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Summary

This thesis investigates the challenge of synchronization in coherent communi-
cation systems operating over time-selective channels. Coherent systems, known
for their superior performance compared to non-coherent systems, rely on precise
synchronization of phase, frequency, and timing between the transmitter and re-
ceiver. For many years, conventional receivers have relied upon the phase-locked
loop (PLL) to achieve synchronization. PLLs are closed-loop systems that adjust
the local oscillator’s frequency and phase to align with the input signal. They have
been widely adopted in various applications, including wireless communication and
satellite navigation.

However, challenges arise due to variations in the channel caused by Doppler
shifts, especially in scenarios with low signal-to-noise ratios. These conditions are
common in deep-space communications, where residual carrier modulations are
often employed to aid synchronization at the cost of power efficiency. Despite the
simple design and ease of implementation of the PLL, it can struggle to or even fail
in harsh propagation environments.

This thesis uses the factor graph and sum-product algorithm framework to focus
on joint phase and frequency estimation. After establishing the foundation concepts
and introducing the problem, a review of existing algorithms within this framework
follows, examining their strengths and limitations in the context of time-selective
fading channels. The purpose is to lay a foundation for deriving new detection and
synchronization algorithms specifically designed for challenging propagation envi-
ronments. These algorithms have been categorized based on whether they address
phase noise alone or both phase noise and frequency uncertainties. These contri-
butions aim to enhance system performance and reliability in adverse conditions,
providing more robust solutions compared to traditional techniques.
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Mathematical Notations

Throughout the thesis, the following notation will be adopted.

Matrices are denoted using bold, underlined uppercase letters (e.g. A).

The transpose of a matrix or vector is indicated by the superscript ' (e.g.
Al or vh).

The determinant of a matrix A is indicated as |A].

The Moore-Penrose pseudo-inverse of a matrix is denoted by the superscript
i (eg AT).

Vectors are represented by bold lowercase (v) or uppercase (V) letters.

The standard basis vectors e; € R™ are defined as:
o
e; = [1| (1 in the i-th position, 0 elsewhere), fori=1,2 ... n.

0

The complex conjugate of a complex number is denoted by the superscript *
(e.g. a*).

The univariate Gaussian distribution is denoted as

N i) 2 —exp {_W}

2mo? 202

where z is the random variable, p is the mean, and o2 is the variance of the
distribution.

The multivariate Gaussian distribution is denoted as

A 1 1 Te-1
:Wexp{—Q(x—u) DI} (X_N)}

11

N(x; p, X)



Mathematical Notations

where x is the random vector, p is the mean vector, and X is the covariance
matrix.

The univariate von Mises (Tikhonov) distribution is denoted as

1
t(z; 2) 2

2 m exp {?R [ze_jx]}

where x is the value of the random variable, and z the complex coefficient.

The cosine model of the bivariate von Mises is defined as
t(x; p, k) = exp {ky cos(zy — p1) + ko cos(zg — p2) — kzcos(zy — gy + o — p2)}

-
where x is the value of the random vector, u = [#1 ug} is the mean and

.
K = [k‘l ko ]’Cg} is the vector of the concentration parameters.

12



Chapter 1

Introduction

This thesis focuses on the synchronization in coherent communication systems
over time-selective channels. Coherent communication systems are known to out-
perform non-coherent systems. However, they require precise synchronization be-
tween the transmitter and the receiver. On the other hand, non-coherent systems,
encode information in phase differences between successive transmissions, elimi-
nating the need for precise synchronization and allowing signal recovery without
phase ambiguity. Since this approach is simpler, it is preferred when sub-optimal
error performance can be accepted [1]. Accurately estimating the transmission pa-
rameters, such as phase, frequency, and timing, is necessary in coherent systems.
Proper detection can only occur after these reference parameters have been esti-
mated at the receiver side. Phase and frequency estimation is crucial for recovering
the carrier frequency, enabling the local oscillator to align the receiver’s reference
signal with the transmitted signal. Timing recovery is necessary to identify signal
peaks, ensuring proper signal sampling. Depending on the communication archi-
tecture adopted, it may be required to estimate additional parameters, in addition
to phase, frequency, and timing, before signal detection.

The term “time-selective channels” is commonly linked to fading processes; how-
ever, in this context, it is used in its standard definition. Specifically, it refers to
channels that are influenced by temporal variations due to the relative motion be-
tween the transmitter and receiver, which results in Doppler shifts. These channels
exhibit changes over time, with the degree of fluctuation being directly related to
the relative velocity between the transmitter and the receiver. When the dura-
tion of a transmission symbol exceeds the coherence time—the time interval during
which the channel can be considered approximately constant—the transmitted sig-
nal experiences distortion. A practical example of a time-selective channel is the
communication between a ground station on Earth and a satellite in orbit, where
the high relative speeds lead to significant time-varying effects on the signal. Com-
munication becomes more challenging when the distance between the transmitter
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and the receiver increases. For instance, synchronization in deep space is compli-
cated due to the low signal-to-noise ratios (SNRs) resulting from the large distances
involved. Residual carrier modulations can be used on the transmitter side to ad-
dress this issue. These modulations involve a permanent pilot (the residual carrier)
that aids synchronization. This comes at the cost of a small portion of the total
power allocated to the carrier transmission. The consultative committee for space
data systems (CCSDS) has proposed adopting residual carrier modulations for the
up-link (Earth-to-space) in deep space missions [2]. In a low SNR environment
affected by highly varying Doppler dynamics, using residual carrier modulations is
necessary to ensure a reliable communication link [3].

One of the main factors affecting precise synchronization between the transmit-
ter and the receiver is phase noise. This noise arises due to instabilities in the local
oscillators of the transmitter and receiver, and its severity depends on the quality of
these components and the modulation format and constellation cardinality. In some
applications, there may be discrepancies in the quality of local oscillators at the
transmitter and receiver, often due to cost constraints. For example, in the global
navigation satellite system, the local oscillator on the satellites is very precise, but
the receivers, such as mobile phones, usually have low-cost ones. A misalignment in
the local oscillators of the transmitter and receiver can lead to severe performance
degradation [4]. Being phase noise an impairment that affects any communication
system and can prevent a system from operating correctly, it has been a focus of
several studies over the past years [4]-[7].

For several years, conventional receivers have relied on PLLs to achieve synchro-
nization across various applications, ranging from wireless communications to satel-
lite navigation. Examples include NASA’s deep space network [8], the deep space
transponder used in several European projects for carrier acquisition and track-
ing [3], [9], and global positioning systems [10], [11]. However, as channel conditions
become more complex and synchronization becomes increasingly challenging, more
advanced synchronization techniques have been explored. To achieve performance
approaching capacity when the receiver does not know the transmission reference
parameters, iterative detection and decoding schemes have been studied for differ-
ent channel models. Examples are [5], [12]-[15] which adopt the factor graph and
sum-product algorithm (SPA) framework [16], [17] to derive joint detection and
decoding algorithms. The authors in [12], [13] assumed perfect synchronization
and developed joint channel estimation and data detection algorithms. While [13]
focused on a channel model with Rayleigh fading and co-channels inference, [12]
considered a correlated Rayleigh fading channel. Focusing on phase tracking in the
presence of strong phase noise, the authors in [5] and [14] used the same framework
to derive iterative detection and decoding algorithms. In [15], the authors consid-
ered coupling the problems of phase noise and channel estimation in time-selective
fading channels with data detection and developed a joint detection and decoding
algorithm.

14



Introduction

This thesis addresses the problem of phase and frequency estimation in time-
selective channels, utilizing the factor graphs and SPA framework. Phase noise es-
timation has been widely studied, with numerous approaches developed for signal
detection and decoding over phase noise channels. These algorithms can generally
be divided into two groups: those that jointly perform detection and decoding, and
those that treat these tasks separately. The first group of algorithms modifies the
encoder to estimate the phase jointly with the soft decoder output (see [6] and ref-
erences therein). For instance, rotationally invariant codes have been used to derive
low-complexity solutions that implement the exact mazimum a posteriori (MAP)
symbol detection strategy with a forward-backward phase probability density func-
tion estimator [18]. The resulting joint detection and decoding algorithm do not
require pilot symbols and has been proven to be robust [6]. The second class con-
siders the detector and decoder blocks to work separately in a soft-decision-directed
mode [5], [14]. This can sometimes involve iteratively exchanging soft information
to refine the reliability of their estimation. While effective, these iterative methods
are often computationally complex and unsuitable for real-time applications due to
memory and latency constraints.

Concerning the problem of joint phase and frequency estimation, the authors
in [3] highlighted the superiority of Kalman-based synchronization techniques to
replace the PLLs for carrier synchronization in challenging environments. The
Kalman filter [19] is an optimal Bayesian estimator widely adopted to predict the
state of a system using its noisy observations. Building on the work in [20], the
authors in [21] adopt a bank of extended Kalman filters to develop a nonlinear
Bayesian estimator for phase and frequency tracking. However, this work is lim-
ited to the case of analog demodulation of phase and frequency-modulated signals.
Joint phase and frequency estimation in the digital domain, particularly in time-
selective channels, remains an under-explored area. To the best of the authors’
knowledge, only the authors in [22] addressed the problem and developed an itera-
tive detection and decoding algorithm for channels affected by time-varying phase
noise and a frequency offset. This thesis specifically focuses on the design of joint
detection and synchronization algorithms optimized for challenging propagation
environments with poor SNRs and low data rates. Such environments are charac-
terized by rapidly varying phase and frequency noise processes, which exhibit higher
temporal variability than the dynamics of the transmitted signal. Addressing these
challenges is crucial for improving the performance and reliability of communication
systems under adverse conditions.

The remainder of this thesis is organized as follows. Chapter 2, provides an
overview of the channel models found in the literature and discusses potential
models for describing the phase process. Additionally, it introduces fundamen-
tal concepts at the basis of the factor graph and SPA-based techniques which will
be explored in the thesis. Chapter 3, describes the reference state-of-the-art detec-
tion algorithms based on the said framework. These algorithms will be categorized
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into two groups based on the tracking problem they aim to solve: those address-
ing phase only, and those addressing both phase and frequency variations. The
chapters that follow represent the primary contributions of this thesis. Chapter 4
establishes a connection between the algorithms derived from the factor graphs and
SPA framework and standard techniques like the PLL. This link is intended to as-
sist readers who are less familiar with these advanced algorithms in placing them
into a more recognizable context. First, the chapter derives the Kalman filter as a
specific instance of the SPA while recalling the duality with a PLL. Additionally, it
introduces an alternative family of PLLs based on the Tikhonov distribution, and
compares these methods in terms of their inherent differences, tracking accuracy,
and potential advantages in phase noise channels. Chapter 5 explores the use of
oversampling techniques to develop detection algorithms capable of phase track-
ing in strong phase noise channels. It begins by introducing an algorithm in the
Bahl-Cock-Jelinek-Raviv (BCJR, [23]) form, followed by a discussion of a reduced-
complexity algorithm based on the Tikhonov distribution. Chapter 6 addresses the
challenges of phase and frequency tracking through a case study on telecommand
(TC) reception in deep space missions. Advanced synchronization algorithms to
track both the carrier and sub-carrier in low SNR environments accounting for
phase and frequency uncertainties are proposed. Chapter 7 takes a different ap-
proach by utilizing Gaussian mixtures to develop an algorithm for the simultaneous
detection and synchronization of phase and frequency. Finally, conclusions are pre-
sented in Chapter 8.

16



Chapter 2

Technical Background

This chapter provides essential background information to lay the foundation
for the rest of the thesis. It introduces key concepts and frameworks to help the
reader understand the following chapters. The remainder of this chapter is or-
ganized as follows. Section 2.1 introduces the basic channel models that will be
analyzed throughout the thesis, setting the stage for further discussion and ap-
plication. Next, Section 2.2 presents existing models used to describe the phase
process, while Section 2.3 briefly discusses different pilot distribution strategies.
Section 2.4 covers the development of iterative techniques, beginning with turbo
codes and the underlying turbo principle, which laid the groundwork for modern
coding strategies. Section 2.5 examines iterative decoding methods based on factor
graphs and the message-passing sum-product algorithm. Finally, Section 2.6 intro-
duces the MAP detection strategy and demonstrates how it can be derived within
the frameworks of factor graphs and the sum-product algorithm.

2.1 Time Selective Channels

Accurate channel modeling is crucial for the development of effective detection
and synchronization algorithms. This section provides an overview of the channel
models that will be examined throughout this thesis. The goal is to establish a solid
mathematical framework essential for the subsequent development and analysis
of the joint detection and synchronization algorithms. A general discrete-time
complex base-band channel model that takes into account the time selectivity of
the channel is

Y = QT -+ wy, s (21)

where z, is the symbol transmitted at the k-th time interval, wy are independent
identically distributed (i.i.d.) complex Gaussian random variables with a variance
o? per component. In the literature, it is common to find two models to describe
the channel gain process ay:
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e« Complex circular model In this model, the channel coefficient a; is a
complex-valued fading process described as

ar = ag + jaj., (2.2)

where the real and imaginary components a and al. evolve as independent
Gaussian processes. This model captures the essential characteristics of a
time-correlated fading channel. However, it does not account for phase fluc-
tuations, such as those introduced by the instabilities of the oscillator, which
are significant in practical communication systems.

e Log-normal complex model The log-normal model is described by
ay, = et (2.3)

where h; and 6, are independent single or multi-pole filtered Gaussian pro-
cesses (e.g. [24]). This model is particularly useful in scenarios where the
channel experiences multiplicative log-normal fading, which is common in en-
vironments with shadowing effects [25]. Here, hy represents the log-normal
fading component while 6, models the phase noise. When h; is constantly
zero over time, the channel model in (2.3) simplifies to

Yp = % 4wy, (2.4)

a widely adopted phase noise channel model [6]. This simplification is often
used to isolate and study the impact of phase noise on system performance,
and it will be the reference model in the following chapter.

2.2 Phase Process Models

There are several models used in the literature to simulate the discrete phase
process {0 }+—y . This section will describe the most common models found in the
literature that will be referenced throughout this thesis.

2.2.1 Wiener Model

The discrete-time Wiener model is commonly adopted in the literature to study
the performance of communications systems affected by phase noise. According
to the Wiener model, the difference between two adjacent phase noise samples is
distributed according to a Gaussian distribution

9k — ek—l ~ N(Qk — 9k—1§ 0, 02A) . (25)
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Therefore, the sequence of phase samples evolves as
O, = Ok—1 + 0%, (2.6)

where 4y, is a i.i.d. real Gaussian random variable having zero mean, variance .
The term 6 can be interpreted as the instantaneous value of a white frequency
noise process, given by the difference between two successive phase noise samples.
From (2.6), it is possible to recognize a type of Markov process, where the proba-
bility of the system of being in the state 0 at time k only depends on the previous
state 6,_1. Mathematically,

P(Ok|Ok—1,0k—2,....,00) = p(0k|0k—1) = pa(Or — Ok—1), (2.7)

with
1 > (6 — 2mi)?

pa(0) = exp{—
alf) \/2mo% i;oo 203

being a wrapped Gaussian pdf in [0, 27].

The Wiener phase noise model is popular because of its simplicity. It can be
characterized by a single parameter: the variance of the phase increments. Ad-
ditionally, it benefits from Markovian properties, making it suitable for simply
deriving detection algorithms. It is considered a valid model as it has been shown
to accurately describe the phase noise process in terms of real parameters of local
oscillators [26]. Even though more accurate phase noise models have been proposed
(see [26] and references therein), algorithms designed using the Wiener model have
been proven to perform well under those more accurate phase noise models.

} 0 € [0,2n], (2.8)

2.2.2 Stochastic Phase and Time-Varying Frequency Offset

A commonly adopted model that describes not only the phase noise but also
variations of the signal due to relative movement between the transmitter and the
receiver, is the following

Hk = (gk,1 + 27Tfk,1T -+ WfkflTQ + 5k (29&)
fio = fr1 4 o T + e (2.9b)
Jro="Tr1+ Pk, (2.9¢)

where 0y, €, and pg, are three i.i.d Gaussian random variables having zero mean
and variance o3, 07, and UJ%, respectively. The model has been widely adopted to
derive PLL and PLL-like algorithms [27]-[29] able to track the phase of a signal af-
fected by phase noise and time-varying frequency offset. This model is beneficial in
scenarios where the transmitter and receiver are subject to dynamic environments,
such as relative motion (e.g., Doppler effects in vehicular or satellite communi-
cations), non-ideal synchronization, or fluctuating propagation conditions. The
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stochastic components of the model, represented by the random variables dy, e,
and py, account for imperfections in the system, such as oscillator drift, jitter, and
rapid changes in frequency, making it highly adaptable for analyzing real-world
conditions.

2.2.3 Deterministic Phase and Time-Varying Frequency Off-
set

Another discrete-time phase model follows a deterministic evolution
1.
Op = 01 + 27 ( JiakT + 5 fk_1k2T2> : (2.10)

In this model, the phase at the k-th discrete time interval, 6;, depends on the pre-
vious time step’s phase, frequency, and frequency drift. The first term inside the
parentheses, accounts for the linear accumulation of phase due to the constant fre-
quency offset, leading to a uniform phase shift over time. The second term instead
represents the additional phase shift arising from the frequency drift, which intro-
duces a nonlinear, quadratic dependence on time. This quadratic term indicates
that, as time progresses, the effect of the frequency drift becomes more pronounced,
resulting in faster phase accumulation. This model has been widely adopted and
it is at the basis of the PLL theory [30]. Additionally, by incorporating a Gaussian
random variable into the model in (2.10), it is possible to account for a phase noise
according to the Wiener model, adopted in [22].

2.2.4 Sinusoidal Doppler Model

The sinusoidal Doppler model simulates the Doppler effect caused by relative
motion between the transmitter and receiver, particularly in environments with
periodic motion, such as satellite or vehicular communications. The phase evolution
due to Doppler can be expressed as

O(t) =27 /_too fpsin (?;7) dr . (2.11)
The integral in (2.11) evaluates to
_ g 0b (fR )
0(t) = 27Tchos th , (2.12)

where fp represents the maximum Doppler shift, and fg is the frequency drift
mathematically represented by the slope of the sinusoidal function. The sinusoidal
model effectively simulates the Doppler shift caused by oscillatory relative motion,
such as a satellite orbiting around the Earth. In this model, the frequency shift
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varies periodically as the satellite moves toward and away from the receiver on the
Earth, creating a sinusoidal pattern. This is particularly useful when the satellite
repeatedly passes over the same region, causing a predictable Doppler shift that
varies with time. The model allows for accurate simulation of phase changes due
to Doppler effects in systems where the relative velocity is not constant but in-
stead follows a cyclic or sinusoidal trajectory. The sinusoidal Doppler model has
been standardized for use in computer simulations, such as in satellite-to-ground
links [31], providing a practical framework to evaluate system performance under
realistic motion and propagation conditions. Also in this case, it is possible to
account for phase noise by including a Gaussian random variable into (2.11).

2.3 Pilot Symbols for Detection and Tracking

Pilot symbols play a crucial role in the detection schemes discussed throughout
this thesis. They are particularly significant in scenarios where no other informa-
tion is available enabling reliable signal detection and estimation in varying chan-
nel conditions. There are several strategies for inserting pilot symbols within the
transmitted signal. One common approach is to distribute pilot symbols at regular
intervals. This periodic placement ensures consistent references, facilitating itera-
tive decoding processes. For instance, studies such as [5], [14] have demonstrated
that inserting a pilot for every 20 symbols can yield satisfactory performance. An
alternative strategy involves sending pilot symbols in bursts, as in the case of the
DVB-S2 standard [32]. This burst-based approach concentrates pilot information
within specific time intervals, which can be advantageous in rapidly varying chan-
nels. These pilot insertion strategies will be referred to as interspersed. Another
strategy is the transmission of superimposed pilot symbols, obtained by substituting

Ty = Ck + VD, (2.13)

in (2.1). In this case, xy represents a linear combination of ¢, the linearly mod-
ulated symbol, and py the pilot symbol [33]. The power dedicated to the pilots
is scaled by a factor 7, which represents the portion of power allocated to the
transmission of pilots compared to the total power. Superimposed pilots have
been considered in several studies [33]-[35], offering improved power and band-
width efficiency compared to the classical interspersed technique. The effectiveness
of different methods for distributing pilot symbols depends on specific application
requirements and the detection algorithm used. Each method has advantages and
limitations depending on the application scenarios. In the following sections, we
will explore how the interspersed and superimposed insertion strategies impact the
capability of the detection algorithm to achieve good performance.
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2.4 The Turbo Principle

In 1993, the invention of turbo codes marked a significant milestone in the field
of communication theory. These error correction codes were capable of achieving
performance close to the Shannon limit [36]. Turbo codes were originally designed
by interconnecting two constituent encoders, recursive systematic convolutional
codes, in a parallel concatenation scheme, as shown in Figure 2.1. Figure 2.1 depicts
how the input information bits are processed by two convolutional encoders, one at
the upper side and the other at the lower side. The upper encoder takes the input
bits, while the interleaved version of the same bits is given to the lower encoder. The
output stream is a combination of the information bits (systematic) and the parity
outputs from both encoders. However, the systematic output generated by the lower
encoder is the same as that of the upper encoder, but in a different order due to the
interleaving process. Therefore, it is redundant and can be discarded. In the block
diagram, the overall rate is %, but higher code rates can be obtained by puncturing,
i.e. removing some parity bits from the codeword according to a specific matrix [37].
The interleaver plays a key role in this coding scheme by permuting the input of the
upper encoder before it is fed to the lower encoder, which is crucial for improving
error correction performance. The turbo principle—the decoding principle of turbo

Rate 1/3
Convolutional > €1
Input »  Encoder C,
Rate 1/2 > Co

Convolutional
Encoder C,

Rate 1

C3

Figure 2.1: Block diagram of a turbo encoder.

codes—involves two decoding processes, one for each constituent code, as shown
in Figure 2.2. The two decoders are soft-input soft-output (SISO) modules in
a cascade that implement the a posteriori probability (APP) or maximum MAP
strategy. They iteratively exchange extrinsic information, meaning that the soft
information output from one decoder is used as the a priori soft input information
for the second one. This process continues until a reliable decision on the bits is
reached.

The SISO module is a device with four ports that takes in two sequences of
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Figure 2.2: Block diagram of a turbo decoder.

likelihoods. These correspond to the information bits (P(u, I)) and the coded bits
(P(c,1)) and are used, together with their knowledge of the trellis representation
of the code to obtain the updated versions of the input likelihoods on the informa-
tion and coded bits, denoted as P(u, O) and P(c, O), respectively. In the context of
turbo decoding, P(u,O) and P(c, O) are referred to as extrinsic information, which
represents the information on a bit given by the collective knowledge of all the bits
excepts itself. A sketch of the SISO module can be found in Figure 2.3. The intro-

P(u,I) P(u,0)
—> >

P(c,0) SIS0 P(c,I)
« <«

Figure 2.3: The soft-input soft-output module

duction of turbo codes and iterative decoding has led to significant advancements
in communication theory and practical applications. Iterative decoding has revolu-
tionized receiver architectures by enabling the exchange of soft information between
decoding processes. This breakthrough has paved the way for the development of
more sophisticated error correction techniques and advanced modulation schemes.
In addition, the turbo principle, on which turbo codes are based, was found to be
useful not only for decoding problems but also for several other applications such
as detection and equalization [38]. As communication systems evolve, turbo codes
and iterative decoding remain crucial technologies that drive further advancements
in data transmission and reception.
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2.4.1 Turbo Equalization

Turbo equalization is a powerful technique that builds upon the principles of
turbo decoding, and it is widely used in signal processing and communications sys-
tems. It operates iteratively, performing both equalization and decoding simultane-
ously. The concept of turbo equalization was first introduced in 1995 by the authors
in [39], which inspired a wave of research in this field. Since then, many researchers
have explored various algorithms that leverage turbo decoding approaches to solve
challenging problems in signal processing and communications [40]-[42]. A basic
end-to-end communication architecture is summarized in Figure 2.4 that sketches
the key constituent of a transmitter and a receiver necessary for turbo equalization.
In transmission, the input information stream is encoded introducing redundancy
bits to allow error correction at the receiver side. After encoding, the coded bits
are permuted by the interleaver to spread the coded bits to minimize the damage
caused by bursts of error at the receiver end. Finally, the coded bits are mapped
into modulation symbols and transmitted through the channel. At the receiver

» . . EQUALIZIER/ DE- W ( S W
*)[ ENCODER ]—)[INTF.RI.FA\,ER]—)[ MAPPER H CHANNEL H DETECTOR ]—)[DFVMAPPF.R HNTERL[AVERJ L DECODER J
4[ MAPPER }—[}NTERLEAVER}—

Figure 2.4: End-to-end communication architecture for the turbo equalizer.

side, the turbo equalizer performs joint equalization and decoding iteratively, using
the soft information from both the equalizer and the extrinsic information from the
turbo decoder, before proper permutation and mapping (see Figure 2.4). The final
output of the turbo equalizer is an estimate of the transmitted information bits.
The process of exchanging likelihoods (beliefs) between the two algorithms (equal-
izer /detector and decoder) is also referred to as “belief propagation” or “message
passing”.

2.5 Iterative Decoding Based on Factor Graphs

Graphical representations have played a key role in understanding the structure
of error-correcting codes and designing efficient decoding algorithms. The trel-
lis diagram is an example of such a representation, which naturally describes the
Viterbi decoding algorithm [43]. Later on, in 1981, the Tanner graph [44] was in-
troduced to describe and comprehend the structure of the low-density parity-check
(LDPC) codes, which were originally proposed by Gallager [44], and other linear
codes. Tanner suggested using a bipartite graph, which is a type of graph that
has nodes divided into two separate groups. The graph’s edges connect nodes from

24



Technical Background

different groups but not those within the same group. The bipartite graph struc-
ture represents the parity-check equations of the code, where one group of nodes
represents variables, and the other group represents equations. An edge between
a variable node and a parity-check node indicates that the variable is part of the
corresponding equation. In 1995 and 1996, the authors of [45], [46] made progress
in using iterative detection and decoding. They recognized that algorithms such
as the Viterbi, BCJR [23], and decoding of turbo and LDPC codes were instances
of a message-passing algorithm operating in a generalized Tanner graph [47]. All
these algorithms encounter a marginalization problem that needs to be solved. For
instance, implementing the MAP symbol (e.g. the BCJR algorithm) or sequence
(e.g. the Viterbi algorithm) detection strategy requires solving this marginalization
problem. It became evident that the complexity of solving a marginalization prob-
lem could be significantly reduced by properly applying the distributive law to the
factorization of a global function. Factorization can be visualized using a bipartite
graph, the factor graph, which consists of variable nodes (representing the vari-
ables) and the factor nodes (representing the functions or constraints) connected
through edges to show which variable is an argument of which function. This rep-
resentation helps to understand the relationships between variables and functions
better.

The message-passing algorithms offer an efficient approach to solving the marginal-
ization problem. At the same time, the factor graph framework provides an environ-
ment to take advantage of instances where the distributive law can be applied [48].
In the message-passing algorithm approach, the messages exchanged in the factor
graph represent marginal probabilities of subsets of variables or factors in the graph.
These partial marginals are then combined to derive the overall marginal distribu-
tion of the global function. The SPA is one of the most widely used message-passing
techniques for computing local functions associated with a global function. More-
over, when the factor graph is cycle-free, it allows for the exact computation of
marginal functions. In [16], the authors realized that message-passing algorithms
on a factor graph could be used in signal processing. Following their work, several
studies adopted the factor graph and SPA framework to develop different algo-
rithms. Examples are the works in [5], [49]-[51].

2.5.1 Factorization in Graphical Models: An Example

This section provides an example of how to represent a factorization using the
factor graph and how the SPA operates within it. Assume that some function
g(x1, z9, x3) factorizes as

g(w1, 29, 23) = fi(z1) fo(@1, 29, 3) f3 (22, 3) (2.14)
— Hfi(Xi), (2.15)
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with f;(X;) being a function of the argument X;, a subset of the set of variables
{1, 29, 23}. The factorization in (2.14) is represented by the cycle-free factor graph
in Figure 2.5. In this graph, each variable in (2.14) is associated with a variable
node (circle), and each function is associated with a factor node (square). A variable
node is connected to a factor node with an edge when the variable of the variable
node is included in the function represented by that factor. The SPA computes,

W

Haq—fq Hf1—ay Hay—fy Hzo— f3

Tufﬁzz \

fi fa f3

Figure 2.5: Factor graph representing (2.14)

at each node, a message based on the incoming messages it receives and its local
information. For nodes representing factors, this involves computing the product
of incoming messages and the local function associated with the node. Once the
message is computed, the node transmits it along its outgoing edges, but it excludes
any information received on the same edge to prevent redundancy. The algorithm
begins at the leaf nodes of the graph, which have only one connection. If the leaf
node represents a factor, it transmits a message representing that factor. If it means
a variable, it transmits a placeholder message known as a “unit” function. The other
nodes wait until they receive the messages from all but one of its incoming edges
before computing the outgoing message. In the example shown in Figure 2.5, the
computation of the messages exchanged along the factor graph follows these steps.

1.
Hfy—zy = Z fl(xl)
~{z1}
Moz fs = 1
2.

:uaq —>f2 = IU/fl —T1

Hfs—zo = Z MI3—>f3f3(x271‘3)
~{w2}
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3.
,uf2—>.r2 - Z :U’:E1—>f2
~{z2}

Hay—fo = Hfs—mo
4.

Hzo—s fs = Hfs—ay

Hfy—say = Z /’LxgﬁfzfQ('rlaIZux?))

~{z2}

5.

Hfs—zg = Z ﬂx2—>f3f3($2,l‘3)
~{zs}

Hay— fr=ppy o

The operation ) is called “not-sum” or “summary” and it is defined as
~{z:}

hz(IZ) = Z h(ﬂfl,l‘g,...,xn) (216)
~{zi}

= > > D> S DD Marag,x),  (217)

r1€C1 22€C2 xi—1€Ci—1 Tit+1eCiyy  Tn€CH

with z; taking values on Cj, and h;(x;) being the i-th marginal associated to the
function h(zy, s, ...,x,). In this example, it is clear that the exchanged messages
(Kfie;» Ma;—yp;) TEPresent marginals of subsets of the global function. This iter-
ative process continues until convergence, with each node transmitting messages
and updating its local computations. Through this systematic message-passing ap-
proach, the sum-product algorithm efficiently computes marginal probabilities and
facilitates various probabilistic inference tasks within graphical models.

2.6 MAP Symbol Detection

Before the development of turbo codes and iterative decoding, the most com-
monly used strategy for detecting symbols was the MAP sequence detection strat-
egy. This strategy was preferred over MAP symbol detection due to its lower
complexity. The MAP symbol detection strategy focused on minimizing the bit
error probability rather than the sequence error probability. However, the MAP
symbol detection algorithms provide the APPs on the transmitted symbols, the
desired output for iterative decoding. This makes it a favorable detector choice in
iterative schemes.
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Consider a sequence of code symbols that are linearly modulated and trans-
mitted over an additive white Gaussian noise (AWGN) channel. The discrete-time
base-band equation describing the received signal is

Yk = Ck + Wk, (2.18)

where the symbol ¢; belongs to a complex M-ary constellation, and wy, is an i.i.d.
complex Gaussian random variable with zero mean and variance o per component.
To detect the information bits given the noisy observable in (2.18), one can adopt
the MAP symbol detection strategy that can be expressed as

a; = argmax p(a;ly) , (2.19)
where y is the vector containing all the received sample, a; is the i-th information
bit, and a; the one detected. The a posteriori probability mass function (pmf) of
the ¢-th information bit given the received signal can be obtained by marginalizing
the joint posterior probability distribution function (pdf) p(aly) with respect to all

a; with j # i as
plaily) = NZp(aly)- (2.20)

In the case of the channel model in (2.18), given the encoding function ¢,, the joint
posterior pdf factorizes as

p(aly) o P(a)p(yla) (2.21)
x I(c= ¢c(a)) k]:[ p(yler) (2.22)

where I(c = ¢.(a)) is the code indicator function, equal to 1 when c is the codeword
corresponding to a, and to zero otherwise, and

p(yrler) = N (yx; e, 0%) (2.23)

is a Gaussian distribution of the variable y;. In this thesis, the notation y, ~
N (yx; cx, 0?) is adopted for representing a Gaussian distribution in the variable g
having mean value ¢;, and variance 0. A factor graph can visualize the factorization
in (2.22). Applying the SPA to the factor graph representing the factorization of
the joint posterior pdf enables the exact computation of the MAP symbol detection
algorithm or an approximation in the presence of cycles in the factor graph [5].
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Chapter 3

Advanced Detection Algorithms
for Carrier Recovery

This chapter addresses the challenge of carrier and data recovery affected by
phase noise alone or by a combination of phase noise and frequency uncertainties.
One well-known technique for carrier tracking is the PLL [30]. The PLL’s capa-
bilities vary based on the filter order: it can track phase variations (first-order or
higher), phase variations along with a constant frequency offset (second-order or
higher), and both phase and frequency variations (third-order or higher). While
the PLL is widely used across various applications, its effectiveness is generally
limited to scenarios with favorable propagation conditions. In more challenging en-
vironments, such as those characterized by highly varying noise dynamics, the PLL
may struggle or even fail to maintain accurate synchronization [3]. In contrast, the
Kalman filter is a widely recognized algorithm for estimating phase and frequency
in channels with phase noise and frequency drift. Although it gained popularity
in different fields [52]-[54], its adoption within the synchronization community has
been limited, partly due to its complexity and computational demands [28]. Nev-
ertheless, in the context of this thesis, the Kalman filter—and, by extension, the
Kalman smoother—is considered a benchmark for accurate phase, frequency, and
frequency drift estimation. As it will be explained in Chapter 4, the Kalman filter
can be derived as a specific instance of the SPA, highlighting its relevance within
the factor graph framework.

This chapter focuses on advanced synchronization algorithms developed within
the factor graph and SPA framework. Specifically, it explores a family of algorithms
designed to separate the tasks of detection and synchronization from decoding,
allowing for greater adaptability and resilience in complex propagation conditions.
It also reviews several state-of-the-art contributions that serve as “milestones” in
the evolution of detection algorithms within this framework, providing insights into
their development and application. The chapter is divided into two main sections:
Section 3.1 outlines the algorithms designed to address detection and tracking in the
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presence of phase noise. Section 3.2 concentrates instead on the available solutions
for channels affected by both phase and frequency uncertainties.

3.1 Phase Noise Tracking

Consider the transmission of a sequence of code symbols that are linearly mod-
ulated and transmitted over an AWGN channel affected by phase noise. As already
introduced in Section 2.1, the discrete-time base-band received signal is

Yr = cr€% + wy, , (3.1)

where {c;} is the sequence of transmitted symbols belonging to a M-ary complex-
valued constellation and wy are i.i.d. complex Gaussian random variables with
a variance o2 per component. The phase noise sample 6;, is modeled as a Wiener
process (see Section 2.2.1), and it is assumed that the phase varies slowly compared
to the symbol time. The discrete-time equation in (3.1) is just an approximation
of the actual received signal and it assumes that the phase noise process does not
present high variations during a symbol time.

The algorithms discussed in the following are designed using the factor graph
and SPA framework, enabling the derivation of MAP symbol detection strategies.
The APPs necessary to implement the MAP symbol detection (see Section 2.6) for
the channel in (3.1), can be obtained from the marginalization of the following joint
posterior pdf

ple.8ly) o kﬁP(ck>p<ykrck,ek>p<eo>kﬁm(ek—ek_a, (3.2)

where the first phase noise sample 6 is distributed according to a uniform distribu-
tion in [0,27), thus p(6y) = 5=. The probability P(cy) represents the likelihood that
the symbol ¢; assumes the value of one of the M symbols in the constellation. The
factorization in (3.2) can be visualized in the factor graph in Figure 3.1. Applying
the SPA to the factor graph in Figure 3.1 involves the following steps:

o For each time instant k, where £ =0,1,..., K — 1, compute the forward and
backward messages as

2
o (Or) = /0 vp—1(Or—1) Z P(cr—1) p(Yr-1 | Cr1,0k—1) PA(Ok — Ox—1) dOy_1,

: (3.3)
2
Br(Or) = 0 Brer1(Or41) Z P(cks1) P(Wrt1 | Chrt, Okyr) PA(Oks1 — Ok) dOpya .
Ck+1
(3.4)
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Figure 3.1: Factor graph representing the factorization in (3.2).

Here, ay(0;) and Si(6x) denote the forward and backward messages, respec-
tively. The forward recursion proceeds from the initial 8y to the last variable
node 0k _1, while the backward recursion operates in the opposite direction.

o After computing the forward and backward messages, perform the final step
to compute the marginal probabilities. For each time instant k, where k =
0,1,..., K — 1, calculate

Pu(ex) = /0 Tk (00) Be(00) Pl | cx. 0c) O (3.5)

This step involves combining the forward and backward messages with the
likelihood function to obtain the updated probability P,(cx) for each trans-
mitted symbol c¢y.

The exact computation of (3.3), (3.4), and (3.5) requires evaluating integrals
involving continuous probability distributions. In practice, this is often computa-
tionally challenging. As a result, various studies have proposed approximations to
simplify the computation of these integrals and the involved pdfs. The canonical
distribution method is a commonly used approach to handle continuous random
variables. This method restricts the probability density functions to “canonical”
families (e.g., the exponential family) [17].

From (3.3), it is evident that the forward recursion arises from a first marginal-
ization over the symbol c,_; (specifically, 3. | P(cr—1)p(Yr—1|ck—1,0k—1)) followed
by a second marginalization over the previous phase sample 6;_;. The marginal-
ization over the symbol can be performed in either an exact manner, where it is
treated as a mixture (as explained in Section 3.1.3), or in an approximate form (for
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example, as a univariate Gaussian, as discussed in Section 3.1.2). Regardless of the
approach, the resulting recursion relies solely on the phase. Consequently, only the
phase memory propagates throughout the entire factor graph.

In contrast, the contribution of the channel observation is instantaneous, mean-
ing that the dependence on the symbol ¢ is memoryless. This distinction is critical
as it illustrates that recursive estimation captures long-term dependencies through
the phase, while the symbol information influences the likelihood computation only
in an instantaneous, memoryless way. The same conclusion applies to the backward
recursion as well.

When calculating the log-likelihood over the symbols in (3.5), the product term
within the integral, a(6x)5k(0k), represents the posterior probability of the phase
given the observations, denoted as p(fx|y). This product encloses the entire phase
estimation, integrating past and future information about 6.

Although the algorithms presented in this chapter, as well as those throughout
this thesis, are primarily framed within the context of joint detection and estima-
tion, they can also be viewed from a synchronization perspective. In this alternative
interpretation, these algorithms respond to some input a priori information about
the phase by providing output likelihoods on the phase (or phase and frequency).
Subsequently, these likelihoods can be used to compute symbol likelihoods using
some approximation.

The upcoming sections will review some major algorithms that adopt the factor
graph and SPA framework for joint detection and tracking of phase noise. These
algorithms offer different approaches for approximating the SPA messages, leading
to various methods for solving the integrals in (3.3), (3.4), and (3.5). The aim is
to make the computations more tractable while maintaining high accuracy.

3.1.1 Discrete Phase BCJR

The discrete phase BCJR (dp-BCJR) algorithm is an adaptation of the classic
BCJR algorithm [55], specifically designed to handle scenarios where the channel
phase can be represented as a discrete set of values. In this method, the canonical
distribution is modeled as a weighted sum of impulses, and the channel phase is
assumed to take on discrete values

2r 2w(L—1)
ek‘e <O’L’-'.,L> .

According to the dp-BCJR, the solution to (3.3), (3.4), and (3.5) is obtained by
discretizing the phase values into L levels and turning the integrals into a discrete
sum. For each of the L phase values, let #} represent the I-th phase value at time
instant k. The forward and backward messages, ax(6%) and S;(6L), respectively,
are computed as
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Once the forward and backward recursions are computed, the completion reads

Zak Be(6Mye™ o exp {3% [yzgkejgg)}} . (3.8)

k

The rules for updating the SPA messages in this discrete representation are the same
as those in the original BCJR algorithm. As the number of discretization levels L
increases, the dp-BCJR algorithm gradually approaches the performance of the ex-
act SPA. However, this improvement comes at the cost of increased computational
complexity. Specifically, the complexity of the algorithm scales as O (KML?).
Therefore, the trade-off between accuracy and computational demand is a crucial
factor to consider when applying the dp-BCJR algorithm. This is especially true
when high-order modulations are adopted and large values of L are required, high-
lighting the need for low-complexity algorithms for detection and estimation.

3.1.2 Tikhonov Algorithm

The work in [5] was the first in a series of studies to develop low-complexity
Bayesian detection algorithms in the factor graph and SPA framework to deal with
channels affected by strong phase noise. The Tikhonov algorithm is an iterative
detection and decoding algorithm that operates on a factor graph representing the
joint posterior pdf in (3.2). As suggested by its name, this algorithm uses the
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Tikhonov distribution as a canonical distribution to approximate the forward and
backward SPA messages along the factor graph and solve (3.3), (3.4), and (3.5).
The Tikhonov pdf is defined as

A i
t(0; z) TIAIE) exp {?R [ze }} : (3.9)
or, equivalently as
1
t(0; 2) = SETAE] exp {rcos(@ — )} , (3.10)

with y = Zz the mean value and k = |z| the concentration (inverse of the disper-
sion).
Defining the Gaussian mixture in (3.3) and (3.4) as

Pa(yrlOr) = ZP cr)p(Yk|cr, O) 5 (3.11)

with p4(yx|0x) being the posterior channel probability defined as

Z 1 e — e’
> |cx]? YkCr g
[0¢ = P(Ck) exXp {_M + §R |:O_2€ k:| s (313)

the authors of [5] approximate p4(yx|fx) by the nearest Gaussian in terms of the
Kullback-Leibler distance [48]. This reduces to

1

palulfs) ~ N (yk,akej ‘5207 + by — oy )) (3.14)
R {ykaZe_ﬂ’k}
2 3.15
X eXp{ 252 + bk — |ak’2 ) ( )
with

M-1 M-1
ar = Y Pley = x;)z; by = Y Ploy = )|z : (3.16)

i=0 i=0

In (3.15), it can be observed that the variable ) follows a Tikhonov distribution
with a complex parameter of 2%. When the a priori on the symbol P(cy)
is uniform, it indicates that no information is received from the channel, as the

complex coefficient associated with the Tikhonov pdf in (3.15) is zero. This is why
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the algorithm requires a bootstrap using pilot symbols inserted into the transmitted
sequence. By plugging (3.15) into (3.3), the forward recursion becomes

r {yk_laz_lefekfl}

202 + bkfl - ‘ak,1‘2

2 *
Yrk—1Qy,_ i
> /0 P { (Zl{_l - 2202 + b1 k— |1ak:—1|2> ejekl}pA(ek ~ ) Al
(3.18)

ak(ek) X /027" Ofk_l(ek_l) exXp {2 }pA(gk — Qk—l) dek:—l (317)

where the forward messages have been approximated as Tikhonov pdfs:
ag(0k) ox exp {éR {z}:e_je’“]} : (3.19)

Being pa(0x — Ox—1), by definition, Gaussian distributed, treating the forward (and
backward) recursion as a sequence of Tikhonov pdfs is an approximation that im-
proves the closer pa (0 — 0x_1) is to a delta function (oo — 0).

Finally, to solve (3.18), it can be recalled that, for a Tikhonov pdf ¢(6, z), when
the concentration parameter (|z|) is sufficiently large, it can be approximated by a
Gaussian distribution [56]. If this is the case, the Gaussian distribution will have
mean value Zz and variance 1/|z|. In our case,

* of 2
Y1054 — 0 (ekfl - sz—l)
expdR |2/ +2 e %11 L~ exp{ —
p{ [( L T202 4 by — |ak—1|2> ]} p{ 2/|5_|

Ye—1a%_4

5Tt e Plugging the resulting pdf in (3.18) leaves us
with the convolution between two Gaussian distributions

2n Opr — L2]_,)? O — O—1)?
ap(fr) o /0 exp{—< i ;/|2f Zk|1) }exp{—(kQUZkl)} dfr—1 (3.20)
k—1
X exp {9‘% [z,{e_ﬁ’“]} , (3.21)

where 2/ | = 2] | +2

which, in turn, can be seen as a Tikhonov distribution with parameter

2 = 2av(0h, 1)),

where vy(z,y) = 1+1$y.
The derivation for the backward recursion follows the same steps outlined for
the forward. Similarly, the backward messages are approximated as a sequence of

Tikhonov distributions

Br(0) oc exp {R [2pe 7|}, (3.22)
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where the complex coefficients can be computed recursively as

1
b _ zb
Z —
b 1+0A| el

yk+laz+1
20 b1 —lanal® : :
To compute the extrinsic information of the k-th symbol given the received

signal vector y = {vo,y1, .-, Yx_1} (p(ck|ly)) the forward and backward messages
are plugged into (3.5), obtaining

2 . : K j
Py(cr) o /0 exp {%[Z,{e_ﬁ’“]} exp {?R[Zze_jek]} exp {% {y(’;zke_ﬁk} } do

2 * .
x / exp {3? Kz,f + 22+ yki’“) e_ﬁk} } by,
0 o
x I ( ykc’“ > . (3.23)

2y + zk + —

The Tikhonov algorithm heavily relies on an iterative process with the decoder
to achieve good performance. In this process, the decoder takes the likelihood on
the symbols P,(cx) as input and returns updated likelihoods, which are then used
by the detector as a priori information. This iteration continues until convergence.

All symbols have a uniform a priori during the first iteration except for the
pilot symbols. As the detector and decoder exchange information, the Tikhonov
algorithm can utilize channel information, the reliability of which is determined by
the decoder’s output, to enhance tracking performance.

The Tikhonov algorithm performs better when the pilot symbols are spread
throughout the sequence rather than concentrated in bursts. Concentrating the
pilot symbols in bursts would result in very precise phase prediction at the pilot
locations but could lead to deviations from the actual phase track between bursts
of pilots. For this reason, the authors in [5] have proposed a modification to make
the algorithm resilient to bursts of pilots in the case the application demands such
conditions [32]. Considering the forward recursion, they propose evaluating the
following product in (3.3)

with QZH =20, +2

M 1
P yk|$za9k’>

1=0

and identifying, for all the possible symbols in the constellation, whether there is
a dominant term. This is determined by the following inequality

In Py = x;) + z,{—{—% >0 +1InP(ey = ;) |2 +

023 with i # 7.  (3.24)

The threshold 0 is a real-valued parameter tuned by numerical simulations for the
specific scenario. If a symbol x; satisfies the above inequality, the parameters a
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and b, in (3.15) are set as

a =x;, by = |$z'|2>
otherwise the definitions in (3.16) are adopted. The same process is followed for the
backward recursion as well. This modification in the original algorithm ensures that
a decision is made when there is high reliability on the possible symbol transmitted,

instead of waiting to update the estimate until the next burst of pilot arrives.

3.1.3 Tikhonov Mixtures Algorithm

The authors in [14] identified that the Tikhonov algorithm (Section 3.1.2) was
overly dependent on the quality of likelihood outputs from the decoder, requiring
several iterations to produce accurate information. To address this limitation and
enable robust performance in severe phase noise conditions without excessive re-
liance on the decoder, they proposed in [14] an alternative method using Tikhonov
mixtures to approximate forward and backward recursions, effectively capturing
multiple phase trajectories. These mixtures have an adaptive order that changes for
each symbol, although a modification that limits the maximum order was proposed
to reduce complexity. To cope with possible cycle slips due to the limited order,
the authors propose to introduce a cycle slip recovery mechanism by keeping track,
along the message passing, of the probability that a cycle slip has occurred based
on the rejected trajectories. Additionally, they introduced a reduction algorithm
based on the Kullback-Leibler divergence to reduce the mixture while maintaining
the divergence upper-bounded.

In order to solve the integrals in (3.3) and (3.4), [14] approximates the forward
and backward messages by

N .

ar(0r) 2 3wl (0r; 21 (3.25)
1=0
Nt .

Br(0) = Z wZ”tZ”(Gk;ZZ”), (3.26)
1=0

with N, ,f and N? being the k-th forward and backward mixture orders, respectively.

37



Advanced Detection Algorithms for Carrier Recovery

Considering the forward recursion, by substituting (3.25) in (3.3) it is obtained

N]f7171 M-1
owB) xS S wfhPlec =) [ el
=0 j=0
X p(Yk—1|75, Or—1)pa(Or — Op—1) dO_y (3.27)
le—l_]' M—-1 2 ] Af7i7.j
i T 0 \|%%k
< > > wi’ Pcy— Zl’j)eXP{—'QJ'z } ( fi )
=0  j=0 o= ) Iy (’215—1 )

2 . .
x / 1 (013 2°7) pa(O — O dB-y (3.28)

I VA 12y I (1550
X ;) ]Zo w P(ck—1 ng)eXp{_gx;L } ]Z Ezzzlg
< 09 (04 2 w(ag, 249))

An interesting analogy can be observed between the mixture approach and the
modification proposed in Section 3.1.2 to address bursts of pilots. As proven
by (3.27), the past estimation ay_1(0;_1) is multiplied by the channel information
p(yk—1|z;, Ox—1) constituting what can be referred to as a prediction step. Likewise,
n (3.24), this prediction is used to decide on the transmitted symbol.

Finally, the forward and backward recursions read

Nkf 1 1M 1 ex é}e "f?ivj 2 "f: 7.7 ]9
P z Y(OA, e
=0 7=0 271—‘[0(2:]@",])
Moty e {R[ER(0R, |52 )]}
Br(Br) o 3o > witiA AT . (330)
i=0  j=0 27l ( )
where
Afiij Yr— 11’
z? ! = zk 1 + 0_ )
Abyiyj b,i Yk41T
Zk )= Zk:Jrl + 0_2 J )
’\fziaj
M = Pep_y = x;) exp {— . —
20° Iy ( 21{7—1 )
Ab,ij
AZJ& = P(ck41 = x;) exp {— J T
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The resultant Tikhonov mixtures in (3.29) and (3.30) have order N/ ,M and
NP 1M, respectively. However, since the mixture order would increase exponen-
tially with time, it is necessary to reduce it at each time instant. The reduction
algorithm proposed in [14] (see Algorithm 2) operates by first identifying the term
in the mixture that has the highest weight, and then calculating the Kullback-
Leilbler distance between that maximum weight component and all the other com-
ponents. Components whose Kullback-Leibler distance from the maximum-weight
component falls below a specified threshold € are merged, using circular mean and
variance matching [14]. If the order of the reduced mixture is equal to or below
the target order, the algorithm stops; otherwise, it repeats until the target order is
reached. Throughout the reduction algorithm, a probability that a cycle slip has
occurred is computed by considering the mixture components that have not been
merged because they exceeded the maximum desired distance. If so, clearly the
probability that a cycle slip has occurred increases.

The purpose of accounting for the probability of cycle slips is to ensure that,
when a cycle slip occurs, the resulting phase estimation from the algorithm is rec-
ognized as unreliable. In such cases, a more accurate estimation must be obtained,
and this is where the pilot symbols play a crucial role. If the Tikhonov algorithm
was exploiting pilot symbols to give a bootstrap to the algorithm, now they are
required to prevent the phase tracking from deteriorating when the probability of
a cycle slip occurring is high. In such cases, the algorithm relies only on the pilot
symbols. When a pilot symbol is transmitted, the forward (ay—;(6x—1)) and back-
ward (SBgy1(fkr1)) messages used to solve the integral (3.3) and (3.4) are replaced
by

1

2’

A b b 1
Brey1(Orr1) = P41y Beta (Opr) + (1 - (I)k—i—l) o

Qp—1(0k—1) = q)g—ﬂk—l(gk—l) + (1 - q)i—l)

where <I>£_1 and ®° 41 represent the probability that a cycle slip has not occurred in
the (k—1)-th forward and (k+1)-th backward recursion. By doing so, whenever the
probability that a cycle slip occurs is high, the algorithm relies on the information
coming from the pilot symbol rather than the previous messages. The introduced
probabilities d(0),) and 3,,(6),) are mixtures with an order increase by one compared
to the original ones.
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Considering the cycle-slip recovery algorithm, the probabilities P,(c) are com-
puted as

Py(cx) o /027T &k (00) By (00)p (k. ci, Or) By (3.31)

N/ -1 NP1
k Zq)kwk’J(I)b

2 . . .
2R e G GRS I

=0
(1-00)

FL T b e R ) e
Ligd (1 — @b - ' 4
- ff<<§y> D [ o (£ + ) i
< ®f) (1 - 88) [ exp (R [uwe ]} doy (3.52)
R Sk .
% 5 e (4

(1 - @{) Wb ot . wl'of (1 - <1>;;,)
A I A (¥e)

(1= @) (1= @) Io (jux]) , (3.33)

I (’Z,{’i + UkD +

C
with u; = y’“Q’“.

When using Tikhonov mixtures, it is important to note that the symbol ¢
is not marginalized before computing the recursion. This approach allows for the
full utilization of the channel information, extending beyond just the pilot symbols.
However, unlike the Tikhonov algorithm in Section 3.1.2, this approach updates the
forward and backward messages at each time step, thereby increasing the reliability
of previous estimations relative to channel observations, particularly at moderate
SNR levels. As a result, if the algorithm experiences a cycle slip, the presence of
pilot symbols alone may not be sufficient to restore accurate tracking. To limit
the number of mixture components and improve robustness, the cycle slip recovery
algorithm proposed in [14] is crucial.

3.1.4 Expectation Propagation

The last discussed algorithm is based on expectation propagation (EP), falling
in between the Tikhonov (Section 3.1.2) and the Tikhonov mixtures approach in
Section 3.1.3. Even though the EP framework has been widely adopted [33], [57],
[58], the work in [59] will be taken as a reference. Here, the authors offer an effective
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solution in the EP framework for channels affected by strong phase noise. The
study in [59] adopts the factor graph and SPA framework described in Section 3.1.
The first difference with the Tikhonov algorithm lies in how the posterior channel
probability pg(yx|0x) is treated. According to EP, the message from the channel
observation is combined with the existing belief on the target variable, which is
based on information from the rest of the factor graph. The channel probability
pa(0r) is, by definition,

pd(Qk) = A w,it(@k, ZZ:) s (334)

where

and z; belongs to a complex M-ary constellation, and 2} = y(’jx The EP framework
approximates the entire marginal of each latent variable. This means to find an
approximation for p(fy), the entire marginal of 6y,

P(0r) = pa(Or)ow(0r)Br(6r)

by projecting it into the Tikhonov family. In mathematical formulas,

#(0r) =~ argmin KL [pa(Or) vk (Or) B (O1) ¢ (0k; )] (3.35)
t(0r;x
where oy (6x) and Si(0)) are defined as in (3.19) and (3.22), respectively. There-
fore, the EP approximation of the marginal probability p(fy), denoted as p% ()
n (3.35), is by definition, a Tikhonov distribution. To characterize the probability
pPP(0;), the authors of [59] makes use of the moment matching, thus obtaining

5L (‘ D JL2EP b (z’i+z’{+22’> /(28 +2] +20)
RlEDS T T B M ) B
where
)\i_lo(zli-i—z,{—l—zz‘) el

- b P($z)e 202,
Io (J=i]) £o (J=2])

and XZ: is defined such that >"M! Xz = 1. To avoid numerical instabilities, the
authors suggest approximating I, (z)/ly(z) ~ x, thus obtaining

M—-1

~ Y h¥ (,z}c +2 + zZ) : (3.37)

1=0
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The authors also propose incorporating a “cycle slip detector”, which monitors the
concentration (absolute value) of the coefficients 2" for sudden drops. When such
a drop occurs, the algorithm discards the corresponding message (ay(6x) or Sk (6x))
and relies only on the message that is not discarded.

Comparing the EP algorithm with the Tikhonov mixture algorithm in Sec-
tion 3.1.3, it can be realized that both maximize the use of available channel in-
formation. In doing so, they must restrict the marginal distribution p(fx) to a
specific form. In this case, the marginal distribution is limited to the Tikhonov
distribution, whereas in Section 3.1.3 it is constrained to a reduced-order Tikhonov
mixture. These limitations are necessary to ensure the algorithm’s complexity re-
mains manageable, but they also increase the chances of cycle slip events.

3.2 Phase Noise and Carrier Frequency Tracking

Many communication systems experience misalignment in frequency offset, which
can degrade system performance if not recovered. Examples include communi-
cations between Earth and satellites, which require robust algorithms to ensure
reliable links under harsh propagation environments.

In the literature, the algorithms designed to address the joint detection and
synchronization of time-varying phase and frequency offset are quite limited com-
pared to those available for phase noise tracking only. In particular, to the best of
the authors’ knowledge, only the authors in [22] propose a solution in the factor
graph and SPA framework for a channel affected by phase noise and a constant
frequency offset. Their algorithm was found to be resilient to “slow” variations of
the frequency offset, making it a good candidate for satellites in low Earth orbit

(LEO).

3.2.1 Tikhonov Algorithm for Phase Noise and Frequency
Offset

In [22], the authors present an algorithm that can cope with strong phase noise
and carrier frequency offsets. This algorithm, developed using the factor graph
and SPA framework, is based on Tikhonov distributions. It modifies the algorithm
described in Section 3.1.2 by considering multiple tracking hypotheses related to
potential frequency offsets. Consider the channel model in (3.1) and a phase noise
modeled as a Wiener process with a constant frequency offset

Op = Ok—1 + &+ 0y, (3.38)

where the phase offset ¢ = 2wv/T represents the contribution of the frequency offset
v, where T is the symbol time. The frequency offset is assumed to be uniformly
distributed within the range [y, 1], and remains constant throughout the entire
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codeword duration. Additionally, to satisfy the Nyquist criterion, it should hold
that ;—TI <v< %, which translates to —m < ¢ < w. The computation of the APPs
necessary to implement the MAP symbol detection strategy can be obtained by

applying the SPA to the factor graph representing the joint posterior probability

p(e.0.0) o< TT Plep(unlendip(@o) TT plOulois oplo).  (339)

The factorization in (3.39) can be visualized in the factor graph shown in Figure 3.2.
In this graph, the variable node py = [0y, ¢] represents the state of the detector at
time k, with the variable ¢ stretched to every variable node to prevent short cycles.
Assuming the knowledge of the variable ¢, the probability p(0;|0x_1,¢) is defined

Py(cks1)

P(Yr+1lcr1, Orr1)

_ ar(pri1) Br(pr+1)
P11 |0, 9)p(6)

Figure 3.2: Factor graph representing the factorization in (3.39).

as

P(Ok]Ok—1, ) = N (0 — 01 — ¢;0,021), (3.40)

while (3.11) and (3.15) hold for the posterior channel probability in (3.39). To derive
the forward and backward messages, the authors adopt the canonical distribution
approach, as already done in [5], and approximate the variable ¢ as a discrete
random variable taking L possible values {¢'}~' within the range [y, ¢]. Since
¢ is represented as a discrete random variable, it is characterized by a pmf. As
a result, in the definition of forward and backward messages, expressed as the a
posteriori probabilities of p; given the past and future observable, respectively,

() = p(Or, dlys ) = p(olys™ p(Olo, v ), (3.41)

and

the pdfs p(¢lys~") and p((b\ylﬁ’ll) are replaced with the corresponding pmfs, de-
noted as

P(¢p= ¢l|y]0€_1) = 79,1@ )
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P(¢ = ¢l’yk+1 ) = ’Yli,k-

The forward and backward messages in (3.41) and (3.42) are approximated as
L Tikhonov distributions weighted by the probability ’y},k and ’yé,w respectively.
Therefore,

p(Okld = ¢ ys ") = t(2h 45 6h) (3.43)

and the forward recursion can be computed as
2w
a(Or, ¢') o /0 (-1, 8 )Pa(Y-1160k-1)p(Ok| 01, ¢ )dbr 1 (3.45)

2m
x 7},k_1/0 (2 13 Ou-1)t (up—1; O—1) N (6, — Op—1 — 650,08 )dbj—1

Io(12} 51]) 2n
! fk—1 /
x _ t(z 0

T T (2 D o[ l) Jo S

X N(@k — ek—l — ¢l; 0, O'Z)d@]g_l

Bo(12 ) I
* N0 28—l ok +——— ] (3.46
e Dol )Y\ e =9 oa Tt e | (346)

il
~ Vfk-1 Io(

Io(|24 k1) .
A )t( l Boa)i0) . (347)

Ve sl ei¥y (o2
ik Mo(l2h o D Do (fug—a]) VT 7( 8

2yraj
(2024b3 —la[?)
distribution as a Gaussian to compute the convolution. Finally, (3.47) goes back
to the Tikhonov domain. By comparison of the expressions in (3.47) and in (3.41),

the forward messages can be recursively computed as

where u, = and 2%, = 2L, + u,. (3.46) approximates the Tikhonov
[k [k

Tk 7f1<|j(| 6’2&?%_10 | (3.48)
z?k = 2'?’,6_16”!7 (ai, 23%_1‘) . (3.49)
Similarly, the backward messages can be computed as
o = e (350
le)k = 25)7“16]-&17 (Ui, % k+1D ) (3.51)
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with ,%ék = z,l)’k + ug. Once the recursions have been computed, the probability of
the symbols ¢, can be found as

Z [ 01605000 v B (3.52)
Lt (’sz+zbk+ Uit )
X ZZ(:) P)/ﬂk’}/b,k: [0 (‘kaD ]0 (‘Zbk ) . (3.53)

The authors propose replacing Iy(z) with e” to reduce the computational complexity
of the algorithm.

The Tikhonov algorithm for phase and frequency offset acts like L parallel
Tikhonov algorithms (see Section 3.1.2), each addressing a different hypothesis of
the carrier frequency offset.

To manage complexity, the authors suggest using a large value of L (e.g. L = 11)
only during the first iteration. For subsequent iterations, L is decreased to 3, as
this significantly affects the overall complexity. It is important to note that the
algorithm cannot accurately estimate the frequency offset after the first iteration.
Multiple iterations with the decoder are necessary to refine the estimate and en-
hance accuracy.
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Chapter 4

Extending PLLs: from Gaussian
to Tikhonov-Based Models

This chapter focuses on the connection between advanced synchronization algo-
rithms and the commonly known PLL. While the relationship between the Kalman
filter and the PLL—Dboth relying on the Gaussian distribution—is well established,
the concept of a PLL that is based on the Tikhonov distribution has not received as
much attention. This chapter first derives the Kalman filter within the factor graph
and SPA framework. Building on the concepts presented in [14], a new family of
PLLs based on the Tikhonov distribution is introduced. An analysis will thoroughly
compare the performance and characteristics of the Tikhonov-PLL with those of
the Kalman filter. Although this chapter may seem to disrupt the flow of the
discussion, it is crucial for a deeper understanding of subsequent chapters. The fol-
lowing chapters will consistently reference the foundational concepts of the Kalman
filter and the trade-offs between the Gaussian and the Tikhonov distribution. The
content of this chapter is derived from the work presented in [60].

4.1 Kalman Filter and PLLs: a Factor Graph
Perspective

Consider a pure carrier tone on the Wiener phase noise channel that, despite
its simplicity, is still representative of actual oscillators [61]. The samples of the
received signal normalized and in complex base-band are defined as

yr = €% + wy, (4.1)

where wy is AWGN with variance 02 = Ny/2PT per component, Ny is the noise
power spectral density, P is the carrier power, T' is the sampling time, and 6, is
the k-th phase noise sample. The phase noise process is defined according to (2.5).
By identifying with y, the vector that collects all samples yo, .., yx, up to k-th
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instant, the minimum mean square error (MSE) Bayesian estimator is computed as
0, = E [04]yx]. This requires the pdf p(fx|yx) that can be derived using the factor
graphs and SPA [16]. Given the vectors 8 and y containing all samples of the phase
and received signal, the posterior probability factorizes as

p(8ly) o< p(bo) I1 p(yrlbr) TT p(6r16k-1), (4.2)

k>0 k>1

represented by the factor graph in Figure 4.1. Assuming a symmetrical and non-

ri1(Orr1)

P(Or41|0k)

ap—1(0k-1) ar(0r)

P(Yr-1|60k-1) p(yr|6r) P(Yrt1|0k41)

Figure 4.1: Factor graph corresponding to (4.2).

skewed distribution for the forward messages ay(6y), the MSE estimator can be
derived using the SPA as

@k = arg mgix ar(0x)p(yr| k) (4.3)

where Vk a4 (6) can be recursively computed as

21
(0y) o / et (Oe )P (Y |06 )P (O Bt) A1 . (4.4)

It is not possible to solve (4.3) and (4.4) in a closed form. However, by approx-
imating the messages with distributions belonging to the exponential family, a
closed-form solution can be found. For instance, the well-known Kalman filter is
derived using the Gaussian distribution. Modeling p(yi|0x) as N (0, Zyr, 0?) and
ay(0x) as N (0, ur, 02), the recursion in (4.4) generates a sequence of Gaussian
pdfs. Their mean value and variance can be recursively computed as

trs1 = e+ Bk (Lye — ) (4.5)
1
2 2
S 4,
Oft1 (LJo? +1/o?) +Oa (4.6)

where [ is known as the Kalman gain [19] and is defined as
o
of 4 0%’
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Thus, the MSE estimator in (4.3) is found as

Ok = ps1 (4.8)

and can be implemented using the digital filtering scheme in Figure 4.2a. In this
figure, the first block is responsible for extracting the input’s argument, which is
necessary to linearize the model—an essential step for implementing the Kalman
filter. More precisely, what is referred to as the Kalman filter, in this context,
is an extended Kalman filter, a variant that linearizes the nonlinear input before
applying the standard Kalman filter equations [28]. As the figure shows, the phase
estimate 6, = prs1 is updated based on the phase error Zy, — pi. The recursive
calculations in (4.5) and (4.6) corresponds to the time-update equations® [19].

® = N D
R Y N

(b)

Figure 4.2: Block diagrams of the digital a) Kalman filter and b) PLL.

The Kalman filter steady-state variance satisfies its Riccati equation [62], i.e.
op — 02 as k — oco. As a result, the gain of the Kalman filter tends to a steady-
state fixed value (denoted as f as k — 00). Substituting (4.8) into (4.5), 8 is
obtained as

O = Or_1 + Boo( Ly — Orv) (4.9)

! According to the classical Kalman filtering notation [28], s represents both the updated
state estimation () and the predicted state (Zjx—1). On the other hand, 0% corresponds to
the variance associated with the predicted state (a,%‘ _1)» while the variance of the update state

estimation (ai‘k) is represented by the term (1/07 +1/0%)~1 in (4.6).
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where one can recognize the equation of a digital PLL of the first type [30] having
loop gain . The recursive phase estimation in (4.9) can be implemented according
to the filtering scheme in Figure 4.2b, which is equivalent to the Kalman filter in
Figure 4.2a.

More generally, it can be shown that performing the SPA on the factor graph in
Figure 4.1 using an N-th order Gaussian distribution leads to a Kalman filter [16].
In steady-state conditions, when N < 3, this Kalman filter becomes equivalent to
a PLL of the N-th type [63]. However, there is a significant difference in the way
the two schemes operate. In the standard PLL, the observable yke‘jé’“l is used for
carrier tracking [30]. On the other hand, the Kalman filter uses the most current
estimate 6, = ir+1 to compensate the signal directly. Thus, the PLL effectively
operates like a Kalman filter that provides MSE delayed by one sample, resulting
in reduced tracking performance.

4.2 Tikhonov Bayesian Estimator and PLL

Section 4.1 defined the well-known concept of Kalman-PLL duality (see [64],
[65]) from the perspective of factor graphs. This section introduces a new, gener-
alizable model of PLL. The Tikhonov distribution, another well-known example of
the exponential family, is considered to describe the messages flowing along the fac-
tor graph in Figure 4.1. ay(6y) is modeled as a circular distribution in ) € [0,27)
that reads

@k(ek) o e%[zke_jgk}7

where z; is a complex-value parameter. Its angle Zz; determines the mode of
the pdf, while 1/|zx| represents its dispersion. On the other hand, p(yx|0x) is by
definition ¢(%;0y).

The work in [5] demonstrated that the recursion in (4.4) can be approximated
as a sequence of Tikhonov pdfs with z; recursively computed as

Zht1 =7 (UQAa 2k + gl;) ) (4.10)
where (21, 33) = 7% Thus, the MSE is found to be
b = Lz +uyn/o?) (4.11)

= ZZk+1-

Such an estimator can be implemented with the digital filtering scheme in Fig-
ure 4.3.

To better understand the behavior of the phase transition in (4.11), Figure 4.4
provides a vector representation of the equation. Consider the scenario in Fig-
ure 4.4a, where the magnitude of the channel coefficient /02 is greater than the
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Yk
2+ —
Yk k o2

(1

Figure 4.3: Block diagram of the digital PLL based on the Tikhonov distribution.

forward coefficient z,. This situation usually occurs in high SNR scenarios, where
the past estimate is less reliable than the channel information. In these cases, the
phase estimation, represented by the argument of z; +/0? (equal to that of z;1),
tends to closely follow the error identified as Ly, — @k,l. However, in situations
where the magnitude of the forward coefficient dominates over that of the channel
term, such as in the scenario depicted in Figure 4.4b, the predicted phase will be
heavily influenced by the past estimations. This is because the past estimations
are more reliable than the channel information.

(a) (b)
Figure 4.4: Vector representation of (4.11).

It will now be proven that the MSE derived in (4.11) has an equivalency to
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first-type PLLs, as shown for Kalman filtering. By expanding the terms in (4.11),

b = £ <|Zk|€jék1 + |yl;|ejlyk> e
g
= ék—l + 4 <|Zk| + |y];|6j(4yk_ék1)> (413)
g

; [Yxl /o ;
~ O+ ————— Ly — O 4.14
k-1 !Zk!+|yk\/02( Yk k1) ( )

R ékq + Be(Lyx, — @kfl) ) (4.15)

where (4.14) is derived by using a linear approximation of the angle (ratio of imag-
inary and real part) and assuming that the difference Ly — 0x_; is small. Finally,
in (4.15), B is redefined, with an abuse of notation, as

1/]2]

Br = .
SR VIPN Y A

(4.16)

A preliminary comparison of (4.15) and (4.9) reveals the similarity between the two
estimators. This similarity is expected in scenarios characterized by reliable esti-
mation, such as those with high SNR. In such contexts, the Tikhonov distribution,
characterized by its small dispersion, closely approximates a Gaussian distribu-
tion [56]. Consequently, the Tikhonov can be viewed as a Gaussian with variance
1/|zx|. However, when comparing (4.7) with (4.16), it can be observed the introduc-
tion of time dependence on the variance of the measurement (o7 /|yx|). Although
not demonstrated here, numerical results showed that the gain in (4.16) does not
converge to a steady-state value, but its average E[f5;] does. Additionally, for high
SNR, it holds that E[Sy] — Be, and 1/|2;| — o2 . Thus, despite the fluctuations of
Bk in (4.16) around its mean value, the scheme presented in Figure 4.3 introduces
a new concept of a first-type digital PLL.

4.3 Key Algorithmic Features

In high SNR scenarios, mathematical derivations from Sections 4.1 and 4.2 sug-
gest that the Kalman and Tikhonov PLLs offer comparable performance. However,
having support within the range (0,27], the Tikhonov pdf aligns perfectly with
the nature of phase distributions. This results in slightly improved phase estima-
tion in scenarios with strong phase noise and has implications in scenarios where
data modulate the transmitted carrier. For instance, consider the case of a binary
modulation that directly modulates the carrier in (4.1) with symbols x, € {£1}.
For demodulation, it is beneficial to perform a “hard” decision on the phase for
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the Kalman filter by compensating the received signal using its estimation. Log-
likelihood ratios (LLRs) are then computed, by definition, as

p(Fylzr = —1)

where 7, = yre %, and the distribution p(§|z, = +1) ~ N (§,, 7 = +1,02).
In contrast, the Tikhonov PLL performs a “soft” approach as described in [5],
computing LLRs as

Iy (‘Zk + %

Io (| = 2))
where Iy(-) is the modified Bessel function of the first kind and order 0. The
Tikhonov-based “soft” approach yields better code error rate (CER) performance
than the Kalman method. However, it would be possible to explore a hybrid ap-
proach that integrates the Kalman phase recursion based on Gaussian distributions
with the LLR computation using the soft Tikhonov approach. Another advantage
of the Tikhonov PLL scheme is its extensive literature support. Following the work
in [5], a series of studies have produced advanced forward & backward algorithms
based on the Tikhonov pdf to enhance tracking performance and resilience in the
absence of pilots. These algorithms could be used to derive equivalent Tikhonov-
based PLLs. For example, the algorithm described in [14] proposes a Tikhonov
mixture approximation of SPA messages. The authors demonstrate that the algo-
rithm effectively represents a set of PLLs with a controller determining the number
of tracking loops necessary to maintain tracking on all trajectories. In a different
approach, the authors in [59] reduce the Tikhonov mixture order to one per vari-
able node, enabling its implementation using a standard PLL scheme. Likewise,
the decision-aided variant of the Tikhonov algorithm, as discussed in [5], can be
implemented using a conventional PLL that makes direct decisions on the symbols
based on a threshold for selected symbols (see Section 3.1.2). Potential areas for
further research could include establishing the equivalency with higher-order PLLs
in the presence of N-dimensional pdfs, for enabling also frequency shift and rate
estimation, as well as expanding the investigation to other pdfs belonging to the
exponential family.

)

A = log [

4.4 Performance Comparison

This section compares the performance of the PLL architectures discussed ear-
lier. These include the classical (first-type) PLL, the Kalman filter (denoted as
KF), the Tikhonov PLL (referred to as TK-PLL), and a delayed Kalman filter (la-
beled as delayed KF). The latter corresponds to the KF producing a phase estimate
with a one-sample delay. As discussed in Section 4.1, the delayed KF represents
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the maximum performance achievable by classical PLLs, which have a fixed gain
that needs to be tuned depending on the scenario.

Consider the case of a pure carrier transmission through a channel affected
by phase noise as in (4.1). Figure 4.5 compares the phase jitter over PT/Ny for
a channel affected by phase noise with a standard deviation of oa of 0.1 and 6
deg. The figure includes multiple curves corresponding to different loop gain values
for the classical PLL. When on = 6 deg, the figure reveals that the TK-PLL
outperforms classical PLLs, which are lower-bounded by the KF delayed by one
sample. This improvement is due to the variable loop gain inherent in the KF and
TK-PLL schemes, as opposed to the constant gain of classical PLLs?. The KF and
the TK-PLL exhibit a linear decrease in jitter as PT'/N, increases, with the TK-
PLL showing slightly lower jitter at low SNR. When o, is small, the jitter of the
TK-PLL and the delayed version of the KF coincide, except for low SNR values.

5 PLL
: TK-PLL ---%---
L KF --------
KF delayed - - - -
_10 ‘.—.r..—.* -
- X -x--'ii';<§3>€1;5<-—- ==
;0 b SNV |
3 V o SR —
o o
o< =20 -
- GA:6 deg S
g - |
E k- .
30 KXl XThri s
_35 X xr:#rx X e *. Dy
U Xl 5 i B S
—40 65=0:1 deg |
-45
O : - 15 20

Figure 4.5: Jitter performance comparison with phase noise o of 0.1 and 6 deg.

Figure 4.6 shows the time-evolution of both the KF gain, i, and the TK-PLL
mean value, E[5;], with a phase noise of oo = 6 deg and PT/N, values of 0 and
10 dB. As expected, the KF gain [, rapidly converges to its steady-state value [.
On the other hand, as discussed in Section 4.2, E[f,] tends to S only in high-SNR
scenarios. This can be observed at a PT/Ny of 10 dB in Figure 4.6. However,
when PT' /Ny decreases to 0 dB, E[5x] converges to a larger value than the Kalman

2The benefits of adaptive loop gain in reducing phase jitter variance have been demonstrated
in prior studies, particularly in the context of QAM carrier phase synchronization [66].
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steady-state gain (.. This suggests that, on average, the TK-PLL tends to keep a
larger loop bandwidth for more effective phase noise tracking.

0.6
E[f;]
By
PT/Ny=10 dB
0.4
& V
0.2
v
PT/N,=0 dB
0
0 500
Samples

Figure 4.6: Evolution of the loop gain fj (KF) and E[g,] (TK-PLL) as function of
time, with phase nosie oo = 6 deg, for a PT /Ny of 0 and 10 dB.

Finally, consider the transmission of a carrier modulated by binary data as
discussed in the previous section. A short LDPC code having a code rate of 1/2
and a block length of 256 [67] is considered, as well as binary phase-shift keying
(BPSK) modulation, which is typical of low-rate applications where severe phase
noise may occur. To facilitate the demodulation and tracking, the pilot symbols are
distributed along the transmitted sequence (interspersed), with a frequency of one
pilot for every 20 symbols. Both the KF and the TK-PLL adopt a data-aided ap-
proach where an update in the phase estimate only occurs in the presence of pilots.
Figure 4.7 compares the CER of the two schemes when the phase noise process has
standard deviation oa of 1.5 and 6 deg. As the figure shows, the performance of
the TK-PLL and the KF algorithms is nearly identical for a small phase noise of oa
of 1.5 deg. However, the TK-PLL algorithm performs better with a higher value of
phase noise standard deviation (6 deg). The results in Figures 4.5 and 4.6 revealed
identical phase tracking capabilities for both algorithms. Hence, the disparity in
CER between the two algorithms under oo = 6 deg can be attributed to differences
in their LLR computation. For small values of oa, Iy(-) behaves similarly to an
exponential function. This explains the minimal differences observed between the
two CER curves when op = 1.5 deg. However, as the phase noise standard devia-
tion increases, the behavior of Iy(-) and an exponential function gradually start to
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Figure 4.7: CER performance of the TK-PLL and the KF schemes for a phase noise
characterized by a oa of 1.5 and 6 deg.

differ. This can cause the LLRs of the KF to be less precise representations of the
true LLRs. Differently, the Iy(-) function provides a better approximation of the
LLRs, which is reflected in the performance improvement observed in Figure 4.7.
The TK-PLL’s performance could be further improved using more advanced algo-
rithmic features such as in [5], [14], [59] discussed in Section 4.3. Moreover, both
the KF and the TK-PLL performance could be improved by utilizing a non-linear
model that matches the non-linear observation equation in (4.1) [19], [68]-]70].
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Chapter 5

Oversampling Techniques for
Phase Noise Channels

In scenarios where low data rate signals are received with low SNRs and are
subject to rapidly changing dynamics, achieving reliable detection and synchro-
nization is particularly challenging. The low data rate results in relatively slow
signal dynamics variations within each symbol period. However, the highly varying
noise dynamics introduce complex challenges, as significant variations can occur
within a single symbol duration. These rapid fluctuations at low SNR make the
synchronization task challenging. This chapter examines the potential of over-
sampling techniques to enhance the performance of detection and synchronization
algorithms, particularly under strong phase noise channels. By capturing multi-
ple samples per symbol, oversampling offers finer temporal resolution, which can
mitigate the effects of phase noise. Section 5.1 introduces an algorithm in the
BCJR form that operates on samples rather than symbols. Section 5.2 presents a
reduced-complexity alternative based on the Tikhonov distribution.

5.1 Multi-sample dp-BCJR

Section 3.1 described different solutions to the problem of phase noise tracking
and signal detection. The symbol-level discrete-time channel model in (3.1) assumes
that the phase process changes slowly compared to the signal dynamics. This
assumption is valid when the phase variation over symbol time is less than 6 deg [26].
However, if the variations are faster, the discrete-time model no longer fits, and
receivers based on this model would experience information loss [71]. To address
this issue, Ghozlan and Kramer ([72], [73]) proposed oversampling to obtain a
sufficient statistic. Based on their findings, a detection algorithm in the BCJR [55]
form is derived using the factor graph and SPA framework. This section is based
on the content of the work in [74].
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5.1.1 Channel Model

Consider the transmission of a linearly modulated signal x(t) over an AWGN
channel, affected by phase noise. The received signal has a complex base-band
expression

r(t) = z()e®® + w(t), (5.1)

where w(t) is complex-valued white Gaussian noise with spectral density Ny and
(t) is the phase noise. The transmitted signal x(t) reads

a(t) =Y et —kT),

being p(t) the shaping pulse, T the symbol time, and {c,} the sequence of informa-
tion symbols belonging to an M —ary complex-valued constellation. Without loss
of generality, consider that p(¢) has unitary energy, satisfies the Nyquist criterion
(no inter-symbol interference, ISI), and that the constellation symbols have energy
E {|ck|*} = E,. In addition, the Wiener model is adopted to describe the phase
noise process.

5.1.2 Auxiliary Channel with Oversampling

Starting from the continuous-time channel in (5.1), the symbol-time discrete
channel in (3.1) is obtained under the assumption that {y} are the samples at
the output of a matched filter (MF), as shown in Figure 5.1a. If 6(¢) changes

) kT
a
r(t) ynt
—| sn ——
kT /n
r(t) . vt
Low-pass A
b) filter A\

Figure 5.1: Receiver block diagram when a) using a matched filter and b) a low-
pass filter with oversampling.

slowly w.r.t. the symbol time, the observable at the MF output is approximately
yME ~ y,.. This approximation will no longer be valid when the phase noise variance
o2 is “large”.

A channel model derived using the oversampling method described in [75] is
considered instead. The signal r(t) is input to an ideal low-pass filter (LPF) with
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a bandwidth equal to n/T, with n being the oversampling factor, as shown in
Figure 5.1b. The output of the LPF is then sampled at intervals of T'/n, resulting
in the sequence {yf¥¥}. The phase variation between two adjacent samples is
0% /1, and it decreases as 1 increases. With a sufficiently large oversampling factor
chosen, the notation is slightly abused to write

y,fPF XYk = Z Cipkfinejek + wg, (5.2)

where py, = p(kT'/n), 0r = 0(kT/n), and wy, has variance Nyn, thus n times larger
rather than in (3.1).

The design of receivers based on a mismatched channel is an instance of mis-
matched decoding [76], [77]. More specifically, being y , ¢ the vectors collecting the
observable and transmitted symbols, if the receiver is based on an auziliary chan-
nel [78] with pdf ¢(y|c) (different from the actual channel law), it will have an
achievable information rate (AIR, [79]) equal to

Taw = Jim - [E{~ log a(y)} + E {log a(ye)}]

where N is the number of transmitted symbols, ¢(y) = >, q(y|c)P(¢), and the
expectations are computed w.r.t. the actual channel statistics. The AIR is defined
as the highest of all achievable rates and it is upper-bounded as

Inir < I(c;r)

where I (¢;7) is the information rate of the actual channel. This holds for both the
information rates I}t% and I5FF achievable when adopting the auxiliary channels
in (3.1) and (5.2), respectively. However, when using an oversampling factor n —
00, yEPF tends to be a sufficient statistic for the channel output, and thus I —
I (¢;7). A detailed analysis of the AIR when using an oversampled auxiliary channel
was done in [72], showing that I57 outperforms I3E. In light of this, a detection

algorithm based on oversampling is derived in the next section.

5.1.3 Derivation of Multi-sample dp-BCJR

For the discrete-time auxiliary channel in (3.1), the authors in [5] derived the
dp-BCJR algorithm described in Section 3.1.1. A similar approach is adopted by
defining an equivalent algorithm that operates on the oversampled observable.

In its most general form, the algorithm derivation for the channel model in (5.2)
is quite complex as it needs a BCJR algorithm that can handle both ISI and the
phase noise model. However, by adopting time-limited shaping pulses, the problem
becomes more tractable. Therefore, any shaping pulse with duration < 7T can be
considered by including the coefficients p, = p(kT'/n) into (5.3). Without loss
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of generality, a squared shaping pulse is considered ! and the channel equation
simplifies to '

Yk = Clie/n] %+ wy . (5.3)
Using the factor graphs SPA framework [16], a dp-BCJR algorithm for the channel
model in (5.3) is derived.

A0k — Or1)

q (yk—l

ey er)? (41) (o

1) (1) o (s

Figure 5.2: Factor graph representing the factorization in (5.4).

CL%J"’M)PGL m)

The APP pdf ¢(c, 0|y) can be factorized as
q(c,0ly) x q(y|c,8)P(c)p(0) (5.4)

= ( ﬁ Q(ykMk/nJ,ek)P(CLk/nJ)) p(8),

k=0

where q(yk|c(k/m), Or) is a Gaussian pdf with average c|j/, €% and variance Non.
The term P(c|r/y) is instead an indicator function that takes values

P(ciem)) if (k+ 1) is multiple of 7

} (5.5)
1 otherwise

Plcpm) = {

being P(c|x/y|) the probability of the information symbol ¢/ /. In turn, the prob-
ability of the phase is factorized as

6) = p(60) T1 o661 )
:217T ﬁ a0 — 0p 1), (5.6)

IFor instance, in [80], it is recommended to adopt a residual carrier modulation scheme with
a square-wave subcarrier for transmitting low data rates in deep space missions.
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where pa(f) is defined as in (2.8). By plugging (5.6) into (5.4), the factorization
can be visualized in the factor graph of Figure 5.2. In this graph, the variables
couple (0, c|x/m)) are clustered into a single variable node. Clustering is a common
technique used to eliminate the short cycles in the factor graph that would impact
the SPA convergence [16].

Figure 5.3: In-depth view of the messages passing through a single variable node.

Defining a(-), 5(-), and p4(-) as the messages shown in Figure 5.3, the forward
recursion can be derived as

2
Oé(ek,qk/nj): Z / a<8k—17CL(k—l)/nJ>pd(‘9k—laCL(k—l)/nJ)pA<0k_ek—l)dek—l
Cl(k—1)/n]
(5.7)

when £ is multiple of 7, and,

27
(O, clrm)) = /o a(Or—1, € (b—1) /) )Pd(Or—1, €| (k—1) /) )PA (O — Op—1) Oy (5.8)

otherwise, where
pa(Or; i) = q(Uk|Cirm)s O)Pciim)) -
Similarly, the backward recursion can be derived as

27
BO,cloym) = Y / B(Ors15 € tks1) /) ) Pa(Ors1s € kr1)/m) )PA(Orgr — Ok )dOrya
€ (k1) /)

(5.9)
when k£ + 1 is multiple of 7, and
27T
BBk, ci/m)) :/0 B(Ok+1, k1) /n))Pa(Ors1, € 1) /m) )PA (Orr1 — Ok )dOpi1 (5.10)
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otherwise. The k-th forward and backward messages, as defined in (5.7) and (5.9),
require clarification. (5.7) and (5.9) deal with the transition between two adjacent
symbols in the factor graph. When calculating the forward or backward messages
input to the first sample of a new symbol, the previous symbol will be marginalized
out. As a result, in the case of (5.7) and (5.9), the probability density functions
will depend on the sole variable 6.

Finally, the maximum a posteriori probability on the information symbols can
be derived as q(yl|cy) P(ck), being q(y|cx) the extrinsic information computed as

a(ylew) = /0%oz(@,ck)q(yk|ck,9)ﬁ(9,ck)d9. (5.11)

For the sake of clarity, 6 = 6(341),—1 is defined in (5.11) for k£ = 0, ..., K —1 and, with
a slight abuse of notation, 5(0) is referred to as (0, ¢x). The exact computation of
(5.7)—(5.11) is impractical, since it involves continuous pdfs. However, as already
described in Section 3.1.1, the integral can be solved by considering the phase
as a discrete random variable taking on L values between [0,27). Following this
approach, a multi-sample dp-BCJR algorithm is obtained. The algorithm can be
used for iterative detection and decoding by setting the probabilities in (5.5) with
the a priori information on the symbols, and using the extrinsic information in (5.11)
as input to the decoder (see Section 3.1.1).

Differently from what is shown in Section 3.1.1, the complexity in this case
scales as O (KM L?n). Even though the complexity is 1 times larger than that of
the classical dp-BCJR, it can be still tractable with a standard workstation for
practical cases. However, in many applications where there are not enough compu-
tational resources, it would be desirable to limit the complexity. For this reason, the
next section introduces a reduced-complexity version of the multi-sample dp-BCJR
algorithm.

5.2 Multi-sample Tikhonov

This section proposes a reduced-complexity version of the algorithm in Sec-
tion 5.1 based on the oversampling concept. Similar to [5], the goal is to reduce
the algorithm’s complexity by utilizing the Tikhonov distribution.

5.2.1 Derivation of Multi-sample Tikhonov

Starting from the channel model in (5.3), the factor graph and SPA framework is
applied as outlined in Section 5.1. However, this time, instead of approximating the
integrals with a discrete sum over L discrete levels of 6y, the forward and backward
messages are constrained as weighted Tikhonov distributions

a0k, Cliym)) 2 Mt 1) | (5.12)
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B0k, i) = Mt(0r; 27) (5.13)

and solve the integrals in (5.7), (5.8), (5.9), and (5.10) accordingly.

Similar to Section 5.1, two cases are handled for both the forward and back-
ward messages. Focusing on the forward recursion, the first case occurs when the
time instant k£ is a multiple of the oversampling factor 7. In this scenario, by
plugging (5.12) into (5.7) the forward reads

2 letip 7|2 ‘
(O, Cliyn)) / S Plegenm)e e exp { furoie %]

Cl(k—1)/n]
X My t! (On-1; 2L )pa (O — Ok—1)dBi (5.14)
2
oc / S w02 )pa( — Oh1) sy (5.15)
Cl(k—=1)/n]
where .
_ YkClk/m)
= =2,

~f  _ f
21 = By T Uk—1,

P 1 (1) e
LGL)T T

It can be observed that the term inside the summation over c|(x_1)/, in (5.15) is
a Tikhonov mixture of order M. To limit complexity, the Tikhonov mixture is
reduced according to the circular mean and variance matching (CMVM) presented
n [14]. Tt results that the sequence of the forward Tikhonov coefficients can be
recursively computed as

f . "f?m 2
e = Fk—17 (UA,

) (5.16)

where vy(x1,29) = ﬁ, and according to [14], 25™ is derived as
t(0p; 207 = CMV M ( S w0 ; 2{_9) . (5.17)
€L (k=1)/]

After marginalizing over the symbol, the resulting Tikhonov distribution depends
only on the phase.

The second case occurs instead when k is not multiple of n, and by plug-
ging (5.12) into (5.8), the forward reads

a(0k7 ch/ﬂJ) IO (]Zok(12+ UB 1’) 0 i )\thf(ﬁk,l; Z;J:fl + kal)pAng - Gk,l)dﬁk,l
k—1

o< Mtf (0r; ), (5.18)
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where
[ _

Z,J:_l + uk_l’) , (519)

and

(5.20)

For the backward recursion, the complex coefficients can be calculated recur-

sively as

b Abm
Zp = Zp417Y UA7

ad) . (5.21)

5b
where 2.} results from

(6k+17 Zk—l—l) CMCV ( Z w2+1t(0k+17 '%erl)) )

O (k+1)/n]
with
5b b
Pkl = Fpy1 T Ukt
X , Lo ( Zk+1D ey aym
— 2
W1 = Ag41 e )

Io (J#t))
when k£ + 1 is a multiple of n, and

b (b 2
2y = (ZkJrl + Uk+1) Y (UA7

2+ ukﬂ\) , (5.22)

ot )

Io (|t}

otherwise. As it was pointed out in Section 5.1, after the marginalization of the
symbol, the resulting message (forward or backward) will be the sole function of
the phase variable.

Finally, using the detection algorithm in an iterative detection and decoding
scheme, the extrinsic information can be calculated according to (5.11) as

: (5.23)

a¥len) o [ a0, exdaulen) 50)d0

Viol+# + )
x . : (5.24)
Lo (|271) o (|2*])

where for simplicity it is defined 6 = 04 1)1, M= )\{kz—i-l)n—l’ 2 = Z(fk+1)n—1 , and
2" = 21y, With k=0, K — 1.
The multi-sample Tikhonov algorithm’s complexity scales down as O(K Mn),

which is L? times lower than the multi-sample dp BCJR of Section 5.1, and L/n
times lower than the classical dp BCJR of Section 3.1.1.
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5.3 Performance Comparison under Phase Noise
Channel

This section compares the extrinsic information transfer (EXIT) chart [81] of
the following algorithms:

« dp-BCJR (Section 3.1.1),

)
« multi-sample dp-BCJR (Section 5.1),
« Tikhonov (Section 3.1.2),

(

« multi-sample Tikhonov (Section 5.2),

First, consider the dp-BCJR and its multi-sampled version, the multi-sample BCJR.
Using the Monte Carlo method shown in [78], the AIR I5FE (representative of the
AIR of the multi-sample dp-BCJR) is derived as a function of the SNR E;/Ny.
Figure 5.4 shows the example of a quaternary phase-shift keying (QPSK) and 16-
PSK, over a phase noise channel with oo = 28 deg when using L = 32 and n = 4.
In all cases, 1 pilot for every 20 symbols is considered. The figure also illustrates

3
2.5 /././-/./w*h‘—‘—‘—‘
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% Lyg" " M=4 =
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. I M=16 ~
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E/N, [dB]

Figure 5.4: Achievable information rates for QPSK (M=4) and 16-PSK (M=16)
constellation, with op = 28 deg, n =4, and L = 32.

I for L = 32, which represents the AIR of the classical dp-BCJR. As demon-
strated in [72], the multi-sample dp-BCJR exhibits a higher AIR as the E;/N,
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increases, meaning that performance improves when phase noise becomes the main
limiting factor. The gain further improves as the constellation cardinality M grows,
especially at high o values. This trend is particularly noticeable for M-PSK mod-
ulation. On the other hand, when using constellations that are more robust to
phase noise, such as quadrature amplitude modulation (QAM), the advantages of
the multi-sample dp-BCJR tend to diminish. For example, Figure 5.5 shows the
case of a 16-QAM over a phase noise channel with oo = 28 deg. In this scenario,
the gain of the multi-sample dp-BCJR over the classical version is approximately
~ 14% in the saturation region, compared to around ~ 38% for 16-PSK. Thus,
the use of the multi-sample dp-BCJR should always be carefully balanced between
complexity and target information rate. As thoroughly detailed in [74], an analysis

4
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Figure 5.5: Achievable information rates for 16-QAM (M=16) constellation with
on =28 deg, n =4, and L = 32.

of iterative detection and decoding schemes using the extrinsic information transfer
(EXIT) charts of the two decoders with LDPC codes of block lengths of 4096 and
64800, and a rate of 1/2 [32], revealed that these codes are not suitable for strong
phase noise channels. Consequently, there is a need to redesign the error correction
codes for effective use in such environments. For further details, please refer to [74].

For the oversampling technique to benefit the dp-BCJR algorithm, the phase
noise standard deviation, oa, must be sufficiently high (greater than 10 deg), as well
as the modulation cardinality. This requirement limits the practical applications
of the techniques, especially considering the additional complexity that would need
to be addressed on top of the inherent complexity of the standard dp-BCJR.
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A more interesting topic for discussion is the multi-sample Tikhonov algorithm
in comparison to the classical Tikhonov and dp-BCJR. The Tikhonov, multi-sample
Tikhonov, and dp-BCJR (with L = 32 discretization levels) are simulated over
the channel described in equation (5.1), using a phase noise standard deviation of
oa = 6 deg and a squared shaping pulse p(t) with n = 4, across various modulation
formats: PSK, QAM, and amplitude phase-shift keying (APSK). The performance
is evaluated using EXIT charts. Figure 5.6 presents the results for 16—PSK mod-
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Figure 5.6: EXIT chart for 16—PSK at E;/Ny = 10 dB with oo = 6 deg, for
multi-sample Tikhonov (n = 4), Tikhonov, dp-BCJR (L = 32), and an LDPC code
with rate 1/2.

ulation at E,/Ny of 10 dB, Figure 5.7 for 64—APSK modulation at Fg/Ny = 13.5
dB, and finally, Figure 5.8 for 128—QAM modulation at Es/Ny of 15.5 dB. The
three figures demonstrate the superiority of the multi-sample Tikhonov algorithm
compared to the standard Tikhonov, as expected. Remarkably, the multi-sample
Tikhonov achieves performance comparable to the dp-BCJR independently of the
modulation format adopted. This finding is significant because it not only shows
performance equivalent to an algorithm known to be optimal (to the extent of the
number of discretization levels) but also does so with considerably lower complexity.
The multi-sample Tikhonov allows us to achieve optimal results with a complexity
scale down of L/n. In practical scenarios, depending on the SNR and the phase
noise level, practical values of L for the dp-BCJR are typically 16 or 32 [72]. Opti-
mal performance of the multi-sample Tikhonov is observed when n = 4, indicating
that the complexity can be reduced by at least a factor 4 or 8. This reduction in
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Figure 5.7: EXIT chart for 64—APSK at F,/Ny = 13.5 dB with op = 6 deg, for
multi-sample Tikhonov (n = 4), Tikhonov, dp-BCJR (L = 32), and an LDPC code
with rate 1/2.

complexity makes the multi-sample Tikhonov particularly appealing for real-time
applications, where computational efficiency is crucial.
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Figure 5.8: EXIT chart for 128—QAM at E,/Ny = 15.5 dB with oo = 6 deg, for
multi-sample Tikhonov, Tikhonov (n = 4), dp-BCJR ( L = 32), and an LDPC
code with rate 1/2.
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Chapter 6

Phase Noise and Time-Varying
Frequency Offset: The Case of
Deep Space Communications

Soon, deep space missions, such as Ice Giants [82], Vigil [83], and ODINUS [84]
will target very distant regions in outer space. Reliable communication in both the
Earth-to-Space and Space-to-Earth direction is essential for the success of every
space mission. The Earth-to-space link, in particular, is critical as it is used to
transmit TCs that are vital for the spacecraft and the mission itself. Achieving
successful communication over such large distances with limited available power
translates into a data rate reduction. For future deep space missions, the data
rate could be as low as a few bits per second or even lower. The current satellite
receiver used for deep-space communication employs high-rate codes and classical
loop architectures, such as the PLL, which work well under favorable propagation
conditions. However, these methods result in sub-optimal receiver performance in
the presence of common impairments in deep-space communication links, such as
low SNRs, significant Doppler impact, and phase noise. Initially designed for higher
SNRs, the current receiver struggles to maintain reliability under these challenging
conditions. Although LDPC codes are essential for enabling low TC data rates,
they operate at low SNRs that are beyond the capabilities of the existing receiver
architecture. As a result, this leads to reduced performance and reliability at
lower data rates. Due to the sub-optimal design of the synchronization and coding
architecture, a lower bound of approximately 7.8125 bps is imposed on the data rate.
This chapter is based on a study commissioned by the European Space Research and
Technology Centre, which aims to study and develop advanced detection algorithms
suitable for low-data rate signal reception in harsh propagation environments.
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6.1 System Scenario

The CCSDS recommends the adoption of residual carrier modulations for TC
transmission in deep space missions [80]. The advantage is that the residual carrier
acts as a permanent pilot that can aid synchronization, especially at low SNRs. The
complex base-band representation of a residual carrier modulation can be expressed
as a phase modulation given by

r(t) = exp{jm.z(t)}, (6.1)

where m, is the modulation index. The modulating signal is defined as
z(t) =Y app(t — kT)sin(2 f,1) , (6.2)
k

with f, the sub-carrier frequency of 8 or, usually, 16 kHz [80], and T the sym-
bol time. According to the standard, the TC signal is encapsulated with a start
and tail sequence of known bits to aid synchronization [67]. In (6.2), p(¢) is the
non-return-to-zero (NRZ) shaping pulse, and ay, is the k-th information symbol be-
longing to the BPSK constellation. The reader who is not familiar with the concept
of residual carrier modulation can refer to [85], which demonstrates how residual
carrier modulation can be approximated using an unmodulated carrier plus a linear
modulation. Following the initial work in [3], which identified the carrier and sub-
carrier tracking algorithms to constrain the current receiver architecture, advanced
designs of the satellite receiver are investigated. The transmission of the signal r(t)
through an AWGN channel affected by phase noise and Doppler dynamics is con-
sidered. First, a carrier recovery algorithm designed to outperform classical PLLs is
investigated, focusing on enhancing overall carrier recovery performance. Following
this, a sub-carrier tracking algorithm that operates under the assumption of perfect
carrier recovery is designed. This assumption is valid when the phase noise on the
carrier is accurately recovered. The need for a sub-carrier independent tracking
algorithm arises because the carrier and sub-carrier are not generated coherently
at the ground station [86]. Additionally, ideal timing synchronization is assumed,
since it is easy to achieve in the low rate scenario, as shown in [3].

6.2 Carrier Tracking

Consider the transmission of a carrier signal over an AWGN channel affected
by phase noise, Doppler shift, and Doppler rate. Assuming a phase noise process
“slow” enough w.r.t the sampling time 7T}, the discrete-time base-band received
signal reads

ye = % 4wy, (6.3)
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where wy, are i.i.d. complex Gaussian random variable having zero mean and vari-
ance o2, The discrete phase noise process evolves according to the model in (2.9).
The Kalman filter is adopted to improve the carrier tracking performance, exceeding
the traditional PLL [28]. The derivation of the algorithm within the factor graph
and SPA framework has been presented in Section 4.1 for the sole phase tracking.
In this scenario, it is also necessary to extend it to the frequency and frequency
drift estimation. Only the final algorithm equations for the forward recursion are
provided to the reader to avoid redundancy in the derivation.

The algorithm derivation is based on the channel model presented in Sec-
tion 2.2.2. Being the state vector containing the phase, frequency, and frequency
drift to be estimated

1T
the forward message, entering the k-th variable node, is defined as a multivariate
Gaussian distribution of the variable ®;, as

g (®r) £ N (Pr; i, Zy) - (6.4)

First, the transition matrix is defined as

1 27T, T2/2
H=[0 1 T,|, (6.5)
0o 0 1

with B a 3 x 3 diagonal matrix having 0%, o}, and aj% in the main diagonal and

zeroes elsewhere (see Section 2.2.2). The recursive computation of the mean vector
and inverse covariance matrix follows the equations

-1
S -HT (S04 (H'BH) ) H, (6.7)
where
N —1
2 = (Zkfl + ‘72913?) ) (6.8)
and A
B, = pio1 + i (1/0%)ere] (Lyrer — pi—1) - (6.9)

In (6.9), the well-known formula for the mean value obtained from the product of
two multivariate Gaussian distributions is rearranged to account for the fact that
the mean values represent phases. As a result, any differences or sums involving
these phases must be wrapped within the interval [0,27). The standard basis
vector e; € R3 is necessary to combine multivariate Gaussian distributions and
the channel probability law. Originally, in the Kalman filter in Section 4.1, the
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channel probability is treated as a univariate Gaussian. Here, it is considered a
degenerate multivariate Gaussian pdf. Additionally, the use of the Moore-Penrose
inverse, identified by f in (6.7), is justified by the possibility of setting one or two
elements of the diagonal of B to 0. If the reader is unfamiliar with operations
regarding Gaussian distribution, additional details can be found in Appendices A
and B. Finally, the MSE estimator is found as

Ok = ] prsa (6.10)

where in (6.10), the vector e; is used to isolate the element of the estimation vector
Lo relative to the variable 6.

6.2.1 Carrier Tracking: Results and Observations

This section presents the results of the Kalman-based carrier algorithm com-
pared to the classical PLL. Our focus is on evaluating performance using phase
jitter as a metric. First, the performance of the Kalman-based algorithm, identi-
fied as KF in the results, is compared with that of a PLL in a scenario where the
AWGN channel is affected by phase noise.

Figure 6.1 illustrates the difference between an adaptive bandwidth algorithm
(KF) and a fixed bandwidth algorithm (PLL) for a bit rate (R,) of 7.8125 bps.
Here, the considered bit rate directly translates into a specific value of oa as out-
lined in [4] and shown in Table 6.1. The figure shows the KF carrier jitter that

Bit Rate Ry, [bps] | oa [deg]
7.8125 0.8938
3.9062 1.2641
1.9531 1.7877
0.9765 2.5282
0.4882 3.5754
0.2441 5.0564
0.1220 7.1509

Table 6.1: Phase noise standard deviation of the discrete Wiener model at different
bit rates.

linearly decreases with C'/Ny/By - the carrier-to-noise ratio over the loop band-
width By. On the other hand, due to the fixed loop bandwidth (6 Hz in this case),
the PLL exhibits a floor in its carrier jitter at —23 dB. This result is in line with
the discussion already addressed in Chapter 4.

Table 6.2 compares the residual carrier jitter of the KF and the PLL at different
C'/Ny values, each corresponding to different bit rates. The results demonstrate a
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Figure 6.1: Carrier jitter for a first-order PLL with a loop bandwidth of 6 Hz
compared to a first-order KF (adaptive in bandwidth) when R, =7.8125 bps.

| Bit rate [bps] | C/Ny[dBHz] | KF Jitter [dB] [ PLL Jitter [dB] |

7.8125 21.3 -23.3 -13
3.9062 18.3 -21.8 -10
1.9531 15.3 -20.2 -7.2
0.9765 12.3 -18.6 -4.3
0.4882 9.3 -17.1 -1.3
0.2441 6.3 -15.4 1.7
0.122 3.3 -13.5 4.7
Table 6.2: Residual carrier jitter for different bit rates: KF vs PLL.

consistent advantage of the Kalman over the PLL across all C'/N,. For instance,
at the highest bit rate of 7.8125 bps and C/N, of 21.3 dBHz, the KF achieves a
carrier jitter of —23.3 dB while the PLL exhibits a significantly higher jitter of —13
dB. This pattern persists across lower bit rates, with the KF maintaining a lower
jitter value in all cases. The PLL’s performance degrades more quickly due to its
fixed loop bandwidth, which was specifically tuned for the highest bit rate (7.8125
bps).

A carrier frequency sweep characterized by an 8 Hz frequency shift and a 30 Hz /s
frequency drift is considered to further analyze the Kalman filter’s performance in
tracking phase and frequency variations. This scenario is simulated according to
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the model in (2.10), with phase noise added as specified in Table 6.1. At the receiver
side, a sampling rate Ry = 20 sps is used to satisfy the Nyquist criterion. The results
presented in Table 6.3 show the third-order KF’s carrier jitter for different C/Nj.
Comparing Tables 6.2 and 6.3, the KF’s performance slightly deteriorates with an

| Bit rate [bps] | C/Ny[dBHz] | KF Carrier Jitter [dB] |

7.8125 21.3 -22.6
3.9062 18.3 -21.1
1.9531 15.3 -19.4
0.9765 12.3 -17.6
0.4882 9.3 -15.5
0.2441 6.3 -13.1
0.122 3.3 -10.3

Table 6.3: Phase jitter corresponding to a frequency shift of 8 Hz and a frequency
drift of 30 Hz/s, and a phase noise according to Table 6.1, with Ry = 20 sps using
a third-order KF.

average degradation of about 1 dB at bit rates down to R, = 0.4882 bps. However,
as the bit rate decreases further, the loss in performance becomes more pronounced,
indicating the increased challenge of tracking phase variations at lower bit rates un-
der significant frequency drifts. Finally, it is important to emphasize that adopting
a third-order KF to track Doppler dynamics, in addition to phase noise affecting
the TC signal, requires careful tuning of the three algorithmic parameters: oa, oy,
and o (see Section 6.2). This tuning process is not straightforward and can be
a time-consuming process. Given these challenges, future work should investigate
the development of adaptive algorithms, such as the adaptive Kalman filter, which
can autonomously adjust these parameters based on the specific characteristics of
the scenario [87], [88].

6.3 Sub-Carrier Tracking

Assuming perfect carrier recovery and ideal timing synchronization, the trans-
mission of a sequence of linearly modulated complex binary symbols {c;} is con-
sidered, each transmitted at time £7. The symbols, shaped with a unitary energy
squared pulse, go through an AWGN channel affected by Doppler dynamics. As-
suming a phase noise process “slow” enough w.r.t the symbol time, the discrete-time
sub-carrier received signal coincides with (3.1). The phase process evolves according
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to a modified version of (2.9). In particular,

Gk = Hk,1 + 27Tfk,1T (611&)
Jr = fe-1 +er, (6.11b)

with ¢ a real i.i.d. Gaussian random variable with variance o%. For convenience,
U, =21 f;, T, and 02, = 0%47*T?. The proposed model assumes that, given perfect
carrier recovery, the phase noise on the sub-carrier is negligible. Therefore, (6.11a) is
considered deterministic prior knowledge of the frequency. Our goal is to estimate
the sequence of transmitted symbols {c;} adopting the SPA to derive a MAP
detection strategy detection algorithm (see Section 2.6). This can be achieved from
the marginalization of p(c, 0, ¥|y) w.r.t 8, ¥, and all symbols ¢; with i # k. In
formulas,

p(c, 0, ¥ly) o< p(ylc, 6, ) P(c)p(6]¥)p(¥)

K-1 K—1
o< IT p(yelex, 6x) P H (OklOk—1, Wi1)p(Wp|¥p1) . (6.12)
k=0 k=1

Pa(Yr—1|0k-1) Pa(Yk|Ok) Pa(Yr+1|0k+1)

P(Ok|Ok—1,¥r_1) DP(Or+1]0k, ¥r)
Or_ O 0 0 (0 0
oy e —MO ) p” 4y prolgen).
—— N 0
P5,0(0r-1) Po,1(0k-1) | Pb0(0k) Do, 1(9k) P5,0(0k+1) Po,1(Ok+1)

pu(‘pk)

pi(¥r)

prr(¥r-1) pr0(Tr-1)  prr(¥y) p50(¥)

< A S—
5,0(¥r-1) Do 1(¥r-1) 5,0(¥) Po,1(¥k)
P(Wg|Tg_1)

Figure 6.2: Factor graph representing the factorization in (6.12).
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The factorization of the joint probability p(e, 8, ¥|y) in (6.12) is visualized in
the factor graph in Figure 6.2. In the figure, the transition probability distribution
p(Vi|Us_1) is defined as

P(U| W) 2N (T — Wy 150,03)

where oy denotes the standard deviation regulating the variability transitioning
from U;_; to ¥i. As a consequence, the probability p(0;|0x_1,¥x_1) is a Dirac
delta

P(Ok|Ok—1, V1) = 0(Or — Op—1 — Vy_1),

different from 0 only when 6 = 01 + V;_1. The posterior probability ps(yx|0x) is
defined as in (3.15). Figure 6.2 represents the forward and backward message flows
input and output to the two sets of variable {f)}+—' and {¥,}~', and represent
each recursion in the factor graph as a sequence of Tikhonov pdfs. The input and
output forward and backward recursions for the variable 6, and ¥, are defined as

pm,y(ek) é exp {%[Zx,yﬂk 67j9k]} )

and A
px,y(q]k) £ €xXp {%[Zx,y,\llke_]\pk]} )

respectively. The first subscript “z” identifies either the forward (“f”) or backward
(“b”) message direction, and the second subscript “y” specifies whether it is an
input ( “I”) or output (“O”) message.
The message
pu(Wr) £ exp {R[z, 677"}

represents the a priori probability associated with the variable Wy, with the sub-
script “u” indicating the use of information messages from the upper portion of the
graph. On the other hand,

p(Py) £ exp {%[zlke’jq”“]}

is the a posteriori probability related to variable W, and the subscript “I” indicates
the use of information from the lower section of the graph.
According to the SPA, the message py;(6y) can be computed as

prr(Or) o /_ /_ P1,0Ok—1)p1(Vi—1)P(Ok| O —1, Wi—1)dO—1d Vi1 (6.13)
X /_ Pr.o(Ok—1)pi(Ok — Ox—1)d0k 1 (6.14)
X exp {?R[Zf,],eke_jek]} ) (6.15)

where in (6.14), the sampling property of the Dirac delta function is applied. As
a result, p;(Vy_1) transforms into p;(0x — 0x_1), leading to a convolution between
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pr.0(0k—1) and p;(0x —0j_1). This convolution is solved in the Gaussian domain, and
approximated by a Tikhonov pdf in (6.15) [5]. Therefore, the complex parameters
associated with py ;(6;) can be recursively computed as

1

. 6.16
12,00, | + 20kl (6.16)

Zf7179k; = Zf,o,9k71 Zl7k

The forward output message, defined as

pro(0k) o< pr1(0k)pa(yr|br) . (6.17)

is characterized by a complex parameter

21,00, = Zf16, T Zdk

where zq5 = |ypai/(20% + Br — | |?)|ef“VE%.
Similarly, the sequence of backward complex coefficients of the input and output
messages can be recursively computed as

1

Z*
L 126,000 | F |20k41]

26,10, = #b,0,011 (6.18)

and
26,0,0, = b,1,0, T Zdk 5

respectively.
Having derived the forward and backward recursions on the phase, the a priori
on the frequency can be computed as

Pu(P) X /_7; /_7; P£.0(0k)Pb.0(Ok+1)P(Or11]0k, Vi )dOrdOy 11
X /_7; P£,0Ok+1 — Vi) po,0(Ok+1)d0k11
X exp {%[zu,ke_ﬂ"ﬂ} :
with

1

2,0, .
25000 126,00,

(6.19)

*
ZU"k = quo79k

Focusing on the lower part of the graph, the input and output forward and
backward recursions on the frequency variable can be obtained by computing the
following complex coefficients

1

2 )
Ov\I}k—l |O-\I/ + ]'

REIU, = Rf,0,%_ |Zf

21,09, = Zf,1,0, T Zuk
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1

= 2b,0,¥
e |Zb707\11k+1 |0\211 +1 7

Zb)I’lIlk

and
26,0,9), = Zb, 1,0, T Zuk -

Finally, it is possible to derive

pl(qjk) X pf,I(\Dk)pb,I(\Ijk) )
with
21k = 2f,1,9, + 20,19, -

Additionally, in the case of bursts of pilot symbols, foreseen by the system sce-
nario [67], the modification suggested in [5] and reported in Section 3.1.2 is adopted.

6.3.1 Tikhonov-based Sub-Carrier Algorithm: Scheduling

Since the factor graph in Figure 6.2 has cycles, the choice of the scheduling
algorithm, defining the order in which the messages are exchanged through the
factor graph, is important. Consider two scheduling algorithms: flooding and serial,
described by the following pseudo-code. The constituent algorithms are defined as
follows

Algorithm 1 Forward and backward output from 6,
for k =0to K —1do
210,60, = Zf,1,6, T Zdk

20,005 1-) — 0,10k 1 T Zd,K—1—k
end for

Algorithm 2 A priori on Wy
for k =0to K — 2 do

B *
Zuk = Zf,O,Ok 26,00k 11 125,0.0,, 1+
end for

1
126,0,0j 41 |

Algorithm 3 Forward and backward on Wy
for k =0to K —2do
2,0, = Zf,1,0, T Zuk

[ ¥,y — <f,0,9 (2,00, |05 +1
20,001 = AW 1y T Zu,K—1—k
1

oI Uk _1_p—1 — #b,0,¥x_1_p (26,0,0 5 _1_p105+1
end for
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Algorithm 4 A posteriori on Wy,
for k =0to K — 2 do

2k = Zf,1,0, T 26,10,
end for

Algorithm 5 Forward and backward input to 6
for k =1to K —1do

1
z =z 2l ke—
f:I’ek: f7079k71 Lk 1‘Zf’o’gk_1|+|21’k_1|
1

_ *
“o 00k 1k = “b10K kFLK—k ENTPE

end for

Algorithm 6 Forward and backward output from 6
for k =0to K —1do
Zf7070k: = Zf7]70k: + Zdvk
_ 1
Zf7[’9k+1 - vaozekzlzk ‘Zf,O,Hli'_'Zl,kl
20,00k 1k = Zb10k 1 T ZdK-1-k

_ * 1
b I.0K _1-k—1 — Ao 10K _1_p*lLK—1—k 126,105 _1_g | T2, K—1—k

end for

The flooding schedule consists of Algorithms 1 through 5 in sequential order.
In contrast, the serial schedule comprises Algorithms 1 through 4, followed by
Algorithm 6.

6.3.2 Sub-Carrier Tracking: Results and Observations

This section discusses the performance of the sub-carrier tracking algorithm.
The algorithm is initially tested using the two scheduling methods (flooding and
serial, as described in Section 6.3.1) in the presence of AWGN, both in the uncoded
and coded scenarios. For the latter, the LDPC (64,128) coding [67] is adopted
and includes interleaving and de-interleaving to address possible error bursts. The
simulation results were obtained by counting a minimum of 100 bit errors per simu-
lation point for the BER, and a minimum of 100 frame errors per simulation point
for the FER. The results for the uncoded case are presented in Figure 6.3. In
the figure, both the serial and flooding scheduling algorithms perfectly match the
theoretical BER. In the uncoded scenario, iterations are typically not required due
to the absence of a decoder. However, in the case of flooding scheduling alone,
the algorithm is left to iterate with itself due to the latency in updating messages
throughout the entire factor graph. This delay is not a characteristic of the se-
rial scheduling, therefore only one iteration of the serial algorithm is performed.
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Then, the sub-carrier algorithm is tested under AWGN conditions, incorporating
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Figure 6.3: BER in the uncoded scenario adopting flooding (100 iterations) and
serial scheduling using 10 pilots every 100.

the LDPC (64,128). The findings are reported in Figure 6.4. Even though both
FER curves demonstrate results consistent with the theoretical FER, it is impor-
tant to note that the serial algorithm does not undergo iterations with the decoder
in this case. This is because an increase in the number of iterations appears to
impact performance negatively. Therefore, for the context of Figure 6.4, the serial
algorithm only runs once while the decoder iterates autonomously.

Due to the anomalous behavior observed in the serial scheduler, only the flood-
ing schedule is adopted to evaluate the performance under the channel described
in (6.11) at various bit rates (R, = 1/T") with o = 0.06 mHz/s. The relationship
between bit rate and frequency variations is critical; as the bit rate decreases, the
level of frequency variations tends to increase, thus impacting system performance.
Given this context, the results presented in Figure 6.5 illustrate that the flooding
scheduler maintains resilience at bit rates as low as 0.48 bps. However, at lower bit
rates, the performance is drastically impacted, highlighting the limitations of the
flooding scheduler in maintaining effective communication under such conditions.

6.3.3 Stability Analysis

This section analyzes the algorithm’s behavior at each iteration and compares
the two schedulers. By considering a constant frequency shift, the performance is
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Figure 6.4: FER using LDPC (64,128) adopting flooding (100 total iterations) and
serial scheduling (1 instance and 100 decoder iterations) using 10 pilots every 100.

0
10 Ideal —
R =7.81 bps —
107! R, =3.90 bps —=
R, =1.95bps —e—
-2 R, =0.98 bps ——
10 R, = 0.48 bps —x—
M3
LLE 10 \
1074 \&
107
1070
0 2 4 6 8 10 12 14

E}/N, [dB]

Figure 6.5: FER using LDPC (64, 128) with flooding scheduling (100 total itera-
tions) and op = 0.06 mHz/s.

analyzed, and revealed that accurate frequency estimates are obtained after the first

81



Phase Noise and Time-Varying Frequency Offset: The Case of Deep Space Communications

iteration using serial scheduling. However, these estimates gradually deteriorated
with subsequent iterations. Figure 6.6 shows the frequency estimation performance
of the two scheduling algorithms when dealing with a constant frequency offset of
6.3 x 1072 rad. For a closer look at the erratic behavior of the serial scheduler,
Figure 6.6a displays the estimated frequency after the first six iterations. The fig-
ure indicates that the estimate aligns with the real frequency at iteration “0”, but
then starts deviating and jumping to different values. In comparison, Figure 6.6b

demonstrates the behavior of the flooding scheduler, which remains relatively sta-
ble.
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Figure 6.6: Frequency estimation of the serial and flooding schedulers for a constant
frequency shift of 6.3 x 1072 rad.
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To describe this behavior mathematically, let us consider a scenario with the
following assumptions:

o Constant frequency offset.

o After the first iteration, the frequency estimates remain constant across all
time steps k.

o The initial frequency estimates in this first iteration contain an error, denoted
as €, which can be made arbitrarily small.

Cr Ck+1

Figure 6.7: Zoom of a section of the factor graph in Figrue 6.2.

Focusing on the segment of the factor graph shown in Figure 6.7, and assuming for
simplicity that the symbols ¢; and ¢x,; in the figure are unknown (i.e. not pilot
symbols), the phase (arg) of z,; is computed at the second iteration, following the
expression in (6.19), as

arg(zux) = arg(25,0,6,,,) — ar€(21,0.6,) (6.20)
= arg(2p,1,0,,,) — arg(25,1,0,) (6.21)

= arg(25,0,0,.,) — (21 k1 + €) — arg(zr00, ,) — arg(zp—1 +¢€) (6.22)

(6.23)

(6.24)

=Op2—Vpp1—€e—0p 1 — V1 —¢

:9k+1_ék_267
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where to pass from (6.20) to (6.21), it is assumed that zg4) and z4x11 are equal to
0, given that the symbols are unknown. To go from (6.21) to (6.22), the definitions
provided in (6.16) and (6.18) are used. Therefore, (6.24) proves that the mean
value of the a priori probabilities on ¥, for all k, shows an increasing error with
each iteration.

In conclusion, two main issues associated with each scheduling approach are
identified. In serial mode, the primary concern is the algorithm’s stability which
can significantly impact its performance. On the other hand, flooding schedul-
ing introduces a different challenge — an inherent delay in the algorithm, requiring
numerous iterations before updating all the messages in the factor graph. This
delay can be problematic, particularly when the algorithm aims to track highly
dynamic variations. However, combining the flooding scheduler with the modifica-
tions proposed for bursts of pilot data (see Section 3.1.2) results in a direct-decision
algorithm that maintains stability and exhibits the best performance.
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Chapter 7

Phase Noise and Frequency Offset
Tracking using (Gaussian Mixtures

In the literature, there are only a few algorithms that address joint detection and
synchronization under phase and frequency uncertainties. Section 3.2.1 discussed
the work in [22], which effectively performs joint detection and decoding as part of
an iterative decoding scheme. The authors also demonstrated that the algorithm
is resilient to slow time-varying frequency offsets. This is particularly relevant
in scenarios with high baud rates, such as Earth observation satellite missions in
LEO [89]. However, in scenarios with lower baud rates and harsher Doppler rates,
such as deep space missions, the frequency offset variations are significantly higher,
compromising the algorithm’s effectiveness [3].

The authors in [3] propose Kalman-based synchronization techniques to replace
the standard PLL for carrier synchronization in challenging environments charac-
terized by low SNRs and data rates. Kalman filtering [19] is an optimal Bayesian
estimator widely used to predict the state of a system using its noisy observa-
tions. Expanding on the work in [20], the authors in [21] utilize a bank of extended
Kalman filters to develop a nonlinear Bayesian estimator for phase and frequency
tracking. However, this work is limited to the case of analog demodulation of phase
and frequency-modulated signals.

This chapter derives a joint synchronization and detection algorithm using two-
dimensional Gaussian mixtures in the factor graph and SPA framework. Approxi-
mating the messages exchanged in the factor graph with Gaussian mixtures makes
tracking multiple hypotheses of the phase noise process possible. The choice of
selecting Gaussian distributions rather than Tikhonov is related to the specific
problem, which involves tracking both the phase and the frequency.
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7.1 Detector Equivalent Channel Model

Consider the transmission of a sequence of linearly modulated symbols {c;}
belonging to an M-ary complex-valued constellation set S, and shaped with a
unitary energy squared pulse satisfying the Nyquist criterion. The sequence {c4},
including pilot symbols, is transmitted over an AWGN channel affected by time-
varying phase and frequency offset. Assuming the phase process is slow enough
compared to the symbol time T, the discrete-time complex base-band received
signal is described by (3.1). For the derivation of the detection algorithm, the
discrete-time phase noise process is assumed to evolve as

Qk = 6;{,1 + V1 + 5k (71&)
Vi = Vp_1 + €k (71b)

with 0, and €, i.i.d real Gaussian random variables with zero mean and variance
0% and 0%, respectively. The set of equations in (7.1) represent a well-established
model commonly employed in the derivation of PLL and PLL-like algorithms [27]-
[29] (see Section 2.2.2). For convenience, vy, = 27 fiT is defined, with f; the instan-
taneous frequency offset at time K7 that is uniformly distributed within the range
{—%, %} Here, 0% and 0% correspond to the phase noise and frequency offset
variances over the reference symbol time 7', respectively. Since o characterizes
the variability in the frequency offset, it can also be interpreted as a measure of
frequency drift. The evolution of the phase and frequency processes is assumed to
be independent, as they originate from different sources. The phase noise arises
from imperfections in the local oscillator, while the frequency drift is primarily due
to the Doppler effect.

Instead of dealing with individual equations, (7.1a) and (7.1b) are combined

into a unified state-space model. The state vector ®;, = {Gk I/k} is defined as the
tracking vector, and the state-space model as

¢, =HP, | + s, (7.2)
1 : . . T.
where H = 0 1| the state transition matrix, and n, = [(Sk ek} is the process
. . . . oX 0
noise vector having zero mean and covariance matrix B = 0 o2l The proposed
F

equivalent channel model has been adopted to design an algorithm that can exploit
the Markovian properties of the model. Although the algorithm is tailored to this
model, it remains adaptable to different channel models.
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7.2 Derivation of Gaussian Mixture Algorithm

To derive a joint detection and estimation algorithm according to the optimal
MAP detection strategy, the a posteriori pmf of the k-th symbol given the obser-
vation sequence y = {yo,v1,...,yx-1}, pP(ckly), can be obtained by marginalizing
p(e, Ply) w.r.t the sequence of state vectors ® = {®g, ®y,..., Px 1} and all sym-
bols ¢; with i # k. Assuming the transmitted symbols to be uniform i.i.d., the joint
posterior pdf can be factorized as follows

p(67‘1>|y)0<p( |C ®)P(c)p(®)

K-
X H P Ck yk\ck,ﬁk H (I)k|q)k 1 (73)

where the constant term p(®) is neglected, and with P(cy) being the probability
of the k-th information symbol. The channel law probability is given by

le ‘2 * )
(yk]ck, Qk) x e 25—2 exXp {3% [ys;ke_]ek]} (74)
lep |2 2
~ e nr A ( ﬂ’f’f, 7 ) (7.5)
o® " |yrci]

where passing from (7.4) to (7.5), the Tikhonov distribution is approximated with
a Gaussian pdf [56]. The factorization of the joint probability p(c, ®;|y) in (7.3)
is represented by the cycle-free factor graph in Figure 7.1%.

Py(cx)

Pa(yr|®x) Pa(Yri1|Bri1)

B (®r-1) - ag(®r) Br(®r)

ay,
L8 i
(x| ®r-1) U P(®ri1|®r)

Figure 7.1: Factor graph representing the factorization in (7.3).

IThe choice to cluster the phase and frequency variables into a single variable node allowed
for the construction of a cycle-free factor graph, differently from the algorithm in Section 6.3.
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In the figure, the message py() is defined as

pa(yr|®r) = Z Nop(yelcr = x5, 0k) (7.6)
N NN (@ T 1.7
=0

where in (7.7), it is considered as a degenerate bivariate Gaussian mixture of the

ke
variable @, = {Qk 0} characterized by weight

j _\CU]'|2
X, = P(c, = xj)e 207 |

mean
'7k: Zulcel )

and inverse covariance matrix
A Jla T
(Ek) = |uere; ,

with ), = y';—?, and z; € S. The probability of the state evolution, p(®j|®;_1) is,
by definition, a bivariate Gaussian distribution

P(®r|Pr1) =N (@), — HP130,B) . (7.8)

7.2.1 Forward and Backward Recursions

The marginalization of the joint posterior pdf p(c, ®|y) can be achieved by
applying the SPA to the factor graph in Figure 7.1, which results in the following
forward and backward recursions

Oék(‘I’k) X ® akfl(q)kfl)pd(ykfl’(I)kfl)p(q)k’q)kfl) dPj_1, (7-9)
k—1

and
Br(®r) OC[I, Brt1(Prr1)Pa(Yrt1|Pri1 ) p( Pri1| Pr) dPry (7.10)
k1

respectively. However, solving (7.9) and (7.10) in closed-form is not feasible due
to the integration and computation of continuous pdfs. The canonical distribution
approach suggested in [17] is adopted, and the SPA messages are approximated as
bivariate Gaussian mixtures of order N,

N-1
&3 wf'N (@ pl' 2L) | (7.11)
=0
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N-1
Be(®r) £ 30 wp'N (B iy, B (7.12)
=0

In the following, the discussion focuses on the forward recursion. The extension to
the backward recursion is straightforward and will not be discussed in detail.
To solve (7.9), the product given by

N—1M-—
akfl(q)kfl)pd(ykflkbkfl) X Z Z f’” <‘I’k71;l)£f]1>££f]1) ) (7-13)
i=0 j§=0

is computed. It results in a bivariate Gaussian mixture characterized by the fol-
lowing parameters

fiij fi V7L j !
Py = ((2151) + |u?€1|e1e1) ,

ot = ity + PO fulere] (’Yk 1 N£i1> ; (7.14)
1/2
N Efﬂ] p
Wl = I;,l M _wlie —3G (7.15)
=,

Here, the standard basis vector e; € R?. The mean vector in (7.14) has been
rearranged from the common result in (A.8) of Appendix A. This adjustment is
necessary to account for the representation of mean values as phases. It is im-
portant to ensure that any sum or difference between two phase values remains
within the (0, 27] range. The scaling factor in (7.15) arises from the product of two
bivariate Gaussian distributions, as detailed in (A.7) of Appendix A. Given that
Pa(yr—1|®s_1) is a degenerate bivariate Gaussian, the term ¢/ here is defined as

i . . i\l
= (4% L —elplt 1) el <£2—1 +Z£’—1) €. (7.16)

This equation corresponds to considering those parameters in (A.6) that depend
solely on the phase variable.

By plugging (7.13) into (7.9), and solving the convolution as detailed in Ap-
pendix B, the forward recursion reads

N-1M-— ot
X 3 N (@l 57 (717

i=0 j=0

where - -
ﬂiﬂ] = Epiijl ’

. fi N | -1
£ - (mT (R +BT) HY)
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with B defined as in (B.2).
Equivalently, solving the integral in (7.10), the backward message i (®y) results
in the following bivariate Gaussian mixture

N—1M-— , bij
xS abin ((I)k, Al 5 ) (7.18)
i=0 j=0
characterized by the following parameters

~bij 1 b,ij
IJ’ H pk+1 )

~ b,ij

£ = (HT (Py?) +B)_1H)_1 :

b,ij

7 b7i7j Bk+1
wk. -

=

-1
.. Lo\ —1 .

pbii _ (b J T

LTht1 = ((k+1) + ‘ukJrl‘elel) 5

1/2
. b,ij
J bi —i¢oW
) Ner1Wry € 2040,

where

b,ij b,i b,i
Pry1 = My T k+1|uk+1|elel 'Yk+1 K1)

. . . N —1
baj _ J T, b6\ T (T byi
Koo= <4uk+1 ey Ky ) € (Ek + 3 ) er-

The forward and backward messages in (7.17) and (7.18) are mixtures with order
M times larger than the one at the previous time step. If no action is taken, at
each time step the order of the mixtures will increase by a factor M each time. The
next section describes a mixture reduction algorithm to reduce the mixture order
back to the original ().

7.2.2 Mixture Reduction Algorithm

The forward and backward messages in (7.17) and (7.18) are bivariate Gaus-
sian mixtures of order M N. However, to avoid exponential growth in complex-
ity and prevent the order from growing by a factor of M at each symbol time,
a mixture reduction algorithm is used to decrease the order from MN to N to
match (7.11) and (7.12). Several studies have explored Gaussian mixture reduc-
tion algorithms, characterized by different levels of complexity, applications, and
performance (see [90]-[92]). The mixture reduction algorithm proposed in [93] is
selected due to its low complexity, simplicity, and demonstrated effectiveness. This
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method involves dividing the phase interval [—m, ) into N different sub-intervals
and merging those Gaussian mixture components with mean values falling within
the same sub-interval.

Clustering:

Starting from M N Gaussian mixture components, the goal is to cluster them
into IV sets based on their mean values. By denoting the mean of the i-th Gaussian
component as p;, these components are clustered into N groups based on the
condition that a component ¢ falls into group j if:

(2 — N)m (2 — N+2)m
~ - - < u:
N SHis N ’

j=0,...,N—1.

Merging:

After grouping the components into N clusters, the components within each
cluster are merged. Let L; represent the number of components in the j-th cluster.
For each cluster j, the weight, mean, and covariance of the i-th component are
denoted as wf , p,g , and ;g' respectively. The merging process for each cluster j
operates as follows

-1 .
> wiN(x;pl, B) = wh N (x; . 27,)

=0

S i
where w) , p) . and ¥/ are computed as

Lj-1
wh =Y w! (7.19)
=0

L

P = D w%u? (7.20)
=0 m
] A , . : .
Sho= 2 (B e - )l = )T (7.21)
1=0 m

After applying the mixture reduction algorithm to the forward and backward mes-
sages in (7.17) and (7.18), the reduced Gaussian mixtures of order N in (7.11)
and (7.12) are obtained, respectively. Their weights, mean values, and covariance
matrices are those defined defined in (7.19), (7.20), and (7.21), respectively.

7.2.3 Computation of Extrinsic Information P,(cy)

Once the forward and backward messages have been computed, the messages
P,(cx) in Figure 7.1 can be derived. According to the SPA,

Py(cy) L (1) 5 (Ba)p(uncr, i) Ay (7.22)
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The sequence of messages {P,(cy)}i—y represent the extrinsic information on the

sequence of symbols {c}, used by the decoder to update the likelihoods of the infor-
mation bits. Therefore, their accuracy directly affects the reliability of the decoder
output. Section 7.2 approximated the channel probability law in (7.4), originally
a Tikhonov distribution, as a Gaussian. This choice was made to simplify the
computation of the forward and backward recursions. However, maintaining this
approximation beyond that point is unnecessary and should be avoided, as its ac-
curacy depends significantly on the SNR. At this stage, it is essential to minimize
approximation errors to ensure high precision. Thus, instead of continuing with the
Gaussian approximation, the probability density function resulting from the prod-
uct of the forward and backward messages, oy (®y) and 5i(Py),is approximated as
a bivariate Tikhonov mixture to compute (7.22). This change is justified because,
after completing the recursions, the covariance matrices of the forward and back-
ward probabilities become sufficiently small (< 107! [94]) allowing the Tikhonov
approximation to provide a more accurate representation. Therefore, defining the
pdf resulting from the product between oy (®y) and [i(®y) in (7.22) as

p(Pily) £ Oék(‘I’k)ﬂk(‘I'k) (7.23)
o ”Vzlw;;w (%uk,E”) (7.24)
i=0 j=0
with ) s
v ( JJE,g b ) wlwh e 2%
EaEy
pi =l Y (200) 7 (b — ) (7.25)

== (=) +=)7) (7.26)

and Q,ij defined according to (A.6), the posterior probability p(®,|y) is approxi-
mated as

N-1N-1 o
(@ily) ~ 2 jz:;) Wt (@k;uf,&?), (7.27)

as a Tikhonov mixture having a mean value corresponding to (7.25) and coefficients
ki = {ry", k77, 57} computed as shown in (D.7), (D.8), (D.9) in Appendix D,
where 1nstead of X, the covariance X} is adopted. By plugging (7.4) and (7.27)
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into (7.22), P,(cx) reads
N-1N-1

2r 2w . c* .
O( U) 1 . / / { |: 22]6 ne + ( 1,ij + kak) e—jﬁk
5 ] 0

=0 j5=0

21] —j(0k— Vk)}}dekdl/k

L L h e e

/27r { {( + ykck ]?;,ijejyk> jﬂk} } d@kdyk

N— 1 ij

1N— 2 *
’LU T 940 i 144 ykc 34 i
x 71/2 / exp {?R [zk’”e J”’“} } Iy ( 27+ 72'“ — e | ) duy,
= 55 (i)™
N—-1N-1 i ex {‘ ] } « y
w p 147 YkC 347 iaT 1
x & Iy ( 2"+ —2’“ — kel ) (7.28)
=0 j=0 ‘EU [ 2”
where
1,ij Lij jel pid
Zk = 'Lik e’ 1Pk ,

2,ij 247 jel ut
2" = kel e

= Tl el nl).
In (7.28), the Laplace method is adopted to approximate the integral as detailed in
Appendix C. In Chapter 4, the Kalman filter is described as making a hard deci-
sion on the symbols by compensating the received signal with the estimated phase.
However, deriving the algorithm in the factor graph and SPA framework, makes it
possible to obtain a soft-output algorithm and compute the probabilities as demon-
strated in this section. As discussed in Section 4.3, an advantage of the Tikhonov
over the Gaussian is the ability to compute more accurate soft information. The
hybrid approach proposed enables efficient forward and backward recursions in the
Gaussian domain while maintaining precise computation of extrinsic information.

7.3 Gaussian Mixtures Performance Evaluation

This section evaluates the performance of the Gaussian Mixture algorithm in-
troduced in this chapter, comparing it to the Kalman Filter algorithm. For a
fair comparison, the Kalman filter has been adapted to the phase model outlined
n (7.1). Two different mixture orders for the Gaussian mixture algorithm, N = 1
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and N = 2, are considered. For N = 1, the optimal pilot ratio was found to be 5
pilots for every 100 symbols. In contrast, for N = 2 and the Kalman filter, a ratio
of 1 pilot for every 20 symbols was used. All results presented refer to the BPSK
modulation, and they are compared to the ideal case where the phase is known,
denoted as the “known phase”. In the results, the Gaussian mixture algorithm is
labeled as “GM?”, while the Kalman filter is denoted as “KF”. The GM algorithm
has been designed to operate effectively with just a single iteration of the detector,
enabling the decoder to operate independently. In contrast, the algorithm discussed
in Section 3.2.1 relies significantly on multiple iterations to refine the initial coarse
frequency estimate. For this reason, a comparison between the two would not be
fair.

First, the performance of the KF and GM algorithms under the matched phase
model presented in (7.1) is assessed. This comparison is based on the metric of
pragmatic capacity [95], which measures the average achievable information rate
E[I] when practical coding and modulation schemes are employed.

Figure 7.2 illustrates the results with parameters 7' =1 s, oo = 0.3 deg, and
a frequency drift of 107 Hz/s, corresponding to op = 6.28 x 107° rad. The

1 ‘ * * * —

known phase ——
GM, N=1 =«
GM, N=2 —%
KF & |
2
E
=
=
53]
-4 -2 0 2 4 6 8 10

E/N, [dB]

Figure 7.2: Pragmatic capacity for KF and GM operating under (7.1) with 7" =1
s, oa = 0.3 deg, op = 6.28 x 107° rad.

figure shows that the GM algorithm slightly outperforms the KF at lower values of
Eg/Ny. When the noise level is moderate, increasing N does not translate into a
performance improvement, as evidenced by the overlapping of the curves for N = 1
and N = 2 in Figure 7.2. Moreover, low phase noise values require the parameter
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oa used by the GM algorithm to be adjusted (increased) to prevent cycle slips.
For consistency, the same adjustment was applied to the KF algorithm, which also
benefited from this tuning. Figure 7.3 presents the results for the same scenario
as Figure 7.2 but with a higher phase noise level of oo = 3 deg. In this case, no
tuning was required. In Figure 7.3, it can be observed that increasing the mixture

1 ‘ ‘ ‘ ‘ o

known phase —+—
GM, N=1 —¢ |
GM, N=2 —%-
KF & |
—_
w2
=
.-
e
.
—
=
53
-4 =2 0 2 4 6 8 10

E/N, [dB]

Figure 7.3: Pragmatic capacity for KF and GM operating under (7.1) with 7' =1
s, oa = 3 deg, op = 6.28 x 1075 rad.

order from N =1 to N = 2 leads to performance improvement. The KF achieves
performance equivalent to the GM with N = 1, although the latter shows slight
improvements at high SNR values.

To evaluate how well the algorithms adapt to a mismatched channel, the si-
nusoidal Doppler model described in Section 2.2.4, combined with the phase noise
following the Wiener process (Section 2.2.1) was considered. Figure 7.4 shows the
pragmatic capacity for the sinusoidal model characterized by a frequency shift of
fp = 0.01 Hz, a frequency drift of fr = 107° Hz/s, and a phase noise standard
deviation of oo = 0.3 deg. The figure demonstrates that the GM algorithm with
N = 2 performed nearly as well as the ideal case. However, reducing the number
of components to N = 1 results in a noticeable, though small, performance gap,
particularly at lower SNRs. In contrast, the KF exhibits a significant performance
drop due to its limited adaptability to the mismatched sinusoidal model, making it
less robust under low-SNR, conditions.

Despite the promising results observed in Figures 7.2, 7.3, and 7.4, the GM and
the KF' algorithms turned out to be vulnerable to cycle slip events. Cycle slips
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Figure 7.4: Pragmatic capacity for KF and GM operating under (2.11) with oa =
0.3 deg, fp = 0.01 Hz, fr = 10-5 Hz/s.

are a well-known challenge in the literature, leading to a significant degradation in
system performance. Previous studies, such as those by the authors of [14] and [59],
highlighted the necessity of implementing effective control mechanisms to detect
and mitigate these events. From the analysis, this vulnerability is attributed to the
Gaussian approximation employed for the channel probability distributions (pa()),
by definition Tikhonov distributions. This approximation introduces a deviation
from the true channel characteristics, impacting the robustness of the algorithms.
As a result, achieving satisfactory BER and FER performance becomes challenging
without employing “long” interleavers. Figure 7.5 presents the FER comparison
between the GM with N = 2 and the KF, both under the same Doppler effect
conditions as illustrated in Figure 7.4. In this analysis, an LDPC code with a rate
of 1/2 and a block length of 4096 is adopted. For each simulation point in the
figure, at least 100 frame errors are recorded. To achieve the desired steepness in
the FER curve, which is characteristic of the chosen LDPC code, both algorithms
were paired with a row-column interleaver configuration consisting of 800 rows and
4096 columns. The interleaver’s purpose was to enhance the resilience to cycle slip
events by spreading their impact across a wider range of symbols. As shown in
Figure 7.5, the GM curve closely achieves ideal performance, while the KF suffers
disruptions caused by cycle slips.

The algorithms discussed in Chapter 3 and those proposed in this thesis have
been analyzed with the interspersed pilot insertion strategy. To determine whether
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Figure 7.5: GM with N = 2, and KF over the sinusoidal Doppler model of (2.11)
with fp = 0.01 Hz, and fzr = 107° Hz/s and oo = 0.3 deg.

an alternative pilot insertion strategy could reduce the GM algorithm’s suscepti-
bility to cycle slip events, the superimposed strategy described in Section 2.3 is
explored.

In this scenario, the GM algorithm follows the derivation outlined in Section 7.2.
The only modification made is to replace the symbol ¢, with the linear combina-
tion presented in equation (2.13) throughout all relevant algorithm equations. For
testing purposes, the sinusoidal Doppler model in 2.2.4 is adopted with a frequency
shift of fp = 0.01 Hz, and frequency drift values of 6 x 107>, 6 x 10~%, and 6 x 1073
Hz/s. The phase noise is also modeled as a Wiener process with oo = 0.9 deg. In
this setup, a pilot-to-total power ratio of v = 10~* was adopted, indicating that the
pilot symbols are allocated only 0.01% of the total power. This allocation is sig-
nificantly lower than the interspersed pilot scenario discussed earlier in the thesis,
where the pilot symbols accounted for 5% of the total power. Figure 7.6 presents
the FER of the GM algorithm obtained using an LDPC code of rate 1/2 and block
length 4096. Each simulation point in the figure counts at least 100 frame errors.
The figure demonstrates that the GM algorithm exhibits remarkable resilience to
cycle slips, closely matching the ideal curve with less than 0.5 dB of loss, even in the
most challenging scenarios, and achieving this without the need for an interleaver.
Furthermore, in this scenario, the GM algorithm did not gain any advantage in
using a mixture order greater than N = 1. The computational load of the GM
algorithm per code symbol for M-PSK modulation is approximately O(M). This
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Figure 7.6: FER for GM with N = 1 over the sinusoidal Doppler model with
fp =0.01 Hz, and fr of 6 x 1075, 6 x 1074, and 6 x 1073 Hz/s, and oo = 0.9 deg.

complexity arises from the assumption that the number of component mixtures
does not exceed the size of the constellation, M.

The algorithm works by dividing the phase interval into M or fewer regions
and then clustering the components within each region. Each clustering operation
involves a constant computational cost, which makes the overall complexity linearly
dependent on M.

Similarly, the KF algorithm also has a complexity of O(M) per code symbol.
However, even though both algorithms share the same asymptotic complexity, their
practical performances may differ significantly due to the constant factors hidden
within the O(M) notation. These constants depend on the specific operations
performed within each algorithm.

The KF algorithm first merges the mixture into a single dominant component.
Once this merging is complete, operations are performed only on this single com-
ponent, eliminating the need to cluster multiple components. This significantly
reduces the computational load per symbol.
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Chapter 8

Conclusion

This thesis addressed the challenge of synchronization in coherent communica-
tion systems operating over time-selective channels. It recognizes the limitations
of conventional methods, such as the PLL, especially in harsh propagation envi-
ronments characterized by low SNRs and Doppler variations. The thesis explores
advanced detection and synchronization techniques based on the factor graph and
SPA framework.

After providing an overview of foundational concepts, a review of existing al-
gorithms that utilize the factor graph and SPA framework in phase noise channels
and channels affected by frequency uncertainties follows. This review highlights
both the advantages and limitations of these algorithms, revealing that the existing
literature on joint detection and synchronization of phase and frequency is quite
limited.

As an initial contribution, the thesis discusses the duality between the Kalman
filter—a Bayesian estimator derived from the SPA—and the PLL. This perspec-
tive aims to assist readers who may be unfamiliar with the advanced algorithms
presented. Additionally, an alternative version of the PLL is proposed based on a
different exponential family: the Tikhonov distribution.

Building upon these insights, novel detection and synchronization algorithms
designed for harsh propagation environments are introduced. Focusing on phase
noise, the thesis proposes adopting an oversampling technique to enhance the infor-
mation rate in phase noise channels. A variation of the classical dp-BCJR algorithm
operating at the sample level is derived. The resulting algorithm, called multi-
sample dp-BCJR, demonstrates superior performance compared to the traditional
dp-BCJR in scenarios characterized by high phase noise levels, particularly with
high-order modulations like M-PSK, which are more susceptible to phase noise.
However, the increased complexity of the multi-sample dp-BCJR relative to the
classical dp-BCJR limits its applications to low cardinality modulations.

To address this, a low-complexity alternative to the multi-sample dp-BCJR is
proposed while still employing the oversampling technique. This alternative uses
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Conclusion

the Tikhonov approximation and leads to the development of the multi-sample
Tikhonov algorithm. Remarkably, the multi-sample Tikhonov shows performance
comparable to that of the dp-BCJR, which is optimal given a sufficient number
of levels of phase discretization. The multi-sample Tikhonov algorithm stands out
due to its reduced complexity compared to the classical dp-BCJR.

The thesis then examined the synchronization challenges in channels impacted
by phase noise and frequency uncertainties. It presented an introductory case study
focused on the ESA deep space transponder, addressing the challenges inherent to
future deep space missions. The current deep space transponder relies on traditional
synchronization techniques (PLLs), which are inadequate under significantly noisy
conditions expected for these missions. The study has been divided into two parts:
carrier and sub-carrier synchronization. The feasibility of adopting a Kalman filter
was investigated for carrier synchronization to improve the residual phase jitter
on the sub-carrier. By doing so, sub-carrier synchronization focused on tracking
Doppler frequency shift and frequency drift. For this purpose, an algorithm within
the factor graph and SPA framework was designed, utilizing Tikhonov distributions
to approximate the exchanged messages. The resulting factor graph, associated
with the MAP strategy, was characterized by two sets of variables—one for phase
and one for frequency—communicating through message exchanges. Given the
short cycles in the factor graph, two scheduling algorithms were proposed: flooding
and serial. The serial method was favored due to the latency issues of the flooding
scheduler. Unfortunately, the serial scheduler introduced instability when employed
in an iterative scheme with the decoder.

As a result, an alternative approach was considered: clustering the frequency
and phase variables in a single variable node and adopting bivariate Gaussian mix-
tures to approximate the SPA messages. The resulting algorithm demonstrated
superior performance when compared to the Kalman filter, especially when the
mixture order exceeded one, and exhibited greater resilience than the Kalman filter
under a mismatched channel. Nevertheless, both algorithms proved to be suscep-
tible to cycle slips and the Gaussian mixture algorithm turned out to benefit from
the use of long interleavers for optimal performance. To address these vulnerabil-
ities, future research should explore the implementation of a cycle slip detector,
and possibly a cycle slip corrector, to minimize the reliance on long interleavers,
which introduce increased latency into the system. In contrast, considering a su-
perimposed pilot insertion strategy, wherein pilot symbols were linearly combined
with the information symbols, allowed the Gaussian mixture algorithm to perform
effectively with only a single Gaussian component and eliminated the need for any
interleaver.
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Appendix A

Constant Term in Gaussian
Product

In this appendix, we focus on the weight resulting from the product between
two bivariate Gaussian distributions. We begin by expressing the weighted bivariate
Gaussian in canonical form

1
exp {C’Z- +B/x — 2XTAiX} ,

where the canonical parameters are defined as follows

1 .

Ci = log(w) — 5 (log (2m |Zi) + o 27 paa) (A1)
B, =X, (A.2)
A =3 (A.3)

Here, w; represents the weight, p; the mean vector, and ¥, the covariance matrix.
The product of two weighted bivariate Gaussian distributions, w,N (x; p;, X;)

and w;N (X; /,l,j,zj), can be expressed as

1
exp{C; + C; — Cj;} exp {C’ij + BZTjX — 2XTAin} , (A.4)
where )
Cij = log(wiw;) — 5 (BjA,;'Bi; —log (27 ’Aij )
1
Azg = ZAz )
i=0
1
Bij = Bz
=0



Constant Term in Gaussian Product

The first term on the right-hand in (A.4) is again a Gaussian function. Expand-
ing the expression using the definition in (A.1), we obtain

1 1
exp{C; +C; — Cy;} = exp {—2 (log |A;;| + log |X;| + log ‘E]D} exp {—ZQJ-} )
By using the definitions in (A.2) and (A.3), and considering the following identity

-1 -1 1
(Z7+zY) =Z(Z+y) Z=3(%+%) =,

the term (;; can be written as

Gj=— ( TS Y THE A Yeuy VR TED Yo (2i+2)_1m
+ul (2 +2) py+ pl (Eﬁzj) p+ pl ST, (Eﬁzj)fl uj>
(u 2-1[ (Z+3;) —I}uﬂru]E [zi(zﬁzj)l—l}m
! (2 +2) B+ (Ei+zj>_ Ni) , (A.5)

where in (A.5), we gather the common terms together. Let us re-write the identity
matrix, I as

-1

I=(%,+%)(Z+3) .
and by using simple mathematical manipulations, we obtain
Gij = (sz { PP (;i""Zj) ]HZ+N 25 { X (Ei+zj)_1]
+IJ/ZT (Zz + Zj)_l M + IJ/? (ZZ + Zj)_ Hz)
(W (= 2) il (B 2) -l (B 2) wy
_N? (Zl + Zj)il ui)
— (= )" (B4 5)) " (- ) (A6)
In standard notation, (A.4) translates into

1
(27,21']")1/2

wiiN (x; Bij, Xi5) = wij e{_%(x_“ij)Tg;jl(x_“ij)}

with
w;W;

(o]l [))™
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Constant Term in Gaussian Product

sz = AZ_JI )
pi; = A;'Bij
and (;; defined as in (A.6).
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Appendix B

Convolution of Bivariate
Gaussians

Consider the convolution of the following bivariate Gaussian pdfs
/ 9(p, X;x)g(0,B;y — Hx)dx
/ A3 T2 T em ) {3 -BE0) B v-Hx) } gy
/ A3 TE em ) (- ETY 0 BT E 2} gy
_LH 1y )T B) YH-1y_
2 EH ) (=+B) H 'y-n)

e{f%(y—ﬂufﬂ*(§+B)71H’l<yfﬂ”)} , (B.1)

where we define L,
B =H'B'H. (B.2)
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Appendix C

Laplace Approximation Method

The Laplace method provides us with an approximation to solve the following
integral

]::/ﬁf@ﬁé*“@dx, (C.1)

where A\ > 1 is a positive number. According to the Laplace method, the integral
in (C.1) can be approximated as

1/2
Iz(%> L f(wg)e o), (C.2)
A 9" (o)

where xq is the value that minimizes the function g(x) in (a,b) and for which f(x)
is different from 0. In the case of solving the integral necessary for the computation
of the soft information on the symbols, the integral we are interested in is the
following

27
o K cos(v—p) VRN 1 2
I(v) —/0 e # T (’(zl z;e’ ) )du (C.3)
27
= / e f(v)dv (C4)
0
where we defined
g(v) = —cos(v — u), (C.5)

and ‘

fv) =1 (‘(zl — zjej”) ) . (C.6)
To apply the Laplace approximation, we first identify the minimum of the function
9(v)

vy = min g(v)
= min — cos(v — )

=M,
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and obtain
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Appendix D

Bivariate Tikhonov-Gaussian
Equivalence

In this appendix, we want to show the equivalence between the bivariate Gaus-
sian distribution and the cosine variant of the bivariate Tikhonov distribution.
Consider the cosine model representation of a bivariate Tikhonov distribution of
the variable ® = [0, v]"

tH(P; p, k) = (k) exp{k1 cos(0 — p1) + ko cos(v — p2) — kgcos(0 — uy — v+ p2)},

(D.1)
where 1, po, K1, Ko are the mean values and concentration parameters of 6 and
v, respectively. Instead, k3 controls the correlation between 6 and v, and ¢(k) is

the normalization constant [96]. The definition in (D.1) can be expanded using the
Taylor series for the cosine function, and obtain

i1 ®) = el exp { =3 [0 — ) + ol = pa)? = a0 — g — v+ pa)?] )
(D.2)
1 2 2
o el exp { =5 [(0 = )1 = o) + (v = ) (2 = )
4200 = ) (v = )] | (D3)

where we neglected the constant terms. Disregarding the normalization constant
¢(k), Equation (D.3) has the form of a bivariate Gaussian distribution of the vari-
able ® = [0, v]"

N(®;p, X) ocexp{—; [i:’;ﬁj >t [i:ij} (D.4)
exp {5 (0= )i + 0= 1) + 200 — ) v — o)) }
(D.5)
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Bivariate Tikhonov-Gaussian Equivalence

' ' ) ) _ by by
having mean vector g = [y, MQ]T and inverse covariance matrix X! = [ZH 212] )
21 22

By comparison of (D.3) and (D.4), it turns out that the bivariate Tikhonov dis-
tribution can be seen as a bivariate Gaussian having mean value g and inverse
covariance matrix

K3 Rg — R3

== [“1 I ] . (D.6)

Vice versa, a bivariate Gaussian distribution can be seen as a bivariate Tikhonov
distribution with mean value g and coefficients

K1 = 211 + 212, (D.7)
Ko = Y9 + Y12, (D.8)
K3 = 212 . (D9)
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