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Supercurrent field-effect transistors made from thin metallic films are a promising option for next-generation
high-performance computing platforms. Despite extensive research, there is still no complete quantitative
microscopic explanation for how an external dc electric field suppresses superconductivity in thin films. This
study aims to provide a quantitative description of superconductivity as a function of film thickness based on
Eliashberg’s theory. The calculation considers the electrostatics of the electric field, its realistic penetration depth
in the film, and its effect on the Cooper pair, which is described as a standard s-wave bound state according to
BCS theory. The estimation suggests that an external electric field of approximately 108 V/m is required to
suppress superconductivity in films 10-30 nm thick, which aligns with experimental observations. Ultimately,
the study offers “materials-by-design” guidelines for suppressing supercurrent when an external electric field is
applied to the film surface. Furthermore, the proposed framework can be easily extended to investigate the same

effects for ultrathin films.

DOI: 10.1103/PhysRevB.111.174528

I. INTRODUCTION

Supercurrent field-effect transistors have massive potential
for future classical [1,2] and quantum computation [3] nan-
odevices. This is due to the recent experimental discovery
that superconductivity in thin metallic films can be suppressed
by externally applying a sufficiently strong external dc elec-
tric field, denoted E.ex; [4-27]. Experimental evidence has
shown that external electric fields (EFs) on the order of ~108
V/m are required to suppress the supercurrent in metallic thin
films with a thickness of around 20 nm [28]. Despite several
recent theoretical approaches in the literature [29-36], the
debate is still open, and a quantitative microscopic prediction
of the measured EF values E. . needed to experimen-
tally suppress the superconductivity in thin films is still
lacking.

This paper presents an internally consistent mechanism for
the supercurrent field effect in metallic thin films by quan-
titatively predicting the EF magnitude needed to suppress
superconductivity in alignment with experimental values. It
is grounded in Eliashberg’s microscopic theory and considers
the electrostatic aspects of EF penetration and its screening.
For the first time, this theory can predict the critical field
required to eliminate superconductivity in 10-30-nm thick
thin films without requiring any adjustable parameters. This
prediction matches quite closely with the values measured
experimentally. This new insight may provide material design
guidelines to optimize the supercurrent field effect. The im-
pacts of structural disorder, sample geometry and thickness,
and dielectric screening are quantitatively evaluated to fully
predict the expected performance in gating of supercurrent-
field-effect transistors.
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II. MODEL ASSUMPTIONS

The model is entirely generic for metallic thin films and is
based on the following physical assumptions:

(1) The metallic thin film is thin enough that its penetration
depth is comparable to the thickness or at least an order of
magnitude smaller. For example, with NbN thin films, one has
a penetration depth of 4-5 nm [37], comparable to the film
thickness of ~10 — 30 nm. This ensures that the exponentially
decaying EF in the film is never identically zero inside the film
(recall that an exponentially decaying function is identically
zero only for r — 00).

(i) Even a minimal local value of the EF can tilt the attrac-
tive potential, which keeps a Cooper pair together [38,39].

(iii) Following Cooper [39] and Weisskopf [40], we assume
the attractive potential that keeps the two electrons bound in
the Cooper pair to be a spherically symmetric well (s-wave
bound state), cf. Fig. 1.

(iv) Then the Cooper pair, according to BCS theory
[39,41], is governed by a Schrodinger equation for an s-wave
bound state. In the presence of a small but finite electric
field pointing along the (arbitrary) direction z, the stationary
Schrodinger equation reads [38]

(3V2+E+u(r)— Ez)y =0, (0

where £ is the energy, E is the electric field magnitude, z is
the spatial coordinate along which the EF points, and i is the
wave function. In the above equation, atomic units are used.
Furthermore, the attractive potential is schematically given by
a spherical well: u(r) = —A for 0 < r < & and zero other-
wise, where A is the BCS energy gap and & is the coherence
length (cf. Fig. 1). The solutions to Eq. (1) are obtained by

©2025 American Physical Society
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FIG. 1. Schematic of the potential energy profile experienced
by an electron bound in a Cooper pair (in the absence of external
fields), where r measures the radial distance from the other electron
in the pair, following the original real-space description of Cooper
pairs given by Weisskopf [40]. Therefore, the electron in a Cooper
pair is effectively in a bound state of s-wave type. Applying a dc
electric field to this s-wave bound state leads to field-induced electron
tunneling, which escapes from the bound state with a probability w
outlined in textbooks [38].

separating the variables in parabolic coordinates, and they can
be found in textbooks [38]. From the solution to Eq. (1), one
obtains the characteristic critical electric field magnitude E,
to break the Cooper pair.

(v) We also assume that the coherence length £ is less than
the thickness of the film or, at most, comparable to the thick-
ness of the film. This is because we treat the response of the
superconducting phase as a whole; note that in experimentally
realized thin films, the granularity and disorder could set the
value of £ much lower than in a bulk crystalline material.
As we shall see, & is also essential to compute the critical
field E,,.

The above assumptions can be applied to various materials
and devices studied in the literature [28]. For all these mate-
rials, the measured values of the critical field E.; always fall
within the range ~1 x 108 to ~8 x 108 V/m.

III. STRUCTURE OF THE PAPER

In the following, we first summarize the microscopic
Eliashberg theory framework used to quantitatively estimate
the gap energy (A) for actual materials, which corresponds to
the binding energy of Cooper pairs. Next, we mathematically
describe the two electrons in the Cooper pair as being in an
s-wave bound state subjected to an electric field. We then
revisit the derivation of the field-assisted tunneling probabil-
ity, which indicates how the s-wave bound state dissociates
(depairing probability). From this solution, we derive an ex-
pression for the critical or characteristic value of the electric
field (EF), E., necessary to dissociate the Cooper pair as
a function of A and the coherence length £ (which can be
replaced by the mean free path ¢ in very disordered films). In
the last part, we estimate the correction to the critical field
due to the screening of the EF within the film thickness,
examining the spatial decay of the EF from the surface into
the film’s interior. Consequently, we then calculate the actual
value of the externally applied EF that should be applied to
induce the suppression of superconductivity in the film, E¢; ex;.

The estimate is compared with the experimental data for the
illustrative case of NbN thin films.

IV. QUANTITATIVE THEORY OF SUPERCONDUCTIVITY
IN METALLIC THIN FILMS

A. Eliashberg equations

We resort to Eliashberg theory to compute the BCS energy
gap of a given material and the coherence length. The stan-
dard (infinite) one-band s-wave Eliashberg equations, when
the Migdal theorem holds [42], are given in terms of the
renormalization function Z(iw,) and the gap function A(iw,)
as [43-49]

A(iwy)

oy ]2 + A2(iwy)

X [Miwy — iwy) — ()b (we — o D]
(@)

)\(iwn’ - iwn)’ (3)

A(iwy)Z(iw,) =T

T (oW,

On oo Vb 4+ Aiwy)

where 6 (w. — |w,y|) is the Heaviside function, w, is a cutoff
energy (w. > 3Qmax, Where Qpax is the maximum phonon
energy) [45], u*(w.) is the Coulomb pseudopotential, and
M(iwy — iw,) is a function related to the electron-boson spec-
tral density > F () through the relation

L. o Qu’F(Q)
Mio), —iwg) =2 | —— " 4Q. (@)
0 Q? + (wn’ - wn)z

Z(iwy) = 1 +

The strength of the electron-phonon coupling intensity
is given by the electron-phonon coupling parameter A =
2 [ wrigiie,

The Eliashberg equations are usually solved numerically
using an iterative method until numerical convergence is
achieved. The numerical procedure is simple when formu-
lating it on the imaginary axis, but much less so for the
real axis. The critical temperature 7, can be calculated by
solving an equation of eigenvalues or, more efficiently, by
assigning a minimal test value to the superconducting gap.
For example, for Pb, it is A = 1.34 meV at T = 0 K; then
we fix A(T*) = 107'° meV and compute the temperature T*
at which the solution converges to find 7. = T*. This method
achieves a precision in the 7; value significantly higher than
the experimental confidence interval.

Suppose that one removes the approximations of the infi-
nite bandwidth and takes the density of states (DOS) equal
to a constant (i.e., its value at the Fermi level). This situation
arises when we consider the effect of thickness in a thin film
[50] (see Appendix). In that case, we can still solve the prob-
lem considering the quantum confinement correction for thin
films, but the Eliashberg equations are slightly more complex,
becoming four equations [45]. However, assuming the DOS
to be symmetrical with respect to the Fermi level, N(¢) =
N(—e¢), the situation simplifies again because the nonzero
self-energy terms remain only two, i.e., just a generalization of
the equations discussed before for Z(iw,) and A(iw,)Z(iw,).
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In such a case, they read [51,52]

Aliw,)Z(iw,) =T

oy \Jw2 + A2(iwy)
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where N(Liw,) = N[EZ(iwy)v/ (wy)* + A%(iwy)] and the
bandwidth W is equal to half the Fermi energy, Er /2. Further-
more, a symmetric DOS is also beneficial in obtaining faster
and simpler numerical convergence.

B. Comparison with experimental data for the 7,

The theory above has recently been shown to provide a
quantitative, parameter-free prediction of the superconducting
critical temperature in actual thin-film materials, such as Pb
and Al thin films [50]. We can now compare the predicted
values of this theory of T, with experimental data, particu-
larly for NbN thin films. The Eliashberg equations mentioned
above are solved using the experimentally determined Eliash-
berg spectrum ?F () found in Ref. [53], along with the
concentration of free carriers as a function of film thickness,
as reported in the literature [54]. This leaves no adjustable
parameters for comparison. The theoretical predictions are
compared with the experimental data from Ref. [54]. Without
any adjustable parameters, the theory aligns excellently in
quantitative terms with the experimental data for L = 20 nm,
predicting a 7, value of 16.1 K. In what follows, we will
concentrate our estimates on films of this thickness or similar.
Regarding the possible effects of the electrostatic field on the
Coulomb pseudopotential ©*, this problem has been previ-
ously addressed in [55]. There, it was found that the effects
of the electrostatic field on u* are very small and practically
negligible, leading to a variation in the corresponding 7, of
just 0.0027%.

V. ELECTRIC-FIELD-INDUCED COOPER PAIR
SPLITTING

The issue of splitting a Cooper pair by an electric field is
similar to the classic problem of electric-field-induced dis-
sociation of an s-wave bound state. This similarity arises
because, within BCS theory, a Cooper pair is represented as an
s-wave bound state that satisfies the Schrodinger equation for
two electrons interacting through an effective attractive force
[39,41], with a real-space description initially proposed by
Weisskopf and illustrated schematically in Fig. 1. The solution

(

for bound-state dissociation in an electric field is well known
[38] and has already been applied to the context of Cooper
pair splitting by an external electric field in Refs. [56,57]. The
formula for the critical electric field magnitude needed to split
the Cooper pair is given by

2A
e&’
where A is the energy gap obtained by the solution of Eliash-
berg equations, e is the electron charge, and £ is the coherence

length, which is self-consistently obtained by the solution of
Eliashberg equations (Sec. IV and [58]):

Ey= (N

2(iw,

The above estimate for E; can be obtained by considering
Eqg. (1), i.e., the Schrodinger equation for an electron initially
bound to a s-wave bound state (the Cooper pair) of energy
depth A, and subjected to an external electric field of magni-
tude E = | — VV|. While the s-wave bound state (the Cooper
pair) is spherically symmetric, the electric field is directed
along a specific spatial direction, which could be any direction
in the solid angle. In analogy to what is shown in the text-
books (Ref. [38], pp. 296-297), one solves the Schrodinger
equation (1) in parabolic coordinates and uses the solution
to compute the probability current of the electron escaping
away from the bound state in the direction of the EF [i.e., the
coordinate z in Eq. (1)]. The result for the probability w of
the electron tunneling away from a bound state is given in
dimensionless form as [38]

w ~ exp <_3iE) )

where E is the nondimensionalized electric field’s magnitude
(absolute value). For an s-wave bound state of unitary depth
energy and unitary radius, converting to a dimensionful form,
the above formula from [38] reads

2E,
w ~ exp (_§E> (10)

-
§T) =~ ®)
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where E, = 2Ry /eay, with Ry the Rydberg energy and ay the
Bohr radius. In particular, one finds that the critical electric
field scale to dissociate the bound state is given by

2Ry
T eay

or an
The same result is valid for a generic bound state of depth
energy A and range &, leading to [35]

2A
Ecr = E

It is important to note that the direction z of the electric
field in Eq. (1), in principle, does not affect the critical value
E.., because only the absolute value of the electric field, E =
| — VV|, appears in the solution for the escape probability
[38]. However, the anisotropic lattice structure may still be
important and could affect the effective value of the electric
field in the sample. For example, if one takes our Eq. (1) as
the starting point, and assuming that the bound state remains
an s-wave, the structural anisotropy of the lattice can affect
the final result for E. through the effective value of E. In
turn, this will depend on the crystallographic orientation of
the sample with respect to the direction, z, of the incident
electric field. Indeed, this may lead to a different penetration
of the electric field, hence to a different average value of E
in the sample, depending on whether the field direction z is
aligned with the ¢ crystallographic axis (hence orthogonal
to the crystallographic layered plane ab) or if it lies in the
ab layered plane. This is an important aspect that should be
considered for experimental design.

In the above equation, the spatial extent or range of the
bound state is denoted with &. For the case of a Cooper pair,
this is equal to the coherence length [40]; cf. Fig. 1. The
coherence length (§) may depend on the material and is given
by [59]

(12)

1 1 1

E B O
where &, is the intrinsic (Pippard) coherence length, and ¢
is the mean free path. Thin films, such as those used in
the supercurrent field-effect devices, have a microstructure
characterized by microcrystallites that limit the values of .
Since, typically, £ < & (because & can be tens or hundreds
of nanometers), the coherence length & is controlled by ¢, and
hence by the disorder, and & = £. For experimental metallic
thin-film systems, the disorder is indeed always present [60],
and we can safely assume & & £. Therefore,

2A
Ecr = J

Being in the diffusive regime, the coherence length £ has a
small value, not that of a bulk superconductor but that of a
thin film. From our theory presented in Secs. IV A and IV B,
we know the gap energy A for a given material, and we can
estimate the critical electric field E., for the suppression of
superconductivity inside the film under the assumptions stated
in Sec. II.

For the example of NbN, the critical electric field values
needed to suppress the superconductivity in 10-30-nm thick
thin films are on the order of 107 V/m, under the assumption

(13)

(14)

of no screening. More precisely, at 0 < T < 8 K, the value is
calculated on the basis of Eq. (14) with £ = 3.96 A, and A,
evaluated from the Eliashberg theory, is practically constant
with temperature and produces a value of critical field E., =
1.4 x 107 V/m. This estimate is one order of magnitude lower
than the experimental values of ~10% V/m reported in the
literature for films of comparable thickness [28].

As mentioned, this estimate still assumes a perfect external
electric field penetration to the sample. In other words, it does
not consider the screening of the EF within the sample. The
screening effects must be taken into account in order to de-
termine the magnitude of the external EF required to suppress
superconductivity, a process detailed in the next section.

VI. CRITICAL ASSESSMENT OF THE ELECTRIC FIELD
REQUIRED TO INHIBIT SUPERCONDUCTIVITY
IN THIN FILMS

A. Average field within the sample

In our theoretical estimate of the critical electric field E,,
required to suppress superconductivity, as presented in the
previous section, we implicitly assumed that the strength of
the EF that acts to separate Cooper pairs inside the film
is identical to that of the externally applied electric field.
However, it is clear that the magnitude of the EF within the
thin film is significantly lower than that of the external EF
and exhibits spatial heterogeneity because of the penetration
profile. We will address these issues to develop a comprehen-
sive quantitative prediction for superconductivity suppression
throughout the thin film.

The magnitude of the EF in the thin film is significantly
lower than the external EF due to screening. Here, we eval-
uate this reduction, which allows us to estimate Ec ey, the
externally applied EF magnitude necessary to suppress super-
conductivity.

Regarding the penetration of static and quasistatic electric
fields into the superconducting phase of the material—and es-
pecially the temperature dependence thereof—this remains an
open issue in our understanding of superconductivity [61-70],
which we cannot address here.

In place of a conclusive theory, which would typically re-
quire, at least, the simultaneous numerical solution of several
coupled differential equations—the Schrodinger equation, the
Ginzburg-Landau equation, the Maxwell equations, and the
Poisson equation [31,32,71,72]—here we use empirical input
from ab initio simulations and experiments of Piatti et al.
[37] for the same example of NbN thin films discussed above.
According to that reference, the penetration depth of the elec-
tric field into NbN superconducting thin films is significantly
greater than what is predicted by Thomas-Fermi estimates and
other standard screening theories of (normal) metals, which
typically measure just a few angstroms in the range from 0.5
to 3 nm.

According to the screening theory of normal metals [73],
see also [74-76], the electric field incident onto the surface
of a metal decays exponentially from the value it has at the
interface. Denote by Ej the value of the EF at the interface
between the metal and the surrounding environment, and by
x = 0 the coordinate of the interface. Hence, Ey = E (x = 0).

174528-4
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We assume, for simplicity, that Ey coincides with the magni-
tude of the external EF as determined in the experiment. We
used a common semiempirical form for the profile of the EF
inside the sample from Ref. [74], which finds its justification
from electrodynamics [66,73]:

E(x) = Eg exp(—x/1), s5)

where [ is a characteristic penetration lengthscale. For NbN
in the superconducting state, this length is large (compared to
normal metals), that is, / &~ 0.5-3 nm, as shown in [37]. In
agreement with the experimental protocol [4,5], we assume
a bipolar setup in which the EF is incident on both sides
(surfaces) of the film. This implies that the EF is exponentially
decaying within the film from its external value Ej, on both
sides at z = 0 and z = L [77]. Hence, we have complete sym-
metry across the midline z = L/2 plane of bilateral symmetry.
This simplifies our problem, as we only need to consider the
exponential decay on one side of the film. We can safely
assume that the superconductor “sees” the inhomogeneous
electric field mediated on the scale of at least £&. However, it
is assumed that the thickness of the film is not larger than
the coherence length. We can thus estimate the “effective”
electric field as the average magnitude of the EF inside the
whole sample as

Y 21
E = —/ Eye ™ ldx = Ey=(1 — /Dy, (16)
L/2 ), L
In this formula, E, represents the external EF incident on the
surface of the film, while E represents the average value of the
EF seen by the superconductor inside the film.

We should also briefly remark on the fact that the material,
in its normal state, behaves like a metal under a dc electric
field. Static electric fields of magnitude 103 V/m, such as
those considered in our work, are below the typical values
(~10°V /m) which induce field-emission, or other nonlinear
and quantum effects (arcing, surface plasmon, and charge
instabilities). Thus, all these situations can be safely ruled out.
The penetration length in the normal state does not change
significantly under the applied EF, at least according to the
available evidence [37,78], and in general this is expected to
be determined by the equilibrium electron properties (DOS,
etc.), which are not strongly modified by the static EF, again
unless the EF is so extreme as to cause significant nonlinear or
quantum effects (e.g., field emission, tunneling), which is not
the case for our systems. For an estimate of the polarization in-
duced by the electric field in the normal state, we consider the
induced surface charge density: 0 = ¢E = (8.85 x 107'?) x
(10%) = 8.85 x 10™* C/m?. In our model, the electric field is
sufficiently strong to induce a small correction of the electrical
field penetration depth as confirmed by DFT computations
[37]. However the penetration depth still involves just only
a few atomic layers at the surface, so it does not significantly
affect the screening mechanism at the macroscopic level.

B. Magnitude of the external electric field required to suppress
superconductivity

Using the empirical data from [37] for the example of NbN,
we select a screening length of £ = 1 nm. With this choice, we
can estimate the magnitude of the electric field EF that must

be applied externally to break Cooper pairs in the presence
of dielectric screening within the film. The magnitude of
the EF must be sufficient to ensure that the average electric
field £ inside the sample is equal to the critical value E,,,
which is necessary to break Cooper pairs. This critical value
is calculated using Eq. (14) and Eliashberg’s theory discussed
in Sec. V. Hence, we must set £ in Eq. (16) equal to E
evaluated in Sec. V, and solve for Ey, the value we supply
externally to suppress the superconductivity. Let us call this
value Ey = Eex to distinguish it from E, used before. The
magnitude of EF that has to be supplied externally is thus
given by

Ee INY

w e = Ty (07

Ecr,ext =

This equation represents one of the most important results
in this paper. It establishes a direct quantitative relationship
between the magnitude of the externally applied electric field,
E.ext, and several physical parameters that are specific to the
material and the sample: A (material-dependent), ¢ (material-
dependent), / (material-dependent), and L (sample geometry).

The final result for the EF magnitude, E, that has to
be supplied externally to cause the suppression of supercon-
ductivity in a thin film NbN of L = 20 nm thick, calculated
according to Eq. (17) with [ = 1 nm [37,78], is

Eerext = 1.45 x 10® V/m. (18)

We recall that to obtain this value, the energy gap A in Eq. (17)
was computed in Sec. IV through Eliashberg’s theory for
NbN using an Eliashberg spectral function o?F ($2) obtained
experimentally. The latter includes structural disorder effects,
which are ubiquitous in experimental thin films.

It turns out that the value of the EF to be supplied is about
~108 V/m, which is in excellent agreement with the values
measured experimentally [28]. Choosing a lower value of the
screening length [ such as [ < 1 nm within the range reported
in [37,78] would lead to values of the critical electric field
somewhat more significant than 1 x 108 V/m but still of the
same order of magnitude and ideally in line with the exper-
imental data in the literature [28]. In the above estimate, we
have used a screening length value, [, which is temperature-
independent. We will postpone discussing the trend of E;
versus 7 until future studies when a comprehensive theory of
the temperature dependence of / in the superconducting phase
will be available.

In the above model, the choice of the screening length,
[, plays an important role. In addition to direct experimental
measurements, the screening length / can also be estimated
by standard DFT calculations, as done in [78]. In practice,
one can use the QUANTUM ESPRESSO package and then solve
the Kohn-Sham equations for the charge density. In the case
of NbN, this approach yielded penetration depths in good
agreement with the experimental values. In addition to the
ab initio approach, a different pathway could be based on
estimating the density of free electrons and then using this as
input in a de Gennes jellium-type framework for the dielectric
response such as the one described recently in [79].
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VII. GENERAL MECHANISM OF SUPERCURRENT
SUPPRESSION OVER THE WHOLE SAMPLE

A. Bipolarity

The mechanism and calculations described above are
“bipolar” in that they do not depend on the polarity of the
applied electric field as long as a nonzero local EF is acting
on the Cooper pair. According to Eq. (1), the EF’s local
direction (z) is irrelevant since the s-wave bound state is spher-
ically symmetric. In our mathematical model, we assumed
that the density of states is symmetric concerning the Fermi
level, which makes the calculations perfectly bipolar. This
assumption approximates good metals where the Fermi level
is relatively high because of the flattening of the Fermi square-
root DOS at higher energies. Additionally, this approximation
simplifies the numerical solutions to the Eliashberg equa-
tions, significantly reducing computational time. If we had not
made this assumption, a slightly asymmetric DOS would have
resulted in a minor deviation from bipolarity in the mech-
anism. However, this effect would be negligible for metals,
especially in comparison to the experimental data. However,
this is an interesting point that we plan to revisit in future
studies.

B. Effects on the resistivity

The investigation of the effects of an electrostatic field on
superconductors is a long-standing issue [80]. In the normal
state, conductivity can be weakly modified, and with respect
to the superconducting phase, the transition temperature can
be either (weakly) positively or negatively shifted. Highly ac-
curate measurements taken in the superconducting transition
region for indium films [80] consistently showed that negative
charging (that is, adding electrons) leads to an increase in
resistance, while positive charging (i.e., removing electrons)
results in a corresponding decrease in resistance. When sub-
jected to an electrostatic field of approximately 107 V/m, the
effects are minimal, producing a transition temperature shift
of the order of 10~* K.

This effect can be explained using a generalization of the
proximity effect in Eliashberg’s theory [81,82], employing a
model with no free parameters [83]. In all the cases examined
(i.e., lead [55], indium [83], and magnesium diboride [84]),
the effect is minimal. In Eliashberg’s theory, the relevant
parameter is the electron-phonon spectral function a?F (),
which displays a very weak dependence on the presence of
electrostatic fields at this intensity. The same holds in Allen’s
theory [85], which is used to calculate the resistivity as a func-
tion of temperature and is connected to Eliashberg’s theory. In
this context, the electron-phonon transport spectral function
a?F,(Q2) emerges, which is closely related to the Eliashberg
spectral function a?F () in the superconducting state [85].
Likewise, in this scenario, electrostatic fields of this intensity
alter the electron-phonon transport spectral function almost
imperceptibly; thus, the effects are also minimal. Because
these two functions are also linked to the value of the DOS at
the Fermi level, the minor variations in the critical temperature
and resistivity depend on the direction of the applied elec-
trostatic field because the normal DOS may be asymmetric
relative to the Fermi level.

VIII. “MATERIALS BY DESIGN” GUIDELINES
A. Standard thin films with L > 10 nm

A fundamental result of this paper is Eq. (17), which
provides a possible microscopic estimate of the externally
applied electric field needed to suppress superconductivity
in thin films as a function of key physical parameters that
depend on the material and/or the sample preparation. In
addition to offering a quantitative prediction of the critical
field E;¢x; in agreement with experimental data, this formula
presents new guidelines for materials design. For example,
the impact of structural disorder will influence both A and
£. The influence of disorder on A parallels its effect on T,
and is notably complex and dependent on the material and
sample [86,87]. In the standard s-wave Eliashberg theory, of
course, the disorder does not affect 7. and A, but this is no
longer true in the generalized Eliashberg theory. Furthermore,
in the case of an intense disorder, the spectral function and
the Coulomb pseudopotential can change. In some materials,
the disorder will increase 7, and, consequently, A; in others,
it will cause a decrease. In other materials, the effect can be
nonmonotonic, exhibiting either a dome or a minimum (for
example, for Pb-based alloys, 7, exhibits a minimum as a
function of disorder [87]). In contrast, we anticipate that the
mean free path £ will decrease consistently as the disorder
increases [59]. Thus, Eq. (17) predicts various scenarios in
which one should optimize the disorder dependence of the
ratio A/£. For example, to reduce the critical field Eg ey, it
is advisable to adjust the structural disorder to minimize the
ratio A /L.

We note that the value of E .y also depends on the thick-
ness of the film. Specifically, since L >> [, the exponential in
the formula becomes a small number compared to 1; there-
fore, the primary effect of decreasing L is to decrease the
critical field E¢;ex.

Finally, the effect of the penetration depth of the EF / on
the critical field is quite clear: once again, because L >> [, the
primary consequence of increasing / will be a reduction in the
critical field E.,.x. Generally, the screening penetration depth
would be more significant for low-density superconductors.
However, while this is evident from Eq. (17), it is certainly
not straightforward to determine how to achieve this kind of
fine-tuning in materials engineering, given the current lack
of microscopic insight into the dielectric screening in the
superconducting phase of metals.

B. Ultrathin films with L < 10 nm

The above illustrative calculation for NbN thin films was
done in a regime where the energy gap A is independent of
the film thickness. However, several common-use materials,
including Al and Pb, exhibit a strong dependence of their 7
and A on the thickness L when L approaches the 2D limit
[50,88,89]. These effects may already become important at
L < 10 nm, and the film thickness, which marks the onset of
these effects, varies (increases) with the concentration of free
carriers in the material. In most cases, 7. and therefore A in-
crease markedly as the film thickness L decreases, as observed
experimentally [90-92], although sometimes a maximum is
also observed in 7, versus L [93,94] with a regime where
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T. grows with L. The recently developed Eliashberg theory
corrected for quantum confinement [50] can quantitatively
describe these effects without free parameters [50].

The quantum confinement corrections to the Eliashberg
theory amount to having a thickness-dependent Fermi energy,
Er(L), and an electron DOS which is also thickness-
dependent, N(e;L). The specific functional forms of these
dependencies can be found in Refs. [50,88] and are summa-
rized in Appendix. All this implies that the energy gap A(L)
entering Eq. (17) for the critical magnitude of the EF will also
become a function of the thickness of the film L. Therefore,
for ultrathin films, Eq. (14) should be replaced by

2A(L)/et

—_—, (19)
20 _
A1 — eLian)

Ecr,ext =
with an explicit dependence of A on L due to quantum con-
finement effects. Generally, knowing A(L) from the theory
[50], one can minimize the function E. ¢y (L) defined by the
above Eq. (19) to identify the thickness value corresponding to
the lowest critical EF required to suppress superconductivity
in this regime.

IX. CONCLUSIONS

In conclusion, we have presented a possible route to a
microscopic quantitative theory of electrostatic field-driven
superconductivity suppression in thin films. The theoretical
model treats the Cooper pair as an s-wave bound state (fol-
lowing the original description by Cooper [39]), which is
subjected to a small but nonvanishing electric field within
the film. Using the Schrodinger equation solution for s-wave
bound state dissociation through electric-field-assisted tunnel-
ing, we derive an expression for the critical or characteristic
electric field magnitude inside the film to break the Cooper
pairs, thus suppressing superconductivity. This critical electric
field is proportional to the ratio between the superconducting
energy gap value A and the coherence length &, as shown
in Eq. (7). The gap value is related to the 7. value through
the BCS relation 2A /kgT. =~ 3.53. However, in our frame-
work, we computed it via the most accurate Eliashberg theory,
which considers structural and disorder effects on the phonon
spectral function for a specific material, achieving quantita-
tive agreement with experimental data for the behavior of T;
without any adjustable parameters.

Because the T, values of the materials used in the ex-
periments [28] are comparable, so are the energy gaps A.
Regarding the coherence length &, it should be noted that the
experiments are typically in the diffusive limit for many ma-
terials. Therefore, we need to consider the coherence length
value obtained from Eq. (13), as the mean free path £ is always
relatively small in real materials and of the same order of
magnitude in all experimental cases studied in the literature
[28]. Generally speaking, & is typically the same for most
materials investigated experimentally to date [28]; therefore,
the critical field value primarily depends on the energy gap
value A.

The outcome of the theory is given by Eq. (17), which
provides a quantitative estimate of the critical field required to
suppress superconductivity, as it relates to all key microscopic
parameters dependent on material and sample: energy gap A,

mean free path ¢, film thickness L, and EF screening length in
the superconducting phase /.

Focusing on the 20-nm-thick NbN films, for which the
theory provides a perfect quantitative prediction of A, we
used Eq. (17) to compute the critical electric field required to
break up Cooper pairs and suppress superconductivity. Based
on our calculation of Eliashberg’s theory for realistic NbN
films, and considering the spatially decaying profile of the
electric field within the sample, our theory predicts a critical
field E.; ~ 1.45 x 10® V/m, which aligns well with the exper-
imentally measured values of ~108 V/m [28]. Combined with
the underlying electrostatic model, these calculations provide
a comprehensive understanding of the electric-field-driven
suppression of superconductivity in metallic thin films. This
understanding accounts for the inhomogeneous distribution of
the electric field within the sample as a result of dielectric
screening in the superconducting phase.

The theory is very general and extends beyond this specific
calculation as it applies to all thin films made of conventional
materials. It also accounts for the dependence on film thick-
ness due to quantum confinement in the ultrathin film regime
(L < 10 nm), where the energy gap varies significantly with
thickness [50,88,89]. This could explain the experimental data
related to measurements of films with varying thicknesses up
to the quasi-2D limit. These new insights and understandings
may enable us to deliberately adjust the supercurrent field
effect in gating and nanoelectronic devices based on super-
conductors.
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APPENDIX: ELECTRON CONFINEMENT MODEL
AND CALCULATION DETAILS

This Appendix summarizes how the electronic DOS and
Fermi energy depend on the film thickness L via the relations
derived from the free-electron confinement model for thin
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films of Ref. [88] and quantitatively verified compared with
the experimental data in Ref. [50]. In the calculations pre-
sented in the main article, the effect of film thickness on DOS
is practically negligible since they are only set for ultrathin
films with thickness L < 10 nm. However, for completeness,
the dependencies on L are made explicit.

When the system is confined along one of the three spatial
directions, such as in thin films, the DOS cannot be approx-
imated by a constant but takes a different form [50,88]. In
this case, we have two different regimes depending on the
thickness of the film L: In the first confinement regime, when
L > L.and Ep > ¢*, the DOS has the following form: N(¢) =

NOYC[O(e* — &)/ EEEL 4 9 (e — &%) 1'57‘] where C = (1 +

e* Ep
2;—22“, L. = (i—”)m, m is the electron mass, L is
the thickness of the film, ng 1s the carrier density, and Er pux
is the Fermi energy of the bulk material. In this case, it is

possible to demonstrate [88] the following relations:

1LI1/3
;i) et =

Er = C*EF puk, (A1)

N(Er) = CN(EFpuk) = CN(0), (A2)
V (2m)3/?

N(EF i) = Ry TERY EF bulk- (A3)

In the second confinement regime, L < L., the DOS has a new
linear dependence on the energy, in contrast to the standard
square-root dependence [88].

In summary, in this version of the Eliashberg theory, four
things have been modified to account for the effect of free-
electron confinement in thin films:

(a) The DOS will no longer be a constant but a function of
energy. We removed the factors C because we put this factor
in the renormalization of the electron-phonon interaction, so
the density of states that we put in the Eliashberg equations in
the first confinement regime L > L. is

Er |e e
—Fu+ﬁ(8—s*) €]

N(e) = =
(8) e* EF EF

D(e* — &) (A4)

(b) The electron-phonon interaction will be renormalized
to have a new A(L) = CA™¥ to scale the electron-phonon
spectral function without changing its shape. We moved the
factor of normal DOS C within the definition of electron-
phonon coupling as in the Coulomb pseudopotential. Of
course, the reason for this choice is only pedagogical because,
in this way, we can justify the use of the Allen-Dynes equa-
tion [95] for T, which is a crude but effective approximation
of the numerical solution of the Eliashberg equations.

(c) The value of the Fermi energy will be renormalized
in the following way: Er (L) = C*Ef pux. Furthermore, in the

Eliashberg equations, it is W = Er /2 in the symmetric case
discussed above.

(d) The Coulomb pseudopotential changes (also the Fermi
energy in the definition changes):

C
wH(we, L) = Fbulk ’
1 + prouik In(Er /o)
*
o,
where  pu = Pout (@c)

1 — (@) In(Ep pu/wc)

In the second confinement regime, when L < L, and Ep <

" [88],
’ EF &
N(g) =C'N(0),/ ——, (AS)
e* EF
where
N(e = Er) = C'N(0),
1w [Q2n)in
Er(L)= — | —2=2 = C”EF pu,
m L
, 2 L
T 6BV L
In this confinement regime (L < L.), the DOS is given by
[88]N(e) = f—F % and the factor C’ goes to renormalize the

electron-phonon coupling and the Coulomb pseudopotential
as follows:

C’ Wouik
1+ pouk In(EF /w,)

Recalling that in the Eliashberg equations the reference
energy is the Fermi energy taken as the zero of the energy, in
the program that numerically solves the Eliashberg equations,
the DOS has been rescaled in the following way (by also
taking care that the DOS is continuous for ¢ = ¢*). When
L > L.and ¢* < Ep,

ML) =C A ¥ (w,, L) = (A6)

Er le]
N(e) = | 9(e* — 11— —
(&) (6" —¢) E; _8*< EF)
. le]
+9(e—¢e9)|1—,|— (A7)
Er
Instead, when L < L. and £* > Ep,
Er le]
N(g) =,/ — 0= —). (AB)
& EF

Finally in our case for the illustrative calculation on the
example of NbN, we have used Apux = 1.46, uf (@c) =
0.2522 for w, = 180 meV, Erpux = 12.418 €V, ng = 0.197 x
10 m=3,7 = 0.4 nm, and vp = 2.1 x 10° m/s.
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