the presence of a
satisfied constraint, we do not control the system through λ .

In (7.7), we modify the dynamics of λ by adding KpJh(x)ẋ. In the following, we
show the benefits of this adjustment in terms of convergence rate.

7.2.1 Convergence rate: illustrative example to compare M-PI-
CMO and Aug-PDGD

We propose a simple illustrative example to compare the convergence rates of Aug-
PDGD in (4.39) and M-PI-CMO in (7.7).
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We consider the scalar quadratic optimization problem

min
x∈R

1
2

wx2

s.t. x≤ 0
(7.34)

where w > 0.

Since the cost function is quadratic and the constraints are linear, the closed-loop
dynamics with the PI control corresponds to a switched linear time-invariant system
with the following two modes:

(
ẋ
λ̇

)
= A1

(
x
λ

)
,

(
ẋ
λ̇

)
= A2

(
x
λ

)
(7.35)

where

A1 =

(
−w−ρ −1

Ki−Kp(w+ρ) −Kp

)

A2 =

(
−w 0
−wKp −Ki

ρ

)
.

(7.36)

In the first mode, the control by λ is active; in the second mode, x(t) satisfies the
constraints and evolves according to the derivative of the cost function.

Similarly, for Aug-PDGD, the dynamics correspond to a switched linear time-
invariant system of kind (7.35) with two modes described by

Ã1 =

(
−w−ρ −1

η 0

)
, Ã2 =

(
−w 0
0 −η

ρ

)
(7.37)

which basically correspond to A1 and A2 with Kp = 0 and Ki = η . Now, we notice
that A2 and Ã2 have the same eigenvalues for Ki = η , i.e., −w and −Ki

ρ
. Therefore,

M-PI-CMO and Aug-PDGD enjoy the same convergence rate in the second mode.
Concerning the first mode, the eigenvalues of A1 are

−Kp−w−ρ±
√
(Kp +w+ρ)2−4Ki

2
. (7.38)
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Therefore, if Ki is sufficiently large, the eigenvalues are complex conjugate, and the
convergence rate is Kp +w+ρ .

On the other hand, the eigenvalues of Ã1 are

−w−ρ±
√
(w+ρ)2−4η

2
(7.39)

with the best convergence rate equal to w+ρ . In conclusion, in this example, M-PI-
CMO has a better convergence rate than Aug-PDGD, provided that a suitable Kp

is selected. In particular, for Aug-PDGD, increasing the convergence rate beyond
w+ρ is impossible.

We remark that although it is always possible to increase ρ both in (7.7) and
(4.39), this may cause numerical issues during the integration of the differential
equations.

7.3 Numerical results

In this section, we illustrate two numerical simulations to support the effectiveness
of the proposed algorithm (7.7). In particular, we compare it to Aug-PDGD.

7.3.1 Quadratic programming

In this simulation, we consider a strongly convex quadratic programming (QP) in
the following form:

x⋆ = arg min
x∈Rn

1
2

x⊤
(

I +W⊤W
)

x+b⊤x

s.t.

Cx−d ≤ 0

(7.40)

where W ∈ Rn,n,b ∈ Rn,C ∈ Rm,n,d ∈ Rm are randomly generated vectors or ma-
trices, with independent, normally distributed components. We set n = 50 and
m = 45.

We solve the optimization problem using M-PI-CMO (7.7) and Aug-PDGD
(4.39). We integrate the differential equations (4.39) and (7.7) in the time interval
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[0,30]s through the ode45 MATLAB command to select the discretization step size
optimally. We set Ki = η = 1 and Kp =−0.7.

Figure 7.1 shows the time evolution of ∥max(Cx(k)− d,0)∥2, where k is the
current iteration. This metric represents the violation of the constraints, and it is
equal to zero when the state x satisfies the constraints.

Figure 7.2 shows the ℓ2 distance from the global optimum x⋆, computed through
the MATLAB package CVX [119].

Fig. 7.1 Comparison of the constraints violation decay rate for M-PI-CMO and Aug-PDGD.

We perform 100 random runs with different realizations of W,b,C,d. M-PI-CMO
requires fewer iterations than Aug-PDGD in all the runs and, consequently, less
computational time. In Table 7.1, we report some statistics that show the enhanced
convergence speed of M-PI-CMO compared to Aug-PDGD.

Figure 7.1 and Figure 7.2, obtained from one randomly selected run, show us that
the proposed approach converges more quickly than Aug-PDGD, both concerning
the constraints fulfillment and the achievement of the minimum.
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Fig. 7.2 Comparison of the distance from the global optimum decay rate for M-PI-CMO and
Aug-PDGD.

mean standard deviation worst case
N Aug-PDGD 8128.3 491.9 9361
N M-PI-CMO 6903.2 312.1 7613
T Aug-PDGD 1.23×10−1 8.04×10−3 1.53×10−1

T M-PI-CMO 1.02×10−1 4.74×10−3 1.15×10−1

Table 7.1 Comparison of the M-PI-CMO and Aug-PDGD algorithms. Statistics over 100
random runs. N is the required numbers of iteration; T the computational time (in seconds).

7.3.2 Linear system identification through linear programming

We apply our approach to a problem of system identification. We consider the prob-
lem of identifying an unknown stable linear dynamic system H(z) using uncertain
input-output measurements {uk, ỹk}, for k ∈ {1, . . . ,N}, where ỹk = yk +ek, yk is the
k-th noise-free output sample and ek is the k-th sample of the noise sequence.

To perform the identification, we select a linear-in-the-parameters model structure
H̃(z,θ) of the form

H̃(z) =
P

∑
i=1

θiBi(z). (7.41)
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This parametrization is a standard choice in the context of system identification,
and commonly considered choices of Bi(z) are Laguerre or Kautz filters, see, e.g.,
[120],[121]. For the sake of simplicity, in this example, we select Bi(z) to be first-
order transfer functions with poles linearly spaced in the interval [−0.9,0.9]. More
precisely, we select

Bi(z) =
z

z− pi
, pi ∈ {−0.9,−0.85, . . . ,0.9}. (7.42)

To generate time-domain data, we simulate the randomly selected system

H(z) =
−0.4z2 +0.32z+0.26

z3−1.9z2 +1.21z−0.259
(7.43)

excited by a random input uniformly distributed in [0,1], and we corrupt the output
data with normally distributed noise with zero mean and variance σ2

η = 0.1.

We look for the value of the parameter θ that minimizes the ℓ∞-norm of the
simulation error

θ
∗ = arg min

θ∈RP
∥yk(θ)− ỹk∥∞

. (7.44)

By adding a slack variable ∆ ∈ R, we recast problem (7.44) to the following linear
programming problem:

θ
∗,∆∗ = arg min

θ∈RP,∆∈R
∆

s.t.

−∆≤ Zkθ − ỹk ≤ ∆, k ∈ {1, . . . ,N}

(7.45)

where Zk = [z1(k), . . . ,zP(k)] ∈ RP, zi(k) = Bi(q−1)u(k).

We solve the optimization problem using the proposed M-PI-CMO algorithm in
(7.7) and Aug-PDGD in (4.39). We integrate the differential equations (4.39) and
(7.7) in the time interval [0,1000]s through the ode23 MATLAB command to select
the discretization step size optimally. We set Ki = η = 1 and Kp =−0.5.

In Figure 7.3, we compare the outputs of the true model and the ones estimated
using the Aug-PDGD and M-PI-CMO algorithms on data not used for identification.
We notice that the outputs of the three models are almost exactly overlapped. We
also evaluate the validation performances of the two algorithms in terms of the best
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fit rate (BFR) index, defined as

BFR = 100

1−

√√√√∥∥yval− ŷval
∥∥2

2∥∥yval−mval
y
∥∥2

2

 (7.46)

where yval is the true output, mval
y = 1

N ∑
N
k=1 yval

k and ŷval is the response of the
identified model. We obtain the same BFR, i.e., BFR= 98.5%, for both the identified
models. Figure 7.3 and the computed BFR values show that both algorithms converge
to the optimal solution as expected from the theory. We report the comparison of
the two algorithms in terms of computational effort in Table 7.2, where we show the
required number of iterations and computational time. Such results show that the
M-PI-CMO algorithm is about two times faster than Aug-PDGD.

Fig. 7.3 Comparison between Aug-PDGD and M-PI-CMO on a linear system identification
problem. Validation of the identified models.

N T
Aug-PDGD 106 679.46
M-PI-CMO 5×105 233.09

Table 7.2 Comparison between Aug-PDGD and M-PI-CMO on a linear system identification
problem. N is the required numbers of iteration; T the computational time (in seconds).



Chapter 8

The FL-CMO algorithm

In this chapter, we resort to feedback linearization (FL) to design the controller K ,
providing a solution to Problem 5.1.1. Moreover, we study the conditions under
which the controlled dynamics are stable and the algorithms converge to the desired
solution.

The key point is that P has the input-affine structure of (3.13), with

F(x) =−∇ f (x), G(x) =−Jh(x)⊤, H(x) = h(x). (8.1)

This structure is compatible with FL theory and, thus, renders it possible to apply the
theory reported in Section 3.2 to design an FL control law for the plant P as defined
in (5.2).

Specifically, we can apply Theorem 3.2.1 to obtain a decoupled controller if
P has some vector relative degree. Let us analyze this point using the following
assumption.

Assumption 5. We assume that

rank(Jh(x)) = m, ∀x ∈ Rn (8.2)

i.e., the Jacobian of the constraints is always full-rank.

This assumption is standard in constrained optimization; see, e.g., [41, 122, 113,
107]. In practice, it is met in many applications, including a broad class of system
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identification problems, see, e.g., the example in Section 8.4.1; optimal control
problems [123] and distributed optimization over networks [124].

In the case of affine constraints h(x) =Cx+d = 0, similarly to Assumption 2
in Chapter 6, Assumption 5 guarantees that at least one feasible solution exists and
there are no linearly dependent constraints. Conversely, in the case of non-convex
constraints, Assumption 5 implies that the feasible set Ω = {x ∈ Rn : h(x) = 0}
is an (n−m)-dimensional smooth manifold, i.e., locally similar to a Rn−m at all
points. Consequently, Ω is not empty, and we can define a dynamical system whose
trajectories evolve onto it, i.e., the zero dynamics. We finally remark that Assumption
5 implies the regularity condition of Theorem 4.1.2.

Lemma 8.0.1. (Relative degree of (5.2)).

Under assumption 5, the system P in (5.2) has a vector relative degree
r = (1,1, . . . ,1)⊤ ∈ Rm.

Proof. Let us consider (3.13) with (8.1). For ri = 1, it is sufficient to check (3.15) to
prove the thesis. From (8.1), Hi(x) = hi(x) and G j(x) =−∇h j(x). Let us set ri = 1
in (3.15). Then,

LG jL
0
FHi(x) = LG jHi(x) = (∇hi(x))

⊤ (−∇h j(x)
)
. (8.3)

Thus,

rank
([

LG jL
0
FHi(x)

]
1≤i, j≤m

)
=

= rank
([

(∇hi(x))
⊤ (−∇h j(x)

)]
i j

)
= rank

(
−Jh(x)Jh(x)⊤

)
= m.

(8.4)

Hence, (3.15) is satisfied for any x.

According to Lemma 8.0.1, Theorem 3.2.1 holds for system (3.20) with (8.1). There-
fore, we use the non-interacting control solution in Theorem 3.2.1. Specifically, we
define the static feedback control law

λ (t) = A(x)−1(−b(x)+ v(t)) (8.5)
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where A(x) and b(x) are given by (3.22) with ri = 1, i.e.,

A(x) =
[
LG jHi(x)

]
1≤i, j≤m =−Jh(x)Jh(x)⊤ ∈ Rm,m

b(x) = [LFHi(x)]i=1,...,m =−Jh(x)∇ f (x) ∈ Rm.
(8.6)

By applying the control law (8.5)-(8.6), the relationship between the new input
v(t) ∈ Rm and the output y(t) = h(x(t)) ∈ Rm is

yi(t) =
∫ t

0
vi(τ)dτ, i = 1, . . . ,m, (8.7)

which is linear and decoupled in each component i.

Next, we have to design v(t) such that we regulate y(t) to zero. A possible
solution is to design the controller G in Figure 8.1

v(t) = G (y(t)) (8.8)

such that the closed-loop dynamics is asymptotically stable and y(t)→ 0 as t→ ∞.
In the remainder of this thesis, we refer to the closed-loop dynamics defined by
(5.2)-(8.5)-(8.8), i.e.,

ẋ(t) =−∇ f (x)+ J⊤h (JhJT
h )
−1(Jh∇ f (x)+G (y)), (8.9)

as to FL-CMO dynamics.

Given the single integral structure of (8.7), the simplest way to design G is to
consider m static linear feedback controllers

vi(t) =−Kiyi(t) (8.10)

with Ki > 0 for i = 1, . . . ,m. This leads to

yi(t) = αie−Kit , i = 1, . . . ,m (8.11)

where αi is a constant that depends on the initial conditions.

Several more possibilities are available for the G design, each leading to a
different CT optimization algorithm in the FL-CMO family characterized by different
properties. Among the infinite possible choices, we mention:
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λ(t) y(t)K
P

+

+

α(·)β(·)

G(·)

x(t)

Fig. 8.1 Structure of the FL control for CMO. We feedback the output y(t) to the controller
K to compute v(t) according to (8.8), and the state x(t) to compute u(t) according to (3.19).

• a generic LTI controller of order nk

ζ̇i(t) = Aνζ (t)+Bνyi(t)

vi(t) =Cνζ (t)+Dνyi(t)
(8.12)

In this case, the closed-loop dynamics is[
ζ̇

ẏi

]
=

[
Aν Bν

Cν Dν

]
︸ ︷︷ ︸

Kν

[
ζ

yi

]
(8.13)

and stable if the matrix Kν ∈ Rnk+1,nk+1 is Hurwitz, for all i = 1, . . . ,m.

• nonlinear controllers. A possible example in this class is νi(t) = Ksign(yi(t)),
with K > 0: in this case the overall control scheme corresponds to sliding
mode control; see, e.g., [125].

Remark. FL-CMO requires the inversion of A(x), which is a computational
bottleneck for large m. To address this point, we notice that −A(x) = Jh(x)Jh(x)⊤

is positive definite by construction. Consequently, we can efficiently address the
inversion through Cholesky factorization. Alternatively, we can compute the QR
factorization Jh(x)⊤ = QR. This yields the Cholesky factorization of −A while
avoiding the computation of the product Jh(x)Jh(x)⊤; in fact,−A=R⊤Q⊤QR=R⊤R.
The Jh(x) sparsity level determines which of the two methods is more effective.
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From the development of FL-CMO, we can observe that its performance depends
on two factors. On the one hand, the convergence rate to the feasible set Ω is entirely
determined by the user when designing the external controller G . In other terms, the
convergence to Ω is arbitrarily fast. On the other hand, the zero dynamics determines
the speed of convergence to the optimal solution. Since the convergence to Ω is
arbitrarily fast, the overall time required for convergence is de facto determined by the
uncontrollable zero dynamics. Despite this, numerical experiments demonstrate that
if the convergence rate to Ω is too fast, the differential equations defining the closed-
loop system become stiff, rendering the numerical integration more challenging.

To conclude, in Figure 8.1, we summarize the feedback control scheme defin-
ing FL-CMO. In the following sections, we analyze the stability of the FL-CMO
dynamics, compare it with similar literature, and provide numerical examples.

8.1 Local convergence for non-convex problems

In this section, we prove that the local minima of the optimization problem 5.1 are
locally asymptotically stable equilibria of the closed-loop dynamics.

First, we notice that, by construction, the feasible set Ω is globally attractive for
the FL-CMO dynamics, i.e., for any initial condition, trajectories converge onto it. In
the following, we prove the stability of isolated local minima for general non-convex
problems.
According to Theorem 3.2.2, it is sufficient that the zero dynamics is locally asymp-
totically stable in the neighborhood of any local minimum of (5.1). Therefore, we
focus on zero dynamics.

Let us introduce the second-order sufficient conditions; see also Chapter 4.

Definition 8.1.1. (Second-order sufficient conditions).

For problem (5.1), let HxxL (x,λ ) be the Hessian matrix of L (x,λ ) with
respect to x. We say that the second-order sufficient conditions hold at (x⋆,λ ⋆) if

v⊤HxxL (x⋆,λ ⋆)v > 0 (8.14)

for any v ∈ Rn such that Jh(x⋆)v = 0.
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If the second-order sufficient conditions hold, x⋆ is a strict local minimum of (5.1).
We prove the following result of local convergence.

Theorem 8.1.1. (Local convergence of FL-CMO dynamics).

Let the second-order sufficient conditions hold at (x⋆,λ ⋆). Then, x⋆ is a
locally asymptotically stable equilibrium point of the FL-CMO dynamics.

Proof. Consider Theorem 3.2.2. First of all, we notice that v(t) stabilizes (3.23) by
construction and regulates the output to zero, see (8.8).

Therefore, it is sufficient to prove that the zero dynamics of (3.13) is asymptot-
ically stable to obtain the asymptotic stability of the closed-loop dynamics (3.20)-
(8.1)-(8.8). We prove this fact in a neighborhood of an equilibrium point (x⋆,λ ⋆) of
P defined in (5.2).

To analyze the zero dynamics, first of all, we define the mapping Φ : Rn 7→Rn as

Φ(x) =

(
h(x)

J⊥h (x⋆)(x− x⋆)

)
, (8.15)

where we define J⊥h (x) ∈ Rn−m,n as follows: its rows are an orthonormal basis for
the null space of the rows of Jh. As a consequence, J⊥h (x)J⊤h (x) = 0 for all x ∈ Rn.
The Jacobian matrix of Φ(x) is

JΦ(x) =

(
Jh(x)

J⊥h (x⋆)

)
. (8.16)

Since Jh(x) has rank m by Assumption 5 and J⊥h (x) has orthogonal rows by definition,
then rank(JΦ(x)) = n. Therefore, Φ is invertible and provides a suitable change of
coordinates in the state space of P . In particular, we can express the transformed
state z = Φ(x) as

z =

(
ξ

η

)
(8.17)

where ξ = y ∈ Rm corresponds to the output and η ∈ Rn−m represents the state of
the zero dynamics of the system. We refer the reader to [43, Sec 5.1].

Now, by exploiting the change of variables via Φ, we write the normal form of
the system and analyze the zero dynamics.
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From (5.2), we have

ẋ = g(x,λ ) :=−∇ f (x)− Jh(x)⊤λ . (8.18)

Then, the normal form is

ż =
d
dt

Φ(x) = JΦ(x)g(x,λ ) = JΦ(Φ
−1(z))g(Φ−1(z),λ ). (8.19)

We notice that Φ(x⋆) = 0. Then, let us represent (8.19) through its Taylor expansion
around (Φ(x⋆),λ ⋆) = (0,λ ⋆), i.e.,

ż = Qz+R(λ −λ
⋆)+o(z)+o(λ −λ

⋆). (8.20)

Specifically,

Q =
∂

∂ z

[
JΦ(Φ

−1(z))g(Φ−1(z),λ ⋆)
]
|z=0

=
∂

∂x
[JΦ(x)g(x,λ ⋆)]|x=x⋆ JΦ−1(0)

(8.21)

Since g(x⋆,λ ⋆) = 0,

∂

∂x
[JΦ(x)g(x,λ ⋆)]|x=x⋆ =

=
∂

∂x
[JΦ(x)]|x=x⋆ g(x⋆,λ ⋆)+ JΦ(x⋆)

∂

∂x
[g(x,λ ⋆)]|x=x⋆

= JΦ(x⋆)
∂

∂x
[g(x,λ ⋆)]|x=x⋆ .

(8.22)

Thus,

Q =−JΦ(x⋆)HxxL (x⋆,λ ⋆)JΦ−1(0), (8.23)

where

HxxL (x⋆,λ ⋆) =− ∂

∂x
[g(x,λ ⋆)]|x=x⋆ . (8.24)
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Moreover, by the inverse function theorem

JΦ−1(0) = J−1
Φ

(x⋆) =
(

J†
h(x

⋆), J⊥⊤h (x⋆)
)

(8.25)

where J†
h(x

⋆) = J⊤h (x⋆)[Jh(x⋆)J⊤h (x⋆)]−1. In conclusion,

Q =−JΦ(x⋆)HxxL (x⋆,λ ⋆)
(

J†
h(x

⋆), J⊥⊤h (x⋆)
)
. (8.26)

On the other hand, given ∂

∂λ
g(x⋆,λ )|λ=λ ⋆ =−J⊤h (x⋆), we have

R =
∂

∂λ
(JΦ(x⋆)g(x⋆,λ ))|λ=λ ⋆

=−JΦ(x⋆)J⊤h (x⋆) =−

(
Jh(x⋆)J⊤h (x⋆)
J⊥h (x⋆)J⊤h (x⋆)

)
=

=−

(
Jh(x⋆)J⊤h (x⋆)

0

)
.

(8.27)

Next, we obtain the zero dynamics by setting ξ = 0 and considering the last n−m
equations of (8.19):

η̇ =−J⊥h (x⋆)HxxL (x⋆,λ ⋆)
(

J†
h(x

⋆), J⊥⊤h (x⋆)
)(0

η

)
+o(z)

=−J⊥h (x⋆)HxxL (x⋆,λ ⋆)J⊥⊤h (x⋆)η +o(z).

(8.28)

We notice that the zero dynamics does not depend on λ .

Finally, by neglecting the high-order terms o(z), the linearization of the zero
dynamics is

η̇ =−J⊥h (x⋆)HxxL (x⋆,λ ⋆)J⊥⊤h (x⋆)η . (8.29)

The original nonlinear zero-dynamics is locally asymptotically stable at η = 0 if
(8.29) is asymptotically stable, i.e., if the symmetric matrix

J⊥h (x⋆)HxxL (x⋆,λ ⋆)J⊥⊤h (x⋆) (8.30)

is positive definite. That holds if the second-order sufficient conditions reported in
Definition 8.1.1 are satisfied. In fact, let v = J⊥,⊤h (x⋆)w for any non-null w ∈ Rn−m;
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since Jh(x⋆)J
⊥,⊤
h (x⋆) = 0 by definition, Jh(x⋆)v = 0. Then,

v⊤HxxL (x⋆,λ ⋆)v = w⊤J⊥h (x⋆)HxxL (x⋆,λ ⋆)J⊥,⊤h (x⋆)w > 0. (8.31)

Finally, the result follows from the solution to the non-interacting control problem
(Theorem 3.2.2) and the application of Lyapunov’s linearization method (Theorem
3.1.1).

In our setting, the linearized zero dynamics in (8.29) corresponds to the zero
dynamics of the linearization of P , as we prove in the following. We notice that
the commutativity of the operations of linear approximation and computation of the
zero dynamics always holds for single-input single-output systems; see, e.g., [43,
Remark 4.3.2]. However, commutativity is not guaranteed for general multiple-input
multiple-output systems. For this reason, it is worth remarking that the class of
multiple-input, multiple-output systems considered in this work, characterized by
r = (1,1, . . . ,1) ∈ Rm and G =−J⊤H according to (8.1), enjoys the commutativity.

By Taylor expansion, the linearization of P in a neighbourhood of (x⋆,λ ⋆) is{
ẋ =−HxxL (x⋆,λ ⋆)(x− x⋆)− J⊤h (x⋆)(λ −λ ⋆)

y = Jh(x⋆)(x− x⋆)
(8.32)

Let us consider the mapping Φ : Rn 7→ Rn as(
ξ

η

)
= Φ(x) =

(
Jh(x⋆)
J⊥h (x⋆)

)
(x− x⋆) (8.33)

We notice that ξ = y. In normal form,(
ξ̇

η̇

)
=

(
Jh(x⋆)
J⊥h (x⋆)

)
ẋ. (8.34)

Let us focus on η , which represents the state variable of the zero dynamics. We have

η̇ = J⊥h (x⋆)ẋ

=−J⊥h (x⋆)HxxL (x⋆,λ ⋆)(x− x⋆).
(8.35)
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As expected, η̇ does not depend on λ , since J⊥h (x⋆)Jh(x⋆) = 0. By inversion,

x =
(

J†
h(x

⋆), J⊥,⊤h (x⋆)
)(

ξ

η

)
+ x⋆ (8.36)

To study the zero dynamics, we set ξ = y = 0. Thus,

x− x⋆ =
(

J†
h(x

⋆), J⊥,⊤h (x⋆)
)(0

η

)
= J⊥,⊤h (x⋆)η (8.37)

and
η̇ =−J⊥h (x⋆)HxxL (x⋆,λ ⋆)J⊥,⊤h (x⋆)η (8.38)

which is equal to (8.29).

8.2 Global exponential convergence for strongly con-
vex problems

We study the convergence of the FL-CMO algorithm under the same assumptions we
considered when dealing with PI-CMO in Chapter 6. Specifically, we consider the
case when the optimization problem is strongly convex and show that, in such a case,
the method enjoys global and exponential stability of the unique global minimum x⋆.
For the self-consistency of this chapter, we state again the considered assumptions
and recall some lemmas that we will use in the main result proof.

Assumption 6. f is strongly convex and twice differentiable on Rn.

Assumption 7. h is affine, i.e., h(x) =Cx+d, C ∈Rm,n, d ∈Rm. Moreover, C is full
rank and there exist 0 < α1 ≤ α2 such that

α1Im ⪯CC⊤ ⪯ α2Im. (8.39)

The assumption that C is full rank guarantees that Cx+d = 0 has solutions and
that there are no linearly dependent constraints.

Next, we introduce two useful lemmas. The first lemmas state that matrices’
eigenvalue bounds are preserved after multiplication by orthonormal matrices.
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Lemma 8.2.1. (Eigenvalues bounds preservation. [126, Observation 7.1.8]). Let
B ∈ Rn×n,H ∈ Rm×n where m < n. Assume there exists constants 0 < β1 < β2

such that
β1In ⪯ B⪯ β2In (8.40)

and that the rows of H are orthonormal vectors, i.e., HH⊤ = Im. Then

β1Im ⪯ HBH⊤ ⪯ β2Im. (8.41)

Proof. Let us consider the left-hand-side inequality, i.e., B−β1In ⪰ 0. Multiplying
by H on the left and by H⊤ on the right, we get

H(B−β1In)H⊤ = HBH⊤−β1HInH⊤ = HBH⊤−β1Im ⪰ 0 (8.42)

which proves the left-hand-side inequality in (8.41). Similarly, considering the
right-hand-side B−β2In ⪯ 0 we get

H(B−β2In)H⊤ = HBH⊤−β2HInH⊤ = HBH⊤−β2Im ⪯ 0, (8.43)

which completes the proof.

The second lemma is about the affine form of ∇ f (x)−∇ f (x⋆), as already intro-
duced in Chapters 6 and 7.

Lemma 8.2.2. (Affine form of ∇ f (x)−∇ f (x⋆). [103, Lemma 1]). Let f (x) be
a strongly convex function and x⋆ ∈ Rn. There exists a symmetric B(x) ∈ Rn,n

satisfying β1In ⪯ B(x)⪯ β2In for some 0 < β1 < β2 such that

∇ f (x)−∇ f (x⋆) = B(x)(x− x⋆). (8.44)

Next, we present the main result of this section.

Theorem 8.2.1 (Global exponential convergence of FL-CMO). Let assumptions
6 and 7 hold. Let us choose G in (8.8) such that ȳ = 0 is a globally exponentially
stable equilibrium for ẏ = G (y), with convergence rate µg ≥ β1, i.e., there exists
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a constant cg ∈ R+ such that

∥y(t)∥2 ≤ cge−µgt . (8.45)

Then, the global optimum x⋆ of problem (5.1) is a globally exponentially stable

equilibrium for FL-CMO, i.e., there exists a constant c ∈ R+ such that

∥x− x⋆∥2 ≤ ce−β1t . (8.46)

Proof. Under assumptions 6-7, the global change of coordinates defined by (8.15) is

z = Φ(x) =

(
ζ

η

)
=

(
Cx+d

C⊥(x− x⋆)

)
(8.47)

where the rows of C⊥ ∈ Rm−n,n are an orthonormal basis for the null space of the
rows of C.

Since (8.47) is an affine transformation,

x− x⋆ =

(
C

C⊥

)−1

(z− z⋆) (8.48)

where z⋆ = Φ(x⋆).

Given the spectral norm σ :=

∥∥∥∥∥∥
(

C
C⊥

)−1
∥∥∥∥∥∥

2

and by applying the triangle inequal-

ity,

∥x− x⋆∥2 ≤ σ ∥z− z⋆∥2 ≤ σ
(∥∥∥(ζ −ζ ⋆

)∥∥∥
2
+
∥∥∥(η−η⋆

)∥∥∥
2

)
. (8.49)

Then, we study the convergence of ∥x− x⋆∥2 based on the convergence of∥∥∥(ζ −ζ ⋆
)∥∥∥

2
and

∥∥∥(η−η⋆
)∥∥∥

2
.

Since ζ = y and ζ ⋆ = 0, the global exponential convergence of ζ is given by
(8.45).



8.2 Global exponential convergence for strongly convex problems 101

As to η , by using ∇xL (x⋆,λ (x⋆)) = 0, the zero dynamics is

η̇ =C⊥ẋ =C⊥ [∇xL (x,λ (x))−∇xL (x⋆,λ (x⋆))] =

=−C⊥
[
I +C⊤(CC⊤)−1C)

(
∇ f (x)−∇ f (x⋆)

)]
=−C⊥

(
∇ f (x)−∇ f (x⋆)

) (8.50)

where the last equality follows from G (0) = 0 and C⊥C⊤ = 0.

According to Lemma 8.2.2, we can write

η̇ =C⊥B(x)(x− x⋆) (8.51)

In the remainder of this proof, we denote B = B(x). Moreover,

x− x⋆ =C⊤(CC⊤)−1(ζ −ζ
⋆)+C⊥⊤(η−η

⋆) =C⊥⊤η (8.52)

where we use that ζ = ζ ⋆ = 0 by definition of zero dynamics and η⋆ = 0.

In conclusion,
η̇ =−C⊥BC⊥⊤η . (8.53)

From Lemma 8.2.2 we have B−β1I ⪰ 0. Moreover, by applying Lemma 8.2.1,
we have

C⊥BC⊥⊤ ⪰ β1I. (8.54)

Thus, the matrix C⊥BC⊥⊤ is Hurwitz and there exists cη ∈ R such that

∥η∥ ≤ cηe−β1t . (8.55)

By merging (8.49), (8.45), and (8.55), we get

∥x− x⋆∥2 ≤ σ

(
cge−µgt + cηe−β1t

)
≤ σ(cg + cη)e−β1t (8.56)

which proves (8.46) with c = σ(cg + cη).

Remark. We can set µg to any desired, arbitrarily large value by using, e.g., pole
placement design according to (8.10). In particular, we can always set K = µg > β1.
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Remark. Theorem 8.2.1 shows that FL-CMO enjoys a better convergence rate
than PI-CMO in strongly convex problems. The rate β1 of FL-CMO is always larger
than 1

2 µ < β1 evaluated in Theorem 6.1.1 for PI-CMO. Moreover, in the linear
constraints case (see Assumption 7), a factorization of CC⊤ can be performed before
the algorithm’s iterations start. Therefore, the computational drawback of the need
to solve a linear system of equations is not present in this case.

Remark. The convergence rate of FL-CMO uniquely depends on β1, i.e., on
f (x), while it is independent of the constraints h(x). Conversely, the convergence
rate of PI-CMO and PDGD depend on constants α1 and α2, which, in turn, are
related to the constraints.

8.3 Relation with the literature

In this section, we explore the differences and similarities of the proposed approach
when compared with similar methods.

If G (·) in (8.8) is designed to be a simple pole placement controller, i.e.,

G (y(t)) =−Ky(t), K > 0, (8.57)

as defined in defined in (8.10), then the FL-CMO dynamics correspond to the null-
space gradient dynamics studied in [108] and [107]. See Section 4.3.3 for details.
In turn, this dynamics is equivalent to the safe gradient flow with CBF-based feedback
control recently developed in [113] when only equality constraints are present.
Interestingly, the algorithm’s derivation in [113] also relies on a feedback control
interpretation. They propose constructing a feedback control system where the
plant is defined starting from first-order conditions, and the Lagrange multipliers are
interpreted as the input. However, the algorithm derivation is completely different
from that in this work. Vector control barrier functions (VCBF) are used to control
the system, and the properties of the dynamics are not studied relying on control-
theoretic argument; see [113] for details.

Interestingly, our framework allows several possible generalizations depending
on the choice of the controller G (·). Possible examples are listed in Section 3.2. As
a matter of fact, the proposed FL-CMO extends the null-space gradient approach
to a family of controllers G beyond (8.10). Although a comprehensive study of the
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properties of different G ’s is the subject of future work, in Section 8.4.3, we propose
a numerical example that compares static and dynamic G ’s in a robust optimization
problem, to shed light on the benefits of dynamic controllers and draw additional
considerations on this aspect. Investigating the advantages and disadvantages of the
proposed extension compared to simple pole placement is a topic of future research.

8.4 Numerical examples

This section proposes three numerical examples to test the effectiveness of FL-CMO.

8.4.1 SI of a gray-box nonlinear model

In this example, we consider the identification of the discrete-time nonlinear system
described by the following regressor form

yt =θ1e−(yt−1)
2
+θ2(ut−1)

2 +θ3ut−2yt−1 +θ4(ut−2)
θ5 (8.58)

using N = 400 measurements of the input sequence ut and noisy measurements of the
output sequence ỹt = yt +ζt , where ζt represents the noise. Since the system is not
affine in the parameters, we cannot employ standard solutions based on least-squares
regression. We look for the parameter vector θ ⋆ ∈ R5 that minimizes the ℓ2 norm,
i.e., the noise sequence ζt energy. This approach leads to the formulation of the
following non-convex optimization problem:

[θ ⋆,y⋆] = arg min
θ∈R5,y∈RN

N

∑
t=1

(yt− ỹt)
2

subject to:

− yt +θ1e−y2
t−1 +θ2(ut−1)

2 +θ3ut−2yt−1+

+θ4(ut−2)
θ5 = 0 t = 3, . . . ,N.

(8.59)

Due to the presence of non-affine equality constraints, the problem is non-convex.
We solve problem (8.59) using the FL-CMO method developed in this chapter. We
define the controller G in (8.8) according to (8.10) , with Ki = 1 for each i = 1, . . . ,m.
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Fig. 8.2 FL-CMO in gray-box nonlinear system identification: evolution of the estimation
error. We denote by θ̂(k) the estimates obtained with the FL-based algorithm at iteration k,
and by θtrue the true parameter vector.

We integrate the ordinary differential equations that describe the closed-loop
dynamics in the time interval t = [0,20] seconds by using Euler discretization with
step size 10−2 seconds. We set normally distributed initial conditions.

Figure 8.2 shows the ℓ2-norm of the estimation error as a function of the algorithm
iteration. Figure 8.3 shows the evolution of the ℓ∞-norm of the constraints: as
expected, it converges to zero.

For comparison, we solve problem (8.59) through IPM implemented with the
fmincon MATLAB function and initialized with the same initial conditions used for
the FL method. We use MATLAB R2021b on a processor i7-10700, 2.90GHz with
32 GB of DDR4 RAM. Table 8.1 compares the estimated parameters. We observe
that both FL-CMO and IPM provide accurate estimates, the respective errors being
∥θtrue− θ̂∥2 = 0.0163 and ∥θtrue−θIPM∥2 = 0.0175.

Let us analyze the computational complexity. The time required by the proposed
FL approach is 9.8 seconds, while IPM requires 64.4 seconds. Moreover, the
proposed FL method is less memory expensive than IPM, as expected when we
compare first-order and second-order methods because it requires storing only the
Jacobian of the constraints and not the Hessian matrix. More precisely, given m≤ n,
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Fig. 8.3 FL-CMO in gray-box non-linear system identification: evolution of the ℓ∞-norm of
the constraints function h. In the figure, x(k) refers to the estimate, at iteration k, of y and θ

in (8.59).

θtrue θ̂ θIPM
0.5 0.496 0.489
−0.3 −0.300 −0.300
−0.7 −0.699 −0.695
−0.35 −0.345 −0.338

0.8 0.815 0.804
Table 8.1 Comparison of parameter estimates for FL-CMO and IPM algorithms in gray-box
nonlinear system identification, denoted by θ̂ and θIPM, respectively.
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the FL approach requires n+ nm+ 1
2m2 +m floating point numbers, while IPM

requires n+ n2 + nm+ 3m floating point numbers. In both cases, we assess this
number by assuming to store only the triangular part of the symmetric matrices.
Concerning IPM, the leading term n2 is due to the sum of m+1 Hessian matrices,
one for f (x) and m for hi(x), of dimension n×n. Thus, we need 1

2n2 variables to
compute the current Hessian, and a further 1

2n2 ones are used to store the partial sum.

In conclusion, there is a gain of 2m+n2− 1
2m2 floating-point numbers by using

the proposed FL method instead of IPM.

Moreover, each iteration in FL requires O(m3) floating-point operations (FLOPs)
to invert the matrix JhJ⊤h ∈ Rm×m, while each iteration of IPM requires O((n+m)3)

FLOPs to solve a linear system of dimension n+m.

Similar considerations apply to sequential quadratic programming, which needs
approximately the same memory and computations as IPM; see, e.g., [41, Chapter
18].

8.4.2 Industrial chemical process problem

We consider a problem that arises in the context of industrial chemical processes:
the propane, isobutane, and n-butane nonsharp separation presented in [127]. It
is about a three-component feed mixture required to separate products into two
three-component products. This problem is included in the benchmark suite of
real-world, non-convex problems proposed in [128] to test optimization algorithms.
The mathematical formulation of the problem, reported in [128, Section 2.1.5], is as
follows. Given x = (x1, . . . ,x48), minimize f (x) defined as

f (x) = c11 +(c21 + c31x24 + c41x28 + c51x33 + c61x34)x5

+ c12 +(c22 + c32x26 + c42x31 + c52x38 + c62x39)x13,

where c11 = 0.23947, c12 = 0.75835, c21 =−0.0139904, c22 =−0.0661588, c31 =

0.0093514, c32 = 0.0338147, c41 = 0.0077308, c42 = 0.0373349, c51 = −5.719×
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10−4, c52 = 0.0016371, c61 = 0.0042656, c62 = 0.0288996, subject to

h1(x) = x4 + x3 + x2 + x1 = 300,

h2(x) = x6− x8− x7 = 0,

h3(x) = x9− x12− x10− x11 = 0,

h4(x) = x14− x17− x15− x16 = 0,

h5(x) = x18− x20− x19 = 0,

h6(x) = x6x21− x24x25 = 0,

h7(x) = x14x22− x26x27 = 0,

h8(x) = x9x23− x28x29 = 0

h9(x) = x18x30− x31x32 = 0,

h10(x) = x25− x5x33 = 0,

h11(x) = x29− x5x34 = 0,

h12(x) = x35− x5x36 = 0,

h13(x) = x37− x13x38 = 0,

h14(x) = x27− x13x39 = 0,

h15(x) = x32− x13x40 = 0,

h16(x) = x25− x6x21− x9x41 = 0,

h17(x) = x29− x6x42− x9x23 = 0,

h18(x) = x35− x6x43− x9x44 = 0,

h19(x) = x37− x14x45− x18x46 = 0,

h20(x) = x27− x14x22− x18x47 = 0,

h21(x) = x32− x14x48− x18x30 = 0,

h22(x) = 0.33x1 + x15x45− x25 = 0,

h23(x) = 0.33x1 + x15x22− x29 = 0,

h24(x) = 0.33x1 + x15x48− x35 = 0,

h25(x) = 0.33x2 + x10x41− x37 = 0,

h26(x) = 0.33x2 + x10x23− x27 = 0,

h27(x) = 0.33x2 + x10x44− x32 = 0,
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h28(x) = 0.33x3 + x7x21 + x11x41 + x16x45 + x19x46 = 30,

h29(x) = 0.33x3 + x7x42 + x11x23 + x16x22 + x19x47 = 50,

h30(x) = 0.33x3 + x7x43 + x11x44 + x16x48 + x19x30 = 30,

h31(x) = x33 + x34 + x36 = 1,

h32(x) = x21 + x42 + x43 = 1,

h33(x) = x41 + x23 + x44 = 1,

h34(x) = x38 + x39 + x40 = 1,

h35(x) = x45 + x22 + x48 = 1,

h36(x) = x46 + x47 + x30 = 1,

h37(x) = x43 = 0, h38(x) = x46 = 0.

with bounds
0≤ x1, . . . ,x20 ≤ 150,

0≤ x25,x27,x32,x35,x37,x29 ≤ 30,

0≤ x21,x22,x23,x30,x33,x34,x36,x38,x39 ≤ 1,

0≤ x40,x42,x43,x44,x45,x46,x47,x48 ≤ 1,

0.85≤ x24,x26,x28,x31 ≤ 1.

The problem comprises n = 48 optimization variables, a bilinear cost function,
and m = 38 linear and bilinear equality constraints. The overall problem is non-
convex. Moreover, there are 47 constrained variables in bounded intervals, which
give rise to 94 inequality constraints. To deal with the inequality constraints, we
reformulate them by using squared-slack variables, as discussed, e.g., in [129, Section
3.3.2]. The basic idea is that we can rewrite any inequality g(x)≤ 0 as g(x)+ z2 = 0,
where z ∈ R is a slack variable.

For this problem, the benchmark objective value is f (x) = 2.1158, as reported in
[128, Table 3].

We perform the optimization through FL-CMO, implemented in MATLAB
R2021b, on a processor i7-10700, 2.90GHz with 32 GB of DDR4 RAM. As in the
previous example, we design the G controller by pole placement; see (8.8). We place
the closed-loop pole at −10. We integrate the closed-loop differential equations
in the time interval [0,3] seconds using Euler discretization with step size 5 ·10−5

seconds.
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Fig. 8.4 FL-CMO results on the industrial chemical process problem: distribution of the
achieved objective values (left) and distribution of the required time to converge (right)

We randomly set the initial conditions with uniform distribution in [0,50]. We
run the algorithm 50 times with different realizations of the initial conditions. In
all the runs, the algorithm converges to feasible solutions within a 10−7 tolerance
for each constraint. The achieved objective values are distributed according to the
histogram in Figure 8.4; the mean value is 2.332, and the standard deviation is
0.1852. Moreover, the best achieved objective value is 2.0333, which improves the
benchmark 2.1158. In Figure 8.4, we also report the distribution of the time required
to converge; the mean value is 7.22 seconds, and the standard deviation is 0.33
seconds.

We finally remark that IPM is an alternative solver for this problem, but it suffers
the increase of required memory to store the Hessian matrix; see the computational
complexity analysis in Section 8.4.1.

In conclusion, this experiment proves that FL-CMO is valuable in large-scale,
non-convex optimization problems arising from real-world applications. Moreover,
using squared-slack variables is a feasible approach to deal with inequality con-
straints in this example, even if it increases the number of optimization variables and
introduces additional non-convex constraints.

On the other hand, when considering the FL-CMO algorithm, some numerical
issues related to the condition number of the matrix A(x) may arise. This condition is
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due to the transformation used to transform inequality constraints to equalities, which
is well-known to cause numerical problems in most optimization algorithms for
equality-constrained optimization. Despite this, we remark that FL-CMO provides
good solutions even when inequality constraints are present if this numerical issue
does not arise, and this depends on the selected initial conditions.

8.4.3 Robustness of FL-CMO against inexact computations

As noticed in Sec. 3.2, FL-CMO requires the inversion of A(x) ∈ Rm,m. This is a
delicate point from different perspectives. On the one hand, the inverse of a poorly
condition matrix is sensitive to small perturbations in the data. On the other hand,
inversion is computationally intense and approximate solutions can be used to reduce
the burden. In both cases, we deal with an inexact matrix A(x)−1.
In the following example, we demonstrate how the flexibility in the design of the
controller G for FL-CMO leads to algorithms characterized by different robustness
properties in the presence of such inaccurate data.
Moreover, we provide a comparison between PI-CMO and FL-CMO equipped with
a PI control law for v(t).

We consider the quadratic problem

min
x∈R3

1
2

x⊤

1 0 1
0 4 −2
1 −2 8

x+

−1
2
−1


⊤

x (8.60a)

s.t. x1 +1 = 0, (8.60b)

3x1 +2x2−4x3 = 0. (8.60c)

Then A(x)−1 =−
(
CC⊤

)−1
=

(
−1.45 0.15
0.15 −0.05

)
. Based on previous considera-

tions, we assume to know only a perturbed version A(x)−1⊙ (12 +P) where 12 is
the 2×2 matrix of all ones, ⊙ is the Hadamard product, and P ∈ R2,2 is such that
each of its entries Pi j is bounded by |Pi j| ≤ 0.25, for 1≤ i, j ≤ 2.

For FL-CMO, we consider the static controller v(t) = G (y(t)) = Ky(t) with
K =−4, which retraces the algorithm proposed in [107] and [113], and the dynamic
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PI controller
v(t) = G (y(t)) = kpy(t)+ ki

∫ t

0
y(τ)dτ. (8.61)

where ki =−1 and kp =−4. Moreover, we implement FL-CMO with exact A(x)−1

as a benchmark. Finally, we also consider PI-CMO with the same coefficients ki and
kp for further comparison.

We perform 40 simulations of the four dynamics, where for each run, we start
from different initial conditions and sample different Pi j from the uniform distribution
in [−0.25,0.25]. We show the simulation results in terms of the average distance
from the optimum ∥x(t)− x⋆∥2 and the maximum constraint violation ∥h(x(t))∥

∞

in Figure 8.5 and Figure 8.6, respectively. As expected, the exact FL-CMO and
PI-CMO converge to the correct solution. Interestingly, we can see that the pole
placement controller makes FL-CMO converge quickly to a wrong solution under
the effect of perturbation. On the other hand, by introducing the integral term in G ,
the inexact FL-CMO converges to the correct solution, more quickly than PI-CMO.

In conclusion, this example suggests that FL-CMO with the dynamic controller
is more robust to data perturbation and inaccuracies. Future work will analyze the
robustness properties of FL-CMO in more general settings.



112 The FL-CMO algorithm

0 5 10 15 20 25 30 35
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

time, s

∥ x
(t
)
−

x⋆
∥ 2

Exact FL-CMO
Inexact FL-CMO: static G
Inexact FL-CMO: dynamic G
PI-CMO

Fig. 8.5 Perturbed quadratic problem: optimization variables’ trajectories x(t) for the different
algorithms. Exact FL-CMO refers to the unperturbed case.
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Fig. 8.6 Perturbed quadratic problem: optimization variables’ constraints value h(x(t)) for
the different algorithms. Exact FL-CMO refers to the unperturbed case.



Part III

Constrained optimization for system
identification





Chapter 9

Identification of nonlinear
input-output models through
FL-CMO

This chapter deals with nonlinear input-output (NIO) models of the form

yt = M (yt−1, . . . ,yt−n,ut , . . . ,ut−n|θ) (9.1)

where M : Rp×·· ·×Rp︸ ︷︷ ︸
n times

×Rq×·· ·×Rq︸ ︷︷ ︸
n+1 times

→ Rp, ut ∈ Rq is the input of the system,

yt ∈ Rp is the output of the system and θ ∈ Rnθ is a vector of parameters of the
model.

As discussed in Chapter 2, the considered NIO model class is rather general
as, under a weak observability assumption, any nonlinear state-space model is
equivalently rewritten in this form. See Section 2.1.1 for a detailed discussion.
Consequently, the NIO model can account for a great variety of commonly considered
models, including, for example,

• linear time-invariant (LTI) models

yt =
n

∑
j=1

θ jyt− j +
n

∑
j=0

θn+1+ jut− j (9.2)

• gray-box models. The structure depends on the physics of the system.
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• nonlinear neural output error (NNOE) neural networks. In this case, M

is a multi-layer perceptron. In the case of a single-layer network, the NNOE
network reads

yt =W2 tanh(W1[yt−1, . . . ,yt−n,ut , . . . ,ut−n]
⊤+b1)+b2 (9.3)

where θ = [vec(W1)
⊤,vec(W2)

⊤,b⊤1 ,b
⊤
2 ]
⊤ and W1,W2,b1,b2 are matrices or

vectors of appropriate dimension.

9.1 Problem formulation

We consider the problem of identifying a NIO model given noisy experimental data
{ut , ỹt} for t = 1, . . . ,N. Specifically, we consider the simulation error minimization
problem (SEM). We formally define the SEM problem consistently with previous
works on SEM, see, e.g., [15, 130]. Specifically, we consider the problem:

arg min
θ∈Rnθ ,y1∈Rp,...,yn∈Rp

N

∑
t=1

(ỹt− yt(θ ,y1, . . . ,yn))
2 +ρ(θ), (9.4)

where

yt(θ ,y1, . . . ,yn) = M (yt−1(θ ,y1, . . . ,yn), . . . ,yt−n(θ ,y1, . . . ,yn),uk, . . . ,uk−n,θ),

(9.5)
for t = n+1, . . . ,N, and ρ(θ) is a differentiable regularization term.

Remark: an alternative formulation of the SEM identification problem, which is
frequently encountered in the machine learning literature (see, e.g., [19]), is

arg min
θ∈Rnθ

N

∑
t=1

(ỹt− yt(θ))
2 +ρ(θ) (9.6)

where

yt(θ) = y0
t ∈ Rp, for t = 1, . . . ,n (9.7a)

yt(θ) = M (yt−1(θ), . . . ,yt−n(θ),uk, . . . ,uk−n,θ), (9.7b)

for t = n+1, . . . ,N.
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Common choices for selecting y0
t are assuming zero initial conditions, i.e., y0

t = 0,
or assuming that no noise corrupts the initial samples, i.e., y0

t = ỹt .
Problems (9.4) and (9.6) are not equivalent. The formulation (9.4) generalizes
(9.6) to the case where we estimate initial conditions together with the network’s
parameters.

9.2 State-of-the-art

The most popular approach to solving Problems (9.4) and (9.6) is the application
of gradient-based optimization methods. Among these, we mention gradient de-
scent (GD) [131], Levenberg-Marquardt (LM) [83], and Broyden-Fletcher-Goldfarb-
Shanno (BFGS) [21] algorithms. When we use a gradient-based algorithm to learn a
dynamical system, the resulting algorithm is called backpropagation through time
(BPTT), and it is often implemented by resorting to automatic differentiation tools;
see, e.g., [27].

Despite the simplicity of the approach and the large availability of software
tools, it is well-known that methods based on the gradient computation suffer from
issues known as vanishing and exploding gradient; see, e.g., [28] and [29] for more
details. In the context of machine learning, when dealing with recurrent neural
networks, vanishing gradient is tackled by defining state-space neural network
models known as long-short-term-memory (LSTM) and gated recurrent units (GRU),
for which vanishing gradient is attenuated; see, e.g., [19]. LSTM and GRU, however,
cannot be used to handle gray-box SI and are prone to overfitting in the black-box
setting. Alternative approaches to tackle vanishing gradient issues include defining
optimization algorithms that are not based on the computation of the loss function
gradient. Examples of works along this direction include [38], where the authors
propose a solution based on approximate sequential quadratic programming, and
[36, 37], which apply metaheuristic optimization algorithms but are mostly avoided
due to the high computational cost and the absence of theoretical guarantees.
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9.3 Proposed FL-CMO-based identification algorithm

9.3.1 Constrained optimization formulation

We propose formulating the NIO identification problem (9.4) as a constrained opti-
mization, i.e., we propose solving the problem

arg min
θ∈Rnθ ,y1∈Rp,...,yN∈Rp

N

∑
t=1

(ỹt− yt)
2 +ρ(θ)

s.t.

yt = M (yt−1, . . . ,yt−n, ũt , . . . , ũt−n,θ),

t = n+1, . . . ,N.

(9.8)

The constrained optimization formulation has previously been considered in the
literature. Specifically, we mention the approach based on inexact SQP for training
neural state-space models in [38] and works in the set-membership identification
literature, e.g., [54] and [39].

As also noted in [38], the constrained formulation allows deriving new training
algorithms and establishing convergence results. Similarly, in the following section,
we will define a training algorithm based on the FL-CMO algorithm presented in
Chapter 8. Moreover, we characterize the relation between the local solutions of
the original unconstrained formulation (9.4) and the solutions of (9.8) through the
following result.

Theorem 9.3.1. (Relation between optima of Problem (9.8) and (9.4)).

Any solution to the first-order optimality conditions of Problem (9.8) is a
stationary point of Problem (9.4).

Proof. Denote z = [θ⊤,y⊤0 ]
⊤ ∈ Rnθ+n and w = [yn+1, . . . ,yN ]

⊤ ∈ Rm. Let h(z,w)
denote the constraints of (9.8) and Jh(z,w) = [Jh,z,Jh,w] its Jacobian. Jh,w ∈ Rm×m is
upper-triangular with all elements on the principal diagonal being non-zero; therefore,
Jh,w is invertible. Denote G(w) = ∑

N
t=n+1(yt− ỹt) and R(z) = ∑

n
t=1(yt− ỹt)+ρ(θ).
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The first-order optimality conditions are

∇zR+ J⊤h,zλ = 0

∇wG+ J⊤h,wλ = 0
(9.9)

Then
λ =−[J⊤h,w]−1

∇wG (9.10)

and replacing λ into the first block

∇zR− J⊤h,zJ
⊤,−1
h,w ∇wG = 0 (9.11)

As a consequence of the Implicit Function Theorem, since h(z,w) = 0 and Jh,w is
invertible, there exists a function γ : Rnθ+n→ Rm such that w = γ(z) and, moreover,

Jγ,z =−J−1
h,wJh,z (9.12)

Consider now (9.4): its stationary points satisfy

∇zG(γ(z))+∇zR(z) = 0. (9.13)

Using chain rule and (9.12)

∇zR(z)+∇zG(γ(z)) =

= ∇zR+
[
∇γ(z)G

⊤Jγ,z

]⊤
=

= ∇zR−
[
∇wG⊤J−1

h,wJh,z

]⊤
=

= ∇zR− J⊤h,zJ
⊤,−1
h,w ∇wG.

(9.14)

which is zero because of Equation (9.11).

We explain the significance of the result as follows. The constrained and un-
constrained formulations have the same global optimal solutions by construction.
However, local solutions are not necessarily the same. The provided theorem guar-
antees that we do not introduce any additional local (thus, potentially suboptimal)
solution by solving for the constrained formulation in place of the unconstrained
one.
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9.3.2 Proposed FL-CMO algorithm

We propose addressing the constrained optimization problem (9.8) through the FL-
CMO optimization algorithm for constrained optimization, which we introduced in
Chapter 8.

Computational considerations motivate selecting the FL-CMO algorithm among
many alternatives for constrained optimization, including sequential quadratic pro-
gramming and interior-point methods (see, e.g., [41]). In fact, FL-CMO is a first-
order optimization algorithm that does not require computing and storing Hessian
matrices.

Consider Problem (9.8). Let us denote x = [θ⊤,y⊤1 , . . . ,y
⊤
N ]
⊤ ∈ Rnθ+pN its opti-

mization variables, ht(x)= yt+n−M (yt+n−1, . . . ,yt ,ut+n, . . . ,ut ,θ) for t = 1, . . . ,N−
n its constraints, and f (x) = ∑

N
t=1 ∥ỹt− yt∥2

W +ρ(θ) its cost function.

According to the FL-CMO approach, we define the dynamical system

ẋ =−∇ f − Jhλ (9.15a)

λ = (JhJ⊤h )−1(Jh∇ f −G (h)) (9.15b)

where ẏ = G (y) is globally asymptotically stable. In this chapter, we focus on the
simplest possibility to select G , i.e.,

G (y) =−Ky, K > 0. (9.16)

The closed-loop system defined by (9.15)-(9.16) is then expected to converge
towards a locally optimal solution to the optimization problem (9.8).

Replacing (9.16) and (9.15b) into (9.15a), we obtain a differential equation
describing the closed-loop system, i.e.,

ẋ = F(x) .
=−∇ f − Jh(JhJ⊤h )−1(Jh∇ f +Kh). (9.17)

We integrate (9.17) through the adaptive Euler-Heun (AEH) method (a.k.a. Runge-
Kutta 1-2) [132, 133]. Specifically, given state xk at the generic time k, the AEH
method evaluates

s0 = F(xk), s1 = F(xk + τs0) (9.18)
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and use them to compare the Euler step z0 and the Heun step z1 defined as

z0 = xk + τs0, z1 = xk + τ
s0 + s1

2
(9.19)

The rationale of the AEH method is that if z0 and z1 are similar, then the step size
τ is fine enough and can be increased for the next iteration. Otherwise, it should
be decreased. Consequently, we select a constant R > 0 acting as tolerance on the
allowed relative error ∥z0− z1∥/max{∥z0∥ ,∥z1∥} and L > 1 used as the rate of
increment/decrease of τ .

This method requires computing the right-hand-side of the differential equa-
tion (9.17) two times per iteration. This choice is the best trade-off between the
requirement of keeping each iteration as simple as possible and the requirement of
evaluating some measurement of the error needed to adapt the step size. Algorithm 1
depicts the resulting identification algorithm.

Numerical experiments show that this strategy considerably reduces the overall
training time compared with the standard Euler method with optimally tuned step
size (about 4x speed-up on average).

Algorithm 1 Training algorithm based on FL-CMO and Euler-Heun integration
Require: x0,ε f ,εh,K,τ0,R,L

k← 0
while max{∥z0∥ ,∥z1∥} ≥ ε f or ∥h(xk)∥ ≥ εh do

J0 = Jh(xk)
f̃0 = ∇ f (xk),h0 = h(xk)
s0 =− f̃0− J⊤0 (J0J⊤0 )−1(J0 f̃0 +Kh0)
J1 = Jh(xk + τks0)
f̃1 = ∇ f (xk + τks0),h1 = h(xk + τks0)
s1 =− f̃1− J⊤1 (J1J⊤1 )−1(J1 f̃1 +Kh1)
Evaluate z0,z1 according to Equation (9.19)
if ∥z0− z1∥ ≤ R then

τk+1 = Lτk
else

τk+1 =
1
Lτk

end if
xk+1 = z1
k← k+1

end while
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We remark that the computation of the constraints Jacobian can be performed
thanks to available automatic differentiation tools (see, e.g., [27] for a recent survey)
or using tensor calculus rules (see, e.g., [134]). In both cases, we can perform this
computation efficiently by exploiting parallel computation.

9.3.3 Convergence guarantee

According to [44], see also Chapter 8, the main assumption required to apply the
FL-CMO method is that rank(Jh(x)) = m for all x. In Problem (9.8), J satisfies

∂hi

∂yk
=

1 for i = k−n

0 for i > k−n.
(9.20)

Therefore, it is always full-rank.

Finally, as a consequence of Theorem 8.1.1, any point (x∗,λ ∗) that satisfies the
second-order sufficient conditions is a locally asymptotically stable equilibrium point
of the closed-loop system dynamics defined as

ẋ =−∇x f − J⊤h (JhJ⊤h )−1(Jh∇x f +Kh(x)). (9.21)

9.3.4 Exploiting the Jacobian sparsity

An analysis of the computational complexity of Algorithm 1 reveals that the most
expensive computation is the linear system of equations

ui
.
= (JiJ⊤i )−1ri (9.22)

where ri
.
= Ji f̃i +Khi, for i = 1,2. This section discusses exploiting the peculiar

sparsity pattern of Ji to effectively reduce this step’s computational complexity.

To solve the linear system (9.22), we propose

1. Evaluate the Q-free QR decomposition of J⊤i , obtaining the upper triangular
factor R ∈ Rm×m such that there exists an hortogonal Q such that J⊤i = QR.
Consequently, JiJ⊤i = R⊤Q⊤QR = R⊤R and C = R⊤ is a Cholesky factor of
JJ⊤.
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2. consecutively applying forward and backward substitution to get the linear
system’s solution.

Let φ denote the dynamical order of the NIO model. If we use a dense algorithm,
the computational complexity of such a procedure is dominated by the computation
of R and is given by O(m3). This observation holds independently on the selected
method, including QR and Cholesky decomposition. See, e.g., [135] for a detailed
study of the computational complexity of matrix decomposition algorithms.

Theorem 9.3.2. (Computational complexity of Algorithm 1)

By exploiting the sparsity of Ji, the computational complexity is reduced to
O(m2).

Proof. We count the number of operations the Householder algorithm requires
when multiplications by zero elements are avoided using a sparse algorithm. Table
9.1 shows the FLOPs count for each instruction of the Housholder algorithm applied
to the matrix X = J⊤i , both in the dense and sparse case.

Instruction Iterations FLOPs - dense FLOPs - sparse
U = 0n×m,R = 0m×m 1 - -
for k = 1, . . . ,m

Uk:n,k,Rk,k = housegen(Xk:n,n) m 3(n− k+1) 3χ(k)
v =U⊤k:n,kXk:n,k+1:m m (n− k+1)(m− k) ψ(k)
Xk:n,k+1:m = Xk:n,k+1:m−Uk:n,kv m (n− k+1)(m− k) ζ (k)
Rk,k+1:m = Xk,k+1:m m - -

end for
Table 9.1 FLOPs count for each instruction of Housholder algorithm

In particular, the function housegen performs the Householder reflection of its
argument, i.e., it transforms a given vector xk into a multiple of a unit vector while
preserving length. To achieve this, first, the norm of the vector is computed, and then
each element of the vector is multiplied by a scalar twice. Since xk is a vector formed
by taking from the k-th to the n-th element of J⊤, this requires 3(n− k+1) FLOPs
in the dense case. When exploiting sparsity, the same operations are performed only
on non-zero elements, thus leading to a complexity of 3χ(k) FLOPs, where χ(k) is
the cardinality of xk. Looking at the peculiar sparsity patten of X , we compute χ(k)
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as

χ(k) =

nθ − k+1+ p(1+φ) if k ≤ nθ

p(1+φ) if k > nθ

(9.23)

Next, to form the product U⊤k:n,kXk:n,k+1:m, (n− k+1)(m− k) products are required
in the dense case. When exploiting sparsity, we notice that thanks to the fact that
Uk:n,k has the same sparsity pattern of xk except eventually for its first element, which
is is set to some non-zero quantity by housegen. However, due to the structure of
X , this element is always multiplied by zeros when forming the considered product.
Then, the number of required products drops to

ψ(k) =

ψ1(k) if k ≤ nθ

ψ2(k) if k > nθ

(9.24)

where
ψ2(k) = (p− i)p(φ +1)+φ p2 + · · ·+2p2 + p2

= (p− i)p(φ +1)+
φ

∑
z=1

zp2
(9.25)

ψ1(k) = (nθ − k+1)(m− k)+ψ2(k) (9.26)

where i = mod(p,k)+ 1, consequently k = i+ p( j− 1). Equation (9.25) follows
from the fact that the number of coinciding non-zero indices decreases by p every
p columns. Similarly, Equation (9.26) is obtained with the same procedure, also
considering products given by the first (nθ − k+1) elements of U⊤k:n,k.

We now determine ζ (k). ζ (k) is the number of FLOPs required to form the
product Uk:n,kv, where Uk:n,k ∈ Rn−k+1,1 is a sparse vector with cardinality

χ1(k) =

χ(k) if k ≤ nθ

χ(k)+1 if k > nθ

(9.27)

and v ∈ R1,m−k is possibly dense. Accordingly, the result is a n− k+ 1×m− k
matrix where all rows corresponding to a zero element of Uk:n,k are zero. Therefore,
(n−k+1)(m−k) FLOPs are required for the dense case, and the sparse case requires

ζ (k) = (m− k)χ1(k) FLOPs. (9.28)
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To conclude our proof, we need to show that there exist constants M > 0 and m0 > 0
such that for all m > m0:

|
m

∑
k=1

3χ(k)+ψ(k)+ζ (k)| ≤Mm2. (9.29)

Let us evaluate each term of the sum:

m

∑
k=1

3χ(k) = 3
nθ

∑
k=1

(nθ − k+1+ p(1+φ))+

+3
m

∑
k=nθ+1

p(1+φ) = 3m(1+φ)p+
3
2
(n2

θ +nθ )

(9.30)

m

∑
k=1

ψ(k) =
nθ

∑
k=1

ψ1(k)+
m

∑
k=nθ+1

ψ2(k)

=
nθ

∑
k=1

(nθ − k+1)(m− k)+
m

∑
k=1

ψ2(k)

(9.31)

Let us expand individually the two terms in (9.31).

nθ

∑
k=1

(nθ − k+1)(m− k) =

=
m
2
(n2

θ −nθ )−
nθ

6
(n2

θ +3nθ +2)
(9.32)

m

∑
k=1

ψ2(k) =
m

∑
k=1

(
(p− i)(φ +1)p+

φ

∑
z=1

p2z

)
=

=
m/p

∑
j=1

p

∑
i=1

(
(p− i)(φ +1)p+

φ

∑
z=1

p2z

)
=

=
m
p

(
p3(φ +1)− 1

2
(φ +1)p2(p+1)

)
+

+
1
2

mp2
φ(φ +1) =

=
1
2

mp(φ +1)(p+ pφ −1)

(9.33)
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m

∑
k=1

ζ (k) =
nθ

∑
k=1

(nθ − k+1+ p(φ +1))(m− k)+

+
m

∑
k=nθ+1

(p(φ +1)+1)(m− k) =

=
nθ

∑
k=1

(nθ − k)(m− k)+

+
m

∑
k=1

(p(φ +1)+1)(m− k) =

=
m
2
(n2

θ −nθ )−
nθ

6
(n2

θ −1)+
m2−m

2
(p(φ +1)+1)

=
m2

2
(p(φ +1)+1)+

+
m
2
(n2

θ −nθ − p(φ +1)−1)− nθ

6
(n2

θ −1).

(9.34)

From above equations, we notice that (9.34) dominates (9.30) and (9.31). Letting
M = 1

2 +
1
2 p(φ +1) the result follows. □

We highlight that sparsity of Ji can also be exploited when computing the matrix-
vector product Ji f̃i and J⊤i ui, requiring m(nθ + n) FLOPs instead of m(nθ +N)

FLOPs and nθ m+nm FLOPs instead of m2 FLOPs, respectively.

When compared with the inexact SQP in [38], proposed for the identification of
neural state-space models, but applicable similarly to any state-space model, requires
computing the QR factorization of a matrix of dimension (n+m)× (n+m), where
m is the number of constraints. Instead, in our approach, we need to compute the
QR factorization of a matrix with dimension m× (n+m). Moreover, the iterations
are exact in our approach, thus simplifying the convergence analysis.

9.4 Method’s variants

9.4.1 Handling noise on the input

The considered approach based on constrained optimization allows for an immediate
generalization to the case when both input and output available data are noisy, i.e.,
ũt = ut + εt and ỹt = yt +ηt are given.
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We formalize this problem as the solution to the following optimization problem

arg min
θ∈Rnθ ,U∈RqN ,Y∈RpN

N

∑
t=1

(yt− ỹt)
2 + γu

N

∑
t=1

(ut− ũt)
2 +ρ(θ)

s.t.

yt = M (yt−1, . . . ,yt−n,ut , . . . ,ut−n,θ)

(9.35)

where U = [u⊤1 , . . . ,u
⊤
N ]
⊤ ∈ RqN , Y = [y⊤1 , . . . ,y

⊤
N ]
⊤ ∈ RpN , and γu represents the

relative amount of input noise compared to the output noise. For γu→ ∞, ũt = ut for
all t, and Problem (9.8) is recovered.

In this case, the analysis of computational complexity is slightly different.
Nonetheless, we notice that the number of optimization variables increases while
the number of constraints remains unchanged compared to the standard case. Conse-
quently, the dimension of the linear system [JiJ⊤i ]−1ri is the same. From numerical
experiments, we notice that sparse matrix product and Cholesky factorization per-
form better than sparse Q-less QR factorization, at least for medium-sized datasets.
A theoretical investigation of this phenomenon is the subject of future work.

9.4.2 FL-CMO for the identification of state-space models

This section discusses adapting the proposed approach to identifying nonlinear state-
space models. In that case, we recast the identification problem as the equality
optimization problem:

arg min
θ∈Rnθ ,X∈RnN

N

∑
t=1

(M2(xt ,ut ,θ)− ỹt)
2
2 +ρ(θ)

s.t.

xt+1 = M1(xt ,ut ,θ), t = 1, . . . ,N−1.

(9.36)

where X = [x⊤1 , . . . ,x
⊤
N ]
⊤ ∈ RnN and M1,M2 are the model’s output and state equa-

tion, respectively.

Problem (9.36) is rather general and can account for a large class of state-space
identification problems, including linear, block-oriented, neural state-space, and
RNNs.
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We notice that in (9.36), the number of optimization variables and constraints is
nN, which is higher than the NIO counterpart pN because, generally, p < n. Con-
sequently, we expect the state-space identification procedure to be computationally
less efficient. This consideration provides an additional motivation for selecting NIO
models rather than state-space ones if the choice is free.

9.5 Numerical examples

In this section, we present several numerical examples to demonstrate the practical
effectiveness of the FL-CMO-based identification algorithm presented in this chapter.

9.5.1 Fluid Damper benchmark

We consider the magneto-rheological fluid damper problem [136] used in MATLAB’s
System Identification (SYS-ID) Toolbox, consisting of 2000 training data and 1499
test data.

This example demonstrates the advantages of using the proposed FL-CMO
training algorithm compared with the main alternatives for neural input-output
modeling in system identification, i.e., backpropagation for NNARX identification
and the Levenberg-Marquardt (LM) algorithm for training NNOE.

We select a single-layer network having dynamical order nx = 4 and 6 neurons.
We perform the training by

a) NNARX model using Adam stochastic gradient descent with batch size 32. We
implement the training of this network using Python’s Tensorflow Keras package
[137], and we train the network for 2000 epochs.

b) NNOE model trained using nnoe function of NNSYD MATLAB toolbox [138]
that implements the Levenberg–Marquardt algorithm until both gradient and
criterion improvement falls below a tolerance set to 10−12. The maximum
number of iterations is 105.

c) The proposed CMO algorithm. We select R = 10−4,L = 1.1,K = 10, and a
maximum number of iterations equal to 300.
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training time BFR
NNOE (FL-CMO) 167.34(5.109) 91.05(1.55)

NNOE (LM) 0.32(0.097) 66.66(27.14)
NNARX (Adam) 176.22(32.272) 68.14(23.32)

Table 9.2 Fluid damper benchmark: Comparison of training times and BFR for NNOE
trained using FL-CMO, NNOE trained using LM, and NNARX trained using Adam.

Table 9.2 compares the training time (in seconds) and the validation best-fit
rate BFR = 100(1− ∥y−ŷ∥

∥y−my∥), where y is the measured validation output, ŷ is the

simulated one, and my is the sample mean of y.

In this benchmark, the method requires approximately the same computational
effort as NNARX (Adam) but performs better. On the other hand, using the LM
algorithm to train the same NNOE network requires much less computational effort,
but the algorithm is more likely to trap in bad local minima.

The proposed FL-CMO approach achieves state-of-the-art performances. For
convenience, we report the main results in Table I in [139]: standard BPTT training
(Adam) using RNN and LSTM provide on this dataset validation BFR of approxi-
mately 85.5% (for both models). At the same time, the EKF strategy in [139] yields
a BFR of 89.78% and 88.97% for RNN and LSTM, respectively.

9.5.2 Bouc-Wen benchmark

The Bouc-Wen model has been intensively exploited to represent hysteretic effects.
This problem is part of the nonlinear system identification benchmarks proposed in
the yearly Nonlinear System Identification Benchmarks workshop. See [140] for a
detailed description of the problem.

For the identification, we generate 2000 in data for training and 5000 for vali-
dation using a multi-sine input signal using the provided MATLAB function and
default values. We corrupt the output training data by an additive white Gaussian
noise with standard deviation 8×10−3 mm. For the test, we use the data provided by
the files "uval_multisine.mat" and "yval_multisine.mat" containing 8192 data pairs.

We select as model structure an NNOE network with dynamical order n = 3
and two layers composed of 8 neurons each. Overall, the network is described by

https://www.nonlinearbenchmark.org/benchmarks
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145 parameters. We perform the training using Algorithm 1 setting K = 10 and a
maximum number of iterations to 3500. We use as regularization ρ(θ) = 10−3 ∥θ∥2

2.

The identified model achieves a test RMSE = 3.912×10−5 mm, corresponding
to BFR = 94.13%. Achieved performances are comparable with the state-of-the-art.
In particular, the polynomial method in [141], which is tailored for systems with
hysteresis, achieves test RMSE = 1.87×10−5 mm.

This model achieves superior performance compared to available results using
other general-purpose methods. In particular, we mention the DynoNet model
[142] that achieves a test RMSE = 4.52×10−5 mm and the nonlinear finite impulse
response model [143] that achieves test RMSE = 16.3×10−5 mm.

We achieve these performances using as few as N = 2000 training data. This
demonstrates the NNOE model’s data efficiency compared with other neural models.

9.5.3 MIMO polynomial Wiener-Hammerstein system

We consider a Wiener-Hammerstein system with two inputs and two outputs de-
scribed by Equation (9.37).

y1(t) = 7.5z4(t)z1(t)−51z2(t)+ (9.37a)

+1.02z2
4(t)z2(t)−9z3

1(t)

y2(t) = 2.7z2(t)z3(t)−0.729z4(t)z2
2(t) (9.37b)

z1(s) =
16

s2 +40s+130
ζ (s) (9.37c)

z2(s) =
80

s3 +31s2 +340s+2730
(u1(s)+u2(s)) (9.37d)

z3(s) =
30

s+10
(2u2(s)−1.3ζ (s)) (9.37e)

z4(s) =
−10

s2 +6s+80
u1(s) (9.37f)

ζ (t) = 0.2u1(t)u2(t)−u1(t)−u2(t)+ (9.37g)

−0.04u2
2(t)(u2(t)+u1(t))



9.5 Numerical examples 131

We generate a training dataset by simulating system (9.37) for 35 seconds and
sampling the obtained signals with period 0.01 seconds, thus obtaining N = 3500
training samples. No noise corrupts the generated data. We solve the identification
problem by using an NNOE network with dynamical order 3, which is assumed to
be the only a-priori information about the system to be identified. Several neural
network structures are selected. We select K = 100 to perform the training. The
algorithm stops when ∥F(θ ,y)∥< 10−3, or when the number of iterations exceeds
500.

To assess the quality of the obtained model, we evaluate the RMSE simulation er-
ror on a test dataset composed of 5000 samples and the BFR as defined in subsection
9.5.1.

We also perform training on LSTM, GRU, and NNARX networks with different
structures for comparison. Tables 9.3 and 9.4 show the obtained results. LSTM and
GRU take more time and provide less accurate results. As expected, NNARX shows
great one-step-ahead prediction performances but very bad simulation performances
despite the absence of measurement noise.

Figures 9.1 and 9.2 show the validation performances of the obtained model.

9.5.4 Gray-box identification of magnetic levitation system

We consider the magnetic levitation system described by the CT Equation (9.38).

z̈ = g− kmi2 + k0

mz2
(9.38)

where z is the distance between the magnet and the ball, m is the mass of the ball,
g is gravity acceleration, and km and k0 are constants depending on the magnet
characteristics. The objective of the identification procedure is to estimate km and k0,
while m = 24.197g and g = 9.81m/s2 are assumed to be exactly known.

We perform a simulation of the differential equation (9.38) and collect N = 200
experimental input-output data using a sampling rate Ts = 1× 10−3 s. We then
corrupt the output data by an additive measurement noise uniformly distributed in
the interval [−5mm,5mm].
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Table 9.3 MIMO polynomial Wiener-Hammerstein system example: Comparison of several
networks.
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Table 9.4 MIMO polynomial Wiener-Hammerstein system example: Comparison of several
networks.
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Fig. 9.1 MIMO polynomial Wiener-Hammerstein system example: Comparison of the best
models in each class. First output.

We proceed by discretizing the dynamic system equation by Euler’s method,
which gives us the model

mz2
t−2

(
zt−2zt−1 + zt−2

T 2
s

−g
)
+ km i2t−2 + k0 = 0, (9.39)

where Ts is the selected sampling rate.
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Fig. 9.2 MIMO polynomial Wiener-Hammerstein system example: Comparison of the best
models in each class. Second output.

According to the proposed approach, we must evaluate the Jacobian of the
constraints (9.39). In particular, we need the partial derivatives:

∂ht

∂km
= i2t−2, (9.40a)

∂ht

∂k0
= 1, (9.40b)

∂ht

∂ zt
=

m
T 2

s
z2
t−2, (9.40c)

∂ht

∂ zt−1
=−2m

T 2
s

z2
t−2, (9.40d)

∂ht

∂ zt−2
=

m
T 2

s
zt−2(2zt−4zt−1 +3zt−2)−2mgzt−2. (9.40e)

We apply the proposed FL-CMO-based identification algorithm using K = 1. For
comparison, we also identify the system by:
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km k0
True 2.1039×10−4 Hm 0.0Nm

Estimated (FL-CMO) 2.1037×10−4 Hm 2.4544×10−5 Nm
Estimated (LS) 2.1228×10−4 Hm −3.6130×10−4 Nm

Estimated (Adam BPTT) 7.46×10−4 Hm −0.143Nm
Table 9.5 Gray-box identification of magnetic levitation system: Comparison of estimated
parameters estimated using FL-CMO, LS, and Adam.

• least-squares (LS). We minimize the one-step-ahead prediction error, which
leads to a linear and convex LS problem. The LS approach is the standard
method to estimate the physical parameters of dynamical systems when, as in
this case, the system equation depends linearly on the unknown parameters.

• Adam BPTT. We formulate the unconstrained optimization problem of simu-
lation error minimization (see Equation 9.6), and we solve it by using Adam
gradient descent (i.e., we use BPTT) and evaluating the loss’ gradient by
automatic differentiation. We select a learning rate of 10−3 and optimize for
104 epochs.

We repeat the optimization 10 times for each method using different, normally
distributed initialization for the optimization variables. In Table 9.5, we compare the
results of all three methods by selecting the best result for each method. We notice
that FL-CMO achieves the best identification accuracy. LS provides an acceptable
estimate despite the estimated k0 being one order of magnitude less accurate than the
FL-CMO counterpart. Instead, the Adam BPTT method provides a very inaccurate
estimation for both parameters.



Chapter 10

Polynomial optimization for linear SI

In this chapter, we consider generic discrete-time (DT) linear-time-invariant (LTI)
systems:

G(q−1) =
∑

n
i=0 βiq−i

1+∑
n
i=1 αiq−i , (10.1)

where θ = [α⊤,β⊤]⊤ ∈Rp are the parameters of the model and q−1 is the backward
time-shift operator. The problem of minimizing the ℓ2-norm of the simulation error
(or output error) is

arg min
θ∈Rp

∥ỹt− ŷt(θ)∥2
2 (10.2)

where ŷt(θ) is the output of the model when fed with the input ut , and ỹt is the
experiment measured output.

Following the same approach proposed in Chapter 9, Problem (10.2), we re-
formulate the identification problem as constrained optimization. Specifically, we
propose solving the problem

arg min
θ∈Rp,y∈RN

∥ỹt− yt∥2
2

s.t. yt =−
n

∑
j=1

αjyt−j +
n

∑
j=0

βjut−j, t = n+1, . . . ,N.
(10.3)

We notice that both Problem (10.2) and Problem (10.3) are polynomial optimiza-
tion problems (POPs). The main difference between the two lies in that (10.2) is
unconstrained, but the loss function is a polynomial of very high degree. In contrast,
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(10.3) is characterized by loss function and equality constraints with low degree. In
particular, the objective function is convex and quadratic, while equality constraints
involve products between optimization variables and, therefore, are non-convex
and bilinear. Moreover, as shown in [144], enforcing the stability of the identified
model amounts to introducing additional polynomial inequality constraints into the
optimization problem.

Beyond that, problems formulated as POP include: linear set-membership esti-
mation and system identification [54, 16], data-driven control [10], hybrid system
identification [145], model predictive control [146, 147], and optimal control [148].
More recent applications include localization in narrowband internet-of-things [149],
routing games [150], and estimation of Lipschitz constants in deep neural networks
[151].

The above-mentioned problems motivate why, in the remainder of this chapter,
we devote our attention to a generic POP, i.e., a problem of the kind

min
x∈Rn

f (x)

s.t.

gi(x)≤ 0 i = 1, . . . , l

hi(x) = 0 i = 1, . . . ,m,

(10.4)

where f ,gi,hi are multivariate polynomials of the decision variable x ∈ Rn.

10.1 State-of-the-art and contribution

POPs are non-convex and NP-hard problems; therefore, searching for their global
minima is challenging. To this purpose, solutions based on semidefinite program-
ming (SDP) relaxations were proposed in the literature. In a nutshell, one can build a
hierarchy of SDP problems that converge to the global optimum under mild assump-
tions; see [152–154] for a complete overview. The SDP approach recasts POPs into
convex optimization, which makes the problem tractable. The development of the
related theory is mature, and several software implementations are available, such as
SparsePOP [155] and TSSOS [156].
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A drawback of the SDP approach is that the size of the involved matrices at

d-degree of the hierarchy is proportional to

(
n+d

n

)
, where n is the number of

variables of the original POP. This approach becomes computationally prohibitive
for medium and large-scale models, especially when high d are necessary to achieve
the optimal solution. Recent literature proposes SDP-accelerating strategies to tackle
this problem. These strategies exploit the presence of specific sparsity structures,
such as the running intersection property [157], chordal sparsity [158, 159], or term
sparsity [156]. However, these sparsity structures are not always present in SDP
relaxations of POPs, as discussed, e.g., in [158]; therefore, these fast implementations
are feasible only for some classes of POPs.

Given the shortcomings in global optimization with SDP, one can relax POPs to
search for local minima or stationary points. In the literature, substantial attention is
devoted to the local minimization of non-convex problems, e.g., via gradient-based
methods, due, e.g., to the rise of deep learning techniques; we refer the reader to
[160] for a recent survey. Convergence of the algorithms is a delicate point in this
framework, both in terms of guarantees and speed.

In this work, we propose a novel approach to local minimization of POPs based
on the alternating direction method of multipliers (ADMM, [161]). ADMM is
well-known in convex optimization as an effective algorithm to minimize composite
functionals, even in non-differentiable terms. ADMM structure is easy to implement
and prone to decentralization. Its convergence is proven and analyzed in, e.g.,
[161, 162]. As to non-convex optimization, the convergence of ADMM is more
critical to analyze and is proven only for some classes of problems; for a statement
of the main results, we refer the reader to [163, 164].

The application of ADMM to POPs is not straightforward since POPs are non-
convex, constrained problems, while ADMM was initially conceived for convex,
unconstrained problems. The first contribution of this work is a suitable reformulation
of POPs. On top of that, we developed a novel ADMM-based procedure for POPs,
which we call ADMM4POP. The second contribution is proof of the convergence
of ADMM4POP in the case of equality constraints, which we account for in a
relaxed way. Furthermore, we illustrate the implementation of ADMM4POP in
some numerical examples and compare its practical effectiveness to state-of-the-art
global/local minimization methods.
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10.2 ADMM for polynomial optimization

We start by rewriting (10.4) as an unconstrained, composite problem with some
specific properties. In this section, we illustrate the proposed reformulation.

The first step is to write (10.4) as a quadratic optimization problem (QOP). As
discussed, e.g., in [165, 166], any POP can be transformed into a QOP by adding
suitable slack variables. Given a POP, different equivalent QOP representations are
possible, as illustrated in [165, Section 2.3].

In the remainder of this chapter, given two vectors v,w of equal dimension, we
write v≤ w to denote the componentwise inequality. Moreover, we use the notation
A⪰ 0 to indicate that a matrix A is positive semidefinite.

For our purpose, we consider any transformation that provides a QOP of this
form:

min
x∈Rñ

1
2

x⊤Ax+a⊤x

s.t.

Bx−b≤ 0

Cx− c = 0

xix j = xk, (i, j,k) ∈B

(10.5)

where x ∈ Rñ, ñ ≥ n, is the augmented vector of decision variables; A ∈ Rñ,ñ is
symmetric and A⪰ 0; B ∈ Rl,ñ, C ∈ Rm̃,ñ, a ∈ Rñ, b ∈ Rl , and c ∈ Rm̃. We define m̃
as the number of equality constraints after the slack variables introduction. Moreover,
B ⊆ {1, . . . , ñ}3 is the set of 3−tuples (i, j,k) that contains all the indices such that
xix j = xk.

We provide some remarks before illustrating the transformation to obtain (10.5).

Remark A. If the transformation returns a QOP where A is not positive semidefi-

nite, it is sufficient to introduce suitable quadratic constraints that reduce
1
2

x⊤Ax+

a⊤x to a linear function, i.e., A = 0.

Remark B. Without loss of generality, we assume that for each (i, j,k) ∈B,
the indices i, j and k are mutually different. If not, it is sufficient to add new slack
variables. For example, in the presence of the constraint x2

i = xk, i.e., (i, i,k) ∈B,
we can define a new variable x j and the constraint x j = xi to obtain xix j = xk.
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Remark C. Without loss of generality, we assume that each index i, j,k ∈
{1, . . . , ñ} appears at most once in each tuple (i, j,k) ∈ B. This assumption is
without loss of generality because if an overlap occurs, we can introduce an additional
variable xh, for each repeated variable xi, together with constraints of the kind xh = xi.

For simplicity, we describe the transformation algorithm from (10.4) to (10.5)
through an illustrative example.

Example 10.2.1. Let us consider the POP

min
x∈R2

x2
1x2.

By defining x3 = x2
1, we obtain

min
x∈R3

x3x2 s.t. x2
1 = x3.

Following Remark A, we notice that A = 1
2

 0 0 0
0 0 1
0 1 0

 is not positive semi-

definite. Therefore, we define x4 = x3x2. Moreover, according to Remark B,
we define x5 = x1 to transform the constraint x2

1 = x3 into x1x5 = x3. In this
way, B = {(3,2,4),(1,5,3)}. To fulfill the non-overlap assumption described
in Remark C, we add x6 = x3.

In conclusion, we obtain the QOP

min
x∈R5

x4

s.t.

x5 = x1, x6 = x3

xix j = xk, (i, j,k) ∈B = {(3,2,4),(1,5,6)}.

Let us define the sets

P
.
= {x ∈ Rñ : xix j = xk, ∀(i, j,k) ∈B}. (10.6)

and
D

.
= {x ∈ Rñ|Bx−b≤ 0,Cx− c = 0}. (10.7)
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We notice that P is a non-convex semialgebraic set that describes the original
problem’s non-convexity. Instead, D is a convex set that includes all the linear
constraints of (10.5). Given these definitions, we rewrite (10.5) as

min
x∈D

1
2

x⊤Ax+a⊤x+1P(x) (10.8)

where 1P(x) denotes the indicator function of P , i.e.,

1P(x) =

0 if x ∈P

∞ otherwise.
(10.9)

Next, we prove we can solve the POP formulated as in (10.8) through ADMM.

In general, we can apply ADMM to composite problems of kind minx∈Rn F(x)+
G(x); see, e.g., [161] and Section 4.2 for details. For this chapter’s self-consistency,
we provide the generic iteration of the ADMM algorithm. We denote by xk, zk, and
uk the estimates of the variables x, z, and u, respectively, at a generic k-th iteration of
the algorithm.

ADMM consists of a loop iterating over three steps:

1. x-update:

xτ+1 = arg min
x∈Rn

Lρ(x,z)

= arg min
x∈Rn

F(x)+
ρ

2
∥x− zτ +uτ∥2

2 .
(10.10a)

2. z-update:

zτ+1 = arg min
z∈Rn

Lρ(x,z)

= arg min
z∈Rn

G(z)+
ρ

2
∥xτ+1− z+uτ∥2

2 .
(10.10b)

3. u-update:
uτ+1 = uτ + xτ+1− zτ+1. (10.10c)
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We aim to apply ADMM to (10.8). To this purpose, we decompose (10.8) as in

(4.23), by setting F(x) =
1
2

x⊤Ax+a⊤x and G(z) = 1P(z). Then, we have

min
x∈D ,z∈Rñ

1
2

x⊤Ax+a⊤x+1P(z)

s.t. x = z
(10.11)

and we implement the algorithm as in (10.10a)-(10.10b)-(10.10c). While step
(10.10c) is trivial, (10.10a) and (10.10b) require more computations.

10.2.1 x-update step

According to (10.10a), the x-update applied on (10.11) is

xτ+1 = arg min
x∈D

1
2

x⊤Ax+a⊤x+
ρ

2
∥x− zτ +uτ∥2

2 . (10.12)

This is equivalent to

xτ+1 = arg min
x∈Rñ

1
2

x⊤ (A+ρIñ)x+ x⊤ [a+ρ(uτ − zτ)]

s.t.

Bx−b≤ 0,

Cx− c = 0

(10.13)

where Iñ is the identity matrix of dimension ñ. This convex quadratic program (QP)
can be solved efficiently to global optimality.

Moreover, if no inequality constraints are present, the solution to (10.13) reduces
to the solution to the linear system of the Karush-Kuhn-Tucker (KKT) conditions:[

A+ρI C⊤

C 0

][
xτ+1

µ

]
=

[
ρ(zτ −uτ)−a

c

]
(10.14)

where µ is the Lagrange multiplier; see [167] for details. In Sections 10.3 and 10.4,
we also discuss the relaxation of the equality constraints.
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10.2.2 z-update step

According to (10.10b), the z-update applied on (10.11) is

zτ+1 = arg min
z∈Rñ

1P(z)+
ρ

2
∥xτ+1− z+uτ∥2

2 . (10.15)

This is equivalent to

zτ+1 = arg min
z∈P

∥z− (xτ+1 +uτ)∥2
2 . (10.16)

Since P is non-convex, the solution to (10.16) is not straightforward. However, we
can exploit the decoupling assumption discussed in Remark C to split the problem
into smaller and affordable sub-problems. More precisely, on the one hand, the
quadratic cost in (10.16) is separable in its components; on the other hand, according
to the decoupling assumption, we can partition P into separated subsets, each of
them representing a constraint xix j = xk. Let t = 1, . . . , |B| be the ordered indices of
the elements of B, i.e., each (i, j,k) ∈B is labeled with a t ∈ {1, . . . , |B|}. Then,
we can write

P = P1×P2×·· ·×P|B| (10.17)

where
Pt

.
= {(xi,x j,xk) : xix j = xk} for each t = 1, . . . , |B|. (10.18)

Hence,

zτ+1 = arg min
z∈P1×···×P|B|

|B|

∑
t=1
∥zt− (xτ+1 +uτ)t∥2

2 (10.19)

where wt
.
= (wi,w j,wk) for any vector w∈Rñ and (i, j,k) corresponding to the index

t.

In conclusion, (10.19) can be split into |B| sub-problems with only three vari-
ables, i.e.,

(zτ+1)t = arg min
zt∈Pt

∥zt− (xτ+1 +uτ)t∥2
2 . (10.20)

In other terms, (zτ+1)t is the ℓ2 projection of vt = (vi,v j,vk)
.
= (xτ+1 + uτ)t ∈ R3

onto Pt . The problems in (10.20) are non-convex; however, we can solve them in
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closed form. In fact, we have

(zτ+1)t = arg min
zt∈R3

(zi− vi)
2 +(z j− v j)

2 +(zk− vk)
2

s.t. ziz j = zk.
(10.21)

Then, we plug zk = ziz j into the cost function and remove the corresponding
constraint:

(zτ+1)t = arg min
zt∈R3

(zi− vi)
2 +(z j− v j)

2 +(ziz j− vk)
2. (10.22)

Now, we can explicitly find the minima by evaluating the first order conditions: given
fv(zi,z j) = (zi− vi)

2 +(z j− v j)
2 +(ziz j− vk)

2, we solve

∇ fv(zi,z j) = 2

(
zi− vi + ziz2

j − z jvk

z j− v j + z2
i z j− zivk

)
=

(
0
0

)
(10.23)

From the first equation, we obtain

zi− vi + ziz2
j − z jvk = 0⇒ zi =

vi + z jvk

1+ z2
j

(10.24)

Notice that this division is always properly defined since we assume that z j assumes
real values; therefore, 1+ z2

j is never null.

By replacing (10.24) into the second equation of (10.23), we get

z j− v j +

(
vi + z jvk

1+ z2
j

)2

z j−
vi + z jvk

1+ z2
j

vk =

=
z5

j + c4z4
j + c3z3

j + c2z2
j + c1z j + c0(

1+ z2
j

)2 = 0
(10.25)

where
c0 =−v j− vivk, c1 = v2

i − v2
k +1,

c2 = vivk−2v j, c3 = 2, c4 =−v j.
(10.26)

As 1+ z2
j ̸= 0, we obtain the candidate solutions by finding the zeros of a uni-

variate polynomial of degree 5, e.g., by computing the eigenvalues of the companion
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matrix [
0 I4

−c0 −c1 . . . − c4

]
. (10.27)

In this way, we get five candidate solutions, which are either real or complex and
conjugate, and at least one is real. We evaluate the cost function at each real candidate
solution, which finally provides the desired minimum.

We notice that the z-update requires the computation of the eigenvalues of a
5×5 matrix for each bilinear constraint, which may be burdensome if |B| is large.
However, the problem can be fully parallelized by exploiting the separability of B;
therefore, the z-update can be solved very effectively in the presence of suitable
hardware. We summarize the proposed algorithm, referred to as ADMM4POP, in
Algorithm 2.

Algorithm 2 ADMM4POP

1: Initialization: z0,u0 ∈ Rñ

2: for τ = 1, . . . ,Tstop do

3: xτ+1 = arg min
x∈D

1
2

x⊤Ax+a⊤x+
ρ

2
∥x− zτ +uτ∥2

2 ,

via convex QP or KKT conditions, see Section 10.2.1
4: for t = 1, . . . , |B| do
5: (zτ+1)t = argminzt∈R3(zi− vi)

2 +(z j− v j)
2 +(ziz j− vk)

2

by explicit computation, see Section 10.2.2
6: end for
7: uτ+1 = uτ + xτ+1− zτ+1

8: end for

Concerning the stopping time Tstop, as suggested in [161], we stop the algorithm
when the norms of both primal and dual residuals ∥xτ − zτ∥ and ∥ρ(zτ−1− zτ)∥ are
sufficiently small.

10.3 Convergence guarantee

Proving the convergence of ADMM in non-convex problems is a challenging task.
In [168], the authors prove the convergence to a stationary point of single-block
ADMM for a family of non-convex problems. Later, in [163, 164], extensions to
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multi-block problems are proposed. In [163], the terms of the cost functional that are
non-convex must be differentiable to prove the convergence. This is not the case of
(10.8), where the indicator function of a non-convex set occurs, which is non-convex
and non-smooth. Since the development in [168] accounts for non-convex and
non-smooth terms, we leverage their results to develop the convergence analysis of
ADMM4POP.

We remark that the analysis in [168] is developed for unconstrained problems;
thus, for simplicity, in this work, we recast problem (10.5) into unconstrained
optimization as well, while we leave the proof of convergence of the constrained
version for future extended work. To this end, in (10.5), we assume no inequality
constraints Bx ≤ b are present. In contrast, the equality constraints Cx = c are
accounted for in a relaxed way, i.e., by adding the term γ∥Cx− c∥2

2 to the objective
function for some γ > 0. Finally, we keep the bilinear constraints by representing
them through the indicator function, see (10.8). In conclusion, we consider

min
x∈Rñ

1
2

x⊤Ax+a⊤x+ γ∥Cx− c∥2
2 +1P(x). (10.28)

As γ∥Cx− c∥2
2 is quadratic and convex, (10.28) has the form of (10.8); then, we can

apply ADMM4POP to it. We refer to this approach as relaxed ADMM4POP.

For completeness, we summarize a result from [168], which is the basis for
our proof of convergence. Let us consider the composite problem (4.23) and its
augmented Lagrangian (4.24) under the following conditions.

Assumption 8.

A1. F is semi-algebraic, twice continuously differentiable on Rn with a bounded,
positive semidefinite Hessian ∇2F;

A2. G is a semialgebraic, proper, lower semicontinuous function;

A3. there exists 0 < ζ < ρ such that F(x)− 1
2ζ
∥∇F(x)∥2 is lower bounded;

A4. the design parameter ρ is designed so that ρIn−
√

2∇2F(x)⪰ 0.

We recall that a function is proper if it is finite somewhere and it does tend to
−∞; see, e.g., [168, Section 2].
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Theorem 10.3.1. (Convergence of non-convex ADMM, [168, Theorems 1-2-4])

Let us suppose that Assumption 8 holds. Then, the sequence (xk,zk,uk)

generated by ADMM converges to a point (x⋆,z⋆,u⋆), and x⋆ is a stationary
point of F(x)+G(x).

Theorem 10.3.2. (Convergence of ADMM4POP)

Let us consider (10.28). The sequence (xk,zk,uk) generated by relaxed
ADMM4POP converges to a point (x⋆,z⋆,u⋆), and x⋆ is a stationary point of
(10.28).

Proof. Let us consider F(x) =
1
2

x⊤Ax+ a⊤x+ γ∥Cx− c∥2
2 and G(z) = 1P(z). In

the following, we prove that all the points of Assumption 8 are fulfilled, which is
sufficient to prove the thesis.

By construction of A, it is straightforward to prove that
1
2

x⊤Ax+a⊤x+ γ∥Cx−
c∥2

2 fulfills A1.

Regarding A2, by definition, 1P is proper. Moreover, it is semialgebraic be-
cause P is a semialgebraic set, and the indicator function of a semialgebraic set
is semialgebraic, see, e.g., [169]. Finally, the indicator function of a set is lower
semicontinuous if the set is closed; then, we need to show that P is closed. For this
purpose, let t be the index of (i, j,k) as defined in Section 10.2 and let us define

Qt
.
=
{

z ∈ Rñ : ziz j = zk
}
. (10.29)

We remark that Qt differs from Pt defined in (10.17). In particular, it holds P =⋃
t∈B Qt . Since Qt =

{
z :−ziz j + zk ≤ 0

}
∪
{

z : ziz j− zk ≤ 0
}

and since ziz j− zk

and −ziz j + zk are continuous functions, their sub-level sets are closed. As a conse-
quence, Qt is an intersection of closed sets; thus, it is closed. In turn, P is a union of
closed sets; hence it is closed. Then, we conclude that 1P is lower semicontinuous.

Finally, A3 holds because, in our problem, F(x)− 1
2ζ
∥∇F(x)∥2 is convex if we

suitably design ρ > ζ > ∥A+γC⊤C∥2. In particular, if we set ρ >
√

2∥A+γC⊤C∥2,
A4 is satisfied as well.
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10.4 Numerical examples

In this section, we propose two numerical experiments to test the effectiveness of
the proposed ADMM4POP and to validate the theoretical convergence results. For
ADMM4POP, we implement both the constrained and relaxed versions, which is
guaranteed to converge by Theorem 10.3.2. However, the constrained version is also
convergent in our experiments.

We compare ADMM4POP to two state-of-the-art methods: the interior-point
method (IPM) and the SDP approach [152]. IPM is a local algorithm like ADMM4POP.
All the experiments are performed with MATLAB R2021b on a PC with AMD Ryzen
7 1700 8-Core CPU @ 3.00 GHz and 16 GB RAM. We implement IPM through
the function fmincon in the MATLAB Optimization Toolbox, while we use the
SparsePOP package [155] to implement the SDP method.

10.4.1 Academic example

In the first experiment, we consider the following POP:

min
x∈R3

x2
1x2

2 + x2
1 +q1x1 + x2

2 + x2x3 +q2x2 + x2
3 +q3x3

s.t.

x2x3 + x1 = 10

where q1 ∈ [4,6], q2 ∈ [−8,−6], and q3 ∈ [1,3] are generated uniformly at random.
We reformulate the problem as in (10.5). First, we replace x4 = x2x3 and x5 = x1x2.
Then, we define x6 = x2 to fulfill the splitting condition of Remark C. In conclusion,
we obtain

min
x∈R6

x2
5 + x2

1 +q1x1 + x2
2 + x4 +q2x2 + x2

3 +q3x3

s.t.

x4 + x1 = 10, x6 = x2

xix j = xk, (i, j,k) ∈B = {(2,3,4),(1,6,5)}

which is in the form (10.8). In particular, verifying that the quadratic cost function is
convex is straightforward.
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The stop threshold for ADMM4POP is set so that the obtained accuracy is
comparable to that of IPM. We randomly initialize all the variables with standard
Gaussian distribution. We set ρ = 2, and γ = 103 for relaxed ADMM4POP. In this
experiment, SDP with relaxation order two always achieves the global minimum.
Thus, it is used as a reference.

In Table 10.1, we report the results over 500 random runs in terms of accuracy
and runtime statistics. We evaluate the error as the ℓ2 distance from the SDP solution,
considered ground truth. Both ADMM4POP and IPM substantially achieve the
desired global minimum. As expected, the error is slightly larger in the relaxed
version of ADMM4POP. However, the gap is irrelevant in practice, and the global
minimizer has been identified with sufficient accuracy. As to the runtime, we can see
that ADMM4POP is significantly faster than IPM and SDP.

Error Runtime (ms)
mean mean min max

SDP – 63.5 59.0 88.5
IPM 2.5×10−5 12.3 7.7 21.8

ADMM4POP cns 6.5×10−5 1.6 1.5 7.9
ADMM4POP rel 4.2×10−4 1.7 1.6 8.9

Table 10.1 Academic ADMM4POP example: Constrained POP; statistics over 500 random
runs. ADMM4POP is implemented in constrained (cns) and relaxed (rel) versions.

10.4.2 LTI system identification

In the second experiment, we deal with a system identification problem. We consider
the DT LTI system yt+1 = αyt +βut+1, t = 0, . . . ,T , and we aim at recovering the
parameters α and β given the knowledge of the input u∈RT and noisy measurements
of the output w .

= y+η , where η ∈ RT represents the noise. In particular, we
minimize the simulation error ℓ2-norm, i.e., we solve

min
α,β∈R,y∈RT

∥y−w∥2
2

s.t.

yt+1 = αyt +βut+1, t = 1, . . . ,T −1.
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As illustrated in Section 10.2, we define the slack variables ψt = α and ξt = ψtyt for
t = 1, . . . ,T −1, to decouple the bilinear constraints. Thus,

θ = (α,β ,y1, . . . ,yT ,ψ1, . . . ,ψT−1,ξ1, . . . ,ξT−1) ∈ R2+T+2(T−1)

is the total vector of variables, and

B = {(2+h,2+T +h,1+2T +h),h = 1, . . . ,T −1}.

Error Runtime (s)
Mean mean min max

SDP 6.1×10−4 10.16 5.87 22.99
IPM 3.2×10−4 3.97 1.34 36.73

ADMM4POP cns 3.6×10−4 2.53 0.76 21.45
ADMM4POP rel 3.9×10−4 0.62 0.40 1.61

Table 10.2 ADMM4POP for linear SI: Statistics over 500 random runs. ADMM4POP is
implemented in constrained (cns) and relaxed (rel) versions.

We perform 500 random runs, with α,β ∈ (−1,−0.5)∪ (0.5,1) generated uni-
formly at random; η is a white Gaussian noise with variance 10−4. The variables
are initialized with Gaussian distribution. In each run, we measure T = 500 output
samples. Thus, the total number of variables is significantly larger than in the first
experiment. For ADMM4POP, we set ρ = 1 and γ = 10. For the SDP approach, we
set the relaxation order to 2, which is observed to be sufficient to achieve the global
minimum.

In Table 10.2, we collect the results. We define the error as the ℓ2 distance
between the estimates and the true parameters α,β . All the considered algo-
rithms identify the correct parameters with similar accuracy. Regarding the runtime,
ADMM4POP is faster than the other algorithms, with a more evident improvement
in the relaxed version.

We remark that, in the proposed experiments, we perform the decoupled pro-
jections (10.20) sequentially, which leaves room for further enhancement via paral-
lelization, in particular in view of larger dimension problems.

The main drawback of the proposed ADMM4POP algorithm when perform-
ing LTI system identification is that the number of slack optimization variables to
be introduced grows quickly when the system’s order increases, limiting the ap-
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proach’s applicability. Future work will envisage developing strategies to overcome
this limitation and theoretically analyzing convergence in inequality-constrained
problems.



Chapter 11

Conclusions

This thesis investigates the system identification (SI) of dynamical nonlinear input-
output (NIO) systems.

We start by formulating the SI problem using a simulation error minimization
(SEM) approach. We illustrate the origins of the vanishing and exploding gradient
issues through a simple example and suggest a constrained optimization formulation
to prevent these issues.

Given the high computational demands of standard methods in constrained
optimization, we develop novel, efficient, first-order optimization algorithms for
equality-constrained problems. To achieve this, we recast the optimization problem
into an equivalent control problem and show that we can derive new optimization
algorithms by appropriately defining controllers. We utilize proportional-integral
(PI) control and feedback linearization (FL) to develop two novel algorithms, named
PI-CMO and FL-CMO, respectively.

Subsequently, we extend the CMO approach to deal with problems with linear
inequality constraints. In this scenario, we propose a solution that modifies the PI
control law, the modified PI-CMO algorithm.

We analyzed the convergence of all proposed algorithms; in particular, we showed
that all methods are globally and exponentially convergent when the optimization
problem is convex, and FL-CMO is also locally convergent in non-convex cases.
Moreover, we compared their performance with related methods.
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We applied the FL-CMO algorithm to the training of NIO models. Specifically,
we formulated the identification problem as constrained optimization and employed
adaptive Euler-Heun integration of the FL-CMO differential equation. We performed
a theoretical analysis connecting our approach with the standard unconstrained
formulation, illustrating that points satisfying the first-order optimality conditions of
the constrained formulation are stationary points of the unconstrained formulation.
Next, we addressed the primary computational bottleneck of the algorithm’s iterations
by leveraging the problem structure and employing sparse Q-less QR factorization.

We conducted extensive numerical experiments on both black-box and gray-box
SI problems. The results of black-box problems demonstrated that our approach
significantly outperforms standard methods for training neural models. Additionally,
we found that adequately trained neural NIO models can be more effective than
standard neural models like LSTM and GRU. The results from the gray-box experi-
ment indicate that our proposed approach outperforms standard solutions based on
gradient algorithms.

The findings of this study enhance our theoretical understanding of the interplay
between mathematical optimization and control theory. Furthermore, applying the
proposed algorithm to nonlinear SI has resulted in an effective identification method.
We have shown that shifting from complex unconstrained optimization to well-
structured constrained optimization provides several advantages. First, it facilitates
the development of novel algorithms with guaranteed convergence. Second, it
offers a framework for systematically addressing vanishing and exploding gradients,
prevalent issues in SI and machine learning. The latter advantage is particularly
relevant since many undesirable behaviors in dynamic systems learning, such as slow
convergence and inaccurate results, can be traced back to the vanishing gradient.

We expect that applying the proposed approach in complex real-world applica-
tions will yield more effective and efficient learning. The reduced computational
effort paves the way for further research into energy-efficient and environmentally
friendly learning. Additionally, the increased accuracy of estimates enables the
design of more effective feedback control systems.

However, this study does have its limitations. The assumptions of differentiability
and the linearity of inequality constraints limit the applicability of the proposed
optimization algorithms. Moreover, the computational cost of the training based
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on FL-CMO grows quadratically with the amount of data, making it unsuitable for
large-scale problems.

Future work on identification through FL-CMO will aim to develop a mini-batch
version of the algorithm to improve its applicability to large datasets. Regarding the
CMO theoretical framework, we intend to create new algorithms tailored for different
classes of optimization problems, including non-smooth optimization, inequality-
constrained convex optimization, and mixed-integer programming.

In conclusion, this research has demonstrated the potential of control theory in
developing novel optimization algorithms for constrained minimization, which we
have successfully applied to the problem of learning dynamical systems.
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